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Abstract. Many methods for performing multi-objective optimisation
of computationally expensive problems have been proposed recently. Typ-
ically, a probabilistic surrogate for each objective is constructed from an
initial dataset. The surrogates can then be used to produce predictive
densities in the objective space for any solution. Using the predictive den-
sities, we can compute the expected hypervolume improvement (EHVI)
due to a solution. Maximising the EHVI, we can locate the most promising
solution that may be expensively evaluated next. There are closed-form
expressions for computing the EHVI, integrating over the multivariate
predictive densities. However, they require partitioning of the objective
space, which can be prohibitively expensive for more than three objectives.
Furthermore, there are no closed-form expressions for a problem where
the predictive densities are dependent, capturing the correlations between
objectives. Monte Carlo approximation is used instead in such cases,
which is not cheap. Hence, the need to develop new accurate but cheaper
approximation methods remains. Here we investigate an alternative ap-
proach toward approximating the EHVI using Gauss-Hermite quadrature.
We show that it can be an accurate alternative to Monte Carlo for both in-
dependent and correlated predictive densities with statistically significant
rank correlations for a range of popular test problems.

Keywords: Gauss-Hermite · Expected hypervolume improvement · Bayesian
optimisation · Multi-objective optimisation · Correlated objectives.
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1 Introduction

Many real-world optimisation problems have multiple conflicting objectives [10,
23, 28]. In many cases, these objective functions can take a substantial amount
of time for one evaluation. For instance, problems involving computational fluid
dynamic simulations can take minutes to days for evaluating a single design (or
decision vector/candidate solution) [2, 7]. Such problems do not have analytical
or closed-form expressions for the objective functions and are termed as black-
box problems. To alleviate the computation time and obtain solutions with
few expensive function evaluations, surrogate-assisted optimisation methods
[3, 6], e.g. Bayesian optimisation (BO) [27], have been widely used. In such
methods, a surrogate model (also known as a metamodel) is built on given data
(which is either available or can be generated with some design of experiments
technique [24]). If one builds independent models for each objective function [15,
31], the correlation between the objective functions is not directly considered.
Multi-task surrogates [5, 26] have been used recently to consider the correlation.

In BO, the surrogate model is usually a Gaussian process (GP) because GPs
provide uncertainty information in the approximation in addition to the point
approximation. These models are then used in optimising an acquisition function
(or infill criterion) to find the next best decision vector to evaluate expensively.
The acquisition function usually balances the convergence and diversity. Many
acquisition functions have been proposed in the literature. Here, we focus on using
expected hypervolume improvement (EHVI) [13], which has become a popular
and well-studied acquisition function for expensive multi-objective optimisation
largely due to its reliance on the hypervolume [20, 32] (the only strictly Pareto
compliant indicator known so far). The EHVI relies on a predictive distribution of
solutions (with either independent [13] or correlated objective functions [26]). An
optimiser is used to maximise the EHVI to find a decision vector with maximum
expected improvement in hypervolume. The EHVI can be computed analytically
for any number of objectives assuming the objective functions f1, . . . , fm are
drawn from independent GPs [15]. However, this computation is expensive for
more than three objectives. Monte Carlo (MC) approximation of EHVI is often
used instead in such cases but this is not cheap. Consequently, there is a need
for accurate but cheaper approximation methods for EHVI. We propose and
investigate a novel way of approximating the EHVI using Gauss-Hermite (GH)
quadrature [19, 22]. In essence, GH approximates the integral of a function using
a weighted sum resulting in fewer samples to approximate the EHVI.

The rest of the article is structured as follows. In Section 2, we briefly describe
multivariate predictive densities and EHVI, and then introduce the GH method
in Section 3. In Section 4, we show the potential of the proposed idea of using
GH by comparing it with analytical and MC approximations (for 2-3 objectives).
Finally, conclusions are drawn in Section 5.
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2 Background

For multi-objective optimisation problems with m objective functions to be
minimised, given two vectors z and y in the objective space, we say that z
dominates y if zi ≤ yi for all i = 1, . . . ,m and zj < yj for at least one index j. A
solution is Pareto optimal if no feasible solution dominates it. The set of Pareto
optimal solutions in the objective space is called the Pareto front.

In multi-objective BO, the predictive distribution due to a solution with
independent models is defined as:

y ∼ N (µ,diag(σ2
1 , . . . , σ

2
m)),

where m is the number of objectives and µ = (µ1, . . . , µm)> is the mean vector,
with µi and σi being the mean and standard deviations of the predictive density
for the ith objective. To quantify the correlation between objectives, a multi-
task surrogate model can be used. The distribution of a solution with a single
multi-task model is defined with a multi-variate Gaussian distribution:

y ∼ N (µ, Σ),

where µ is the vector of means and Σ is the covariance matrix that quantifies the
correlation between different objectives. It should be noted that considering only
the diagonal elements of Σ would ignore any correlations between objectives,
and result in an independent multivariate predictive density.

The hypervolume measure [20, 32] is a popular indicator to assess the quality
of a set of solutions to a multi-objective optimisation problem. Thus it is often
used to compare multi-objective optimisation algorithms or for driving the search
of indicator-based multi-objective optimisation algorithms. The interested reader
is referred to [4] for an investigation of the complexity and running time of
computing the hypervolume indicator for different Pareto front shapes, number
of non-dominated solutions, and number of objectives m. The EHVI answers the
question of what the expected improvement of the hypervolume is if some new
candidate solution x would be added to an existing set of solutions. Consequently,
the solution with the highest EHVI may be the one worth an expensive function
evaluation. To avoid ambiguity, in the following, we provide formal definitions of
the concepts discussed here, before discussing methods to calculate the EHVI.

Definition 1 (Hypervolume indicator). Given a finite set of k points (can-
didate solutions) P = {p1, . . . ,pk} ⊂ Rm where pi = (f1(xi), . . . , fm(xi)))

> for
an optimisation problem with m objectives, the hypervolume indicator (HI) of
P is defined as the Lebesgue measure of the subspace (in the objective space)
dominated by P and a user-defined reference point r [31]:

HI(P ) = Λ(∪p∈P [p, r]),

where Λ is the Lebesgue measure on Rm, and r chosen such that it is dominated
by all points in P , and ideally also by all points of the Pareto front.
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Definition 2 (Hypervolume contribution). Given a point p ∈ P , its hyper-
volume contribution with respect to P is ∆HI(P,p) = HI(P )−HI(P\{p}).

Definition 3 (Hypervolume improvement). Given a point p /∈ P , its hy-
pervolume improvement with respect to P is I(p, P ) = HI(P ∪ {p})−HI(P ).

Definition 4 (Expected hypervolume improvement). Given a point p /∈
P , its expected hypervolume improvement (EHVI) with respect to P is∫

p∈Rm

HI(P,p) · PDF (p)dp,

where PDF (p) is the predictive distribution function of p over points in the
objective space.

The EHVI can be computed analytically for any number of objectives assuming
they are uncorrelated, but this requires partitioning the objective space, which
can be prohibitively expensive for m > 3 objectives. Consequently, there is
considerable interest in finding more efficient ways to compute EHVI, see e.g. [8,
9, 14, 15, 18, 30]. MC integration is an alternative to an exact computation of
EHVI. It is easy to use in practice and has been the method of choice for problems
with m > 3 objectives. Given a multivariate Gaussian distribution from which
samples are drawn, or pi ∼ N (µ, Σ), and a set of points P (e.g. an approximation
of the Pareto front), then the MC approximation of EHVI across c samples is

1

c

c∑
i=1

I(pi, P ), (1)

where I(pi, P ) is the hypervolume improvement (see Definition 3). The approxi-
mation error is given by e = σM/

√
c, where σM is the sample standard deviation

[21]. Clearly, as the sample size c increases, the approximation error reduces,
namely in proportion to 1/

√
c. In other words, a hundred times more samples

will result in improving the accuracy by ten times.
Typically, evaluating the improvement due to a single sample can be rapid.

Even if we consider a large c, it is often not that time-consuming to compute
the EHVI for a single predictive density. However, when we are optimising
EHVI to locate the distribution that is the most promising in improving the
current approximation of the front, an MC approach may become prohibitively
expensive with a large enough c for an acceptable error level. Therefore, alternative
approximation methods that are less computationally intensive are of interest. In
the next section, we discuss such an approach based on GH quadrature.

3 Gauss-Hermite approximation

The idea of GH approximation is based on the concept of Gaussian quadratures,
which implies that if a function f can be approximated well by a polynomial
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of order 2n − 1 or less, then a quadrature with n nodes suffices for a good
approximation of a (potentially intractable) integral [19, 22], i.e.∫

D

f(x)ψ(x) dx ≈
n∑

i=1

wif(xi),

where D is the domain over which f(x) is defined, and ψ a known weighting
kernel (or probability density function). The domain D and weighing kernel ψ
define a set of n weighted nodes S = {xi, wi}, i = 1, . . . , n, where xi is the ith
deterministically chosen node and wi its associated quadrature weight. We refer
to this concept as Gauss-Hermite if D is infinite, i.e., D ∈ (−∞,∞), and the
weighting kernel ψ is given by the density of a standard Gaussian distribution.

The location of the nodes xi are determined using the roots of the polynomial
of order n, while the weights wi are computed from a linear system upon comput-
ing the roots [19]; the interested reader is referred to [25] for technical details of
this calculation. Intuitively, one can think of the selected nodes as representatives
of the Gaussian distribution with the weights ensuring convergence as n increases
and a low approximation error for a given n [12].

Extending the one-dimensional GH quadrature calculations to multivariate
integrals is achieved by expanding the one-dimensional grid of nodes to form
an m-dimensional grid, which is then pruned, rotated, scaled, and, finally, the
nodes are translated. Figure 1 illustrates the key steps of this process for a two-
dimensional (m = 2) integral. The weights of the m-variate quadrature points
are the product of the corresponding m one-dimensional weights; for m = 2, this
leads to the following two-dimensional Gaussian quadrature approximation:

n,n∑
i=1,j=1

wiwjf(xi,xj).

The pruning step eliminates nodes that are associated with a low weight (i.e.,
points on the diagonal as they are further away from the origin); such nodes
do not contribute significantly to the total integral value, hence eliminating
them improves computational efficiency. Rotating, scaling and translating nodes
account for correlations across dimensions, which is often present in practice.
The rotation and scaling are conducted using a rotation matrix constructed from
the dot product of the eigenvector and the eigenvalues of the covariance matrix,
and the translation is performed by adding the mean vector.

Note that this approach may result in a combinatorial explosion of nodes
in approximating a high-dimensional multivariate Gaussian distribution. Given
n nodes per dimension for an m-dimensional space, the total number of nodes
generated is K = bnm(1− r)c, where r ∈ [0, 1] is the pruning rate (the greater
r, the more nodes are discarded with r = 0 corresponding to not discarding
any nodes). For instance, using n = 5, m = 10 and r = 0.2, we have K =
7812500 nodes. Clearly, this would be computationally more expensive than
MC approximation. Therefore, for high-dimensional integration the default GH
approach may not be suitable. As a rule of thumb, we propose that if the number
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(c) Rotation

Fig. 1: An illustration of the process of generating the nodes and the associated
weights using the GH quadrature for a two-dimensional (m = 2) Gaussian density

with the mean vector µ = (0, 0)> and the covariance matrix Σ =

(
1 0.5

0.5 1

)
. The

parameters used are: n = 8 points per dimension and a pruning rate of r = 0.2
(i.e., 20%). The dots represent the nodes, and the colours represent the respective
weights. The contours show the Gaussian density with the outermost contour
corresponding to two-standard deviation.

of nodes from GH goes beyond the number of samples required for a good MC
approximation, then one should use the latter, instead.

It should be noted that there is some work on high-dimensional GH approxi-
mations, e.g. [16], but we do not investigate these in this paper.

3.1 Gauss-Hermite for approximating EHVI

To approximate the EHVI, we use K samples (nodes) and associated weights
from GH quadrature as follows:

K∑
i=1

ωiI(pi, P ), (2)

where P is the approximated Pareto front, pi is the ith sample, and ωi =∏m
j=1 wj(xi) is the weight in an m-dimensional objective space corresponding

to the sample xi. This is effectively a weighted sum of the contributions, where
the weights vary according to the probability density. This is also illustrated in
the right panel of Figure 2: The dots show the GH samples (nodes). The grid of
points covers an area that is consistent with the underlying Gaussian distribution.
Since we know how the probability density varies, we can generate proportional
weights, which in turn permits us to derive a good approximation with only a
few points in the grid.

On the other hand, with MC in (1), every sample (dots in Figure 2, left panel)
contributes equally to the average EHVI. Hence, a sample is somewhat unrelated
to the intensity of the underlying probability density at that location. As such,
with few samples, we may not derive a good approximation. It should be noted
that the gray diamonds (in both panels) are dominated by the approximation of
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Fig. 2: A visual comparison of MC (left) and GH (right) samples in the objective
space (assuming a minimisation problem). The approximation of the Pareto
front is depicted with red crosses, and the reference vector r for hypervolume
computation is shown with a magenta square. The blue dashed line outlines
the dominated area. We used a two-variate Gaussian distribution to generate
samples with the mean vector µ = (1.5, 1.5)> and the covariance matrix Σ =(

0.16 −0.15
−0.15 1.01

)
; the pick contours represent this density. The gray diamonds are

dominated by the approximated front.

the Pareto front, and therefore there is no improvement (see Definition 3) due to
these solutions. Hence, these gray diamonds do not contribute to the EHVI for
either of the methods.

4 Experimental study

In this section, we focus on comparing the accuracy of GH and MC approximations
with respect to the analytical calculation of EHVI (A) introduced in [8, 15]. As
the analytical method is only suitable for independent multivariate Gaussian
densities, we firstly investigate the efficacy of the approximation methods for
uncorrelated densities for m = 2 and 3, and then expand our exploration to
correlated multivariate densities. We use popular test problems: DTLZ 1-4, 7 [11],
and WFG 1-9 [17]. They were chosen as they allow us to validate the efficacy of
the approximation methods for Pareto fronts with diverse features; e.g., DTLZ2
and WFG4 have concave, DTLZ7 and WFG2 have disconnected, and DTLZ1
and WFG3 have linear Pareto fronts.

Our strategy was to first generate a random multivariate distribution, and
then, for an approximation of the known Pareto front, compute the EHVI
due to this random distribution analytically and with the two approximation
methods (GH and MC). Using this approach, we aimed to collect data on a
range of randomly generated multivariate distributions and inspect the agreement
between analytical measurements and approximations. To quantify this, we used
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Kendall’s τ rank correlation test [1], which varies between [−1, 1] with 1 showing
perfectly (positively) correlated ordering of the data by a pair of competing
methods. The test also permits the estimation of a p-value, which, if below a
predefined level α indicates that results are significant. In this paper, we set
α = 0.05, however, in all cases, we found the p-value to be practically zero, hence
indicating significance in the results.

To implement the GH approximation, we converted existing R code5 into
Python; our code is available to download at github.com/AlmaRahat/EHVI Gauss-
Hermite. If not stated otherwise, MC uses 10, 000 samples, and GH uses a pruning
rate of r = 0.2. For GH, we investigate different numbers of nodes (points) n per
dimension, and use the notation GHn to indicate this number. Any results re-
ported are results obtained across 100 randomly generated multivariate Gaussian
distributions to generate as many EHVIs.

4.1 Uncorrelated multivariate Gaussian distribution

To generate a random multivariate distribution, we first take a reference front
P . We then calculate the maximum pimax and minimum pimin values along each
objective function fi. The span along the ith objective is thus s = pimax − pimin.
Using this, we construct a hyper-rectangle H which has lower and upper bounds
at vectors l = (l1, . . . , lm) and u = (u1, . . . , um), respectively, with li = pimin−0.3s
and ui = pimax + 0.3s. We take a sample from H uniformly at random to generate
a mean vector µ. The covariance matrix must be a diagonal matrix with positive
elements for an independent multivariate distribution. Hence, we generate the
ith diagonal element by sampling uniformly at random in the range [0, ui − li].

Figure 3 shows an example comparison between the analytical (A), MC and
GH computations of EHVI for DTLZ2. The comparisons clearly show that the
performances of MC and GH15 are reliable with respect to A with a Kendall’s τ
coefficient of over 0.97 and associated p-value of (almost) zero. To investigate
if there is an increase in accuracy with the number of points per dimension,
we repeated the experiment by varying the number of points per dimension
between 3 and 15 (see Figure 4 for results on the DTLZ2 problem with m = 2).
Interestingly, there is a difference between having an odd or an even number of
points per dimension: there is often a dip in performance when we go from even
to odd. In Figure 4, we see that there is a slight decrease in the rank coefficient
between 4 and 5 points per dimension. We attribute this decrease to how the
points are distributed for odd and even numbers of points per dimension. When
we have an odd number of points for GH, it produces a node at the mean of
the distribution. If there is an even number of points per dimensions, there is
no node at the mean (see Figure 5). Because of this, the approximation may
vary between odd and even number of points. Nonetheless, the monotonicity in
accuracy improvement is preserved when the number of points is increased by
two.

5 https://biostatmatt.com/archives/2754
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Fig. 3: Efficacy of MC and GH (with 15 points per dimension, GH15) approxima-
tions in comparison to analytical measurements of EHVI for the DTLZ2 problem
with 2 objectives and 100 randomly generated multivariate Gaussian distribu-
tions. The dotted red-line depicts the performance of the perfect approximations.
MC approximations used 10, 000 samples. In all cases, we observe strong rank
correlations with Kendall’s τ coefficient over 0.97 with practically zero p-values.

We took the same approach to investigate the efficacy of GH and MC in all
the test problems for m = 2 and 3. The results of the comparison are summarised
in Figure 6. We observed the same trends that with the increase in the number
of points per dimension, we increase the accuracy. Even with a small number
of points per dimension we are able to derive coefficients of over 0.85 for all
the problems. Interestingly, in some instances, e.g., WFG3 (m = 3) and WFG4
(m = 2), we clearly get better approximations from GH in comparison to MC.

4.2 Correlated multivariate Gaussian distribution

The key issue with the analytical formula for EHVI is that it does not cater
for correlated multivariate predictive distributions. However, both MC and GH,
even though they are computationally relatively intensive, do not suffer from
this issue. To investigate the efficacy of different methods, again, we take the
same approach as before. We generate random distributions and compute the
EHVI values with A, MC and GH, and then evaluate the rank correlations using
Kendall’s τ coefficient. Importantly, the most reliable method in this case is MC.

In this instance, the process to generate a random mean vector remains the
same. However, for a valid covariance matrix, we must ensure that the randomly
generated matrix remains positive definite. We, therefore, use Wishart distribution
[29] to generate a positive definite matrix that is scaled by diag(u1− l1, . . . , um−
lm). To demonstrate that the analytical version for uncorrelated distributions
generates a poor approximation for the EHVI due to a correlated distribution,
we use the diagonal of the covariance matrix and ignore the off-diagonal elements,
and compute the EHVI. This allows us to quantitatively show that GH may be
a better alternative to MC from an accuracy perspective.
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Fig. 5: An example of the distribution of GH nodes for 4 (GH4) and 5 (GH5)
points per dimension (before pruning) for the standard Gaussian density with
the mean µ = 0 and the standard deviation σ = 1 (shown in dashed black line).

In Figures 7a – 7c, we show the comparison between different methods for
computing EHVI for the DTLZ2 problem with m = 2. Here, A somewhat agrees
with MC and GH15 with a correlation coefficient of approximately 0.84 in each
case. However, MC and GH15 are essentially producing the same ranking of
solutions with a coefficient of just over 0.97. Therefore, GH15 with 180 nodes is
an excellent alternative to MC with 10, 000 samples. The results on DTLZ2 do
not appear too bad for A. To ensure that this is the case for all test problems
under scrutiny, we repeated the experiments, but this time generating 100 random
multivariate correlated Gaussian distributions in each instance. Here, we assumed
that MC is the most reliable measure, and computed the Kendall’s τ coefficient
with respect to MC. The correlation coefficient distributions for A and GHns are
given in Figure 7d. Clearly, there is a wide variance in the performance of A, with
the minimum being 0.39 for WFG7 (m = 3) and maximum being 0.9 for DTLZ1
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each instance. Lighter colours correspond to better coefficient values.
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Fig. 7: Illustration of the efficacy of GH for correlated multivariate Gaussian
distributions as Figure 3 in 7a – 7c for DTLZ2 (m = 2). In 7d, we show the
summary of efficacies for different approximation methods when compared to
MC across all DTLZ and WFG problems (for m = 2 and m = 3). Analytical
approximations were generated using the diagonal of the covariance matrix.
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(m = 2). On the other hand, GH3 produced the worst performance for GH across
the board, but that was at 0.86 for DTLZ (m = 2), which shows a strong rank
correlation. This shows that just considering the diagonal of the covariance matrix
and computing the analytical EHVI is not a reliable approximation method under
a correlated multivariate predictive density. Instead, GH can produce a solid
approximation with very few points.

5 Conclusions

EHVI is a popular acquisition function for expensive multi-objective optimisation.
Computing it analytically is possible for independent objectives (predictive
densities). However, this can be prohibitively expensive for more than 3 objectives.
Monte Carlo approximation can be used instead, but this is not cheap. We
proposed an approach using GH quadrature as an alternative to approximating
EHVI. Our experimental study showed that GH can be an accurate alternative
to MC for both independent and correlated predictive densities with statistically
significant rank correlations for a range of popular test problems. Future work
can look at improving the computational efficiency of GH for high-dimensional
problems, and validating GH within BO using EHVI as the acquisition function.
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