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10 Abstract
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11 With the development of experimental measurement technology and high-fidelity numerical
12 simulations of granular materials, empirical-based classical constitutive models may not be able to
13  take full advantage of the rapidly increasing available datasets. Machine learning-based models
14  can inherently avoid phenomenological assumptions to directly learn the constitutive relationship
15  from the datasets, and the trained model is sufficiently flexible to be reconstructed once new
16  training samples are added. In this work, a coupled finite element method and machine learning
17 (FEM-ML) computational framework is proposed for simulating granular materials. Gaussian
18  process-based random loading paths and coupled FEM-DEM simulations are used to generate
19  training samples. A parametrisation of the material deformation history is used to represent the
20  historical influence of granular materials. An uncertainty-level based active learning is utilised to
21  evaluate the informativeness of data points for network training and then to establish an effective
22 resampling scheme from a massive dataset. Two examples are provided to show the applicability
23 of the implemented FEM-ML framework. The performance of the proposed framework is also
24 evaluated, the error is systematically analysed, and possible improvements are discussed. The
25  results demonstrate that the FEM-ML framework offers considerable improvements in terms of
26  computational efficiency and competence to simulate the mechanical responses of granular

27 materials.
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1 Introduction

Granular materials such as gravel, sand, and powders are ubiquitous in industry and geotechnical
applications, and they are considered to be the second most abundant material on Earth after fluids
[1]. The discrete nature of granular materials and dissipative interactions among particles give rise
to a rich and complex bulk behaviour, making them differ significantly from solids, liquids, and
gases. The complexity of granular media can be partially attributed to its unique features, such as
inherent anisotropy and heterogeneity [2, 3], pressure and rate-dependence [4-6], continuous
evolving microstructure and complicated strain localisation phenomenon within unstable granular
materials [7—-11]. Accurately reproducing the mechanical behaviour of granular materials subject
to various external loads through mathematical equations is intricate but crucial for engineering-

scale numerical simulations.

In general, the mechanical behaviour of history-dependent granular materials has been described
by empirical constitutive laws formulated within continuum thermodynamics and elastoplastic
theory. Internal variables characterise the material state according to phenomenological
assumptions. Advancements in micro-mechanical simulations and the internal fabric statistical
description [12-15] have inspired physics-based internal variables that encapsulate the micro-
structure and motivated the bottom-up mathematical modelling of granular materials by linking
contact fabric tensor to macro-mechanical responses [6, 15-18]. Nearly in parallel, another class
of bottom-up modelling approaches, the hierarchical multi-scale modelling, which directly bridges
the macroscopic response of granular materials and the macroscopic boundary conditions [19-24],
has also been developed due to computer hardware development. In the framework of hierarchical
multi-scale modelling, the models of two scales are solved concurrently, and the results are
exchanged on-the-fly. Both the two conventional modelling paradigms have achieved quite a

SUCCesSs.

However, there are still considerable challenges in the way of their further progress. For the
mathematical-based phenomenal approach, uncertainty arises due to the imperfect knowledge of

the functional form of the constitutive laws and the parameter calibration is subject to the
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increasing complexity. On the other hand, the classical hierarchical multi-scale computation is
indecently time-consuming because a large number of lower-scale simulations are concurrently

required during the computation of a macroscopic model.

In addition to the continuum mechanics modelling and hierarchical multi-scale modelling, the use
of neural-network-based constitutive models can be traced back to the 1990s and the beginning of
the 21st century [25-29]. Data-science-based model is a general term used for the recently arising
new modelling method related to massive datasets, statistics, machine learning and data mining.
Some related work in the fields of computational mechanics, geomechanics and geotechnical

engineering can be found in recent reviews [30—-34] and references therein.

In the case of the surrogate model constructed by the neural network, [27, 35-41], material
informatics uses database techniques to identify parameter correlations and then uses machine-
learning regression techniques to provide the quantitative predictive model. Due to the powerful
high-dimensional mapping capability of the neural network, this method can reproduce the
constitutive response of materials more precisely than the traditional mathematical based models,
provided that sufficient data is available. For hierarchical multi-scale computation, a promising
application of the neural network-based approach is to accelerate multi-scale mechanical
calculations because of the higher computational efficiency over the conventional framework [37,

42, 43].

Unlike the regression-based modelling approach, another kind of data-driven method directly
chooses the samples which best satisfy the compatibility and equilibrium constraints from the
prepared database composed of strain stress pairs [44-47]. Instead of calibrating the parameters of
the pre-constructed model through the datasets, this pure data-based method, which is solely based
on the datasets, transforms the solution problem into a minimum distance optimisation, further
avoiding the errors associated with the regression process, and almost wholly reproduces the
results of the conventional multi-scale method. However, the particularity and computational

efficiency of this ad hoc method may hinder its further development.
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History dependence, fundamentally the intrinsic characteristic of granular materials [48], is
another challenge for the data-driven modelling of granular materials. Internal variables based on
plasticity mechanics approaches are often used to describe the historical state of the material in

traditional elastoplastic constitutive models.

In the data-driven modelling work, some scholars use RNN (recurrent neural networks) to deal
with the material history dependence and their works have demonstrated that stress-strain
responses of granular materials can be predicted satisfactorily in certain stress-strain spaces [37,
38, 49-52]. However, the training is normally quite time-consuming as this model is not suitable
for GPU parallel training because of its inherent sequential nature. Additionally, using different
step sizes not included in the training samples will deteriorate the computational stability once the
model is employed in boundary value problems [49, 50]. Due to the development of granular
material simulation and the emergence of internal fabric description methods, some scholars use
energy-based variables or fabric tensors to calibrate the current state of granular materials [46, 47].
This approach requires encoding the loading history of the material as the describer of the current
state with as few parameters as possible, but how to take the sequence of macroscopic information
(e.g. strain, stress, etc.) and encode it into historical state variables is again a tricky problem. Also,
some preceding work attempts to discover some parameters to encode the history strain-stress path
experienced by materials. In one example [39], the accumulation of the absolute values of the
strain increments is used to uniquely represent the history state and appears to perform well in

boundary value problem simulations.

The tangent operator of the strain-stress relation is necessary for the nonlinear iteration using the
Newton-Raphson method in FEM simulations. In contrast to the FEM simulation of continuous
materials, the particle simulation of granular materials, such as DEM (discrete element method),
exhibits a random nature. The stress-strain curve can rise and drop sharply after entering the
plastic regime, so the Jacobians of the network computed stress to the input strain cannot represent
a proper tangent operator of the material. The approach that uses the perturbation method to
numerically compute the Jacobian performs poorly in nonlinear iteration [22]. Therefore, the

partial derivative tangent operator [28, 37] used for continuous materials may not work well for
4
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granular materials. A viable solution, to be introduced in Section 3, is to replace the tangent matrix

with a scant matrix in the non-linear iteration.

This work aims to propose a neural-network-based constitutive model as the surrogate model that
directly learns the multi-scale mechanical relationship from the raw data collected from the
consistent FEM-DEM multi-scale simulation. This model can be integrated into the FEM program
with minimal intrusion and is considerably more computationally efficient than the classical multi-
scale procedure. The history effect of the strain-stress relationship is considered by an internal
variable-based parameterisation. The secant matrix is adopted to replace the Jacobian operator in

the nonlinear iteration.

The rest of the paper is organised as follows. We first introduce the FEM-DEM framework in
Section 2, followed by the description of the neural network-based constitutive model, a self-
consistent sampling method, a general procedure of the uncertainty level-based active learning
method and the model training process in Section 3. We first present the baseline numerical
simulation of a biaxial compression problem to validate our implemented framework in Section 4.
This is subsequently employed in a retaining wall simulation to evaluate its generalisability. The
advantages and disadvantages of the FEM-ML framework and possible further improvements are

summarised in the conclusion.

2 Multi-scale FEM-DEM framework

The multi-scale FEM-DEM framework for solving a granular problem consists of two main parts:
(1) macro model which is implemented in FEM; (2) representative volume element (RVE) which
is concurrently simulated through DEM. The main procedures in the FEM-DEM framework are

shown in Figure 1.



142
143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

Initializing the Solving the PDE to

FEM elements i glet the
and the DEM isplacement

RVEs increment

Evaluating
the residual
error

Applying the Parallel Calculating the
boundary multiscale displacement
condition subroutines gradient

Applying the
gradients of
displacements to
[UENNY=S
respectively.

Updating Calculating the
the packing stress and the
of the RVEs tangent operator

Quasi-static
loading

Figure 1 Flow chart of the FEM-DEM multiscale scheme

2.1 Macro model

Governing equation. In the FEM solver, the nodal displacements are solved as the basic unknown
quantity constrained by the equilibrium equation and the compatible condition. Without

considering the body force, the macro equilibrium is governed by:

M)

V.e=0 in Q
n-e=t on oQ

where V -6 is the gradient of the stress tensor, n is the unit vector of the outer normal of the
boundary, t is the boundary traction, and Q and 6Q are the domain and the boundary of the

macro model, respectively. The governing equation can be written in the weak form as:
j oV -0dQ=0 @)

where  is the test function that is often chosen as the shape function in the Galerkin method.

Discretisation. The domain is discretised into elements where the shape functions N are defined.

With integration by parts and some routine operations, Eq. (2) is changed to:

j NTur- j BTod2=0 3)

where B = (VN +VNT ) Or simply as:

T-F=0 )
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with the external traction vector T = I aﬂNTtdF and the internal force vector F =J.QBT0'dQ.

Nonlinear solution. Due to the plasticity of granular materials, nonlinear iteration should be
introduced to obtain the solution. For a given initial solution u,, the internal force F as a
function of the solution u can be approximated as
F(u)=F(uy)+Kau ®)
where F(uo):IQBTo-OdQ, and K is the stiffness matrix with a general expression:
K :IQBDBTdQ (6)

where the matrix D depends on the material constitutive model used. Then the displacement
increment Au can be obtained by solving
KAu = R(u) (7)

where R(u) =T —F is the residual force vector of the macro model.

The matrix D can be a tangent or secant operator, depending on which solution procedure is used,
but the former may lead to a faster convergent rate. In the Newton-Raphson method, the tangent
operator D is needed to construct the tangential element stiffness matrix in order to achieve a 2nd
order convergence. In multi-scale calculations, the perturbation method [21] is often used to

calculate D . In Guo’s FEM-DEM framework [53], an approximate secant elastic matrix is used.

2.2 Micro model

In the FEM-DEM framework, a particle assembly solved by DEM serves as the RVE at each
Gauss point to capture the local material responses. The RVE used in the current work has 500
particles with their diameters uniformly distributed from 0.006 to 0.014. This particle number is
chosen without conducting a convergence test in terms of accuracy for the RVE but is in line with
some previous studies. For instance in [22], 400 particles are used in the RVE which seems
sufficient to reproduce the homogenisation of the contact fabric tensor at the initial state. More
importantly, because the accuracy of the FEM-DEM framework is not the main concern, but rather

the machine-learning representation effectiveness of the FEM-DEM model, so choosing a
7
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reasonably large number of particles for each RVE should suffice. The boundary condition
(deformation) for each RVE is imposed based on the macro strain e obtained at the Gauss point
by the macro FEM solver. Then the corresponding stress ¢ and matrix D are derived from the

RVE via DEM and passed to the FEM solver to update the macro solution.

The periodic boundary and Hertz’s contact model are employed in the DEM simulation. The

normal and tangential contact forces between two contacting particles are calculated as:

{ fn = an§ (8)
f, = ktutc

where u; and u; are the relative normal and tangential displacement vectors between the two

particles; and k, and k, are the normal and tangential stiffness respectively and defined by

K, __& 2rug
—u
©)
K __6 2ruy
2—u

where G and u are the shear modulus and Poisson’s ratio of the particle material respectively;

the relative normal displacement is commonly referred to as the overlapping of the two particles;

r' =(2nr,)/(r,+1,) is the equivalent radius of the particles with r, and r, being their radii.

In the multi-scale simulation, the contact forces in an RVE should be transformed into the average
stress tensor. The homogenised stress tensor of the particle assembly is calculated as [54-56]:
a=i%(f°®d°+d°®f°) (10)
2V c=1
where V is the total volume of the particle assembly, N, is the total number of contacts within

the volume, f and d are the contact force vector and the branch vector connecting the centres of

the two contacted particles, respectively.

In the FEM-DEM framework, the matrix D is statistically approximated from the contacts and
homogenised elastic modulus of the particle assembly. The analytical form based on the

assumption of a uniform strain field is given by [57]:
8
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D=\%Z(knn°®d°®n°®f°+ktt°®d°®t°®d°) (1)
c=1

where n, and t, are unit normal and tangential directions of contact c , respectively.

2.8 FEM-DEM coupling method

The algorithmic procedures of the coupled FEM-DEM solver is given in Algorithm 1. The multi-
scale coupling method can reproduce the micro-scale mechanical property of granular materials at
the macro scale, as macro strain and micro-scale material response obtained from the RVE
simulation are fully exchanged at the Gauss points. However, a large number of DEM simulations
are required which makes this simulation considerably time-consuming [53, 58]. Most of the
computational time is spent on evaluating the micro DEM model for each Gauss point of the
macro model. In addition, there is a large amount of statistical data generated in this simulation,
including sequences of stress, strain, pore ratio, fabric information, and even the details of the
particle packings at every iteration step. It seems that these datasets are underutilised, and most of

them are discarded after the concurrent simulation.

The machine learning method can be employed to take full advantage of the intermediate data
generated in the concurrent computations and substantially accelerate the multi-scale computation.
The rest of the paper is dedicated to developing a neural network-based constitutive model that

serves as an efficient surrogate for the concurrent DEM simulation.
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Algorithm 1 The FEM-DEM solver

Given: Discretised FEM model, and initialised RVE packings PO

(0(0), DO ) =PK (6(0),(p(0)) > Initialise the stress and matrix D

For n=1,2,....,N do > Loading step
Apply the boundary condition at step n to the FEM model
Set m=0, e, =1
Get AuU™™ by solving Eq. (7)
While ¢, >¢g, do > Nonlinear iteration
Compute the strain increment Ae = BAU™™
Apply Ae to the RVE packing prcmm
Evaluate (o(”'m), pnm ) = pcrm (s("'m) ,go("'m))
Update R™ and K™™ based on (&(n’m), [A)(n’m)) using Egs. (5) and (6)
Get Au by solving Eq. (7)
Update Au™™ =Au™™D 1 Ay
Compute the errore, =|Aul|/|| AU |
m=m+1
end While
Update u™ = =D 4 Aym ,O'(H) — O.(n-m)’ p™M = pm

end For

235

236 3 The neural network-based constitutive model

237 3.1 Surrogate micro model constructed by neural network

238  Classical constitutive models are mainly developed based on some phenomenological assumptions.
239  Itis generally sufficient to use a small set of experimental data to calibrate the parameters in the
240  model. However, due to the improvement of observation and simulation techniques, these
241  constitutive models may become inadequate to incorporate rapidly increasing high-quality data.
242 Unlike conventional constitutive models, machine learning models directly mine constitutive
243  relationships from data, almost without making any assumptions, since neural network models are
244 sufficiently sophisticated to reproduce various mechanical behaviours of the material [29, 59].

245

246  In the FEM-DEM simulation, the particle assembly attached to each Gauss point is saved in the

10
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computer RAM for the next loading step to reproduce the history-dependent effect of the granular
material, which is also the inherent reason for its huge memory cost. One of the central challenges
of the machine learning model is to characterise a general loading history with as few variables as
possible. As the network-based model will no longer gain access to the particle assembly, proper
internal variables should be included to account for the history-dependent (plastic) state of
granular materials in the FEM-ML framework. However, it is hard to explicitly calibrate the
plastic state, such as plastic work and yield surface, since they cannot be easily derived from the

macro DEM simulated results (i.e. strain, stress, void ratio).

Unlike traditional internal variables, the history variables used for machine learning can have no
physical meaning and can be merely used to quantify the historical influence or sequence order.
Thus, they only need to possess some very basic mathematical properties, such as monotonicity. In

this work, the accumulation of the absolute strain increments:
n .
o™ =3 Ae" | (12)
1

which is conveniently available and interpretable, is used as the history variable. Subsequently, the

constitutive relationship to be obtained can be expressed as
6™ = NN (™, ™) (n=1..,N) (13)

where AN denotes a multi-layer fully connected neural network, the superscript n represents
the sample number and N is the total number of training samples. Then the prediction error is

measured by the MSE (mean square error) as:
N
err = %z” 6™ - |7 (14)
n

Our experiments show that using the accumulation of the absolute strain increments defined in Eq.
(12) as the internal variable seems to be able to encode the unique stress-strain historical state of
materials and that the trained network can effectively capture the path-dependent behaviour of

granular assemblies.

In the FEM-DEM framework, the approximated secant matrix is used as the stiffness matrix
which is derived from the fabric of the particle assembly (i.e. Eq. (11)), parallel with the stress and

other state variables. The requirement of some specific micro-scale information in FEM-DEM
11
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calculation, such as the configuration and dynamic properties of the assembly, will demand much
greater computational time and memory resources, dramatically slowing down the multi-scale
scheme. There are various features (such as stress, strain, void ratio, and fabric information)
generated at every time step in the whole FEM-DEM simulation. However, only necessary

features should be involved in machine learning to calculate the operator D . Simplifying and
encapsulating these features into simple pairs as (e,¢,a, D) will alleviate difficulties in the

network training and accelerate the computation.

There are mainly two ways to represent the operator D for the nonlinear iteration in a machine
learning scheme: (1) tangent operator, and (2) secant operator. The tangent operator will be ideal
for the Newton-Raphson solution of the nonlinear problem if the stress-strain function is

sufficiently smooth and differentiable. In machine learning-based work, some computations for

continuous media use the AD (Automatic Differentiation) in Tensorflow [60] to obtain D -0

Oe

[28, 35-37] or the automatic differentiation tool AceGen [61] to directly update the stiffness

matrix via K :6_R [62].
ou

Unfortunately, the stress-strain curves extracted from granular material simulations fluctuate
dramatically, as shown in Figure 2. The network is trained to capture the main trend of these
characteristics but is not intelligent enough to distinguish the valuable constitutive relationship
from the fluctuations. Thus, the tangent operator calculated via the auto-differentiation may
change sharply and largely deviate from the right direction, which will adversely affect the

computational stability.
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Figure 2: Schematic of the approximate secant matrix and the tangent matrix

The secant matrix can be approximated via Eq. (11) since the contact details in a particle assembly
are available in DEM simulation. It is also theoretically available via the machine learning as
strain € and history variable ¢ are both input variables. Therefore, in consideration of the
computational stability, the approximate secant operator together with the stress is adopted via the

NN to complete the nonlinear iteration:

(6.(“), lj(n)) — NN(E(n) ,(p(n)) (15)

3.2 Procedures of the multi-scale coupling method

The procedure of the FEM-ML framework is outlined in Algorithm 2. There are no particle
assemblies that need to be initialised and updated since the neural network will directly calculate
the stress and the secant operator after the strain and history variables are fed into the trained
network. Note that the only physical parameter involved in our neural network-based constitutive
model is the particle-scale Hertz contact law for discrete element modelling of granular materials.

There are no other phenomenological constitutive models involved in the FEM-ML modelling.

13
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Algorithm 2 The FEM-ML solver

Given: Discretised FEM model, and well-trained neural network NN

(6'(0), D@ ) = NN (e(o) ,(p(o)) > Initialise the stress and matrix D

For n=12,...,N do > Loading step
Apply the boundary condition at step N to the FEM model
Set m=0, g, =1
Get Au®™™ by solving Eq. (7) with ¢V DY
While €, >€, do > Nonlinear iteration
Compute €™ =Y 4 BAy™™
Evaluate (&(n’m), prm ) = NN(e(n’m) ,(p(nfl))
Obtain R™™ and K®™™ from (&(n‘m),lﬁ(n‘m)) via Egs. (5) and (6)
Get Au™™ by solving Eq. (7)
Calculate €, = Au™™ — Au™™ || /]| Au®™™ D |
m=m+1
end While
Update u™ =y +Au(n‘m), puG) :O.(n.m), p — phm)

end for

317
318 3.8 Network architecture

319  Most of the work in machine learning, especially deep learning, uses fairly complex network
320  structures [37, 38, 49, 63], while traditional phenomenological constitutive models of granular
321  materials generally use around ten parameters to approximately describe the stress-strain
322  relationships. As shown in [64], PINNs (Physics-constrained neural networks) constructed by
323 parsimonious networks can exhibit fairly good prediction accuracy. Using simpler networks can
324 also largely reduce the number of parameters involved. Additionally, we found that simple neural
325  networks are more conducive to computational stability, which may be related to the fact that the
326  predicted values given by a simple network tend to be smoother. By considering the simplicity of
327  deployment, computational stability and efficiency, a simple multilayer fully connected network is
328  chosen in our work to be integrated with FEM calculation, with the expense of slightly lower
329  training accuracy.

330
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Figure 3 shows the neural network used, which is composed of two fully connected hidden layers,
each having 40 neural nodes (or neurons). The ReLU (Rectified Linear Unit) activation function is
adopted except for the output layer (without activation function). The input layer includes the

current strain and history variables, and the output layer produces the corresponding stress and D
matrix. The Adam algorithm (with Ir =1e-3, betas =(0.9, 0.999), eps =1e-8, weight_decay =0) is
employed to optimise the weights and biases in the training process. PyTorch is used to implement

the neural network. Note that no attempt has been made to optimise the network in terms of the

number of hidden layers and neurons in each layer.

'S (" ™ ™\
[611 612] [011 0’12:|
€21 €22 FC FC g21 022
Strain tensor Ejj Layer Layer Stress aij
>
P11 P12 40 40
021 P neutrons neutrons Material matrix Dijkl
Internal variable @;;
Py \ J \. J S

Figure 3: Architecture, input and output features of the neural network

3.4 Sampling

In general, machine learning models are good interpolators but often do not perform well for
extrapolation. To develop a machine-learning-based constitutive model suitable for a wide range
of strain paths, one solution is to accommodate as many strain-stress pairs as possible, so that all
the “extrapolation” become “interpolation”. This, however, imposes two challenges. Firstly, it will
be extremely challenging to generate sufficient training datasets to fully cover all the possible
strain-stress paths for a certain type of granular material. The task becomes practically impossible
when further considering all possible loading-unloading combinations. This is a sharp contrast to
the conventional constitutive model where the model parameters can be calibrated by a relatively
small number of conventional triaxial tests in geomechanics. Secondly, the presence of a large
number of datasets is also a challenge for the training of neural networks—a large number of
datasets demand expensive computational costs. Thus, it is important to utilise any useful
condition to increase the effectiveness of the training dataset, leading to the reduction of sampling

and training costs.

15
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For homogeneous materials, some symmetric properties can be exploited for reducing material
sampling requirements in the data-driven paradigm [39, 44]. For instance, both strain and stress
tensors at any data point pair can be mapped to their principal components via a proper rotation.
With this principal space mapping, the dimensions of the strain/stress sampling space are reduced
from six to three [39, 63]. In Tang’s work [65-67] the 3D sampling space is further reduced to a
1D space. Note, however, that for granular materials, the strain and stress matrix may not be
simply mapped to the principal space because the principal directions of the strain and stress start
to deviate since plasticity (or non-affine deformation) emerges [8, 68]. This non-coaxial issue is
considered in our work by casting all components of the strain and stress tensor into the network

model.

3.4.1 Sample generation

Gaussian process is introduced to generate smooth random loading paths in order to cover a large
sampling space of (e,a) in our work. In some machine learning frameworks [38, 49], Gaussian

process [69] is used in the micro-scale random loading path preparation. However, the DEM
simulations may return unreasonable results when the granular materials are over-compressed or
pulled up. So, this work applies the randomly generated loading paths as macro boundary
conditions instead of the micro-scale RVE. The computed strain at each Gauss point of the macro
model is applied as the boundary condition to the corresponding micro-scale RVE. In this way, a
large number of samples closely related to the solution space can be directly generated. Applying
the boundary condition directly to the macro model is also much simpler, as there is no need to

check the compatibility of the generated results.

The macro model used to generate training data is a simple biaxial test discretised by three
different finite element meshes. The detail will be described in Section 4.1 and shown in Figure 6.
A series of FEM-DEM biaxial simulations subject to randomly constructed boundary loading
paths is carried out to generate training data. To avoid over-compression or stretching, the random
path is only applied to control the transverse confining pressures for the biaxial compression test.
All the REV particle models are initially compressed by an isotropic confinement pressure of

100kPa. Further details will be given in Section 4.
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The Gaussian process defines a distribution function f(x) that is completely specified by its

mean function m(x) and covariance kernel function x(x,X’), i.e., a Gaussian process can be
represented as:

f(x) ~GP(m(x), #(x,x") (16)
where the mean value m(x) is kept to be the initial confinement pressure of 100 kPa. The

smoothness of the generated sequence can be controlled by specifying the kernel function.

The squared distance function is used as the covariance kernel function and described by:

K (X, X') = exp(-v 4, (x)|x - x'||2) (17)
where variable XE[O,l] can be regarded as the pseudo-time to control the loading step, and its
discretised values x =[0.01,0.02,...,1], corresponding to 100 loading steps, are used as the vector
for kernel & generation; Vv, €[1,5] is a coefficient used to control the curvature of the random
path (a larger v, narrows the band of the kernel, but increases the curvature of the stress curve, as

illustrated in Figure 4); and 6, (X) is a linear function of X starting from 0 to ensure that the

random confining pressure starts from the initial consolidation pressure of 100 kPa.

The Gaussian process outlined above is used to generate ten random loading paths for the
confinement pressure for each finite element model (Figure 6). The total number of samples is
summarised in Table 1, with an overall sum of nearly 17 million data points generated. Due to the
nonlinear macroscopic mechanical properties of granular materials, each loading step needs
nonlinear iteration. On average, a loading step takes about 20 iterations. Therefore, more than

2000 calculation results are generated in 100 loading steps.
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407

408 Table 1 Summary of the training samples generated at three mesh levels
Loading path number Coarse Medium Fine
0 76064 308608 1295360
1 75456 316544 1243136
2 75264 308736 1314304
3 81696 309248 1303040
4 77984 304768 1312768
5 77472 317440 1304576
6 76128 303744 1288704
7 75296 310016 1285632
8 75040 313472 1296896
9 75456 331904 1330176
Total training samples 16864928
409

410
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Figure 4: Random loading path generation via Gaussian process: the kernel functions

(Ileft) and random paths (right) for different v, values

3.4.2 Active learning-based resampling.

It may not be a good idea to use all the available data points, particularly in huge datasets, for
network training. Using all data points may prevent the optimizer from finding the most
informative datasets for the targeted training as there may be many data points that are repetitive
or very similar. In this work, we adopt an active learning strategy to effectively select samples

from our prepared large datasets.
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The active learning method [70] is introduced for effective resampling from a dataset with
massive data points. The key idea behind is that a machine learning algorithm can achieve greater
accuracy with fewer training samples if the algorithm is facilitated to choose essential data points
according to what it has learned. In addition to resampling, active learning can also guide sample
generation, especially when generating a sample is expensive. The active learning method is able
to evaluate the network performance at a data point (i.e. strain and internal variable) without
knowing the output/response (i.e. stress) and thus can determine whether the data point is valuable

to be generated for network training.

The active learning procedure used is as follows. Firstly, a selected number of networks with the
same architecture and hyperparameters but different randomly generated initial weights and biases
are trained on partial datasets or smaller datasets generated based on a subset (i.e. in the coarse FE

mesh here). Subsequently, these trained networks are used to make predictions at different data

points (i.e. in the fine FEM mesh), and then evaluate their uncertainty levels & , defined to be the
standard deviation of all the predictions at each datapoint. The process can be summarised as:

. 1m
o = - El AN, (6™, ™)

. M My _ o (2 (18)
0 EL”NM(G @)=Y |

m-1
where m is the number of the randomly trained networks AN; (i=12,..,m), 9(”) is the

averaged output of all the networks at a selected Gauss point n in the fine-meshed model. After
evaluation, points with an uncertainty value higher than a certain level will be added to the
training samples to retrain the models until a satisfactory level of uncertainty is achieved for all
the Gauss points concerned. Then one of the trained models is chosen to be used for prediction in
the FEM-ML solver. Thus the active learning in the present work acts as a detector to seek the
locations where the randomly trained model performs poorly, i.e. the data points are
underrepresented yet. This active learning resampling is referred to as the uncertainty-level based
active learning scheme.

In addition to the above uncertainty-level base active learning scheme, some other indicators

can also be utilised to guide the resampling process. An alternative, equivalent shear strain-based
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resampling scheme is another possible option for the problems concerned in Section 4. The details
of using this option and comparison with the uncertainty-level base scheme are given in Section

4.1.2.
3.5 Training

The neural network is trained on the dataset collected from a random Gaussian process controlled
biaxial loading. The datasets are split into training, validating, and testing sets weighing 70%, 15%,
and 15%, respectively. The early stopping technique [71] is utilised in the training process to avoid
overfitting and thus maximise the generalisation ability of the ML model. The MSE (mean square
error) of both training and validation datasets is evaluated every ten epochs. The training process

is ceased once the MSE of the validation dataset has no improvement after 1,000 training epochs.

After training, the prediction ability of the model and the prediction error are checked, as shown in

Figure 5. The trained VA" model, in most cases, is competent to predict with satisfactory

accuracy, especially in the prediction of the two stress components ( oy, and o, ) and four
components (D335, Diyyy Diogny Dyypy) OF the material matrix. However, the NN model seems

not to perform well in predictions of &;,, Dj;;, and Dy, , as shown in the right column of

Figure 5 where the relative errors reach around more than 100 per cent. Nevertheless, this is

because, in an isotropic hyper-elastic model or quasi-elastic stage of the granular material, the
components of D,;;, and Dy,,, should be zero [72] and o, is also close to zero. Thus, it is more

appropriate to check the absolute error for these components. The left column of Figure 5 shows
that their predicted values are indeed close to zero, indicating their prediction accuracy is also

satisfactory.
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Figure 5: ML prediction versus the results of the DEM simulation — left column:

comparison; right column: relative error.

4 Computational examples

4.1 Baseline problem - the biazial compression test

Coarse l u

Medium lu

k— 0.05m —]

Figure 6: Configuration of the biaxial compression test and three meshes

The biaxial compression test, shown in Figure 6, is simulated as the baseline to validate the

proposed FEM-ML framework. Three different meshes are used to discretise the problem domain:

coarse (2x4 elements), medium (4x8 elements) and fine (8x16 elements) meshes, with each
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element having 4 Gauss points.

Table 2 Parameters of the granular materials

Density (kg/m?3) Young’s Poisson’s ratio Friction angle Damping ratio
modulus (MPa) (rad)
2650 600 0.8 0.5 0.1

Initially, the vertical displacement-controlled loading is linearly applied to the top boundary of the
biaxial model until the macro vertical strain reaches 0.1. The Gaussian process outlined in Section
3 is used to generate ten random loading paths to control the confinement pressure for each
meshed model. Parameters used in the lower-scale DEM simulation are shown in Table 2. Both
the FEM-DEM and the FEM-ML simulations are carried out for the coarse and fine meshes with
an identical loading/boundary condition to assess whether our proposed FEM-ML framework is
capable of reproducing the multiscale mechanical response and effectively accelerating the

computation. The medium mesh is used later in Section 4.1.4.

4.1.1: Comparison of the prediction results with different meshes.

To comprehensively compare the prediction capability of the proposed FEM-ML framework, six
cases that combine the two meshes (coarse and fine) for both the training dataset generations and
the FEM-ML simulations are considered and listed in Table 3. The simulated results are displayed

in Figure 7 (top force) and Figure 8 (displacement field).

Table 3 The cases using different meshes for training and FEM-ML simulations

Case Mesh L_Jsc_ad for obtaining Mesh u_sed for_ FEM-ML
training samples simulations
A Coarse Coarse
B Fine Coarse
C Hybrid Coarse
D Fine Fine
E Coarse Fine
F Hybrid Fine

These two figures illustrate that all results agree well with the DEM simulations except for
Case E. The shear band simulated with the fine mesh is narrower than that with the coarse

mesh in the FEM-DEM simulations. The final deformed configuration of Case E is more
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similar to Case A instead of the fine-meshed FEM-DEM simulation. In Cases A and E, only
datasets collected from the coarse mesh simulations are employed to train the neural network. The
Gauss points are clearly sparser in the coarse mesh, thus there are not sufficient points to represent

the strain-stress relationship in the fine mesh.

On the other hand, due to the neural network’s good interpolation ability, all of the stresses and
tangent matrices in the shear bands in the fine mesh can be well approximated by the network
trained on the coarse datasets. Although the fine mesh is used for the macro-level simulation in
Case E, the strain-stress relationship is still derived from the coarse mesh datasets. Therefore, the

shear band obtained in Case E still looks like a duplicate of Case A.
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Figure 7: The comparison of the top force between different cases

FEM-DEM-Coarse

FEM-DEM-Fine Case D Case E Case F

Figure 8: The final deformed configurations of the different cases
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Due to the fact that the strain distributions in the upper and lower regions of the domain are very
similar for both coarse and fine meshes, attentions are focused on the shear band obtained from
different cases. Cases C and F are subsequently carried out to investigate this issue, where the
network models are trained on datasets gathered through a hybrid sampling method as shown in
Figure 9. In this hybrid sampling method, the data points in the shear band are obtained from the
fine mesh simulations, while the data points in the upper and lower triangular regions are collected

from the coarse-meshed simulations.

Figure 8 shows that the final deformed configurations of Cases C and F agree well with the FEM-
DEM simulations. This suggests that the training datasets in the shearing band significantly
influence the performance of the purely data-based model. Only with the proper training datasets,

can the network model work well and attain the expected results.

[ Hybrid
) training
datasets

Figure 9: Collecting the training datasets in a hybrid way

4.1.2 Automatic resampling via active learning.

The two hybrid cases (Cases C and F) indicate that the significance of different data points varies
greatly. The points in the shear band play a significant role in the current problem. In contrast,
constitutive relationships contained by points in the upper and lower triangles of the fine-meshed
model can be easily represented by the data points from the coarse-meshed model. To fully utilise
these features, the uncertainty-level-based active learning scheme introduced in Section 3.4.2 is

used for automatic resampling. The detailed procedure is outlined in Figure 10 and explained

25



544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

below:

1) Choose five separate networks with the same architecture and hyperparameters as described in
Section 3.3 but with different randomly initialised weights and biases which are pre-trained
based on the datasets obtained from the coarse mesh.

2) Use the five pre-trained models to predict the stresses and D matrices for all strains of the
data points collected from the fine mesh FEM-DEM simulations.

3) Evaluate the prediction uncertainty level at each data point based on the five predicted stresses
by Eq. (18).

4) Add 30% of the data points that have the highest uncertainty levels to the training samples
used in the pre-training phase.

5) Re-train one pre-trained model on the enriched dataset and use it as the network model for the

final FEM-ML simulation.

Note that the number of NNs used in the above active learning resampling cannot be determined
analytically but is a result of trial and error in practice. The main principle is that we wish to use
as few NN models as possible to find a reliable variance ranking which can effectively recognise
the most informative points to improve the current NN predictions. To strike a balance between
accuracy and computational costs, 5 is found to be a satisfactory number of the required networks

in the current work.

Figure 10 clearly illustrates that the prediction uncertainty is prominent in the shear band,
indicating that the data points in the shear band have a stronger influence on the network
prediction. Locations of the points with high uncertainty levels agree well with the red data points
extracted on the right side of Figure 9, which explains why the result of Case F is improved. Thus,
active learning can be used as a filter to identify the locations where the trained network model
performs poorly and samples at these locations should be generated or added to enrich the training

dataset.
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Figure 10: The flowchart of the model training process based on the active learning

resampling

As the newly added data points in the above active learning resampling process are almost all
located in the shear bands of the deformed configuration, it indicates that the magnitude of shear
strain may be utilised as an alternative indicator for the resampling purpose. To investigate the
possibility of using the equivalent shear strain as the indicator for active learning resampling, we
compute the equivalent shear strains at all Gauss points at each load step. Then 30% of the data
points having the highest uncertainty levels at several load steps are depicted on the top row in
Figure 11 (where the average uncertainty values are also given), while the bottom row shows the
corresponding contour plots of the equivalent shear strain.

The figure shows that the shear band (or strain localisation) starts to emerge at around load
step 29 and fully develops from step 59 onwards. The corresponding distributions of the Gauss
points with 30% of the highest shear strain for these load steps are indeed around the shear band
and these coincide with the prediction by the uncertainty-level based active learning scheme
shown in Figure 10. Thus it seems reasonable to conclude that the (equivalent) shear strain can be
used as an alternative indicator for the active learning resampling. However, at the beginning of

the loading and well before the shear band is formed, the strain field is nearly uniform across the
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whole domain. Consequently, the shear strain indicator is unable to distinguish the difference
between data points over the whole domain, and the selected data points may not be ideally
located. It is clearly displayed for the first two load steps where the selected points are not

uniformly distributed across the domain.
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Figure 11 The shear strain based active learning resampling at seven load steps: Top

1.2e-03

row — 30% of the data points with highest uncertainty levels (the number in red is

their average value); Bottom row — equivalent shear strain distribution

In conclusion, the shear strain can serve as a simple alternative indicator for resampling
where large shear strain or shear localisation may be a dominant feature, but it may not be an
effective indicator when the shear strain difference is small over the problem domain. More
importantly, the shear strain indicator is problem-specific and hence its applicability is rather
limited. For different problems, we may need to seek different problem-specific indicators for
resampling in an indicator-based sampling scheme. On the contrary, the uncertainty-level based
active learning may be slightly more complex in terms of usage, but it is generic and completely
based on the evaluation of the uncertainty level of prediction results without any prior knowledge

of the datasets concerned.
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4.1.8 Comparison of strain-stress predictions at Gauss points

To further assess the validity of the new proposed framework, the strain-stress responses obtained
by various models at Gauss point level are checked. The two Gauss points, #100 and #300, whose
locations are shown in Figure 6, are chosen for inspection. In the right column of Figure 12, the
blue line is the stress evolution history from the FEM-DEM simulation. The green line is the
predicted stress from the trained network model fed with the strain obtained from the FEM-DEM
simulation. The orange line is the stress from the FEM-ML simulation. The triangles denote the

stress predicted by the network model using the strain obtained from the FEM-ML simulation.
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Figure 12: Comparison of the local strain and stress responses from different solution
schemes

The FEM-ML framework works well in predicting the main trends of the macroscopic stress

response of granular materials. However, the trained network model inherently produces a smooth

output but cannot reproduce a more oscillating output induced by the transient nature of DEM

simulations, as notably visible in the FEM-DEM results. In FEM-DEM simulations, the strain

updated via Ae=BAu will also oscillate because the DEM-induced stress fluctuation is
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passed on to the FEM solver, as shown in the left column of Figure 12.

It is worth noting that the fluctuating or noisy output is the main obstacle in network model
training, especially in high-dimensional problems, since it will aggravate the difficulty to
distinguish useful information from the noise. Large and sharp fluctuations make the predicted
curve nondifferentiable, which is also the reason that the automatic differentiation method
available in most machine learning libraries cannot be directly used to obtain tangent operators in

granular material simulation.

The network prediction directly using the strain obtained from the FEM-DEM simulation (green

line) seems to have fully captured the fluctuation of the RVE results, except for the initial stress
predictions of o, . After further inspection, we find that the initial strain returned by the FEM-ML
solver is slightly different from the FEM-DEM solver due to the error in the predicted stress at the
initial state. As the stress component o, is supposed to be near 100 kPa over the whole course of

loading, its error in the figure is relatively more visually obvious than the other two.

4.1.4 Performance comparison

It is important to evaluate the efficiency of the FEM-ML framework. The performance of both
FEM-DEM and FEM-ML simulations for Case D is compared without including the active
learning resampling on a laptop computer (i5-8500 6 Cores@3.00GHz). All six cores are used in

the FEM-DEM simulation, while only a single core is used in the FEM-ML simulation.

Table 4 shows that per iteration in the FEM-ML framework is nearly 82 times faster than the
FEM-DEM. In addition to the substantial improvement in efficiency, huge computer memory is no
longer needed, thus significantly alleviating the memory requirement of the FEM-DEM multiscale
computation and also saving the communicating cost for distributed memory parallel platforms.

The number of iterations required at each load step is also recorded in Figure 13 for further
comparison. Note that the medium mesh with 4>8 elements, as shown in Figure 6, is also

simulated. As shown in Figure 13, both FEM-DEM and FEM-ML methods can converge at every
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loading step, but more quickly during the initial (near) elastic stage. Then the number of iterations
per loading step significantly increases until the peak is reached at around step 20. Afterwards, the

iterations per step decrease steadily towards around 20 iterations.

Table 4: Summary of the number of iterations and clock time consumed in the

simulation with the fine-meshed model

FEM-DEM (multi-cores) FEM-ML (single) Speed up
Time (h) 8.02 0.11 72.9
Total iterations 2510 2820 0.89
Time per iteration (s) 11.50 0.14 82.1

Compared to the FEM-DEM simulation for the medium mesh, a slightly larger number of
iterations are required by the FEM-ML simulation with all three meshes. This results from the
error between the ML model prediction and the lower-scale RVE simulation. Because of this error,
the FEM-ML framework will in general not converge as fast as the FEM-DEM, but still can obtain

the final equilibrium state through iterations.

In summary, the results demonstrate that no notable difference is found in the number of iterations
between FEM-ML and FEM-DEM simulations, which further supports the claim that ML models

can be a satisfactory surrogate model for lower-scale RVE simulations.
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Figure 13: The number of iterations required for the FEM-DEM and FEM-ML

simulations with the three meshes
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4.2 Retaining wall example

To evaluate the generality of the proposed neural network model, the well-trained neural network
model in the previous biaxial compression case is employed in a retaining wall problem. The
details of the problem are shown in Figure 14, where the normal constraint is applied to the left
boundary; the bottom is constrained in the X and y directions; and a prescribed displacement is
applied to the right boundary, acting as the retaining wall, to compress the soil in the normal

direction.

fb———40m ——

T
3
3

fF—20m —

L.

X

Figure 14: Schematic of the retaining wall problem

Figure 15a shows a prominent cambered shearing band emerging from the FEM-DEM simulation.

The total force applied by the retaining wall versus the transverse strain is depicted in Figure 16.

Two FEM-ML approaches have been considered. Note that the first FEM-ML approach, labelled
FEM-ML 1, is trained only on the datasets collected from the biaxial simulations described in
Section 3, while the second approach, labelled FEM-ML 2, is trained based on the enhanced

datasets, as will be explained below.

In the FEM-ML 1 simulation, the solution process breaks down at about the 80th load step. The
problem arises due to the accumulated error of the strain and the internal variable when their
values are far beyond the network training ranges. The shearing band of the FEM-ML 1 simulation
is approximately lying on a straight line, which largely results from the training dataset gathered
from the multiscale biaxial simulations, whose shearing band is a straight line. The failure of the
FEM-ML 1 simulation indicates that the neural network model trained based on the data from the
biaxial compression test cannot fully reproduce the micromechanical response in the retaining

wall simulation due to the limitation of the loading paths in the training samples.
32



701

702

703

704

705

706

707
708

709

710

711

712
713

714

The FEM-ML 2 approach uses an enhanced network, where the network used in FEM-ML 1 is
retrained after the datasets of the retaining wall simulations with FEM-DEM are added to the
original training samples. Figure 15c and Figure 16 show that the performance of the enhanced
network is significantly improved in both displacement and force calculations. Therefore, the
proposed methodology is adaptable to upgrade the network model once new datasets are available.
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Figure 15: Displacement distributions of the soil at some load steps when compressed
by the retaining wall and obtained by (a) FEM-DEM, (b) FEM-ML 1, and the (c)

FEM-ML 2
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Figure 16: The integrated force on the retaining wall

We have extracted the strain at the Gaussian point of the retaining wall simulation to illustrate that,
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as is shown in following figure, unloading has occurred in our example, or that the direction of
strain increment has reversed rather than being a single loading. Without the use of internal
variables to calibrate the granular material state, the network would not be able to reproduce this

path-dependent property.
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Figure 17 Curves of stress and strain of Gauss points

5 Conclusion

Our work is primarily devoted to developing a FEM-ML framework and training a network-based
constitutive model to replace the micro RVE model via DEM, thus accelerating the classical
multiscale FEM-DEM simulation. A multi-layer fully connected neural network, together with the
use of the accumulated absolute values of the strain increments as an explicit parametrisation of
the strain-stress relationship, is chosen as the surrogate model. This simple network appears to be
reasonably able to reproduce the history-dependent mechanical response of granular materials. A

Gaussian process-controlled random loading is applied to a biaxial compression problem to
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generate training samples. In particular, an uncertainty-level-based active learning scheme is
utilised to evaluate the informativeness of data points and select the points with high uncertainty
levels to enrich the training dataset. This resampling strategy is generic and proved to be highly
effective at least for the current problem concerned. A simpler but problem-specific shear strain-

based resampling scheme is also discussed.

The drained biaxial compression tests conducted demonstrate that the FEM-ML framework can
genuinely reproduce the micro-scale response of the granular material at a considerably lower
CPU cost than the FEM-DEM approach. The generality or extrapolation capability of the
proposed framework is also examined in the retaining wall example. The numerical result
illustrates that this framework is sufficiently flexible to improve its performance as long as the

training datasets are abundant or can be enriched.

The numerical examples provided highlight that a considerable improvement in the computational
efficiency can be made based on the trained surrogate network models which may help to extend
the multiscale computational framework to practical engineering problems. With the development
of advanced numerical simulations and physical experiments, more high-fidelity datasets will be
available. This tendency will contribute to developing a more accurate and general network-based
constitutive mode and therefore further promote the application of machine learning-based

constitutive models.
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1) The number of epochs used and training and test MSE or evolution of the loss function with
epochs for test and training datasets need to be provided to demonstrate proper training of the network.

Here is the evaluation of the training loss and the validation loss with the epochs of the network
used to predict the datapoints in figure 5. Properly training the network is a very crucial condition for us
to complete the ML-based FEM calculation framework. Actually, Figure 5 is intended to show the
validity of the network training.

By the way, ‘validation’ in following figure means the datapoints are split from the training datasets,
and never be cast into the training process, only used to make sure the network is not overfitted as is
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3) Performance of the model for the case of loading and unloading (e.g. cyclic load) has not been
studied in the paper. Therefore, the authors are encouraged to be more precise in their discussion in the
paper and explain the extent to which the capability of the model in capturing path-dependent behavior
has been studied and potential limitations in capturing path-dependent behavior which are left for future
work.

Thanks for your interest in this work. We have introduced the accumulation of the absolute value
of strain increment as internal variables to calibrate the state of the granular material. This approach,
although not perfect, enables the neural network to describe the path dependent nature of the granular
material.

Your concern may be that the biaxial compression example presented in our paper without the
add/drop cycle does not reflect the path dependence we mentioned. We have therefore extracted the strain
at the Gaussian point of the both simulations to illustrate that, as is shown in following figure, unloading
has occurred in our example, or that the direction of strain increment has reversed rather than being a
single loading. Without the use of internal variables to calibrate the granular material state, the network
would not be able to reproduce this path-dependent property.

As you can see, we are up to the 100th load step in our loading. It may be necessary to add a few
dozen more load steps if we are to finish unloading. A considerable problem with neural networks
embedded in BVP calculations is error accumulation because, like recurrent neural networks, the
predictions from the previous step are used to calculate the input values for the next prediction. Since
our training range is not wide enough, the accuracy of the network drops dramatically when the input
values are deviated from the training range. So if longer loading is to be accomplished, there needs to be
a corresponding method to reduce the prediction error of the network or slow down the rate of error

accumulating. We are still experimenting with this aspect of the work, which is a real challenge for us.
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(b) Points #580 in retaining wall simulation

Review2 figure 2 Curves of stress and strain of Gauss points

4) The authors state in response to Comment 14 that "the network used in FEM-ML 1 is re-trained
after the datasets of the retaining wall simulations with FEM-DEM are added to the original training

samples". How many samples were added to the training set and what is the size of the final training set?



Also, are the simulation results of the retaining wall BVP in Section 4.2 used for both training (i.e. FEM
ML 2 model) and validating the model (i.e. Figure 15(c) and Figure 16 )? If so, the outcomes are not
valid because a trained network typically performs well on the dataset on which it was trained, thus it
cannot be validated using the same dataset used in training.

In the FEM-DEM retaining wall calculations in Section 4.2, we generated close to 2 million
additional pairs of data. These data is added to whole the data described in Table 1, from which 0.1 was
selected completely at random for training, due to the limited memory of our graphics card and the large
number of duplicate samples in the sample. In the end, a total of 1,879,612 pairs of data were used in the
training of the FEM-ML 2 computational model.

In fact, we do use all the data from the FEM-DEM retaining wall simulation. Initially we hope that
the randomly generated training samples using the Gaussian process described in Section 3.4 would be
sufficient to cover the prediction space required for the retaining wall calculations. However, due to the
characteristic that granular materials are not able to withstand tensile stresses, it was not possible to
design a completely random loading path. FEM-ML 1 did not use the FEM-DEM retaining wall
simulation data at all, and thus is not able fully complete the retaining wall calculation, indicating that
the sample space is not sufficient. The results of FEM-ML 2 can only be obtained after inputting the
FEM-DEM retaining walls datasets.

In response to the question "If so, the outcomes are not valid because a trained network typically
performs well on the dataset on which it was trained, thus it cannot be validated using the same dataset
used in training.". We have attached plots of the stress-strain curves at Gaussian points calculated in the
FEM-ML 2 retaining wall simulation. It can be seen that even when all the data points are put into the
network training, the network cannot fully reproduce the results in the FEM-DEM dataset when used
again for BVP calculations, and there are even many points where the error at the granular ensemble
level is still significant. So it should be a relatively difficult job to reproduce the multi-scale calculation
via network calculation even if we have the noisy datasets, especially to calculate at all of the Gauss
points and achieve global balance.

Actually, the network's ability to generalise is limited and is only reflected in the prediction of the
interpolation range. Once the input exceeds the trained range, the results obtained will be meaningless
which is suggested by the retaining wall calculation.

Therefore, this work is used to demonstrate the usefulness of neural networks for improving the



efficiency of multi-scale computation and the challenges of generalisation that a purely data-driven

approach will face in BVP computation.

The reviewer has a few additional comments as listed below:

1) Figure 8 shows the simulation results with different coarse and fine meshes from Figure 6. What
are the meshes used in the simulations and the presented results?

Yes, the model in Figure 8 is shown in Figure 6. All of the computational details for Figure 8 are
taken from Table 3, where we detail the level of grid division for the computational model and what level

of grid the data used for network training came from.

2) How are the number of training samples summarized in Table 1 obtained? It seems that 10 loading
paths were generated, each with 100 time steps, and were applied as confining pressure of the biaxial
BVP in Figure 6. For example, for the coarse mesh, it seems to the reviewer that there are 32 Gauss
points, each undergoing 10 loading cases with 100 steps each, leading to 32000 samples.

Sorry we didn't explain the data generation process clearly.

Due to the nonlinear macroscopic mechanical properties of granular materials, each loading step
needs nonlinear iteration. On average, a loading step takes about 20 iterations. Therefore, more than 2000
calculation results are generated in 100 loading steps, as is shown in Figure 13. For a coarse mesh, with
32 Gaussian integration points, a single simulation can produce more than 32*100*20=64000 pairs of
data.

Reviewer #2: This study is innovative in machine learning use for multiscale computation framework
for granular materials. It is interesting and practical. The revision is of considerable quality for
publication in AG. It can be accepted in current version.

Thanks for your kind suggestion.





