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Summary

This thesis is concerned with the simulation of multiphase systems and phase
transition. Specifically of interest is the modelling of liquid-vapour systems, usu-
ally in the presence of surface tension, using diffuse-interface methods. An em-
phasis is placed on increasing computational efficiency with order reduction and
segregation strategies. The thesis opens with the modelling of phase-transition
phenomena using a non-conservative low order formulation of the Navier-Stokes-
Korteweg equations: a diffuse-interface model for simulating compressible single-
component fluid systems. Of particular interest is the simulation of temperature
induced cavitation, which is successfully demonstrated with the numerical simu-
lation of nucleate boiling. The focus is turned to binary fluid systems with the
introduction of a classical phase dynamics model: The Cahn-Hilliard equation.
The inherent physical phenomena associated with the Cahn-Hilliard equation are
investigated, and strategies are proposed to reduce their contributions, which are
demonstrated with a selection of numerical examples. The Cahn-Hilliard equa-
tion is coupled with the incompressible Navier-Stokes equations. A computation-
ally efficient, low order finite element formulation is presented for modelling the
coupled Navier-Stokes-Cahn-Hilliard equations: a diffuse-interface model for the
simulation of immiscible multiphase flows. The present work suggests that tradi-
tional Navier-Stokes-Cahn-Hilliard models do not allow for surface tension effects
to be neglected due to the presence of the surface tension parameter in the Cahn-
Hilliard equation. This motivates the proposed formulation, which allows surface
tension effects to be changed without affecting the behaviour of the phase trans-
port. The proposed models are demonstrated with surface tension dominated
problems, as well as problems where surface tension effects are negligible. All
results obtained agree very well with reference solutions. As a final contribution
of the thesis an effort is placed on increasing computational efficiency by imple-
menting projection-type decoupling strategies. Two new families of projection
schemes are proposed which are based on the generalised midpoint rule and the
generalised- method, respectively, and allow control over high-frequency damping.
Both schemes are investigated in detail on the basis of a spatially discrete model
problem and subsequently implemented in the context of a finite element formu-
lation for the incompressible NavierStokes equations. Comprehensive numerical
studies are presented, and importantly the observations made are in agreement
with the conclusions drawn from the model problem. The present work suggests
that it is not possible to formulate a second order accurate projection scheme
which possesses any high-frequency damping.
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Chapter 1

Introduction

1.1 Motivation

Every day we encounter natural and industrial processes involving multiphase
flows and phase transition. The boiling of water in a kettle for instance, involves
the formation of a liquid-vapour system through phase transition. In this case a
system consisting of water and water vapour. Multiphase flows can be observed in
countless industrial applications, including but not limited to: emulsification, bub-
ble driven circulation systems used for metal processing, fluidised beds, combustion
reactors, gas-liquid pipeline flows, etc. Similarly numerous natural applications
spring to mind, such as: rain, fog, volcanic eruptions, etc.

In classical fluid mechanics, these types of problems are referred to as free
or moving boundary problems. They are characterised by having an interface be-
tween two or more fluid bodies, modelled as a free boundary that evolves with time.
Traditionally the mathematical description of a free boundary problem involves
partial differential equations (PDEs) that hold in each fluid body and are coupled
by boundary conditions placed on the separating interface. Mathematically speak-
ing, these types of problems are notoriously difficult to solve. Not only are the
PDEs representing each component highly nonlinear, but the liquid-vapour sys-
tems in question are often subject to a high degree of topological change, making
interface tracking difficult, if not impossible. Analytical solutions to liquid-vapour
multiphase flows are limited to trivial problems, such as Stokes flow or linear in-
viscid waves [1]. Experimental investigations are also few and far between, with
limitations placed on the length and time scales used as well as visual access. As
a result, numerical approaches have been propelled to the forefront of multiphase
analysis.

Developing numerical models for simulating free boundary problems has for
a long period of time been the subject of scientific investigation. Strategies for
simulating such flows can be categorised as either interface-tracking or interface-
capturing methods. The more traditional interface-tracking methods require up-
dating the computational mesh continuously in order to resolve the interface which
is aligned with it. Some examples of interface-tracking approaches include arbi-
trary Lagrangian-Eulerian (ALE) [2, 3, 4, 5] or purely Lagrangian finite element
formulations [6, 7, 8, 9, 10]. Interface-capturing methods introduce additional

1



2 1.2. DIFFUSE-INTERFACE METHODS

variables in order to represent the interface implicitly. Interface-capturing meth-
ods include: volume-of-fluid (VOF) [11, 1], level-set [12] and diffuse-interface (or
phase-field) methods [13, 14, 15], to name a few. These methods possess several
advantages over more classical interface-tracking methods. For instance their abil-
ity to handle topological changes is significantly improved, and the necessity for
mesh updating is reduced if not removed. These along with other benefits to be
discussed later on have resulted in interface-capturing methods, such as VOF and
level-set methods, being widely adopted in commercial software.

Many recent advances in computational power, numerical methods and math-
ematical models have brought attention to diffuse-interface methods as a means
of interface-capturing. The present work focusses on using exclusively diffuse-
interface methods to model multiphase/multicomponent flows and phase tran-
sition. The methods are categorised according to whether they consider single-
component or binary fluid systems. Single-component fluid models are those which
simulate multiple phases of the same component, and are typically associated with
phase transition. Binary fluid models are those which simulate mixtures consisting
of two different components, which are not necessarily of the same family. A brief
history of these methods is now presented.

1.2 Diffuse-interface methods

The concept of having an interface separating phases has been investigated for cen-
turies. The earliest multiphase models, studied by the likes of Young, Laplace and
Gauss, involved an interface of zero thickness between phases, and are hence known
as sharp-interface methods. Here the interface would include physical properties
such as surface tension, and all the physical quantities, i.e. density, viscosity, heat
conductivity etc. would be discontinuous across it. Physicists quickly recognised
that the interface could represent a smooth transition of quantities and interfacial
forces between the distinct bulk phases. With advances in the theory of capillar-
ity pioneered by by Lord Rayleigh [16, 17] and van der Waals [18], the concept of
continuous variation of density was created. This coupled with the introduction
of a capillary stress tensor expressed in terms of the density and its gradients by
Korteweg [19], constitutes the foundation of diffuse-interface methods.

The advantages of the diffuse-interface approach become apparent when con-
sidering the classical interface-tracking free boundary methods. While classical
free-boundary methods typically require adaptive grids, diffuse-interface methods
simply require fixed grids through which interfaces can propagate. Importantly,
this allows them to conveniently deal with a high degree of topological and mor-
phological change, which is a crucial proponent for their increasing popularity in
recent years. A further hindrance of classical free-boundary methods is evident
when considering mixtures near the critical point. Classical physics dictates that
the interface thickness diverges as the temperature approaches the critical point
[20], and hence a sharp interface assumption does not hold.

To fully appreciate the benefits of diffuse-interface methods, consider the ex-
ample of modelling the formation and growth of a solid dendrite submerged in a
liquid. To model the dendrites evolution, described by the local normal velocity
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of a dendrite stem, one needs to impose appropriate boundary conditions on the
interface. Here the velocities can be computed from the temperature gradients,
which are obtained from solving a heat diffusion equation. However imposing the
required temperature boundary conditions requires knowing where to apply them.
This proves challenging since the interface is constantly evolving in space, and
since the velocity is required to track the position of the interface, one ends up in
a vicious loop. Such is often the predicament of classical free-boundary problems.
Additionally the complex topology of the dendrite results in a highly nonlinear
problem as a result of having to resolve the curvature term in each iteration. As
pointed out earlier diffuse-interface methods do not face these problems since they
are able to represent complex interface topologies and dynamics using just fixed
grids. The mechanisms behind this will be explored shortly. Diffuse-interface
methods are successfully implemented to model dendritic growth in the context
of binary alloys in for instance [21, 22, 23|. Binary fluid systems such as this and
their simulation will now be discussed.

1.2.1 Binary fluid systems

One of the most popular diffuse-interface models for the simulation of two compo-
nent immiscible phase dynamics is the Cahn-Hilliard equation. Cahn and Hilliard
[24, 25] propose a time dependant extension of van der Waal’s hypothesis, which
itself suggests that equilibrium interface profiles are obtained from minimising a
Helmholtz free energy functional [26]. In essence, the Cahn-Hilliard equation is a
mass conserving transport equation wherein the dissipation of the mixing energy,
in combination with some external advection, drives the motion of the interface
and localises the individual phases. In order to represent a mixture continuously,
the Cahn-Hilliard equation introduces an auxiliary field variable, typically called
the phase-field variable or order parameter, which varies quantities and forces
across the interface between two distinct bulk phases. The Cahn-Hilliard equa-
tion has been extensively reviewed from a physical and mathematical perspective
in [27, 28, 29], and has been demonstrated in numerous numerical simulations
(see, for instance [30, 31, 32]). Alternatively, the non-conservative counterpart,
the Allen-Cahn equation [33] is sometimes considered at the expense of having an
additional constraint to enforce mass conservation.

Coupling the Cahn-Hilliard equation with hydrodynamic Navier-Stokes equa-
tions results in the Navier-Stokes-Cahn-Hilliard equations, which have been exten-
sively researched from a mathematical and numerical perspective in for instance
[34, 35, 26, 28, 36]. These types of equations were utilised as early as the 1970’s
[37], with the so-called Model H. This model combines the phase dynamics of the
Cahn-Hilliard equation with the hydrodynamics of the Navier-Stokes equation for
the purpose of modelling immiscible, incompressible two-component flows. The
drawback of the Model H is that it assumes that the mixture is comprised of con-
stant matching densities, and is hence severely restricted in its application. The
difficulty with considering non-matching densities is that the macroscopic descrip-
tion of the density differs from the direct average of the microscopic descriptions,
meaning that even if the individual components are incompressible, the mixture
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may not be.

Typically models proposed for mixtures of non-matching densities are char-
acterised as either: incompressible - where the volume averaged velocity field is
divergence-free (i.e. satisfies incompressibility), or quasi-incompressible - where
the mass-averaged velocity field satisfies mass conservation only, resulting in a
slight compressibility in the interface region. A quasi-incompressible modification
of the Model H by Lowengrub and Truskinovsky [28] allows for the the use of
non-matching densities in the bulk regions. However, as mentioned the definition
of the average velocity results in the loss of the divergence-free velocity field. Fur-
thermore, a stronger coupling is present since the pressure from the momentum
equation of the Navier-Stokes equations is present in the Cahn-Hilliard part of the
equations. More recently, another quasi-incompressible form of the equations is
proposed in [38], where notably a linear method is used which satisfies discrete
energy dissipation unconditionally. On the other hand, models by Boyer [15] and
Ding et al. [39] present appealing formulations with divergence-free velocity fields;
however the energy inequalities are unknown for the model. Shen et al. [36] pro-
pose a physically consistent model for incompressible mixtures with non-matching
densities, implementing energy stable, accurate time integration schemes. More
recently, Abels et al. [14] derived a variable density variation of the Model H which
is thermodynamically consistent. The model is shown to recover sharp interfaces
when the interface thickness tends to zero. The Abels et al. model has been ef-
fectively used in numerous numerical studies, and is chosen as the base model of
this paper. The Allen-Cahn equation has also been successfully coupled with the
Navier-Stokes equations in [40, 41, 42]. Though contrary to the name, the the-
ory behind binary fluids extends to systems involving more than two components.
In [43], Boyer et al. construct a Navier-Stokes-Cahn-Hilliard model to simulate
incompressible flow of three immiscible components, without complication.

In addition to modelling dendrite growth (as previously discussed), diffuse-
interface methods for binary fluid systems are largely represented in the simulation
of numerous industrial and natural processes, for instance: emulsification, tumour
growth [44, 45], crystallisation [46], hydraulic fracturing [47, 48], phase-change-
driven implosion [49] etc.

1.2.2 Single-component fluid systems

Single-component fluid based diffuse-interface models are constructed primarily
from the point of modelling critical phenomena [29]. These models describe vis-
cous, compressible flows either of a non-isothermal or isothermal nature. Much
like the binary-fluid models, these type of models consider a Helmholtz free en-
ergy functional consisting of a bulk free energy and surface free energy or free
energy excess square gradient term associated with density variations. The bulk
free energy component associated with free energy functional is represented by
a double well potential for subcritical temperatures, and a single well potential
supercritical temperatures. The Navier-Stokes-Korteweg model is an example of
a widely implemented single-component model used primarily to model two-phase
(liquid-vapour) systems. The model results primarily from concepts developed by
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Korteweg [19] and van der Waals [18]. One cannot however contribute all the
progress made in developing these models to just these authors. Some important
contributions and reviews from mathematical and physical standpoints are made
by Langer and Turski [50], Dunn and Serrin [51], Truskinovsky [52], Antanovskii
[34, 53], Jacqmin [54], and Anderson and McFadden [55].

Probably the most important aspect of single-component fluid models is their
ability to represent phase transition. For instance, recall the example of boiling
water in a kettle, in which liquid water transforms into gaseous water vapour.
Liquid-vapour phase transitions of this kind are synonymous with the phenomenon
of cavitation.

Cavitation occurs when the local pressure in a liquid falls below its vapour
pressure resulting in the formation of vapour bubbles, or cavities. When these
bubbles enter regions of higher pressure they implode, and the micro-jets resulting
from repeated implosions cause cyclic stress to nearby surfaces. This is an ever
present concern for engineers, specifically in the design of propeller and impeller
blades. Affected blades can undergo significant wear over time, rendering them
ineffective. Damage of this nature was observed as early as the 19th century on
steam ship propellers. It is not surprising therefore, that cavitation has been
studied for centuries by the likes of Euler, Besant, Stokes, and Rayleigh [56]. The
prediction and reduction of impeller /propeller cavitation is still a relevant research
topic (see for instance [57, 58]). Needles to say there is substantial industrial
interest in multiphase flow and cavitation research. Some topics of interest include:

e Mechanical engineering. In addition to the aforementioned impeller /propeller
cavitation encountered in pumps and ships, it is not uncommon for diesel
engines to experience cavitation erosion on the exterior walls of cylinder lin-
ers. Here cavitation occurs when harmonic vibrations on the cylinder walls
give rise to fluctuating pressures in the surrounding coolant, see [59]. Typi-
cally the combination of excessive vibrations and loose fitting cylinder liners,
induce low enough pressures such that vapour bubbles form in the coolant.
Shock waves from collapsing bubbles impact the surface with immense force,
causing damage over time and potentially a leak in the cylinder.

e Biomedical engineering. Mechanical heart valves experience cavitation on
the edges of the valve stops and leaflet tips as a result of high frequency pres-
sure fluctuations [60]. Not related but also of significance is the emergence
of thousands of air bubbles into cerebral circulation during cardiac surgery.
Here larger bubbles run the risk of developing into air embolisms, which
could prevent oxygenated blood from reaching targeted organs. Acoustic
cavitation occurs when liquids are subjected to a high intensity ultrasound.
This is particularly useful in biomedical applications, for instance in non-
invasive therapy and drug delivery [61].

e Geology. Coastal erosion occurs when air pockets carried by incoming waves
are thrust into coastal surfaces, compressing them until they implode, caus-
ing erosion over time. Explosive volcano eruptions are also attributed to a
form of cavitation. Gas bubbles form from supersaturated magma during
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eruption under a decompression wave. The high viscosity of the magma lim-
its the expansion of the gas thereby increases the pressure inside the bubbles.
The bubbles eventually burst causing liquid magma to fragment into clots.

Now that the concepts behind diffuse-interface methods have been introduced,
their benefits and limitations compared to classical free boundary or sharp inter-
face methods are summarised as follows. The benefits include, but are not limited
to:

e Extraordinarily easy to add physics to, be it coupling with hydrodynamics,
thermodynamics, solid mechanics, etc.

e Require no interface tracking unlike sharp-interface methods.

e Able to capture phenomena and morphology changes such as coalescence
and spinodal decomposition.

e Capable of modelling near-critical phenomena.

e Capable of being derived directly from free-energy functionals using classical
thermodynamics.

e Suitable for visualisation of microstructural development.

Though there is obviously an attractive element to these methods, there are several
drawbacks as well:

e Choosing the parameters such as interface thickness, double well height, is
non-trivial and may be problem dependant. In many cases the interface
thickness is chosen much larger than the real thickness to make the methods
more computationally attractive.

e Limited selection of comparisons with real physical phenomena.

e Often dense meshes are required to capture interfaces and the associated
steep gradients, and large computational domains become expensive to com-
pute.

e Inherent physical effects of phase transport equations such as the Cahn-
Hilliard equation. This aspect is explored in Chapter 3 of this thesis.

e There is no clarity to where the assumption of irreversible thermodynamics
would fail.

Although there are clearly difficulties associated with diffuse-interface methods,
they do constitute the only feasible way of modelling highly complex multiphase
flows which undergo a large degree of topological change or even phase transition.
In the following section the underlying achievements and contributions of the thesis
are summarised.
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1.3 Contributions of the thesis

The novel contributions and primary results of the thesis are presented here. The
structure is such that an aim is first identified, followed by an associated list of
contributions.

Low order strategies for modelling phase transition: A study is undertaken into
single-component fluid models capable of phase transition. The contributions are
as follows:

1. A low order, computationally efficient Navier-Stokes-Korteweg model is pre-
sented for simulating phase transition problems, with particular interest in
cavitation. Typically capturing such phenomena is achieved through highly
expensive strategies, such as Isogeometric Analysis (IGA) approaches involv-
ing very dense meshes of higher order b-splines which are at least C'; contin-
uous (see, for instance [62]). In the present work a finite element formulation
for non-isothermal and isothermal variations of the Navier-Stokes-Korteweg
equations is introduced non-conservatively, and with a reduced system order,
allowing for linear elements to be used.

2. A number of benchmark problems are demonstrated with the presented
model, including temperature induced nucleate boiling, which clearly demon-
strates the models ability to capture complex phenomena.

Phenomena associated with phase transport: The coarsening and shrinking
effects inherently present with the Cahn-Hilliard equation are investigated. The
contributions are as follows:

1. A modification of the Cahn-Hilliard equation is proposed which reduces the
effects of grain coarsening, an inherent property of the equation. This in-
volves modifying the diffusive component of the Cahn-Hilliard equation such
that the surface rounding is reduced. Moreover relationships are developed
between the mobility function, interface thickness and effective radius of a
bubble.

2. A suggested initial condition is proposed to allow for a significant improve-
ment in mass conservation of individual phases, i.e. reduction of drop shrink-
age, another inherent property of the Cahn-Hilliard equation. Although
there have been guidelines presented in [26, 63] on how to reduce shrinkage,
these do not remove the problems all together, but merely suggest how to
delay them.

Several findings from this research have been presented at the IGA conference
2018: Integrating Design and Analysis.

Low order strategies for modelling binary fluid systems: An investigation is
made into efficiently modelling immiscible two-component flows with particular
focus on physical relevance and surface tension control. The contributions are as
follows:
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1. A novel Navier-Stokes-Cahn-Hilliard model is proposed that allows for ac-
tivation/deactivation of surface tension effects. The present work suggests
that traditional Navier-Stokes-Cahn-Hilliard models do not allow for surface
tension effects to be neglected due to the presence of the surface tension
parameter in the Cahn-Hilliard equation. This motivates the proposed for-
mulation, which allows surface tension effects to be changed without affecting
the behaviour of the phase transport.

2. Formulation and implementation of computationally efficient, low order fi-
nite element methods for the Navier-Stokes-Cahn-Hilliard equations based
on both stabilised SUPG/PSPG elements and mixed Taylor-Hood elements.

3. The proposed models (contribution 2) are applied to an extensive set of
benchmark and example problems, including both capillary regime in which
surface tension effects are dominant, and inertial regime in which surface
tension effects are negligibly small. All results obtained agree very well with
reference solutions. At the time this writing and to the best of the author’s
knowledge, the comparison of the numerical solution of the Navier-Stokes-
Cahn-Hilliard equations with realistic physical processes, such as capillary
rise or faucet leak, has not been reported elsewhere in literature.

The findings resulting from this work were submitted as an article for publication
to the journal of Computer Methods in Applied Mechanics and Engineering, which
at the time of this writing, is under review. An arXiv.org version of the article
can be accessed in [64].

Increasing computational efficiency with decoupling strategies: The focus here
is on exploring various decoupling strategies to efficiently model single and multi-
phase fluid flow. The contributions are as follows:

1. Presentation of a model problem for assessment of projection schemes includ-
ing numerical damping. A simple spatially discrete model problem consisting
of mass points and dash-pots is presented which allows for the assessment
of the properties of different projection schemes for the solution of the in-
compressible Navier-Stokes equations. In particular, the temporal accuracy,
the stability and the numerical damping are investigated with the model
problem.

2. Assertion: Second order accurate projection schemes do not possess high
frequency damping. An investigation using the model problem suggests that
it is not possible to formulate a second order accurate projection/pressure-
correction scheme which possesses any high-frequency damping.

3. Presentation of two new methodologies for the model problem and for the
incompressible Navier-Stokes equations. Motivated by contribution 2, two
new families of projection schemes, developed from the generalised midpoint
rule and the generalised-a method respectively, are proposed. Notably the
schemes offer control over high-frequency damping. Both schemes are in-
vestigated in detail on the basis of the model problem and subsequently
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implemented in the context of a finite element formulation for the incom-
pressible Navier-Stokes equations. It is found that the proposed schemes
offer a compromise between accuracy and high-frequency damping. This is
confirmed with comprehensive numerical studies of the flow in a lid-driven
cavity and the flow around a cylinder problems. The observations made are
in agreement with the conclusions drawn from the model problem.

These findings were published in the journal of Computer Methods in Applied
Mechanics and Engineering [65].

1.4 Layout of the thesis

The thesis is arranged as follows:

Chapter 2 describes single-component fluid models for simulating multiphase
flows and phase transition. The fundamental van der Waals thermodynamics
and Navier-Stokes conservation laws are explored. The Navier-Stokes-Korteweg
equations are constructed in a low order, non-conservative manner for modelling
both non-isothermal and isothermal flows. Finite element formulations, as well
as solution strategies are presented for the models. A number of isothermal and
non-isothermal benchmark problems are simulated, including a demonstration of
phase transition with nucleate boiling.

Chapter 3 introduces the Chan-Hilliard phase transport equation. The deriva-
tion and thermodynamic concepts are briefly explained. A finite element formula-
tion and solution strategy is introduced. Various numerical benchmark problems
are presented to showcase the inherent physical behaviour of the model. Inves-
tigations are carried out into the inherent effects of grain coarsening and drop
shrinkage, and strategies are proposed for reducing them. This chapter provides
the preliminaries for Chapter 4, which couples the Cahn-Hilliard equation with
the Navier-Stokes equation.

Chapter / introduces the Navier-Stokes-Cahn-Hilliard equations for the pur-
pose of modelling immiscible binary fluids with and without the effects of surface
tension. Two finite element formulations are proposed: A stabilised SUPG/PSPG
formulation, and a mixed Taylor-Hood formulation. The formulations are demon-
strated with a number of numerical benchmark problems; These are categorised
into both problems which are dominated by surface tension effects, and those
which have no surface tension effects. The results are compared with analytical
models, experimental data, and other numerical approaches.

Chapter 5 opens with a review on decoupling strategies for modelling fluid flow
efficiently. A discrete model problem is introduced for the purpose of studying
various projection schemes, which are analysed in terms of accuracy and stabil-
ity. The Navier-Stokes equations are formulated using the proposed projection
schemes. Numerical examples, namely the lid driven cavity and flow around a
cylinder problems, are demonstrated for the purpose of understanding the rela-
tionship between accuracy and high frequency damping.

Chapter 6 summarises the achievements of the thesis. Conclusions are drawn
and potential future work is suggested.






Chapter 2

Single-Component Fluid Systems:
The Navier-Stokes-Korteweg
Equations

When considering a homogeneous system, phase transition occurs if the equilib-
rium state of the system changes from one phase to another as a result of chang-
ing thermodynamic variables, such as pressure or temperature. The simulation of
complex phase transition, specifically for liquid-vapour systems, has been made
possible with diffuse-interface methods. Recently, the Navier-Stokes-Korteweg
equations have been shown effective at modelling single-component multiphase
flows with possible phase transition, see for instance [66, 49, 62, 67, 68, 69]. In
essence, the Navier-Stokes-Korteweg equations can be seen as an extension of the
typical compressible Navier-Stokes equations, wherein the ideal fluid is replaced
with a van der Waals fluid, and the Cauchy stress tensor is appropriately modified
to include surface tension. Proposed by Korteweg [19], the so-called Korteweg
stress tensor (or capillary tensor), K, is described in the form,

1
K=\ (pAp + §|Vp]2) I—-\Vp®Vp, (2.1)

where p denotes the density, A denotes the Laplacian, and A denotes the capillary
coefficient. Contrary to binary-fluid models, the order parameter is the density
itself rather than an auxiliary phase-field variable. Similarly however it localises
the phases in the bulk regions and smoothly transitions over the interface region.

In terms of numerical simulation, Isogeometric analysis (IGA) has been used
effectively to model the isothermal case of the Navier-Stokes-Korteweg equations,
in for instance [66, 70]. Similarly the full non-isothermal Navier-Stokes-Korteweg
equations have been solved with IGA in Liu et al. [62], where the authors demon-
strate the effectiveness of their conservative formulation by simulating a variety of
boiling problems in multiple space dimensions. Introducing an auxiliary variable
to represent the Laplacian of the density, Bueno et al. [49, 71] use IGA to simulate
fluid structure interaction problems related to droplet dynamics. A local discon-
tinuous Galerkin (LDG) method in combination with adaptive mesh refinement
is used by Diehl et al. [69] to solve the non-conservative form of the isothermal

11
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Navier-Stokes-Korteweg equations. A similar discretisation for the non-isothermal
equations is found in Tian et al. [68]. Abels et al. [72] investigate the sharp-
interface limit of the Navier-Stokes-Korteweg equations, where they find that the
solutions converge to the physically relevant free-boundary problem.

This chapter is arranged as follows: The thermodynamic concepts of a van der
Waals fluid are introduced in Section 2.1. In Section 2.2, the governing equations
for the Navier-Stokes-Korteweg equations are derived and presented in multiple
forms. In Section 2.3 the variational forms are presented, as well as the spatial
and temporal discretisations. In Sections 2.4 and 2.5, a selection of numerical
examples are presented for the isothermal and non-isothermal cases of the Navier-
Stokes-Korteweg Equations respectively.

2.1 Thermodynamics of a van der Waals fluid

The Helmholtz free energy measures the useful work obtainable from a closed
thermodynamic system while the temperature and volume are constant. It can be
expressed in the form,

U =1i—0s, (2.2)

where i is the internal energy, 6 is the temperature, s is the entropy. The following
fundamental thermodynamic relation can be expressed,

dV¥V = —sdf — pdv + ndn, (2.3)

where n is the number of particles, 7 is the chemical potential and p is the pressure.
The necessary thermodynamic quantities can be recovered as

ov ov ov
T <%>v,n7 = (%) 9,n7 T (a_n) 6,v ' (24)

In order to obtain the Helmholtz free energy, the pressure in (2.4) is replaced with
the van der Waals equation of state, as follows

2
(w) A L, (2.5)

o _ 2
ov o v —nb v

Integrating (2.5) yields the Helmholtz free energy,

an?

U = —nROIn(v — nb) — T c(0), (2.6)

where a, b are constants associated with the fluid properties, ¢(#) is an arbitrary
function of temperature, and R is the universal gas constant. If one considers
U as a function of density p and temperature 6, we can obtain the necessary
thermodynamic quantities with the following relations:

Qa‘ll(pv 9)

p(p.0) =p o (2.7a)
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i(p,0) = W(p,0) — 9% (2.7h)
s(p,0) = —% (2.7¢)
alp.8) = 2L, 210

The typical description of the Helmholtz free energy functional [18, 29] is ex-
pressed in terms of p, 6, and Vp as:

F= / (0T + p,) dQ (2.8)

where the bulk (or local) and surface free energy components are respectively given

as
U, = RfAlo — | —ap +c 11-—1o — (2 9&)
b g E v g 00 Y °

)\ 2
v, = 5 Vol (2.9b)

Here ¢, is the specific heat capacity at constant volume, 6, is the reference tem-
perature, R is the specific gas constant, and \ is again the capillarity coefficient
which is related to the interface thickness and surface tension effects. The bulk
free energy contribution pW, is the nature of a hydrophobic double well when the
temperature is below the critical temperature and a single well when it is above
it. The surface free energy contribution pW, is hydrophilic by nature and related
to the change in density. The bulk thermodynamic quantities (2.7) are evaluated
using ¥, as:

_ pb
p= Rbprp — ap? (2.10a)
i =0 —ap (2.10b)
_ P 7
=—RI — 1 — 2.1
s ROg(b—p>+C” og(eo) (2.10¢)

_ b p 0
= — +1 e 1-—1 — — 2ap. 2.1
n = R0 (b—p+ og(b_p>)+cv9( og<90)) ap (2.10d)

The extended internal energy and chemical potential are recovered using the
combined contributions of ¥, and ¥, which would imply:

A
i:cv9—a,o+%|Vp|2 (2.11a)

n = RO (L + log (L>) + c,0 <1 — log (ﬁ>) —2ap — AAp. (2.11b)
b—p b—p 0o

Equation (2.11b) can be seen similarly to the chemical potential from binary-fluid
systems, i.e. n = f(p) — Ap.
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Dimensionless van der Waals fluid: The critical temperature, ., can be de-
fined as the maximum possible temperature at which two-phase flow is possible.
The critical point is defined when

0 0?
Py, Loy, (2.12)
dp 0p?
from which the critical density, temperature and pressure are evaluated as
b S8ab ab?
c=75s 0e=ro5, D= 5o 2.13
Pe=13 AT (2.13)

Following an M LT measurement scaling (see, for instance Gomez et al. [73]), if
we scale the mass by bL3, length by L, time by L/ Vvab and temperature by 6.,
such that

L ;
Vab’

The bulk and surface free energy densities are obtained in dimensionless form as

p=0bp, x=1L3 t= 0=0.0. (2.14)

. 8 . p 1 ~
B, = —4(1 (1—1 9) _ 5, 2.1
o= ot (1o (155 ) + = (1-tow@) ) = (250
o 1 A
U, = i 2.15b
2WeﬁIVp\ (2.15b)
where the Weber number is defined as
L2
We = 22, (2.16)
A
The other bulk thermodynamic quantities are
.8 0,
= — — 2.17
P= 01 (2.17a)
. 8 4 C
=———) O 2.17b
T p+2weﬁ\Vp! (2.17Db)

.8 1 A p
5= 5 (7 — log(6) — log (1 - ﬁ>) (2.17¢)

where the heat capacity ratio, 7, is introduced for simplicity, such that
R

y—1

The dimensionless van der Waals pressure and chemical potential are shown in

Figure 2.1. Clearly when the temperature is below 6., the pressure and chemical

potential are non-monotonic. Here the region between points a and b corresponds
to the unstable region in which the mixture would decompose into separate phases.

¢y = (2.18)
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Figure 2.1: Van der Waals fluid: Dimensionless (a) pressure vs. density, (b)
chemical potential vs. density.

2.1.1 Maxwell states for the van der Waals fluid model

The Maxwell states represent the states at which the system is in chemical and
mechanical equilibrium. The minimum energy principle would imply that a two-
phase state is preferred by the system. This could be observed by drawing a
common tangent line between the states on the free energy curve, since it falls
bellow the free energy line, two phases are favourable. The equilibrium vapour
and liquid states are evaluated at the points where

p(pa") = p(p)")
n(py") = n(p").

The 6 — p phase diagram for the van der Waals fluid at the Maxwell states is shown
in the Figure 2.2. The outline of the elliptic region is referred to as the spinodal
line. This line intersects with the Maxwell binodal line at the critical point, beyond

1.051
——DMaxwell binodal line

0.95

09
0.85
0.8

5 3
E
®
= Elliptic region Z
g =
g 2,
5 8
g

0.75

0.7 ‘ ‘ :
0 0.1 02 03 04 0.5 0.6 0.7

p

Figure 2.2: Liquid-vapour phase diagram depicting the Maxwell binodal line.
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which fluid becomes supercritical (i.e. no definitive liquid and vapour states).
The regions between the spinodal line and Maxwell binodal line correspond to
metastable regions of liquid and vapour. These regions correspond to unstable
energy states, which may be perturbed thermodynamically in order to overcome
the energy barrier, moving them towards stable liquid and vapour states [62].

2.2 Governing equations

The thermodynamic concepts presented thus far will be instrumental in recovering
the Navier-Stokes-Korteweg equations. First however, the conservation laws which
constitute the Navier-Stokes equations will be constructed.

2.2.1 Conservation laws

Before describing the conservation laws, a few important assumptions will be
mentioned:

e The fluids at the scale of interest are considered as a continuum.
e Long-ranged forces are neglected, e.g. Electromagnetic forces.
e The field variables are differentiable.

The Reynolds transport theorem states that the sum of the changes of a parameter
a defined over a control volume €2 must be equal to what is gained or lost through
the boundaries of the volume, plus what is created/consumed by a source/sink.
This can be written as

d

adQ——/au'ndF—/QdQ, (2.19)
dt r Q

where I' denotes the smooth boundary of 2, and n denotes the unit outward
normal. By considering the divergence theorem and the Leibniz integral rule, the
above expression is simplified to

— dQ = /V au) d§) — / Q dQ. (2.20)
Since this holds for all €2, the integral can be dropped,
%—? = -V (au) - Q. (2.21)

Conservation of mass

Applying the Reynolds transport theorem to the mass density p, without any
sources/sinks, gives
d

7 de = /pu -ndl. (2.22)
r
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The left-hand side of the equation represents the rate of changing mass in §2, and
the right-hand side represents the flow through boundary I'. Thus the only way
in which the mass inside {2 can change is if it flows in or out of I'. Utilizing the
divergence theorem, and taking into account that it holds for all 2, gives

0
90 L7 (pu) = 0. (2.23)
ot
Introducing the material derivative as D% = 0+ u - V, the equation may be
expressed as
Dp
cu=0. 2.24
o TPV u (2.24)

which suggests that the density can only change if the fluid is subjected to expan-
sion or compression, i.e. V- u # 0.

Conservation of momentum

Again using the Reynolds transport theorem, this time considering the momentum
pu, gives

d
— [ pudQd=— / pu(u -n)dl + / pbdQ, (2.25)
dt Jo r Q

where b represents the body/external forces. With the total forces exerted by
stress attributed to a symmetric stress tensor o, Equation 2.25 becomes

d
— [ pudQ = / (on — pu(u-n))dl + / pbdS2. (2.26)
dt Jo r Q

Using the divergence theorem and mass conservation, this is reduced to

%jLV(pu@u)—V'a—pb:O, (2.27)

For Newtonian fluids, the stress term o can be assumed as
o=1—pl, (2.28)
where the viscous component is written as
T =2uVu+ (V- ul. (2.29)

Here p and ¢ are coefficients of viscosity, and the symmetric gradient is V* :=
%(V + VT). For the remainder of this chapter the satisfaction of the Stokes
hypothesis will be assumed, that is ( = —%/L.

Conservation of energy

Considering the energy p€ comprised of internal and kinetic energies, the conser-
vation of energy as applied to €2 fixed in space is

d
— pEdQ:/(au—pgu—q)-ndF+/pb-u+prdQ. (2.30)
dt Jo r Q
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The heat flux is obtained from Fourier’s law as
q=—kV6, (2.31)

where k is the thermal conductivity, and r denotes a heat source. Appropriately
applying the divergence theorem, gives

9 (p€)
ot

+V-(pu—0o-u+q)—pb-u—pr=0, (2.32)

2.2.2 The Navier-Stokes-Korteweg equations

The Navier-Stokes-Korteweg model modifies the Navier-Stokes equations, replac-
ing the ideal fluid with a van der Waals fluid, and appropriately modifying the
Cauchy stress tensor to account for interfacial stresses. This is better understood
by considering the equilibrium conditions of the van der Waals fluid; Minimising
Equation (2.8) under a mass conservation constraint yields,

OF _ 9(p¥s)
sp  Op

—M\p+c=0, (2.33)

with the conservation of mass related Lagrange multiplier ¢. Noether’s theorem
[29] dictates there is a conservation law:

V-8§=0, (2.34)
where

oL
S=.,I- . 2.35
Vp® Ny (2.35)

Here £ = p(V, + U — ¢). Substituting Equation (2.33) into Equation (2.34),

and recalling from Equation (2.10a) that the thermodynamic pressure p = p2aa—\1;”,
yields
1
Vp—-V -\ {(pAp—i—éWp\Q) I—Vp®Vp] =0 (2.36)

The first term here is the pressure gradient, and the second term is associated with
the Korteweg or capillary stress. The reader is referred to [29] for a more detailed
analysis into the derivation of the Navier-Stokes-Korteweg equations starting from
the conservation of mass, momentum, internal energy and entropy.

Utilising the fundamental thermodynamic concepts from Section 2.1 and hy-
drodynamic conservation laws from Section 2.2.1, the full non-isothermal Navier-
Stokes-Korteweg equations can now be presented for the purpose of studying
liquid-vapour phase transition. The strong form of the Navier-Stokes-Korteweg
equations may be written as follows.

Strong form: The boundary value problem, considering a sufficiently smooth
domain Q C R? (d is the number of spatial dimensions) bounded by I' and for
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the time interval Z = (0,7), consists of finding the density p, velocity w and
temperature ¢ such that

% +V-(pu)=0 inQxZ (2.37a)

8<8ptu)+V.(pu®u)+vp—v-(r+n)—pb:0 inQQ xZ (2.37b)
9(p€) _ . —or=0 i

o +V-((pE+pu—(r+r)u+q)—pb-u—pr=0 nQxZ. (2.37)

Here the thermodynamic pressure p is approximated with the van der Waals equa-

tion of state (2.10a). The viscous stress tensor 7 and Korteweg stress tensor are
written as in Equations (2.29) and (2.1), respectively. The useful non-conservative
identity V - & = ApV Ap is often considered here. In the present study however,
the full conservative form, i.e. Equation (2.1), is considered. It is not uncommon
to include a term accounting for the power expenditure of the microstress (see, for
instance [62]). The term V - II is added to the energy equation (2.37c), where

IT = \pV - uVp. (2.38)

Furthermore the total energy can be expressed as the sum of the internal and the
kinetic energies,

pE = pi+ g]uP, (2.39)

where 7 is obtained from Equation (2.11a).

2.2.3 Order reduction with auxiliary variable

It is convenient to reduce the order of the PDEs to allow computationally efficient
lower order elements to be used at the discrete level. Since the Korteweg stress
term, V - k, carries the highest order partial derivative, a new variable T = Ap
is introduced as an additional equation. The terms of the strong form can be
rewritten as

% + V- (pu) =0 (2.40a)
%ﬁtv-(pu@uww—v-(ﬂrn)—Pb=0 (2.40b)
%j)+V-((p5+p)u—(T+R)U+Q)—Pb'“_p7":0 (2.40c)
T Ap=0, (2.40d)

where

1
K=\ (pT + §|Vp|2) I-)\Vp® Vp. (2.41)
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2.2.4 Dimensionless form

This subsection describes the non-dimensional form of the Navier-Stokes-Korteweg
equations with the additional auxiliary equation, as described in Section 2.2.3. The
process would be identical with the standard Navier-Stokes-Korteweg equations
from 2.2.2. As in Equation (2.14), the dimensionless quantities are expressed as
(e), such that the governing equations become

00 ~
P4V - (pa) =0, (2.42a)
oi
d(pa) - . )
(a’;“)Jrv (pa®a)+Vp—V-(F+k)—pb=0, (2.42b)
6(§§)+v((ﬁé+ﬁ)a—(+—gm+q)—ﬁé-a—ﬁf:o, (2.42¢)
T—-Ap=0, (2.42d)
with
.8 6p
=_ - 2.4
P=rr 5P (2.43a)
= 2 (- 19 ar (2.43b)
" Re 3 ’ '
PR AT+1|V|2 I-ViaVp (2.43¢)
= Wa L AT +5IVh pPRVp ), :
8¢, An
L v/} 2.4
1= T 97RRePr (243d)

Here the Weber number We is as in Equation (2.16), and the Reynolds number
and Prandtl number are respectively,

L
Re = b\@, pr = 2/ (2.44)

I k-

where ¢, = ¢, and is the specific heat capacity at constant pressure. The total
energy can be expressed as
& 8ph
S 27( - 1)

~

A 1.
p Vol + Splal, (2.45)

2+L
2We

For the remainder of this chapter, the hat () will be omitted from the dimension-
less equations.

2.2.5 Isothermal case

For the case of a constant temperature the system Equations (2.40a)-(2.40d) re-
duce to three equations.
dp

a2 +V-(pu)=0 (2.46a)
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9,
ﬂ%—v-(pu®U)+Vp(,0)—V-(‘r+n)—pb=0 (2.46b)

ot
T—Ap=0, (2.46¢)

where p(p), T and K are respectively as written in Equations (2.10a), (2.29) and
(2.41). The dimensionless form of the isothermal case is as written in Equations
(2.42a)-(2.42c), with the pressure and stress terms defined as Equations (2.43a)-
(2.43c).

2.2.6 Boundary conditions

The general contact angle boundary condition is as follows:

——— -n = cosa. (2.47)

where |Vp| = (Vp- Vp)l/Q. a is the three-phase contact angle at the boundary.
For the special case of a 90° contact angle, i.e. « = 7/2, the boundary condition
becomes

Vp-n=0 (2.48)

The boundary term which appends to the strong form description of the auxiliary
equation 2.42d, and likewise its isothermal counterpart, is as follows:

Vp-n+|Vplcos(a) =0 onl, xZ. (2.49)

where I'y once more used to denotes the Neumann subset of I', the boundary of
Q.
For non-isothermal cases it is commonplace to prescribe a heat flux boundary
condition as follows:
g-n=0 onl, xT. (2.50)

2.2.7 Physical relevance of parameters

The capillary coefficient A is related to both the physical surface tension and
interface thickness of a liquid-vapour system. The surface tension coefficient ~,
not to be confused with the heat capacity ratio, can be obtained by considering
the expression of the surface/interfacial energy of an equilibrium density profile,

T+ 2
7:/ A (j—g) dx (2.51)

It is important that the interface thickness is set sufficiently large such that the
diffuse interface can be resolved, and spurious oscillations avoided. It is suggested
by Jamet et al. [74], that for temperatures slightly lower than the critical tem-
perature, the interface associate with a liquid-vapour system is of the order of
1 pm. This is a numerically viable length scale, and supports the overwhelming
use of the Navier-Stokes-Korteweg equations to model critical phenomena. The
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authors provide descriptions of the interface thickness and surface tension under
assumptions that the temperature is close to critical,

4 A

€ = pl _ p ﬁ’ (252)
3

(o= po)” (2.53)

T oA

where p; and p, are the saturation densities and A is a constant. Combining the
two yields the capillary coefficient as a function of interface thickness and surface
tension coefficient [75],

A= T (2.54)

(,Ol - ;011)2

DO | o

2.3 Numerical Formulation

This section presents the variational form of the Navier-Stokes-Korteweg equa-
tions, as well as the discretisation in space and time.

The weak form of the continuous Navier-Stokes-Korteweg problem described
in Equations (2.42a)-(2.42d) with appropriate integration by parts, reads: Find
(p, u, 6, T) € X, such that, for all (¢, w, v, s) € Y,

/q@—Vq-pudQ:O (2.55a)

o Ot

/w (u@%— a—u)—Vw'( uu)— (V-w)p+Vw: (T +K)

o or o AP b ' (2.55b)
—w-pbdQ2=0

/QU%—Vv-(p5+p)u+V1}-(T+n)u—Vv-q—v(pb-u) (2.55¢)
—v prd2=20

/3T+V5-Vpd§2+/s |Vp|cos (a)dl’ =0, (2.55d)

Q r

where X and ) denote the appropriate trial solution and weighting function
spaces, respectively.
Considering Equation (2.45), and noting that |A]*> = A - A,

8 Op 9 1 1
= —— — — . _— . . 2
E 751 p +2pu u+2 eVp Vp (2.56)

The other functions p, T, Kk, g are given in Equations (2.43a)-(2.43d).
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2.3.1 Spatial semi-discrete weak form

Considering the standard Galerkin method [76, 77], the following interpolations
are defined:

’U,h: ZNA’U,A, ph: ZNA,OA, Gh: ZNAQA’ Th: ZNATA

AeN AeN AeN AeN (2 57)
h h h h ’
w' =" Nywa, ¢" = Naga, v" =) Nava, "= Nasa,
AeN AeN AeN AeN

where N4 denotes the shape functions, and A denotes the sets of nodes. Discretis-
ing the weak form in Equations (2.55a)-(2.55d) and expanding the terms reads :
Find (p", u®, 0", Th) € X" such that, for all (¢", w", v*, s") € V",

p 9p" b h,h
q v —Vq" - p'u"dQl =0 (2.58a)
Q
op" ou”
N h _ ohp h. (. hoh h
/Q'w (u 8t+p 9 b) Vw.(pu@u)

8 Oph 2 1
-V w' (2—7 1 _pph - (P")Q) + Vw" : Re (vsuh — gv - uhI) (2.58b)

1 1 1
+ V- w'— (phTh + §Vph : Vph) —Vuw" : %vph @Vp'dQ=0

We
o (8 Oph 1 1
N (N2~ ok h o h h b
/Q” a1 (277—1 (P gpmut i S Ve V”)
8 fph 8 Opt 1
_oh [ © _o(pm2 )t — v [ 2 L hoh ok
Vv <271—ph (p")° ) u"* — Vv 277_1+2pu u
1 h R,k ho 2 s h_l h h (2.58¢)
+2Wev'0 Vp )'u, + Vo o Viu 3V u'l | u
1 1
+ Vol — (" 2V V) T -V @ V" |
We 2
+ Vo' bV — " (p"b-u")d2 =0
/sTh+Vsh-Vpth+/sh |V p"| cos (a) dI" = 0. (2.58d)
Q r

where X" and V" denote the appropriate trial solution and weighting function
finite element spaces of piecewise continuous linear basis functions, respectively.

2.3.2 Temporal discretisation

The generalised-a method is employed for the temporal discretisation. This
method is an unconditionally stable, implicit single-step time integration scheme
(refer to [78, 79]). The scheme allows for high frequency damping to be controlled
by without compromising the second order accuracy (see [80, 65]). Applying the
generalised-a method to a generic first order problem gives

wrtem = f (tres nter) (2.59)
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with
w"tm = (1 — ay,) 4" + apu™ (2.60)
s = (1 — ap) t" + apt"™t! (2.61)
w"t = (1 —ap)u" + apu™! (2.62)

n+l _ . n

: At L=yt (2.63)

and,

13— poo 1 1

I , _ : =~ +a,—ar, 2.64
« 2 Th o ay T e vy 2—1—04 ay (2.64)

where v must not be confused with the surface tension parameter. Note that «,,,
ay and v are expressed in terms of the spectral radius p., for an infinitely large
time step size.

This scheme has been successfully employed in solution of a number of chal-
lenging coupled field problems [5, 81, 82, 83].

2.3.3 Solution strategy

The system described by Equations (2.55a)-(2.55d) is solved using the Newton-
Raphson method. The Newton-Raphson procedure including the linearisation of
the nonlinear terms is shown in Appendix A.1. A direct linear solver (PARDISO
[84, 85, 86]) is used for smaller problems, whereas for larger scale problems, an
iterative parallel solver (PETSC [87]) with a block Jacobi pre-conditioner is em-
ployed.

2.3.4 Adaptive time stepping

Several of the numerical examples in the following section implement an adaptive
time stepping procedure, wherein the time step size At is modified in each time
instance according to

At = (T — ¢m) grivernopt) (2.65)

where njte, and ngpy are respectively the number of Newton iteration steps required
in the previous time step and the desired number of iteration steps. The constant
0 is typically chosen between 0.5 and 1.

2.4 Isothermal numerical examples

The numerical examples to follow are set up with the following commonalities:

o Time integration: The generalised-a method is used in the time stepping
algorithm with p, = 0.5.

o Dimensionless parameters: Unless otherwise stated the dimensional param-
eters are set as follows:
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Reynolds number: Re = 2/h,
Weber number: We = 1/h?,
Temperature: 6 = 0.85.

Here h is the characteristic element size, which in this case is taken as the largest
element size of the mesh used. The parameters Re and We are set based on scaling
presented in [66].

2.4.1 Reproducing the 6 — p phase diagram

This example involves numerically reproducing the Maxwell binodal line from the
0 — p diagram in Figure 2.3. A square domain, Q2 = [0,1] x [0, 1], is set up with
a uniform initial density; This is chosen as the critical density at the specific
temperature of analysis. A perturbation dp = 0.01p. is added in the domain
centre at point C' = [0.5,0.5]. A mesh consisting of 256 x 256 linear quadrilateral
elements is chosen, and the time step size is fixed as At = 0.5. Periodic boundary
conditions are set in all directions.

The density is allowed to evolve and decompose into vapour and liquid states
as depicted in Figure 2.3. The resulting liquid and vapour densities are recorded
in the bulk regions once a steady solution is reached. The points on the 6 — p
phase diagram in Figure 2.4 were obtained from running several dimensionless
temperatures ranging between 0.7 and 1. Clearly a very close match is observed
between the numerical points and the analytical Maxwell binodal line.

2.4.2 Coalescence of two vapour bubbles

Coalescence occurs when two or more droplets/bubbles merge to form a single
larger droplet/bubble. Such a process frequently occurs in natural or industrial
applications. The process is demonstrated visually in Figure 2.5, which depicts
experimental results of a small water drop coalescing with a larger body of water
[88]. In this numerical example, two vapour bubbles of different sizes are placed
an order of magnitude of the interface thickness apart in order to observe their
coalescence. This is a classical multiphase benchmark problem, and is constructed
following a similar set up to Gomez et al. [66]. The larger bubble with a radius

t=20 t =400

Figure 2.3: 8 — p phase diagram: Evolution of critical density with 256 x 256
linear elements.
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Figure 2.4: 6§ — p phase diagram: Comparison of the analytical van der Waals
solution at the Maxwell states and the numerical solution.
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Figure 2.5: Drop coalescence experimental study by Ristenpart et al. [88]

of Ry = 0.25 is placed at the coordinate C; = [0.4,0.5], while the smaller bubble
of radius Ry = 0.1 is situated at Cy = [0,78,0.5]. The computational domain
considered is of size Q = [0, 1] x [0, 1]. Periodic boundary conditions are considered
in all directions. The initial conditions are set as:

po(x) =0.1+0.25( tanh lz—Ci| - Ry
2h
_C,l —
+ tanh (|a: 22| Rz) )’ x €, (2.66a)
TO(m) - Oa xc Q7 (266C)

Multiple uniform meshes consisting of 64 x 64, 128 x 128 and 256 x 256 linear
quadrilateral elements, are considered. A fixed time step size of At = 0.1 is used.
Figures 2.6, 2.7 and 2.8 show the time evolution of the density, auxiliary vari-
able, and velocity streamlines respectively.
The total free energy is shown for element sizes h = 1/64 and h = 1/256 in
Figure 2.9. Although in both cases there is an expected monotonic decrease in
energy with time, it is clear that the mesh density has an effect. With h = 1/256,
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t=3 t=5 t =40
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Figure 2.6: Coalescence of two vapour bubbles: Density field evolution, with
256 x 256 linear elements.
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Figure 2.7: Coalescence of two vapour bubbles: Density field evolution, with
256 x 256 linear elements.

0.000 0.0037 0.0075 0.0112 0.015
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- .
Figure 2.8: Coalescence of two vapour bubbles: Velocity field streamlines at (a)
t =5 and (c) t = 40, with 256 x 256 linear elements.

the interface is thin enough such that the bubbles are completely separated at
the start of the simulation, and thus there is a notable variation in the energy at
t =~ 3, where the bubbles coalesce. With the less dense mesh, the coalescence is
immediate which explains the lack of energy variation.

An investigation is made into the effects of further refining the mesh, such that
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Figure 2.9: Coalescence of two vapour bubbles: Free energy evolution with
h =1/64 (left) and h = 1/256 (right).

there are 512 x 512 linear quadrilateral elements. The corresponding interface
thickness is hence also reduced, since We = 1/h? while the geometry remains
unchanged. Figure 2.10 shows the evolution of the density field with this denser
mesh. It is observed that bubbles do not coalesce in this instance, but rather the
larger bubble grows as the smaller one disappears. It may be said that under the
equilibrium pressure set by the larger bubble, the smaller one becomes unstable
and vanishes. This effect is explored further in the next example (Section 2.4.3).

Three-dimensional analysis: Considering now a computational domain 2 =
[0,1] x [0,1] x [0, 1], and using the same dimensionless parameters as before, the
larger bubble is now placed at position C; = (0.4,0.5,0.55) and the smaller one
at Cy = (0.75,0.5,0.4). The initial condition is as before, with the Euclidean
distance |z — C;| being extended to three-dimensional space. A uniform mesh is
used which consists of 100 x 100 x 100 linear hexahedron elements. The density
isolines are shown immersed in the fluid in Figure 2.11. It is observed that the
bubbles coalesce similarly to the two-dimensional experiment. Significantly, the
coalescence occurs at a faster rate, which is consistent with the observations in

[66].
t=0 t=3 t=5 t =40

0.1 0.2

0.3 0.4 0.5
MHHHH‘HH\‘HJHHH‘\\W

Figure 2.10: Coalescence of two vapour bubbles: Density field evolution, with
512 x 512 linear elements.
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t=20 t=20.3 t=20.5 t=1

Figure 2.11: Three-dimensional coalescence of two vapour bubbles: Density field
evolution, with 100 x 100 x 100 linear elements.

2.4.3 Evolution of three vapour bubbles

This benchmark problem involves three vapour bubbles of different sizes placed
at various positions in a square computational domain of size = [0, 1] x [0, 1].
The three bubbles are placed at coordinates C; = [0.75,0.5], Cy = [0.25,0.5],
C; = [0.4,0.75] with respective radius sizes of Ry = 0.1, Ry = 0.15 and R3 =
0.08. Periodic boundary conditions are considered in all directions and the initial
conditions are set as:

po(x) =0.1+0.25( tanh z - G| - R
2h
’CU — CZ’ - RQ
tanh
+ tan ( 5h
+tanh (’w 22’ 3) )’ €T & Q7 (2673)
ug(x) = 0, zeq. (2.67b)
Tole) =0 x < ). (2.67c)

A uniform mesh is chosen, consisting of 256 x 256 linear quadrilateral elements,
and a fixed time step size of At = 0.1 is used.

It is expected from a physical standpoint that the larger bubble would set
the equilibrium pressure, causing the smaller bubbles to disappear by inducing an
instability at the equilibrium pressure. This behaviour is reflected in the Figures
2.12 and 2.13, which show the time evolution of the density and velocity fields.

The free energy evolution is shown in Figure 2.14, where the notable dips are
associated with the disappearance of the smaller bubbles.

Comparison with IGA: To appreciate the results obtained using the low order
model, a comparison is made using C continuous b-splines. The IGA formulation
is similar to what is presented in [66], where specifically a non-conservative Ko-
rteweg stress term is considered, i.e. V- Kk = ﬁ pV Ap. Additionally no auxiliary
variable is required since the C continuous quadratic b-splines are sufficient to
deal with the higher order spatial derivatives present in the Korteweg stress term.
In this study the weak formulation is considered as in Equations (2.55a)-(2.55b),
with the conservative Korteweg stress term replaced by its non-conservative coun-
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Figure 2.12: Evolution of three vapour bubbles: Density field evolution, with
256 x 256 linear elements.
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Figure 2.13: Evolution of three vapour bubbles: Density field evolution, with
256 x 256 linear elements.
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Figure 2.14: Evolution of three vapour bubbles: Free energy evolution.

terpart. The linearisation and discretisation of this non-conservative term is pre-
sented in Appendix A.3. Figure 2.15 shows the density field evolution using
256 x 256 quadratic b-splines. Notably the evolution of the three vapour bub-
bles is indistinguishable from the lower order simulation presented in Figure 2.13.
The free energy evolution is shown in Figure 2.16. The time instances associated
with the bubbles disappearing correspond to the observed variations in free energy.
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Figure 2.15: Evolution of three vapour bubbles: Density field evolution with IGA
analysis, using 256 x 256 quadratic b-splines.
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Figure 2.16: Evolution of three vapour bubbles: Free energy evolution with IGA
analysis, using 256 x 256 quadratic b-splines.

The graph matches closely to the behaviour observed in Figure 2.12.

2.4.4 Sessile drop

This example involves obtaining the equilibrium configuration of a sessile drop
resting on a rigid surface. The initial conditions are set as:

-C|—-R
pol@) = 0.3545 — 0.2479 tanh (%) z e, (2.68a)
uo(x) =0, x e (2.68b)
To(x) =0, x € (), (2.68c)

where the position of the drop C = [0.75,0]. Slip velocity boundary conditions
are applied to all surfaces. The body force is set as b = [0, —0.01]. The mesh
is comprised of 96 x 64 linear quadrilateral elements. Adaptive time stepping is
used with an initial time step size of At = 0.1.

Figure 2.17 shows the steady state density fields for contact angles 45°, 60°,
90°, 120° and 135°. It should be noted that the angles which are set on the contact
boundary are in fact retrieved in the steady state configurations presented in the
figures.
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Figure 2.17: Sessile drop: Equilibrium configuration of density field, with 96 x 64
linear elements.

2.4.5 Falling liquid drop

A simple drop falling in a box, = [0,1] x [0, 1], under the effects of gravity is
demonstrated in this example. The gravitational force is set as b = [0, —0.03].
The initial conditions are set as:

—-C|—-R
po(x) = 0.3545 — 0.2479 tanh (%), x e, (2.69a)
uo(x) =0, T € (), (2.69b)
To(x) =0, x e (2.69¢)

where the position of the drop C = [0.5,1]. Velocity slip boundary conditions are
considered on all boundaries. A mesh consisting of 256 x 256 linear quadrilateral
elements is chosen. Adaptive time stepping is used with an initial time step size
of At =0.001. Figure 2.18 shows the time evolution of the density field.
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Figure 2.18: Falling liquid drop: Density field evolution, with 256 x 256 linear
elements.

2.5 Non-isothermal numerical examples

As with the isothermal examples the generalised-a method with p,, = 0.5 is
chosen. The heat capacity ratio is taken as ¥ = 1.333 unless otherwise stated.

2.5.1 Evaporation/Condensation

In this demonstration, a vapour bubble of radius R = 0.25 is placed in the centre,

= [0.5,0.5], of a square computational domain 2 = [0, 1] x [0, 1], with the inten-
tion of observing the effect of increasing/decreasing the boundary temperature.
The initial conditions are set as:

—-C|-R

po(x) = 0.3545 + 0.2479 tanh (%), T € (), (2.70a)

uo(x) =0, x e, (2.70b)

Op(x) = 0.8 x e (2.70c)

To(x) =0, x € (), (2.70d)

while the boundary conditions are taken as:

u=0, onT, (2.71a)

=60, onl, (2.71Db)

Vp-n=0, onl. (2.71c)

Here the boundary temperature ranges from 6, = 0.75 to 6, = 0.95. The problem
parameters are set as follows: Re = 2/h, We = 2/h? k = 1072, where h is the
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element size. Two uniform linear quadrilateral meshes are considered: mesh 1
consisting of 128 x 128 elements, and mesh 2 consisting of 256 x 256 elements.
Adaptive time stepping is used with an initial time step size of At = 0.0005. For
comparison the analytical radius is obtained by considering the conservation of
mass (as in [62]). Neglecting the volume occupied by the interface, the total mass
in € is evaluated as

m = pVi+ puVy = pi(12 — TR*) + p,mR%. (2.72)

The values of p; and p, are the Maxwell states at the specific temperature of
interest (refer to Figure 2.2). Considering (2.72) for R = 0.25, § = 0.85, and
the respective Maxwell state densities p; = 0.6024 and p, = 0.1066, the mass is
evaluated as m = 0.505. For the other temperatures considered R is solved for in
Equation (2.72) given that the mass is conserved.

Figures 2.19 and 2.20 respectively show the steady state configurations of the
density field for the boundary temperatures higher and lower than 6y. Figure
2.21 shows the comparison between the numerically obtained steady state radii
and those obtained analytically from Equation (2.72) for the appropriate Maxwell
states. The numerically obtained radii are recorded on the horizontal axis (y = 0.5)
from the centre of the bubble to the interface centre. The radii are tabulated in
Table 2.1 for the different temperatures considered. It is clear that the radii
observed match well with the analytical radii. It is also evident that the observed
radii approach the analytical radii with increasing mesh density, and consequently
reducing the interface thickness.

2.5.2 Nucleate boiling

Boiling is one of the most commonly encountered examples of phase transition
in our daily lives. The process involves a liquid rapidly vaporising as a result of
the local temperature being raised beyond the saturation temperature. Nucleate
boiling occurs when vapour bubbles emerge at discrete points on a surface, as a
result of the temperature surpassing the saturation temperature. This could be

0, = 0.85 0, =0.9 0, = 0.95
0.060 0215 037 0525 0.680

e | -

Figure 2.19: Evaporation: Steady state density field, with 256 x 256 linear
elements.
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Figure 2.20: Condensation: Steady state density field, with 256 x 256 linear
elements.
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Figure 2.21: Evaporation/Condensation: Steady state radii comparison, with
256 x 256 linear quadrilateral elements.

Table 2.1: Evaporation/Condensation: Steady state bubble radii.

0 R [mesh 1] R [mesh 2] R |analytical]

0.75 0.2888 0.2983 0.3000

0.8 0.2744 0.2787 0.2802
0.85 0.2466 0.2490 0.2500
0.9 0.1725 0.1881 0.1916
0.95 — — —

attributed to topological differences on the surface, for instance cavities on the
surface of a cooking pot.

Following a similar setup to Liu et al. [62], this example considers a two-
dimensional computational domain [0, 1] x [0,0.5] for the simulation of nucleate
boiling. The initial conditions are set as:

\/V%(y—o.35)> e

(2.73a)

po(x) = 0.366 + 0.297 tanh ( 5



36 2.5. NON-ISOTHERMAL NUMERICAL EXAMPLES

0.36

0.35

0.34

@ 0.33

) 50 100 150 200
t

Figure 2.22: Condensation: Total energy evolution.
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Figure 2.23: Condensation: Mass evolution for liquid (left) and vapour (right).

up(x) = 0, x e, (2.73b)
Oo(x) = 0.775, x €, (2.73¢)
To(x) =0, x €, (2.73d)
and the boundary conditions are taken as:
=6, onl,, (2.74a)
0= eh, on Fl, (274]9)
Vp-n=0, onl, (2.74c)
g-n=0onl. (2.74d)

Here I';, and I'; are the subsets of I' corresponding to the upper and lower bound-
aries. For consistency the power expenditure term V - Il is added to the energy
equation (2.40c). The weak form of this term, and its linearisation is shown in
Appendix A.2. The dimensionless Weber number is set as We = 2.103 - 1075,
Following [62], the dimensionless thermal conductivity and viscosity are taken
as functions of density, such as to vary the properties of the two phases; These
parameters are set as k = 3.448 - 107°p and p = 2.298 - 10~4p, respectively.

Slip boundary conditions are prescribed for the velocity field on all boundaries.
In order to represent the unevenness of the temperature distribution expected
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from rough surfaces, i.e. on a cooking pot surface, the temperature on the bottom
surface, 0, and top surface, 0. are set as:

0, = 0.950 + 66, (2.75)
0. = 0.775 + 86, (2.76)

where the variations are randomly set in the ranges,

80y, € {—4.3079 - 1072,4.7375 - 107*} (2.77)
00, € {—2.9915-107%,3.0148 - 10~°} . (2.78)

Figures 2.24 and 2.25 show the time evolution of the density and temperature fields
respectively.  Figure 2.26 shows the time evolution of the velocity streamlines.
From Figure 2.24, it can be seen that small vapour bubbles are generated at the
early stages of the simulation. With the evolution of time, the bubbles grow
and coalesce with other bubbles in close proximity. The growing bubbles gain a
higher buoyancy and eventually detach from the lower surface. When the bubbles
reach the surface and break through the liquid barrier, small droplets form which
immediately return to the liquid. Similar observations are made by Liu et al. in
[62]. A close-up of a collapsing bubble at the water level is shown in Figure 2.27.
Notably a small droplet occurs when the bubble reaches the free surface.

Effect of viscosity: A demonstration is conducted into the effects of varying
the viscosities of the liquid-vapour system. The viscosity used in the previous
simulation is halved such that g = 1.149 - 10~p, thereby doubling the Reynolds
number throughout the mixture. Figure 2.28 shows the time evolution of the
density field. It is clear that for the same instantaneous times, the bubbles are
more evolved than with the larger viscosity (i.e. Figure 2.24). For instance at
t = 20.058 two bubbles are clearly detached from the lower surface, whereas in
Figure 2.24 at t = 20.224 this is not the case.

Effect of thermal conductivity: The effects of varying the thermal conductivity
are examined. The thermal conductivity in the mixture is doubled, such that
k = 6.896 - 10~°p. The same random distribution for the surface temperature is
considered as before. Figure 2.29 shows the time evolution of the density field.
Increasing the thermal conductivity, results in the bubbles rising faster than ob-
served in both Figures 2.24 and 2.28. However the bubbles are smaller and thus
produce longer stems before detaching.
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Figure 2.24: Nucleate boiling: Density field evolution, with 800 x 400 linear
elements.
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t = 25.080 t = 30.016

t =55.063 t = 60.094
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Figure 2.25: Nucleate boiling: Temperature field evolution, with 800 x 400 linear
elements.
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Figure 2.26: Nucleate boiling: Velocity field streamline evolution, with 800 x 400

linear elements.
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Figure 2.27: Nucleate boiling: Close



CHAPTER 2. THE NAVIER-STOKES-KORTEWEG EQUATIONS 41

A'aWa ‘
t = 15.024 t = 20.058

t =45.030 t =50.113

0.069 0.366 0.5146 0.663

Figure 2.28: Nucleate boiling: Density field evolution with lower viscosities,
using 800 x 400 linear elements..
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Figure 2.29: Nucleate boiling: Density field evolution with higher thermal
conductivity, using 800 x 400 linear elements.
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2.5.3 Temperature driven rising bubble

In this example a bubble is placed at a point C' = [0.375,0.375] in a rectangular
computational domain €2 = [0, 0.75] x [0, 1] with different temperatures prescribed
on the upper and lower boundaries. The initial conditions are set as:

VW —C| -
po(x) = 0.3545 + 0.2479 tanh ( © (= > | R>>, z €, (2.79a)
up(x) = 0, x € Q, (2.79b)
Oo(x) = 0.8 xeQ\T,, (2.79)
Oo(x) = Oy, xel,, (2.79d)
Yo(x) =0, x € Q, (2.79¢)

and the boundary conditions are taken as:

=86, onl,, (2.80a)
Vp-n=0, onl, (2.80b)
g-n=0, onl, (2.80c)

where ', and I'; again represent subsets of I' corresponding to the upper and
lower boundaries respectively. The dimensionless parameters are set as: Re =
2/h, We = 1/h?, k = 1072, Two cases are considered for the upper boundary
temperature: 6, = 0.87 and 6, = 0.9. Slip velocity boundary conditions are
applied on all surfaces. The mesh consists of 96 x 128 linear quadrilateral elements,
and adaptive time stepping is used with an initial time step size of At = 0.0001.

Figures 2.30 and 2.31 show the time evolution of the density, temperature and
velocity fields for 8, = 0.87 and 6, = 0.9 respectively. It can be seen that increasing
0}, results in the bubble rising an order of magnitude faster. Furthermore, the drop
visibly shrinks more when 6}, is increased, which is attributed to evaporation (see
Section 2.5.1).

2.6 Concluding remarks

A low order Navier-Stokes-Korteweg model has successfully been implemented for
the simulation of isothermal and non-isothermal multiphase flows, with particular
interest in phase transition. The model is formulated non-conservatively with
the introduction of an additional auxiliary equation to reduce the system order,
allowing linear finite elements to be used. The model has been demonstrated with
several complex problems, including the simulation of nucleate boiling, which to
the authors knowledge and at the time of this writing, has not been demonstrating
using low order standard finite elements.
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t = 46.53 t =146.5 t =246.5 t = 281.8 t = 388.9
0.107 0.2306 0.3545 0.4785 0.602

I

Figure 2.30: Temperature driven rising bubble: Evolution of density (top),
temperature (middle) and velocity streamlines (bottom) for 6, = 0.87, with
192 x 256 linear elements.
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t=15.14 t =60.14 t =106.1 t=118.2 t = 149.8
0.107 0.2306 0.3545 0.4785 0.602

I

Figure 2.31: Temperature driven rising bubble: Evolution of density (top),
temperature (middle) and velocity streamlines (bottom) for 6, = 0.9, with
192 x 256 linear elements.






Chapter 3

Binary Fluid Systems: The
Cahn-Hilliard Equation

Binary fluid models introduce an auxiliary field variable, typically called the phase-
field variable or order parameter, to smoothly transition quantities across the in-
terface between two distinct values in the bulk phases. The dynamics of the
phase-field variable are typically governed by the Cahn-Hilliard equation [25], or
its non-conserving counterpart the Allen-Cahn equation [33]. The Cahn-Hilliard
equation has been studied mathematically in [27, 89, 28]. Various numerical strate-
gies for solving the Cahn-Hilliard and Allen-Cahn equations are explored in for
instance [30, 31, 90, 91]. In the present work only the Cahn-Hilliard equation is
considered.

The Cahn-Hilliard equation is used extensively in multiphase fluid flows, and
has been been successfully coupled with hydrodynamics as early as the 1970’s, with
the so-called Model H [37]. Models which couple the Navier-Stokes equations with
the Cahn-Hilliard equation are refered to as Navier-Stokes-Cahn-Hilliard models,
and are studied in depth in [34, 28, 15, 92]. Jacqmin suggests key ideas for deriv-
ing hydrodynamic diffuse-interface models [26]. Examples of Cahn-Hilliard based
physical applications include spinodal decomposition of miscible polymer blends
93], microstructure morphological evolution with inhomogeneous elasticity [94],
photovoltaics, tumour growth simulation [95], and topology optimisation [96] to
name a few.

It is well known that the Cahn-Hilliard equation is capable of more than just
separating/localising phases of a mixture and capturing the interface. In fact the
equation inherently modifies the physical behaviour of the mixture. For instance
consider the benchmark problem of spinodal decomposition, where a randomly
perturbed phase-field variable is set in a square domain, see [30, 97, 31]. Here
the problem is initially characterised by spinodal decomposition (rapid unmixing
of phases), and later by grain coarsening. The latter stage is a clear indication
of additional physical effects and is typically described as Ostwald ripening. This
phenomenon is also observable when considering problems where a larger bubble
absorbs or assimilates with a smaller one. To further highlight the physical ma-
nipulation resulting from the Cahn-Hilliard equation, consider now a mixture of
two phases where the one phase is clearly more abundant than the other. For
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instance a small spherical bubble situated in a large domain. The inherent nature
of the Cahn-Hilliard equation dictates that the minority phase, the bubble in this
case, will reduce in physical volume while it is absorbed by the majority phase.
Moreover if the bubble is small enough, it will eventually vanish entirely. This
phenomenon is examined in detail in Jacqmin in [26] and Yue et al. [63]. While
the phase-field variable is globally conserved, there is a clear loss of volume or
shrinkage observed in the minority phase, accompanied by a shift of the phase-
field variable values in the bulk phases. In principle since the phase-field variable is
constant in the bulk phases, each individual phase should also be conserved if the
interface is infinitely thin. However, when considering an interface of finite size,
the observed shrinkage of the minority phase occurs simultaneously with a shift
of the phase-field variable from the initial values in the bulk phases. Here there is
a trade-off occurring whereby the bulk free energy is increased at the expense of
the surface free energy in an effort to reach the lowest energy state, and hence as
a consequence the volumes of the individual phases are not conserved. In [63], the
authors consider a simple problem of a static two-dimensional axisymmetric bub-
ble in a square computational domain, and discuss methods of control shrinkage
and phase-field variable shifting. They demonstrate that the amount of shrinkage
and shifting is proportional to the Cahn number (ratio of interface thickness to
initial bubble radius). It is further deduced that if the radius of the bubble is
smaller than a critical radius, the bubble will eventually disappear completely. It
is important to note that it is the volume fraction, and not the actual radius which
determines whether the bubble will disappear. Hence for a larger computational
domain, the critical radius will be larger than for a smaller computational domain.
It is concluded in [63], that by setting the mobility function and interface thickness
appropriately, bubble shrinkage can be significantly slowed/delayed.

The Cahn-Hilliard equation constitutes a nonlinear fourth order PDE which is
usually solved with various numerical approached ranging from finite difference,
spectral formulations and finite element methods. In [31, 32], the authors use IGA
with quadratic NURBS to resolve a second order differential equation leftover af-
ter integrating by parts twice. Discontinuous Galerkin methods are successfully
demonstrated in [30, 97]. Here the chemical potential is introduced as an addi-
tional variable in order to reduce the problem to two second order PDEs. A linear
scheme which is unconditionally energy-stable is proposed by Guillén-Gonzalez
and Tierra [91].

The remainder of this chapter is structured as follows: In section 3.1, the ther-
modynamic concepts behind the Cahn-Hilliard equation, including its derivation
are presented. Section 3.3 presents the spatial and temporal discretisation of the
Cahn-Hilliard equation. Section 3.4 considers a variety of numerical benchmark
problems, highlighting the underlying physical processes which occur. In section
3.5, an investigation is carried out into grain coarsening and how it can be reduced.
Section 3.6 studies the effect of drop shrinkage and suggests techniques to control
it. Section 3.7 highlights the achievements of the chapter.
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3.1 Model derivation and thermodynamics

Phase-field models are characterised by the introduction of an auxiliary function
©, a phase-field variable which localises the individual phases. ¢ is represented by
distinct values outside the interface region (i.e. the bulk region), for example,

1, phase a
b)) = 3.1
ole.t) {—1, phase b, (3:1)

and varies with a smooth function between these bulk values within the interface
region, as illustrated in Figure 3.1. From conservation of the order parameter, we
can deduce that

dp

- _V.- 2

where J refers to a flux of the order parameter through the boundary. Simi-
larly with advection, assuming a divergence free velocity field a, the conservation

equation becomes

dp
S taVe=-V-J. (3.3)

From Fick’s law, the constitutive choice for J (see [98, 32]) is
J =—-M(p)Vn where M(p)>0. (3.4)

Here n is again the chemical potential, which is evaluated as the variational deriva-
tive of a given free energy. Moreover M(p) is the mobility function, which is
described in Section 3.2.3.

The mixing energy is typically described by the Ginzburg-Landau free energy
functional

Fio) = [(@rvgan= [ (Fe)+Soap)ae 6

where U, and W, are respectfully the bulk (or local) and surface free energy com-
ponents. Here the bulk free energy is responsible for the hydrophobic tendencies,

(a) (b) e

Figure 3.1: Phase-field variable spatial evolution. (a) Continuum depiction of
two-phase system, (b) distribution of ¢ over the interface region.
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or de-mixing, of the mixture. On the contrary the surface free energy is respon-
sible for the hydrophilic tendencies of the mixture. These respective free energy
components are balanced through the functional (3.5). € is a measure of length
related to the interface thickness, and F'(y) is a double-well potential, which for
order parameter definitions (3.1) is taken as

Flp) =W (1-¢%)’, (3.6)
where W is the height of the well. It should be pointed out that this is a poly-
nomial approximation of the bulk free energy term used by Cahn and Hilliard
[24, 25], which is acceptable for cases where the temperature 6 is close to the
critical temperature 6.. The double well function is shown in Figure 3.2.

To get the interface profile at equilibrium the energy functional is minimised by
taking the variational derivative and equating it to zero. This gives the chemical
potential

oF

=5, = flp) —EAp =0 (3.7)
where oF
fle) = aff) =4W (¢* — o) (3.8)

The function f(p) represents the chemical potential of a uniform solution [24],
typically approximated as in Equation (3.8) for near critical mixture temperatures.
For all other temperature cases (as long as 6 < 6,), a thermodynamically consistent
logarithmic expression is often considered, see for instance [31].

An in depth mathematical analysis and derivation of the Cahn-Hilliard equa-
tion can be found in [24, 27, 89, 31].

3.2 The Cahn-Hilliard equation

Equation (3.2) can be described by the following boundary value problem:

2.0

0.0 - - : : :
=20 -15 -10 —05 00 05 10 15 20

Figure 3.2: Double-well potential: F(p) = (1 — ¢?)?
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Strong form: Consider a sufficiently smooth domain  C R? (d < 3) with
boundary I' which is separable into Dirichlet and Neumann subsets, I'y and T';.
The transport of ¢ is governed by,

92 | 4.V - V- [MEV(f(0) - @A) =0 inQ xT

5 (3.9a)
M)V (f(p) —€Ap) - n=q onTyxT (3.9b)

(3.9¢)

)

M(¢)eVeo-n=0 onT, xZ, 9c

where Z = (0,7) is the time interval of interest. It is clear that Equation (3.9a
has a fourth order spatial derivative of the phase-field variable. This can be ac-
counted for in a number of ways. Logically one could perform integration by parts
twice and use C continuous b-splines for the remaining second order derivative,
see for instance [31]. Alternately, one could reduce the order of the problem by
introducing the chemical potential (Equation 3.7) as an auxiliary variable, as is
done in [90]. Instead of the chemical potential, A = €2A¢ could also be chosen
as an auxiliary equation, since it is Ay which possess the higher order spatial
derivative. This approach is considered by Wells et al. [30]. The two choices of
auxiliary variables are compared for a simple one dimensional analysis with the
initial condition shown in 3.3a. After one time step, it is clear from Figure 3.3b
that using n as the auxiliary variable produces lesser spikes and would thus re-
quire less elements to accurately capture the behaviour. In this work the chemical
potential will be used exclusively as the auxiliary variable for the Cahn-Hilliard
equation as well as the Navier-Stokes-Cahn-Hilliard Equations to follow (Chapter
4). The strong form with auxiliary variable, considering the same domain and
boundaries from Equations (3.9), involves finding ¢ and 7 such that:

aa—(’:—l—a-Vgo—V-(M(cp)Vn):O inQ x7 (3.10a)
n—flp)+€Ap=0 inQ xZ (3.10b)
M(p)Vn-n=q onl'y, xT (3.10c)

0.10

|
[ auxiliary: 7
! - auxiliary: Ay
1
1

0.5F 0.05

¥ oot 00— ——— e S
X

—0.5F
—0.05

—1.0} '
L L - - 7()1[) L L 1 L L
0.0 0.2 04 06 08 1.0 0 0.2 0.4 0.6 0.8 10

Figure 3.3: Auxiliary variable comparison: (a) initial ¢ distribution, (b)
auxiliary variable solution comparison.
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Ve-n=0 onl'y xT. (3.10d)

For contact angle boundary conditions, the relation
——-n = —cos(a), (3.11)

is considered (see Figure 3.4), which would replace Equation (3.10d) with
Ve-n+|Vyp|lcos(a) =0  onT, xTZ. (3.12)

where « is again the three-phase contact angle at the boundary.

3.2.1 Exact solution of the one-dimensional Cahn-Hilliard
equation

Considering a one-dimensional case where x is the spatial coordinate, an analytical
expression for p(x) can be obtained from the chemical potential equation (3.7),

d?p
To A, 313)

where A = i—‘;v. Multiplying each side by i—f and integrating gives,

1 (de)* o
22 =A== - 14
(@) ~4(5-5) e 11
where C' is a constant. Considering that the limits of the gradients far from the
interface are zero either side of the interface, i.e. lim (di—f =0,
T—00
1 1 A
=-Al-—=)=— 1
c ( : 2) . (3.15)

Substituting C' back into Equation (3.14),taking the square root and integrating
yields

[2
-\ tanh™'(¢) = 2 + B, (3.16)

Pb
Pa

Figure 3.4: Contact angle definition.
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where B is a constant. Considering again A = 4€—V2V and solving for ¢ yields the

expression

VoW

€

o(x) = —tanh < (x + B)) . (3.17)
3.2.2 Relating well height and interface thickness

In order to relate the well height W with the interface thickness, consider again
Equation (3.17). The gradient at the interface can be written as

,_ do(z)

Yo = dr |:r—0

Yo = \/QE_W sech? (@(0)) (3.18)
,_V2W

Yo =

3.2.3 Choosing the mobility function

Typically a degenerate mobility is a function active in the interface region and
inactive elsewhere. In this work three options are considered for mobility, i.e.

My =D, (3.19a)
D(1 — ¢? if| | <1
My(p) = | P2 iflp] < 1, (3.19D)
0, elsewhere,
D(=2¢® = 3p* + 1), ifp > —1,
Ms(p) = D(2¢* — 3¢p* +1),  ifp <1, (3.19¢)
0, elsewhere,

where D is a constant. The latter two mobility functions are shown in Figure
3.5 for D = 1. Notably, Ms(p), transitions smoother in the derivative. On
coarse meshes, the choice of mobility can drastically change the behaviour of the
model. Choosing a large constant mobility can result in the acceleration of the
Ostwald ripening or coarsening effect. In essence this means the total interfacial
area will reduce with time in an effort to reach the lowest energy state and hence
thermodynamic equilibrium. For this reason D must be chosen small enough to
ensure that the associated timescale is far larger than the time domain of interest.
The reader is referred to [99] for a detailed explanation of Ostwald ripening.
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Figure 3.5: Degenerate mobility functions, M, 3 (left) and the respective first
derivatives (right), with D = 1 in both cases.

3.3 Numerical formulation

3.3.1 Spatial semi-discrete weak forms

The spatial discretisation of Equation (3.9a) is based on the following interpola-
tions of phase-field variable and respective weighting function

S@) = 3 Na@)pa, s'(@) =3 Na@)sa, (3.20)

AeN AeN

where N4 and NV denote the basis functions and set of nodes, respectively.

Introducing X" and Y" as the trial solution and weighting function finite ele-
ment spaces, the discrete weak form of Equation (3.9a) is as follows: Find o € X",
such that for all s" € Y",

0" 0f(¢") | 20M(p")
h ho o h h h 2 h h
/Qs ( 9 +u"-Vop ) + Vs <M(<p ) g +€ oo Ap" | Vo

+ As"EEM (") Ap™ dQ = 0.

(3.21)

Note that the finite element spaces are Sobolev spaces with square integrable first
and second derivatives, i.e. H?(2) conforming.

The spatially discrete weak form of Equations (3.10a)-(3.10b) is as follows:
Find (¢", n") € X", such that for all (s", v") € Y,

h
/ " (aai; +ul- Vgph) + Vo' (M (") V") dQ2 =0 (3.22a)
Q
[ = 1) - w5t evighan —o (3.22b)
Q

Here X" and V" denote the appropriate finite element spaces of piecewise con-
tinuous linear basis functions.
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3.3.2 Temporal discretisation and solution strategy

The generalised-a method is employed for the temporal discretisation. The same
procedure is followed as presented in Section 2.3.2. Also an adaptive time-stepping
algorithm is considered which is described in Section 2.3.4.

In terms of the solver, the direct solver, PARDISO, is used for smaller scale
problems, while the iterative parallel solver PETSC [87] with a block Jacobi pre-
conditioner is employed for larger scale problems.

3.4 Numerical examples

The two-equation form of the Cahn-Hilliard model presented in Equations (3.22a)-
(3.22b) is used primarily in the simulations to follow. The one-equation form in
Equation (3.21) which requires C continuous b-splines is merely used compara-
tively. The problems are set up with the following commonalities:

e Time integration: In all examples to follow, generalised « time integration
is used with p,, = 0.5.

e Choice of e: All problems consider € such that it satisfies the condition
h < 4/€%/2.5. This is deemed by Liu et al. [32] to be appropriate in order
to avoid unphysical behaviour.

3.4.1 Evolution to static of two bubbles

This example involves two bubbles: By with radius Ry = 0.15, and By with radius
R = 0.175. The bubbles are situated far enough apart such that they do not
coalesce, and the phase-field variable inside them is set as ¢ = 1. The bubbles
are situated in a square region 2 = [0,1] x [0, 1], wherein ¢ = —1. The initial
condition is set as:

po(x) =1+ tanh(W(Ri_’w_CiD), x € Q, (3.23a)

€

no(x) =0, x € Q. (3.23b)

Periodic boundary conditions are considered in all directions. The parameters are

set as follows: W = 2, and M(p) = M, with D = 0.01. Two meshes consisting
of uniform linear quadrilateral elements are considered: One with a characteristic
element size h = 1/100 (i.e. 100 x 100 elements), and one with ~ = 1/200. The
interface thickness is set according to the characteristic element size as € = bh. A
fixed time step size of At = 0.01 is used.

The evolution of the phase-field variable with time is shown using 100 x 100
linear elements and the formulation in (3.10a)-(3.10b) in Figure 3.6. The time
evolution of the radius is shown in Figure 3.7 for both A = 1/100 and h = 1/200.
Notably as expected the increased mesh density and hence reduced interface thick-
ness results in the smaller bubble vanishing later.
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Figure 3.6: Evolution to static of two vapour bubbles: ¢ evolution with
100 x 100 linear elements.
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Figure 3.7: Evolution to static of two bubbles: Small bubble radius evolution.

The problem is considered with the formulation shown in Equation (3.21),
where a grid consisting of a 100 x 100 C; continuous quadratic b-splines is con-
sidered. Figure 3.8a shows the comparison of the free energy observed for both
formulations, and Figure 3.8b shows the free energy components for the two-
equation Cahn-Hilliard model. The point at which the smaller bubble vanishes
is clearly marked by a dip in the free energy. Moreover, the two-equation and
one-equation formulations match well. The volume evolution for each phase is
shown in Figure 3.9. A comparison is shown for the two linear element meshes
considered, where the time t* is scaled for h = 1/200 such that it comparable to
h = 1/100. Although the total volume is conserved, there is a slight variation in
volume of the individual phases. The variation decreases proportionally with h.
A detailed study into these effects will be covered in Section 3.6.

3.4.2 Coalescence of two bubbles

Two bubbles of equal size (R; = Ry = 0.175) are situated in close proximity of
one another, such that they are able to coalesce. The position of the bubbles are
C, = [0.345,0.345] and Cy = [0.655,0.655]. The parameters are set as identical
to problem 3.4.1. The initial condition is as presented in Equation (3.23).

Figure 3.10 shows the time evolution of the phase-field variable. Noteworthy it
is clearly demonstrated that the model has the ability to represent fast topological
changes of . The total energy and energy components are shown in Figure 3.11.
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0.28 0.15

— phobic
— philic
0.26}

.08
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Figure 3.8: Evolution to static of two vapour bubbles: (a) Total free energy with
Co and C; element formulations, (b) free energy components using Cj element
formulation.

17.0 85.5

—  h=1/100, ¢ = 1/20 —  h=1/100, ¢ = 1/20
— h=1/200, e =1/40

— h=1/2 —1/4
h=1/200, € = 1/40 0

15.5 84.0

15.0 83.5

Figure 3.9: CH 2D evolution to static: Evolution of percentage of volume for (a)

p=1,and (b) p = —1.
t=20 t=1 t=1.2

Figure 3.10: Coalescence of two vapour bubbles: ¢ evolution, with 100 x 100
linear elements.

steady state

The notable change in free energy just before ¢t = 1 is associated with the merging
with the two bubbles.
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Figure 3.11: Coalescence of two vapour bubbles: Evolution of (a) total free
energy, and (b) free energy components.

3.4.3 Spinodal decomposition of a randomly perturbed ini-
tial condition

The problem consists of setting a random initial condition in a domain Q =
[—0.5,—0.5] x [0.5,0.5] similarly to what is shown in [30, 97, 31]. The initial
condition is set as:

wo(x) =@+ dp, x € (3.24)
no(x) =0, x €, (3.25)

where the random perturbation 6y € {—0.1,0.1}. Two cases are examined for the
mean phase-field variable: case 1 involves setting @ = 0.26, and case 2, ¢ = 0.
The other parameters are set to: M () = My(p) with D =1, e = 1 and W = 750.
A uniform mesh with 128 x 128 linear quadrilateral elements is used. A fixed time
step size is taken as At = 1077,

The time evolution of ¢ is shown for cases 1 and 2 in Figures 3.12 and 3.13,
respectively. Observing both figures it is noticed that in the time range between
approximately t = 0 to t = 8.4364 - 1079, the developments are driven by spinodal
decomposition, which is characterised by the rapid separation of phases. This is
largely attributed to the minimisation of the hydrophobic bulk free energy com-
ponent. After t = 8.4364 - 1075, the developments occur more slowly and are
characterised by coarsening (or Ostwald ripening), which is primarily attributed
to the hydrophilic surface free energy component.

Three-dimensional analysis: Extending to three dimensions with the domain,
Q = [-0.5,0.5] x [-0.5,0.5] x [-0.5,0.5], and keeping the parameters the same
as before, the evolution of ¢ is shown for cases 1 and 2 in Figures 3.14 and 3.15
respectively.

3.4.4 Vortex induced flow

This example involves a circular bubble of radius R = 0.18 wherein ¢ = —1, under
the effect of an advective field. The bubble is situated at a point C = [0.52,0.25]
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Figure 3.12: Two-dimensional spinodal decomposition of a randomly perturbed
initial condition: Case 1 ¢ evolution with 128 x 128 linear elements.

in a square domain, € = [0, 1] x [0, 1], wherein ¢ = 1. The initial condition is:

VAW (2 - C| - R>> Czen (3.262)

€

©o(x) = tanh (
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t =1.45189-1073 steady state

Figure 3.14: Three-dimensional spinodal decomposition of a randomly perturbed
initial condition: ¢ evolution with 32 x 32 x 32 linear elements.

The advective velocity is set as

_ {— sm(am)' cos(ym), (3.27)
cos(zm) sin(ym).

The boundary conditions are set as rotationally periodic. The other parameters
are set to: W = 1/4, ¢ = 0.01, M(p) = Ms(p). Two cases are considered for
the mobility coefficient; case 1: D = 1072 and case 2: D = 10~*. The mesh is
made up of 128 x 128 linear quadrilateral elements, and a fixed time step size of
At = 0.01 is used.

Figures 3.16 and 3.17 show the time evolution of the phase-field variable for
cases 1 and 2 respectively. The effect of decreasing the coefficient of mobility D
is evident in that less coarsening/rounding is observed. This is apparent in the
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t =1.45189 - 1073 steady state

Figure 3.15: Three-dimensional spinodal decomposition of a randomly perturbed
initial condition: ¢ evolution with 32 x 32 x 32 linear elements.

increased acuteness of the tail observed with smaller mobility, and ultimately leads
to lack of drop break-off. Also worth pointing out is that there is less variation
from the initial configuration with the smaller mobility coefficient.

Three-dimensional analysis: The problem is extended to three-dimensions,
with a domain size 2 = [0, 1] x [0, 1] x [0, 0.75]. The parameters are kept the same,
but the mesh now contains 68 x 68 x 51 linear hexahedron elements. The evolution
of the phase-field variable is shown in Figure 3.18.

3.5 Investigation into coarsening

Recalling the spinodal decomposition problem demonstrated in Figure 3.12, it
is clear that after the initial decomposition the arbitrary bubble shapes begin
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° 0
0
t=0 t=2 t=4 t=5
t=1 t=9 t=10 t=11
Figure 3.16: Two-dimensional circular bubble in vortex flow: ¢ evolution with
D = 1072, using 128 x 128 linear elements.

t=20 t=2 t=4 t=5

t="7 t=9 t=10 t=11
Figure 3.17: Two-dimensional circular bubble in vortex flow: ¢ evolution with
D = 1074, using 128 x 128 linear elements.

to evolve into circular shapes, which continue coalescing and coarsening. This
is an example of grain coarsening. This section focusses on understanding this
phenomenon and developing strategies to control it.

3.5.1 Time scaling and setting the mobility

Up until now the relationships which the problem parameters have with each
other have not been fully appreciated. This is investigated by conducting a simple
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t=20 t=1.25 t=2.5 t=3.12
t=3.75 t=06.25 t=175 t=8.75

Figure 3.18: Three-dimensional spherical bubble in vortex flow: ¢ evolution with
D = 107", using 68 x 68 x 51 linear elements.

experiment. An elliptic bubble with length a along the x-axis, and b along the
y-axis is placed in a square domain 0 = [-50,50] x [-50,50]. The setup of
the experiment is shown in Figure 3.19. A mesh consisting of 100 x 100 linear
quadrilateral elements is used, and the time step size is set as the fixed value
At =0.1.

Results are generated from varying the parameters of the problem, where T is
the recorded time for the ellipse to reach %a. The mobility is set as M = 10 for all
simulations. The effective radius R, which refers to the equivalent circular radius
for the same elliptic area, is considered as a measure in this example.

It is deduced from this numerical experiment that the following relationships
exist:

1

1
T x — T x R™ T x — 3.28
o= x R™, o 77 (3.28)

v

Figure 3.19: Elliptic bubble in a square domain.
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and since the unit of measurement of the mobility coefficient M is length?/time,
it can be deduced that m = n + 2. With some rudimentary curve fitting and
Equation (3.28), the relationship is found to be

R4

This relationship proves useful when setting up problems. The choice of mobility

function for instance can now be selected based on the time scale of the problem
at hand. This way the coarsening effect can be delayed beyond the physical time
of interest. In the following subsection, a modification to the Cahn-Hilliard is
proposed to attempt to reduce this inherent coarsening effect altogether.

3.5.2 Reduction of coarsening through modification
Cahn-Hilliard model with curvature term

Unfortunately there is limited literature which looks at the removal/control of
grain coarsening. A form of the Cahn-Hilliard equation found in [100, 101] is pre-
sented with an additional term to reduce the surface energy contribution, written

e R=20 o o — 14
Gop 4 4 =38
R
M e* _ T — oM4?
=2 s0b - 7= R

T0Me? 10M18%

1501

5
o]
=lpl»
—
<
=

‘ 10 15 20 25
€ R

Figure 3.20: Time scaling analysis: T vs. € (left), and 7" vs. R (right).

20 10 60 80 100

Figure 3.21: Time scaling analysis: 7" vs. M.
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as
0
S =V [MEV (o) - 20 = e|Ve])] (3.30)
where the curvature c is
Vo
c=-V-n=-V.——. 3.31
v (3.31)

The difficulties associated to this terms implementation is apparent when sub-
stituting Equation (3.31) into Equation (3.30), since higher order derivatives are
introduced. It appears that more difficulties are introduced making this approach
less feasible. An alternative approach which maintains the system order will now
be proposed.

Proposed method

As pointed out previously, the coarsening or Ostwald ripening phenomenon can
be attributed to the surface free energy density of the Ginzburg-Landau energy
functional. As a consequence, the term €Ay is directly responsible for these
physical effects. The balance between the bulk and surface free energy components
is however very important, as it is instrumental in retaining the interface thickness
to the specified width. The bulk free energy contribution on its own would result
in absolute hydrophobia, causing a sharp separation of phases. In the following
proposed approach, the hydrophobic and hydrophilic contributions are kept in
balance, while reducing the coarsening effect. This is achieved by projecting the
surface contribution in the normal direction to the interface, thereby removing
any tangential contributions.
The proposed approach is as follows:

02 bV V- (ME)PVy) =0 (3:32)

ot
n—flp)+eAp =0 (3.33)
where the projection tensor P is
_ Vi ® Vi _ Ve Vp
Vol = [Vel V-V
This approach will be referred to as the Cahn-Hilliard equation with projection
(CHP). We suggest a further modification to this model, whereby a linear combi-

nation of the CH and CHP models is considered. This would result in Equation
(3.32) being changed to

P

(3.34)

dp _
Sr+a-Ve-V. (M(@) (A(IV))P + A(|Vg|)I) vn) (3.35)
Here A(]Vy|), shown in Figure 3.22, is taken as a cubic function expressed as
0, 1f]Vg0| < 01
1, ifl V| > 6
Aol =3 b 2 AR
2|Vip|? — 3(81 + 62)|[Vp|? + 66105 Vp| + 07 — 36705
(61— 00 , elsewhere

(3.36)
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where §; = §; max|Vyl|, with 81, and (55 specified as percentages applied to the
maximum gradient. The maximum gradient max|V | occurs at the interface. In

the examples to follow, this is taken as max|Vy| = \/156.

Furthermore, the compliment A(|Vg|) =1 — A(|Vy]).
For the sake of brevity both the CH equation (3.10a) and the CHP equation
(3.35) could be written in the form

aa—f +a-Vo—V - (M(p)HVn) =0 (3.37)
where
H 1
4= I . CH mode (3.39)
A(|Ve)P + A(|Ve|)I, CHP model

CH and CHP problem
Strong form: The Cahn-Hilliard model (3.10a)-(3.10d) is modified as follows,

88_9: ta VoV (MEHV) =0 inQ xT (3.39a)
n—flp)+eAp =0 in ) xZ (3.39b)

(M()HVn) -n=q onT'yxZ (3.39¢)

Veo-n =0 onT'y xZ. (3.39d)

3.5.3 Numerical examples

Here we present several examples demonstrating the effect of the CHP equation
in comparison to the classical CH equation. The problems are set up with the
following commonalities:

o Time integration: The generalised-« time integration is used, with p,, = 0.0,
unless otherwise stated.

AVl A

1

>
>

Vel

(51 62

Figure 3.22: Cubic selection function A(|V|)
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e Choice of e: The interface thickness is taken as € = 2h, unless otherwise
stated.

e Choice of §; and do: The CHP method is considered with §; = 10~ max|V |,
and d; = 1072 max|V |, unless otherwise stated.

Stationary square

In this example a unit square domain Q; = [—50, 50] x [—50, 50] contains a phase
with ¢ = 1, with the exception of a square region Q; = [—20,20] x [-20, 20]
wherein ¢ = —1. ), has rounded corners with a radius r = 2.

The comparison between the CH and CHP equations is made for both constant
and degenerate mobilities. Two cases are considered: Case 1 considers a constant
mobility function My(¢) and case 2 considers a cubic degenerate mobility M;(y).
In both cases D = 100. The mesh used consists of 128 x 128 linear quadrilateral
elements.

Case 1: A comparison of the ¢ evolution between the CH and CHP models is
shown in Figure 3.23. A comparison of the interface position between the CH and
CHP models is shown in Figure 3.24. It is observable from both Figures 3.23 and
3.24 that the CHP model slightly delays the coarsening effect when compared to
the CH model. A comparison of the total energy as well as the specific free energy
components is shown in Figure 3.25. The total free energy lines flatten out once the
square has completely coarsened into a circle. This flattening occurs at around t =
7 for the CH model, and around ¢ = 15 for the CHP model. The effect of varying
09 is demonstrated in Figure 3.26. Observably there is a very slight improvement
from using d; = 1072 max|V¢| and d, = 1073 max|V|. Using §, = 1073 max|V |
introduces more numerical complexity resulting in slower convergence, and thus
the choice of §, = 1072 is justified.

Figure 3.23: Stationary square case 1: Comparison of ¢ evolution for the CH
and CHP models.
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OO0

Figure 3.24: Stationary square case 1: Comparison of interface position obtained

with the CH (blue) and CHP (green) models.
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Figure 3.25: Stationary square case 1: Comparison of total free energy (left) and
bulk and surface energy components (right) for the CH and CHP models.
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Figure 3.26: Stationary square case 1: Comparison of total energy from the CH
model and CHP model with different choices of 9,.

Case 2: A comparison between the ¢ evolution between the CH and CHP
models is shown in Figure 3.27. A comparison between the interface position
of the CH and CHP models is shown in Figure 3.28. Clearly there is a more
significant reduction in coarsening when compared to case 1. By the time that
the square has become completely round with the CH model, barely any rounding
is observed with the CHP model. This is reflected in the total energy evolution
shown in Figure 3.29.
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t=0 t =200

Figure 3.27: Stationary square case 1: Comparison of ¢ evolution for the CH
and CHP models.

Figure 3.28: Stationary square case 2: Comparison of interface position obtained
with the CH (blue) and CHP (green) models.
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Figure 3.29: Stationary square case 2: Comparison of total free energy (left) and
bulk and surface energy components (right) for the CH and CHP models.

Rotating square

Here an advective velocity field a = [y, —x], where x, y are spatial coordinates,
is introduced for the problem considered in Section 3.5.3. The same parameters
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are applied as in Section 3.5.3, with the exception of the time step size which is
chosen as a fraction of a full revolution period (¢ = 27/500).

A comparison of the evolution of ¢ for the CH and CHP models with degenerate
mobility is shown in Figure 3.30. The CH model experiences significantly more
coarsening than the CHP model. After a complete rotation the square has barely
changed when considering the CHP model. The total free energy as well as the
bulk and surface free energy components are shown in Figure 3.31. Similarly to
the stationary square problem, it is clear that the free energy corresponding the
CH model reaches its lowest state considerably sooner than the CHP model.

0000
OPE®E

t=3m/4 t =197 /4 t=127

Figure 3.30: Rotating square: Comparison of ¢ obtained with the CH and CHP
models.
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Figure 3.31: Rotating square: Comparison of total free energy (left) and bulk
and surface energy components (right) for the CH and CHP models.
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3.6 Investigation into shrinkage

It is remarked in [63], that if the time scale of interest for a particular two-phase
mixture, for instance a bubble of phase a situated in a square domain of phase
b, is considerably shorter than the shrinkage time, there would be minimal loss of
mass even if the initial radius is smaller than the critical radius. In this section
strategies for reducing this shrinkage effect are explored.

3.6.1 Evaluation of non-critical shrinkage

Consider once more the problem of a two or three-dimensional bubble situated in
a square or cubic domain, as shown in Figure 3.32 with the appropriate volume
fractions a.. Yue et al. [63] analytically evaluate the amount which the phase-field
variable shifts, assuming this shift is equal in the two bulk regions, as

T (2D)a
S = 6 o (3.40)
2 ¢
_— 3D
3 Ry’ (3D),

where Ry is the initial bubble radius. For simplicity, the Cahn number is intro-
duced as Cn = ¢/ Ry. Furthermore the change in radius associated with shrinkage

R2
2D L a:%
[ 47 RS
3D - = 0
‘ T 38

L |

Figure 3.32: Investigation into shrinkage: 2D and 3D geometries.
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is evaluated as

V2 e

-7 (2D),
SR = \2;0‘ (3.41)
2¢
~Y25 (@)

A simulation is set up following [63], where the problem parameters are set as:
L =4 Ry=1, M(p) = My with D = 1. A range of € are tested between the
values of 0.01 and 0.2. In order to represent the interface with sufficient accuracy,
h = €/2 is used as the the element size for a uniform quadrilateral mesh. Figure
3.33 shows the comparison of the analytical expressions (3.40)-(3.41) with two-
dimensional finite element simulations. The observations made in [63] are clearly
confirmed with the present finite element formulation. That is when the volume
occupied by the bubble is less than that of the square domain, an expected shift
of the phase-field variable occurs in the bulk regions, which is accompanied by a
volume reduction of the bubble.

3.6.2 Evaluation of critical volume fraction

Setting a mixture of two phases requires that there is a minimum volume fraction,
which if reduced further will result in a single phase problem as a result of the
minority phase vanishing completely. To avoid this it is important to obtain the
critical volume fraction « for any interface thickness e.

Consider a one-dimensional domain of length L, where we refer to the volume
of one phase as [,, giving a volume fraction of « = l,/L. The free energy of this
problem is defined as

2
€
U =F(p) + §|V90|2

(a) 100 () 100

— analytical Yue (2007) — analytical Yue (2007)
C O present FEM O C present FEM

107

1073 L

1071 ) - 0 ) - 0 1
107 10 10 10 10 10 10 10

Cn e/a

Figure 3.33: Investigation into shrinkage: Comparison of (a) phase shift, and (b)
dimensionless radius shrinkage, with analytical expressions from [63].
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:W(l—@2)2+§ (j—i)Q. (3.42)

Now defining the equation for ¢ as in Equation (3.17),

¢ = tanh (W(la — x)) , (3.43)

€

with its derivative as

d_go = VoW (tanh2 (W(Za — x)) - 1) (3.44)

dx € €

= \/QEW (302 — 1) . (3~45)

Substituting Equations (3.43) and (3.45) into (3.42) gives

U = 2 sech* (\/ZE_W(:E - la)> . (3.46)
Now the energy V is evaluated by integrating over the length,
U= %/OL 2W sech* (\/2€W<x - la)> dz
= @6 tanh (VQEW (x — la)) (sech2 <\/2€_W(x — la)> + 2> : (3.47)

To evaluate the critical fraction we first should consider the free energy obtained
from setting an equivalent average mixture phase ¢*. To evaluate ¢* we integrate
@ over the domain, such that

"= %/0 tanh (W(la — m)) dz

€
cosh (@(la - L))
T V2WL s cosh (@la>

(3.48)

Evaluating the energy by substituting Equation (3.48) into the free energy equa-
tion gives
27 2

¢ cosh (@(la - L)>
V2WL o cosh <@la>

Figure 3.34(a) shows the ¢ distribution when o = 0.6, L =1, ¢ = 0.3, and W = 2.
Here we evaluate ¢* = 0.2. Figure 3.34(b) shows the variation of the energy with
respect to « for the same parameters mentioned above.

Setting W = Wx one can evaluate the critical . The intersection point is
retrieved when Equation (3.49) is equated to Equation (3.47). Figure 3.35 shows
the relationship between « and €¢/L. The 1D finite element results are also com-
paratively shown for the problem.

U =W (3.49)
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Figure 3.34: CH equation 1D: ¢ distribution (a), and energy with respect to «
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Figure 3.35: CH equation 1D: € vs. critical a.

3.6.3 Suggestions for double well potentials

In typical settings, the standard double well potential term from Equation 3.6
is expected to sufficiently localise the individual phases within the confines of
¢ = [—1,1]. However, as demonstrated in Section 3.6.2 as well as [63], if the
critical radius is surpassed a bubble will shrink or even disappear entirely. The
role of the double well potential in relation to the bubble shrinkage will now be
investigated.

Consider an alternative double well potential with steeper gradients,

(e —¢)?
Ey(o") = W-—->=- 3.50
2(90 ) (6 — 1)2 ) ( )
where n is the polynomial order, n = 2,4,6.... For brevity we define the stan-

dard double well potential from Equation (3.50) as Fi(y). Figure 3.36 shows a
comparison of the various double well potentials. It is evident that n controls the
steepness of the double well Fy(p™) at the extremes. Using Fy(?) for the problem
in Section 3.6.1, a comparison can be made with Fj(p), as shown in Figure 3.37.
It is clear from Figure 3.37 that using F(¢?) reduces the observable phase shift
and radius shrinkage.
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Figure 3.36: Double well potential comparison.
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Figure 3.37: Investigation into shrinkage: Comparison of (a) phase shift, and (b)
dimensionless radius shrinkage, with analytical expressions from [63].

Below the critical volume fraction: Consider now a bubble with a radius smaller
than the critical radius. The initial radius is taken as Ry = 0.1 and a two-
dimensional square domain is used with L. = 1. The mesh used consists of 200 x 200
linear quadrilateral elements, such that the characteristic element size is h =
1/200. The other parameters are as before. Adaptive time stepping is used with
an initial time step size of At = 0.0001, and the problems are run until a steady
state solution is achieved.

Figure 3.38 shows the initial condition and steady state solutions of ¢ obtained
from considering the different double well types presented thus far. From Figure
3.38b it can be seen that when using the standard double well potential F(y),
the bubble completely vanishes. Using Fy(¢"), the bubble does not disappear as
seen in Figure 3.38c using n = 2 and Figure 3.38d using n = 4. It is also evident
that although the bubble remains, there is a slight reduction in radius when using
n = 2, and no noticeable change when using n = 4. The evolution of the circle
radius for each well type is shown in Figure 3.39. While the bubble completely
disappears using F} (), the radius reduces by less than 1% using Fy(¢?) and less
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.
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Figure 3.38: Double well potential comparison: (a) Initial condition, and steady
state ¢ solution using double well potential (b) Fi(¢), (c) Fa(¢?), and (d) Fy(p?).
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Figure 3.39: Double well potential comparison: Evolution of circle radius.

than 0.2% using Fy(¢*). The bubble shrinks in all cases since the minimisation of
the double well potential yields a final bubble shape which enjoys a lower energy.
This energy state is higher when using the Fy(¢™) functions, and consequently less
shrinkage occurs. Figure 3.40 shows the time step size versus the time iteration.
Since different physical events occur in all three cases, the plots are not exactly
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iteration

Figure 3.40: Double well potential comparison: Evolution of time step size At.
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comparable. Clearly when the bubble vanishes using Fj(p), the time step size
reduces drastically as a result of the notable physical event taking place. With
F5(?) this physical event does not happen and thus the problem converges to
steady state sooner. With the added nonlinearity of Fy(p?), even though the
bubble undergoes minimal physical change, the convergence is slightly poorer,
meaning that roughly the same amount of time iterations are required as for
Fi(p).

It can be concluded that using F5(¢™) and increasing the order n is a feasible
solution for reducing/removing the shrinkage for a simple problem such as the
one presented. However, it is expected that implementing this strategy for more
complex problems may affect the convergence due to the increased nonlinearity.

3.6.4 Initial conditions to account for sub-critical volume
fractions

Considering the 2D geometry in Figure 3.32, the total energy can be expressed
as a combination of the individual energies of the bulk regions and the interface
region, as follows:

U=U,+ T, + U, (3.51)

where a and b refer to the bulk regions outside and inside a bubble perimeter
respectively, and i refers to the interface region. From Equation (3.51) we can
obtain the initial values of ¢, and ¢, required to minimise the energy. This can
be rewritten to account for the absolute areas occupied by each region,

U= (L W(R+2) )F(%Hw(R 2) F(ps)
s 2 (3.52)
+ 27rR/ F(p) + §|Vg0|2dx.
—€/2

In order to integrate the energy over the interface region, we need to select a profile
for ¢. For simplicity, consider the linear profile

o= Qob_goax_i_@a"i_@b (353)
€ 2
The associated energy is then
€/2 €2
| Fe)+ SVl
—€/2 2
/2 2\ 2
b= Pa_ | Pat b 1 2
= Wil-— — —,) d
/_6/2 ( ( e T ))+2(% P AT g5

_We

=T (i’wi + 3p30n + 3p2p; — 1007 + 3papy — 1000 + 30,

€
— 104} +15) + ~(0 — )"
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Substituting (3.54) into (3.52) gives

€\2 €\ 2
\I/_W(L2—7r<R+§> > (1—¢§)2+W7T(R—§> (1-2)’
2rRWe
15
1092 + 15) 4 TRe(pa — 03)2.

3.55)

(3903 + 3on + 30202 — 1002 + 3040} — 100ap + 31

Minimising (3.55), we get the following system

o= (22 (r45) ) (2 )

0, 2
2rRWe 3.56
5 (12600 + 99500 + 6aiph — 20000 + 3 — 105) (3.56)
+ 2w Re(pq — 1) =0,
ov €\ 2
97w (R - —) 3 _
on 0 5) (9 —¢)
2t RWe (3.57)

B (33 + 6920 + 9pap; — 109, + 12¢5 — 20¢p)
+ 2w Re(pq — pp) =0,

Once ¢, and ¢} are obtained using the Newton-Raphson method, the initial con-
dition can be set as follows

V2w

€

P(T) = Pavg + Pais tanh ( (z + B)) , (3.58)

where,

_ Pa T Pp Py~ Pa
Soavg - 9 5 Spdzf - T

(3.59)

Note that the linear profile chosen in Equation (3.53) is merely for brevity, since
a lower number of terms result from the integration. In practice a hyperbolic
tangent profile as presented in Equation (3.58) will replace the linear profile in
that step.

To demonstrate the effectiveness of this strategy, consider a small drop of
radius R = 0.125 placed in a square domain [0, 1] x [0, 1]. The profile of the drop
is set with the hyperbolic tangent function (3.58) with B = 0. Considering the
element size h = 1/64, the interface thickness is set as € = bh, such that the
bubble is expected to vanish. Also W = 2 in this example. It is evaluated from
solving Equation (3.57) that the initial ¢ in the bulk phases should be set as
wa = —0.946 outside the bubble and ¢, = 0.998 inside the bubble, in order for the
bubble to remain. Figure 3.41 shows a comparison of the radius evolution with
time between setting the initial condition (3.58) using [¢q, ws] = [—0.946,0.998]
and [¢q, pp] = [—1,1]. Notably there is minimal reduction in radius observed from
using the adjusted bulk phase-field variable values, whereas with [p,, @] = [—1, 1],
the bubble completely vanishes as expected.
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Figure 3.41: CH setting initial ¢: Initial condition (left), and evolution of radius
for various initial bulk ¢ values.

3.7 Concluding remarks

As an initial objective the author aims to identify a phase dynamics equation
which does not possess any physical interference, i.e. one which just separates the
individual phases. It is expected that if the phase dynamics equation is coupled
with the Navier-Stokes equations for instance, the physics such as those associated
with surface tension, should be governed primarily by the latter set of equations.
The Cahn-Hilliard equation is formulated with finite elements using an auxiliary
equation to reduce the fourth order PDE to two second order PDEs. A number of
numerical benchmark problems are demonstrated where the inherent phenomena
associated with the Cahn-Hilliard equation, namely the effects of grain coarsening
and shrinkage, are clearly observed which confirms observations made in a previous
study [63].

A modification to the formulation is proposed for reducing the coarsening effect
in Section 3.5. The modified Cahn-Hilliard equation is compared with its unaltered
counterpart through a series of examples involving a square bubble, which is either
stationary or in an advective field. It is observed in the stationary case that the
modified equation significantly reduces the coarsening of the bubble when using a
degenerate mobility function, whereas only slightly when considering a constant
mobility. Similar observations are made when applying a rotational advective
field. Notably the modification does not come at the expense of computational
efficiency, since the number of iterations and physical times remain roughly the
same.

Next the attention of the author is turned to controlling drop shrinkage in Sec-
tion 3.6. The effect of using different double well potentials to localise the phases
is demonstrated. It is found that there is a compromise between reducing amount
of physical shrinkage and increasing the computational effort. A methodology is
proposed in which the the expected initial phase-field variable values in the bulk
regions are calculated and set based on the problem geometry such that drop
shrinkage is minimised. It is shown with a demonstration of a stationary circular
drop in a square domain, that when setting the initial conditions based on these
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calculated values, a significant decrease in drop shrinkage is observed.






Chapter 4

Binary Fluid Systems: The
Navier-Stokes-Cahn-Hilliard
Equations

The popularity and convenience of the Cahn-Hilliard equation lies with the fact
that it can easily be coupled with physics models, and hydrodynamics is no ex-
ception. Combining the Navier-Stokes equations with the Cahn-Hilliard equation
results in the Navier-Stokes-Cahn-Hilliard model, which has become a common
choice for the simulation of immiscible two-component fluid flows. Typically for
realistic flow simulations the thickness of the interface separating the fluid com-
ponents is often too small to be considered numerically. The model is however
provably shown to converge to sharp interface models, see Magaletti et al. [102].

Numerous numerical strategies have been developed to solve the Navier-Stokes-
Cahn-Hilliard equations. The use of a spectral-element type discretisation has
been shown effective in [103, 104, 92]. A finite difference discretisation is effec-
tively implemented by Kim et al. [105]. Approaches based on the finite element
method, including those with adaptive re-meshing, are also frequently employed
in [106, 107, 108, 109, 110]. Guo et al. [111] present an adaptive mesh strategy,
using an energy preserving Cj finite element method to solve problems of high
topological complexity. A discontinuous Galerkin finite element approach is used
by Giesselmann and Pryer [112] to model the quasi-incompressible Navier-Stokes-
Cahn-Hilliard equations. One of the more recent approaches is based on using
IGA, which is successfully demonstrated in [98, 113, 114]. There have also been
recent advancements in fractional step type schemes for the mentioned incompress-
ible phase field models. Shen et al. [36] present a three stage decoupling where
the computations of the Allen-Cahn equation, i.e. the phase-field variable and
chemical potential, are decoupled from the Navier-Stokes equations, in which the
pressure and velocity fields are also decoupled. Similar strategies for the Navier-
Stokes-Chan-Hilliard equations are proposed in [115, 116, 117], and [118], where
the latter only decouples the Cahn-Hilliard equation from the Navier-Stokes equa-
tions. Yang et al. [119] and more recently Chiu [120] successfully implemented a
Navier-Stokes-Allen-Cahn type model to simulate surface tension dominated drop
dynamics problems.

83
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4.1 The Navier-Stokes-Cahn-Hilliard equations

Coupling the Cahn-Hilliard model (3.10) with the incompressible Navier-Stokes
equations, yields the Navier-Stokes-Cahn-Hilliard equations used for modelling
two-phase immiscible multiphase flows. The strong form of these equations are
written as follows.

Strong form: Consider again the domain Q@ C R? (d < 3) bounded by T,
with Neumann and Dirichlet subsets, I'y and I';, and containing a mixture of two
immiscible incompressible fluids with different densities p, and p, for the time
interval Z = (0, 7). In this work, the Navier-Stokes-Cahn-Hilliard boundary value
problem consists of finding the velocity u, pressure p, phase-field variable ¢ and
chemical potential 7, such that

o) (G + (- D)u=b) + o) Dy
+Vp =V - 2u(p)Vu) — knVe =0
V-ou=0 inQ xZ  (4.1b)

inQ) xZ (4.1a)

g—f+u~Vg0—V-(M(g0)V77):0 inQ xZ (4.1¢)

n—fle)+€Ap=0 nQ xT (4.1d)
M(p)Vn-n=0 onl'y xT (4.1e)
Ve-n+|Velcos(a) =0 onT,xZ, (4.1f)

where b is the body force, and M(yp) is again the mobility function as described
in Section 3.2.3.

The model presented in Equations (4.1) is based on the Abels et al. model [14]
and is thermodynamically consistent. It allows for variable densities, and agrees
with sharp interface models for e — 0.

Cahn and Hilliard [25] describe surface tension as the excess free energy per
unit surface area. It follows that in the case of a plane phase-field interface at
equilibrium, the surface tension coefficient, v, is related to the phase-field variable

@ by
= - ) dz. 4.2
e | () 2

In order to achieve consistency of the surface tension term in Equation (4.1a)
with the Young-Laplace sharp interface surface tension model, the factor x must
be chosen as

3 v
K = -,

44/ 2W €
Equation (4.2) is successfully implemented in numerous studies [26, 121, 39, 114].

A Navier-Stokes-Cahn-Hilliard model using Equation (4.3) is shown to approach
the sharp-interface model as € — 0 in [122].

(4.3)
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In the present work, the surface tension stress term nVe (see also Boyer [15])
is used in Equation (4.1a), instead of veV - (Vi ®@ V) (see Abels et al. [14]).
The former term is easily derived from the latter, and the resulting pressure term
in Equation (4.1a) is now a modified pressure term Vp, where p = (p + V).
This modified pressure is similar to the original pressure, in fact, it is identical in
the bulk regions where U vanishes. Advantageously the modified pressure varies
generally more smoothly across interface regions than the original pressure.

In Equation (4.1a), the relative diffusive flux is expressed as

J = —paigM(p) V. (4.4)
The density and viscosity are described by the linear approximations

p(®) = Pdif® + Pavg

(4.5)
“((10) = Udif® + Havg,
where,
Pa — Pb Pa T+ Pb
Pdif = y  Pavg = ) (4'6)
2 2
Ha — Hb Ha + My
Hdif = 9 y  Mavg = 9 . (47)

If necessary, a cut-off function ¢ can be incorporated in Equation (4.5), where

_ @ iflp| < 1,

=19 . : o (4.8)
sign(p) if|p| > 1.

This would ensure that p and pu remain within the physical bounds of the specified

bulk phases, and has been effectively used in [123].

Remark 1. In the model given by Equations (4.1) the physical quantities
and the Young-Laplace surface tension term occur only in the momentum equa-
tion. The CH equation (3.10) merely governs the transport of the order parameter
. Traditional representations of the Navier-Stokes-Cahn-Hilliard equations such
as those used in [28, 39, 14] can easily be recovered by introducing appropriate
scalar factors in Equations (4.1c) or (4.1d).

4.2 Numerical formulation

4.2.1 Mixed Taylor-Hood formulation

In order to satisfy the LBB stability condition, a Taylor-Hood element is chosen for
the spatial discretisation (see Figure 4.1). Thus, the velocity, phase-field variable
and chemical potential interpolations are piecewise quadratic, while the pressure
interpolation is piecewise linear.
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® ® ®

Nodes: @ u, ¢, n (quadratic)
¢ ¢ * O p (linear)
® ® O

Figure 4.1: Two-dimensional Taylor-Hood interpolations.

The discrete weak form of the Navier-Stokes-Cahn-Hilliard problem (4.1) reads:
Find (u”, p", " n") € (8", P" &x" Z"), such that, for all (w", ¢", s" v") €
(Vh, Ph, yh’ Wh)7

h
/ wh - (p(wh) (% +u - Vu' - b) — J(o" ") - Vu — /ﬁnthh)
Q

(4.9a)
— (V- w") p" + V' : (2u(e")Veu")d2 =0
/ V¢ - u"dQ =0 (4.9b)
Q
n (08" h h h h\ T P
QU W—i—u V) + Vo (M (") V") dQ =0 (4.9¢)

/ s" ("= f(p") = Vs" - Ve dQ — / s" 2|V cos (@) dl' =0,  (4.9d)
Q r

where S, P, xh, Zh VP Y" and W" are the appropriate finite element spaces
of piecewise continuous quadratic and linear basis functions.

4.2.2 Stabilised formulation

The standard SUPG/PSPG stabilisation strategy (see, for instance [124, 125, 80,
126, 127] ) is applied to the Navier-Stokes-Cahn-Hilliard momentum equation.

This allows for the use of piecewise linear equal order interpolations for u, p, ¢
and 7.

The SUPG/PSPG stabilised discrete weak form reads: Find (u”, p, ", n") €
(8", Ph, Xk Z"), such that, for all (w", ¢", s, v") € (V" P", Y wWh),

h
/ w" - (p(wh) (aait +u' - Vu' - b> — J(¢" ") - Vu - fthsoh)
Q

—(V-w") p" + V' : (2u(p")Veu") dQ

Nel

oul
h h h n] hy [ OU” h ho
—i—;/ge[mp(go)(u Vw)—i—Tqu] [p(gp)(at +u"*-Vu b>
—J(" ") Vu" — k" V" + Vph} dQ =0
(4.10a)

/ V¢ - u"dQ =0 (4.10D)
Q
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h
/ v (8@% +u- vﬁ) + Vo' (M (") V") dQ =0 (4.10¢)
Q
/ s" (" = f) = Vs" - Vet dQ — / s" |V"| cos (o) dT" = 0. (4.10d)
Q T

where 8", P xh Zh VP YY" and W" are the appropriate finite element spaces
of piecewise continuous linear basis functions.
Following [81], the stabilisation parameters, 7,, and 7, are defined as

1 2p\ue\)2 ) n?
(7’3 ( he P dp

where h, is the characteristic size of the element, evaluated as h, = Vel/ d, with
d representing the number of spatial dimensions and V., the element volume or
area. The vector u® is the velocity in the element centroid.

N

4.2.3 Temporal discretisation and solution strategy

The generalised-a scheme is considered for the time integration. The scheme
is as shown in Section 2.3.2. Adaptive time stepping (see Section 2.3.4) is also
implemented in several numerical examples presented in the sections to follow.
The problems described by Equations (4.9) and (4.10) are highly nonlinear
and thus a Newton-Raphson procedure is employed based on the consistent lin-
earisation of all nonlinear terms. For smaller scale problems, a direct linear solver
(PARDISO [84, 85, 86]) is used, whereas for larger scale problems, an iterative
parallel solver (PETSC [87]) with a block Jacobi pre-conditioner is employed.

4.3 Numerical Examples

In the following examples the proposed methodology is applied to a number of two
and three-dimensional problems. Subsections 4.3.1-4.3.9 present surface tension
dominated problems, while the simulations described in Subsections 4.3.10-4.3.12
do not feature any surface tension effects. Finally, Subsection 4.3.13 presents an
industrial case study.

The properties of water and air used in the following examples are:

water: p=0.998  g/cm?
p=0.0101 g/(cms),
air: p=0.0012 g/cm?
u=0.000182 g/(cms),
water/air: -y = 73.0 g/s?,
gravity: g = 980.0 cm/s?.

Unless otherwise stated, the computations are based on the stabilised formulation
given by Equations (4.10) and the Cahn-Hilliard parameters are set as follows:

mobility function: My = 1072 cm?/s,
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well height: W = 0.25,

interface thickness: € = 2h,

where h corresponds to the characteristic size of the element used, which is taken
as the largest element size of the respective mesh.

The relative diffusive flux term (J - V) w is neglected in the following examples
as its effect is observably negligible.

4.3.1 Static bubble

A bubble of radius R is placed at coordinate C' = [0.5,0.5] in the centre of a
square domain, © = [0,1] x [0,1]. The densities and viscosities, as well as the
surface tension coefficient, are set to 1. The initial condition for ¢ is taken as,

R—|x—C|
o(x) = tanh ( N7 ) , x el (4.12a)
No-slip velocity boundary conditions are set on all boundaries. The pressure
difference between the centre of the bubble and a point outside the bubble at
coordinate [1.0,0.5], are compared to the Young-Laplace equation,
g
Ap = 7 (4.13)
Two meshes are considered: a mesh with 256 x 256 mixed Taylor-Hood elements,
and a mesh with 512 x 512 stabilised linear quadrilateral elements. For both
meshes, the interface thickness is set as e = 1/128. All simulations are run until
T = 10. Figure 4.2 shows the excellent agreement between the analytical expres-
sion and the numerical experiment, for a range of values of R.

4.3.2 Small amplitude oscillations of a two-dimensional drop

This example is inspired by the oscillation experienced by liquid drops in the
presence of an acoustic field for instance (see Figure 4.3 [128]).

— Young-Laplace equation
- = = present mixed
e ¢ present stabilised

Apa

4

3

9 L L L L L L
0.10 0.15 0.20 0.25 0.30 0.35 040 045 0.50
R

Figure 4.2: Static bubble: Comparison between numerical and analytical
(Young-Laplace) pressure drop.



CHAPTER 4. THE NAVIER-STOKES-CAHN-HILLIARD EQUATIONS &9

N s

214 harmonic 3'd harmonic harmonic

Figure 4.3: Shape oscillation experiment for 2", 3'% and 4*® harmonics [128].

A small two-dimensional drop of water with radius R = 0.0125 cm is placed in
the centre of a square domain Q = [—0.025,0.025] x [—0.025,0.025] cm? which is
filled with air. The radial position of the drop is described by the equation,

rn(0) = R+ Acos(nd), (4.14)

where A is set to 0.02R for all simulations, and n is the mode order (see [129, 5,
9, 130]). The initial condition for ¢ is set as:

o(z) = tanh (%) . zeq. (4.15)

The boundary conditions are set as no-slip for the velocity. The effects of gravity
are neglected, and the mobility is set as M3(yp), with D = 1072, The mesh
considered has 512 x 512 linear quadrilateral elements, and a fixed time step size
of At =1 x 1079 s is used.

Figure 4.4 shows the evolution of the oscillation amplitude for modes n =
2,3,4. The observed period matches very well with the analytical period,

2w
= 4.16
=z (416
where following [9],
w2 = (n* —n) #, (4.17)

A comparison of the numerical and analytical periods is given in Table 4.1.

Table 4.1: Small amplitude oscillations of a two-dimensional drop: Numerical
and analytical periods.

n 7 [numerical] 7 [analytical (4.16)]
2 4.190-107* 4.192 - 1074
3 2110-10714 2.096 - 1074
4 1.350-1071 1.326 - 1074
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n=2 — present n=3
ol N\ analytical period :
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------ analytical period : :
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ol N\ analytical period
A
=S
—9ol
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Figure 4.4: Small amplitude oscillations of a two-dimensional drop: Amplitude
evolution for n = 2,3, 4, with 512 x 512 linear elements.

4.3.3 Large amplitude oscillation of a two-dimensional drop

A two-dimensional drop is set up similarly to Subsection 4.3.2, with a larger initial
amplitude A = 0.2R.

Figure 4.5 shows the evolution of the amplitude for the cases n = 2,3,4. It is
clear that the periods observed in the present study slightly lag behind the analyt-
ical period. This is due to the larger amplitudes (compared to Subsection 4.3.2),
which exceed the linear range and cause strongly nonlinear behaviour. Figure 4.6
shows the interface in terms of the isolines of ¢ at ¢ = 0. Figure 4.7 shows the
velocity streamlines at different time instances. Notably the axes of symmetry for
all three modes are clearly defined. Figure 4.8 shows the pressure distributions at
different times within a single period of oscillation. Clearly the pressure variation
in the air is minimal, and higher pressure concentrations are present in regions
with more curvature, as expected from the Young-Laplace equation. The accurate
conservation of the volumes of water and air are demonstrated in Figure 4.9 for
n = 4, where the relative volume error is defined as €(t,,) = (V, — Vo)/Vo. It is
observed that for both air and water, the relative error does not exceed 0.015%.

4.3.4 Capillary rise

The capillary rise of fluid between two parallel plates is simulated. Figure 4.10
illustrates typical initial and final configurations of this problem. The column
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Figure 4.5: Large amplitude oscillation of a two-dimensional drop: Amplitude
evolution for n = 2,3, 4, with 512 x 512 linear elements.

height can accurately be approximated using Jurin’s law [131]:

¥ cos &

Ah 2D), 4.18

28 () (11
2y cos o . .

Ah = ——— (axisymmetric), 4.19

il ) (119

where R is the pipe radius and « is the contact angle. The two-dimensional
problem is described as follows: Two parallel plates at a distance R = 1 mm, are
placed in the centre of a container filled with air, = [0,10] x [0,8] mm?. The
initial water level in the container is set to 4 mm, such that the initial condition
for ¢ can be written as,

4 mm —y

wo(x,y) = tanh (T) . (z,y) € Q. (4.20a)

Slip velocity boundary conditions are applied on the vertical and upper bound-
aries, as well as on the tube walls, while a no-slip condition is considered for the
lower boundary. The contact angle « is applied on the inner tube walls. The
external air pressure is set to zero. A symmetry condition is applied on the left
vertical wall. Two uniform meshes with linear quadrilateral elements are consid-
ered: a coarse mesh with 64 x 24 elements, and a fine mesh with 256 x 96 elements.
Adaptive time stepping is used, with the initial time step size being At = 0.001.



92 4.3. NUMERICAL EXAMPLES

OOJOC

=0s t=1.0810%*st=22-10%*st=23.33-10"%st=44-10"%s

D>OJOL

t=0s t=6-107s t=1.12-10"%st=1.72-107%s t =2.2-107*

elujele

t=0s t=4-10"°s t=76-10°st=1.16-10"*s ¢t =1.52-10"%s

Figure 4.6: Large amplitude oscillation of a two-dimensional drop: Interface
isolines for n = 2, 3, 4.

t=72-10"%s t=4-10""s t=32-10""°

Figure 4.7: Large amplitude oscillations of a two-dimensional drop: Velocity
streamlines at different time instances for n = 2, 3,4

The simulations are allowed to develop until a steady state solution is reached.
The recorded fluid levels Ah are shown with respect to various hydrophilic and
hydrophobic contact angles in Figure 4.11. The numerical fluid levels are obtained
as

1
Ah = 3 [AR(0) + AR(R/2) + Ah(R)]. (4.21)
The fluid level heights are tabulated in Table 4.2. The equilibrium configurations
are shown in Figure 4.12.
Three-dimensional analysis: The capillary rise in a circular pipe of radius R is
also considered. Following Equation (4.19) it is expected that twice the fluid level
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Figure 4.8: Large amplitude oscillation of a two-dimensional drop: Pressure

contour plots.
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Figure 4.9: Large amplitude oscillation of a two-dimensional drop: Relative
volume changes for air and water for n = 4.
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Figure 4.10: Capillary rise: Initial (left) and final (right) configurations.
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Figure 4.11: Capillary rise between two parallel plates: Fluid level evolution with
respect to time (left) and contact angle (right) compared to Jurin’s law, with
256 x 96 linear elements.

height is reached. The mesh consisting of 1,559,048 linear hexahedron elements
is shown in Figure 4.13, where only the bottom half is shown. The steady state
solutions to ¢ are shown in Figure 4.14 and Table 4.3 shows corresponding fluid
levels for the present numerical solution and the analytical solution. Clearly,
excellent correspondence between numerical and analytical results is observed in
all comparisons.
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Table 4.2: Capillary rise between two parallel plates: Fluid level heights.

a  Ah [coarse] Ah [fine] Ah [Jurin’s law (4.18)]

70° 0.2587 0.2567 0.2553
80° 0.1295 0.1292 0.1296
100° —0.1294 —0.1292 —0.1296
110° —0.2583 —0.2567 —0.2553

a = 70° o = 80° o = 100° a=110°

Figure 4.12: Capillary rise between two parallel plates: One half of the
equilibrium configurations of ¢ for various contact angles, with 256 x 96 linear
elements.
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Figure 4.13: Capillary rise in a circular pipe: Slice through horizontal axis of
finite element mesh with 1,559,048 linear elements.

Table 4.3: Capillary rise in a circular pipe: Fluid level heights.

a Ah Ah [Jurin’s law (4.19)]

80°  0.2574 0.2595
100°  —0.2557 —0.2595

4.3.5 Sessile drop

A small water bubble in the presence of gravity is placed on a solid surface at
the bottom of a rectangular domain filled with air, as shown in Figure 4.15. The
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a = 80° a = 100°

Figure 4.14: Capillary rise in a circular pipe: Equilibrium configurations of ¢,
the part of the domain filled with air is not shown.

air water

solid surface

Figure 4.15: Sessile drops: Geometry.

rectangular domain is of dimensions Q = [0, 1.5] x [0,0.5] cm?, and the drop of
radius is R = 0.25 cm is situated at the position C = [0.75,0]. The initial
condition for ¢ is set as:

R—|x—C|
¢o(x) = tanh ( e ) , x e (4.22a)
Slip boundary conditions are applied at the lower boundary. In order to reduce
dynamic effects and accelerate the computation of the equilibrium configuration,
the viscosities are multiplied by a factor of 100. A uniform mesh with 192 x 64
linear quadrilateral elements is used. Adaptive time stepping is used, with an
initial time step size of At = 0.001.

The final configurations of the two-dimensional drops subject to various contact
angles are shown in Figure 4.16. In Figure 4.17, the results are compared to the
exact equilibrium configuration obtained by numerically solving a set of ordinary
differential equations [132].

Three-dimenstonal analysis: The problem is extended to three dimensions,
with © = [0,1.5] x [0,0.5] x [0,1.5]. The mesh is constructed uniformly with
96 x 32 x 96 linear hexahedron elements. Figures 4.18 and 4.19 show the results
obtained for the three-dimensional case. A very good match is observable for both
two and three-dimensional cases.

4.3.6 Pendant drop

In this example a small water drop is suspended on the upper surface of a square
domain Q = [0,0.6] x [0,0.6] cm? filled with air. The problem setup is identical
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o = 45° a = 60° a = 90°

a = 120° o = 135°

Figure 4.16: Sessile drop in two dimensions: Equilibrium configuration of ¢
using 192 x 64 linear elements.
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Figure 4.17: Sessile drop in two dimensions: Comparison of numerical results
with the analytical solution given by Pozrikidis [132], using 96 x 64 linear
elements.
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Figure 4.18: Sessile drop: Steady state ¢ solution for a small three-dimensional
sessile drops with various contact angles, using 96 x 32 x 96 linear elements.

to Subsection 4.3.5, with the exception of the position of the drop, which is now
C = [0.3,0.6]. The final configurations of the two-dimensional drops subject to
various contact angles are shown in Figure 4.20. A comparison of various contact
angles to the solution presented in [132] is shown in Figure 4.21. Clearly there is
a very good match between the analytical and numerical solutions.
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Figure 4.19: Sessile drop: Comparison of a small three-dimensional sessile drops
with various contact angles to the analytical solution given by Pozrikidis [132],
using 96 x 32 x 96 linear elements.
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Figure 4.20: Pendant drop: Steady state ¢ solution for small two-dimensional
pendant drops with various contact angles, using 128 x 64 linear elements.

4.3.7 Rising bubble

In this example a bubble of radius R = 0.25 consisting of a light fluid is placed
at position C = [0.5,0.5] of a rectangular domain © = [0, 1] x [0, 2] which is filled
with a heavier fluid. The parameters are set as given in [114], with the heavier
fluid properties p = 1000, x4 = 10, and the lighter bubble properties p =1, = 1.
The surface tension parameter and the acceleration vector are set, respectively, to
v =1.96 and b = [0, —0.98]7. The initial condition for ¢ is set as,

o(x) = tanh <%) , TEQ. (4.23)

The boundaries are set up such that the fluids are allowed to slip along the left
and right boundaries, but not along the top and bottom boundaries. The mesh
consists of 128 x 256 linear elements, and a fixed time step size of At = 0.01 is
used.
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Figure 4.21: Pendant drop: Comparison of small two-dimensional pendant drops
with different contact angles to the analytical solution given by Pozrikidis [132],
using 128 x 64 linear elements.

It is expected that due to the large density difference, there would be an
overpowering body force contribution acting on either side of the interface in
comparison to the rather negligible surface tension forces. Thus the bubble would
experience large deformations characterised by long and narrow filaments at the
edges. This behaviour is observable in Figure 4.22, where the solution to ¢ is
shown at different time instances. The observations match well with those made
in [114].

4.3.8 Faucet leak in two dimensions

In this example we consider a leaky faucet problem, which consists of water drip-
ping from a faucet into a pool of water at the bottom of a rectangular box filled
with air, as shown in Figure 4.23. The dimensions of the box are [0, 2] x [0, 4.5] cm?,
the height of the pool is H = 0.4 cm, and the radius of the faucet is R = 0.26 cm.

t=0 t=1 t=2 t=3 t=4

Figure 4.22: Rising bubble: ¢ evolution using 128 x 256 linear elements.
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The simulations are run with filling velocities ugy set as 0.33546, 10 and 20 cms™ 1,

which are set uniformly at the inlet. The initial condition for ¢ is set as,

4 —
tanh %) ,  fory<1cm,
wo(z,y) = y—4 163 cm (4.24)
tanh —) , for x < 0.36 cm,
\/56

where (z,y) € €. At the beginning of the simulation the faucet is completely
closed, after which the inlet velocity is ramped smoothly up to the the filling ve-
locity with the function 3 (1 — cos(7 min (¢/T,1))), where T' = 0.01 s. A uniform
mesh comprising of 35,712 linear elements is considered in all simulations. Adap-
tive time stepping is used, with an initial time step size of At = 0.0001. The
mobility is set as My with D = 0.5 cms~2. Slip boundary conditions are applied
on all surfaces.

The evolution of ¢ is shown in Figure 4.25, illustrating the ability of the de-
scribed formulation to deal with highly complex physical problems resulting in
significant topology changes. It is noted that small filling velocities lead to the
development of non-physical flows in the air domain that originate from the tip
of the drop. This phenomenon is likely to be triggered by the combination of the
massively different values of density and viscosity of water and air with an imbal-
ance of the selected mobility, interface thickness, mesh density and relatively large
time domain of interest.

4.3.9 Faucet leak in three dimensions

A three-dimensional faucet leak is now considered with a similar setup to Subsec-
tion 4.3.8. In this analysis the drop break-off is particularly of interest, thus the
domain size is reduced to [0,2 c¢cm| x [0,3 cm], and the pool at the bottom has

air

water

Figure 4.23: Filling drop in two dimensions: Geometry.
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Figure 4.24: Faucet leak in two dimensions: Evolution of ¢ with
wgy = 0.33546 cms™!, using 35, 712 linear elements.

been removed. A 15° wedge is considered due to the symmetry of the problem,
as shown in Figure 4.27, which consists of 1,004,665 linear tetrahedron elements.
Adaptive time stepping is used, with an initial time step size of At = 0.0001. The
same filling velocities used in Subsection 4.3.8 are considered.

The evolution of ¢ is shown in Figure 4.29. A visual comparison of the
drop configuration at different time instances is made with Dettmer and Perié¢ [5]
in Figure 4.32. It is clear for all three velocity cases that there is a close match
with [5] at all stages in the drop formation. The vertical velocity component
during break-off is visible in Figure 4.34. In Figure 4.35, the tip position evolution
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Figure 4.25: Faucet leak in two dimensions: Evolution of ¢ with
ugy = 10 ecm s, using 35, 712 linear elements.

compared with [5] is shown along with the water the volume evolution. Unlike in
the present study, the initial configuration in [5] is set as an equilibrium pendant
drop, thus these results are shifted in time to the appropriate position. It is
observable that the tip position evolution matches well with [5].

4.3.10 Broken dam

A fluid column (p = 1, = 0.01) of width b = 3.5 and height A = 7 is placed in
a rectangular domain (p = 0.001, p = 0.0001) of dimensions [0, 15] x [0, 10]. The
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Figure 4.26: Faucet leak in two dimensions: Evolution of ¢ with
ugy = 20 cm s, using 35, 712 linear elements.

initial condition for ¢ is set as:

( h_y
tanh ), fore <b—r, y>h-—r,
b\/§6
wo(z,y) = | tanh ! , fore>b—r, y<h-—r, (4.25)

L(%?J))j fore>b—r, y>h-—r,
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Figure 4.27: Faucet leak in three dimensions: Geometry with 15° wedge.

O0s 1.415s 3.341 s 3.838 s 3.861 s 3.874 s 3.877 s 3.878 s 3.879 s 3.884 s 3.886 s

!"'!! vee e
@ 0o ¢

Figure 4.28: Faucet leak in three dimensions: Evolution of ¢ for
ugn = 0.33546 cms™!, with 1,004, 665 linear elements.

0s 0.0363s0.0550 s0.0869 s0.1098 s0.1241 s0.1359 50.1453 s0.1467 s0.1478 s0.1499 s

Figure 4.29: Faucet leak in three dimensions: Evolution of ¢ for ug; = 10 cms™!,

with 1,004, 665 linear elements.

where 7 = 0.5 is the column corner radius, d(z,y) is the Euclidean distance from
the point [b — r,h — 7], and (z,y) € Q. The gravitational acceleration is set by
using b = [0, —1]7, and the surface tension coefficient is set to zero, i.e. v = 0.
The fluid is allowed to slip on the horizontal and vertical surfaces, and is allowed
to adopt any contact angle by replacing the boundary terms in Equations (4.9d)
and (4.10d), such that the terms become

/ s" (nh — f) — Vs VehdQ — / " @Vl . ndl = 0. (4.26)
Q

r
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Figure 4.30: Faucet leak in three dimensions: Evolution of ¢ for ug; = 20 cms™!
with 1,004, 665 linear elements.
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Figure 4.31: Faucet leak in three dimensions: Comparison of interface isolines
with [5] for ugy = 0.33546 cms™!.

Figure 4.32: Faucet leak in three dimensions: Comparison of interface isolines
with [5] for ugy = 10 cms™.
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The mesh consists of 192 x 128 uniform linear quadrilateral elements, and the time
step size is set fixed as At = 0.01.

The geometry of the problem and the tip displacement evolution are shown in
Figure 4.37. The tip displacement evolutions agrees well with experimental results

taken from [7]. The evolution of ¢ is shown at several time instances in Figure
4.38.
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Figure 4.33: Faucet leak in three dimensions: Comparison of interface isolines

with [5] for ugy = 20 cms™ .

0.1438 s 0.1463 s 0.1468 s 0.1486 s

-18.8 11.08 41 70.92 100.8

Figure 4.34: Faucet leak in three dimensions: Evolution of vertical velocity for
ugy = 10 cms™!, using 1,004, 665 linear elements.

4.3.11 Sloshing tank

Following [5], a sloshing tank of size 2 = [0, 1] x [0, 1.2] is set up with the following
parameters p; = 1, po = 0.001, u; = 0.01, up = 0.0001, b = [0, —1]7. The surface
tension effects are neglected. The initial condition for ¢ is set as:

y —1—0.01cos(mz)

V2e

Slip boundary conditions are applied to the vertical walls, while no-slip is con-
sidered for the lower boundary. The fluid at the edges is allowed to freely adopt
any contact angle by using Equation (4.26). A uniform mesh with 48,000 linear
quadrilateral elements is selected, and a fixed time step size of At = 0.1 is chosen.

Figure 4.39 shows that the frequency at the left and right edges agrees excel-
lently with [5].

wo(z,y) = tanh ( ) , (z,y) € Q. (4.27)
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Figure 4.35: Faucet leak in three dimensions: Tip position comparison with [5]

(left), and water volume evolution comparison with analytical solution (right) for

ugy = 10 cms™h
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Figure 4.36: Faucet leak in three dimensions: Tip position comparison with [5]

(left), and water volume evolution comparison with analytical solution (right) for

ugy = 20 cm s

~

present work
6r * * Ramaswamy Kawahara [11]

p2 = 0.001 =
2 = 0.0001
h pr=1
p1 = 0.01 2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
b t

Figure 4.37: Broken dam: Geometry (left) and evolution of tip displacement
(right).
4.3.12 Rayleigh-Taylor instability

The Rayleigh-Taylor instability problem described in [114] is considered. The
conventional Rayleigh-Taylor problem consists of a fluid A sitting on top of a
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Figure 4.38: Broken dam: ¢ evolution using 192 x 128 elements.
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Figure 4.39: Sloshing tank: Geometry (left) and amplitude frequency (right),
with 48,000 linear quadrilateral elements.

less dense fluid B. Any perturbation between the fluid layers in combination with
gravitational force, will cause fluid A to drive into fluid B resulting in the well know
mushroom cloud effect synonymous with Rayleigh-Taylor instability. A domain
of size [0, 1] x [0, 4] is considered with the higher density fluid having p; = 3 and
11 = 0.0031316, and the lower density fluid having py = 1, pus = 0.0031316. The

gravitational acceleration is taken as g = 9.80665. The initial condition for ¢ is
given by

wo(z,y) = tanh (y —2- ?/;:OS(QWI)) . (z,y) € Q. (4.28)

The upper and lower boundaries are set to no-slip, and the left and right bound-
aries are set to slip conditions. In concurrence with [114], the other parameters are
chosen as follows: v = 0.01, ¢ = 0.005, & = 7/2. The mobility function is chosen as
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My(p) with D = 4-1075. Two meshes are compared, a mesh with 256 x 1024 linear
stabilised elements and a mesh with 128 x 512 mixed Taylor-Hood elements. For
comparison we consider the results from Guermond and Quartapelle [133] where
surface tension effects are ignored. It should be mentioned that in [114], the au-
thor states that the surface tension coefficient is set as small but not zero, in order
to avoid the CH equation becoming a pure transport equation, since setting v = 0
would render n = 0 in the conventional formulation. In this work, we consider
v = 0.01 with the conventional Abels et al. formulation [14], as well as v = 0 with
the formulation presented in Section 4.2. For the latter formulation the mobility
coefficient is increased to D = 1073, since it is no longer necessary to set it so
small. The evolution of ¢ is shown in Figure 4.40. Figure 4.41 shows the position
along the vertical axis of the rising and falling interface tips for the stabilised
and mixed formulations. The time scaling of the reference solution [133] required
mapping according to t = \/% t to account for the non-dimensionality of the
variables. The results for the stabilised and mixed formulations are in agreement
with the reference, and nearly indistinguishable from each other. Observing the
plot corresponding to v = 0, it appears that neglecting surface tension effects does
not really alter the displacements observed, although it does confirm that ~ can
be set to zero without encountering numerical problems.

t=1 t=1.5

Figure 4.40: Rayleigh-Taylor instability: Evolution of phase field variable ¢,
with 256 x 1024 linear elements.
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Figure 4.41: Rayleigh-Taylor instability: y position of interface at the left wall
and at the centre. Comparison with [133].

4.3.13 Industrial case study: Flow splitting device

This example consists of simulating a flow splitter which distributes oil to the
camshaft and cam shifting system of an internal combustion engine. Oil flows
through an inlet tube from the main gallery and splits off into two outlet tubes:
the variable cam timing (VCT) outlet, and the camshaft lubrication oil gallery
outlet. The lubrication oil is expected to enter the inlet with a small concentration
of air bubbles. It is desirable that a pressure is selected at the VCT outlet such
that the highest concentration of oil flows through the VCT outlet (in terms of
flow rate), while the air is restricted.

The two-dimensional geometry considered is illustrated in Figure 4.42. The
diameters are taken as: d; = 6 mm, d, = 5 mm, d, = 8.1 mm, and d; = 2 mm.
Initially the domain is filled with static lubricating oil, i.e. ¢y = 1. In order to
push air bubbles through the device, the boundary condition for ¢ at the inlet
boundary I'; € T" is taken as

61 d; d; d; d;
gp(x,t): 1_7:0<t)|:1+COS (d—lmax(\x—g - 12 )>:|, for ‘Qf—? <Z7
L otherwise,
(4.29)

where the time dependent function for ¢ € Z, is described for one time period T
as

)
%[1—COS (%t)], for t < T,,

T.(t) = L, for T, <t < T, + T, (4.30)

v %[1—005(%(15—%))}, for T, + T, <t < 2T, + T, .
\O, for 27, + T, <t <T,

where T,, and T, are the time periods assigned to the air and the smooth ramp.
The spatial and temporal functions in Equations (4.29) and (4.30) are shown
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Figure 4.42: Geometry of flow splitting device.

in Figure 4.43, where the latter function is set periodically over 7. T; denotes
the time period before the first bubble is activated, and T, denotes the time
period between bubble activation or simply the oil activation. For all simulations,
T, =02s, 1T, =031, T, = 03T, T, = 027, with T" = 0.025 s. The velocity

T t

Figure 4.43: Flow splitting device: Spatial (left) and temporal (right) functions
for ¢ at inlet boundary.
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boundary conditions are set as no-slip on the domain walls, while at the inlet,

0
u(z,t) = Az (x — d;) ., x e Iy, 4.31a
0= Lo () (1.310)
P = Du, on F’U' (431b)
p = 0.5 bar, on I'y. (4.31c)

Here I', and I'y are subsets of I' associated with the VCT and gallery outlets,
respectively. The inlet velocity is set as uy, = 150 cm/s for the quadratic velocity
profile, and the time ramping function is described as

Tu(t) = % {1 — cos (ﬂ min (% 1))] : (4.32)

where 7' = 0.005 s. The pressure p, is considered a variable to be set above and
below the gallery pressure of 0.5 bar. Three cases are considered for comparison,
Pp = 0.49, 0.5, 0.51 bar.

The properties of the lubrication oil are chosen as: p = 0.8 g/em?, u =
0.05 gem™'s™'. The surface tension coefficient (with respect to the oil and air)
is set as v = 30 g/s®. The other parameters are set as: M = 0.05 cms™2, and
€ = 1.2h, where h is obtained as the maximum characteristic element size in the
mesh. The mesh is constructed of 197,814 linear triangular elements, and adaptive
time stepping is considered with the maximum time step size set to At = 0.002 s.

Figures 4.44 to 4.47 show specific time instances for phase-field variable and
velocity magnitude solutions, considering the three cases of p,. It is clear that
varying the pressure at the VCT outlet between 0.49 — 0.51 bar, while retaining a
pressure of 0.5 bar at the gallery outlet, changes the path of the air bubbles. With
0.49 bar at the VCT outlet, the air bubbles are primarily directed towards the
VCT outlet as a result of additional flow velocity arriving from the gallery outlet.
The opposite effect is observed when the VCT pressure is set to 0.51 bar with
the majority of the air bubbles now being directed toward the gallery outlet as a
result of the lower pressure region. The flow rates of air and oil, (), and @), at the
VCT outlet is shown in Figure 4.48, and likewise at the gallery outlet in Figure
4.49. From Figure 4.48, it is clear that the oil flow rate @), increases at the VCT
outlet with decreasing pressure. The same relation exists with the air flow rate
Q.. Figure 4.49 shows that there is an increase in @), and @), corresponding to an
increase in pressure. It is evident that with further flow development, there would
be air bubbles flowing through both outlets when p, = p,. Furthermore there
would be less or no air bubbles flowing through the gallery outlet for p, < pg,
and less or no air bubbles flowing through the VCT outlet for p, > p,. This
is confirmed from observing Figure 4.47. Notably an increase in oil flow rate
corresponds with an increase in air flow rate, and thus to completely constrict air
flow from an outlet, the oil flow rate would be compromised.
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Po = 0.49 bar
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Figure 4.44: Flow splitting device: Solution to ¢ and |u| for p, = 0.49, 0.5,
0.51 bar, for time instance t &~ 0.0405 s, with 197,814 linear elements.
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P» = 0.49 bar

Py = 0.5 bar

p» = 0.51 bar
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Figure 4.45: Flow splitting device: Solution to ¢ and |u| for p, = 0.49, 0.5,
0.51 bar, for time instance ¢ ~ 0.0542 s, with 197,814 linear elements.
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Figure 4.46: Flow splitting device: Solution to ¢ and |u| for p, = 0.49, 0.5,
0.51 bar, for time instance t &~ 0.0795 s, with 197,814 linear elements.
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P» = 0.49 bar

Py = 0.5 bar

p» = 0.51 bar
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Figure 4.47: Flow splitting device: Solution to ¢ and |u| for p, = 0.49, 0.5,
0.51 bar, for time instance t ~ 0.12 s, with 197,814 linear elements.



CHAPTER 4. THE NAVIER-STOKES-CAHN-HILLIARD EQUATIONS 117

-1

1l =~ p,=0.49 bar
e p, = 0.50 bar

0 —= p, = 0.51 bar
b9 0.2 0.4 0.6 0.8 1.0 1.2
t
—  p, = 0.49 bar
L Py = 0.50 bar
25t =—= p, =0.51 bar
2.0
Qu 5
1.0
0.0 Ll o
0.3
0.0 0.2 0.4 0.6 0.8 1.0 1.2

t

Figure 4.48: Flow splitting device: Flow rate of oil @, (above) and of air @,
(below) at the VCT outlet up until t = 0.12 s.
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Figure 4.49: Flow splitting device: Flow rate of oil @, (above) and of air @,
(below) at the gallery outlet up until ¢ = 0.12 s.
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4.4 Concluding remarks

In this work two novel finite element formulations are presented for modelling
the Navier-Stokes-Cahn-Hilliard equations; The first uses mixed Taylor-Hood ele-
ments, while the second uses linear equal order stabilised SUPG/PSPG elements.
The former formulation is primarily considered for comparative purposes. The
models are formulated with two key aspects in mind:

i. The ability to deactivate surface tension effects. This is done by removing the
surface tension coefficient from the Cahn-Hilliard equation, and hence any
instabilities which would result from setting it to zero. Thus, it is ensured
that the Cahn-Hilliard equation exclusively deals with phase dynamics, while
the Navier-Stokes equations alone control the physical phenomena.

ii. Computational efficiency, which relates specifically to the stabilised formu-
lation. Here the standard SUPG/PSPG stabilisation is introduced in the
momentum equation, which allows for the use of efficient equal order linear
elements. The employment of linear elements greatly improves the overall
computational efficiency, which is crucial for the simulation of realistic three
dimensional problems.

A number of benchmark /example problems are solved with the proposed method-
ologies. The examples in Subsections 4.3.1-4.3.9 demonstrate problems dominated
by surface tension, while problems without surface tension are investigated in Sub-
sections 4.3.10-4.3.12. In all cases the available reference solutions are reproduced
accurately. Particularly noteworthy is the agreement of the results with those
obtained from an arbitrary Lagrangian-Eulerian (ALE) based strategy in [5]. It
is demonstrated in Subsections 4.3.3 and 4.3.9 that the volumes of the two fluid
phases are conserved with good accuracy. Finally, an industry related problem is
simulated in Subsection 4.3.13. The ability of the stabilised formulation to deal
with highly advective multiphase flows with large topological changes is clearly
demonstrated with this problem.



Chapter 5

Increasing Computational
Efficiency: Segregation Strategies

In the simulation of incompressible fluid flow, one of the main challenges is posed
by the coupling of the velocity and pressure fields through the incompressibility
constraint. This has motivated the development of fractional step or splitting
methods. These methods are based on the decoupling of the velocity-pressure
system by splitting it into a sequence of “fractional” or “segregated” solution steps.
Although the general idea remains the same, this splitting has been formulated
in a number of ways over the years; often in the form of projection methods [134,
135], pressure or velocity correction methods [136, 137, 138], consistent splitting
methods [139], viscosity splitting methods [140] or characteristic-based split (CBS)
methods [141], to name just a few. Arguably the most widely used fractional step
methods for incompressible fluid flow are the original projection schemes proposed
independently by Chorin [134] and Temam [135, 142] in the 1960’s. In short,
these projection methods are based on an orthogonal projection onto a subspace
of solenoidal vector fields, see [135] for a thorough explanation. The basic idea
is to acquire an intermediate velocity field (Step 1) by solving the momentum
equation without the pressure gradient, i.e. considering only viscous, inertia and
convection terms, and subsequently computing the pressure and divergence-free
end-of-step velocity (Step 2). The appealing benefits of this approach consist
in smaller system matrices, dimensionally uniform solution and right hand side
vectors and, importantly, the fact that the pressure is obtained efficiently in Step
2 from solving the Poisson equation. The drawbacks of such strategies include
additional complexity in the application of the boundary conditions and most of
all the introduction of a so-called splitting error, which brings about a relative loss
of temporal accuracy compared to a respective coupled approach. Due to their
semi-explicit nature, it is crucial that temporal stability and accuracy are in the
focus of all development in the area of the fractional step solution schemes.

As mentioned above, in the classical projection methods by Chorin and Temam,
the intermediate velocity is computed independently of the pressure. It is well-
understood that this restricts these methods to first order accuracy in time. If,
in the first step, the pressure is approximated by the solution from the previous
time step, then a pressure increment can be computed in the second step and
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an overall second order accurate scheme can be formulated. This approach is
typically known as the “incremental projection” or “pressure correction” method
and was first considered in, for instance, [136, 137]. It is clear that the accuracy
of the pressure extrapolation used in the first step must be increased in order to
formulate a more accurate methodology. It is noted that, despite these efforts, the
first order accurate schemes are still widely used. The analysis of the properties
of the different schemes is not trivial and is an active area of research, see for
instance [143, 144, 145, 146]. The present chapter has multiple objectives:

1. Presentation of a discrete model problem consisting of point masses and
dash-pots which allows for detailed insight into the properties of projection
schemes and is a useful tool for new development;

2. Discussion of high-frequency damping of projection schemes;

3. Presentation of two new families of projection schemes based on the gener-
alised midpoint rule and the generalised-a method [79].

Prior to the further explanation of the objectives, it is pointed out that the work
presented in this chapter is relevant for projection methods based on the finite
volume as well as finite element formulations, even though Sections 5.2 and 5.3
are set in the context of the finite element method.

Objective 1 is motivated by the successful recent employment of the basic
model problems in the area of the partitioned schemes for fluid-structure inter-
action. Here, the analyses of appropriate spatially discrete model problems has
allowed for in-depth insight into temporal and added mass related instabilities
(147, 148, 149] and is increasingly used for new method development [150, 151].
The investigation undertaken in the context of Objective 2 led to the observation
that it is impossible to formulate a projection scheme for the model problem which
is second order accurate and possesses high-frequency damping. This is an impor-
tant finding which, to the best of our knowledge, has not been reported elsewhere
and which may explain why second order accurate projection schemes have gen-
erally not replaced first order schemes. Objective 3 is the attempt to formulate a
methodology which is more accurate than basic backward Euler based projection
schemes, but offers some high-frequency damping.

The beneficial role of high-frequency damping in incremental numerical solu-
tion schemes for partial differential equations in time and space is well-known:
The numerical analyst chooses the spatial and temporal discretisation suitable
for the length and time scales which are of interest and represent the main sys-
tem response. Hence, a robust methodology requires high-frequency damping
to damp out the effect of the unresolved scales. In particular, high-frequency
damping allows for a larger degree of independence between the spatial and tem-
poral resolutions, i.e. a larger range of Courant numbers. In the context of the
monolithic solution schemes for computational fluid dynamics, the generalised-a
method, which is unconditionally stable, second order accurate and offers control
over high-frequency damping, has therefore become very popular, see for instance
(82, 152, 80, 153]. It was proposed in [79] and is related to its counterpart for-
mulated earlier for solid dynamics in [78] (see also [154]). In the present work, a
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projection scheme is formulated based on the generalised-a method. It is shown
clearly how the proposed methodology is related to the backward differencing
schemes which are commonly employed for projection schemes.

A discussion of projection schemes generally also comments on the issue of spu-
rious pressure oscillations. This is discussed briefly in Subsection 5.2.3. Another
aspect which has been addressed in a number of publications is the occurrence of
undesired effects due to non-physical artificial boundary conditions along Dirichlet
boundaries [155, 156]. An extensive study of the “rotational forms” which remove
such effects can be found in [144]. In [157] a corresponding formulation has been
used in the context of fluid-structure interaction. Since, in the examples presented
in Section 5.3, no evidence of non-physical boundary layers has been detected even
for large time steps, the issue is not considered in this work. The proposed for-
mulations can, however, also be applied to projection schemes which include the
rotational forms.

The remainder of this chapter is structured as follows: In Section 5.1, the
model problem is presented, the new projection schemes are proposed and applied
to the model problem. The responses of the schemes and the spectral radii of
the amplification matrices are studied in detail. In Section 5.2, the projection
methods are formulated for the incompressible Navier-Stokes equations using finite
elements. Numerical examples are presented in Section 5.3, before the conclusions
are drawn in Section 5.4.

Throughout this chapter, the terms “monolithic” or “coupled” refer to solution
schemes based on the simultaneous computation of velocities and pressures.

5.1 Analysis of projection schemes

5.1.1 1D model problem with analytical solution

The model problem consists of a one-dimensional mass-dashpot system with three
degrees of freedom as shown in Figure 5.1. The motion of the masses are subject
to the physical constraint,

§rur + Soug + Eaug = 0, (5.1)
where &1, & and &3 are scalar factors, and the velocities of the point masses

are denoted by, respectively, uy, us and uz. All point masses are equal. This
choice does not imply a loss of generality, but allows for a clearer presentation

§rug + Soup +&3uz =0

O—{F+—O0—1{F©
c m m m
1 C2 3

|—>u1 |—>U2 c |—>U3

Figure 5.1: 1D model problem.
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which is more aligned with the formulation for the incompressible Navier-Stokes
equations in Section 3. The constraint (5.1) is imposed on the system by employing
a Lagrange multiplier. A thorough description of this methodology is given in
Joosten et al. [149].

Thus, the governing equations read

u+ Cu + b =0, (5.2a)
b-u=0, (5.2b)

where @ = {11, U, u3}! and w = {uy, us, uz}? are the accelerations and velocities
of the point masses respectively and A is the Lagrange multiplier. The matrix C
and the vector b are

CL+C —C 0 1 &1
C=—1| - cr+cz —c3|, b=—49& ¢, (5.3)
m m
0 —c3 3 &3

where the parameters ¢, ¢o and c3 are the respective damping coefficients for
the three dashpots. It is straightforward to show that the problem (5.2) can be
reduced to a system of two linear differential equations, expressed as

Uy ki ko] Jw 0
e -6 o9

where kq1, k12, ko1 and koo depend on the problem parameters. Solving this system
yields u; and uy. Subsequently, ug is obtained by using the constraint (5.1). The
Lagrange multiplier A can be evaluated by substituting the velocities back into
Equation (5.2a). The analytical solutions for w and A render lengthy terms, which
are not shown here for the sake of brevity.

Remark 1: It could be argued that the model problem (5.2) is not fully rep-
resentative of a viscous incompressible flow problem. However, it possesses very
similar characteristics. The masses and dampers of the 1D system are concurrent
with the inertial and viscous terms obtained from the Navier-Stokes equations after
appropriate discretisation. Moreover, the constraint (5.1) represents well the ef-
fect of incompressibility in fluid flow problems, where also a Lagrange multiplier,
namely the pressure, is used to impose the linear incompressibility constraint.
Due to the absence of an advective component, the model problem is linear and
therefore suitable for detailed analyses. In the discretisation of the Navier-Stokes
equations the presence of the advection term results in complex eigenvalues of the
system matrix. A similar effect can be achieved in the model problem by using
complex damping coefficients.

In recent years similar model problems were used successfully, for instance
in [147, 149, 148, 158], to study the computational strategies for fluid-structure
interaction.
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5.1.2 Time integration schemes

For the purpose of introducing the different time integration schemes, the following
general first order differential equation is considered

w=f(tu), (5.5)

with f being a function of time ¢ and the solution variable wu.

Backward differentiation formula (BDF)

BDF schemes are implicit linear multi-step methods which allow the derivative of
a function to be expressed as a linear combination of solution variables associated
with previous time instants. If one considers the differential Equation (5.5) with
BDF time integration, the general expression reads

W= f (T un (5.6)

where At = t"*1 —#" is the time step size, N is the total number of time steps and
n € {0,1,...,N}. Depending on the order s of the scheme, the time derivatives
of the consequent BDF's scheme are approximated as

.

1
oy (u™™ —um), for s =1,
1 n+1 n n—1
gt — E(?m+ —du” +u" ), for s = 2, (5.7)
1
oA (11u™ — 18u™ + 9u™ ' — 2u"7?), for s =3,
[

It is observed that, for s = 1, the scheme is identical to the backward Euler
method (BE). Since only the first order BDF1 and second order BDF2 methods
are unconditionally stable, the orders s > 2 will be disregarded in this study.

Generalised midpoint rule (GM)

The generalised midpoint rule (GM) can be described as a modified Euler method,
which in the case of Equation (5.5) is expressed as

Wt = f (" W), (5.8)
with
n+1 n
iy W U 59
u" = (1 —7)u" +yu™tt, (5.10)
" = (1L =) t" + 4", (5.11)

where 7 is a scalar time integration parameter. It can be observed that setting
v = 1/2 recovers the second order accurate trapezoidal rule (TR), and setting
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v = 0 recovers the backward Euler method (BE/BDF1). Thus the generalised-
midpoint rule represents an interpolation between the backward Euler method and
the trapezoidal rule. Notably varying v allows the high frequency damping to be
controlled by the user, which is demonstrated clearly in [80, 159]. The limit ps
of the spectral radius as At — oo is related to the parameter v by

1

= —. 5.12

y

The method is unconditionally stable for 1/2 < 4 < 1 which corresponds to
0 < poo < 1, see [80] or [78] for a thorough explanation.

Generalised-a method (AM)

The generalised-a method is an implicit and unconditionally stable single-step
time integration method. The scheme is presented in Section 2.3.2, but is repeated
here for consistency. Applying the generalised-a method to the first order problem
in Equation (5.5) gives

Wt = f (imer gt (5.13)
where
" = (1 — ay,) W + apu™tt (5.14)
T = (1 — ap) t" + apt" (5.15)
w"t = (1 —ap)u" + apu™, (5.16)
unJrl —un? )
— = (1 —)a" +ya"t. (5.17)

The parameters o,,, ay and v may be expressed in terms of the spectral radius
Pso for an infinitely large time step as follows

13—l 1

1
=T ay V==, —ay. (5.18)

T 2

A

For p = 0, the time integration parameters become: «,, = 3/2, ay = 1 and
~v = 1, which when applied to Equation (2.59) gives

un+3/2 — f (tn+1,un+1> ) (519)

With Equations (2.60) and (2.63), the following is obtained

) n+3/2 _ Bun—l—l _ un _ 3un+1 _ 4un + un—l

u = 5 = AL . (5.20)
This is identical to the expression in Equation (5.7) for s = 2. It can thus be
concluded that the generalised-a method with p,, = 0 is equivalent to the BDF2
method. This observation is also made in [160]. For p, = 1, the generalised-«
method coincides with the trapezoidal rule (TR). Thus, the generalised-a method
represents an interpolation between the BDF2 and TR.
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5.1.3 Projection schemes

In the following paragraphs, the time integration techniques of Subsection 5.1.2
are employed in the context of projection methods for the simulation of the model
problem described in Subsection 5.1.1.

The adopted strategy is based on the elimination of the end-of-step velocity,
an approach first considered by Guermond and Quartapelle [161, 162, 144]. Fur-
thermore, an incremental projection (or pressure-correction) approach is followed,
whereby an approximation of the pressure, or in the context of the model problem
(5.2), A, is included in the first step. This is generally referred to as a pressure-
correction method. All schemes presented in the following allow for a varying time
step size At and for adaptive time stepping.

Generalised midpoint rule projection method

Typically incremental projection methods are comprised of two steps. The first
step, or wviscous step, contains the viscous contribution of the momentum equation
and a predictor for the pressure. In the context of the model problem, the first
step of the GM projection method involves the computation of an intermediate
velocity at time instant t"*! from

1
x (@™ — u") + Cu" + FbA™"T = 0, (5.21)

with
" = ya" (1 — )@ (5.22)
AP = AL (1 — ) A (5.23)

The role of the scalar factor d is explored further in Section 5.1.3. It is well known
that second order accuracy of the overall scheme can be achieved by using a first
order predictor for the Lagrange multiplier

AR =\ (5.24)

The second step is based on the equations

1
x (u™ — @) + b (A" — §AT) =0, (5.25a)
b-u"! =0, (5.25b)

where
N = AN (1 — ) A" (5.26)

Crucially, it is observed that the sum of Equations (5.21) and (5.25a) recovers the
momentum Equation (5.2a) whereby the inertia term is expressed in terms of the
end-of-step velocity u™*! and the viscous term is evaluated for the intermediate
velocity " *!. Substituting the expressions (5.23), (5.24) and (5.26) into Equation
(5.25a) renders

1

x (u™ = @™ + b (A" 4+ (1 =y = §)A") =0. (5.27)
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Multiplying Equation (5.27) by b and recalling Equation (5.25b) results in a scalar
equation from which A\"*! can be obtained,

—éb A" 4+ b b (AT + (1= = 5)A") =0. (5.28)
Notably, in the context of the incompressible Navier-Stokes equations, the scalar
product with b corresponds to the application of the divergence operator, which
results in a Poisson equation for the pressure increment. The end-of-step velocity
u™t! is explicitly computed from Equation (5.27) by substituting A"** back into
the equation, as follows

un+1 — ,&n-‘rl — Atb (,Y)\n-i-l + (1 e 5))\71) . (529)

The second step is generally called the projection step since it decomposes the
intermediate velocity into the pressure and divergence free end-of-step velocity, as
shown in Equations (5.28) and (5.29) respectively.

End-of-step elimination: It is common practice to eliminate the end-of-step
velocity from the scheme by substituting the divergence free velocity u", obtained
by considering Equation (5.29) at time instant ¢, into the first step (5.21). The
explicit step (5.29) is then no longer necessary. Furthermore the intermediate
velocity also converges to the exact solution as At is reduced. The first step
of the GM projection method with end-of-step elimination, from which w"*! is
computed, reads

1
~

The Lagrange multiplier \»™! is then computed as before from Equation (5.28).
There is no need to compute the end-of-step velocity u™!, but if desired it can
be evaluated from Equation (5.29).

The system of Equations (5.30) and (5.28) can be expressed in matrix form as

amtl — ,&n) +Cu" +b ((7 + A"+ (1—~—9) )\”_1) =0. (5.30)

U™ = Agu U™, (5.31)

where U” = {a?, a2, a2, AtA\"}T, and U™ is expressed analogously. Ay is the
amplification matrix for the generalised-midpoint rule scheme and its coefficients
depend on the problem parameters and on the time step size At.

Generalised-a projection method

Adopting the integration scheme presented in Subsection 5.1.2, and following the
approach described in the previous section for the generalised midpoint rule, the

first step of the AM projection method, from which @"*! is evaluated, is expressed
as
- 2m ) gn 4 S (@t - ) 4 Cantes 4 gAY = 0, (5.32)
v vAE
with

"t = a4+ (1 — ap)a”, (5.33)
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A = A 4 (1 = ap) AT, (5.34)

where the parameters o,,, ay and vy are as shown in Equation (2.64), and the
predictor A*"*! is the same as in Equation (5.24).
The second step is obtained as

% (w — @) + b (Aer — gamrter) = o, (5.35a)
b-u"t! =0. (5.35Db)

Similarly to the manipulation of Equation (5.25a), Equation (5.35a) can be rewrit-

ten as
am

AL (u™' —a™") + b (A" 4+ (1= ap — §)A") = 0. (5.36)
Multiplying Equation (5.36) by b and recalling Equation (5.35b) renders
—%b @™ b b (A" 4+ (1—ay —6)A") =0, (5.37)
which can be solved for A»™!. The end-of-step velocity is obtained from
u"t = a"tt — E—Atb(afv“ + (1 —ap —6)A"). (5.38)

Finally, the acceleration can be computed from
1 1—
"ttt = — ('u,”+1 — u") LT Ty, (5.39)
vAt gl

End-of-step elimination: The first step of the AM projection method with
end-of-step elimination involves computing @™ ! from

Qm cn QOm ~n+1 ~n ~n+4o
1-—=)u"+—2= (a"" —a") + Ca™"*
( v) vAt( )

+b ((af + )N+ (1 —ay —6)A" ") =0.

(5.40)

In the second step A"™! is again computed from (5.37). Substituting the end-of-
step velocities u™ and ™™ into Equation (5.39) gives an explicit expression for
the end-of-step acceleration

_ 1 ~n+l  =~n _1_771
_vAt(u 'u,) ~ u
1
— —b (A" 4 (1= 20y — 0N — (1 —ay — )N ).

QAm

,un+1

(5.41)

Since the right hand side contains the acceleration @”, it is not possible to use
Equation (5.41) to eliminate the end-of-step acceleration in Equation (5.40). Sim-
ilarly to (5.31), the system of Equations (5.40), (5.37) and (5.41) may be written
in matrix form as

U™ = A Un, (5.42)

where U = {a?, u}, al, Ata}, Atud, Atal, AtA"} and U™ can be expressed
analogously. Ay is the amplification matrix for the generalised-a method.
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The role of the factor §

The factor ¢ in Equations (5.21) and (5.32) affects the high frequency dissipation
of the scheme. A limit analysis of the spectral radius of the amplification matrices
Acyv and Aayg, based on a symbolic mathematics software, yields the following
limit

lim p" = max(p",,§ — g +dp"), (5.43)

At—00

where the parameter p" represents the user-controlled high frequency spectral
radius of the applied time integration scheme. Since it is desired that, for the
overall method, p" — ph for At — oo, Equation (5.43) suggests to choose § such
that

§ — phe + 0ph = P (5.44)
which gives
2p"
= > 5.45
1+ ph (5.45)

Thus, with Equations (5.12), (2.64) and (5.45) the high frequency damping of the
GM and AM projection methods presented above can be fully controlled and p"
remains as the only free integration parameter. In the case of the GM projection
method it can be used to switch gradually between BE and TR. Similarly, in the

case of the AM projection method, it allows for interpolation between BDF2 and
TR.

5.1.4 Comparison of schemes

In this section, the projection methods presented in Subsection 5.1.3 are compared
to each other, as well as to the monolithic and exact solutions discussed in Sub-
sections 5.1.1 and 5.1.2. First the performance of the schemes is demonstrated
for the model problem and subsequently, the schemes are analysed in terms of
stability and accuracy.

1D model problem response

In order to show the capabilities of the GM and AM projection schemes to control
high frequency damping, the parameters for the model problem are chosen such
that both low and high frequency oscillations are present, and no physical damping
occurs. The latter is achieved by choosing imaginary damping coefficients in the
matrix C, and the parameters are set as follows: & =1, & =6, & =2, m =1,
c1 = 0.257, co = 0.32i, c3 = 12i. By setting the real part of the coefficients to zero,
it is ensured that all damping observed in the response of the system is numerical,
thus allowing for a straightforward interpretation of the results.

Figure 5.2 shows the response of the component u; when using the GM and
AM projection and monolithic schemes with different values of p . The periods
associated with the low and high frequencies are, respectively, T; = 9.725 and
T, = 0.385. The time step size is chosen as At = 0.5 > Tj. It is desired that,
in this case, the unresolved high frequency oscillations are damped out while the
low frequencies are accurately captured. For p" < 1 it can be seen that the AM
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projection method more accurately approximates the low frequency response than
the GM projection method. Both methods show more numerical dissipation than
their monolithic counterparts. As p. — 1, the response experiences less numerical
damping and shows more oscillatory behaviour. The numerical oscillations are
damped out at a faster rate for the GM method than for the AM method, however
at the cost of more low frequency damping. With g% = 1, the TR projection
method is recovered, and as expected there is no numerical damping observed for
the high or low frequencies.

1D model problem spectral radii

The spectral radius of a scheme’s amplification matrix is defined for a d X d matrix
as
P"(A) = max(|\], | Nz, - - -, [ Aal), (5.46)

where \; o 4 represent the eigenvalues of the amplification matrix of dimension
d and must not be confused with the Lagrange multiplier for the constraint. For
a scheme to be unconditionally stable, the spectral radius must not exceed 1 for
all positive time step sizes At, i.e. p"(A) < 1V At > 0. Since p"(A) is highly
nonlinear with respect to At, only the limits of p"(A) for At — 0 and At — oo
can be obtained analytically while, for any given finite value of At, the stability
check is restricted to the numerical investigation for the given parameters.

The spectral radii for the GM and AM projection methods are compared to
their respective monolithic counterparts as well as to the monolithic BE method
in Figure 5.3, using the same parameters as in Section 5.1.4. It is visible for both
methods that p" < 1 for all values of p chosen. It is also evident that g in both
cases defines the limit of the high frequency damping p.

The direct comparison between the GM and AM projection methods is shown
in Figure 5.4. Notably, for any value of p". the AM projection method displays
less numerical damping in the lower frequency range than the GM projection
method. It is also observed that for p". = 0 the AM projection scheme is less
dissipative than the monolithic BE method. A similar comparison involving only
the monolithic counterparts of the methods is presented in Figure 5.5.

Figure 5.6 shows the spectral radii as obtained from modified versions of the
proposed GM and AM projection schemes, where § = 1. Thus, Step 1 of the
modified schemes includes a full predictor for the Lagrange multiplier A. It is
evident that the high frequency damping is lost and p,, = 1 is recovered in all
cases. However, similarly to their monolithic counterparts, the modified schemes
exhibit less damping in the low frequency range.

1D model problem convergence

The convergence of the solution variables as At decreases is shown in Figure 5.7.
The parameters are set as: & =1, & =1,& =1, m=1, ¢ = 1i, co = 12 and
c3 = li. The errors are obtained by comparison to the exact solution at time
instant t = 30. With p®, = 0 and p" = 0.5, first order accuracy is observed for
both the GM and AM projection methods. However, the AM projection method
shows a smaller magnitude of error. Moreover, for p. = 0.5, the convergence slope
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Figure 5.2: 1D model problem: u; response for the GM and AM projection
methods with (a) p% =0, (b) p*, = 0.5, (c) pt. = 0.8, and (d) p*, = 1, i.e. TR
projection method.

of the AM projection method begins to increase towards second order accuracy at
larger time steps. For g = 1, the second order accurate TR method is recovered.
It can be deduced that increasing pl*. effectively reduces the magnitude of the error
for both methods.

It is pointed out that second order accuracy is achieved for all values of p"
with the AM projection method by setting 6 = 1 in (5.40). However, as shown in
Subsection 5.1.4, this is associated with the loss of high frequency damping.
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Figure 5.3: 1D model problem: Spectral radius comparison between the GM
projection and monolithic methods (a), and the AM projection and monolithic
methods (b), using a range of values for pl..
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Figure 5.4: 1D model problem: Spectral radius comparison between the GM and
AM projection methods.

A further comparison of the GM and AM projection methods is shown in Figure
5.8, where the solution errors are shown for the range 0 < p" < 1. Notably for
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monolithic GM and AM methods.
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Figure 5.6: 1D model problem: Spectral radius comparison between the modified
GM and AM projection methods with § = 1.

pl. < 0.9, the AM projection method is an order of magnitude more accurate than
the GM projection method.

5.1.5 Conclusions drawn from model problem analysis

Based on the observations made in Subsection 5.1.4, the following conclusions can
be drawn:

(i) The standard projection method based on the backward Euler time integra-
tion scheme which does not involve a pressure term in the first step features
the same high frequency damping as its monolithic counterpart, i.e. po, — 0
for At — oo.

(ii) The widely used pressure correction method based on BDF2, which includes
a pressure predictor in the first step and which maintains second order ac-
curacy, does not feature any high frequency damping, i.e. p,, — 1 for
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Figure 5.7: 1D model problem: Error(u) = |u — ue| and Error(\) = |A — Aex| for
(a) pt, =0, (b) p", = 0.5 and (c) p*, =1, at t = 30. The terms (o)., denote the
analytical solution.

Error

Figure 5.8: 1D model problem: Comparison of errors obtained for different
values of p.. The errors are evaluated at At = 0.01.

At — oo. This is in stark contrast to its monolithic counterpart where
Poo — 0 for At — oc.

(iii) In the proposed GM and AM projection schemes, the parameters ¢ and p"
control high frequency damping according to Equation (5.43).

(iv) The investigation confirms the well-known fact that overall second order
accuracy can only be obtained for § = 1. Together with Conclusion (iii),
this suggests that it is not possible to formulate a second order accurate
pressure correction method which possesses any high frequency damping.

(v) The proposed AM scheme features only first order accuracy, but renders sig-
nificantly more accurate results than the standard backward Euler projection
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method or indeed the proposed GM scheme. The additional computational
cost associated with the proposed AM scheme is negligible. Similarly to its
monolithic counterpart it provides the desired high frequency damping while
preserving the resolved low frequency response.

5.2 Formulations for incompressible fluid flow

In this section the projection methods proposed in Subsection 5.1 will be applied
to the incompressible Navier-Stokes equations.

Consider a domain Q C R? (d < 3) with boundary I which is separable into
Dirichlet and Neumann subsets, I'; and I';. The velocity field w and pressure field
p are described by the following governing equations

pi+(u-Vu)—V.-o=f in QxZ, (5.47a)
V-u=0 in QxZ, (5.47b)

u=u, onT'y, xZ, (5.47¢)

oc-n=t onI'y xZ, (5.47d)

wl—o =uy  in Q, (5.47e)

where Z = [0, T is again the time interval under consideration, f is the body force
vector, u, is the velocity prescribed on I'y, m is the outward normal to I', o is the
Cauchy stress tensor, and t is the imposed boundary traction. Substituting the
Cauchy stress tensor for Newtonian fluids,

o = —pl 4+ 2uViu, (5.48)
into Equation (5.47a) renders

pu+ (u-Viu) — pAu+Vp = f. (5.49)

5.2.1 Projection schemes: time discretisation

Analogously to Subsection 5.1.3, GM and AM projection schemes are proposed for
the Navier-Stokes Equations (5.47a)-(5.47e). The nonlinearity of the convection
term is avoided by extrapolating the convective velocity u*"*! from the solution
history in an appropriate manner.

GM projection method

The method to be presented is based on the same strategy used in Subsection
5.1.3, specifically Equations (5.30) and (5.28). The first step of the GM projection
method with end-of-step elimination involves the computation of the intermediate
velocity, @, at time instance t"*! from

% (,an—‘rl . ,&n) + p (,a*,n—i-w . v) ,an-‘rw + MA,an—&-w

A (5.50a)
+V((y+0)p" + (L =y =0)p" ") = 7,
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,an—i-llrg _ u%+17 (5.50b)
with
,&’*,TH‘W _ fy,&,*,n-&—l + (1 _ ,y) {l[”’ (551)
ﬂ,n+7 _ ,_y,anJrl + (1 _ '7) ﬁn, (552)
fn_t,_y _ ’}/fn+1 + (1 _ ’7) f” (553)

Here the parameters v and 0 are obtained from Equations (5.12) and (5.45) re-
spectively. The convective velocity extrapolation is expressed as

a*"t = 2a" —a" . (5.54)

Equation (5.50a) resembles Equation (5.30), with A being replaced by the pres-
sure p and the addition of a convection term. The second order extrapolation in
Equation (5.54) is not necessary for p. < 1, but crucial to ensure second order
accuracy for p" =1 (TR). The second step of the GM projection method is based
on

L (@ @™ £V (" (L= = 6)p") = 0, (5.55a)
V-u"t =0, (5.55b)
u"tmlp, = 0. (5.55¢)

Taking the divergence of the terms in Equation (5.55a) and applying Equation

(5.55b) yields the following Poisson equation for p"*!
—év AT A (T 4 (1= y = 8)p?) = 0. (5.56)

Generalised-a projection method

Following the same strategy as for Equations (5.40) and (5.37) in Subsection 5.1.3,
the first step of the AM projection method with end-of-step elimination requires
to compute @"*! from

p (1 - a7m> '+ LS (@ — @) p (@ V) @+ A

YAt (5.57a)
+V ((ap +0)p" + (1 —ay — 5)p”_1) = frtos
a" = upt! (5.57b)
with
@ = apa 4 (1 - ap) 4" (5.58)
"t = apa™™ + (1 —ap)a” (5.59)
s = a4 (1 - ap) f7 (5.60)

where the parameters o, oy and v are given in Equation (2.64), and the convec-
tive velocity extrapolation is the same as in Equation (5.54).
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In the second step the relations

V.utt =0, (5.62)
" =0, (5.63)

render the following Poisson equation for the pressure p"*!
_%V a4+ A (a4 (1 - ap —0)p") = 0. (5.64)

The acceleration is computed from

1 —
pu ! = % (,&n—i-l _ ﬁn) _ p—7u"
Y
1 n+1 n n—1 (565)
= —V(ap" 4+ (1 =205 = 0)p" — (1 —ay = 9)p" ).

5.2.2 Finite element method: spatial discretisation

The spatial discretisation is based on the following velocity and pressure interpo-
lation and weighting functions

u'(x) = ZNA(w)’U,A, v'(x) = ZNA(CL')'UA, (5.66)
(@) = Na@ps d'(2) =D Na@)as, (5.67)

where 17 and 7, A and A, Nyand N 7 represent, respectively, the sets of nodes, the
global node numbers and the shape functions for velocity and pressure.

For a compact presentation of the weak forms to be used for the computations
in Steps 1 and 2 of the proposed schemes, it is useful to define the following integral
forms

(u,v) = /Q - d, (5.68)
a(w,v) = /Q Vu: Vo do, (5.69)
b(w, q) = —/qu-v do, (5.70)
(1, v, w) = ,O/Q(u V) w d. (5.71)

GM projection method: The first step requires to solve the weak form of Equa-
tion (5.50) for the intermediate velocity: Find w"™ € S, such that for all v € V

i1 -
(p—un un,'v) + a(f&"ﬂ, 'u) + c(ﬂ*’"ﬂ, a7, 'v)

At (5.72)
+b(v,(y+0)p"+ (L=~ =0)p" ") = (f"7,v).
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where S and V represent the appropriate finite element approximation spaces and
the superscript h has been omitted. The quantities @*"*7, @™ and f"*7 are
obtained from Equations (5.51)-(5.53). The Dirichlet boundary conditions are
applied directly to the intermediate velocity w.

The Poisson Equation (5.56) yields the following weak formulation: Find
p"*t! € P, such that for all ¢ € P

(V™ + (L= = 0)p"). V) = ;b(@" " q). (5.73)

where P represents the appropriate finite element approximation space.

AM projection method: The weak form of Equation (5.57) in the first step
reads: Find @"*! € S, such that for all v € V

-n O a"tt — a4 ~nto
o) 22
+ (@ a" e v) + (v, (ap + 0)p" + (1 — oy — 8)p" )

_ (fn-i—af’,v) )

The weak form of Equation (5.64) is expressed as: Find p"*! € P, such that for
all g e P

(5.74)

(V(ayp™' + (1= oy — 8)p"), Vg) = %b(ﬁ"“, q). (5.75)

The acceleration update from Equation (5.65) is obtained from

yAt Y

(5.76)
-b (v, ai (™™ + (1 =20y —0)p" — (1 — ay — 5)p”1)> .

m

It should be noted that, if the product of the mass matrix with the nodal accel-
erations is employed as history variable, then Equation (5.76) is explicit and its
computational cost negligible. This is consistent with Equation (5.74) which also
involves the product of the @ with the mass matrix.

5.2.3 Stable velocity-pressure interpolations

It is well-known that a pure Galerkin based mixed velocity-pressure finite element
formulation for the incompressible Navier-Stokes equations renders spurious oscil-
lations in the pressure field if the same interpolation functions are used for the
velocity and the pressure fields. Admissible choices of approximation spaces are
required to satisfy the inf-sup condition,

v_ h h
inf sup W-vhq) ’g ) > a >0, (5.77)
qhePh yhepn HQHOHU I,
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where « is a constant, which is independent of the element size. Inequality (5.77)
is also known as the LBB compatibility condition [163, 164, 165, 166, 167]. Alter-
natively, appropriate stabilisation techniques can be employed which are based on
variants of the Galerkin method and thereby circumvent the condition. Prominent
techniques such as the SUPG/PSPG stabilisation technique or Least-squares finite
element method have been widely used and further developed (see, for instance,
[168, 169, 124, 170, 171, 172]). It is interesting that, in the context of projection
schemes, smooth pressure fields may be obtained even without stabilisation or
inf-sup conformity. This is due to the fact that, for large time steps, the incom-
pressibility constraint is far less rigorously enforced. However, it has now become
common practice to employ inherently stable velocity-pressure formulations in or-
der to ensure maximum robustness of the overall methodology (see for instance
[162, 173]). Similarly to the issue of high-frequency damping addressed in this
work, a stable velocity-pressure formulation is crucial to allow for a large degree of
independence between spatial and temporal discretisations. Thus, the well-known
inf-sup stable Taylor-Hood element (P,/P;) based on quadratic velocity and lin-
ear pressure triangular elements is employed in the numerical examples in Section
5.3.

5.3 Numerical examples

5.3.1 Lid-driven cavity

As a first demonstration, the benchmark flow problem of a lid-driven cavity is con-
sidered. The side length of the square cavity is one unit length and the boundary
conditions are shown in Figure 5.9. The no-slip boundary condition is applied to
all edges except at the lid boundary, where the normal velocity component is set
to zero and the tangential velocity component follows the profile,

upa(z) =1 —e®@ D _e™®@ <z <1, (5.78)

where a is a dimensionless parameter and x is the horizontal coordinate (adopted
from Dettmer et al.[81]). The profile (5.78) allows for the control of the sharpness
of the singularity in the top corners of the cavity. For this demonstration, a = 50
is used. Two Reynolds numbers are tested, Re = 100 and Re = 1000, which
result from using viscosities of ;= 0.01 and p = 0.001 respectively and a density
of p = 1. Three unstructured meshes are considered: mesh A (847 elements, 1782
P, nodes), mesh B (2061 elements, 4260 P, nodes) and mesh C' (4200 elements,
8597 P; nodes). Mesh A is shown in Figure 5.9. Initially the fluid is at rest and
the velocity at the lid is applied instantaneously. The GM projection scheme with
pl. =0 is used.

The steady state solutions shown in Figures 5.10-5.12 develop quickly and
agree well with the reference solutions. The streamlines and pressure contours
are shown for Re = 100 and Re = 1000 in Figures 5.10 and 5.11, respectively.
Figure 5.12a shows the horizontal velocity component u and the vertical velocity
component v along the vertical and horizontal centrelines of the cavity respectively
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for Re = 100. Similarly the centreline velocities for Re = 1000 are shown in Figure
5.12b.

5.3.2 Lid-driven cavity with dynamic boundary conditions

For the purpose of studying the convergence of the projection schemes, the lid
driven cavity problem is considered once more. In order to avoid a steady state
solution, the velocity profile in Equation (5.78) is replaced by the time dependent
profile,

ua(x, t) = %Siﬂ(ﬂ'l’) (1 — cos(3mt)). (5.79)

In the convergence analyses to follow, the problem is run until £ = 1. The viscosity
and density are respectively set to u = 0.0025 and p = 1 resulting in Re = 400, and
a mesh with 1140 elements (2365 P, nodes) is used. It is demonstrated that, as the
time step size At is reduced while the spatial discretisation remains unchanged,
the velocity and pressure fields converge to an exclusively mesh-dependent approx-
imation of the exact solution. It is shown that, for the same spatial discretisation,
the GM and AM projection schemes and the monolithic solver converge to the
same response. The reference responses for the Stokes problem in Subsection
5.3.2 and for the Navier-Stokes problem in Subsection 5.3.2 have been computed
with the corresponding monolithic AM solvers based on At = 0.0001. The term
“error” is used for the deviation between the reference solution and the solutions
obtained with the GM and AM projection schemes on the same mesh but for var-
ious values of At. Similar studies of temporal convergence have been performed
in [80, 161, 162, 173] in the context of different methodologies.

Error convergence for Stokes problem

The convergence rates of the L? error norms of the velocity and pressure fields
are shown for the Stokes flow problem in Figure 5.13, where the GM and AM
projection methods are compared. It is clear that for p*. = 0, the GM and AM
projection methods obtain first order convergence rates for both the velocity and

u =g, v=20

u,v,p=0att=0

Figure 5.9: Lid-driven cavity: Boundary conditions and mesh A
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s

Figure 5.10: Lid-driven cavity: Streamlines for Re = 100 (a) and Re = 1000 (b).
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Figure 5.11: Lid-driven cavity: Pressure isolines for Re = 100 (a) and Re = 1000
(b).
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Figure 5.12: Lid-driven cavity: Horizontal velocity u along the vertical centreline
and vertical velocity v along the horizontal centreline, for Re = 100 (a) and

Re = 1000 (b).

pressure field errors. Although both methods are first order accurate in time, the
AM projection method produces a smaller magnitude of error for both velocity
and pressure fields. For p,, = 0.5, both methods again obtain first order accuracy,
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although the convergence slope increases towards second order accuracy for larger
time steps. Again, the AM projection method performs better in terms of the
error magnitude. For p" = 1, the trapezoidal method is recovered with second
order accuracy. As with the 1D case (Figure 5.7) it can be deduced that increasing
pl. effectively reduces the magnitude of error for both methods.

Error convergence for Navier-Stokes problem

The L? norms of the velocity and pressure field errors are shown for the GM and
AM projection methods when considering Navier-Stokes flow in Figure 5.14. It is
evident that the convergence slopes closely reflect the observations made for the
Stokes flow problem, hence the same accuracy is attained.

1 \ 1
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Figure 5.13: Stokes flow cavity model problem: Convergence rates for velocity
and pressure field errors with (a) p?. =0, (b) pf. = 0.5 and (c) pl. = 1.
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Figure 5.14: Navier-Stokes flow cavity model problem: Convergence rates for
velocity and pressure field errors with (a) pf. = 0, (b) pf. = 0.5 and (c) pl. = 1.
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5.3.3 Flow around a cylinder

In this example, the well known benchmark problem of flow around a stationary
circular cylinder is investigated. The geometry dimensions and boundary condi-
tions for the problem are shown in Figure 5.15. The vertical velocity component
v is prescribed as zero on the upper and lower boundaries, while the horizontal
component u remains free. Also the pressure is prescribed as zero at the outlet
boundary, and w is prescribed uniformly as u., on the inlet boundary, in compli-
ance with the assumption that the flow is uniform far away from the cylinder. In
the analyses to follow, the parameters are set as u,, = 1, p = 0.01, p = 1 and
d = 1, such that Re = 100. The mesh employed possesses 1708 elements (3472 P,
nodes), as shown in Figure 5.15.

For the purpose of this study, several dimensionless quantities are defined. The
coefficients of lift and drag, C, and Cp, as well as the Strouhal number St are
evaluated using the expressions

Cr(t) = 20

=1 5

Folt) g, _ ﬁ, (5.80)

Cp(t) =
o(t) %pugod’ Uoo

where F, and Fp are the lift and drag forces respectively, and f is the frequency
of the lift force.

Figure 5.16 shows the Cp and Cp evolution with time for Re = 100. The
(', amplitude and St number are obtained as C;, = 40.292 and St = 0.165
respectively, for a time step of At = 0.01. Due to the lack of analytical solutions,
a comparison is made to experimental data by Roshko [174] and numerical data
by Kadapa et al. [175]. The St number agrees well with the experimental data
found in [174], where a best-fit line for experimentally obtained data is presented,
i.e. St =0.212(1 —21.2/Re), which yields St = 0.167 for Re = 100. An extensive
numerical study carried out in [175], compares results obtained for C7, and St
coefficients at Re = 100 by various authors. The ('} amplitudes range between

ﬁ v=0
>
15 || 8
3
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S o
H-- Otd= I
15 1
i i v=20
e N 1
10 20

Figure 5.15: Flow around a cylinder: Geometry (not to scale), boundary
conditions and mesh.



CHAPTER 5. SEGREGATION STRATEGIES 143

+0.250 and +0.341, and St number, between 0.160 and 0.175. Clearly the results
of the present study lie within this range.

The variation of the lift amplitude and the Strouhal number with the time step
size is displayed in Figure 5.17. The convergence as At — 0 is clearly visible. It can
also be observed that the AM projection scheme performs significantly better than
the respective GM scheme and that both schemes render more accurate results for
pt = 0.5 than for g, = 0.

The temporal Cp, amplitude and St errors are shown for the GM and AM
projection methods with p set to 0 and 0.5 in Figure 5.18. The errors are
computed by comparing the solutions to that of a reference solution obtained from
a monolithic AM solver on the same spatial discretisation with p% = 0.5 and At =
0.0005. Thus, similar to Subsection 5.3.2, the term “error” refers to the deviation
from the mesh-dependent limit solution, rather than from the exact solution. For
the same mesh, the lift coefficients and the Strouhal numbers obtained from the
monolithic solver, the GM and AM projection schemes all converge to the same
values. The projections methods display first order accuracy, with the AM method
achieving a lower magnitude of error than the GM method for the same respective
values of pl'..

Figure 5.19 similarly shows the Cf and St errors when considering the GM
and AM projection methods with g% = 0.9. Observing the C, convergence, it is
visible that there is an increase of the slope at larger time steps for both methods.
In comparison to Figure 5.18, a decrease in the magnitude of error is observed.

Figure 5.20 shows the convergence of the AM projection method for 6 = 1
and p'. = 0.9 in comparison to its monolithic counterpart. It is evident that the
solutions for C}, and St become unstable at around At ~ 0.04. This is attributed
to the lack of numerical damping of the method, which has been demonstrated in
Subsection 5.1.4.

Summarising, the performance of the GM and AM strategies for the flow
around the cylinder are consistent with the analysis of the model problem in
Section 5.1.

0.4 ‘ ‘ ‘ 1.2
02 ] 1.1
S 0 S 1
027 0.9
'0'40 50 100 150 200 0'80 56 160 150 200
t t

Figure 5.16: Flow around a cylinder: Evolution with time for the lift coefficient
CL, (left), and drag coefficient Cp (right), considering the AM projection method
with ps = 0.5, Re = 100, At = 0.01, and 1708 elements.
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Figure 5.17: Flow around a cylinder: € amplitude convergence (left), and St
convergence (right), for Re = 100.
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Figure 5.18: Flow around a cylinder: C, amplitude error convergence (left), and
St error convergence (right), for GM and AM projection methods with p set to
0 and 0.5.

5.4 Concluding remarks

In Section 2 a discrete model problem consisting of point masses and dash-pots
has been introduced, which allows for insight into the performance of projection
schemes, including aspects which are otherwise difficult to assess, in particular the
numerical damping. The investigation performed in Section 2, on the basis of this
model problem, suggests that a second order accurate projection scheme cannot
possess any high frequency damping.

Also in Section 2, two new methodologies have been proposed which may offer
a compromise between accuracy and high-frequency damping. In particular it has
been investigated to what extent the properties of the generalised-a method can
be maintained when moving from a monolithic scheme to a projection scheme.

In Section 3 the proposed methodologies have been applied to the incompress-
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Figure 5.19: Flow around a cylinder: C, amplitude error convergence (left), and
St error convergence (right), with g% = 0.9 for the GM and AM methods
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Figure 5.20: Flow around a cylinder: ', amplitude error convergence (left), and
St error convergence (right), with g = 0.9 for the GM and AM methods.

ible Navier-Stokes equations and it has been shown that the additional computa-
tional cost of the AM projection scheme is negligible in comparison to the proposed
GM or standard BE projection schemes.

Numerical examples based on the lid-driven cavity and the flow around a cylin-
der have been presented in Section 4. The results obtained are consistent with
the conclusions drawn from the model problem and thus confirm its suitability
and relevance for studying different types of projection schemes. For the same
spatial discretisation, the GM and AM projection schemes and the fully implicit
monolithic solver converge to the same response as the time step size is reduced.
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The study of the flow around the cylinder includes the presentation of convergence
diagrams for the lift coefficient and the Strouhal number which, to the best of our
knowledge, have not been shown elsewhere in the context of projection schemes.

For the model problem and for the Navier-Stokes equations, the proposed
AM projection scheme consistently outperforms the associated GM projection
scheme with the same amount of high-frequency damping by a notable margin
(see most notably Figures 5.2 and 5.17). The comparison of the more accurate
AM projection scheme to the widely used standard first order schemes based on
BE time integration is very favourable.



Chapter 6

Conclusions and Future Work

6.1 Conclusions

Single-component fluid systems for phase transition: In Chapter 2 the Navier-
Stokes-Korteweg equations are introduced for the purpose of modelling phase
transition phenomena. A low order formulation is proposed with the introduc-
tion of an auxiliary variable equation to represent the Laplacian of the density.
An efficient solution strategy is presented, wherein the solution variables are solved
for non-conservatively. The formulation is demonstrated with highly demanding
benchmark problems, both isothermal and non-isothermal in nature. The cavita-
tion phenomenon is successfully exhibited with a nucleate boiling problem.

Binary fluid systems for multiphase flows: A comprehensive study on the
Cahn-Hilliard equation is considered in Chapter 3. The objective was to iden-
tify a phase dynamics equation which did not have any physical phenomena or
effects associated with it, i.e. one which just separated the individual phases.
The Cahn-Hilliard equation is observed to have inherent phenomena associated
with it, namely the effects of coarsening and shrinkage, which confirms the results
of previous studies [63]. The present work provides modifications to the Cahn-
Hilliard equation for reducing the mentioned effects, which are demonstrated with
numerical examples. It is found that with the proposed modifications a significant
reduction in both coarsening and shrinkage are observed.

In Chapter 4 two novel finite element formulations are presented for modelling
the Navier-Stokes-Cahn-Hilliard equations; The first uses mixed Taylor-Hood ele-
ments, while the second uses linear equal order stabilised SUPG/PSPG elements.
The proposed models allow for surface tension effects to be disabled without affect-
ing the phase transport equation. Numerous surface tension dominated benchmark
problems are demonstrated, some of which had not been reported in literature at
the time of this writing. In addition, several problems with surface tension effects
disabled are simulated, and in these instances no additional numerical difficulty is
observed.

Increasing computational efficiency with decoupling strategies: The low order
formulations presented in Chapters 2, 3 and 4 are by no means computationally
inefficient. That being said, there are possibilities of reducing time costs even
further, especially in the application of three-dimensional problems. Chapter 5

147
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looks at precisely this, with the focus on decoupling fluid flow equations. The
decoupling strategy is based on projection-type fractional step methods. Two
projection schemes are proposed: one based on the generalised midpoint rule, and
the other on the generalised-a method. The proposed schemes are assessed in
terms of accuracy and stability with a unique one-dimensional model problem and
various two-dimensional fluid flow examples. Importantly it is confirmed that for
a second order accurate scheme, high-frequency damping is sacrificed.

6.2 Suggested future research

The following ideas are presented for future work:

e Understanding the physical relevance of the Navier-Stokes-Korteweg equa-
tions, particularly at lower temperatures, i.e. not near critical.

e Demonstrating pressure induced or hydrodynamic cavitation such as ob-
served in orifices or venturis. In the present work, only cavitation through
temperature driven nucleate boiling is considered. Setting up boundary
value flow problems for flow through an orifice with the compressible Navier-
Stokes-Korteweg model can prove challenging.

e The loss of mass on the component level is a hindrance for more complex
problems, i.e. the leaking faucet problem. Strategies should be explored to
better localising the phase-field variable present in the Cahn-Hilliard and
Navier-Stokes-Cahn-Hilliard equations.

e The projection methods discussed in Chapter 5 could be extended to multi-
phase flows. Various studies on decoupling the Navier-Stokes-Cahn-Hilliard
equations have been made in, for instance, [118, 92, 36], however there are
no strategies (at the time of this writing) which allow for the control of high
frequency damping.
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Appendix A

Formulation and Solution
Strategies

A.1 Linearisation and Newton-Raphson proce-
dure
Starting from the weak of the continuous Navier-Stokes-Korteweg Equations (2.55a)-

(2.55d), which is rewritten for convenience as: Find (p, u, 6, T) € X, such that,
for all (¢, w, v, s) € X,

q@ —Vqg-pudQ =0 (A.1a)
o Ot
/w- <u@+ 8_u> —Vw: (puu)— (V- -w)p+Vw: (T +k)
0 ot o AP b ‘ (A.1b)
—w-pbdQ) =0
/Qv% —Vu-(p€+p)u+Vuv-(t+K)u—Vv-q—v(pb-u) (A1)
—vprd2=0
/ sT 4+ Vs-VpdQ + / s |Vp|cos (o) dT" = 0. (A.1d)
Q r
Consider the system of nonlinear equations (A.la)-(A.1d) represented as
R(U) =0, (A.2)

where U = {p,u, 0, T}. The Newton-Raphson method is implemented to solve the
system iteratively. Given solution estimate at the k' iteration, Uy, The solution
at k + 1, is evaluated using the linearised approximation:

R(Ug+1) = R(Uy) + AR(Uy) =0, (A.3)
where Uy, = {pi, uk, O, Ti}, and Ugp1 = {prs1, Uis1, Opy1, T}, also

AR(U,) = DR(Uy)[8U], (A.4)

167



168 A.1. LINEARISATION AND NEWTON-RAPHSON PROCEDURE

with 60U = {dp, du,d0,5T}. Here DR(Uy,)[dU] represents the directional deriva-
tive of R(Uy,) in the direction of [§U].

The residual R(Uy) = { Ry, Rs, R3, R4} is written with all terms expanded and
labelled alphabetically as

Ry = / q— —Vq- pkuk df2 (A.5a)
0 ouy,
Ry Z/’w'uka—f-Fw'PkW—v’w (prur @ ug) — (V- w) p(px, Or)
QI | . L ] L ]
A B ¢ P (A.5Db)
+ Vw : 7(Viug, V- uy) + Vw : k(pr, Vi, Tr) —w - pbdQ
L E ] L F ] G
R3 = / (PkE (pr, V pr, u, Or)) —Vu- PkE (P, V pie, Wi, Op ) ug
' B

— Vo -p(pk, O )ur + Vo - 7(Viug, V - ug)uy

C D
+ IVU : I‘c‘,(pk, Vpk, Tk)ukl - IVU : q(V@k)l —IU (pkb : Uk)l - I’U pk’f‘ldQ
E F G H
(A.5¢)
Ry —/ sTk+Vs \ dQ+/s |V pi| cos (o) AT, (A.5d)
23 B c '
where
8 Orpr 2
_ 8 _ A

2 1

T(Vsuk, V- ’U,k) = % (Vs'u,k - gv : ’U,kI) (A6b)

1 1
K,(pk, Vpk, Tk) = % (<kak + —Vpk : Vpk) I — Vpk & Vpk) (A6C)

8 Orpk

1
277 1—pk+ —PrU - u+—V,0;.C V ok (A.6d)

2 2We

pkg(,Ok, Vi, up, 91:)

For brevity the rate - will be written as a. The linearisation of all the nonlinear
terms from Equatlons (A.5a)-(A.5d) will now be shown:

Rip = / Vq - pruy, dQ

Q
d

ARp = / o Vq- (pp + €dp)uy, + Vq - pi, (uy, + edu) dQ (A.7)

Q e=0

= / Vg - (0puy + prou) dS2
0
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RzAZ/w’UkPde
Q

d
ARgp = / =
2A 0 de o

= / w - (dupy, + urdp) dQ
0

w - (uy + edu) pr + w - uy (pr + €dp) dQ (A.8)

Raop = / w - prpty dS)

Q
d . . :

ARyp = / Tl v (pr + €0p) U + w - pg, (g, + €6t) A (A.9)

Q e=0

= / w - (0puy, + prow) dS2
Q

Roc = / Vw : (prugr ® ug) dS2
Q

d
AR :/—
2C QdG -

Vw : ((pr + €dp) ug, @ uy,)

(A.10)
+ Vw : (pg (uy + edu) @ (ug, + edu)) dQ
/ Vw : (dpuy @ uy + prug @ du + prou @ uy) dQ
RQD —/V <§7 ipk ) a0
8 Ok (px + €dp) 2
ARsp = + €
D o (27 1 — pr —€dp (o 2

Gk +€df) p )

A1l

:/V'w(<27(1——pk)2 >5p+287(1fkpk)59) "

dp
1
RQF = / Vuw : <(kak + §Vpk . Vpk) I — Vpk (059 Vpk) dQ

A @
Rop = /Q de|.

+ pr (Tk—l—eéT))I—V(,Ok:vLecSp) ®@ V (pr + €dp) ) dQ

_/i
Qdee:()

—Vip® Vpk) dQ

1 1
Vuw : We (( (pr +€0p) Yo + 5V (pr + €dp) - V (o1, + €dp)
0 e 2

1
Vw : We ( (0pY) 4+ Vi - Vop+ ppdY) I — Vp, @ Vép

(A.12)
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— R — - : V.-V Q
Haa /Q“at (277—1 Pit gpew -t o Vee Vor | d

——/ —8 ('9 —1—9 ) —2 '—|——1' + )
v U - U U - U
5 27@ 1) PrYk kPEk Pk Pk 2Pk k- UE T P UE - Ug

1
— V- dQ
+Wev'0k Vpk)
8

d
ARsp = / < _°
S A (27(7 )

. 1 .
— 2(pr + €0p) (1. + €6p) + §(pk + €0p) uy, - uy,

. 1 . .
+ (pr + €0p) i - g + 35V (pr + €0p) - V(py + €dp)

1
+ 5/’) (ug, + edu) - (up + €du) + pg (U + €dr) - (ug + edu)

i ﬁ (6405 + €09) + (O + ef)p.) ) a0

<(/’)k +e8p)0 + O (pr + eép))

8 . . : L
= /Qv (m <9k(510 + 0k0p + prdd + Pk59> —2(pkdp + prop)

1 1
+éuk~uk(5p+uk-ukdp—i—%(vpk«Vép—i—Vpk V5p)
+pkuk-5u+pk(uk-5u+uk~§u)> dQ

(A.13)
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8 Orpr 1
= | = — Q
Rsp /QV"U (277_1 pk+2pk'u, u+2w Vg - Vpk)ukd
d
ARsp = | —

1
— (pr + €dp)(pr + €0p) wy, + 5 ((pr + €0p) wg - wi,) Uk

8
Vo - (m(pk + €0p) Oy ug

+ e (V0x + €0p) - V(i + €0p))
8

1
+ 5 (pr (ug, + €du) - (uy, + edu)) (uy + edu)
W (Vor - Vi) (ug + eéu)) dQ
1
= ( Gkuk§p—2pkuk(5p+2(5pukuk)uk

+ % (Vpk : V(Sp) Ui + Pk (uk 59k + Gk 5’LL) — pic?u

8
2767~ 1)

1 1
+ pr(wr ® ug)du + 2Pk(uk ug)ou + TWe (Vpr - V) 5“) d§
(A.14)

8 Orpr
Vo | = - Q
v (27 T— o pk> ui, d

T - ( 8 (pr + €dpr)urby
e=0

— (pr + 65/))2uk

27 1— py — €dp
i (’U,k + eéu)pkek

— pi(uy, + edu) +

_l_

27 1_,0k 27 1_pk
8 O > (8 o 2)
= [ Vvu- —— 2 u 0p + ou
/n ((27(1—pk) AR ST
8 prug
— Q
- _pkw) d

(A.15)

2 1
R3D = / Vv — (Vsuk —=V- ’U,kI) ’U,de
Q Re 3

d
AR = [ 4
3D 0 de|

1
- §V (ug + e5u)I) (uy + edu) dQ

2
Vo - Re (V‘g(u/]€ + edu)

/Vv 3 (Vséuuk—i-vsukéu—E(V-ukéu%—v-duuk)) dQ
Q Re 3
(A.16)
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1 1
Rsyp = / Vo — ((kak + 5V - Vpkz) I-Vp® V,Ok;) uy dS2
Q We 2

d 1 1
AR3p = / 7 Vo — <(((pk +edp) Yy + §V(pk + €dp) - V(pr + €dp)
Q e=0
+ pr (Ti + €07) >I — V(pr +€dp) @ V(pr + e5,0))uk

We

1
+ ( (/)ka + §Vpk . Vpk) I—-Vp,® Vpk) (ug + 6511,)) dQ

1
:/VU-%<((pk5T+Tk5p+Vpk-V(Sp)I—Vpk@Vép
Q

1

-V, ® Vpk) 6u) dQ2
(A.17)

Rse = / v (prb - uy) dQ2

Q
d

ARyq = / 2| oo+ eop)b-ut pib- (uy + cdu)) (A.18)

Q e=0

= / v (b-urdp + prb - du) dQ
Q
The linearised terms contribute to AR(Uy)[6U], and dU can be solved with

KsU = —R(U)), (A.19)

where KdU = AR(Uy)[0U], K being the tangent stiffness matrix. Completing a
single Newton-Raphson iteration, the solution at k£ 4+ 1 can now be evaluated as

Uiy = U+ 0U. (A.20)

A.2 Power expenditure term

The power expenditure term can be expressed as
1
II = —)pV - -uVp. A.21
We? p (A.21)
The residual and stiffness contributions are evaluated as

1
R= / Vv —piV - up Vg dQ)
Q We

AR:/i
Qdee:O

+ pe VeV - (uy, + €du) > dQ

1

VU'W((Pk+€5P)V(Pk+5P)V'Uk
€

(A.22)

1
= / Vo - We ((pVop 4+ 6pVpr) V - up. + pp ViV - du) dQ
Q
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A.3 Non-conservative Korteweg stress term

The non-conservative Korteweg stress term,

1
-k = —pVA A2
VoK =gepVAap, (A.23)

will now be presented in its weak form: Introducing the identities

V (Y¢) =V + oV (A.24)
V- (A =yV-A+ A -V (A.25)

/w V- -kdQ = /w —pVAde /w —pV (V- Vp)dQ
¢

/w Vp(V-Vp)—w- V(pV Vp)dQ
I ——

¥ VA

——%/ﬂw'Vp(V-Vp)—'w~V(V'(pr))—l—qu(Vp'Vp)dQ

__Le/ﬂ_v(w'v'o)'VP+V'w'<V'(PVP))—V'w(Vp-Vp)dQ

1

We/(w Vp)Vp ’I’L —Ww - (V-(pr))n+w.(Vp.vp)nldF

—w-pAp

V('w Vp)-Vp+V(V-w)- - (pVp)+V-w(Vp-Vp)dQ
A B c

—l——/w-pAp—w-Vp(Vp-n)—V-'wp(Vp-n)dF
We r

1
We

(A.26)
The linearisation of the term is as follows:
Ri= [ (V-w)- (Vo Vo) ao
AR, = / 2 (T ) (V) 9 (ot i) A (A.27)
= [ (V-w)- Vp- Vi)
Ry = / V(V-w)- (ppVpr) dQ (A.28)
ARp = / Ze|. V(V w) - ((px + €6p) V (pr, + €dp)) A2 (A.29)

/ V(V (peVop + 0pVpyi) dQ, (A.30)
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Re = /QV (w- Vi) - (Vi) + (V- w) - (Vprir - Vpgir) dQ

d
AR, :/—
© QdE =0

- / (V(w-Vp)-Vép+V (w-Vip) - Vp;)dS.

V(w-V (pr+€ip)) - (V(px + €dp)) dQ (A.31)

The residual and stiffness contributions are then evaluated with standard Galerkin
discretisation as:

R = / w’ pVVN Vor + VNAVpy - Vo, + VN4 -V Vpy, (A52)
+N VVkapk) dQ,
and
AR = / w? kaVNAVNB + VVNAVp NP + 2VN4 ® VNPV,
+ VNA -VN®Vpy, + NV, VNP + VNP @ VN4V,
+ NAVVNPVp;)0p",d02
(A.33)

respectively.





