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Highlights 

 

 A unified phase-field model for both tensional-shear and compressive-shear fractures is 

proposed. 

 The failure compression strength is introduced to consider the fracture under compressive 

stress state. 

 The crack angle can be determined by a universal fracture criterion easily. 

 The proposed model can be applied for fracture in rock-like materials under complex stress 

states. 

 

 

Abstract 

Many phase-field models have been developed in recent years to captue different fracture 

modes from tensional to shear, tensional-shear, and compressive-shear fractures. However, there 

seems no phase-field model that can simulate the tensional, shear, tensional-shear, and 

compressive-shear fractures at the same time under complex stress states. In this paper, a unified 

phase-field model is proposed in the framework of the original phase-field theory. A universal 

fracture criterion, that can predict both tensional-shear and compressive-shear fractures under 

complex stress states is embedded in the proposed phase-field, and the failure compression 

strength is introduced to consider the fracture under a compressive stress state. Therefore, the 

crack direction can be directly determined from the universal fracture criterion. The strain energy 

of undamaged configuration is decomposed into three parts, the tensional/compressive part, the 

shear part, and the rest part. The tensional/compressive and shear parts can be degraded by 

different degradation functions or the same degradation function. Cohesive fracture models with 

general softening laws and the classical brittle fracture model can be used in the proposed model, 

and the length scale has much less influence on the global response if cohesive fracture models 

with general softening laws are applied. Numerical examples show that the proposed model has 

the ability to simulate both the tensional-shear and compressive-shear fractures in rock-like 

materials and the results are in good agreement with the experiments. 

Keywords: phase-field model; tensional-shear and compressive-shear fractures; unified 

phase-field theory; universal fracture criterion; complex stress states. 

1. Introduction 

Material fracture or damage is one of the main causes of the failure of a structure in 

engineering. Many physical experiments have been conducted to figure out the fracture behaviors 

                  



of different materials, such as glass [1], metal [2], ice [3], concrete [4], rock [5] and so on. 

Numerical methods have also been developed to model fracture problems since they can easily 

consider different material properties, complex structure shapes, and various boundary conditions. 

These numerical methods include the boundary element method [6-8], the extended finite element 

method [9, 10], the meshfree methods [11], the peridynamics [12-14], the cracking particle 

method [15, 16], the screened Poisson equation [17, 18], the cellular automaton method [19, 20] 

and the phase-field model [21-24]. 

The phase-field model has become one of the most popular methods for modeling crack 

propagation in recent years. The key idea of the phase-field model is treating the cracked domain 

as a multi-phase system by introducing a phase-field variable [0,1]s  , where s=0 and s=1 

represent two distinct phases of intact solid and crack respectively, while 0<s<1 for a damaged 

region call the interface. Thus, a crack set, i.e., the sharp-interfaces are regarded as 

diffuse-interfaces, which can eliminate the singularity and discontinuity caused by the 

sharp-interfaces and can be implemented in numerical methods much easier. Then crack paths or 

damaged areas can be automatically tracked by the value of the phase-field variable s over the 

domain. Usually, a diffusion equation is introduced to track the phase evolution over time. 

Several phase-field models were developed both in physics communities [25-30] and 

mechanics communities [31-34] and have been applied in many areas [21, 35-45]. In phase-field 

models, the phase-field and the displacement field are connected by a degradation function with 

respect to the phase-field variable, and the energy of the solid will be degraded by the degradation 

function. Therefore, the degradation function usually takes a value between 0 and 1. In the original 

phase-field model, the (degraded) energy density function was evaluated simply by multiplying 

the strain energy of undamaged configuration with the degradation function [32]. Therefore, it 

cannot distinguish fracture behaviors between tension and compression [46]. 

Several efforts have been made to avoid material damage under the compressive state by 

decomposing the strain energy of undamaged configuration into two parts, the tensional part and 

the compressive part; and only the tensional part is multiplied by the degradation function. For 

example, Amor et al. [31] decomposed the elastic energy density into volumetric and deviatoric 

parts. Miehe et al. [47, 48] applied the spectral decomposition of the strain tensor to split the 

energy into the tensile part and the compressive part. Wu et al. [49] proposed a variationally 

consistent phase-field based on the positive/negative projection of the effective stress [50]. Steinke 

                  



et al. [51] proposed a phase-field model based on the directional stress decomposition. In order to 

simulate the fracture behavior of rock-like materials under compression, Zhang et al. [52] 

proposed a modified phase-field model by splitting the tensile part in the spectral decomposition 

[47, 48] into a mode-I component and a shearing component based on the modified G-criterion 

[53]. Bryant and Sun [54] presented a mixed-mode phase-field fracture model in anisotropic rocks 

with consistent kinematics. Recently, Wang et al. [55] proposed a new mixed phase-field model 

based on a unified tensile fracture criterion, and it can be applied not only to tensional-shear 

fracture but also to shear fracture under compression for rock-like materials. However, although 

some of these models can simulate fracture behaviors under compression, few compressive-shear 

fracture was considered. 

To consider compressive-shear fracture, some researchers have tried to couple the 

well-known criterion for rock-like materials in the phase-field model. Zhou et al. [56] constructed 

a new driving force in the evolution equation of the phase-field model by considering the 

influence of the cohesion and the internal friction angle. Wang et al. [57] derived the driving force 

in the phase-field model based on the Mohr-Coulomb criterion with shear frictional characteristics. 

Though these models can consider the compressive-shear fracture very well in rock-like materials, 

they cannot consider the tensional-shear fracture at the same time. 

In this paper, a unified phase-field model is developed for both tensional-shear and 

compressive-shear fractures. The proposed model is derived based on a universal fracture criterion 

[58] in the framework of the unified phase-field theory [59]. Within this criterion, the maximum 

normal stress criterion, the Tresca criterion, and the Mohr-Coulomb criterion are special cases [58]. 

The universal fracture criterion also has the ability to describe different fracture patterns under 

various external loading conditions [58], including the tensional fracture, shear fracture, 

tensional-shear fracture, and compressive-shear fracture. To consider the compressive-shear 

fracture, the failure compression strength of a material is introduced into the proposed phase-field 

model according to the universal fracture criterion. The strain energy of undamaged configuration 

computed from the effective stress [50] is decomposed into three parts: the tensional/compressive 

part, the shear part, and the rest. The tensional/compressive part and the shear part can be 

degraded by the same or different degradation functions. The crack direction can be determined 

from the universal fracture criterion directly. Cohesive fracture models with general softening 

laws and the classical brittle fracture model can be incorporated into the proposed model since it is 

                  



developed in the framework of the unified phase-field theory [59]. The length scale has much less 

influence on the global response if the cohesive fracture models with general softening laws are 

used. Compared with the mixed-mode phase-field model proposed by Wang et al. [55], only one 

additional material parameter, i.e., the failure compression strength, is needed. Numerical 

examples show that the proposed model can simulate both the tensional-shear fracture and 

compressive-shear fracture at the same time, and the crack paths are in good agreement with the 

experiments. 

The paper is organized as follows. The governing equations and basic theory of the original 

unified phase-field theory are reviewed in Section 2. The unified phase-field model for both 

tensional-shear and compressive-shear fractures is proposed in Section 3, followed by analytical 

solutions for a 2D bar under uniaxial tension and compression in Section 4. In Section 5, the 

implementation of the proposed model within the finite element method is discussed and the 

numerical results are presented in Section 6. Conclusions are drawn in Section 7. 

2. The basic theory of the original unified phase-field model 

2.1 The governing equations for the phase-field model 

Considering a bounded domain   with boundary 
u t    , in which 

u  and 

t  are the displacement and traction boundaries, respectively (see Figure 1(b)). 
c  is a set of 

cracks in the domain (see Figure 1(a)). The sharp cracks 
c  can be approximated as regularized 

cracks in the phase-field model by (see Figure 1(a)) 

 d ( , )d
c

c s s
 

      (1) 

where ( , )s s   is a crack surface density function and [0,1]s   is the phase-field variable. 
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Figure 1. Phase-field model for crack embedded in the solid: (a) Sharp crack and regularized crack; (b) 

Boundary conditions for equilibrium equation; (c) Boundary conditions for evolution equation 

The governing equations for the phase-field model can be obtained in different ways [34, 60] 

and in this paper, they are given as [22, 59] 

Equilibrium equation: 

                  



 div ( , )s σ u 0  (2) 

and evolution equation: 
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with the following boundary conditions (see Figure 1 (b) and Figure 1 (c)) 

 ( , ) on ts  σ u n t  (4) 

 
( , )

0 on
s s

s

 
  


n  (5) 

where u  is the displacement vector; σ  is the stress tensor; ε  is the strain tensor; t  is the 

prescribed surface traction; n  is the unit outward normal of the boundary; 
cG  is the fracture 

toughness or energy [61]; and ( , )s ε  is the energy density function defined by 

 
0( ( ), ) ( ) ( ( ))s s  ε u ε u   (6) 

in which ( )s  is the degradation function and 
0( ( )) ε u  is the strain energy of undamaged 

configuration defined as 
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1
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2
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where    and   are the Lame constants. 

In the phase-field model, the stress tensor ( , )sσ u  is determined by 
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Different surface density functions ( , )s s   and degradation functions ( )s  can lead to 

different phase-field models. 

2.2 The surface density function 

Without loss of generality, the generic form of the crack surface density function proposed in 

the unified phase-field theory [59] is considered as 
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where 0l  is an internal length scale regularizing the crack (Figure 1 (a)); and ( )s , as a 

polynomial function of s with coefficients i , is called the geometric crack function and controls 

the distribution of the phase-field function ( )s x  in the problem domain. Some commonly used 

functions ( )s
 
and the corresponding ( )s x  can be found in [36, 59, 60, 62-65]. In the unified 

phase-field theory [59], the following geometric crack function is used: 

 
2( ) (1 )s s s       (12) 

and it suggests 2  . The solution for 0   coupled with general softening laws is obtained 

in [66]. 

By using Equation (9), Equation (3) can be rewritten as 
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2.3 The degradation function 

The degradation function ( )s  has a significant influence on the global response of the 

model and possesses the following properties [48] 

 (0) 1, (1) 0, (1) 0      (15) 

Many different degradation functions have been proposed and a list can be found in [22]. In 

the classical phase-field mode, the degradation function is expressed as 
2( ) (1 )s s   . 

 In the unified phase-field theory, ( )s  can be defined as 

 
(1 ) 1 ( )

( ) , ( )
(1 ) ( ) 1 ( ) (1 )
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p p

s Q s
s s

s Q s s s
 


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where 0p  , ( ) 0Q s   and 

 
2 3 4

1 1 2 1 2 3 1 2 3 4( )Q s a s a a s a a a s a a a a s      (17) 

where ia  are parameters can be determined from the material properties and given softening 

                  



laws. 

3. A unified phase-field model for tensional-shear and compressive-shear fractures 

In this section, the phase-field model for both tensional-shear and compressive-shear 

fractures is introduced based on the universal failure criterion [58]. The proposed phase-field 

model is an extension of the phase-field model for tensional-shear fracture [55], thus, the model 

for tensional-shear fracture is introduced first.  

3.1 The phase-field model for tensional-shear fracture [55] 

    To obtain the phase-field model for tensional-shear fracture, one can decompose the energy 

density into 

 0 0( ) ( )I I II IIs s       (18) 

where ( )I s  and ( )II s  are two degradation functions defined as 

 
1 1 1 1
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I II

I I II II

s s
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   

   
   

  (19) 

where 
Ib  and 

IIb  are two parameters. 

Take the plane stress problem as an example, 0I  and 0II  can be defined as 

 
2 2

0

1 1
( ) ( )

2 2
I

v

E E E
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 2 2

0

1 1
( ) =

2 2
II  

 
 nm  (21) 

where E  is the elasticity modulus;  nn
 and  nm

 are the effective normal stress and 

shear stress, respectively, and can be computed by 

 : , :  nn nn nm nm
σ M σ M  (22) 

with 

 ,   nn nm
M n n M n m  (23) 

where the vector n  is perpendicular to the crack surface, the vector m  is parallel to the crack 

surface; and σ Λε  is the effective stress tensor, where Λ  is the standard elasticity tensor 

[49]. 

And the elasticity tensor is defined as [55] 

 0 0 0( )
( ) ( )II II

I IIs s
  

 
   

 
   ε ε ε ε

  (24) 

                  



The stress tensor σ  is defined as 

 0 0 0( )
( ) ( )II II

I IIs s
  

 
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 
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σ
ε ε

 (25) 

The relationship between σ  and σ  is replaced by 
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To obtain the evolution equation for tensional-shear fracture, one can refer to the modified 

G-criterion [53, 67]: 

 
( ) ( )

( ) I II

cI cII

G G
F

G G

 
     (27) 

where ( )F   is a parameter that controls the propagation of a crack tip,   is the crack 

propagation direction, ( )IG   and ( )IIG   are the mode I and mode II energy release rates, 

cIG  and cIIG  are the fracture toughnesses for Mode-I and Mode-II fractures, respectively. 

Similar to Equation (27), Equation (14) can be rewritten as  
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Once cIG  and cIIG  are known, Equation (28) can be solved to obtain the phase-field. It 

should be noted that 
0I 

 is used instead of 
0I  to avoid the crack propagation under 

compressive stress [55] in Equation (28), and 

 
2

0

1

2
I

E
 


 nn
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where ( | |) / 2x x x


  . 

In this paper, we will use the following “ellipse criterion” (see Figure 2(a)) [68] instead of the 

G-criterion to consider the tensional-shear fracture 

 

2 2

2 2
1

t s

 

 
   (30) 

where t  and s  are the critical normal tensile fracture stress and critical shear failure stress, 

respectively. The connections between cIG  and t , cIIG  and s  can be obtained by 

considering the tensional fracture and shear fracture, respectively, i.e. [55] 
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where /s t    is a material parameter. One can further define the following fracture 

toughnesses as 
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It can be noted that 
cIG  and 

cIIG  are independent of the parameters 
Ib  and 

IIb . 

Substituting Equations (31) and (32) into Equation (28), one can obtain 
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and 
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which are similar to the “ellipse criterion” shown in Equation (30). 

The elasticity tensor introduced in Equation (24) will lead to a non-linear system of 

equilibrium equation to be solved if 
I IIb b  and the resulting model can be called an anisotropic 

phase-field model. 

Remark 3.1. If let 1I IIb b  , the stress tensor and elasticity tensor become 
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σ
ε

ε ε

 (37) 

which can be considered a special model. In particular, a linear system of equations will be 

obtained while solving the equilibrium equation. It was found that this special model is much 

more efficient and it can obtain similar numerical results [55]. 

3.2 Phase-field model for both tensional-shear and compressive-shear fractures 

The above model can only be applied in tensional-shear fracture, including pure tensional 

                  



and pure shear fractures, and the failure criterion is similar to the unified failure criterion [68]. 

However, the fracture under compressive stress can not be considered. In order to consider 

compressive-shear fracture, one can further apply the universal failure criterion as [58] (see Figure 

2) 
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where 1   for 1 2 0    and    for the case 1 2 <0   ( 1  and 2  are the 

first and second principal stress).   is a material parameter needed to be calibrated for different 

materials [58] according to the compressive experiment. Then the decomposition of the energy 

density can be revised to 
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Consequently, Equation (35) and Equation (36) can be rewritten as 
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Equations (24) and (25) are still applicable in the compressive-shear fracture and the final 

formulations can be expressed as 
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where the value of   depends on the stress state: =1  is used if 0 nn
 and the failure 

                  



surface is an ellipse, otherwise =   if 0 nn
. For most materials, 0   since the failure 

compression strength cf  is much higher than the failure tension strength tf , and the failure 

surface becomes a hyperbola. Thus, only the case 0   is considered and discussed. 
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Figure 2. The universal failure criterion. 

3.3 The crack direction 

The direction of the crack propagation can be determined based on the universal criterion, 

and one can define a new function as 
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 (44) 

where 1 2( ) / 2r    , 1 2( ) / 2a    ,   is the angle between the direction of  nn
 

and the direction of the first principal normal stress 1 , and 0 0[cos( ),sin( )]     n , in 

which 0  is the angle between the direction of the first principal normal stress 1  and the 

direction of the 1x -axis. The crack direction m  is perpendicular to the direction n , which is 

the direction of stress  nn
. According to the universal criterion,   can be obtained as 
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and the derivative of f  with respect to 2  is 
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Then the value of   can be evaluated for different cases: 

                  



(i) 1 2 0    and 
2

1 2 1( ) / (2 )      (see Figure 3(a)) 

In this case, =1 , 0f    if 
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(ii) 1 2 0    and 
2

1 2 1( ) / (2 )      (see  Figure 3 (b)) 

In this case, =1 , and 0f  < , thus =0 . 
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(iv) 1 2 0  < , 1 0   and 
2

1 2 1( ) / (2 )      (see Figure 3 (d)) 
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(v) 1 0 <  (see  Figure 3 (c)) 
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Figure 3．The crack direction based on the universal failure criterion 

4. Analytical solutions for a 2D bar under uniaxial tension and compression 

In Equation (43), some unknown parameters need to be determined, such as   and 

coefficients ia  in the function ( )s  for a given softening law. To obtain these parameters, a 

2D bar under uniaxial tension and compression shown in Figure 4 is analyzed. The solution of the 

universal failure criterion shown in Equation (38) is first introduced since the proposed phase-field 

model is based on this criterion. 

4.1 Solution of the universal failure criterion 

The details of the universal failure criterion can be found in [58] and only some relevant 

results are given here. The failure tension strength tf  and the critical tensional failure stress t  

have the following relationship 

 1t tf k   (50) 

with 
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Similarly, the relationship between the failure compressive strength cf  and the critical 

                  



tensional failure stress t  is 

 2c tf k   (52) 

with 
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Figure 4. A 2D long bar under uniaxial tension and compression 

The ratio /c tf f  is much larger than 1.0 since 0 <  for most materials, and it can 

explain why there is often an asymmetry between tensile and compressive strength for many 

materials. 

Once tf , cf  and   are known, t , s ,   can be obtained by 

 1/ ,t t s tf k     (54) 
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The angle   ( t  or c ) shown in Figure 4 (c) can be computed by 
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where 1 20, 0      and, 1   for uniform tension, and 2 10, 0    <   and,   

0    for uniform compression. For uniform tension, the tensional-shear case is assumed, 

i.e., 1 2 1/ ( ) / (2 ) 1/ 2s t      <   . 

                  



4.2 Solution of the phase-field model 

Now consider a 2D bar under uniform compression (Figure 4(b)). Substituting Equation (56) 

into Equation (42), one has 
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where the equality of the evolution equation is used and it can be further simplified to 
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where 
2

2 22 1k k    . 

Substituting t  in Equation (43) into Equation (58), one can obtain 
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or, equivalently, 
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Assuming that the crack initiation is at the middle point of the long bar, the stress   can be 

computed by 
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where 0s   at the middle point is assumed and 
*s  is the maximum value of s . Then the 

failure compression strength can be determined upon the instant of damage initiation by 
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which is the same as Equation (52). 

Similarly, for the bar under tensional loading, the stress   can be computed by 
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where 1 1k k , and the failure tension strength tf  (see Figure 4(c)) can be computed by 
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which is the same as Equation (50).  

If using Equation (12) and Equation (17) for functions ( )s  and ( )s , one can compute 

1a  in Equation (17) as 
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where 
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Equations (65) and (66) can also be obtained from Equation (62), which means if the same 

length scale 0l  is used for tensional-shear and compressive-shear fractures, the same 1a  will be 

obtained, i.e., there is no need to use different 0l  for different fracture patterns. Note that E  

should be replaced by 
2/ (1 )E v  for plane strain problems, where v  is the Poisson's ratio. 

General softening laws can also be implemented in the proposed model and the solution can 

be found in [59]. The derivation is similar and only the main results are given here. The other 

parameters in Equation (17) can be obtained by different softening laws as 
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where 0k  and cw  are the initial slope and the ultimate crake opening, respectively. In this 

paper, 2   is used and the linear softening law is considered with 

 2

1
, 0, 3

2
ia a i     (69) 

It should be noted that other phase-field models with a value [0,2)   can also be 

implemented in the proposed model, such as the phase-field model with 0   for cohesive 

fracture [66]. 

In this paper, the same softening law is used for both tensile and compressive loadings. Thus, 

all the parameters ia  in the compressive-shear fracture are the same as those in the 

tensional-shear fracture. 

5. Implementation 

The proposed model can be implemented with the finite element method (FEM). A staggered 

                  



algorithm is applied to solve the equilibrium equation and the evolution equation separately as two 

sub-problems in each iteration or load step. The whole simulation will be discretized into M  

load steps based on the direct displacement control. In the load step 1m , the equilibrium 

equation and the evolution equation are solved with the assumption that all the variables in the 

load step m  are known. 

The evolution equation (43) is an evolution inequality and the boundedness condition for 

phase-field cannot be guaranteed. It can be considered a bound-constrained complementarity 

problem [69] and some efficient methods can be applied to solve this problem, such as the 

reduced-space active set Newton method [70], or one can use the solver included in the 

open-source toolkit PETSc [69]. 

The inequality in the evolution equation holds when 0s   and 0s  , i.e., the material 

is not damaged; on the contrary, the equality holds when the material is damaged ( 0s  ). Thus, 

the inequality becomes a quality when 0s   and the evolution equation can be written as 
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and the evolution equation can be changed to 
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phase-field model. 

To handle the irreversibility [47] in general scenarios, one can introduce the non-decreased 

history field I II   as 
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where ( )I m  and ( )II m  are history fields at load step m , and 

                  



0 0
min
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F
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    at the initial step 0. 

Finally, the main formulations for the proposed phase-field model are 
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 (74) 

Table 1. The material parameters used in different phase-field models 

Phase-field model Input material parameters 

Classical phase-field model [48] 
(1) Elasticity modulus;(2) Poisson’s ratio; 

(3) Fracture toughness. 

Unified phase-field theory [59] 
(1) Elasticity modulus; (2) Poisson’s ratio; 

(3) Fracture toughness; (4) Failure tension strength. 

Modified phase-field model [52] 

(1) Elasticity modulus; (2) Poisson’s ratio; 

(3) Mode-I fracture toughness; (4) Mode-II fracture 

toughness. 

Mixed-mode phase-field model 

[54, 67] 

(1) Elasticity modulus; (2) Poisson’s ratio; 

(3) Mode-I fracture toughness; (4) Mode-II fracture 

toughness. 

Phase-field model for 

compressive shear fractures [57] 

(1) Elasticity modulus; (2) Poisson’s ratio; 

(3) Fracture toughness; (4) Cohesion; (5) Internal friction 

angle. 

Phase-field model for 

compressive shear fractures [56] 

(1) Elasticity modulus; (2) Poisson’s ratio; 

(3) Fracture toughness; (4) Cohesion; (5) Internal friction 

angle. 

Mixed-mode phase-field model 

for tensional-shear fracture [55] 

(1) Elasticity modulus; (2) Poisson’s ratio;  

(3) Fracture toughness; (4) Failure tension strength; 

(5) Ratio of critical shear failure stress to critical normal 

fracture stress. 

Proposed phase-field model for 

tensional-shear and compressive 

shear fractures 

(1) Elasticity modulus; (2) Poisson’s ratio; (3) Fracture 

toughness; 

(4) Failure tension strength; (5) Failure compression strength; 

(6) Ratio of critical shear failure stress to critical normal 

                  



fracture stress. 

 

The material parameters needed are: the elasticity modulus E , the Poisson’s ratio v , the 

fracture toughnesses t

cG , the failure tension strength tf , the failure compression strength cf  , 

and the ratio /s t   . Compared with the classical phase-field model, three additional 

parameters are needed and a list of the material parameters used in different models is shown in 

Table 1. 

Remark 5.1. Equation (74) shows that the parameters cIG , cIIG , 1k  and   are 

independent of the given softening law. Thus, the classical brittle phase-field model with 

2( )s s   and 
2( ) (1 )s s   , and the phase-field model proposed in [66] coupled with 

general softening laws can also be incorporated into the proposed model. 

The material parameters needed in the proposed modes can be obtained by two experiments: 

the tension experiment and the compression experiment, which can obtain the tension strength tf , 

the failure compression strength cf , and the corresponding failure angles t  and c  (see 

Figure 4(b)). More details for obtaining these parameters can be found in [58]. After these 

parameters are obtained, if the fracture toughness t

cG  is measured from the tension experiment, 

then cIG  and cIIG  can be obtained, i.e. only one fracture toughness is needed. 

The Galerkin weak form for the equilibrium equation and evolution equation can be written 

as 

 d d


   


   σ ε t u：   (75) 
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where the boundary conditions (4) and (5) are applied. FEM is used to discretize the above 

equations in this paper. The displacement u , strain ε  and phase-field s  can be approximated 

as  

 ˆ ˆˆ ˆ( ) ( ) ,    ( ) ( ) ,    ( ) ( ) ,    ( ) ( )u u s ss s    u x Φ x u ε x B x u x Φ x s x B x s   (77) 

where û  and ŝ  are the nodal displacement and phase-field vectores, and in 2D case 
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where  ( )j j   x  are the shape functions and N  is the number of total discrete nodes. 

Substituting Equation (77) into Equations (75) and (76), one can obtain 
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where D  is the degraded elasticity matrix. Finally, Equations (82) and (83) can be rewritten as 
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If I IIb b  is used, the proposed model can be considered a special model, and Equation (84) 

will result in a linear system of equations as 

 ˆ
u uK u = F   (86) 

which can be solved robustly with 

 
T Td , du u u u u

 
    K B DB F Φ t   (87) 

The non-linear system of equations obtained by Equation (85) can be solved by Newton’s 

method. In each iteration step, a linearized system of equations can be obtained as 
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where ˆk
s  are the nodal phase-field at the iteration step k  and 

1 1ˆ ˆ ˆk k k   s s s .  

   In this paper, the general case I IIb b  is also considered, and the following equation is used 

                  



to determine Ib  and IIb  at step m: 
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where   is a given parameter. Equation (91) can be reduced to 1, 0I IIb b   for pure 

tensional fracture and 0, 1I IIb b   for pure shear fracture. 

6. Results 

In this section, some numerical examples are tested to verify the proposed model. In all the 

examples, the plane stress state and linear softening law in the unified phase-field theory [59] with 

2( ) 2s s s    are assumed if not specified otherwise. The tensional-shear fracture has been 

investigated in previous work [55]. Thus, only the compressive-shear and 

tensional-compressive-shear fractures are tested in this paper. 

The special model with 1.0I IIb b   will be used in the examples since it can obtain 

similar crack paths as the non-special model, which has been observed for tensional-shear fracture 

[55]. Several advantages can be achieved by using the special model. Firstly, there is no need to 

choose different functions of Ib  and IIb . Secondly, the equilibrium equation will result in a 

linear system of equations, which is much easier to be solved and the problem converges much 

faster. Thirdly, it is much more suitable for simulating crack branching since there is no need to 

compute the crack angles while solving the equilibrium equation. 

6.1 Single-inclined notched rock plate under uniaxial compression 

A rock plate with a single-inclined notch at the center under uniaxial compression shown in 

Figure 5(a) is tested in this example and the length of the plate is 20.32mm. Many researchers 

have investigated the cracking behavior in specimens under compression [71-74] and two typical 

fracture patterns are shown in Figure 5. The fracture behavior shown in Figure 5(b) was reported 

in [73], in which the tensile cracks initiate first and then the normal shear cracks appear. The 

fracture behavior shown in Figure 5(c) was reported in [71, 75], in which wing cracks emerge first, 

and secondary cracks appear and propagate until rupture. It will be shown in this example that 

these two fracture behaviors can be obtained by the proposed model. 

The material properties used are [71]: Young’s modulus 36.2E  GPa, Poisson’s ratio 

0.21v  , the failure tension strength 10.25tf  MPa. Triangular elements are used to discretize 

the domain with fine meshes (the mesh size is about 0.1mm) assigned to the critical zones and the 

                  



two length scales 0l =0.25 and 0.5mm are used. Two models, i.e., the linear softening model and 

the classical brittle model, are implemented in the proposed phase-field model. In the linear 

softening model, 
2( ) 2 2s s    and ( ) 1/ [1 ( )]s s    with linear softening law is used, 

while 
2( )s s   and 

2( ) (1 )s s    is used in the classical brittle model. 

 
Figure 5. Crack behavior observed in some experiments: (a) model and boundary conditions (b) tensile 

fracture and normal shear fracture [73]; (c) wing crack and secondary crack [71]. 

In order to show the advantages of the proposed phase-field model, three sets of material 

properties are used to observe the different crack patterns. 

6.1.1 Compressive-shear fracture 

In this test, the fracture toughness 11t

cG  N/mm and 0.6   are taken. In the first 

simulation, the failure compression strength =12.8125cf MPa is chosen to ensure 0  . The 

sensitivity of the results to the displacement increment is studied and the results are shown in 

Figure 6(a). It can be observed that the peak force decreases as the displacement increment 

decreases, and the peak force will converge to a fixed value. According to Figure 6(a), the 

displacement increment u =0.5×10
-4

 mm is applied in the following tests in this simulation. 

 

Figure 6. Sensitivity of the results to the displacement increment 

                  



The crack paths obtained by the linear softening model and the classical brittle model with 

different length scales are shown in Figure 7 and Figure 8, respectively. One can observe that only 

shear fractures are obtained. 

 

Figure 7. Crack path for single-inclined notched plate under compression (linear softening model, 

=0.6, fc=12.8125 MPa, 0l = 0.25mm) 

 

Figure 8. Crack paths for single-inclined notched plates under compression (=0.6, fc=12.8125 MPa) 

In the second simulation, the failure compression strength cf  =15 MPa is used which gives  

 =-1.0295. The sensitivity of the results to the displacement increment is also studied in this 

simulation and the results are shown in Figure 6(b). The results are similar to those obtained in the 

first simulation and the displacement increment u =0.5×10
-4

 mm is applied in the following 

tests in this simulation. 

The crack paths obtained by the proposed phase-field model are shown in Figure 9 and 

Figure 10. Similar to the first simulation, only the compressive-shear fractures are observed and 

the both linear softening model and the classical brittle model obtain similar crack paths. 

Compared with the crack paths obtained in the previous simulation ( 0  ), the crack paths in 

this simulation are extended to the top and bottom boundaries. The load-displacement curves for 

these two simulations are shown in Figure 11. It can be observed that the influence of the length 

                  



scale in the linear softening model is much less than in the classical brittle model. 

 

Figure 9. Crack path for single-inclined notched plate under compression (linear softening model, 

=0.6, cf =15 MPa, 0l = 0.25mm) 

 

Figure 10. Crack paths for single-inclined notched plates under compression (=0.6, cf =15 MPa) 

 

Figure 11. Load-displacement curves for the single-inclined notched plate under compression (=0.6) 

6.1.2 Tensile and normal shear fractures 

In this test, the fracture toughness 5t

cG  N/mm, 2.0   and 41cf  MPa are used, 

and 0   is achieved. The displacement increment u  is 0.5×10
-4

 mm in all the tests. The 

                  



crack paths are shown in Figure 12 and Figure 13. Two tensile cracks emerge first and are 

followed by two normal shear cracks, which agree with the experimental results [73]. The 

load-displacement curves are shown in Figure 16(a), and it can be observed that the length scale 

influences the global response of the structure in both the linear softening model and the classical 

brittle model. However, the influence in the linear softening model is much less than that in the 

classical brittle model. 

 

Figure 12. Crack path for the single-inclined notched plate under compression (linear softening model, 

=2.0, cf =41MPa, 0l = 0.25mm) 

 

Figure 13. Crack paths for the single-inclined notched plates under compression (=2.0, cf =41MPa) 

6.1.3 Tensile and inclined shear fractures 

In this test, the fracture toughness 11t

cG  N/mm, 2.0   and the failure compression 

strength 
cf =65 MPa are used and  =-0.3783 is achieved. The displacement increment u  is 

0.5×10
-4

 mm in all the tests. The crack paths obtained by the proposed model with the linear 

softening model and the classical brittle model are shown in Figure 14 and Figure 15. Two wing 

cracks and two secondary cracks are observed in all the examples, which agree with the 

experimental results [71]. The load-displacement curves are shown in Figure 16(b). It can also be 

                  



observed that the influence of the length scale in the linear softening model is much less than that 

in the classical brittle model.  

The mesh size h  used in this example is about (2 / 5 1/ 5)
0l  in all the tests, and the 

results may not be accurate since the mesh size h  is not sufficiently small compared to the 

length scale 
0l . To obtain more accurate results, h = (1/10 1/ 5)

0l  is suggested in the 

unified phase-field theory [59, 76]. 

 

Figure 14. Crack path for the single-inclined notched plate under compression (linear softening model, 

=2.0, 
cf =82MPa, l0=0.25mm) 

 

Figure 15. Crack paths for the single-inclined notched plates under compression (linear softening 

model, =2.0) 

                  



 

Figure 16. Load-displacement curves for the single-inclined notched plate under compression (=2.0) 

6.2 Rock plates with two inclined notches under uniaxial compression 

In this example, three rock plates with double notches under compression shown in Figure 17 

are tested. The height and width of the three specimens are all 152.4mm and 76.2mm, respectively. 

The length of each notch is 2a=12.7mm, and the angle of the notch is  . In this example, the 

notation “ w c   ” is used to represent the geometry of the notches of each specimen (see 

Figure 17). For example, “45-0-2a” means that the angle of the notch is 45   , the spacing 

0w  , the continuity 2c a . The crack paths observed in the experiment tests [77-79] for three 

cases “45-0-2a”, “45-a-2a” and “45-2a-2a” are summarized in Figure 18.  

In our simulation, these three specimens are considered and the material properties used are 

[52]: Young’s modulus 5.96E  GPa, Poisson’s ratio 0.24v  , fracture toughness 5.0t

cG 

N/m and the failure tension strength 2.3tf  MPa. For each specimen, four sets of  and failure 

compression strength are tested: (i) =0.6, 2.875cf  MPa (  =0); (ii) =0.6, 3.594cf  MPa 

( 1.5625   ); (ii) =3.0, 3.81cf  MPa ( 0  ); and (iv) =3.0, 16.1cf  MPa 

( 0.0412   ). The displacement increment u  is 10
-4

 mm. Both the linear softening model 

and the classical brittle model are used to compare the results. The mesh size is about 0.1mm in 

the critical zones and two length scales 
0l =0.3 and 0.6 mm are tested. 
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Figure 17. Rock plate with double flaws under compression (unit: mm) 
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Figure 18. Crack paths in experiments for rock plates under compression 

6.2.1 The case =0.6 

Firstly, the two cases =0.6 with 2.875cf  MPa and 3.594cf  MPa are simulated to 

show the shear fracture and compressive-shear fracture. The crack paths for the three specimens 

are shown in Figure 19-Figure 24, respectively. No wing crack can be observed in all the 

specimens. This is because the critical shear failure stress is smaller than the critical normal failure 

stress, and the cracks are mainly shear fractures or compressive-shear fractures. Coalescence 

cracks between the two pre-existing cracks can also be observed. For the specimen “45-0-2a” with 

3.594cf  MPa, two coalescence cracks may be observed, especially when the length scale 
0l

=0.3mm. This is because the initiation directions of the two “inner” cracks are opposite (see 

Figure 19(b)) and they may not be able to coalesce into one crack if the length scale is very small. 

The load-displacement curves are shown in Figure 25-Figure 27. The load-displacement curves 

show that the difference obtained by the proposed model with given softening laws (a linear 

                  



softening law in this work) is much smaller than the difference obtained by the proposed model 

with the classical brittle model, i.e., the length scale has a significant influence on the global 

responses of the specimens in the proposed model with the classical brittle model. 

 

Figure 19. Crack paths for rock plate “45-0-2a” under compression (=0.6, linear softening model 

l0=0.3mm) 

                  



 

Figure 20. Crack paths for rock plate “45-0-2a” under compression (=0.6) 

 

Figure 21. Crack paths for rock plate “45-a-2a” under compression (=0.6, linear softening model 

l0=0.3mm) 

                  



 

Figure 22. Crack paths for rock plate “45-a-2a” under compression (=0.6) 

 

Figure 23. Crack paths for rock plate “45-2a-2a” under compression (=0.6, linear softening model 

l0=0.3mm) 

                  



 

Figure 24. Crack paths for rock plate “45-2a-2a” under compression (=0.6) 

 

Figure 25. Load-displacement curves for rock plates with double notches under compression (=0.6, 

specimen “45-0-2a”) 

                  



 

Figure 26. Load-displacement curves for rock plates with double notches under compression (=0.6, 

specimen “45-a-2a”) 

 

Figure 27. Load-displacement curves for rock plates with double notches under compression (=0.6, 

specimen “45-2a-2a”) 

6.2.2 The case =3.0 

Secondly, the cases =3.0 with 13.8cf  MPa and 16.1cf  MPa are simulated to show 

both tension-shear and compression-shear fractures. The corresponding crack paths are shown in 

Figure 28-Figure 33. Good agreement between the numerical results and the experiment results  

[77-79] can be observed in all the specimens. Four wing cracks appear and grow first, then shear 

cracks or compression-shear cracks emerge and finally grow into coalescence cracks. The mode of 

coalescence for the three specimens may be different, and it can be either “shearing” or 

“shearing+tension” [77]. The load-displacement curves are shown in Figure 34-Figure 36. One 

can observe again that the length scale has much less influence on the global responses of the 

structures if the linear softening law is used in the proposed model. 

                  



 

Figure 28. Crack paths for rock plate “45-0-2a” under compression (=3.0, linear softening model 

l0=0.3mm) 

 

Figure 29. Crack paths for rock plate “45-0-2a” under compression (=3.0) 

                  



 

Figure 30. Crack paths for rock plate “45-a-2a” under compression (=3.0, linear softening model 

l0=0.3mm) 

 

Figure 31. Crack paths for rock plate “45-a-2a” under compression (=3.0) 

                  



 

Figure 32. Crack paths for rock plate “45-2a-2a” under compression (=3.0, linear softening model 

l0=0.3mm) 

 

Figure 33. Crack paths for rock plate “45-2a-2a” under compression (=3.0) 

                  



 

Figure 34. Load-displacement curves for rock plates with double notches under compression (=3.0, 

specimen “45-0-2a”) 

 

Figure 35. Load-displacement curves for rock plates with double notches under compression (=3.0, 

specimen “45-a-2a”) 

 

Figure 36. Load-displacement curves for rock plates with double notches under compression 

(=3.0, specimen “45-2a-2a”) 

7. Conclusion 

                  



In this paper, a unified phase-field model has been proposed to simulate both tensional-shear 

and compressive-shear fractures. The proposed model is based on the use of a universal fracture 

criterion, that can predict both tensional-shear and compressive-shear fractures under complex 

stress states and directly determine the crack direction. To consider tensional-shear and 

compressive-shear fractures, the strain energy of undamaged configuration is decomposed into 

three parts: the tensional/compressive part, the shear part, and the rest. The tensional/compressive 

and shear parts can be degraded by the same or different degradation functions. 

The proposed model is derived from the original unified phase-field theory, and therefore, 

general softening laws for cohesive fracture models can also be incorporated. Numerical results 

have shown that the proposed model has the ability to simulate both tensional-shear and 

compressive-shear fractures and the results have good agreements with the experiments. Besides, 

the length scale has much less influence on the global response if cohesive fracture models with 

general softening laws are used. 

Compared with the mixed model proposed by Wang et al. [55], only one additional material 

parameter, the failure compression strength, is needed. The proposed phase-field model can be 

extended to 3D cases and dynamic fractures. Applying other fracture criteria [80-82] in the model 

is also possible. Physical experiments will be done to validate the proposed model. The 

thermodynamic consistency is not satisfied in the proposed model, which will be studied in future 

work [31, 48, 67]. 
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