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1 Introduction

The recognition that certain types of instantons, the ‘replica wormholes’, contribute to
entropy of Hawking radiation has finally revealed how semi-classical techniques based
on the saddle points of the functional integral can shed light on the information loss
paradox without needing a detailed knowledge of the underlying microscopic theory of
quantum gravity. The central observable is the von Neumann entropy of a subset R of
the Hawking radiation S(R) and the new insight is that there are now two saddles of the
gravitational functional integral that can compete to S(R). One of them leads to the entropy
of Hawking’s original calculation [1, 2] while the new saddle is given by the contribution
of a replica wormhole [3, 4].1 The competition between the two saddles reproduces Page’s

1See also earlier work [5–8] and the review [9] as well as the non-comprehensive list of related works just
within the arena of black holes [10–35].
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Figure 1. The Penrose diagram for the evaporating black hole formed from collapse in an
asymptotically flat spacetime. The Hawking radiation is collected in a subset R ⊂ I + which
lies in a Cauchy surface C that avoids the high curvature region near the singularity and the
end-point of evaporation but includes any QES that can contribute. The functional integral is
defined on the pink region from I − up to the Cauchy surface where boundary conditions in the
form of gluing conditions between copies of the spacetime are imposed in order to compute the
(Rényi) entropies of the state on R.

theorem [36, 37], that gives the entropy of one of the factors of a bipartite quantum system
HR ⊗HB in some random, or ‘typical’, pure state,

S(R) = min(log dR, log dB) , (1.1)

a result that is valid when dR � dB or vice-versa. In this case, we identify log dR with
the entropy of the radiation (suitably regularized) up to a certain time and log dB with
the Bekenstein-Hawking entropy of the black hole. The former is the Hawking saddle
and the latter the replica wormhole one. At early times the Hawking saddle dominates
and the entropy increases as more radiation is produced. Then at late times there is
a crossover to the replica wormhole saddle giving an entropy approximately that of the
Bekenstein-Hawking entropy of the black hole, which is decreasing. In this way, at least as
far as the entropy is concerned, unitarity is satisfied.

The calculations of [3, 4] were done mainly in the context of the theory of Jackiw-
Teitleboim (JT) gravity [38, 39] which captures the dominant s-wave sector of near-extremal
Reissner-Nordström black holes in 3 + 1. However, as advocated in [5] and then described
in detail in [40], conceptually the approach should apply to any black hole, like the
Schwarzschild black hole in 3 + 1 asymptotically flat spacetime. In that case the set up
is illustrated in figure 1 and R is defined as a subset of I +. In the present work we will
use the generalized entropy formalism as a hypothesis in the higher-dimensional case of an
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evaporating Schwarzschild black hole, along the lines of [40]. Of course, we emphasize that
it can be fully justified in the context of JT gravity where the replica wormhole saddles
can be found exactly [3, 4]. We will present our results in such a way that they apply
to both the JT gravity model and the Schwarzschild black hole, the latter in the s-wave
approximation which dominates the evaporation.

It has been argued [41, 42] that the holographic nature of gravity implies the fine
grained entropy of the radiation is actually a constant in asymptotically flat spacetimes and
there is no Page curve (see also [43–45] for related issues). Our point of view is that within
semiclassical gravity, suitably coarse-grained entropies or “not-so-fine-grained” entropies
as argued in [46–48] would follow the usual Page curve (1.1). In this perspective, for the
asymptotic observer the evaporation of a black hole is not too different from that of a piece
of coal. In the case where AdS gravity is coupled to a non-gravitating bath (as implied in the
JT gravity setup) the graviton is not massless [49] and the Page curve for the fine-grained
entropy is crisply defined.

The Lorentzian interpretation of the replica wormhole saddles is particularly interest-
ing [33, 40]. It gives a picture where the entropy S(R) includes the QFT entropy of an
additional region I, an ‘entanglement island’, behind the horizon. Since the modes inside
and outside the horizon are entangled, as in the Unruh effect, this has a profound effect.
The island is in the bulk where the metric can fluctuate and in the semi-classical limit the
boundary of the island ∂I, the Quantum Extremal Surfaces (QESs), is fixed dynamically
by extremizing the ‘generalized entropy’ [50–53],2

SI(R) = ext
∂I

{∑
∂I

Area(∂I)
4GN

+ SQFT(R ∪ I)
}
. (1.2)

The QES are points in 1 + 1 dimensions or 2d spatial surfaces in 3 + 1. Finally, the entropy
of R is given by minimizing over the possible island saddles:

S(R) = min
I
SI(R) . (1.3)

The island formula implies that there are underlying correlations in the Hawking radiation
that are not captured by the Hawking, i.e. no island, saddle S∅(R) ≡ SQFT(R). A possible
island I is shown in figure 1, although strictly speaking only the QES, the endpoints,
are covariantly defined and the island can be any Cauchy surface through the QES and
containing R on I + like the one shown.

For most of the lifetime of a large black hole, the evaporation is very slow and there is
an adiabatic limit for which it is possible to associate a slowly-varying temperature to the
black hole. The adiabatic limit is valid when the Bekenstein-Hawking entropy of the black

2There is an important but subtle point that is worth emphasizing. Ordinarily, adding additional regions
like the island I to the entropy of a QFT would incur additional UV divergences from the QES which would
suppress the contribution in the path integral. However, for the islands these divergences are absorbed into
the usual renormalization of Newton’s constant in the QES terms in (1.2) so SI(R) has the same divergence
as S∅(R), the Hawking saddle. In this way, saddles with islands having multiple intervals can compete and
sometimes dominate the entropy without being suppressed by a divergence.
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hole is suitably large,

SBH(t)� N , (1.4)

where N is the number of fields (here free massless scalar fields) that make up the Hawking
radiation. It is also assumed that N � 1 to justify the semi-classical limit, an important
ingredient in the replica wormhole saddle point analysis [3, 4]. For the Schwarzschild black
hole, the adiabatic approximation only breaks down near the end of the evaporation when
the black hole becomes Planck sized. We will work in the limit where the intervals of
radiation that make up R ⊂ I +, say [uj , uj+1],3 are large compared with the thermal scale
of the black hole |uj − uj+1| � 1/T . In this limit, the QFT entropy is approximated by
the thermodynamic entropy of a relativistic boson gas in 1 + 1-dimensions with a slowly
varying temperature,

SQFT(R) ≈ Srad(R) + (div) , (1.5)

where (div) is the usual UV divergence and where4

Srad(uj , uj+1) = πN
6

∫ uj+1

uj

T du . (1.6)

However, we will for the most part also work in a more stringent limit where the intervals
are much larger than the scrambling time of the black hole ∆ts which is the longer time scale

|uj − uj+1| � ∆ts �
1
T
, ∆ts ∼

1
T

log SBH − S∗
N

. (1.7)

Here, S∗ is the possible extremal entropy.
If we apply the adiabatic and the thermodynamic limit as above but combine it with

the island formula then this leads to the very simple islands-in-the-stream recipe for the
saddles that can contribute [11, 54] to the case of an evaporating black hole formed from a
rapid collapse at u = 0. In the JT gravity case, this involves a shockwave collapse into a
pre-existing extremal black hole.

1. Choose a subset ∂Ĩ ⊂ ∂R ∪ {0−}. Note that we explicitly add the point u = 0−

just before the black hole forms by a collapse at u = 0.5 The subset Ĩ ⊂ I + is
the ‘island-in-the-stream’ that is the image of the island I behind the horizon under
the involution U → −U for the outgoing inertial Kruskal-Szekeres coordinate U ,
exchanging the inside and outside of the horizon.

3The coordinate u = t− r∗ is the out-going null coordinate outside the black hole, where r∗ is the tortoise
coordinate. Far from the black hole r∗ ≈ r. We choose the origin so that the black forms at u = 0.

4We emphasize that the following expression is only valid in the s-wave approximation for the Schwarzschild
black hole and also ignoring the grey-body factor which we will turn to shortly.

5This will account for the possible QES associated to the pre-existing extremal black hole in the case of
JT gravity for which SBH(0−) = S∗, the extremal entropy, or for the Schwarzschild case, the origin of radial
coordinate. In the latter case, the point is not a QES (so ∂I there is not a boundary and SBH(0−) = 0) but
just accounts for the fact that island can extend smoothly over the origin of the polar coordinates.
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2. The von Neumann entropy of R, up to a UV divergence independent of I, of this
saddle is then

SI(R) =
∑
∂Ĩ

SBH(u∂Ĩ) + Srad(R	 Ĩ) . (1.8)

Here, SBH(u) is the Bekenstein-Hawking entropy of the black hole. The set R	 Ĩ is
the symmetric difference of R and Ĩ on I +.

The island-in-the-stream recipe above was derived under the simplifying assumption
of trivial grey-body factor. One feature of a realistic black hole, as opposed to the simple
model in JT gravity, is the fact that Hawking radiation must tunnel through an effective
potential barrier around the black hole. This means that only some of the radiation makes it
out to I + and the Planck distribution gets modified from a black body to a grey body [55]

N̄T
ω = Γ(ω)

eω/T − 1
, (1.9)

where T indicates the modes transmitted through the potential barrier and N̄T
ω is the

expectation value of the occupation number of the mode with frequency ω. The resulting
grey-body factor Γ(ω) < 1 slows down the process of evaporation. For a black hole like
Schwarzschild, the effect of the grey-body factor leads to simple multiplicative relation
between the entropy rate of the transmitted radiation ST

rad,6 and the one of the Bekenstein-
Hawking entropy of the black hole

dST
rad
du

= −ξ dSBH
du

=⇒ dStot
du

= (ξ − 1)
∣∣∣dSBH
du

∣∣∣ (1.10)

where 1 ≤ ξ ≤ 2 is the ‘grey-body coefficient’. Notice that ξ → 1 is the reversible limit,
when only an infinitesimal amount of radiation escapes, while ξ = 2 is the case with a trivial
grey-body factor (no reflections). Since ξ ≥ 1, the rate of change of the total thermodynamic
entropy is always ≥ 0 which is a statement of the generalized second law for black hole
evaporation [56, 57].

It is the purpose of this paper to analyse the effect of a non-trivial grey-body factor on
entropy of an arbitrary subset of the radiation, and in particular how it affects the Page
curve [36, 58] and the correlations of the Hawking radiation. Working in the adiabatic
approximation (1.4) and with intervals of radiation satisfying (1.7),7 the answer turns out
to be a simple extension of the islands-in-the-stream formula (1.8):

SI(R) =
∑
∂Ĩ

SBH(u∂Ĩ) + ST
rad(R	 Ĩ) . (1.11)

In the above, the entropy of the radiation is that of the radiation that tunnels out of the
effective potential. So compared with (1.8), the second term involves the entropy of a
relativistic bosonic gas with the modified Planck spectrum as in (1.9).

6Here, ST
rad is the QFT entropy of the original Hawking calculation after being suitably regularized and

in the adiabatic limit.
7The condition of scales being large compared with the scrambling time can be relaxed, in which case

the result (1.11) becomes more complicated.
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We can write a finite version of equation (1.10)

ST
rad(u1, u2) = ξ

(
SBH(u1)− SBH(u2)

)
(1.12)

and re-express (1.11) solely in terms of the Bekenstein-Hawking entropy:

SI(R) =
∑
uj∈∂Ĩ

SBH(uj) + ξ
∑

uj∈∂R	∂Ĩ

(−1)j+1SBH(uj) , (1.13)

with the uj ordered so that uj < uj+1.
If we take the view that the grey-body coefficient ξ is a variable (e.g. by artificially

reflecting back some of the radiation), then this allows us to investigate the effect of
reversibility versus irreversibility as the evaporation proceeds. In particular, a key finding is
that it is the irreversible nature of evaporation that leads to a picture where for an arbitrary
subset of the radiation R ⊂ I + there are multiple replica-wormhole saddles in (1.13) that
can compete to dominate the entropy, to compare with the reversible limit ξ → 1 where
only one replica-wormhole saddle survives. This means that a naïve application of Page’s
theorem can account for the reversible limit but something rather more general is needed
when the evaporation is irreversible ξ > 1. Page’s theorem can be proven by taking a unitary
ensemble over the total state of the bipartite system and we will find that the generalization
needed involves a nested sequence of unitary ensembles as the evaporation proceeds.

The organization of the paper is as fallows: in section 2, we review some of the main
features of Hawking radiation and the grey-body factor and how it influences the evaporation
of the black hole. In particular, we describe how the entropy of the black hole and the
radiation change as the black hole evaporates. In section 3, we show how the entropy carried
away by the radiation can be related to the entanglement of modes across the horizon.
The analysis is complicated by the fact that when the grey-body factor is non-trivial there
are modes that are reflected off the effective potential back into the black hole. A key
feature is how the three sets of modes, the transmitted, the reflected and the entangled
partner modes behind the horizon are all related. In section 4, we consider the generalized
entropy and island formalism when there is a grey-body factor in the adiabatic regime.
This allows us to argue for the existence of a new class of extrema of the generalized
entropy and leads to a result that generalizes the analysis with a trivial grey-body factor
in [54]. The final sections are devoted to some applications of the formalism to topics that
highlight the dependence on the grey-body factor. In section 5, we argue that when the
evaporation is irreversible, i.e. ξ > 1, the entropy of a subset of the Hawking radiation
generally involves a competition of multiple saddles. We then describe how these multiple
saddles can be understood by a nested generalization of Page’s theorem. What results is a
statistical quantum mechanical description of the evaporation. A key rôle is played by a
time sequence of unitary averages. We uncover a concrete relation between the statistical
model and the islands-in-the-stream formalism. In section 6, we consider the effect of a
grey-body factor on the entanglement-monogamy problem and highlight how the irreversible
regime is rather richer than the reversible limit which manifests the so-called A = RB
scenario. Appendices A and B discuss the back-reaction problem of Hawking radiation
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on the geometry in the JT gravity and Schwarzschild cases, respectively. In the former
case, the back-reaction problem can be solved exactly whereas for Schwarzschild there is an
approximate analysis which is sufficient for our purposes.

2 Grey-body factors and evaporation

The mechanism that leads to Hawking radiation is a well understood textbook phe-
nomenon [55]. It is effectively a 1 + 1 dimensional problem because each angular momentum
mode can be treated separately and most of the emission energetically and entropically is
in the s-wave mode. The JT gravity model is formulated in 1 + 1 dimensions [38, 39] and
captures the dominant s-wave sector of the near-extremal Reissner-Nordström black hole in
3 + 1 dimensions. The JT gravity model is useful because the problem of the back-reaction
of Hawking radiation on the black hole, a crucial ingredient in modelling the evaporation of
the black hole, can be solved exactly as we summarize in appendix A, even without invoking
the adiabatic limit [6, 8, 10]. For the case of Schwarzschild, the back-reaction can be solved
approximately by evoking the adiabatic limit [59–63] as we describe in appendix B which
establishes some additional results that we need. What emerges from the analysis of an
evaporating black hole in both JT gravity and Schwarzschild are some universal features
which are precisely what we need in our analysis of the entropy of the radiation.

In the JT set up, the metric of the gravity region is a patch of AdS2. A region of
the boundary is then glued onto a half-Minkowski space [4, 6, 8]. This is a model of the
geometry of the (t, r) part of the near-extremal Reissner-Nordström black hole in 3 + 1
dimensions. So there are null coordinates (u, v), u = t− x and v = t+ x in the half-space
Minkowski ‘bath’ region x > 0. These coordinates extend into the AdS region as the
Schwarzschild coordinates that cover the region outside the horizon, where x ≡ r∗ is the
tortoise coordinate. So u ∈ [−∞,∞], where u = ∞ is the horizon. For the case of the
Schwarzschild black hole, the coordinates (u, v) are the analogues of Eddington-Finkelstein
outgoing/ingoing coordinates that can be defined in the evaporating case. Far from the
black hole, we have u = t− r and v = t+ r since r∗ ∼ r.

In both JT gravity and Schwarzschild, we can also introduce the Kruskal-Szekeres (KS)
type coordinates (U, V ) at least in a neighbourhood across the horizon. It is key observation
that in this region these coordinates are related to (u, v) via exponential maps

U = −e−σ(u) , V = eσ(v) , (2.1)

where the function σ(t) in the adiabatic limit is related to the slowly varying time-dependent
temperature of the Hawking radiation via

dσ

dt
= 2πT , (2.2)

as discussed in the appendices. Inside the horizon, we will introduce a null coordinate ũ, a
partner to u outside, with

U = e−σ(ũ) . (2.3)

– 7 –
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There is an involution symmetry that exchanges the inside and the outside U ↔ −U , i.e.
u↔ ũ, that will play an important rôle in our analysis.

The metric in a neighbourhood of the horizon takes the form

ds2
∣∣∣
near hor

= −Ωh(v)−2dU dV , (2.4)

where we have suppressed the angular part in the Schwarzschild case. The conformal factor
is equal to Ωh(v) = 2πT (v) for the Schwarzschild case and constant for the JT gravity
case.8 The non-trivial conformal factor in the Schwarzschild case will be a subleading effect.
The QES term in (1.2) involves the area of an S2 or, in the JT gravity case, the value of
the dilaton. In both the Schwarzschild and JT gravity cases, in the neighbourhood of the
horizon, i.e. small U , we have the universal formula

Area(S2)
4GN

∣∣∣
near hor

= S∗ +
(
SBH(v)− S∗

)
(1− 2UV ) + · · · . (2.5)

Here, S∗ is the entropy of the extremal black hole with S∗ = 0 in the Schwarzschild case.
In a black hole in 3 + 1, modes that become Hawking radiation must tunnel out of an

effective potential barrier that surrounds the black hole. The transmission probability for a
mode of frequency ω is known as the grey-body factor Γ(ω). In general this depends on the
angular momentum of the mode and the evaporation is dominated by the transmission of
s-wave modes. In this work, we will exploit this to work in the s-wave approximation.

In the JT gravity set up, we can mimic the effect of the grey-body factor by choosing
appropriate boundary conditions at the AdS-Minkowski interface so that modes are only
partly transmitted. We can essentially engineer any grey-body factor we like. The modes
of the scalar field satisfy the free wave equation and we can choose boundary conditions so
that an incoming mode of frequency ω is partially transmitted at the boundary x = 0:

φ(x, t) =

e−iωu + R(ω)e−iωv , x < 0 ,
T(ω)e−iωu , x > 0 .

(2.6)

The grey-body factor is then the transmission probability

Γ(ω) = |T(ω)|2 = 1− |R(ω)|2 . (2.7)

The phase of the transmission coefficient will lead to a time delay for the transmission of a
wave packet.

The Hawking radiation carries away energy from the black hole which evaporates
over time. The Hawking analysis is valid in the adiabatic limit when the evaporation is
slow enough and the black hole geometry can be described by a slowly time-dependent
temperature. The time dependence is found by equating the rate of change of the mass to
minus the outgoing energy flux of the radiation. The flux is determined by the occupation
number (1.9)

dM

du
= −N

∫ ∞
0

dω

2π ·
ωΓ(ω)
eω/T − 1

. (2.8)

8Although for the s-wave reduction of the near-extremal charged black hole, there will be a similar factor
to the Schwarzschild case.
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The time dependence of the temperature then follows from the known relation between T
and M . The loss of mass also implies that the Bekenstein-Hawking entropy of the black
hole SBH = Area(horizon)/4GN , decreases in accordance the laws of thermodynamics

dSBH
du

= 1
T

dM

du
. (2.9)

We can integrate this up from the endpoint of the evaporation u = uevap to get the entropy
at an earlier time,

SBH(u) ≡ Su = S∗ −
∫ uevap

u

1
T

dM

du
du , (2.10)

where uevap is the evaporation time which is infinite in the case of the charged black hole as
it relaxes to the extremal black hole.

In the adiabatic limit, the entropy of the radiation is given by the thermodynamic
entropy of a relativistic bosonic gas in a ‘volume’ du. The entropy density or flux is then

dSrad
du

= N
∫ ∞

0

dω

2π
(
(N̄ω + 1) log(N̄ω + 1)− N̄ω log N̄ω

)
(2.11)

and so when there is a trivial grey-body factor Γ(ω) = 1, for an interval at I + this gives

Srad(u1, u2) = πN
6

∫ u2

u1
T du . (2.12)

Now we add in the grey-body factor. We will denote the entropy flux of the transmitted
and reflected modes as dSlrad/du where l = T or R which take the form (2.11) with the
appropriate occupation number:

N̄T
ω = Γ(ω)

eω/T − 1
, N̄R

ω = 1− Γ(ω)
eω/T − 1

. (2.13)

For the Schwarzschild black hole, there is only a single scale in the problem, the mass
or the Schwarzschild radius rs = 2GNM . The temperature takes the form

T = 1
8πGNM

. (2.14)

Because there is only one scale, the grey-body factor Γ(ω) is a function of the dimensionless
ratio ω/T , so we define

Γ̃(ω/T ) = Γ(ω) . (2.15)

Hence, we can write

dM

du
= −πNηT

2

12 , (2.16)

where η is just a number

η = 6
π2

∫ ∞
0

dx · xΓ̃(x)
ex − 1 .

(2.17)
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In addition, the entropy of the transmitted and reflected modes can be expressed as

Slrad(u1, u2) = πNαl

6

∫ u2

u1
T du , l = R,T. (2.18)

For instance,

αT = 3
π2

∫ ∞
0

dx

{(
Γ̃ (x)
ex − 1 + 1

)
log

(
Γ̃ (x)
ex − 1 + 1

)
− Γ̃ (x)
ex − 1 log Γ̃ (x)

ex − 1

}
(2.19)

and similarly for αR with Γ̃ → 1 − Γ̃. Numerically for Schwarzschild in the s-wave
approximation,

η = 0.86 , αT = 0.82 , αR = 0.31 . (2.20)

We will further define the grey-body coefficient ξ as in (1.10), the ratio of the entropy fluxes
of the black hole and the transmitted radiation, so ξ = 2αT/η = 1.91.

If we allow for a more general grey-body factor, which is possible in the JT gravity
model where Γ(ω) can be fixed by a choice of boundary condition between the AdS and
Minkowski regions. The upper bound ξ = 2, i.e. αT = η = 1 and αR = 0, corresponds to the
case of a trivial grey-body factor Γ(ω) = 1. The lower bound ξ = 1 can only be approached
as a limit. For example, by taking the grey-body factor to switch on at high frequency
Γ(ω) = θ(ω/T − µ0) for µ0 � 1, gives

η ≈ 6(µ0 + 1)
π2 e−µ0 , αT ≈ 3(µ0 + 2)

π2 e−µ0 , (2.21)

so that

ξ ≈ 1 + 1
µ0

. (2.22)

So in the limit of large µ0, the evaporation becomes very slow and the rate at which entropy
is lost by the hole is equal to the entropy carried away in the radiation. In a thermodynamic
sense this corresponds to a reversible situation for which dStot/du→ 0, whilst if ξ > 1 more
entropy is carried away than is lost and the evaporation is thermodynamically irreversible.

3 Entropy and entanglement

In this section we turn to the entropy dynamics in the evaporating black hole background.

3.1 Entanglement across the horizon

The entanglement of modes across the horizon is the physics of the Unruh effect. The
outgoing modes are in the U vacuum, the inertial frame across the horizon, which can be
expressed in terms of the u vacuum, the one appropriate to the asymptotic region far from
the hole, as a 2-mode squeezed state. Schematically,

|0〉U ∼
∏
ω

exp
[
e−ω/2Ta†(Zω)a†(Z̃∗ω)

]
|0〉u . (3.1)
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In this expression, Zω are a complete set of modes outside the horizon and Z̃ω are their
partners behind the horizon related by the involution U ↔ −U that exchanges the inside of
the horizon with the outside.

If we trace out the modes behind horizon, the state of outgoing modes that reach I +

is a thermal state of temperature T :

ρ = N exp
[
− 1
T

∑
ω

ωa†(Zω)a(Zω)
]

= N
∏
ω

∞∑
n=0

e−nω/T |n〉〈n| , (3.2)

where N =
∏
ω(1− e−ω/T ). So the probability of occupation of the nth level of a mode of

frequency ω is

pn = (1− e−ω/T )e−nω/T , (3.3)

implying that the mean occupation number is

N̄ω =
∞∑
n=0

npn = 1
eω/T − 1

. (3.4)

In the Unruh state (3.1), we can split the modes outside the horizon into a sum of a
reflected and transmitted component,

a(Zω) = a(ZR
ω ) + a(ZT

ω ) . (3.5)

We now have a tripartite systems of modes and we can calculate the state of any subset by
tracing out the other two. For example, if we trace out the modes behind the horizon Z̃
and the reflected modes ZR then we find the state of a transmitted mode of frequency ω as
in (3.2) but with a probability,

pTn = (1− e−ω/T )e−nω/TΓ(ω)n

(1− e−ω/T (1− Γ(ω)))n+1 , (3.6)

where the grey-body factor arises as the normalization of the transmitted mode. So the
state of an individual mode is thermal but with a temperature that is no longer T since it
depends on the grey-body factor Γ(ω). This probability gives a mean occupation number
modified by the grey-body factor precisely as in (1.9).

We can also trace out the modes behind the horizon and the transmitted modes to
give the occupation number of the reflected modes as in (2.13). Finally, if we trace out the
reflected and transmitted modes, then the occupation number of the modes behind the
horizon is simply N̄ω = 1/(eω/T − 1).

For an evaporating black hole, we will assume that the infalling modes are in the
vacuum of the inertial coordinate v far from the black hole.

3.2 Entropy

Let us analyse the entropy of intervals either outside or inside the horizon. To start with
we ignore the grey-body factor, so there is no reflection.
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Trivial grey-body factor: the entropy of an interval R = [p1, p2] outside the horizon
far from the black hole is given by [64]

SQFT(R) = N6 log(U2 − U1)(v1 − v2)− N12

2∑
i=1

log(2πT (ui)Ui) + (div) . (3.7)

The second term here are the conformal factors for the conformal transformation u→ U

at the endpoints of R. In the adiabatic limit, we can discard the term involving T and
the infalling mode contribution involving v2 − v1 since these are subleading. This is to be
expected because the infalling modes are in the v vacuum.

When the interval is sufficiently large |U1| � |U2|

SQFT(R) ≈ N6 log
√
U1
U2

+ (div) = πN
6

∫ u2

u1
T du+ (div) ≡ Srad(R) + (div) . (3.8)

So in the limit we are working, the QFT entropy is approximately equal to the thermody-
namic entropy of the radiation, up to the usual UV divergence.

Now we turn to an interval behind the horizon (an island) I = [p1, p2] that is specifically
in the near-horizon zone |UV | � 1, so that the metric is approximately given in (2.4). The
entropy can be calculated using standard QFT techniques given that the quantum state is
the Unruh vacuum:

SQFT(I) = N6 log(U2 − U1)(v1 − v2) + N12 log (2π)2T (v1)V1T (v2)V2
Ωh(v1)Ωh(v2) + (div) . (3.9)

In the generalized entropy application, the UV divergence here will be absorbed into the usual
one-loop renormalization of Newton’s constant. The terms log(v1 − v2) and log(2πT/Ωh)
are subleading in the adiabatic limit and can be dropped. In the thermodynamic limit, we
can write this as

SQFT(I) ≈ S̃(I) + Srad(I) + (div) ≈ Srad(I) + (div) , (3.10)

where we define

S̃(I) = N12
∑
∂I

log(U∂IV∂I) , (3.11)

a term that will also turn out to be subleading in the adiabatic/thermodynamic limit
but plays an important rôle in the extremum conditions for the generalized entropy. We
conclude that the entropy of an interval either inside (3.10) or outside (3.8) the horizon is
just the thermodynamic entropy of the outgoing modes that cross the interval.

Things get more interesting when we consider the entropy of intervals both inside
and outside the horizon SQFT(R ∪ I). For intervals that are large compared with the
thermal scale, ∆u� T−1, the entanglement between modes inside and outside the horizon
is approximately local in null space and so may be determined by a process of ray tracing.
So an interval of outgoing modes inside the horizon I = [ũ1, ũ2] is purified with its mirror
interval Ĩ = [u1, u2] ⊂ I +, with ũi = ui: see figure 2. Hence, modes in R ∩ Ĩ ⊂ I + are
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Figure 2. On the left the outgoing modes inside the horizon that pass through the island and their
map onto Ĩ ⊂ I + via the involution ũ→ u or U → −U . On the right, we illustrate the reflected
modes that pass through the island I and their map onto Î ⊂ I + via v → u.

purified by modes behind the horizon in I and so do not contribute to the entropy. It
follows that the net entropy corresponds to the modes in the symmetric difference:

SQFT(R ∪ I) ≈ Srad(R	 Ĩ) + (div) , (3.12)

where R	 Ĩ = R ∪ Ĩ −R ∩ Ĩ.

With grey-body factor: now there is non-trivial reflection and the modes collected in
the interval R far from the black hole are the modes transmitted by the potential barrier
and, hence, (3.8) is replaced by

SQFT(R) ≈
∫ u2

u1

dST
rad
du

du ≡ ST
rad(R) + (div) , (3.13)

where the entropy flux or density for the transmitted and reflected modes is defined in (2.11)
with occupation number N̄T

ω .
The island, being behind the horizon, now also picks up modes that are reflected off

the potential barrier at u = v. The effect of these modes on SQFT(R ∪ I) can be considered
after mapping the reflected modes that pass through I onto I + by using the map v → u.
So if the v coordinate of I are [v1, v2] then we define Î = [v1, v2] ⊂ I +: see figure 2.

The contribution to SQFT(R ∪ I) in the thermodynamic limit now depends on the
interplay of the three subsets R, Ĩ and Î of I +. The contributions depends on the tripartite
entanglement structure that is summarized in figure 3. Explicitly,

SQFT(R ∪ I) ≈ Srad((Ĩ 	R) ∩ (Ĩ 	 Î)) + ST
rad((R	 Ĩ) ∩ (R	 Î))

+ SR
rad((Î 	R) ∩ (Î 	 Ĩ)) + (div) ,

(3.14)

generalizing (3.12).9

9It would be interesting to derive such a result from purely CFT arguments following the analysis
in [65], where the entanglement entropy of an interval containing the semi-reflecting barrier was computed
in some limits.
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R

Ĩ

Î

Srad

ST
rad

SR
rad

Figure 3. The contributions to SQFT(R ∪ I) as determined by the overlaps of the three subsets of
I + labelled R, Ĩ and Î. Note that the triple intersection does not contribute because the modes in
the 3 subsets together are in a pure state.

However, if we work in the limit that the intervals are large compared with the
scrambling time (1.7), we will find in section 4 that relevant configurations have islands I
with endpoints, the QES, that have outgoing and infalling coordinates related at leading
order by10

ũ = v . (3.15)

The implication for the entropy is that Ĩ = Î at leading order and so (3.14) simplifies to

SQFT(R ∪ I) ≈ ST
rad(R	 Ĩ) + (div) . (3.16)

4 Islands in the adiabatic limit

In this section, we prove that refinement of the ‘islands in the stream’ formula for the
generalized entropy (1.11). Specifically we prove the following for the coordinates (ũ, v) of
the QES:

1. The ũ coordinate is equal to the u coordinates of one of the endpoints ∂R at I +.
More precisely

ũ = uj +O(T−1) , uj ∈ ∂R . (4.1)

The one exception is that there can be QES just before the black hole is formed. In
the JT gravity case, this is the QES of the extremal black hole, while for Schwarzschild
it is just the origin of the polar coordinates.

2. The infalling and outgoing coordinates of a QES are related by

v = ũ− ε , (4.2)

10There are important subleading corrections to the following which will not affect the entropy at leading
order we are working.
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where ε = O(T−1 log s−1) is a subleading correction of order the scrambling time (1.7)
and we have defined

s ≡ N
SBH(u)− S∗

� 1 . (4.3)

Note that in the limit we are working the intervals are always large (1.7) and so ε
although large is subleading compared to the size of the intervals R. The temperature
varies very slowly and so the combination UV for a QES is very small since

UV = e−σ(ũ)+σ(ũ−ε) ≈ e−2πT (ũ)ε ≈ s� 1 . (4.4)

It follows that the QES lie close to the horizon.

The entropy of this saddle can then be evaluated as follows at leading order in the
adiabatic limit. The first term in the generalized entropy, the expression in the curly
brackets in (1.2), is just the Bekenstein-Hawking entropy of the black hole evaluated at the
infalling coordinate v∂I , which we can relate to the outgoing coordinate of ∂Ĩ (4.2), that is
SBH(v∂I) ≈ SBH(u∂Ĩ). The second term is the QFT entropy of R ∪ I. If the QES takes the
form (4.2), then we get that SQFT(R ∪ I) is given by (3.16), which in turns leads to the
main result (1.11).

4.1 Proving extremality

In order to establish our conjecture, namely the pattern of the extrema and the leading
order expression for the entropy (1.8), we need to show that variations of the generalized
entropy around the putative extrema vanish.

Let we label the points in ∂R with outgoing coordinates uj , j = 1, 2 . . . , n, ordered
so that

u1 < u2 < · · · < un , (4.5)

so that R ⊂ I + consists of the intervals [u1, u2] ∪ [u3, u4] ∪ · · · ∪ [un−1, un]. Let us label
the QES ∂I with coordinates (Ua, Va) or (ũa, va), a = 1, . . . , p.

The fact that ∂Ĩ ⊂ ∂R, corresponds to a one-to-one map of the QES to the endpoints
of R defined by α(a) such that

ũa = uα(a) , va = uα(a) . (4.6)

Now let us concentrate on the ath QES and shift around the leading order expres-
sions (4.6)

ũa = uα(a) + δũa , va = uα(a) + δva . (4.7)

The shifts are not infinitesimal but are small compared with the size of the intervals. The
shift δva is in the infalling coordinate of the QES and we will see that it is negative,
δva = −∆ts, where ∆ts is interpreted as the instantaneous scrambling time of the black
hole as in (1.7).
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Our goal will be to show that there exists a solution for δũa and δva but the actual
values will not be needed because they are subleading in the limit we are working with.
Recalling that Uα(a) < 0, we will write,

Ua = −λaUα(a) , Va = −µa/Uα(a) , (4.8)

where

λa = e2πTδũa , µa = e2πTδva . (4.9)

Here, the slowly varying function T is implicitly evaluated at uα(a).
We will make the hypothesis that at the extremum

µa = O(s1) , λa = O(s0) (4.10)

and show that a solution exists which is consistent with this assumption. The implication
is that UaVa = λaµa = O(s)� 1 which means that the QES is very close to the horizon on
the inside. The behaviour of µa implies that the scrambling time

∆ts ∼
1

2πT (uα(a))
log

SBH(uα(a))− S∗
N

. (4.11)

There are two contributions to the entropy gradients of the generalized entropy (1.2).
Firstly, the QES term. Since the QES are, by hypothesis, close to the horizon UaVa � 1,
we can use the near-horizon approximation (2.5) for the first term in (1.2):

∑
∂I

Area(∂I)
4GN

= pS∗ +
∑
a

(SBH(va)− S∗)(1− 2UaVa) + · · · . (4.12)

This expression is universal and so valid for the near-extremal RN and Schwarzschild black
holes. Using this, the gradient in the direction ũa is

∂

∂ũa

∑
∂I

Area(∂I)
4GN

= 4πTλaµa
s

+ · · · . (4.13)

On the other hand, the gradient in the direction va is

∂

∂va

∑
∂I

Area(∂I)
4GN

= −4πTλaµa
s

+ dSBH(va)
dva

+ · · · , (4.14)

Note that to leading order we can replace ũa and va with uα(a) in the arguments of SBH
and T since in the adiabatic limit these are slowly varying. In the following, all the slowly
varying functions T , ṠBH = dSBH/du and Ṡrad = dSrad/du, etc, without an argument are
implicitly evaluated at uα(a).

The second contribution comes from the variation of the QFT entropy term SQFT(R∪I).
Let us consider its variation under δũa and visualize the effect on the modes collected by

– 16 –



J
H
E
P
0
3
(
2
0
2
2
)
1
1
0

R ∪ I that we map to I + as R, Î and Ĩ:

δũa

ũa

uα(a)va
∆ts

R

Î

Ĩ

The variation of the QES by its ũ coordinates affects Ĩ but fixes Î. It is apparent that the
variation converts modes in R into modes in R ∪ Ĩ, i.e. leading to a gradient ṠR

rad − ṠT
rad.

Hence,

∂SQFT(R ∪ I)
∂ũa

= ∂S̃(I)
∂ũa

− ṠT
rad + ṠR

rad = −πcT6 − ṠT
rad + ṠR

rad . (4.15)

The first term here comes from the conformal factor defined in (3.11). Although the value
of this term is subleading at the saddle point, its gradient cannot be ignored. Using the
expression (2.11), we can write this term as the flux Ṡrad, i.e. with no grey-body factor,
so finally

∂SQFT(R ∪ I)
∂ũa

= −Ṡrad − ṠT
rad + ṠR

rad (ũa < uα(a)) . (4.16)

Now we can follow the same reasoning for the case when ũa > uα(a):

δũa

R

Î

Ĩ

In this case, the variation is

∂SQFT(R ∪ I)
∂ũa

= ∂S̃(I)
∂ũa

+ Ṡrad = 0 (ũa > uα(a)) . (4.17)

Our analysis above seems to imply a discontinuous change in the gradient at ũa = uα(a).
This is simply a symptom of the fact that we have used the thermodynamic approximation
for the entropies which will not be valid when ũa and uα(a) are close. Fortunately, we do
not need to have an explicit expression for the smooth crossover in order to establish the
existence of extrema and so it will be sufficient for our purposes to write

∂SQFT(R ∪ I)
∂ũa

=
(
ṠR

rad − ṠT
rad − Ṡrad

)
Θ(λa − 1) . (4.18)

for some smooth function Θ(x) that goes from 0 to 1 as x ∈ [−1,∞] goes from negative to
positive values, i.e. a smoothed version of the Heaviside function.
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As a useful consistency check, in the case with a trivial grey-body factor, where there
are no reflected modes, we can calculate the entropy gradient exactly using exact QFT
results based on conformal transformations [54]:

∂SQFT(R ∪ I)
∂ũa

= −πNT3 · Ua
Ua − Uα(a)

= −2Ṡrad ·
λa

λa + 1 , (4.19)

which matches the behaviour (4.18) when SR
rad = 0 and ST

rad ≡ Srad if we identify

Θ(λa − 1) = λa
λa + 1 .

(4.20)

In the presence of a grey-body factor we cannot use conformal transformations in the same
way to calculate the cross over exactly.

Now consider the variation δva. In this case there is only one configuration:

δva

R

Î

Ĩ

The variation of the QES by its v coordinates affects Î but fixes Ĩ. In this case, the variation
δva effectively changes a set of modes in R∩ Ĩ for those which include all 3 subsets of modes.
The change in the latter does not change the entropy because the state is pure for this set
of modes. Hence, the entropy gradient is

SQFT(R ∪ I)
∂va

= ∂S̃(I)
∂va

− ṠR
rad = Ṡrad − ṠR

rad . (4.21)

Putting together these results for the variation of the generalized entropy, gives us a
pair of equations for λa and µa:

4πNTλaµa
s

+
(
ṠR

rad − ṠT
rad − Ṡrad

)
Θ(λa − 1) = 0 ,

−4πNTλaµa
s

+ ṠBH + Ṡrad − ṠR
rad = 0 .

(4.22)

The second equation determines the product λaµa. Then the first equations determines λa
as the solution of

Θ(λa − 1) = Ṡrad − ṠR
rad + ṠBH

Ṡrad − ṠR
rad + ṠT

rad
. (4.23)

This will have a solution as long as the right-hand side is between 0 and 1. Since ṠBH < 0
and ṠT

rad > 0 and the denominator in (4.23) is always positive, this will be true as long as
the numerator is positive, that is

Ṡrad − ṠR
rad + ṠBH > 0 . (4.24)
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Note that s does not appear in the equation for λa hence the solution has λa of order s0

and µa of order s as we hypothesized in (4.10).
One can check that (4.24) is always satisfied because the each term is expressed as an

integral over ω and the combined integrand is manifestly positive for any Γ(ω). Equality is
approached in the limit where the transmission is very small, i.e. ṠBH → 0, ṠT

rad → 0 and
ṠR

rad → Ṡrad.
This completes our proof that extrema of the generalized entropy exist with the pattern

we hypothesized.

5 Nested Page’s theorem and multiple saddles

In sections 5 and 6 we apply the formalism we have established, summed up in the
formula (1.11), to phenomena involving the correlations of the Hawking radiation for which
the dependence on the grey-body coefficient ξ plays an important role.

In this section, we investigate a characteristic feature of the islands-in-the-stream
formalism in that there is generally a competition from many possible saddles whereas the
usual expectation of Page’s theorem [37] is that there would be a competition between
two saddles.

We will show that the existence of multiple saddles is intrinsically linked to the
irreversible nature of evaporation, in the sense that in the reversible limit ξ → 1 two saddles
can actually dominate and so a naïve application of Page’s theorem is valid. However, when
ξ > 1, we show that there is a nested generalization of Page’s theorem that describes the
multiple saddles that can dominate.

5.1 Page curve

The island prescription is known to reproduce the Page curve for the emitted radiation,
consistent with unitarity [5, 6]. This can be easily checked using (1.11). Consider an interval
of radiation R = [0, u] and for simplicity the case S∗ = 0, so there is no extremal entropy.
In this case, there are two possible entropy saddles which can be visualized in terms of the
subsets A and the image of the island-in-the-stream Ĩ(= Î) at I + as

R

Ĩ

R	 Ĩ

S∅(R) = ξ(S0 − Su)

0 uevap

R

Ĩ

R	 Ĩ

SI(R) = Su

0 uevap

On the left we have the Hawking, or no-island, saddle, for which the entropy is simply

S∅(R) = ξ(S0 − Su) ≡ ST
rad(0, u) , (5.1)

where Su ≡ SBH(u) is the black hole entropy while ξ is the grey-body coefficient, the ratio
of the entropy fluxes of the black hole and the radiation (1.10).
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The other possible entropy saddle has an island whose image on I + covers the
whole of R, i.e. Ĩ = [0−, u]. In this case, the island purifies all the transmitted radiation
ST

rad(R	 Ĩ) = 0 and so the only contribution comes from the QES at u:

SI(R) = Su ≡ SBH(u) . (5.2)

Note that the contribution from the QES at u = 0− vanishes.
The entropy of R is then the minimum among these two contributions

S(R) = min
(
ST

rad(0, u), SBH(u)
)
, (5.3)

which is the Page curve. The transition between the two saddles occurs at the Page time

SPage = ξ

ξ + 1S0 . (5.4)

Notice that in the reversible case ξ → 1 the Page transition occurs when the black hole has
lost exactly half its entropy.

The result (5.3) is just a statement of Page’s theorem, see equation (1.1), if we identify
the effective Hilbert space dimension of the radiation and the black hole as

ST
rad(0, u) ∼ log dR , SBH(u) ∼ log dB . (5.5)

One route to Page’s theorem [37] is to take a bipartite quantum system HR ⊗ HB and
compute the Rényi entropy S(n)(R) of subsystem R of some pure state of the total system
ρ0 = |ψ0〉〈ψ0| and then average over the pure state. Conceptually the idea is analogous to
statistical mechanics where an ensemble average captures the behaviour of a single system
in a random, or typical, pure state.

In the present context, one actually averages the exponential of the Rényi entropies

e(1−n)S(n)(R) =
∫

trR
[
ρR(U)n

]
dU , where ρR(U) = trB

(
Uρ0U

†) , (5.6)

where U is an element of the group SU(N), N = dRdB, and the measure is the standard
group invariant measure. These kinds of averages can be computed by introducing replicas
for the Hilbert space H → H⊗n:∫

trR
[
ρR(U)n

]
dU =

∫
tr(n)[(Uρ0U

†)⊗nηR ⊗ eB
]
dU

=
∫

tr(n)[ρ⊗n0 (U †)⊗nηR ⊗ eBU⊗n
]
dU ,

(5.7)

where ηR is the cyclic permutation on the n copies of the subsystem R, eB is the identity
permutation on B and the trace is taken over the n replicas of the total space HR ⊗HB.
In the second equality we have used the cyclicity of the trace because we find it more
convenient to average the permutation rather than the state. When N � 1, then the
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average is dominated by a sum of terms that are associated to elements of the symmetric
group Sn acting on the replicas:11

JfK ≡
∫

(U †)⊗n f U⊗n dU ≈ 1
Nn

∑
τ∈Sn

tr(n)(τ−1f)τ . (5.8)

Hence, we have

JηR ⊗ eBK ≈ 1
Nn

∑
τ∈Sn

tr(n)(τ−1ηR ⊗ eB)τ . (5.9)

Then we have tr(n)(τ−1ηR ⊗ eB) = d
k(η−1τ)
R d

k(τ)
B , where k(τ) is the number of cycles in the

element τ , so k(e) = n and k(η) = 1. Finally, since ρ0 is pure, tr(n)(ρ⊗n0 τ) = 1 for any τ ,
and so

e(1−n)S(n)(R) ≈ 1
Nn

∑
τ∈Sn

d
k(η−1τ)
R d

k(τ)
B . (5.10)

The sum is dominated by two terms corresponding to the identity e and the cyclic permuta-
tion η, hence

e(1−n)S(n)(R) = d1−n
R + d1−n

B + · · · (5.11)

and so S(R) = limn→1 S
(n)(R) ≈ min(log dR, log dB). The other terms in (5.10) in the sum

have the effect of smoothing over the crossover when dR ∼ dB.

5.2 Three competing saddles

Now consider the case when the interval R no longer begins at u = 0, rather R = [u1, u2]
with u1 > 0. According to the islands-in-the-stream formalism, there are now three saddles
that can contribute [54]:

S∅(R) = ξ(Su1 − Su2)

R

Ĩ

R	 Ĩ

SI(R) = Su1 + Su2

R

Ĩ

R	 Ĩ

SI′(R) = Su2 + ξ(S0 − Su1)

R

Ĩ ′

R	 Ĩ ′

Hence,

S(R) = min
(
ST

rad(u1, u2), SBH(u1) + SBH(u2), ST
rad(0, u1) + SBH(u2)

)
. (5.12)

11The average is invariant under the action of SU(N) acting diagonally on the n replicas and this
means that, as a consequence of Schur-Weyl duality, it must be a linear combination of elements of its
commutant, the symmetric group Sn acting on the replicas. The precise formula on the right-hand side is∑

τ,σ∈Sn
Wg(σ−1τ,N)tr(τ−1f)σ, involving the Weingarten function. When N is large the term with σ = τ

dominates and Wg(1, N) = 1/Nn + · · · .
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Figure 4. A model for the black hole evaporation for the evaluation of the entropy of the subset
of radiation S(R). The Bi are the black hole at times 0, u1 and u2. In order to model irreversible
evaporation an auxiliary factor Q1 must be added in as indicated.

It is immediately apparent that the saddle with island I can only dominate in the
irreversible situation ξ > 1. In the reversible case, there is a competition of two saddles ∅
and I ′ only and the relation to Page’s theorem is then immediate. In fact, one can show
that this reduction to only two saddles occurs for any general subset R = [u1, u2] ∪ · · · ∪
[u2p−1, u2p] of the radiation. Using equation (1.13), the two saddles that can compete are
the Hawking saddle,

S∅(R) = ST
rad(R) =

2p∑
j=1

(−1)j+1Sj , (5.13)

and the island saddle with island-in-the-stream Ĩ = [0−, u2p], with entropy

SI(R) = ST
rad(R) + SBH(u2p) =

2p∑
j=0

(−1)jSj , (5.14)

where R = [0, u1] ∪ · · · ∪ [u2p−2, u2p−1] ⊂ I + is complementary to R up to time u2p. So
the entropy is then a competition between these two saddles

S(R) = min
(
ST

rad(R), ST
rad(R) + SBH(u2p)

)
, (5.15)

in accordance with Page’s theorem.
Now we return to the case of irreversible evaporation ξ > 1 and consider how we

can square the appearance of three competing saddles with Page’s theorem. The reason
why Page’s theorem naïvely does not apply is subtle but boils down to the fact that
in the irreversible case, the overall Hilbert space is effectively getting bigger during the
evaporation. To take account of this we need to add in some auxiliary Hilbert space factors
as the evaporation proceeds [5, 74]. The upshot is that there is a nested construction that
leads to a generalization of Page’s theorem. The set up is shown in figure 4. The auxiliary
Hilbert space factor needed to account for the irreversibility is labelled Q1 and the initial
pure state is an unentangled state |ψ0〉 = |α〉B0 ⊗ |β〉Q1 .
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The averaging procedure now involve two separate unitary averages that act on the
factors as shown in the figure. The Rényi entropies of the subset R are given by

e(1−n)S(n)(R) =
∫

trR
(
trRB2

U2U1ρ0U
†
1U
†
2
)n
dU1 dU2

= tr(n)(ρ⊗n0 JeR ⊗ JηR ⊗ eB2K2K1
)
,

(5.16)

where in the last line we introduced replicas and used the cyclicity of the trace. We can then
compute the averages in turn, using (5.8), picking out only the terms that can dominate
when the Hilbert space factors all have a large dimension,

JηR ⊗ eB2K2 = d1−n
R eB1 ⊗ eQ1 + d1−n

B2
ηB1 ⊗ ηQ1 + · · · (5.17)

and then

JηB1 ⊗ eRK1 = d1−n
B1

eB0 + d1−n
R

ηB0 + · · · , JeB1 ⊗ eRK1 = 1 . (5.18)

Assembling all the pieces, and using the fact that for the final trace tr(n)(ρ⊗n0 τB0 ⊗σQ1) = 1,
for any τ and σ, gives

e(1−n)S(n)(R) = d1−n
R + (dB1dB2)1−n + (dRdB2)1−n + · · · . (5.19)

Away from the crossover regions, this gives the von Neumann entropy

S(R) = min
(

log dR, log(dB1dB2), log(dRdB2)
)
. (5.20)

Given the identification Srad(u1, u2) ∼ log dR, Srad(0, u1) ∼ log dR and SBH(uj) ∼ log dBj ,
the result here is precisely competition between the three saddles in (5.12). Note that the
rôle of the auxiliary factor Q1 is simply to allow dRdB2 > dB1 , that is

ST
rad(u1, u2) > SBH(u1)− SBH(u2) . (5.21)

More precisely, we have
ξ = 1 + log dQ1

log dB1/dB2
(5.22)

which means ξ > 1 and the reversible limit is obtained when dQ1 = 1.
What is interesting is that there is a concrete relation between the elements τj , j = 1, 2,

of the symmetric groups Sn, which act on replicas of subsystems B0 and B1∪Q1, respectively,
associated to each of the averages over the unitary group, as in (5.8), and the islands-in-
the-stream as shown in the table:

nested model islands
S{τj}(R) (τ1, τ2) SI(R) Ĩ

log dR (e, e) ST
rad(u1, u2) ∅

log(dB1dB2) (e, η) SBH(u1) + SBH(u2) R

log(dRdB2) (η, η) SBH(u2) + ST
rad(0, u1) R ∪R
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· · ·

Figure 5. The general case involves a nested series of unitary averages and Hilbert space factors
as shown.

Notice that not all combinations of (τ1, τ2), with τj ∈ {e, η}, actually occur, in particular,
the combination (η, e) cannot occur. We will sum up this in effective selection rules in the
next section. It is also clear from the table that there is a relation between the island-in-
the-stream and the string of elements of e, η ∈ Sn, again this will emerge in generality in
the next section.

5.3 General radiation region R

The analysis can easily be extended to cover any general subset of the radiation R. Let us
define this in the following way. Define subsets Aj = [uj−1, uj ], j = 1, 2 . . . , p, with u0 = 0
and where |uj − uj−1| � ∆ts,12 then R can be taken to be a subset of {Aj}. The set up is
shown schematically in figure 5. The general expression for the Rényi entropy is given by

e(1−n)S(n)(R) = tr(n)(ρ⊗n0 JτA1 ⊗ . . . JτAp−1 ⊗ JτAp ⊗ eBpKpKp−1 . . .K1
)

(5.23)

where τAj can be ηAj or eAj depending on whether Aj is or is not in R respectively, and
we have used (5.8) and the cyclicity of the trace p times, one for each unitary averages.
This means that we have p elements of the permutation group τj , j = 1, 2, . . . , p, which act
on the replicas of HB′j−1

≡ HBj−1 ⊗HQj−1 . As we have seen in the previous section, the
dominant contributions in (5.23) occur when each element τj is either e or η. The rules
follow from the averages

JeAj ⊗ eBj Kj = eB′j−1
, JηAj ⊗ ηBj Kj = ηB′j−1

,

JηAj ⊗ eBj Kj = d1−n
Aj

eB′j−1
+ d1−n

Bj
ηB′j−1

,

JeAj ⊗ ηBj Kj = d1−n
Bj

eB′j−1
+ d1−n

Aj
ηB′j−1

,

(5.24)

12If we want to mimic an evaporation process which happens at discrete time steps, we can choose the uj
to be equidistant.
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S{τj}(R)

A1 A2 A3 A4 A5 A6 A7 A8 A9

e e

0

η

b2

η

0

η

0

η

a5

η

a6

η

0

η

0 b9

Figure 6. An example of a contribution to the entropy associated to {τj}. Using the shorthand
aj = log dAj ≈ ST

rad(uj−1, uj) and bj = log dBj ≈ SBH(uj), the entropy is S{τj}(R) = b2 + a5 +
a6 + b9 = SBH(u2) + ST

rad(u4, u6) + SBH(u9) and the figure shows the relation to the islands-in-the-
stream formalism.

where we have not considered subleading terms associated to other elements of Sn. In-
serting (5.24) in (5.23) one can explicitly recover (1.13) after the identification log dAj =
ξ(Suj − Suj−1) and log dBj = Suj . Let’s explore a bit more this identification.

As we saw in the previous section, not every combination of elements can occur: there
are effectively selection rules between an adjacent pair (τj , τj+1). In equation (5.24), the
contributions τB′j−1

, with τ ∈ {e, η}, on the right-hand side are identified with τj , while the
left-hand side involves τj+1 acting on Bj . The first line in (5.24) manifests the effective
selection rules on (τj , τj+1): (η, e) cannot occur if Aj 6∈ R, i.e. for eAj , while (e, η) cannot
occur if Aj ∈ R, i.e. for ηAj . This two rules combined together are equivalent to the claim,
in the island in the stream formula (1.11), that the QES image on I + must correspond to
the radiation endpoints.

In order to make this last point more explicit, we can consider an example of a particular
contribution that corresponds to a saddle is shown in figure 6. It is apparent from this
example that, as mentioned above, there is a simple relation between the string of elements
of the symmetric group and the island-in-the-stream of the saddle, namely,

SI(R) ≡ S{τj}(R) where Ĩ =
⋃
τj=η

Aj , (5.25)

What is noteworthy is that the effective selection rules implicit in the averages (5.24) mesh
precisely with the rules of the islands-in-the-stream formalism.

To summarize, we have shown that the island-in-the-stream formalism is captured by
a coarse-grained model for the evaporation based on finite dimensional Hilbert space and
with a temporal series of unitary ensemble averages.

5.4 Decoupling

A simple application of what we have seen above is to study when two intervals of radiation,
say A = A1∪A2, are not correlated. This happens when the mutual information I(A1, A2) =
S(A1) + S(A2)− S(A) = 0, or, equivalently, the state on A factorizes ρA = ρA1 ⊗ ρA2 .
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In order to investigate this, let us consider once again the set up as in section 5.2 where
A = R ∪B2 is the complementary region to R. The relevant contributions to the entropy
S(A) are:

A

Ĩ1
A	 Ĩ1

SI1(A) = ξ(Su1 − Su2) SI2(A) = Su1 + Su2

A

Ĩ2
A	 Ĩ2

SI3(A) = Su2 + ξ(S0 − Su1)

A

Ĩ3
A	 Ĩ3

It is clear that S(A) = S(R) as required by unitarity [54].
Turning to the issue of decoupling, notice that the contributions from the island saddles

I2 and I3 the entropy on A factorizes, S(A) = S(R) + S(B2), which automatically implies
I(R,B2) = 0. But these saddles correspond to the condition that R is in one of its island
saddles I or I ′. This motivates us to state the following island-in-the-stream decoupling
rule: if two intervals are separated by a region large enough to be dominated by an island
saddle, then they are uncorrelated.13

It is easy to extend this result to prove that, on the other hand, two intervals are
correlated, I(A1, A2) > 0, if the entropy of A1 ∪A2 is dominated by an island saddle which
image contains both A1 and A2, A1 ∪A2 ⊆ Ĩ.

6 Entanglement monogamy and A = RB

In order for the Page curve (5.3) to hold, there must be significant correlations between
the early and late radiation. Since the Hawking radiation is also maximally entangled
with its partners behind the horizon, including the reflected mode, we would have a
violation of the entanglement monogamy if there is not some other mechanism at work
(see the reviews [67, 68]). Thanks to entanglement-wedge reconstruction [69–71], and its
generalization to the island setting [9], it is now understood that the interior modes contained
in an island are actually reconstructed in the radiation, realizing the so-called A = RB
scenario, where A are the interior partners (including modes reflected back into the black
hole) of a subset of Hawking modes B and RB is the purifier of B in the Hawking radiation.14

6.1 Correlations with the early and late radiation

Take a small subset of the Hawking radiation B = [u1, u2]. Small in this context means
that the entropy of B is dominated by its Hawking saddle S(B) = ST

rad(u1, u2). This means
13This is related to the decoupling theorem IV.2 of [66].
14The notion of a purifier here is defined by the fact that the correlation measured by the mutual

information is maximal between B and RB , I(B,RB) = 2S(B) and vanishes with the remainder of the
radiation C, I(B,C) = 0. It is important to note that this notion of a purifier is not unique. This is
indicative of the quantum error-correcting code interpretation of the correlations and the entanglement
wedge reconstruction: the ‘information’ is redundantly encoded in the radiation and is recoverable from
different subsets thereof.
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that B cannot be too late, otherwise an island saddle dominates however small B is. The
early radiation is then R1 = [0, u1]. The state of the black hole at time u2 will then emerge
in the late radiation R2 = [u2, uevap]. It follows that we have a tripartite system in some
overall pure state, where the entropy of each subsystem evaluated using (1.11) gives:

S(R1) = min
(
ξ(S0 − S1), S1

)
, S(B) = ξ(S1 − S2), S(R2) = min

(
S2, ξ(S0 − S2)

)
, (6.1)

where S(R1) was computed in (5.3) while S(R2) is given by a competition between saddles
with islands-in-the-stream Ĩ1 = R2 and Ĩ2 = [0−, uevap]. Since B is a small interval, there
are essentially two possibilities depending on whether B is emitted before or after the Page
time (5.4). Firstly, before the Page time S1 > S2 > SPage,

S(R1) = ξ(S0 − S1) , S(R2) = ξ(S0 − S2) . (6.2)

Since B is a small subset of radiation of a young black hole, we have S(R1) + S(B) =
S(R2) = S(R1 ∪B). This implies that the mutual information I(B,R1) = 0 and so B is not
correlated with the early radiation R1. On the other hand, it is maximally correlated with
the late radiation I(B,R2) = 2S(B). This is what we would expect from the interpretation
of the Hawking radiation in terms of the Unruh effect, where outgoing Hawking modes, like
the set B, are entangled with modes behind the horizon, modes that end up as the late
radiation R2 as the black hole evaporates.

Then after the Page time we have SPage > S1 > S2 and therefore

S(R1) = S1 , S(R2) = S2 , (6.3)

and we have the correlations

I(B,R1) = S(R1) + S(B)− S(R2) = ξ + 1
ξ

S(B) ,

I(B,R2) = S(R2) + S(B)− S(R1) = ξ − 1
ξ

S(B) .
(6.4)

This adds nuance to the entanglement monogamy puzzle. For an old black hole, B is not
wholly entangled with either the early radiation R1 or the remaining black hole, i.e. what
becomes the late radiation R2. So a purifier of B has to be partly in the early radiation
and partly in the remaining black hole. The reversible case ξ = 1 is special in that
I(B,R1) = 2S(B) and I(B,R2) = 0 and so a purifier of B can lie wholly within the
early radiation.

An interesting issue is what happens when B is chosen at a very late time so that R2
shrinks to nothing. This seems not to be consistent with (6.4). The resolution is that (6.4)
assumes that B is in its no-island saddle because it is a small interval. However, this cannot
be maintained at very late time. Specifically, when ξ(S1 − S2) > S1, i.e. (ξ − 1)S1 > S2,
which is satisfied at late time as R2 → 0 (S2 → 0), B switches to its island saddle. In that
case, I(B,R1)→ 2S(B).
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6.2 The purifier

We have shown that if B is emitted after the Page time, its purifier must be both in the early
and late radiation. To explore this further, let us re-define R1 = [u1, u2] and R2 = [u5, u6]
as smaller subsets of the early and late radiation with respect to B = [u3, u4] and search
for when RB = R1 ∪R2. In order to identify a purifier we have to require that RB and B
are maximally correlated I(RB, B) = 2S(B). If the following island saddles dominate15

R1 B R2
B ∪RB

Ĩ

(B ∪RB)	 Ĩ

R1 R2
RB

Ĩ

RB 	 Ĩ

it immediately follows that

S(RB)− S(B ∪RB) = S(B) , (6.5)

which implies maximal correlation:

I(RB, B) = 2S(B) . (6.6)

The constraints on RB = R1 ∪R2 that are needed for the islands above to dominate
require that the intervals are not to small,

S∅(R1) ≥ ξ + 1
ξ − 1S

T
rad(u2, u5) , S∅(R2) ≥ ξ − 1

ξ + 1S
T
rad(u2, u5) , (6.7)

and, as discussed in section 5.4, we also need that the gap between R1 and R2 is small
enough to be in its no-island saddle:

ST
rad(u2, u5) < SBH(u2) + SBH(u5) . (6.8)

These constraints do not uniquely define RB and so, as we alluded to earlier, there is
freedom in defining a purifier.

Even if RB is maximally correlated with B, it is possible that for the individual intervals
to have no correlation with B, I(B,R1) = I(B,R2) = 0. The seems surprising but is actually
a typical feature of entanglement-wedge reconstruction and error-correcting codes [72, 73].
We will show that it is only possible to achieve this situation in the irreversible case ξ > 1.

The condition that I(B,Ri) = 0 is equivalent to the requirement that the island-in-the
stream of Ri are not entropically favoured to extend to cover B when we consider Ri ∪B.
This requires

R1 : ST
rad(u2, u3) + SBH(u4)− SBH(u2) > S(B) ,

R2 : ST
rad(u4, u5) + SBH(u3)− SBH(u5) > S(B) .

(6.9)

15If u1 is early, i.e. S1 > ξ/(ξ + 1)S0, then the island for R1 will extend to u = 0− but this does not affect
the following arguments.
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These conditions can be written as

(ξ − 1)S2 + (ξ + 1)S4 > 2ξS3 , (ξ − 1)S3 + (ξ + 1)S5 < 2ξS4 . (6.10)

So if we write S4 = S3 − δS, for small δS, so B = [S3, S3 − δS], then we have

S2 > S3 + ξ + 1
ξ − 1δS , S5 < S3 −

2ξ
ξ + 1δS (6.11)

and it is straightforward to see that (6.7), (6.8) are satisfied if we consider R1,2 large enough,
so I(RB, B) = 2S(B). Note that this is only possible in the irreversible case because as
ξ → 1, the first inequality cannot be satisfied whilst keeping S2 < S0.

7 Discussion

In this paper we have derived a version of the generalized entropy for an arbitrary number
of radiation intervals in the presence of a grey-body factor and in the adiabatic limit with
intervals much larger than the scrambling time. The formula (1.11), or (1.13), is a simple
generalization of the ‘island-in-the-stream’ formula first presented in [54]. The fundamental
parameter is ξ, which is the ratio of the transmitted entropy flux and the rate of decrease of
the Bekenstein-Hawking entropy (1.10); the grey-body factor affects the formula by simply
rescaling the radiation entropy by ξ. In JT gravity the grey-body factor is introduced by
hand imposing partially transparent boundary conditions on the interface between the
gravity and bath regions, which means that we can use it to control the evaporation rate.

The generalized entropy has a drastically different behaviour in case the evaporation
is reversible, ξ = 1, with respect to the irreversible one ξ > 1. Indeed, as discussed
in section 5.2, multiple island saddles are not allowed in the reversible case, and the
generalized entropy reduces to a competition of two saddles, as in Page’s theorem. The
difference between reversible and irreversible evaporation appears also when studying the
entanglement-monogamy problem, see section 6. In both cases we manage to precisely
identify a class of purifiers RB of a small radiation interval B emitted after the Page time.
However in the reversible case it turns out that B can be entangled just with the early
radiation, while in the irreversible case the purifier must be both in the past and the
future of B.

The simple form of (1.13) allows one deduce a lot of information-theoretical properties of
the Hawking radiation. For example, it was proved in [54] that all the entropy inequalities are
automatically satisfied. In this spirit, in section 5.4 we proved a decoupling theorem, which
can be summarized in the statement that two radiation intervals R1,2 are not correlated,
I(R1, R2) = 0, when the interval in between is dominated by an island saddle.

One important point shown in section 5 is that also the irreversible islands-in-the-
stream formalism can be captured by a remarkably simple quantum statistical mechanics
model involving a temporal sequence of unitary averages. One can view this as a nested
generalization of Page’s theorem. The fact that ensemble averages are involved is not
a surprise because there are strong arguments that the semi-classical gravitational path
integral is actually computing an average over some more microscopic description [75–77].

– 29 –



J
H
E
P
0
3
(
2
0
2
2
)
1
1
0

This is immediately clear in JT gravity [78, 79] but has been argued generally in [40]. In
this latter work the ensemble average arises from the fact that when computing a Rényi
entropy using the replica method, there is something special about a gravitational theory
because the way that replicas are joined along a future Cauchy surface can itself fluctuate.
The upshot is that the Lorentzian replica wormhole and associated island correspond to a
region on the Cauchy slice where the replicas are joined in a non-trivial way. This kind of
occurrence is familiar from the theory of baby universes and an ensemble interpretation
arises in the same way. It would be interesting to relate this baby universe ensemble to
the sequence of unitary averages that we have found describing the correlations in the
Hawking radiation.

One way to interpret the unitary averages in our model is as in statistical mechanics, so
the ensemble captures the time-averaged behaviour of a single system. The idea is that over
a time scale that is much greater than the scrambling time the black hole equilibrates [80, 81].
This means that various coarse-grained observables like entropies are approximately equal
to the same observables in some appropriate equilibrium ensemble. So effectively we can
replace the time-evolution of some particular state ρ by the appropriate equilibrium state
ρeq. When computing Rényi entropies the replacement of the replica state takes the form
of the equilibration ansatz of [82]:16

U⊗nδt ρ
⊗nU †⊗nδt −→ 1

Zn2

∑
τ∈Sn

tr(n)(τρ⊗nρ⊗neq )τρ⊗neq , (7.1)

where δt� ∆ts and the normalization factor Z2 = tr(ρ2
eq). In the case that the relevant

equilibrium state is the maximally mixed state ρeq = 1/N , the right-hand side of (7.1) is
precisely the same as the unitary average (5.8). It follows that the equilibration ansatz
of [82] leads to the same expressions for the entropy as we have found.
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A JT black hole and back reaction

For the JT gravity model coupled to massless scalars, the back reaction problem can be
solved exactly in the semi-classical limit. The simplicity of the model lies in the fact that
the metric is fixed to be AdS2 which is glued onto a half Minkowski space near spatial
infinity. The AdS2 part has a metric in KS coordinates

ds2 = − dU dV

(1 + UV )2 . (A.1)

16More precisely the simplified form which will be valid here since N is large and the equilibrium state is
maximally mixed.
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The non-trivial aspect of the model is how this is glued onto the half-Minkowksi space
ds2 = −du dv, v − u > 0, along u = v. This is described by a function σ(t):

U = −e−σ(u) , V = eσ(v) . (A.2)

So in a way that will emerge, JT gravity boils down to a theory of this one function σ(t).
When JT gravity is coupled to matter fields, the dilaton becomes dynamical and satisfies

the following equations where the matter stress tensor acts as a source:

− 1
(1 + UV )2∂U

(
(1 + UV )2∂Uφ

)
= 8πGNTUU ,

∂U∂V φ+ 2
(1 + UV )2 (φ− φ∗) = 8πGNTUV ,

− 1
(1 + UV )2∂V

(
(1 + UV )2∂V φ

)
= 8πGNTV V .

(A.3)

In the case at hand, the matter consists of N massless scalar fields. The outgoing modes
are assumed to be in the U vacuum, so that TUU = 0 and also TUV = 0. However, when
there are partially reflecting boundary conditions there will be an infalling component TV V .
To this end, we solve the above with TV V 6= 0. The first two equations determine

φ = φ∗ + ∂V F (V )
2 − UF (V )

1 + UV
. (A.4)

The third equation determines the function F :

−1
2∂

3
V F = 8πGNTV V . (A.5)

The other input is the energy conservation at the interface between the AdS2 and
Minkowski regions. We identify the mass of the black hole with the ADM energy plus the
extremal mass:

M = M∗ −
φr

8πGN
{eσ, t} . (A.6)

Here, t = u = v is the time at the boundary and

{f, t} =
...
f

ḟ
− 3

2

(
f̈

ḟ

)2

, (A.7)

is the Schwarzian. The energy conservation condition is then

dM

dt
= (Tvv − Tuu)

∣∣∣
u=v=t

. (A.8)

Here, Tvv is the stress tensor of the modes reflected off the boundary.
The outgoing modes are in the U vacuum, i.e. TUU = 0 and therefore we can make a

conformal transformation U → u to get

Tuu = − N24π{e
σ, u} . (A.9)
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On the other hand, for the infalling sector, we have

TV V = (σ̇eσ)−2
(
Tvv + N

24π {e
σ, v}

)
. (A.10)

Given (A.9), and replacing u→ t, and substituting into (A.8) and the replacing t→ v gives

Tvv + N
24π{e

σ, v} = dM(v)
dv

. (A.11)

Hence,

TV V = (σ̇eσ)−2Ṁ = − φr
8πGN

(σ̇eσ)−2∂v{eσ, v} . (A.12)

Since Ṁ < 0, TV V < 0 and therefore there is a flux of negative energy across the horizon.
Of course this is needed to balance the net flux of Hawking radiation away from the black
hole. Now we can change the v derivatives into V derivatives to get

TV V = − φr
8πGN

∂3
V (σ̇eσ) . (A.13)

Comparing this to (A.5), determines F in terms of σ, up to some integration constants that
can be absorbed into the definition of σ:

F (eσ) = φrσ̇e
σ

4πGN
. (A.14)

So the dilaton is also determined by the function σ.
So the remaining problem is to solve for σ from the energy conservation equation

dM

dt
= − φr

8πGN
∂t{eσ, t} = Tvv(t) + N

24π{e
σ, t} , (A.15)

given the particular boundary conditions imposed.
Our boundary conditions are given at the level of the modes by (2.6) with the trans-

mission and reflection coefficients R(ω) and T(ω) as input. Rather than solve for Tvv for
the reflected modes in general, we are primarily interested in the adiabatic limit which we
will use to simplify the problem. We have shown that the outgoing stress tensor component
Tuu in (A.9) involves the Schwarzian of eσ:

{eσ, t} = −1
2 σ̇

2 − 3
2

(
σ̈

σ̇

)2
+

...
σ

σ̇
. (A.16)

In the adiabatic approximation, we keep only the first term here, and so

Tuu ≈
N

48π σ̇
2 . (A.17)
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A.1 Identifying the temperature

There are two ways to identify the slowly varying temperature of the evaporating hole.
Firstly, we can use the thermodynamic relation (2.9). In the adiabatic limit,

Ṁ ≈ φr
8πGN

σ̇σ̈ (A.18)

and the Bekenstein-Hawking entropy is

SBH = S∗ + φ (U = 0)
4GN

= S∗ + ∂V F

8GN
. (A.19)

Hence,

ṠBH = 1
8GN

∂v∂V (2φrσ̇eσ) ≈ φr
4GN

σ̈ (A.20)

and so

T = σ̇

2π .
(A.21)

which gives rise the expressions (2.1).
The temperature also follows from the usual Bogoliubov transformation approach of

Hawking’s original calculation carefully generalized to account for the time-dependent
temperature [63]. The relevant quantity is the Bogoliubov coefficient for the transformation
between a positive frequency mode e−iω′U and a negative frequency mode eiωu, ω, ω′ > 0.
In particular, using conventional notation this coefficient is

β = 1
2π

√
ω

ω′

∫ ∞
−∞

du e−iωu−iω
′U = 1

2π

√
ω

ω′

∫ ∞
−∞

du exp
[
− iωu+ iω′e−σ(u)] . (A.22)

In the original calculation, the temperature is taken to be constant and σ(u) = 2πTu,
but when it varies the situation is more subtle. The rigorous way to proceed is to work
with wave packets that are localized in some window u ∈ [u∗ −∆u, u∗ + ∆u] effectively
restricting the integral to the window [63]. In the adiabatic limit, where the variation of
the temperature occurs on much larger scales than ∆u, we can approximate σ(u) inside the
integral by its expansion to first order around u∗,

σ(u) = σ∗ + (u− u∗) σ̇∗ , (A.23)

where σ∗ = σ(u∗), in the integral in (A.22). Then the limits of the integral can be extended
to ±∞ and be evaluated by the saddle point method (or exactly) leading to an equation

ω = −ω′σ̇∗e−σ∗−(u−u∗) σ̇∗ . (A.24)

The solution has an imaginary part

u = u∗ −
iπ

σ̇∗
− 1
σ̇∗

(
σ∗ − log ω

′σ̇∗
ω

)
. (A.25)

The imaginary part means that |β|2 has an exponential factor

|β|2 = 1
2πσ∗ω′

e−2πω/σ̇∗ , (A.26)

which becomes the Boltzmann factor e−ω/T and so identifies the temperature at u = u∗
as (A.21) above.
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A.2 Solving for T (t)

Our focus is now on solving (A.15) in the adiabatic limit. Given (A.17) we have

Tuu = πcT 2

6 = N
∫ ∞
−∞

dω

2π ·
ω

eω/T − 1
. (A.27)

which is precisely the expression expected for a relativistic bosonic gas. We can put in the
stress tensor of the reflected modes Tvv. This will be the energy flux of the bosonic gas
with the reflection factor:

Tvv = N
∫ ∞
−∞

dω

2π ·
ω(1− Γ(ω))
eω/T − 1

. (A.28)

Hence, (A.15) becomes the evaporation equation (2.8). For the near-extremal black hole,
the mass is

M = M∗ −
φr

8πGN
{eσ, t} ≈M∗ + φr

16πGN
σ̇2 = M∗ + πφrT

2

4GN
. (A.29)

B Schwarzschild black hole and back-reaction

The back-reaction of Hawking radiation on a Schwarzschild black hole and its evaporation is
a problem that has not be solved exactly. However, there is an approximate understanding
valid in the adiabatic limit when the evaporation is sufficiently slow [59–62]. What these
references establish is that there is a consistent way to correct the Schwarzschild metric to
take into the back-reaction of Hawking radiation. It is not the purpose of this appendix to
review the problem in complete detail but we will review sufficient details to establish the
results that we need in the text.

As the black hole evaporates, the black hole can be assigned a time-dependent mass
M(t) which satisfies17

dM

dt
= −LH = − C

M2 , C = Nη
3 · 28π

, (B.1)

where LH is the flux of Hawking radiation. Clearly in the adiabatic limit (1.9), that is
M2 � N , the flux is small LH � 1. There are essentially two different definitions of the
mass for the evaporating black hole: firstly in terms of the apparent horizon and secondly
in terms of the fall off at large r. In general these definitions will differ, but in the adiabatic
limit LH � 1, this difference will be very small.

Specifically we will establish the following, to leading order in the adiabatic approxima-
tion:

1. In the neighbourhood of a sufficiently small region of the horizon, there exist Kuskal-
Szekeres type coordinates (U, V ) for which the radial coordinate has the expansion

r = rh(v)(1− UV + · · · ) , (B.2)
17In this appendix we choose units for which GN = 1 (as well as c = ~ = 1).
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where V = V (v). In the above, rh(v) ≈ 2M(v) is the position of the horizon, i.e. U = 0,
where v is an in-going Eddington-Finkelstein type coordinate. This implies that the
area of a 2-sphere in the neighbourhood of the horizon is

Area(S2) = 4SBH(v)
(
1− 2UV + · · ·

)
. (B.3)

to linear order in U , where SBH(v) = πrh(v)2.

2. In terms of the KS-type coordinates, the near-horizon metric is

ds2
∣∣∣
near hor.

≈ −16M(v)2 dV dU + 4M(v)2(1− 2UV )dΩ2 (B.4)

and so U is an inertial coordinate.

3. To leading order, in the near horizon zone

dV

dv
≈ V

4M(v) ,
dU

du
≈ − U

4M(u) , (B.5)

where u and v, the inertial coordinates far from the black hole, are shifted so that the
endpoint of the evaporation occurs at the same time uevap. The Jacobian between
U and u ensures that the black hole radiates quasi-thermally with a slowly varying
temperature T (u) ≈ (8πM(u))−1. Note that u = v, i.e. r∗ = 0, occurs near the edge
of the zone.

The analyses of [60, 61] use a parameterization of a general spherically symmetric
metric in terms of in-going Eddington-Finkelstein type coordinates (v, r) of the form:

ds2 = −e2ψ(v,r)
(

1− 2m(v, r)
r

)
dv2 + 2eψ(v,r)dv dr + r2dΩ2 , (B.6)

with ψ → 0 as we approach the near horizon region [60]. The quantity m(v, r) determines
the apparent horizon via the solution of ra(v) = 2m(v, ra(v)) which in turn providing a
definition of the mass of the black hole M(v) = ra(v)/2 [59]. It is shown in [60] that M(v)
approximately satisfies (B.1) with the identification v = t (with an appropriate choice of
origin for v). The apparent horizon is not the same as the event horizon which is defined as
the last outgoing null ray that reaches I +. It is determined by the solution to the equation
for an outgoing null geodesic

drh
dv

= rh − 2m(v, rh)
2rh

. (B.7)

This determines rh = 2M−8C/M + · · · and so is slightly smaller than the apparent horizon,
however, to leading order rh(v) ≈ 2M(v).

Further out at the edge of the ‘zone’ for Hawking modes, say around r ∼ 6M , just
beyond the potential barrier, it is consistent to write the metric as the Vaidya metric

ds2 = −
(
1− 2m(u)

r

)
du2 − 2du dr + r2dΩ2 . (B.8)
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Outside the zone, there is just an outgoing flux of Hawking radiation and a corresponding
stress tensor Tuu = −LH(u)/4πr2 and dm(u)/du = −LH(u). Hence, the new mass function
m(u) also satisfies (B.1), so to leading order in the adiabatic approximation, we can identify
m(u) ≈M(u) with a suitable choice of origin for u.

The change of coordinates (v, r) to (u, r) involves

eψdv = du+ 2 dr
1− 2m(u)/r (B.9)

and m(v, r) = m(u). The mass functions m(v, r) and m(u) are slowly varying functions
with gradients suppressed by the Hawking flux LH [60].

Notice that the mass function M(t) has now appeared in two different ways: as function
of v as the position of the apparent horizon 2M(v) and as a function of u via the fall off at
large radius of the Vaidya metric M(u). These two definitions are consistent in the region
u ∼ v as we move from the metric inside the zone to the one outside (assuming both origins
have been fixed so that the end of the evaporation occurs at u = v).

The metric in the neighbourhood of the horizon, outside and slightly inside the black
hole takes the form (B.6). In this region, we can ignore ψ and make the coordinate
transformation r = rh(v) + z ≈ 2M(v) + z, giving

ds2 ≈ − z

2M (v) + z
dv2 + 2dv dz + 4M (v)2

(
1 + z

M(v)

)
dΩ2 . (B.10)

In the neighbourhood of the horizon, i.e. small z, let us change variable from z to an inertial
coordinate U = −e−α(v)z for some α(v) which is a solution of

dα(v)
dv

= 1
4M(v) . (B.11)

This gives

ds2
∣∣∣
near hor.

≈ −2eα(v)dv dU + 4M (v)2
(

1− U eα(v)

M (v)

)
dΩ2 , (B.12)

which shows that U is, indeed, inertial.
The next step is to define V (v) according to (B.2), yielding

V = eα(v)

2M(v) .
(B.13)

Using (B.7) and (B.11) and ignoring derivatives of M(v), we have (B.5)

dV

dv
≈ eα(v)

8M(v)2 = V

4M(v) .
(B.14)

The near-horizon metric then takes the advertized form (B.4).
The final result we need is (B.5). From the change of variables between (v, r) and (u, r)

in (B.9), we have

du

dr
= − 2r

r − 2m(u) . (B.15)
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In the near-horizon zone r = 2M(u) + z, with M(u) ≡ m(u). Therefore, near the horizon
we have du/dr ≈ −4M(u)/z; hence, at constant v, and using (B.5),

dU

du
= dU

dr

dr

du
= e−α

z

4M(u) = − U

4M(u) , (B.16)

which is (B.5).
So to compare with the expressions in the JT gravity model, the near-horizon relations

between the coordinates (U, V ) and (u, v) are the same; compare (A.2) with (B.5) above,
given that M(t) = (8πT (t))−1. The only difference is that the near-horizon metric (B.4) has
the conformal factor 16M(v)2. However, this does not affect any of our conclusions as we
point out in the text. Such a factor would in any case be present for the Reissner-Nordström
black hole in 3 + 1 under the s-wave reduction to JT gravity.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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