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Highlights

® A unified phase-field model for both tensional-shear and compressive-shear fractures is
proposed.

® The failure compression strength is introduced to consider the fracture under compressive
stress state.

® The crack angle can be determined by a universal fracture criterion easily.

® The proposed model can be applied for fracture in rock-like materials under complex stress
states.

Abstract

Many phase-field models have been developed in recent years to captue different fracture
modes from tensional to shear, tensional-shear, and compressive-shear fractures. However, there
seems no phase-field model that can simulate the tensional, shear, tensional-shear, and
compressive-shear fractures at the same time under complex stress states. In this paper, a unified
phase-field model is proposed in the framework of the original phase-field theory. A universal
fracture criterion, that can predict both tensional-shear and compressive-shear fractures under
complex stress states is embedded in the proposed phase-field, and the failure compression
strength is introduced to consider the fracture under a compressive stress state. Therefore, the
crack direction can be directly determined from the universal fracture criterion. The strain energy
of undamaged configuration is decomposed into three parts, the tensional/compressive part, the
shear part, and the rest part. The tensional/compressive and shear parts can be degraded by
different degradation functions or the same degradation function. Cohesive fracture models with
general softening laws and the classical brittle fracture model can be used in the proposed model,
and the length scale has much less influence on the global response if cohesive fracture models
with general softening laws are applied. Numerical examples show that the proposed model has
the ability to simulate both the tensional-shear and compressive-shear fractures in rock-like
materials and the results are in good agreement with the experiments.
Keywords: phase-field model; tensional-shear and compressive-shear fractures; unified
phase-field theory; universal fracture criterion; complex stress states.
1. Introduction

Material fracture or damage is one of the main causes of the failure of a structure in

engineering. Many physical experiments have been conducted to figure out the fracture behaviors
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of different materials, such as glass [1], metal [2], ice [3], concrete [4], rock [5] and so on.
Numerical methods have also been developed to model fracture problems since they can easily
consider different material properties, complex structure shapes, and various boundary conditions.
These numerical methods include the boundary element method [6-8], the extended finite element
method [9, 10], the meshfree methods [11], the peridynamics [12-14], the cracking particle
method [15, 16], the screened Poisson equation [17, 18], the cellular automaton method [19, 20]
and the phase-field model [21-24].

The phase-field model has become one of the most popular methods for modeling crack
propagation in recent years. The key idea of the phase-field model is treating the cracked domain
as a multi-phase system by introducing a phase-field variable S <[0,1], where s=0 and s=1
represent two distinct phases of intact solid and crack respectively, while 0<s<1 for a damaged
region call the interface. Thus, a crack set, i.e., the sharp-interfaces are regarded as
diffuse-interfaces, which can eliminate the singularity and discontinuity caused by the
sharp-interfaces and can be implemented in numerical methods much easier. Then crack paths or
damaged areas can be automatically tracked by the value of the phase-field variable s over the
domain. Usually, a diffusion equation is introduced to track the phase evolution over time.

Several phase-field models were developed both in physics communities [25-30] and
mechanics communities [31-34] and have been applied in many areas [21, 35-45]. In phase-field
models, the phase-field and the displacement field are connected by a degradation function with
respect to the phase-field variable, and the energy of the solid will be degraded by the degradation
function. Therefore, the degradation function usually takes a value between 0 and 1. In the original
phase-field model, the (degraded) energy density function was evaluated simply by multiplying
the strain energy of undamaged configuration with the degradation function [32]. Therefore, it
cannot distinguish fracture behaviors between tension and compression [46].

Several efforts have been made to avoid material damage under the compressive state by
decomposing the strain energy of undamaged configuration into two parts, the tensional part and
the compressive part; and only the tensional part is multiplied by the degradation function. For
example, Amor et al. [31] decomposed the elastic energy density into volumetric and deviatoric
parts. Miehe et al. [47, 48] applied the spectral decomposition of the strain tensor to split the
energy into the tensile part and the compressive part. Wu et al. [49] proposed a variationally

consistent phase-field based on the positive/negative projection of the effective stress [50]. Steinke
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et al. [51] proposed a phase-field model based on the directional stress decomposition. In order to
simulate the fracture behavior of rock-like materials under compression, Zhang et al. [52]
proposed a modified phase-field model by splitting the tensile part in the spectral decomposition
[47, 48] into a mode-I component and a shearing component based on the modified G-criterion
[53]. Bryant and Sun [54] presented a mixed-mode phase-field fracture model in anisotropic rocks
with consistent kinematics. Recently, Wang et al. [55] proposed a new mixed phase-field model
based on a unified tensile fracture criterion, and it can be applied not only to tensional-shear
fracture but also to shear fracture under compression for rock-like materials. However, although
some of these models can simulate fracture behaviors under compression, few compressive-shear
fracture was considered.

To consider compressive-shear fracture, some researchers have tried to couple the
well-known criterion for rock-like materials in the phase-field model. Zhou et al. [56] constructed
a new driving force in the evolution equation of the phase-field model by considering the
influence of the cohesion and the internal friction angle. Wang et al. [57] derived the driving force
in the phase-field model based on the Mohr-Coulomb criterion with shear frictional characteristics.
Though these models can consider the compressive-shear fracture very well in rock-like materials,
they cannot consider the tensional-shear fracture at the same time.

In this paper, a unified phase-field model is developed for both tensional-shear and
compressive-shear fractures. The proposed model is derived based on a universal fracture criterion
[58] in the framework of the unified phase-field theory [59]. Within this criterion, the maximum
normal stress criterion, the Tresca criterion, and the Mohr-Coulomb criterion are special cases [58].
The universal fracture criterion also has the ability to describe different fracture patterns under
various external loading conditions [58], including the tensional fracture, shear fracture,
tensional-shear fracture, and compressive-shear fracture. To consider the compressive-shear
fracture, the failure compression strength of a material is introduced into the proposed phase-field
model according to the universal fracture criterion. The strain energy of undamaged configuration
computed from the effective stress [50] is decomposed into three parts: the tensional/compressive
part, the shear part, and the rest. The tensional/compressive part and the shear part can be
degraded by the same or different degradation functions. The crack direction can be determined
from the universal fracture criterion directly. Cohesive fracture models with general softening

laws and the classical brittle fracture model can be incorporated into the proposed model since it is
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developed in the framework of the unified phase-field theory [59]. The length scale has much less
influence on the global response if the cohesive fracture models with general softening laws are
used. Compared with the mixed-mode phase-field model proposed by Wang et al. [55], only one
additional material parameter, i.e., the failure compression strength, is needed. Numerical
examples show that the proposed model can simulate both the tensional-shear fracture and
compressive-shear fracture at the same time, and the crack paths are in good agreement with the
experiments.

The paper is organized as follows. The governing equations and basic theory of the original
unified phase-field theory are reviewed in Section 2. The unified phase-field model for both
tensional-shear and compressive-shear fractures is proposed in Section 3, followed by analytical
solutions for a 2D bar under uniaxial tension and compression in Section 4. In Section 5, the
implementation of the proposed model within the finite element method is discussed and the
numerical results are presented in Section 6. Conclusions are drawn in Section 7.

2. The basic theory of the original unified phase-field model
2.1 The governing equations for the phase-field model

Considering a bounded domain €2 with boundary 0Q =00, JoCY,, in which 6Q, and

0Q), are the displacement and traction boundaries, respectively (see Figure 1(b)). I", is a set of

cracks in the domain (see Figure 1(a)). The sharp cracks I"_ can be approximated as regularized

c

cracks in the phase-field model by (see Figure 1(a))
jrc dr, ~ jQ 7(s,Vs)dQ (1)

where (S, VSs). isacrack surface density function and S €[0,1] is the phase-field variable.

0y(s,Vs) n=o0
ovs

s(x)=1
(a) (b) (c)
Figure 1. Phase-field model for crack embedded in the solid: (a) Sharp crack and regularized crack; (b)
Boundary conditions for equilibrium equation; (c) Boundary conditions for evolution equation

The governing equations for the phase-field model can be obtained in different ways [34, 60]
and in this paper, they are given as [22, 59]

Equilibrium equation:
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dive(u,s) =0 )
and evolution equation:

v (V) o (VS yEu)s) o sosg

oVs 0s oS 3)
GV (67/(5, Vs)) G, dy(s,Vs) oy (g(u),s) <0, 55=0
oVs 0s 0os
with the following boundary conditions (see Figure 1 (b) and Figure 1 (c))
o(us)n=t on aQ, 4)
m -n=0 on 0Q (5)

oVs

where u is the displacement vector; o is the stress tensor; & is the strain tensor; t is the
prescribed surface traction; N is the unit outward normal of the boundary; Gc is the fracture

toughness or energy [61]; and /(g,S) is the energy density furiction defined by
y(&(u), s) = a(s)y, (£(U)) (6)

in which @(S) is the degradation function and 1,(e(u)) is the strain energy of undamaged

configuration defined as
1 2 2
o =5 At [e] + utr[e’] )

where 4 and g arethe Lame constants.

In the phase-field model, the stress tensor &(U,S) is determined by

6(U,$) = % ®)

Different surface density functions y(S,VSs) and degradation functions @(S) can lead to
different phase-field models.
2.2 The surface density function
Without loss of generality, the generic form of the crack surface density function proposed in
the unified phase-field theory [59] is considered as
7(5.V8) = (- a(s) +IVSP) ©

0 0

with
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a(s)=Es+ES" ++& 8™, i & =1 (10)

C, = 4.[: a(X)dx (11)

where |, is an internal length scale regularizing the crack (Figure 1 (a)); and @(S), as a
polynomial function of s with coefficients cf, , Is called the geometric crack function and controls
the distribution of the phase-field function S(X) in the problem domain. Some commonly used
functions «(S) and the corresponding S(X) can be found in [36, 59, 60, 62-65]. In the unified

phase-field theory [59], the following geometric crack function is used:
a(s)=¢s+(1-¢)s’ (12)
and it suggests & = 2. The solution for & =0 coupled with general softening laws is obtained
in [66].
By using Equation (9), Equation (3) can be rewritten as

2G| G

OVis——Ca'(s)—a@'(S)y, <0 (13)
0 OIO
or
()Y 2oy 26) (14)
GC CO COIO

2.3 The degradation function
The degradation function @(S) has a significant influence on the global response of the
model and possesses the following properties [48]
w(0)=1 w@=0, o@=0 (15)
Many different degradation functions have been proposed and a list can be found in [22]. In
2

the classical phase-field mode, the degradation function is expressed as @(S) = (1—5)°.

In the unified phase-field theory, @(S) can be defined as

@1 _ Q)
TS T R B T (o
where p>0, Q(s)>0 and
Q(s) = a5 +a,a,s" +a,8,8;5" +8,8,8,3,5 +--- (17)

where @ are parameters can be determined from the material properties and given softening
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laws.
3. Aunified phase-field model for tensional-shear and compressive-shear fractures

In this section, the phase-field model for both tensional-shear and compressive-shear
fractures is introduced based on the universal failure criterion [58]. The proposed phase-field
model is an extension of the phase-field model for tensional-shear fracture [55], thus, the model
for tensional-shear fracture is introduced first.
3.1 The phase-field model for tensional-shear fracture [55]

To obtain the phase-field model for tensional-shear fracture, one can decompose the energy

density into
W =, ()¢, + @, (S, (18)

where @, (S) and @, (S) are two degradation functions defined as

1 1 1 1

,(S) = = , o, (8)= = (19)
1+4(s) 1+Db¢(s) 1+¢,(s) 1+by,4(s)
where b, and b, are two parameters.
Take the plane stress problem as an example, ¥/, and v, can be defined as
1 —nny2 1 —mm 2 v —nn —mm
=—(0 +—(0 -——0 O 20
Vo =5 @)+ (@) -2 (20)
1 —nm\ 2 1 =2
= = 21
Yo 24 (™) 21 g (21)

where E is the elasticity modulus; & and &' =7 are the effective normal stress and
shear stress, respectively, and can be computed by

o"=6:M",c"=6:M" (22)
with

M™ =n®n,M™ =n®m (23)

where the vector N is perpendicular to the crack surface, the vector M is parallel to the crack
surface; and & = Ag is the effective stress tensor, where A is the standard elasticity tensor
[49].

And the elasticity tensor is defined as [55]

0 oy, —w,,) 0 oy,
]D): S 0 oll + S oll 24
o, ( )68 P @ ( )68 e (24)
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The stress tensor o is defined as
0 — 0
o=y (5 Vo) s () Pow 25)

The relationship between 6 and & is replaced by

o™ o (s) 0 0 o™
o™ =] 0 () 0 g™ (26)
o™ 0 0 w,@0)|le™

To obtain the evolution equation for tensional-shear fracture, one can refer to the modified
G-criterion [53, 67]:

G.(9) , G, (0)

FO="5"""

(27)

cl cll

where F(6) is a parameter that controls the propagation of a crack tip, @ is the crack
propagation direction, G, (¢) and G, (6) are the mode | and mode Il energy release rates,
G, and G, are the fracture toughnesses for Mode-l and Mode-I1 fractures, respectively.

Similar to Equation (27), Equation (14) can be rewritten as

o1 (5) 0k ), (9) Yo > o gog 2 S) (28)
G GcII CO COIO

cl

Once G, and G, are known, Equation (28) can be solved to obtain the phase-field. It

should be noted that w,, is used instead of y,, to avoid the crack propagation under

compressive stress [55] in Equation (28), and

va = () 29

where (x) = (x£|x[)/2.

In this paper, we will use the following “ellipse criterion” (see Figure 2(a)) [68] instead of the

G-criterion to consider the tensional-shear fracture
T
—2 + —2 = 1 (30)

where o, and 7, are the critical normal tensile fracture stress and critical shear failure stress,
respectively. The connections between G, and o,, G, and 7, can be obtained by

considering the tensional fracture and shear fracture, respectively, i.e. [55]
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° 2E (0) " 3D

_ Coloby ¢'(0) 72 = 2 G, Eb,

32
el 21 o'(0) s =X ) (32)

where y=7,/0, is a material parameter. One can further define the following fracture

toughnesses as

e _Gcl :%¢'(0) 2

= o 33
“ b 2EQ(0) )
= G, E
Gy = S =1 Ca (34)
by H
It can be noted that GC, and GC" are independent of the parameters b, and b, .
Substituting Equations (31) and (32) into Equation’ (28), one can obtain
2
oM 1 —nmy2 2720 _ 1
{ 2>+ o4(5) (@) 0, ()  26V's () )
o #0) 7 40 a'(0)
and
("), oy 2Vis-a'(s) §(0)
=+ <-—=2 (36)

oy ., I a'(0)  ¢'(s)
which are similar to the “ellipse criterion” shown in Equation (30).
The elasticity tensor introduced in Equation (24) will lead to a non-linear system of
equilibrium equation to be solved if b, #b, and the resulting model can be called an anisotropic
phase-field model.

Remark 3.1. If let b, =b, =1, the stress tensor and elasticity tensor become

c=o,(s) 8(;/;0 (37)

D=ao, (S)g OV,
0s O

which can be considered a special model. In particular, a linear system of equations will be
obtained while solving the equilibrium equation. It was found that this special model is much
more efficient and it can obtain similar numerical results [55].

3.2 Phase-field model for both tensional-shear and compressive-shear fractures

The above model can only be applied in tensional-shear fracture, including pure tensional



Journal Pre-proof

and pure shear fractures, and the failure criterion is similar to the unified failure criterion [68].
However, the fracture under compressive stress can not be considered. In order to consider

compressive-shear fracture, one can further apply the universal failure criterion as [58] (see Figure

2)
0-2 TZ
O-I TS

where =1 for 0,+0,>0 and f=f for the case 0;+0,<0 (0, and o, are the
first and second principal stress). ,g is a material parameter needed to be calibrated for different
materials [58] according to the compressive experiment. Then the decomposition of the energy

density can be revised to
w = o, (S)Wo + @, (SWoy +¥o (39)
where

=¥y = BWo, —Wou (40)

Consequently, Equation (35) and Equation (36) can be rewritten as

ﬁ(G"”) @{(s), (6")" @} (s) | 2 Vs —a'(s)
o 4O 7 40O @0

(41)

(™) (™) 2V’s—a(s) #0)

< (42)
o, 7, a'(0)  ¢'(s)

Equations (24) and (25) are still applicable in the compressive-shear fracture and the final

formulations can be expressed as

o) (s)ﬂtha)" (s)'//— 2_I0V28_a_(s)
cI Gcll CO COIO
—nn 1 —nm
Vo Z_(G )zv‘//ou 22_(0' )2
7
cI #'(0) (0) G E
G =G, /b, = -0 1 =G 1D, cl
| (O) cll ﬂ (43)
dive =0
6= (s) a(‘//o(’;‘//ou) + @, (S) a'//ou
0 Oy, — l/’ou) 6’ 5‘//0||
D= 0 7O/
o, (3) P @, (S)— e e

where the value of S depends on the stress state: S=1 is used if & >0 and the failure
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surface is an ellipse, otherwise ,B=B if & <0. For most materials, B <0 since the failure
compression strength fC is much higher than the failure tension strength ft, and the failure
surface becomes a hyperbola. Thus, only the case ,E <0 is considered and discussed.

T T
Ts

20\ AR Y
y ’

(a) Ellipse criterion (b) Universal failure criterion (>0 )

Ts

v

T T

Ts

20 20\ 5,

Ts
y ’

&

(c) Universal failure criterion (B=0) (d) Universal failure criterion (B<0)

Figure 2. The universal failure criterion.
3.3 The crack direction
The direction of the crack propagation can be determined based on the universal criterion,

and one can define a new function as

(Enn)Z Enm)Z _

+( 5 y)
TS

(rcos26 +a)® N (rsin20)®

2
S

f (20)=/3

5 (44)
o, T

o-f
where r=(0,—-5,)/2, a=(0,+5,)/2, O is the angle between the direction of G
and the direction of the first principal normal stress &,, and n=[cos(d+6,),sin(0+8,)], in
which 90 is the angle between the direction of the first principal normal stress &, and the

direction of the X, -axis. The crack direction M is perpendicular to the direction N, which is

the direction of stress & . According to the universal criterion, @ can be obtained as
f=argmax f (26) (45)

0€[0,7/4]

and the derivative of f with respectto 26 is

df . 1
f'=——=2rsin20——[r(l— By*)cos26 - By*a 46
120) Zzatz[ d-8x") Bra] (46)

Then the value of @ can be evaluated for different cases:
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() 6,+5,>0 and y*<(5,-5,)/(25,) (see Figure 3(a))

2
In this case, p=1 , f'>0 if c:0526?>3 Zz and f'<0 if
r-x°%)

2
cosZH<E X > . Thus
r-x°)

2

6’=1arccosil+(i2 £ >
2 6,-0, (1-x°)

(47)

(i) 5,+5,>0 and (5,-5,)/(25,) < ¥° (see Figure 3 (b))
In this case, f=1,and f'<O0,thus 6=0.
(i) 5,+5,<0, 5,>0 and y*<(6,-5,)/(25,) (see Figure 3 (c))

For the case & >0, one has f'<0. For the case & <0 and #<0,f"'>0 if

2 2
C0529>L/1/2 and f'<0 if 00829<L)(2.Thus,
rd-p5x7) rd-px7)
— = 2
Q:Earccos ilﬂfz Px > (48)
2 6,-6, 1-Bx")
(iv) 6,+5,<0, 6,>0 and »*>(5,-5,)/(25,) (see Figure 3 (d))
a yz°
For the case & >0, f'>0 if cos20<— >~ , and f'<0 if
r-x9)
a_ x° apy’
c0s26 > — ~. For the case 6" <0 and <0, f'>0 if c0S20>—"—-
r-x) rd-p5x7)
apy’
and f'<0 if c0s260 <——"—— Thus
rd-5x7)
— | = 2
0=0 or 6‘:1arccos(z1+(z2 Pr > (49)
2 6,-6, 1-px7)
(v) 6,<0 (see Figure 3 (c))
2
In this case, f<0 , f'>0 if C0326’>ﬂ and f'<0 if

r(l-Bx*)
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2
a
c0s260 < Lz .Thus, @ can be computed by Equation (48).
r(—-pgx°)
T T
\ T \ 1,
m Ot @ Ot
y c y o
//' /
@ &,+5,20, r,10,<./(5,-5,) (25,) (b) &,+6,20, 7,/0,2(5,-5,)(25,)

T T

LN O
NN S VA

© 5,<0 or 5,+5,<0,5,>0, 7,/ 0, <[5, - 5,) 1 (25,) (d) 5,+5,<0,5,>0, 1,/0,2/(5,-5,)1 (25,

Figure 3 . The crack direction based on the universal failure criterion

4. Analytical solutions for a 2D bar under uniaxial tension and compression

In Equation (43), some unknown parameters need to be determined, such as ﬂ_ and
coefficients @, in the function @(s) for a given softening law. To obtain these parameters, a
2D bar under uniaxial tension and compression shown in Figure 4 is analyzed. The solution of the
universal failure criterion shown in Equation (38) is first introduced since the proposed phase-field
model is based on this criterion.
4.1 Solution of the universal failure criterion

The details of the universal failure criterion can be found in [58] and only some relevant
results are given here. The failure tension strength f, and the critical tensional failure stress o,
have the following relationship

f. =ko, (50)

with

1 otherwise

-
Ez{Zng— N IE. -

Similarly, the relationship between the failure compressive strength fc and the critical
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tensional failure stress o, is
f. =k,0, (52)
with

Ez = 2;(\/1—3;(2 for B<0 (53)

ATTA
r
s

(a) Long bar under uniform tension

X2 L
X1

G2

ATTA

>

—>

G2 >
—»

(b) Long bar under uniform compression

(c) Stress state for tension and compression
Figure 4. A 2D long bar under uniaxial tension and compression
The ratio f_/ f, is-much larger than 1.0 since B <0 for most materials, and it can
explain why there is often an asymmetry between tensile and compressive strength for many
materials.

once f, f, and y areknown, o,, 7, ﬁ can be obtained by

o ="flk, 7,=z0 (54)
_ 1 f2

- _ c 55

p 2 Ayl &9

Theangle € (6 or 6.)shown in Figure 4 (c) can be computed by

cos20 =

2
o,—-0, By . (56)
o,+o,1-pBy
where 0, =0>0,0,=0 and, f#=1 for uniform tension, and 0, =—0<0,0, =0 and,

L =/L=<0 for uniform compression. For uniform tension, the tensional-shear case is assumed,

ie, y=1,/0,<\(0,-0,)1(20)) =1/2.
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4.2 Solution of the phase-field model
Now consider a 2D bar under uniform compression (Figure 4(b)). Substituting Equation (56)

into Equation (42), one has

2 2 ain? 272 _ '
lﬂ(acosm? o) +10 sw; 20:_2I0V s—a'(s) ¢'(0) 57)
4 o 4 7 a'(0)  ¢'(s)
where the equality of the evolution equation is used and it can be further simplified to
o’ 1 23V’s—a'(s) ¢(0) 8)
o; k; a'(0)  4'(s)
where Kk, =2 y\[1- By* =Kk,.
Substituting o, in Equation (43) into Equation (58), one can obtain
2
|
212v2s — '(5) + —2— 000 g1(5) =0 59
Vs =a/(9)+ ppg e 4 (59)
or, equivalently,
2 NGl
1,VS)? — (S) + ——o 00 4(5) = 0 60
(I,Vs) ()ZEGC.k§¢() (60)

Assuming that the crack initiation is at the middle point of the long bar, the stress o can be

computed by

o [2KEG, a(s)
U(S)_\/ ol 4(S) (®1)

where VS=0 at the middie point is assumed and " is the maximum value of S. Then the

failure compression strength can be determined upon the instant of damage initiation by

2/~ '
f =limo(s’) = \/@ “,(O) =k,0, =k,0, (62)
s°>0 Colo 7/ (0)

which is the same as Equation (52).

Similarly, for the bar under tensional loading, the stress ¢ can be computed by

~_ [2k’EG, a(s")
G(S)_\/ cly #(5) (63

where k1 = Izl and the failure tension strength ft (see Figure 4(c)) can be computed by

_lime(s - |2KECGy @) _ 64
f, —SIJ_T)O-(S )—\/ cl. #(0) =ko, =ko, (64)
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which is the same as Equation (50).
If using Equation (12) and Equation (17) for functions «(S) and ¢(S), one can compute
&, in Equation (17) as

28k EG, 2 EG!

= 65
Colo ft2 Colo ft2 ©

where

G! =Gk’ (66)

Equations (65) and (66) can also be obtained from Equation (62), which means if the same
length scale |, is used for tensional-shear and compressive-shear fractures, the same @, will be
obtained, i.e., there is no need to use different |0 for different fracture patterns. Note that E
should be replaced by E /(1—V?) for plane strain problems, where v is the Poisson's ratio.

General softening laws can also be implemented in the proposed model and the solution can
be found in [59]. The derivation is similar and only the main results are given here. The other

parameters in Equation (17) can be obtained by different softening laws as

1., 4nE? Gl 2
=—[(-——=%Kk,)® +1]- 1 67
2 = Lok 1= (p+) )
0, p>2
8,8, +a,a5a, =91 cW.f, |, (68)
S0t y2 , -2

where ko and W, are the initial slope and the ultimate crake opening, respectively. In this

paper, & =2 isused and the linear softening law is considered with

a=-—, a=0, 1i>3 (69)

It should be noted that other phase-field models with a value & €[0,2) can also be
implemented in the proposed model, such as the phase-field model with & =0 for cohesive
fracture [66].

In this paper, the same softening law is used for both tensile and compressive loadings. Thus,
all the parameters @ in the compressive-shear fracture are the same as those in the
tensional-shear fracture.

5. Implementation

The proposed model can be implemented with the finite element method (FEM). A staggered
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algorithm is applied to solve the equilibrium equation and the evolution equation separately as two
sub-problems in each iteration or load step. The whole simulation will be discretized into M
load steps based on the direct displacement control. In the load step m+1, the equilibrium
equation and the evolution equation are solved with the assumption that all the variables in the
load step m are known.

The evolution equation (43) is an evolution inequality and the boundedness condition for
phase-field cannot be guaranteed. It can be considered a bound-constrained complementarity
problem [69] and some efficient methods can be applied to solve this problem, such as the
reduced-space active set Newton method [70], or one can use the solver included in the
open-source toolkit PETSc [69].

The inequality in the evolution equation holds when s=0 and 6s=0, i.e., the material
is not damaged; on the contrary, the equality holds when the material is damaged (s >0). Thus,

the inequality becomes a quality when s — 0 and the evolution equation can be written as

rm Vo Vo @'(0)
2 (O)ﬂG +a, (0) G, = e (70)

cl

where V?s=0 isassumed when s=0. Equation (70) can be rewritten as

ﬁi//m +W0|| __a'(0)

(71)

Gcl Gcll COIO¢’(O) oo
and the evolution equation can be changed to
! ! 2| ’
a)l (S) F| + a)ll (S) F” — _oVZS _ (24 (S) (72)
bI bll C0 COIO

where F +F, :max[ﬂ@+@,me]. Also note that F =0 for the classical
G

mi
cl cll

phase-field model.
To handle the irreversibility [47] in general scenarios, one can introduce the non-decreased

history field Z=h, +h, as

h, (M)=p '//oc._;(m) =™ e gV (M) ‘/’%(m) > Iy (M=1)+h, (M-1)

cl ch Gcl cll (73)
=, (-2, h, =, -0, it LY gy, (ny

where  A,(M) and A, (M) are history fields at load step M , and
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hl (O) +h|| (O) = max[ﬂ

cl

+l’//°_“(0),F

min

] at the initial step 0.

cll

Finally, the main formulations for the proposed phase-field model are

a)l (S) hl + a)ll (S) h” — 2_'0v23_ o (S)
bI bII 0 cOIO
1 —nny2 1 —nmy2
Vo ==—=(@") "\ Wo ==—(@™)
ol 2E oll 2,U
- - G,E
Gy :Gé /k127GcII = ZZL
~ H (74)
o=tk t,=yx0,.p =1/ z* - fc2/(4ZZT32)
dive =0
6=, (s) OWo —Wou) + @, (s) Az
os oe
D=o (S)E oWy —¥ou) +a, (S)ﬁa‘//ou
oe oe oe 0O¢
Table 1. The material parameters usedin different phase-field models
Phase-field model Input material parameters
1) Elasticit dulus;(2) Poi ’s ratio;
Classical phase-field model [48] (1) Elasticity modulus;(2) Poisson’s ratio
(3) Fracture toughness.
1) Elasticit dulus; (2) Poi ’s ratio;
Unified phase-field theory [59] (L) Plastictty modulus; (2) Ol_sson > ra_lo
(3) Fracture toughness; (4) Failure tension strength.
(1) Elasticity modulus; (2) Poisson’s ratio;
Modified phase-field model [52] | (3) Mode-l fracture toughness; (4) Mode-1I fracture
toughness.
1) Elasticit dulus; (2) Poi ’s ratio;
Mixed-mode phase-field model (1) Elasticity modulus; (2) Poisson’s ratio
(54, 67] (3) Mode-l fracture toughness; (4) Mode-Il fracture
’ toughness.

Phase-field model for
compressive shear fractures [57]

(1) Elasticity modulus; (2) Poisson’s ratio;
(3) Fracture toughness; (4) Cohesion; (5) Internal friction
angle.

Phase-field model for
compressive shear fractures [56]

(1) Elasticity modulus; (2) Poisson’s ratio;
(3) Fracture toughness; (4) Cohesion; (5) Internal friction
angle.

Mixed-mode phase-field model
for tensional-shear fracture [55]

(1) Elasticity modulus; (2) Poisson’s ratio;

(3) Fracture toughness; (4) Failure tension strength;

(5) Ratio of critical shear failure stress to critical normal
fracture stress.

Proposed phase-field model for
tensional-shear and compressive
shear fractures

(1) Elasticity modulus; (2) Poisson’s ratio; (3) Fracture
toughness;

(4) Failure tension strength; (5) Failure compression strength;
(6) Ratio of critical shear failure stress to critical normal
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| ’ fracture stress. |

The material parameters needed are: the elasticity modulus E, the Poisson’s ratio V, the
fracture toughnesses Gé, the failure tension strength ft, the failure compression strength fc ,
and the ratio y =7,/0,. Compared with the classical phase-field model, three additional
parameters are needed and a list of the material parameters used in different models is shown in
Table 1.

Remark 5.1. Equation (74) shows that the parameters G Gc”, k1 and ,E are

independent of the given softening law. Thus, the classical brittle phase-field model with

cl

a(s)=s" and @(s)=(1—s)?, and the phase-field model proposed in [66] coupled with
general softening laws can also be incorporated into the proposed model.

The material parameters needed in the proposed modes can be obtained by two experiments:
the tension experiment and the compression experiment, which can obtain the tension strength .,
the failure compression strength fc, and the corresponding failure angles 6 and 6, (see
Figure 4(b)). More details for obtaining these parameters can be found in [58]. After these
parameters are obtained, if the fracture toughness Gf: is measured from the tension experiment,
then G, and G, can be obtained, i.c. only one fracture toughness is needed.

The Galerkin weak form for the equilibrium equation and evolution equation can be written
as

[Qm 5ed 2 =jagf -5uden (75)

[ 2 ge. sevsyaa+ | 20 sed0+ [ )y 2Oy y55d0=0 (6)
s CO e COIO e bI bII
where the ‘boundary conditions (4) and (5) are applied. FEM is used to discretize the above

equations in this paper. The displacement u, strain € and phase-field s can be approximated

as
u(x) =®,(x)0, £(x)=B,(x)0, s(x)=®,(x)S, Vs(x)=B.(X)$ 77

where O and § are the nodal displacement and phase-field vectores, and in 2D case

® 0 ® 0 ... oV o}
(78)

(D“(X){o ®» 0 @ - 0 o
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®, 0 @®; 0 - @) 0
B,x)=| 0 @, 0 @, -~ 0 o (79)
q),lz CD,ll q),zz q),zl CD,’; CD,T
O, ()=[d" D . O] (80)
@l @2 - @N
B X) = 1 1 1 81
e LD; @ @} o

where @' =’ (x) are the shape functions and N is the number of total discrete nodes.

Substituting Equation (77) into Equations (75) and (76), one can obtain

jQDBuaa(Bua)dg :jmf.a(cpua)dag (82)

I 2 2'0 B3-6(B8dQ+ [, “(S) 28 5@ gda+ | [w. (), wg(s)h,,w((bsé)d(z:o (83)
where D is the degraded elasticity ;Oatrlx. Finally, Equatlons (82) anlli (83) can be rewritten as
[, BIDB,d0=| @®]tdoC (84)

[ ZC'O BIB,AOS+ [ —oa(s)cpTdQ+j (2 (Sl)h L2 S.)h” J®Tdo=0 (85

If bI = bII is used, the proposed model can be considered a special model, and Equation (84)

will result in a linear system of equations as

K,O=F, (86)
which can be solved robustly with
K,=[ BIDB,dQ F = @tdo0 (87)
Q oQ

The non-linear system of equations obtained by Equation (85) can be solved by Newton’s
method. In each iteration step, a linearized system of equations can be obtained as
F(8)As* = —F(") (88)
with

a”(<1> §)

AR CACH)

F@3)= j OBBTdQ + 5

O D O+ j[ oo do  (89)

a'(®S")
COIO

Ul (5 ", a)I’I (ék)h
by,

DE _[ZIOBBTdQ jQ ®_dO + j [ p.d  (90)

k+1 ak+l ak

where § are the nodal phase-field at the iteration step k and AS*™ =8 —§°,

In this paper, the general case bI # bII is also considered, and the following equation is used
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to determine b, and b, atstep m:

b, (M)=(cos 20)",b, =(sin20)*, i pYo ™, '/’Oé (M) S h, (m—-1)+4, (m-1)

G, el (92)
by my=b, (m-2).6, =0, (-, i pLL YD < gyen, (-

cl cll

where K is a given parameter. Equation (91) can be reduced to bI :l,b” =0 for pure
tensional fracture and b, =0,b,, =1 for pure shear fracture.
6. Results

In this section, some numerical examples are tested to verify the proposed model. In all the
examples, the plane stress state and linear softening law in the unified phase-field theory [59] with
a(s)= 2s—s are assumed if not specified otherwise. The tensional-shear fracture has been
investigated in  previous work [55]. Thus, only the compressive-shear and
tensional-compressive-shear fractures are tested in this paper.

The special model with b, =b,, =1.0 will be used in the examples since it can obtain
similar crack paths as the non-special model, which has been observed for tensional-shear fracture
[55]. Several advantages can be achieved by using the special model. Firstly, there is no need to
choose different functions of b, and b, . Secondly, the equilibrium equation will result in a
linear system of equations, which is much easier to be solved and the problem converges much
faster. Thirdly, it is much more suitable for simulating crack branching since there is no need to
compute the crack angles while solving the equilibrium equation.

6.1 Single-inclined notched rock plate under uniaxial compression

A rock plate with a single-inclined notch at the center under uniaxial compression shown in
Figure 5(a) is tested in this example and the length of the plate is 20.32mm. Many researchers
have investigated the cracking behavior in specimens under compression [71-74] and two typical
fracture patterns are shown in Figure 5. The fracture behavior shown in Figure 5(b) was reported
in [73], in which the tensile cracks initiate first and then the normal shear cracks appear. The
fracture behavior shown in Figure 5(c) was reported in [71, 75], in which wing cracks emerge first,
and secondary cracks appear and propagate until rupture. It will be shown in this example that
these two fracture behaviors can be obtained by the proposed model.

The material properties used are [71]: Young’s modulus E =36.2 GPa, Poisson’s ratio
v =0.21, the failure tension strength  f, =10.25 MPa. Triangular elements are used to discretize

the domain with fine meshes (the mesh size is about 0.1mm) assigned to the critical zones and the
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two length scales 1,=0.25 and 0.5mm are used. Two models, i.e., the linear softening model and
the classical brittle model, are implemented in the proposed phase-field model. In the linear
softening model, a(S)=2-2s* and @(s)=1/[1+¢(s)] with linear softening law is used,

while a(s)=s" and @(s)=(1—s)® is used in the classical brittle model.
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Figure 5. Crack behavior observed in some experiments: (a) model and boundary conditions (b) tensile
fracture and normal shear fracture [73]; (c) wing crack and secondary crack [71].

In order to show the advantages of the proposed phase-field model, three sets of material
properties are used to observe the different crack patterns.
6.1.1 Compressive-shear fracture

In this test, the fracture toughness Gé =1IN/mm and y =0.6 are taken. In the first
simulation, the failure compression strength  f,=12.8125MPa is chosen to ensure B =0. The
sensitivity of the results to the displacement increment is studied and the results are shown in
Figure 6(a). It can be observed that the peak force decreases as the displacement increment
decreases, and the peak force will converge to a fixed value. According to Figure 6(a), the

displacement increment  Au =0.5x10" mm is applied in the following tests in this simulation.
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Figure 6. Sensitivity of the results to the displacement increment



Journal Pre-proof

The crack paths obtained by the linear softening model and the classical brittle model with
different length scales are shown in Figure 7 and Figure 8, respectively. One can observe that only

shear fractures are obtained.

00e+0002 04 04 038 1.0e+00
—-— b | e

(a)u~0 ISmm (b =0 020mm o =023 mm

Figure 7. Crack path for single-inclined notched plate under compression (linear softening model,

%=0.6, f.=12.8125 MPa, |0 = 0.25mm)
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(a) Lincar softening model 1) Classical bratle model (¢ Classical batle model

(L0 5mm, u=0.022min) (4=025mm, u=0.0297mm) (=0 5mm. w=0.0205mm)

Figure 8. Crack paths for single-inclined notched plates under compression (x=0.6, f.=12.8125 MPa)

In the second simulation, the failure compression strength fC =15 MPa is used which gives
B =-1.0295. The sensitivity of the results to the displacement increment is also studied in this
simulation and the results are shown in Figure 6(b). The results are similar to those obtained in the
first simulation and the displacement increment Au =0.5x10"* mm is applied in the following
tests in this simulation.

The crack paths obtained by the proposed phase-field model are shown in Figure 9 and
Figure 10. Similar to the first simulation, only the compressive-shear fractures are observed and
the both linear softening model and the classical brittle model obtain similar crack paths.
Compared with the crack paths obtained in the previous simulation ( E =0), the crack paths in
this simulation are extended to the top and bottom boundaries. The load-displacement curves for

these two simulations are shown in Figure 11. It can be observed that the influence of the length
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scale in the linear softening model is much less than in the classical brittle model.

00e+0002 04 046 08 10200
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Figure 9. Crack path for single-inclined notched plate under compression (linear softening model,
x=0.6, f.=15MPa, |,=0.25mm)
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(L0 5mm, u=0.023mm ) h=0.25mm, u=0.0318mm) (£=0.5mm. w=0.0266mm)

Figure 10. Crack paths for single-inclined notched plates under compression (y=0.6, fc =15 MPa)
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Figure 11. Load-displacement curves for the single-inclined notched plate under compression (y=0.6)
6.1.2 Tensile and normal shear fractures
In this test, the fracture toughness G, =5N/mm, y =2.0 and f =41MPa are used,

and ,E =0 is achieved. The displacement increment AU is 0.5x10 mm in all the tests. The
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crack paths are shown in Figure 12 and Figure 13. Two tensile cracks emerge first and are
followed by two normal shear cracks, which agree with the experimental results [73]. The
load-displacement curves are shown in Figure 16(a), and it can be observed that the length scale
influences the global response of the structure in both the linear softening model and the classical
brittle model. However, the influence in the linear softening model is much less than that in the

classical brittle model.

0De+00 02 04 06 QOB 10e+00
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Figure 12. Crack path for the single-inclined notched plate under compression (linear softening model,

x=2.0, f =41mpa, | =0.25mm)
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Figure 13. Crack paths for the single-inclined notched plates under compression (%=2.0, fC =41MPa)

6.1.3 Tensile and inclined shear fractures

In this test, the fracture toughness G. =11N/mm, » =2.0 and the failure compression
strength  f_=65 MPa are used and 3 =-0.3783 is achieved. The displacement increment AU is
0.5x10™ mm in all the tests. The crack paths obtained by the proposed model with the linear
softening model and the classical brittle model are shown in Figure 14 and Figure 15. Two wing
cracks and two secondary cracks are observed in all the examples, which agree with the

experimental results [71]. The load-displacement curves are shown in Figure 16(b). It can also be
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observed that the influence of the length scale in the linear softening model is much less than that
in the classical brittle model.

The mesh size h used in this example is about (2/5~1/5) I, in all the tests, and the
results may not be accurate since the mesh size h is not sufficiently small compared to the
length scale I,. To obtain more accurate results, h=(1/10~1/5) |, is suggested in the

unified phase-field theory [59, 76].
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Figure 14. Crack path for the single-inclined notched plate under compression (linear softening model,

x=2.0, f.=82MPa, 1,=0.25mm)
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Figure 15. Crack paths for the single-inclined notched plates under compression (linear softening
model, y=2.0)



Journal Pre-proof

1% T y T T T T T 5.5
Linear sofiening model (L0 X5nm) | imwer sodtwning reodel |4+ 24men)
164 1 mear solfiening moded ((,~0 o) - 3.0~ Lirsese sedering rmoudel (4,00 Sevrn)
Classcal britthe mudzd (4,40 25mwen) 1.5 Clmaicsl beatle ek (1,0 25ceem) 4
14 Classieal hrite model (4,70 S/~ \ o 5 Tl beare medcd 1,0 Snm)
’ o N
104
124
in —_ 3154 B
z z ‘
= 10+ < 30 4
e
g ax c 254
= / -
p / 20+ /
)6 4 4 /
/
15 / 4
04
10
N
0z 04 9
) € T T T T T T T o T T T T T
Qoo nm on 0ol 0 008 016 00T D08 000 04 0nos 02 h16 0.20 024
Displacement (mm) Displacement (mm)
(a) =20, =41 MPa (b) z=2.0, =65 MPa

Figure 16. Load-displacement curves for the single-inclined notched plate under compression (y=2.0)
6.2 Rock plates with two inclined notches under uniaxial compression

In this example, three rock plates with double notches under compression shown in Figure 17
are tested. The height and width of the three specimens are all 152.4mm and 76.2mm, respectively.
The length of each notch is 2a=12.7mm, and the angle of the notch is . In this example, the
notation “3—w-—C” is used to represent the geometry of the notches of each specimen (see
Figure 17). For example, “45-0-2a” means that the angle of the notch is % =45°, the spacing
w =20, the continuity ¢ =2a. The crack paths observed in the experiment tests [77-79] for three
cases “45-0-2a”, “45-a-2a” and “45-2a-2a” are summarized in Figure 18.

In our simulation, these three specimens are considered and the material properties used are
[52]: Young’s modulus E =5.96 GPa, Poisson’s ratio vV =0.24, fracture toughness GZ =5.0
N/m and the failure tension strength f, = 2.3 MPa. For each specimen, four sets of y and failure
compression strength are tested: (i) x=0.6, f, =2.875MPa (B =0); (ii) x=0.6, f. =3.594 MPa
(f=-15625); (i) x=30, f =13.8MPa (S =0); and (iv) %=30, f, =16.1MPa
( E =-0.0412). The displacement increment Au is 10 mm. Both the linear softening model
and the classical brittle model are used to compare the results. The mesh size is about 0.1mm in

the critical zones and two length scales 1,=0.3 and 0.6 mm are tested.
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Figure 17. Rock plate with double flaws under compression (unit: mm)
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Figure 18. Crack paths in experiments for rock plates under compression
6.2.1 The case y=0.6

Firstly, the two cases x=0.6 with f =2.875MPa and f, =3.594MPa are simulated to
show the shear fracture and compressive-shear fracture. The crack paths for the three specimens
are shown in Figure 19-Figure 24, respectively. No wing crack can be observed in all the
specimens. This is because the critical shear failure stress is smaller than the critical normal failure
stress, and the cracks are mainly shear fractures or compressive-shear fractures. Coalescence
cracks between the two pre-existing cracks can also be observed. For the specimen “45-0-2a” with

f. =3.594 MPa, two coalescence cracks may be observed, especially when the length scale |,
=0.3mm. This is because the initiation directions of the two “inner” cracks are opposite (see
Figure 19(b)) and they may not be able to coalesce into one crack if the length scale is very small.
The load-displacement curves are shown in Figure 25-Figure 27. The load-displacement curves

show that the difference obtained by the proposed model with given softening laws (a linear
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softening law in this work) is much smaller than the difference obtained by the proposed model
with the classical brittle model, i.e., the length scale has a significant influence on the global

responses of the specimens in the proposed model with the classical brittle model.
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Figure 19. Crack paths for rock plate “45-0-2a” under compression (x=0.6, linear softening model
1,=0.3mm)
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Figure 20. Crack paths for rock plate “45-0-2a”” under compression (%=0.6)
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Figure 21. Crack paths for rock plate “45-a-2a” under compression (x=0.6, linear softening model
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Figure 22. Crack paths for rock plate “45-a-2a” under compression (3=0.6)
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Figure 23. Crack paths for rock plate “45-2a-2a” under compression (x=0.6, linear softening model
1,=0.3mm)
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Figure 24. Crack paths for rock plate “45-2a-2a” under compression (y=0.6)
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Figure 25. Load-displacement curves for rock plates with double notches under compression (%=0.6,
specimen “45-0-2a”)
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Figure 27. Load-displacement curves for rock plates with double notches under compression (3=0.6,

6.2.2 The case y=3.0

specimen “45-2a-2a”)

Secondly, the cases x=3.0 with f, =13.8MPaand f =16.1MPa are simulated to show

both tension-shear and compression-shear fractures. The corresponding crack paths are shown in

Figure 28-Figure 33. Good agreement between the numerical results and the experiment results

[77-79] can be observed in all the specimens. Four wing cracks appear and grow first, then shear

cracks or compression-shear cracks emerge and finally grow into coalescence cracks. The mode of

coalescence for the three specimens may be different, and it can be either “shearing” or

“shearing+tension” [77]. The load-displacement curves are shown in Figure 34-Figure 36. One

can observe again that the length scale has much less influence on the global responses of the

structures if the linear softening law is used in the proposed model.
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Figure 29. Crack paths for rock plate “45-0-2a” under compression (x=3.0)
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Figure 31. Crack paths for rock plate “45-a-2a” under compression (y=3.0)
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Figure 33. Crack paths for rock plate “45-2a-2a” under compression (3=3.0)
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Figure 34. Load-displacement curves for rock plates with double notches under compression (%=3.0,

specimen “45-0-2a”)
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Figure 35. Load-displacement curves for rock plates with double notches under compression (%=3.0,

specimen “45-a-2a”)
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Figure 36. Load-displacement curves for rock plates with double notches under compression
(x=3.0, specimen “45-2a-2a”)

7. Conclusion
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In this paper, a unified phase-field model has been proposed to simulate both tensional-shear
and compressive-shear fractures. The proposed model is based on the use of a universal fracture
criterion, that can predict both tensional-shear and compressive-shear fractures under complex
stress states and directly determine the crack direction. To consider tensional-shear and
compressive-shear fractures, the strain energy of undamaged configuration is decomposed into
three parts: the tensional/compressive part, the shear part, and the rest. The tensional/compressive
and shear parts can be degraded by the same or different degradation functions.

The proposed model is derived from the original unified phase-field theory, and therefore,
general softening laws for cohesive fracture models can also be incorporated. Numerical results
have shown that the proposed model has the ability to simulate both tensional-shear and
compressive-shear fractures and the results have good agreements with the experiments. Besides,
the length scale has much less influence on the global response if cohesive fracture models with
general softening laws are used.

Compared with the mixed model proposed by Wang et al. [55], only one additional material
parameter, the failure compression strength, is needed. The proposed phase-field model can be
extended to 3D cases and dynamic fractures. Applying other fracture criteria [80-82] in the model
is also possible. Physical experiments will be done to validate the proposed model. The
thermodynamic consistency is not satisfied in the proposed model, which will be studied in future
work [31, 48, 67].
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