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Abstract 

Since quantum theory was founded in 1920s, it has developed quite rapidly and 

led people to a new field that totally different from the classical ones. As the 

size of an object decrease to a certain level, the classical physical law would 

be invalid and quantum mechanics would become the ruler of object behaviors. 

The property under quantum mechanics achieves functions that never been 

seen before. So, scientist would invent new materials and devices with 

properties that never found before. This is the reason that new materials and 

devices have been emerging due to vast developments in nanotechnologies.  

The project of my PHD research in four years is to research and analysis the 

property of nano semiconductor materials. In this thesis, there are mainly four 

parts. The first part is Introduction. In this part the basic concepts and related 

information would be listed. The second part is the first project that guide me to 

the further study. This project is set to simulate the electronic transport in 

quantum region based on the Schrodinger equation for random shaped energy 

barriers, which is very basic to quantum mechanics. The method of simulation 

is matlab coding. The simulation will help in understanding the concept of 

quantum field and applications in design and analysis of nanometer scale 

devices and systems. The third part is my first paper. In this paper I cooperate 

with my workmate Shuo Deng and we investigate the electron transport and 

thermoelectric property of twisted bilayer graphene nanoribbon junction 

(TBGNRJ) in 0o, 21.8o, 38.2o and 60o rotation angles by first principles 

calculation with Landauer-Buttiker and Boltzmann theories. It is found that 

TBGNRJs exhibit a strong reduction of thermal conductance compared with the 

single graphene nanoribbon (GNR) and negative differential resistance (NDR) 

in 21.8 o and 38.2 o rotation angles under ±0.2 V bias voltage. More importantly, 

three peak ZT values of 2.0, 2.7 and 6.1 can be achieved in the 21.8o rotation 

angle at 300K. The outstanding ZT values of TBGNRJs are interpreted as the 
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combination of the reduced thermal conductivity and enhanced electrical 

conductivity at optimized angles. The fourth part is my second paper. In this 

paper I report electronic and optical properties of the GaN bilayer structures 

that are rotated in plane at several optimized rotation angles by using the 

density functional theory method. For the aim of maintaining the structural 

stability and using a small cell size, the twisting angles of the GaN bilayer 

structures are optimized to be 27.8°, 38.2° and 46.8° using the crystal matching 

theory. The last part is conclusion, possible further study and acknowledgement. 
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Chapter1: Introduction 
 

In order to Introduce the result of of my PHD search, some concepts should be 

brought first. In this part, the following concepts and related application would 

be listed: 

1.1 First principle-based Calculation 

 

First-principles is a term for computational physics or computational 

chemistry.[1] Widely defined first-principles computing refers to calculations 

based on the principles of quantum mechanics from the very beginning and only 

based on known theory or principles. 

As all known, matter consists of molecules, molecules consist of atoms, and 

atoms consist of nuclei and electrons. Quantum mechanics calculation is to 

calculate the molecular structure and molecular energy (or ion) according to the 

interaction principle of the atomic nucleus and electron, and then can calculate 

the various properties of the substance. [2-5] 

The generalized first principle refers to ab initio. ab initio calculation bases on 

Hartree-Fock self-consistent field calculation, and density functional theory 

(DFT) calculation. [6]It refers to using no experimental parameters, only using 

a few experimental data such as electron mass, speed of light, and proton 

neutron mass to do quantum calculations. So, by using first principle calculation, 

the basic property of unknown material could be speculated. [7]However, this 

calculation is very slow. In order to speed up the calculation, adding some 

empirical parameters could be done, but the accuracy of the calculation results 

would be inevitably sacrificed.[8] So It is important to keep a balance on speed 

and accuracy 
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1.2 Density functional theory (DFT) theory 

 

In my four years’ learning, the most frequently used method is Density 

Functional Theory (DFT). Density functional theory (DFT) is a quantum 

mechanical method for studying the electronic structure of multi-electron 

systems. Density functional theory has a wide range of applications in physics, 

materials science, quantum chemistry and life sciences, especially to study the 

properties of molecules and condensed matter. It is one of the most commonly 

used methods in the field of condensed matter physical computational materials 

and computational chemistry. [9-11] 

The classical methods of electronic structure theory, especially the Hartree-

Fock method and the post-Hartree-Fock method, are based on complex multi-

electron wave functions. [12] The main goal of density functional theory is to 

replace the wave function with electron density as the basic quantity of research. 

Because the multi-electron wave function has 3N variables (N is the number of 

electrons, each electron contains three spatial variables), and the electron 

density is only a function of three variables, regardless of concept It is actually 

more convenient to deal with. 

Although the concept of density functional theory originated from the Thomas-

Fermi model, it did not have a solid theoretical basis until the Hohenberg-Kohn 

theorem was proposed. Hohenberg-Kohn's first theorem states that the ground 

state energy of a system is only a functional of electron density.[13] 

Hohenberg-Kohn's second theorem proves that the ground state energy is 

obtained by taking the ground state density as a variable and obtaining the 

minimum value through variation of the system energy. 

The HK theory was initially applicable only to ground states where no magnetic 

field exists, and it has now been generalized. The original Hohenberg-Kohn 

theorem only pointed out the existence of a one-to-one correspondence but did 

not provide any such precise correspondence. It is in these exact 



Xiang Cai 750682 

 9 

correspondences that there is an approximation. [14] 

The most common application of density functional theory is achieved by the 

Kohn-Sham method. In the framework of Kohn-Sham DFT, the complex multi-

body problem (due to the interaction of electrons in an external electrostatic 

potential) is reduced to a problem of non-interacting electrons moving in the 

effective potential field. This effective potential field includes the effects of 

external potential fields and Coulomb interactions between electrons, such as 

exchange and correlation. It is the difficulty of KS DFT to deal with the exchange 

correlation. At present, there is no accurate solution to the exchange correlation 

energy EXC. The simplest approximate solution method is local density 

approximation (LDA). LDA approximates the exchange energy of the system 

with uniform electron gas (the exchange energy of uniform electron gas can be 

accurately solved) and uses the method of fitting free electron gas to deal with 

the correlation energy. [15-16] 

Since 1970, density functional theory has been widely used in the calculation 

of solid-state physics. In most cases, compared with other methods to solve the 

multi-body problem of quantum mechanics, the density functional theory using 

local density approximation gives very satisfactory results, and the cost of solid-

state computing is lower than that of experiments. Nevertheless, it is generally 

believed that quantum chemical calculations cannot give sufficiently accurate 

results. Until the 1990s, the approximations used in the theory were re-distilled 

into better exchange correlation models. Density functional theory is currently 

the leading method of electronic structure calculation in various fields. Although 

the density functional theory has been improved, it is still difficult to describe 

the intermolecular forces, especially the van der Waals forces, or to calculate 

the energy gap of semiconductors. 

DFT-based material science calculation simulation methods can not only study 

existing materials, but also predict new materials. The essence of the DFT 

method is to use the electron density as the carrier of all information in the 

ground state of the molecule (atom), rather than the wave function of a single 
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electron, so that the multi-electron system is transformed into a single-electron 

problem for solving. Assuming that the number of electrons is N, the number of 

variables in the wave function is 3N, and density functional theory reduces the 

number of variables to three spatial variables, which not only simplifies the 

calculation process, but also ensures the accuracy of the calculation. 

The development of density functional theory can be roughly divided into three 

stages. The first stage was in 1927. Thomas and Fermi proposed the Thomas-

Fermi model based on the assumption of uniform electron gas in an ideal state. 

The concept of density functional was introduced for the first time, which 

became the prototype of the later DFT method. 

The starting point of the Thomas-Fermi model is to assume that there is no 

interaction between electrons and no external force interference. Then the 

Schrödinger equation of electron motion can be expressed as: 

− ℎ
2𝑚𝑚

∇2𝜓𝜓(𝑟𝑟) = 𝐸𝐸𝐸𝐸(𝑟𝑟)(1.1) 

By solving this we get 

𝜓𝜓𝑘𝑘(𝑟𝑟) = 1
√𝑉𝑉

exp (𝑖𝑖𝑖𝑖 ∙ 𝑟𝑟)(1.2) 

Introducing the electron arrangement rule under 0K, the electron density, the 

total energy of a single electron and the kinetic energy density of the system 

are respectively 

𝜌𝜌 = 1
3𝜋𝜋2

(2𝑚𝑚
ℎ2

)
3
2𝐸𝐸𝐹𝐹

3
2(1.3) 

𝑇𝑇𝑒𝑒 = 3𝐸𝐸𝐹𝐹
5

(1.4) 

Introducing the description of the Coulomb potential and the external field 

between electrons, the total energy expression of the electronic system 

determined only by the electron density function can be derived [17] 

𝑡𝑡[𝜌𝜌] = 𝜌𝜌𝑇𝑇𝑒𝑒 = 3
5
ℎ2

2𝑚𝑚
(3𝜋𝜋2)

2
3𝜌𝜌

5
3 = 𝐶𝐶𝑘𝑘𝜌𝜌

5
3(1.5) 

Although this model simplifies the calculation form and process, it does not 

consider the interaction between electrons and does not accurately describe 

the kinetic energy term, so it is not applicable in many systems. However, under 
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the inspiration of this novel research idea, related scholars have basically 

perfected the content of density functional theory in the 1960s after years of 

hard work, and finally established a strict sense of density functional theory. 

 

(1) Hohenberg-Kohn theorem 

 

The core idea of Hohenberg-Kohn theorem is that all physical quantities in the 

system can be uniquely determined by variables that only contain electron 

density, and the realization method is to obtain the ground state of the system 

through the principle of variation. This theory is mainly aimed at the non-uniform 

electron gas model and consists of two sub-theorems. i) An electronic system 

with external potential (potential other than electronic interaction) that ignores 

spin, its external potential can be uniquely determined by electron density; ii) 

For a given external potential, the ground state energy of the system is the 

minimum of the energy functional value. Therefore, the energy functional of the 

system can be described as: 

 

𝐸𝐸(𝜌𝜌,𝑉𝑉) = ∫(𝑟𝑟) 𝜌𝜌(𝑟𝑟)𝑑𝑑𝑑𝑑 + 𝑇𝑇[𝜌𝜌(𝑟𝑟)] + 𝑒𝑒2

2 ∫
𝜌𝜌(𝑟𝑟)𝜌𝜌(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑′ + 𝐸𝐸𝑥𝑥𝑥𝑥[𝜌𝜌(𝑟𝑟)](1.6) 

The right side of the equation are the electron potential energy, kinetic energy 

term, Coulomb interaction between electrons, and exchange correlation 

potential energy in the external field. 

 

This theorem does not give specific expressions for the electron density 

function, kinetic energy functional, and exchange-correlation functional, so the 

specific solution is still impossible. 

 

(2) Kohn-Sham equations 

 

It was not until 1965 that Kohn and Lu Jeu Sham established the Kohn-Sham 



Xiang Cai 750682 

 12 

equation and gave the specific description form of each item, so that the density 

functional theory began to enter the stage of practical application. For the 

kinetic energy functional, they propose to use the particle kinetic energy 

functional without mutual influence as an approximate replacement and 

incorporate the difference between the two into the unknown term of the 

exchange correlation functional [18]. 

 

�− ℏ2

2𝑚𝑚
∇2 + 𝜐𝜐𝑒𝑒𝑒𝑒𝑒𝑒(𝑟𝑟)�𝜑𝜑𝑖𝑖(𝑟𝑟) = 𝜀𝜀𝑖𝑖𝜑𝜑𝑖𝑖(𝑟𝑟)(1.7) 

This eigenvalue equation is the typical representation of the Kohn–Sham 

equations. 

The Kohn-Sham equation gives clear expressions to items other than 

commutative correlation functionals and incorporates complex action items into 

this item. At this point, the computational difficulty has been greatly simplified, 

and all work began to revolve around how to describe the exchange correlation 

functional. At the same time, the approximate form of the exchange correlation 

potential directly determines the accuracy of the density functional theory.  

Although the Kohn-Sham equation firstly gives us the way to do the calculation, 

it is still too complex. Therefore, researchers develop approximation method 

base on the Kohn-Sham equation to reduce the complexity of calculations. 

There are two famous approximation method: Local Density Approximation and 

the Generalized Gradient Approximation. 

 

The Local Density Approximation (LDA) method was also proposed by Kohn 

and Lu Jeu Sham in 1965. The purpose is to approximate the unknown 

exchange correlation terms so that the DFT method can be used in actual 

calculations. LDA uses the density function of uniform electron gas to calculate 

the exchange correlation term of inhomogeneous electron gas. Assuming that 

the electron density in the system changes very little with space, the exchange 

correlation term of inhomogeneous electron gas can be expressed as: 
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𝐸𝐸𝑋𝑋𝑋𝑋𝐿𝐿𝐿𝐿𝐿𝐿[𝜌𝜌(𝑅𝑅)] = ∫𝜌𝜌(𝑟𝑟)𝜀𝜀𝑋𝑋𝑋𝑋[𝜌𝜌(𝑟𝑟)]𝑑𝑑𝑑𝑑(1.8) 

where ρ is the electronic density and εxc is the exchange-correlation energy per 

particle of a homogeneous electron gas of charge density ρ. 

The corresponding exchange correlation potential can be expressed as 

  

𝑉𝑉𝑋𝑋𝑋𝑋𝐿𝐿𝐿𝐿𝐿𝐿(𝑟𝑟) = 𝛿𝛿𝐸𝐸𝑋𝑋𝑋𝑋
𝐿𝐿𝐿𝐿𝐿𝐿

𝛿𝛿𝛿𝛿(𝑟𝑟)
= 𝜀𝜀[𝜌𝜌(𝑟𝑟)] + 𝛿𝛿𝜀𝜀𝑋𝑋𝑋𝑋(𝜌𝜌)

𝛿𝛿𝛿𝛿
𝜌𝜌(𝑟𝑟)(1.9) 

In order to calculate the actual material system more accurately, in 1986, Becke, 

Perdew and Wang et al. proposed the Generalized Gradient Approximation 

(GGA), which is currently the most widely used processing method in density 

functional calculations. 

 

The GGA processing method is to rewrite the original expression term into a 

functional form that includes the electron density and gradient function, plus the 

description of the spin, and the obtained exchange correlation functional is as 

follows: 

 

𝐸𝐸𝑋𝑋𝑋𝑋𝐺𝐺𝐺𝐺𝐺𝐺(𝜌𝜌) = ∫𝑓𝑓𝑋𝑋𝑋𝑋(𝜌𝜌𝛼𝛼(𝑟𝑟),𝜌𝜌𝛽𝛽(𝑟𝑟),∇𝜌𝜌𝛼𝛼(𝑟𝑟),∇𝜌𝜌𝛽𝛽(𝑟𝑟))𝑑𝑑𝑑𝑑(1.10) 

In GGA, exchange correlation potential can also be broken down into exchange 

energy and correlation energy. Perdew et al. advocate returning to the pure 

quantum mechanics calculation theory as much as possible, and all physical 

quantity calculations are only Starting from basic constants such as the static 

mass of electrons, Planck's constant, and the speed of light, functional 

expressions should not contain too many empirical parameters, such as GGA-

PBE (Perdew-Burke-Enzerhoff), which is used in most of my calculations. 

The electronic band structure theory based on the Kohn-Sham single-particle 

energy spectrum can qualitatively describe many materials, but it is not 

satisfactory from a quantitative perspective. For example, for simple 

semiconductor materials such as Si and GaAs, the band gap given by Kohn-

Sham DFT under LDA/GG is far too small; for small band gap semiconductors 
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such as Ge and InN, metal is obtained from LDA/GGA However, what is 

observed experimentally is a semiconductor, which is the so-called band gap 

problem of LDA/GGA. 

 

In order to overcome the band gap problem, people have made a lot of efforts 

within the theoretical framework of DFT, such as extending the Kohn-Sham 

theory based on the local effective potential to the Generalized Kohn-Sham 

(GKS) theory based on the non-local effective potential, and Other hybrid 

density functional theory, as well as a many-body perturbation theory based on 

one-body Green's function. In this theory, the exchange-correlation self-energy 

operator corresponds to the exchange-correlation potential of Kohn-Sham DFT. 

For the self-energy operator, a relatively simple and accurate approximation is 

the GW approximation (the product of the single-particle Green's function G 

and the shielded Coulomb effect W). By calculating the self-energy operator 

under a certain approximation, one can obtain the corresponding PES (IPS) in 

the excitation energy of the quasi-particles. Although these new development 

directions have improved the description of the material band gap, the 

approximate functional still has a lot of subjectivity, and the scope of application 

is relatively limited. So far, there has not been a universal DFT method with 

sufficient theoretical basis to accurately describe the electronic energy band 

structure of materials. [19,20]. 
 
 

1.3 Atomic-Scale Modeling for Semiconductor & Materials Research 

 

In recent years, the exponential growth of computer performance combined 

with the new development of algorithms has made the practical application of 

atomic-scale modeling in the design and development of new materials and 

products in many high-tech industries possible. 

A major benefit of atomic modeling is a detailed understanding of atomic-level 
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processes, which can complement experimental data and improve the 

efficiency of the R&D process through higher quality end results and rapid 

selection of cost-effective material options. QuantumATK is a complete atom 

simulation toolkit developed and supported by the world's leading atom-scale 

modeling experts. QuantumATK solves key applications in the semiconductor 

industry and is a core component of Synopsys design technology collaborative 

optimization (DTCO) solutions. The atomic-scale modeling tools in 

QuantumATK range from classic force fields used to handle large and 

somewhat more realistic material systems to ab initio tools that provide highly 

accurate results for smaller systems. 

 

1.4 Thermoelectrics 

 

Currently, the world faces many challenges related to energy supply and 

consumption. On one hand, even with recorded high oil prices, global demand 

for oil didn’t stop to grow. On the other hand, people are paying more and more 

attention to the environmental impact of greenhouse gases, especially carbon 

dioxide. All these problems are driving people's demand for more useful energy. 

For example, many new vehicle engines, transmissions and related 

technologies are being developed to improve the fuel efficiency of 

transportation for fuel vehicles. However, these technologies lack an important 

issue: much of the energy will still generate unusable heat in the fuel vehicle 

exhaust or cooling system. In fact, in an internal combustion engine, about 40% 

of the fuel energy is wasted in the exhaust gas, 30% of the fuel is dissipated in 

the engine coolant, 5% of the heat is lost due to radiation and friction, and only 

25% of the energy can be used for vehicle movement. Current waste energy 

assessments show that in the United States alone, 46 billion gallons of gasoline 

are wasted from the exhaust pipes of about 200 million light vehicles each year. 
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[21] In addition, the waste heat generated from end-to-end power production 

losses is much larger, accounting for about two-thirds of the available energy 

in power plants and manufacturing. In the US manufacturing industry alone, 

more than 3,000 TW of waste heat energy is lost each year, equivalent to more 

than 1.72 billion barrels of oil. Therefore, the potential for developing highly 

efficient thermoelectric materials for waste heat recovery systems is huge. [22-

25] 

The thermoelectric effect is a direct conversion of the voltage generated by the 

temperature difference, and vice versa. Simply placing a thermoelectric device 

will produce a voltage when there is a temperature difference between their 

ends, and when a voltage is applied to it, it will also produce a temperature 

difference. This effect can be used to generate electrical energy, measure 

temperature, and cool or heat objects. Because the direction of heating or 

cooling depends on the applied voltage, thermoelectric devices make 

temperature control very easy just by changing the voltage applied. 

For a long time, the thermoelectric field has been considered as a potential 

transformative power generation technology. Due to its ability to directly convert 

heat into electrical energy and develop cost-effective, pollution-free forms of 

energy conversion, the thermoelectric field is steadily developing. Among 

various types of thermoelectric materials, nanostructured materials have shown 

the most promise for commercial use due to their extraordinary thermoelectric 

properties.[26] 

Generally, the term thermoelectric effect here includes three separately defined 

effects, the Seebeck effect (found by Thomas Johann Seebeck), the Peltier 

effect (found by Jean-Charles Peltier.), and Thomson effect (Thomson effect, 

discovered by William Thomson). In this thesis, we only discuss the Seebeck 

effect. Different metal conductors (or semiconductors) have different free 

electron densities. When two different metal conductors (or semiconductors) 

are in contact with each other, the electrons on the contact surface will diffuse 

to eliminate the difference in electron density. The terminal forms a stable 
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voltage, and the diffusion rate of electrons is proportional to the temperature of 

the contact area. The resulting voltage is usually only a few microvolts per 

Kelvin temperature difference. The same metal (or semiconductor) at different 

temperatures also has different free electron densities, so as long as the 

temperature difference between the two ends of the metal is maintained, the 

electrons can continue to diffuse, and a stable voltage is formed at the two ends 

of the metal. 

The energy conversion efficiency of thermoelectric materials can be described 

by the figure of merit 𝑍𝑍𝑍𝑍 = 𝑆𝑆2𝐺𝐺𝑒𝑒𝑇𝑇/(𝜅𝜅𝑒𝑒 + 𝜅𝜅𝑝𝑝ℎ), where the 𝐺𝐺𝑒𝑒, S and T are the 

electrical conductance, Seebeck coefficient and temperature, respectively. 𝜅𝜅𝑒𝑒 

and 𝜅𝜅𝑝𝑝ℎ  are the heat transport coefficient of electrons and phonons. The 

Seebeck coefficient , which is also known as thermal power, thermoelectric 

power or thermoelectric sensitivity, is the magnitude of measurement of the 

induced thermoelectric voltage across the temperature difference caused by 

the Seebeck effect. A good thermoelectric material should have a high electrical 

conductivity, Seebeck coefficient and low thermal conductivity. To ensure that 

the Seebeck coefficient is large, a single type of carrier (n-type or p-type) should 

be retained, because mixed n-type/p-type charge carriers will cause the 

opposite Seebeck effect, resulting in lower thermal power. In order to obtain a 

single type of carrier, it is necessary to choose a material with a suitable energy 

band gap and a suitable doping, where the n-type and p-type can be well 

separated. Therefore, an effective thermoelectric material is a heavily doped 

semiconductor with an energy band gap of less than 1 eV to have both a single 

carrier type and a sufficiently high carrier mobility. Obviously, decoupling the 

thermal and electronic terms (including Seebeck coefficient and conductivity) 

that determine ZT has become a key to improve ZT. Low-dimensional 

thermoelectric materials are considered to have higher thermoelectric 

performance than their large-volume thermoelectric materials, because DOS 

near the Fermi level can be enhanced by quantum confinement, resulting in an 

increase in thermal power. And/or because phonons in a large mfp range can 
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be effectively scattered through a high-density interface, thus leading to a 

reduction in lattice thermal conductivity. Significant ZT enhancements have 

been found in two-dimensional (2D) and one-dimensional (1D) thermoelectric 

materials.[27] 

Devices based on two-dimensional thermoelectric materials (such as thin films, 

quantum wells, and superlattices) can be used in small electronic and 

optoelectronic applications that require small thermal loads or low power 

generation. However, their thermal and chemical stability related to thermal 

migration and electromigration has attracted much attention. In particular, due 

to the great difficulty of integrating nano-scale materials into micro-scale 

devices and packaged macro-scale systems, a fully functional and practical 

thermoelectric cooler has not yet been made from these nano-materials.[28,29] 

 

1.5 Two-dimensional(2D) materials 

  

Two-dimensional(2D) materials are a general term for a large class of materials. 

It referring to in one dimension the material size is reduced to the limit, about 

the thickness of layers of atoms, while in the other two dimensions, the material 

size is relatively large.[30] The most typical and first experimentally proven two-

dimensional material is graphene. In 2004, K. S. Novoselov et al. published an 

article in Science magazine [33], which reported that graphene was obtained 

from highly oriented pyrolytic graphite by mechanical exfoliation and proved its 

unique and excellent electrical properties. Since then, two-dimensional 

materials represented by graphene have developed rapidly, and new two-

dimensional materials have been discovered. Because of the quantum 

confinement effect in the thickness direction of the atomic layer, these two-

dimensional materials exhibit completely different properties from their 

corresponding three-dimensional structures, and thus have received extensive 
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attention from the scientific and industrial communities. 

 

Besides graphene, other two-dimensional materials found today include: 

single-element silicon, germane, tinene, boron and black phosphorus, etc., 

transition metal chalcogenide compounds such as MoS2, WSe2, ReS2, PtSe2, 

NbSe2, etc. Main group metal chalcogenide compounds such as GaS, InSe, 

SnS, SnS2, etc., and other two-dimensional materials such as h-BN, CrI3, NiPS3, 

Bi2O2Se, etc. These two-dimensional materials have completely different 

energy band structures and electrical properties, covering material types from 

superconductors, metals, semi-metals, semiconductors to insulators. At the 

same time, they also have excellent optical, mechanical, thermal, magnetic and 

other properties. [31] By stacking two-dimensional materials of different types, 

a more functional material system can be constructed. Therefore, these 

materials are expected to be applied in the fields of high-performance electronic 

devices, optoelectronic devices, spintronic devices, energy conversion and 

storage. 

 

At this stage, the research on two-dimensional materials focuses on 

preparation, characterization, modification, theoretical calculation and 

application exploration, and has made great progress. For example, in terms of 

preparation, many methods can be applied to satisfy the requirement in 

different fields. Mechanical lift-off method is widely used to prepare two-

dimensional material samples for laboratory physical properties research and 

device fabrication. Chemical vapor deposition method can prepare large-area, 

high-quality, controllable number of graphene and some transition metal 

chalcogenide materials. This have laid the foundation for commercial 

application. Researchers have established a series of characterization methods 

including complementary spectroscopy and electron transport for the 

characterization of two-dimensional materials. Modification is also an important 

aspect of the development of two-dimensional materials. [32] Methods 
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including doping, chemical modification, electrostatic control, alloys and other 

means are applied to avoid the shortcomings of the material itself and extent 

its advantages. Theoretical calculations play a vital role in the development of 

two-dimensional materials. Through theoretical calculations, more new two-

dimensional materials can be discovered, their performance can be predicted, 

the observed phenomena can be explained, and the experimental design can 

be guided. In terms of applications, high-frequency transistors based on 

graphene, short-channel field-effect transistors and tunneling transistors based 

on MoS2, and the realization of other high-efficiency light-emitting and photo 

detecting devices have all shown great application potential for two-

dimensional materials. 

 

1.6 Graphene 

1.6.1 Overview of graphene 

Graphene is an atomic-scale honeycomb lattice of carbon atoms. 

Graphene is a crystalline allotrope of carbon in the form of a nearly transparent 

(to visible light) one atom thick sheet. It is hundreds of times stronger than most 

steels by weight. It has the highest known thermal and electrical conductivity, 

displaying current densities 1,000,000 times that of copper. It was first produced 

in 2004. 

 

Andre Geim and Konstantin Novoselov [33] won the 2010 Nobel Prize in 

Physics "for groundbreaking experiments regarding the two-dimensional 

material graphene". They first produced it by lifting graphene flakes from bulk 

graphite with adhesive tape and then transferring them onto a silicon wafer. 

 

The arrangement of carbon atoms in graphene is the same as the single-layer 

graphite layer. The bonds are sp2 hybrid orbits and have the following 
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characteristics: carbon atoms have 4 valence electrons, of which 3 electrons 

generate sp2 bonds. This means each carbon atom contribute an unbonded 

electron in the pz orbital. The pz orbital of the neighboring atom is perpendicular 

to the plane to form a π bond. The newly formed π bond is half-filled. Studies 

have confirmed that the bond length between every two adjacent carbon atoms 

is 1.42E-10 meters, and the angle between the bonds is 120°. In addition to the 

honeycomb layered structure where the σ bond is linked to other carbon atoms 

to form a hexagonal ring, the pz orbital perpendicular to the layer plane of each 

carbon atom can form a large-atom large π bond (similar to a benzene ring) 

through the entire layer, It has excellent electrical and optical properties. [34,35] 

 

Electronic effect 

The carrier mobility of graphene at room temperature is about 15000cm2/(V·s), 

which is more than 10 times that of silicon. Also it is more than twice of indium 

antimonide (InSb), which has the highest carrier mobility. Under certain 

conditions such as low temperature, the carrier mobility of graphene can even 

be as high as 250,000 cm2/(V·s). Unlike many materials, the electron mobility 

of graphene is less affected by temperature changes because of its structure. 

At any temperature between 50 and 500K, the electron mobility of single-layer 

graphene is around 15000cm2/(V·s).[36] 

In addition, the half-integer quantum Hall effect of electron carriers and hole 

carriers in graphene can be observed by changing the chemical potential 

through the action of an electric field, and scientists have observed this 

quantum Hall effect, which is similar to the Hall effect in bulk materials, of 

graphene at room temperature. The carriers in graphene follow a special 

quantum tunneling effect, which does not produce backscattering when they 

encounter impurities. This is due to the high carrier mobility of graphene. [37,38]  

Graphene is a zero-distance semiconductor because its conduction and 

valence band meet at Dirac point. The Brillouin edge of the momentum space 

at six positions at the Dirac point is divided into two groups of three equivalents. 
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In contrast, the main point of traditional semiconductors is usually Γ, and the 

momentum is zero. [39] 

 

Thermal performance 

Graphene has very good thermal conductivity. The thermal conductivity of pure 

defect-free single-layer graphene is as high as 5300W/mK, which is the carbon 

material with the highest thermal conductivity by far, higher than single-wall 

carbon nanotubes (3500W/mK) and multi-wall carbon nanotubes (3000W/mK). 

When it is used as a carrier, the thermal conductivity can also reach 600W/mK.  

In addition, graphene's ballistic thermal conductivity can lower the lower limit of 

the ballistic thermal conductivity of carbon nanotubes per unit circumference 

and length. [40-42] 

 

Optical characteristics 

Graphene has very good optical properties, its absorption rate is about 2.3% in 

a wide wavelength range, and it looks almost transparent. Within the thickness 

range of several layers of graphene, each increase in thickness increases the 

absorption rate by 2.3%. Large-area graphene films also have excellent optical 

characteristics, and their optical characteristics change with the change of 

graphene thickness. This is an unusual low-energy electronic structure 

possessed by single-layer graphene. By applying a magnetic field, the optical 

response of graphene nanoribbons can be tuned to the terahertz range. [43,44] 

When the intensity of the incident light exceeds a certain critical value, the 

absorption of graphene will reach saturation. These characteristics allow 

graphene to be used as a passive mode-locked laser. This unique absorption 

may become saturated when the input light intensity exceeds a threshold, 

which is called the saturation effect. Graphene can be saturated easily under 

visible strong excitation in the near infrared region due to global optical 

absorption and zero band gap. Because of this special property, graphene is 

widely used in ultrafast photonics. The optical response of the 
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graphene/graphene oxide layer can be tuned electrically. Under denser laser 

illumination, graphene may possess an optical nonlinear Kerr effect, which 

means the refractive change under an applied electric field, with a nonlinear 

phase shift.[45] 

 

Graphene has excellent optical, electrical, and mechanical properties. It has 

important application prospects in materials science, micro-nano processing, 

energy, biomedicine, and drug delivery. It is considered to be a revolutionary 

material in the future. Andre Gemm and Konstantin Novoselov from the 

University of Manchester in UK successfully separated graphene from graphite 

by micromechanical stripping, and therefore jointly won the 2010 Nobel Prize 

in Physics. The common powder production methods of graphene are 

mechanical peeling method, redox method, and SiC epitaxial growth method, 

and the thin film production method is chemical vapor deposition (CVD).  

 

1.6.2 Mass production of graphene 

 

Mechanical stripping 

The mechanical peeling method is a method for obtaining a thin layer of 

graphene material by using friction and relative motion between an object and 

graphene. This method is simple to operate, and the resulting graphene usually 

maintains a complete crystal structure. In 2004, two British sciences used 

transparent tape to peel off natural graphite layer by layer to obtain graphene, 

which was also classified as a mechanical peeling method. This method was 

once considered to have low production efficiency and could not be mass-

produced industrially. This method can produce micron-sized graphene, but its 

controllability is low, and it is difficult to achieve large-scale synthesis. 
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Redox 

The redox method is to oxidize natural graphite by using chemical reagents 

such as sulfuric acid, nitric acid, potassium permanganate, hydrogen peroxide, 

etc., to increase the spacing between graphite layers, and insert oxide between 

the graphite layers to produce graphite oxide.. Then, the reactant is washed 

with water, and the washed solid is dried at a low temperature to prepare 

graphite oxide powder. The graphite oxide powder is peeled off by methods 

such as physical peeling and high-temperature expansion to prepare graphene 

oxide. Finally, graphene oxide is reduced by chemical method to obtain 

graphene (RGO). This method is simple to operate and has a high output, but 

the product quality is low. The oxidation-reduction method uses strong acids 

such as sulfuric acid and nitric acid, which have a greater risk, and a large 

amount of water must be used for cleaning, which causes large environmental 

pollution. 

 

Epitaxial method 

The orientation epigenetic method is to use the growth matrix atomic structure 

to "seeding" graphene, first let carbon atoms infiltrate ruthenium at 1150 ℃, and 

then cool, after cooling to 850 ℃, a large number of carbon atoms absorbed 

before will float to the surface of ruthenium, The final lens-shaped single layer 

of carbon atoms will grow into a complete layer of graphene. After the first layer 

is covered, the second layer begins to grow. The bottom graphene will have a 

strong interaction with ruthenium, and after the second layer, it will be almost 

completely separated from ruthenium, leaving only weak electrical coupling. 

However, the thickness of graphene sheets produced by this method is often 

uneven, and the adhesion between graphene and the matrix will affect the 

characteristics of the carbon layer. 

 

Silicon carbide epitaxy 

In the SiC epitaxy method, silicon atoms are sublimated out of the material 
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under ultra-high vacuum and high temperature environment, and the remaining 

C atoms are reconstructed by self-assembly to obtain graphene based on SiC 

substrate. This method can obtain high-quality graphene, but this method 

requires higher equipment. 

 

1.6.3 Bilayer graphene 

 

Bilayer graphene is a material consisting of two layers of graphene. One of the 

first reports of bilayer graphene was in the seminal 2004 Science paper by 

Geim and colleagues in which they described devices “which contained just 

one, two, or three atomic layer structure”[46,47] 

 

Bilayer graphene can exist in the form of an AB or Bernal stack, where half of 

the atoms are directly above the center of the hexagon in the lower graphene 

sheet, and the other half of the atoms are on the atoms, or less commonly, in 

the form of AA Form, the layers are perfectly aligned. In Bernal (Bernal) stacked 

graphene, double boundaries are common. Transition from AB stack to BA 

stack. The twisted layer rotating relative to another layer has also been 

extensively studied.[48,49] 

 

Superconductivity of twisted bilayer graphene 

The time goes back to 2011. Although it was realized at that time that two layers 

of graphene were stacked at a certain angle, a two-dimensional molar 

superlattice could be formed and new physical phenomena would be brought 

about. However, it was not until the theoretical physicists Professor Allan H. 

MacDonald and Dr. Rafi Bistritzer in the United States calculated that the 

velocity of electrons in the double-layer graphene superlattice with a rotation 

angle of 1.1° would be greatly reduced. The layered graphene superlattice 
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contains rich multi-body strong correlation physics. In 2018, Yuan Cao and his 

supervisor Professor Pablo Jarillo-Herrero from the Massachusetts Institute of 

Technology and colleagues of Harvard University and the National Institute of 

Materials Science in Tsukuba, Japan reported the discovery of 

superconductivity in two layers of graphene. The twist angle between the two 

layers of graphene is 1.1°. The discovery was announced in Nature in March 

2018.The bilayer graphene sample was prepared by peeling to get a single 

layer of graphene, and the second layer is manually rotated to a set angle 

relative to the first layer. When the temperature of samples reached 1.7K, the 

transition of the sample is transformed from the metallic state to the insulating 

state. It is also discovered that if a certain number of electrons are added to the 

transformed insulation state, superconductivity can be induced.[50,51] 

 

1.6.4 Application of graphene 

 

With the gradual breakthrough of mass production and large-scale problems, 

the industrial application of graphene is accelerating. Based on the existing 

research results, the first field to achieve commercial application may be mobile 

equipment, aerospace, and new energy Battery field. 

 

Transistor 

Graphene can be used to make transistors. Due to the high stability of the 

graphene structure, this transistor can still work steadily on a scale close to a 

single atom. In contrast, the current transistors made of silicon lose stability at 

a scale of about 10 nanometers; the characteristic that the electrons in 

graphene react to the external field is extremely fast, and the transistors made 

of it can achieve Very high operating frequency. For example, IBM Corporation 

announced in February 2010 that the operating frequency of graphene 
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transistors has been increased to 100 GHz, exceeding that of silicon transistors 

of the same size. 

 

New energy battery 

New energy batteries are also an important area for the first commercial use of 

graphene. Massachusetts Institute of Technology has successfully developed 

a flexible photovoltaic panel with a graphene nano-coating on the surface, 

which can greatly reduce the cost of manufacturing transparent and deformable 

solar cells. Such batteries may be used in night vision goggles, cameras and 

other small digital Application in the device. In addition, the successful 

development of graphene super batteries has also solved the problems of 

insufficient capacity and long charging time of new energy vehicle batteries, 

which has greatly accelerated the development of the new energy battery 

industry. 

 

 

1.7 III-V compound semiconductor 

 

Compound semiconductor is a type of semiconductor material that is composed 

of compounds. Typically, compound semiconductors are composed of two or 

more elements. Common elements in compound semiconductors are from 

Group IIIA boron, aluminum, gallium, indium, thallium and group VA elements 

nitrogen, phosphorus, arsenic, antimony and bismuth. Generally speaking, the 

III-V semiconductor is a binary compound composed of the above-mentioned 

group IIIA and group VA elements, and the chemical ratio of their components 

is 1:1. It includes the following compounds: BN, BP, BAs, AlN, AlP, AlAs, AlSb, 

GaN, GaP, GaAs, GaSb, InN, InP, InAs, InSb.[52-54] 
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The following figures are simulation result for typical III-V compound 

semiconductor. All the results are simulated by quantumATK toolkit. The results 

are mainly for showing the bandstructure and projected density of state(PDOS) . 

The bandgap value may not be quite accuracy due to the lack of proper 

correction in simulation. In order to get proper correction in simulation, there 

must be specific calculation and comparison between different methods, and 

this is quite large amount of work but I don’t have enough time to finish. So the 

results here focus on the shape and potential of the bandstructure but not the 

accuracy value. 

 
Figure 1.1 the bandstructure and PDOS of AlAs 
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Figure 1.2 the bandstructure and PDOS of AlN 

 
Figure 1.3 the bandstructure and PDOS of AlP 
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Figure 1.4 the bandstructure and PDOS of AlSb 

 

 
Figure 1.5 the bandstructure and PDOS of BAs 
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Figure 1.6 the bandstructure and PDOS of BN 

 



Xiang Cai 750682 

 32 

 
Figure 1.7 the bandstructure and PDOS of BN(hexagonal) 

 

 
Figure 1.8 the bandstructure and PDOS of BP 
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Figure 1.9 the bandstructure and PDOS of GaAs 
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Figure 1.10 the bandstructure and PDOS of GaN 

 

 
Figure 1.11 the bandstructure and PDOS of GaP 
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Figure 1.12 the bandstructure and PDOS of GaSb 
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Figure 1.13 the bandstructure and PDOS of InAs 

 

 
Figure 1.14 the bandstructure and PDOS of InN 
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Figure 1.15 the bandstructure and PDOS of InP 

 
Figure 1.16 the bandstructure and PDOS of InSb 
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Table 1.1 Bandgap and Bandstructure type 

Formula Direct 

Bandgap(eV) 

Indirect 

Bandgap(eV) 

Type 

AlAs 2.45 2.32 Indirect 

AlN 4.43 4.43 Direct 

AlP 3.74 2.49 Indirect 

AlSb 1.45 1.28 Direct 

BAs 3.35 2.29 Indirect 

BN 8.87 7.16 Indirect 

BNhex 4.67 4.53 Direct 

BP 3.45 2.20 Indirect 

GaAs 0.76 0.76 Direct 

GaN 2.37 2.37 Direct 

GaP 2.17 1.79 Indirect 

GaSb 0.10 0.10 Direct 

InAs 0.00 0.00 Direct 

InN 0.25 0.24 Indirect 

InP 1.00 1.00 Direct 

InSb 0.00 0.00 Direct 
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1.8 Gallium Nitride(GaN) 

 

GaN is one of typical III-V compound semiconductor materials. This compound 

has a structure similar to wurtzite and has a high hardness. Gallium nitride has 

a wide energy gap of 3.4 electron volts and can be used in high-power, high-

speed optoelectronic components. It has been applied in light-emitting diodes 

since 1990, mainly used in violet laser diodes. [55] 

 

Like other group III element nitrides, gallium nitride is less sensitive to ionizing 

radiation, which makes it suitable for solar cell arrays for satellites. Military and 

space applications may also benefit, because GaN devices show stability in 

radiated environments. Compared to gallium arsenide (GaAs) transistors, 

gallium nitride transistors can operate at much higher temperatures and 

voltages, so they are ideal microwave frequency power amplifiers[56] 

 

LEDs 

The GaN material is an ideal short-wavelength light-emitting device material, 

and the band gap of GaN and its alloy covers the spectral range from red to 

ultraviolet.[57] 

 

Transistors 

The GaN material has a low heat generation rate and a high breakdown electric 

field and is an important material for developing high-temperature high-power 

electronic devices and high-frequency microwave devices. [58] At present, with 

the progress of MBE technology in the application of GaN materials and the 

breakthrough of key thin film growth technologies, a variety of GaN 

heterostructures have been successfully grown. New devices such as metal 

field effect transistors (MESFETs), heterojunction field effect transistors 

(HFETs), modulation doped field effect transistors (MODFETs), etc. were 
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prepared using GaN materials. Modulated and doped AlGaN/GaN structure has 

high electron mobility (2000cm2/v·s), high saturation speed (1×107cm/s), and 

low dielectric constant, and is the preferred material for making microwave 

devices; [59,60] GaN The wider forbidden band width (3.4eV) and sapphire as 

the substrate have good heat dissipation performance, which is conducive to 

the device working under high power conditions. 

 

Microwave device 

GaN high-frequency high-power microwave devices have begun to be used in 

military radar, smart weapons and communication systems. In the future, GaN 

microwave devices are expected to be used in civilian fields such as 4G-5G 

mobile communication base stations.[61] 

 

Lasers and detectors 

In the field of laser and detector applications, GaN lasers have been 

successfully used in Blu-ray. Because of its excellent photoelectric properties 

and radiation resistance, gallium nitride can also be used as a high-energy ray 

detector. GaN-based UV detectors can be used in missile early warning, 

satellite secret communications, various environmental monitoring, chemical 

biological detection and other fields, such as nuclear radiation detectors, X-ray 

imagers, etc. [57] 
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Chapter 2: Calculation of the transmission probability 

and tunneling current 
 

Since quantum theory was founded in 1920s, it has developed quite far away 

and led people to a new field that totally different from the classical ones. As 

the size of an object decrease to a certain level, the classical physical law would 

be invalid and quantum mechanic would become the ruler of object behaviors. 

The property under quantum mechanic achieves functions that never been 

seen before. So scientist would invent new materials and devices with a 

property that never found before. This is the reason that new materials and 

devices have been emerging due to vast developments in nanotechnologies. 

The aim of this project is to simulate the electron transport in quantum region 

based on the Schrodinger equation for random shaped energy barriers, which 

is very basic to quantum mechanics. The method of simulation is matlab coding. 

The simulation will help in understanding the concept of quantum field and 

applications in design and analysis of nanometer scale devices and systems. 

In this thesis, the section of introduce would give the background knowledge of 

this project, with the concept of quantum tunneling, wave function and 

Schrödinger equation involved. The section of methodology and discussion is 

the main part of the thesis. In these two section the method used in the project 

is listed and explained. The results from matlab coding would be compared and 

analyzed. The section of application would introduce two example that the 

tunneling current is involved and how others use the method in this project. 

 

2.1 Introduction 

In order to achieve the goal of this project, some concept must be introduced 

first. 
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2.1.1 Quantum tunneling 

Quantum tunneling describes one phenomenon of quantum mechanics. It was 

developed from the study of radioactivity [1]. It refers to the phenomenon that 

a particle could pass through a barrier that it classically could not. This is a 

phenomenon that could only happen under nano scale. Under nano scale, the 

behavior of a particle is quite different from that under classical scale. In 

classical mechanics, when a particle meets a barrier, if the particle attempts to 

pass the potential barriers, it must contain higher energy than the barrier so that 

it could climb and pass by, otherwise it just fail. It may be reflected by the barrier 

or even absorbed. However, in quantum mechanics, the particle could pass 

through the barrier and tunnel to the other side with a very small probability. 

This phenomenon that a particle tunnel through the barrier under quantum 

circumstance is called quantum tunneling. The mechanic of quantum tunneling 

could be explained by the energy-time uncertainty. Assuming that the original 

energy of the particle is E, the potential of the potential barrier is V, and E<V, 

the particle cannot pass the barrier classically. According to the energy-time 

uncertainty principle, 

∆𝐸𝐸∆𝑡𝑡 ≈ ℏ/2(2.1) 

here ∆𝐸𝐸 is the uncertainty of energy and ∆𝑡𝑡 is time respectively, and ℏ is the 

reduced Planck constant. 

Although in classical mechanics, the total energy cannot be changed, otherwise, 

the law of conservation of energy will be violated. However, in quantum 

mechanics, if the uncertainty of time is ∆𝑡𝑡, the uncertainty of energy is ∆𝐸𝐸. 

Suppose that the particle temporarily borrows energy ∆𝐸𝐸 so that the total 

energy E+∆𝐸𝐸>V, and then the particle can pass the barrier. However in order 

not to violate the energy-time uncertainty principle, the particle must return 

energy ∆𝐸𝐸 within time ∆𝑡𝑡 ≈ ℏ/(2∆𝐸𝐸), and the particle must be pass the barrier 

in time, otherwise it still fail to pass. 

2.1.2 Wave function 
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The quantum tunneling can be described by a wave function. A wave function 

is a function that describes the quantum state of an isolated system with one or 

more particles in quantum mechanics. For one certain system, there is one 

wave function that contains all the information about it even if the system has 

more than one particle. This is due to the probability amplitude of the system. 

Probability amplitude provides a relationship between the wave function of a 

system and the results of observations. So any quantities that are associated 

with measurements, such as the average speed or position of a particle, can 

be got from the wave function. This determines the core role in the quantum 

mechanics and the reason why it important in all modern theories.  

 

For a given system, the wave function is set by deciding a representation 

related to a maximal set of commuting observables and a suitable coordinate 

system. Once the wave function is set, it is a complex-valued function of the 

system's degrees of freedom corresponding to the chosen representation and 

coordinate system.  

The Schrödinger equation is the most common wave function used today and 

it is the basic equation of this project. 

2.1.3 Schrödinger equation 

Schrödinger equation is a partial differential equation that describes how the 

quantum state of a physical system changes with time in quantum mechanics. 

It was named by the famous Austrian physicist Erwin Schrödinger. The equation 

was formulated in late 1925 and published in 1926[2]. Mainly there are two 

types of the equation: time-dependent and time-independent. This project is 

based on the solution of time-independent Schrödinger equation.  

The time-dependent Schrödinger equation 

iℏ 𝜕𝜕
𝜕𝜕𝜕𝜕

 𝛹𝛹(𝑟𝑟, 𝑡𝑡) = [−ℏ
2

2𝜇𝜇
𝛻𝛻2 + 𝑉𝑉(𝑟𝑟, 𝑡𝑡)]𝛹𝛹(𝑟𝑟, 𝑡𝑡)(2.2) 

This is the non-relativistic Schrödinger equation for a single particle. In this 

equation i is the imaginary unit, ħ is the reduced Planck constant which equals 
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plank constant divided by 2π, ∂/∂t stands for a partial derivative, Ψ is the wave 

function of the quantum system. μ is the particle's reduced mass, V is the 

potential energy, 𝛻𝛻2  is the Laplacian (a differential operator). The time-

dependent Schrödinger equation is used to describe a system that changes 

with time. 

The time-independent Schrödinger equation 

 

𝐸𝐸Ψ(𝑟𝑟) = [−ℏ
2

2𝜇𝜇
∇2 + 𝑉𝑉(𝑟𝑟)]Ψ(𝑟𝑟)(2.3) 

This is the time-independent Schrödinger equation for a single non-relativistic 

particle. E here stands for energy eigenvalue, so the time independent 

Schrödinger equation is an eigenvalue equation. The wave function involved in 

time-independent Schrödinger equation describing waves with definite energy 

compared to those of a probability distribution of different energies. In physics, 

these standing waves are called "stationary states" or "energy eigenstates"; in 

chemistry they are called "atomic orbitals" or "molecular orbitals".  

2.2 Methodology 

 

The aim of this project is to calculate the transmission current under certain 

circumstance. In non-relativistic quantum mechanics, the transmission 

coefficient and related reflection coefficient are used to describe the behavior 

of waves incident on a barrier [3]. The transmission coefficient presents the 

probability of a particle tunneling through a barrier. Only when particles with 

charge tunnel trough a barrier here forms the tunneling current. So in order to 

get the transmission current, the transmission coefficient must be calculated 

first. This is the reason why the core of the project is to calculate the 

transmission coefficient. 

In this project, the main method is to solve the time-independent Schrödinger 

with the help of scattering matrix and a concept of multistep. Compared to the 



Xiang Cai 750682 

 51 

conventional way of approximation or dealing with continuous variations of 

potential energy, the method here is to split the potential barrier up into N 

segments and in which the potential energy can be regarded as a constant. 

So as N increased, the segments become finer and finer, finally a continuous 

variation will be restored. The transmission coefficient is calculated by a 

method to connect momentum eigenfunctions[4].  

2.2.1 WBK Method 

Firstly the WBK approximation would be introduced. WBK here stands for 

Wentzel, Kramers, and Brillouin, which are the names of three physicists who 

developed this method. The WKB approximation is the conventional method to 

calculate the transmission coefficient across potential barriers. If the potential 

is a constant or changing very slowly, the wavefunction solutions of the 1-D 

Schrodinger equation 𝐸𝐸Ψ(𝑟𝑟) = �−ℏ
2

2𝑢𝑢
∇2 + 𝑉𝑉(𝑟𝑟)�Ψ(𝑟𝑟) are of the form of a simple 

plane wave  ψ(𝑥𝑥) = 𝐴𝐴 exp(±𝑖𝑖𝑖𝑖𝑖𝑖) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 =�2𝑚𝑚∗(𝐸𝐸 − 𝑈𝑈) ℏ⁄  . The transmission 

coefficient is express as: 

𝑇𝑇 =
exp (−2∫ 𝑑𝑑𝑑𝑑�2𝑚𝑚

ℏ2
(𝑉𝑉(𝑥𝑥)−𝐸𝐸)𝑥𝑥2

𝑥𝑥1

(1+14exp (−2∫ 𝑑𝑑𝑑𝑑�2𝑚𝑚
ℏ2

(𝑉𝑉(𝑥𝑥)−𝐸𝐸)𝑥𝑥2
𝑥𝑥1

)2
(2.4) 

where m is effective mass and V(x) is potential and E is energy of electron. 

However, wbk is typically used for a semi classical calculation in quantum 

mechanics and has some limitation in application.  

 

2.2.2 Multistep 
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Figure 2.1 One example of potential energy U(x) vs distance X[5] 

 

This is the main method involved in this project. An simple instance is taken to 

explain the method. Figure 1 shows potential Energy U(x) versus distance x. 

The  first step is to divide the barrier part into N segments(Here in the 

example N=10), then it can be drawn from the figure that the potential barrier 

is: 

𝑈𝑈(𝑥𝑥) = 𝑈𝑈[(𝑥𝑥𝑗𝑗−1  + 𝑥𝑥𝑗𝑗)/2](2.5) 

And the effective mass is expressed as:  

𝑚𝑚∗(𝑥𝑥)  = 𝑚𝑚𝑗𝑗 = 𝑚𝑚∗[(𝑥𝑥𝑗𝑗−1  + 𝑥𝑥𝑗𝑗)/2](2.6) 

for 𝑥𝑥𝑗𝑗−1 < 𝑥𝑥 < 𝑥𝑥𝑗𝑗 and j=0,1,2,…N,N+1 

Because the potential is treated as constant in each segment, the solution to 

the one-dimensional Schrodinger equation is given in the jth step as a 

superposition of plane waves:  

For the wave function Ψ in the 𝐽𝐽𝑡𝑡ℎ step: 

ψ𝑗𝑗(𝑥𝑥) = 𝐴𝐴𝑗𝑗 exp�𝑖𝑖𝑘𝑘𝑗𝑗𝑥𝑥� + 𝐵𝐵𝑗𝑗exp (−𝑖𝑖𝑘𝑘𝑗𝑗𝑥𝑥)(2.7) 
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 𝑘𝑘𝑗𝑗 = �2𝑚𝑚𝑗𝑗
∗�𝐸𝐸 − 𝑈𝑈𝑗𝑗� ℏ� (2.8) 

Because of the continuity of ψj(x) and (1 mj
∗⁄ )* (dψj/dx) at the boundary of 

step j and J+1, the process to determine the factor Ajand Bj in Eqs. (2.7) can 

just be simplified to the multiplication of the following N + 1 (2×2) matrices: 

�
𝐴𝐴𝑗𝑗
𝐵𝐵𝑗𝑗
� = ∏ 𝑀𝑀𝑙𝑙

𝑗𝑗=𝑙𝑙
𝑙𝑙=0 �𝐴𝐴0𝐵𝐵0

�(2.9) 

and 

𝑀𝑀𝑙𝑙 = 1
2
�
(1 + 𝑆𝑆𝑙𝑙) exp[−𝑖𝑖(𝑘𝑘𝑙𝑙+1 − 𝑘𝑘𝑙𝑙)𝑥𝑥𝑙𝑙] (1 − 𝑆𝑆𝑙𝑙) exp[−𝑖𝑖(𝑘𝑘𝑙𝑙+1 + 𝑘𝑘𝑙𝑙)𝑥𝑥𝑙𝑙]
(1 − 𝑆𝑆𝑙𝑙) exp[𝑖𝑖(𝑘𝑘𝑙𝑙+1 + 𝑘𝑘𝑙𝑙)𝑥𝑥𝑙𝑙] (1 + 𝑆𝑆𝑙𝑙) exp[𝑖𝑖(𝑘𝑘𝑙𝑙+1 − 𝑘𝑘𝑙𝑙)𝑥𝑥𝑙𝑙]

�(2.10) 

and 

𝑆𝑆𝑙𝑙 = 𝑚𝑚𝑙𝑙+1
∗

𝑚𝑚𝑙𝑙
∗

𝑘𝑘𝑙𝑙
𝑘𝑘𝑙𝑙+1

(2.11) 

However in common situation the effective mass would not change with 

distance x (for example in MOSFET made of silicon), so that (2.11) could be 

simplified as 

𝑆𝑆𝑙𝑙 = 𝑘𝑘𝑙𝑙
𝑘𝑘𝑙𝑙+1

(2.11*) 

When j=N+1, Eq. (2.9) becomes 

�𝐴𝐴𝑁𝑁+1𝐵𝐵𝑁𝑁+1
� = ∏ 𝑀𝑀𝑙𝑙

𝑙𝑙=𝑁𝑁+1
𝑙𝑙=0 �𝐴𝐴0𝐵𝐵0

�(2.12) 

Set 𝐴𝐴0 = 1 and 𝐵𝐵𝑁𝑁+1 = 0, which means an electron incident from the left 

hand side of Fig 1 and generates left-justified states [2.10] in physic, the 

transmission amplitude 𝐴𝐴𝑁𝑁+1 can be calculated by the equation: 

𝐴𝐴𝑁𝑁+1 = 𝑚𝑚𝑁𝑁+1
∗

𝑚𝑚0
∗

𝑘𝑘0
𝑘𝑘𝑁𝑁+1

1
𝑀𝑀22

(2.13) 

𝑀𝑀 = �𝑀𝑀11 𝑀𝑀12
𝑀𝑀21 𝑀𝑀22

� = ∏ 𝑀𝑀𝑙𝑙
𝑁𝑁
𝑙𝑙=0 (2.14) 

Finally the transmission probability D(E,V) can be calculated by following: 

𝐷𝐷(𝐸𝐸𝑥𝑥,𝑉𝑉𝑏𝑏) = 𝑚𝑚0
∗

𝑚𝑚𝑁𝑁+1
∗

𝑘𝑘𝑁𝑁+1
𝑘𝑘0

|𝐴𝐴𝑁𝑁+1|2(2.15) 
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Applying the formula of (2.11*) (2.13)and(2.14), (2.15) could be rewritten as: 

𝐷𝐷(𝐸𝐸𝑥𝑥,𝑉𝑉𝑏𝑏) = 𝑘𝑘0
𝑘𝑘𝑁𝑁+1

� 1
𝑀𝑀22

�
2
(2.16) 

𝐸𝐸𝑥𝑥 here stand for the incident energy of electron and  𝑉𝑉𝑏𝑏 is the voltage 

applied. 

Once the transmission probability is got, the transmission current density is 

given by the Tsu-Esaki current formula: 

𝐽𝐽(𝐸𝐸𝑥𝑥) = 𝑞𝑞𝑞𝑞0
∗𝑘𝑘𝑘𝑘

2𝜋𝜋2ℏ3
× ∫ 𝐷𝐷(𝐸𝐸𝑥𝑥,𝑉𝑉𝑏𝑏)∞

0 × ln ( 1+exp�𝐸𝐸𝑓𝑓−𝐸𝐸𝑥𝑥� 𝑘𝑘𝑘𝑘⁄

1+exp�𝐸𝐸𝑓𝑓−𝑞𝑞𝑉𝑉𝑏𝑏−𝐸𝐸𝑥𝑥� 𝑘𝑘𝑘𝑘⁄
)𝑑𝑑(𝐸𝐸𝑥𝑥)(2.17) 

where q is the electron charge ,𝑚𝑚0
∗  is the electron effective mass. k is the 

Boltzmann constant, T is the temperature, and Ef is the Fermi energy. So, J is 

a function of transmission probability, then become the function of 𝐸𝐸𝑥𝑥 and 𝑉𝑉𝑏𝑏. 

Besides the method introduced above, there are other ways to get the 

transmission coefficient. 

  

2.2.3 Propagation Matrix 

This method is quite similar to the multistep method explained above, however 

it focuses on the relation of wavefunction that present the particles pass into 

and out of a barrier and travel inside the barrier. Here using an example to 

explain the method: 
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Figure 2.2 A potential barrier with height of 𝑉𝑉0 and width of L 

In figure 2 there is a potential barrier with the height of 𝑉𝑉0 and width of L. I, II, 

and III here indicate three regions that a particle would pass into, travel through 

and pass out of the barrier. Since the barrier is a rectangular one, so the 

Schrödinger equation can be simplified. The wavefunction of the three regions 

is: 

ψ𝐼𝐼(𝑥𝑥) = 𝐴𝐴 exp(𝑖𝑖𝑘𝑘1𝑥𝑥) + 𝐵𝐵exp (−𝑖𝑖𝑘𝑘1𝑥𝑥)(2.18) 

ψ𝐼𝐼𝐼𝐼(𝑥𝑥) = 𝐶𝐶 exp(𝑖𝑖𝑘𝑘2𝑥𝑥) + 𝐷𝐷exp (−𝑖𝑖𝑘𝑘2𝑥𝑥)(2.19) 

ψ𝐼𝐼𝐼𝐼𝐼𝐼(𝑥𝑥) = 𝐹𝐹 exp(𝑖𝑖𝑘𝑘3𝑥𝑥) + 𝐺𝐺exp (−𝑖𝑖𝑘𝑘3𝑥𝑥)(2.20) 

where 𝑘𝑘1 = 𝑘𝑘3 = √2𝑚𝑚𝑚𝑚
ℏ

  , 𝑘𝑘2 = �2𝑚𝑚(𝐸𝐸−𝑉𝑉0)
ℏ

 , m is mass of electron and E is energy 

of electron.  

The propagation matrix is one matrix that relates the waves on the right hand 

side to those on the left of the barrier. Here, the matrix for left (Pl), in barrier 

(Pb) and right (Pr) is expressed as below 

𝑃𝑃𝑃𝑃 = 1
2�𝑘𝑘1𝑘𝑘2

�𝑘𝑘1 + 𝑘𝑘2 𝑘𝑘1 − 𝑘𝑘2
𝑘𝑘1 − 𝑘𝑘2 𝑘𝑘1 + 𝑘𝑘2

�(2.21) 

𝑃𝑃𝑃𝑃 = �𝑒𝑒
−𝑖𝑖𝑘𝑘2𝐿𝐿 0

0 𝑒𝑒𝑖𝑖𝑘𝑘2𝐿𝐿
�(2.22) 

𝑃𝑃𝑃𝑃 = 1
2�𝑘𝑘1𝑘𝑘2

�𝑘𝑘1 + 𝑘𝑘2 𝑘𝑘1 − 𝑘𝑘2
𝑘𝑘1 − 𝑘𝑘2 𝑘𝑘1 + 𝑘𝑘2

�(2.23) 

The propagation matrix is calculated by multiplying these three matrices 

together: P=Pl×Pb×Pr. Since Pl, Pb and Pr are all (2×2) matrices, P is still a 

(2×2) matrix. 

The transmission coefficient is defined as 
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𝑇𝑇 = 1
|𝑃𝑃11|2

(2.24) 

Although the example above only use one barrier, if combining a series of 

barriers together, a real potential barrier could be achieved. However, the 

calculation and complexity would increase rapidly. 

 

2.2.4 Theoretical calculation 

 

This method is to calculation the transmission coefficient directly by solving 1-

D Schrödinger equation and make approximation. The transmission coefficient 

is defined as: 

𝑇𝑇 = �1 + 𝐸𝐸𝑝𝑝2𝑠𝑠𝑠𝑠𝑠𝑠ℎ2(𝑘𝑘𝑘𝑘)
4𝐸𝐸(𝐸𝐸−𝐸𝐸𝑝𝑝)

�
−1
𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 =

�2𝑚𝑚�𝐸𝐸𝑝𝑝−𝐸𝐸�

ℏ
(2.25) 

E is particle energy, 𝐸𝐸𝑝𝑝 is height of potential barrier, l is width of barrier and m 

is the mass. 

2.3 Result analysis 

 

In this section the image generated by matlab would be listed and compared. 

Rectangular Barrier: 

The barrier shape is: 
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Following are the result of rectangular barrier with different step number N, 

barrier height U (eV) and barrier width L(Ai) 

 

Figure 2.3 L=20Ai 
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Figure 2.4 L=100Ai 

 

Figure 2.5 L=350Ai 

For figure 2.3,2.4 and 2.5, the barrier height and the step number are constant. 

The height is 0.375ev and step number is 100. It is clear that the wider the 

barrier is, the wavier behavior in low energy area, which means harder to tunnel 

through. 
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Figure 2.6 U=0.375ev 

 

Figure 2.7 U=0.625ev 
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Figure 2.8 U=0.875ev 

For figure 2.6,2.7 and 2.8 barrier width and step number is constant. The width 

is 350Ai and step number is 100. Passing limit shifts towards higher energies 

on increasing barrier height. Wavy behavior is more prominently at higher 

barrier height and higher energies 

 

Figure 2.9 N=10 
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Figure 2.10 N=40 

 

Figure 2.11 N=100 

For figure 2.9,2.10 and 2.11, barrier width(350Ai) and height(0.375ev) are 

constant. The only variable here is step number N. However, these three figure 

have slight difference from each other. It means that step number has little 

influence on rectangular barrier. This is because the potential for a rectangular 

barrier is constant whether the multistep method is applied or not. 
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Parabolic Barrier: 

The barrier shape is: 

 
Now the result of parabolic barrier would be listed 

 

Figure 2.12 L=20Ai 
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Figure 2.13 L=100Ai 

 

Figure 2.14 L=350Ai 

For figure 2.12,2.13 and 2.14 the variable is barrier width. The height is 0.375ev 

and step number is 100. From the figure it is clear that the parabolic barrier is 

more sensitive to the barrier width. 
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Figure 2.15 U=0.375ev 

 

Figure 2.16 U=0.625ev 
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Figure 2.17 U=0.875ev 

For figure 2.15,2.16 and 2.17 step number is 100 and barrier width is 350Ai. 

The barrier height has series influence on the probability. The higher the barrier 

is, the harder for the elctron to tunnel through. 

 

Figure 2.18 N=10 
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Figure 2.19 N=40 

 

Figure 2.20 N=70 
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Figure 2.21 N=100 

For figure 2.18,2.19,2.20 and 2.21 the barrier height is 0.375ev and barrier 

width is 350Ai. The step number is from 10 to 100. There are four image 

because when N=40, the maximum value of the probability is even bigger than 

1! Any value around 40 would lead to the same result. Meanwhile the result 

works normally indicates that the program is well functioned. So it may be 

related to the method itself. From the four images, it tells that the step number 

has great influence on the result. However the result of 70 and 100 is almost 

the same. This indicates that to make sure the result is accurate, a minimum 

step value exist. This is because if the N is to small, the steps that combine 

together is still far from the real potential, making the result unacceptable. 

 

Rectangular well: 

The rectangular well here is made of two material: GaAs and AlAs, so the 

effective mass changes with distance x，just as the figure 2.3 shows: 
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Figure 2.22 Rectangular well 

The potential shape is as 

 
Figure 2.23 

In the simulation the step number N=100, the result of incident energy vs 

transmission probability is shown below: 
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Figure 2.24 

 

It quite different from single rectangular barrier. It shows the effect of effective 

mass. For a rectangular well that the effective mass varies with distance, the 

effective mass must be  taken into consider while calculating the transmission 

coefficient. Here use formula (2.11) instead of (2.11*) so the probability would 

be 

𝐷𝐷(𝐸𝐸𝑥𝑥,𝑉𝑉𝑏𝑏) =
𝑚𝑚𝑁𝑁+1

𝑚𝑚0

𝑘𝑘0
𝑘𝑘𝑁𝑁+1

�
1
𝑀𝑀22

�
2

 

Compare these three type of barrier, it decays that the barrier that contains 

more variables is more suitable to multistep method. 

2.4 Methods comparison 

 

For the complexity, when dealing with a simple rectangular barrier, the 

theoretical calculation is the easiest one, then comes the propagation matrix, 

multistep is the most complex one because it’s necessary to calculate the 

matrices related with step number N to get the transmission amplitude. 
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However while deal with parabolic barrier, the multistep method is the best 

choice. theoretical calculation is invalid and propagation matrix need the help 

of multistep and the calculation of matrices is much more complex. 

Here a rectangular barriers is used to test the difference between acurancy of 

multistep, propagation matrix and theoretical calculation. The barrier width is 

10nm(100Ai) and height is 1ev. The step number N is 100.  

 
Figure 2.25 multistep 
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Figure 2.26 propagation matrix 

 
Figure 2.27 theoritical calculation 

From figure 2.25,2.26 and 2.27, the conclusion could be drawn that the method 

really has influence on result accuracy even with all the same variable. The 

highest accuracy belongs to multistep. 
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2.5 Possible Further development 

 

Although the multistep method is better compared to other ones, it still contains 

disadvantages. The complexity makes it nearly impossible to use it by hand. So 

in the future developments may be achieved in reducing the complexity 

meanwhile keeping the accuracy of this method. Besides the phenomenon that 

the probability large than 1 happened in parabolic barrier is a worthy to put 

further concentration on. 
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Chapter3: Study on thermoelectric performance of 

twisted bilayer graphene nanoribbons junction by 

using first principle theory 

 

We investigate the electron transport and thermoelectric property of twisted 

bilayer graphene nanoribbon junction (TBGNRJ) in 0o, 21.8o, 38.2o and 60o 

rotation angles by first principles calculation with Landauer-Buttiker and 

Boltzmann theories. It is found that TBGNRJs exhibit a strong reduction of 

thermal conductance compared with the single graphene nanoribbon (GNR) 

and negative differential resistance (NDR) in 21.8 o and 38.2 o rotation angles 

under ±0.2 V bias voltage. More importantly, three peak ZT values of 2.0, 2.7 

and 6.1 can be achieved in the 21.8o rotation angle at 300K. The outstanding 

ZT values of TBGNRJs are interpreted as the combination of the reduced 

thermal conductivity and enhanced electrical conductivity at optimized angles.  

 

 

3.1 Introduction 

Graphene is the first true 2-dimensional (2D) material, which consists of carbon 

atoms forming regular hexagonal lattice[1]. In the prior research, many 

outstanding properties of graphene were discovered, such as high electrical 

conductivity and carrier mobility[2-6], high thermal conductivity[7], and superior 

mechanical properties[8, 9]. Hence graphene can have many applications in 

electronic and mechanical devices. In particular, it has been applied in 

thermoelectric devices[10, 11]. The energy conversion efficiency of 

thermoelectric materials can be described by the figure of merit 𝑍𝑍𝑍𝑍 =
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𝑆𝑆2𝐺𝐺𝑒𝑒𝑇𝑇/(𝜅𝜅𝑒𝑒 + 𝜅𝜅𝑝𝑝ℎ) , where the 𝐺𝐺𝑒𝑒 , S and T are the electrical conductance, 

Seebeck coefficient and temperature, respectively. 𝜅𝜅𝑒𝑒 and 𝜅𝜅𝑝𝑝ℎ are the heat 

transport coefficient of electrons and phonons. A good thermoelectric material 

should have a high electrical conductivity, Seebeck coefficient and low thermal 

conductivity. On one hand, the Dirac-cone band structure of graphene makes it 

to display a high electrical conductivity[5, 6]. On the other hand, the 

thermoelectric performance of graphene is poor because of its high thermal 

conductivity, and the closed bandgap which leads to a small Seebeck 

coefficient[12]. As a result, the key to improve the ZT of graphene devices is 

find a trade-off between the Seebeck coefficient, electrical conductance and 

heat transport coefficient. In prior studies, the specially designed 

nanostructured graphene can have increased Seebeck coefficient and 

suppressed heat transport coefficient without greatly reducing electrical 

conductance due to the quantum confinement effect[10, 13, 14]. In these 

graphene devices, graphene nanoribbons (GNRs) has demonstrated better 

thermoelectric performances as the Seebeck coefficient and ZT value can be 

increased by the finite size effect[15-18]. One of earlier attempts on the 

thermoelectric performance of GNRs was reported by Ouyang et al[18]. They 

found that a higher Seebeck coefficient in GNRs compared with the pristine 

graphene is attributed to the edge geometry of GNRs, which plays an important 

role in enhancing the thermoelectric performance. In 2012, Jin et al reported 

that the armchair GNR exhibits a higher ZT value than zigzag GNRs, and ZT 

value increases with the decrease of the GNRs width[15]. A chevron type edge 

GNR was proposed demonstrating a ZT value of 3.25 at 800 K[19]. Nguyen et 

al discovered that the thermal conductance in the bilayer GNRs is hundreds 

times weaker than the pristine graphene because the weak van der Waals (vdW) 

interaction between two layers[20]. In recent several years, in order to improve 

thermoelectric performance of GNRs, different schemes based on more 

sophisticated GNR nanostructures have been designed [21, 22], such as using 

boundary effect[16, 23, 24], interface effect[25], doping[17, 26], and structure 
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defect or wrinkles[27-30].  

 

Bilayer graphene structures with optimized twisting angles aiming to achieve 

much improved performances such as high temperature superconductivity and 

strong interlayer coupling have been theoretically and experimentally 

investigated recently [31-34]. Because the bilayer graphene structure efficiently 

limits the thermal conductivity in the normal direction to the 2D plane attributed 

to the vdW force[20], this will lead to a new approach to further increase the 

thermoelectric performance.  

 

In this work, the electron transport and thermoelectric performance of twisted 

bilayer graphene nanoribbon junction (TBGNRJs) in 0 o, 21.8 o, 38.2 o and 60 o 

rotation angles are systematically researched using the first principles method, 

which has been applied in previous studies on GNR junctions[20, 35]. It is 

discovered that that TBGNRJs exhibit negative differential resistance (NDR) in 

21.8 o and 38.2 o rotation angles under ±0.2 V bias voltage. Moreover, ZT 

values of 2.0, 2.7 and 6.1 can be achieved at different chemical potentials for 

the 21.8 o rotation angle at 300K. 

 

3.2 Computational procedure 

The theoretical simulation of the twisted bilayer graphene structures starts with 

the Generalized Lattice Match (GLM) method, which is for investigating the 

relationship between the mismatch strain and the number of atoms[36]. The 

optimization of twisting angles is conducted by using the balanced mismatch 

strain and number of atoms, it is targeted to have a lower mismatch strain and 

at the same time a smaller number of atoms. As shown in the Figure 3.1(a) and 

(b), the vectors v1 and v2 defined the surface cell of the bottom graphene layer 

while the vectors u1 and u2 as the surface cell of the top graphene layer. The 
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relationship between [v1, v2] and [u1, u2] is expressed as A[u1, u2] = [v1, v2], 

where A is the affine transformation matrix. The rotation matrix U has a form 

as[36]. 

𝐔𝐔 = �cos (𝜙𝜙) −sin (𝜙𝜙)
sin (𝜙𝜙) cos (𝜙𝜙) � (3.1) 

𝜙𝜙 = |𝜙𝜙𝑎𝑎 − 𝜙𝜙𝑏𝑏|/2 (3.2) 

𝐏𝐏 = 𝑼𝑼𝑻𝑻𝐀𝐀  (3.3) 

where, 𝜙𝜙 is the twisting angle of bilayers graphene, 𝜙𝜙𝑎𝑎 is the angle between 

the vectors u1 and u2, 𝜙𝜙𝑏𝑏 is the angle between the vectors v1 and v2, matrix P 

defines the 2D strain tensor for deforming one cell into the other. We only 

calculate the twisting angles from 0 o to 60 o because the crystal structure of 

graphene is a regular hexagon. In order to sustain the structural stability and 

avoid having a large size cell, we analyzed the twisting angles of 0 o, 21.8 o, 

38.2 o and 60 o, at which the strain of lattice mismatch is calculated to be 0%. 

Previous studies have shown that AA (0 o rotation angle) and AB (60 o rotation 

angle) stacking of bilayer graphene are the most common stacking style in the 

research [37]. The other twisting angles (21.8 o and 38.2 o) were chosen, 

because they had a small size of cell comparing with other rotation angles. 
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Figure 3.1. The surface cell of top (a) and bottom of graphene (b). (c)-(f) show the top view of 

the atomic arrangement of the twisted bilayer graphene with 0 o, 21.8 o, 38.2 o and 60 o 

rotation angles, respectively. 

 

All the modelling and calculations have been implemented by the Quantum 

Atomistix ToolKit (ATK2018) simulation tools[38]. Calculations of the electronic 

properties have been performed within the framework of density functional 

theory (DFT). In the geometry optimization, we use the semi-empirical 

corrections by the Grimme DFT-D2 model to calculate the distance between 

two layers, which accounts the long-range vdW interaction [39]. The structure 

is fully relaxed until the force on each atom becomes smaller than 0.01 eV/Å. 

The generalized gradient approximation (GGA) with the parametrization of 

Perdew-Burke-Ernzerhof (PBE), cut-off energy of 150 Ry and 12×12×1 k-points 
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grid were used. To avoid the interaction of the periodic boundary conditions, a 

large vacuum spacing of at least 25 Å is added along the normal direction to 

the electrons transport plane. In our transmission calculation, the device model 

is divided into central part, left and right electrodes. The Brillouin zone of the 

junction is sampled by a 1×1×100 k-mesh and a double-zeta polarized for all 

atoms. The electronic and phonon transmissions are calculated by the 

nonequilibrium Green function method and molecular dynamics method, 

respectively. The calculated rotation angle (𝜃𝜃 ), lattice constant (a), mean 

absolute strain (𝜀𝜀) and surface distance between two layers (d) are listed in 

Table 1. For AA (0 o rotation angle) and AB (60 o rotation angle) stacking 

structures of bilayer graphene, the interface distance is 3.35 Å, which is close 

to those of the same bilayer graphene structures in references[40, 41]. As 

shown in Figure 3.2, the fat band structures and projected shells for four twisted 

bilayer graphene cells have been calculated along the path through Г-M-K-Г. 

The energy bands originated from the s, p and d orbitals are marked by red, 

blue and green lines, respectively. We obtained two Dirac cones around the K-

point originated from p orbital because the band splitting occurs when two 

graphene layers interact. The splitting between the bands in the Dirac cones is 

responsible for low-dispersion bands near the M point[41, 42]. Although the top 

views of the atomic arrangement of the twisted bilayer graphene cells (Figure 

3.1) look different, the band structures calculated for the rotation angles 0° and 

60° seem very similar, the same for the rotation angles 21.8° and 38.2°. It is 

because that the crystal structure of graphene is a regular hexagon, which has 

rotational symmetry. The 0° and 60° (21.8° and 38.2°) are two sets of rotational 

symmetry angles. The similarity of band structures with rotational symmetry 

angles were described in reference [43]. 

 

Table 3.1. Rotation angle (𝜃𝜃), lattice constant (a), mean absolute strain (𝜀𝜀), and surface 

distance between two layers (d) for bilayer graphene. 
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𝜃𝜃 (°) a (Å) ℰ d (Å) 

0 2.46 0% 3.35 

21.8 6.51 0% 3.25 

38.2 6.51 0% 3.25 

60 2.46 0% 3.35 

 

 
Figure 3.2. The computed fat band structures and projected shells of bilayer graphene 

structures with 0 o (a) 21.8 o (b), 38.2 o (c) and 60 o (d) rotation angles. 

 

Based on these twisted bilayer graphene structures, overlapped TBGNRJs has been 

devised, followed by the investigation on electron transport and thermoelectric 

performance. Figure 3.3 shows the details of the device model, which is divided into central 

scattering region (SR), left electrode (LE) and right electrode (RE). The length of the 

overlap region in the TBGNRJs is 5 unit-cells along the transport direction, which is the 

minimum length that avoids modelling imperfectness, i.e. length shorter than 5 unit-cells 

will result in overlapped part entering to the electrode extension region. With the increase 

of the overlap length, the interlayer coupling enhances, which leads to increase of thermal 

conductance and reduction of ZT, which is consistent with the prior reference [20]. 

Moreover, models with longer overlap regions take much longer time to compute. 
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Figure 3.3. The top view of the 0 o (a) 21.8 o (b), 38.2 o (c) and 60 o (d) TBGNRJs. 

 

3.3 Results and discussion 

First, we investigate the I-V characteristics of these TBGNRs. The current 

across a TBGNR can be calculated from the Landauer-Buttiker equation[44]: 

𝐼𝐼 = 𝑒𝑒
ℎ ∫ 𝑑𝑑𝑑𝑑�𝑓𝑓𝐿𝐿(𝐸𝐸) − 𝑓𝑓𝑅𝑅(𝐸𝐸)� 𝑇𝑇𝑒𝑒(𝐸𝐸)(3.4) 

Where, 𝑇𝑇𝑒𝑒(𝐸𝐸) = 𝑇𝑇𝑇𝑇[𝑡𝑡+𝑡𝑡](𝐸𝐸)  is the total electron transmission, 𝑓𝑓𝑅𝑅(𝐸𝐸)  and 

𝑓𝑓𝐿𝐿(𝐸𝐸)  are the Fermi distribution functions of the right and left electrode, 

respectively. 

 

Figure 3.4(a) shows the calculated current as a function of the bias voltage for 

the TBGNRJs in 0 o, 21.8 o, 38.2 o and 60 o rotation angles. With the increase of 

the bias voltage, the current displays an increasing trend. Moreover, the I-V 

curves of 0 o exhibit a behavior similar to a back-to-back p-n junction. However, 

it is not the case for the 60 o TBGNRJ where the I-V curve exhibits transistor-

like behavior. Similar results were shown in a prior publication[40]. We 

calculated the I-V curves with different widths for 0 o and 60 o TBGNRJs in 
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Figure 3.4(c) and (d). For two graphene cells width, the I-V curves of 0 o and 60 

o TBGNRJs show back-to-back p-n junction and transistor behavior, 

respectively. However, with the increase of the width, the shape of I-V curves 

changed, which means that the electronic transport properties of graphene 

nanoribbons strongly depend on their width [45]. Because of connecting only 

the top layer to the left electrode and bottom layer to the right electrode, the 

current flowing through the interface depends on the coupling between bilayers. 

For 0 o and 60 o rotation angles, different interlayer angles induce different 

interlayer coupling and electronic transport, which causes various development 

trends of I-V curves. At 21.8 o and 38.2 o rotation angles, the I-V and dI/dV 

curves (Figure 3.4(b)) are asymmetric, which is due to the non-central 

symmetric structure in the twisted junctions. Under the 1 V bias voltage, the 

current intensity of 21.8 o TBGNRJ is higher than 38.2 o TBGNRJ, while this 

relationship reverses at the -1 V bias voltage. Under the 0 o and 60 o rotation 

angles, the I-V and dI/dV curves exhibit symmetric behavior. For the I-V curve, 

under the same magnitude of the bias voltage, the current intensity of 0 o 

TBGNRJ is smaller than 60 o TBGNRJ for all voltages. For the dI/dV curves, 

the value of 60 o TBGNRJ is higher than 0 o TBGNRJ from -0.6 V to 0.6 V. 

However, 60 o TBGNRJ is lower than 0 o TBGNRJ at the rest voltages. More 

interestingly, the I-V and dI/dV curves demonstrate NDR in 21.8 o and 38.2 o 

rotation angles under ±0.2  V bias voltage, which is mainly caused by 

transmission spectra under different bias voltages [46-48]. Although the 

calculated NDR is rather small, the NDR effect linked with the bias voltage was 

proposed in a prior research [49]. The physical reason of the NDR can be 

explained by analyzing the relationship between the transmission spectra and 

the applied bias voltage. Taking the 21.8 o rotation angle as an example, the 

transmission spectra are displayed for the bias voltages of 0.2 V, 0.4 V, 0.6 V, 

0.8 V and 1.0 V in the Figure 3.4(e). Under the 0.2 V bias voltage, the bias 

window directly related to the bias voltage is defined by ±0.1 eV around the 

Fermi level. The current rises to about 1.7 μA, which is caused by a peak of 
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transmission spectra within the bias window. At the bias voltages of 0.4 V and 

0.6 V, although the bias window widens, the peak values of transmission 

spectra within the bias window decrease, which indicates a reduced electron 

transmission. This reflects to a clear reduction of the current from about 1.7 μA 

at 0.2 V to 0.07 μA at 0.6 V and results to a peak-to-valley ratio around 24.3. 

However, with the bias voltage higher than 0.6 V, the peak of transmission 

spectra within the bias window increases, and the current increases 

subsequently. 
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Figure 3.4. The I-V (a) and dI/dV (b) curves of the TBGNRJs with 0 o, 21.8 o, 38.2 o and 60 o 

rotation angles. (c) and (d) show the I-V with 0 o and 60 o TBGNRJs for 2, 3 and 4 graphene 

cells widths. (e) The electron transmission spectra of 21.8 o TBGNRJ under 0.2 V, 0.4 V, 0.6 

V, 0.8 V and 1.0 V bias voltages. 

 

 

Thermoelectric properties of the TBGNRJs for the above twisting angles have 

also been simulated. Microscopically, the electron transport properties of the 

TBGNRJs can be described by the Boltzmann equation with the Fermi-Dirac 

distribution fFD(E,T). The electron conductance, Seebeck coefficient and heat 

transport coefficient of electrons are given by[50]: 

𝐺𝐺𝑒𝑒(𝑇𝑇) = 𝑒𝑒2

ℎ
𝐿𝐿0(3.5) 

S(T) = 1
𝑒𝑒𝑒𝑒

𝐿𝐿1
𝐿𝐿0

(3.6) 

𝜅𝜅𝑒𝑒(𝑇𝑇) =
𝐿𝐿0𝐿𝐿2 − 𝐿𝐿12

ℎ𝑡𝑡𝐿𝐿0
(3.7) 

Where, e and h are the electron charge and Planck’s constant. 

𝐿𝐿𝑛𝑛(𝑇𝑇) = ∫ (𝐸𝐸 − 𝐸𝐸𝐹𝐹)𝑛𝑛𝑇𝑇𝑒𝑒(𝐸𝐸)+∞
−∞ �− 𝜕𝜕𝑓𝑓𝐹𝐹𝐹𝐹(𝐸𝐸,𝑇𝑇)

𝜕𝜕𝜕𝜕
� 𝑑𝑑𝑑𝑑(3.8) 

The heat transport coefficient of phonons is given by: 

𝜅𝜅𝑝𝑝ℎ(𝑇𝑇) = 1
2𝜋𝜋 ∫ ℏ𝑤𝑤∞

0 𝑇𝑇𝑝𝑝ℎ(𝜔𝜔) 𝜕𝜕𝑓𝑓𝐵𝐵𝐵𝐵(𝜔𝜔,𝑇𝑇)
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑(3.9) 

Where, fBE(ω ,T) and Tph(ω ) are the Bose-Einstein distribution function and 

phonon transmission coefficient. 

 

As shown in Figure 3.5, the electrical conductance, Seebeck coefficient, 

thermal conductance and ZT obtained in the TBGNRJs in the four twisting 

angles at 300 K are displayed. In the results, the chemical potential is a 

difference between the Fermi energy (𝐸𝐸𝐹𝐹) and the DFT-predicted Fermi energy 

(𝐸𝐸𝐹𝐹𝐷𝐷𝐷𝐷𝐷𝐷). The valleys and peaks of electrical conductance are shown in Figure 

3.5(a) because of different band structures and bandgaps of the monolayer and 
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bilayer parts of the TBGNRJs[20]. In Figure 3.5(b), the development of thermal 

conductance at four rotation angles have a similar trend with electrical 

conductance, which is similar to what is reported in the reference[15]. This 

result illustrates that the Seebeck coefficient is a key parameter to achieve high 

ZT value in the TGNRJs. In Figure 3.5(c), the maximum of Seebeck coefficient 

in 21.8 o and 38.2 o rotation angles is about 0.75 mV/K, which is about 7.5 times 

higher than the pristine graphene (~0.1 mV/K)[5, 51]. Figure 3.5(d) shows the 

ZT values of four TBNGRJs, four peak ZT values are more than 1 for the 21.8 

o and 38.2 o rotation angles at 300 K. Particularly, in the 21.8 o rotation angle, 

the maximum ZT is 6.1, which is higher than most reported ZT values at room 

temperature[10, 52-54]. 

 

Figure 3.5. The electrical conductance (a), thermal conductance (b), Seebeck coefficient (c) 

and ZT (d) obtained in the TBGNRJs with 0 o, 21.8 o, 38.2 o and 60 o rotation angles at 300 K. 

 

To summarize, band structures calculated in Figure 3.2 are from twisted bilayer 

graphene cells in Figure 3.1. Whereas the band structures in Figure 3.6 are for 

nanoribbon structures with hydrogen passivation shown in red dotted boxes in 
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Figure 3.3. In our simulation, the twisted bilayer graphene nanoribbon is 

periodic along the z-direction. Comparing with the twisted bilayer graphene 

cells (Figure 3.1), all the carbon atoms at the edges of the twisted bilayer 

graphene nanoribbon are passivated by hydrogen atoms and a vacuum layer 

of 25 Å is added along the x-direction. These modelling processes break the 

symmetry of original twisted bilayer graphene cells, thus inducing significant 

band structure differences between the angles 0° and 60° (21.8° and 38.2°). 

The band structures of the four bilayer graphene nanoribbons along the 

Brillouin path through Г-Z because the Seebeck coefficient is derived from the 

bandgap [55]. Bandgap opening is shown following the twisting of the bilayer 

graphene nanoribbons, which results in an increase of the Seebeck coefficient 

[56]. As shown in Figures 3.6(b) and (c), the bandgaps of the 21.8 o and 38.2 o 

TBGNRJs are 0.15 eV and 0.14 eV, which are larger than the bandgaps of 0 o 

(0.02 eV) and 60.0 o (0.11 eV) rotation angles. However, the bandgap opening 

of the 0 o TBGNRJ is lower than the 25 meV (thermal fluctuation) at 300K, which 

is too small and tends to vanish in experiments.  

 

  

 

Figure 3.6. The computed band structures of the twisted bilayer graphene nanoribbons with 0 

o (a) 21.8 o (b), 38.2 o (c) and 60 o (d) rotation angles. 
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Figure 3.5 (a) and Figure 3.7 (a) clearly show that an electrical conductance and 

transmission spectra gap in the range [0.3 – 0.7 eV] observed for the 21.8 o and 38.2 o 

TBGNRJs, which is hypothesized to be the cause of a high Seebeck coefficient. In the 

Figure 3.5 (c) and Figure 3.7 (a), the position of the Seebeck coefficient peak is consistent 

with the position of the electrical conductance and transmission spectra gap (0.3 eV-0.7 

eV), which matches with the reference [57]. For 21.8° and 38.2° TBGNRJs, a clear 

transmission peak near the Fermi energy is due to the band bending and edge states, 

which has been described in prior theoretical and experimental research [58-60]. In the 

21.8° and 38.2° TBGNRJs, a transmission spectra gap observed in the transmission 

spectra within the energy range from 0.3 eV to 0.7 eV, which is not observed in the 0° and 

60° TBGNRJs. It is known that the transmission spectra and electrical conductance gap 

can improve the Seebeck coefficient and thermoelectric performance [61, 62]. In our case, 

the transmission spectra and electrical conductance gaps are due to the special twisting 

angles between two graphene nanoribbons, which affect the electrons transport through 

the interface of the top and bottom of the bilayer. Because there is no such transmission 

spectra and electrical conductance gap with rotation angles 0° and 60°, the Seebeck 

coefficient and ZT remain very small in these structures. To summary, we analyzed the 

electrical conductance and thermal conductance for 21.8° and 38.2° TBGNRJs in a 0.2 eV 

energy range consisting of the ZT peak. As shown in Figure 3.7 (c) and (d), the main 

reason of the high ZT is that at 21.8° and 38.2° angles, TBGNRJ exhibits a very small 

thermal conductivity (K) with small variations along the energy axis, and a relatively large 

electric conductivity (Ge). 
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Figure 3.7. The electron transmission spectra obtained in the TBGNRJs at 300 K (a), the 

thermal conductance obtained in a single GNR of same width with the 0° TBGNRJ (b), 

electrical conductance, thermal conductance and ZT in the 0.2 eV energy range of the ZT 

peak with 21.8 o (c) and 38.2 o (d) TBGNRJs. 

 

Figure 3.8 shows a comparison of the thermal conductance of the TBGNRJs 

(shown in Figure 3.5b) to that of a single GNR of same width. It is shown that 

there is a strong reduction of thermal conductance for the TBGNRJs compared 

with the single GNR. It is concluded that one of important contributions to the 

ZT enhancement of TBGNRJs should come from the strong reduction of 

thermal conductance. From Figure 3.5, the peaks of ZT higher than 1 exist in 

21.8 o and 38.2 o rotation angles. We shall compute the thermal conductance of 

electrons and phonons for these TBGNRJs. As shown in Figure 3.9(a), the 

phonon contribution to the overall thermal conductance is much more than the 

electron contribution for ZT values of 2.7 and 2.0 in the 21.8 o TBGNRJs. 

However, at the ZT value of 6.1, the electron contribution to thermal 

conductance is comparable to that from the phonon. The maximum ZT value of 

38.2 o TBGNRJs is 1.2, at which thermal conductance of electrons is slightly 

larger than that of phonons (Figure 3.9(c)). Figure 3.9(b) and (d) show that the 

thermal conductance of phonons increases with the rise of temperature. With 
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all the electron and phonon transport properties calculated, we can evaluate 

the figure of merit of TBGNRJs. In Figure 3.5(d), all the outlines of ZT are rather 

asymmetric, and each of them has some peaks around the 0 eV. So, we can 

enhance ZT by appropriate n-type or p-type doping in these TBGNRJs at 300 

K. For the 21.8 o rotation angles, there are three peak values of ZT ~ 2.0, 2.7 

and 6.1 at around -0.25 eV, 0.33 eV and 0.68 eV, which means n-type doping 

are more favorable than p-type doping to improve the thermoelectric 

performance in the 21.8 o TBGNRJs. In the 38.2 o TBGNRJs, the maximum ZT 

value is 1.2 at 0.33 eV, which can be obtained by n-type doping. All these 

results suggest that 21.8 o TBGNRJs can obtain a significant improvement in 

thermoelectric performance at 300 K. 

 
Figure 3.8. The thermal conductance obtained in a single GNR of same width with the 

TBGNRJs. 
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Figure 3.9. The electron and phonon contribution to the thermal conductance in 21.8 o (a) (b) 

and 38.2 o (c) (d) TBGNRJs. 

3.4 Conclusion 

We have investigated the electron transport and thermoelectric performance of 

TBGNRJs for 0 o, 21.8 o, 38.2 o and 60 o rotation angles by the first principles 

calculation. It is found that the I-V curves of 0 o, 21.8 o and 38.2 o rotation angles 

exhibit behavior similar to p-n junctions. However, the 60 o TBGNRJs is different, 

which exhibits an I-V curve similar to a transistor. NDR is shown in TBGNRJs 

at 21.8 o and 38.2 o rotation angles under ±0.2 V bias voltage. High ZT values 

of 2.0, 2.7 and 6.1 have been achieved at -0.25 eV, 0.33 eV and 0.68 eV for 

the 21.8 o rotation angles at 300K. It is interpreted that the reason of high ZT 

values of 21.8 o TBGNRJ is due to its wider bandgap, transmission gap, 

electrical conduction gap and a strong reduction of thermal conductance for the 

TBGNRJs compared with the single GNR. Moreover, the phonon contribution 

to thermal conductance is much more than that of electrons in ZT values of 2.0 

and 2.7 in the 21.8 o TBGNRJs. At the ZT value of 6.1, the electron contribution 

to thermal conductance is comparable to that of phonons. The outstanding ZT 
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values of TBGNRJs make it a promising device structure for thermoelectric 

applications. 
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Chapter4: Study of electronic and optical properties of 

twisted bilayer GaN structures by using first principles 

theory 

 

Gallium Nitride (GaN) is one of well investigated materials contributing to many 

advanced power electronic and optoelectronic devices due to its wide bandgap. 

However, the derivatives of its monolayer form such as bilayer structures have 

rarely been reported. Here we report electronic and optical properties of the 

GaN bilayer structures that are rotated in plane at several optimized rotation 

angles by using the density functional theory method. For the aim of maintaining 

the structural stability and using a small cell size, the twisting angles of the GaN 

bilayer structures are optimized to be 27.8°, 38.2° and 46.8° using the crystal 

matching theory. From the bandstructure analysis, the bandgap is increased for 

twisted structures compared with the non-twisting case. Simulation results 

show that values of absorption coefficient, extinction coefficient, reflectivity and 

the refractive index at these angles. The spectra of all above optical properties 

match with the bandgap values. The refractive index of the bilayer structures at 

all twisting angles including 0o has been simulated to be smaller than the bulk 

GaN, indicating a reduced scattering loss in optoelectronics applications. 

Considering the analysed results, the possible applications can be low loss 

integrated electronic and optical devices and systems.  

 

 

 

4.1 Introduction 
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GaN is one of typical III-V compound semiconductor materials. It has been 

widely applied in power semiconductor and optoelectronic devices. For optical 

applications, GaN can be used as the substrate to make violet (405 nm) laser 

diode. Light-emitting diodes (LEDs) made with GaN could achieve high 

brightness and cover the range of primary colors and it is applied to daylight 

visible full-color LED displays and white LEDs. Because of the low sensitivity to 

ionizing radiation, GaN based solar cell arrays are suitable for satellites. The 

high working temperature and voltage limit of GaN transistors are higher than 

those of gallium arsenide (GaAs) transistors. This leads to many applications 

in microwave power amplifier devices [1-4]. GaN has becoming one of 

important materials in the next generation smart phones and internet 

technologies as it can meet the requirements of high power, high temperature, 

low refractive index (2.3 for GaN compared with 3.5 for GaAs), and superior 

temperature stability of the refractive index (one order of magnitude higher than 

that of InP). 

 

It was reported in the past research that the suspended bilayer structural 

devices have advantages of enhanced electronic performances. The two-

dimensional (2D) form of materials are deemed to have much thinner thickness 

than the bulk form, which brings different electronic, mechanical, and optical 

performances compared with the bulk form [5-15]. This is due to the change of 

crystallization and quantum effect, which is the special behavior and principles 

under nano scale and these are quite different from those under classical bulk 

scale, in the 2D materials. Some previous work has been conducted on the 

density functional theory of 2D materials to investigate their electronic 

properties [16]. It was reported in [17] that a single layer III-V binary compound 

semiconductor - GaN has been simulated using the first principles method. The 

band structures of the single layer GaN could be controlled by chemical 

functionalization [18, 19], adsorption of non-metal materials [20-22] [23] , 

vacancy [24, 25] and doping [26, 27] methods. Those results indicated that 2D 
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GaN is indeed a future development trend for high performance nanoelectronic 

devices. Experimentally it was reported in [28, 29] that the 2D GaN can be 

synthesized by the migration-enhanced encapsulated growth (MEEG) 

technique utilizing epitaxial graphene. It can also be grown by using the 

surface-confined nitridation reaction method on liquid metals [30], which 

demonstrated the potential to implement 2D GaN in real nanoelectronic devices 

[23] . By stacking two single layer materials with the van der Waals force, and 

rotating one of them against the other layer, the whole structure may display 

interesting characteristics. This was firstly reported in [31, 32], which described 

that a special rotating/twisting angle of bilayer graphene exhibits superior 

electrical conductivity.  In their work, the twisting angle could be controlled by 

using the graphene produced by the exfoliation method. These previous papers 

on the twisting effect of stacked 2D materials stimulated researchers to conduct 

studies on other multi-layer structures based on various monolayer materials, 

including heterostructures. Specifically, for the 2D GaN, the investigation has 

been performed using the first principles method in the work on the twisting 

effect of bilayer GaN. The twisted GaN bilayer model is built and subsequently 

analyzed to unveil its electronic and optical properties. These results will lead 

to wider and deeper explorations of single layer GaN in the hope of applying 

them in the practical electronic and optoelectronic devices.  

 

4.2 Computational method 

 

The modelling of the GaN bilayer structure is based on the Quantum Atomistix 

ToolKit simulation tools. The simulations are conducted using density functional 

theory (DFT). The method of generalized gradient approximation (GGA) with 

the Perdew-Burke-Ernzerhof (PBE) parameterization at temperature of 300K, 

mesh cut-off energy of 50 Hartree and 11× 11× 1 k-points grid were used for 

optimizing all the structures. Considering with the influence of vdW force 
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applied to the bilayers, the semi-empirical corrections by Grimme DFT-D2 

model was used. This would involve the long-range van der Waals interaction. 

Then we added a large vacuum spacing (> 20 Å) along the c-direction in the 

structure to avoid periodic boundary conditions from being applied in the c-

direction. The maximum force on each atom is set to structure 0.01 eV/Å for 

structural relaxation calculations. In the electronic and optical properties 

simulation part, we use TB09 meta-GGA method for bandgap, projected density 

of state and optical properties calculations with c parameter of 1.76. The c 

parameter is a constant value used in TB09 mete-GGA method. Figure 4.1 is 

the calculated c parameters against the calculated bandgap. The c value is 

calculated to match the experimental bandgap of 4.98eV reported in [28] for the 

two-monolayer structures (non-twisting). There was so far no report of the 

bandgap for vdW bonded two GaN monolayers. The vdW bonding has less 

effect on the bandgap of the monolayer structure. It was reported that the vdW 

interaction does not affect the properties close to Fermi level [33] for the vdW 

bonded heterostructures, indicating the bandgap of the vdW bonded GaN 

bilayer should be similar as that of the monolayer. The side views of the GaN 

bilayer structure are shown in Figure 4.2. From the side view part, the structure 

is built by stacking two layers of 2D GaN cell. Figure 4.2 also shows the bottom 

view of different rotated structures. Rotation angles were selected according to 

the criteria of optimized stress and atom number, with the aim of achieving the 

most stable structures. The method of selecting optimal rotation angles was 

described in [34]. Generally speaking, for the twisted bilayer structure, the 

number of atoms in single cell increases while the rotation angle increases. 

Table 1 gives the detailed number of atoms and bandgap in each structure. 

However, when the angle equals to 38.21°, the atom number decreases to 56, 

which is much less than those with rotation angles of 27.8° and 46.8°. All 

models are passivated with hydrogen atoms. Figure 4.3 shows the band 

structures of the atomic model and the projected density of states (PDOS) for 

four rotation angles of the GaN bilayer structures. The bilayer structures have 
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bandgaps of 4.97 eV, 5.06 eV, 5.25 eV, and 5.22 eV under the angles of 0°, 

27.8°, 38.2°, and 46.8° respectively. From the bandgap, the bilayer GaN 

displays typical wide bandgap semiconducting property. The bandgap value is 

significantly larger than the value of the bulk GaN, of which is typical 3.4eV. For 

all the structures, both the valence band maximum (VBM) and conduction band 

minimum (CBM) occur at Gamma point, which indicates the bandgap is the 

direct type. According to the PDOS results, the VBM is primarily composed of 

N 2p, H 1s orbitals and the CBM is a hybridization of Ga 3s, Ga 3p, N 2s, and 

H 1s orbitals, however Ga 3p contribute the most. The CBM occurs in orbitals 

Ga 3p and the VBM occurs in N 2p. Figure 4.4 displays the results of the 

bandgap, CBM and VBM against rotation angles. While the rotation angle 

increases, the bandgap increases (from 0° to 38.2°) then slightly decrease 

(from 38.2° to 46.8°). The CBM and VBM remain at point G upon the increasing 

of rotation angle. However, when the angles are 27.8° or 38.2°, the absolute 

value of CBM is larger than that of VBM, which indicates that the Fermi level 

moves towards to the valence band.  
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Figure 4.1. bandgap of single layer 2D GaN vs. c parameter 

 

 

Figure 4.2. The side view of the rotation structure and (a)The bottom view of 0° rotation 

structure (b) The bottom view of 38.2° rotation structure (c) The bottom view of 27.8° rotation 

structure (d) The bottom view of 46.8° rotation structure 
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Table1. Atom numbers and bandgap value of different rotation structure 

Rotation between 

surface(degree) 

0 27.8 38.21 46.83 

Atom numbers in 

single cell 

8 104 56 152 

Angle between          

vectors(degree) 

60 60 60 60 

Bandgap(eV) 4.97 5.06 5.25 5.22 

 

Figure 4.3. (a) the bandgap and PDOS of 0° rotation structure (b) the bandgap and PDOS of 

27.8° rotation structure (c) the bandgap and PDOS of 38.2° rotation structure (d)the bandgap 

and PDOS of 46.8° rotation structure 
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Figure 4.4. the bandgap, CBM and CBM vs rotation angle 

 

4.3 Optional properties 

The bilayer GaN models are calculated to find out several key optical properties 

such as absorption coefficient and refractive index using the general 

mathematic procedure. [35] . The susceptibility tensor at a frequency ω, which 

characterizes the polarization for a material under an electrical field, can be 

written using the Kubo-Greenwood formula: 

𝜒𝜒𝑖𝑖𝑖𝑖(𝜔𝜔) = − 𝑒𝑒2ℏ4

𝑚𝑚2𝜀𝜀0𝑉𝑉𝜔𝜔2 ∑
𝑓𝑓(𝐸𝐸𝑚𝑚)−𝑓𝑓(𝐸𝐸𝑛𝑛)
𝐸𝐸𝑛𝑛𝑛𝑛−ℏ𝜔𝜔−𝑖𝑖Γ

𝜋𝜋𝑛𝑛𝑛𝑛𝑖𝑖 𝜋𝜋𝑚𝑚𝑚𝑚
𝑗𝑗

𝑛𝑛𝑛𝑛 (4.1) 

where En, Em and Enm represent the energy levels at energy states n, m and 

energy difference between n and m. 𝑓𝑓 Γ and V stand for the Fermi function, 

broadening and volume, respectively. 𝜋𝜋𝑛𝑛𝑛𝑛𝑖𝑖   is the i-th component of dipole 

matrix element between states n and m. 𝜀𝜀0, ℏ and e represent the permittivity 

in vacuum, reduced Planck’s constant and single electron charge, respectively. 

The susceptibility tensor is used to derive the relative permittivity (𝜀𝜀𝑟𝑟), which 

also determines the amount of polarization of a dielectric under external electric 
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field. It is  

𝜀𝜀𝑟𝑟(𝜔𝜔) =  (1 + 𝜒𝜒(𝜔𝜔)) (4.2) 

The polarization response of a material like GaN under an electric field should 

be expressed in complex form as there always be a phase change to the 

frequency of the electric field. Simple expression for a complex permittivity is 

for the frequency 𝜔𝜔 is 

𝜀𝜀𝑟𝑟(𝜔𝜔) = 𝜀𝜀0𝜀𝜀𝑟𝑟(𝜔𝜔)  = 𝜀𝜀′(𝜔𝜔) + 𝜀𝜀′′(𝜔𝜔) (4.3) 

where 𝜀𝜀0, 𝜀𝜀′ and 𝜀𝜀′′ are the vacuum permittivity, real and imaginary parts of 

the complex permittivity, respectively. Further expressions for the complex 

terms of the permittivity can be obtained from the Kramers–Kronig relations 

(bidirectional mathematical relations, connecting the real and imaginary parts 

of any complex function), and shown as 

𝜀𝜀′(𝜔𝜔) = 1 + 2
𝜋𝜋
𝐴𝐴 ∫ 𝜔𝜔′𝜀𝜀′′(𝜔𝜔′)

𝜔𝜔′2−𝜔𝜔2 𝑑𝑑𝑑𝑑′
∞
0  (4.4) 

𝜀𝜀′′(𝜔𝜔) = −2𝜔𝜔
𝜋𝜋
𝐴𝐴 ∫ 𝜀𝜀′�𝜔𝜔′�

𝜔𝜔′2−𝜔𝜔2 𝑑𝑑𝜔𝜔
′∞

0 + 𝜎𝜎0
𝜀𝜀0𝜔𝜔

 (4.5) 

where the 𝜎𝜎0 and A denote the DC conductivity and the Cauchy principal value. 

Since refractive index (n) and the extinction coefficient (𝜅𝜅) are related to the 

𝜀𝜀(𝜔𝜔) according to the relation 𝜀𝜀(𝜔𝜔) = 𝑛𝑛 +  𝑖𝑖𝑖𝑖, Hence from equations (4.4) and 

(4.5), the refractive index (n) and the extinction coefficient (𝜅𝜅) can be written as  

𝑛𝑛 = �√𝜀𝜀′2+𝜀𝜀′′2+𝜀𝜀′
2

(4.6) 

𝜅𝜅 = ��√𝜀𝜀′2+𝜀𝜀′′2−𝜀𝜀′′
2

 (4.7) 

The optical absorption coefficient (𝛼𝛼𝑎𝑎) can then be written as: 

𝛼𝛼𝑎𝑎 = 2 𝜔𝜔
𝑐𝑐
𝜅𝜅 (4.8) 

where c is the speed of light and 𝜔𝜔  is the angular frequency of light. The 

reflectivity (r) is expressed as 

𝑟𝑟 = (1−𝑛𝑛)2+𝜅𝜅2

(1+𝑛𝑛)2+𝜅𝜅2
 (4.9) 

Figure 4.5 depicts the calculated real and imaginary parts of the complex 
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permittivity of rotated GaN bilayer structures. The twisting angles at 0°, 27.8°, 

38.2° and 46.8° were calculated. In terms of the amplitude, the values at all 

cases are similar except that the permittivity has the maximum peak values 

when the rotation angle is at 38.2°. The peak wavelengths at all cases coincide 

with bandgap values, i.e. there is slight blue-shift for non-zero twisting angles.  

In Figure 4.5a the real part of the permittivity at a long wavelength (400 nm) for 

0°, 27.8°, 38.2° and 46.8° rotation angles are 1.7322, 1.7323, 1.7322 and 

1.7322, respectively. The peak values of the imaginary permittivity appear 

between wavelength of 200 nm and 250 nm for all cases according to Figure 

4.5b. Figure 4.6 shows the reflectivity, refractive index, absorption coefficient 

and extinction coefficient spectrums with 0°, 27.8°, 38.2° and 46.8° rotation 

angles respectively. Figure 4.6a plots the reflectivity curves against the 

wavelength. All cases are very similar on the reflectivity. The peak amplitude 

values are in the range of 10-8 – 10-7. In Figure 4.6b the reftractive index values 

for all cases are much smaller than the the values of bulk GaN material. In 

Figure 4.6c the maximum values of absorption coefficient in the spectrum for 

all cases are around 400 cm-1. In Figure 4.6d, the extinction coefficients of all 

cases follow the same trends as the absorption coefficient curves in terms of 

both the amplitude and wavelength. For the optical properties of the structure, 

it is seen a slight blue-shift as a result of twisting. This is due to that the optical 

bandgap increases slightly while the rotation angle increases. In order to 

explain these simulation results in terms of solid state physics, the similar 

theoretical framework as described in another paper [35] is utilized. Briefly it is 

understood that the Lorentz model could interpret the relations among all the 

above optical properties [36] . It is assumed that the bilayer structure and 

incident optical light are sets of oscillation systems with their harmonic resonant 

frequencies of 𝜔𝜔0  and 𝜔𝜔 , respectively. High absorption band appears when 

𝜔𝜔 ≈ 𝜔𝜔0. In the mismatched regions, this pseudo mechanical theory applies in 

this electron-photon interactive system.  
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In optical applications, the attenuation of the optical signal in a material is 

caused by absorption, scattering, and radiation of the optical power. In 

particular the scattering loss is due to the refractive index caused by 

microscopic heterogeneities such as fluctuations in material density or 

composition. The optical power loss due to scattering ls is proportional to the 

refractive index (ls ~ n8) [37], therefore a mall reduction of the refractive index 

can significantly reduce the scattering loss. Interestingly, the refractive index of 

the bilayer GaN has shown a much smaller value (~1.73) compared with the 

bulk GaN (2.3), which introduces much reduced scattering optical power loss, 

leading to promising application in optoelectronic devices. The optical power 

loss can be further reduced by the very low absorption of the bilayer structures 

simulated in this work, which is approximately three orders of magnitude lower 

compared with that of the bulk GaN materials (The absorption coefficient of the 

bulk GaN was reported as ~ 105 cm-1 [38]). Moreover, the bandgap of the two-

layer GaN is much wider than that of bulk materials, introducing prospective 

applications in power electronics. Through this theoretical investigation using 

the first principles method, it is found that the bandgap of the bilayer GaN can 

be increased even wider by the twisting effect. At present, vdW force bonded 

bilayer materials and twisting can be achieved using the experimental method 

[39]. Although the experiments on bilayer twisting GaN were not found, 

experiments on other semiconductor materials predict that it should be feasible 

for the GaN.   
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Figure 4.5 (a) the real part of permittivity (b) the imaginary part of permittivity 

 

Figure 4.6 (a) the reflectivity of rotated bilayer GaN; (b) the refractive index of rotated bilayer 

GaN; (c) the absorption coefficient spectrums of rotated bilayer GaN; (d) the extinction 

coefficient of rotated bilayer GaN. 

 

 

4.4 Conclusion 

 

Electronic and optical properties of the GaN bilayer structure with rotation 

angles 0°, 27.8°, 38.2° and 46.8° were simulated with the density functional 

theory. According to the first principle simulation, values of bandgap, absorption 

coefficient, extinction coefficient, reflectivity and the refractive index vary with 

the rotation angles. The two vdW bonded GaN monolayers have been found to 

exhibit wide bandgap, which is further increased by twisting these two layers at 

certain optimized angles. It is also discovered that the refractive index of the 

bilayer structure is much smaller compared with its bulk form. This will lead to 

much reduced Rayleigh scattering on the optical power. The absorption 
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coefficient has significantly reduced at all twisting angles including 0o. The 

calculated optical absorption coefficient (~ 102 cm-1) of the bilayer GaN is much 

lower than that of the bulk GaN (~105 cm-1), reducing the power loss due to the 

absorption. Bilayer structure brings the advantage of increased optical bandgap 

and reduced optical power loss due to significant reduction of both the 

absorption coefficient and refractive index, which makes these bilayer GaN 

structures more suitable for monolithic integration of power electronic devices 

and optical devices. The results will be useful for future integrated low-loss 

optoelectronics applications.  
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Chapter5: Conclusion 

By applying first principle-based calculation, I have investigated the. Properties 

of many materials Firstly, I investigate the electron transport and thermoelectric 

performance of TBGNRJs for 0 o, 21.8 o, 38.2 o and 60 o rotation angles by the 

first principles calculation. It is found that the I-V curves of 0 o, 21.8 o and 38.2 o 

rotation angles exhibit behavior similar to p-n junctions. However, the 60 o 

TBGNRJs is different, which exhibits an I-V curve similar to a transistor. NDR 

is shown in TBGNRJs at 21.8 o and 38.2 o rotation angles under ±0.2 V bias 

voltage. High ZT values of 2.0, 2.7 and 6.1 have been achieved at -0.25 eV, 

0.33 eV and 0.68 eV for the 21.8 o rotation angles at 300K. It is interpreted that 

the reason of high ZT values of 21.8 o TBGNRJ is due to its wider bandgap, 

transmission gap, electrical conduction gap and a strong reduction of thermal 

conductance for the TBGNRJs compared with the single GNR. Moreover, the 

phonon contribution to thermal conductance is much more than that of 

electrons in ZT values of 2.0 and 2.7 in the 21.8 o TBGNRJs. At the ZT value of 

6.1, the electron contribution to thermal conductance is comparable to that of 

phonons. 

Secondly, electronic and optical properties of the GaN bilayer structure with 

rotation angles 0°, 27.8°, 38.2° and 46.8° were simulated with the density 

functional theory. According to the first principle simulation, values of bandgap, 

absorption coefficient, extinction coefficient, reflectivity and the refractive index 

vary with the rotation angles. The two vdW bonded GaN monolayers have been 

found to exhibit wide bandgap, which is further increased by twisting these two 

layers at certain optimized angles. It is also discovered that the refractive index 

of the bilayer structure is much smaller compared with its bulk form. he 

absorption coefficient has significantly reduced at all twisting angles including 

0o. The calculated optical absorption coefficient (~ 102 cm-1) of the bilayer GaN 

is much lower than that of the bulk GaN (~105 cm-1), reducing the power loss 
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due to the absorption. Bilayer structure brings the advantage of increased 

optical bandgap and reduced optical power loss due to significant reduction of 

both the absorption coefficient and refractive index, which makes these bilayer 

GaN structures more suitable for monolithic integration of power electronic 

devices and optical devices.  

Finally, by going through all the four years, I not only gained a lot of knowledge 

about nanotechnology, but also learned the skills to carry on a project. I learned 

and practice how to use matlab, quantumATK toolkit then did simulation and 

calculation with these tools.  This thesis presents what I have learnt in my PHD 

career. I mainly focus on using first principle methods to simulate and discover 

the property of new semiconductor materials and two outstanding instants are 

Graphene and GaN. I have two papers published about these two materials 

and hope to get more in the future. 

 

Possible Further Study 

First principle-based calculation is a very useful method in investigating the 

properties of materials in nano scale. By applying DFT calculation, even the 

properties of unknown material could be speculated. This is quite important in 

solid state physics study.Both Graphene and GaN are quite popular and have 

great potential. They are the material leading to change the world. If possible, 

more research should be done to discovery more of the property of these 

materials to make breakthrough in related products. 
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