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Abstract

The availability of high-quality three-dimensional (3D) microstructures is an essential prerequisite to un-
derstanding the macroscopic behaviours of heterogeneous media. Considering the high cost of 3D microscopy
imaging, it is an economical way to derive large numbers of virtual 3D microstructures from limited morpho-
logical information of 2D cross-sectional images. This paper presents an efficient method that incorporates
machine learning-based characterization of 2D images to statistically reconstruct 3D microstructures. The la-
tent stochasticity of 2D images is mastered by fitting supervised machine learning models, which essentially
characterize the local morphological statistics. A morphology integration scheme is developed to project the
2D morphological statistics into the 3D space, and new equivalent 3D microstructures can then be synthe-
sized by sequentially generating voxel values from probability sampling. The new method is tested on a
series of heterogeneous media with distinct morphologies, and it is also compared with two classical meth-
ods (i.e. stochastic optimization-based reconstruction and Gaussian random field transformation) in terms
of reconstruction accuracy and efficiency. Besides, various microstructural descriptors are used to quantify
the discrepancies between the reconstructed and target microstructures. The results confirm that the proposed
method provides a highly cost-effective and widely applicable way to reproduce 3D realizations that precisely
preserve the statistical characteristics, geometrical irregularities, long-distance connectivity and anisotropy
that exist in 2D cross-sectional images.

Keywords: Random heterogeneous media; Stochastic reconstruction; Machine learning-based characteriza-
tion; Statistical equivalence; Microstructural descriptors.

1 Introduction

Macroscopic behaviours of a random heterogeneous medium are intrinsically linked to its microstructural char-
acteristics, and they usually exhibit strong stochasticity and uncertainty, due to the random spatial distributions
of different material components (Torquato, 2013). Accurate characterization (Anovitz and Cole, 2015; Bultreys
et al., 2016) of the internal microstructure is an essential prerequisite for successful modelling of effective mate-
rial properties (i.g. mechanical, transport and conductive properties). Advanced microscopy imaging techniques,
such as micro-CT (Schlüter et al., 2014) and FIB-SEM (Blunt et al., 2013), are capable to directly provide high-
resolution 3D datasets of heterogeneous microstructures, but such 3D characterization is often limited to small
volume measurements that are insufficient in terms of representative significance. Compared to 3D image ac-
quisition, it is much cheaper and easier to achieve high-quality 2D characterization of representative elementary
volume (REV) from SEM (Stutzman, 2004), BSE (Scrivener, 2004) or other microscopy devices, by only inuring
one-hundredth (even one-thousandth) of cost and effort. In many cases, only 2D thin sections are available, but
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3D microstructural informatics is still essential to analyse the microstructure-property relationships, especially
for numerical simulation, computational design and performance prediction. An attractive and economical way
to deal with this problem is to infer realistic 3D microstructures from the available 2D cross-sectional images by
preserving the statistical equivalence and microstructural complexities.

Over the past few decades, extensive efforts have been made on stochastic microstructure reconstruction.
Generally, stochastic optimization-based reconstruction (SOR) (Torquato and Yeong, 1998; Ju et al., 2014;
Karsanina and Gerke, 2018) and Gaussian random field transformation (GRFT) (Liang et al., 1998; Feng et al.,
2014, 2016) are the most widely-used methods to derive 3D microstructures from 2D reference images. How-
ever, the accuracy of SOR strongly depends on the predefined optimization objective(s), and the iterative nature
also makes it extremely time-consuming and computation-intensive. Although GRFT can generate microstruc-
ture samples instantly through field transformation and level truncation, the captured low-order information
is far from sufficient to preserve microstructural complexity and heterogeneity. Besides, other reconstruction
methods, such as multiple-point statistics method (Okabe and Blunt, 2005; Hajizadeh et al., 2011; Wu et al.,
2018), Markov Chain Monte Carlo simulation (Wu et al., 2006), continuum reconstruction (Latief et al., 2010),
patch-based method (Tahmasebi and Sahimi, 2012), texture synthesis method (Liu and Shapiro, 2015; Turner
and Kalidindi, 2016) and other methods (Yang et al., 2018), are also popular in some specific areas. The effec-
tiveness of a stochastic microstructure reconstruction method depends on its accuracy and efficiency, from which
a large number of statistically, geometrically and topologically realistic samples should be quickly generated to
form a complete computation ensemble covering all possible configurations. The newly reconstructed 3D mi-
crostructure samples can then be used to analyze the physical properties of heterogeneous materials or porous
media through various research approaches, such as numerical simulation (Golparvar et al., 2018; Ijeje et al.,
2019; Fu et al., 2020a,b) and data-driven or physics-informed machine learning (Wood, 2018; Choubineh et al.,
2019; Li et al., 2019; Yang et al., 2021; Fu et al., 2021b; Shukla et al., 2021).

With the rapid growth of artificial intelligence techniques and associated applications in recent years, var-
ious machine/deep learning algorithms have been applied to microstructural property analysis. Support vector
machine (Sundararaghavan and Zabaras, 2005), decision tree (Bostanabad et al., 2016a,b), deep belief network
(Cang et al., 2017), generative adversarial network (Mosser et al., 2017; Feng et al., 2020), convolutional neural
network (Li et al., 2018; Wang et al., 2018), transfer learning (Bostanabad, 2020), stacked sparse autoencoder
(Fu et al., 2021a) and hybrid deep learning model (Zhang et al., 2021) have been used to generate random het-
erogeneous microstructures by preserving complicated morphologies. However, the use of complicated machine
learning models in microstructure reconstruction often greatly increases the computational intensity and raises
the memory requirement. Large prior datasets of training images are usually demanded to feed the complicated
learning models, which is often unavailable in practice. Besides, most machine/deep learning-based methods
are developed for equidimensional (2D-to-2D or 3D-to-3D) reconstruction, instead of dimensionally-upgraded
(2D-to-3D) reconstruction. As a result, it remains a challenging task to develop an accurate and efficient recon-
struction method that can create statistically equivalent and morphologically realistic 3D microstructures from
2D cross-sectional images.

Inspired by the multiple-point statistics method (MPSM) (Okabe and Blunt, 2005; Hajizadeh et al., 2011; Wu
et al., 2018) and the supervised learning-based method (SLM) (Bostanabad et al., 2016a,b; Fu et al., 2021a), we
developed a novel 2D-to-3D microstructure reconstruction method by combining the advantages of both SLM
and MPSM. The original SLM focuses on equidimensional reconstruction, but its idea of using supervised ma-
chine learning to statistically characterize heterogeneous microstructures is borrowed in this work. The proposed
method adopts artificial neural networks (ANN) with a shallow architecture to learn the inherent stochasticity
from the 2D training image(s) in a supervised learning paradigm, and then the 2D statistical characteristics stored
in the fitted ANN model(s) are projected to 3D space through a specially designed scheme of information integra-
tion, based on which 3D microstructure samples can be synthesized via sequential probability sampling. Due to
the powerful ability of machine learning in data analysis, the proposed method is more capable than the MPSM
in characterizing microstructural complexities, such as low volume fraction, geometrical irregularity, wide-range
pore size, long-distance connectivity and anisotropy. Different from other deep/machine learning-based methods
that require large training datasets, the proposed method achieves accurate characterization of microstructural
complexities by using only several (or even one) representative 2D images. Besides, the proposed method is also
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much easier to implement and more convenient for practical applications, because many supervised learning
algorithms are readily available off-the-shelf, which can be directly used for the microstructure reconstruction
purpose.

To demonstrate the performance of the new method, a series of 2D-to-3D reconstruction tests are conducted
on different microstructures with diverse morphologies, and the reconstruction results are later compared with
two classic methods: SOR and GRFT, in terms of reconstruction accuracy and efficiency. These tests demon-
strate that the new method can efficiently generate 3D samples that preserve the statistical equivalences, mor-
phological similarities, geometrical irregularities and topological attributes of the original microstructures. The
rest of the paper is organized as follows. § 2 explains the supervised machine learning-based characterization
of microstructural complexities, including basic theory, training data collection and ANN model construction.
§ 3 gives a detailed account of the 3D microstructure reconstruction procedure by using the 2D statistical char-
acteristics stored in the pretrained supervised machine learning model(s). In § 4, a series of testing examples
are used to demonstrate the remarkable superiority and general applicability of the proposed method on 2D-
to-3D microstructure reconstruction. Finally, concluding remarks are made in § 5, to discuss the strengths and
weaknesses of the new method and summarise the main contributions of this study.

2 Machine learning-based characterization of 2D cross-sectional images

In this section, we take a bi-phase microstructure as an example to explain how to statistically characterize mi-
crostructural complexities via supervised machine learning. After image acquisition from microscopy devices,
the raw scanning image will be processed and segmented into a discrete form, where different material com-
ponents are separated from each other, permitting subsequent analyses such as quantitative characterization and
numerical simulation. As shown in Figure 1, a 2D slice of micro-CT scanning image is segmented into a binary
image with white and black phases. In computer vision, a 2D digital image is a data structure that represents
a generally rectangular grid of pixels (Soille, 2013), and a 2D matrix X can be used to represent the bi-phase
microstructure as follows:

X(i, j) = Xij =

{
1, if (i, j) is located at white phase,
0, if (i, j) is located at black phase.

(1)

where Xij is the binary pixel value, and i and j denote the position of this pixel in the 2D image (namely, they
are the indexes of row and column in the 2D matrix, respectively.)

Figure 1: Illustration of image segmentation: (a) A 2D slice of the micro-CT image of a Leopard sandstone
sample, where the pore space is shown in dark; (b) The histogram of the grayscale values, based on which the
segmentation threshold is determined; and (c) The binary image with two distinct phases, where the white phase
denotes the pore space and the black phase denotes the solid matrix.
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2.1 Markov random field assumption

Due to the stochastic nature of heterogeneous media, the matrix X corresponding to a microstructure sample
can be considered as a random realization from the underlying full joint probability distribution function (PDF)
p(X) or p(X11, X12, ..., Xij , ...). Although p(X) is the ideal statistical measure to characterize the microstruc-
ture X, its extremely high dimension hampers the direct computation from limited digital image samples (Fu
et al., 2021a; Wang et al., 2021). To simplify the problem and enable statistical computation, heterogeneous
microstructures are often mathematically modelled as Markov random fields (MRFs) (Okabe and Blunt, 2005;
Hajizadeh et al., 2011; Liu and Shapiro, 2015; Turner and Kalidindi, 2016; Bostanabad et al., 2016a; Fu et al.,
2021a).

In image analysis, MRF has been proved to be a remarkably successful tool to model various image textures,
where image textures are assumed to be random processes with locality and stationarity properties (Wei and
Levoy, 2000; Li, 2009). The locality property states that the value of a pixel Xij in the image X is only related
to its neighbouring pixels Nij and independent of all other pixels beyond this neighbourhood area, which can be
mathematically expressed by the relationship between conditional PDFs:

p(Xij |X(−ij)) = p(Xij |Nij) (2)

where X(−ij) denotes the rest of pixels in X excluding Xij . The stationarity property states that different local
regions LR(Xij ,Nij) inside the image X always share the same statistical characteristics. In general, the neigh-
bouring range should be large enough to cover the basic features of microstructures. Obviously, the local region
LR(Xij ,Nij) has a much lower dimension compared to the entire image X. Therefore, it is an attractive and
practical way to compute the local conditional PDF (CPDF) p(Xij |Nij) first and then to recover the full joint
PDF p(X) through a sequential probability sampling.

2.2 Data template and multiple-point statistics

Statistical characteristic of pixel patterns within the local region LR(Xij ,Nij) is also called multiple-point
statistics (MPS) in literature (Okabe and Blunt, 2005; Hajizadeh et al., 2011; Wu et al., 2018). The shape and
size of the local region are important to the associated MPS, and different data templates have been designed for
MPS calculation, as shown in Figure 2. Data template is used to collect primary local patterns from the digital
image X, and then the associated MPS, such as the local PDF p(Xij ,Nij), can be derived from the occurrence
frequencies of data events (Xij ,Nij).

Figure 2: Different data templates used to model the multiple-point statistics: (a) Square-shaped, (b) Diamond-
shaped, and (c) L-shaped data template (the size of a data template is measured by its radius r).

In this work, the L-shaped data template (as shown in Figure 2c) is adopted, because the neighbouring pixels
Nij are all prior to the central pixel Xij in the raster scan order. This feature is very important to the proposed
microstructure reconstruction method, and more detailed explanation will be provided in § 3. The data template
is used to scan the training image X in the raster scan order, to collect data events (Xij ,Nij), as illustrated in
Figure 3. The configuration of a data event (Xij ,Nij) usually varies with the pixel location (i, j), and each data
event represents a variation of local spatial pattern in the training image. The collection of data events starts from
the top left pixel that has enough neighbouring pixels to fit the data template. As to the pixels on the borders,
they will not be scanned as central pixels due to the absence of some neighbourhoods.
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The MPS associated with the data template can be approximated as the occurrence frequencies of the data
events collected from the training image, given by:

p(Xij ,Nij) =
O(Xij ,Nij)∑
O(Xij ,Nij)

=
O(Xij ,Nij)

Oall
(3)

p(Nij) =
O(Nij)∑
O(Nij)

=
O(Nij)

Oall
(4)

where O(Xij ,Nij) and O(Nij) are the occurrence times of data events (Xij ,Nij) and (Nij) respectively, and
Oall is the total number of data events.

For statistical characterization of microstructural complexity, the core issue here is to determine the local
CPDF p(Xij |Nij), which provides the probability of a pixel’s phase value given the phase values of its neigh-
bours. Mathematically, the local CPDF p(Xij |Nij) can be calculated from the local PDFs p(Xij ,Nij) and
p(Nij), given by:

p(Xij |Nij) =
p(Xij ,Nij)

p(Nij)
=
O(Xij ,Nij)

O(Nij)
(5)

2.3 Implicit modelling of CPDF via supervised machine learning

Explicit modelling of the local CPDF p(Xij |Nij) is often computationally intractable, especially for heteroge-
neous media with extremely complicated microstructures. In this study, the local CPDF p(Xij |Nij) is implicitly
constructed by using the data events (Xij ,Nij) collected from the training image X to fit a supervised machine
learning model. The properly fitted machine learning model can be consider as an implicit representation of
p(Xij |Nij), from which the full joint PDF p(X) can be recovered through a sequential probability sampling.
The main procedure to statistically characterize 2D cross-sectional images via supervised machine learning is
summarized in Algorithm 1.

Figure 3: Graphical illustration of the implicit modelling process of the CPDF p(Xij |Nij) via supervised ma-
chine learning: (a) A representative 2D slice is selected as the 2D training image X; (b) The L-shaped data
template is used to collect data events from the training image (the radius r should be set large enough to cover
the primary morphological features of the training image, and more details can be found in § 3.3); (c) Pixel grid
can be seen in the partial zoom of the training image, and two examples of data events (Xij ,Nij) are given;
(d) The set of neighboring pixels Nij are reshaped to be a feature vector, and corresponding central pixel Xij is
used as the label category for training the machine learning model; and (e) Based on the collected data events, a
shallow neural network model with 2 hidden layers is fitted to implicitly represent the CPDF p(Xij |Nij).

For a digital microstructure with two distinct phases, the phase value of each pixel can only be 1 (white) or
0 (black). Therefore, the CPDF p(Xij |Nij) can be equivalent to the class probability in a binary classification
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Algorithm 1: Statistical characterization of 2D cross-sectional images via supervised machine learning

Data: The 2D training image X of size l × w;
Data: The 2D data template with neighbouring radius equal to r.
for r + 1 ≤ i ≤ l do

for r + 1 ≤ j ≤ w − r do
Collect data events (Xij ,Nij) from the traing image X by using the selected 2D data template;
Rearrange the neighbouring data Nij into a feature vector;
Move the 2D data template to the next postion follwing the raster scan order: j = j + 1;

end
Move the 2D data template to the next line: i = i+ 1.

end
Model training: Train an ANN model M by using the collected data events (Xij ,Nij).
Return: The fitted ANN model M (the implicit representation of CPDF p(Xij |Nij)).

problem, whereXij is the classification category and Nij is the classification features. The data events (Xij ,Nij)
collected from the training image are paired observations, and they are perfect training data to fit a supervised
machine learning model for classification purpose, as illustrated in Figure 3. Fed by data events (Xij ,Nij), the
classifier can be built by minimize the probability of misclassification for any input features Nij , and the class
probability (Murphy, 2012) stored in the properly trained machine learning model will be an accurate estimation
of the CPDF p(Xij |Nij).

Figure 4: Graphic illustration of a basic neuron.

Commonly-used supervised learning algorithms (Kotsiantis et al., 2007), including decision tree, artificial
neural networks (ANN) and support vector machine, are all able to fulfill this classification task. In this study, the
ANN model with a shallow architecture is found particularly suitable to capture the microstructural complexities,
because it possesses a powerful capacity in analysing complex data and exploring hidden rules associated with
random microstructures. ANN can be considered as function approximations to map inputs to outputs through
many interconnected computation elements called neurons (Yegnanarayana, 2009). Each elementary neuron
possesses a certain degree of approximation capacity, and a powerful learning performance can be achieved by
cohesively combining many neurons. In a basic neuron, as illustrated in Figure 4, the weighted sum of inputs
xi plus the bias b is calculated through a transfer function, and the sum is then fed to a non-linear activation
function to obtain an output y:

y = f

(
n∑
k=1

wkxk + b

)
(6)

where n is the number of inputs, wk denotes the weight, and f denotes the activation function, which can be a
sigmoid function, hyperbolic tangent function or rectified linear unit. Many basic neurons can be connected in
various ways to form a multilayer architecture, called neural networks, where the output from a prior neuron is
used as the input of the following neuron.

In this study, the hyperbolic tangent function tanh(z) is adopted as the activation function for hidden layers,
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which transforms the continuous data z into a value between −1 and 1:

tanh(z) =
ez − e−z

ez + e−z
(7)

The sigmoid function σ(z) is connected with the output layer, which transforms the continuous data z into a
probability between 0 and 1:

σ(z) =
1

1 + e−z
(8)

When using the data events (Xij ,Nij) to train an ANN model, the neighbouring pixels Nij play the role as
input feature, and the central pixel Xij is the label data (classification category), as illustrated in Figure 3. It is
noted that the format of Nij is rearranged into an array before inputting them to the ANN model, as illustrated
in Figure 3d. The final output X̂ij is computed through a series of forward-propagation equations that occur at
particular layers, given by:

H(0) = Nij (9)

H(1) = tanh
(
WT

1 Nij + b1
)

(10)

H(2) = tanh
(

WT
2 H(1) + b2

)
(11)

X̂ij = σ
(

WT
3 H(2) + b3

)
(12)

where H(k) denotes the output of the k-th hidden layer, Wk is the weight matrix and bk is the bias vector.
The training procedure is to minimize the errors between observations Xij and predictions X̂ij by adjusting

the weight matrices W and bias vectors b. This discrepancy is represented by a loss function L(W,b) as follows:

arg min
W,b

L(W,b) =
1

m

∑∥∥X̂ −X∥∥2
2

(13)

where m is the number of data events used to train the ANN model.
Stochastic optimization algorithms are usually used to solve the above minimization problem (Kotsiantis

et al., 2007; Yegnanarayana, 2009). Considering the shallow architectures of the ANN models used in this study,
we adopt the scaled conjugate gradient (SCG) method to obtain the optimal weights and bias. As summarized in
Algorithm 2, SCG optimizer is iteratively performed for a sufficient number of epochs to obtained a converged
neural networks, and more details about it can be found in Møller (1993). Besides, cross-validation is usually
performed to avoid overfitting, thereby to improve the generalized predictive ability for new observations. More
details about stochastic optimization and cross-validation of neural networks can be found in Kotsiantis et al.
(2007) and Yegnanarayana (2009).

After the ANN model is properly trained, this model is able to predict the response for a new observation
Nnew. Because the final prediction X̂new is output from a sigmoid function, its value is between 0 and 1 for the
binary training image. X̂new is equal to the class probability corresponding to the input feature, which is also an
accurate approximation to the CPDF p(Xij |Nij) in Eq. (5). Therefore, the fitted ANN model can be considered
as an implicit representation of the CPDF p(Xij |Nij) that statistically characterizes the 2D training image X.
Considering the easy access to various open-source toolboxes of supervised learning, the proposed method can
be quickly implemented for the purpose of statistical microstructure characterization. It should be noted that this
machine learning-based characterization method can also be used for multi-phase media, although only bi-phase
microstructures are introduced in this section.

3 Stochastic reconstruction of 3D microstructures

Generally, a 2D cross-sectional image cannot completely represent the corresponding 3D microstructure that
contains a stack of 2D slices, but it possesses similar statistical characteristics as the 3D one and can be con-
sidered as a random realization of 3D morphology projecting onto a 2D plane (Wu et al., 2006). If the 3D
microstructure is stationary, a 2D slice of proper size can be used as an effective representative for all layers in
the same direction (Tahmasebi and Sahimi, 2012). In such cases, it is possible and feasible to infer statistically
and morphologically realistic 3D microstructures from the 2D reference images.
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Algorithm 2: The scaled conjugate gradient (SCG) algorithm for training artificial neural networks
Data: Data events (X,N ) for ANN model training;
Data: Epoch number Kepo.
Initialize the parameters: W,b← Init(W,b);
for k ≤ Kepo do

Compute the ANN model output: X̂ ← ANN(W,b,N );
Compute the loss function: L(W,b)← 1

m

∑∥∥X̂ −X∥∥2
2
;

Compute the gradients: ∂L
∂W and ∂L

∂b ;
Determine the steepest descent direction pk and the step size αk according to the gradients:
pk ← Fscg( ∂L∂W ,

∂L
∂b ), αk ← Gscg( ∂L∂W ,

∂L
∂b ); % Note: Fscg and Gscg are the computing operations in the SCG

method, and more details can be found in the relevent reference.

Updata the parameters: W←W + αkpk, b← b + αkpk.
end
Woptimal ←W, boptimal ← b.
Return: Woptimal and boptimal.

3.1 Morphology integration

In § 2, the statistical characteristics (i.e. the CPDF p(Xij |Nij)) of the 2D cross-sectional image have been implic-
itly modelled in a supervised learning paradigm, and the next key issue is how to generate statistically equivalent
3D microstructure samples based on this 2D characterization. As introduced in § 1, the supervised learning-
based method (SLM) (Bostanabad et al., 2016a,b) has already been used for equidimensional reconstruction of
heterogeneous microstructures. Its reconstruction process can be interpreted as a stochastic recombination of
local morphology patterns that are learned by the fitted supervised learning model, where only the size expan-
sion occurs during the reconstruction process. While for the 2D-to-3D microstructure reconstruction, both size
expansion and dimension upgrade of local morphology patterns are involved. Therefore, an information inte-
gration scheme is required to project the 2D morphological statistics into the 3D space, thereby achieving the
objective of 2D-to-3D microstructure reconstruction.

As explained in § 2, the MRF assumption associated with theL-shaped data template is adopted for statistical
characterization of 2D training images. For 3D microstructure characterization and reconstruction, the MRF
assumption is still applicable, and it states that the phase value of a voxel Yijk at any site of the 3D image only
depends on its neighbours Nijk within a large enough region. Here, we further simplify the MRF assumption,
where the value of a voxel only depends on its neighbouring voxels on three orthogonal planes: xy-, yz- and zx-
planes within a sufficiently large range. For isotropic 3D microstructures, the morphological statistics on three
orthogonal planes can be considered to be identical, which means the machine learning model that statistically
characterizes the 2D slices on xy-plane can also be used for that on yz- and zx-planes. While for anisotropic 3D
microstructures, different machine learning models should be trained separately to statistically characterize the
2D slices on three orthogonal planes, so as to capture the anisotropic property.

The key issue to address is how to integrate the 2D morphological statistics on three separate planes into the
morphological statistics in 3D space. To bridge the gap between 2D characterization and 3D reconstruction, a
special 3D data template is thus created by combining three 2D L-shaped data templates on orthogonal planes,
as graphically illustrated in Figure 5. We establish the relationship between the 3D CPDF (p(Yijk|Nijk)) and the

2D CPDFs (p
(
Yijk

∣∣∣N(xy)
ijk

)
, p
(
Yijk

∣∣∣N(yz)
ijk

)
and p

(
Yijk

∣∣∣N(zx)
ijk

)
) through weighted average, given by:

p (Yijk|Nijk) = p
(
Yijk

∣∣∣N(zx)
ijk ,N

(xy)
ijk ,N

(yz)
ijk

)
≈ 1

3
·
[
p
(
Yijk

∣∣∣N(xy)
ijk

)
+ p

(
Yijk

∣∣∣N(yz)
ijk

)
+ p

(
Yijk

∣∣∣N(zx)
ijk

)] (14)

where N(xy)
ijk , N(yz)

ijk and N(zx)
ijk are the neighbouring voxels on xy-, yz- and zx-planes, respectively.
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Figure 5: A 3D data template composed by three 2D L-shaped data templates on orthogonal planes.

The properly pretrained ANN model is an implicit representation of the 2D CPDF with high accuracy,
therefore, the 3D CPDF p(Yijk|Nijk) can be calculated as follows:

p (Yijk|Nijk) ≈
1

3
·
(
p
(xy)
ijk + p

(yz)
ijk + p

(zx)
ijk

)
(15)

where p(xy)ijk , p(yz)ijk and p(zx)ijk are the class probability values stored in the fitted ANN models. For 3D isotropic

reconstruction, p(xy)ijk , p(yz)ijk and p(zx)ijk can be extracted from the same ANN model. For 3D anisotropic recon-

struction, p(xy)ijk , p(yz)ijk and p(zx)ijk should be extracted from three different ANN models that are separately trained
by using the data events collected from xy-, yz- and zx-planes, respectively.

3.2 Microstructure reconstruction procedure

In the above section, the 3D CPDF p(Yijk|Nijk) has been inferred from three 2D CPDFs p
(
Yijk

∣∣∣N(xy)
ijk

)
,

p
(
Yijk

∣∣∣N(yz)
ijk

)
and p

(
Yijk

∣∣∣N(zx)
ijk

)
through the morphology integration scheme, and it can be used to produce

statistically equivalent 3D microstructures via a procedure of sequential probability sampling. Suppose there is
an underlying full joint PDF p(Y) of the 3D reconstructed sample Y, and it can be expressed in a factorial from
as follows:

p(Y) = p(Y111)p(Y112|Y111)p(Y113|Y111, Y112) · · · p
(
Yijk|Y111, Y112, Y113 · · ·Yij(k−1)

)
· · ·

= p(Y111) p
(
Y112

∣∣∣Y(<112)
)
p
(
Y113

∣∣∣Y(<113)
)
· · · p

(
Yijk

∣∣∣Y(<ijk)
)
· · ·

(16)

where Y(<ijk) represents the voxel sequence ahead of the voxel Yijk.

If all factors p
(
Yijk

∣∣∣Y(<ijk)
)

in Eq. (16) are known, it is feasible to sequentially generate voxels by proba-

bility sampling from p
(
Yijk

∣∣∣Y(<ijk)
)

, and the generated voxel sequence is a random realization of the full joint

PDF p(Y). To be specific, the voxel Y111 is firstly generated from p
(
Y111

∣∣∣Y(<111)
)

with a random initialization

of Y(<111), and then the voxel Y112 is generated from p
(
Y112

∣∣∣Y(<112)
)

conditional to Y111. The remaining
voxels can all be generated through the same procedure. When the voxel sequence is sufficiently long, the effect
of initialization can be ignored.

As illustrated in Figure 5, the neighbouring voxels Nijk in the 3D data template are all in front of the
central voxels Yijk in the raster scan order, so Nijk is contained in Y(<ijk) (mathematically, it is expressed as
Nijk ⊂ Y(<ijk)). In view of the MRF assumption, the following relationship holds:

p
(
Yijk

∣∣∣Y(<ijk)
)

= p(Yijk|Nijk) (17)
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Substituting Eq. (17) into Eq. (16), the full joint PDF p(Y) is rewritten as the following form:

p(Y) = p(Y111)p(Y112|N112)p(Y113|N113) · · · p(Yijk|Nijk) · · · (18)

where each factor p(Yijk|Nijk) can be estimated from Eq. (15). The class probabilities in Eq. (15) can be directly
extracted from the fitted ANN models by inputting the neighbouring voxels. After all voxels Yijk are generated
from the sequential probability sampling, a new 3D microstructure Y is completely reconstructed, and it is
statistically equivalent to the 2D training images X.

(a)

(b)

Figure 6: Graphical illustration of the 3D microstructure reconstruction procedure: (a) Reconstruction of the 1st
layer; and (b) Reconstruction of the 3rd layer.

The main procedure of the developed 2D-to-3D reconstruction method is summarized in Algorithm 3. Start-
ing from an initial guess Y0, the 3D microstructure sample Y is reconstructed through a layer-by-layer proce-
dure, and voxels on each layer are generated one by one in the raster scan order, as illustrated in Figure 6. The
phase value of each voxel Yijk is assigned by probability sampling from the CPDF p(Yijk|Nijk). This CPDF
p(Yijk|Nijk) is calculated from Eq. (15), where the class probabilities p(xy)ijk , p(yz)ijk and p(zx)ijk are obtained by in-

putting the neighbouring voxels N(xy)
ijk , N(yz)

ijk and N(zx)
ijk into the pretrained supervised machine learning models

M(xy), M(yz), and M(zx), respectively.
In the construction of the first few layers, the neighbourhood ranges on yz- and zx-planes are smaller than

the predefined radii ryz and rzx respectively, and these few layers are called the transition zone. For instance,
there is no voxel in N(yz)

ij1 and N(zx)
ij1 for the reconstruction of the 1st layer, which means only the neighbouring

voxels N(xy)
ij1 on xy-plane (with neighbouring radius equal to rxy) is needed to construct the 1st layer. In the

construction of this transition zone, the neighbouring radii of N(yz)
ijk and N(zx)

ijk gradually increase, as more layers

are generated. As can be seen in Figure 7, the radii N(xy)
ijk , N(yz)

ijk and N(zx)
ijk are equal to rxy, 2 and 2 voxels
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(a) (b) (c)

Figure 7: Decompose of a 3D data template: (a) Neighbourhood area on xy-plane with rxy = 3 voxels; (b)
Neighbouring area on yz-plane with ryz = 2 voxels; and (c) Neighbourhood area on zx-plane with rzx = 2
voxels.

respectively, for the reconstruction of the 3rd layer. Therefore, multiple ANN models are required to meet the
variations of neighbouring ranges on yz- and zx-planes. As layer construction enters the steady zone, the sizes
of N(yz)

ijk and N(zx)
ijk are fixed to be the predefined values ryz and rzx respectively, where the same ANN models

capturing the basic morphology features are used repeatedly. To ensure microstructure reconstruction quality,
only the steady zone will be kept as the final result of reconstructed sample.

3.3 Data template size and boundary setting

The radii r of the 2D and 3D data templates are important parameters for both microstructure characterization
and reconstruction, and need to be properly determined. Generally, the size of a data template should be large
enough to cover the primary features of training images. The effect of data template size on microstructure
reconstruction has been systematically investigated in Fu et al. (2021a). Here, we only briefly introduce the
determination method of the data template size for a specific training image.

Figure 8: (a) A 2D training image; (b) Two-point correlation function (TPCF) and its fitting curve (Fu et al.,
2021a).

The 2D training image of an isotropic microstructure is given in Figure 8a, based on which the influence
of data template size on microstructure reconstruction is investigated. Figure 9 shows the reconstruction results
by using data templates with different radii r. It is clear that the reconstruction quality becomes better as the
data template size increases, until r reaches a critical value. This critical value is the minimum value of r to
cover the primary morphological features of the training image. The correlation length a is found to be a good
approximation of the critical radius rc, and it can be directly measured from the two-point correlation function
(TPCF) curve, as illustrated in Figure 8b. Besides, the correlation length a can also be computed by fitting the
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Algorithm 3: Stochastic reconstruction of 3D microstructures using the machine learning-based char-
acterization of 2D cross-sectional images

Data: The pretrained machine learning models M ;
Data: The predefined values of neighbouring radii rxy, ryz and rzx for the 3D data template;
Initialization: Assign binary white noise to the 3D lattice grid of size I × J ×K as the initial guess Y0.
Construction of the transition zone: r = max(ryz , rzx)
for k ≤ r do

Select the pretrained supervised machine learning models M(xy)
(rxy)

, M(yz), and M(zx);

Select the 3D data templates of suitable sizes;
for r + 1 ≤ i ≤ I and r + 1 ≤ j ≤ J − r do

Use the 3D data template to collect the neighbouring voxels Nijk from Y0, including N(xy)
ijk ,

N(yz)
ijk and N(zx)

ijk on three orthogonal planes;

Rearrange the neighbouring data N(xy)
ijk , N(yz)

ijk and N(zx)
ijk into arrays;

Extract class probabilities p(xy)ijk , p(yz)ijk and p(zx)ijk from the pretrained machine learning models

M(xy)
(rxy)

, M(yz), and M(zx) by inputing N(xy)
ijk , N(yz)

ijk and N(zx)
ijk repectively;

Compute the CPDF p(Yijk|Nijk) according to Eq. (15);
Generate a phase value through probability sampling from the CPDF p(Yijk|Nijk), and use it to
update the phase value of current voxel Yijk;

Move the 3D data template to next voxel following the raster scan order;
end
Set periodic/reflective boudary to the k-th layer, and repeat the above procedure for 1 or 2 time(s);
Denoise and smooth the newly constructed layer k, and move to the next layer: k = k + 1;

Increase the neighbouring radii of N(yz)
ijk and N(zx)

ijk by 1, until meeting the predefined ryz and rzx.
end
Construction of the steady zone:
for r + 1 ≤ k ≤ K do

Select the pretrained supervised machine learning models M(xy)
(rxy)

, M(yz)
(ryz)

, and M(zx)
(rzx)

;
Select the 3D data template with the neighbouring radii on xy-, yz- and zx-plane equal to rxy, ryz
and rzx respectively;

for r + 1 ≤ i ≤ I and r + 1 ≤ j ≤ J − r do
Use the 3D data template to collect the neighbouring voxels Nijk from Y0, including N(xy)

ijk ,

N(yz)
ijk and N(zx)

ijk on three orthogonal planes;

Rearrange the neighbouring data N(xy)
ijk , N(yz)

ijk and N(zx)
ijk into arrays;

Extract class probabilities p(xy)ijk , p(yz)ijk and p(zx)ijk from the pretrained machine learning models

M(xy)
(rxy)

, M(yz)
(ryz)

, and M(zx)
(rzx)

by inputing N(xy)
ijk , N(yz)

ijk and N(zx)
ijk respectively;

Compute the CPDF p(Yijk|Nijk) according to Eq. (15);
Generate a phase value through probability sampling from the CPDF p(Yijk|Nijk), and use it to
update the phase value of current voxel Yijk;

Move the 3D data template to next voxel following the raster scan order;
end
Set periodic/reflective boudary to the k-th layer, and repeat the above procedure for 1 or 2 time(s);
Denoise and smooth the newly constructed layer k, and move to the next layer: k = k + 1;

end
Process the raw 3D reconstruction result.
Return: A 3D statistically equivalent microstructure sample Y.
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TPCF with an exponential function, as defined below (Corson, 1974):

S2(d) = (φ− φ2) exp(−3d

a
) + φ2 (19)

where S2(d) denotes TPCF, d denotes the distance between two pixels, and φ is the volume fraction of calculated
material phase.

For example, the correlation length a of the training image in Figure 8a is calculated to be 9.83 pixels, and
the best reconstruction result (Figure 9i) rightly corresponds to r=10 pixels, which confirms the effectiveness of
the determination methods. As to the multiphase microstructure, the critical radius rc can also be determined in
the same way, where the largest correlation length should be used as the approximation of rc.

(a) r = 1 pixel (b) r = 2 pixels (c) r = 3 pixels (d) r = 4 pixels (e) r = 5 pixels

(f) r = 6 pixels (g) r = 7 pixels (h) r = 8 pixels (i) r = 10 pixels (j) r = 15 pixles

Figure 9: The 2D slices of microstructure reconstruction by using data templates with different radii r (Fu et al.,
2021a).

Besides, the boundary setting also has a great influence on the reconstruction quality (Fu et al., 2021a). As
illustrated in Figure 6, the border voxels (in gray) on each layer will not be updated, because they do not have
enough neighbourhoods as the feature inputs for the pretrained ANN models. However, these boundary voxels
still play as neighbourhoods for corresponding inner voxels, and the fixed states of them can bring a negative
effect on reconstruction quality, as illustrated in Figure 10a. Fu et al. (2021a) greatly reduced the boundary effect
on microstructure reconstruction by setting periodic or reflective boundary condition, as shown in Figure 10b.

(a) (b)

Figure 10: Boundary effect: (a) The reconstructed slice without setting periodic or reflective boundary; (b) The
reconstructed slice with setting reflective boundary (Fu et al., 2021a).

During the reconstruction process of each 2D layer, periodic or reflective boundary condition is adopted
here to eliminate the boundary effect. For the first-round reconstruction of a 2D layer, it has borders with
random patterns, as shown in Figure 10a. Removing the distorted borders, one can obtain the middle part of
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the reconstructed layer. Periodic or reflective boundary is then added to this middle part to replace the distorted
borders, as illustrated in Figure 11. Treating the newly-obtained 2D slice as the initial guess, one can perform
the second-round reconstruction of this layer by following the same reconstruction procedure explained in § 3.2.
The boundary effect can be significantly reduced by repeating the above procedures for one or two time(s), and
a representative result of the improved outcome is given in Figure 10b.

(a) (b)

Figure 11: Boundary settings: (a) Periodic boundary condition; (b) Reflective boundary condition.

3.4 Noise reduction and image smoothing

As discussed in previous sections, 2D cross-sectional images cannot completely represent corresponding 3D
microstructures, so the real 3D morphology may not be fully inferred and recovered from the 2D supervised
learning-based characterization. Due to this incompleteness in microstructure characterization, the statistically
reconstructed 3D microstructures are inevitably mingled with noise (Okabe and Blunt, 2005), as illustrated in
Figure 12(a) and (b). To enhance the microstructure reconstruction quality, image noise-reduction processing
can be performed on the raw reconstruction results. Okabe and Blunt (2005) adopted dilation-erosion processes
to smooth the interface of different material components, and additional operation was carried out to adjust the
volume fraction of the reconstructed microstructure, through which the 2D-to-3D reconstruction noise is signif-
icantly reduced. For porous microstructures, non-percolating solid and pore components may exist in the raw
stochastic realizations of 2D-to-3D reconstruction. The non-percolating solid components are isolated islands
suspended inside the pore space, which is impossible in the real porous media. Therefore, Liang et al. (1998)
directly replaced them by the pore space, and the effect of this replacement had been proved to be negligible.
Hajizadeh et al. (2011) directly applied 3D medial filtering to make the raw reconstructed microstructure more
visually appealing.

In practice, various image processing measures can be taken to achieve better reconstruction results. In-
spired by previous attempts, we enhance the 2D-to-3D reconstruction quality with maintenances of statistical
equivalence and morphological similarity through the following steps:

(1) Image processing of the 2D slice after each layer is generated:
i. Remove the image noise (small isolated particles) through image filtering;
ii. Perform morphological closing (dilation operation followed by an erosion operation) to improve the
connectivity of the secondary phase.

(2) Image process of the 3D microstructure after the entire sample is reconstructed:
i. Apply 3D image filtering to the raw reconstructed microstructure;
ii. For porous microstructures, replace the non-percolating solid with the pore space;
iii. Manually adjust the CPDF p(Yijk|Nijk) for voxel generation through probability sampling, and repeat
the whole reconstruction process if the reference volume fraction is not accurately preserved.

Due to the uncertainties coming from noise reduction and boundary effect, the average volume fraction
of reconstruction results can slightly deviate from the reference value. A manual adjustment of the CPDF
p(Yijk|Nijk) is thus required to compensate this deviation:

pnew(Yijk|Nijk) = min
(
βp(Yijk|Nijk), 1

)
(20)
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where β is the adjustment coefficient close to 1. If the average volume fraction of reconstruction results is larger
than the reference value, the value of β should be slightly smaller than 1. If it is the other way around, β should
have a value slightly larger than 1. There are many factors that can affect the exact value of β, such as initial
condition and reconstruction image size. According to our experience, the value of β should fall between 0.995
and 1.005, as recorded in Table 1.

(a) Isotropic microstructure (b) Anisotropic microstructure

(c) Isotropic microstructure (d) Anisotropic microstructure

Figure 12: Noise reduction and interface smoothing to improve the 2D-to-3D reconstruction quality: (a) and (b)
show the two raw 2D slices before image processing; (c) and (d) show the two enhanced 2D slices after image
processing.

3.5 Investigation of rotation effect

Using a machine learning approach, the proposed microstructure reconstruction procedure dose not explicitly
process the orientation of reference images. To examine its performance in relation to image rotation, two
representative microstructures are considered in this subsection, as shown in Figure 13. The two original im-
ages are rotated by 90◦ clockwise, and all four images are then used as the training images for microstructure
reconstruction using the proposed method.

(a) Original (b) Rotated by 90◦ (c) Original (d) Rotated by 90◦

Figure 13: The 2D training images (Bostanabad et al., 2016a): (a) and (b) are the 2D slice of an isotropic
microstructure; (c) and (d) are the 2D slice of an anisotropic microstructure.

To simplify this problem, we just statistically reconstructed a group of 2D slices from each training image,

15



and the representative reconstruction results are shown in Figure 14. For the isotropic microstructure shown in
Figure 13a and Figure 13b, there is no visible difference between the reconstruction results corresponding to the
original and rotated training images. As to the anisotropic microstructure, the reconstruction results are sensitive
to the rotation of training images, and they correctly capture such microstructural characteristics as anisotropy
and grain orientation distribution.

(a) (b) (c) (d)

Figure 14: Reconstructed 2D slices: (a), (b), (c) and (d) are the representative reconstruction results by using the
four 2D training images in Figure 13, respectively.

To quantitatively examine the statistical equivalence between the training and reconstructed images, two-
point cluster correlation function C2(d) (see Appendix) and grain orientation distribution ω(θ) (see Appendix)
are extracted from them for comparison. As shown in Figure 15, the good agreement indicates that the rotation
of training images does not bring any negative effect on the preservation of statistical equivalence between the
training and reconstructed images. Therefore, from the view of statistical equivalence, the proposed reconstruc-
tion method can be considered invariant to training image rotation.

(a) Two-point cluster correlation function (b) Two-point cluster correlation function

(c) Grain orientation distribution (d) Grain orientation distribution

Figure 15: Statistical comparisons between training images and their reconstruction results: (a), (b), (c) and (d)
correspond to the four training images in Figure 13, respectively.
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4 Results and comparisons

To test the general applicability of the supervised learning-based method (SLM) in 2D-to-3D microstructure
reconstruction, it is applied to a series of heterogeneous microstructures with distinct morphologies. To demon-
strate the effectiveness of the proposed method, SLM is also compared with the other two classic reconstruction
methods: SOR (Torquato and Yeong, 1998) and GRFT (Liang et al., 1998), in terms of reconstruction accu-
racy. Basically, reconstruction accuracy (Fu et al., 2021a) indicates how well the inherent stochasticity and
microstructural complexities of the original microstructure are preserved by the reconstructed samples.

In each reconstruction case, SOR, GRFT and SLM are used to generate a group of fifty 3D microstruc-
ture samples respectively, based on which a comprehensive comparison is conducted. Various types of statisti-
cal/morphological descriptors (Torquato, 2002; Hilfer, 2002; Cui et al., 2021), reflecting the statistical equiva-
lence or morphological similarity between the 3D reconstructed and reference microstructures, are adopted here
to assess the reconstruction quality. Explanations of these statistical/morphological descriptors are provided in
the Appendix. The average of the statistical/morphological descriptors f̂(d) extracted from fifty reconstructed
samples is compared with the reference values f(d), based on which the reconstruction error ∆f can be mea-
sured in the relative L2-norm:

∆f =

∥∥∥f̂(d)− f(d)
∥∥∥
2

‖f(d)‖2
(21)

It is noted that all descriptors are computed for the white phase in the bi-phase microstructures.
As to the model training of neural networks in the proposed SLM, the data events collected from 2D training

images are split into the training set (80%) and validation set (20%), in order to enhance the model generalization
capacity through cross-validation. The parameters of the proposed SLM for different 2D-to-3D reconstruction
cases are summarized in Table 1.

Table 1: The parameters in different cases of 2D-to-3D microstructure reconstruction using the proposed SLM

Testing
case

Neighbourhood
radius (voxels)

Adjustment
coefficient β

ANN model training

Number of 2D
training image(s)

Learning
rate

Epoch
numbers

Number of neurons

Hidden layer 1 Hidden layer 2

Example 1 rxy = ryz = rzx = 5 1.0015 1 0.0001 500 60 30
Example 2 rxy = ryz = rzx = 7 1.0010 3 0.0001 500 80 40
Example 3 rxy = ryz = rzx = 15 0.9995 3 0.0001 800 100 40
Example 4 rxy = ryz = rzx = 14 1.0015 3 0.0001 1000 100 50

Example 5
rxy = 15
ryz = 5
rzx = 5

0.9980
1.0000
1.0000

1
1
1

0.0001
0.0001
0.0001

800
500
500

100
60
60

40
20
20

Example 6 rxy = ryz = rzx = 14 0.9980 3 0.0001 1000 100 40
Example 7 rxy = ryz = rzx = 14 1.0000 3 0.0001 1000 200 80

4.1 Example 1: Polymer nanocomposite with low volume fraction of secondary phase

A dielectric polymer nanocomposite consisting of about 1.40% silica (white phase) and 98.60% epoxy is selected
as the first representative example. The super high volume ratio between the primary and secondary phase may
pose a great challenge to microstructure reconstruction, because the informatics of the secondary phase can be
overwhelmed by that of the primary phase at the stage of microstructure characterization via supervised learning.

As shown in Figure 16, the 2D cross-sectional image of limited size is the only graphical information avail-
able for 3D reconstruction. With isotropic assumption, SOR, GRFT and SLM are used to generate 3D mi-
crostructure samples from it, and representative reconstruction results are presented in Figure 17. The SOR
samples are reconstructed through a stochastic optimization process based on the simulated annealing algo-
rithm (Torquato and Yeong, 1998), where the two-point correlation function (Torquato, 2002) extracted from
the 2D reference image is set as the optimization objective. After 800, 000 times of voxel value exchange, 3D
microstructure samples that are statistically equivalent to the 2D slice are obtained. The GRF samples are recon-
structed by truncating the 3D Gaussian random field that is inferred from the 2D reference images (Liang et al.,
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Figure 16: The representative 2D cross-sectional image (image size: 200 × 200 pixels) of a dielectric polymer
nanocomposite (Bostanabad et al., 2016a).

(a) SOR sample I (b) GRFT sample I (c) SLM sample I

(d) SOR sample II (e) GRFT sample II (f) SLM sample II

Figure 17: The representative results (image size: 200×200×200 voxels) of different 2D-to-3D microstructure
reconstruction methods.

1998), to preserve the first- and second-order statistics. For SLM sample reconstruction, the 2D data template
with r = 5 pixels is used to capture the elementary features of the 2D slice. A set of ANN models of the same
network architecture (with 2 hidden layers, 60 and 30 neurons in the 1st and 2nd layer respectively) are trained,
based on which 3D microstructures are synthesized by following the reconstruction procedure in Algorithm 3.

Visual inspection indicates that the SLM samples can well maintain both the irregular geometry and spatial
distribution of silica clusters, which are more visually realistic than the SOR and GRFT samples. As illustrated
in Figure 18, two-point correlation function S2(d), lineal path function L(d) and grain size distribution g(d)
are extracted from both the 3D reconstructed samples and the 2D reference image, to quantitatively assess the
reconstruction quality. It has been proved that the S2(d) or L(d) curves extracted from the representative 2D and
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3D images of the same sample are closely equal (Yeong and Torquato, 1998). However, the g(d) curves extracted
from a 2D image is not identical to the one extracted from a 3D image for irregular-shaped grains, which can be
understood from the view of stereology. It also explains why the “errors” in Figure 18c are significant, but such
“errors” mainly reflect characterization uncertainty due to information asymmetry between 2D and 3D images,
rather than the real 2D-to-3D reconstruction errors.

(a) (b) (c)

Figure 18: Comparisons between the 3D reconstructed microstructures and the 2D reference image in terms of
(a) two-point correlation function S2(d), (b) lineal path function L(d) and (c) grain size distribution g(d) (the
numbers in parentheses measure the reconstruction errors in relative L2-norm).

As compared in Figure 18, the good agreements between descriptor curves verify that the proposed SLM can
well capture the spatial complexity of the 2D reference image and produce statically and geometrically equivalent
3D microstructure samples. Although the SOR samples exhibit the best performance in preserving S2(d) and
L(d), they fail to maintain the geometrical irregularity of silica grains. The reconstruction accuracy of SOR can
be improved by setting complicated or multiple optimization objectives, where more microstructural descriptors
such as lineal path function, chord length distribution function and two-point cluster correlation function can be
involved in the reconstruction process. On the other hand, the number of iteration steps can also be extended to
achieve better SOR results. However, the above operations will dramatically increase the computational intensity
of SOR reconstruction. As to the 3D samples reconstructed by GRFT, they can hardly preserve the high-order
informatics of the 2D reference image, such as grain size and grain shape, which indicates the inherent limitation
of GRFT.

4.2 Example 2: Clustered isotropic microstructure

The second example is also a nanocomposite, which possesses an isotropic microstructure with 9.05% irregularly-
shaped silica clusters (white phase) randomly embedded in the rubber matrix (Bostanabad et al., 2016b). As
discussed in § 4.1, one representative 2D cross-sectional image is sufficient to fulfil the 3D reconstruction of
isotropic microstructures. Here, three representative 2D slices on orthogonal planes are selected from the avail-
able 3D reference microstructure, as shown in Figure 16. To test the capacity of SLM in integrating informatics
from different directions, all three 2D slices are used as the guidances for 3D microstructure reconstruction.

The SOR samples are generated from simulated annealing optimization procedures after 1, 500, 000 itera-
tions, where the (directional) two-point correlation functions extracted three perpendicular slices (in Figure 19)
are all involved in the loss function. In GRFT reconstruction, these three 2D cross-sectional images are used
separately, which means each directional 2D slice is used as the only guidance to fulfil one-third of the recon-
struction task of fifty 3D samples. As to microstructure reconstruction via SLM, the 2D data template with r = 7
pixels is selected to capture the primary features of three perpendicular slices, and a set of ANN models of the
same size (2 hidden layers with 80 and 40 neural units in the 1st and 2nd layer respectively) are fitted to learn
the inherent stochasticity. Following the reconstruction procedure in Algorithm 3, a group of 3D samples are
synthesized by integrating 2D morphology patterns.

The representative 3D microstructure samples reconstructed from SOR, GRFT and SLM are presented in
Figure 17. It can be easily observed that the SLM samples are much more visually appealing than the SOR and
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(a) xy-plane (b) yz-plane (c) zx-plane

Figure 19: The representative 2D cross-sectional images (image size: 150× 150 pixels) of a clustered isotropic
microstructure on three orthogonal planes.

(a) SOR sample I (b) GRFT sample I (c) SLM sample I

(d) SOR sample II (e) GRFT sample II (f) SLM sample II

Figure 20: The representative results (image size: 160×160×160 voxels) of different 2D-to-3D microstructure
reconstruction methods.

GRFT samples. To check the statistical and morphological equivalences, S2(d), g(d) and two-point cluster corre-
lation function C2(d) are compared between the 3D reconstructed samples and the 3D reference microstructure,
as shown in Figure 21. It takes a great effort for SOR to enforce its reconstructions close to the reference mi-
crostructure in the aspect of S2(d), but microstructural complexities beyond this are not successfully preserved
by SOR samples, such as cluster size and shape. Despite the high efficiency of GRFT, it shows poor perfor-
mance in maintaining the irregular geometry and random spatial distribution of clusters, which can be observed
from Figure 21(a) and (b). In addition to the surface appearance, SLM samples are also inherently close to the
reference microstructure in all three compared descriptors, which quantitatively verifies the effectiveness of the
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(a) (b) (c)

Figure 21: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) two-point
correlation function S2(d), (b) two-point cluster correlation function C2(d) and (c) grain size distribution g(d)
(the numbers in parentheses measure the reconstruction errors in relative L2-norm).

new SLM in 2D-to-3D microstructure reconstruction.

4.3 Example 3: Porous media with wide pore size range

Leopard sandstone (Herring et al., 2018) is selected as the typical porous media to test the capacity of SLM in
2D-to-3D reconstruction. Its solid matrix is naturally hollowed out to form a complicated internal microstructure
with 13.62% pore space (white phase) occupying the entire volume. The distinctiveness of Leopard sandstone
lies in its great variation of pore size, which can be observed from the graphs in Figure 22. To enhance the
reconstruction quality, representative 2D slices in three perpendicular directions are used as the information
source for 3D microstructure synthesis.

(a) xy-plane (b) yz-plane (c) zx-plane

Figure 22: The representative 2D cross-sectional images (image size: 250× 250 pixels) of a Leopard sandstone
sample on three orthogonal planes.

As shown in Figure 23, representative 3D samples reconstructed from SOR, GRFT and SLM are put together
for visual comparison. Two-point correlation functions of the 2D cross-sectional images are used as the opti-
mization objectives for SOR, and 3D samples are obtained after 1, 000, 000 iterative steps. As to microstructure
reconstruction using SLM, the 2D data template with r = 15 pixels is selected to collect local morphology
patterns from training images, and then a set of ANN models with the same architectures (2 hidden layers with
100 and 40 nodes in the 1st and 2nd layer respectively) are trained to statistically characterize microstructural
complexities.

As can be observed from Figure 23, the superficial appearance of the SLM samples is much closer to the
2D reference images, compared to the SOR and GRFT samples. To check whether the great variation of pore
size is preserved by reconstructed samples, microstructural descriptors including L(d), chord length distribution
ρ(d) and pore size distribution p(d), are extracted from both the reconstructed and original 3D microstructures
for quantitative comparison. All these three descriptors can provide microstructural characteristics in aspect of
pore geometry (size and shape), and the results are given in Figure 24. Obviously, only the SLM samples are
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(a) SOR sample I (b) GRFT sample I (c) SLM sample I

(d) SOR sample II (e) GRFT sample II (f) SLM sample II

Figure 23: The representative results (image size: 250×250×250 voxels) of different 2D-to-3D microstructure
reconstruction methods.

(a) (b) (c)

Figure 24: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) lineal path
function L(d), (b) chord length distribution ρ(d) and (c) pore size distribution p(d) (the numbers in parentheses
measure the reconstruction errors in relative L2-norm).

statistically equivalent to the original microstructure in terms of pore geometry, which can be proved by the good
matches between descriptor curves. As to the SOR and GRFT samples, the remarkable disagreements between
descriptor curves indicate that pore geometry is poorly maintained by these reconstructed samples.
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4.4 Example 4: Porous media with long-distance connectivity

In porous media research, Fontainebleau sandstone (Fu et al., 2020a) is often used as the reference standard
for validation purpose. Here, a Fontainebleau sandstone sample (Berg, 2016) with porosity equal to 24.50% is
chosen to check the general applicability of SLM in reconstructing pore microstructures. As shown in Figure 25,
representative 2D slices in three perpendicular directions are taken from the original 3D microstructure. Pore
bodies with irregular geometry are linked together to form a far-range percolating network. The main challenge
for SLM is to capture the long-distance pore connectivity that is far beyond the size of data templates.

(a) xy-plane (b) yz-plane (c) zx-plane

Figure 25: The representative 2D slices (image size: 200× 200 pixels) of a Fontainebleau sandstone sample on
three orthogonal planes.

Based on the 2D reference images in Figure 25, 3D microstructure samples are reconstructed from SOR,
GRFT and SLM respectively, and representative results are shown in Figure 26. The SOR samples are generated
through a stochastic optimization procedure after 1, 200, 000 iterations, but it seems more iterative steps are still
required to refine the reconstruction results. The SLM samples are reconstructed by using the 2D data template
with r = 14 pixels to characterize the basic features, and a set of ANN models of the same size (2 hidden layers
with 100 and 50 neural units respectively) are trained to model the microstructural characteristics.

Visual comparison indicates that only the SLM samples preserve the morphological appearance of the ref-
erence images. Quantitative analysis is also conducted by comparing statistical, geometrical and topological
attributions between the 3D reconstructed and original microstructures, namely S2(d), p(d) and total fraction
of percolating cells T3(L). The SOR samples precisely maintain the reference S2(d) thorough prohibitively ex-
pensive optimization procedures, but they are greatly different from the original microstructure in terms of pore
geometry, as illustrated in Figure 27(a) and (b), respectively. Microstructural informatics in high order, such
as pore size and long-distance connectivity, are beyond the capacity of GRFT, which can be observed from the
disagreements of descriptor curves in Figure 27(b) and (c). As to SLM, it is able to generate statistically, geo-
metrically and topologically realistic 3D pore microstructures, which is verified by the good matches between
the compared descriptor curves.

(a) (b) (c)

Figure 27: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) two-point
correlation function S2(d), (b) pore size distribution p(d) and (c) total fraction of percolating cells T3(d) (the
numbers in parentheses measure the reconstruction errors in relative L2-norm).
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(a) SOR sample I (b) GRFT sample I (c) SLM sample I

(d) SOR sample II (e) GRFT sample II (f) SLM sample II

Figure 26: The representative results (image size: 200×200×200 voxels) of different 2D-to-3D microstructure
reconstruction methods.

4.5 Example 5: Anisotropic microstructure

In this subsection, the proposed SLM is applied to synthesize 3D anisotropic microstructure samples by using
the directional 2D slices with significantly distinct morphologies as the references. As shown in Figure 28, the
representative 2D slices are selected from the original 3D microstructure on orthogonal planes. The white phase
occupies approximately 39.16% of the bulk volume, and it presents as a stripped texture with long-distance
correlation on xy-plane and spotted patterns with irregular geometry on both yz- and zx-planes. Generally, the
2D-to-3D reconstruction of anisotropic microstructures is more challenging than the isotropic reconstruction,
because different configurations (such as the size of data templates) are required to be carefully set, so as to
capture the basic feature on each plane.

To capture the anisotropic property, the two-point correlation functions in the diagonal direction are ex-
tracted from three orthogonal planes, and they are all included into the optimization objectives for the 2D-to-3D
microstructure reconstruction via SOR, as presented in Figure 30(a)-(c). To investigate the dependence of SOR
reconstruction quality on iteration times, SOR samples are generated after super huge numbers of iterations (i.g.
5, 000, 000 times). For SLM reconstruction, data templates with radii rxy = 15, ryz = 5 and rzx = 5 pixels
are used to collect data events from xy-, yz- and zx-planes receptively, so as to take account of morphology
differences on orthogonal planes. Based on the collected training data, three sets of ANN models M(xy)

(r) (with 2

hidden layers, 100 and 40 neurons in the 1st and 2nd layer respectively), M(yz)
(r) (with 2 hidden layers, 60 and 20

neurons in the 1st and 2nd layer respectively), and M(zx)
(r) (with 2 hidden layers, 60 and 20 neurons in the 1st and
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(a) xy-plane (b) yz-plane (c) zx-plane

Figure 28: The representative 2D slices (image size: 100×100 pixels) of the anisotropic microstructure on three
orthogonal planes.

(a) SOR sample I (b) SOR sample II (c) SOR sample II

(d) SLM sample I (e) SLM sample II (f) SLM sample III

Figure 29: The representative results (image size: 100×100×100 voxels) of different 2D-to-3D microstructure
reconstruction methods.

2nd layer respectively) are fitted to characterize the basic feature on each plane, as well as to capture the overall
isotropic property. As to GRFT, it is not used here for the 2D-to-30 reconstruction of isotropic microstructures.

Representative samples reconstructed from SOR and SLM are shown in Figure 29, from which one can
observed that both the SOR samples and the SLM samples are closely similar to the 2D reference images. Re-
construction accuracy is quantitatively evaluated by comparing statistical/morphological descriptors between the
3D reconstructed and original microstructures, and the results are provided in Figure 30. The good agreements
between S2(d) curves in three orthogonal directions indicate that both the SOR and SLM samples well preserve
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(a) (b) (c)

(d) (e) (f)

Figure 30: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) directional
two-point correlation function S2(d) (xy-plane-45◦), (b) S2(d) (yz-plane-45◦), (c) S2(d) (zx-plane-45◦), (d)
lineal path function L(d), (e) local volume fraction distribution µ(φ,L) (SOR samples) and (f) µ(φ,L) (SLM
samples) (the numbers in parentheses measure the reconstruction errors in relative L2-norm).

the anisotropic property of the original microstructure, as can be seen in Figure 30(a)-(c). After putting ex-
tremely high expense in optimization, the SOR samples exhibit a slightly higher accuracy than the SLM samples
in aspects of S2(d) and L(d). But when it comes to local volume fraction distribution µ(φ,L), SLM shows
better performance than SOR, which can be observed from Figure 30(e) and (f). In summary, the developed
SLM is capable to create 3D isotropic microstructures that are statistically and morphologically equivalent to the
original microstructure.

4.6 Example 6: Synthetic silica with high porosity

(a) xy-plane (b) yz-plane (c) zx-plane

Figure 31: The representative 2D slices (image size: 150×150 pixels) of the synthetic silica on three orthogonal
planes.

The sixth example is a synthetic media (Dong, 2008) with pore space (white phase) and silica skeleton oc-
cupying about 42.50% and 57.50% of the entire volume respectively. Representative 2D slices are selected from
three orthogonal planes inside the 3D silica microstructure, as shown in Figure 31. Compared to Examples 4.3
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(a) SOR sample I (b) GRFT sample I (c) SLM sample I

(d) SOR sample II (e) GRFT sample II (f) SLM sample II

Figure 32: The representative 3D samples (image size: 160×160×160 voxels) obtained from different 2D-to-3D
microstructure reconstruction methods.

(a) (b) (c)

Figure 33: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) chord
length distribution ρ(d), (b) pair connectivity function H(d) and (c) local percolation probabilities λ3(φ,L)
(L=12 voxels) (the numbers in parentheses measure the reconstruction errors in relative L2-norm).

and Example 4.4, the volume fraction and connectivity range of the pore space in this example are significantly
higher, which may require more complicated models to capture the long-range features and inherent stochas-
ticity. To enhance the reconstruction accuracy, the 2D slice on three orthogonal planes are used together as the
references for the 3D isotropic reconstructions via SOR, GRFT and SLM.
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The SOR samples are obtained from the simulated annealing procedure after 1, 500, 000 times of voxel
value exchange. For SLM reconstruction, data templates with radii rxy = ryz = rzx = 14 pixels are used
to collect local morphology patterns from the training images, and then a set of ANN models of the same
network architecture (2 hidden layers with 100 and 40 neurons on the 1st and 2nd layer respectively) are trained
for stochastic microstructure characterization. As shown in Figure 32, representative 3D reconstruction results
obtained from SOR, GRFT and SLM are given. It can be easily observed that the SLM samples are more visually
similar to the 2D reference images, compared to the SOR and GRFT samples.

Microstructural descriptors, including chord length distribution ρ(l), pair connectivity function H(d) and
local percolation probabilities λ3(φ,L), are used to evaluate the reconstruction accuracy, as demonstrated in
Figure 33. The SOR and GRFT samples are greatly different from the original microstructure in aspects of
ρ(l) and λ3(φ,L), which means they fail to preserve the pore geometry and percolation information. Besides,
GRFT also exhibits poor performance in capturing the poor connectivity. The SLM samples closely resemble
the original microstructure in terms of pore size, pore connectivity and local variation of pore percolation, which
can be verified by the good agreements between descriptor curves.

4.7 Example 7: Multiphase porous electrode microstructure

To examine the performance of the proposed SLM on multiphase materials, a porous electrode microstructure
with three distinct phases is selected as the seventh testing example, as shown in Figure 34. The blue, green and
red phases of this porous medium are yttria stabilized zirconia (YSZ), Nickel and pore space, respectively (Lu
et al., 2017). All three phases possess complicated geometry and are distributed randomly in space. Because
SOR and GRFT are mainly used for bi-phase microstructure reconstruction, here only the proposed SLM is
applied to generate 3D multiphase microstructures by using 2D training images.

(a) xy-plane (b) yz-plane (c) zx-plane

Figure 34: The representative 2D slices (image size: 150 × 150 pixels) of the multiphase porous electrode
microstructure on three orthogonal planes.

The blue phase has the largest correlation length, and its value is equal to 13.7 pixels, which can be directly
measured from the two-point correlation curves shown in Figure 36. Therefore, the 2D data templates with radii
rxy = ryz = rzx = 14 pixels are used to collect data events, in order to cover the primary morphological features
present in the training images. Compared to the above bi-phase microstructures, this triple-phase microstructure
requires a more complicated ANN model to statistically characterize the microstructural complexities. A set of
ANN models with the same network architecture (2 hidden layers with 200 and 80 neurons on the 1st and 2nd
layer respectively) are fitted to learn the local morphology patterns. More details about ANN model training are
provided in Table 1.

Three representative 3D microstructures reconstructed by SLM are shown in Figure 36. Visual inspection
indicates that the 3D reconstructed microstructures well preserve the morphology appearances of the 2D training
images. To quantitatively assess the reconstruction quality, statistical descriptors including two-point correlation
function S2(d), lineal path function L(d) and chord length function ρ(d) are extracted from the 3D reconstructed
and the reference microstructures. These descriptors are computed for all three phases of this porous electrode
microstructure, and the results are plotted in Figure 36. The relative L2-norm errors of the statistical descrip-
tors are all around 5.00%, and the good agreement confirms that the proposed SLM is capable to generate 3D
multiphase microstructures statistically equivalent to the 2D training images.
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(a) SLM sample I (b) SLM sample II (c) SLM sample II

Figure 35: The representative 3D samples (image size: 150 × 150 × 150 voxels) obtained from the proposed
SLM.

(a) (b) (c)

Figure 36: Comparisons between the 3D reconstructed and reference microstructures in terms of (a) Two-point
correlation function S2(d), (b) lineal path function L(d), and (c) chord length distribution ρ(d) (the numbers in
parentheses measure the reconstruction errors in relative L2-norm).

5 Discussion and conclusions

5.1 Discussion

In § 4, a comprehensive comparison has been conducted between SOR, GRFT and the novel SLM, in terms
of 2D-to-3D reconstruction quality. In practice, efficiency is the other important performance index to assess
the effectiveness of a microstructure reconstruction method, which indicates the time cost to generate a com-
plete computation ensemble covering all possible configurations. In this study, all these three methods are
implemented using MATLAB. Microstructure reconstructions of the seven testing examples are all run on the
ASTUTE 2020 HPC cluster in Swansea University (72 nodes, 2 × 14 core CPUs per node, 64 GB RAM per
node), and the average computation cost of each reconstruction case is recorded in Table 2.

Microstructure reconstruction can be roughly categorized into field-based and voxel-based methods. As a
typical field-based method, GRFT considers heterogeneous media as random fields and generates new samples
through field transformation, which explains why GRFT possesses such high efficiency. In contrast, SOR and
the proposed SLM are much slower than GRFT, because they fall into the voxel-based category that constructs
new samples by iteratively determining voxel’s value one by one. SOR needs to repeatedly characterize the inter-
mediate result at each iteration step, while the new SLM just requires to quickly extract statistical characteristics
from the pretrained machine learning model(s) for generating each voxel, which is the main reason why SLM
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Table 2: Computational costs of microstructure reconstructions using different methods

Testing case Image size (voxels)

Average CPU time cost (s)

SOR GRFT
SLM

Characterization (ANN model training) Reconstruction

Example 1 200× 200× 200 674703.9 341.3 25.3 6099.8
Example 2 160× 160× 160 641881.6 147.5 65.7 3747.7
Example 3 250× 250× 250 1513560.4 794.8 324.5 12105.1
Example 4 200× 200× 200 1023482.8 278.7 279.0 6648.8
Example 5 100× 100× 100 67644.8 – 214.1 580.9
Example 6 160× 160× 160 641203.2 144.8 187.7 4254.6
Example 7 150× 150× 150 – – 246.5 3860.0

is one hundred and more times faster than SOR. As recorded in Table 2, the supervised machine learning-based
characterization can be also quickly completed in minutes, and once properly trained, these machine learning
models can be stored for repeated usage.

As listed in Table 2, it takes days, even weeks to generate a 3D REV sample using SOR, which is usually
unaffordable for data-driven modelling in computational material science or earth science that requires a large
number of newly reconstructed samples. The reconstruction quality of SOR strongly depends on the predefined
optimization objective and the number of iteration times. GRFT is able to create a 3D REV sample in minutes,
but its reconstruction quality is far from adequate for subsequent microstructure analyses. As comprehensively
compared in § 4, a series of testing examples have demonstrated that SLM has the best performance in capturing
microstructural characteristics far beyond low-order statistics. According to Table 2, SLM only requires one to
three hours to produce a 3D REV sample by preserving the statistical equivalences, geometrical complexities,
topological attributes and morphological similarities of the reference microstructures. Therefore, the proposed
SLM is an accurate, cost-effective and robust method for stochastic 2D-to-3D reconstruction, and the recon-
structed microstructure samples are sufficiently realistic for further applications in material and earth science.

However, the proposed SLM approach is not without limitation. Firstly, 2D cross-sectional images can not
completely represent the corresponding 3D microstructures, therefore, how to select representative 2D slice(s) as
the training image(s) is a critical first step to reconstruct equivalent 3D microstructure samples. Secondly, due to
the adoption of MRF assumption to model heterogeneous microstructures, the new method may have limitations
in capturing global and non-stationary microstructure characteristics. Thirdly, the image post-processing in
SLM may bring a certain degree of distortion to reconstruction results, but currently, it is an indispensable
step for 3D reconstruction based on incomplete 2D information. Fourthly, the proposed method constructs 3D
microstructure samples through a layer-by-layer procedure, which may lead to inconsistency between vertical
and horizontal direction and thus introduce artificial anisotropy. Finally, it is not clear that to what extent the
new method can generate 3D samples that are statistically equivalent to the reference microstructure in terms of
physical properties, including mechanical, hydraulic, diffusional, electrical and thermal properties. The above
unanswered questions are all worth further investigating, so as to improve microstructure reconstruction quality.

5.2 Conclusions

The main contribution of this work is to present a novel 2D-to-3D microstructure reconstruction method by
using machine learning-based characterization. The proposed method starts by collecting data events from
the 2D training image(s), and these data events are then used to train supervised machine learning models to
learn the inherent stochasticity for microstructure characterization purposes. A morphology integration scheme
is developed to bridge the gap between 2D characterization and 3D reconstruction, where 2D morphological
statistics on three orthogonal planes are integrated into the morphological statistics in 3D space. By using the
statistical characteristics stored in the fitted machine learning models, new equivalent 3D microstructures can be
reconstructed through sequential probability sampling.

In essence, the pretrained supervised machine learning model is an implicit representation of conditional
probability distribution function (CPDF) that stochastically characterizes local morphology patterns of the train-
ing image(s). For isotropic microstructures, one representative 2D slice is sufficient to serve as the training
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image, while for anisotropic microstructures, representative 2D slices on three orthogonal planes are required
for the machine learning-based characterization. As to the 3D microstructure reconstruction, it is a layer-to-layer
construction procedure, where voxels on each layer are generated one by one in the raster scan order. The conti-
nuity and connectivity between adjacent layers can be well maintained by the developed scheme of morphology
integration.

A comprehensive comparison between the proposed SLM and classic methods is conducted based on a series
of testing examples. The new method shows good applicability to various random microstructures with distinct
morphologies, and it also exhibits great superiority over classic methods including SOR and GRFT, in terms of
reconstruction accuracy and efficiency. Various statistical/morphological descriptors are used to quantitatively
evaluate reconstruction quality. For all testing cases, the proposed method possesses the best performance in pre-
serving microstructural complexities, including statistical characteristics, geometrical irregularity, long-distance
connectivity and anisotropy. Compared to SOR and GRFT, the proposed SLM is also more cost-effective to
generate statistically, geometrically, morphologically and topologically realistic 3D microstructure samples of
representative volumes, thereby better supports subsequent studies such as numerical simulation and data-driven
modelling.
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Appendix: Morphological/statistical descriptors

Two-point correlation function

Two-point correlation function S2(r1, r2) (Torquato, 2013) depicts the probability of finding two points located
at r1 and r2 in the phase of interest:

S2(r1, r2) = S2(∆r) = 〈X(r1)X(r2)〉 (22)

where ∆r = r2−r1, the angular brackets denote the ensemble averaging, and the meaning ofX(r) can be found
in Eq. (1). For the statistically homogeneous and isotropic media, S2(∆r) only depends on the magnitude of
separation distance d, given by

S2(∆r) = S2(d) (23)

where d = |∆r|. Two-point correlation function S2(d) has the significant properties as follows:

S2(d = 0) = φ

lim
d→∞

S2(d) = φ2
(24)

where φ denotes the volume fraction of the phase of interest.

Two-point cluster correlation function

As an analogue of S2(r1, r2), two-point cluster correlation function C2(r1, r2) (Torquato, 2013) is defined as the
probability of finding two points located at r1 and r2 in the same cluster of the phase of interest. Compared to
S2(r1, r2),C2(r1, r2) contains information of cluster size and topological connectivity. The relationship between
S2(r1, r2) andC2(r1, r2) is interpreted by decomposing S2(r1, r2) into a connected part and a disconnected part:

S2(r1, r2) = C2(r1, r2) + E2(r1, r2) (25)
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where E2(r1, r2) denotes the probability of finding two points at positions r1 and r2 in different clusters. Simi-
larly, C2(r1, r2) only depends on the magnitude of separation distance d for the statistically homogeneous and
isotropic media, given by

C2(r1, r2) = C2(∆r) = C2(d) (26)

where d = |r2 − r1| = |∆r|.

Grain orientation distribution

Grain orientation is defined as the direction of the major ellipse axis with respect to the horizontal-rightward
direction (Farrell and Healy, 2017; Gao et al., 2020). The angle θ between the major axis and x-axis can range
from −90◦ to 90◦, and grain orientation distribution ω(θ) is calculated as the occurrence frequency of θ:

ω(θ) =
N(θ)

N
(−90◦ ≤ θ ≤ 90◦) (27)

where N(θ) is the occurrence time of grains with orientation between θ and θ + dθ, and N is the total number
of grain bodies. The sum of this probability is equal to 1, given by:∫ 90◦

−90◦
ω(θ)dθ = 1 (28)

Lineal path function

For statistically homogeneous and isotropic media, lineal path function L(d) (Torquato, 2013) provides the
probability that a line segment with length d wholly falls inside the phase of interest, when randomly casting it
into the analyzed medium. For the line segment with length d→ 0, L(d) reduces to the probability of finding a
point in the phase of interest. As to the line segment with large length, L(d) decays to zero rapidly.

L(d = 0) = φ

lim
d→∞

L(d) = 0
(29)

Besides, L(z) is considered to contain a certain degree of topological connectedness information, and it can also
be used to estimate pore size information.

Chord length distribution

Throwing an infinitely long line into a tested medium, it will be intersected into line segments by the interface of
different phases, and the line segments lying in phase of interest are called chords. For statistically homogeneous
and isotropic media, chord length distribution function ρ(d) (Torquato, 2013) is defined as the probability of
finding a chord with the length between d and d + dd completely lying inside the phase of interest. Pore size
distribution can also be estimated from chord length distribution.

Pair connectivity function

Pair connectivity functionH(r1, r2) (Schlüter and Vogel, 2011) is defined as the probability of two points r1 and
r2 are linked by a continuous path within the phase of interest P , given by

H(r1, r2) = Prob{r1 ↔ r2, r2 ∈ P |r1 ∈ P} (30)

where r1 ↔ r2 means the points r1 and r2 are connected. This connectivity measurement combines the concept
of connected path used in percolation theory with the well-established lag-dependence. For the statistically
homogeneous and isotropic media, H(r1, r2) only depends on the magnitude of separation distance d, given by:

H(r1, r2) = H(∆r) = H(d) =
C2(d)

φ
(31)

where d = |r2 − r1| again.
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Pore size distribution

It is usually difficult to define the “pore body” inside porous media with complicated geometries, and there
is no uniformity of pore size distribution p(d) (PSD) (Münch and Holzer, 2008). Due to the mathematically
unambiguous definitions of PSD, several image analysis methods have been developed to extract PSD from
images, including the intercept method, the random point method, the pore skeleton method, the discrete method,
the continuous method and the morphological opening method. Only the discrete method and the morphological
opening method are used to evaluate microstructure reconstruction quality in this study.

The entire pore network system can be split into discrete objects based on a specific criterion, and then
equivalent pore diameters deq are derived from the areas (2D) or the volumes (3D) of the discrete pore bodies
(Münch and Holzer, 2008). However, there is a lack of reliable methods to recognize individual pore objects, and
the splitting process may introduce significant uncertainties to the determination of PSD. Here, the watershed
algorithm is adopted to partition the pore network, and the discrete PSD p(d) is then calculated in a histogram
form to represent the empirical probability density of pore diameter.

PSD p(d) can also be determined through a morphological opening process, where a successive morpholog-
ical opening is performed on the pore space with a circular or spherical structuring element (SE) of increasing
size (Taiwo et al., 2016). After each opening operation, the resulting pore space only preserves the pores larger
than the SE with a specific radius. The opening operation is repeated with increasing SE size until the entire
pore space vanishes. The pore volume fraction with a specific radius can be calculated from the difference of
pore volumes between two successive opening steps, so as to estimate the PSD p(d). The obtained pore radius
is equivalent to the radius of the maximum inscribed circle or sphere inside the pore.

Grain size distribution

Grain size distribution g(d) (GSD) (Buscombe, 2008; Rabbani and Ayatollahi, 2015) can be determined by
using the same methods of PSD. Here, the discrete method and the morphological opening method are used to
quantitatively assess microstructure reconstruction accuracy.

Local porosity (volume fraction) distribution

Local porosity (volume fraction) distribution (Hilfer, 2002) is to measure local porosities from compact subsets
of a porous medium and collect the measurements in a histogram form to represent the empirical probability
density. A measurement cellK(r, L) is defined as a cube (or a square) with side-length L centered at the position
r inside the porous medium, and local porosity φlocal(r, L) is defined as the porosity of this measurement cell
K(r, L):

φlocal(r, L) =
V (P ∩K(r, L))

V (K(r, L))
(32)

where P denotes pore space, and V (·) denotes volume.
Local porosity distribution µ(φ̃, L) provides the probability density of finding a local porosity equal to φ̃

when the side-length of measurement cell is set to L. And it is mathematically defined as follows:

µ(φ̃, L) =
1

n∆φ̃

∑
r
δ(φ̃− φlocal(r, L)) (33)

where n is the number of placements of the measurement cells K(r, L), and δ(φ̃ − φlocal(r, L)) is the Dirac δ
function that is defined as follows:

δ(φ̃− φlocal(r, L)) =

{
1, if |φ̃− φlocal(r, L)| ≤ dφ̃;

0, otherwise.
(34)

where dφ̃ denotes the interval to build the histogram associated with local porosity distribution. Essentially,
µ(φ̃, L)dφ̃measures the probability of finding a measurement cell with side-length L and local porosity between
φ̃ and φ̃ + dφ̃. Obviously, µ(φ̃, L) depends on the side-length L of measurement cells, but there is no common
rule to determine an optimal value of L for a specific porous medium.
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Local percolation probabilities

Local percolation probabilities (Hilfer, 2002) are used to characterize the connectivity of measurement cells
K(r, L) with the specific local porosity value. A measurement cell K(r, L) is termed percolating in direction α,
if there exists at least one pore path lying inside this measurement cell that connects two points on the opposite
surfaces perpendicular to this direction. The indicator function of the measurement cell K(r, L) percolating in
direction α is given by

Λα(r, L) =

{
1, if K(r, L) percolates in the direction α;

0, otherwise.
(35)

Thus, Λx(r, L) = 1, Λy(r, L) = 1 or Λz(r, L) = 1 indicates the measurement cell is percolating in the x-, y- or
z-direction respectively. It should be noted that Λ1(r, L) = 1 and Λ3(r, L) = 1 indicate the measurement cell
is percolating in at least one of the principal directions and in all the three principal directions, respectively. The
local percolating probability λα(φ̃, L) in the direction α is defined as follows:

λα(φ̃, L) =

∑
r Λα(r, L)δ(φ̃− φlocal(r, L))∑

r δ(φ̃− φlocal(r, L))
(36)

Basically, λα(φ̃, L) provides the fraction of measurement cells with side-length L and local porosity φ̃ that are
percolating in direction α.

Total fraction of percolating cells

Total fraction of percolating cells Tα(L) (Hilfer, 2002) provides the fraction of all measurement cells K(r, L)
with side-length L that are percolating in the direction α, and it is calculated from the integration over all local
porosities:

Tα(L) =

∫ 1

0
µ(φ̃, L)λα(φ̃, L) dφ̃ (37)

Total fraction of percolating cells Tα(L) quantifies the connectivity characteristic of the pore network system,
which is important for modelling transport properties.
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