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ABSTRACT. In this study, we are interested in stochastic differential equations driven
by G-Lévy processes. We illustrate that a certain class of additive functionals of the
equations of interest exhibits the path-independent property, generalizing a few known
findings in the literature. The study is ended with many examples.

1. INTRODUCTION

Recently, mathematical finance’s development forces the consideration of the appear-
ance of a type of process—the G-Brownian motions (See [12, 13, 14]). Then, related the-
ories like stochastic calculus and stochastic differential equations (SDEs for short) driven
by G-Brownian motions, are extensively investigated (See [1, 14, 15, 17]). However, in
some financial models, volatility uncertainty makes G-Brownian motions inadequate for
simulating these models. One crucial and difficult issue is caused by the continuity of
their trajectories to the time variable, which is comparably too restrictive from a model-
ing prospective. To this end, Hu and Peng [4] tackled the problem by introducing G-Lévy
processes with discontinuous (right continuous with left limits, also named cadlag) paths.
Later, Paczka [9] defined the Ito-Lévy stochastic integrals, deduced the It6 formula, and
introduced SDEs driven by G-Lévy processes, and determined the existence and unique-
ness of solutions for the equations under Lipschitz conditions. On the other hand, under
some discontinuous conditions, Wang and Yuan [27] showed the solutions’ existence of the
SDEs driven by G-Lévy processes. Furthermore, under non-Lipschitz conditions, Wang
and Gao [26] demonstrated the well-posedness of the SDEs driven by G-Lévy processes
and examined their solutions’ exponential stability. In this study, following up the line
of [26], we introduce additive functionals for the SDEs driven by G-Lévy processes and
investigate their path-independent property.
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Fix T > 0 arbitrarily, we consider the following SDE on R%:
dY, = b(t, Yo)dt + hj(t, Yo)(B', BY), + o(t, Y1)dBy + [gay gy [ (8 Ye, w) L(dE, du), )
Yy, =y € RY, 0<t<T,

where B is a G-Brownian motion, (B’, BY), is the mutual variation process of B" and B’ for
i,7=1,2--- d,and L(dt,du) is a G-random measure specified later (See Subsection 2.4).
The coefficients b : [0, 7] x R? +— R h;j = hj; : [0,T] x R — R o : [0,7] x RY — R4
and f : [0,7] x R? x (R4 \ {0}) — R? are Borel measurable. We take the convention
that the repeated indices stand for the summation. Under the assumptions (Hé,h@ -
(H3},,.;) given in Subsection 2.5, by [26, Theorem 3.1], there is a unique solution Y to
Eq.(1). Based on this, we introduce additive functionals of Y and give definition of the
path independence of these functionals. Under certain conditions, we reveal that these
functionals exhibit the path-independent property. Our finding covers those relevant
findings obtained in ([18, 21]). We further propose numerous examples to help clarify our
finding.

Finally, we would like to indicate our motivations for this study. First, the concept of
path independence for additive functionals comes from the mathematical study of eco-
nomics and finance (c.f. [2, 22]). Due to the necessity of stochastic volatility as the
measurement, of uncertainty in the modeling of financial markets, SDEs have got a lot
of interest from theoretical and practical aspects. Using SDEs, the price dynamics or
the wealth growth are modeled. To an equilibrium financial market, there must exist a
so-called risk neutral probability measure that is continuous to the given real-world prob-
ability measure and it is crucial to evaluate the path-independent property for the associ-
ated density process defined using the Radon-Nikodym derivative so that the stochastic
optimization problem of the corresponding utility function can be explicitly explained.
Otherwise, it would be challenging to deal with the utility functions requiring Itos sto-
chastic integrals. Our finding proposes a complete characterization of this property with a
mathematically sound reason. This is the first motivation. Second, we mention that Ren
and Yang [21] demonstrated the additive functionals’ path independence for SDEs driven
by G-Brownian motions. Since the SDEs driven by G-Lévy processes can fit the exact
modeling demand even better, extending the finding of Ren and Yang [21] becomes our
second motivation. Finally, by examining some special cases, we surprisingly discovered
that one can derive explicit expressions for these additive functionals, which is generally
challenging to have (see, e.g., [20]). This point is our third motivation to work out the
present study.

The rest of our study is arranged as follows: In Section 2, we propose G-Lévy processes,
the Ito-Lévy stochastic integrals, SDEs driven by G-Lévy processes, additive functionals,
the path independence, and some related findings. The primary finding and its proof are
presented in Section 3. The final section, Section 4, is dedicated to numerous supporting
examples.

2. PRELIMINARY

In this section, we present numerous concepts and relevant findings that will be em-

ployed in the sequel.
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2.1. Notation. We first introduce the notations of this study. For convenience, we shall
use | - | and || - || for norms of vectors and matrices. Furthermore, let (- , -) represent the
scalar product in R?. Let Q* represent the matrix ()’s transpose.

Let #(R?) be the Borel o-field on R?%. Let Cy;,(R?) be the set of all Lipschitz continuous
functions on R% and C’b,up(Rd) be the collection of all bounded and Lipschitz continuous
functions on RY. Let C3(R?) be the space of bounded and three times continuously
differentiable functions with bounded derivatives of all orders less than or equal to 3.

2.2. G-Lévy processes. In this subsection, we present G-Lévy processes (c.f. [4]).
Let Q be a given set and H be a linear space of real functions defined on €2 such that
if Xi,...,X, € H, then ¢(Xy,...,X,) € H for each ¢ € Cy;,(R"™). If X € H, we call X a

random variable.

Definition 2.1. If a functional E : H — R satisfies: for X, Y € H,
(i) X > Y = E[X] > E[Y],
(ii) EIX + Y] < E[X] + E[Y],
(i) for all X\ > 0, E[]AX] = AE[X],
(iv) for all c € R,E[X + ¢] = E[X] + ¢,
we call E a sublinear expectation on H and (Q, H,E) a sublinear expectation space.

Next, we define the distribution of a random vector on (2,7, E). For an n-dimensional

random vector X = (X1, X, -+, X,,) for X; e H,i=1,2,--- ,n, set
Zx(0) =E(¢(X)), ¢ € Cup(R"),
and then we call %y the distribution of X.
Definition 2.2. Assume ‘that Xy, Xy are two n-dimensional random vectors defined on
QY HY EY) and (%, H?, E?), respectively. If for all ¢ € Cip(R™),
"?)1(1 <¢) = "?)2(2 (¢)7

where j)l(l,j)%2 represent the distributions of X1, Xo, respectively, we say that the distri-

butions of X1, Xo are similar.

Definition 2.3. For two random vectors Y = (Y1,Ys,---.,Y,,) for Y; € H and X =
(X1, X, -+, Xy) for X € H, if for all ¢ € Cpp(R™ x R™),

E[¢(X,Y)] = E[E[¢(z,Y)]s=x],
we say that 'Y is independent of X.
Next, we introduce Lévy processes on (2, H,E).

Definition 2.4. Let X = (X,)>0 be a d-dimensional cadlag process on (Q,H,E). If X
satisfies

(Z) X() = 0,’

(i) fort,s > 0, the increment Xyys — Xy is independent of (X4, X4y, -+, X4,,), for any
nand0 <ty <tyg---<t, <t;

(7i) the distribution of Xy — X; does not depend on t, namely, the distribution solely
depends on the difference s = (s +t) — t;

we then call X a Lévy process.



Definition 2.5. Assume that X is a d-dimensional Lévy process. If there exists a de-
composition X; = X§+ X& for t > 0, where (X§, X2) represent a 2d-dimensional Lévy
process satisfying
E X¢ 3
lim X7l =

0, E| X/ <Ct, t=0, C=>0,
10 t

we call X a G-Lévy process.

In the following, we characterize G-Lévy processes by partial differential equations.
Theorem 2.6. Assume that X is a d-dimensional G-Lévy process. Then for g € C3(R?)
with g(0) = 0, set

Yy E[g(X4)]
Gxlg()] = lim —=—=,
and then, Gx has the following Lévy—Khintchine representation
1
Gxlol = s L[ gantan) +0.000,0 + griezo0Q1] @)
v,¢,Q)eU R4\{0}

where U is a subset of M(R?\ {0}) x RY x R4 M(R?\ {0}) is the collection of all
measures on (RY\ {0}, B(R4\ {0})), R is the set of all d x d matrices and U satisfies

1 *
up { [ Julvtau) +1¢]+ i ]} <o 3)
(v, ¢,Q)eU R4\ {0}
Theorem 2.7. Suppose that X is a d-dimensional G-Lévy process. Then, for ¢ €
Coaip(RY), v(t, ) = Elp(z + X;)] is the unique viscosity solution of the following par-
tial integro-differential equation:,

0 = Ow(t,z)— Gxlv(t,x + ) —v(t,z)]

= ow(t,z) — (u,?,lg))eu { /Rd\{o} [v(t,z +u) — v(t, z)|v(du) + (9v(t, x), ()

qtridtelt, Q1)
with the first condition v(0,z) = ¢(x).

A natural, converse question is, if we have a set U satisfying (3), is there a d-dimensional
G-Lévy process having the Lévy—Khintchine representation (2) with similar set 4?7 The
answer is affirmative. We take Q := Dg(R*,RY), where Dy(R™,R?) is the space of all
cadlag functions Ry 3 t +— w, € R? with wy = 0, equipped with the Skorokhod topology.

Theorem 2.8. Suppose that U satisfies (3). Then, there exists a sublinear expectation
E on Q such that the canonical process X is a d-dimensional G-Lévy process having the
Lévy-Khintchine representation (2) with a similar set U.

2.3. A capacity. In this subsection, we present a notion of capacity and related defini-
tions (c.f. [9]).
First of all, fix a set U satisfying (3) and T > 0 and take Qp := Dy([0,T],R?) and

the sublinear expectation E in Theorem 2.8. Therefore, we know that (Qp,H,E) is a

sublinear expectation space. Here, we study this space. Let X represent the canonical
4



process on the space, i.e. Xy(w) = wy,t € [0,T]. Therefore, X represent a d-dimensional
G-Lévy process. Set

Lip(Qr) == {o(Xey, Xty, -+, Xe,) in € Nty to, -+ 1, € 10,1, € Cb,lip(Rdxn)}.

Let L, (Qr) be the completion of Lip(Qr) under the norm || - ||, := (E| - [P)/7,p > 1.
Let

V= {ve MR\ {0}): 3(¢, Q) € R x R*? such that (v,¢, Q) € U}

and let G be the set of all the Borel measurable functions g : R? — R? with ¢g(0) = 0.
Assumption:

(H3,) There exists a measure u € M(R?) such that

/ 2lu(dz) < o0, u({0}) =0,
RI\{0}

and for all v € V there exists a function g, € G satisfying
v(A) = u(g, " (4), VA€ BR\{0}).
(H})
sup V(R \ {0}) < oo.

vey

Let (Q, Z,P) be a probability space supporting a d-dimensional Brownian motion W
and a Poisson random measure N(d¢,dz) with the intensity measure pu(dz)dt. Let

T =0 {W,N((0,s],A) : 0< s <t,Ae BR\ {0} }VN, N :={U e Z PU)=0}.
We present the following set.

Definition 2.9. AY . is a set of all the processes 0; = (Y, 0,°,67°) fort € [0,T] satisfying
(i) (6;°,07°) is an F-adapted process and 0 is an Fy-predictable random field on
[0, 7] x RY,
(ii) For P-a.s. w and a.e. t € [0,T],

({1, 01(), () € { (-6, Q) € G x BRI x BRI (1,¢,Q) € U}
(iii) ]
EP 0| + 07| 0%(t, z)|pu(dz) )dt| < oo.
(e [ <

For 6 € Af;, set

¢ ¢ ¢
B> ::/ 0rcds +/ o2<dW, —I—/ / 0%(s,z)N(ds,dz), t€[0,T],
0 0 0 JRA{0}

and by [9, Corollary 14], it holds that for £ € L5 (Qr)
Elg) = sup E”[g). P’ =Po(B")"

eeAg{T
Then define
C(D):= sup P'(D), D e BQr),
eeAg{T
5



and C is a capacity. For D € #(Qr), if C(D) = 0, we call D a polar set. Therefore, if a
property holds outside a polar set, the property holds quasi-surely (g.s. for short). In the
following, we characterize the property for paths of G-Lévy processes.

Theorem 2.10. [9, Proposition 16] For each finite interval [s,t],0 < s < t < T, the
canonical process X has finite number of jumps q.s..

2.4. The It6 integrals with respect to G-Lévy processes. In this subsection, we
present the Ito integrals to G-Lévy processes under the framework outlined in the above
subsection.

Although the It6 integrals for G-Brownian motions have been presented using Peng in
the profound studies [14, 15] (See more recent paper [17]), we must introduce two related
spaces for deﬁning the It6 integrals for G-Lévy processes. Take 0 =ty < t; < --- <ty =
T. Let p > 1 be fixed. Set

MEP0.T) = {mlw) = 3 &1l o (0:651(w) € L, ) .

Let MY (0,T) and H%(0,T) denote the completion of M%’(0, T) under the norm

1

1 T g >
irhsegiom = ([ Biat)’ www%mm—@(/www)>,
0

, respectively. Let ME([0, T],R?), and H%([0, T, R?) be the collection of all the processes
77t:(77t777t>"' 777t>7 t e [O?T]u T] GM?J(O?T) and H%(OvT)a

, respectively.
Furthermore, we introduce the It6 integrals with stopping times. For 0 <t < T, set

Qt = D0<[07t}7Rd), r%t = '%<Qt)7
and then (%;):cpo,r is a filtration.

Definition 2.11. A stopping time T for the filtration (%;)icio,m i a mapping from Qp to
[0, T satisfying
{(r<tte B, 0<t<T.

Theorem 2.12. [6, Lemma 4.2] For each stopping time 7 and n € MZ(0,T), it holds
that Iy n € MZ(0,T).

Remark 2.13. In fact, Theorem 2.12 is different from Lemma 4.2 in [6] since here ) =
Do(Ry,RY) and there Q = Co(R;,RY), where Co(RT,R?) is the space of all continuous
functions R > t + w, € R with wy = 0, equipped with the uniformly convergence
topology. However, we carefully confirm the proof of Lemma 4.2 in [6] and discover that
the sample paths’ continuity is not employed there, namely, the finding of Lemma 4.2 in
6] holds for Q = Do(Ry,R?). Thus, we cite this finding without alteration.

Next, we present the It0 integrals for random measures. First of all, define a G-random
measure: for any 0 <t < T and A € Z(R?\ {0}),

ko= Xy = Xeoy L(0,8,4) = ) Iake), g5,
0<s<t
6



and then, using Theorem 2.10, we know that it is well-defined. Therefore, we define the
It6 integral for the random measure L(dt, du). Let HZ ([0, T] x (R4\{0})) be the collection
of all the processes defined on [0,7] x (R?\ {0}) x Q with the form

[y

f( Z ¢kl Wiy Wy — Whyy oo, Wy, — wtk71)I[tk,tk+1)(8>¢l(u)7 n,mec N,

1 1=1

where 0 < t; < --- < t, < T is a partition of [0,7], ¢r; € Chuip(R¥*) and {y}m, C
Chip(R?) are functions with disjoint supports and 1,(0) = 0.

Definition 2.14. For any f € HE([0,T] x (RY\ {0})), set

s,u)L(ds, du) f(s,ks), q.s..
/ /Rd\{O} >

0<s<t

3

f

By [9, Theorem 28], we have that f(f fRd\{O} f(s,u)L(ds,du) € LE(Qr). Let HZ([0, T) x
(R4 \ {0})) be the completion of HZ ([0, 7] x (R4 \ {0})) with respect to the norm || -
142, (j0.77% (\ {0})), Where

I horseanon = (E[ [ s /Rd\{o}|f<s,u>|2u<du>dsD1/2, f € HE(0.7)x B {0)).

vey
Therefore, using [9, Corollary 29], it holds that for f € HZ([0,T] x (R?\ {0})),
s,u)L(ds, du) f(s,ks), q.s.. (4)
/ /Rd\{o} 0<Zs<t

Let HZ([0,T] x (R%\ {0}),R?) be the space of all the processes
Pt = (), P ), T e HA0.T] < (B4 {0)).

2.5. Stochastic differential equations driven by G-Lévy processes. In this sub-
section, we present SDEs driven by G-Lévy processes and related additive functionals.

First, we introduce some notations. Let S? be the space of all d x d symmetric matrices.
For A € §4, set

G(A) == %g&g tr[QQ" A,

where Q is a nonempty, bounded, closed, and convex subset of R™?. Then G : S% — R
is a monotonic, sublinear, and positive homogeneous functional (c.f. [15]). We choose
U C M(RN{0})x{0} x Q satisfying (3) and still work under the framework of Subsection
2.3. Therefore, the canonical process X. can be denoted as X. = B. + X%, where B. is a
G-Brownian motion associated with Q and X% is a pure jump G-Lévy process associated
with M(R?\ {0}).

Next, consider Eq.(1), i.e

{ dY; = b(t, Yy)dt + hi;(t, Y)d(B", B?), + 0 (t, Y1)dB: + [ga\ (o f(, Ve, u) L(dE, du), 0 <t < T,
Yo =y € R4

We assume the following:



(H}, , ;) There exists a constant Cy > 0 such that for any ¢ € [0, 7] and z,y € R,
[b(t, 2) = 0(t,y)* + |hi(t, 2) — hij(t,y)* + o (t, 2) — o(t, )|

+oswp [ ()~ £ty ) Prlde) < Caplla - o),
vey JR4\{0}

where p : (0, 4+00) — (0,400) is a continuous, increasing and concave function
so that

p(04) = 0, /o % = +o0.

(H3}, ,.;) There exists a constant Cy > 0 such that for any t € [0, 7]

1B, 0)2 + [y (£, 0) % + [|(£, 0)]% + sup / (8,0, 0)Pr(du) < .
R4\ {0}

vey

By [26, Theorem 3.1], we know that under (H;, , )-(H, , (), Eq.(1) has a unique

solution Y. with
E | sup |Y;]*| < oo. (5)
te[0,7)

Then we introduce the following additive functional

Fo = a [ Gl i s [ gl viam s, /t<g2<r,m,dBT>

/ / g3(r, Y., w)L(dr, du) +7/ sup/ (r, Y., u)v(du)dr,
R0} o vev Jragoy”
<s<t<T, (6)

where «, 5,7 € R are three constants and
g1 - [OaT} X Rd = RdXda gij - gl )
g2 :[0,T] x R? = RY,
g3 [0, T] x R x (R'\ {0}) = R,

are Borel measurable, and ¢;(t, ), g2(¢, %), g3(t, z,w) are continuous in = so that Fj; is
well-defined.

Definition 2.15. The additive functional Fy; is called path independent, if there exists a
scalar function

V:[0,T] x R = R,
such that for any s € [0,T] and Y € LE(Q), the solution (Yy)ieis ) of Eq.(1) satisfies
Fs,t = V<t7 Y;f) - V(57 Y:e) (7)

3. THE MAIN RESULT

In this section, we state and demonstrate the primary finding under the framework of

Subsection 2.5. Then, we compare our findings with some known findings.
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3.1. The main result and it’s proof. In this subsection, we state and demonstrate the
primary finding. Let us begin with a key lemma.

Lemma 3.1. Assume that Q is bounded away from 0 to Z; is a 1-dimensional G-Ito-Lévy
process, 1.e.

t t t t
Zt:/ Fsds+/ @ij(s)d<Bi,Bj>s—l—/ (xps,st>+// K(s,u)L(ds,du), (8)
0 0 0 0 JRN{0}

where " € Mlg(O,T),QU S MIG(O,T), (Dl] = QJZ,Z,] = 1,2, ce ,d, S HlG([O,T],Rd),K S
HE([0,T] x (R*\ {0})). Then Z, =0 for allt € [0,T] g.s. if and only if Ty = 0,®;(t) =
0,¥; =0 a.exqs. on[0,T]xQr and K(t,u) =0 a.e.xa.e.xq.s. on [0,T]x(RIN\{0})x Q.

Proof. Sufficiency is direct if one inserts I' = 0, ®;;(t) = 0, ¥, = 0, K(¢,u) = 0 into (8).
We prove necessity. If Z, = 0 for any t € [0, 7], we get that

¢ ¢ ¢ ¢
0 :/ [yds +/ ®,;(s)d(B", BY), +/ Urd B +/ / K(s,u)L(ds,du).  (9)
0 0 0 0 Jra\{0}

By taking the quadratic process with fot U*dB; on two sides of (9), it holds that
. . t t
0 = (/ \IJ:st,/ UrdB;), = / VW A(B', BY), = / tr(W,V:d(B),)
0 0 0 0
t t
= / tr(d(B) V,¥;) = / (d(B) Vs, ¥y),
0 0

where

<BI>BI> <BI>B2>'“<BI7Bd>
(B) := : : :
<Bd7Bl> <BdaBQ>”'<BdaBd>

Note that Q is bounded away from 0. Therefore, there exists a constant ¢ > 0 such that
(B), = tsly and then

0— /Ot (d(B) 0, W) > L/Ot (W, ,)ds.

From this, we know that ¥, = 0 a.e.xq.s., and (9) becomes

¢
0:/ Tsder/ ®,;(s)d(B’, B’), // (s,u)L(ds, du).
0 R4\{0}

Next, set
0=0, T :=inf{t>7_1:k#0}, n=12---,

and {7,} is a stopping time sequence with respect to (%;);>0 and 7, T 00 as n — 00 q.s.
(c.f. Theorem 2.10). Thus, by (4) it holds that for ¢ € [0, 73 AT),

TINT TINT ) )
0= / Tyds + / B,,(s)d(B', B,
0 0

AT TINT ] )
—/ FSdS:/ (pij(S)d<BZ,Bj>s.
0 0
9

ie.,



By the deduction similar to that in [21, Corollary 1] or [24, Corollary 3.5], one can have

that
B TINANT B TNT
IEJ/ (tr[®,®,])/* ds = IE/ IT,|ds = 0.
0 0

Based on this, we know that &, = 0,T, =0 fort € [0,73 AT). If ; > T, the proof is over;
if m < T, we continue. For t = 71, (9) goes to
(bt = 0, Ft = 0, K(t, /it) = 0.

For t € [r, 72 AT), by means the same as to the above for ¢t € [0,7; A T), we get that
O, =0,y =0fort € [, AT). If , > T, the proof is over; if 7, < T, we continue
till T < 7,,. Thus, we obtain that I'; = 0, ®;;(¢t) = 0, ¥, = 0 a.e.xq.s. on [0,7] x Qr and
K(t,u) =0 a.e.xa.e.xq.s. on [0,7] x (Rd \ {0}) x Q. The proof is complete. O

The primary finding in this section is the following theorem.

Theorem 3.2. Assume that Q is bounded away from 0 to b,h,o, f satisfy (Hy, , ;)-
(H%,h’mf). Assume further that the Borel measurable function gs in the additive functional
F, defined by (6) is smooth in (t,x) uniformly for w. Then Fs; is path independent in
the sense of (7) with the associated scalar function V€ Cy*([0,T] x RY), if and only if
(V, 91, 92, g3) satisfies the following:

(( OV (t,2) + 22V (t,2)b"(t,2) = aG(g1)(t,x) + 7sup Jra oy 93(t, 2, w)v(du),

SV (t 2)hl(t 7) + 5525V (8, 2)o (t, 2)0V (¢, x) = BgY (¢, x),
q (070, V)(t,z) = ga(t, ), (10)
V(t,x + f(t,x,u)) —V(t,x) = gs(t,x,u),

[ t€1[0,T],z € R", u e R\ {0}.

Proof. First, we prove the necessity. On one hand, since F;; is path independent in the
sense of (7), by Definition 2.15 it holds that
t

V(LY) — V(s,Ys) = / Glg)(r, Y,)dr + B / (. Y,)d(B, B, + / (92(r, ;). dB,)

/ / (r, Y., u)L(dr, du) —1—7/ sup/ (r, Yy, uw)v(du)dr.
R0} o vev Jravgoy”
(11)

On the other hand, by applying the It6 formula for G-It6-Lévy processes ([9, Theorem
32]) to V/(t,Y;), one can generate that

V(t,Y;) — /8V7“Y dr—l—/—VrY F(r, Y, )dr
+/ iV(r Y, hl(r,Y,)d(B', BY), / {(6*0,V)(r,Y,),dB,)

/ / V(r, Y, + f(r, Y, u) - (r,m)L(dr, du)
IRd\{O}

1 . .
Y. ki Y. lj Y, B B . 19
+= /samkaxl‘/(n 2o (r, Y ) o (r, Y, )d(B*, BY), (12)
10



By (5) and (Hy,, , ;)-(H}, , ), one can verify that

0.V (r,Y,) + iV(r, Y)b*(r,Y,) € M§(0,T),

8xk
9 . o
a—xkv(ﬁ Yo)hi;(r,Y,) + 2 02,02,
(O'*aIV) (’I“, }/;) 6 %é([07 T]7Rd)7

V(r, Y + f(r,Yr,u) = V(r,Y,) € HE([0,T] x (R {0})).

V(r, Yr)aki(r,Yr)al‘j(r, Y,) € /\/lé(O,T)7

Thus, by (11), (12), and Lemma 3.1 we know that
oV (r,Y,) + %V(r, Y, )b (r,Y,) = aG(g1)(r,Y,) + vsug fRd\{O} g3(r, Yy, w)v(du),
ve .
VYV (r,Y, )R (r,Y;) + LV (1, Y,) ok (r, Y, )b (1, Y,) = Bgl (1, Y,),

oxy 583)}49.721

(U*8$V)(7“, K") — 92(T7 K’)7
V(r Yo+ £, Yo w)) = V() = g5(r, Y, w), e X g.s.

Now, we insert r = s,Y, = z € R? into the above equalities and get that

( 0V (s,x) + %V(s, 2)bk (s, 1) = aG(g1)(s,x) + vsug fRd\{O} g3(s, x,u)v(du),
ve -

52V (s, x)hf (s, ) + %#%V(s,x)aki(s,x)alj(s, z) = Bg? (s, ),

(0*0.V)(s,2) = ga(s, ),

V(s,x + f(s,:t:,u)) —V(s,x) = g3(s,x,u),

[ s€[0,T],z € R4, u e RN {0}

Since s, x are arbitrary, we have (10).

Next, we show adequacy. By the It6 formula for G-It6-Lévy processes to V (t,Y;), we
have (12). Then one can use (10) to (12) to get (11). That is, Fs; is path independent in
the sense of (7). The proof is complete. O

3.2. Comparison with some known results. In this subsection, we compare our find-
ings with some known findings.

First, if we take f(¢,z,u) = 0 in Eq.(1) and g3(¢, z,u) = 0 in (6), Theorem 3.2 becomes
[21, Theorem 2]. Thus, our finding is more general.

Second, we take M(R?\ {0}) = {v},Q = {I;} in Subsection 2.5. Therefore, B is
a classical Brownian motion with (B‘, BY), = [,_;t and L(dt,du) is a classical Poisson
random measure. Then Eq.(1) goes into

d
dY; = b(t,Yt)dt + Zhii@,yt)dt-f-U(t,Yt)dBt + /d f(t,Y;,u)L(dt,du). (13)
i—1 R4\ {0}

Note that v(R?\ {0}) < co. Thus, by (5), (Hy,, ;)-(Hj ., ;), and [10, Theorem 13], we
generate that

(s, du) = [ . d,d—t Yo, w)r(du)d
/0 /Rd\{o}f(s,ifs,u)L( s, du) /0 /Rd\{o}f(S,Y u)L(ds, du) /0 /Rd\{o}f(s W (du)ds
11



is a ZA-martingale, where %, := o{w,,0 < s < t},0 <t < T. Therefore, we can rewrite
Eq.(13) to get that

d
dy, = b(t,Yt)dH—Zhii(t,}Q)dtJr/d F(t, Y, w)v(du)dt + o(t,Y;)dB,
i=1 R4\ {0}

+ / F(t, Y, w) L (dt, du).
R4\ {0}

This is a classical stochastic differential equation with jumps. Therefore, using [16, The-
orem 1.2], it holds that under (Hy, , ;)-(Hj,, ), the above equation exhibit a unique
solution.

d
In the following, note that G(g1) = 1tr(g1) = £ 3 gi". Therefore, Fy, can be denoted
i=1

as:

Fe= (3 w)zg s [z + [ [ ey Ean

s

+/ / (14+7)g3(r, Y., uw)v(du)dr.
s JRAN{0}

This is just right (3) in [20] without the distribution of Y, for r € [s,t]. Therefore, in this
case Definition 2.15 and Theorem 3.2 are Definition 2.1 and Theorem 3.2 in [20] without
the distribution of Y, for r € [s, t], respectively. Thus, our finding overlaps [20, Theorem
3.2] in some sense.

4. SOME EXAMPLES

In this final section, we use our findings for some interesting examples. In the first three
examples, we explicitly propose the additive functionals Fy;. Then the density process’s
path independence for the Girsanov transformation under the G-setting is explained in
the fourth example. In the fifth example, our findings are employed to finance.

Example 4.1. If b(t,z) =0, hy;(t,z) = 0,0(t,x) = 14, f(t,z,u) = u, Eq.(1) becomes
dY; = dB, + / wL(dt, du) = dX;.
R4\{0}

Therefore, by Theorem 3.2, it holds that Fs; is path independent in the sense of (7) if and
only if (V, g1, 92, g3) satisfies the following:

V(tu z+ ’LL) - V<t7 Z‘) = gS(tv (L’7U).
12



We take a = 1,5 = %,fy = 1, and furthermore generate that (V, g1, g, g3) satisfies the
following:

OV (t,x) = G(O*V)(t,z) + Sylelg fRd\{O}(V(t, x+u)—V(t,z))r(du),
02V (t,z) = g1(t, z), (14)

0.V (t,x) = got, x),
V(t,x+u) —V(t,x) = gs(t, z,u).

That is, V' satisfies the following partial integro-differential equation:
AV (t,x) — G(O*V)(t,z) — sup / (va, z+u) — V(t, x))y(du) —0. (15)
veV JRIH{0}

Note that, by Theorem 2.7, it holds that for ¢ € Cyup(RY), V(t,7) = Elp(x + X;)]
is the unique viscosity solution of Eq.(15) with the initial condition V(0,2) = ¢(z). If

we further assume that V(t,z) = E[¢(z + X})] is a classical solution of Eq.(15) with the
initial condition V(0,x) = ¢(x), i.e., if V € Cg’z([O,T] x RY), then from (14), it follows
that

That is, we can find g1, g2, g3.
Example 4.2. If b(t,z) =0, h;;(t,z) =0,0(t,x) =0, f(t,z,u) = u, Eq.(1) goes into

dy; = / uL(dt, du) = dX{.
RY\{0}

That is, Y. is a pure jump process. From Theorem 3.2, it follows that Fs; ts path inde-
pendent in the sense of (7) if and only if (V, g1, g2, g3) satisfies the following:

oV (t,x) = aG(g)(t,x) + vsug fRd\{O} gs(t, z,u)v(du),
ve

0= Bgl(tax)a
0 = 92<t7x)7
V<t7 T+ U) - V<t7 l’) = g3(t7 iL’,U)-

Letting o« = 1,5 = 1,7 =1, one can have that
OV (t,x) = sup fRd\{O}(V(t, r+u) — V(t z))v(du),
ve
0= g (t,z),

0= ga(t, ),
V(t,x+u) —V(t,z) = gs(t, z,u).

By the deduction similar to that in Fxample 4.1, we generate that

g3(t,m,u) = V(t,x +u) = V(t,z) = E[p(x + u + X)) — E[p(z + X)].
Thus, we give out g1, g, g3.
Example 4.3. If d =1, Eq.(1) becomes

AY; = b, YOt + h(t, Y)A(B,B), + ot Y)dBo+ [ (e Yiu)L(de dw)

R4\ {0}
13



So, it follows from Theorem 3.2 that Fy, is path independent in the sense of (7) if and

only if (V, g1, 92, g3) satisfies the following:
OV (t,x) + LV (t,2)b(t,z) = aG(g1)(t,x) + ’ysu][)) fRd\{O} g3(t, x,u)r(du),
ve
2V(t,)h(t, 2) + LVt )0t ) = Baa(t, ),
(00, V)(t,x) = go(t, ),
V(ta+ f(te,u) - Vite) = g(t,z,u).

Inserting a = 1,8 = 0,7 = 0 in the above equations, we get that

OV (t,x) + 0.V (t,x)b(t,z) = G(g1)(t, z),
O,V (t, x)h(t,x) + 202V (¢, x)o?(t, ) = 0,
(Uaﬂﬂv)<t7 .Z‘) = 92(t7 $)7

V(t,:r: + f(t,x,u)) —V(t,x) = gs(t,x,u).

Thus, if o(t,x) # 0, the unique solution of the above second equation is

z _2fz hz(t,v) dv
V(t,z) =V(t,0)+ 0,V (t,0) e 0 20 5.
0

Besides, since Q is bounded away from 0, G is invertible. Thus,

_ z h(t,w) v
gi(t,z) = G’1<8tV(t,:c) Fb(t,2)D,V (¢, 0)e 2 e )

x h(t,v)
-2 /5 GQ(t,v)dv

g2(t,x) = o(t,z)0,V(t,0)e

z h(t,v) dv

o+ f(t,z,u) s
gs(t, z,u) zﬁmV(t,O)/ e "0 ) Tz

That is, we also give out g1, g2, g3 in the case.

Example 4.4. If f(t,z,u) =0, Eq.(1) goes into
dY; = b(t, Y;)dt + hy(t, Y:)A(B', BY), + o(t, Y;)dB,.

That is, Y. is a quasi-continuous process. Therefore, it follows from Theorem 3.2 that Fy,
is path independent in the sense of (7) if and only if (V, g1, g2, g3) satisfies the following:

oV (t,x)+ %V(t,x)bk(% x) = aG(g;)(t, {E),' )
%v@’ $)hi€](t7 I> + %szaxlv(t7 ‘T)O-kn(t? .I‘)O'l](t’ ZL') - 69? (tv l’),

(070, V)(t, ) = g2(t, ),
0= gs(t, z,u).

We take o = 0,8 = % and obtain that

oV (t,x) + a%k\/(t, z)b*(t,z) = 0,
SV (t ) B (@) + 3525V (8 2)oM (t, 2)0V (¢, x) = 397 (¢, @),
(U*axv) (ta ZL‘) = 92(t7 .’L’)

Neat, assume that o(t,x) is invertible and there ezists a € > 0 such that

o (3049 [ (107 h)630) (0 ot Yo 89, )| < e

14
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Set

gy (t,x) == <(U_1hij)(tax)>*(0_1hij)(t>$)a 92(t, ) = i(a_lhij)(tv ),
and then .
o= 2 [ (00 0) )Y B, S [ (o)) a3

3,7=1

is the density process of the Girsanov transformation under the G-setting (See [8, Theorem
5.3]). Concretely spea,kmg, set

D, = exp{ 3 / (. Y,),dB)

2,7=1

= / t (<g—1hij><r,m)*w—lhmmYr)d<B’?Bj”}’

t
B, = BH—/ (o7 hij) (r, Y,)d(B', BY)
0

and define
Cb llp(QT = {90 Btla e Btn) 'n e N7 tla e 7tn S [OaT]a 90 € Cb,lip(Rdxn)} )
E[Z] :=E[ZDs], VYZ € Cyuip(Qr).
Let H be the completion of C, 2ip(Qr) with respect to the norm E[ - |]. Then we extend E
to a sublinear expectation on H still denoted as E. Thus, B. is a G-Brownian motion on
the sublinear expectation space (Qr, H, E)
In addition, by (16), we know that, Fy; is path independent in the sense of (7) if and
only if the following holds:
at (t,2) + 7=V (¢, m)bk(t,x) =0,

V(B (1, 2) + SV (1 )0 (1 2)0 (1) = 5 (0 hig) () ) (0 ) (8, ),

( *aarv)( ) )_ Z?,jzl( 71h1j)(t71‘>'

These are different from the classical case (See [25, Theorem 2.1]|). This difference comes
from random quadratic variation processes of G-Brownian motions. That’s just why it
makes sense to investigate G-Brownian motions.

In the following example, we consider a model in finance.

Example 4.5. For d =1, the stock price S; is governed by
dSt = TStdt + /{(t, St)O'Std<B>t + O'StdBt,

where the risk free interest rate r and the volatility o are constants, k : [0,T] x R — R
is a CY2?-function. Then, we deduce some conditions under, which the Girsanov transfor-
mation’s density process under the G-setting is path independent.

Assume that o # 0 and there exists a € > 0 such that

E [exp (%(1 +o) /0 e St)d<B>t)] < 0.

15



Based on Example 4.4, we know that the density process of the Girsanov transformation
under the G-setting is as follows:

t t
~Fo= = [ 5)AB), — [ w805,
0 0

Furthermore, Fy; is path independent in the sense of (7), i.e.

V(t,S,) — V(0,5) = %/t W2 (r, Sr)d(B>r+/t/<a(r, S,)dB,,

if and only if the following holds:
OV (t,x)+ 0, V(t,x)rz =0,
0,V (t,x)k(t, x)ox + 302V (t, x)o’x? = 3K2(t, x),
oxd,V(t,x) = k(t, x).
Putr =0 and x(t, x) = k(x) and then by the above equations, k(x) satisfies the following
ordinary differential equation:
K (v)ox — ok(x) + K*(x) = 0.

We solve it and obtain that
ox

k(x) = ,

(2) = — -
where ¢y # 0 is a constant. Therefore, V(x) = In(z — ¢o) + ¢1, where ¢, is a constant.
That is, if we take this V(x), the density process of the Girsanov transformation under

the G-setting is path independent.
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