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Abstract

In 2017 a truss was defined. Thus one can say that the theory of trusses is new
and not yet well-established. In recent years trusses start to gain attention due to
their connections to ring theory and braces. Braces are closely related to solutions
of set-theoretic Yang-Baxter equations, which can lead to applications of trusses in
physics. In this thesis, we study connections among groups, heaps, rings, modules,
braces and trusses. In the beginning, one can find a description in details of free
heaps and coproducts of Abelian heaps. Both constructions are applied to describe a
functor from the category of heaps to the category of groups. We establish a connection
between unital near-trusses and skew left braces. We show that for a specific choice
of congruence on a unital near-truss the quotient is a brace. We also prove that if
one localises a regular unital near-truss without an absorber, the result is a skew left
brace. In this thesis, one can find many small results on categories of heaps, trusses
and modules over a truss. Methods to extend trusses to unital trusses and rings are
presented. Then first one allows us to show that a category of modules over a truss is
isomorphic with the category of modules over its extension to the unital truss. The
second method establishes a deep connection between rings and trusses, i.e. every truss
is an equivalence class of some congruence on some specific ring. We present the ring
construction. Using this result, we introduce the definition of a minimal extension
of a truss into a ring. We construct tensor product and free modules over trusses.
The Eilenberg-Watts theorem for modules over trusses is stated and proven. Thus
the Morita theory for modules over trusses is developed. The thesis is concluded with
results on projectivity and decompositions through a product of the modules.
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Introduction

The thesis is written to be as autonomous as possible. It consists of 3 parts: Heaps,
Trusses and Modules. To understand the idea behind the truss theory one should be
familiar with groups, rings, heaps and braces. First two are well-known by potential

readers, so let us introduce heaps and braces.
Heaps and groups

In the 1920s, H. Prufer [1], R. Baer [2] and A.K. Suskievic [3] introduced heaps. A
heap is a set H together with ternary operation [—, —, —] : H x H x H — H such that
for all a; € H,

a1, a2, [a3, aq, as]] = [[a1, as, as], as, as] and [a1, ay, as] = [az, a1, 1] = az. (0.0.1)

The first equality is called associativity, and the second one is called Mal’cev identities.
There is a deep connection between heaps and groups. To every group (G, -) we can
assign a heap H(G) in a functorial way by defining ternary operation by [a, b, c| = ab™'c,
for any a, b, ¢ € G. This heap is called a heap associated with group G. It is also possible
to assign a group G(H;e) to every heap H and any e € H. We achieve this by fixing
the middle element in the ternary operation, i.e. a-. b = [a, e, b] is a group operation
on H with a neutral element e. This assignment is not functorial. To understand why,
let us first introduce homomorphisms of heaps. A homomorphism of heaps is a map
f between heaps that preserves ternary operations, i.e. f([a,b,c]) = [f(a), f(), f(c)].
Every group homomorphism is a heap homomorphism of associated heaps. The opposite
is not true. For example, if we consider a constant map from a group into itself, then
that map is a group homomorphism if and only if the constant is the neutral element of

the group. But it is always a homomorphism of associated heaps by Mal’cev identities.

15
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Thus heaps, in some sense, have more homomorphisms. Observe that lack of a unique
choice of an element preserved by homomorphisms is the cause why the assignment of
a group to a heap is not a functor. A sub-heap is a subset of a heap closed under the
ternary operation. By preceding connection with groups, one can translate normality
to heaps, see Definition [.2.6 In [4, Theorem 1] J. Certaine (see Theorem
observed that since we do not have a particular choice of an element in a heap, there
is a correspondence between sub-heaps and equivalence relation classes. Besides, any
preimage of a single element of a heap homomorphism is a normal sub-heap. That
implies two things, that we can take quotient by any congruence class in a heap and
that the choice of a sub-heap is not unique, i.e. there exist more than one sub-heap
such that the quotient is the same heap. All this sums up to a conclusion that a heap is
an affinization of a group. We forget the neutral element of a group. That is not wrong
since every heap gives a free transitive action on a set, and every free transitive action

of a group on a set makes the set a heap.
Around 80 years later...
Braces

In 2007 W. Rump in [5] introduced definition of a brace. A two-sided brace B is a
set with two group operations +,- : B X B — B such that for all a,b,c € B,

a+b=b+a, a(b+c)=ab—a+ acand (b+ c)a =ba — a+ ca. (0.0.2)

The second equality is called left distributivity, and the third is right distributivity. If
only left distributivity holds, we say that B is a left brace. In the same paper, W. Rump
established connections among left braces, radical rings and non-degenerate involutive
solutions of a set-theoretic Yang-Baxter equation. Amap R: X x X — X x X is a

solution of a set-theoretic Yang-Baxter equation if
(Rx1)(1IxR)(Rx1)=(1xR)(Rx1)(1xR),

where 1 is an identity map on X. To every set-theoretic solution, one can associate

a solution of a quantum Yang-Baxter equation. Those solutions have applications
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in noncommutative geometry, see [6]. Since Rump paper appeared, the subject has
been very intensively researched, e.g. [7], [8], [9], [10], [11], [12], [13], [14]. In 2017 L.
Guarnieri and L. Vendramin introduced a method to produce a non-degenerate solution
of a set-theoretic Yang-Baxter equation from a skew left brace, a left brace for which
a+ b = b+ a does not hold. We will omit the adjective left, and we will write skew
brace for a skew left brace. The solution R : B x B — B x B associated with a skew

brace B is given for any a,b € B by

R(a,b) = (—a+ ab, (—a + ab)'ab),

l'is an inverse of a with respect to -. We will focus on the algebraic properties

where a~
of skew braces, omitting but keeping in mind their applications to quantum physics.
A two-sided brace is an interesting algebraic object due to its similarity to fields. In
both structures, we have two groups. The difference is that in a field, multiplication is
not a group operation on a whole set as we do not have an inverse of zero. The left
distributivity of a skew brace implies that neutral elements of both group operations
are the same, i.e. 0=1, and Oa=a, for all a € B. One would suspect that there are only
trivial congruences on braces, similarly to fields, but it is not correct. In contrast to the
case of fields, one can consider non-trivial congruences on braces. The easiest example is
to consider a group (G, +), then (G, +,+), i.e. - =+, is a brace. All normal subgroups
of G are ideals in the sense of Definition in the brace (G, +, +). One of the goals
of this thesis is to study connections between unital near-trusses (See Definition

and skew braces. That will lead us to new constructions of skew braces, and therefore

constructions of solutions of a set-theoretic Yang-Baxter equation.
Around 10 years after W. Rump introduced braces...
Trusses

In 2017 in a preprint of [15], T. Brzezinski introduced trusses. A truss is an
Abelian heap T with an additional associative binary operation - : T' x T — T, called

multiplication, which distributes from both sides over the ternary operation, i.e. for all
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a,b,c,d e T,
alb, ¢,d] = [ab, ac,ad] & [b, ¢, d]a = [ba, ca, da].

The first equality is left distributivity, and the second is right distributivity. By the
Abelian heap, we mean that [a,b,c] = [c,b,a], that is, the heap associated with an
Abelian group. A truss homomorphism is a map f between trusses that preserves both

operations, i.e. for all a, b, c,

fla, b, ¢]) = [f(a), f(b), f(e)] & [f(ab) = f(a)f(b).

On every Abelian heap, we can build multiplication in at least two ways. First, commu-
tative, choose a constant ¢ € T, then for all a,b € T', ab = ¢. Second, noncommutative,
for all a,b € T consider ab = b. Analogously one can define multiplication ba = b.
Similarly to heaps, the first assignment is not a functor since we choose a constant,
but the noncommutative assignment is functorial. The idea behind trusses is to unify
both rings and braces in one distributive law of trusses. Therefore, with every ring
(R,+,-), we can associate a truss T(R) = (H(R), ), i.e. we take a heap associated with
an additive group of a ring R and consider the same multiplication of a ring. This
assignment T is a functor from the category of rings to the category of trusses since
every ring homomorphism will preserve ternary operation. The interesting fact is that
if we start with a truss and we have an element, called an absorber, a € T' such that
for all b € T, ab = ba = a, then a is unique and by taking retract (G(T';a), ), we get a
ring. That is not a functor as homomorphisms of trusses do not necessarily preserve
absorbers. But one can see that category of rings is isomorphic with some subcategory
of trusses with an absorber. We choose all morphisms which preserve absorbers. The
same reasoning leads to building analogous functor T from braces to unital trusses, i.e.
trusses with an element, called identity, 1 € T" such that 1a = al = a. Unital trusses,
which 1-retracts are braces, will be called brace-type or associated with braces. Since
morphisms of unital trusses preserve identities, it will be a full subcategory. We see that
rings and braces are trusses, but there are more, for example, truss with multiplication
ab = b. Thus trusses provide us with the environment to study both rings and braces

in a more general setting. Due to the affine nature of heaps, one can think of trusses
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as an affine version of rings and braces. Since we have this generalisation of rings, it
is natural to consider modules over trusses. T. Brzezinski introduced modules over
trusses in [16]. A module over a truss is a heap together with an action of truss by the
endomorphisms of the heap. Two things motivate us to consider those modules. First,
a module M over a ring R is a module H(M) over a truss T(R). Thus every vector
space is a module over a truss. But not every module over a truss associated with a
field is a vector space. Therefore, we have more objects when we consider modules over
trusses. Second is the affine nature of H(M). As the thesis is write down, the second

motivation is still a mystery to the author, and research on this matter continues.

There are three main results of this thesis:

e We establish a relationship of unital near-trusses and skew braces. In Proposition

Theorem [3.1.11] Corollary [3.3.5, Corollary |5.1.6, we present methods of

acquiring new skew braces from near-trusses .

e In Proposition [5.1.11 and Proposition 5.1.10} we introduce new ways to extend
trusses to unital trusses and trusses associated with rings. That leads to charac-

terisation of extensions of trusses into rings by size, i.e. we introduce classes of

locally small, small, and minimal extensions. See definitions [5.2.5,[5.2.18] [5.2.22]

In Lemma [5.2.10, we have shown that every truss is a congruence class of some
ring. The ring is in Proposition |5.1.10. In Remark [5.2.28, we point out possible

further applications of minimal extensions to essential extensions in ring theory.

e The last main result is the Eilenberg-Watts theorem for trusses|7.1.3l That allows

us to consider the Morita theory for trusses.

Even though there are three main results, many of the other lemmas and theorems in

the thesis have their particular value and meaning.
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Contents
Heaps
Chapter 1

We start with an introduction to heaps. See Definition [1.1.1. Next, we describe a
relationship between heaps and groups, i.e. we discuss the functor H : Grp — Heap,
see Lemma [1.1.9/and Corollary [L.1.11, and e-retract G(H;e) for any heap H and e € H,
see Lemma [I.1.12] To define a quotient heap, in Definition [1.2.6, we define a normal
sub-heap. Further, in Corollary [1.2.15] we show a one-to-one correspondence between
normal sub-heaps and all congruence classes of any retracted group. In Lemma [1.1.21
we introduce an importnat automorphism of heaps 7/ : H — H. For a particular
choice of e, f € H, restriction of 7/ to a normal sub-heap is the heap isomorphism
between classes of the congruence. Let us fix a retract of H and consider a normal
subgroup G, then 7/ is the isomorphism of e + G and f + G. See Lemma [1.2.13|
In Section [1.3, we describe in detail the construction of free heaps. For any set X,
H(G(X)) # H(X), i.e. that heap associated with a free group over a set X is not
the free heap over X, see Lemma In Section we construct a coproduct of
Abelian heaps as the quotient of the free heap. By proposition we managed
to describe elements of a coproduct of two heaps by choosing two arbitrary elements,
one of each coproduct component. That allows us to construct an isomorphism from
Proposition between coproduct AH B and A x B x 7Z for any heaps A and B.
Existence of coproduct for non-Abelian heaps is provided by the universal algebra as
heaps form a variety of algebras, see Theorem [C.0.16. In the non-Abelian case, the
choice of relations generating the normal sub-heap of the free heap complicates due to
the weaker associativity. Compare associativity in Definition and equality .
The assignment of a retract to a heap is not a functor. We cannot uniquely choose
an element in every heap that homomorphisms preserve. In the last section, we use
coproduct to extend heap by a singleton set, i.e. we take a coproduct with the terminal
heap. The universal property of coproduct assures that the unique extension of heap

homomorphism maps the singleton element of the extension into the singleton element
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of the extension of the codomain, see Lemma [1.5.1. Attaching the terminal heap with
coproduct and taking retract in the element of the terminal heap is a functor see Lemma
Moreover, this functor is left adjoint to the functor H, see Theorem We
conclude the chapter with an observation that the composition of the free heap functor
and attachment of the terminal heap is a free group functor, Corollary and we

leave some thoughts on the free group construction.
Trusses
Chapter 2

In this chapter, we introduce a generalisation of a truss, called pre-truss. A pre-truss
is a heap with an associative binary operation. If this operation distributes over the
ternary operation from the left, the pre-truss is a near-truss. See Definition In
the same way, as braces and rings are examples of trusses, near-rings and skew braces
are examples of near-trusses. See Lemma and Lemma [2.1.11. For a quotient heap
of a pre-truss to be a pre-truss, one needs to assume something more than just the
normality of a sub-heap. We postulate that the normal sub-heap is a paragon that is all
the congruence classes of heaps, and therefore normal sub-heaps of the congruence are

closed, see Definition Thus given any subset of a pre-truss, we can check if it is a

congruence class. By Corollaries [2.2.8/ and [2.2.11] there is a one-to-one correspondence

between all congruences classes in skew braces (or near-rings) and paragons in the
associated near-truss. Thus, we have an isomorphism of the category of skew braces
and a full subcategory of unital near-trusses by Lemma [2.2.12. The invertible elements
U(R) of a ring R never form a subring of R, as 0 ¢ R. But U(R) is a subgroup of (R, -).
Thus we can ask when U(R) is a sub-heap of T(R), therefore a brace-type truss. In
Proposition [2.3.2| and Theorem we present some necessary conditions for a set of
units to be a brace. In Corollary [2.3.6, we show that U(Z/nZ) is a brace if and only
if n = 2% for any k € N. The Abelian cyclic brace is a commutative brace with the
underlying cyclic additive group. We conclude the chapter with Proposition [2.3.9| with
a derivation of Abelian cyclic braces of the form Z/2™Z as a quotient of a commutative

truss by a paragon.
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Chapter 3

In this chapter, we focus on the relationship between near-trusses and skew braces.
We show that a near-truss T with exactly one left ideal, i.e. a normal sub-heap I such
that for all t € T and i € I, ti € I, is a skew brace, see Proposition [3.1.5] That leads to
a question when the quotient of a truss has only one left ideal. The answer is Theorem
[3.1.11] Sadly, the condition given in this theorem is not practical. The next goal is
to localise near-trusses to skew braces. To perform localisation, one need to consider
regular near-trusses (Definition [3.3.1)), i.e. domains with the Ore conditions. A domain
is a near-truss 7' in which right and left cancellation properties hold. Cancellation
properties state that for all a,b,c € T, ab =ac = b= cand ba =ca — b= c.
See Definition [3.2.5] and Lemma We show that one can acquire a domain from a
truss 1" as the quotient by a completely prime paragon, see Definition and Lemma
[3.2.11] We conclude the chapter with a detailed description of localisation in Theorem
and Corollary which states that the localisation of a near-truss without an

absorber is a skew brace.
Chapter 4

In this chapter, we introduce the basics of modules over trusses. This chapter is
technical. Its main aim is to familiarise the reader with modules over trusses and
develop tools for further chapters. In Definition [4.2.2 and Lemmalem:induced action,
one can find the definition of an induced action and an induced module. As in heaps
and trusses, induced submodules correspond to congruence classes. See Theorem |4.2.13
As in the previous structures, a module M over a ring R is a module H(M) over a
truss T(R) with the action given by the action of R on M. Not every module M over
a truss T(R) is a module over a ring. A heap M is a T(R)-module with the action
given for all » € R and m € M by rm = m. That is not a module over a ring R. Thus,
modules over a truss associated with a ring are more general than modules over rings.
In Section [4.3] we show that a coproduct of T-modules, as heaps, can be endowed with
T-action, which makes it a coproduct of T-modules. We conclude this chapter with

some results on monomorphisms and epimorphisms, e.g. Proposition [4.4.1] Proposition
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4.4.2, Lemma [4.4.6.

Modules
Chapter 5

In this chapter, we consider extensions of trusses, mainly into braces and rings.
For a truss T and a T-module M, we can define a truss on the product 1" x M, see
Theorem [5.1.2. This construction gives us a truss associated with a ring if and only if
the module is a singleton set and truss 7T is associated with a ring, see Lemma |5.1.3|
In Corollary we show that the extension by a module is a brace if and only if
the truss is brace-type and the module is unital. Thus any unital module over a truss
associated with a brace can be extended to a brace. In Remark [5.1.6, we observe that
due to the construction of the extension, we can drop the right distributivity of T'.
The coproduct of a truss 7" with a singleton T-module can be equipped with two truss
multiplications. First makes a singleton element an identity. See Proposition [5.1.11]
Thus the extended truss is unital. The second makes a singleton element an absorber.
See Proposition [5.1.10. Thus the extended truss is associated with a ring. Attaching an
absorber has a particular universal property. Any truss homomorphism from a truss
to a truss associated with a ring uniquely extends to a ring homomorphism from a
retract of a truss with an attached absorber Ro(T) = (G(T'H0;0), ), see Lemma [5.2.1]
This universal property ensures that Rq is a functor from the category of trusses to the
category of rings, which is a left adjoint to T, see Proposition [5.2.4] Let us consider
truss T and any ring extension R, i.e. we have injective homomorphism of trusses
¢ : T — T(R). By the universal property of the extension by an absorber, we have
that ¢ uniquely extends to @ : Ro(7') — R. Thus, for any ring extension of 7', we can
find an ideal in Ro(7), namely ker(¢). That allows us to introduce criterium of size
to extensions into rings. A locally small extension of a truss T is a ring R such that
Ro(T')/I = R for some ideal I. See definition and Proposition An image
vr(T) of a canonical injection into Ro(7') is a paragon in Ro(7'). See Lemma [5.2.10l
Thus we can choose an ideal I(T"), see Remark for which ¢7(T') is a congruence

class. That allows us to introduce a small extension as an extension in which @(I(7T))
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is essential, see Definition |B.2.10l A small extension is not unique. For some trusses,
there exists a particular universal choice of a small extension. This extension is called
minimal. See Definition |5.2.22] We conclude this chapter with Remark [5.2.28, which

points out possible future applications of minimal extensions to ring theory.
Chapter 6

In this chapter, we focus on categories of modules over trusses. Consider the
extension of a truss to a unital truss from the previous chapter. Then the category
of modules over a truss and the category of modules over the truss extended by the
identity are isomorphic. See Theorem Keeping in mind the isomorphism, we
introduce a free T-module for a unital truss 7" as a coproduct of 1T’s, see Definition
[6.2.2] In Lemma we show that freeness is equivalent for a module to admit the
basis. Since there exist modules over T(R) that are not modules over a ring R, one
expects that free modules over rings are not free over trusses associated with them.
The difference is in the number of absorbers, i.e. elements m of the module such that
for all t € T, tm = m. Thus we introduce a functor (—)aps : T(R)-mod — R-mod,
which glues all the absorbers together. This functor is a left adjoint to the functor T,
which assigns to every R-module a T(R)-module. See Lemma If M is a free
T(R)-module with a basis B, then My is a free R-module with the same basis, see
Theorem [6.2.7. The problem which highlights the difficulty of dealing with trusses
without an absorber is to prove that a free T-module, for a truss 7" without an absorber,
has no absorbers. It is confirmed in Corollary [7.2.12 of Chapter 7 using projectivity. In
Theorem we introduce the tensor product of modules over trusses. In the rest
of the chapter, we prove the basic properties of the tensor product, analogous to the
tensor product of rings. For example, tensoring — ® M is a left adjoint to Homy (M, —),
Proposition [6.3.9} the free module with basis X is isomorphic to the tensor product of
heaps T ® A(X), of a truss T and a free heap over X, A(X), see Proposition [6.3.13
We conclude the chapter with the observation that every module is a quotient of a free

one.
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Chapter 7

In the last chapter, we develop the Morita theory for trusses. We say that two rings
R, S are Morita equivalent if there is an equivalence of their left module categories.
The crucial tool of Morita theory is the Eilenberg-Watts theorem, which identifies all
cocontinuous functors F : R-mod — S-mod, i.e. functors which preserve small colimits,
with tensoring by some S, R-bimodule M, i.e. FF = M ®g —, naturally. We present the
analogous theorem for trusses, see Eilenberg-Watts theorem for trusses[7.1.3. In the
modules over rings, F is an equivalence if M is projective and finitely generated. Then
Homg (M, —) is the other functor of the equivalence. Two rings R and S are Morita
equivalent if and only if S = Endg(P), for some finitely generated projective R-module
P. The crucial part of the proof uses the fact that the dual module Hompg(P, R) admits
a dual basis. For trusses, it is not clear when Homy (P, T') fulfils condition similar to
the existence of a dual basis. We introduce this property in Definition [7.1.8] and name
it a dual basis property. Modules satisfying dual basis property are called tiny. See
Definition [7.1.12 and Theorem [7.1.11. Observe that by Theorem [7.1.11, Homg (M, —)
preserves colimits if and only if M is tiny, so for F to be equivalence, M must be
tiny. This theory coincides with the Morita theory for rings as every projective finitely
generated R module is tiny in the sense of the T(R)-module. In contrast to the theory
of rings, in this case, free T-modules are not tiny. In Proposition we show that
every tiny module is projective and finitely generated. Next, we consider splittings of
short exact sequences. Since the category of T-modules is not Abelian, it is not obvious
how to define an exact sequence. Thus we introduce the definition at the beginning of
Section [7.2. In Proposition [7.2.2 and Proposition [7.2.5, we observe that the existence

of section (retraction) of a sequence

0——=G(M;€) LG(N; a(e)) LG(P; e) —=0.

\_/

g

leads to a decomposition of the module N into M x P = N (M©) x P = N) as
T-modules. We conclude this chapter with different results on a decomposition of

modules. By Theorem [7.2.18] T-module M is projective if and only if M is a direct
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factor of free T-module such that the complementary factor is a module with the
absorber. In Proposition [7.2.19] we observe that every tiny module is a factor of a
T-module 7% =T x ... x T.

Appendix A
This appendix contains basic definitions and theorems on category theory.
Appendix B

This appendix contains basic definitions and theorems on groups, near-rings and

skew braces.
Appendix C
This appendix contains basic definitions and theorems on universal algebras.

Enjoy the thesis.
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Chapter 1

In the world of heaps

Heaps were defined in the 1920s by H. Priifer (see [1]) and R. Baer (see [2]) as an
algebraic system consisting of a set with a ternary operation which fulfils conditions
called associativity and Mal'cev identities, see Definition This chapter is devoted
to heaps, as heaps are for trusses the same as groups are for rings. All the categories
discussed in this section, that is categories of heaps, Abelian heaps, groups and Abelian
groups are varieties of algebras (in the sense of the universal algebra), hence they have
free objects, limits, coproducts, euqalisers, coequalisers etc., see appendices |A| and
or [17] and [18]. The aim of this section is to give explicit constructions of free
heaps, free Abelian heaps, coequalisers of heaps and coproduct of Abelian heaps. The
complementary literature for this chapter is [16], [19], [20] and [21].

First and second sections consist of basic definitions and properties of heaps and

quotient heaps.

In the third section a construction of a free heap is described in details. Fourth
contain a construction of a coproduct of Abelian heaps. Third and fourth sections are

a third section from [19].

In the fifth section we present a new construction of a free groups through con-
struction of free heaps by constructing a left adjoint functor to the functor H between
category of groups and heaps. This functor allows us to decompose a free group functor

through the category of heaps. This highlights how identity and inverses naturally

29
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appears in the free construction of a free group. Fifth section is based on [22].

1.1 Groups and heaps

The aim of this section is to introduce reader with the term of a heap and describe

connection between heaps and groups.
Definition 1.1.1. A heap is a set H together with a ternary operation,
[—,— —]:Hx HxH — H,
such that, for all aq, as, a3, a4,a5 € H,
(1) [a1,aq, [as, a4, as]] = [[a1, a2, as), as, as], (Associativity)
(2) [a1,a1,as] = as = [ag, a1, aq]. (Mal’cev identities)
We say that H is an Abelian heap if, for all a,b,c € H, [a,b,c| = [c, b, al.

Definition 1.1.2. Let H; and H, be heaps. A map f: Hi — H; is a heap homomor-

phism if, for all a,b,c € Hy,

fa,byc]) = [f(a), f(b), f(c)].

Example 1.1.3. The integer numbers Z with the ternary operation [—, —, —] given by
[k, l,m] ==k — 1+ m, for all k,I,m € Z, form a heap.

Example 1.1.4. A set of odd integer numbers 2Z + 1 := {2k + 1 | k € Z} with the

ternary operation given by [k, [, m] := k — [+ m is a heap.

Corollary 1.1.5. Heaps as objects and heap homomorphisms as arrows form a category,
which is denoted by Heap. The full subcategory of the category of heaps consisting of
only Abelian heaps is denoted by Ah.

Proof. Observe that since every heap homomorphism is a function between underlying

sets it is enough to check that a composition of heap homomorphisms is a heap
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homomorphism. Let f: Hy — Hs and g : Hy — Hj3 be a heap homomorphisms among
heaps Hi, H, and Hjs, then for all a,b,c € Hy,

go f(la,bc]) = g([f(a), F(b), f(e)]) = [g © f(a),g o f(b),g0 f(c)]

Therefore composition of heap homomorphisms is a heap homomorphism, so Heap
and Ah are categories. By the definition of a heap homomorphism Ah(H;, Hy) =
Heap(H;, H,), therefore Ah is a full subcategory of Heap. ]

Remark 1.1.6. A singleton set with the (unique) ternary operation is the terminal object

in categories Heap and Ah, we denote this heap by {x}.

Remark 1.1.7. As the definition of a heap uses only universal quantifiers, the empty
set with the unique ternary operation given by ) x ) x ) — () is a heap, which is the

initial object in categories Heap and Ah.

Lemma 1.1.8. Let ¢ € Heap(H, Hs), then
(1) ¢ is a monomorphism if and only if @ is injective,

(2) surjectivity of ¢ implies that ¢ is an epimorphism.

Proof. First observe that every homomorphism of heaps is a function between under-
lying sets, thus every injective (surjective) homomorphism is a monomorphism (an
epimorphism), respectively. Now, assume that ¢ : H; — Hj is a monomorphism and
r,z € Hy, o(r) = ¢(2), then for any heap Hj we can consider two heap homomorphisms
fi, fo : Hy — H; given by fi(h) = r and fy(h) = z for all h € Hz. Since ¢ is a
monomorphism and ¢ o f; = p o fy we get that f; = fo. Thus r = 2z and ¢ is an

injection. O

Lemma 1.1.9. Let G be a group. Then a pair (G,[—,—,—]), where [a,b,c] := ab~'c
for all a,b,c € G, is a heap. This heap will be called a heap associated with a group
G and denoted by H(G). Moreover if f : G — G’ is a homomorphism of groups, then
a map H(f) : H(G) — H(G") given by H(f)(x) = f(z), for all x € H(G), is a heap

homomorphism.
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Proof. The ternary operation is well-defined as it is given by the group operation and

inverse, both of which are well-defined on G. Let a,b,c,d,e € GG, then
[[a,b,c],d,e] = [ab~tc,d,e] = ab~'ed e = [a,b,cd 'e] = [a,b,[c,d, €],

[a,a,b] = aa™'b=b=ba"'a = |b,a,a

Thus (G, [—, —, —]) is a heap. Now, if f : G — G’ is a group homomorphism then for
all a,b,c € H(G),

H(f)([a,b,c]) = fab~"c) = f(a)f ()" f(c) = [H(f)(a), H(f)(b), H(f)(c)]-

Therefore H(f) is a heap homomorphism. O

Corollary 1.1.10. Let G be a group. Then G is an Abelian group if and only if H(G)

is an Abelian heap.

Proof. Let G be Abelian. Then for all a,b,c € G
[a,b,c] =ab~'c=cb'a=[c,b,a,

so H(G) is Abelian. Now, Assume H(G) is Abelian, then for all a,b € G and neutral
element e € G,

ab=ae 'b = [a,e,b] = [b,e,a] = be 'a = ba.
Thus, G is Abelian. n

Corollary 1.1.11. The assignment H : Grp — Heap of a heap to a group, defined as
in Lemma|(1.1.9, is a functor. Moreover, the restriction Hap : Ab — Ah of a functor

H to Abelian groups is a functor between Abelian groups and Abelian heaps.

Proof. Let G,G',G" be groups and [ : G — G, g : G — G” be group homomorphisms,
then

H(go f) = go f=H(g) o H(f)
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by the definition of H. For an identity homomorphism 15 : G — G and all z € H(G),
H(1g)(z) = 1lg(x) = x, so H(1lg) = lug). Thus H is a functor. Second statement

follows by Corollary [1.1.10 O]

Lemma 1.1.12. Let H be a heap. Then for all e € H a pair (H,+.), where 4+, :=
[—,e,—]: Hx H— H, is a group. The group will be denoted by G(H;e) and called a

retract of H in e or an e-retract of H.

Proof. The operation +, is a well-defined binary operation, since [—, —, —] is a well-
defined ternary operation. Associativity follows by the associativity of ternary operation.

Now, e is a neutral element as for all « € H,
etea=leeal=a=]laee]=a+.e,

where second and third equalities follows by Mal’cev identities. The inverse to an

element a € H is [e, a, e, indeed as
a+.le,a,e] =|a,e e a,el] =[[a, e, ela, el =[a,a el =e,

le,a,e] +c.a=le,a,e],e,a] = e, a,le, e al] =[e,a,a] =e,

where in both cases the second equality follows by associativity and the third by Mal’cev

identities. Therefore G(H;e) is a group. O

Corollary 1.1.13. A heap homomorphism f : H — H' is a group homomorphism
between retracts G(H;e) and G(H;¢€') if and only if f(e) = €.

The following corollary is a special case of Proposition 4.4.1, We present another

proof using the fact that every group epimorphism is surjective.

Corollary 1.1.14. If f is a heap epimorphism, then f is surjective.

Proof. Let f: H — H’ be a heap epimorphism. We will show that f is an epimorphism
of groups. Let e € H, then f : G(H;e) — G(H'; f(e)) is a group homomorphism.
Moreover, for any group homomorphisms g, h : G(H’; f(e)) — G such that go f = ho f,
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H(g) o f = H(h) o f, and since f is an epimorphism of heaps we get that H(g) = H(h).
Thus, since H(g) = g and H(h) = h as functions, we get that g = h. Therefore f is an

epimorphism of groups and in consequence it is surjective, see (B.1.4| ]
Example 1.1.15. A 1-retract G(2Z + 1;1) is isomorphic to Z.

Remark 1.1.16. In contrast to the assignment H of a heap to a group, the assignment of
a group to a heap H — G(H;e) is not a functor as it depends on the element e € H, and
therefore not every heap homomorphism can be interpreted as a group homomorphism

of specific retracts, so the assignment is not a well-defined functor on morphisms.

Remark 1.1.17. The category of heaps is equivalent to a category of pointed heaps, i.e.
a category of which objects are pairs of a heap and its element and homomorphism are

homomorphisms between heaps which map a chosen element into a chosen element.

Corollary 1.1.18. Let H be a heap and e € H, then
H(G(H;e)) = H.

Proof. As underlying sets of H (G (H;e)) and H are the same, the statement follows by

the following equality,

3] +e agl +6 a3 = [[ah €, a51]7 €, CL3] = [[alu €, [ea a2, 6“, €, 0/3] = [a17 a2, a3]-

Lemma 1.1.19. If H is a heap then for all ay,as, a3, a4,a5 € H,
(1) [la1, az, as), as, as] = |as, [as, a3, a2}, as),
(2) lar, a1, a1] = ay,
(3) [al,az,ag] =a; < as =as,
(4) llar, az, as], as, as] = [[a1, as, as], [as, as, as], [a3, as, as]].

Proof. Let e, aq,as,as3,a4,a; € H, then

_ -1 -1
, =
[[a1 as, ag}, aq, a5] aq +¢ Qq “+e Q3 +¢ ay +¢ a5
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in the e-retract G(H;e). On the other hand side
[a1, [aq, ag, as], as] = a1 +e (a1 +e a3’ +e a2)las = a1 +e ay’ Feaz +eay’ e as,

thus, by the Corollary [1.1.18 both sides are equal, and equality in holds.
The idempotency of the ternary operation follows by any of Mal'cev identities.

(3) For the third statement, observe that
[a17a27a3] =a; — [(13, [(11,(12,@3],&1] = [a?nalaal] = Qa2 = as,
where the first equality follows from the fact that [az, —, a1] is a function and the second
equality follows by and Mal’cev identities. Opposite implication is trivial.

Observe that by , associativity and Mal'cev identities one gets,
a1, aq, as), [ag, ay, as], [as, aq, as]] = [[[a1, as, a5, as, a4], az, [as, aq, as]]
= [[a1, au, [as, as, a4]], as, (a3, as, as]]

= lay, as, [as, a4, as]| = [[a1, as, asl, a4, as],

therefore holds. O

If heap is Abelian, then in Corollary |1.1.18| implies the following associative

property,
[a17 a2, [a’37 Gy, a5]] = [ala [(IQ, as, CL4L CL5] = [[ala a2, a/3]7 Gy, CL5], (]‘]‘]‘>

which allows one to simplify the notation by omitting brackets. In this case we write

[a,...,a2,41) or by imitating the sum notation [a;]2"*, ai, ... 00,41 € H,

for the result of applying the Abelian heap operation n-times in any possible way.

Lemma 1.1.20. In an Abelian heap H,

2m+1 2n+1

{[ai,j]?gfl}jzl = {[am]?ffl}izl : (1.1.2)

foralln,m >0 and for alla;; € H,i=1,....2n+1,5=1,...,2m+ 1.
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Proof. Firstly, let us prove by induction that
[al7 bla 62]271—1"-1 - [[CL,J]?ZTI, [bl]?;l-l‘r17 [01]222—11—1} ) (1‘1'3>

foralln > 0. Forn=0 is trivial. If n =1,

[[a1, by, c1]laz, ba, co][as, bs, c3]] = [ay, by, c1, az, ba, ¢2, as, bs, c3] = [a1, as, 1, b1, as, ca, by, b, c3
= [alaa2,a3751701,b3,b2,C2703]
= [[Ch, asz, G3], [bh ba, b3], [61, C2, C3]],

and holds for n = 1. Let us assume the induction hypothesis that holds

for any n € N, then

]2n+3 [az;bucl]z T >[a2n+27b2n+27c2n+2] [a2n+3ab2n+3702n+3]]

la;, bi, ¢ [
[[laal2e, 02 [ef) L [azmea: banta, Can], [azns, banss, Cnal]
= H[ai]?jfl,agnﬂ,agmg} ; [[b by ,b2n+2,b2n+3} “Ci]?ﬁla@mz&znw“
a2, bt el
where the third equality follows by the case for n = 1. Therefore the induction hypothesis
holds for all n € N. Now, let us fix an arbitrary m € N, then holds for n =0

trivially and for n = 1 we get

]2m+1 _ “alj]2m+1 [ 1j}2m—&—1 [ lj]2m+1}’

[a1]7a2j)a’33 7=1 JI1j=1 > J1j=1

which follows by ((1.1.3). Since ([1.1.2) holds for n = 0,1 let us assume the induction
hypothesis that ((1.1.2) is true for any n € N. Then

2m+1
[[az 3]271;_3]?:14_1 - [az J]?ni‘rl, A2n+2,55 A2n+3 j:|] 1
[ 2m+1
= [[al}]]?g—li_l} - [a2n+2,j]]—1 ' ) [a2n+3,]]§r_n1+1

where second equality follows by (1.1.3) and third by the induction hypothesis. Therefore
(1.1.2) holds for all n,m € N. O
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Lemma 1.1.21. Let H be a heap. The endomaps, defined for all e, f € H,
7 H— H, ar[ae,f], ¢ H — H, a+—la,f e (1.1.4)

are mutually inverse heap isomorphisms.

Proof. Let a,b,c € H, then

[ (a), 7 (6), 7L ()] = [[a, e, f], b e, [, [es e, f1) = [[a,b, ], e, ] = 7 ([a, b, d]),
where the second equality follows by of Lemma [1.1.19. Thus 7/ is a heap homomor-
phism. Now, by Mal’cev identities for all a € H

7l (15(a)) = [[a, f,el,e, [l = [a, [ [e,e, fll = [a, f, [] = a

and the composition 7§ o 7/ follows analogously. Therefore 7/ and 7¢ are mutually

inverse heap isomorphisms. O

Lemma 1.1.22. Let f: Hy — Hy be a function between heaps. Then the following are

equivalent:
(1) A function f: Hy — Hy is a heap homomorphism.
(2) For all e € Hy and ey € Hy there exists a group homomorphism
[ G(Hy;ey) = G(Hy; ey) such that f = i) o f.

(3) There exist e € Hy and es € Hy such that f = 7(*) o f, for some group
homomorphism, f : G(Hy; e1) — G(Hy; e5).

Proof. = Let f: HA — H; be a heap homomorphism. For any e; € H;
and e, € H, let us consider f := Tty © - Now, since fle) = (75 © f)er) =
e2, f(e1), f(e1)] = e and f is a heap homomorphism, Corollary [1.1.13/implies that f is
required group homomorphism.

(2) = (3)). Follows trivially, as universal quantifier implies existential one.

B) = . If f= TefQ (¢1) o f, then f is a composition of two heap homomorphisms,
as group homomorphism between retracts is a homomorphism between heaps. Thus f

is a heap homomorphism. O
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Lemma 1.1.23. The set Ah(Hy, Hs) is a heap with the point-wise operation, i.e. for
all o, ¢, ¢" € Ah(Hy, Hs), the function

o, ¢, "] : H — Hay,  avr— [p(a),¢'(a), ¢"(a)], (1.1.5)

is a homomorphism of heaps.

Proof. Let ¢, ¢, ¢" € Ah(H,, Hy) and a,b,c € Hy, then

[o. &, @"]([a, b, c]) = [[p(a), 0(b), p(0)], [ (a), ¥ (b), &' (c)], [¢" (@), " (b), ¢" ()]
= [lp(a), ¥'(a), ¢"(a)]; [p(b), ¢ (b), ©"(b)], [¢(c), ¢'(c), ¥" ()]
= [le, &', "](a), [0, ', ©"1(0). [0, &', ©"](0)],
where the second equality follows by Lemma [[.1.20, Therefore [, ¢, ¢"] is a heap

homomorphism, and one can easily check that Ah(H;, Hs) is a heap, since ternary

operation is given point-wise. ]

Proposition 1.1.24. Let H be a heap and e, f € H. Then e-retract G(H;e) is

isomorphic to f-retract G(H; f) as groups.

Proof. The isomorphism is given by the map 7/. Since 7/ is an isomorphism of heaps,
it is enough to show that 7/ as a function is a group homomorphism of retracts. Let

g,h € H, then

/(g +eh) = 7/(lg.e,h]) = [lg.e. ] e, f] = [lg.e, f]. [e.e, 1. [ e, f]]
=llg.e, f1. f.[h.e, fl] = T (g) +¢ 7L (),

thus 7/ is a group homomorphism of retracts, and therefore also an isomorphism. [

Corollary 1.1.25. Let Hy, Hy be heaps. Then Hy, Hy are isomorphic as heaps if and
only if for all e € Hy and g € Hy, G(Hy;e) and G(Hs; g) are isomorphic as groups.

Proof. If ¢ : Hi — Hy is an isomorphism of heaps, then it is an isomorphism of theirs

retracts G(Hy, e) and G(Ha, ¢(e)), as for all f,h € H;

o(f +eh) = @([f, e, h]) = [o(f), e(e), p()] = (f) +e(e) (h)-
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Since all retracts are isomorphic, we have that groups G(Hi;e) and G(Hs;g) are

isomorphic for all g € H,.
Opposite direction, if ¢ : G(Hy;e) — G(Hs; f) is an isomorphism of groups, then

by Lemma [1.1.9 and Corollary [1.1.18] ¢ is an isomorphism of heaps H; and Hs. [

Remark 1.1.26. For all groups G the following holds,

G (H(G)se)) = GH(G); ) (1.1.6)

In the Abelian case one can introduce an exponent of a heap.

Definition 1.1.27. Let H be a heap. We say that heap has an exponent N € N if
there exists e € H such that G(H;e) has exponent N.

Observe that the preceding definition is well-defined. Since by Proposition |1.1.24

all retracts are isomorphic, and an isomorphism of groups preserves exponents.

Lemma 1.1.28. The product of heaps Hy and H is the set Hy X Hy with operation

defined component-wise, i.e.
[(hl’ h2)a (h/h h/2)a (hllla hg)} = ([hb hllﬁ hlll]v [h27 hIQ’ hg])»

for all hy, Ky, k] € Hy and hy, hly, by € Ho.

Proof. Let K be a heap, ¢; : K — H; and ¢y : K — Hs be heap homomorphisms.
Then we can define a map ¢ : K — H; X Hy given by k +— (¢1(k), po(k)). Since X is a

product of sets ¢ is a well-defined function, moreover for any ki, ko, k3 € K
[o(k), o(ka), (ks)] = [(p1(kr), @a(ks)), (01(ka), pa(ka)), (p1(ks), @2(ks))]
= ([p1(k1), 1(k2), @1(k3)], [w2(k1), 2(k2), @2(k3)]) (1.1.7)

= (p1([k1, k2, k3]), pa([k, k2, k3])) = p([k1, ka, k3)),

hence ¢ is a heap homomorphism. Observe that canonical projections m; : Hy x Hy — Hj,

(e,g) — e and 7y : Hy X Hy — Hs, (e, g) — g are heap homomorphisms and that

mop=¢1 and  mop =,
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Thus from the universal property of a product for sets, we get that ¢ is a unique
function and consequently a unique heap homomorphism. Therefore H; x Hs is the

product of heaps. n

Corollary 1.1.29. Let H, and Hy be heaps, then for all e € Hy and g € Hs,

G(H; x Hs;(e,9)) = G(Hy;e) x G(Ha;9) & Hy x Hy =H(G(Hy;e) x G(Ha; 9)).
(1.1.8)

Proof. Let us start with equality of groups and denote by +( 4 group operation in
G(H; x Hs;(e,g)) and by + group operation in G(Hy;e) x G(Hsg; g). Observe that
underlying set in both sides is H; x Hs. Consider the identity function

1o, xm, - Hi X Hy — Hy X Hy, (e,9) = (e, 9).

We will show that the identity is a group homomorphism. Let (e1, g1), (€2, 92) € Hy x Ha,
then

L, xm,((e1, 91) T(e,9) (e2,92)) = [(e1, 1), (e, 9), (e2,92)] = ([e1, €, €3], 91, 9, g2])
= (€1 +e €2,91 +4 92) = (€1,91) + (€2, 92)
= 1y xm,(€1,91) + Ly, (€2, g2),
and 1y, «x g, is indeed a group homomorphism. Since identity is a bijection on Hy x Hy

we get that 1y, .y, is a group isomorphism.

The second equation of the corollary follows from the first and the Corollary

L1I8 O

1.2 Quotient of a heap

As heaps are universal algebras one can consider their quotients. In this section we
introduce a definition of a normal sub-heap of a heap and show that a quotient is given
by normal sub-heaps. One can also find here an interpretation of a normal sub-heap in

an associated group to the heap.
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Definition 1.2.1. A sub-heap S of a heap H is a subset S C H, which is closed under

the ternary operation of H.

Remark 1.2.2. If X is a subset of a heap H, then the sub-heap generated by X will be
denoted by (X)) and it is equal to the intersection of all sub-heaps containing X.

Example 1.2.3. Let X = {z} be a singleton set. Then (X) = X and a singleton
subset of any heap is a sub-heap of that heap.

Example 1.2.4. The heap 2Z + 1, the set of odd integers, is a sub-heap of H(Z).

Example 1.2.5. Let K be a subgroup of a group G. Then H(K) is a sub-heap of
H(G).

Definition 1.2.6. A sub-heap S is said to be normal if there exists e € S such that
for all @ € H and s € S there exists t € S such that

la, e, s] = [t, e, al. (1.2.1)

Lemma 1.2.7. In the definition of a normal sub-heap the existential quantifier standing
next to e can be substituted by the universal one. An equivalent statement of Definition
1.2.6 is that for all a € H and e,s € S there exists t € S such that the equality (1.2.1)
holds.

Proof. Let us assume that S is a normal sub-heap as in Definition [1.2.6, then for any
feHd

/(la,e,s]) = lla,e, fl, f:[s,e. fl] = 7/ ([t.e;a]) = [[t. e, 1, f, [a, e, /1],

hence since 7/ is an isomorphism or more precisely a bijection and 7/(s) € S for all
s € S, we get that (1.2.1) holds for all e € S. For the opposite direction universal

quantifier, obviously, implies the existential one. O

Lemma 1.2.8. Every sub-heap of an Abelian heap is normal.

Proof. Simply, as in any Abelian heap H, [a, e, s] = [s,e,a] for all a,e,s € H. Then by

taking t = s in the definition one gets that any sub-heap is normal. O]
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Lemma 1.2.9. Let G be a group. Then a subgroup G’ of a group G is normal if and
only if H(G") is a normal sub-heap of a heap H(G).

Proof. Let e be a neutral element of G’. Then for all ¢ € G and ¢’ € G’ exists ¢” € G’
such that

1 7 / " /"

lg,e,91=9e ' =99 =¢"g=qg"e"g=1¢",e,9]

where the third equality and existence of ¢” follows by the normality of G’. Thus H(G")
is a normal sub-heap of H(G).

In the opposite direction. Assume that H(G’) is a normal sub-heap of H(G). Then
for all g € G and ¢’ € G’ exists ¢” € G’ such that

99 =g g =lg,e.91=1g",e.9l =g"¢'g=4¢"y,

where the third equality follows by the normality of H(G’). Thus G’ is a normal
subgroup of a group G.

]

Lemma 1.2.10. Let ¢ : Hi — Hjy be a heap homomorphism then for all g € Im(p)
the set

ket (¢) = {a € Hy | ¢(a) = g} (1.22)
s a normal sub-heap of Hy. We will call this set a g-kernel.
Proof. Let a € Hy and e, s € kery(p). Observe that
la,e,s] = [t,e,a] <= t=][a,e, 5], a,¢€,

for some ¢ € H. Thus it is enough to check that ¢ € ker,(yp),

o(t) = ¢([la, e, 5], a,e]) = [[p(a), v(e), p(s)], w(a), p(e)]
= [[v(a), 9, 9], p(a), g] = [p(a), ¢(a),g] = g,

therefore ¢ € ker,(y) and ker,(¢) is a normal sub-heap of H;. O
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Lemma 1.2.11. Every sub-heap S of a heap H yields an equivalence relation ~g on a

heap H :

ar~gb ifand onlyif 3Is € S| [a,b,s] €S if and only if Vs € S [a,b,s] €S.
(1.2.3)

Moreover if S is normal then ~g is a congruence.

Proof. Let us assume that S is a sub-heap. Then for all « € H and s € S, [a,a,s] =
s € S implies that a ~g a, so the relation is reflexive. If a ~g b, then [a, b, s] € S and
s, [a, b, s], s] = [s,s,b],a,s] = [b,a,s] €S, thus b ~g a and the relation is symmetric.

If a ~gband b~gc, then
[la,b,s],s,[b,c,s]] =la,[s,s,0],[b, ¢, s]| = [[a,b,b],¢,s] = a,c,s] €S,

therefore a ~g ¢ and the relation is transitive. Now, let us assume that S is a normal

sub-heap and consider elements x ~g vy, ¥’ ~g 1/, " ~g y”, then there exist e, s,t,z € S

such that
r=1Is,e,y], &' =t e ], 2" =][z,e9"]
and
[z 2", 2" [y, 9 y"]s ] = [[lw, 2", 2", 0" /)y, o] = [l 2, [z 69"y v ]y, 5
= [lz, 2, [z, e, ¢/1y, 5] = [[z,2", [y, e, 7']], 9, 5]
=z, [t eyl e 2y sl = [z, [y, e, '], [V, e, 2]y, 5]
= [zt le,, [y, e, 2],y 8] = [, ¥, 2]y, 8] = [[&", V', 2], y, 8]

=[2"t [z,y,s]] €S,

where first equality follows by Lemma , second is a substitution
2" = [z,e,9"], third follows form associativity and Mal’cev identitites, fourth fol-
lows by normality of S, i.e [z,e,9'] = [/, e, 2'] for some 2’ € S| fifth is the substitution,
sixth is normality applied to [t, e,y'], seventh and eighth follows by Lemma (I}
associativity and Mal’cev identities combined, ninth is a normality property and last

is an associativity. Therefore [x,2', "] ~5 [y,v,y"] and ~g is a congruence if S is a

normal sub-heap. O
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Theorem 1.2.12. Let H be a heap and S be a normal sub-heap, then H/S is a heap

with operation

[C_L,b, E] = [a7b> C]? (1.2.4)

where a denotes the class of a € H, and the canonical map m : H — H/S is a
heap epimorphism. Moreover if m : H — H/ ~g is a canonical epimorphism of
heaps, for some congruence ~g, then there exists a normal sub-heap S of H such that

H/S = H/ ~g.

Proof. 1f S is a normal heap then by Lemma [1.2.11] there is the congruence ~g and
therefore H/S := H/ ~g is a well-defined heap with a canonical heap homomorphism
m:H — H/ ~g. Now, if 7 : H — H/ ~g is a canonical epimorphism for some

congruence ~g, then for all a,b € H and e € H/ ~g,
ar~gbh < W(a) = 7T(b) < @ ~ker.(m) b,

Thus both these relations are mutually equal. Moreover, since ker.(7) is a normal

sub-heap and H/ker.(m) = H/ ~yer () we get that H/ker.(7) = H/ ~g

O
Lemma 1.2.13. Let S be a non-empty sub-heap of (H,[—,—,—]), and consider the
sub-heap relation ~g. Then:
(1) For all a,b € H, consider the map from Lemma[l.1.21:
™ H — H, z+—> [z,a,0b]. (1.2.5)

(i) The equivalence classes of ~g are related by the formula:
b=r,(a) = {[z,a,0] | z ~s a}.

(it) For alle € S and a € H, set S¢ := 1%(S). Then a = S°.

(2) For all a € H, the equivalence class a is a sub-heap of H. Furthermore, if S is a

normal sub-heap of H, then so are the a.
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(8) Equivalence classes of ~g are mutually isomorphic as heaps.

(4) For all a € H, the sub-heap equivalence relation ~g coincides with the sub-heap

equivalence relation ~;. Consequently H/S = H/a.

Proof. (1)(i) Let us assume that z ~g a, that is, that [z,a,s] € S, for all s € S. If

/I b
Z—Ta

property. Hence 2’ ~g b, that is, 72(a) C b. On the other hand, if 2’ € b, then set

(z) = [z,a,b], then [2/,b,s] = [z,a,s|, by the associativity and the Mal’cev

z = 18(2') = [¢/,b,a]. Since 7 is the inverse of 78, 2/ = 72(2). Furthermore, for all
s €8, [z,a,s] = [2/,b,s], and so [z,a,s] € S, since 2’ ~g b. This proves the second
inclusion b C 7°(a), and hence the required equality.

Assertion (1)(ii) follows by 1(i) and the fact that e = S.

Statement (2) follows by (1), Lemma and the observation that heap isomor-

phisms preserve the normality.

Statement (3) is a straightforward consequence of (1) and (2).

(4) Using (1)(ii) we can argue as follows: b ~g c if, and only if, there exist s, € S
such that [b, ¢, s] = s’. This is equivalent to the equality [[b, ¢, s], e,a] = [¢', €, a], for any
a € H and e € S, which, by associativity, is equivalent to [b, ¢, [s, e, a]] = [¢',e,a]. The
fact that a = S¢ implies that b ~; c. O

The preceding lemma implies the following theorem of J. Certaine.

Theorem 1.2.14 (J. Certaine). The subset S of a heap H is closed under the ternary

operation if and only if S is a coset of some subgroup of some retract of H.

Proof. Let us assume that S is a sub-heap of a heap H. Let e € H and s € S, then
G(7£(S); e) is a subgroup of G(H;e) by lemmas |1.1.12|and [1.2.13] Thus S is a coset.

s

In the opposite direction. If S = aH(G") for some subgroup G’ of a group G and
a € G, then S is a sub-heap of H(G), since

=1 _n

lag,aqd’,ag"] == agg " a " ag" = agg''g" = alg,d, ¢"],

for all g,¢',¢" € G'. O
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Corollary 1.2.15. Let G be a group, then S C H(G) is a normal sub-heap if and only

if S is an equivalence class for some congruence ~g on G.

Proof. Let us assume that S is an equivalence class for some congruence ~g on a group
G. Then a canonical epimorphism of groups 7 : G — G/ ~g is an epimorphism of

associated heaps i.e. 7 : H(G) — H(G/ ~g). Therefore S = kerg(m) and by Lemma
1.2.10} S is a normal sub-heap of H(G).

In the opposite direction. Let e be a neutral element of a group G. If S is a normal
sub-heap of a heap H(G), then by Theorem S = aH(G'"), for a € G and a
subgroup G’ of a group G. Moreover, by Lemma [1.2.13| 7¢(S) = ea 'aH(G') = H(G')
is normal. Hence by Lemma G' is a normal subgroup of a group G, and S is an

equivalence class for some congruence on G. O

Example 1.2.16. Let us consider a heap H(Z) and its sub-heap 27Z + 1, since the
heap is Abelian we know that the sub-heap is normal. It is easy to check that
H(Z)/(2Z + 1) = H(Z,) and 2Z + 1 is an equivalence class of relation given by a
subgroup 27Z.

Let ¢ : A — B be a homomorphism of heaps. Then by the Theorem [C.0.9
Ker (¢) = {(a,ad’) € Ax A | p(a) = ¢(a')} is a congruence on A. Observe that in fact
~Ker () AN ~per (), for any e € Im(yp), are equal. Indeed, for all a,a’ € A, a ~ker(y) @’
if and only if (a,a’) € Ker (¢). Equivalently p(a) = ¢(d’), and [¢(a), p(a'),e] = e if and
only if a ~per (o) @, for any e € Im(p). Therefore both relations ~ger () and ~gep, ()

are equal.

Lemma 1.2.17. Let ¢ : A — B be a morphism of Abelian heaps and S C A be a
sub-heap. Denote by m: A — A/S, a — a, the canonical projection. The sub-heap
relation ~g is a sub-relation of the kernel relation ~ke (@) if and only if there exists a

unique morphism of Abelian heaps ¢ : A/S — B rendering the following diagram
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commutative. In particular, if S C ker.(yp) for a certain e € B, then the conclusion

follows.

Proof. If A is the empty heap, then there is nothing to prove. Thus, assume that A is
not the empty heap, which implies that B is non-empty as well.

Uniqueness of ¢ follows from the surjectivity of m. Therefore, let us check that
¢:A/S— B, ar— p(a),

is a well-defined heap homomorphism. If @ = b, then a ~g b and 0 @ ~ger (o) b as well,

hence ¢(a) = ¢(b). Thus, ¢ is independent of the choice of the representative.

Furthermore, if there exists e € B such that S C ker.(p), then ~g is a sub-relation
of ~ger (¢)> since ~ger (p) = kere ()

In the opposite direction. If ¢ = @ o x, then for any a ~g b

p(a) = ¢(r(a)) = @(m (b)) = ¢(b).

Thus a ~ker () b and ~g is a sub-relation of the kernel relation ~ge (,).- O

In the case of B = Im(p) and S = ker.(¢), the induced map ¢ is an isomorphism
that establishes the standard first isomorphism theorem for heaps: Im(y) = A/ ker.(¢).

1.3 Free heaps

According to the title of this section, one can find in it a construction of a free heap,

and a description of a connection between a free heap and a free group.

Let X be a (non-empty) set. We define the set of reduced words in X as the set
W (X) of all odd-length words in elements of X such that no consecutive letters are the

same, i.e.

W(X) :={x129...29n41 | ; # 2441 € X,n € N}
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Note that W (X) is an infinite set as long as X has at least two elements. Given a word

w € W(x), we denote by w® the opposite word, i.e.

o
(.%'1[[‘2 e I2n+1) = Ton+1Ton - .- T1-

On the set W(X) we define a ternary operation [— — —| by grafting and pruning:
given u,v,w € W(X), the reduced word [u, v, w] is obtained by systematic removing
(or pruning) all pairs of consecutive identical letters from the word uv°w obtained by
concatenation (or grafting) of u, v°® and w. Thus, in particular and for instance if u is
any reduced word and w = x1x5 ... ZTo,11, then the step-by-step pruning process leading
to [u, w,w] is
UW W = UT9p41Top - - - T1X1T2 « . . Topr] — UT2p 1L - - - T2L .. Loyl
— UL 1Top - - - L3T3 ... Topr] — « .. — U1 Topt1 = U.

Note that this process is not affected by whether the word u ends with any of the
letters ;. This shows that [u,w,w] = u. By similar arguments one verifies the
other Mal’cev identity. Since concatenation is an associative operation and removing
pairs of consecutive identical letters of several concatenated words yields the same
result irrespective of the order in which concatenated words are pruned, [— — —] is an

associative operation. Thus (W (X),[— — —]) is a heap, which we denote by H(X).

Lemma 1.3.1. The heap H(X) is the free heap on X, i.e., for any heap H and any
function ¢ : X — H, there exists unique filler ¢ in the category of heaps of the following

diagram:

where tx is the inclusion of X into W (X).

Proof. Given a function ¢ : X — H, the required unique heap homomorphism

¢ : H(X) — H is defined by

(x) =),  P(1@2...72m41) = [B(172 . .. T2n-1), P(T20), P(T2n11)]-
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Corollary 1.3.2. An assignment H : Grp — Heap, given on sets A by A — H(A)
and on functions [ : A — B by H(f) = @, is a functor. Moreover it is a left adjoint
to a forgetful functor.

Proof. Proof follows analogously to the proof of Lemma [1.5.4 and Theorem [1.5.5. [J

For further convenience let us denote a free group generated by the set X as G(X).

Lemma 1.3.3. Any free heap can be associated with a free group. Moreover

H(G(X N\ {z})) = H(X),

where X is a non-empty set and v € X.

Proof. Let X be a non-empty set. The isomorphism needed to prove this statement is a

unique filler of the diagram in Lemma [1.3.1, where the function ¢ is defined as follows:

Yy, y#ax
67 y:I7

¢ : X — H(G(X \ {z})), yH{

where e is the neutral element of G(X \ {z}). The inverse to ¢ is given by the group
homomorphism (seen as a heap homomorphism) arising from the universal property of

the free group G(X \ {x}) applied to the function

v X\ {z} — GH(X);z), yr—v.

Corollary 1.3.4. Any non-empty sub-heap of a free heap is free.

Proof. Let us suppose that a non-empty sub-heap S of the free heap H(X) is a non-free
heap, then from Lemmall.3.3/G(S; e) is a non-free subgroup of G(H(X),e) = G(X \{e})
for some e € X. The Nielsen-Schreier theorem [23] states that every subgroup of a free
group is free, and thus we obtain a contradiction with the assumption that G(5;e) is

non-free, so S is a free heap. n
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Example 1.3.5. Let X = {0, 1} so that H(X) consists of all odd-length sequences of
alternating digits 0 and 1. All such sequences are symmetric, hence w® = w and the
heap operation on H(X) is given by concatenation and pruning. By Lemma m H(X)
is isomorphic with the heap associated to a free group on a singleton set (i.e. on X with

one element removed), so H(X) is the heap associated with Z.

The idea of the construction of free Abelian heaps is to consider symmetric words of

odd length in alphabet X,
W =:T1Y1T2 « - YnTpitis i,y € X,n €N, (1.3.1)

that are defined as classes, each class of a word consists of all words created by permuting
letters in the word in such a way that parity of the position of the letter in the word is

preserved i.e. x1xox3 is in the same class as x3xox1 but it is not in the same class as

12372 . Each w in (1.3.1) is a set
L1Y1x2 - - YnTnp1t = {%(1)3/&(1)%(2) < Yo (n)To(n+1) | 0 € Spy1,6 € Sp} (1.3.2)

A symmetic word is said to be reduced if it contains only reduced words. For example,
:abacd: is a symmetric reduced word, while :abcad: is not, since it contains the unreduced
word aacbd. The set of all symmetric reduced words of odd length on X is denoted by
W(X). Obviously, if :w: € W(X), then :w° =:w:. From any unreduced symmetric
word one can obtain a unique symmetric reduced word by pruning. Starting with any
word T1Y1%2 . . . YnTpt1 We look at all permuted words Zo(1)Ys(1)To(2) - - - Yo(n)To(nt1)- I
any of these permuted words is not reduced, we prune it by removing pairs of consecutive
identical letters. The shortest remaining word will yield the required reduced symmetric
word. The heap operation on W (X) is obtained by concatenations of representatives of
symmetric reduced words followed by symmetric pruning. We use notation for
both an unreduced word and the one to which it can be reduced. The resulting heap is

the free Abelian heap on X and is denoted by A(X).

Remark 1.3.6. One can easily employ the same isomorphism as in the proof of Lemmal|l.3.3
to observe that the free Abelian heap on a non-empty set X is isomorphic to the heap

associated with the free Abelian group on X \ {z}, for any z € X.
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1.4 Coproduct of Abelian heaps

In this section we construct a coproduct of Abelian heaps.

Given Abelian heaps A, B, their direct sum or coproduct AH B can be constructed as
follows. Start with the free Abelian heap on the disjoint union of sets AU B, A(AU B),
and apply the ternary operations of A and B whenever possible to reduce words further
to the point when no reduction is possible. In other words, we fix e € A(AU B) and
take the sub-heap C, of the A(A U B) generated by

[[a7 a/’ al,]? [a'7 al) all]A? 6]7 [[b7 bl) b”:l’ [b7 bl? bl/]B? 6]7

where a,d’,a” € A, b,b',b" € B, and [-——]|,|———|a, |-~ ——|p are ternary operations in
A(AUB), A and B, respectively, and consider the quotient heap ABB = A(AUB)/C..
One can prove that this defines a congruence on A(A U B) the equivalence classes of
which are denoted by Ts153 .. Sa,41, s; € AU B, and which form the Abelian heap

AH B. More explicit ways of describing the elements of A H B are possible.

Proposition 1.4.1. Let A and B be Abelian heaps.

(1) The direct sum AH B contains only the following (types) of symmetric words in
A and B:
(a) Elements a € A and b € B.

(b) Three letter words :abl': and :aa'b:, with a # a' € A and b #V € B.

(c) Alternating words :aibias . .. anbpani1: and :byaiby . .. bya,b,y1:, where a; €

Aand b; € B.

(2) Fiz any ea, eg € B. Then any of the multi-letter words in statement (1) can be

written as

:abep:, :baey:, :abesep...eqepeq:, bacpey...egeqep, a € A, beEB.

Proof. (1) It is clear that A H B contains words listed in (a) and (b) and that such

words cannot be reduced any further. It is also clear that there could be no clusters of
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more than two consecutive letters from either A and B. We will show that any cluster
of two letters from the same alphabet can be removed from a word of length at least
five. Taking into account the A-B symmetry suffices it consider clusters abb’a’ with
a,a’ € A, b, € B within a symmetric word. If this word has more than five letters,
then it contains an additional element of B. Depending on the parity of its position, it
can be swapped with either a or a’ to form a cluster of three letters in B in-between a
and o', which then is reduced to a single element by using the heap operation in B. In
case the word has five letters, by swapping and using heap operations it can be reduced

to an at most three letter word of type abb’ or aa’b.
This completes the proof.

(2) Using the axioms of an Abelian heap and the definition of AH B, we can compute

:abll: = [:abl:, ep, eg] = :a[bleplep: = :ab'ep:,

with b = [b,V/, eg] as required. The case of :aa’b: is dealt with in a similar way. Words
in alternating letters can be transferred to the prescribed form by consecutive applying

of the above procedure. Explicitly, for w = aiby ... a,_1,

Wby 1apbp a1 = [Why_1abnani1:, €4, €4] = Wby _1a,bpan 1646 4
= wby_1apeatn1bpea: = wb,_1albyea:
= wb,_1a,bpepepes: = wb,_1epbyal eges: = wbl,_alegea:,
etc., with a/, = [a,, ea, an1] and b, | = [b,_1, ep, by O

We refer to sequences of the alternating e4 and eg as to tails.

Proposition 1.4.2. Let A and B be Abelian heaps. Together with the inclusions
ta:A— ABB,a+—a, and g : B— ABHB, b— b, AH B is a coproduct in

the category of Abelian heaps.

Proof. We need to prove that given an Abelian heap H and heap morphisms f : A — H
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and ¢ : B — H, there is a unique filler ¢ H in the diagram:

H (1.4.1)
/A\
Py
|
A “ L AB B2 B.

It is clear that the unique way of defining a heap homomorphism @H1) that fits diagram
(1.4.1) is to set (¢ BY)(a) = p(a) and (@ B )(b) = 1(b), for all a € A,b € B, and
then extend it to words in A H B letter-by-letter. We need to assure, however, that
this definition is independent on the choice of representatives in the equivalence classes
of symmetrised reduced words listed in, say, statement (1) of Proposition |1.4.1. Two
classes can be equal if and only if they are of the same type (i.e. starting with an
element of A or starting with an element of B as in Proposition [L.4.1] (1)(c), or with
two elements of A or two elements of B as in Proposition [1.4.1 (1)(b)), as there is no
way of joining elements in the same heap to produce a single element and thus reduce

the length of the word or change its type. We look at these possibilities in turn.

If :abiby: = :a’'bybly:, then using the Mal’cev identity, symmetry and the definition of
heap operation in AH B we find

CL/ = Ia,ablbgableI = :a’a’b’l éablbgl = :b’lbéable: = :ab’2 [bll, bl, bQ]i,

since A and B are disjoint in AH B and relation is given by symmetrisation and pruning

this implies that a’ = a and b, = [b}, by, by]. Therefore,

(p B g)(:a'biby:) = [p(a’), g(b1), g()] = [w(a), g(b)), [9(b1), g(b1), g(D2)]]
= [p(a), g(b1), g(b2)] = (¢ B g)(:abiby:),

where we used that ¢ is a heap morphism and the Mal’cev identity. The other case in

Proposition [1.4.1 (1)(b) follows by the A-B-symmetry.

To treat the words listed in Proposition [1.4.1 (1)(c) we first claim that if

. e — ool WAl !/ .
arbras .. apbpangr: = aibiah .. oalbhal g, (1.4.2)

then

a1 =lar,ay, ... an, app1] and b, = [by, b}, ..., b, by (1.4.3)

'



o4 CHAPTER 1. IN THE WORLD OF HEAPS

We prove this assertion by induction on n. The case of n = 1 follows by similar reasoning
as in the case already studied (simply replace a by ay, @’ by @}, by by as and b, by aj,
and use the corresponding arguments). Assume that the statement holds for some n,

and assume that

. e — oql WAl /! / / .

Then, first by using the Mal’cev identities, and then by the symmetry and the definition
of operation in AH B,

! BOoA! / / !/ - —_ I NN
1agbhay . . g g 1 Qo = tarbiag - an g1 by g1 an 207 by

— . / /.
= .alblag c. bn[an+1, as, an+2]bn+1bl.

= :alblag RN an[bn, bll, bn+1] [an+1, Clll, an+2]:.

As the length of the word is 2n + 1, the inductive assumption can be applied, so that

a’;1+2 = [al? CL/2, ag, . .. a’;L+17 [a’n—l-l; a’/17 an+2]] = [ala a/17 v 7a;1+17 an+2]7

where the fact that A is an Abelian herd has been used. The formula for b, , can be

derived using the second part of the conjunction in the inductive assumption. This

proves that ((1.4.3) holds for all n € N.

In the situation ([1.4.2), using (1.4.3), that both f and g are heap morphisms, Mal’cev
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identities and the Abelian nature of A and B, one can compute

(@) (il Vpaly) =

®4), - plan), Y([br, 0y, by, b)), o(an )]

B1), - plan), ¥(br), ¥ (by), . 0 (b_y), (bn), (a41)]
(1), (b)), (ag) ..., ¥ (be), p(ay,), - -, (0 1), ¥ (bn), @(ar11)]
(@5), - W (br)s o(an), - - 0 (byy), P (ba)s p(ap4)]

= ... = [p(a}), ¥(br), p(az), ..., p(ay), ¥(bn), p(lar, ay, . ., 4y, )]

= [p(a1), ¥(b1), (az), - ., (ar), ¥(ba), plar), p(ay), - . ., p(ay), o(ani1)]
= [ip(a1), p(ay), ¥ (b1), p(ay), ..., plar), w(ar), Y(ba), .- o(ay), p(ant)]
= [(b1),p(a3), ..., (ay), p(a1), Y (bn), - . ., p(ar), p(ani)]

= ... = [p(a1), ¥(br), ..., p(an), ¥ (bn), p(an+1)]

= (pB¢) (farby . butnir)

Thus the definition of ¢ H v is independent on the choice of the representatives in this
case. The case of the alternating words starting with elements in B is dealt with in a
symmetric manner (or follows by the A-B symmetry). This completes the proof of the

proposition. O

Remark 1.4.3. Note that although Abelian heaps A and B can be made into Abelian
groups by fixing neutral elements, say e4 € A and eg € B, the direct sum of Abelian
heaps AH B is not the same as the heap associated to the direct sum of the corresponding
groups, i.e. AH B # H(G(A;e4) ® G(B;ep)). Since ¢ and v are heap morphisms in
the diagram , there is no need for e4 and ep to be mapped to the same element

of H that could serve for the neutral element of the induced group structure.

As in the case of Abelian groups, the explicit description of the direct sum of two
Abelian heaps in Proposition [1.4.1] can be extended to families of Abelian heaps. In
case of the family (A;).ex, the direct sum :]EXA” in addition to single and three letter
words :agala,:, with a, # a, € A, and a, € A, x # y, consists of words of finite odd

length in which neighbouring letters come from different heaps, and in which letters
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from the same heap, say A,, are separated by odd number of letters from heaps not

labelled by x.

The following proposition provides one with a group-theoretic description of the

coproduct of Abelian heaps.

Proposition 1.4.4. Let A and B be Abelian heaps, then
AB B =H(G(A;es) ® G(B;ep) B Z).

Proof. The functions

va:A— H(G(A;eq) ® G(B;eg) D Z), a— (a,ep,0) = a,

vp: B — H(G(A;e4) ® G(B;ep) ®Z), br— (ea,b,1) =b+1,
with understanding that whenever terms are written additively in the codomain ey, =
ep = 0, are heap homomorphisms. By the universal property of coproducts (cf. the

diagram in proof of Proposition there exists a unique homomorphism
p: AB B — H(G(A;es) ® G(B;ep) @ Z),

which restricts to ¢4 on A and ¢p on B. In terms of words in Proposition (2) the

homomorphism ¢ comes out as

@(Wegi):a—b, go(:abeAeB...eAeBeA:>:a—b—n,

e appears n—times

gp(:baeA:> =b—a+1, @(:baeBeA...eBeAeB:> =b—a+n-+1.

ep appears n—times

The inverse of ¢ is the filler of the coproduct diagram in the category of groups and

is determined by
¢~ G(Asea) ® G(Bjep) ©Z — G(AB Biea),

O—>eyx, 1—ep, a+—>a, b+ :begey:,

for all a € A and b € B. Therefore, since any homomorphism of groups is a homomor-
phism of heaps, we conclude that ¢! is a homomorphism of heaps. Clearly, compositions

of ¢ and ¢! give identities so ¢ is an isomorphism of heaps as required. m
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Observe that even the coproduct of Abelian heaps is no longer a sub-heap of the

product of heaps in contrast to what happens in the categories of groups.

Since the coproduct is an associative operation on a category, the identification of
Proposition can be iterated and transferred easily to coproducts of any finite (or
infinite) number of heaps. In particular, we obtain
Remark 1.4.5. Even though we know that a coproduct of non-Abelian heaps exists and
intuitively we can expect what it is, the detailed construction of it is not that easy as

one need to deal with much more complicated associative law.

Corollary 1.4.6. Let X = {xy...x,} be a finite set. Then

H{er ) BH{z)) B ... BH{z,)) ZHZ ) 2 AX).

Proof. The free heap on a singleton set is the singleton set itself, and thus the associ-
ated (Abelian) group is the trivial group 0. The first isomorphism thus follows from
Proposition [1.4.4. The second isomorphism follows by Remark [1.3.6.

[]

Example 1.4.7. Let us take heaps A = {04, 14} and B = {0p, 15} each associated
with the group Cs, and choose 04 and Op as distinguished elements of statement (2) in
Proposition Proposition implies that AB B = H(Cy ® Cy & Z). Moreover,
by choosing G(AH B;04) and looking at the elements from Proposition E we can
deduce that tails of the form 0504 ...0405 and 0405 ...0504 represent numbers of Z

in the direct sum.

1.5 Construction of a free group by heaps

The main goal of this section is to construct a left adjoint functor to the functor

H: Grp — Heap.

Let {*} be a singleton heap. For any heap H, one can consider the group Gr.(H) :=
G(H B {x};*). The following lemma shows that this group has a very interesting

universal property, which will be essential in the construction of the adjoint.
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Lemma 1.5.1. Let H be a heap, S be a group and f: H — H(S) be a heap homomor-
phism. Then there exists a unique group homomorphism Gr.(f) : Gr.(H) — S such
that f = H(Gr.(f)) o tg, where vy is a canonical injection into coproduct. In other

words, diagram

H—" > H(Gr,(H)) (1.5.1)
l
; | 2UH(Gr. (f)
’
H(S)

commutes, where I H(Gr,(f)) reads “there exists exactly one homomorphism of

groups Gr,.(f)” The pair (Gr.(H),ty) is a universal arrow, see [24, Section II1.1].

Proof. Observe that by the universal property of coproduct for all groups S and
homomorphisms of heaps f: H — H(S), g : {x} — H(S) diagram

H(S) (1.5.2)
/ AH(M
H = H(Cr.(H)) <" {+)

commutes. Every homomorphism of groups is a homomorphism of associated heaps.
Moreover, a homomorphism of heaps is a homomorphism of retracts if, and only if it
maps a neutral element to a neutral element. Hence, H(Gr,(f)) is a homomorphism of
retracts if and only if g(c.(*)) is a neutral element of S. Observe that g is unique, since
{*} is a singleton heap. Therefore H(Gr,(f)) is a unique homomorphism of heaps such
that it is also a homomorphism of groups to which heaps were associated. Thus, the

preceding diagram commutes. O

Another important observation is that a canonical injection ¢y has some sort of

cancellation property.

Lemma 1.5.2. Let H, L be heaps and f,g : H(Gr.(H)) — L be homomorphisms of
heaps such that f(1«(x)) = g(t«(x)), then foig = go iy implies f = g.
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Proof. Let us consider a homomorphism of heaps f : H(Gr,(H)) — L. One can easily
observe that by the uniqueness of a coproduct map f = (f ovg) B (f o). Thus,
because f(1«(%)) = g(ts(*)) and f oy = go iy, we get that

f={fowm)B(for)=(gow)B(gown) =g

Therefore, f(1 (%)) = g(te(*)) and (f o tg) = (g o tyy) implies f = g. O

Corollary 1.5.3. Lete € L. If f,g : Gr.(H) — G(L,+.), are homomorphisms of

groups, then fowiy = gouy implies f = g.

Proof. This follows by Lemma since a homomorphism of heaps H(f) is equal to a

homomorphism of groups f as functions. m

Now, we are ready to describe the functor. Let us consider an assignment
Gr : Heap — Grp given on a heap H by H — Gr,(H). One can easily see that
it is a well-defined function. The assignment is given for all homomorphisms of heaps
f:H — H' by f+— Gr.(tp o f) and is well-defined, since ¢/, o f is a composition of
homomorphisms of heaps, so it is a homomorphism of heaps. Therefore by the universal

property of Gr., Gr,(tgys o f) is a homomorphism of groups.

Lemma 1.5.4. The assignment Gr : Heap — Grp is a functor.

Proof. In the previous discussion, we explained that both assignments are well-defined

functions. Thus, we have to show that functor preserves identity and composition.
Obviously Gr.(tg o 1g) = lar, (.-

For the composition let us assume that f: H — H’ is a homomorphism of heaps,
then ¢ o f is a composition of homomorphisms of heaps, hence (o f : H — H(Gr(H')))
is a homomorphism of heaps. If f: H — H' and g : H — H" are homomorphisms of

heaps, then
Gr(go f) oty = Gra(tgm 0 go f) oty = o go f = Gr(g) o o f
= Gr(g) o Gr(f) o vy,
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where all the equalities follow by Lemma applied multiple times. Now, since
Gr(go f) oy = Gr(g) o Gr(f) oty and Gr(g o f), Gr(g), Gr(f) are homomorphisms of
groups, applying Corollary |1.5.3] one gets that Gr(g o f) = Gr(g) o Gr(f). Therefore

an assignment Gr preserves composition, hence Gr is a functor. O]

The following theorem confirms that Gr is a desirable functor.

Theorem 1.5.5. The functor Gr is a left adjoint to the functor H.

Proof. For all heaps H and groups G let us consider functions between sets of morphisms:
enc: Grp(Gr(H),G) — Heap(H, H(G)), f+— H(f)owx,
go;I}G : Heap(H,H(G)) — Grp(Gr(H),G), f+ Gr.(f).

To show that g ¢ is a bijection let f € Heap(H,H(G)) and g € Grp(Gr(H), G),
then
v o vma(f) = ene(Grf)) = H(Gr.(f)) owg = f,
where the last equality follows by Lemma [1.5.1, and

era e enalg) = Gr.H(g) owy) =g,

where the last equality follows by the uniqueness of the morphism Gr.(H(f) o ty).

Hence, ¢}/ is an inverse to ¢z . Thus, ¢m,c is a bijection.

To check naturality conditions, let G,S be groups, H, L be heaps and consider
homomorphisms f: Gr(H) — G, a: L — H and g : G — S. Then

¢ra(foGr(a)) = H(foGr(a))or, = H(f)oH(Gr(a))ow, = H(f)otnoa = pua(f)oa,
by applying Lemma [1.5.1 multiple times. Similarly,

vrs(go f)=H(go f)owg =H(g) o pua(f).

Therefore ¢ is a natural isomorphism and the functor Gr is a left adjoint to the

functor H. O]
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To underline the meaning of the preceding theorem in the context of groups let us

consider the following diagram

Grp

{A
N
G| |Ucrp eap ,
o

UHeap

Set

where Ug,p is a forgetful functor and § is its left adjoint, the free functor.
The first observation is that all the opposite arrows are adjoints to each other.

The second observation is that a composition of functors,

UHeap

Grp 1 Heap Set

is the forgetful functor Ug,p since for any group G, H(G) and G are equal sets, and
every homomorphism of groups f is the same function as H(f). These two observations

leads to the following corollaries.

Corollary 1.5.6. The functor GroH : Set — Grp is a free functor, i.e. il is a left
adjoint to the functor Ugyp : Grp — Set.

Proof. Observe that for any group G and set S,
Grp(Gr(H(9)),G) = Heap(H(S), H(G)) = Set(S, Uneap(H(G))) = Set(S, Ugrp(G)).
Thus GroH 4 Ugyp. O

Corollary 1.5.7. For any set X, (GroH)(X) = G(X).

Proof. Since both functors Gr o H and G are left adjoints to the forgetful functor, they

are naturally isomorphic, see [24, Corollary 1, page 85]. O

To summarise, we have shown that a free functor from the category of sets to the
category of groups is decomposable into two functors, through the category of heaps.

The description of the free functor provides a method to construct a free group.
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Sadly, in general, it is not an easy task to describe a coproduct of heaps. One
intuitively knows it is a quotient of a free heap over the disjoint union. The choice of
generators for the normal sub-heap is at least tricky, because one must at the same

time deal with the allocations of a ternary operation in elements of the free heap, see
the associativity rule Lemma 1.1.19.

Fortunately, since we are interested in a composition of functors Gr o H, we only
need to consider the coproduct of two heaps, the singleton heap and a free heap H(X),
for any set X. Observe that a heap described on the singleton set is unique up to
isomorphism. Thus, we can identify a singleton heap with a free heap H({*}). Now,
by definition of Gro H, (Gro H)(X) = G(H(X) BH({*}); %), but H is a left adjoint
functor to the forgetful functor, so it preserves coproducts. Therefore, we have that
H(X)BH{*}) =2 H(X U{x}). Hence, we start with taking a set X, then consider a
disjoint union with {*}, construct a free heap over X LI {*} and take a retract of that
heap in *. The obtained retract is a free group. Even though one can argue that we
still add a disjoint element *, in this setup, it has a proper algebraic interpretation in
the category of heaps, i.e. taking a coproduct of a free heap with a singleton heap. In
contrast to Construction , we do not add artificially the set X! to get inverses,

as inverses in the retract are words of the form [*,w, x|, for any w € H(X U {x}).
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Trusses
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Chapter 2

In the world of trusses

In this chapter we generalise the definition of a truss from [15] by forgetting distributive
laws. The generalisation is called a pre-truss. Next, we identify special cases of pre-
trusses with near-rings and skew braces. In Section [2.2] we describe the congruences
of pre-trusses in terms of algebraic structure of paragons, which in the case of rings
are congruence classes. The last section is mainly an investigation when units of a ring
form a congruence class. All the sections of this chapter can be found in Section 3 of
[26]. All the basic definitions and facts about near-rings and skew braces necessary to

understand this chapter can be found in Appendix [B.

2.1 Pre-trusses, near-trusses and trusses

The aim of this section is to introduce heaps with an additional semigroup operation

and describe their relations with well-known algebraic structures.

Definition 2.1.1.

(1) A pre-truss is a heap (T, [—, —, —]) together with an associative binary operation

called a multiplication (denoted by a juxtaposition or -).

(2) A pre-truss T satisfying the left distributive law:
alb, ¢, d] = |ab, ac, ad], for all a,b,c,d € T,
is called a near-truss.

65
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(3) A near-truss 7T satisfying the right distributive law
b, ¢, d]a = [ba, ca, dal, for all a,b,c,d € T,
is called a skew truss.

(4) A skew truss such that the underlying heap is Abelian is called a truss.

Every one of the above notions is said to be unital provided the binary operation has

an identity (denoted by 1) and commutative if for all a,b € T', ab = ba.

Definition 2.1.2. A homomorphism of (pre-, near-, skew) trusses is a homomorphism

of heaps that is also a homomorphism of semigroups (or monoids in the unital case).

It is clear from this definition that the image of a homomorphism of (pre-, near-,

skew) trusses is itself a (pre-, near-, skew) truss.

Definition 2.1.3. A left (resp. right) absorber is an element a of a pre-truss 7' such
that, for all t € T', ta = a (resp. at = a). We say that a is an absorber if it is a left and
right absorber.

Lemma 2.1.4. [t is worth noting that if a pre-truss T has both a left and a right

absorber, then they necessarily coincide, in particular an absorber is unique.

Proof. Let us assume that [ € T is a left absorber and r € T is a right absorber. Then
l=r-l=r,
so [ is a unique two-sided absorber. O

Lemma 2.1.5. Furthermore, since homomorphisms of pre-trusses preserve multiplica-
tion, if f: T — T is a morphism and e is a left (resp. right) absorber in T', then f(e)
is a left (resp. right) absorber in the pre-truss f(T).

Proof. Let | € T ba a left absorber, then for all t € T

f@)-f) = f(t-1) = f(0),

and therefore f(1) is a left absorber in f(T). O
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Now let us introduce a set of lemmas which will provide a plenty of examples of

pre-trusses.

Lemma 2.1.6. Let T be a truss. Then e € T is an absorber if and only if R =
(G(T5e),-) is a ring. We call such T a truss associated with a ring R or a ring-type

truss, and denote it by T(R).

Proof. If R is a ring, then obviously e is an absorber.

In the opposite direction. If e is an absorber, then it is enough to check the

distributivity as G(7';e) is a group and - is associative. For all a,b,c € T,

a(b+.c) = alb,e,c] = [ab, ae, ac] = [ab, e, ac] = ab +. ac,
(b+. c)a = [b,e, cla = |ba,ea,cal = [ba,e,cal = ba+. ca,
so distributivity holds and therefore R = (G(T’;e),-) is a ring. O

Remark 2.1.7. Observe that an absorber is unique, therefore assignment of a ring to a

truss through retract is unique.
Corollary 2.1.8. A ring R is unital if and only if T(R) is unital.

Lemma 2.1.9. Let T be a near-truss. Then e € T is a left absorber if and only if
N = (G(T;e),-) is a near-ring. We call such T a truss associated with a near-ring N

or a ring-type near-truss and denote it by T(N).

Proof. Proof is almost the same as proof of Lemma [2.1.6, the only difference is that we
need to show only left distributivity. m

Remark 2.1.10. Observe that in a near-truss there can be more than one left absorber,

therefore the assignment of a near-ring to a truss is not necessarily unique.

Another class of examples of near-trusses is given by skew braces, see Definition
B.2.26] The following lemma gives a full characterisation of near-trusses that can be

associated with a skew brace by taking a retract.
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Lemma 2.1.11. Let T be a unital near-truss. Then B = (G(T;1),-) is a skew brace
if and only if (T,-) is a group with neutral element 1. We call such T' a brace-type
near-truss and denote it by T(B).

Proof. If B is a skew brace, then it is obvious that (7,-) is a group with neutral

element 1.

Now, let us assume that (7, -) is a group, it is enough to show that the left distributive
law holds. Indeed, as for all a,b,c € T,
a(b+1 ¢) = alb,1,¢] = [ab, a, ac] = [[ab, 1,1],a,[1,1, ac]] = [[ab, 1,1],[1,1, a], ac|
= [ab, [1,[1,a,1],1],ac] = [[ab, 1,1, a, 1]],1,ac] = ab —1 a +; ac,
where all the equalities follows by the one of distributivity, associativity, Mal’cev

identities or Lemma [1.1.19(1). Thus B is a skew-brace. O]

Corollary 2.1.12. A brace-type near-truss T is associated with two-sided brace if and

only if T is a truss.

Remark 2.1.13. Observe that since the identity is a unique element in a truss, the

assignment of a skew brace to a truss is unique.
Now, let us focus on trusses. Let us start with examples.

Example 2.1.14. A fundamental example of a (unital) truss is the endomorphism
truss of an Abelian heap, F(H) = Ah(H, H), which has the pointwise defined heap

operation and multiplication given by the composition of morphisms.

Lemma 2.1.15. Trusses form a category with trusses as objects and homomorphisms
as arrows. We will denote this category by Trs. Moreover, unital trusses form a
subcategory of Trs with unital trusses as objects and homomorphisms which preserve

identities as arrows. We will denote this subcategory by Trs;.

Proof. This is a simple observation that composition of two truss homomorphisms is
a truss homomorphism and that, if both homomorphisms preserve identity then the

composition preserves the identity too. O
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Remark 2.1.16. Observe that Trs; is not a full subcategory of Trs as
Trs({0}, T(Z)) = {fx : {0} = T(Z) | f(0) =k, k €{0,1} C Z}

is not equal to

Trs, ({0}, T(Z)) = {f | f(0) = 1}

In an obvious way, the terminal object {*} (that is, the singleton set with the unique
ternary operation) of the category Ah is also the terminal object of the category Trs
of trusses and the zero object (both initial and terminal) of the category Trs; of unital

ones. The empty set is a initial object in Trs.

Remark 2.1.17. The category Trs; has kernels as every object has an identity and a
homomorphism ¢ of unital trusses preserves identity, we have a unique choice of a

kernel, i.e. ker;(y), which is a unital truss and a sub-truss of an object.

Lemma 2.1.18. An assignment T : Ring — Trs given by R +— T(R) and T(p) = ¢,
for all rings R and all ¢ € Ring(R, R'), is a functor.

Proof. Let ¢ € Ring(R,S), then for all a,b,c € R,
T(p)la,b,c] = p(a—b+c) = p(a) = ©(b) + ¢(c) = [p(a), ¢(b), p(c)]
= [T(p)(a), T()(b), T(e)(c)],
thus T(p) € Trs(T(R), T(S)). Now, let ¢ € Ring(R, S) and ¢ € Ring(S,S’), then for

alla € R,

T(¢) o T(p)(a) = T(¢)(p(a)) = (¥ o p)(a) = T(¢ o p)(a),

so an assignment T preserves composition and in consequence T is a functor. O

It is worth to mention that analogous categories and functors can be constructed
for pre-trusses and near-trusses but to keep some kind of common sense, I decided to

limit my categorical considerations to trusses.
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2.2 Congruences on pre-trusses

In this section we will focus on the interpretation of congruences on pre-trusses as
algebraic structures. This part is a natural extension of Section [1.2 into pre-trusses.
The only and most important theorem of this section is Theorem which identifies

congruences with paragons and vice versa.

Definition 2.2.1. Let T be a pre-truss.

(1) A sub-heap S of T is said to be left-closed (resp. right-closed) if, for all s,s" € S
and t € T,
[ts',ts,s] € S (resp. [s't, st,s] € S). (2.2.1)

(2) A sub-heap S that is left- and right-closed is said to be closed.

(3) A non-empty normal sub-heap P of T such that every equivalence class of the

sub-heap relation ~p is a closed (normal) sub-heap of T is called a paragon.

Observe that Lemma [1.2.13|implies that if P is a paragon in a pre-truss T, then all

the equivalence classes of ~p are mutually isomorphic paragons as well.

Remark 2.2.2. In the case of a non-empty sub-heap S the quantifier ‘for all s € 7 in
the definition of the left or right closure property can be equivalently replaced
by the existential quantifier. Indeed, assume that there exists ¢ € S such that, for all
sseSandteT, [ts ,tq,q) € S. Then, for all s € S,

ts' ts, s] = [[[ts', tq, q, q, tq], ts, s] = [[ts', tq, ql, [ts, tq, q], s] € S,

by the associativity, Mal'cev’s identities, Lemma [1.1.19 , and the fact that S is a
sub-heap. Similarly, the right closure property follows.

Lemma 2.2.3. A non-empty normal sub-heap P of a pre-truss T is a paragon if and

only if, for all a,b € T and p,e € P,

[a[pa 6vb]7ab7 6] epr & Hp7€7 b]a’abaa 6] € P.
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Proof. By Lemma |1.2.13, the equivalence class of b € T is b = P* = {[p,e,b] | p € P},
for all e € P. Hence b is left-closed if and only if, for all p € P and a € T, there exists
q € P such that

[a[p7 67 b]? ab? b] = [Q7 6’ b]7
that is, if and only if
la[p, e, b],ab,e] = q € P,

as required. 0

Corollary 2.2.4. A non-empty normal sub-heap P of a near-truss T is a paragon if
and only if P is left-closed and all equivalence classes of the induced sub-heap relation
are right-closed. In particular P is a paragon in a skew truss if and only if it is a closed

normal sub-heap.

Proof. Since in a near-truss the left distributivity law holds, the left-closure property
in Lemma reduces to [ap, ae,e] € P, that is, the left-closedness of P. In a skew

truss the right-closure property is treated symmetrically. O

Corollary shows that, in the case of skew trusses (and hence trusses) the notion
of a paragon introduced in Definition reduces to the notion introduced in |16
Definition 3.15].

Lemma 2.2.5. Let f: T — T’ be a morphism of pre-trusses.

(1) For all = € Tmf, f~'(2) is a paragon in T. In particular, if P' is a paragon in
Imf, then f~Y(P') is a paragon in T.

(2) If P is a paragon in T then f(P) is a paragon in Imf.
Proof. (1) By Lemma [1.2.10, f~'(2) is a normal sub-heap which is non-empty (since
z €Imf). Forall a,b € T and p,e € f~1(z),

f(lalp, e,b], ab,e]) = [f(a)[f(p), f(e), F()], f(a) f (D), f(e)]
= [f(a)lz, 2, F(0)], f(a) f (D), 2] = 2,
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since f preserves multiplication and ternary operations, and by Mal’cev identities. Thus
la[p, e, b],ab,e] € f~1(2). By the same arguments, [[p, e, bla,ba,e] € f~1(z). In view of
Lemma [2.2.3 this means that f~'(z) is a paragon.

Assume that P’ is a paragon. That the pre-image of a normal sub-heap is a
normal sub-heap follows by the standard group-theoretic arguments. Since f preserves

multiplication and heap operation, for all a,b € T and p,q € f~1(P'),

f([alp, q,b],ab,q]) = [f(a)[f(p), f(q), f(D)], f(a)f(D), f(q)] &
f([[p,q,bla,ba, q]) = [[f(p), f(q), f(B)]f(a), f(b)f(a), f(q)].

Since P’ is a paragon, and f(p), f(q) € P’, both expressions are elements of P’
Therefore, [a[p, ¢, b], ab, ql, [[p, ¢, bla, ba, q] € f~1(P'), and hence f~1(P’) is a paragon.

Statement (2) is proven by similar arguments. ]

Theorem 2.2.6. Let P be a non-empty normal sub-heap of a pre-truss T. Then the
canonical heap map m: T — T /P is a homomorphism of pre-trusses if and only if P is

a paragon.

Proof. Assume that 7 is a pre-truss homomorphism. Since P = 7~ !}(x(P)), P is a

paragon by Lemma [2.2.5.

For the proof of the opposite implication assume that P is a paragon. Then ~p is a
congruence on the heap T, so we only need to show that this relation is a congruence
on the pre-truss T as well. Let a,b € T be such that a ~p b, so that a,b € 7w(b).
Since P is a paragon, for all t € T', [ta, tb,b] € 7(b). Hence, [n(tb), 7 (ta), 7(b)] = m(b),
that is, 7(tb) = w(ta) or, equivalently, ta ~p tb. In the same way one can prove
that a ~p b implies at ~p bt for all t € T'. Assume that a ~p b and ¢ ~p d. Then
ac ~p be, bc ~p bd and ac ~p bd, since ~p is an equivalence relation. Therefore, ~p is
a congruence and the canonical map 7 : T — T/ P is a homomorphism of pre-trusses.

This completes the proof. n

Corollary 2.2.7. If P is a paragon in a pre-truss T, then for all a,b € T, t8(P) = P?
is a paragon in T and T/P = T/PP.
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Proof. Since P is a normal sub-heap, the corollary follows by the Lemma [1.2.13| and
the definition of paragon. m

Corollary 2.2.8. Let N be a near-ring. Then P C N is an equivalence class for a

congruence on N if and only if P is a paragon in T(N).

Proof. Let us assume that P is an equivalence class for a congruence on N, let N
be the quotient near-truss with canonical homomorphism 7 : N — N. Since 7 is

also a homomorphism of associated near-trusses, that is, 7 : T(N) — T(N), and

P =x7Y(P), P is a paragon in T(N) by Lemma [2.2.5.

In the opposite direction, assume that P is a paragon in T(N). Then there ex-
ists a near-truss homomorphism 7 : T(N) — T(N)/P. Observe that the triple
(T(N)/P,+r), ), where e is the neutral element of N, is a near-ring, since the image
of a left absorber through a surjective near-truss homomorphism is a left absorber.
Therefore 7 is also a homomorphism of the retracted near-rings and P is an equivalence

class of a congruence given by m as P = 7~ !(P). O

Corollary 2.2.9. Let R be a ring and P be a paragon in T(R). Then 7)(P) = P} is

an ideal in R, for all p € P.

Proof. If P is a paragon in R, then for any p € P, 0 € Pg . Observe that by lemmas

2.2.7 and [1.2.9 P} is a normal subgroup and for all « € R and b € P,

lab, a0,0] = ab — a0 + 0 = ab & [ba, 0a, 0] = ba — 0a + 0 = ba.
Thus G(P;0) is an ideal in R. O

Now, let us consider skew braces. All the basic definitions and facts about skew
braces reader will find in the Appendix [Bl For an equivalent characterisation of skew
braces in terms of near-trusses, check Lemma [2.1.11, A quotient of a skew brace is
given by an ideal, see Definition and Proposition [B.2.30] It is easy to prove that
every homomorphism of skew braces, see Definition [B.2.28] is also a homomorphism

of associated unital near-trusses. The opposite observation is not that simple. If
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we consider a surjective homomorphism of near-trusses associated to skew braces or
a homomorphism in Trs; between near-trusses associated to skew braces, then this
homomorphism is also a homomorphism of corresponding skew braces. This follows by

the following lemma.

Lemma 2.2.10. Let T(B) be the near-truss associated to a skew brace B (with the
identity 1). Then P is a paragon in T(B) if and only if, for all p € P,

By =7,(P)={[¢,p,1] | ' € P}

1s an ideal in B.

Proof. Assume that P is a paragon in T(B). Then 1 € P}, (P},+1) is a normal
subgroup of (B, +) as P} is a normal sub-heap and +; = +, see Lemma Since
P! is closed, for all a € B and b € Ppl,

p

ab—a=lab,al, 1] € P} & ba—a=[ba,1a,1] € P,.
Therefore, ba — ab = ¢ € Ppl, and, using the brace distributive law,
a'ba=a(c+ab)=a"c—a ' +be P,

since Pp1 is left-closed. This implies that ailela = Ppl, that is, aPp1 = P}}a, and

completes the proof that Pp1 is an ideal in B.

Conversely, if P} is an ideal in B, then B/P) is a brace by [27, Lemma 2.3] (see
Lemma |B.2.30), and the canonical brace epimorphism 7 : B — B/ Pp1 induces a near-
truss morphism 7 : T(B) — T(B/P,). Since P, = 7~ '(P;), P, and consequently also
P = (Pplyl) are paragons by Lemma [2.2.5. O

Corollary 2.2.11. Let B be a skew brace, then P C B is an equivalence class for some

congruence on B if and only if P is a paragon in T(B).

Proof. The proof of the left to right implication is the same as in Corollary [2.2.8] The
other implication follows by Lemma [2.2.10 O
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The next step is to prove that every near-truss homomorphism between near-trusses

associated with skew braces is a skew brace homomorphism.

Lemma 2.2.12. Let By and By be skew braces. Then a near-truss homomorphism

f:T(By) = T(Bs) is also a skew brace homomorphism.

Proof. Observe that by the Lemma [2.2.10/ a map f : By — Imf C B, is a brace
homomorphism. Now, the only difficulty is to show that the identity of Imf has the
same identity as Bs. If x is an idempotent in Imf, then it is an idempotent in Bs, but
there exists only one idempotent in By, the identity. Thus map f preserves identity

and is a homomorphism of skew braces. O

Remark 2.2.13. The category of skew braces is isomorphic to a full subcategory of the

category of near-trusses, i.e. the image of the functor T.

Example 2.2.14. View the ring Z as a truss with the heap operation [k,[,m|, =
k — [ +m and the usual multiplication of integers. For any n € N, consider the ideal

nZ. Then, for all m € Z,
(nZ)y =1"(nZ) ={kn+m |k € Z} ={kn+r | k € Z},

where r is a remainder of the division of m by n, is a paragon. In particular if n does
not divide m, or, equivalently, 0 < m < n then (nZ)j" is not an ideal. One easily checks
that

T(Z)/(nZ)y' = T(Z/nZ).

For example, (2Z)} is the set of all odd integers but one can translate it to an ideal by
taking ((2Z)$)? = 2Z. In spite of the fact that (2Z)] is not an ideal and that it contains
the identity of Z it is a paragon different from Z, with corresponding quotient being a

non-trivial ring.

Example 2.2.15. Let B be a two-sided brace. Following [28] Section 4] (see Definition
B.2.31), the socle Soc(B) of B is defined as

Soc(B) ={a€ B|ab=a+0b, b€ B}.
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The socle is an ideal of a two-sided brace that is non-trivial, i.e. different from {1} if B

is non-trivial and finite (see [28 Proposition 3|, [5] or Propostion |B.2.33). For all ¢ € B,
¢+ Soc(B) ={c+ala€ Soc(B)}

is an equivalence class of a congruence on B and hence it is a paragon in T(B). Indeed,

¢+ Soc(B) is a sub-heap of T(B), since for all a,d’,a” € Soc(B),
c+a,c+d,c+d|=cta—c—d+c+d =c+(a—d +d") € c+Soc(B).
Furthermore, for all b € B,
[e,eb, (c+a)b) =c—cb+cb—b+ab=c+ab—b e c+ Soc(B),
and
[b(c + a), be, c] = be — b+ ba —be+ ¢ = c+ (bab™")b — b € ¢+ Soc(B),

by the fact that Soc(B) is a normal subgroup of (B, ). Therefore, ¢ + Soc(B) is closed,

and hence it is a paragon in T(B).

Example 2.2.16. Let RG be a group ring for an arbitrary ring R and an arbitrary
group G. Let us observe that, for all » € R, the sets

Ap={D_rgg | Doy =1}

geG geG

are paragons in T(RG) as inverse images of  under the ring (and hence truss) homo-
morphism

m: RG — R, ngg>—>2rg.

geG geG
In particular, each A, is a sub-truss only if r is an idempotent. It can be easily checked
(or deduced from the fact that 7 is an epimorphism combined with the first isomorphism

theorem for algebras) that, for all r € R,

T(RG)/A, = T(R).
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2.3 Units from the perspective of trusses

In this section, we will investigate when the set of units of a unital ring R is a paragon
in T(R). Even though the question is relatively simple, we only managed to acquire
some necessary conditions. We conclude this section with Proposition which
identifies units of Z(? /2817 with Abelian cyclic braces, i.e. brace-type near-trusses
which identity retracts are cyclic Abelian groups. All definitions and facts necessary to

understand this section can be found in the Appendix [B.

Lemma 2.3.1. Let RG be a group ring. If the set of units U(RG) of a ring RG is a
paragon in T(RG), then U(R) is a paragon in T(R).

Proof. 1f e is the neutral element of G, then it is easy to check that re € U(RG) if
and only if 7 € U(R). In view of this observation and from the fact that U(RG) is a
paragon, if .7’ " € U(R), then [re,r’e,r"e] = [r,r’,r"]e € U(RG), which implies that
[r,7",r"] € U(R). Hence U(R) is a sub-heap of T(R). Furthermore, for all » € R, and
', " e U(R),

U(RG) > [rr"e,rr'e,r'e] = [rr" rr' 1']e,
which implies that [rr”,rr’ r'] € U(R). Similarly, [+"r,7'r,7'] € U(R). Therefore, U(R)

is a paragon in T(R). O

Now, one can ask when units are a congruence class. Although at this stage we are

not able to provide sufficient conditions we still can provide some necessary conditions.
Proposition 2.3.2. Let R be a ring and assume that U(R) is a paragon in T(R). Then
(1) For alla,b € U(R), a—b ¢ U(R).
(2) Odd multiples of units in R are units while even ones are not.

(3) The quotient truss T(R)/U(R) corresponds to a ring of characteristic 2.

Proof. (1) If U(R) is a paragon in T(R) or, equivalently by Corollary an equivalence
class for a congruence on R, then its translate U(R)Y is an ideal in R (see Corollary|[2.2.9).
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Explicitly, U(R)} consists of elements of the form a —b where a € U(R). Since 0 € U(R),

U(R))NU(R) = 0 by Corollary [2.2.7 and hence a — b & U(R).

(2) Note that for any a € U(R), —a € U(R). We first prove by induction that
(2n+1)a € U(R), for all n € N. If n = 0, then the statement is obvious. Now assume
that (2n + 1)a € U(R), then

(2n+3)a = [(2n+ 1)a, —a,a] € U(R),

so for all positive odd numbers and thus also the negative ones the assertion is true.

Since any even multiple is a difference of two odd multiples, the second assertion follows
by (1).

(3) The equivalence class of 1 € R, 1 = U(R) is the identity in the quotient truss
T(R)/U(R). Since both 1 and —1 are units in R, —1 = 1, which implies that T+ 1 =0
in the ring corresponding to T(R)/U(R). O

Corollary 2.3.3. Let R be a ring with a finite characteristic n € N and U(R) be a

congruence class, then 2 divides n.

Example 2.3.4. Let us consider ring Z, and its associated truss T(Z4). It is easy to
check that the set U(Z4) = {1, 3} is a paragon in T(Z,). Therefore, U(Z4) is an element
in the quotient of Z4 by the ideal U(Z,)} = {1,3}} = {0, 2}, i.e. Z,.

The following theorem classifies all rings in which the set of units is a paragon and

the quotient truss corresponds to the ring Z,.

Theorem 2.3.5. For a ring R, the following statements are equivalent:
(1) The units U(R) form a paragon in T(R) and T(R)/U(R) = T(Z,).
(2) For allr € R, either r € U(R) or 1 —r € U(R).
Proof. Assume first that the statement (1) holds. Since T(R)/U(R) = T(Zs) there are

two disjoint paragons in T(R), U(R) and J, covering the whole of T(R). Since 0 & U(R),
0 € J and hence J is an ideal. Since 1 € U(R), U(R) = 73(.J), by Proposition §4.2.15|
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Take any r € R, then either » € U(R) or r € J, in which case also —r € J (as J is an
ideal) and 1 —r = 7 (—7) € U(R). Hence the statement (2) holds.

In the converse direction, the assumption (2) means in particular that R is a local
ring, i.e. the set of non-units, say J, is an ideal in R. Note that if u € U(R) and r € J,
then u+r € U(R), for should u +r not be a unit, then 1 —u —r would be a unit, hence

not an element of J, which would contradict the fact that J is an ideal, as 1 —u—1r € J.

Take any u,v,w € U(R). Then
[u,v,wl=u—v+w=(u—1)+(1—v)+we U(R),

by the preceding discussion, as u — 1,1 —v € J and J is an ideal. Hence U(R) is a
sub-heap of T(R). Next, take any » € R and u € U(R). Then, by the same token

[ru,r, 1] =r(u—1)+1 € U(R).
Therefore, U(R) is a paragon in T(R).
Finally, take any r € R. If r € U(R), then its class 7 € T(R)/U(R) is equal to
UR)=1.1f 1 —r € U(R), then also r — 1 € U(R), and
r=[r—-1-1,0=7,0r—-1) €7 (UR)),
so that r € 0. Thus there are two classes 0, 1 and the corresponding ring is Z. O

Corollary 2.3.6. The set U(Z,) is a paragon in T(Z,) if and only if n = 2% for some
k e N.

Proof. Since the quotient truss T(Z,)/U(Z,) must correspond to a ring of characteristic
2, in the case studied it must correspond to Zs. Thus necessarily we are in the situation
of Theorem m Hence U(Z,,) is a paragon in T(Z,) if and only if, for all m € Z,
ged(m,n) = 1 or ged(1 — m,n) = 1. This is equivalent to n having only even prime

factors as needed. O]

Example 2.3.7. (1) Let us consider the subring of Q of the form

Z n c7
= n .
2Z+1  \2p+r1| P
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Observe that the set of all invertible elements of %ﬂ is

Z B J2¢+1
U<22+1> = 0@ ‘{2p+1 WEZ}‘

Clearly, O(Q) is not a subring but one can easily check that O(Q) is a well-defined

sub-truss (and also a paragon) of T(Q). The elements z of % have either an odd
numerator, in which case they are invertible or an even numerator, in which case 1 — x
has an odd numerator, hence invertible. Note in passing that O(Q) is an example of a

two-sided brace with operation — +; — := [—, 1, —].

(2) Let F be a field and consider the local ring R = F[z]/(z™). The polynomials
with root 0 are nilpotent hence not invertible. On the other hand polynomials with a

constant coefficient are invertible. Explicitly, if p(z) = a + ¢(z), where ¢(x) is nilpotent

and « # 0, then

plx)yt=at—a? (q(a:) +q@)*+... + q(:c)”’l) : (2.3.1)

Hence R satisfies assumptions of Theorem and so the set of polynomials with a
non-zero constant coefficient is a paragon, and the quotient truss corresponds to the

ring Zs.

(3) The situation described in the preceding example can be adapted to polynomial
rings with coefficients in general commutative rings. Consider R = Q[z]/(z"). If @ is
not an integral domain, then R does not necessarily have the property of Theorem
so neither that the units of R form a paragon nor, in case they do, that the quotient
paragon will be associated to Z, is guaranteed. By the arguments similar to those in
the proof of Lemma one easily finds that if U(R) is a paragon, then so is U(Q).
Using this information, we now specify ) = Z,,, and then by Corollary necessarily
m = 2%, Units of Zyx[x]/(2") are exactly all polynomials p(z) such that p(0) is coprime
with 2. Clearly, if p(x) is a unit, then p(0) must be a unit, hence coprime with 2. In
the converse direction, the formula gives the inverse to any polynomial with
the constant term that is a unit in Zox. Let p(x) be any element of Zyx[z]/(z"). If

p(0) is coprime with 2, then p(z) is a unit. Otherwise, 1 — p(x) has a constant term
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coprime with 2, hence it is a unit. Thus assertions of Theorem are satisfied and we
conclude that U(Zyx[x]/(2™)) is a paragon in T(R) and the quotient truss is associated
to ZQ.

Lemma 2.3.8. Let T be a unital truss. If the set of units U(T) is a sub-heap of T,
then U(T') is (the truss associated to) a two-sided brace.

Proof. Assume that U(T) is a sub-heap and since U(T) is a group with truss multipli-
cation, U(T) is a brace-type truss in which every element is invertible, and hence is the

truss associated to a two-sided brace by Lemma [2.1.11 O]

We conclude this section with the derivation of Abelian cyclic braces of |29, Propo-

sition 4] as quotients of a commutative truss by a paragon.

Proposition 2.3.9. Let a be a positive integer and let Z'9 denote the commutative

unital truss with the heap operation derived from the addition in Z, and the multiplication,
m-n=amn-+m+n, for all m,n € Z, (2.3.2)

see [16, Corollary 3.53].

(1) For all N € Z,
NZ ={mN | m € Z},

is a paragon in Z .

(2) For all k > 1, Z® /2*'7 is a brace-type truss in which every element is a unit

(hence a two-sided brace) and
U (2®/2"2) = Cy & Cye.

Proof. (1) NZ is an Abelian subgroup of Z, hence a sub-heap of Z. Note that 0 is the
identity in Z(®. Hence, for all m € Z and nN € NZ,

m - (nN) = [amnN +m + nN,m, 0]

=amnN +m+nN —m = (amn+n)N € NZ.
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Since 0 € NZ, the assertion follows.

(2) First, one easily proves by induction that, for all m € Z and n € N,

1" —1
o lam D" = 1 (2.3.3)

a

where m™ means the n-th power with respect of the product (2.3.2) in Z(®. Using
formula ([2.3.3) one proves that, for all k& > 1,

m? =0 mod 2", (2.3.4)

in Z®. Indeed, if k = 1,

2 1)2-1
m'2:(m+2>:2m(m+1)50 mod 4.

Next note that

2 N2t -1 (2 12" —1
mW“z(”“%g :<"”5) ((2m+1)% +1).

Hence if the first factor is divisible by 25+1, then m?2"™™" is divisible by 22, since the
second factor is even. Thus the stated congruence relation follows for all k£ by the

principle of induction.

Since 0 is the identity in Z®, the congruence relation (2.3.4) implies that every
element in Z® /28417, is a unit and that elements of U (Z(Q)/ 2’““2) have order not
greater that 2% hence U (Z(Q) / 2’““2) is not a cyclic group. We will show that 1 has

the maximal order 2%. Since

2 )
this is equivalent to the statement that 3 is an order 2* element in the group of units

U(Zgp+2). This follows from the (inductively proven) fact that, for all k,
32" = 1 4 22

where n; is odd and the observation that the order of any element of U(Zyr+2) is a

power of 2.

Thus, U (Z(2)/ 2’““Z) is an Abelian group of order 2**! that is not a cyclic group,

but contains an element of order 2¥, hence it must be isomorphic to Cy & Cop. O



Chapter 3

From trusses to braces

The aim of this chapter is to describe a connection between skew braces and near-trusses.
A “perfect” structure for a ring, and therefore for a truss with an absorber, is a field, as
all elements besides absorber are invertible. In this chapter, we show that braces are
exactly the same for trusses without absorbers as fields are for trusses with an absorber.
It turns out that many results related to rings and fields can be rewritten without
relying on the property of absorber. We conclude this chapter with a localisation of
regular trusses. This chapter is a part of an article [26], Section is a half of Section
3 of the paper, Section is Section 4 and Section is Section 5.

3.1 Near-trusses and braces

In this chapter we will investigate when a quotient of a unital near-truss can be
associated with a skew brace. To connect quotients of near-trusses with skew braces we
need to determine which paragons do not produce absorbers in the quotients. To this

end we introduce the notion of an ideal.

Definition 3.1.1. A normal sub-heap [ of a pre-truss 7 is called a left (resp. right)
ideal if, for all t € T and i € I, ti € I (resp. it € I). If I is both left and right ideal,
then it is called an ideal. A left (resp. right) ideal is said to be mazimal if it is not

contained in any left (resp. right) proper ideal.

Note that an ideal is a closed sub-heap, but this does not yet make it into a paragon

83
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(see Definition [2.2.1)), since the equivalence classes of the corresponding sub-heap
relations need not be closed. Also note that if f : 7" — T” is a homomorphism of
pre-trusses, then the pre-image of an ideal in Imf is an ideal in T and the image of an

ideal in T is an ideal in Imf.

Lemma 3.1.2. If a left-closed normal sub-heap of a pre-truss contains a left ideal, then

it is a left ideal.

Proof. Let P be a left-closed normal sub-heap of T', and let I be a left ideal such that
I C P. Then, forallp € P,t € Tand i € I, tp = [[tp, ti, 1], 1, ti] € P, since [tp, ti,i] € P
and tz,2 € [ C P. O

Lemma 3.1.3. Let T be a pre-truss and P be a paragon. Then T /P has a left absorber
(i.e. there exists a € T/P such that for allb € T/P ba = a) if and only if there exist
a € P andt €T such that P! = 7L(P) (see Lemma|1.2.13) is a left ideal.

Proof. The assertion follows from the fact that for every a € P and t € T, P! = n(t),

where 7 is the canonical surjection onto the quotient 7'/ P. O

Corollary 3.1.4. If I is a paragon that is a right ideal in a pre-truss T, then for all
ecT\I andalla eI, I is not a left ideal.

Proof. We know from Lemma [1.2.13 that 7'/] = T'/I¢. Assume that [ is a right ideal
and suppose that IS is a left ideal. Then, by Lemma I is a right absorber in T'/1
and I¢ is a left absorber in T'/I¢. Hence I = I¢. But e ¢ I and e € IS, which yields a

required contradiction and completes the proof. O

Proposition 3.1.5. Let T' be a unital near-truss.
(1) T is a truss associated with a skew brace if and only if T has exactly one left ideal.

(2) T is a truss associated with a near-field if and only if T' has a left absorber and

exactly two left ideals.
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Proof. (1) Assume that T has exactly one left ideal. For all x € T the left ideal
Tx := {tx | t € T} has to be the whole of T" (in particular if 7" has at least two elements,
then it has no left absorbers). Therefore, there exists y € T such that yz = 1 and y
is a left inverse to x. As x is an arbitrary element there exists ' such that 2’y = 1.
Thus (2'y)z = x and by associativity ' = z. The conclusion is that y is the two-sided

inverse of x and the monoid (7}, -) is a group. Therefore, the near-truss 7" is a brace-type
near-truss by Lemma [2.1.11

Conversely, suppose that 7' = T(B) for a skew brace B and that there exists a
left ideal I C T(B). Observe that if z € I, then 27 'z =1 € I, therefore [ = T. This
contradicts the assumption that I # T. Thus T has exactly one left ideal.

(2) Let us assume that 7" has a left absorber and exactly two left ideals. Then there
exists a near-ring R such that "= T(R), to be precise R is the retract (G(T(R);e), ),
where e is the left absorber. Seeking contradiction, suppose that R is not a near-field.
Then there exists a left ideal {e} # I C R; but [ is also a left ideal of T(R), which
contradicts with the assumption that T" has only two left ideals. Therefore, R is a left

near-field.

Assume that T = T(F'), where F is a left near-field, then 0 (the neutral element
for the addition in F') is a left absorber in 7. Suppose by contradiction that T(F') has
a left ideal {0} # I € T(F). Consider, for any a € I the ideal I? := {[b,a,0] | b € I}.
The ideal I? is neither equal to {0} nor to T, since the map [—,a,0] is a bijection.
Furthermore, I? is an ideal in F', and hence F' is not a near-field. This contradicts with

the assumption that F' is a near-field. O

Lemma 3.1.6. Let T be a near-truss. If I is a paragon in T that is a left maximal

ideal, then T /I has no ideals different from a singleton set and T'/I.

Proof. Suppose that J # T'/I is a left ideal in T'/I that is not a singleton set. Since
I is a left absorber in T'/I, for any element J € J, J5 is a left ideal in T'/I by the
left distributive law. Hence, m=1(J%) is a left ideal in T', where 7 : T — T/I is

the canonical surjection. Moreover, I C 7 !(J%), since I € J4. Therefore, since [ is
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left maximal, either I = 771(J%), and hence J%, = {I}, which implies that J = {J},
or 7 1(J%) = T, which implies in turn that J = T/I. Thus both cases lead to a

contradiction. ]

Although dividing by a paragon which is a left maximal ideal yields a near-truss
without proper left ideals, this near-truss always has an absorber. Therefore it is never
a brace-type near-truss. The most straightforward idea to generalise maximality to

paragons leads us to the following definition:

Definition 3.1.7. Let T be a pre-truss. A left-closed (resp. right-closed) normal
sub-heap P C T is said to be mazimal if it is not contained in any left-closed (resp.
right-closed) sub-heap other than 7. A paragon P is said to be left mazimal (resp.
right-mazximal, maximal) if it is a maximal left-closed (resp. right-closed, left- and

right-closed) sub-heap.

Lemma 3.1.8. Let T be a near-truss or a skew-truss and P be a left-closed normal
sub-heap. Then P is mazimal if and only if, for alla € P and t € T, P! is a maximal

a

left-closed normal sub-heap.

Proof. Note that by the normality of P and the left distributive law, all the P! are
left-closed normal sub-heaps. Seeking contradiction assume that P is maximal and there
exists a € P and t € T such that P! is not maximal. Then there exists a left-closed
normal sub-heap @ such that P! C @ C T'. Since 7! is an isomorphism with the inverse

7/, this implies that P C Q¢ C 7. Hence P is not maximal, contrary to the assumption.

The opposite implication is also easily deduced from the fact that P = (P!)¢. O

Remark 3.1.9. In the case of rings the notion of maximal ideals and maximal paragons
coincide as every paragon P in the ring can be associated with an ideal P? for any

a € P and an absorber 0.

Lemma 3.1.10. Let T be a near-truss or a skew-truss and P C T a left maximal
paragon, then T/ P has no proper (i.e. different from singletons and the whole of T/ P)
left ideals.
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Proof. By the definition of maximality of P, T/ P has no proper left paragons. Therefore

it has no proper left ideals as a left ideal is a left paragon. n

Observe that by dividing a near-truss without left absorbers by a paragon which is
left-maximal one obtains a near-truss associated with a skew brace. If the quotient is a
skew brace, then it is a simple brace, that is, it has no ideals in the sense of sub-braces
different from the skew brace itself and singleton subsets of it. Maximal paragons do
not characterise all the quotients which are brace-type near-trusses (near-trusses which

identity retracts are braces), since there exist skew braces that are non-simple.

Theorem 3.1.11. Let T be a unital near-truss and P be a paragon, and let mp : T —
T/P be the canonical epimorphism. Then T /P is a brace-type near-truss (see Lemma

2.1.11) if and only if, for all left ideals I C T anda € T/P, wp'(a) Z I.

Proof. Let us assume that 7'/ P is a brace-type near-truss. Observe that should 75" (@) C
I for a left ideal I, then 7mp(I) would be a left ideal in 7'/ P. Thus, mp(I) = T/ P, since
T/P is a brace-type near-truss. On the other hand, if ¢ € T'\ I then 7wp(c) & wp(I).
Indeed, should 7p(c) € wp(I), then there would exist ¢ € I and p € P such that
[c,i,p] € P. Thus, for all a € 7p*(a@), [c,i,a] = [[¢,i,p],p,a] € 7p'(a) C I and ¢ € I.
Therefore, I =T.

Now, assume that, for all left ideals I C 7 and @ € T/P, wp'(a) € I and T/P is
not a brace-type near-truss. Then there exists a left ideal J C T'/P. The pre-image
7p (J) € T is a left ideal in T and, obviously, for any j € J, 75" (j) € 7p*(J). This
contradicts the assumption that, for all @ € T/P, 7p*(@) € J, so T/ P is a brace-type

near-truss. The proof is completed. O

Example 3.1.12. Let B be a skew brace and R a ring. One can consider the prod-
uct near-truss T(B) x T(R) with operation given by (b,7)(b',r") = (bb',rr’), for all
(b,r),(t/,r") € T(B) x T(R). It is easy to check that, for any ideal I in R, T(B) x I
is an ideal in T(B) x T(R) and that for any paragon P in T(B), P x [ is a paragon
in T(B) x T(R). Every paragon of the form P x T(R) fulfills conditions in Theorem
and one easily finds that (T(B) x T(R))/(P x T(R)) 2 T(B)/P
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Example 3.1.13. Let T'=2Z + 1. Theset P ={2"m+ 1| m € T} C T is a paragon
and the quotient 7'/ P is a brace-type truss isomorphic to U(Z/2""'Z), the sub-truss of
all units in the quotient ring Z/2"™'Z. To prove that this isomorphism holds it is first
of all helpful to notice that |T/P| = 2" = |U(Z/2""'Z)|. Indeed, there are as many
classes in the quotient as the odd numbers between 2"m + 1 and 2"(m + 2) + 1 (it is
important to notice that, if m is odd, then m + 1 is even), so exactly 2". Then the
isomorphism is given by sending 2m + 1 € T/P to 2m + 1 mod 2""!: this is evidently
injective, so also surjective since the two sets have the same size, and it is easily proven

to be a homomorphism.

3.2 From a near-truss to a domain

The aim of this section is to introduce the notion of a completely prime paragon. This,
in analogy to the case of rings, should lead to a quotient pre-truss that is a domain, i.e.
a pre-truss in which cancellation properties hold. After describing such paragons, the
next step is to consider the Ore localisation for pre-trusses. By inverting all elements of
a domain we should obtain a pre-truss without proper left ideals and with no absorbers,
so if the distributive law holds this will be a near-truss associated with a skew brace.
Let us start with the definition of a domain. When working with rings, there is always
an absorber which in many cases allows for simplification of some conditions. Not
all pre-trusses have an absorber (in fact, having brace applications in mind, we are
particularly interested in those that do not have absorbers), so many of the well-known
definitions need to be in some sense generalised or stated without involving any absorber.

We begin with the definition of a regular element:

Remark 3.2.1. We denote by TA* a set of elements of a pre-truss 7" which are neither

left or right absorbers with tacit understanding that 7P = T" when T has no absorbers.

Definition 3.2.2. Let T be a pre-truss. A non-absorber element a € T4 is said to

be left reqular (resp. right regular) if, for all b # ¢,

ab # ac (resp. ba # ca). (3.2.1)
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If a is both left and right regular element then it is said to be reqular.

Observe that conditions can be written in a way that makes them reminiscent
of the closedness conditions used in the definition of a paragon. The statement
that ac # ab is equivalent to saying that [ac, ab, b] # b. Similarly, ba # ca is equivalent
to say that [ca, ba, b] # b. This indicates that these conditions are closely related to the

definition of paragon.

Lemma 3.2.3. Let T' be a near-truss. Then a € T is a left reqular element if and only

if there exists an element ¢ such that, for allb € T\ {c},

ab # ac. (3.2.2)

Proof. If a is left regular then, for all c € T and all b € T'\ {c}, the inequality (3.2.2)

holds, which implies the existence of c.

Assume that there exists ¢ € T such that, for all b # ¢, ab # ac. Thus [ab, ac, ac] =
alb,c, ] # ac, for all ¢ € T. Note that, for all ¢, € T, the map

[—,¢e,d]: T\ {c} — T\ {}, b— [b,c,c],

is a bijection. Therefore, for all t € T'\ {¢'}, at # ac’. By the arbitrariness of ¢/, a is a

left regular element. This completes the proof. O

Lemma 3.2.4. Let R be a ring. Then a € R is a reqular element (see Deﬁm’tz’on

if and only if a is a regular element in T(R).

Proof. The equivalence will be proven for left regularity only, the right regularity case in
symmetric. Let us assume that a € R is a regular element. Then there is no b € R\ {0}
such that ab = 0. Thus, by Lemma if c=01n (3.2.2), then a is a regular element

in T(R), since a is regular in R.

Suppose that a is regular in T(R). Then ab # ac implies a(b — ¢) # 0. Therefore, by
substituting b =t + ¢, at # 0 for all t € R\ {0}, which completes the proof. ]
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Now we are ready to introduce the definition of a domain in clear analogy with the

usual notion for rings.

Definition 3.2.5. A pre-truss T is called a domain if all elements of 74" are regular.

In view of Lemma a ring R is a domain (see Definition [B.2.7) if and only if
T(R) is a domain.

Lemma 3.2.6. A near-truss T is a domain if and only if it satisfies the cancellation
property, that is for all a € T and b,V € T, each one of the equalities ab = ab' or
ba = b'a implies that b =1'.

Proof. This follows immediately for the definitions of a regular element and a domain.

]

Definition 3.2.7. Let T" be a pre-truss. A non-empty paragon P C T is said to be
completely prime if, for all p € P, a,b,c € T,

lab, ac,p|] € P = Py is an ideal or [b,c,p] € P

and
[ba, ca,p] € P = P is an ideal or [b,c,p|] € P.

Lemma 3.2.8. Let T be a pre-truss and P be a non-empty paragon. Then P 1is
completely prime if and only if, for allp € P andt € T, sz is completely prime.

Proof. Let us assume that P is a completely prime paragon and let p € P and t € T.
We know that P;f is a paragon (see comment that follows Definition . Then, for all
a,b,c €T and q € P, [ab,ac, [q,p,t]] € P} implies [[ab, ac, [q,p, t]],t,p| = [ab, ac,q] € P,
since (P,); = P. Thus, P is an ideal or [b,c,q] € P. In view of (P)f, o = Py, the

first option is equivalent to (F)f 4 being an ideal and the second to [b, ¢, [q, p, t]] € P,.
Hence Plf fulfils the left condition to be a completely prime paragon. Analogously one
can prove that sz satisfies the right condition. Therefore, P; is a completely prime

paragon. O
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Unsurprisingly, the distributive laws yield simplification of the definition of a

completely prime paragon.

Lemma 3.2.9. Let T be a skew truss and P be a paragon. Then P is completely prime
if and only if there exists p € P such that, for all a,d € T,

lad,ap,p] € P = P, is an ideal or d € P
and
[da, pa,p| € P = P is an ideal or d € P.

Proof. Tt is sufficient to observe that, for every b € T, [b, ¢, p] can be substituted by
some d € T since 77 = [—,¢,p| : T — T is a bijection with the inverse given by

75—, p,c] : T — T. Hence, if b = [d,p, |, d = [[d, p, c], c,p], and so

lab, ac, p] = |a[d, p, c], ac,p] = |ad, ap,p| & |[ba,ca,p| = [[d,p,cla, ca,p] = [da, pa, p],
by the distributive laws and the axioms of a heap. This completes the proof. O

Lemma 3.2.10. If P C T is a completely prime paragon in a pre-truss T, then, for
all p € P and for all left (right) absorbers a,a’ € T, Py = P;’.

Proof. Let a be a left absorber. For all b,c¢ € T and p € P, [ba, ca,p| = [a,a,p| = p € P,
so PJ is an ideal or [b,c,p] € P. The second option is equivalent to b ~p ¢, for all
b,c € T. Observe, though, that since P # T, there exist b,c € T such that b «p c.
Therefore, Py is an ideal and @ € T'// P is an absorber. From the fact that if a truss has
an absorber then it has only one left absorber one concludes that Py = P;/, for all left

absorbers a, a’. O

Theorem 3.2.11. Let T be a pre-truss. Then P is a completely prime paragon if and
only if T/ P is a domain.

Proof. We write @ for the class of a in T//P. The pre-truss 7'/ P is a domain if and only

if, for all @,b,¢ € T/P, ab = ac implies that b = ¢ or @ is an absorber. The equality
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ab = a¢ amounts to the existence of p € P such that [ab,ac,p] € P. Observe that b =¢
if and only if [b, ¢, p| € P, and @ is an absorber if and only if P} is an ideal. The proof

proceeds analogously for the right cancellation property. O

Remark 3.2.12. Every paragon in a near-truss T(B) associated with a skew brace B is

completely prime.

Corollary 3.2.13. Let R be a ring. An ideal I is completely prime (see Definition
in R if and only if I is a completely prime paragon in T(R).

Proof. Let us assume that [ is a completely prime ideal in R. Then, for all a,b € R

and absorber 0 € I,
l[ab,a0,0) =abel = aclorbel.

Thus, if a € I, then [§ = I is an ideal, and hence [ is a completely prime ideal in T(R).

Conversely, assume that [ is a completely prime paragon in T(R). For all a,b € T(R),
ab = [ab,a0,0] € I = I is an ideal or b € I.

Observe that I§ is an ideal if and only if a € I. Therefore, I is a completely prime ideal

in R. This completes the proof. O

Lemma 3.2.14. Let f : T — T be a morphism of pre-trusses. If P is a completely

prime paragon in Imf, then f~1(P) is a completely prime paragon in T.

Proof. By Lemma [2.2.5] f~1(P) is a paragon. For all a,b,c € T and p € f~1(P), if
lab, ac,p] € f~1(P), then

f(lab, ac,p]) = [f(a) f(b), f(a)f(c), f(p)] € P.

This implies that P/ is an ideal or f(b,c,pl) = [f(b), f(c), f(p)] € P. Therefore,
f(p)
[b,c,p] € f71(P) or Pf((;)) is an ideal. Let us assume that

ce [T (PG)) =feeT |30 e P st f(2) = [a, /). f(a)]}.
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Then f(z) = lq, f(p), f(a)], for some ¢ € P and f([2,a,p]) = [f(2), f(a), f(p)] = q € P.
Hence z = [[z,a,p|,p,a] € f~'(P)3 and f‘l(Pf((pa))) C f7Y(P)s. Therefore, f~1(P)% C

p =

f‘l(P]{((pa))) and by Lemma [3.1.2, f~'(P)2 is an ideal. This completes the proof. O

We conclude this section with an example of a completely prime paragon and the

corresponding quotient domain.

Example 3.2.15. Let O(z) be the set of all polynomials in Z[z] in which the sum of
coefficients is odd. One can easily check that O(x) is a sub-monoid of the multiplicative
monoid Z[z] and a sub-heap of Z[z] with the standard operation [p,q,7] =p —q+ .

All this means that O(x) is a (commutative) truss.
Take any to,t; € O(x) and define
P(to,t1) == {p € O(x) | (t1 — to) divides (p — o)}
Then P(to,t;) is a paragon in O(x) and it is a completely prime paragon provided that

t1 — to is irreducible in Z[x].

Proof. Clearly, if p—to, ¢ —to and r —t( are divisible by t; —tq, then so is [p, ¢, 7] —ty =
p—q+ 1 —ty. Hence P(to,t1) is a sub-heap of O(z). Note that t, € P(to,t1), and
hence, for all p € P(ty,t1) and ¢ € O(x),

[, ato, to] —to = qp — qto = q(p — to).
Therefore, [gp, qto, to] = [pq, toq, to] € P(to,t1), which means that P(to,;) is a paragon.

Now assume that ¢ = t; — tg is irreducible in Z[z], and take a,b € O(z) for which
there exists p € P(to,t1) such that [ab,ap,p|] € P, that is ¢ | a(b — ty). Since c is
irreducible, then either ¢ | (b — ty), in which case b € P, or ¢ | a, that is, there exists

q € Z[x] such that a = cq. In this case,
P(t(),tl); = {T‘ —p+cq | re P(to,tl)}

Thus Py contains all elements of O(x) divisible by ¢ (since ¢ | (r — p), for all r,p €
P(to,t1)), and hence it is an ideal in O(z). Combined with the commutativity of O(z),
Lemma [3.2.9 yields that P(tg,¢;) is a completely prime paragon. ]
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Note that in general in the situation described in Example |3.2.15
a=0be O(x)/P(ty,t1) ifand only if (t; —to) | (a —b).

So, for example, take tg = x and t; = 22 + 2+ 1. Then c = t; —ty = 22 + 1 is an
irreducible polynomial in Z[z] and O(x)/P(z,z* + x + 1) is a domain that can be
identified with the sub-truss O(i) of the truss (ring) of Gaussian integers Z[i], defined as

O(i) = {m +ni | m+ n is odd}.

3.3 A skew brace of fractions

To summarise, up to now we have introduced the notions of a domain and a completely
prime paragon, so that as long as we start with a pre-truss that has a completely prime
paragon we can quotient out by it and obtain a domain. The next, and most important
step, is to introduce localisation for pre-trusses. As the main goal of this chapter is to
produce braces from near-trusses we will consider near-trusses without left absorbers
and we will focus on localisation in the entire near-truss (to construct a “brace of
fractions”) following Ore’s classic construction [30]. More about Ore localisation one
can find in [31]. First observe that since not every ring can be localised the same is

true for trusses. Following [30] we start by defining a regular pre-truss.

Definition 3.3.1. A pre-truss T is said to be left reqular if T is a domain and it
satisfies the left Ore condition, that is, for all 2,y € TP (see Remark [3.2.1), there

exist 7, s € TP such that rz = sy.

In other words, a pre-truss is left (resp. right) regular if and only if T4 is a left

Ore set (see Definition [B.1.3). Next, we define the fraction relation on T4 x T, by
(b,a) ~ (b',a’) if and only if there exist 3,3 € TP, s.t. fb = B’V and Ba = f'a’.

This is an equivalence relation by the same arguments as in [30, Section 2]. The
equivalence class of (b,a) is denoted by ¢ and called a fraction, and the quotient set

TAD x T/ ~ is denoted by Q(T).
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Theorem 3.3.2. (Ore localisation for regular pre-trusses) Let T be a left reqular

pre-truss. Then Q(T') is a pre-truss with the following operations

(a) For all § @ ol c Q(T), the ternary operation is defined by

SRR
[(aa/’a”] — [Bra, B2a/, B3a"] _ [B1a, Baa’, Bza”] _ [Bla,ﬁga’,ﬂs)a"]’ (3.3.1)
b’ v’ b p1b Bob/ B’
where B, Bs, By are any elements of TAP® such that Bib = Pob' = Bsb.
(b) For all ¢,% € Q(T), , /
% . % - zflb (3.3.2)

where v, € TAY are such that vV = +a.

Furthermore, (Q(T)A,-) is a group. We will call Q(T) the pre-truss of (left) fractions
of T.

Proof. We follow closely the proof of [30, Theorem 1]. The multiplication of fractions
(3:3.2) is defined in such a way that ¢ can be interpreted as b~'a. Since it relies entirely
on the properties of the semigroup (7', -), the arguments of the proof of [30, Theorem 1]

(with no modification, apart from the conventions) yield that (Q(7),-) is a semigroup.

It remains to be proven that Q(7) is a heap. In fact, by the Ore condition we may
assume that all fractions in the definition of the ternary operation (3.3.1) on Q(7") have

common denominator, so that

a a a' B [6“756/76@”]
[b’ 2, b] = S (3.3.3)

since in this case we can choose [ := 31 = 35 = f3. Thus suffices it to prove that
is well-defined, as then the heap axioms for 7" will imply the corresponding axioms
for the derived operation (3.3.3). We proceed in two steps. At first, we show that the
formula does not depend on the choice of 3; in the second stage we will prove

that it is also independent of the choice of the representatives a, b for the class ¢.

Choose another element s € TP such that

la a’ a”] [sa, sa’, sa”]

bbb sb
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There exist g, g' € TP such that ¢3b = ¢'sb, which implies
9B =4g's,
since T' is a domain. Therefore,

g[Ba, Bd’, Ba"] = g'[sa, sd’, sa"],  gBb = g'sb.

Consequently,
[Ba, Ba’, Ba"]  [sa,sd,sa"]

Bb sb ’
which shows the independence of the formula (3.3.3) of the the choice of 5.

To prove that the ternary operation (3.3.1) does not depend on the choice of the
representatives in each equivalence class, let (b, a), (V',d’), (b",d"), (d,c),(d', ), (d", ") €

TAPs % T be such that

a ¢ d c a c
PR Tl
and consider
ad ] _[pafod Bya’]  [ad ) [sia, 50 s (3.3.4)
Y| B1b ’ by d| s1b 7 a

for suitable B1, Ba, B3, 51, 52, 53 € TP, Then there exist ¢, ¢’ € T, such that

gP1b = gBobl = gBsb" = ¢g's1b = ¢'sob" = ¢'s3d”,

and, since 1" is a domain,
9B = g's1, gB2 = ¢'s.

Thus both fractions in the equation (3.3.4) are equal if and only if gfsa” = ¢'s3c”.

a_

. " 7
Observe, however, that since g's3d” = gB3b", gBza” = g's3c” as 3 = 5. Therefore,

a a/ a// a a/ C//
Vyy] T by

The remaining equalities

a al C// a C/ C” a C/ C// c Cl C//
par el b el b Bl PR
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are proven in a similar way. This completes the proof that the definition of the ternary

operation (§3.3.1) does not depend on the choice of representatives.

Finally, observe that if a € Abs(T) then the class § is an absorber and it is obviously

unique. One can easily check that the class ¢ for b € TP is a neutral element of

b
(Q(T)A%,-) and that if a ¢ T then ¢ is a two-sided inverse to 2. Thus (Q(T)A>, )

is a group. This completes the proof of the theorem. O

From the fact that one can find a common denominator to any system of fractions

one can observe that additional properties of T" are carried over to Q(7).
Proposition 3.3.3. Let T' be a reqular pre-truss.

(1) If T is Abelian, then so is Q(T).

(2) If T is a near-truss, then Q(T') is a near-truss.

(3) If T is a skew truss, then Q(T) is a skew-truss.

Proof. 1t is sufficient to consider heap operations of fractions with a common denomi-
nator, that is, those given by the formula (3.3.3). Statement (1) follows immediately
from (3.3.3).

If T' is a near-truss, then

a o a B [ﬁa,ﬁal,ﬁa/l] B 5[(17@/7&//] B [a’a/7a//]
bbb | Bb Bb b

Take any §, %, %l, % € Q(T) and v, € TAbs such that vb = /¢, and compute

c [ad a"| _c [ada] _sfad,a"] _ [ya,ya’,ya’]
d 10 bl " 4a b - ~vd ~d
_|ya qd yd"| e ac d ¢ d
— ’}//d”}//d”}//d - d b’d bad b

Hence the left distributive law holds, and this proves statement (2).

To prove (3) we take §, ¢, %, %/ € Q(T) and v, € T such that vd = +'[a,d’, a"].
Then

¢ & ) c_lodd] c_nc
bbb | d b d b



98 CHAPTER 3. FROM TRUSSES TO BRACES

On the other hand, using the definitions (3.3.1) and (3.3.2) and the right distributivity

in T', we obtain

Y

cedcal cf me me pel | [sim, 529 83s)c
d’b d b d b 50T A5b 517;b

e

where 51,52, 83,71, 72,73, ’717 ’Yéa 72/3 € TAbS are such that

/i

Yia = b", yaa' = b”, yia" =", s17) = s975 = 373 (3.3.5)

Let h, ' € T2 be such that
hy" = h's171. (3.3.6)

Then, using the distributive laws in 7', (3.3.5) and (3.3.6), we find

o/ / Il]

h'f)/d = h'fyl[av CLI, CLH] = [h71a7 h‘f}/ala h/}/ a ] = [h/8171a7 hlslfﬁa’/? h'lslfyla

/

= I[s171a, 89750, s3730"] = W [s171d, s972d, s373d] = I'[s171, 5972, 8373]d.
The right cancellation property yields

hy = W [s171, S2772, $373],

which in view of ([3.3.6) implies that

e _ [s171, 5272, s373)cC
v'b s17v1b '
Therefore, also the right distributive law holds in the near-truss Q(7T'). O

The construction of the truss of quotients is universal in the following sense.

Proposition 3.3.4. Let T be a reqular pre-truss. Then

(1) For any b € TAY,

b
w: T — Q(T), an—)za,

is a monomorphism of semigroups, and it is a monomorphism of trusses provided

T is a near- or skew-truss.
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(2) If T is a unital pre-truss then 1y is a monomorphism of unital trusses. Furthermore,
for any brace-type near-truss B and any unital truss homomorphism f : T — B,
there exists a unique unital truss homomorphism f : Q(T) — B rendering

commutative the following diagram:

Proof. (1) Since T is regular, ¢, is an injective map. For all a,a’ € T

baa’ ba ba ba’
R

where ~,~" are such that vb = +'ba. Take any 3, 5’ € T such that $b = 5'7'b. Then

b b b’

v (ad') =

Bbaa’ = B'v'baa’ = 'vbd’,
which means that ¢, (aad’) = ¢, (a) - 1, (@) as required.

In the case of a near- or skew-truss, that ¢, is a homomorphism of trusses follows by

(3.3.3) and the left distributive law.

(2) The monomorphism of semigroups ¢; preserves the heap operation since 1 is the

multiplicative identity in 7.

Assume that f : T — B is a unital homomorphism of trusses and, for all fractions
7€ Q(T), define

frQm) — B T J0) 7 fa).

This is well-defined since two fractions § and Z—,/ are identical if and only if there are
B, 8" such that fa = f'a’ and b = 'Y, in which case

a

F(3) = 107 1@ = 1610 1B (@
= 1D (G0 = ) 1) = 0 ) = £ ()
by the multiplicativity of f. By the same token, for all §, ‘g—,l € Q(7),

F5-5) = 7(25) = rem s = s g6 g s,
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where v, € T are such that v0' = v'a. Applying f to both sides of this equality and

using the multiplicative property to f we obtain

FON () = fla) f0)7
and hence
~fa d N Y S AN
i (b - b,) — FO @) @) =1 (5) ] (b>
that is f is a homomorphism of multiplicative groups. To check that f is a heap

morphism it is enough to consider fractions with a common denominator and then

F[555]) = 107 v sy
=[SO (@), F0) (@) F(0) 7 f ()]

-6 (5) ()

by the fact that f is a heap homomorphism and the left distributive law in B. That
fou = f follows by the unitality of f.

Suppose that there exists a unital truss homomorphism § : Q(7) — B such that
got, = f. Note that
a
- 3.3.7
: (337

In particular,

where the last equality follows by the splitting assumption §ot; = f. Hence § (%) =
F(0)~! and the equality § = f follows by the multiplicativity of § and equations
(13.3.7). O

The following corollary provides one with the method of constructing skew braces,

which might be considered as one of the main results of this chapter.

Corollary 3.3.5. If T' is a regular near-truss without an absorber, then Q(T) is a
brace-type near-truss, that is, for all b € T, the retract of Q(T') at % with the product
(3.3.2) is a skew brace.
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Proof. Observe that if T has no absorbers then Q(7") has no absorbers either. Indeed,
suppose that there exists ¢ € Q(T") such that, for all £ € Q(T'), §-§ = §. Since T has
no absorbers, it has at least two elements, and hence, in particular we may consider
¢ # d. Then there exist 7,7 € T, such that % = % and v'¢ = vb. Thus % = %, SO
there exist 5,5’ € T such that v'd = 'y'c and Sva = ['vya. By regularity, g = '
and ¢ = d, which is the required contradiction. Therefore, { is not an absorber for all
a,b € T. Now, since Q(T") is a group with multiplication and identity %, the retract of

Q(T) in 2 is a skew brace by Lemma [2.1.11 O

Note in passing that if T satisfies the same assumptions as in Corollary [3.3.5, but

there exists an absorber in 7', then Q(7T) is associated with a near-field.

Example 3.3.6. Let us consider 2Z + 1. It is a domain satisfying the Ore condition,
thus it is a regular truss and we can localise it in itself. Since 2Z + 1 is commutative,
the construction is much simpler than the one presented in the proof of Theorem [3.3.2]
One can easily check that Q(2Z + 1) = g%—i} = {% | p,q € Z}. The two-sided brace
associated with this truss is the retract in 1, i.e. the triple (Q(2Z + 1),[—, 1, —],-).
Similarly, the truss O(x) of integer polynomials with coefficients summing up to

odd numbers considered in Example [3.2.15 is regular with no absorbers, and hence it

can be localised to a brace-type truss of the following rational functions

Q0) = 523 = { %0 o)ato) € Ol

As a yet another example we can consider the truss O(7) constructed as a special case
of Example [3.2.15] Again this is a commutative domain satisfying the Ore condition

and with no absorbers, and hence

m + nt
p+q

Q(O(i)) = { | m 4+ n and p + g are odd integers}

= T | €EZ, m+ni dd intege
7 m 7 1S an o 1 rpe.
2 1 2 1 p7q Y g

The example of odd fractions described above is a special case of a more general

construction.
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Example 3.3.7. Let T,,(Z) denote the set of all n x n-matrices over Z with odd entries

on the diagonal and even off diagonal entries. That is,
Tn(Z) = {(aij)ijl ’ ai; € QZ+ 1& Q45 S 2Z7 1 7é ]} .

(1) T,,(Z) endowed with the matrix multiplication and the standard heap operation

[a,b,c] =a — b + c is a unital regular truss with no absorbers.

(2) The brace-type truss of fractions Q(7,(Z)) can be identified with the set T,,(Q)
of n X n-matrices over the rational numbers with diagonal entries made by the
odd fractions (that is, fractions of both the numerator and denominator odd,
Q(2Z + 1)) and with fractions with even numerator and odd denominator as

off-diagonal entries. That is,

QUEN = T,(Q) o= { () ms |10 € Sy &€ s 1.

It is clear that the set T, (Z) is closed under the described heap operation. That it
is closed also under the matrix multiplication follows from an observation that in the
product formula for the off-diagonal entries the sum involves the products of numbers
of which at least one is even, while for the diagonal entry there is a single odd summand
made out of the product of matching diagonal entries. Obviously T,,(Z) has no absorber,
as the zero matrix is not an element of 7,(Z). Since the identity matrix has the
prescribed form, T,,(Z) is unital. The other statements of Example can be justified

by the following (elementary) lemma.

Lemma 3.3.8. For alla € T,,(Z),
(i) The determinant det(a) is an odd number.
(i) The matriz of cofactors a of a and hence also its transpose a' are elements of

T.(Z).

Proof. Let a;; denote the matrix obtained from a by removing of the i-th row and the

j-th column. Note that a;; € 7),_1(Z) and that a; j, ¢ # j has one row of even numbers.
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The first statement is proven by induction on the size n of matrices. For n = 1 the
statement is obviously true. Assuming that the statement is true for k we calculate
the determinant of a € T;11(Z) by expanding by the first row. Since a; ; is an element
of Tx(Z), det(a; 1) is odd by inductive assumption. In the expansion of det(a) this is
multiplied by the first entry aq; of a and thus it gives an odd number. All the remaining
summands involve products of other entries of the first row, which are even. Hence the

sum of all terms in the expansion is odd as required.

The diagonal entries of a are given by det(a;;) which are odd by statement (i).
Off-diagonal entries (—1)"*7 det(a; ;) are even since one row of each of a; ;, i # j consists

entirely of even numbers. The transposition statement is obvious. O]

With this lemma at hand we can now prove that 7,(Z) is a domain satisfying
the Ore condition. Since we can embed T,(Z) into a ring of matrices, the statement
ab = ac, for some a,b,c € T,,(Z) is equivalent to the statement that a(b —c) = 0,
hence

0=a(b—c)=a'a(b—c)=det(a)(b-c),

which implies that b = ¢, since det(a) # 0 by Lemma [3.3.8|i). The regularity of the

other side of each a € T},(Z) can be proven in a symmetric way.

To prove the Ore condition we take any a,b € T,,(Z) and set
r=ab’ & s=det(b)l.

Both these matrices are elements of T,,(Z) by Lemma [3.3.8, and they satisfy the Ore
condition sa = rb. Hence, T,,(Z) is a left regular (in fact also right regular by similar

arguments) truss.

For any element q € T,,(Q) we write ¢ for the product of all denominators in entries
of q. This is an odd number and thus obviously ¢q € T,,(Z). In particular, in view of
Lemma , det(qq) is an odd number and its matrix of cofactors is an element of
T,(Z). This in turn implies that the inverse of q is an element of 7,,(Z) divided by an
odd number, hence an element of T,,(Q). Consequently, T,,(Q) is group with respect to



104 CHAPTER 3. FROM TRUSSES TO BRACES

multiplication of matrices. In order to identify 7},(Q) with the truss of fractions Q(7,,(Z))
we will explore the universal property described in Proposition [3.3.4f2). Thus consider
a brace-type skew truss B and a homomorphism of unital trusses f : T,,(Z) — B and
set

f:T.(Q — B,  a~— f(q1)f(qq).

Note that this definition does not depend on the way the fractions in q are represented,
as the multiplication of the numerator and a denominator of an entry by a common
(odd) factor results in multiplying both ¢ and q by the same factor which will cancel
each other out in the formula for f , by the multiplicative property of f. Since ¢1 is a
central element in T,,(Z), f(q1)~! is central in the image of f and, combined with the
multiplicative property of f this implies that f is a homomorphism of (multiplicative)
groups. That f is a homomorphism of heaps follows by the distributivity. Obviously,
f oty = f and is a unique such morphisms. By the uniqueness of universal objects,

T,(Q) is isomorphic to the truss of fractions Q(7,,(Z)).



Part 111

Modules

105






Chapter 4

In the world of modules

The purpose of this chapter is to introduce reader to modules over trusses. Every
module M over a ring R is an example of a module over the associated truss, i.e. H(M)
is a module over T(R) with action given by the action of R on M. This chapter has four
sections. In Section [4.1, we state basic properties of modules over trusses. In Section
[4.2] we introduce notion of an induced module and investigate quotients modules over
trusses. In Section [4.3] we explain how to introduce a T-action on a coproduct of heaps
to obtain a coproduct of modules over trusses. In the last section, Section we study
monomorphisms and epimorphisms of T-modules. All the results of this chapter can be
found in [19], [32], [33] and [16]. Most of the basic facts and definitions necessary for
this chapter are in Appendix [A]

4.1 Modules over trusses

In this section, we introduce a definition of a module over truss, give examples, and

describe categories of modules over trusses.

Definition 4.1.1. Let T be a truss. A left (right) T-module is an Abelian heap M
together with an associative left (right) action Ay : T'X M — M (op : M X T — M)
of T'on M that distributes over the heap operations. The action is denoted on elements

by t-m = Ay (t,m) (m-t = op(m,t)), with t € T"and m € M. Explicitly, the axioms

107
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of an action state that, for all ¢,#',¢" € T and m,m’,m"” € M,
t-(t"-m)=>t")-m, (m-t)-t'=m-tt) (4.1.1a)
[t " - m=1[t-m,t"-mt"-m], (m-[t,¢',t"]=[m-t,m-t',m-t"])  (4.1.1b)

t-mm' m"=[t-mt-m' t-m"], ([m,m' m"]-t=[m-t,m -t,m" t]) (4.1.1¢c)

If T is a unital truss and the action satisfies 1 -m = m, then we say that M is a

unital module.

Definition 4.1.2. Let T" and S be trusses. A T-S-bimodule is a heap M which is a
left T-module and a right S-module such that for allt € T', s € S and m € M

t-(m-s)=(t-m)-s.
The T-T-bimodule M will be called a two-sided T-module.

Remark 4.1.3. Equivalently, a (unital) T-module can be described as an Abelian heap
M together with a homomorphism of (unital) trusses 7" — E(M), where E(M) is an

endomorphism truss.

Definition 4.1.4. A module homomorphism is a homomorphism of heaps between two
modules that preserves actions. As it is customary in the ring theory we often refer to
homomorphisms of T-modules as to T-linear maps or morphisms. The set of T-linear

homomorphisms between T-modules A and B will be denoted by Homy (A, B).
Example 4.1.5. Every Abelian heap H is a module over its endomorphism truss E(H).

Lemma 4.1.6. Left (right) T-modules form a category. We denote this category by
T-mod (mod-T"). Moreover, left (right) unital T-modules form a subcategory of T-mod
(mod-T), which we denote by T;-mod (mod-T7).

Proof. Simply follows by the fact that a composition of T-module maps is a T-module
map. ]
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Corollary 4.1.7. Let T, S be trusses. Then T'-S-bimodules form a category, which we
denote by T-mod-S.

The terminal heap {*} and the initial heap @, with the unique possible actions, are
the terminal and the initial object, respectively, in all the foregoing categories. It is

remarkable that, since {x} # &, all the categories do not have zero object.
Definition 4.1.8. An element e of a left T-module M is called an absorber, provided

t-e=e, forallt e T, (4.1.2)

i.e. it is invariant under the T-action. The set of all absorbers of a module M is denoted

by Abs(M)={me M |t-m=m, Yt €T}.
Lemma 4.1.9. A module homomorphism preserves absorbers.

Proof. Let M, N be T-modules, f : M — N be a homomorphism of modules and
e € M be an absorber. Then for all t € T,

t-fle) = f(te) = fle),
so f(e) is an absorber. O

Example 4.1.10. An Abelian heap M is a module over any truss 7" with an action

given for all t € T'and m € M by
t-m=m.

Example 4.1.11. A truss 2Z + 1 is a module over itself with action given by truss

multiplication. This module has no absorber.

Corollary 4.1.12. Let T be a truss with a left absorber 0 and M be a left T-module.

Then for all m € M, Om is an absorber.

Given a module M over a ring R, one can consider a heap H(M) and a truss
T(R). Observe that a truss H(M) is a T(R)-module as for all ,¢',t" € T(R) and

m,m',m" € M,

tim,m'm"] = t(m —m' + m") = tm — tm/ +tm" = [tm, tm/, tm"]
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[ttt /m =t —t +t")m =tm —t'm+t"m = [tm,t'm,t"m].

Therefore every module over a ring can be associated to a module over an associated
truss. We will denote this module by T(M). Moreover, since every homomorphism of
modules over rings is a homomorphism of modules over associated trusses i.e. T(¢) = ¢,
for any homomorphism of T-modules, the assignment T : R-mod — T-mod is a functor
from the category of modules over a ring to a category of modules over an associated
truss. It is worth to mention that not every module over the truss associated with a

ring is a module over this ring, see Example 4.1.10

Corollary 4.1.13. Let M and N be T(R)-modules, for some ring R, with a unique
absorbers 0y, O, respectively. Then any T(R)-module homomorphism f: M — N is
also a R-module homomorphism between retracts G(M, +o,,) and G(N, +o, ).

Proof. The only thing to check is distributivity. The distributivity easily follows by
Lemma [4.1.12 ]

Observe that a morphism of trusses ¢ : T'— S induces a change of scalars functor
S-mod — T-mod: an S-module M is a T-module with action ¢t - m = ¢(t) - m. In
particular, any Abelian heap H is a module over any truss 7' through the action of {x}
on H and the unique morphism 7" — {*}. Due to the unital action of {*} in the case

of modules, we will denote the terminal truss {*} by {1}.

Given left T-modules M and N their product M x N has the left T-module structure

defined component-wise, that is,
[(m,n), (m',n),(m",n")] = ([m,m',m"],[n,n",n"]), t-(m,n)= (- -m,t-n),

forallt € T, m,m',m"” € M and n,n’,n” € N.

The category of left (right or two-sided) T-modules is enriched over the category
(Ah, x,{1}) of abelian heaps. In particular, Homy(M, M) C Ah(M, M) is a unital
sub-truss of the unital endomorphism truss £(M). We denote it by Ep(M). We say that

a functor F : T-mod — T’-mod is a heap functor if it induces a heap homomorphism
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between the hom-sets, that is, if for all M, N € T-mod, the induced function
Fun : Homgp(M, N) — Hom/’.(F(M),F(N)), o — F(p), (4.1.3)

is a homomorphism of Abelian heaps. Since functors preserve compositions and identities,

Fyoa o Er(M) — Ep(F(M)) is a morphism of unital trusses for all M € T-mod.

4.2 Congruences in modules

The aim of this section is to investigate a quotient structure of a module over a truss.

Definition 4.2.1. Let M be a left (right) 7-module. Then a sub-heap N C M is a
left (right) submodule if for all t € T and n € N,

t-neN, (n-teN).

If M is a T-S-bimodule, then a sub-heap N C M is a submodule if it is a left and right
submodule of M.

Definition 4.2.2. Let M be a left (right) T-module, N be a sub-heap of M and e € N,
then N is called a left (right) e-induced submodule, if for allt € T & n € N,

t e n = [tn,te,e] € N, (n <t =[nt,et,e] € N).
We denote N together with the operation >, by N(©).

Lemma 4.2.3. Let N© be a left (right) e-induced submodule of a T-module, then for
allm,n € N, t>p,n € N (n ,<t € N). The T-action v, (,,<) is called a left (right)

induced action.

Proof. Let m,n € N, then
t byn = [tm,tn,n] = [tm,tn, te,te,n] = [t[m,n,e|,te,n| = [tm,n, €], te,e,e,n
= [t >e[m,n,e],e,n] € N,
as t >b[m,n,el,e;n € N and N is a sub-heap of M. The proof for the right induced

action is the same. O
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Definition 4.2.4. Let M be a T-S-bimodule. A left e-induced submodule N C M

is an e-induced submodule if N©) is also closed under a right induced action.

Lemma 4.2.5. Let M be a left (right or two-sided) T-module, then an induced module
M) s a left (right or two-sided) T-module.

Proof. Let t,t',t" € T and m,m’,m"” € M, then
tDe (t' > m) =1t ['m,te e] = [t[t'm,te e| te, e] = [tt'm,tt'e, te], te, €]
= [tt'm, tt'e, e] = tt' >, m,

so (4.1.1a]) holds. Furthermore,

[t, 8", t"] >e m = [[tm, t'm,t"m], [te,t'e, t"¢e], e] = [[tm, te, €], [t'm, e, €], [t"m,t e, €]]
= [t e m,t' > m,t" >, M,
t >e [m,m',m"] = [[tm,tm' tm"], te, e] = [[tm, te, €], [tm’, te, €], [tm", te, e]]
= [t be m,t > M/t >, M,
where in both equations second equalities follows by Lemma Analogously one

can check that in the case of right modules similar result holds.

Now, let us show that M(®) is a two-sided T-module. Let ¢,#' € T and m € M, then
(t be m) <t = [tm,te,e] <t = [[tm,te,elt’ et’ e] = [tmt', tet' e] = [[tmt’, tet’ te], te, €]
= [t(m < t'), te,e] =t >, (m < t).
Therefore, indeed M(© is a a left (right or two-sided) T-module. O

Lemma 4.2.6. Let M be a T-module. For any e € M, if there exists a € M such that

a is absorber in M and M, then e is an absorber.

If there exists an element a € M such that a is an absorber in M and M®), then e

1s an absorber in M.

Proof. Assume a is an absorber in M and M(®), then for all t € T,
t > a = [ta,te,e] = a.

Now, since a is an absorber in M, we get that [a, te, €] = a. Therefore te = e, so e is an

absorber in M. O
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Corollary 4.2.7. If e is not an absorber and a is an absorber in M, then a is not an

absorber in M(©,

Lemma 4.2.8. Let f: M — N be a T-module map. Then for any g € Im(f), ker,(f)

15 an induced submodule.

Proof. Let g € Im(f), then for all e € M and m € ker,(f),

f(t v m) = [f([tm,te,e]) = [tf(m),Lf(e), fe)] = [tg, lg, 9] = 9,

where the second equality follows by the property of T-module map and third by Mal’cev

identities. Thus kery(f) is an induced submodule. O

Theorem 4.2.9. Let M be a T-module. If N is a sub-heap of M, then the quotient
M/N has a T-module structure such that the canonical epimorphism ©: M — M/N is

a module morphism if and only if N is an induced submodule of M.

Proof. Let us assume that 7 is a canonical epimorphism, and g € Im(7) is such that
there exists e € N and 7(e) = g. Then by Lemma N = ker.(7) is an induced

submodule.

In the opposite direction, let us assume that N is an induced submodule, then
obviously N is a normal sub-heap. Now, we can consider relation ~y given by a normal

sub-heap for all m,m’ € M by
m~ym' < Jee€ N [m,m' e] €N.
If m ~y m’/, then
[tm,tm/, e] = [[tm, tm/, te], te, e] = [tm,m/ €], te, e] =t >[m,m’, €],

where second equality follows by Mal’cev identities and associativity, and third by the
fact that M is a T-module. Hence, as [m,m’,e] € N and N is an induced submodule,

the relation ~y is a congruence and 7 is a canonical epimorphism of T-modules. [
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Corollary 4.2.10. Any T-module homomorphism ¢ : M — M’ factorizes uniquely
as a T-linear map through the canonical epimorphism M — M/N for any induced
submodule N of M contained in ker.(¢) as in Lemma|1.2.17.

Proof. The proof follows the same way as the proof of Lemma [1.2.17 m

Lemma 4.2.11. If N is a submodule of M, then N is an induced submodule.

Proof. Indeed as for all t € T and n,e € N,
t > n = [tn, te, €],

but tn,te,e € N and N is a sub-heap, sot >, n € N. Thus N is an induced submodule.
]

Lemma 4.2.12. If N is a submodule of M, then w(N), where 7 is a canonical epimor-

phism, is an absorber in the quotient module M /N.

Proof. Let m: M — M/N be a canonical epimorphism, then for all t € T,
t-m(N)=mn(t-N)=mn(N),

where second equality follows by the fact that N is a submodule. Thus 7 (V) is an
absorber in M/N. O

Theorem 4.2.13. Let T be a truss, M a T-module and N a subset of M. Then the

following statements are equivalent:
(1) N is an induced submodule of M.
(2) N is a sub-heap of M and there is a congruence ~ on M such that my = 7.
(8) N is an equivalence class of a congruence on M.

Proof. (1) = (2): If N is an induced submodule of M, then the sub-heap relation
~n is a congruence on M by (the proof of) Theorem 4.2.9.
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(2) = (3): Every induced submodule is a sub-heap and every sub-heap is an
equivalence class for its sub-heap relation, see Lemma [1.2.11}

(3) = (1): Assume that N is an equivalence class for a congruence on M, say
~. In particular ~ is a congruence for the heap structure of M, hence N is a sub-heap
by [4, Theorem 1] (see Theorem [1.2.14)). Furthermore, for all t € T and n,n’ € N,

t-n~t-n ie . (t-n)=n(t-n). Set m=[t-n,t-n',n']. Then

7o(m)=m ([t -n,t-n',n])
=[r(t-n), 7 (t-n),7o(n)] = [r(t-n), 7 (t-n), 7 (n)].

Hence, 7. (m) = m.(n’), i.e. m € N. Thus N is an induced submodule. O

Theorem 4.2.13| can be applied to trusses associated to rings, thus yielding

Corollary 4.2.14. If M is a module over a ring R, then N C M is an equivalence

class for a congruence ~ on M if and only if N is an induced submodule of T(M).

Proof. Suffices it to observe that an equivalence relation is a congruence on M as an

R-module if and only if it is a congruence on M as a T'(R)-module and then apply

Theorem 4.2.13l O

Since every congruence relation of R-modules arises as the quotient by a submodule,
Corollary gives interpretation of elements of quotients of R-modules M/N as
induced submodules of T(M) (M viewed as a module over the associated truss T(R)).
Furthermore, it provides one with the procedure of calculating the quotient of an
R-module M by the equivalence class of any element m of M: one simply needs to
interpret M as a heap and then take the quotient by the class of m which is a sub-heap
of M. In the same vein one obtains the following interpretation of elements of a quotient

and hence of any ring.

The following proposition explains how to recover the submodule from any equiva-

lence class in the quotient R-module M/N.
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Proposition 4.2.15. Let M be a module over a truss T and let N be a left (resp. right)

induced submodule of M. For all e € N and m € M, consider the sub-heap

N"=71"(N)={[n,e,m| | n € N}. (4.2.1)

€

Then:

(1) NI™ is a left (resp. right) induced submodule.

(2) NI is a left (resp. right) submodule if and only if, for allt € T,
t-me N, (resp. m -t € NI).

(3) If m & N, then NN N™ = ().

Proof. (1) First let us note that, as a consequence of Mal’cev idenities, m = 7."(e) € NI".
Forallt € T,
[t-[n,e,m],t-m,m| =]t -n,t et -m|t-m,m]
=[t-n,t-e,m|=][t-n,t-eel,e,m|=71"([t -n,t-ee]),
by the (left) distributive law, associativity and Mal’cev identities. Since N is a left

induced module, [t -n,t-e,e] € N, and so
[t-[n,e,m],t-m,m| e 7"(N)=N",
as required. The case of a right induced module is dealt with symmetrically.

(2) Obviously, if N* is a submodule and since m € N, t-m € N*. Conversely, if
t-me N, let n,, € N be such that

t-m=1"(nm) = [nm, e, ml.
Then, for all n € N,
t-[n,e,m]=1[t-n,t-et-ml=[t-n,t-e [ng e m|
= [Ht n,t-e, 6], e7nm]v ¢, m] = T;n([[t n,t-e, 6], evnm])v
by the (left) distributive law, associativity and the Mal'cev identities. Since N is an

induced submodule, [t - n,t-e,e] € N. Consequently, [[t-n,t-e,e], e, n,] € N, and

therefore t - 7/%(n) € 7"(N) = NI, for all n € N and ¢ € T, as required.
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(3) Suppose that n € N is an element of N, so that there is n’ € N such that n =
[n’, e, m]. By the associativity of [—, —, —] and the Mal’cev identities, m = [n’,e,n| € N,

which contradicts the assumption that m ¢ N. O

Since N is the image of N under the heap isomorphism 7., N* = N as heaps.
By the foregoing proposition this isomorphism is an isomorphism of induced modules,
therefore M /NI = M /N. Moreover, since for all a € M, a € M/N!" and a € M/N are
equal as sets, one gets that M /N = M/N. In the case of a module M over a ring R,
an R-submodule is obtained from the element N of the quotient module by choosing

m = 0, the zero of M.

4.3 Coproduct of modules

In this section, we introduce the coproduct of T-modules as a coproduct of underlying

heaps with coordinatewise T-action. This section is a part of [19, Section 3.

Let (A)zex be a family of left modules over a truss 7. By the distributivity
of action, for each ¢t € T and z € X the function A\ : A, — ZEBXAQU, avr—t-a,
is a homomorphism of heaps. For each ¢ € T, the family (A\).,cx extends to the
homomorphism of heaps xEHXX;C : xEEXAx — xEHXAx, and thus there is a T-action

Tx BA, — HA, (t,a) — B X (a),
zeX rzeX zeX

which makes EEXA’““ into a T-module. This action is defined letter-by-letter, so for

example in the case of a two-element family of T-modules A and B,

t-arbias ... apbragir: = ((t-ar)(t-b1)(t-ag)...(t-ag)(t-br)(t- ars1):,

where t € T', a; € A and b; € B, etc.

For T-modules A, B we can explicitly write out what the module action looks
like on G(A;es) & G(B;ep) @ Z, by transferring it through the isomorphism ¢ in
Proposition [1.4.4. The action is given by the formula t x ¢(z) = p(t - x), z € AHB B,
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and, for all a € A, b € B and n € Z, it comes out as
tx(a+b+n)=t-a—n(t-es) +t-b+(n—1)(t-ep)+n, (4.3.1)

where the use of the additive notation tacitly presupposes that e4 = eg = 0 in the direct
sum of Abelian groups G(A;es) ® G(B;ep) ® Z. In particular, in the case that both

t-ep=epandt-ey = ey the action takes the simple form t * (a,b,n) = (t-a,t-b,n).

4.4 Monomorphisms and epimorhpisms

Let T be a truss. It will be useful in Chapters [6] and [7] to know that epimorphisms
(respectively, monomorphisms) of T-modules are always effective, that is, that they are
coequalizers (respectively, equalizers) of their kernel pairs (respectively, cokernel pairs),

and that they coincide with surjective (respectively, injective) T-linear maps.

To this aim, recall that if f: M — N is a morphism of T-modules, its kernel pair

(respectively, cokernel pair) is the pullback (respectively, pushout) of the pair (f, f),
see Example [A.0.25 and Example [A.0.31

Proposition 4.4.1. Every epimorphism of T-modules is surjective.

Proof. Assume that M and N are T-modules. If both M and N are the empty T-
module, the empty map is an epimorphism (by uniqueness) and it is also surjective
(trivially). If only N is the empty module, then we cannot have morphisms from a
non-empty to the empty module. If only M is the empty module, then the empty
map to N is not an epimorphism. Summing up, we may assume that both M and
N are non-empty and that ¢ : M — N is an epimorphism of T-modules. Consider
the T-submodule Im(¢) C N and the canonical projection 7 : N — N/Im(p). For
p € Im(¢p), consider also the constant morphism 7; : N — N/Im(y), n — p == m(p).
For every m € M, ¢(m) ~m(,) p and hence m(¢(m)) = n(p) = p = 75(¢(m)). Since ¢
is an epimorphism, m = 7; and hence every n € N satisfies n ~py(y) p (that is, for all
w(m) € Im(y), [n,p, o(m)] € Im(p)). In particular, n = [n, p,p] € Im(p) for alln € N

and  is surjective. O]
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Proposition 4.4.2. Every epimorphism of T-modules is the coequalizer of its kernel

pair.

Proof. Assume that 7 : M — P is an epimorphism of T-modules. The kernel relation

together with its coordinate projections

Ker (7) = {(my,mq) € M x M | w(my) =m(ma)} C M x M,

pi : Ker (m) — M, (mq,ma) — my, 1=1,2,

yield the following fork of T-modules

p1 -
Ker () S M ——P.
2

Assume that f : M — N is any other T-module map such that f op; = f o py and
consider f : P — N given by f(w(m)) := f(m). The map f is well-defined because
if m(my1) = m(my), then (my,mq) € Ker (7) and hence f(my) = (f o p1)(my,mo) =
(f op2)(mq,m2) = f(my). It is a morphism of T-modules because 7 and f are T-linear
maps. It is a unique morphism such that f om = f because 7 is an epimorphism. Thus,
(P, ) satisfies the universal property of the coequalizer of the pair (py, p2). To conclude,

observe that (Ker (), p1, p2) is the kernel pair of f. ]

Proposition 4.4.3. Every monomorphism of T'-modules is injective.

Proof. Let f: M — N be a monomorphism of T-modules. As before, there is a fork

diagram of T-modules

Ker(f)i:;;M—f>N.

The fact that f is a monomorphism implies that p; = ps and hence (m,n) € Ker (f) if
and only if m = n, which in turn entails that f(m) = f(n) if and only if m =n. O

Lemma 4.4.4. Let M, N be T-modules, M B N their coproduct in T-mod and let
tyy M — MHEBN, 1 : N— M BN be the structure maps of the coproduct. Then
tp(m) # un(n) forallm e M, n € N.
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Proof. Endow the Abelian heap H(Z,) with the trivial 7-module structure: ¢ - = = x

for all t € T' and x € Z,. The assignments
opm M — H(Zy), m+— 0, and on : N — H(Zy), n+— 1,

are well-defined T-linear morphisms and hence they induce, by the universal property of
the coproduct, a unique 7-linear map ® : MEHN — H(Z,) such that ®oiy, = ¢y and
dory = py. If we suppose that there exist m € M and n € N such that ¢y (m) = ty(n),
then

0= @m(m) = ®(em(m)) = S(en(n)) = en(n) =1,

which is a contradiction. O

Proposition 4.4.5. Every monomorphism of T-modules is the equalizer of its cokernel

DAIT.

Proof. Since the category of T-modules is cocomplete, i.e. it has all small colimits (by
[17, Theorem 9.4.14] or Theorem |C.0.16, for example), it is enough to prove that every

monomorphism is regular, that is, that it is the equalizer of some pair of arrows.

Assume that M and N are T-modules. If M is the empty T-module, then the empty
map is a monomorphism (because there are no maps from a non-empty to the empty

module) and it is also the equalizer of the pair

N w N B {x}
\ /L7
{«} 7>
by Lemma If M is non-empty, then N cannot be the empty module, since
we cannot have morphisms from a non-empty to the empty module. Summing up,
we may assume that both M and N are non-empty and that f : M — N is a
monomorphism of T-modules. Consider then ¢ € M, N D Im(f) 3 e = f(¢),
the quotient T-module N/Im(f), the absorber @ = Im(f) therein and the canonical

projection 7 : N — N/Im(f). Then there is a fork diagram of T-modules

M$ijgzv/1m( ). (4.4.1)
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where 7z denotes the T-linear morphism sending everything to €. Let us check that
(M, f) is the equalizer of the pair (7, 7z). If P is another T-module and g : P — N is
a T-linear map such that m(g(p)) =€ for all p € P, then this implies that there exists
f(m) € Im(f) such that

l9(p), f(€)), f(m)] = [g(p), e, f(m)] € Im(f).

In particular,
g(p) = llg(p), f(€'), f(m)], f(m), f(e)] € Im(f),

and hence there exists a (necessarily unique, in view of Proposition 4.4.3) element
m,, € M such that g(p) = f(m,). Since, in addition,

f(mey) =gt-p)=t-g(p) =t f(my,) = f(t-m,),

for all p € P and t € T', the assignment h : P — M, p — m,, is a T-linear morphism
such that f o h = g and it is unique satisfying this property, because f is injective.

Summing up, (M, f) is indeed the equalizer of (4.4.1), as claimed. O

Finally, since equalizers of Abelian heaps and T-modules are simply equalizers in
Set endowed with the sub-heap or T-submodule structure, let us describe explicitly a

construction of coequalizers in the categories of Abelian heaps and T-modules.

Lemma 4.4.6. Given a diagram

A——=B (4.4.2)
Y
in Ah and any e € B, define
N(e) = {lp(a),¥(a),e] | a € A}, (4.4.3)

Then

1. The set N(e) is a sub-heap of B and, for different choices of e, the heaps N (e)

are mutually isomorphic.
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2. Let N(e) .= (N(e),e) be the sub-heap of B generated by N(e) and e. The quotient

heap C(e) = B/N(e) is the coequalizer of (4.4.2).

3. If (4.4.2) is a diagram in T-mod, where T' is a truss, then C(e) is its coequalizer

in T-mod.

Proof. |1] That N(e) is a sub-heap of B follows by (1.1.2) and the fact that ¢, are
morphisms of heaps. Let f € B. The isomorphism between N(e) and N(f) is given by

! of (T1A).

Let us check that the canonical projection 7 : B — C(e) = B/N(e) coequalizes

¢ and ¢. Since e € N(e) and [p(a),¢(a),e] € N(e), (a) ~zr ¥(a), and hence
m(p(a)) = m((a)). Therefore, there is the required fork

A

B—"—C(e).

Now, let us assume that there exists another pair (h, H) such that h : B — H and
hoyp = ho1t. Observe that, for all a € A,

where the second equality follows from h o ¢ = h o1 and Mal’cev identity. Thus,
h(z) = h(e) for all x € N(e) and so N(e) C kerp)(h). In view of Lemma |1.2.17] there
is a unique heap homomorphism f : C(e) — H given by f(n(b)) = h(b) for all b € B.

To prove that C(e) is a coequalizer in the category of modules it is enough to

prove that N(e) is an induced T-submodule. Since

teelp(a),d(a), el = [t-[p(a),(a), el t-e ef = [[t- pla), t-(a),t- €]t -e el
= [t-pla),t-(a),[t-et-ee]] =[t-pa),t-¢(a)e]
= [io(ta), ¥ (ta), e] € N(e)
and t -, e = e, it follows that C'(e) is a well-defined quotient module and the proof that
C(e) is the coequalizer is analogous to [2| O



Chapter 5

Extensions of trusses

There is a one-sided connection between rings and trusses given by the functor
T : Ring — Trs. An analogous functor can be constructed from the category of braces
to the category of trusses. In this chapter we investigate possibilities of assigning a ring,

a brace or a unital truss to a truss. This chapter consists of two sections.

In Section [5.1, we introduce different methods to extend a truss: we consider a
product with a unital module, and a coproduct with a terminal module. The first
approach allows us to extend a brace to a new brace, or dually, extend a unital module
over a brace to a brace. The new brace is not necessarily one that the module is over.
The coproduct approach allows us to extend a truss to a ring or a unital truss. This
depends on how we interpret a terminal module. If we assign it a role of an identity, we
get a unital module. If we assign it a role of an absorber, we get a ring. This section is

based on [19] and [32].

In Section we further study connection between trusses and rings. A left
adjoint to the functor T is constructed. The universal property given by the adjunction
allows us to introduce three definitions of “smallness”: locally small extensions, small
extensions and minimal extensions. We conclude this section with a remark with a
possible application of minimal extensions of trusses to essential extensions of rings.

This section is based on [34].

123
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5.1 On extensions of a truss

In this section we study various ways to extend trusses to rings, braces and unital
trusses. We introduce two methods: one by taking a product of truss with a unital
module over the truss, and second, by taking a coproduct with a terminal module over

the truss.

5.1.1 Extension by a module

By the standard construction, given a ring R and an R-bimodule M one can define an
extension of R by M as a ring with the Abelian group structure R@& M and multiplication
(r,m)(r',m') = (rr’;rm’ + mr’). In this section we show that this construction can be

extended to one-sided modules, but then the result is a truss rather than a ring.

Let us start with the following motivating observations.

Example 5.1.1. Let G be an Abelian group. Then the ring of endomorphisms Ab(G, G)
acts on G by evaluation, i.e. Ab(G,G) x G — G, (f,g) — f(g). One easily checks
that the following binary operation on Ab(G,G) & G

(fLof.g)=(fof g+ f(g), foralf f € Ab(G,G), 9,9 €G, (5.11)

is associative. However, the operation (5.1.1) does not distribute over the addition
Ab(G,G) @ G, since for all f, f', f” € Ab(G,G) and g,¢,¢” € G, on one hand

(L) + (") = (Fe f + fof g+ flg)+ f(d")

while on the other

L d)+(faf" ") =(fof +fofg+g+ flg)+ flg").

Notwithstanding, it is easy to check that the operation (5.1.1) distributes over the
ternary heap operation associated to the addition in Ab(G, G) @ G. In summary, the

extension of the endomorphism ring of a group by this group is a truss.



5.1. ON EXTENSIONS OF A TRUSS 125

Now we place Example [5.1.1 in a more general framework of extensions of trusses

by one-sided modules.

Theorem 5.1.2. Let T be a truss and let M be a left T-module. Then, for all e € M,

T x M is a truss with the Cartesian product heap structure and multiplication
(t,m)(t',m') = (t',[m,t - e, t - m']), (5.1.2)

for all t,t' € T and m,m’ € M. We denote this truss by T[M;e] and call it an
extension of T by M.

Proof. That T'x M with given operations is a truss can be checked by direct calculations.

We start with the associative law. For all ¢,¢',t" € T and m,m’,m" € M,

(t,m)((,m )", m")) = (t,m) (t't", [m',t" - e, t'-m"])

't Im,t-et-[m' t et -m"]])
/

tt't" [[m,t-e t-m'],tt' e tt’-m"])

(
(
(
(

tt', [m,t-e, t-m'T) (", m") = ((t,m)(t',m)) (", m"),

where the third equality follows by the distributive and associative laws for modules
over trusses and by the associativity of the heap operation. To prove the left distributive

law we compute, for all ¢,¢',¢",t" € T and m,m',m”,m" € M:

(t, m)[(t', m'),(t", m//)’ (t”/, m///)] _ (t, m)([t', t”, t,”], [m/’ m//’ m///])

t[t/, t”7 t”’], [m7 t . 6, t . [m/7 ml/’ m/l/])

(
([¢et,et” et"], [[m,m,m], [t -e,t-e,t-e],[t-m' t-m" t-m"]])
(

[tt' et "], [[m,t - e, t-m], [m,t- e, t-m"], [m,t-et-m"]])
= [(t,m)(&',m"), (t, m)(¢",m"), (£, m) (", m")].
The third equality follows by the distributive laws for trusses and modules over trusses

and by the Mal’cev identities (which imply that the heap operation is an idempotent

operation). The rearrangement of brackets leading to the fourth equality is possible
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since M is an Abelian heap. Similarly, for the right distributivity,

[(t/, m/),(t”, m//)7 (tl//7 m///)] (t, m) — ([t/, t”, t”/L [m/7 m//7 m///]) (t, m)

[t,t, t/lt7 t,/,t], [[m17 m/l) m//l], [t/, t//, t/l/] . e’ [t/, t//, t/l/] . m])

(
([t,t, t”t, t,/,t], [[ml’ m//’ m//l]7 [t/ . 6, t” A 6, t”/ . 6], [t/ . m’ t/, . m’ t/// . m]])
(

[t,t7 t//t, t,//t], Hm/,t/ . 67 tl A m]’ [m”,t// . e’ tl/ . m]) [,,,n//l7 t”/ . 67 t//l . m]])

= [(#",m")(t,m), (", m") (¢, m), (¢, m")(t, m)].

Here, as in the preceding computation, the third equality is obtained by the distributive
laws, while the fourth one follows from the fact that M is an Abelian heap. Since the
operation ([5.1.2) is associative and distributes from both sides over the heap operation

in T'x M, T[M:;e] is a truss, as claimed. O

A natural question that arises here is whether T'[M;e] can be a truss associated

with a ring.

Lemma 5.1.3. The truss T[M;e] is ring-type if and only if M = {e} and T' = T(R)

for some ring R.

Proof. Let T[M;e] be a ring-type truss and (¢, m’) be an absorber in T'[M;e]. Then,
forallme M andt €T,

(t't, [m' ¢ e, ' -m]) = ', m)(t,m) =, m") = ({t,m)t' ,m) =t [m,t- et -m]),

which immediately implies that ¢’ is the absorber in T'. Therefore, T = T(R), where
R has the same multiplication as T" and the Abelian group structure obtained as the
t'-retract of (T, [—, —, —]).

Observe that [m,t-e,t-m'| =m/ implies t - m' = [t - e, m, m'], so choosing m =t -e
we obtain t-m’ =m/ for all t € T, i.e. m’ is an absorber in M. Hence m’' = [t-e, m, m’],

for all m € M. In particular, for m = e, t - e = e. Therefore, for all m € M,

le,m,m'] = m’,

which implies that m = e. So if the truss T[M;e] is ring-type, then M = {e}.
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The converse implication follows by the simple observation that T(R) = T(R)[{e}; e].
[

Put differently, Lemma |5.1.3| asserts that the truss obtained by extension by a

non-trivial module is never a truss associated to a ring.
We now list properties of an extension truss.
Theorem 5.1.4. Let T be a truss, M be a left T-module and let e € M.
(1) For anye € M, T[M;e] = T[M;e].

(2) M is a left T[M;e]-module with the action, for all m,m’ € M andt €T,
(t,m)-m' = [m,t-et-m].

In particular, (t,m)-e =m.

(3) The induced actions of T[M;e] on M coincide with the induced actions of T on
M, i.e. forallee M

(t,m) >z m' =t >z m'.

/

In particular, if € is an absorber in the T-module M, then (t,m) -z m' =t-m/.

(4) Foralla € T, the sub-heap M, = {a} x M is a paragon in T'[M;e]. Furthermore,
T[M;e]/M, =T.

M, is an ideal in T[M;e] if and only if a is an absorber in T.

(5) The sub-heap T, := T x {e} is a sub-truss and a left paragon of T|M;e]. Further-
more,

T[M’ 6]/Te = M7
as left T[M; e]-modules.

(6) The extension truss T[M;e] is unital if and only if T is a unital truss and M is
a unital module. Furthermore, U(T[M;e]) = U(T) x M.
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Proof. (1) Consider the heap automorphism:
O=1px78:TxM—Tx M, (t,m) — (¢, [m, e, e]).

We will show that © is a truss isomorphism from T'[M;e] to T[M;e]. Let us take any

t,t' € T and m,m’ € M, and compute
O(t,m)Ot',m') = (t,[m,e,e]) (t',[m, e, e])

tt' [[m,e, €], t-et-[m' e e

ttla [[m767é] 7t : é; [t : m/,t : €,t . é]])

t' [[t-m/ t-et-e],t-e[m,e el

(
(
(
(

t' [[t-m' t-e,m], e, el

= (tt',[[m,t-e, t-m'],e,e]) =0 ((t,m)(t',m')),
where the third equality follows by the left distributive law for actions. The fourth
and sixth equalities are consequences of the fact that M is an Abelian heap. The key
cancellation and rearrangement of brackets leading to the fifth equality result from the
associative laws for and Mal’cev properties of heap operations. Thus © is the required

isomorphism of trusses.

(2) The proof of the associative and distributive laws for M as a T[M; e]-module
follow by the same chains of arguments as that in the proof of Theorem [5.1.2 for the
corresponding laws for the truss T'[M;e], and thus are left to the reader. The property
(t,m) - e = m follows immediately by the Mal’cev identity.

(3) For the first statement, observe that
(t,m) bz m' = [(t,m)-m/,(t,m) - €, €
= [[m,t-e,t-m],[m,t-et-€l,e]=[t-m' t-ee =tos:m,
by the Mal’cev identities, associativity of the heap operation and by the fact that M is

an Abelian heap. The second statement follows immediately by the Mal’cev identity.

(4) For all t € T, m,m',m" € M,
[(t,m)(a,m), (t,m)(a,e), (a,e)] = [(ta, [m,t e, t-m]), (ta,[m,t e, t-e]), (a,e)]

= ([ta,ta,a],[[m,t e, t-m'],m,e])

(a,[t-m' t-ee]) € M,
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by the Mal’cev identities and the associativity of heap operations. Hence M, is a left

paragon. The right paragon property of M, is proven in a similar way.

Consider the following maps

o: T — T[M;e]/M,, t— (t,e),

Y :T[M;e]/My — T,  (t,m)—t.
The map ¢ is the quotient of the heap map @ : T — T'[M;e], given by t — (¢, e).
Note that, for all t,¢' € T,

)@() = (te)(t',e) = (tt',[e,t - e,t - ]) = (tt', ) = (tt),
i.e. ¢ is a truss homomorphism, and thus so is ¢.

We need to check whether the map v is well-defined. By the definitions of M, and
the sub-heap relation, (t,m) ~y,, (¢',m') if and only if there exist m”, m" € M such
that

(a,m") = [(t,m), (t",m), (a,m")] = ([t,t', a], [m,m’,m"]). (5.1.3)

Thus, in particular a = [t, ', a] which implies ¢’ = t. Therefore, the element ¢ is fully
determined by the class of (¢,m). This means that the function 1 is well-defined. The
second consequence of ((5.1.3) is that the class of (¢,m) is fully determined by ¢, i.e. it
does not depend on the choice of m. This implies that the composite function ¢ o 1) is

the identity. That the composite ¥ o ¢ is identity is obvious.

The fact that M, is an ideal in T[M;e] if and only if a is an absorber in T follows
immediately from the analysis of the first entries in the products (¢, m)(a, m’) and

(a,m)(t,m’).

(5) It is obvious that T, is closed under the ternary heap operation. That T, is
closed under the multiplication as well follows immediately by the Mal’cev identity.
Let us take (t",m) € T[M;e] and (', e), (t,e) € T,, and use the definition of the truss
operations for T[M;e] and Mal'cev identities to compute:

(", m)(t' e), (", m)(t,e), (t,e)] = [(t"t, [m,t" - e, t"-e]), (t"t, [m,t" - e, t" - ¢]), (¢, )]

= ([t"¢,¢"t,t], [m,m,e]) = ([t"t',t"t,t],e) € T...
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Therefore, T, is a left paragon hence a left induced T'[M; e]-submodule of T'[M;e]. The
left T[M; e]-module isomorphism T'[M;e] /T, — M is constructed in the similar way
to the isomorphism in part (4). In particular, one finds that, for all ¢,¢' € T and

m,m' € M,
(a) (t,e) ~r, (t',¢e) and
(b) if (t,m) ~p. (t',m’), then m =m/'.

Hence we can fix a € T and consider the following functions:

o: M — T[M;e]/T., m +— (a,m),

v T[M;el/T, — M, (t,m) — m.

The map ¢ is the quotient of a heap homomorphism m —— (a,m) hence a heap

homomorphism. Furthermore, using observation (a) one can compute

(t,m) - (m') = (t,m)(a,m') = (ta,[m,t e, t-m'])

= <a7 [m7t et m/D = <a7 (tv m) ’ m/> = (p((t7 ?TL) ’ m/)‘
Hence ¢ is a homomorphism of T'[M; e]-modules. That 1) is well-defined follows by the

observation (b). Again (a) implies that ¢ o ¢) = id and the other inverse property is

obvious.

(6) If T has identity 1, then (1, e) is the identity for the extended truss T[M;e] by
the Mal’cev properties and by the unitality of M. Conversely, if (a, €) is the identity of
T[M;e], then, for all (t,m) € T[M;e],

(t,m) = (a,e)(t,m) = (at,[e,a - e,a-m)), (5.1.4a)

(t,m) = (t,m)(a,€) = (ta,[m,t-e,t-e]). (5.1.4b)

Comparison of the first elements in each pair in equalities (5.1.4) yields that T is unital
with the identity 1 = a. Evaluation of (5.1.4a)) at m = e produces the equality € = e,

while its evaluation at m = 1-¢e gives e = 1 - ¢, and hence 1 -m = m, for all m € M,

again by (5.1.4a)).
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Let u be a unit in T". Then, for all m € M,

' cm,u”e])

(u,m)(ut, [e,u™-m,ute]) = (wu™t [m,u-e u-le,u
= (1,[[m,u-e,u-el,uu - m,uut-e])] = (1,e),

by the distributive and associative laws for modules, axioms of heaps and unitality of

M. In a similar way, by the axioms of a heap

-1 -1 -1 -1 -1

(w ™ [e,u™ - myute])(u,m) = (u 'y, [le,u™t - mou e, ut e, ut - ml) = (1,e).

Hence, if u is a unit in 7', (u,m) is a unit in T'[M; €], for all m € M. This proves the
inclusion U(T) x M C U(T[M;e]). The converse inclusion follows immediately from

the definition of the product in T[M;e]. O

Remark 5.1.5. Assertions and of Theorem [5.1.4] yield the following sequence, for
alla €T,

MC—— " T[M;e] =T,
J
where 1, : m — (a,m), j : t — (t,e) and 7 : (t,m) — t. This sequence is a
split-exact sequence of trusses in the following sense. The map 7 is a split epimorphism
of trusses (j is the splitting monomorphism) and the relation induced by the image of

L, is the kernel relation for 7. In summary, Theorem describes a split extension

of trusses.

The assertion @ of Theorem [5.1.4 implies the following

Corollary 5.1.6. An extension truss T[M;e] is the truss associated to a two-sided

brace if and only if T is associated to a two-sided brace and M is a unital T-module.

Proof. By Theorem (6) T'[M;e] is brace-type (unital) if and only if T' is brace-
type. Furthermore, U(T[M;e]) = T[M;e] if, and only if U(T) = T, i.e. T[M;e] is a

multiplicative group (brace) if and only if 7" is as well. O

It might be instructive to contrast Lemma with Corollary |5.1.6. While only
trivial truss extension of a ring results in a ring (alas an extension in name only), an
extension of a two-sided brace by any unital module over the associated truss is a

two-sided brace.
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Example 5.1.7. (1) Let B be a two-sided brace. Then T(B) is a left module over
itself by multiplication, hence one can consider the extension truss T(B)[T(B);1]. As a

heap,
T(B)[T(B);1] = T(B) x T(B).

The multiplication comes out as, for all by, by, b, 0, € B,
(bl, b2)(b/1, blz) = (blb/ly bQ - bl + blbl2> (515)

T(B)[T(B); 1] is the truss associated to the two-sided brace with additive structure
given by B @ B and multiplication given by the formula (5.1.5). Note that, even if the
brace B is Abelian (i.e. the truss T(B) is commutative), the extended brace need not

be so.

For an explicit example we may consider the brace obtained as the 0-retract of the
truss Z® /2¥*17 in Proposition 2.3.9. The multiplication in Z®) /2F17Z[Z(2) /2k+17,: (]

is given by
(m, s)(n,t) = (2mn +m+n mod 2" 2mt 4+ s+t mod 2k+1) :
In particular, the multiplicative group of Z?) /4Z[Z® /47Z;0] is generated by elements
a=(0,1), x = (1,0), y = (2,0),
which satisfy the following relations
at =2 =9y*=(0,0), zar=a®, xy=vyr, ay=vya,

and hence it is isomorphic to the direct product of the dihedral group Dg and the cyclic
group Cy. The additive structure of the two-sided brace associated to Z? /AZ[Z? /AZ; (]
is that of Cy @ C4.

(2) Since the socle, Soc(B), is an ideal in a two-sided brace B, it is a left (induced)
T(B)-module. The multiplication on T(B)[Soc(B); 1] = T(B) x Soc(B) derived from
(5.1.5) reduces to

(b,a)(b',a") = (bb',a — b+ ba) = (bV,a + bab™').
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Remark 5.1.8. In view of Theorem [5.1.4, since M is a module over the extended
truss T[M; e], the extension procedure could be iterated. This, however, rather than
producing genuinely new examples boils down to the truss extension by the T-module

obtained as the product of T-modules.

We conclude this part with the following

Remark 5.1.9. By analysing the proofs of main statements of this section, that is
Theorem [5.1.2] and Theorem [5.1.4, one can easily convince oneself that the assertions
hold for left trusses and their left modules (and also for right trusses if left modules are
replaced by right ones). Since for a left truss 7" no right distributivity is assumed, one
does not assume that the action of 7" on a left module M right distributes over the heap
operation on 7' (otherwise 7" would not be its own module). But this right distributivity
is not needed neither for the associativity of the product in (5.1.2) in T[M;e] nor for
its left distributivity. Thus, if T"is a left truss and M is a left T-module, then T[M; €]
with Cartesian product heap structure and with multiplication ([5.1.2) is a left truss.
Main assertions of Theorem [5.1.2] stand if the words “truss” or “paragon” are qualified
by the adjective “left”. Most importantly, the one-sided version of Corollary with
no changes in the formula for the multiplicative group structure, equips one with the

procedure of obtaining left braces from left braces.

5.1.2 Coproduct extensions

In general it is not known if a coproduct A H B of T-modules A, B can be endowed
with a non-trivial truss multiplication, i.e. different than m’-m =m, m'-m =m' or
m'-m = e, for all m,m’ € AH B and a fixed ¢ € AH B. In this part we introduce two
ways of endowing a T-module coproduct T'H {x} with a structure of a truss. The first

one is a unital truss, while the second one is a truss associated with a ring.

Proposition 5.1.10. Let T be a truss and let Z be the truss on the singleton set {0}.

Then T B Z with multiplication - given by

0-t=t-0=0andt-t' =tt, (5.1.6)
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where t,t' € T and tt' is multiplication in truss T, is a ring-type truss, which we term

the ring extension of T' and denote by Ty.

Proof. First note that if a binary operation defined on the heap H generated by a
set X is associative on elements of X and distributes over the heap operation, then
it is associative on the whole of H. The operation (5.1.6) is associative on 7' LI {0}
and hence it is associative on all the generators of the heap T'H Z. We need to show
that this operation as defined in can be extended to the whole of TH Z as a
distributive operation. To this end, for all s € T'"H Z consider two functions extending

multiplication ((5.1.6) to elements of T'H Z term-by-term, i.e.

X T —THZ,
[t s1,t-0,...,t-0,t- s,

= [ts1,0,...,0,ts,], if s =[s1,0,82,...,0,8,],
t—t-s:=<[t-0,t 81,...,t8p,t-0]

=10,ts1,...,t8,,0], if s =10,51,0,...,8,,0],
[t-s1,t-89,8-0] = [tsy,ts9,0], if s =[s1,59,0],

where s; € T, and

Ay, Z —THZ, 0—0-5=0.

The latter of these functions is a well-defined homomorphism of heaps, for all s € TH Z.
To see that the former is so as well, we first establish that its definition is independent

on the presentation of s. If

[51,0,...,0,s,] = [s],0,...,0,5],

ren

then the Mal’cev identities imply that

/ / /
s7=1[s1,0,...,0,8,,5,,0,...,0,85,0],

Using the fact that T H Z is an Abelian heap and Mal’cev identities again, all the 0

can be eliminated and one finds that

/ / / /
Sy = [S1,59, 82,85 ..., Sn—1, Sh, Sn-
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Therefore,
[ts],0,...,0,ts)] = [t[s1, 85, S2, 85 - -, Sn_1, S, Sn), 0,185, ..., 0,ts]
= [ts1,t89,tSo, 185 ..., tSp_ 1,18, t5,,0,...,0,ts] ]
= [ts1,0,...,0,ts,],

by the distributive law in 7', the Mal’cev identities and the fact that 7" is an Abelian
heap. In the second case one notices that [0, sq,...,s,,0] =[0,s),...,s,,0] if and only
if [s1,0,...,0,s,] = [s7,0,...,0,s,] and thus the same arguments apply. In the third
case, if [s1, s9,0] = [s], s5,0], then s} = [s1, 2, s5] and again the distributive law and
the Abelian heap properties imply the independence of the definition of A} on the
representation of s. Thus A} is a well-defined function that is a heap morphism by the
distributive law in 7". The universal property of coproducts provides us with the unique

fillers (in the category of heaps) in the following diagrams that can be considered for

all s e TH Z:

THZ
s A s
/)\5 &
I
T THZ Z.

In this way the map
p:(TBZ)x (TBZ) —THZ, (s',8) — N°(s"),

which extends the multiplication to the whole of T'H Z has been constructed.
This map is a heap homomorphism in both arguments (in the first argument by the
universal construction described above, in the second one by the definition of A} and
Ay,), that is it distributes over the heap operation in T'H Z . This completes the
proof. O]

Proposition 5.1.11. Let T be a truss and I be the truss on a singleton set {1}. Then
T B I with multiplication - given by

1-1=1,1-t=t-1=tand t -t =tt, (5.1.7)
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where t,t' € T and tt' is multiplication in T is a unital truss, which we term the unital

extension of T and denote by T,.

Proof. The proof is analogous to that of Proposition [5.1.10. We only note in passing
that the maps \j : 7" = T Cc THI, t—ts,and \j : [ = THI, 1+— 1-s, are
well-defined since A} is a constant map and A} is the heap homomorphism on the direct

sum of its modules (see [19, Proposition 3.12] for the direct proof). O

Note that if T is a ring-type truss with absorber 0, then its unital extension 7,

remains to be a ring-type truss with (the same) absorber 0.

The construction in Proposition [5.1.11 may be followed by that of Proposition
thus extending any truss 7' to the unital ring-type truss 7'H {1} B {0} (or a unital
ring with the retract of the heap T'H {1} by 0 as the additive group). Note that
any ring extension of a non-empty truss is an infinite ring, so while any ring can be
interpreted as a truss, only some (and necessarily infinite at that) rings can be obtained
as extensions of trusses. In particular one easily finds that G({1} B {0};0) together
with the multiplication of the ring extension of {1} is equal to the ring of integers.

Presently, we describe other examples of unital and ring extensions of trusses.

Example 5.1.12. Let us consider the ring Z, = {ig, i1}, where iy is the zero and i, is
the identity, and the associated truss T(Z,). In view of the isomorphism ¢ in the proof

of Proposition [1.4.4, the extension of T(Zy) by an absorber is
G(T(ZQ) H {0},0) = {O'U + klo | ke Z,O’ S ZQ},

where u = [iy,19,0], — + — = [, 0, —] and the appearance of ¢ implies the presence or
absence of u. The formulae for addition and multiplication come out as:
(ou+ ki) + (0'u + K'ig) = (0 +(moa 2y o' )u + (k + k")io,
(ou+ kig) - (0'u+ k'iy) = oo’u + kk'ig.

Since T(Zz) is a truss with identity, so is its extension T(Zs)o; the identity is i1 = u + 4.

Example 5.1.13. Let us consider the truss on the heap associated with Z, whose

multiplication is given by a constant ¢, i.e. mn = ¢ for all m,n € Z. We denote this
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truss as Z¢ and describe the ring extension of Z¢. To distinguish elements of Z from the
integer multiplicities, we will use the symbols i,,, m € Z for elements of Z¢. In other

words,

Z¢ =iy | m € Z}, [Pk, Uy im] = Tk—ttms  min = e
By Proposition the heap underlying Z§ = {0} B Z¢ is isomorphic to H(Z & Z).
Following Proposition we choose 0 and i, € Z° as special elements e4 and ep,
respectively, and look at the retract G({0} HZ¢;0) as the Abelian group underlying
the ring Z§. In view of the isomorphism ¢ in the proof of Proposition [1.4.4,

G({0} B Z0) = {0i, + ki. |n € Z\{c},k€Z,0 € Ly},

where — + — = [—,0, —]. The appearance of o simply indicates either the absence or
presence of i,,. The formulae for addition and multiplication in the ring (G({0}HZ¢;0), )

come out as:

(Cin + kio) + (0"t + K'i) = 00" (in—crn +1c) + (1 — 0oy,
+(1=0)o"ip + (k+ k)i,
(oiy + ki) - (0"t + ki) = (00" + ok’ + o'k + kEK')i..
The ring extension of Z¢ can be extended further to make it into a unital truss,

7§, = {0y BZ°@ {1} as in Proposition 5.1.11} The corresponding retract is

G(Z§,;0) ={oin + kic+ 11 |ne€Z\A{c},k,l €Z,0 € Zs}.

The binary operations are as follows
(Cip + kie +11) 4+ (0"t + K'ie +1'1) = 00" (in_cyns + ic) + (1 — 0oy,
+(1—0)o"ip+ (k+k)i.+ (1 + 1)1,
(0ip + Kie + (1) - (04 + K'ie +1'1) = (00" + ok’ + o'k + kK + kI + 1K)i,
+ol'i, +o'li, + U'1.
The retract G(Z§ ,; 0) with multiplication - is a unital ring.

0,u’

Example 5.1.14. Let us consider the cyclic group Cy = {a, b}, where a is the neutral

element, with multiplication given by addition i.e. a-b = a+b = b, etc. One can observe
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that Cy with such operations is a brace, and so there is the associated truss, which we
denote by T(C5). This can be extended to T(Cs)g = {0}BT(C?) as in Proposition[5.1.10]
We choose 0 and a as distinguished elements and, as in the preceding example, we study
the ring structure on the retract G(T(C3)o;0). Note that [b, a,b] = a in T(Cy) yields
the following relation in G(T(Cy)o;0),

b+b=[b,0,0=[b,0,0b,a,a] =[b,a,bl,0,a =[a,0,a] =a+ a.

Taking this into account w set ¢ = [b, a,0] € T(Cy)o, and find that

G(T(C3)0;0) = {ot +na | o € Zy,n € Z}.

The addition and multiplication in the ring G(T(C2)0;0) come out as follows:

(ot +na)+ (o't +n'a) = (0 +(moda2) o)t + (n+1n')a,
1— (_1)J’n+an’
2
We note in passing that since a is the multiplicative identity of the brace Cs, the ring

G(T(C3)p;0) also has identity a.

(ot +na) - (o't +n'a) = t+ nn'a.

A few comments appear to be in order now. Examples|[5.1.12/& [5.1.13|illustrate the

fact that if a truss 7" had an absorber, making the ring extension Ty does not increase the
number of absorbers (this would contradict the uniqueness of absorbers), but replaces
the existing absorber by a new one. The truss Z¢ has absorber 7. which ceases to be an
absorber in Z§ as i.(coi, + ki.) = (0 + k)i.. Similar comment can be made about the
unital extension: if a unital truss 7', with identity e, is extended to T}, then u ceases to
be the identity in T}, as le = el = e by the definition of the multiplication in T},. One
can also notice that the unital extension of the truss generated by a brace is no longer
a truss generated by a brace (the fact that the ring extension is not a truss associated
to a brace is obvious, since 0 is never an invertible element of a non-trivial ring). The
easiest example is adding identity to the truss {*} associated to the trivial brace {0};
{x}, is a ring-type truss which as a ring can be identified with Z. Conceptually this

can be understood by observing that the results of multiplication of any element from
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the truss associated with a brace B and an element from the unital extension that does

not belong to B is an element of B so there are no inverses in T(B),, to elements in B.

Finally, let us observe that the ring obtained from the unital extension of the truss

T(R) associated to a ring R is the same as the Dorroh extension of R [35].

Indeed, we know that T(R), = T(R)EB {1} = H(R® Z), we can choose 0 € R and 1

to be distinguished elements and study the ring structure on the retract
G(T(R)y;0)={r+n|reRnecZ}=R&Z.

Since 0 is an absorber in T(R) it remains an absorber in the unital truss T(R), and we

can write down the multiplication formula as
(T + n) : (r/ + nl) - I:T7 07 n] ' [T,7 07 n,] = [T[T,7 07 nl]? 0[7“/7 07 nl]? n[,r/7 07 n/]]
= [rr',0,7rn/,0,nr",0,nn'] = r’ +rn’ + nr’ + nn'.

This is precisely the multiplication rule for the Dorroh extension of the ring R.

5.2 Universal and minimal extensions to rings

The preceding section introduces the method of extending a truss into a ring. We
consider a coproduct of a truss with a singleton module over the truss, and define a
particular multiplication on the coproduct, see Proposition This multiplication
coincides with the truss multiplication on elements of the truss and assign a role of an
absorber to the singleton. In this section, we further investigate this extension. This

section is based on Part 3 of [34].

5.2.1 Extending to a ring

Let us denote by Ro(7") a ring acquired by taking a zero retract of the truss extension
Ty of a truss T'. The extension Tj is a heap T'H {0}, where {0} is a unique 7-module,
together with the multiplication. The multiplication on the heap is given on generators
T1U{0} by t-t' =t and t0 = 0t = 0, for all ¢, € T. Obviously, T(Ro(T)) = Tp. A

homomorphism of rings ¢ : R — R’ is also a homomorphism of corresponding trusses
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T(p) : T(R) — T(R'). Whenever we write a composition of a truss homomorphism

¢ : T — T(R) with ¢ : R — R', ¢ 0 ¢ we think of T(y) o 1.

Lemma 5.2.1. Let T be a truss. An extension Ro(T') has the following universal
property. For any ring R and a homomorphism of trusses ¢ : T — T(R) there exists
a unique ring homomorphism 3 : Ro(T) — R rendering commutative the following
diagram
T = T(Ro(T))
X 510
T(R),
where vp : T — T(Ro(T)) is given by t — t.

Proof. Let us consider the following commutative diagram of morphisms of trusses:

T(R) (5.2.1)
/ ?55 0
P m@m oy,

where j and ¢y are unique ring homomorphisms from the zero object {0} in the category
of rings. The existence of the unique truss morphism @ : T(Ro(7")) = TH{0} — T(R)

follows by the universal property of the coproduct. Since
$ 0 T(10)(0) = ¢(0) = T(4)(0) = O,
the function @ = T() for some (unique) ring homomorphism % : Ro(T) — R. O

Corollary 5.2.2. A pair (Ro(T'),tr) is a universal arrow, see [24], Section III.1].

The preceding corollary already implies that Rg is a left adjoint to the functor 7T'.

Nevertheless, we present the full proof.

Lemma 5.2.3. Let T be a truss. The truss homomorphism vp : T — Ty has the
following cancellation property. For all truss homomorphisms @, : Tog — U such
that (0) = $(0),

wotip =1 oy implies ¢ = 1.
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In particular, if U = T(R) for a ring R, then for all ring homomorphisms f,q : Ro(T) — R,
T(f)ouvr =T(g) ovr implies f =g.

Proof. Let us consider a truss homomorphism f : Ty — S. One can easily observe

that by the uniqueness of the coproduct map f = (f o ty) B (f o). Thus, because
f(0(0)) = g(w0(0)) and foir = gouir, we get

f=(owr)B(forw)=I(goir)B(gow)=g.

Therefore, f(0) = ¢g(0) and (f o tp) = (g o ¢r) implies f = g.

[]

The universal property of the ring Ro(7") described in Lemma @ gives rise to a
functor Ro(—) : Trs — Ring between categories of trusses and rings. The functor is
given for all trusses T' by 7' — Rq(T"), and for all morphisms ¢ € Hommys (7, U) by
o — Ro(p) := iy o @, where ~ denotes the ring homomorphism induced from a truss
homomorphism via the diagram in Lemma Observe that by Lemma for all
¢ € Homrys (T,U) and ¢ € Hompys (U, V),

T(Ro(¥) 0 Ro()) 0t = T(ty 0 9) 0 T(ig 0 @) 0ty = T(ty 0 ) 0 15y 0
=tyopop= T(Lvﬁ @) oty = T(Ro(p o)) oup.

Lemma [5.2.3 implies that

Ro(%) o Ro(¢) = Ro(¥) 0 ¢).

Thus the composition is preserved by the assignment. One can easily check that

identity morphisms are preserved. Hence, Rj : Trs — Ring is a functor.

Proposition 5.2.4. The functor Ry is a left adjoint to the functor T.

Proof. For all trusses T" and rings R let us consider the functions
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ar g : Hompging (Ro(7"), R) — Homrys (7', T(R)), fr—T(f)our

We will show that these functions define a natural isomorphism of bifunctors « :

HOHIRing (Ro(—), —) — Hommyg (_7 T(_))

~

Let us consider a map ailR : Hompys (T, T(R)) — Homging (Ro(T), R), f +— f,
then

—

arroarg(f) =T(f)our = f,
arroapp(f) =T(f)ow = f,
where both equalities follows by the Lemma [5.2.1. Thus oy g is a bijection.

For naturality, take any rings R, S and trusses 7', U and consider homomorphisms

f:Ro(T)— R, p:U—Tand g: R— S. Then
avg(foirop)=T(foirop)ow =T(f)ouwop=arg(f) o,

by Lemma [5.2.1.
Similarly,

ars(go f)=T(go f)owr =T(g) o arr(f),

as T(g) = g as functions. Therefore o in a natural isomorphism and the extension to

rings functor Ry is the left adjoint to T. O]

5.2.2 Minimal extensions to rings

An extension of a truss 7" into a ring R is a triple (T, R, nr g), where np g : T'— T(R) is
an injective homomorphism of trusses. The universal property in Lemma [5.2.1) allows us
to extend 7y g to the ring homomorphism from the extension Ro(7"), 7. : Ro(T) = R.
Now, with a ring homomorphism we can consider a kernel. Since kernel is an ideal, we
can classify extensions of a truss 7" into rings by considering the ideals in Ry (7)), i.e.
for all rings R, we can consider ker(7r g). This observation is used to introduce a small

extensions of trusses into rings. Moreover, we identify a particular small extensions
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called minimal. Minimal extensions are universal in the sense that if minimal extensions

exist, then they are unique up to isomorphism.

Definition 5.2.5. Let T be a truss, R a ring and let ng : T'— T(R) be an injective
homomorphism of trusses. We say that R is a locally small extension of T' if there is no

subring S C R such that ng(7) C S.

Proposition 5.2.6. Let T' be a truss and R be an extension of T into a ring with

injection ngr : T — T(R). Then R is a locally small extension if and only if R =
Im(7r) = Ro(T')/ ker(7r).

Proof. Let us assume that R is a locally small extension of 7" with ng : T — T(R).
By Lemma m 5.2.1| there exists a unique ring homomorphism 75 : Ro(T) — R such that
T(7g) © tr = nr. Consequently, S = Im(7z) is a subring of R such that n(T) C S, and
hence S = R, by the local smallness of the extension R. The first isomorphism theorem

for rings yields the required isomorphism.

In the converse direction, let R = Im(7z) (or, equivalently, R = Ro(T)/ ker(7z))
and suppose that there is a subring S of R such that nr(T) C S. Let j : S —— R be
the inclusion ring homomorphism and let g : T — S be given by T'(j) o ng = ng. All
these maps together with the corresponding ring homomorphisms 7z and 7ng can be

fitted in the commutative diagram:

Ro(T)
\T(S
"N 1) l T(r)
T(R).

Hence j o g = i, which implies that R = Im(7z) € S, that is, S = R. Therefore, R

is a locally small ring extension of 7. O

Remark 5.2.7. Proposition indicates that a locally small extension of a truss T

into a ring is not necessarily unique (not even up to isomorphism) and also provides
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one with a method of constructing such extensions. One needs simply to take any ring
R which embeds T as a sub-truss of T(R) via an inclusion map, say, g, construct the
corresponding unique ring homomorphism 77z : Ro(7T') — R. The ring S = Im(ng) C R
together with the corestriction of ng to S is the required locally small extension (note
that nr(T) C S, since Ng ot = ng). The form of the ring map 7z : Ro(T) — R can

be easily worked out by inductive arguments. Explicitly,

nr : ([a,0,e,0,e,...,0,€]) — nr(a) + kng(e).

e appears k—times

In particular, the map 7 corresponding to the canonical truss inclusion vp : T — Ro(T)
is equal to the identity map, and hence Ro(7T') is a locally small extension of 7. In view
of Proposition all other locally small extensions in T" correspond to suitable ideals

in RO (T) .

Example 5.2.8. The pair (Q,tg), where g : 2Z+1 — Q, 2k +1+—2k+ 1is an
extension of 2Z 4 1. The ring Q is not locally small because Im(tg) C Z and Z is a

subring of Q.
Example 5.2.9. For any integer r > 2 or r = —1 consider the sub-truss of T(Z),
T.=r(r=0DZ+r={r((r—1)k+1) | k€ Z}.

Note that the multiplication in T, is well-defined since r? is congruent to r modulo
r(r — 1). This truss naturally embeds in T(Z), with the embedding 1 : n —— n. The
map 7 induces a homomorphism of rings 7 : Ro(7}.) — Z, which in view of Remark
reads

A — Dk +7,0,,0,7,.,0,¢]) = r((r — 1)k +1+ 1),
—
r appears [—times

for all k,1 € Z,0 is the attached absorber (not zero of Z), and where [ denotes the length
of the tails. A good choice for tails is to choose the zero of Z and the absorber. Hence
the ring rZ = Im(7) is a locally small ring extension of 7,.. Since Im(77) C Z, Z is not a

locally small extension of 7, for all r # —1.

Lemma 5.2.10. An image Im(cr) is a paragon in Tp.
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Proof. Since T is a two-sided truss spanned by 7' {0}, and Im(c7) is a T-submodule
of Ty, it is enough to check that Im(cr) is closed under induced actions of 0. For all

t,t" € Im(tr), we have that
0>t = [0¢,0t,¢] = [0,0,t] =t € Im(ey) & ¢, <0=1[t0,t0,¢] =[0,0,t] =t € Im(e7).

Hence, Im(¢r) is a paragon in Tj.

]

Remark 5.2.11. As indicated in Remark locally small extensions of a truss 7T’
correspond with ideals I in Ro(T"). By Lemma tr(T) is a paragon in Ro(7") and
thus

(T) :=72(t1(T)) = {[s,t,0] | s € T}

is an ideal in the extension Ro(7"). To ensure that the composite map
T——1(T)—Ro(T) —=Ro(T)/ I,

is an injective map, we need to require that I intersects trivially with I(7"). In summary,

we can state.

Remark 5.2.12. The definition of I(T") does not depend on t, as [s,t',0] = [[s, ', t],,0].

Lemma 5.2.13. Let T be a truss, I be an ideal in Ro(T') and w : Ro(T) — Ro(T)/1
be a canonical epimorphism. Then Ro(T')/I is a locally small extension of T into a ring
with an injection

motp T — Ro(T>/I
if and only if I NI(T) = {0}.
Proof. Let us assume that Ro(7")/I is a locally small extension of 7" with an injection

mour: T — Ro(T')/1, and that I NI(T") # {0}. Then there exists a € I NI(T) \ {0}
and there exist ¢,t € T, t # t', such that [t,#’,0] = a by the definition of I(T"). Hence,

7(0) = m(a) = w([t',£,0]) = [x(t'), 7 (t), 7 (0)] & m(t) = = (t)
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and 7o 1p(t) = 7(t) = w(t') = wotp(t’), but 7o vy is injective, so t = t’ and a = 0.
Thus, I NI(T) = {0}.

In the opposite direction. Let us assume that INI(T) = {0}. If moup(t) = moup(t'),
then [m(t),n(¢'),0] = =([t,#,0]) = 0, by the injectivity of ¢y. This implies that
[t,t,0] € INLT), sot =1t and mor is injective. The extension Ro(7")/I is locally
small by Proposition |5.2.6, as Toir=Tmoup. O

Lemma 5.2.14. Let T be a truss, then R(T;e) = (G(T, +.), ), where for all a,b € T,
aeb=/[ar,beb,be|l=][a.aba.ee]=ab—,aec—,eb+, e, (5.2.2)

for a fixred e € T, is a ring.

Proof. In order to avoid unwieldy expressions that are too hard to read with ease,
in what follows we will suppress the indexes e in expressions for products, sums and
actions, and keep them only in places where an action induced by a different element

appears.

First we check the equality of two expressions for e in equation ((5.2.2). This follows

by the fact that 7" is an Abelian heap,
[a>b,e> b, e] =[ab,ae, e, eb,e?, e, e] = ab, eb, e, ae,e® e,e] = [a < b,a<e,e].

As a consequence of this equality the operation e is a binary operation on 7" in both
cases; if T is left-closed we use the left actions and when T is right-closed we use the

right ones.
The distributive law for e over + follows by the distributive laws of actions, by the
absorption rules and the fact that T is abelian. Explicitly, for all a,b,c € T,
ae(b+c)=aelbec]=[ar>[bec]|e>[bec],e
=la>bearcenbeerc,el
=la>berbarceeedcel

=la>berbeea>cercel=aeb+aec.
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The right distributive law follows by symmetry through expressing the multiplication e
in terms of the right induced action. Finally, the associative law for e is a consequence
of the possibility of expressing of this operation in two different ways in ([5.2.2) and the
bimodule associative law in Definition Explicitly, for all a,b,c € T,
ae(bec)=lar (bec),er (bec),¢]
=larbacarbaeareerbacerbaeede,e

=larbacarbaeeerbacerbde
On the other hand,
(aeb)ec=[(aeb) <c (aeb)<e,e
=larbacerbacedc,arbaeedbeede,e]

=larb<acerbacea>bdee>b<e]

=larbacarbaeeerbacerbae=ae(bec),

as required.

Lemma 5.2.15. Let T be a truss. Then R(T;e) = I(T).

Proof. Obviously, T(R(T;e)) = T is a sub-heap of Ty, 70 : T(R(T;e)) — I(T) is an
isomorphism of heaps and 7°(e) = 0. Moreover, for all a,b € T

72(a) - 72(b) = [a, e, 0][b, e, 0] = [ab, eb,0, ae, e*,0,0] = [ab, eb, €2, ae, 0]

€ €

= [ab,eb,e* ae,e,e,0] = [a o b, e,0] = 70(a ®b),
where the second equality follows by distributive laws, third and forth by Mal’cev
identities. Thus, since 72 is an isomorphism of heaps which preserves neutral elements

of retracts and multiplications, 70 is the isomorphism of rings. O

Corollary 5.2.16. For all p,p’ € T, R(T;p) and R(T;p') are isomorphic rings.

Proof. Observe that for all p € T R(T;p) = 79(T), thus

R(T;p) = 7)(T) = 7,(T) = R(T;p'),

p

for all p € T ]
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Lemma 5.2.17. Let T be a truss with finite exponent N € N, then the sub-heap
In = {[0,e,0,e,...,0,¢,0],[e,0,e,0,...,¢e,0,e]| E =nN, n € NU{0}} C Tj is an

e appears k—times e appears k—times

ideal.

Proof. 1t is easy to check that Iy is a sub-heap of Tj. Let [e,0,...,¢] € Iy be an
element of length 2h N + 1 for some h € N. Then for all t € T,

0[e,0...,e] =0€ Iy & [e,0...,e]0 =0 € Iy,

tle,0...,¢e] = [te,0,... te] = [[te,0,... te],le, ..., €] €]
—_———
2hN—1
= [[te,e,... te],[0,e,...,0],e] = [e,0,...,0,¢] € Iy,

[e,0...,¢e]t =[et,0,... et] =[[et,0,... et],]e, ... el €
—_———
2hN—1
= [[et,e,... et],[0,e,...,0],e] =[e,0,...,0,¢] € Iy.

Thus, elements of the form [e,0. .. ] are closed under multiplication by generators of
To. Now, since [0,¢,0,¢,...,0,¢,0] = [0,[e,0,¢,...,0,€],0] and Iy is a sub-heap of T’
Iy is an ideal in Ty. Thus G(Ix;0) is an ideal in Ro(7T). O

In the hierarchy of locally small extensions of a truss 7" one can distinguish those

that are particularly close to T'.

Definition 5.2.18. A locally small extension (5,ng) of a truss T is called a small
extension provided ng(I(T)) is an essential ideal in S, i.e. for all ideals {0} # I < S,

ns(L(T)) N1 # {0}.

Corollary 5.2.19. Let T be a truss such that the (any) retract G(T;e) has a finite

exponent. Then the extension Ro(T) /Iy is a locally small extension of T.
Proof. 1t follows straight forward by Lemma [5.2.13, O

Taking into account the explicit form of the induced ring map 77/5 described in

Remark one immediately obtains the following characterisation of small extensions.
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Lemma 5.2.20. Let T be a truss, e € T and let (S,ns) be a locally small extension
of T. Then (S,ns) is a small extension if and only if, for all ideals {0} # J < S there
exists a € T such that a # e and ng(a) — ns(e) € J.

Proof. Let (S,ns) be a small extension of T. Then for all {0} # J < S there exists
j € I(T) such that n5(j) # 0 and 75(j) € J N7s(I(T)). Thus there exists a € T such
that j = [a, e, 0]. Hence,

ns(a) = ns(e) = ns(a) — ns(e) = ns(la, e, 0]) = ns(j) € J.

In the opposite direction. If a # e, ng is injective and ng(a) — ns(e) € J, then

ns(a) —ns(e) = ns(a), ns(e), 0] = [s(a), Gs(e), ns(0)] = ns([a. e, 0]) # 0 € J.
Thus, since 75([a, e, 0]) € s(I(T)), we get that 75([a, e,0]) € JNns(I(T)), and 7s(1(T))
is an essential ideal in S. [l
Example 5.2.21. Let T, be the truss defined in Example [5.2.9. Consider the locally

small extension 7 : T, — T(rZ), n — n (with e = r). Since rZ is a principal ideal

domain, all ideals in rZ are of the form I, = ¢grZ, for a non-negative integer ¢g. Then

I; 2 qr(r—=1)=n(r(r—1)qg+r)—n(r),

and hence rZ is a small extension of 7.

There exist locally small extensions which are not small extension. As we observed
in Remark Ro(T) is a locally small extension of a truss 7' that usually is not
small. For example if 7' = T(R), for some ring R with a zero Og, then tz(R)j, C Ro(T)
and clearly tg(R)j is not an essential ideal in Ro(7"). Similarly, if (R, +) has a finite

exponent V.

Finally we look at extensions which are at the bottom of the hierarchy of locally

small extensions.

Definition 5.2.22. Let T be a truss and (S, 7ng) be a locally small extension of 7" into
a ring S. Then we say that (S,7ns) is a minimal extension if for all ideals I C Ro(T)
such that I NI(T) = {0}, I C ker(7s).
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Lemma 5.2.23. A minimal extension of a truss is unique up to isomorphism.

Proof. Let (S,ng) and (S',ns/) be two minimal extensions of a truss 7. Then ker(7g) €
ker(17g) and ker(7g) C ker(7s), so ker(7s) = ker(7s), and isomorphism is given by the

first isomorphism theorem for rings. ]

Example 5.2.24 (Minimal extensions exist). Let "= T(R) for a ring R, and let us fix
an element O € T(R), then R is a minimal extension of T(R) to a ring. Observe that
the ring homomorphism 7 : Ro(7") — R induced from the identity map n: R — R is
onto. Moreover, the composition T(7) oty : T(R) — T'(R) is an isomorphism. Therefore

R is a minimal extension of itself to a ring.

Observe, that if (S,7s) is a small extension, then it is a locally small extension.
Analogously, every minimal extension is a small extension. This easily follows by the

definitions of locally small, small and minimal extensions.

Lemma 5.2.25. Let (S,ns) be an extension of a truss T with at least two elements
such that S is a domain. If (S,ng) is a small extension, then (S,ns) is a minimal

extension.

Proof. Let I be an ideal in Ro(7") such that I NI(T") = {0}, then 0 € /. By Proposition
1.4.1 there are only three types of words in Ro(7") that can be in I,

[tl,tQ,O], [t10,t2,0,...,tn] and [O,tl,O,...,tn,O] for n € N and t1,...,th € T.

As the intersection is empty and [t1,¢,0] € [(T),
[t1,4,0] € T < t; =t.
Since 0 € I Nker(7g),
[t1,0,82,0, ..., t,] € ker(7s) <= [0,1,0,...,t,,0] € ker(ns),

[t1,0,12,0,...,t,] € I < [0,t1,0,...,t,,0] € I.
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Thus, if [t1,0,29,0,...,t,] € I, then for all t £¢ € T,
[t,¢,0][t1,0,t2,0, ..., t,] = [[tt1, t't1, tto, t'ta, ..., tt,], t't,, 0] € INTL(T) = {0}.
Hence,
ns([t, 1, 0][t1,0,t2,0, ..., t.]) = ns([t, ', 0)ns([t1,0, 12,0, . .., t,]) = 15(0) = 0.

Since S is a domain, ﬁ;(t) = 77/5(15/) or n/g([tl, 0,t2,0,...,t,]) = 0. Therefore, since ns is
injective on T', and t # ', we get that [t1,0,12,0,...,t,] € ker(ng). Thus I C ker(ng),

and (5, ng) is a minimal extension. O

Example 5.2.26. Let us consider the T, = r(r — 1)Z +r, for r = =1 or r > 2 of
Example [5.2.9. By Example [5.2.21| T, — T(rZ) is a small extension and since rZ is a

domain, rZ is a minimal extension of 7). by Lemma [5.2.25
Example 5.2.27 (Small but not minimal extension). Let p be a prime number and

— 1 Zp
(%)

with the usual matrix multiplication and the heap structure arising from the matrix

addition. For e = (é (1)>, the extension Ro(7") can be identified with

consider the truss

RO(T):{CZ; %) |mez,aezp},

a Dorroh extension of the ring Z, with zero multiplication. With this identification,
vp : T'— Ro(T) is the obvious (set-theoretic) inclusion map, and the corresponding

ideal I(T") of Ro(7) comes out as

I(T) = (8 ZOP> |

For all n € N, let us define injective truss homomorphisms

1 «a

N 2 T — T(Zpn+r), <0 )

> — (1 —ap™) (mod p"*h).
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The universally constructed ring homomorphisms are

m a
0 m

Mot Ro(T) — Zpn+, ( ) — (m —ap™) (mod p™*1).

Each of the maps 7, is onto so the extensions 7, : T" — Z,n+1 are locally small.

Furthermore, since for all n, the ideals
M.(I(T)) = {ap™ (mod p"™) | a € Z,},

are essential in Zyn+1, all these extensions are small. By the uniqueness of the minimal
extensions at most one of them could be minimal. Thus we obtain an infinite family of

small extensions that are not minimal.

Remark 5.2.28. In |36, K.I. Beidar] introduced and investigated maximal essential
extensions of rings, see Definition In contrast, in this chapter we consider small
and minimal extensions of trusses. These can be interpreted as essential extensions
of rings if we consider ring-type trusses, see Lemma . We consider a truss T(R)
associated with a ring R. Then all extensions of a truss T(R) are extensions of a ring R.
Sadly, in this case minimality trivialises, as every ring is a minimal essential extension
of itself. The issue is how a truss is assigned to a ring. We introduce another approach.
Let us consider a ring S and its extension E. Let us assume that S is a subring of £ and
that there exists an idempotent a € E'\ S, i.e. a* = a, such that aS = S = Sa. For any
ring S we can consider such an extension, for example, by taking a Dorroh extension,
the unitalisation of a ring. Then with every S we can associate a truss a + .5, a coset of
the underlying normal subgroup of S in E. This is a truss and R(a + S;a) = S, see the
definition of the ring operation in Lemma [5.2.14. Now, by Proposition [5.1.10 we can
construct a ring Ro(a + 5). Since F is an extension of a + S into a ring, by Lemma
, I(a +S) = S. Thus for any extension of a truss a + S into a ring E’, we get
an extension of a ring I(a +5) = S. If ' is a small extension, then E’ is an essential
extension of I(a + 5), see Definition Moreover, if we assume £’ is minimal we
get some kind of a unique extension in some particular class of extensions of ring S, a
subclass of essential extensions. It seems that additional properties of the idempotent a

have a special meaning here. Observe that in the case of a truss associated with Dorroh
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extension, in this way, we get some kind of a “minimal essential unital extension”. This
approach works for any ring S. We conclude this remark with a small example, in this

setting, the minimal essential extension of a ring 2Z by Dorroh extension is Z.
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Chapter 6

On the categories of modules

This chapter is focused on the categories of heaps and T-modules. Let T" be a truss
and R be a ring. We study functors among categories of Abelian heaps Ah, R-modules
R-mod, T-modules T-mod and unital T-modules 7T3-mod. Modules over rings will
only appear in Section [6.2. There are three aims of this chapter. First, to establish
connection between categories T-mod and (7),);-mod, where T, is the unital extension
of a truss T from Proposition [5.1.11. Second aim is to describe a free object in T-mod.
Third aim is to construct a tensor product for appropriate bimodules, and heaps. By
accomplishing all the aims we will achieve a necessary background to introduce a Morita

theory for trusses.

In Section [6.1, we show that a category T-mod of modules over a truss 7' is

isomorphic with a category (7;,);-mod of modules over a unital extension T,,.

In Section [6.2, we introduce the definition of a free unital T-module. Further,
we study connections between free modules over a ring R and free module over an

associated truss T(R).
In Section [6.3] we construct and study tensor product of bimodules over trusses.

Sections [6.1]and (6.3 are Sections 2.5 and 4 of [33], respectively. Section [6.2]is Section
4 of [19].

155
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6.1 Unital trusses and trusses

Recall from Proposition [5.1.11| that by 7, we denote the truss 7'H {1}.

Proposition 6.1.1. Let T be a truss. The heap homomorphism vr : T — T, t — t,
is a morphism of trusses. Furthermore, if S is a unital truss, then for every morphism
of trusses f : T — S there exists a unique morphism of unital trusses f : T, — S,

such that foup = f.

Proof. Let us assume that S is a unital truss and that f : 7" — S is a truss homo-
morphism. If we consider the heap map n : {1} — S, 1 —— 1g, then there exists
a unique morphism of Abelian heaps f : T H {1} — S such that fou = f and
fo tiiy = 1. We claim that f is a morphism of unital trusses. Unitality follows by
definition, since f (1) =n(1) = 15. To check multiplicativity pick two symmetric words
la1, a9, a3, ..., asy, asgkr1] and [by, ba, b, ..., bop, bop 1] in T H {1}, where the symbols

a;,b; belongs to T'U {1} for all 4, j. Since we have that

f([ah a2, a3, . .., A2k, a2k+ﬂ : [51, by, b3, ..., bap, b2h+1]> =

= f([(al . b1>, (a1 . bg), ey (a1 . b2h+1>, (CLQ . bl), N (CL,‘ . bj), ey (a2k+1 . b2h+1>])

= |:f(a1 . bl), f(al . bg), Ce ,f((ll . b2h+1)7 f(a2 . bl), ey f(a, . bj), ceey f(ang . b2h+1)

Y

it is enough to check that f is multiplicative on a product a - b where a,b € T U {1}.

Now,
FL-1) = F1) = 15 = 1s-15 = F(1) - F(1) abe{1)
Faop = JHE D = 70 = )15 = 0 F) aeTbe (1)
fa-n=f=1s-fO)=f1)-f¢&) ac{lhbeT’
f-1) = @) = f@t') = f(t) - f(t) = f(t) - f(¥') a,b€T
that is, f(a-b) = f(a)- f(b) for all a,b € T {1} and the proof is complete. O

Theorem 6.1.2. Let T be a truss. Any T-module M is naturally a unital T,,-module.
This induces a functor Ey : T-mod — (T,,)1-mod which is the inverse of the restric-
tion of scalars functor Sy : (T,);-mod — T-mod along the truss homomorphism

vr T — T,. In particular, we have an isomorphism of categories (T,);-mod = T-mod.
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Proof. Observe that to equip an Abelian heap M with the structure of a T-module is
the same as to define a truss homomorphism py, : T — E(M), see Example [2.1.14
and Remark [1.1.3. Since E(M) is unital with unit 15/, p extends uniquely to a unital
truss homomorphism py, : T, — E(M) by Proposition , making of M a unital
T,-module. Let f: M — N be a morphism of T-modules. To check that it is T),-linear

as well, observe that f is T,-linear if and only if the following diagram commutes

M 22 Ah (T, M)
fl \LAh(Tmf)

where gy (m) : 2 — pp(2)(m) and Ah (T, f) : g — f o g. Therefore, we are led to
check that, for all m € M,

f o oa(m) = on(f(m)) (6.1.1)
as heap homomorphisms from 7, to N. However, since
(£oom(m) o) (1) = f(en(m) ey (1)) = (P (eiy(1)(m)) = f(m)
= pn(ey (W) (f(m) = (en(f(m)) o 1y (1),
(f 0 our(m) o vr) (1r(8) = £ (e (m) (er()) = £ (Bar (e (£) (M) = f (par(t)(m))

= pn(t) (f(m)) = pn(er(t))(f(m)) = (en(f(m)) o v1) (1),
for all t € T', it follows by the universal property of the direct sum that holds.
Summing up, there is a fully faithful functor
Mv— M
f—f

Now, if (M, pas) is a T-module and we consider its unital extension (Ei(M), par), then

E; : T-mod — (7,);-mod, {

the restriction of scalars functor Sy endows E; (M) with the T-module structure given
by the composition

T 2 T, 2 B(M)
which coincides with py; by definition of gy;. The other way around, if (N, py) is a
unital 7;,-module and we construct the unital extension E;(Sr(N)) of the T-module
(S7(N), pnv) obtained by restriction of scalars along vr, then this is given by the unique

unital extension of py = pyorr and the latter has to coincide with py by uniqueness. [
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As a matter of notation, in the future, we will often omit to specify the functors Sy

and E;, unless their presence would increase the clarity of the exposition.

6.2 Free modules

Throughout this section 7' is a unital truss. By the preceding section we know that
the categories T-mod and (7),);-mod are isomorphic. Thus, we can narrow our
consideration to unital modules over unital trusses, keeping in mind the construction of

the functor St : (T,);-mod — T-mod.

Let X be a set. For every z € X, let us define the unital left T-module
Tex:={te|teT}, [te, t'x, t"x] == [t, ¢ "]z, t-(t'zx) = (t")z,

i.e. Tz is a T-module generated by x that is obviously isomorphic to T (as a left module).
By convention 1z is identified with x, so that we may view z as an element of T'xz. Now

we can consider the direct sum module

From Proposition and the construction of the coproduct of modules we observe

that every element of 7% can be written as
[tlxla s 7tn$n7 ki1xi17 ey kin/xin/]

where {i1,...,in} C{L,....,n}, t; €T, k; € Z, x; € X, kjx; = [v;,e,xj,e,...,x;] and

x; appears kj;—times
Tt
n+ . k; is an odd number, for any fixed e € X. Moreover one can observe that there
J=i1
are isomorphisms of heaps

TX >y (G (Te;e) & ( D (GCTzz)aG (’H({x}),x)))>

zeX\{e}

§H(G(T6;e)@( F (G(Tx;x)@Z))),

zeX\{e}
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analogous to those found in Proposition and Corollary [1.4.6l Although the
T-module structure of 7% can be transferred to the right hand side through this
isomorphism, the form of the transferred action interacts nontrivially and often in a
not necessarily illuminating manner with the direct sum of groups (compare in

the case of two modules).

Following the categorical idea of freeness (see e.g. the universal property in Lemma/|l.3.1])
let us fix set X and consider inclusion tx : X — T, given by tx(z) = 1z, for all
x € X. Then, for any unital T-module N and any function ¢ : X — N we obtain the

following commutative diagram

where the unique T-module morphism ¢ is defined by
p:T* — N,

[tl.fll'l, Ce ,thEn, k’il.flfil, cey kin/xin/]

— [tlgo(xl)a s 7tn90($n>7 khgp(xh)v SR 7]{2',1/90('%1'”/)]7
where k;jo(z;) = [p(x;), o(e), o(x;), p(e), ..., ¢(x;)]. Since this is the universal property
characterising a free object in the category of unital modules over 7', 7% is the free

unital T-module on X, as expected.

Following the usual ring-theoretic conventions we can formulate

Definition 6.2.1. A unital T-module is said to be generated by a set X, if there exists
a T-module epimorphism 7% — M. It is said to be finitely generated if there exists
finite X that generates M. M is a (finitely generated) free T-module if it is isomorphic
to T, for some (finite) X.

As in the case of modules over a ring, one can try to characterise free modules by

the existence of a basis.
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Definition 6.2.2. Let M be a left T-module and let X be a non-empty subset of M.

Let, for all x € X, o, denote the left T-module homomorphism
oy T — M, t— tx.

(1) We say that the set X is free if, for all finite subsets S of X, the map EE’SO'x is a
re

monomorphism.

(2) A free set B is said to be a basis for M if the map ?Bam is an epimorphism.

Lemma 6.2.3. If X is a free subset of M, then, for all finite non-empty proper subsets
Yof X andallz € X \Y,

0(T) N ( M ay) (8T) = 0.

yey Y

Proof. Set V = EﬂyT and oy = Eﬂyay, and suppose that there exist m € M, t € T and
y y
v € V such that 0,(t) = oy(v) = m. Take any v" € V. In view of Proposition the

words :tvv”: and :wtv”: are different, but

(o, Boy)(:tov:) = [0,(t), oy (v), 0y (V)] = [m, m, oy (V)] = oy (V'),
(0, Boy)(wtv:) = [oy(v),0.(t), 0y (V)] = [m, m, oy (V)] = oy ('),
which contradicts the assumption that o, H oy is a monomorphism. O

The statement of Lemma is in perfect categorical accord with what might
be expected of a free or a linearly independent set. Just as in the case of modules or
vector spaces, the intersection of the module spanned by any finite subset of a free set
with a cyclic module generated by an element from within the free set but without this
subset is the zero module, i.e. the initial object in the category of modules, so is the
corresponding intersection in the case of modules over a truss — the empty set, i.e. the

initial object in the category of such modules.

Lemma 6.2.4. Let M be a left module over a truss T'. Then M is a free T'-module if

and only if M has a basis.
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Proof. If M has a basis B, then HEIB% is an epimorphism. Since all elements of 72
xe

have finite length, i.e. every element belongs to %T for a finite subset S of B, and for

all such subsets EEHSJI is one-to-one, then so is BEHBJI' Thus EHBJI is an isomorphism,

and hence M is free.

In the converse direction, since M is free there exist a set X and a left T-module
isomorphism O : EEXTx — M. For all x € X, let e, = O(z) € M, and let

B ={e, | z € X}. Since © is a homomorphism of T-modules, for all t € T,
O(tx) =tO(x) =t - e, = 0., (t).

Since X is isomorphic to B, by the universality of direct sums there is a T-module
isomorphism ¢ : %T — 7% and thus we obtain the following commutative diagrams,

for all e, € B,

©
T BT T
B
B e,
ey ex€B o
M.
Thus HﬂBaez is an isomorphism, and hence B generates M. Since EE’BO'eI is a monomor-
er € ez €

phism on %T, it is a monomorphism on each finitely generated submodule of %T, in
particular EESer = EEBUe;JBaT is a monomorphism for all finite subsets S of B. Hence
ez € ez € S

B is a basis for M.

]

The forthcoming Lemma [6.2.6 clarifies when a module over the truss associated
to a ring is a module over this ring. Before we state this lemma, however, we make
an observation about a striking difference between free modules over a ring and free
modules over the associated truss. We note, in particular, that the functor T does not

preserve freeness.

Example 6.2.5. Let us consider the module T(Z,, ® Z,,) over T(Z,), for any n > 1.
Suppose that T(Z,, & Z,) is a free module, i.e. that it is isomorphic to a direct sum of
k-copies of T(Z,). By Proposition [1.4.4, if k£ > 1 then such a direct sum would be an

infinite set, so it cannot be isomorphic to a module built on a finite set. Thus k = 1,
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and simple element counting forces n = n?, which contradicts the assumption that
n > 1. Thus T(Z, ® Z,) over T(Z,) is not free, despite that fact that Z, ® 7Z, is a free

Z.,-module.

Recall that an element e of a T-module M is called an absorber, if t - e = e, for all

t € T. The set of all absorbers of M is denoted by Abs(M).
Lemma 6.2.6. Let T be a (unital) truss and R a (unital) ring.

(1) The assignment:

Abs : T-mod — T-mod, M — Abs(M), ¢ +— o,

is a functor.

(2) Let M be a left module over T(R). Then:
(i) Abs(M)={0-m |m € M},
(i) M =T(N) for some module of N if and only if Abs(M) is a singleton set.
(8) Let N, N’ be left R-modules. Then N is isomorphic to N' if and only if T(N) is
isomorphic to T(N') as T(R)-modules.

(4) Let M be a (unital) T(R)-module. Then G(M/Abs(M); Abs(M)) is a (unital)
R-module. We denote this R-module by M.
(5) The assignment
(—)abs : T(R)-mod — R-mod,

M — Mays, (p: M — M) — (paps : T = o(m)),

is a functor such that, for all R-modules N, T(N)aps = N.
(6) The functor (—)aps is the left adjoint to the functor T.

(7) The functor (—)aps preserves monomorphisms.

Proof. (1) The distributive law over the heap operation in a 7T-module M ensures

that Abs(M) is a sub-heap of M. That Abs(M) is closed under the action follows
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immediately form the definition of an absorber. Since morphisms of 7-modules preserve

the T-action they also map absorbers into absorbers.

(2) (i) Since 70 = 0 in T(R), all elements listed are absorbers. If e is an absorber,

then, by the absorption property 0 -e = e.

(2) (ii) If M = T(N), then, by distributive laws for modules over rings 0 is an
absorber in M and 0-m =0 € M, for all m € M, which implies that 0 is the unique
absorber of M. In converse direction, by (i) we know that the unique absorber is
e = 0-m. Then one easily checks that G(M;e) with the original action of T(R) on M
is a left R-module.

(3) Since T is a functor, if N = N’ then T(N) = T(N’). Conversely, since, by
statement (2) both T(N) and T(N’) have unique absorbers (they are neutral elements
for addition), and a morphism of modules over a truss maps absorbers into absorbers
(cf. statement (1)), any morphism of T(R)-modules T(N) — T(N') is automatically a

morphism of Abelian groups and hence R-modules.

(4) Since Abs(M) is a submodule of M by assertion (1), M/Abs(M) is a T(R)-
module with an absorber Abs(M). There are no other absorbers in M /Abs(M), since
M /Abs(M) is a module of T(R), by statement (2)(i) all its absorbers have the form
0-m =0-m = Abs(M). Thus, by statement (2)(ii), G(M/Abs(M); Abs(M)) is a left
R-module. The unitality condition is provided by the unitality of the T(R)-module M.

(5) The function paps is well-defined by statement (1), as ¢ maps absorbers to
absorbers. By the same arguments as in the proof of statement (3) @aps is & homo-
morphism of R-modules. Since Abs(T(N)) = {0}. The elements of T(N)/{0} are all
singleton subsets of N, T(N)/{0} = {{n} | n € N}, and the stated isomorphism is

simply {n} — n.
(6) Let N be a left R-module and M a left T(R)-module, and consider the maps:
Ou,n - Homp (Maps, N) — Homp(g) (M, T(N)), @ — [m — p(m)],
O v : Homp(g) (M, T(N)) — Homp (Maps, N), Y — [m — ¥(m)],

that are clearly mutual inverses. While O, y is obviously well-defined, we need to estab-
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lish whether the definition of @JT/[{ n does not depend on the choice of the representative.
Suppose that m’ and m belong to the same class. In view of the description on Abs(M)
in (2)(i) this means that there exist v,w € M such that [m,m’, 0v] = Ow. Applying 1
to this equality and using the fact that v is a homomorphism of T(R)-modules we find
that [¢(m),¥(m'), 0 (v)] = 0y(w). Both 0¢(v) and 0¢(w) are absorbers in T(NV), but,
by (2)(ii) there is exactly one absorber in T(N), so 01(v) = 01(w), and we conclude
that ¢(m) = ¢(m’). Thus the definition of ©};  does not depend on the choice of the

representative in the class of m. Checking the naturality of ©,; y is straightforward.

(7) Let ¢ : M — M’ be a monomorphism of T(R)-modules. Assume that @aps(@) =

©abs(b), then ¢(a) ~aps ©(b), and there exist w, z € Abs(M) such that

p(2) = [p(a), 0 (b), p(w)] = ¢ ([a, b, w]).

Since ¢ is one-to-one, [a,b,w] = z € Abs(M), i.e., @ = b. Therefore, paps is a

monomorphism, as required. ]

With the help of Lemma [6.2.6 we can prove the main result of this section, which

explains the interplay between the freeness and the functor T.

Theorem 6.2.7. Let R be a unital ring.
(1) For a left R-module N, T(N) is a free T(R)-module if and only if N = R.
(2) If M is a free module over T(R), then Mays is a free R-module.
Proof. (1) If N = R, then T(N) = T(R) by Lemmal6.2.6](3) (or simply by the fact that

T is a functor). In the opposite direction, assume that there exists a set X such that

T(N) = zEﬂXT(R)a:. By Lemma [6.2.6] (2)(ii), xEEXT(R)x must have exactly one absorber.

This is the case when X is a singleton set, which yields the isomorphism N = R by
Lemma m (3). If X has more than one element, then there exist x,y € X such
that  # y and thus Oz # Oy € xEHXT(R)x are different absorbers, which contradicts
statement (2)(ii) in Lemma [6.2.6.
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(2) Assume that M = EEXT(R)m, for some set X. By Lemma [6.2.6] (6), (—)aps has
TE

a right adjoint and thus it preserves coproducts, so that

MAbs = (I?XT(R)J,’)A]DS = @ (T(R):L‘)Abs = @RCL’,

zeX zeX

where the last isomorphism follows by Lemma m (5). Therefore, Maps is a free

R-module as stated.

]

Although Theorem m states that the functor (—)aps preserves freeness the proof
neither gives an insight into the process of obtaining the free R-module nor does it explain
fully the idea behind the definition of a basis in Definition[6.2.2] Let us discuss this matter
further in the finitely generated case. Let X = {z1,...,x,} be such that M = xEEIXT(R):U.
First we describe the submodule Abs(M), freely identifying M with the direct sum of
n copies of T. By Lemma [6.2.6(2)(i), Abs(M) = {0-m | m € M}. Since T(R)z; =

{rz; | r € R}, every element of M is of the form m = :(riz;,)(roxs,) . - . (Fors1%ig, ., ):

and hence 0-m = :(0z;,)(0xs,) ... (0x,y, ., ):. Therefore Abs(M) is the submodule

of M, or, more precisely Abs( EHXT(R)x), is a submodule of EHXT(R)I generated by

{0z1,...,0x,} as a heap. Choosing the Ox; as special elements in T(R)z; as in (the

multi-heap versions of) Proposition [1.4.1] Abs( EE!XT(R)QU) is simply the sub-heap of
ze

tails, i.e.
Abs(M) = Abs( B T(R)x) & H({0x:}) BH{0x}) B... BH({0z,}) = H(Z");

zeX

see Corollary [1.4.6. By (the multi-heap extension of Proposition
M= BT(R)r=H (@ G(T(R)xy; 0x;) @ Z”1> ~ (Rn @ ZH) ,
i=1

zeX

Since the Z" !-part arises from tails made of the absorbers 0z;, the action of T'(R) on

this part is trivial, i.e. the T(R) action on M transfers to
re(r,rey ey Ty ke o k1) = (P Ty o T R e R), r,r; € Rk € Z.
Putting all this together yields an isomorphism of R-modules,

Mans = G (M/Abs(M); Abs(M)) = (R" & Z"") JZ" ' = R,
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where the first isomorphism follows by Corollary [1.2.15] so that My is a free module.

Now, assume that M is a free rank n module over T(R) with a basis B. To prove
that B is a basis for Mays observe that, for all S C B, (SE[EE!SJS) Abs 18 @ monomorphism
of R-modules(see Lemma [6.2.6) (7)), and by the discussion following Lemma [6.2.3]
appropriate intersections of (EHSUS) Abs(%T(R)) Abs are no longer empty; they are now
the initial object of R-mod, i.e. {0}. Firstly, since B spans M, then it also spans Mps.
Therefore, it is enough to show that the set B is linearly independent in Myy,s. Suppose
to the contrary that B is linearly dependent, so that there exist r; € R such that

T1b1+...+7’nbn:0,

for b; € B, and r, # 0. This implies that r1b; + ...+ r,_1b,_1 = —7,b,. Furthermore

n—1 n—1

—rabn € (B 05)ans( B T(R) ans N (90, ) ans((T(R)) ans) = {0}.

i=
Therefore, —r,b, = 0 and (0, ) aps(0) = (03, ) aps(—7x), and since (o, ) Aps is @ monomor-
phism, r, = 0. Now by recursion for all 7+ = 1,...,n, r;, = 0, and we arrive at a
contradiction with the assumption that B is a linearly dependent set. Therefore, B
is a basis for M. To sum up, at least in the case of the truss associated to a ring,
Definition of a free set is justified by the linear independence of its elements in

the associated module over a ring.

6.3 Tensor product

In this section, we will construct and investigate a tensor product of modules over
trusses. Now 7T is an arbitrary truss, not necessarily unital. Let us start with the

following definition of bilinear maps.

Definition 6.3.1. Let H, M, N be Abelian heaps. A function ¢ : M x N — H is

said to be bilinear if, for all m, m’,m” € M and n,n’,n” € N,
o[, "), m) = [p(m, ), (o, m), 9" m)], (6.3.1a)

p(m, [n,n',n"]) = [p(m,n), p(m,n'), o(m,n")]. (6.3.1b)
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In addition, if 7" is a truss, M is a right T-module and N is a left T-module, then ¢ is
said to be T-balanced if, for allm € M, ne N, t €T,

e(m-t,n) =p(m,t-n). (6.3.2a)

Remark 6.3.2. We note in passing that, due to the Mal’cev conditions, any heap
homomorphism ¢ : M x N — H satisfies conditions (6.3.1a)—(6.3.1b) in Definition[6.3.1]

(but, of course, a function satisfying (6.3.1a))—(6.3.1b) needs not be a homomorphism of

heaps).

The definition of the tensor product of modules over a truss is given by the following

universal property, reminiscent of that for the tensor product of modules over a ring.

Definition 6.3.3. Let M be a right T-module and N be a left T-module. Then a
tensor product (of M and N over T) is a pair (M & N, ) consisting of an Abelian
heap M ®@r N and a T-balanced bilinear map ¢ : M x N — M ®1 N such that for
any heap H and any 7T-balanced bilinear map f : M x N — H there exists a unique

heap morphism f rendering commutative the following diagram

Mx N 4 M @7 N

X /,//Hlf

H.

As for tensor products of modules over rings, if a tensor product of M and N over
T exists, then it is unique up to a unique isomorphism. Thus, we will speak about the

tensor product M ®r N, often omitting the structure map ¢ as well.

Since any Abelian heap is a unital module over the terminal truss {1} in a unique
way, one can consider tensor product of heaps. In this case the balancing condition
is tautologically satisfied. The tensor product of heaps M and N viewed as
unital {1}-modules is denoted by M ® N. Observe that, differently from what happens
for modules over a ring, the fact that 1, is bilinear entails that there exists a unique

morphism of heaps o : M ® N — M x N such that 0 o ¢ = 1,/«n (see Remark [6.3.2).

Next we give an explicit construction of tensor products, thus establishing their

existence.
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Theorem 6.3.4. Tensor product of T'-modules exists.

Proof. Let M be a right T-module, N be a left T-module and let us consider the free
Abelian heap A(M x N). Choose an arbitrary element e = (ey, e2) of the free heap
A(M x N) and let Sr(e) be the sub-heap of A(M x N) generated by elements of the

form:

[([m, m',m"|a, n), [(m, n), (m’,n), (m", n)L‘, e]A, (6.3.3a)

{(m, [n,n', n”]N>, {(m, n), (m,n’), (m, n")L‘, GL‘, (6.3.3b)

[(m-t,n), (m,t-n),e] (6.3.3¢)

2
for all m,m',m” € M, n,n’,n” € N and t € T. Note that the transposition rule
together with the idempotent property of a heap operation imply that every element of
St(e) has the form [a, b, e], where a,b € A(M x N). Also note that e € Sy(e). For an
Abelian heap H, consider a T-balanced bilinear map f : M x N — H. By treating f

as a function and by using the universal property of the free heap, we can construct the

following commutative diagram:

M x N 222 A(M x N) =AM x N)Y/Sr(e) (6.3.4)
‘ N2
131 f _ -7
\ Y- a3

where 17 is the canonical monomorphism and 7g,. () is the canonical epimorphism.
The left triangle is given by the free heap property. The existence of the map f
is guaranteed provided that f respects the sub-heap relation ~g, (). By using the
definition of f and that f is a T-balanced bilinear map, we find

A

f<[(m, [, ', n”]x), [ (my ), (my '), (m,n")] } A)
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Finally,

A

F([m - t.n), (m,t-m),ela) = [fOm-t,m), fm,t-n), f(e)] .
= [f(m-t,n), f(m-t,n), f(e)] = f(e) = f(e).

A

This means that Sr(e) C kerf,(f) and therefore, in view of Lemma |1.2.17, [ respects

the sub-heap relation ~g, () as required. Consequently, the heap homomorphism f

exists.

Define:

= (Tsp(0) 0 tarxn) : M x N — AM x N)/Sr(e),  (m,n) — (m,n).

Since e € Sr(e), by definition of ~g, () and of [—, —, =] on A(M x N)/Sr(e),

([m, m’,m"|ar, n) = [(m,n), (m/,n), (m“,n)h = {(m, n), (m/,n), (m”", n)],

(m, [n,n/, n”]N) = {(m, n), (m,n’'), (m, n”)]A = [(m, n), (m,n’), (m, n”)},

and (m-t,n) = (m,t-n)
hold in A(M x N)/Sr(e), that is to say, ¢ is a T-balanced bilinear map. It remains to
prove that the map f constructed in diagram is a unique homomorphism such
that f = f O Tgy(e) © LxN- Suppose that there exists another homomorphism of heaps

h: A(M x N)/Sr(e) — H such that f = homg, () o tpxn. Then

ho TSp(e) © LMxN = f O TSr(e) © LMxN»
and, since both h o mg, () and f © Mg, (e) are homomorphisms of heaps, the universal
property of the free (Abelian) heap implies that
homspe) = f o mspe)-

Since g, (¢) is an epimorphism, it follows that h = f and the uniqueness is established.

Therefore, the pair (A(M x N)/Sr(e), ) is the tensor product of M and N. O

We note in passing that, up to isomorphism, the construction of the tensor product
does not depend on the chosen element e. This independence can be seen as a conse-

quence of the universal property of tensor products, or it can be observed directly by

employing the swap automorphism (1.1.4).
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Following the ring-theoretic conventions we define, for all m € M and n € N,

m®n == (m,n)= (’ﬂ'ST(e) o LMXN) (m,n) € M r N (6.3.5)

and we refer to each of m ® n as to a simple tensor. As a rule, we do not decorate ®
with a subscript T, but occasionally it might be useful to indicate an element e chosen
in the definition of Sr(e), in which case we write m ®, n. With this terminology and
notation at hand, M ®r N can be understood as an Abelian heap freely generated by

simple tensors subject to relations:
m,m,m"|@n=[m®n,m @n,m"®n), for all m,m',m"” € M, n € N, (6.3.6a)

m® [n,n',n"| =[menmen’,men"], for all m € M, n,n',n” € N, (6.3.6b)
m-t@n=m®Qt-n, foralme M, ne N,teT. (6.3.6¢)

Definition 6.3.5. An opposite truss TP of a truss T is a triple (T, [—, —, —], ®) such
that [—, —, —| is the ternary operation of T, and e : T'® T'— T is given for all a,b € T
by

aeb=ba,

where ba is a product in 7.
Remark 6.3.6. TP is a truss.

The following technical result will be of significant importance for Morita theory in

chapter

Proposition 6.3.7. Let T be a truss and T, be its unital extension. Then for every
right T-module M, M @1 T, = M = Hom (T, M) as right T-modules, where T, has
the T-T-bimodule structure induced by the truss homomorphism vy : T — T,. Moreover,

for M a right T-module and N a left T'-module
m-zQ@rn=mQrz-n,

forallme M, née N, z€T,.
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Proof. Consider the assignment
a: M — M @rT,, m——m Qp 1.

This is a heap homomorphism in view of (6.3.6a)) and it is 7T-linear because for all
teT,

am-t)=m-t®@r1 = m®TLT(t)-1

m@leT(t):(m®T1)t

The other way around, recall that the underlying Abelian heap of E; (M) is M itself,
which now is considered as a unital T;-module via the bilinear morphism ¢ : M xT,, —
M uniquely determined by
{(m,t) —m-t, teT,
(m, 1) — m.
The associativity of the T-action entails that p is also T-balanced, whence it factors

through the tensor product over T' giving
B:M&rT, — M.

A straightforward check shows that a and [ are inverses of each other. Concerning the

second isomorphism, consider the right T-linear morphism
Hom (T, M) — M, fr— f(1),

and the assignment M — Hom (7, M), sending every m € M to the right 7T-linear
morphism uniquely determined by
t—m-t, telT,
{1 — m.
Again, a straightforward check shows that they are inverses of each other. To prove
the last assertion, recall that an element z in T, is of the form [ay,...,as], where
a; € TU{1}, foralli=1,...,s and s odd. Therefore,
m-zQ@rn=m-lay,...,a] @rn=[m-a Qrn,...,m-as r n|
© m®ra;-n,...,mras-n|=mQqz-n,
where (o) follows from the fact that either m-a; @r n =m -t @rn =m@pt-n (if

a; €ET)orm-a;@rn=mrn=m@ra;-n (if a, =1 € {1}). O
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In parallel to the ring-theoretic tensor product, tensoring with a fixed bimodule

defines a functor between categories of modules over trusses.

Proposition 6.3.8. Let T and S be trusses.

1. If M is a right T-module and N is a T-S-bimodule, then M @1 N is a right

S-module with the action
(M®p N)xS— M®rN, (m®mn,s)—>men-s.

If S admits a unit and N is unital, then M @7 N is unital as well. Symmetrically,
if M is an S-T-bimodule (unital over S) and N is a left T-module, then M @7 N
is a (unital) left S-module.

2. Let N be a T-S-bimodule and let p : M — M' be a homomorphism of right

T-modules. Then the map ¢ @ N defined on simple tensors as
0N :M@p N+— M ®¢ N, m®n+— o(m) @n,

extends uniquely to a homomorphism of right S-modules. Symmetrically, if M is
an S-T bimodule, then any left T-module homomorphism @ : N — N’ gives rise

to a left S-module homomorphism,

M®p: M@prN+— Mer N, men+— m® p(n).

3. The constructions in items (1) and (2) yield functors —@7 N : mod-T' — mod-S
and M ®7 — : T-mod — S-mod. Furthermore, if S admits a unit and M, N
are unital (over S), then they yield functors — ®r N : mod-T" — mod-S; and
M @r — : T-mod — S;-mod.

Proof. |1, Since N is a right S-module, for every s € S we can consider the assignment

ps: M x N — M ®qp N, (m,n) — m®n-s.
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It satisfies
(6.3.6a)

ps(([mym,”,m",n)) = [mm/ m"|@n-s == [mean-s,m @n-s,m" @n-s

= [ps(m,n), ps(m’,n), ps(m”,n)],

ps(m,[n,n',n"]) = m&nn ,n]-s=man-sn - sn"- s
m@n-s,men'-s;men”- s
= [ps(m,n), ps(m,n'), ps(m,n")],
ps((m-t,n)) = m-t®n-s 359 met-(n-s)=m®e(t-n)-s=ps(m,t-n),

for all m,m’,m” € M, n,n',n" € N, t € T. That is to say, ps is a T-balanced bilinear

map and hence it factors uniquely through M ®¢ N via the heap morphism
0s: M @r N — M ®7 N, mn—men-s.
Now, consider the assignment
0:S — E(M®p N), S —> 0s.

Forallme M,n e N, s,58,s" €S,
Os,ss(Mm®@n) = men-[s,s,s" Bl e n-s,n-s' n-s"|
E35h) men-s,me@n-s'men-s"|
= [os(m®&mn), 00(m @n), 0o (m @ n)]
= [os: 05, 00] (M @),
0ss(m®@n) = men-ss =mxn-s)-s=ops(mx(n-s))
= (o5 00s)(m®mn).
Therefore, ¢ : S — E(M ®7 N) is a morphism of trusses and hence M @7 N is a right
S-module. If S admits an identity 1 and N is a unital S-module, then o(1) = 1pygn

and hence ¢ (and M ®1 N) is also unital.
The other case is proven in a symmetric way.

2l Similarly to the proof of statement [I} one considers the assignment

@' MxN— M &7 N, (m,n) — o(m) @n.
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Since ¢ is a morphism of right T-modules, ¢’ is a T-balanced bilinear map, and hence

it factors uniquely through
YN :M®r N — M &7 N, m®n— o(m) @n.

Since p ® N acts trivially on the elements in N, and the S-actions on M ®p N and
M'®7 N are defined using the S-action on /N only, the resulting map is a homomorphism

of right S-modules. The other case is proven in a symmetric way.

Bl This follows immediately from assertions [1] and O

Proposition 6.3.9. Let T, S be trusses and let M be a T-S-bimodule. Then the tensor
functor — @7 M : mod-T — mod-S is the left adjoint to the functor Homy (M, —).

Proof. The proof of this proposition follows the same arguments as the proof of the
corresponding statement for modules over rings. The only difference is that the
distributivity of the tensor product over the heap ternary operation (rather than over
a binary addition) should be employed whenever necessary (for example in showing
that the unit and counit of the adjunction are morphisms of heaps). The unit and the

counit of the adjunction are explicitly given by

nx : Xp — Homg(Mg, X @1 M), r+— [m+— x & m),

2n+1 2n+1

Y

ey : Homg(Ms,Ys) @r Mg +— Vs, [fiomi] — — [fim)]
for all right T-modules X and right S-modules Y. Now, one can easily show that the
functors, unit and counit fulfill assumptions of Theorem [A.0.18. Therefore we have that

—®TM_|HOH1T(M,—). O
Corollary 6.3.10. Let R, S, T,U be trusses and let A be an R-S-bimodule, B be an
S-T-bimodule and C' be a T-U-bimodule. Then the map,
Qg BC - (A ®R B) ®T C — A ®R (B ®T C),
(a®@b)®@cr—a® (b c).

is an isomorphism of R-U-bimodules.
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Proof. The assertion follows from Proposition [6.3.9 by standard arguments. O]

In view of the associativity of tensor products stemming from Corollary [6.3.10 we

no longer need to write brackets in-between multiple tensor products.

The distributive laws for a truss 7" mean that the multiplication map p : T'XT — T,
(s,t) — st is bilinear. Hence, there is a unique heap homomorphism ji : T® T" — T.
The associative law for p is then reflected by the commutativity of the following diagram:

A®T

TRT®T T®T
T®ﬂi l,; (6.3.7)
T®T - T.

The existence of a map [ satisfying (6.3.7) can be taken as the definition of the truss,
provided that one carefully explains the meaning of ® (for example, by resorting

to relations (6.3.6a)) and (6.3.6b)) without referring to trusses, in order to avoid the

ignotum per ignotius trap.

Similarly, if 7" is a truss and M a left T-module with action A/, then conditions
(4.1.1b)) and mean that A\y; : T'x M — M is a bilinear map, so it induces a
unique map AT @M — M. Thus, exactly as in the case of modules over rings, a
left module over a truss 17" can be equivalently defined as an Abelian heap M together

with a heap homomorphism Ay T ® M —s M such that

TeoToM—"C . TeM
T®/A\]\4\L . iS\M
ToM v M

commutes, where [ is the multiplication in 7. In a similar way, a right T-module
can be equivalently described as a heap M together with an associative right action
orv M ®T — M. Taking these equivalent definitions of modules into account, one

can interpret the tensor product as a coequalizer.

Proposition 6.3.11. Let T be a truss. For a right T-module M and left T-module N,

the tensor product M @1 N is the coequalizer of the following diagram of Abelian heaps

OMON
M®T®N M@ N, (6.3.8)
M®5\N
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where 0p; and Ay are the corresponding actions.

Proof. Consider the structural morphisms ¢ : M X N — M @ N and ¢ : M x N —
M &1 N, part of the tensor product data. By definition, ¢ is a bilinear map and so it
factors uniquely through the morphism of Abelian heaps

$: M®N— Mg N,

such that ¢ o ¢ = ¢. In addition, ¢ satisfies

p((em @ N)(m@t@n))=¢(m-t@n)=¢(@(m-t,n))=e(m-tn)
o(m,t-n) :gé((M@JS\N) (m®t®n)>,
forallm e M, n € N, t €T, because ¢ is T-balanced. Since every morphism involved
is a morphism of Abelian heaps, we conclude that ¢ coequalizes the pair . Now,
let (Q,q: M ® N — Q) be a pair coequalizing as well. The composition g o ¢ is

bilinear because

(g0 @) ([m,m',m"],n) = q ([m,m’,m"] @ n) “= g ((m @ n,m' @ n,m" @n])

=[g(m®n),q(m"®@n),q(m" @n))
=[(go @) (m.n),(qo¢)(m',n),(qo¢)(m" n),
for all m,m/,m” € M, n € N, and analogously on the other side. Furthermore, it is
also T-balanced because ¢ coequalizes , and hence
(4o 8)(m - t,n) = q(m -t @ n) = ¢ (63 & N) (m &t @ n))
=q((M@Aiy)(meten))=(go)(m,t-n),
forall m e M, n € N,t € T. Thus, there exists a unique morphism of Abelian heaps
G: M ®r N — @ such that §op = g o ¢. In particular, o g o ¢ = qo ¢ (by definition
of ¢) and since both ¢ and § o ¢ are heap homomorphisms, the uniqueness part of the

universal property of the tensor product entails that ¢ o » = ¢. Summing up, the pair

(M @1 N, @) is the coequalizer of (6.3.8) in Ah. O

Remark 6.3.12. We know from [17, Theorem 9.4.14] (see Theorem |C.0.16) that the

category of modules over a truss is complete and cocomplete, see Definition [A.0.33]
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Let T be a truss and T, be its unital extension as in Section m By [24, Chapter
VII, Section 4], the functor T,, ® — : Ah — (T},);-mod is left adjoint to the forgetful
functor U’ : (7,,);-mod — Ah (and hence it is called the free unital T,,-module functor).
Since the functor E; : T-mod — (7,);-mod of Theorem is the inverse of the
restriction of scalars Sy : (T,);-mod — T-mod and since clearly U’ o E; coincides
with the forgetful functor U : T-mod — Ah, the composition Sy o (T, ® —) is left
adjoint to U. Once observed that Sy o (7, ® —) is naturally isomorphic to tensoring by
the left T-module S¢ (7)), we conclude that the functor Sy(7,,) ® —: Ah — T-mod is
left adjoint to the forgetful functor U and hence it is called the free T-module functor.

Proposition 6.3.13. Let X be a non-empty set and T be a unital truss. Denote
by A(X) the free Abelian heap over X and by T the free unital T-module over X.
Then TX 2T ® A(X) as T-modules. In particular, the following diagram of functors
commutes

T1 -mod

&\
T®—

T Umod A.h .
A

Uan

Set
Proof. Fix e € X. In view of Corollary [1.4.6 we know that
A(X) %H( b Z) ~ H A({z}),
reX\{e} rex

and the isomorphism A(X) = EHXA({Q:}) is independent from the choice of e € X.
Now, since T'® — is cocontinuous (because it is the left adjoint of the forgetful functor),

we have the following chain of isomorphisms of left T-modules
T AX)=Te (BA()) = B (TeAl)).

Consider A({z}). As a set, A({z}) = {x} with the ternary operation [z, x,z] = x. This
makes it clear that {1} — A({z}),1 — =z, is an isomorphism of (Abelian) heaps.
Therefore, T ® A(X) = B Tr = TX. O
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Let us make explicit the foregoing isomorphism in an extremely easy example.

Example 6.3.14. Let X = {a,b} be a set with two elements. The free Abelian heap
A(X) on X can be realized as the set

{a, b, aba, bab, ababa, babab, abababa, bababab, . . .}
with bracket given by concatenation and (symmetric) pruning. Then, for instance,
t ® ababa <— (ta)(tb)(ta)(tb)(ta) = ([t,1,t,1,t]a)([t, 1,t]b)(1a)(1b)(1a).

Corollary 6.3.15 (of Proposition [6.3.13). Let T' be a truss and T, its unital extension.
Denote by Upea : T-mod — Set the forgetful functor. In the following diagram of

adjunctions, the subdiagram involving only the right adjoints is commutative

In particular, the free T-module over a set X is T, @ A(X).

Concretely, when 7' is a not necessarily unital truss we can describe the free T-module

over a set X as the direct sum of Abelian heaps

TX = B T,z,

rzeX

with the T-action given component-wise, that is,

t- [z, .. 2ok o] = [(er(t)21) @1, - o, (er(t) 22041) Tokta]

for all z1, ..., 20101 € X, 21,..., 20041 € T, and t € T". The canonical map tx : X —

T (that is, the unit of the adjunction T, ® A(—) - Umoea) sends every = € X to
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lz € T,x. The other way around, the counit € of the adjunction 7, ® A(—) - Upea

realizes every T-module M as a quotient of a free one:
T Umoa(M) o~ T, @ A(Umoa(M)) Moo

(since F is faithful, every component of € is full in view of [24] Theorem IV.3.1])(see

A.0.35))
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Chapter 7

Morita theory and projective
modules

In the final chapter, we introduce the Morita theory for trusses. In rings we say that
two rings are Morita equivalent if their categories of left modules are equivalent in
the categorical sense. We present an analogue of that theory for trusses. It is worth
mentioning that the lack of an absorber in modules complicates the theory significantly.
The important tools to study Morita theory for rings are provided by projective modules.

Therefore, further, we study projective modules over trusses.

In Section [7.1], we introduce the Morita theory for trusses. The main result of this
section is the Eilenberg-Watts Theorem for trusses. The Eilenberg-Watts Theorem
tells us that an equivalence between categories of modules over trusses is given by a
bimodule tensoring. Further, we discover that this bimodule must satisfy property
which we name the dual basis property. Modules that satisfy dual basis property are

called tiny.

In Section we study projective modules over trusses. Projective modules are
of great importance for the Morita theory since every tiny module is projective. To
study projective modules we introduce exact sequences. Since category of modules over
a truss is not Abelian, it is not obvious how to define an exact sequence in general.
Further, we study when an exact sequence splits. We use splittings of sequences to

give conditions for a module to be projective or tiny in terms of decomposition into a

181
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product and coproduct od modules.

Both sections are part of [33].

7.1 Morita theory and modules over trusses

Given two trusses S,T and a T-S-bimodule M we already know that the functor
M ®g — : S-mod — T-mod is left adjoint to the functor Homy (M, —) : T-mod —
S-mod. Our aim in the present section is to show that, if 7" and S are (unital)
trusses, then any heap functor L : S-mod — T-mod which admits a right adjoint
is of the form P ®g — for a suitable (unital) T-S-bimodule P. Recall that a functor
F : S-mod — T-mod is a heap functor provided that, for all M, N € S-mod, the
functions Fys y defined by equation (4.1.3) are morphisms of heaps. Recall also that
the unital extension T), of a truss 1" is a T-T-bimodule via the truss homomorphism

vp 2 T — T,

Lemma 7.1.1. Let S,T be trusses and let F : S-mod — T-mod be a heap functor
between their categories of modules. Then P = F(Sg(Sy)) is a T-S-bimodule. Further-
more, if S is unital and F : S;-mod — T-mod is a heap functor, then P’ :=F(S) is

a T-S-bimodule which is unital as right S-module.

Proof. To simplify notation we write S, instead of Sg(S,,). For every s € S, consider

the left S-module morphism
Ps i Sy — Sy, 2> z-15(s).

Clearly, psss = ps © ps and, by the right distributive law of the action of S on S,
Pls,s',s] = [Ps> Psts Psr] 0 Eg(Sy) := Homg(S,,S,) for all s,s",s" € S. Therefore the
map

p:S? — Es(S,), S —> Ps,
is a homomorphism of trusses, where S is the opposite truss from Definition [6.3.5

Since F is a heap functor, the composite

Fsy,s0

SP £ Es(S.) Er(F(S.)) = Er(P),
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where Fg, g

u

is defined by (4.1.3), is a morphism of trusses. As a consequence, P inherits
the structure of a T-S-bimodule. If S is unital, we may perform the same construction

using S instead of S, and P’ = F(S) becomes unital as a right S-module. O

Proposition 7.1.2. Let S,T be trusses. A heap functor L : S-mod — T-mod
admits a right adjoint if and only if it is naturally equivalent to P ®g — for a suitable
T-S-bimodule P. Namely, P = L(Ss(S.)). If, in addition, S is unital then a heap
functor L : S;-mod — T-mod admits a right adjoint if and only if it is naturally
equivalent to P'®g— for a suitable T-S-bimodule P, unital as a right S-module. Namely,
P =1L(95).

Proof. We already know from Lemma that P := L(Sg(Sy,)) is a T-S-bimodule.
Let us denote by R : T-mod — S-mod the right adjoint to L and let us consider the

adjunction isomorphism
(I)Su,N . HOIHT(P, N) = HOI’HT(L(SS(SU)), N) = HOIIls(Ss(Su>, R(N))

for all N in T-mod. Then, for all s € § and f € Homz(P, N),
Dg, n (s f) = s, n(f 0 Llps)) = (Ps,,v 0 Homr(L(ps), N)) (f)
= (Homgs(ps, R(N)) © ®s,,n) (f)
= ®g, n(f)ops =5 Ps, n(f),

that is ®g, x is a left S-linear isomorphism natural in N € T-mod. Since Sg is the

inverse of Eq, we have further
HomS(Sg(Su), R(N)) = SS <H0m5u<5u, E1<R(N>)))

as left S-modules. Now, in view of the fact that both S, and E;(R(N)) are unital, the

assignment
Homg, (S, E1(R(N))) — E1(R(N)),  f+— f(Ls,),
is an isomorphism of heaps, natural in N, which is also left S,-linear. Therefore,

Ss (Homg, (S, B (R(N)))) = Ss(E1(R(N))) = R(N)
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and we conclude that R = Homy (P, —) as functors from 7-mod to S-mod. Being the
left adjoint to Homy (P, —), L &2 P ®g — as desired, by the uniqueness of adjoints up to
isomorphism. Finally, in case S is unital one may mimic the same procedure starting

with P’ = L(9S) instead. O

With Proposition we have shown that any functor between module categories
over trusses which admits a right adjoint is naturally obtained by taking tensor products
with suitable bimodules. Now we prove an analogue of the Eilenberg-Watts theorem
for modules over trusses which, in turn, allows us to give an intrinsic characterisation
of when a functor is given by tensoring by a bimodule (and hence it is a left adjoint) in

terms of properties of the functor itself.

Theorem 7.1.3 (Eilenberg-Watts Theorem for trusses). Let T and S be trusses. If

F : T-mod — S-mod is a cocontinuous heap functor, then
F<_> = P ®T )

for an S-T-bimodule P. Namely, P = F(Sy(Ty,)). If, in addition, T is unital and

F : Ti-mod — S-mod is a cocontinuous heap functor, then
F(_) = P, ®T _a

for an S-T-bimodule P', unital as right T-module. Namely, P' = F(T).

Proof. We prove only the first claim and, for the sake of simplicity, we write T, instead

of Sp(T,). Let X be a T-module. One can consider a coequalizer diagram

P

TX T X, (7.1.1)

Ker ()

p2

as in the proof of Proposition where T is the free T-module over the set underlying
X, m is the canonical epimorphism, Ker (1) = {(z,y) € TX x T¥ | n(x) = n(y)} with
the component-wise T-module structure, and p;, po are the (restrictions of the) two

canonical projections. One can extend diagram ((7.1.1) to
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P

TKer ()

T —= X, (7.1.2)

Py
where 7/ : TR (™ s Ker (7), p, = p1on and py, = pyon’. Since 7’ is an epimorphism,
(7.1.2) is a coequalizer diagram as well. By Lemma P = F(T,) inherits the
structure of an S-T-bimodule from the fact that F is a heap functor. Since F is a
cocontinuous functor and in view of Proposition there is the following chain of
natural isomorphisms:

X\ ~ ~ ~ _ X
F (T ) =F (EHXT”) N mEﬂXF(Tu> o xéﬂx(P ®rT.) = Por mEﬂXTu =PorT.

Moreover we can fill in a diagram

F(p}) -
F(Tker(w)) — F(TX) F(m) F(X)
iN F(p}) l” .
71{ PRrp) a < PR Y
P ®q T ker(m) PorT P&r X,
P®rph

where both horizontal diagrams are coequalizers obtained from ([7.1.2), because F and
P @7 — preserve colimits, and ) is the isomorphism induced by their universal property.
It can be checked, by resorting to the uniqueness of the morphisms induced at the level

of the coequalizers, that 1 is in fact natural in X. O

Corollary 7.1.4. Let T, S be trusses. A functor F : T-mod — S-mod is a left
adjoint if and only if it is a cocontinuous heap functor. If, in addition, T is unital then

F:Ti-mod — S-mod is a left adjoint if and only if it is a cocontinuous heap functor.

Proof. The statements follow from Proposition [7.1.2, Theorem [7.1.3 and the fact that

P ®1 — is cocontinuous, heap and a left adjoint functor. O

Assume that S and T are unital trusses. A key question related to the Morita
theory for trusses is what can be said when Ti-mod = S;-mod. Notice that this

covers the non-unital case as well, since in that case T-mod = S-mod if and only if

(T,)1-mod = (S,);-mod.
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Theorem 7.1.5. Let T, S be unital trusses. The following statement are equivalent:

1. T1-mod = S;-mod, where equivalence is a heap functor.

2. There exist unital bimodules s Pr and 7Q g together with an S-bilinear isomorphism

ev: P®rQ — S and a T-bilinear isomorphism db : T — Q) ®g P such that

(Q®sev)o(db®rQ) =1 and (ev®gP)o (P ®rdb)=1p. (7.1.3)

3. There exist unital bimodules s Pr and 7Q s together with an S-bilinear isomorphism

db’ : S — P ®¢ Q and a T-bilinear isomorphism ev’' : Q g P — T such that
(P®rev)o(db' ®sP)=1p and (ev' ®@rQ)o(Q®sdb)=1q.

Proof. Since the proofs of [I] <= [2] and of [I] <= [3] are similar, we will present explicitly

only the first one and leave the second one to the reader.

To show that [1] implies[2] assume that L : 7}-mod — S;-mod and R : S;-mod —
Ti-mod are inverse equivalences (or quasi-inverse functors). Equivalently, we may
assume that L is left adjoint to R and that the counit € : L o R — id and the unit
n : id — RoL of this adjunction are natural isomorphisms. In light of Proposition [7.1.2]
there exists a unital S-T-bimodule P such that L = P ®¢ —. At the same time, we may
look at R as left adjoint to L with counit ! : Ro L — id and unit e7! :id — LoR,
and hence there exists a unital T-S-bimodule ) such that R = ) ® ¢ —. Consider the

following isomorphisms
db = (T’LR(p@TT)iQ@SP@TTiQ@SP),
ev = <P®TQiP®TQ®SSiP®TR(S)€$ )

First, we are going to show that n and € can be written in terms of ev and db. Then, we
will see how the triangular identities for unit and counit reflect on ev and db. For every
left T-module M and for every m € M, consider the left T-module homomorphism

Pm T — M, t — t-m. By naturality of n,

mv(m) = (M © pm) (I7) = (Q ®s P &1 pw) (nr(17)) = db(1r) @7 m.
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Similarly, for every left S-module N and for every n € N we consider the left S-module

homomorphism p,, : S — N, s — s - n and, by naturality of e,

en(P®7q®sn) = (en o (P®rQ ®spn)) (p @1 q s 1s) (7.1.4)
= pn (es (P @1 ¢ Vs 1g)) = ev(p @ q) - n. h

Let us write explicitly db(17) = [¢; ®s pi]; and ev(p @7 ¢) = ¢(p). By the triangular
identities (see diagrams in Theorem , for every S-module N and for all ¢ €
Q,n €N,

q®sn=((Q®sen)ongasn) (¢ ®sn) =(Q s en)(lg: @s pili ©1 ¢ @s 1)

= ¢ - a(pi)]i ®s n.

In a similar way, for every T-module M and for all p € P and m € M,

p@rm = (Epgrm © (P @1 num)) (p @1 m) = epgrm(p Q1 (¢ @s pi]i s m)

= [qi(p) - pili ® m.

In particular, for N =S5, n=1g, M =T, m = 1, we find that

[%’ : Q<pz')]i =dq and [%’(P) pl]l =D, (7-15)

for all p € P and ¢ € ). Concerning bilinearity, on the one hand, for every t € T,

[6; @s pili -t = ¢ ®s pi - t]i = [¢: ®s [q;(pi - 1) - jli)i = [a: - 45(pi - 1) @5 pjli g
*)
= [lgi - 4;(pi - )i @5 psl; = [t 4 @s sl =t~ 45 s pil;,
where (x) follows from the fact that ev is a T-balanced map. Whence db is a T-bimodule

homomorphism. On the other hand,

F1a)
ev(p®r q-s) =¢es(p®@rq®s ps(ls)) ev(p ®r q)s,

and hence ev is an S-bimodule homomorphism. In view of this, (7.1.5) can now be
rewritten as ([7.1.3).

Conversely, to prove that [2[ implies [1| consider the functors P ®p — : T-mod —
S-mod and @) ®s — : S-mod — T-mod. If we define unit and counit by

v =db@r M : M — Q ®s P @7 M,

EN IIeV®SNIP®TQ®SN—>N,
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for every T-module M and every S-module N, then the zigzag identities ([7.1.3) entail
that P®r — is left adjoint to Q) ®s — and the fact that 1 and € are natural isomorphisms

implies in addition that these two functors define an equivalence of categories. O

Remark 7.1.6. By checking closely the proof of Theorem [7.1.5] one may notice that
R = Homg(P, —) as the right adjoint functor of L 2 P ®7 —, and R = Q) ®5 — since it

is a left adjoint functor itself. Therefore,
*P = H0m5<sp, S) = R(S) = Q XKs S = Q

as T-S-bimodules. Analogously, P = Q* := Homg(Qg, S) as S-T-bimodules. Moreover,
we point out that any argument provided for left modules would hold symmetrically for

right modules.

A distinguished functor F : S-mod — T-mod is the restriction of scalars functor
F = f* associated with a truss homomorphism f : T"— S. This is the faithful functor
sending every left S-module M to the left T-module M = f*(M) having the same
underlying heap structure but action given by t-m = f(¢)-m for allt € T,m € M, and
sending every S-linear morphism to itself, but now seen as a T-linear map. We already
saw examples of restriction of scalars functors in Theorem and Proposition
(the forgetful functor Upeq : 73-mod — Ah can be seen as a restriction of scalars

along the unital truss homomorphism 7 : {1} — 7).

Proposition 7.1.7. The restriction of scalars functor F : S-mod — T-mod associ-

ated with a truss homomorphism f : T — S satisfies
Homg((Su); —) = F = #(Su) ®s —.
In particular, there is an adjoint triple of functors:

(Su)f ®T— 4 F A HomT(f(Su),—).
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Proof. For every left S-module M, consider the assignments

Homg((S,);, M) <— ;M M £(50) @5 M
P ¢(1) mr———1®gsm
1—m [2i - ma| 25T < [z @5 ma )T
l S s-m ] - m

as in the proof of Proposition They are T-linear isomorphisms, natural in M. [

Let T be a truss. The conditions in Theorem and the subsequent observations
in Remark [7.1.6 call for a closer analysis of T-modules admitting a dual basis db and

evaluation ev morphisms.

Definition 7.1.8. A module P over a truss 7 is said to satisfy the dual basis property
(DBP for short) if there exist an odd integer s = 2k + 1, an element (eq,...,e5) € P*
and an element (¢1,...,¢s) € Homy(P,T)® such that, for all p € P,

p=I[¢1(p)-er,. .., ds(p) - €. (7.1.6)
We call the pair {(eq,...,es), (¢1,...,0s)} a dual basis for P.

Example 7.1.9.

1. The empty T-module @ never satisfies the DBP.
2. If T is unital, then P = T itself satisfies the DBP with e; = 1 and ¢; = 1.

3. The singleton T-module {1} satisfies the DPB if and only if 7" admits a left
absorber. Indeed, if T" admits a left absorber 0 then {1} satisfies the DBP with
ey = 1land ¢ : {1} — T,1 — 0. Conversely, if {1} satisfies the DBP then
®1(1) € T is a left absorber.

4. If T is a unital truss with identity 17 and S is a truss with a left absorber a, then
T satisfies the DBP as an S x T-module with e; = lp and ¢ : T — S X T, t —
(a,t). For example, if we take S = E(T)® with a : T — T,t — 1p, then T
satisfies the DBP as an (E(T) x T')-module.
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As usual, let T;, be the unital extension of T'. Set *P := Homy(P,T,). It is a right
T-module with (f -t)(p) = f(p)t forall f € *P;t € T and p € P.

Remark 7.1.10.

1. If P satisfies the DBP, then * P satisfies the DBP. For every i = 1,..., s, consider

the right T-linear morphism
ev;: "P — T, a— ale).
Then, for all o € *P,
a(p) = a([6rp) - exlizr) = [Sr(p)a (er)lizy = [Dr - evi ()i (p),
for all p € P, whence a = [¢y, - evy (a)]5_;.
2. If P satisfies the DBP, then for every T-module M and for every f: P — M,
f=oxf (er)]izy
in Homp (P, M), where ¢y, f (ex) : P —> M, p— ép(p) f (ex)-

Theorem 7.1.11. Let T be a truss and P be a left T-module. The following properties

are equivalent

1. The functor Homp (P, —) : T-mod — Ah is right exact (that is, it preserves
finite colimits) and P is finitely generated.

2. The module P satisfies the DBP.

3. There exist a T-bilinear morphism ev : P®*P — T, and a morphism of Abelian

heaps db : {1} — *P @1 P (that is, a {1}-bilinear morphism) such that
(ev®@r P)o(P®db)=1p and (*P®rev)o(db®*P)= 1l.p,
up to the canonical isomorphisms

P{1}=Z2P=2T,®r P, "P;T,Z"P={1}®"P.
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4. The functor Homyp(P, —) is naturally isomorphic to the functor *P @ —.

5. The functor Homyp(P, —) is cocontinuous (that is, it preserves small colimits).

Proof. [1] = 2] Assume that the functor Homy (P, —) preserves finite colimits. Since

P is finitely generated, there exist a positive integer r and a T-module epimorphism

T, in position ¢ and by 1; € T; its unit, for ¢ = 1,...,r. By Proposition 4.4.2| 7 is a

coequalizer and, by hypothesis,

for all = 1,...,r. By hypothesis again, the induced morphism
E:EIHOHIT<P’ Th) : EiﬂlHOmT(P, Tu)l — HOmT(P, 7-{1 """ T})

is an isomorphism, where Homry (P, T, ); denotes the copy of Homy (P, T,) in position i.

Therefore, there exist elements ¢4, ..., ¢s € Homy(P,T,) (possibly r # s) such that
(61,04 € BHomr(P,T,.);
satisfies
B Home (P, ;) (61, 6]) = o
Concretely, this amounts to say that, for every p € P,
p=m(o(p)) = ([ ©dr,...,m, © ¢s|(p))

= [(mni,¢1) (0), - - -, (M0, 05) (P)] = [D1(p) - 7(Liy)s - -, Ds(p) - w(Ls,)],
where the i are such that ¢, € Homyp (P, T,);,, k =1,...,s. Set e, == m(1;,) € P for

k=1,...,s. The foregoing relation says that, for every p € P,

b= [¢1(p) "1, 7¢S(p) ' 68]‘
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We conclude that if P is finitely generated and if Homyp (P, —) preserves finite colimits,
then P satisfies the DBP.

= [3l Consider the assignment
e:Px*P—T,  (pa)— ap).
Then
e(lp.p', 0" ) = a(lp.p',p"]) = [a(p),a (p), a (") = le(p,a) e (v, a) e (p",a)]
and
e(p, [, a"]) = [a, ', 0"] (p) = [a(p) . o' (p) . 0" (p)] = [e (p, @) ;e (p. @) e (p, @")],

whence there exists a unique heap homomorphism ev : P ® *P — T, such that

ev(p ® a) = a(p), for all p € P,a € *P. Moreover,
ev(t-p®@a)=at-p) = ta(p)

and
evip@a-t)=(a-t)(p) = alp)},

forall pe P,a € *P,t € T, whence ev is T-bilinear. Consider also the assignment
db: {1} — "P®r P, * — [dr, @7 ks

A direct check shows that
((ev @7 P) o (P®db)) (p) = (ev &1 P) ([p ® ¢ 7 exliey) = [Or(p) - exliza = p,
(CP@rev)o(db®™P))(a) = ("P@rev)((¢r @rex @ aliy) = [dr - a(en)li= =
forallpe P, a € *P.

=[] For every T-module M, consider

7:"P x M — Homp(P, M), (a,m) — [pr—evip® ) -m].



7.1. MORITA THEORY AND MODULES OVER TRUSSES 193
Forallpe P, a,a/,a” € *P, m,m',m" e M, t €T,
7 ([, o/, @], m) (p) = [, &/, "] (p) - m = [a(p), &' (p), " (p)] - M
= [a(p) - m,d/(p) - m,a"(p) - m]
= [F(a, m)(p), (e, m)(p), (", m)(p)]
= [f(a,m), 7(/, m), (", m)] (p),
7 (a, [m,m/,m") (p) = a(p) - [m,m/,m"] = [a(p) - m, a(p) - m', a(p) - m"]

= [F(a,m)(p), 7 (v, m")(p), 7 (cr, m") (p)]
= [F(a,m), (v, m), 7(cr, m")] (D),
Tla-t,m)(p) = (a-t)(p) - m=alp)t-m=7(a,t-m)(p).
Therefore, there exists a unique heap homomorphism 7y : *P &7 M —s Homg (P, M)

such that 7(a ®7 m) : p — «a(p) - m. The other way around, write explicitly db(1) =

[¢r @7 ex]i_, and consider the assignment
om : Homp(P, M) — "P@r M,  fr+— ("P&r f)(db(1)) = [¢r @7 f (ex)]i=1-
A direct computation shows that
outu(a @rm) = |¢r Or o (ex) - mli—y = [dr - @ (€r)]imy @7 M = @ @ m,

forallm € M, a € *P, and

™o (f)(p) = [on(p) - f (ex)]izr = 1,

whence they are inverses of each other. Furthermore, if g : M — N is any T-linear

map, then

™ (P @r g) (a @ m)(p) = alp)g(m) = (Homy (P, g) o 7ar) (e @1 m)(p),

forallpe P, me M, a € *P, so that 7 is also natural in M.
=[5} Obvious, since tensoring by a right T-module is a left adjoint.

= . Clearly, Homr (P, —) is a right exact functor. Thus, we are left to show

that P has to be finitely generated. Since P is a set, we can consider the epimorphism
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7 : TP — P uniquely determined by the assignments T, — P,z — z-p, for all p € P.
Since epimorphisms are coequalizers, 7, : Homp (P, T") — Homy (P, P), ) — mo 1),

is still a coequalizer (whence an epimorphism), and since 77 is a small coproduct,
Homq(P, T7) = 8 Homg (P, T,.),.
p

As in the proof of [1|= [2, one can consider a pre-image of 1p via m, and call it o. There

exist elements ¢y, ..., ¢s € Homp (P, T,) such that

(1, ...,¢s] € B Homp(P,T,),
peEP

satisfies
B Homr(P,1,) ([0, 6]) = 0.
Concretely, this amounts to say that, for every g € P,
q=m(o(q)) =m([np, © D1, Mp, © Gs)(q))
= [(T1p,01) (), - - -, (T1p, &5) (@)] = [D1(q) - 7(1p,), - - -, Ds(q) - (1))

Set e, == m(1,,) € P for k=1,...,s. Since the foregoing relation says that for every
p € P, p=1[d1(p)-e1,...,0s(p) - es], we conclude that the e, form a finite family of
generators of P. O

By taking inspiration from [37, §5.5] and in light of Theorem [7.1.11} we give the
following definition (see also [38] §3]).

Definition 7.1.12. A T-module P satisfying the equivalent conditions of Theorem
7.1.11is called tiny (or small-projective).

Remark 7.1.13.

1. In the proof of the implication |1| = [2|in Theorem [7.1.11, there is no need for s to

be exactly r.

2. The dual basis map db does not depend on the choice of the dual basis. In fact,

if {(e1,...,es),(¢1,...,0s)} and {(f1,..., f), (¥1,...,9,.)} are two dual bases,

then

(61 ®r exliny = [0r O [ (ex) - Filimilics T22 ([0 - vn (ex) ©r Filimlims

= H¢k “Up (ek)]izl ST fh]zzl = [z/’h QT fh]zzl-
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3. The implication from [5| to 4| in Theorem [7.1.11|follows also from the Eilenberg-

Watts theorem, since Homy (P, —) is a heap functor.

4. In the implication from 4 to[3in Theorem[7.1.11, the dual basis map db corresponds
to the image of the identity morphism 1p via the isomorphism Homy (P, P) =

*P®r P.

5. In the present section, we always worked with a left T-module P, implicitly viewed
as a T-{1}-bimodule. Observe that there is nothing particular in considering the
distinguished truss {1} instead of any other truss. Therefore, the description and
the properties of a small-projective T-module developed so far can be adapted,
with no additional effort, to speak about a T-S-bimodule which is small-projective

over T on the left.

Example 7.1.14. If P is a finitely generated and projective module over a ring R,

then T(P) is a tiny T(R)-module.

Example 7.1.15 (Free modules are not tiny). Let 7" be a unital truss and consider
the free T-module T HT'. Assume, by contradiction, that T H T admits a dual basis
{(e1,...,€5),(P1,-..,05)}. Denote by a = 17 the unit of the left-hand side copy of
T and by b = 17 the one of the right-hand side copy. Taking advantage of the heap
isomorphism in Proposition [1.4.4] we may construct the heap homomorphism that

“measures tails”
(:THT=H(G(T,a) ® G(T,b) ® Z) — H(Z).

Notice that, being composition of heap homomorphisms, ¢ is not influenced by the
reduction of a symmetric word w to one of the “canonical forms” ¢, s, tsb, sta, tsab- - - ba,
stba - - - ab. Therefore, the “length of tails” is well-defined and, in particular, it is not

influenced by the action of T, see (4.3.1) . Summing up, for all z € THT

C(1(2) - e, oo 0s(2) - es]) = [E(P1(2) - er) s £(9s(2) - e)] = [€en) -, £ (es)]:

However, if we set m := [ (e1), ..., (es)] (which does not depend on z) and we consider

z = bab- - -ab with |m| + 1 instances of b, then ¢(z) = |m| + 1, which is a contradiction.
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Example 7.1.16. Let T" be a unital truss admitting a left absorber a € T" and consider
P=TxTxT. Set
er = (17, a,a), ey = (a,1r,a), es = (a,a,17) and
01T XTxT —T, (x,y,2) — z,
G : T XTXxT —T, (x,y,2) — [a,y,al,
G3: T XxTxT —T, (x,y,2) — 2.

Then these form a dual basis for P as a left T-module.

Assume furthermore that a is a two-sided absorber. Denote by S the set of all
3 x 3 matrices with coefficients in 7. They inherits an Abelian heap structure from
the identification S = T? (that is, the bracket is taken component-wise). Moreover, S

admits a truss structure with the row-by-column multiplication

t11 tig ti3 S1,1 S1,2 S1,3
ta1 to2 ta3| - |S21 S22 S23 Z(Ti,j) where Ti,j:[ti,ltsl,jati,252,jati,353,j}'
t31 t32 t33 S31 832 S33

As for matrices over rings, P becomes a right S-module with row-by-column action

ti1 ti2 ti3
(95 Y Z) toq T2 t23 =<{$t1,1,yt2,1,2t3,1} {$t1,2,yt2,2,2t3,2} {$t1,3,yt2,3,2t3,3b
l31 132 l33

which makes of it a T-S-bimodule and
x

Q=11v r,y,z€T
z

becomes a S-T-bimodule analogously. Define the following morphisms

x x xx' wxy xZ
ev:Q®r P — S, y | ®r (:p' Y z’) — |y |- (:p' Y Z/> = |y yy wyz'|,
z z 2z zy 27
Ir
db: T — P ®gsQ, 1T»—>(1T a a)@s a
a

They are invertible with inverses explicitly given by
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t11 l21 31
€V713 (f,};’j) — t172 QT (1T a CL) , t272 X7 ((I [CL, 1T,a] CL) , t372 &7 (a a 1T) s
t13 23 133
x’ x!
and db™t: (ac Y z) ®s g: — (x y z) : Z: = [mx’,yy’, zz’}.

Therefore, T-mod is equivalent to S-mod by Theorem [7.1.5.

7.2 Projective modules over trusses

Let T be a truss (not necessarily unital) and let {0} denote the singleton T-module.
Recall from the Definition that if (M,-) is a non-empty 7T-module and e € M,
then we denote by M) = (M, >,) the T-module with the induced action

tem =[t-m,t-e el

We say that a sequence of non-empty T-modules M TN P s esact provided
there exists e € Im(g) such that Im(f) = ker.(g) as sets. Notice that, in this case,

Im(f) = kero/(g) as induced submodules for any other ¢’ € Im(g).

Lemma 7.2.1. Let M, N, P be T-modules and f : M — N and g : N — P be
T-linear maps. There exist exact sequences

f

M-LoN-2oP, (0} —> MO T NI gnd N—2oP—{0} (7.2.1)
if and only if

(a) f is injective and

(b) N/Im(f) = P as T-modules,
where the module structure on N/Im(f) is the one for which the canonical projection

7 : N — N/Im(f) is T-linear.

Proof. Assume the sequences are exact. Then f is injective, by the exactness of the

second sequence, and

P =Tm(g) = N/Ker (g) = N/Im(f),
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where the equality is a restatement of the third sequence, the second isomorphism
follows by the exactness of the first sequence, and the first one is simply the first

isomorphism theorem for T-modules.

Conversely, assume that there is an isomorphism A : N/Im(f) — P of T-modules,
and denote by m : N — N/Im(f) the quotient map. The sub-heap Im(f) of N,
as a kernel of 7, admits an additional induced submodule structure. Denote it by
Im(f)© C N© for a certain e € Im(f). This entails that Im(f) is a submodule of N
with respect to two (in principle, different) T-modules structures: Im(f) € N with
respect to the T-action for which f is 7T-linear and Im(f)® C N(® with respect to the
induced action coming from the identification Im(f) = kerr(.(m). Since f is injective,
we may transport the induced module structure on M. Denote it by M) for ¢/ € M

such that f(e’) = e. Consider the sequences

f

Ty p— yiCO T A \ORR V UA \ . - Ay - J— 1

They are exact. O]

By abuse of notation, we will say that
{0} >ML;N*9>P*>{O}

is a short exact sequence of T-modules to mean that there exists e € M such that all

three sequences ((7.2.1) are exact.

Proposition 7.2.2. Let ¢ : M — N and ) : N — P be morphisms of T-modules.
Assume that 1 is surjective, that ¢ admits a retraction v (in particular, it is injective)
and that

M-2-N-Y.p (7.2.2)

is exact. Then N = M x P as T-modules. We will call such a sequence a split exact

sequemnce.

Proof. Since (7.2.2) is exact, there exists e € P such that ker.(¢) = Im(¢). Consider
¢’ € N such that ¢(¢) = e and consider (e¢’) € M. Since ¢ € ker.(¢) = Im(¢),
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o(v(€e')) = €. Denote by G(P;e), G(M;v(e')) and G(N;e') the retracts of the heaps P,
M and N respectively. Observe that map ¢ induces an additive map of retracts,

6 : G(M;y(e)) — G(N;€),  mr— [d(m), 01(e), €] = [b(m), €, €] = p(m),
and, analogously, 15 =1 and 4 = v, which entail that

00— G(M;7(e') —*= G(N: ¢) = G(P;e) —=0
\_/
il

is a split short exact sequence of Z-modules. Thus,
G(N;€') = G(M;v(e) @ G(Pse) = G(M; () x G(P;e).
From G(N;e') = G(M;v(€')) x G(P;e) and Corollary [1.1.29] it follows that
N =H(G(N;¢')) = H(G(M;~(e") x G(Pye))
~ H(G(M;v(e))) x H(G(P;e)) = M x P.

Summing up, at the heap level there is a (unique) isomorphism N = M x P induced

by the universal property of the product and explicitly given by
O: N — M x P, n+— (y(n),¥(n)).

By T-linearity of v and v, ® is T-linear as well. O

For the sake of completeness, we point out that the inverse of ® is explicitly given
by
®':MxP— N, (m, p) — [np, ¢v(np), d(m)]

where n, € N is any element such that i(n,) = p.

Corollary 7.2.3. Let T be a truss and n € N. Then for any k < n there exists a
T-module with absorber M such that T* x M = T™.

Proof. Observe that ¢ : T*F — T™ given by (t1,...,t;) — (t1,...,tr,th, ..., 1x) is a

T-module homomorphism and clearly the sequence

Tk
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where 7, is the projection on the first k coordinates, is a split exact sequence. Therefore
by Proposition [7.2.2] 7" 2 T* x (T"/Im(¢)) and T"/Im(¢) is the requested module

with an absorber. OJ

Example 7.2.4. Let T = 2Z + 1 and let us consider (2Z + 1)3 = (2Z + 1) x M for
some (2Z + 1)-module M as in Corollary . In this case, ¢ is the map given by
2k +1+— (2k + 1,2k + 1,2k + 1) for all k € Z. It is easy to check that H(M) =
H((2Z+1)x (2Z+1)) and that the heap isomorphism is a (2Z+1)-module homomorphism
for the (2Z + 1)-action given on (2Z + 1) x (2Z + 1) by

(2k+1)- (20 +1,2h+1) = 22k + DI+ 1,2(2k + 1)h + 1),
for all k,1,h € Z. The desired absorber is (1, 1).

Proposition 7.2.5. Let ¢ : M — N and v : N — P be morphisms of T-modules.
Assume that ¢ is injective, that 1 admits a section o (in particular, it is surjective) and
that

¢

M-_2snN_Y

N-Y-p (7.2.3)

is exact. Then there exists e/ € M yielding an isomorphism of T-modules N = M) x P,

where M€ denotes the € -induced left T-module structure on M.

Proof. The argument for this proof follows closely that in the proof of Proposition
Since ([7.2.3) is exact, there exists e € P such that ker.(¢) = Im(¢). Consider o(e) € N

and let ¢/ € M be the unique element such that
o(e') = a(e). (7.2.4)
Similarly to before, the heap homomorphism ¢ induces an additive map of retracts
5:G(Pie) — G(Nio(e),  p—s [o(p),0le), ale)] = o(p),

and analogously for ¢ and . These yield the following split short exact sequence of

Z-modules

0—— G(M;¢') —2= G(N; o(e)) —2= G(P; e) — 0.

\_/

oz
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Thus,
G(N;o(e)) 2 G(M;e) ® G(P;e) = G(M;€e') x G(P;e).

From G(N;o(e)) = G(M;e€') x G(P;e) and Corollary [1.1.29] it follows that
N =H(G(N;o(e))) ZH(G(M;e)) x H(G(P;e)) = M x P.

Explicitly, this isomorphism is given by the rule

O(m,p) = [d(m),o(e),a(p)].

Now, consider M as a T-module with the induced structure t bom = [t - m,t - €' €].

Then

@(t Derm, T - p) = @([t st 6/7 6/]>t 'p> = [¢<t ’ m)v ¢(t ) 6/), (b(e/)? 0(‘8)7 U(t p)]
[t g(m),t - $(€),t- o(p)] = t - O(m, p)

and hence it provides an isomorphism N = M () x P as claimed. O]

Remark 7.2.6. Let us compute explicitly the projection N — M arising from Proposi-

tion [7.2.2. At the level of Z-modules,
G(N;o(e)) — G(M;e'),  nr— 07" (n—ay(n)).

By recalling that the module structure is the one induced by the heap structure, we

conclude that

n—ot(n) = |n,a(e),0(n)"| = [n,0(e), [o(e), atb(n), a(e)] = [n, 09 (n), o(e)]

Therefore, the projection N — M is given by n — m,,, where m,, € M is the unique
element such that ¢(m,) = [n,o¢(n),c(e)]. Notice that this is not necessarily T-linear

if e or o(e) are not absorbers. The inverse to © is given by ©~(n) = (m,, ¥ (n)).

At this point a curious reader may wonder why we introduced the terminology
“split exact sequence” to refer to ([7.2.2) and we did not use a more specific one instead,

in order to distinguish (7.2.2) from ((7.2.3) (such as e.g. “left” and “right” split exact
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sequences). The reason is that if ¢ : N — P admits a section ¢ : P — N, then o

itself admits ¢ as a retraction. By applying Proposition to the split exact sequence

P2~ N_-"-N/P,
S
()

where N/P is the quotient T-module with respect to the submodule o(P) C N and 7
is the canonical projection, we conclude that N = P x N/P as T-modules. Now, 7 o ¢
is an isomorphism of Abelian heaps, since Im(¢) N kery(o(e))(7) = {o(e)} and for all
m(n) € N/P, (w0 ¢)(my) = m(n).

Let T be a truss (not necessarily unital). Recall that epimorphisms in 7-mod are

surjective T-linear maps by Proposition [4.4.1.

Definition 7.2.7. Let P be a T-module. We say that P is projective if the functor
Homy (P, —) : T-mod — Ah preserves epimorphisms. That is to say, if for every
surjective T-linear map m : M — N and every T-linear map f : P —> N there

exists a (not necessarily unique) 7T-linear map f: P — M such that 7o f = f.

Diagrammatically,
M —"s N
S
!
P.

Proposition 7.2.8. A T-module P satisfying the DBP property is projective. In

particular, every tiny T-module is finitely generated and projective.

Proof. In view of Proposition |4.4.2, every epimorphism is a coequalizer. In particular,
it is a colimit. By Theorem [7.1.115| Homy(P,—) : T-mod — Ah is cocontinuous,

and so it preserves small colimits and, in particular, epimorphisms. The last claim is a

consequence of Theorem n

Remark 7.2.9. Proposition should convince the reader that the terminology “small-
projective” from Definition [7.1.12| would also be very well-suited for tiny objects in
T-mod.

Lemma 7.2.10. Every projective T-module P admits a T'-linear morphism f : P — T
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Proof. The required morphism is a filler of the following diagram

T —{0}
» T m
fo
P.

Proposition 7.2.11. Every free T-module is projective.

Proof. Let X be any set, 7 : M — N be a surjective T-linear map and f : 7% — N
a T-linear map. Consider also the inclusion tx : X — TX,z —— 1lz. For every
x € X set n, = f(tx(z)) € N. Since 7 is surjective, by the axiom of choice, for every
x € X, we may choose an m, € M such that w(m,) = n,. This defines a function
f:X — M, x —> m,. By the universal property of the free T-module, the latter
extends uniquely to a T-linear map f : TX — M which satisfies 7(f(1z)) = m(m,) =
ng = f(1z). Since this implies that foux and 7o fory coincide, the uniqueness ensured

by the universal property of the free T-modules entails that f = 7o f as desired. [

Corollary 7.2.12. Let T be a truss without absorbers. Then any T-module with absorber
cannot be projective. In particular, free T'-modules over a truss without absorbers cannot

have absorbers.

Proof. Since T-linear maps preserve absorbers, a projective T-module P cannot have
absorbers in view of Lemma [7.2.10. In particular, Proposition [7.2.11 entails that free

modules over a truss without absorbers cannot have absorbers. O

Remark 7.2.13. A truss T has no absorbers if and only if there exists a non-empty
T-module without absorbers. In fact, if T" admits an absorber e then for every non-
empty T-module M and m € M, e -m is an absorber in M. Conversely, T itself is a
T-module without absorbers. More precisely, a truss 1" admits an absorber if and only
if there exists a projective T-module admitting an absorber. Therefore, the hypothesis

of Corollary [7.2.12|is not particularly restrictive.

Let us recall from Section [6.2 that functor (—)aps : T(R)-mod — R-mod is given
by M — M/Abs(M) and (¢ : M — M) — (@aps : T — @(m)), see Lemma [6.2.6.
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Proposition 7.2.14. Let R be a ring and T(R) be the associated truss.

1. If P is projective over T(R) then Paps is projective over R.

2. If P is finitely generated over T(R) then Pays is finitely generated over R.
In particular,

1. If P is a tiny T(R)-module then Paps is a finitely generated and projective R-

module.

2. P is a finitely generated and projective R-module if and only if T(P) is a tiny
T(R)-module.

Proof. To prove[l] let 7 : M — N be a surjective morphism of R-modules and assume
that f : Paps — N is an R-linear map. Since the action of the functor T on morphisms
does not change the underlying mapping and since epimorphisms in T(R)-mod and
R-mod are exactly surjective maps (see Proposition , the functor T preserves

epimorphisms, and hence we can consider the diagram of T(R)-modules

T(7)

T(M) — " T(N)
TT(f)
P T(Paps),

where np : P — T(Paps) is the unit of the adjunction (—)aps < T. Since P is projective

over T(R), there exists a filler f’ rendering the following diagram commutative:

T(M) " T(N)
A

7 TT(f)
P ————T(Pyps).

By applying the functor (—)aps to the latter diagram, we find the commutative diagram

M i N

T(M)abs —— T(N) abs Phaps

A
f[l\bs TT(f)Ab/
EPAbs

- T(Pabs) Abs
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and since ep,, o (np)aps = 1p, we constructed a morphism of R-modules f = ep0 fi, :

Paps —> M such that 7o f = f.

To prove , pick an epimorphism 7 : %T(R) — P. Since (—)aps is a left adjoint
functor (see Lemma [6.2.6] ) and every epimorphism in T(R)-mod is a coequalizer (see

Proposition m, (—)aps preserves epimorphisms and coproducts, and hence

R" = @D T(R)am = (EnET(R))Ab Ay P

is an epimorphism of R-modules, showing that Pay, is finitely generated.

Concerning the last claims, assume that P is tiny over T(R). Then it is finitely
generated and projective by Proposition and hence Py is finitely generated and
projective over R, proving[I} Furthermore, in view of Example we know that if
P is finitely generated and projective over R, then T(P) is tiny over T(R). Conversely,
we have just seen that if T(P) is tiny over T(R), then T(P)aps = P is finitely generated

and projective over R, thus showing O

Lemma 7.2.15. The empty T-module is projective.

Proof. For every T-module M, there exists a unique morphism & — M which is the
empty morphism. Therefore, the following diagram is commutative and gives a lifting

of the empty morphism along the epimorphism 7:

M "> N
»@ T@ O
(%]

Proposition 7.2.16. Let M be a non-empty projective T'-module. Then M is a direct
factor of a free T-module. More precisely, there exist a set X and a T-module with

absorber P such that M x P = TX as T-modules.

Proof. Since every T-module is a quotient of a free one (as we showed at the end of
Section [6.3), there exists a set X and a surjective T-linear morphism v : 7% — M.
By projectivity of M, v admits a T-linear section ¢ : M — TX. Thus, ¢ is injective
and we may identify M with the T-submodule ¢(M) C T*. Consider now

P =T ~g0n = T /M,
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which is a T-module with absorber. Denote by 1 : TX — P the quotient map. As M
is non-empty, the sequence
M-_t.Tx Y. p
B!
is split exact with ¢ surjective and so, by Proposition , TX > M x P as T-

modules. O

The converse of Proposition [7.2.16| holds as well.

Proposition 7.2.17. Let M be a T-module. If there exists a T-module P with absorber
and a set X such that TX = M x P, then M is projective.

Proof. Let e € P be an absorber. Then the assignment ¢ : M — M x P, m —— (m,e),
is a well-defined injective T-linear morphism, providing a section for the canonical
projection v : M x P — M, (m,p) — m. As a consequence, for every surjective
morphism g : N — @ of T-modules and every T-linear map f : M — (), we can

consider the diagram of T-linear maps

N g

Q
f
Mxpéj\l
¢

By projectivity of 7%, there exists f : TX —s N such that the diagram

N ? Q
7l I
TX$M><P%M
commutes, that is, go f = f o~ o 7. If we set f::fOT_loqﬁthen
gof:90f07_10¢:f070¢:fa

whence f : M — @ can be lifted to a T-linear map f : M — N along g, that
is, g o f = f, proving that M is projective. O
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Theorem 7.2.18. A T-module M is projective if and only if there exists a T-module
with absorber P such that M x P is a free T-module.

Proof. 1t follows from Propositions [7.2.16| and [7.2.17] O

Proposition 7.2.19. Let P be a tiny T-module with dual basis {(e1, . .., es), (d1,. .., ¢s)}.
Then there exists a T-module () with an absorber, such that P x Q) = T*.

Proof. By the universal property of the direct product, there exists a unique morphism
of T-modules ¢ : P — T such that m, 0 ¢ = ¢y, where m, : T® — T is the projection

on the k-th factor. The other way around, consider the assignment
m:1T% — P, (t1, ... ts) —> [t1-€1,...,ts - €5

Since

n([(tl,...,ts) (th, ... 1), (t’l’,...,t;/)D :7r<([t1,t’1,t/1’],. [ts,ts,t’s’])>
= ([t 8] - er, o [t 1] - ]
[

[ty - er,t) e, b eq], ..o [ts - es, L - es,t”'es]}

S S

=
||H

[[t1 er o ta el [t en, ot el [ et e
(7t ot w(E, ), (D)
for all (t1,...,ts), (ty, ..., t%),(t],...,t7) € T* and

Tt (ty, . ts)) = (b, .. 1)) = [ty - eq, ... tt, - €]
=t-[ti-en,...,ts e =t-m((ts,...,ts)),

for all t € T, 7 is a morphism of left T-modules satisfying 7 o ¢ = 1p (because P

satisfies the DBP). Thus, ¢ is injective and we may identify P with the submodule
#(P) C T%. As in the proof of Proposition consider @ = T%/ ~yp= T¢/P,
which is a T-module with absorber, and the quotient map ¢ : 7% — Q. By [1] of
Example [7.1.9, P is non-empty, and so the sequence
PVl
7

is split exact with ¢ surjective. By Proposition [7.2.2, T* = P x () as T-modules. [
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Differently from what we have seen for projective modules, it seems that the converse

of Proposition [7.2.19| requires stronger hypotheses.

Proposition 7.2.20. Let T be a unital truss with left absorber a € T. If there exist
an odd positive integer s = 2k + 1 and T-modules P, Q) such that T® = P x @) as left
T-modules, then both P and Q) are tiny T-modules.

Proof. If T admits a left absorber a and v : T® — P x () is an isomorphism as left T-
modules, then (a,a,...,a) € T* is a left absorber and so ap = 7p (7((a,a,...,a))) € P

and ag =g (7((a,a,...,a))) € Q are absorbers as well.

Now, set 1; .= (a,...,a,17,a,...,a) where 17 appears in the i-th position. Consider
the projection 7 == (Ts L PxQ5 P), the elements ey, := m(1;) € P and the com-
positions ¢ = (P — PxQ R N T) .0 — mY(p,ag), for all k =1,... s.
For all p € P, one finds that

(61(p) - €1 05(p) e = ([01(p) - s u(p) - L] ) = 7((1(0). - 0(0)) ) =

and so P satisfies the DBP. The proof for () is analogous. O



Appendix A

Categories

This appendix aims to familiarise or remind the reader of the basics of category theory.
We recall definitions of categories, functors, adjoints, limits and colimits. It is based
on [24],]39] and [40]. Another book worth recommendation is [17]. Let us start with a

definition of a category;

Definition A.0.1. A category € consists of

e a collection of objects, denoted by ob(€);

e for each A, B € 0b(€), a collection, denoted by €(A, B) or Hom(A, B), of maps

or arrows or morphisms from A to B;
e for each A, B,C € ob(€), a function
¢(B,C) x €(A,B) — €(A,C)

(9, f) = gof

called composition,

e for cach A € 0b(€), an element 14 of €(A, A), called the identity on A,
satisfying the following axioms:

e associativity: for each f € €(A,B), g € &(B,C) and h € €(C, D), we have
(hog)of=hol(gef)

209
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e identity laws: for each f € €(A,B), foly=f=1go0 f.

Example A.0.2. Most common examples of categories are:

e category consisted of sets as objects and functions as morphisms, denoted by Set;

e category consisted of groups as objects and group homomorphisms as morphisms,

denoted by Grp;

e category consisted of Abelian groups as objects and group homomorphisms as

morphisms, denoted by Ab.

Observe that a collection is not defined. For our purpose, one can consider only
classes, so there exists a class of all sets. A class of all classes does not exist. For
the bigger picture, through Universes, I recommend reading Chapter 6 of [17]. In the
category theory, whenever one works with sets, one works with small objects. Therefore,
whenever the word small appears, and it refers to a category theory, it means that one
works with “something at most as big as” sets. For example, a locally small category

means that collections of morphisms are sets.

Definition A.0.3. An opposite or dual category € of a category € consists of 0b(€P) =
ob(€) and €P(A, B) = &(B, A).

Definition A.0.4. A subcategory K of a category € consists of sub-collections of
ob(€) and €(A, B), for all A, B € ob(R), and satisfy axioms of a category. If for all
A, B € 0b(R), €(A, B) = R(A, B), then R is called a full subcategory of a category €.

Example A.0.5. The category Ab is a full subcategory of the category Grp.

Definition A.0.6. Let € be a category and A, B € ob(€). Then a morphism f €
C(A, B) is
(1) a monomorphism if for all C' € ob(€) and g,q¢" € €(C, A), fog = fog implies
9=9,
(2) an epimorphism if for all C' € ob(€) and g,¢" € €(A,C), go f = ¢’ o f implies

g=49,
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(3) an isomorphism if there exists g € €(B, A) such that go f =14 and fog = 15.

Definition A.0.7. Let € and ® be categories. A functor F : € — ® consists of

e a function

ob(€) — ob(D),

written as C' — F(C);
e for each C,C" € 0b(€), a function

¢(C,C") = D(F(C), F(C)),
satisfying the following axioms:

o F(ffof)=F(f)oF(f) forall fe €A, B)and f' € &B,C);
o '(14) = lpa for all A € 0b(C).

Example A.0.8. Let us consider two categories Grp and Set. Then the assignment
U : Grp — Set given by taking a group and forgetting the group structure on it, i.e.
taking an underlying set, is a functor that maps every group homomorphism into an
underlying function. This kind of functor that forgets the structure of objects is called
a forgetful functor. Analogously, one can assign to every set a group by taking a free
group over the set. Then every function between sets extends to a homomorphism
between free groups, and F : Set — Grp is the functor given by free construction. A

functor given by a free construction is called a free functor.

Definition A.0.9. Let €, © be categories and let F : € — 2, G : € — © be functors.
A natural transformation « : F — G is a family of morphisms in @, ay : F(A) — G(A)

iterated by A € € such that for every morphisms f : A — A’, the square diagram:

F(A)A g
G(A) —F—G(4)

commutes. The maps a4 are called the components of «.
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Definition A.0.10. A functor F : € — © is faithful (respectively, full) if for all A, B €
0b(€), the function: €(A, B) — D(F(A),F(B)), f — F(f) is injective (respectively,

surjective).

Definition A.0.11. A functor F : € — D is essentially surjective on objects if for all
B € D, there exists A € € such that F(A) = B.

Definition A.0.12. We say that two functors F, G : € — ® are naturally isomorphic
if there exists a natural transformation between them such that all components are
isomorphisms in ®. A natural isomorphism is a natural transformation for which all

components are isomorphismes.

Definition A.0.13. Given two functors F, G : € — O, we say that
F(A) = G(A) naturally in A,

if F and G are naturally isomorphic.

Definition A.0.14. An equivalence between categories € and ® consists of a pair of

functors, F : € — ® and G : ® — €, together with natural isomorphisms
N:leg >GoF, ¢:FoG — 1g.
If there exists an equivalence between € and ®, we say that € and © are equivalent.

Proposition A.0.15. A functor F : € — 9 is an equivalence if and only if it is full,

faithful and essentially surjective on objects.

Definition A.0.16. Let € and © be categories. An adjunction from € to ® is a triple
(F,G,¢): € 5D, where F: € - © and G : © — € are functors, while ¢ is a function
which assingns to each pair of objects C' € 0ob(€) and D € 0b(®) a bijection

Y =®c,p - @(F(C>7D) — Q:(C? G(D))v

which is natural in C' and D, where naturality in C' and D means that ¢ assigns to
each arrow f : F(C) — D, an arrow ¢(f) : C' — G(D), the right adjunct of f, in such

a way that following naturality conditions holds:

o(foF(h) =@(f)oh, plkof)=G(K)op(f),
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for all f and all arrows h : ¢/ — C and k : D — D’. Given such adjunction, the functor
F is said to be a left adjoint to G, while G is called a right adjoint to F. We denote by
F - G that F is a left adjoint to G.

Example A.0.17. The free functor is a left adjoint to the forgetful functor.

Theorem A.0.18. (see [2])], Theorem 1 and Theorem 2, pages 80-81) Each adjunction
(F,G,p) : € = D is completely determined by functors F : € - ©, G: D — € and
natural transformations n : 1¢ — GF, the unit, and ¢ : FG — 1g, the counit, such that

composities

M pGE —<F F

G GFG — &€ G, F

are the identity transformations. In this case bijection ¢ is given by o(f) = G(f) onc
for all f € D(F(C), D), similarly ¢~ (g) = ep o F(g) for all g € €(C,G(C)).

Definition A.0.19. Let € be a category and J be a small category, i.e. a category
such that collections of objects and morphisms are sets. A functor D : J — € is called

a diagram in € of shape 7.

Definition A.0.20. Let D : 3 — € be a diagram in €.

(1) A cone on D is an object C' € 0b(€) together with a family {f; : A — D(I) | I €
0b(J)} of maps in € such that for all maps u : I — J in J, the triangle

commutes

(2) A limit of D is a cone {p;: L — D(I) | I € ob(J)} with the property that for any
cone {f; : A — D(I) | I € ob(J)} on D, there exists a unique map f : A — L
such that p; o f = f; for all I € ob(J). The maps p; are called the projections of

the limit. If J is a small category then a limit of D is called a small limit of D.
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Example A.0.21. An object I of a category € is called an initial object if for all objects

C' € ob(€) there exists only one arrow f : I — C. An initial object property is a limit.
Example A.0.22. Being a monomorphism is a limit.

Example A.0.23. A product of A,B € € is a triple (P,pa,pg), where P € 0b(€),
pa: P — Aand pg : P — B such that for any triple (L, fa, fg), where L € ob(€),
fa:L— Aand fg: L — B, exists a unique morphism f : L — P such that f4 = psof

and fg = pg o f. A product property is a limit.

Example A.0.24. Let € be a category and s,t : X — Y be morphisms in this category.
An equalizer of s and t is a pair (E,i), where E € 0b(€) and i € €(F, X) such that
soi = toi and for any other pair (S, 7) with the same property s o j =t o j, there
exists exactly one morphism f : S — E such that i o f = j. In groups a kernel is an

equalizer. An equalizer property is a limit.

Example A.0.25. A pullback is a limit of the following diagram

A B,
N
C

in €. Thus, a pullback of the preceding diagram in € is a cone (A X¢ B, pa,pg), where
A X¢ B is an object in €, py : A — C and pg : B — C are morphisms such that

fopa=gops.
Definition A.0.26. Let € be a category and J be a small category. Let D : J — € be
a diagram in € and consider the coresponding functor D : 3 — €°P. A cocone on D

is a cone on D?. A colimit D is a limit of D°P. If J is a small category then a colimit

of D is called a small colimit of D.

Example A.0.27. An object I of a category € is called a terminal object if for all
objects C' € ob(€) there exists only one arrow f : C'— I. A terminal object property is

a colimit.

Example A.0.28. Being an epimorphism is a colimit.
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Example A.0.29. Let € be a category and s, : X — Y be morphisms in this category.
A coequalizer of s and t is a pair (E,i), where £ € 0b(€) and i € €(Y, E) such that
ios=1ot and for any other pair (5, j) with the same property jos = j ot, there
exists exactly one morphism f : E — S such that foi = j. A coequalizer property is a

colimit.

Example A.0.30. A coproduct of A, B € € is a triple (C,iqa,ig), where C' € 0b(€),
ia :— P and ig : B — P such that for any triple (L, fa, fg), where L € 0b(€),
fa:A— Land fg: B — L, exists a unique morphism f : P — L such that fy =iso f

and fg =igo f. A coproduct property is a colimit.

Example A.0.31. A pushout is a colimit of the following diagram

A B
oA
C

in €. Thus, a pushout of the preceding diagram in € is a cocone (A +¢ B,ia,ip),

where A +¢ B is an object in €, i4 : A — C' and ig : B — C are morphisms such that

g0 f=1igog.

Theorem A.0.32. (see [24], Theorem 1, pages 114-115). A functor that has a left

adjoint preserves limits, analogously a functor that has a right adjoint preserves colimits.

Definition A.0.33. A complete category is a category in which all small limits exist.

Analogously, a cocomplete category is a category in which all small colimits exist.

Definition A.0.34. A functor is called continuous if it preserves all small limits.

Analogously, a functor is called cocontinuous if it preserves all small colimits.

Theorem A.0.35 (|24, Theorem IV.3.1]). For an adjunction (F,G,e,n): € — B :

1. A functor G : 8 — € is faithful if and only if every morphism of counit € is an

epimorphism.
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2. A functor G is full if and only if every morphism of counit € is a split monic, i.e.

every component of counit is a monomorphism such that there exists a retraction

to this monomorphism.

Therefore G is fully faithful if and only if every component of counit ex : FG(X) — X

is an isomorphism.



Appendix B

Structures with binary operations

In this appendix, we introduce basics related to sets with binary operations. The first
section focuses on a set with one binary operation, i.e. semigroup, monoid and group.
The second section consists of facts related to a set with two binary operations. For

example, near-rings and skew braces.

B.1 Semigroups, monoids and groups

Definition B.1.1.

(1) A semigroup is a pair of a set S and an associative binary operation - : S x S — S.

(2) A monoid is a semigroup S with an identity element, i.e. there exists an identity

1€ Ssuchthatforallse S, 1-s=s-1=3s

(3) A group is a monoid in which every element has an inverse element, i.e. for all

1

s € S exists an inverse s7' € S such that s-s ' =s"1.-5=1.

Definition B.1.2. A map f : S — S’ between semigroups (groups) is called a semigroup

(group) homomorphism if for all s,h € S,

Moreover if f is a semigroup homomorphism between monoids such that f maps an

identity to an identity is called a homomorphism of monoids.
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Definition B.1.3. Let M be a monoid. A multiplicative closed subset S C M

containing a unit element in a monoid M is a left (right) Ore set if it satisfies the

o (left (right) cancellability) If for all n,m € M and s € S, ns = ms (sn = sm),

then there exists s’ € S such that s'n = s'm (ns’ = ms').

o (left (right) Ore condition) For any r € R and s € S there exists 7’ € R and
s' € S such that s'r = r's (rs’ = sr’). A subset S of a monoid is called an Ore

set if it is left and right Ore set.

Lemma B.1.4. A group homomorphism is an epimorphism (a monomorphism) if and

only if it is surjective (injective).

Proof. Surjective and injective group homomorphisms are epimorphisms and monomor-
phisms. That follows as group homomorphism is a function. Every monomorphism is
injective is relatively easy and follows a similar way to the case of heaps. See proof of

Lemma 1.1.8. Every epimorphism is surjective can be found in [41]. O

Construction B.1.5. We will briefly discuss the construction of a free group. We
will omit to check that relations are congruences as this construction is standard and
well-known. Let X be a set. We construct a free group over a set X, G(X) as follows.
We take a disjoint union of three sets X, {e} and X1 := {27! | z € X}, where {e} is

a singleton set, X! and X are bijective sets. Consider a set
W(X)={z1...z, [neN, 2, € XUX "U{e}}

of all finite words constructed from letters of X LI X~ i {e}. Now W (X) with a binary

operation given by juxtaposition, i.e. glueing words
X1 . Ty T Y1 Yy = T1- .- TpY1 -+ - Ym,

is a semigroup, i.e. a free semigroup over a set X LI X! U {e}. Now, let us generate a

congruence ~ by

Ty, .. T€Tiy1 .. Ty ~T1... 2y, foralln €Ny e {1,...,n}and 2, € X U X 1 {el.
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Then W (X)/ ~ with juxtaposition is a monoid, i.e. a free monoid over a set X LI X 1.

Last step is to construct inverses, to do so let us generate another congruence ~;,, by
-1 -1
Ty... ;XL Ljy1---Ly “iny 1. L& TLjq1 .. Ly iy L1+ Li€Tjp1 ... Ty,

forallne N, i€ {1,...,n}and z, 2,7, € X UX ' U{e}.
Then G(X) := W(X)/ ~ / ~n, together with a juxtaposition is a free group with

a neutral element e.

Corollary B.1.6. Since G(X) is defined for all sets and every function between sets
uniquely extends to a homomorphism between free groups, an assignment G : Set — Grp

is a functor. Moreover, it is a left adjoint to the forgetful functor Ugyp : Grp — Set.

Definition B.1.7. A sequence of Abelian groups

G() i > (31 f2 > Gy fs . I Gn

is ezact if for all : € {1,...,n}, Im(f;) = ker(fi11). A short exact sequence is an exact

sequence of the form

0 fi s Gy P Gy f3 Gl fa . 0.

Corollary B.1.8. Let sequence

be exact, then fi is a monomorphism and fy is an epimorphism.

Definition B.1.9. We say that a short exact sequence

0 i ‘Gl f2 G2 fs > Gg f1 > 0.

is a split exact sequence if one of the following conditions holds:

1. There exists a group homomorphism s : G5 — G5, called section, such that

Jzos=lg,.
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2. there exists a group homomorphism r : Gy — Gy, called retraction, such that

’/’Ofgzlgl.

3. There is an isomorphism ¢ : Gy — G @ G, such that ¢=! or is the canonical
injection of (G; into coproduct GG; & G5 and s o ¢ is a canonical projection of the

product G| & G3.

Lemma B.1.10 (J42, Proposition 4.3]). All the conditions in the Definition|B.1.9 are

equivalent.

B.2 Near-rings, skew braces and braces

For more on near-rings, see [43]. A good introduction into braces one can find in [28].

Definition B.2.1. A near-ring is a set N with two associative binary operations +, -,

such that (N, +) is a group and, for all n,m,m’' € N,
n(m+m') = nm+nm’.

If N has an element 1 € N, called an identity, such that for all n € N 1n =n = nl,

then N is called a unital near-ring.

Definition B.2.2. Analogously to the case of rings a near-field is a near-ring such that

(N \ {0}, ) is a group, where 0 is the neutral element for +.

Definition B.2.3. A homomorphism of near-rings is a function f : N — N’ that

commutes with both near-ring operations, that is, for all a,b € N,

flab) = fa)f(b) & fla+b)= f(a)+ f(b).

Moreover, if N, N’ are unital near-rings, then f is called a homomorphism of unital

near-rings if it preserves identities.

Definition B.2.4. A near-ring N is called a ring, if (N, +) is an Abelian group and
for all m,n,m’ € N,

(m +m')n = mn + m/n.
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Definition B.2.5. A ring homomorphism is a homomorphism of near-rings between
rings. Analogously, a homomorphism of unital rings is a homomorphism of near-rings

between unital rings that preserves identity.

Definition B.2.6. Let R be a ring. An element a € R is called left (right) regular if
forall b € R,
ab=0 = b=0 (ba=0 = b=0).

An element is reqular if it is both left and right regular.
Definition B.2.7. A domain is a ring R such that for all a,b € R,
ab=0 = a=0o0rb=0.
Equivalently, for all a,b,c € R,
(ab=ac = b=c) and (ca =ba = c=0).
Also, a domain is a ring such that all non-zero elements are regular.

Definition B.2.8. An Ideal of a ring R is a normal subgroup [ of an additive group of
R such that for alla € I and r € R,

ra €1 & ar € 1.

If only the first (second) membership holds, we say that [ is a left (right) ideal. We

write I < R, when [ is an ideal of R.

Lemma B.2.9. Let I be an ideal of a ring R. Then R/I is a ring and a canonical

map 7 : R — R/I is a ring homomorphism.

Definition B.2.10. Let R be a ring. An ideal I < R is essential if for all non-zero
ideals J < S, InJ # {0}.

Definition B.2.11. An essential extension of a ring S is a ring R such that there

exists an injective ring homomorphism i : S — R, and () is an essential ideal in R.
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Definition B.2.12 ([36, K.I. Beidar]). A ring R is said to be a mazimal essential
extension of a ring S, if S is an essential ideal of R, and for any ring A which contains
S as an ideal, there exists a ring homomorphism h : A — R such that h(s) = s for all

ses.

Definition B.2.13. A completely prime ideal of a ring R is an ideal P such that for
all a,b € R,
abe P = ac€ PorbeP.

Lemma B.2.14. If P is a completely prime ideal of ring R, then R/P is a domain.

Definition B.2.15. Let R be a ring and G be a group. A group ring is a ring
RG:={f:R—>G|3ISCGstl|S|<o0&VreG\S f(x)=0},
with addition and multiplication given for all f, g € RG by

fHgx)=fle)+gx)  f-gl@)= > fu)g(v).

UvV=x

Definition B.2.16. Let R be a unital near-ring. The set
UR)={ueR|3u'eR w'=u"'u=1}
is called the set of units and an element of U(R) is called a unit.
Remark B.2.17. A set U(R), for any unital near-ring R, is a group.
Definition B.2.18. A field is a ring which is also a near-field.

Remark B.2.19. A ring R is a field if and only if R\ U(R) = {0}, where 0 is a neutral
element of the additive group of R.

Definition B.2.20. The order of an element uw € U(R) of a ring R is the smallest

number n € N such that v™ = 1.

Definition B.2.21. The characteristic of a ring R is a smallest number n such that

n -1 =0. If the number does not exists we say that ring has characteristic zero.
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Definition B.2.22. Let R be a ring. An R-module is an Abelian group G together
with a ring homomorphism ¢ : R — End(G), i.e. it is an Abelian group together with
an R-action - : R x G — G, (r,g) — rg such that for all ;s € R and g, h € G,

(rs)g =r(sg), (r+s)g=rg+sg & r(g+h)=rg+rh.

Definition B.2.23. An R-module homomorphism or R-linear map is a group homo-
morphism f : M — N, between R-modules M, N, such that for all m € M and
r e R,

rf(m) = f(rm).

Definition B.2.24. Let M, N, P be R-modules. Then we say that P is projective if
for every surjective R-linear map 7w : M — N and every R-linear map f: P — N

there exists a (not necessarily unique) R-linear map f : P — M such that wo f = f.

Diagrammatically,
M "= N
~
T
P.

Lemma B.2.25. An R-module P is projective if and only if functor Hompg(P, —)

preserves epimorphisms.

We will briefly introduce skew braces.

Definition B.2.26. A skew brace or a skew left brace is a set B with two binary
operations +,- : B x B — B such that (B,+), (B,-) are groups and for all a,b,c € B
the following distributivity holds

a(b+c¢) = ab—a + ac,

where —a is an inverse in respect to the group operation +, not necessarily Abelian! A
skew brace in which (B, +) is an Abelian group is called a left brace. A left brace in

which analogous right distributivity rule holds is called a two-sided brace.

Remark B.2.27. In a skew brace B both neutral elements are equal. Let 0 be a neutral

element for + and 1 be a neutral element for -, then1=1-1=1-(14+0)=1—-1+40 = 0.



224 APPENDIX B. STRUCTURES WITH BINARY OPERATIONS

Definition B.2.28. A skew brace homomorphism is a map between skew braces that

preserves both binary operations.

Definition B.2.29. An ideal of a skew brace B is a normal subgroup S of an additive

group of B, for all a € B aS = Sa and for any b € B, ab—a € S.

Proposition B.2.30 ([27, Lemma 2.3]). If S is an ideal of B then B/S is a skew

brace, and a canonical map ©: B — B/S is a homomorphism of skew braces.

Proof. The fact that B/S is a skew brace follows by |27, Lemma 2.3]. The second
statement follows by the fact that S is a normal subgroup for both groups (B, +) and
(B,-), so 7 is a canonical map that is a homomorphism for both groups (B/S,+) and

(B/S, ), and therefore a homomorphism of skew braces. O

Definition B.2.31. Let B be a skew brace. A socle of B is a set
Soc(B):={a€ B|a+b=ab, b+ba=ab+bforall be B}.
If B is a two-sided brace then
Soc(B):={a€ B|a+b=uabforall be B}.
Lemma B.2.32 (|27, Lemma 2.5]). A socle of a skew brace B is an ideal.

Proposition B.2.33 ([28| Proposition 3]). If B is a finite non-trivial two-sided brace,
then Soc(B) # {1}.
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Universal algebra

This appendix is devoted to universal algebras and introduce the reader to the basics of
those algebras. For more on universal algebra, check [18] and [17]. In this part, we will
omit the adjective universal, but one should bear in mind that when we say an algebra,

we mean a universal algebra.

Definition C.0.1. Let A be a non-empty set and n a nonnegative integer. An n-ary
operation on A is a function f : A" — A, where for n = 0, A° = {0} is a singleton
set. A number n is called the arity of f. We call f a nullary, unary, binary or ternary
operation if its arity is 0,1, 2 or 3, respectively. If we do not specify the arity of f we

call it a finitary operation.

Definition C.0.2. A language of algebras is a set F of functions such that a positive
integer n is assigned to each member f of F. This integer is called the arity of f. The
subset of n-ary operations in F is denoted by F,,.

Definition C.0.3. If F is a language of algebras then an algebra A of type F is an
ordered pair (A, F'), where A is a nonempty set and F' is a family of finitary operations
on A indexed by the language F such that corresponding to each n-ary function symbol
f in F there is an n-ary operation f4 on A. If F is finite, let us say it has k elements,

then we write (A, f1,... fx) instead of (A, F).

Example C.0.4. A group G is an algebra (G,-,71 1), where - is a binary operation,

~1 is a unary operation and 1 is a nullary operation such that for all z,y, z € G, the
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following holds:
1) (@-y)-z=2z-(y-2),
(2) z-1=1-2z=rz,
B)z-at=z12=1

Example C.0.5. A ring R is an algebra (R, -, +,—,0), where - and + are binary
operations, — is a unary operation and 0 is a nullary operation, which has the following

properties:
(1) (R,+,—,0) is a group,
2) z+y=y+z,
B) (@-y)-z=x-(y-2)
4) z-(y+2)=(x-y) +(z-2),
) (y+2)-z=(y =)+ (z-2),
for all z,y,2 € R.
Observe that a field is a quintuple (I, -, +,71, —, 1, 0) that consists two binary, unary

and nullary operations. On the other hand, the brace is a quadruple (B, -, +,7',—,1)

with one nullary operation less.

Definition C.0.6. Let A and B be two algebras of the same language F. A mapping

a: A — B is called a homomorphism if

oz(fA(al, ooan) = fPla(ar),. .., ala,))

for each n-ary operation f in F and all a; € A.

If a homomorphism of algebras « is surjective, injective or bijective, then « is an

epimorphism, a monomorphism or an isomorphism, respectively. Of course, not every

epimorphism is surjective. See Definition [4.0.6]
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Definition C.0.7. Let A be an algebra with a language F and ~g be an equivalence
class on A. Then ~g is a congruence on A if for all n-ary functions f € F and elements

a;,b; € A, if a; ~g b; holds for 1 < i <n then

fA(CLl, e ,an) ~O fA<b1, C. 7bn>
holds.

Definition C.0.8. Let ~g be a congruence on an algebra A. Then the quotient algebra
of A by ~g, denoted by A/ ~g is the algebra whose underlying set is A/ ~g and

finitary operations satisfy

fAe (@) ~e,. . yan) ~o) = A, )/ e,
where a; € A and f is an n-ary function in F.

Theorem C.0.9. (see [18], Definition 6.7 and Theorem 6.8) Let « : A — B be a
homomorphism of algebras with language F. Then the kernel of o, defined by

Ker (o) = {(a,b) € A* | a(a) = a(b)}
is a congruence on A. Moreover canonical map 7 : A — A/Ker («) is an epimorphism.

Theorem C.0.10 (Homomorphism theorem). (see [18], Theorem 6.12) Let o : A — B

be a surjective homomorphism. Then B is isomorphic with A/Ker (a).

Theorem C.0.11 (Second isomorphism theorem). (see [18], Theorem 6.15) If ~4, ~g

are congruences on A such that ~yC~g, then an algebra A/ ~y4 is isomorphic to

(Af ~o)/(~e [ ~s)-

Remark C.0.12. Algebras with the same language F form a category with homomor-

phisms of algebras as morphisms. We will denote this category by F-Alg.

Proposition C.0.13 ([17], Proposition 9.1.6). Let F be a language. Then the category
F-Alg has small limits, which can be constructed by taking the limits of the underlying

sets and making them F-algebras under pointwise operations.
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Theorem C.0.14 ([17], Theorem 9.3.8). The category F-Alg has all small colimits.

Definition C.0.15. (see [17], Definition 9.4.6) A variety of F-Alg is a full subcategory
R of F-Alg for which objects are algebras which satisfies some set of identities / and
every object in F-Alg has an underlying structure of a set. A category is called a

variety of algebras if it is a variety of F-Alg for some language F.

Theorem C.0.16. (see, [17], Theorem 9.4.14) If R is a variety of F-Alg. then K has
small colimits, objects presented by generators and relations, and free objects on all

small sets.

The most common examples of the varieties are a category of groups Grp, a category

of rings, denoted by Ring, and a category of modules over a ring R denoted by R-mod.
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