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Abstract
Helium (3He) spin-echo is a powerful experimental technique used to probe ultra-fast atomic
scale surface dynamics. The analysis of these measurements is typically performed assuming
there is only a single spin-echo condition, expected to produce a constant signal for pure elastic
scattering, a monotonically decaying signal for quasi-elastic scattering and oscillations from
inelastic scattering events. In the present work, we show that there are in fact four spin-echoes
which must be correctly accounted for, and that even in the case of elastic scattering these
additional echoes lead to oscillations which could mistakenly be interpreted as being due to
inelastic scattering. We demonstrate that it is possible to accurately simulate the experimental
data by propagating the 3He through the measured magnetic field profile of the apparatus and
considering the geometry of the machine, allowing the effect of these additional echoes to be
disentangled from inelastic scattering events in future 3He spin-echo measurements.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Neutron spin-echo (NSE) and its daughter technique, helium
spin-echo (HSE), revolutionised the ability to measure bulk
and surface dynamics [1, 2]. Both techniques make use of a
similar magnetic manipulation scheme on spin 1/2 particles
(neutrons or 3He atoms), which circumvents the resolution
limitations related to the energy spread of the beam particles,
in order to detect subtle energy exchanges during the scattering
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event, orders of magnitude smaller than the energy spread of
the incident beam.

The theoretical foundations of the experimental technique,
and correspondingly the methods which should be used to
interpret spin-echo measurements, have been described using
various approaches. These include the original classical deriv-
ation [3], approximate quantum mechanical derivations [4],
a graphical 2d Fourier transform method [5–7], in addition
to others. A common aspect of all these theoretical descrip-
tions is that they result in a single condition for the magnetic
fields where the spin phase of particles with different velo-
cities contribute constructively to the signal, termed the spin-
echo condition. Crudely speaking, this spin-echo condition
represents the case where the velocity dependent spin phase,
encoded by an electromagnet before the particles scatter from
the sample, is cancelled by applying a second magnetic field
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after the scattering event which reverses the phase, and any
loss of coherency is related to energy changes during the scat-
tering process. This is a beam experiment analogue to the ori-
ginal Hahn spin-echo sequence measured routinely in NMR
experiments [8].

Whilst theoretical explanations of beam spin-echo exper-
iments (NSE and HSE) mentioned above were successfully
used to design, execute and interpret a wide range of meas-
urements over the years, they all miss other spin-echo con-
ditions as the result of an over simplified treatment of the
apparatus. Interestingly, the identification of a second spin-
echo condition in spin 1/2 systems [9] resulted from the neces-
sity to develop more detailed theoretical treatments to describe
molecular beam experiments which are inherently complex
due to the multitude of quantum states [10–13]. In this paper,
we present a further two spin-echo conditions in spin 1/2 spin-
echo experiments, which we denote as the X and X′ echoes.
These additional echoes are related to the magnetic beam pro-
files of a realistic, rather than ideal, experimental apparatus.
We then show how the parallel and anti-parallel echoes [9],
as well as the X and X′ echoes, affect a standard spin-echo
measurement. Depending on the exact experimental condi-
tions, the additional spin-echo signals result in an oscillatory
signal which could be interpreted erroneously as an inelastic
excitation.

2. Experimental methods

A schematic overview of the experimental apparatus used
in the current study is shown in figure 1. The atomic beam
of 3He is generated by expanding the gas through a nozzle
held at 40 K which gives a central velocity of approximately
725 m s−1, where the two nuclear spin projection states of 3He
(mI = 1/2 and mI = −1/2) are equally populated. This beam
passes through a hexapole [14] where the low field seeking
states (mI = 1/2) are focussed and the high field seeking states
(mI = −1/2) defocussed, so that only the mI = 1/2 state is sig-
nificantly populated at the end of the hexapole meaning that
only this state contributes to the signal. A dipole adiabatically
rotates the spins at the end of the hexapole to lie along the z
direction, which defines the quantisation axis for the propaga-
tion of the spins down the first arm of the apparatus. At this
point, the wavefunction associated with the nuclear spin state
can be considered as a pure state in the z frame of reference
due to the strong magnetic field gradients which decohered
any super-position states [15].

After a zero-field region, the atoms enter solenoid 1, an
electromagnet which creates a tuneable magnetic field with
integral, B1, along the x-axis where a positive field value cor-
responds to a field direction which is anti-parallel with respect
to the direction of propagation, and a negative field value a
direction which is parallel with respect to the direction of
propagation. The initially pure spin state along z, is not an
eigen-state in a magnetic field along x, and the field changes
both the amplitudes and the phases of the superposition wave-
function as the atom passes through the field region. This
Rabi oscillation of the complex amplitudes of the quantum
state can also be understood in the classical picture as Larmor

precession of the magnetic moment within the yz plane. Due to
the velocity spread in the molecular beam (which is approxim-
ately 60 m s−1 full width at half maximum in the experiments
presented below) the atoms will spend different times within
the field region and consequently undergo different evolutions
of the wavefunction, or in the classical picture accumulate dif-
ferent phases within the yz plane, by the time they reach the
end of the first solenoid.

The 3He then passes through a set of Helmholtz coils which
can be used to generate a small tuneable magnetic field along
the y direction, the role of which we discuss later, before scat-
tering from the Cu(111) surface held at a surface temperature
of 300 K. As the surface is non-magnetic the mI state is not
changed by the collision. In the present work, we will focus
on specular scattering conditions which ensure that the signal
we observe is essentially completely due to elastic scattering.

After scattering, the atoms pass through a second solen-
oid with magnetic field integral, B2, where the magnetic field
is directed along the x′-axis (again positive field values are
anti-parallel to the direction of the propagation of the atoms).
Within the second solenoid the complex amplitudes of the
superposition quantum states oscillate again, or thinking of
this classically, the spins perform Larmor precession in the y′z′

plane. The atoms then pass through a second dipole which is
directed along the−z′ direction which defines the quantisation
axis for the propagation of the spins through the second arm
of the machine. They then go through a second hexapole [16]
which again focusses the low field seeking states and defo-
cusses the high field seeking states, before reaching a highly
sensitive custom built detector [17] to produce the measured
signal.

The standard spin-echo condition, derived originally for
neutron scattering, is that the second magnetic field integral
is equal in magnitude but opposite in direction to the one
produced in the first solenoid (i.e. B1 = −B2), this can be
intuitively understood using the following argument; while
the atoms have different velocities and complete a different
amount of precessions in the first coil, the fact that the scat-
tering is elastic (or quasi-elastic [1, 6]), means that each of
them will undergo a reversed precession in the second coil,
and they will all return to their original spin phase, contribut-
ing constructively to a measurable signal. Due to the simpli-
city of the standard echo condition, it can be realised experi-
mentally by building two essentially identical electromagnets
[18], connecting them in series, and passing the same current
through both of them but with a reversed polarity for one of
the two. However, due to the scattering angle, and the non-
adiabatic transitions between the fields, a condition of B1 = B2

also gives rise to a parallel echo [9], in fact for instruments
with a total scattering angle smaller than 90 degrees the paral-
lel echo is the dominant signal. As we will show below, spin-
echoes can also be observed for different values of B1 and B2,
when realistic magnetic beam profiles are taken into consid-
eration. To study these echoes, we need to be able to control
the current in each electromagnet separately. In practice this
is done using two independent high stability power supplies
(Danfysik) which stabilise the currents with an accuracy on
the order of a few ppm. A pause of 0.1 s was used to allow the
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Figure 1. Schematic overview of the spin-echo apparatus showing the frames of reference for the first and second arms of the machine and
the directions of the magnetic fields. The y and y′ axes are directed into the plane of the page to maintain a right-handed co-ordinate system.

solenoids to stabilise before the measurement of the signal at
a given field value.

3. Theoretical methods

To simulate the experiment, we need to calculate how the dif-
ferent mI states are affected by the different magnetic fields
that are present throughout the apparatus. For this we used a
semi-classical model [10–13] where we propagate the spins
through the different magnetic components of the beam path.
Initially, the twomI states are equally populated in the molecu-
lar beam expansion before the first hexapole. Semi-classical
trajectory calculations are used to determine the probability
that each mI state is transmitted through the first hexapole
[14, 19]. In the case of 3He, these can be taken as 1 for the
mI = 1/2 state and 0 for the mI =−1/2 state, but if a more com-
plex system is being studied these need to be determined for
each magnetic state [11, 13].

The wavefunction for the mI = 1/2 state is then propagated
through either an ideal magnetic field profile or the measured
three-dimensional magnetic field profile of the first arm of the
machine. In an ideal machine, this profile would correspond to

a dipolar field along the z direction and a solenoid field along
±x direction for ∓B1. The measured profile begins where the
dipole field along the z direction is still sufficiently strong that
the state is initially a pure state, and includes the rest of the
dipole along the z direction as well as the measured solenoid
profile along −x. However, there are also other small residual
fields which can give rise to additional features in the meas-
urements, and which must be included in the propagation to
accurately reproduce the experimental data as we will demon-
strate below. The spins are propagated through the magnetic
field profiles using the Hamiltonian which is given by

H(B ′) =
ℏ2k2

2m
− γ I ·B ′ (1)

where the first term is the atoms kinetic energy which is related
to its wavevector, k, and its mass, m, and the second term
accounts for the interaction of the nuclear spins with the mag-
netic fields throughout the apparatus which depends on the
gyromagnetic ratio, γ, the nuclear spin, I and the magnetic
field B ′. This has the effect of Rabi oscillating the populations
between the mI = −1/2 and mI = 1/2 state as the atoms travel
through the first solenoid, with the amplitudes and phases of
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the two states at the end of the solenoid being dependent on
the magnetic field strength. While strictly speaking both terms
of the Hamiltonian need to be solved quantum mechanically,
we will use a semi-classical description, where the centre of
mass motion is treated classically and only the spin degrees
of freedom are solved quantum mechanically. This type of
approach has been compared to the fully quantum models for
the case of elastic scattering of H2, and has been shown towork
very well, as long as the magnetic fields are not very strong
(>104 gauss) [20].

We then simulate the scattering of the 3He atoms from the
Cu(111) surface as a simple purely-elastic reflection. As this is
a non-magnetic surface, the nuclear spin states are not expec-
ted to be changed by the atom-surface interaction, i.e. all that
needs to be included in the simulation is a rotation of the wave-
function which describes the states at the end of the first arm of
the apparatus from the z quantisation axis to the z′ quantisation
axis which is used when propagating the wavefunction down
the second arm of the machine. The propagation through the
second arm is done in the same way as the first, i.e. using the
Hamiltonian given in equation (1) to propagate the wavefunc-
tion through either an ideal magnetic field profile consisting
of only the solenoid in the±x′ direction for∓B2 and dipole in
the−z′ direction, or themeasuredmagnetic field profile up to a
point where the dipole field is sufficiently strong in the−z′ dir-
ection that the states no longer mix in the magnetic field. The
transmission probabilities of the mI =−1/2 and mI = 1/2 states
being transmitted through the second hexapole are again taken
to be 0 and 1 respectively, where mI is the projection of the
nuclear spin on the direction of the dipole (along−z′). The sig-
nal is then calculated as the overlap integral of the wavefunc-
tion at the end of the propagation and summed (with appro-
priate weights) over the velocity distribution of the 3He beam
used in the experiments.

4. Results and discussion

4.1. The origin of the different spin-echoes

The top panel of figure 2 presents a two-dimensional simu-
lated signal calculated for a simplified instrument, as is often
assumed when analysing spin-echo experiments, for the spec-
ular scattering of 3He from a surface. This means a linear
instrument with an ideal magnetic beam profile. It shows one
strong spin-echo condition atB1 =−B2, i.e. scanning themag-
nitude of the magnetic field along the B1 = −B2 diagonal line
produces a constant signal, as depicted by the blue line in
the bottom panel of the figure. As the scattering process con-
sidered was elastic, then the phase evolution is reversed for all
the different velocities in the beam regardless of the value of
B1 = −B2 and a constant signal along the condition is what
we expect. Scanning perpendicularly to this constant intensity
line, i.e. scanning the magnitude of the magnetic field along
B1 = B2 produces an oscillating signal, often referred to as a
spin-echo oscillation signal, as shown by the black line in the
bottom panel of the figure, which has been normalised with
respect to the mean of the signal. The oscillation frequency
is dictated by the gyromagnetic ratio and the mean velocity

Figure 2. Top: two-dimensional plot of the signal intensity
normalised with respect to the mean simulated for an ideal 3He
elastic scattering experiment. Bottom: one dimensional slices of the
B1 = −B2 (blue) and B1 = B2 diagonals (black).

of the beam, and the envelope which peaks at the spin-echo
condition is related to the energy/velocity distribution in the
beam [6]. The x-axis in the bottom panel is the magnitude of
the magnetic field integral ∆B≡

√
B1

2 +B2
2, with negative/

positive values corresponding to the sign of B2.
For comparison with the idealised case, figure 3 presents

a two dimensional plot of the signal, produced by performing
B1 scans measured at consecutive values of B2 for the spec-
ular scattering of 3He from a Cu(111) surface. It is immedi-
ately apparent that the measured intensity and the simulated
intensity are significantly different, with there being a second
diagonal feature as well as a horizontal and weaker vertical
feature in the experimental data. There are therefore multiple
spin-echoes even in the case of the elastic scattering of 3He
from a surface which have to be correctly accounted for when
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Figure 3. Two-dimensional plot of the signal intensity normalised
with respect to the mean of 3He scattering elastically from a
Cu(111) surface measured at a surface temperature of 300 K.

using the technique to study phonons or adsorbate motion on
the surface.

The idealised spin-echo signal presented in figure 2 was
simulated for a linear machine. In reality, any scattering instru-
ments will have a total scattering angle smaller than 180◦, and
the majority of the HSE studies have been performed using a
scattering angle between the two arms of approximately 45◦.
A non-linear geometry has been previously [9] shown to give
rise to a second diagonal echo at B1 = B2. The relative intens-
ities of the two echoes depend on the angle between the two
arms of the scattering apparatus, and the echo at B1 = B2

becomes the dominant echo condition for acute scattering
angles [9]. The top panel of figure 4, which presents the results
of a two-dimensional simulation for a total scattering angle of
46.2◦ (corresponding to that of the Swansea apparatus) illus-
trates this. One-dimensional scans for the B1 =−B2 (blue) and
B1 = B2 (black) diagonals are shown in the bottom panel of the
figure. These both produce signals which oscillate centred at
∆B = 0 as opposed to the anticipated constant signal, oscilla-
tions which are the result of the intersection of the two diag-
onal echoes with each other. If the simplified picture of spin-
echo measurements presented in figure 1 is used to interpret
these results, i.e. the signal does not oscillate when 3He is
scattered elastically from the surface, then these oscillations
could be incorrectly attributed to an inelastic scattering pro-
cess when they are in fact simply due to the geometry of the
machine.

Further complications arise due to the non-ideality of the
magnetic field profile, as shown by the simulated data in
figure 5which has been calculated using the real magnetic field
profile measured in the Swansea apparatus as opposed to an
idealised model which only includes the (z) dipole and (−x)
solenoid fields in the first arm, and the (−z′) dipole and (−x′)
solenoid fields in the second arm. Using this realistic profile
introduces both the stronger horizontal and weaker vertical

Figure 4. Top: two-dimensional plot of the signal intensity
normalised with respect to the mean simulated for a 3He elastic
scattering experiment where the geometry of the machine is
included but an ideal magnetic field profile is used. Bottom:
one-dimensional slices of the B1 = −B2 (blue) and B1 = B2

diagonals (black).

echo into the simulated signal, as well as reproducing the two
diagonal echoes discussed earlier. The horizontal echo, which
resembles a plane wave starting at B2 = 0 that is present at
all B1 values, has an intensity which oscillates and decays as a
function of B2 only. This echo, which has not been observed or
predicted theoretically previously, is due to the presence of a
small magnetic field along the x (propagation) direction at the
end of the weak dipole of the first arm of the machine, which
adiabatically rotates the spins from the z (first weak dipole)
direction, to lie in the xz plane (see figure 1). It is also possible
for this transition to have some non-adiabatic character, which
causes the spin to precess around the direction of the mag-
netic field. This results in the spin also having a component
along the y-axis as well as changing the x component. After
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Figure 5. Two-dimensional plot of the signal intensity normalised
with respect to the mean simulated for a 3He elastic scattering
experiment for a realistic machine. The much weaker X′ echo
is difficult to see and can be identified by the subtle white
(low intensity) vertical stripes near the origin.

the dipole, the x component of the spin remains unchanged as
the atoms travel through the first solenoid as the magnetic field
is either parallel or anti-parallel to the x direction, regardless of
the particle velocity. This x component of the spin in the first
arm of the machine can be separated into components which
are parallel and perpendicular to −x′ in the second arm of the
machine, which is the direction of B2. Consequently, there is a
spin component which is common to all velocities before the
particles enter the second arm of the instrument. This compon-
ent then precesses within the second magnetic field, leading to
the observed oscillation pattern. The maximum of this addi-
tional echo lies along the horizontal B2 = 0 line, and it oscil-
lates and decays as B2 is either increased or decreased, due to
the spread in the velocities of the beam particles. We will refer
to this phenomenon as the X echo, as it originates from the
magnetic field of the weak dipole having a (typically small,
but non-zero) x component.

The vertical echo arises from a similar phenomenon due
to the non-ideality of the weak-dipole field in the second arm
of the apparatus. The presence of a small field directed along
the x′ direction means that the final quantisation axis is not
perpendicular to the x′ direction along which B2 is directed,
which results in spins which are oriented along x′ and −x′
being detected with slightly different probabilities. As the pop-
ulation of these states can be changed by scanning B1, but are
unaffected by the value of B2, this produces an echo centred
around B1 = 0 gauss metre which is independent of B2. We
will refer to this echo as the X′ echo, as it arises from the mag-
netic field of the second weak dipole having a small compon-
ent along the x′ direction.

The measured intensity (black) obtained when scanning B2

at values of B1 = −5.6 gauss metre (top) 0 gauss metre
(middle) and 5.6 gauss metre (bottom) are compared to

Figure 6. Top: a comparison of measured B2 scans (black line and
points) and simulated signals (red line) for B1 = −5.6 gauss metre,
where the signals have been normalised with respect to the mean.
Middle: a comparison of measured B2 scans (black line and points)
and simulated signals (red line) for B1 = 0 gauss metre, where the
signals have been normalised with respect to the mean. Bottom: a
comparison of measured B2 scans (black line and points) and
simulated signals (red line) for B1 = 5.6 gauss metre, where the
signals have been normalised with respect to the mean. While for
B1 = 0 (the middle panel) the contribution from all three echoes
overlaps, they can be distinguished quite clearly in the presence of a
large enough B1 value (top and bottom panels).

simulated signals (red) in figure 6. These three measurements
contain oscillations arising from the parallel, anti-parallel and
X echoes. As shown in the figure, the agreement between
the experimental data and the simulations is excellent. This
demonstrates that the simulations correctly capture the relat-
ive intensities, frequencies and phases of the different echoes
that we observe in the measurements. They therefore provide a
useful diagnostic tool, in the sense that if oscillations are seen
in future experiments which are reproduced in the simulations
this indicates that they are either related to the geometry of the
experiment (in the case of the parallel and anti-parallel echoes)
or the non-ideality of the magnetic field profile in the machine
(in the case of the X and X′ echoes).

The intensity of each of the echoes can be changed with
the addition of a magnetic field directed along the y-axis at the
end of the first solenoid [9], which is generated using a set of
Helmholtz coils as shown schematically in figure 1. Origin-
ally, a Helmholtz coil producing a magnetic field along the
y-axis, was introduced as part of a HSE apparatus to increase
the polarisation and compensate for the polarisation loss due to
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the finite scattering angle [5, 18]. Further, more detailed ana-
lysis showed that such a field can change the relative intensities
of the two diagonal echoes [9]. Below we show that this y field
can change the intensities of all the echoes mentioned above
and depending on the current passed through the Helmholtz
coils, the spurious spin-echo signals which exist in a realistic
setup can be minimised.

The effect of scanning this additional y field on the intens-
ity of the parallel (blue), anti-parallel (red), X (black) and X′

(green) echo is shown in the top panel of figure 7. For the par-
allel echo measurement, B1 = B2 ≈ 110 gauss metre, the anti-
parallel measurement B1 = −B2 ≈ 110 gauss metre, for the X
echo measurement, B1 ≈ 110 gauss metre and B2 ≈ 0 gauss
metre and for the X′ echo measurement, B1 ≈ 0 gauss metre
and B2 ≈ 110 gauss metre. The maximum intensity of the par-
allel echo is achieved when the intensity of the anti-parallel
echo is minimised, and vice versa. For these two echoes, the
maximum in the intensity corresponds to the maximum oscil-
lation amplitude whereas the minimum corresponds to there
being no echo. This is not true for the X and X′ echoes, where
the maximum and minimum in the intensity plot correspond to
themaximum amplitude oscillation but the two oscillations are
out of phase with each other, as shown by the blue (minimum
intensity) and black (maximum intensity) lines in the top panel
of figure 8 for the X echo, and the green (minimum intensity)
and black (maximum intensity) lines in the bottom panel for
the X′ echo. The intensity of the X echo is minimised when the
normalised signal shown in figure 8 has a value of 1. In prin-
ciple, the parallel echo intensity is maximised when the anti-
parallel, X and X′ echoes intensity are minimised, but here this
is not quite the case, most likely due to the Helmholtz field
having a small but non-zero component along the x and/or z
directions. However, this still demonstrates that it is possible
to suppress the influence of the other echoes on a measure-
ment which maximises the intensity of the anti-parallel echo
by using a small y field. The bottom panel of figure 7 presents
the two-dimensional intensity obtained from such a measure-
ment, where a Helmholtz field of 0.03 gauss metre was used
to maximise the parallel echo intensity and minimise the amp-
litude of the others. Whilst this has reduced the intensity of the
anti-parallel, X and X′ echoes, traces of each are still visible in
the measured intensity as complete cancellation would only be
achieved for a monochromatic beam as the phase accumulated
due to the Helmholtz coils is velocity dependent.

4.2. The effect of multiple echoes when analysing
two-dimensional spin-echo measurements

As mentioned earlier, the different echoes in the signal arise
when particles with different velocities in the beam have a
common spin phase at a given magnetic field value. A simple
framework for understanding the spin echo signals generated
by elastic and inelastic scattering, and how to measure them in
an optimal way is the tilted projection picture [5]. Below we
give a brief description of this picture, more detailed explan-
ations can be found in previous publications [2, 5–7], before
we examine how the multiple echoes discussed above modify
these results.

Figure 7. Top: the intensity of the anti-parallel echo (red), parallel
echo (blue), X echo (black) and X′ echo (green) normalised so that
the mid-point of the oscillation is 1 as a function of the magnetic
field applied along the y direction at the end of the first solenoid. In
each case, the values of B1 and B2 were kept at a constant value
which corresponded to the maximum of the echo oscillation. The
vertical lines show the magnetic field values which were used for
the 2d scans shown in figure 3 and the bottom panel of this figure.
Bottom: two-dimensional plot of the signal intensity normalised
with respect to the mean of 3He scattering elastically from a
Cu(111) surface measured at a surface temperature of 300 K with a
y field of approximately 0.03 gauss metre to minimise the intensity
of the anti-parallel echo.

Classically, the phase that the magnetic moment of 3He
atoms acquire in a magnetic field with a strength B ′ is given
by B ′γt, where γ is the gyromagnetic ratio and t is the time the
atom is in the magnetic field. Rewriting the time as the length
of the field, L, divided by the velocity of the atoms, v, and
defining the magnetic field integral, B as B ′L allows the total
phase to be rewritten as Bγ

v . Expressing the velocity in terms
of the de-Broglie wavelength, λ gives mBγλ

h , where m is the
mass and h is Planck’s constant. It follows that when the dipole
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Figure 8. Top: B2 scan where B1 ≈ 110 gauss metre for different
values of magnetic field directed along the y-axis which show the
changing phase of the X echo, the two traces correspond to y field
values which maximise and minimise the amplitude of that echo.
Bottom: a similar plot, this time showing B1 scans where B2 ≈ 110
gauss metre for different values of magnetic field directed along the
y-axis which show the changing phase of the X′ echo. In both panels
the signal intensity has been normalised with respect to the mean.

fields which define the quantisation axis of both the polariser
and analyser hexapoles are aligned along the same direction,
the signal for a beam of atoms with a single velocity travel-
ling through one magnetic field, and after subtracting a con-

stant term, is proportional to cos
(
mBγλ
h

)
= cos(2πκλ) where

κ= mBγ
2πh .

When there is a spread of velocities which contribute to
the signal, and when the atoms travel through two magnetic
fields, the signal is given by Sr (κ1,κ2)∝

´∞
−∞
´∞
−∞ ρ (λ1,λ2)

cos (2πκ1λ1 + 2πκ2λ2)dλ1dλ2 + C, where ρ(λ1,λ2) is the
probability density that the 3He atoms have a wavelength λ1

before scattering and λ2 after scattering, elastic scattering is
characterised by λ1 = λ2 and inelastic scattering by λ1 ̸= λ2

and n= 1,2 denote the first and second arm of the machine
respectively. C is a constant term related to the unpolarised
intensity, which can be subtracted from the measurement. If
an additional 90◦ rotation of the spins is performed after exit-
ing the polariser an additional signal Sim can be measured
which is identical to Sr but has a sine instead of a cosine
in the integral. Finally, a complex signal can be defined as
S(κ1,κ2) = Sr +

√
−1Sim and performing a two-dimensional

Fourier transform on S(κ1,κ2) allows us to reconstruct the
wavelength intensity matrices ρ(λ1,λ2) from the measure-
ments. If only the real part of S(κ1,κ2) is measured the Fourier
transform yields a symmetrised form of ρ(λ1,λ2) which con-
tains mirror images of the true wavelength intensity matrix. As
we will show below, other features will also appear after Four-
ier transforming the signal, to distinguish the actual intensity
matrix ρ(λ1,λ2) characterising the physical scattering event
from that obtained by Fourier transforming the measurement,

Figure 9. Top: two-dimensional wavelength intensity plot
normalised with respect to the maximum intensity obtained by
taking the Fourier transform of the experimental data presented in
figure 3 without the additional y field. Bottom: normalised
two-dimensional wavelength intensity plot obtained by taking the
Fourier transform of the experimental data presented in figure 7
where a 0.03 gauss metre y field is used to minimise the anti-parallel
echo.

we will denote the latter reconstructed wavelength matrices
ρ ′ (λ1,λ2).

Reconstructed wavelength intensity matrices are presented
in the top and bottom panels of figure 9 for the data presen-
ted in figures 3 and 7 respectively. They have been normal-
ised to the maximum intensity in each case. In the top panel,
which corresponds to the measurement presented in figure 3
performed without using the Helmholtz coils to generate a y
field, the intensity at λ1 = λ2 corresponds to the antiparallel
echo, and the intensity at λ1 =−λ2 corresponds to the parallel
echo. The relative intensities depend on the angle between the
two arms of the machine in the same way as the correspond-
ing echoes [9]. The intensity at λ1 = 0 Å and λ2 ≈ ±1.8 Å
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is due to the X echo, and the weak intensity at λ1 ≈ ±1.8 Å
and λ2 = 0 Å is due to the X′-echo. The intensity at λ1 = 0 Å
and |λ2| < 1 Å is an artifact due to the drift in the baseline
of the measurement during the length of the two-dimensional
scan. In the bottom panel, due to the additional applied y field,
the intensity at λ1 = λ2 and that from the X′ echo have been
removed, leaving only the features at λ1 =−λ2 and from the X
echo. The peak for each echo has a mirror image because only
the real (cosine) component of the data was measured, with
only the polarisation with respect to the z′-axis being recor-
ded. These additional peaks can be removed by also measur-
ing the polarisation with respect to the y′-axis and analysing
the data as a complex signal [6]. Simulations have shown that
this would remove the peaks with λ1 < 0 Å and the λ1 = 0 Å,
λ2 < 0 Å peak for the X echo, meaning only one peak would
be seen in the wavelength intensity matrix for each of the four
echoes.

4.3. The effect of multiple echoes when analysing
one-dimensional spin-echo measurements

Whilst figure 9 illustrates that the additional echo conditions
give rise to various spurious features in the reconstructed
wavelength intensity, they are positioned at wavelength values
which make no physical sense and would not be erroneously
interpreted as being due to inelastic scattering. However, the
two-dimensional measurements which are required to recon-
struct a wavelength matrix require extremely long acquisition
times and are generally not feasible for surfaces which have
any significant reactivity to contamination. This long acquis-
ition time is related to the simultaneous need to scan using
small ∆B steps, to avoid signal aliasing, and up to large val-
ues of B1 and B2, to improve the resolution of the wavelength
intensity matrix obtained from Fourier transforming the meas-
urement. To the best of our knowledge, reconstruction of a
wavelength intensity matrix for inelastic scattering has only
been performed once [7]. To circumvent the long acquisition
time, the overwhelming majority of spin-echo measurements
are one-dimensional scans in the B1, B2 plane including, for
example, a wide range of surface diffusion experiments (some
of which were reviewed by Jardine et al [2]), measurements
of inter-adsorbate interactions [21, 22], selective adsorption
of helium atoms [23], dispersion relations, anharmonicity, and
lifetimes of surface phonons [5, 6, 24], dispersion relations and
lifetimes of adsorbate vibrations [25–27], and the dynamics of
partial dislocations [28].

A general type of one-dimensional spin echo experiment
is sometimes termed a tilted projection measurement [5, 6],
which corresponds to one-dimensional scans of the magnitude
of the two magnetic fields along B1 = αB2, where α is some
proportionality constant chosen depending on the informa-
tion that is being extracted from the experimental data. In a
typical spin-echo experiment which focuses on quasi-elastic
scattering, magnetic field scans are performed by scanning the
field while maintaining the condition B1 = B2 or B1 = −B2.
Simple spin-echo theories, used so far, predict the signal in
such a measurement to be constant when measuring pure
elastic scattering, decay as a function of the magnitude of B

Figure 10. Top: magnetic field scans where the fields in the
solenoid are maintained at the condition B1 = B2 when there is no
additional y field (black lines) and with a y field of approximately
0.03 gauss metre to minimise the intensity of the anti-parallel echo
(red lines), normalised with respect to the mean. Bottom:
simulations of the measurements presented in the top panel,
normalised with respect to the mean.

in the presence of quasi-elastic scattering due to the random
motion of the surface particles (surface diffusion) and oscillate
in the presence of inelastic scattering (e.g. scattering from sur-
face phonons). When measuring inelastic scattering, a much
improved resolution can be obtained by using different values
for the proportionality constant α, values chosen to make the
measurement scan perpendicular to direction of the inelastic
feature in λ1, λ2 space, and reduce the broadening related to
the finite beam velocity distribution [5, 6].

Measurements for the simpler and most widely used con-
dition α= 1 are presented in the top panel of figure 10, where
the black line corresponds to the case where there is no addi-
tional y field (corresponding to the two-dimensional scan in
figure 3), and the red line where the additional y field cancels
the intensity of the anti-parallel echo (the two-dimensional
scan in the bottom panel of figure 7). The measurements are
performed at specular scattering conditions and should be
completely dominated by pure elastic scattering. Nevertheless,
in each case, oscillations are seen in the spin-echo measure-
ments, which could be erroneously interpreted as being due to
inelastic scattering processes occurring on the surface. How-
ever, as shown by the simulations presented in the bottom
panel of the figure, these oscillations are again correctly repro-
duced in the simulated data when the angle of the machine
and non-ideal nature of the magnetic field profile are incor-
porated into the calculation. It should be noted that the amp-
litudes are different in the case of the measured and simulated
signals due to unknown polarisation losses which occur due to
the transitions between the different magnetic fields through-
out the apparatus which reduces the amplitude of the measured
oscillations.

The Fourier transform of the data in the tilted projec-
tion measurement presented in figure 10 corresponds to the

9



J. Phys.: Condens. Matter 34 (2022) 345901 H Chadwick et al

Figure 11. Top: the apparent energies of the scattered 3He atoms
corresponding to the spin-echo measurements presented in the top
panel of figure 10. Bottom: the apparent energies of the scattered
3He atoms corresponding to the simulations presented in the bottom
panel of figure 10.

projection of the peaks in the two-dimensional wavelength
intensity matrix onto the line that is being measured, i.e. the
λ1 = λ2 line [5, 6]. This means that the projection of all the
echoes shown in figure 9 will contribute to the spectrum, even
the artificial mirror peaks, and it will be less apparent in the
one-dimensional measurement that these peaks are not due to
inelastic scattering. If not properly accounted for, these can be
inadvertently assigned to be signatures of inelastic scattering,
as demonstrated below.

The results of analysing the oscillations presented in
figure 10 in terms of apparent scattered energy are shown in
figure 11, where the lines in the figure correspond to those
presented in figure 10 and the top panel corresponds to the
measured signal and the bottom the simulated signal. In each
case, an elastic scattering peak is observed at 8.6 meV which
corresponds to the incident energy of the atomic beam of 3He.
Where the additional y field is set to zero, two apparently
inelastic scattering features are observed, one at an energy of
2.1 meV and one at an energy of 0.9 meV.When the additional
y field is used to remove the anti-parallel echo from the data
and increase the intensity of the parallel echo, which is typic-
ally done to maximise the signal intensity in spin-echo meas-
urements, an apparently inelastic feature is still present in the
spectrum. However, the fact that this is seen in the spectrum for
the simulated data which was calculated for pure elastic scat-
tering verifies that this feature is not a signature of inelastic
scattering in this case and arises simply due to the presence of
the X echo. It also further illustrates the importance of simu-
lations that include both the geometry of the machine and the
non-ideality of the magnetic field profile of the apparatus in
accurately interpreting spin-echo measurements.

5. Summary

In the current work we have demonstrated that multiple echoes
exist even in the simplest case of a spin 1/2 particle scattering
elastically from a surface. The first of these corresponds to the
condition B1 = −B2, where the phase that the atoms accumu-
late through precession in the first magnetic field is reversed
due to their equal and opposite precession in the second. A
second echo arises due to the geometry of the machine at
B1 = B2, and another two exist due to the non-ideal mag-
netic field that exists in a real spin-echo apparatus, one of
which is only a function of B1, the other a function of only B2.
Whilst the influence of these additional echoes can be minim-
ised in experiments used to probe ultra-fast surface dynamics
by the addition of a small magnetic field in the y direction, this
does not completely remove the oscillations due to the finite
velocity spread of the atomic beam and small magnetic field
components along the x and z directions.

Spin-echo experiments are typically analysed using a
simplistic model of the phenomenon which considers the pres-
ence of only a single spin-echo in a scattering experiment. By
not including the additional echoes, it is possible that these
will be misinterpreted as signatures of inelastic scattering,
with the likelihood of this being higher when 1-dimensional
measurements are performed. However, we have also demon-
strated that by propagating the spins through the measured
magnetic field profile of the apparatus it is possible to accur-
ately reproduce all the different spin-echoes with the correct
frequency and relative intensity. It is therefore essential to use
this complete picture when analysing spin-echomeasurements
to determine if the observed oscillations are due to an inelastic
scattering event or simply due to the non-ideality of the exper-
imental apparatus.
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