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Abstract

To characterize nonlinear Dirichlet problems in an open domain, we investigate killed
distribution dependent SDEs. By constructing the coupling by projection and using the
Zvonkin/Girsanov transforms, the well-posedness is proved for three different situations:

1) monotone case with distribution dependent noise (possibly degenerate);

2) singular case with non-degenerate distribution dependent noise;

3) singular case with non-degenerate distribution independent noise.

In the first two cases the domain is C? smooth such that the Lipschitz continuity in initial
distributions is also derived, and in the last case the domain is arbitrary.
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jection, well-posedness.

1 Introduction

The distribution dependent stochastic differential equation (DDSDE) is a crucial probability
model characterizing the nonlinear Fokker-Planck equation. It is known as McKean-Vlasov
SDE due to [6], and mean field SDE for its link to mean field particle systems, see for instance
the lecture notes [9] and the survey [4] for the background and recent progress on the study
of DDSDEs and applications. To characterize the nonlinear Neumann problem, the reflecting
DDSDE has been investigated in [10], see also [1] for the convex domain case, and see the early
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work [8] for the characterization on propagations of chaos. In this paper, we consider the killed
DDSDE which in turn to describe the nonlinear Dirichlet problem. In this case, the distribution
is restricted to the open domain and thus might be a sub-probability measure, i.e. the total
mass may be less than 1.

Let O C R? be a connected open domain with closure O, and let

Po = {p is a measure on O, p(0) <1}

be the space of sub-probability measures on O equipped with the weak topology. Consider the
following time-distribution dependent second order differential operator on O:

Ly, o= t1{(0007) (o 1)V} + Vi, L€ [0,T], 1 € Po,

where T > 0 is a fixed constant, o* is the transposition of o, V? is the Hessian operator,
Vy :=0b-V is the derivative along b, and for some m € N,

b:[0,T]xOx Py —=RE 0:[0,T] x O x Pp— REQR™

are measurable such that

) [at [ ]+ el n(de) < oo = ()ienn € CQO.T) Zo)

To introduce the nonlinear Dirichlet problem for L;, on Pp, let C3(O) be the class of
f € CZ(0) with Dirichlet condition f|so = 0, where f € CZ(O) means that f is a bounded
C? function on O with bounded first and second order derivatives. For any ¢t € [0,7] and
w, v € Yo such that

[ el + vt )y oten) < oo,
define the linear functional on C%,(0):
L>v: CH(O) 3 f s (Lv)(f) = / Ly, fdv € R.
o)

The corresponding nonlinear Dirichlet problem for L, , is the equation
(12) 8t/lt = Lg:tﬂ,t, t e [O, T]
for pn: [0,T] = Po. We call u. € C([0,T]; Po) a solution to (1.2), if

t

lf) =mo($)+ [ nu(Lenf)ds, t€0.T).f € CHO)
0

where u(f) := [ fdp for a measure p and f € L'(u).
When p;(dz) = pi(x)da, (1.2) reduces to the nonlinear Dirichlet problem

8tpt = Ll?;tpt’ t e [07T],
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where Ly, := Ly p,(2)de, 0 the sense that

[ = [ G+ [ ds [ @uLenDiwyis, te 0115 € CBlO)

To characterize (1.2), we consider the following killed distribution dependent SDE on O:
(13) dXt - 1{t<T(X)}{bt(Xt> g)({)t)dt + O't(Xt, .,?)?t)th}, t S [0, T],

where 1 is the indicated function, W, is the m-dimensional Brownian motion on a complete
filtration probability space (2, {.%:}i>0, P),

7(X) :=inf{t € [0,7] : X, € 00}
with inf ) = oo by convention, and for an O-valued random variable &,
L2 =PEe0On)

is the distribution of ¢ restricted to O, which we call the O-distribution of £&. When different
probability spaces are concerned, we denote .,2”50 by DZ%‘OP to emphasize the reference probability
measure.

Definition 1.1. A continuous adapted process (X;):eio,r) on O is called a solution of (1.3), if
P-a.s.

TAT(X)
/ [0u(Xs, 22)] + lou(Xe, L2 |P)dt < oo
0

and

tAT(X)
Xt:X0+/ {bs(Xs, L2 )ds + 05(Xs, £ )AW,}, t€[0,T).
0

We call (X, Wt) a weak solution to (1.3), if there exists a complete filtration probability space
(Q {Jt}te 0,77 IP) such that W, is m-dimensional Brownian motion and X, solves (1.3) for W,
replacing W;.

Remark 1.1. (1) It is easy to see that for any (weak) solution X; of (1.3), y := £, solves
the nonlinear Dirichlet problem (1.2). Indeed, since dX; = 0 for ¢t > 7(X), we have

Xy = XT(X) € 807 t> T(X)7

so that
X = Xinr(xy, 29 (dz) =Pt < 7(X), X, € dx), te€]0,T).

By this and It6’s formula, for any f € C%(O) we have

pue(f) = E[(1of)(Xe)] = E[f(X)]
= E[f<XO)] + ]E/() 1{s<‘r(X)}Ls,,usf(Xs)d8
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=)+ [ (L s, t€0.7]

(2) An alternative model to (1.3) is
(1.4) dX; = 1o(X;) {b( Xy, Z£0)dt + 04( Xy, £2)AW, ), t € [0,T).
A solution of (1.3) also solves (1.4); while for a solution X; to (1.4),
X; = Xinr(x)

solves (1.3). In general, a solution of (1.4) does not have to solve (1.3). For instance, let
d=m=1and O = (0,00), consider o;(z, pn) = 2x,b;(x, u) = 2¢/x. Let Y; solve the SDE

1
ay, = Y;dW, + (1 — §Yt>dt, Y = 0.

Then X, := (Y;)? solves (1.4) but does not solve (1.3), since 7(X) = 0 and X; > 0 (i.e. X; ¢ 90O)
for t > 0. See [14] for the study of (1.4) for o¢(x, u) = o(z) independent of p.
(3) The SDE (1.4) can be formulated as the usual DDSDE on R¢, so that the superposition

principle in [2] applies. More precisely, let &2 be the space of probability measures on R¢, and
define

be(w, 1) == 1o(x)bs(z, u(O N ), Ge(w, 1) == 1o(x)o(z, u(ON-))
for (t,z,u) € [0,T] x R? x . Then (1.4) becomes the following DDSDE on R¢:

dX, = by(Xy, Lx,)dt + (X, Lx,)dAW,, t € [0,T].

We often solve (1.3) for O-distributions in a non-empty sub-space Py of P, which is
equipped with the weak topology as well.

Definition 1.2. (1) If for any .Zy-measurable random variable X, on O with Z¢, € Po, (1.3)
has a unique solution starting at Xy such that £¢ := (£ )iepo.r) € C((0, T7; Py), we call the
SDE strongly well-posed for O-distributions in Po.

(2) We call the SDE weakly unique for O-distributions in 2, if for any two weak so-
lutions (X7, W¢) wrt. (Q,{%F hepr,P')(@ = 1,2) with "%)?(%IIF“ = f)?gmg e Py, we have
3)?1“?1 = Z)?Q'Pg. We call (1.3) weakly well-posed for O-distributions in @O, if for any initial
O-distribution pg € 9'?0, it has a unique weak solution for O-distributions in @O.

(3) The SDE (1.3) is called well-posed for O-distributions in Z, if it is both strongly and
weakly well-posed for O-distributions in Po.

When (1.3) is well-posed for O-distributions in %, for any p € o and t € [0,T], let
PPru=22, tel0, 1], L2 =p.
We will study the well-posedness under the following assumption.
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(H) For any pu € C(|0,T]; Z0), the killed SDE
(15) dXtM = 1{t<7—(Xu)}{bt<X#,/,Lt>dt + O't<X£u,/,Lt>th}, te [O, T]

is well-posed for initial value X{ with £, = po, and £%, € C([0,T7; P0).
0

Under this assumption, we define a map
(1.6) C([0,T); Po) 3 s dp = L3 = (X)?#)te[o,ﬂ e C([0,T]; Zo).

It is clear that a solution of (1.5) solves (1.3) if and only if x is a fixed point of ®. So, we have
the following result.

Theorem 1.1. Assume (H). If for any v € Po, ® has a unique fived point in
¢ = {n e C(0,T); Po), o =7},
then (1.3) is well-posed for O-distributions in Po.
In the remainder of the paper, we apply Theorem 1.1 to following three different situations:
1. The monotone case with distribution dependent noise (possibly degenerate);
2. The singular case with non-degenerate distribution dependent noise;
3. The singular case with non-degenerate distribution independent noise.

In the first two situations, we need O to be C?-smooth to apply the coupling by projection,
and the coefficients are local Lipschitz continuous in distributions with respect to the L' or
truncated L' Wasserstein distance. In the last case, the domain is arbitrary, and by(z, -) is only
local Lipschitz continuous in a weighted variation distance, but the noise has to be distribution
independent, i.e. o(x, u) = oy(x).

2 Monotone case

In this part, we solve (1.3) under monotone conditions with respect to the L! or truncated L'
Wasserstein distances:

Wi(ur):= inf / & — ylm(de, dy),
Ox0O

TECO (}L,l/)

(2.1)

~

Wi (p,v) := inf / (LA |z —y|)n(dz,dy), p,v e Po,
Ox0

TECO (1,v)
where m € 6o (1, v) means that 7 is a probability measure on O x O such that

7({-NO} xO)=u, 7(0Ox{-NO}) =w.



2.1 Monotonicity in W,

(Ay) For any p € C([0,T]; Po), bi(x, uy) and oy(z, py) are continuous in x € O such that for
any N > 1and Oy :={x € O : |z| < N},

T
/ sup {|bt('a,ut)| + ||0t(-,ut)||2}dt < 00.
0 On

Moreover, there exists K € L([0,T]; (0,00)) such that for any z,y € O and p,v € P,

2by(, 1) — by, ). — ) + o, 1) — ou(y. ) s < K(OLJe — P + W ()2,
2by (. 1), ) + o, ) s < K (1) (1 +[af?). ¢ € [0.T].

(Ay) There exists 79 € (0,1] such that the distance function py to O is C?-smooth in
95,0 :={x €0 : py(x) <o},
and there exists a constant o > 0 such that
low(z, 1) Vpa(z)| > <o, Liupo(z) <a, x€d,0,tel0,T).

Theorem 2.1. Assume (Ay) and (As). Then the following assertions hold.

(1) (1.3) is well-posed for O-distributions in Po. Moreover, for any p > 1 there exists a
constant ¢ > 0 such that for any solution X; to (1.3) for O-distributions in Po,

(2.2) E[ sup | X, [P
te[0,7

9@] S C(l + |X0|p)

(2) There exists a constant ¢ > 0 such that

(2.3) sup Wi (PP*u, PP* 1) < Wi (p,v), p,v € Po.
te[0,7

Under assumption (A;), for any p € C([0,T]; Po) the SDE (1.5) satisfies the semi-Lipschitz
condition before the hitting time 7(X*), hence it is well-posed and for any p > 1 there exists
a constant ¢ > 0 uniformly in px such that

Xﬂ

EAT(XH)AT

(2.4) E| sup |Xf

t€[0,T]

|p

Fo| <1+ |XEP)

t%)] :E[ sup

t€[0,T] |

holds for any solution X} of (1.5) and any stopping time 7.
By Theorem 1.1, to prove the well-posedness of (1.3) for O-distributions in Zp, it remains
to show that for any v € &, the map

D= L2, = («iﬂ)?tu)te[o,T], p € C([0,T]; Zo)



has a unique fixed point in
¢ = {pu e C0,T]; Po) : po =}
To this end, for i = 1,2, let u* € C([0,T]; Po), and let X solve (1.5) for p replacing p with
LY = iy, Le.
(2.5) AdX] = Lyerxiy {0(X7, p)dt + o(X], pp)dW, ), t € [O,T],f)?é = Jup.
Simply denote '
T =7(X")fori=1,2, To:=71 AT

Since

I:={(z,y): v€0,y€dO,|x—y|l=psz)}

is a measurable subset of O x 90 and T', := {y € 90 : (x,y) € T'} # 0 for any = € O, by the
measurable selection theorem (see [3, Theorem 1)), there exists a measurable map Py : O — 00
such that

(2.6) |Pyx — x| = po(x), z € O.
We will use the following coupling by projection.

Definition 2.1. The coupling by projection (X}, X?) for (X}, X?) = (X}\,,. X2.,,) is defined
as

(thuXtZ)v if ¢ S 71,2,
(27) (Xt17Xt2) = (thaantl)a isz <t ATy,
(PyX?, X7?), otherwise.

It is easy to see that LY, = Z9, = (du'), for i = 1,2; i.e. the distribution Zix1,x2) of the
coupling by projection (X}, X?2) satisfies
ZLix1.x2) € Co((Pp')s, (Pu?),).
Thus, by (2.1) and Definition 2.1,
(@) (042)) < E[1 ALK — K2[] < B[1 AKX, — X,
+ T[)_I]E[{TO A pa(th)}l{t/\ﬁZm}} + TO_IE[{TO A pa(XE)}l{t/\TQEH}} .

Lemma 2.2. Assume (Ay). Then there exists a constant ¢ > 1 such that for any t € [0,T] and
ptp? € C([0,T]; Po),

(2.8)

t
(29) E“th/\Tl)g - X252/\T1’2‘2}90j| S c |X& - Xg|2 + C/ K(S)Wl(l’bi7/’l§)2ds
0

Consequently, for any t € [0,T],

t
210 B[N, — X < VEEIALG - X3+ (o [ K )
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Proof. 1t suffices to prove (2.9), which implies (2.10) due to Jensen’s inequality.
By (A1) and Itd’s formula, we obtain

dIX} = X2 < K@O{IX] — X717+ Wiy, p1)* }dt + dMy, ¢ €[0,T Ao
for some local martingale M;. This and (2.4) imply that
/Bt = E“th/\‘rlg - th/\‘l'172|2{§0:|

is bounded in ¢ € [0, 7] and satisfies

Bi < fo+ / K () {8+ Wi (il 12)2}ds, ¢ € 0,7].
0

By Gronwall’s inequality, we prove (2.9). ]

Lemma 2.3. Assume (Ay). Then there exists a constant ¢ > 1 independent of u such that for
any solution X} to (1.5) and any stopping time T,

Linr(xm=mE[ro A pa(XI)|Fz] < clpnrxmyssypa(Xinz), t € [0,T].

Proof. By the strong Markov property of X}* which is implied by the well-posedness of (1.5),
we may and do assume that 7 =0 and z = X{' € O, such that the desired estimate becomes

(2.11) E*[ro A po(X]")] < cpa(z), t€[0,T],

where E” is the expectation under the probability P* for X/ starting at z. If ps(x) > 2, this
inequality holds for ¢ := 4. So, it suffices to prove for py(z) < 2.
Let h € C*°([0,00)) such that

' >0, h" <0, h(r)=rforre[0,70/2], h'(r)=0 for r > ro.
By (A),
(2.12) dh(ps(X!") < adt +dM,, te€[0,T AT(XM)],
where M, is a martingale with
(2.13) d(M); > a~tdt, t <7 :=inf{t > 0: pa(X}) > 10/2}.
By (2.12) we obtain
@19 Bl A po(XE) < 2B h(pa(Xfar )] < 200(2) + 20E7[E A (X))

On the other hand, let
Pa(Xf) 9 0 9
N = / e 2 Sds/ e®0dl, te[0,T AT(XH) AT
0 s
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Since h(r) = r for r < %2, by (2.12), (2.13) and It6’s formula, we find a martingale M, such
that )

Consequently,
(2.15) E*t AT(X*)AT] <o < c1pa(x)
holds for some constant ¢; > 0. Therefore,

E*t AT(XH)] <E*tAT(XH)AT]+TE" |:1{t/\T(X“)>7A'}:|

(2.16) < cipo(x) + TP (tAT(XY) > 7), te[0,T).

To estimate the second term, let
o(X1) )
& = / e 2%ds, t€ [0, T AT(X") AT
0

By h(r) = r for r € [0, 2], (2.12), (2.13) and Ito’s fomrula, we see that & is a sup-martingale,
so that

T0/2
(2.17) pol) 2 & 2 B lGiexoone] 2P (EAT(X 2 7) [ e as
0

Combining this with (2.14) and (2.16), we prove (2.11) for some constant ¢ > 0. O
Proof of Theorem 2.1. (a) Well-posedness. Let v := £¢,, and consider

(2.18) ¢ :={peC(0,T); Po): po=1}-

We intend to prove that ® is contractive in 47 under the complete metric

Wi g(ut, 1?) := sup e W, (u}, u?)
te[0,7

for large enough 6 > 0. Then ® has a unique fixed point in €7, so that the well-posedness
follows from Theorem 1.1.

To this end, let ' € €7 and let X} solve (1.5) with y = p’ and X} = Xy,i =1,2. By ry < 1,
Lemma 2.3, and noting that

1{t/\72>7—1}108 (Xt/\Tl 2) < 1{t/\7—2>71} ’Xt/\‘lj 2 th/\Tl 2 ‘

we obtain

E|Lnmazn {ro A pol(XEr) Y = E(l{tAmZTl}E[{ro Ap(XE )} 7))

(2.19) 2
< cE |:1{t/\7'2>7'1}{ro A pa(Xt/\Tl 2)}:| < c ]E[]‘ A | t/\’rl 2 Xt/\Tl 2|j|



By symmetry, the same estimate holds for E [1{t/\n>72}{7’0 Apa(X; ATz)}] . Combining these with
X = X2 = Xy, (2.8) and (2.10), we find a constant ¢; > 0 such that

1

() (@) < o[ KW 22s) " tep.T)

This implies that ® is contractive in Wlﬂ for large enough 6 > 0.
(b) Estimate (2.2). Let py = £¢ for the unique solution of (1.3), we have X; = X/ since
w is a fixed point of ®. So, (2.2) follows from (2.4).
(c) Estimate (2.3). Take XJ, X2 such that
(2.20) Lo =y £ = v, E[IAIXE— X2 = Wi (,0)
Let X} and X? solve (1.3). Then they solve (2.5) with
gxl = PPy, p? $X2 = PPy,

so that pi = (®u')s, t € [0,T], i = 1,2. Thus, by (2.8), (2.9) and Lemma 2.3, we find a constant
¢ > 0 such that

Wi(PP , PP*v) = Wi ((@p')e, (P1?)e)
1
2
< ;Wi (p, v (CZ/ K(s)W,(PP*pu, PP*v)%ds ) , te0,T).
By Gronwall’s inequality, we prove (2.3) for some constant ¢ > 0. ]

2.2 Monotonicity in W,
Let 2L ={p € Po, ||uli := u(] - |) < oo}. Define

lpllir == sup ||, e C([0,T); 25).
te[0,T

(By) For any p € C([0,T]; 2}), bi(x, i) and o4(z, j1y) are continuous in z € O such that for
any N > 1 and Oy :={z € O : |z] < N},

T
/ sup {[be (-, )| + |0 (-, pe) ||}t < oc.
0 On

Moreover, there exists K € L'([0,7T]; (0,00)) such that for any z,y € O and p,v € P},

2(be(, 1) = be(y, v),x — y) + llow(@, 1) — ooy, ) s < K@) {lw — yl* + Wi(p,v)*},
2(b(x, 1), ) + low(z, p)llirs < K@O{1+ |2 + uli}, t€0,T].
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(B2) There exists ro > 0 such that py € C?(9,,0), and there exists an increasing function
a :]0,00) — [1,00) such that

(2.21) o, 1) Vol < allplh),  Liwpo(r) < allull), @ € 0,0,

2(@(%#),33 - y) + Hat(x,u)HJZqS

(2.22) S
< K@®a(|lplh)(1+]z—y]?), t€0,T],y€d0,z¢€O.
Theorem 2.4. Assume (By) and (By). Then the following assertions hold.

(1) (1.3) 4s well-posed for O-distributions in P}. Moreover, for any p > 1 there erists a
constant ¢ > 0 such that for any solution X; to (1.3) for O-distributions in P},

(2.23) E[ sup | X,[P

te[0,7)

34*0] < c(1+ |Xo| + ElLo(Xo)| Xo[))".

(2) If a is bounded, then there exists a constant ¢ > 0 such that

(2.24) sup Wi (PP*pu, PP*v) < cWy(u,v), u,ve P,
te[0,7)

It is standard that (Bj) and (Bsy) imply the well-posedness of (1.5) for p € C([0,T]; 2}),
and instead of (2.4), for any p > 1 there exists a constant ¢ > 0 such that

(2.25) E[ sup | XP[P
te[0,7

t
Fo) < c(1+1XEP) +c / K(s)lsl2ds, t € [0,7), 1 € C(0,T); 25).
0

Let u' € C([0,T); 25),i = 1,2, let X] solve (1.5) for u replacing p with Z%, = pf), and denote
0
as before .
T =7(X") fori=1,2, mo:=7 AT

Using (Bj) replacing (A;), the proof of (2.9) leads to
t
(226) E“th/\71 2 - th/\Tl 2|2“g50i| S C’Xﬂl - X02’2 + C/ K(S)W1</’Li7 M§)2d57 t e [07 T]’
’ ’ 0

and instead of (2.8), we have

- W@ (B)) < E[1X — X21] < E[IX, — K]
+ E[p3<Xt1)1{t/\T1ZT2}} + ]E[pa(th)]'{t/\TQZTI}] .

The following lemma is analogous to Lemma 2.3.

Lemma 2.5. Assume (By). Then there exists an increasing function 1 : [0,00) — (0, 00)
which is bounded if so is «, such that for any p € C([0,T]; 22%) and any solution X} to (1.5)
and any stopping time T,

Lanrxn=n Epo(XE)| F+] < pnrimen (Il r)po(XE)
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Proof. By the strong Markov property, we may assume that 7 = 0 and x = X}’ € O, so that it
suffices to prove

(2.28) Li(x) := B [po(XP)] < ¢(llpllir)pa(e), =€ O,t€[0,T].
(a) Let pa(z) > 2 and y € JO such that py(z) = |y — z|. By (2.22), we have
dIXf =yl < Kalllplir) (1 +[XF —yl?)dt +dM,, t€[0,T AT(X")]

for some martingale M;. Combining this with |z — y| = ps(x), we obtain

E*[| XY —y/?] Spa(m)2+a(uﬂ||1)/o K(s)ds
o O e e

By Gronwall’s inequality and ps(z) > %, we find an increasing function v, : [0,00) — (0, c0)

which is bounded if so is «a, such that

T
T
E[| X} —y’] < {pa(m)2 + a(HMHLT)/ K(s)ds}eauml,ﬂfo K (s)ds
0

<A{villpllir)pa(2)}?, te0,1],

Combining this with Jensen’s inequality, we prove (2.28) with 1) = 1, holds for ps(z) > 7.
(b) Let pa(x) < %. Simply denote o = a(||p|[1,7) and define

7 :=inf{t > 0: ps(X}') > ro}.
By (Bs) and It6’s formula, we obtain
dps( X)) < adt +dM,, te€[0,TAT(X"*)AT]
for some martingale satisfying (2.13). So,

E*[pa (X},

AT (X H)NT

)] < aEf[t AT(XH) AT
Combining this with step (a) and the strong Markov property, we obtain

E* o (X7)] = E*[pa (X, (xim)] < B oo (X s (xxmne)] + EY [ Lar(xmza Dz (XE)
< aE[t AT(XP) AT+ Pt AT(XH) > 7)o (||llr)ro-

Combining this with (2.15) and (2.17), we prove (2.28) for some increasing function ¢ : [0, c0) —
(0, 00), which is bounded if so is a. O
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Proof of Theorem 2.4. Let X; solve (1.3) for O-distributions in £2}. Then X, = X}' for p, :=
f)?t, so that
[uslli = E[Lo(X)[Xs|] = E[Lprxy [ Xsl], s € 0,71,

Combining this with (2.25), we obtain

2 < (Ey/E[1 X25‘2<2E\/11XX222 tK 2d
[lell7 < [Lp<roop Xal?F0] ) < c(1+10(Xo)[Xo?) ) +2¢ i (s) | sl 7ds
t
S26(1+E[10(Xo)|Xo|])2+20/ K(s)|usllzds, ¢ € [0, T).
0

By Gronwall’s inequality, we find a constant ¢; > 0 such that

sup [l < er(1+ E[1o(Xo)| Xo[])*.
te[0,7

This together (2.25) yields (2.23) for some different constant ¢ > 0. It remains to prove the
well-posedness and (2.24).
(a) Well-posedness. Let v := 2¢ € &4. For any N > 0, let

(2.29) Gy = {u e C([0,T); 24): o=, sup e V|l < N}‘
te[0,7)

We first observe that for some constant Ny > 0,

(2.30) 6N C €y, N > Ny.

Let 1 € €y and let X} solve (1.5) for X}/ = Xo. Then (Pu); = £¢,

i By (2.25) and

|(@p)ells < E/E[Lo(Xo) Xunr |2l T,

we find a constant ¢; > 0 such that

t
@ < a4l + o [ lulias), ee .1
0

Then for any N > Ny :=¢; + 2¢1(1 + ||7]]1), we have

t
sup e M [[(®p)lly < er(1 4 [v]h) + ex sup (/ e_QNS||Ms||fe_2N(t_s)ds>
te[0,7) te[0,7 0

t :
<1+ ylh) + &N sup ( / e2N<ts>ds)
te[0,7) 0

<ca(l+y]h) +avN <N
Next, for any N > Ny, we intend to prove that ® is contractive in %y under the complete

metric

Wig(p', 1?) = sup e "Wy (g, pi7)
te[0,7
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for large enough 6 > 0, so that ® has a unique fixed point in €7 = Unsn, €y, hence the
well-posedness follows from Theorem 1.1.

To this end, let u* € €y and X, solve (1.5) for p = pu' and X! = X,,7 = 1,2. By Lemma
2.5 and noting that pg(z) < | —y| for x € O and y € 0O, we find a constant ¢, > 0 depending
on N such that for any p', u* € €y,

E [p8<th)1{t/\T12T2} + pa(Xf)l{MTzle}}
g CQE |:p8<Xt1/\7'1’2)1{t/\7—1272} + pa(XtQ/\T1’2>1{t/\T2Z7'1}:| S 202E[’Xt1/\7'172 - Xt2/\7'1,2”'

Combining this with (2.26) and (2.27), we find a constant ¢3 > 0 depending on N such that

t 3
(2.31) Wl<<<1>u1>t,<<1>u2>t>ScBEnX(%—Xéuwg( / K<s>wl<u;,u§>2ds) B
0

Since X = XZ = Xy, this implies the contraction of ® in W, 4 for large enough 6 > 0.
(b) Estimate (2.24). Now, for ug, g € P4, let Xg, X§ be Fp-measurable random variables
on O such that

(2.32) Loy =1y, Lr = g Bl Xy — Xg] = Wi (ug, p15)-

Letting X7 solve (1.3) with initial value X{, then ' := (PP*uf)ep0,r) is the unique fixed point
of ® in €*o, so that

(2.33) =Ly = oy = PP, i=1,2,t€[0,T].

When « is bounded, (2.31) holds for some constant ¢ > 0 independent of N, which together
with (2.32) yields

1
2

W (i 12) = Wi (@), (942)1) < oEI|XE — X2[] + ¢ ( | Em u?)zdS)

2

t
- C3W1(:u(1)7 /'Lg) + C3 (/ K(‘S)Wl(uia M§)2d8> ) le [07 T]
0
By Gronwall’s inequality and (2.33), we obtain
Wy (PP, PP*2)? = Wi (i}, i) < 263W (1, 1) 22300 K41 € [0, 77,

Then the proof is finished. O]

3 Singular case with distribution dependent noise

In this part, we assume that o and b are extended to [0,7] x R? x £, but may be singular
in the space variable. To measure the singularity, we recall locally integrable functional spaces
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introduced in [12]. For any ¢t > s > 0 and p, ¢ € (1, 00), we write f € ig([s,t]) if f:[s,t] xR —
R is measurable with

: .
1z = sup{ / ( / |f<u,x>rpdx) du} < .
2€R4 s B(z,1)

where B(z,1) := {x € R? : |z — 2| < 1} is the unit ball centered at point z. When s = 0, we
simply denote

(3.1) Li(t) = Li([0,1)), 122y = 11| 20,0
We will take (p, q) from the space
d 2
3.2 K o=23(p,q) :p,g>2,—+—<1y.
(3.2) {.0) o<y
For any € C([0,T]; Zo), let
(83)  o'(a) = oda,m), b(x) = bla,p) = 00(x) + 5 (2), (t2) € [0,T] x RY,

where b"°(.) is singular and bgl)(-) is Lipschitz continuous.
As in the last section, we consider (1.3) for O-distributions in &, and £}, respectively.

3.1 For O-distributions in &%y

(C) There exist K € (0,00), I € N, {(pi,q:)) : 0 < i <Il} C # and 1 < f; € EgZ(T) for
0 < </, such that o and b* in (3.3) satisfy the following conditions.

(Cy) For any u € C([0,T]; Po), a* := o*(c#)* is invertible with ||a*||o + ||(a*) " ||e < K and

im  sip swp [lel(e) - al(w)] =0,
€40 .U‘GC([O:T];@O) tE[O,T]J&?—y‘SE

(Cy) bM(0) is bounded on [0, T, o} is weakly differentiable for u € C([0,T]; o), and

l
0°(2)] < folt2), ([Vof (@) <Y filt ),
=1
b (@) = 0V ()] < Klw —yl, te€[0,T],z,y R

(C3) For any t € [0,T],r € R? and pu,v € Pp,

H0t<$,ﬂ) - Ut(x> V)H + ‘bt(xnu) - bt(m’ V)l < Wl(:ua V) Zfl(t>$)

Theorem 3.1. Assume (C) and (Az). Then the following assertions hold.
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(1) (1.3) is well-posed for O-distributions in Pg.

(2) For any p > 1, there exists a constant ¢, > 0 such that for any solution X; to (1.3) for
O-distributions in Po,

(3.4) E{ sup |Xy[P

t€[0,T]

9’0} = E[ sup |XMT(X)V”,?O] < cp(l + |X0|p).
t€[0,T]

(3) There exists a constant ¢ > 0 such that (2.3) holds.
For any p € C([0,T]; o), instead of (1.5) we consider the following SDE on R¢:

(3.5) dX} = v/ (X)dt + ol (X})dW,, t€]0,T).
Noting that X" := thj\r(xu) solves (1.5), the map ® in (1.6) is given by
(Dp); := ZQHM(XW t €0,T).

So, (2.8) and (2.27) remain true for X} solving (3.5) with u = u* € C([0,T]; Po),i = 1,2.

By [7, Theorem 2.1}, see also [11, Theorem 1.1] for the distribution dependent setting, (C})
and (Cs) imply that this SDE is well-posed, and for any p > 1 there exists a constant ¢, > 0
such that

(3.6) E[ sup |X/')P

te[0,7

f] < e (14 [XEP), peC0.T]: Po).

We have the following lemma.

Lemma 3.2. Assume (C). Then for any j > 1 there exists a constant ¢ > 0 and a function
e [1,00) = (0,00) with (6) | 0 as 6 T oo, such that for any p*,u* € C([0,T); Po) and any
X7 solving (3.5) with p = u',i = 1,2,

E[ sup | X! — X§|j‘yg} < | XE = X2+ 2(0) Wy o (ut, 12y, 0> 1.

s€0,t]
Proof. The assertions follows from the proof of [5, Lemma 2.1] for ' = v* and for W, replacing
Wy, and Wy, ,q,. We figure it out for completeness.
By [13, Theorem 2.1], (C}) and (C5) imply that for large enough A > 1, the PDE
1
(37) (075 + étr{atylvz} + bfl . V>Ut = )\Ut - bglVO, te [O,T],UT =0
for u: [0, 7] x R — R? has a unique solution such that
1
(3-8) IV?ullzzg () < co. lulloo + [IVufloe < 5.
Let Y} := O,(X}),i =1,2,0; := id + u;. By It6’s formula we obtain

av;' = {&" + hue}(X})dt + ({VO oy ) (X)) AW,
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{{b + uy + V@t)(b" —b“ ) HXP)
+5 [n{(@f —a/" )V2u,}(XH)Ydt + ({VO,}o? ) (X2) AW

Let n; := | X! — X?| and
l
= Zﬁ(r, X2), g = 0ol VPu (X2,

ZIIV%«H (X)) +ZmeXﬂ reo,7].

7j=1 =0

Since b{")+ A, is Lipschitz continuous uniformly in ¢ € [0, 7], by (C) and the maximal functional
inequality in [12, Lemma 2.1], there exists a constant ¢; > 0 such that

{6 + M, (X)) = {0 + M, F(XP)| < ey,
1{(Ve,) b - bff )}(Xf)l < 1 Wi (p), 117),
|[tr{ (0" — a)V2u, ] (XD)| < g Wi (g, 1),
{(VOn)er XD = {(VOn)er }XD)|
< g + g Wi (uy, 12), v €[0,77.

So, by Itd’s formula, for any 7 > k we find a constant ¢, > 1 such that

(3.9) dlY; = Y2 < eonf?dAs + ealgf + GW (g, 1) dt + dM,

holds for some martingale M; with My = 0 and

t
A, ::/ (14 6%+ 3+ ds, te[0,T).
0

Since ||Vulo < 5 implies |V, — V2| > in;, this implies

t
7737 < 2% M, + 22j7733 + 22j02/ nfjdAr
(3.10) , 0
1 9%, / (62 + o)Wy (!, 12)%ds, 1€ [0.7)
0

for some constant ¢, > 0. By (3.8), f; € f,gi_(T) for (pi,q;)) € ', Krylov’s estimate (see
[13, Theorem 3.1]) which implies Khasminskii’s estimate (see [12, Lemma 4.1(ii)]), we find an
increasing function ¢ : (0,00) — (0,00) and a decreasing function ¢ : (0,00) — (0, 00) with
£(0) 1 0 as 6 T oo, such that

E[e™7 %) < 4(r), r >0,

t
sup E( / e M=) (g2 4 G, )dr | F
te[0,7 0

17

) <e(@), 6>0.



By the stochastic Gronwall inequality and the maximal inequality (see [12]), we find a constant
c3 > 0 depending on N such that (3.10) yields

2
7))
t
< E (773” + / (92 + Gs)W1 (b, p2)¥ds ﬁo)
0

< esned + e3P ()W, (1, 2%, t€(0,T],0 > 0.

(2 s o

s€[0,t]

This finishes the proof. n
Proof of Theorem 3.1. Let X; solve (1.3). We have X; = X/,

inr(xny for X{' solving (3.5) with

XY= Xo, p=22, tel0,T).

So, (3.4) follows from (3.6). It remains to prove the well-posedness and estimate (2.3).

(a) Well-posedness. Let X be an .%;-measurable random variable on O, and let € be in
(2.18) for v = Z¢ . By Theorem 1.1, it suffices to prove that ® is contractive in €7 under \\
for large enough 6 > 0.

By (2.8), (2.19) and Lemma 3.2 for Xj = X2 = X, we find a constant ¢; > 0 such that

Wi (@), (2p2)e) < cre(O)Wh (', 1?),  p',p* € €7

Since £(f) — 0 as § — oo, ¥ is Wl,g—contractive for large enough 6 > 0.
(b) Estimate (2.3). Let X}, X? solve (1.3) with X}, X2 satisfying (2.20). Then

(Pu')e = py = L% = PPyt i=1,2,
so that (2.8), (2.19) and Lemma 3.2 imply

Wi (i, 1) = Wi((@ph)s, (Bp”)e) < s Wi (g, 1) + cae ()W (', 1), ¢ € [0, 7]

for some constant ¢; > 0. Taking 6 > 0 large enough such that €(f) < i, we derive (2.3) for
some constant ¢ > 0.

]

3.2 For O-distributions in &},

(D) There exist an increasing function a : [0, 00) — (0, 00), constants K > 0,1 € N, {(pi, ;) :
0<i<I} C# and functions 1 < f; € Li (T') for 0 <4 < such that o* and b in (3.3)
satisfy the following conditions.

(Dy) For any p € C([0,T]; 2}), a** := o (a")* is invertible with

la"loe + 1) Hloo < e(llpallrr),

lim  sup sup [y’ (z) — i (y)|| = 0.
€l0 neC([0,T);2%) te[0,T),|z—y|<e
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(Dy) b™1)(0) is bounded on [0, T, ot is weakly differentiable for x € C([0,T]; £2%), and

b0 (@)] < folt,2) + alllullz), V) (@)] < Zfz-(t,a:) +alllpllr),

=1
b (z) = b (y)| < Kl —yl, t€[0,T),2,y € R
(D3) For any t € [0,T],z € R? and p,v € P,

low(w, ) = ou(a, )| + [be(w, ) = by, v)| < Wi(p, v) Z filt, ).

(D,) There exists ro € (0,1] such that py € CZ(9,,0), and for any u € C([0,T]; 224),

(3.11) (b (x), Vpo(z)) < alllplh), = € 0,0,

(312)  (0f(2), 2 —y) < alllulhr)(folt,2)* + e —y*), =€ O,y €d0,te0,T].

Note that when () = 0, (3.11) is implied by the first condition in (D).
Theorem 3.3. Assume (D). Then the following assertions hold.
(1) (1.3) is well-posed for O-distributions in P,.

(2) For any p > 1, there exists a constant ¢, > 0 such that for any solution X, to (1.3) for
O-distributions in Pp,

(3.13) E[ sup | Xi|?
te[0,7

%} < {14 |Xo|" + (E[10(X0)|X0[])"}-

(3) If v is bounded, then there exists a constant ¢ > 0 such that (2.24) holds.

By the proof of [5, (2.17)], (D) implies that for any u € C([0,T]; 24), the SDE (3.5) is
well-posed, and for any p > 1 there exists a constant ¢, > 0 such that

(3.14) E[ sup | X['|*
t€[0,T]

T
w| <afieixges [Cias), ne oz,
0

For any p', u? € 2}, let X| solve (3.5) for = p',i=1,2.

For any N > 0 and v € 2}, let €y be in (2.29). Since restricting to u,v € €y the
conditions in (D) hold for a constant ay replacing the function «, by repeating the proof of
Lemma 3.2 with W replacing W, we prove that the following result.
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Lemma 3.4. Assume (D). For any N > 0 and j > 1, there exists a constant ¢ > 0 and a
function € : [1,00) — (0,00) with (0) | 0 as 6 1 oo, such that for any ', u? € €y and any X;
solving (3.5) with p = p',i = 1,2,

E[ sup | X! — Xfﬂﬂg} < | XE = X2+ e(0)"W o (ut, 12, 0> 1.

s€[0,t]
When « is bounded, the constant ¢ does not depend on N.
Moreover, we need the following result analogous to Lemma 2.5.
Lemma 3.5. Assume (D). Then the assertion in Lemma 2.5 holds.

Proof. 1t suffices to prove (2.28) for some increasing function ¢» which is bounded if so is a.

(a) Let ps(x) > %2 and y € JO such that ps(z) = [y — z|. By (3.12) and (D), we find an

increasing function ¢4 : [0, 00) — (0, 00) which is bounded if so is «, such that
!
A1~ < () (30 AL XE 4 |XF — y2)at +dM,, ¢ € 0.7 A (X7
i=0

for some martingale M;. Next, by [13, Theorem 3.1}, (D) implies that for some increasing
function 15 : [0,00) — (0,00) which is bounded if so is «, the following Krylov’s estimate
holds:

T
E( / fi(t,Xé‘)th‘%) < ol )il iy 0<i <L
0 1

Combining these with |z — y| = pg(x), we derive

l
EXY — o210] < pole)? + nlllalhr)bolalhe) S 1Ay
=0

t
ol / E[|X* — y[2| Folds, ¢ € [0,7).
0

By Gronwall’s inequality and ps(x) > %, we find an increasing function 1 : [0,00) — (0, 00)

which is bounded if so is «, such that

E[|XH =y’ 0] < ¥(llulliz)pe(@).

Since pp(X{') < |X{ — y|, we prove (2.28) for ps(x) > 2.

(b) Let pap(xz) < %. By (Dy), (3.11) and py € CF(9,,0), (2.21) holds for some different
increasing function o which is bounded if so is the original one. Then step (b) in proof of
Lemma 2.5 implies the desired estimate. [

Proof of Theorem 3.3. Let X, solve (1.3) for O-distributions in £}. We have X, = X e ()
for X' solving (3.5) with
Xb=Xo, m=2%, tel0,T].
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So, as explained in the beginning of proof of Theorem 2.4 that (3.13) follows from (3.14). It
suffices to prove the well-posedness and estimate (2.24).

Let X be an .Zy-measurable random variable with .Z¢ € 2}, and let €3 be in (2.29) for
N > 0. By the proof of [5, Lemma 2.2(1)], there exists Ny > 0 such that &%, C €y, for any
N > Ny. For the well-posedness, it suffices to prove that for any N > Ny, ® is contractive in
%y under the metric W, 4 for large enough 6 > 0. This follows from (2.27), Lemma 3.4 and
Lemma 3.5.

Finally, by using W, replacing W; in step (b) in the proof of Theorem 3.1, (2.24) follows
from Lemma 3.4 with ¢ independent of V.

[
4 Singular case with distribution independent noise
In this part, we let o,(z, 1) = 04(x) do not depend on p, so that (1.3) becomes
(41) dXt = 1{t<T(X)}{bt(Xt7$)?t)dt + Ut(Xt)dM/t}, t S [O,T]

In this case, we are able to study the well-posedness of the equation on an arbitrary connected
open domain O, for which we only need b;(x,-) to be Lipschitz continuous with respect to a
weighted variation distance.

For a measurable function V' : O — [1, 00), let

Py = {ué@oz w(V) ::/Vdu<oo}.
o

This is a Polish space under the weighted variation distance

(4.2) = vllv = sup [u(f) = v(f)l, wve 2.
IfI<V
When V =1, || - ||v reduces to the total variation norm. We will take V' from the class ¥

defined as follows.

Definition 4.1. We denote V € 7, if 1 <V € C?*(R?) such that the level set {V < r} for
r > 0 is compact, and there exist constants K, > 0 such that for any x € O,

sup {[VV(y)| +IV*V(y)ll} < KV(),

yEB(x,¢)

where B(z,e) :={y e R?: |y — x| < &}.

4.1 Main result

(E) o has an extension to [0,T] x R? which is weakly differentiable in z € R?, and b has a
decomposition by (z, 1) = b\ (z) + bgl)(x, ), such that the following conditions hold.
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(E1) a:= oo* is invertible with ||al/sc + [|[a™}]|s < 00 and

lim sup Jar(z) — a:(y)| = 0.
€0 |x—y|<e,t€]0,T]

(E5) there exist € Nand 1 < f; € f}g(T) with (p;,q;) € #,0 <i <1, such that

l
10001 < fo, Vo <D f
=1

(Es) there exists V € ¥ such that for any p € Gy := C([0,T]; 2Y), 1o(z)b{" (z, j1y) is locally
bounded in (¢, z) € [0, T] x R%. Moreover, there exist constants K,e > 0 such that

W0 0, OV (@) + b0 )l sup {IVVI+ VAV
< K{V(z)+puV)} 2€0,ue 2.
(E4) there exists a constant £ > 0 such that
(4.3) sup [bu(w, 1) = i, )] < Kl = vllv, v € 2.
Theorem 4.1. Assume (E). Then (4.1) is well-posed for O-distributions in 2}, and for any

p > 1, there exists a constant ¢, > 0 such that any solution X, of (4.1) for O-distributions in
PY satisfies

(4.4) E| sup V(Xy)?

te€[0,T]

%] <, V(Xo).

Proof. Let 2V (0) be the space of all probability measures p on O with u(V) < oo, which is
a Polish space under the weighted variation distance defined in (4.2) for u,v € 2V(0). We
extend b;(x, ) from 2} to 2V (0) by setting

bi(, 1) = by(a, (O N-)), pe 2Y(0).

Then (E) implies the same assumption for 2V (0) replacing 22Y. So, the desired assertions
follow from Theorem 4.2 presented in the next subsection. O

4.2 An extension of Theorem 4.1
Consider the following SDE on O:
(4.5) AdX; = Lgerooy {0 (Xe, Ly, )dt + o¢(Xy)dW, ), t € [0,T],

where 7(X) :=inf{t > 0: X; € 00} as before, and Z, is the distribution of X.

The strong/weak solution of (4.5) is defined as in Definition 1.1 with £ replacing .£©.
We call this equation well-posed for distributions in &2V (0), if for any .#y-measurable random
variable X, on O with Zy, € 2V (0) (respectively, any pg € 2V (0)), (4.5) has a unique
solution starting at X, (respectively, a unique weak solution with initial distribution pg) such

that XX = (gXt)tE[O,T] € C([O,T], @V(O))
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Theorem 4.2. Assume that (E) holds for 2V (0) replacing 2p. Then (4.5) is well-posed for
distributions in 2V (0) and (4.4) holds.

Proof. (1) Let Xy be an .Zy-measurable random variable on O with
= gXo S 9{/(0)

Let
6(0) = {p e C(0,T]; Pv(0)) + po =1}
For any u € 67/(0), let X}' solve (4.1) with X} = X, i.e.

(4.6) AdX} = Lgeroomn {bu(XY ) dt + oo (X]) AW, }, Xl = Xo,t € [0, 7).

Let (®p); := Ly, t € [0,T]. Then it suffices to prove that ® has a unique fixed point in 7;(0).
To this end, for any N > 1, let

Gn(0) = {n e G(0) : sup eV (V) < Ny(V) .

te(0,7

It suffices to find a constant Ny > 0 such that for any N > Ny, ® has a unique fixed point in

Gy (0). We finish the proof by two steps.
(a) The ®-invariance of 4} (O) for large N. For any A > Oand N > 1, € (O) is a
complete space under the metric

pA(pv) = sup e M —villv, pv € 6PN (0).
te[0,7]

Let € G v (0). By (4.6), (E) with V' € 7" and It6’s formula, for any p > 1 we find a constant
c1(p) > 0 such that

AV (X! < Lperxmpy{dMy; + ar {V(XI)P + (V)P }dt}, t € [0,T],

where M, is a martingale with

d(M); < o V(X})Pdt.
By using BDG’s and Gronwall’s inequality, we find a constant co(p) > 0 such that

E| sup V(X;‘)p} :E[ sup  V(XH)P

s€l0,t] SE[0EAT(XH)]

(4.7) .
< eo(p)V(Xo)? + CQ(p)/O ps(V)Pds, te0,T].

Consequently, for p = 1 and ¢3 = ¢5(1) we derive

N|=

(@(V) = EIV (X)) < ean(V) + e [ vyas)
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so that by p € €7/ y(0) we obtain

¢ 3
sup e V(@p)(V) < ey(V) + ¢z sup ( / e‘ZN“‘S)NQV(st)
te[0,7) te[0,T 0
(1 +VN)y(V) < Ny(V)

provided N > N for a large enough constant Ny > 1. By the continuity of X} in ¢, (®u), is
weakly continuous in ¢. Therefore,

D6\ (0) C 6 N(0), N >N

(b) Let N > No. It remains to show that ® has a unique fixed point in 47 (O). By (4.7)
with p =2 and V > 1, there exists a constant c3 > 0 such that

(4.8) IE[ sup V(X}')?

t€[0,T]

Fo| < AV(X0P, 1 eEy(0).
For any u' € 6,(0),i = 1,2, we estimate |(®u'); — (®u?).||y by using Girsanov’s theorem.
Let X! be the unique solution for the SDE
(4.9) dX] = Lperxn {bu(X], p)dt + oo (X))dAW, }, X = X,
By the definition of ®, we have
(4.10) (Pu')e = ZLx1, t€0,T).
To construct (®u?); using Girsanov’s theorem, let
6 = Lerco o (00 HXD X 1) — (XL i)}, € (0,71,
By (E), there exists a constant k£ > 0 such that
(4.11) (&l < Kllpe — piillv, t€[0,7].

So, by Girsanov’s theorem,
_ t
Wt = Wt —/ gst, t e [O,T]
0

is an m-dimensional Brownian motion under the probability measure Q := R7PP, where
R, = elol&dWo—g [i el o c 1o 77,
Reformulate (4.9) as

dth = ]_{t<7_(X1)}{bt(th,/uL?)dt—}-O't(th)th}, X& = Xo.
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By the weak uniqueness of (4.6), we obtain
(Pp?) = @(thm(xl) € dz) = Zx10-
Combining this with (4.8) and (4.10), we derive

[(@p')e — (@p?)ellv <E[V(X))|R: — 1]]
(4.12) < E[{E(V(X})*|Z0)}H{E(1R, — 1P| F0)}?]
< GE[V (X)) {E(|R, — 11*|%)}2].

On the other hand, by p', 1> € €/ (0), (4.11), and noting that " —1 < re” for r > 0, we find
a constant ¢ > 0 such that

Ef| Ry — 1|7] = E[fe? e t¥ =l P — 1.7
< E[e2f3<ss,dws>72 Jy 617t | g7 ok Jo =2l ds _ 4

t
N A BT X k2 [3 It —p2|I3 ds 20— 212
= e fO I Iids _ 1 S € fo I v k ||H’s - H’sHVdS
0

t
2 / Il — i2l2ds, ¢ € [0,T).
0

Combining this with (4.12) and letting C' = cc3 E[V(Xp)], we arrive at

pa(®(1), B(2)) < C sup o ( / ot - /ls||vd5)

te[0,7]

t
< Cm(ul,uz)< / e S)dS)
0

Thus, when A > 0 is large enough, ® is contractive in p) and hence has a unique fixed point in
Cyn(0).

(3) Uniqueness and (4.4). It is easy to see that for any (weak) solution X; of (4.5) for
distributions in 2V (0), u; = Zx, is a fixed point of ® in €;}(0). Since ® has a unique
fixed point, this implies the (weak) uniqueness of (4.1). Finally, by Gronwall’s inequality, (4.4)
follows from (4.8) for X} = X; and py := Z¥x,, where p is the unique fixed point of . O
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