On a class of distribution dependent stochastic
differential equations driven by time-changed Brownian
motions

Guangjun Shen, Tingting Zhang, Jie Song, Jiang-Lun Wu*

February 19, 2023

Abstract

In this paper, a class of distribution dependent stochastic differential equations driven
by time-changed Brownian motion is studied. The existence and uniqueness theorem
of strong solutions for the distribution dependent stochastic differential equations is
established. Then, sufficient conditions are provided to guarantee the solutions to be
stable in several different senses in terms of Lyapunov function. Finally, we show that
the solutions of the distribution dependent stochastic differential equations can be
approximated by solutions of the associated averaged stochastic differential equations
in mean square convergence.
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1 Introduction

Inspired by the seminal work [21] of Kac, McKean in [31] studied nonlinear Fokker-Planck
equations using stochastic differential equations with distribution dependent drifts. There-
after, distribution dependent stochastic differential equations (DDSDEs, for short) of the
following form

dX (1) = b(t, X(8), L(X()))dt + o(t, X (t), L (X (t)))dB, (1.1)

have received vast attention, where .2 (X (¢)) stands for the distribution (i.e., the law) of the
random variable X (¢). These equations have also been named as McKean-Vlasov stochastic
differential equations or mean-field stochastic differential equations in the literature. A dis-
tinct feature of such stochastic differential equations is the appearance of probability laws in
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the coefficients of the equations. Owing to the investigation of mean-field control, mean-field
games and complex networked systems (see, for example, Bensoussan et al. [3], Huang et al.
[16], Lasry et al. [25]), there are many papers devoted to the study of distribution dependent
systems and the relevant theories have been well developed. A thorough illustration of the
general theory of DDSDEs and their particle approximations can be found in [43], and the
survey article [18] by Huang et al. summarises recent progresses on DDSDEs. There are
many interesting investigations on existence and uniqueness for solutions of DDSDEs under
various conditions, we would like to mention a few here. Wang [45] established strong well-
posedness of DDSDEs with one-sided Lipschitz continuous drifts and Lipschitz-continuous
dispersion coefficients. Li et al. [26] obtained existence and uniqueness for McKean-Vlasov
stochastic differential equations under local Lipschitz conditions of state variables. Fur-
ther studies of DDSDEs can be found in Bao et al. [2], Huang and Wang [17], Ren and
Wang [37], Réckner and Zhang [40], Mishura and Veretennikov [32], Chaudru de Raynal [6],
Hammersley et al [13], Ding and Qiao [8], Fan et al [10], Hong et al [14] just mention a few.

For stochastic differential equations, based on the existence and uniqueness of their so-
lutions, stability of the solutions is an important topic. It means that the trajectories do
not change too much under small perturbations. The stability has been studied widely in
various different senses, such as stochastically stable, stochastically asymptotically stable,
moment exponentially stable, almost surely stable, mean square polynomial stable and so on
(see for example Mao [30] for systematic introduction of stabilities). Recently, Bahlali et al.
[1] derived various stability properties of McKean-Vlasov stochastic differential equations
with respect to initial data, coefficients and driving processes. Ding and Qiao [9] consid-
ered the exponential stability of second moments, almost surely asymptotic stability for a
type of stochastic McKean-Vlasov equations. Gong and Qiao [11] investigated the stability
and path-independence of additive functionals for a type of multivalued McKean-Vlasov
stochastic differential equations under non-Lipschitz conditions.

On the other hand, time-changed semimartingales have attracted considerable atten-
tion, and their various generalisations have been widely used to model anomalous diffu-
sions arising in physics, finance, hydrology, and cell biology (see recent monograph Umarov,
Hahn and Kobayashi [44] and references therein). In [23], Kobayashi introduced the dual-
ity theorem between time-changed stochastic differential equations and the corresponding
non-time-changed SDEs, and established the Ito formula for time-changed stochastic differ-
ential equations. When the original semimartingale is a standard Brownian motion, then
it is well known that the transition probability density of the time-changed Brownian mo-
tion satisfies a time-fractional partial differential equation (Nane and Ni [35]). Deng and
Liu [7] approximated a class of time-changed stochastic differential equations using semi-
implicit Euler-Maruyama method and discussed the convergence rate. Liu et al [28] used
Truncated Euler-Maruyama method to study time-changed nonautonomous stochastic dif-
ferential equations. Wu [46] considered stabilities in different senses for SDEs driven by
time-changed Brownian motion. Li and Ren [27] studied the practical stability with regard
to a part of the variables for DDSDEs driven by time-changed Brownian motion. For the
stabilities and related results when the driven process is a time-changed Lévy process, we
can see Nane and Yi [33, 34|, Shen et al. [42].

Inspired by the aforementioned works, in this paper for arbitrarily fixed d, m € N, we are



concerned with the following class of DDSDEs driven by time-changed Brownian motions:
dX(t) =b(t, By, X(t), Z(X(t)))dE; + o(t, By, X (t), Z(X(t)))dBg, (1.2)

on a given complete, filtered probability space (2, F, {F; >0, P) with a standard filtration
{Fi}i>0 satisfying the usual conditions, where the coefficients b : [0,T] x [0,00) x R? x
P(RY) — R? and o : [0,7] x [0,00) x R x P(R?) — R¥*™ are Borel measurable functions,
Z(X(t)) stands for the probability law or distribution of the random variable X (¢) and
P(R?) denotes the space of all probability measures on the Borel measurable space R?
equipped with the weak topology, the initial value X is an Fp-measurable random variable
satisfying E|Xo|? < oo, B(t),t > 0, is an m-dimensional {F;};>o-Brownian motion, F, is a
random time-change denoting a new clock and it is defined as

E; :=inf{s > 0: D(s) > t},

the generalised inverse of an increasing, a-stable {F;}:>o-adapted Lévy process D(t),t > 0,
with Lévy stable index o € (1,2). The process {D(t),t > 0} is also named as a subordinator
starting from 0 with the Laplace transform

]E(e_’\D(t)) =e N X >0,

for the Laplace exponent
o= [ = M)
0

associated with a given o-finite measure p on (0,00) such that [7°(1 A z)u(dz) < oo.
We assume that g is infinite, i.e., v(0,00) = oo. The time change FE; is continuous and
nondecreasing, however, it is not Markovian. In this paper, we assume that B, is independent
of D;. Without loss of generality, we further specify that the filtration {F;};>0 is defined
(determined) by

Fp = ﬂ {al[Br :0<r<s|VoolE, : 1> O]}, (1.3)
s>t

where the notation o, Vo, denotes the o-algebra generated by the union of the two o-algebras
op and oy. Magdziarz [29] named the composition BoE = (Bpg,)i>0 as a time-changed
Brownian motion, it is a square integrable martingale with respect to the filtration {G;}+>0
where G; :== Fpg,,t > 0. Without loss of generality, we simply assume that b(¢, F;,0,dp) = 0
and o(t, £;,0,00) = 0 for all t > 0 and E; € [0,00), where 0y denotes the Dirac measure
at 0. Thus, Equation (1.2) has the trivial solution X (¢) = 0 corresponding to the initial
condition X (0) = 0.

The primary objectives of this paper is to establish the existence and uniqueness theorem
of strong solutions for (1.2), and then to investigate stability of the solutions in several
different senses in terms of Lyapunov functions. Our final objective is to derive an averaging
principle to show that the solutions of (1.2) can be efficiently approximated by solutions of
the associated averaged stochastic differential equations in mean square convergence.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries
for this paper. In Section 3, we prove that there is a unique strong solution of Eq.(1.2)
under some conditions. In addition, we extend the classical 1t6’s formula from stochastic
differential equations to DDSDEs driven by time-changed Brownian motions, which is a
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powerful tool for our stability research. Based on the generalised It6 formula, in Section
4, we give sufficient conditions to ensure that the solutions of time-changed DDSDEs (1.2)
is stable in several different senses, including stochastic stability, stochastically asymptotic
stability and globally stochastically asymptotic stability, we also provide an example to
illustrate the obtained results. As a related problem, in Section 5, under certain averaging
condition, we show that the solutions of DDSDEs can be approximated by the solutions of
the associated averaged DDSDEs in the sense of the mean square convergence.

2 Preliminaries

In this section, we briefly give preliminaries which will be used in the sequel. For technical
reasons, we will work on the following subspace of P(R?) for any fixed 6 € [2, 00)

Po(R?) = { e P@Y - ) = [ lalu(ae) < oo}
which is a Polish space under the LY-Wasserstein distance

Wo(p1, p2) == inf (/ |z — y|0ﬂ'(dx7dy))§7,ul:ﬂ2 € P@(Rd)>
Rd xRd

TEE (1,12)

where €' (11, o) is the set of all couplings for py and ps.

Note that for any » € R?, the Dirac measure d, belongs to Py(R?) for any 0 € [2, 00) and
if iy = Z(X), po = Z(Y) are the corresponding distributions of random variables X and
Y respectively, then

Wal ) < [ o=yl (X)) (dr dy) = BIX — V" 2.)
X

in which Z((X,Y’)) represents the joint distribution of the random pair (X,Y’). For any

T > 0, let C([0,T];R?) be the collection of all R¥-valued continuous functions on [0, 77,

endowing with the supremum norm. Furthermore, we let S?(Q; C([0,T];R?)) be the total-

ity of C(|0, T]; RY)-valued random variables X satisfying E[supy<,<r|X (#)|’] < oo. Then,

SY(Q; C([0,T); R?Y)) is a Banach space under the norm o

SN

X1l o= (B sup |X (1))

Throughout this paper, the letter C' will denote a positive constant whose value may
change in different occasions. We will write the dependence of constant on parameters
explicitly if it is essential. For convenience, we shall use | - | and || - || for norms of vectors
and matrices, respectively. Let CH2([0,T] x [0, 00) x R?) denote the family of all functions
V(t1,tg,2) from [0, T] x Ry x R +— R which are continuously once differentiable in ¢; and ¢,
as well as continuously twice differentiable in x. Let K denote the family of all nondecreasing
functions ¢ : R, — R, such that ¢(r) > 0 for all 7 > 0. Also let Sy := {x € R?: |z| < h}
and Sy, := {z € R?: |z| < h} for any h > 0.

Now we recall the definition of L-derivative for functions (we can see Ren and Wang [38]).
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Definition 2.1 (1) Let functional V : 25(R%) — R and u € P5(RY). If the functional

(2)

L*RY, i, RY) 3 o=V (o (I +¢)7Y),
is Fréchet differentiable at 0€ L*(RY, u; R?), that is, there is a unique e L?*(RY, u; R?)
such that .
i Vo +0)7) —V(p) — u((¢, 9)

(l9l2)0 1([0P)

where p(¢) = [pa d(x)p(dx). Then V is L-differentiable at p € P5(R?). Denote
0,V (1) =1, which is termed the L-derivative of V' at p.

=0,

Suppose that V : P5(R%) — R. If the L-derivative 8,V () exists for every p €
Py (RY), then we say that V is L-differentiable on Py(RY).

Definition 2.2 (1) A function V : P5(R?) — R is said to be in the space C?(Py(R?)),

(2)

(3)

if V is L-differentiable on P5(R?), and its derivative 9,V (y) : P2(R?) x R? — R? is
continuous at every (u,y) for yesupp(p). 0,V (y) is differentiable in y and 0,0,V :
Py (RY) x RY +— R4 s continuous at all (u,y) satisfying yEsupp(p). In addition,
AL P5(RY) x R x RY — R4 erists and is continuous.

Assume that V : [0,T] x [0,00) x R? x Py(R?) = R. If V(-,-,-, u) is in CLH2([0, T] x
[0,00) x RY) for any pu, and V(t,E,X,-) € C*(Po(R?)) for every (t,E,X), and all
partial derivatives O,V (t, E, X, ), 0,V (t,E, X, ), 0,V (t,E, X, ), *V(t,E, X, u),
OV (t,E, X, 1) (y), 0,0,V (t, E, X, u)(y) and BV (t, E, X, u)(y,y') are continuous with
respect to (t, £, X, u), (t, E, X, u,y) or (t, £, X, u,y,y"). Then, V is said to be in the
set CH122)([0,T] x [0,00) x R? x Py(RY)).

A function V 1 [0,T] x [0,00) x R? x Py(RY) + R is said to be in 6,([0,T] x [0, 00) x
RY x Py(RY)), if V € CH22)([0,T] x [0, 00) x R x Po(R%)) and all its derivatives are
uniformly bounded on [0,T] x [0,00) x R? x Py(RY). In addition, if V € €,([0,T] x
[0,00) X RY x Py(R%)) and V' > 0, we say that V € 6, ([0, T] x [0,00) x RY x Py(R?)).

Definition 2.3 (1) The trivial solution of Eq. (1.2) is said to be stochastically stable or

(2)

(3)

stable in probability if for every pair of e € (0,1) and r > 0, there exists a 6 = §(e, ) >
0 such that
P{| X (t, )| <7 for allt >0} >1—F,

whenever |xy| < 6.

The trivial solution of Eq. (1.2) is said to be stochastically asymptotically stable if it
is stochastically stable and, moreover, for every e € (0, 1), there exists a 69 = do(€) > 0
such that

P{lim X(t,a0) =0} > 1 —c,

whenever |xg| < do.

The trivial solution of Eq. (1.2) is said to be globally stochastically asymptotically
stable or stochastically asymptotically stable in the large if it is stochastically stable
and for all o € R,

P{}H& X(t,zg) =0} = 1.
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3 The generalised 1t6 formula for DDSDEs driven by
time-changed Brownian motions

In this section, we establish the existence and uniqueness of strong solutions to Eq.(1.2) un-
der monotonicity condition. In addition, we extend the classical Ito formula from stochastic
differential equations to DDSDEs driven by time-changed Brownian motions. Moreover,
the Lyapunov functions not only contain state of the solution but also the distributions of
the solution, which is the essential difference from the classical Lyapunov functions. It is a
powerful tool for our study of stability.

In order to derive the main results of this section, we require that the coefficients
b(t1,te, z, ) and o(ty,tse, x, p) satisfy the following assumptions.

Assumption 3.1 (H1) The function b, o satisfy for t; € [0,T], ta € [0,00) and (z,u),
(y,v) € RY x Py(R?)

2 <‘T - Y, b(tlvt%xaM) - b(tbt?vyu V)>+H0-(t17t27 JI,,LL)—O'(tl,tQ,y, V)H2 < Kl(\x—y|2—|—W2(,u, U>2)7

where K1 > 0 is a positive constant.

(H2) The function b is bounded on bounded sets in [0,T] x [0,00) x R% x Py(R?) and for
every t > 0, b(t, By, x, p) is continuous on R x Py(R?). Moreover, there exist a constant
Ky > 0 such that

’b(tl,t27$,u)|2 + HU(tl,tQ?LC,,U)Hz S K2(1 + |$|2 + WQ(M’ 60)2)7

where 0y denotes the Dirac measure at 0.
(H3)(Technical condition) If a stochastic process X (t) is right continuous with left limits
and G;-adapted, then

b(t, By, X(t), Z(X(t))),0(t, By, X(t), Z(X(t))) € L(G),

where IL(G,) denotes the totality of caglad (i.e., sample paths which are left continuous with
right limits) and G;-adapted processes.

According to Jin and Kobayashi [20], we know that since the Brownian motion B and
the subordinator D are assumed independent, it is possible to set up B and D on a product
space with product measure P = Pg x P with obvious notations. Let Eg,Ep and E denote
the expectations under the probability Pz, Pp and P, respectively.

Theorem 3.2 Suppose that Assumption 3.1 holds. Then, for any initial value X satisfying
E|Xo|*> < oo, there is a unique solution X (t),t € [0,T] of Equation (1.2). Moreover, this
solution satisfies

E[ sup \X(t)|21 <C.

0<t<T

Proof. We will split the proof in the following three steps.



(I) Existence.

We set the following iteration sequence: Let X°(t) = Xy, X"(0) = Xj, for all n > 0,
(X"*(t))sepo,r) solve the DDSDE

X™H(t) = Xo+ /0 b(s, By, X" (s), . 2(X"(5)))dE, + /0 (s, By, X" (s), 2(X"(s)))dB.,

(3.1)
for all ¢ € [0, T], where X"™1(0) = X,.
First, we show X"*!(¢) is bounded.
By It6’s formula, we have
d X" )P = 2(X" (1), b(¢, Et,X”“( ), Z(X"(t))) dE,
+ ||o(t, B, X7 (2) (t)))H2dEt (3.2)

+2(X" (1), 0(t, Et,X”“(t), (X™()))dBg,)
then we get

Ep( sup [X"*'(s)]?)

s€[0,¢]

gEB|Xo|2+2EB(sup / (X7 (), b, By X" >$<X”<u>>>>dEu)

s€[0,t]

+EB(/OtHa(s,ES,X”“( ), L(X"(s) H dE)

#2m5(sup [ [ 000,000 B 700, 2000185,

s€[0,t]

= Ep|Xo*+ L + I + I5.

For term Iy, by Assumption 3.1 and Hoélder inequality, we obtain

N

I < 9K, K /0 t ]X”“(u)|2dEu> < /O bl Eu,X”“(u),f(X”(u)))FdEu)]
< EB(/; |X”+1(u)\2dEu) + EB(/Ot |b(u, Eu,X“H(u),f(xn(u)))FdEu)
<Es ( /0 t |X”+1(u)\2dEu) + KRy ( /O (14 X () Wl Z(X (1)), 50)2)dEu>

t t
< KQEBEtJr(lnLKg)EB( / sup |X”+1(u)\2dEs> +K2EB( / E[ sup ]X”(u)|2]dEs)
0 0

u€l0,s] u€[0,s]

¢
< KyEr+(1+ Kg)/ Eg( sup | X" (w)|?)dEs + KoEE( sup |[X"(s)[?),
0

u€l0,s] s€[0,t]

where we use the independence between B and E, meanwhile we apply (2.1) in the last
inequality.



Next, for term I, by Assumption 3.1, (2.1) and the independence between B and E, we
have

I, < K, /t Ep(1+ [ X" (s)]> + W (L (X" (s)), 60)*)dE

t
< KyEr + Kz/ Eg( sup | X" (w)|*)dE,s + K2EE(sup [ X"(s)]?).
0

u€l0,s] s€[0,t]

Besides, for term I3, by Assumption 3.1, the Burkholder-Davis-Gundy inequality (Jin and
Kobayashi [20]) and Hélder inequality we have

=

2

I < 2¢3‘2EB( [ ot Eu,X”+1<u>,z<xn<u>>>r|2dEu)

< 1IEB( sup | X" (s)]?) +64EB</0 l|o(u, Eu,X"H(u),f(X"(u)))HMEu)

s€[0,t]

< EEB( sup [ X" (s)|?) + 64[(21[33(/0 (14 X" ()2 + WQ(K(X"(u)),doy)dEu)

s€[0,t]

1
< §EB( sup |Xn+1(8)|2> —|—64K2ET

s€[0,¢]

t
+ 64K, / Eg( sup | X" (u)[*)dE, + 64K, ErE( sup | X™(u)]?).
0

u€l0,s] s€[0,t]
Thus we obtain

t
Es(sup |X™(5)?) < Ciaxo Er + Cics / Es( sup |X™ (u)|?)dE.
0

s€[0,t] u€(0,s]

+ Cry ErE(sup X7 (s)]).

s€[0,t]

For n = 0, by the time-changed Gronwall’s inequality [19] and E|Xy|? < co we have

Ep( sup [X'(s)) < (Cic,x + Cro B[ Xo ) Erea®r.
s€[0,t]

Taking Ep on both sides, we have

E( sup |X'(s)]?) < (Craxo + Cr, E(| X0[?)) E(Eper2Pr).

s€[0,¢]

The condition p(0,00) = oo guarantees that the inverse £ of D has a finite exponential
moment, i.e, forall \ e R, ¢t >0
E(e**) < oo.

For any t > 0 and x > 0, by Markov’s inequality, we have
P(E;>s) < P(D(s) <t) = P(efxD(s) >e ™) < extE(e’xD(s)) = ePte™5(®)
it follows that

< 00,

) o .
E(Et)2 = 2/ P(Et > S)SdS < 26mt/ €_S¢(w)8d8 — 9e%t .
’ 0 ¢*(x)
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then by Holder inequality we have

E[sup |X'(5)*] < (Cry xo + O, E|Xo|?) (E[Er]?) 2 [Ee*2Pr]

s€[0,t]

< 0Q.

Assume that the case of n = k is right, we can prove that the assertion holds for n = k + 1
by the same way. Therefore, we know that

]E{ sup |X”(t)]2} <C. (3.3)
0<t<T
Next, we show the sequence {X""1(¢),t € [0,7]},>0 is Cauchy.

By 1to’s formula we obtain

X" () — X))

= 2(X"TH(t) — X" (1), b(t, By, X HH(t), L(X"(1))) — b(t, By, X"(1), L (X"7H(1))) )dE}
+[lo(t, By, X7 (), L(X"(1) — o(t, By, X"(t), Z(X"7(1))|[PdE;
+ (XU L) — X™(1), o (t, By, X™H(t), LX) — ot, By, X"(t), L(X"1(t)))d B, ),

by Itd’s formula, Assumption 3.1, Burkholder-Davis-Gundy inequality (Jin and Kobayashi
[20]) and (2.1) , we have

Eg( sup [ X" (s) — X"(s)[%)

s€[0,t]

<K / Ep [[ X" () — X(s)[2 + Wa(L(X"(s)), L(X"1(5)))?]dE,

+2v32E([ 1X6) = XMoo, B X7 6), Z(X70)

[N

— o(s, Es, X™(s), Z(X"\(s))) szEs)

t
< Kl/ Eg( sup | X" (u) — X"(u)|*)dE,
0

u€(0,s]

LK /OtEB<E( sup |X”(u)—X"‘1(u)|2)>dEs

u€(0,s]

1
+ 3Es( sup |X"(s) - X"(s)]?)
s€0,t]

+ 641[-33(/0 |o(s, By, X" (s), L(X"(s))) — a(s,Es,X"(s),z(X"—l(s)))WdES)

1 t
< —EB( sup |X”+1(s) — X"(s)|2) —|—65K1/ IEB( sup |X”+1(u) —X"(u)|2)dEs
s€[0,t] 0 u€(0,s]

+ 65K EE( sup [X"(s) — X" '(s)]?).

s€[0,t]

\)



Hence, we have

Es( sup [X™"(s) — X"(s)]") < CK1/0 Ep( sup [X""(u) — X" (u)[*)dE,

s€[0,t] u€[0,s]

+ CKIEtIE( sup | X"(s) — X"_1(3)|2),

s€[0,t]
therefore, by the time-changed Gronwall’s inequality [19], it holds that

Ep( sup [ X" (s) — X"(5)[*) < Ci, Ere™“SE( sup [X"(s) — X" (s)]*).

s€[0,t] s€[0,t]
Taking Ep on both sides, using (3.3) and Hélder inequality we have

E( sup [X"*(s) — X"(5)[2) < Cr, BB E( sup [X"(s) — X"Y(s)[).
s€[0,t] s€[0,t]
By Monotone convergence theorem we obtain

limE(E,)? = 2lim sP(E; > s)ds

t—0 t—0 0

= 2/ limsP(E; > s)ds
0

t—0

= 0.

Then we can take to > 0 such that C, EE,eZr%% < Ck, (E[E,)?)2 (E[e2ErCx])z < 7!, we
arrive at

E( sup |X™*(s) = X"(5)[2) < e "E( sup [X'(s) - Xof?)

s€[0,to] s€[0,to]

<2 "E( sup |X'(s)]*) + 2¢"E|Xo|?

s€[0,t0]
< 46_"]E( sup |X1(s)|2),
s€[0,to]

then we have

lim E( sup |[X""'(s) — X"(s)*) = 0.

n—00 s€[0,t0]

Thus {X™" ()}, 18 @ Cauchy sequence in S*(Q; C([0,%0]; R?)) and then the limit, de-
noted by X(¢). By (2.1) we obtain

lim sup Wo(Z(X"(1)), L (X(t))> < lim E( sup [X"(t) — X(¢)]*) = 0.

=00 ¢¢(0,t0] =00 te(0,t0)

It follows from Assumption 3.1 and the dominated convergence theorem imply that P — a.s.

X(t) = Xo + /Otb(s, Eq, X(s),Z(X(s)))dE;s + /Ota(s, Eq, X (s),Z(X(s)))dBg,,t € [0, ).
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Therefore, { X (t) }1cjo,4] is @ solution to (1.1). Since ¢y > 0 is independent of Xy, we conclude
that (1.1) has a solution {X(t)}scp0,1) with

E( sup |X(s)]*) < oc.
s€[0,T]

(IT) Uniqueness.

Assume that (X (t))icio,r) and (Y (t))icp,m are two solutions of Eq.(1.2) with X(0) =
Y (0) = Xo, that is,

X(t) = Xo—i—/o b(s, Es, X(s), L (X(s)))dE;s +/0 o(s, Fs, X(s),Z(X(s)))dBg,,
and
Y(t) = X0+/0 b(s, Es, Y (s), Z(Y(s)))dE +/0 o(s, Es,Y(s),Z(Y(s)))dBg,.

By It6’s formula, we have

dIX (1) = Y(t)* = 2(X(t) = Y(1),0(t, B, X (1), Z(X(1))) = b(t, B, Y (1), Z(Y(1)))) dE,
+ lo(t, B, X(1), Z(X(1) —o(t, B, Y (1), (Y (1)) |” dE;
+2(X (1) = Y(1),0(t, B, X (1), Z(X(1))) = o(t, E, Y (1), Z(Y(1)))dBg,) -

By Assumption 3.1 and Burkholder-Davis-Gundy inequality (Jin and Kobayashi [20]), we
obtain

Ep( sup [X(s) = Y(s)])

0<s<t

< ([ (X0 = Y + WX (0, 2 (5))7)

1
2

+ 2\/3_2EB(/0 X (s) = Y(s)]||o(s, Es, X(5), L(X(5))) — o(ts, Es, Y(S),X(Y(s)))HZdES>
< 65K, /Ot EB(oiggs | X (u) — Y (w)|?)dE, + 65K1E3(/0tE(0i111}<)8 | X (u) — Y(u)’Q)dEs>

L 1Es(sup 1X(s) — Y ()P)

2 0<s<t

< 65K1/0 Egp( sup |X(u)— Y (u)]*)dE, + 65K, EE( sup |X(s) —Y(s)]?)

0<u<s 0<s<t

+ 1IEJB( sup |X(s) = Y(s)"),

2 0<s<t

by the time-changed Gronwall’s inequality, it holds that

Eg( sup [X(s) = Y(s)]?) < Cx, BE( sup |X(s) — Y(s)|?) 1"

0<s<t 0<s<t

11



Taking Ep on both sides, we obtain

E( sup |X(s) —Y(s)]*) < Ci,E( sup |X(s) — Y(s)]*)EEe 1™,

0<s<t 0<s<t
since lim;_,o EE,e“%1F* = 0, we can take a t, > 0 such that CKIEEteCKl Et < 1, then we have

E( sup |X(t) —Y(t)]) = 0.

0<t<to
By the same steps we obtain

Ep( sup |X(s) =Y (s))

to<s<t

< 65K1/ Ep( sup |X(u) =Y (w)|*)dE; 4+ 65K (E; — Ey)E( sup |X(s) —Y(s)]?)

to to<u<s to<s<t

L1 (sup [X(s) — V(o))

2 to<s<t

by the time-changed Gronwall’s inequality, it holds that

Ep( sup |X(s) =Y (s)*) < Ck, (B — Ey,)E( sup |X(s) — Y (s)|?) e P Fro),

to<s<t to<s<t

Taking Ep on both sides, we obtain

E( sup |X(s) = Y()) < CxE[(E — By, )e B P0]E( sup [X(s) ~ Y (s)).

to<s<t to<s<t
Since limy s, Cr, E[(E; — Ey,)ex1(Fi=Fw)] = 0, we can take a t; > t, such that
Cr,E[(E; — Eto)eckl(EﬁEto)} <1,

then we have
E( sup |X(t)—Y(®)]*) =0.

to<t<ty
Thus, repeat the above steps, we have
E( sup |X(¢) =Y (®)]*) =0.

0<t<T
]
Wu [46] provided an It6 formula for stochastic differential equations driven by time-
changed Brownian motions. In the rest of this section, we will extend the It6 formula from
SDEs to DDSDEs driven by time-changed Brownian motions. First of all, we strengthen

the condition (H1) to the following assumption:
(H1')The function b, o satisfy for ¢, € [0,T], t5 € [0,00) and (z, 1), (y,v) € R? x Py(RY)

|b(t1,t2,x,,u) - b(t17t27y7 V)|2 + H0-<t17t27x7/“b) - O-(tht?’y? V)H2 S Kl(’x - y’2 + W2(/“L7 V)2>‘

An interesting problem coming from the work is whether It6 formula can be further improved
in the sense of allowing the coefficient b to satisfy the condition (H1). Our techniques are
currently not enough to give an affirmative answer. We will leave this topic for future work.
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Proposition 3.3 (The generalised Ité formula). Let us denote py = Z(X(t)). Suppose
that the function V : [0,00) x R x P25 (R?) s R belongs to 6,([0,00) x R x Py(RY)).
Then, under conditions (H1'), (H2) and (H3), for any Fo-measurable random variable
with Blxg|? < oo, the following Ito formula holds
V(Eta X(t)a ,ut) - V(O7 o, MO)
t
= [ |0V (B X610 Ve X6 b, X0, 2X(9)
0
1
+ §trace[‘/;m(E8, X(s), po) (oo (s, Es, X (), X(X(s)))]} dFE,

; (3.4)
+E[ / O,V (Er, X (), 1) (X(5))b(s, B, X (5), Z(X(5))

+ %tmce[@u&uV(Et, X(1), 1) (X (5)) (00T (5, By, X (5), .z(X(s)))]dEs]

—i—/o Vi(Es, X (s), o)o(s, Es, X(s), £ (X(s)))dBg,.

Proof. Step 1. Suppose that both b and o are bounded. Fix (F, X) € [0,00) x R? and
define v(u) := V(F, X, ). Now, we prove the It6 formula for v(Z (X (t))).
For any integer N > 1, the empirical projection of v onto R? was defined as the function:

oV (RHY 5 (X1(t), -, Xn(t)) = v(% Zﬁxi(t)) =v(pl),

where we use the notation 7, to denote the unit mass at the point z € R%.
It follows from Proposition 3.1 in [5], we know that v” is C? on R¥¥ and

N
1 1
aXZ.’UN(le T 7XN) = Na,uv (N anz) (X1)7

N
1 1 1 1
a?(invN<X17 . ,XN> = Na“ [8“0 <N anl):| (Xl)ém + m@iv <N ZT}XZ) (X1,7 X])
=1

(3.5)

Denote by {X*(t)}ep.r] @ sequence of independent identically distributed (i.i.d. for short)
copies of {X(t)}ic,r)- That is, for any £ > 1,

dX*(t) = b(t, By, X' (1), L (X (t)))dE, + o(t, By, X (1), L (X (t))dBy,,  t€][0,T],

where B*(-),£ =1,2,--- , N are i.i.d. copies of B(-).
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The It6 formula [[46], Lemma 3.2, Page 4], together with (3.5) yields, Vt € [0, T, P-a.s.
V(X (), X(t) = oM (X1(0), -+, Xn(0))

£ 2 ] BK, B X, £
£ B K ot B X1, 2K )
LZ / traceld,0,0 (i) (X4(5)) (00T) (s, By, X'(s), Z(X"(s)))|dE,

QNQZ [ traccu @)X (), X600 5, B X5, £X (D) E

Taking the expectation on both sides of this equality, we obtain that for ¢ € [0, T
E[o™(Xi(t), -+, Xn(t)] = Ep™(X1(0), -+, Xn(0))]

NZEU A (Y Xf(s))b(s,Es,Xf(s),.,zﬂ(Xf(s)))dES}

+ %;E[/o trace[0,0,v(aY ) (X (s))(o JT)(S,ES,XZ(S),X(XE(S)))]dES]
+ﬁZE[/o trace[0%v( )(Xé(s) XZ( N( )(s, E Xé( ) Z(Xe( )))]dE}

Using the fact that the processes {(X“())ejo.r) }eef1, n} are 1i.d., we deduce that
Ep™ (Xi(t), -, Xn(t))] = Ep™ (X31(0), -, Xn(0))]

+8[ [0l s, £, X1 (0) 200 6)E

+ %E {/0 trace[0,0,v(aY ) (X' (s)) (oo™ (s, Es, X'(s), X(Xl(s)))]dEs]

2N
Next, we take the limit on both sides of the above equality. Note that for any ¢ € [0, T,

—l—L]E[/ traceld-v(fi, )(Xl(s),Xl(s))(aoT)(s,ES,Xl(s),.Z(Xl(s)))]dES].

]P’[ lim W, (i, 11)? = 0} _
N—o0

Then as N — 00, by continuity and boundedness of v, d,v, 0,0,v, and boundedness of 8311,
b and o, it follows from the dominated convergence theorem that

v(Z(X (1)) = v(£(X(0)))
+]E{/ 0 u(& ))b(s,ES,XI(S),Z(XI(S)))dES} (3.6)
+ ;E{/O tracel0,0 U(Z(X(s)))(Xl(s))(JaT)(3,ES,XI(S),X(XI(S)))]LZES}.
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Step II. Supposed that (H1'), (H2) and (H3) hold. We will derive the Ité formula for
v(Z(X(1)))-

For each n € N, we take a smooth function ¢,, : R — R? fulfilling
On(z)

on(z)| < O, [O¢n(2)| < C

x, 2| < n,
0, |z| > 2n,

such that

for some constant C' > 0. Set
bV (t,r, @, ) = b(t, 7, on(x), 1), oM (t,rx, 1) = o(t,r, ¢n(x), 1).
Then as n — oo,
b (t,r, @, p)—=b(t,r,x, ), o™t p)—o(t,r @, ).

Moreover, by condition (H2), we know that 6™ and ¢™ are bounded, and both 5™ and
o™ satisfy (H1"), (H3). Therefore, the following equation

dX™ () = o™ (¢, By, XM (1), LX) (4))dE, + o™ (t, B, X™ (1), L(X™(t)))dBg,, (3.7)

has a unique solution X ™ (¢), where X"(0) = X(0). Then by Step I, it holds that for
t €10,7],

W(Z(XP(1)) = v(L(X™(0)))
+E[ / aw(f(X(”)<s>>><X<”><s>>b<s,Es,X<“><s>,z<x<“><s>>>dEs]

+ %E[/o trace[@uﬁuv(f(X(”)(s)))(X(")(s))(aaT)(s,ES,X(”)(s),.ﬁf(X(")(s)))]dEs}.
(3.8)

Applying the 1t6 formula and Burkholder-Davis-Gundy inequality (Jin and Kobayashi [20])
we have

Ep( sup [X™(s) — X(s)[?)

0<s<t

< zEB( sup / (XP(r) = X (), B0, By, X (1), 2(X (1))

b, By, X (r), $<X(r>>)>da)
L 9E, (oii% / LX) — X (), 0, By, X)), 2(X (1)

—o(r, B, X(r), L(X (r)))dBEJ)

+IEB(/O |6 (r, B, X (r), Z(X™(r))) = o(r, Er’X(n>(r>’g(X(n)(T)))HQdET)
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< (Ba [ 190, X000, LX) = b0 B X ) 2O P
+EB</O Ha(n)(’r, ET,X(H)(T),.,%(X(”)(T»))) —o(r, ET7X(T);$<X<7’)))||2(ZET)

2V, ( / XD = X)), By, X0, LX) ()

=

2

~olr, ET,X<r>,z<X<r>>>H2dET)
v [ 1X00) - X(0)7a,)

< Ci.Es ( / (X (s)) X(s)yws) T Cr BE( sup |X™(s) - X (s)?)

0<s<t

—l—/o Ep( sup |X™ () — X(r)*)dE, + %EB( sup | X ™ (s) — X(s)P),

0<r<s 0<s<t

by Gronwall inequality we have
t
Ea( sup 1X(0) - X(0F) < (CBal [ 1o(X(6) - X()PaE)
<s<t 0
+ O, BE( sup | X™(s) — X(s)\2)> P,

0<s<t

Using ¢,(X)—X for X € RY, and the estimate E ( SUPo</<T ]X(t)|2) < 400, it comes from
the dominated convergence theorem that

t

i [ Ep(j6a(X(s) = X(s)P)dE, = 0.

n—oo 0

Then by Fatou lemma we obtain

lim E( sup X (s) — X(s)]*) <Ep lim Ep( sup XM (s) — X(s)]%)
n—oo

n—0o0 0<s<t 0<s<t
< Cx,EEe” Tim E( sup XM (s) — X(s)]%).
n—oo 0<s<t

Using the method of uniqueness proof, we get

lim E( sup | X ™ (s) — X(s)]) = 0.

n—oo 0<s<t
Moreover, we obtain that
Wo(Z(X ™ (1)), L(X (1)) <E[X™(t) - X(1)]* = 0.

Taking the limit on two sides of (3.8), by the dominated convergence theorem, one can
conclude (3.6).
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Step III. We prove the It formula (3.4). By the It6 formula [[46], Lemma 3.2, Page4| and
(3.6), it holds that

V (B, X(t), ) — V (0,0, o)
=V (L, X(t), pe) = V (L, X (1), o) + V(Ey, X (1), o) — V(0, 20, f10)

-/ t [atszs,X(s),m V(B X(5), 10)b(s, o, X (), Z(X(s)))
byt Va2 X5, ) 0" o, o X(5), 2X D) aF,
+E[ [ 0,V (B X0, 1) CEENMs, B X9, 20X ()
+ %trace[@uE)MV(Et, X (1), us)(X(8))(o0") (s, B, X(5), L(X (s)))]dEs}

-I—/O Vi(Es, X (8), uo)o(s, Es, X(s), £ (X(s)))dBg,.

Remark 3.1 (1) When the time-change E; degenerates into time t, the generalised Ito
formula becomes the Ité formula for distribution-dependent functions provided by [[4],
Proposition 5.102, p.485] and [[13], Proposition A.8].

(2) If V is independent of the measure p, then V € €3([0,00) x R? x P5(R%)) is simplified
to CH2([0,00) x R?) and revelent Ité formula is reduced to the standard Ito6 formula
provided by [46].

4 Stability results

As we know, the stability of solutions of stochastic differential equations has always been a
very important problem. Lyapunov method can help us study various stability of solutions,
but it often needs the help of It6 formula. In the previous section, we have already addressed
generalisation of relevant It6 formula, so in this section, we will study the stability of the
solutions of the time-changed DDSDEs (1.2). Using the Lyapunov method, some sufficient
criteria are proposed to derive stochastic stability, stochastically asymptotical stability and
globally stochastically asymptotical stability of the solutions, respectively. Without loss of
generality, we consider the initial value to be a deterministic constant X (0) = zy € R%. The
initial value being a random variable seems more general but in effect it is equivalent to
having a deterministic constant initial value.

Theorem 4.1 Suppose that there exist a function V (ty, z, 1) € 654 ([0, 00) x S, x P5(RY))
and another function ¢ € K such that for all (to, z, 1) € [0,00) x Sp x P5(RY) :

(1)V (2,0, 80) = 0,
(2)o(|z)) <V (ty, z, 1) for all (ta,x, 1) € [0,00) x S x Po(R?), (4.1)
(3)LHV (tg, x, ) < 0.
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Then the trivial solution of Equ.(1.2) is stochastically stable or stable in probability, where
LMV is defined as follows:

LPV (ta, x, 1)
= 8tzv(t2a z, MO) + va(t% T, MO)b(ta t27 x, :u)

+ %tmce[vm(tg, z, o) (oot (t, Lo, x, )]
+ aHV(EtU X(Et1)> /JJ) (l‘)b(t, lo, @, M)
1
+ §trace[8u8MV(Et1 X (Ey), p)(x) (oo (t, ty, z, 1))

Proof. Choose € € (0,1) and 0 < r < h arbitrary. Owing to the continuity of V' (¢9,z, ) on
[0,00) x Sj, x P5(RY) and V (t5,0, ) = 0, there exists a & = (e, ) > 0 such that

! sup V(0, zo, o) < @(r). (4.2)

€ zpeSy
From (4.2) and the condition (2), we get
0 <r.

Fix any initial value xy € Sy and define the following stopping time
7= 1nf{t > 0: | X (t,20)| > r} (4.3)

and
Up:=kANinf{t >0: \/TTM Vi(Es, X (s), o)o(s, Es, X (), £(X(s)))dBg,| > k}  (4.4)

for k =1,2,---. Obviously, U, — oo as k — oco. Applying the generalised It6 formula in
Proposition 3.3 to Eq.(1.2) yields

V(ET’I‘/\Uk7 X<TT/\Uk>7 MTTAUk) - V(07 Zo, /,60)

_ /Omwc {atQV(ES,X(S),Mo) FVo(Ba, X(s), to)b(s, s, X (s), 2(X(5)))
+ gtracelVa(By, X(5), o) (00™) (s, En, X(s), £ (X (s))] | dE.
+EMMUR 0,V (Er, vy, X (1:AU), 1) (X ())b(s, B, X (s), Z(X(5)))
+ %tmce[auauV(EMUk, X (AU 1) (X () (00T) (5. B, X (). L(X ()] dE.

i / VB X(5), wo)o (s, Ba, X (5), (X ()))dB.
(4.5)

By Kuo [24] and Magdziarz [29], we conclude that
t
[ VB X))o, e X (6), 20X B, 120
0
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is a mean 0, square integrable martingale with respect the filtration G, = Fg,. With the
condition (3) and taking expectations on both sides of Eq.(4.5), we have

EV(ETT/\Uk ) X<TT/\U]€)7 ,U/TT/\Uk>§V(07 Lo, ,uO) (46)

Let kK — o0, then
EV(E,,, X (1), ttr, )<V (0, 20, o).

Since V/ (ta, x, i) is a nonnegative function,

E{V(ETT, X(7,), Mn)l{n@o}}SEV(Em X(13), por ) SV (0, g, po)- (4.7)

By the condition (2), we have

X ()16 <o) < V(B X)) c | (1)

Also since the function ¢ is nondecreasing, by (4.3) and (4.8) we have
[ X(7)[ =7

" SO(T)P{TT < OO}SE{V(EWX(TT), Nﬂ«)l{rr<00}}' (4.9)

Combine (4.2), (4.7) and (4.9), we have

P{’Tr < oo}ge,
]P){Tr = 00}21 — €.

P{| X (t,x0)] <7 forall t >0} > 1—c,

which implies

Equivalently,

so X (t, o) is stochastically stable. This completes the proof. [ |

Theorem 4.2 Suppose that there exist a function V (ty, x, 1) € 651 ([0,00) X Sp, x Po(R?))
and another function ¢ € IC such that
(1>V<t27 Oa 50) = 07
(2)o(|z|) <V (ty, z, 1) for all (ta,x, 1) € [0,00) x S x Po(RY), (4.10)
(3)for any a € (0,h), x € S, — Sa, L'V (to, 2, 1) < —7y(a) a.s.,

where y(a) > 0, and v(a) # 0 when o # 0. Then the trivial solution of Eq.(1.2) is
stochastically asymptotically stable.
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Proof. According to Theorem 4.1, the trivial solution of Eq.(1.2) is stochastically stable.
Thus, for any fixed € € (0,1), there exists a # = 0(¢) > 0 such that

P{|X(t,20)| < h for all t >0} > 1 — g (4.11)

when 2y € Sy. Fix zg € Sp and put 0 < a < 8 < |xp| arbitrarily. And we define the stopping
times as follows:
7, = 1nf{t > 0: | X (t,20)| > h},

To = inf{t > 0: | X(t,x0)| < a}, (4.12)

> k}

TR A\Ta T
Ug:=kANinf{t >0: |/ Ve(Es, X (5), o)o(s, Es, X(s), £ (X(s)))dBg,
0

for k =1,2,---. U, — oo as k — oo, obviously. Applying the generalised It6 formula in
Proposition 3.3 to Eq.(1.2) yields

0< EV(Et/\Th/\Ta/\Uka X(t/\Th/\Ta/\Uk)7 Ht/\Th/\Ta/\Uk)
tATRATQ AU
= V(0, 20, ft0) + E/ LMV (E,, X (s), ts)dE,
0
S V(07 Zo, :U’O) - 7<a)EEt/\Th/\Ta/\Uk7
while for the last inequality we use the condition (3). Let k — oo and ¢ — oo, we have
7(05)EET}L/\TQSV(07 Zo, MO)‘

Since Ey — oo as t — oo and y(a) # 0,

]P’{Th/\Ta < oo} =1 (4.13)

P{Th < oo} <
Thus, we have

1= P{Th/\Ta < OO}S]P’{Th < oo} +IP’{TQ < oo} < P{ra < oo} + g

Consequently,

From (4.11) and (4.12)
(4.14)

(G20 e Y

So we can find a positive constant 6 = #(a) such that

_ 2
P{ra<e}z1—§.
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Besides,

]P’{Ta < T3 N\ 9}

zp{{Ta <O Wm = oo}} = P{Ta < e} - P{{Ta <0} {m < oo}} (4.15)

ZIP’{Ta < 9_} —P{Th < oo} >1- %

Next, we define stopping times as following

' 0
o T, Uf Ta <.Th/\ , (4.16)
oo,  otherwise.
15 = inf{t > 7w : | X (¢, 20)| > B},
TNt (4.17)
- inf{t27r:|/ V(B X (5), p10) (5, Ew, X (), (X (5)))dBr.| > i}
for i = 1,2,--- . Similarly, we have 7, — oo as i — oo. With condition (3) we use the

generalised It6 formula again
EV (Expmat; X (T A 7o A1), planmunt) 2 BV (Ergamamunts X (75 A Ti A Th A L), Bognrynmynt)
foralli=1,2,--- ,and t > 0. Let i — oo and then ¢t — oo,
EV (Exprys X (T ATh), fianry) = BV (Ergnr,, X (78 A Th), frgn, )- (4.18)

Combine (4.16), (4.17) and (4.18),

E{V(Eﬂ/\‘rh: X(ﬂ- A Th)v ,uﬂ/\Th)l{w<oo}} Z E{V(ETBAThu X(TB A Th)u MTBATh)l{Tg<oo} }7

(4.19)
which indicates from (4.15) that

BV (B X0 | 2 VB X0 i ot | (420
Furthermore, we define
B, :=sup {V(tQ,x,u) : (tg, 2, 1) € ]0,00) x S, x yg(Rd)}. (4.21)
By condition (1) we have lim,_,o B, = 0. Thus, we can find a small « such that
Rads B (4.22)

From (4.20), (4.21) and (4.22)

P{{Tﬁ < ool N {m = oo}} < (4.23)
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With the same as (4.15), we can derive

P{{Tg < oo} N{m = oo}}

v
=
—N
=
A

8
N~ ——

|

=
—N
=
A

8
——

(4.24)
> P{Tﬁ <00, — E.
5
From (4.23) and (4.24) we have
2
P{Tg < oo} < 36 (4.25)
Furthermore, combine (4.15) and (4.25) we can derive
]P){’]T<OO and Tg :oo} 21P’{7r< oo} —]P){Tﬁ < oo}
~ 2
Z]P’{Ta <Th/\l9} —gg
> 1 —¢,
which implies
]P’{w s limsup,_, | X (¢, z9)| < ﬁ} >1—e
Finally, since [ is arbitrary, let 3 — 0 to arrive the following
P{w lim [ X (¢, x0)| = 0} >1—e
t—00
This completes the proof. [ ]

Theorem 4.3 Suppose that there exist a function V (ta, z, 1) € €+ ([0, 00) x R? x Py(R?))
and another function ¢ € IC such that

(1) V<t270750> = 07
(2) Q0(|1'|)§V(t2,l‘,ﬂ) fO?“ all (tanaﬂ) € [07 OO) x RY x ‘@Q(Rd)>
(3) for all (to, z, 1) € [0,00) x R? x 25(RY),

lim inf V(ty, x, 1) = 00,

|z| =00 tQEO,MEEQQ(Rd)

(4) for all (ta, z, 1) € [0,00) x R% x P2y(RY),

LMV(tQ,QT,I[L> S _,}/('I) a.s.,

where y(z) > 0, and y(x) # 0 when x # 0. Then the trivial solution of Equation(1.2) is
globally stochastically asymptotically stable.
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Proof. From Theorem 4.1, we know that the trivial solution of Eq.(1.2) is stochastically
stable. To show it is globally stochastically asymptotically stable, we only need to prove

P X(t,00) = 0} = 1,
for all zy € R% In fact, for any zo € R? and arbitrary € € (0,1), from the condition (3),
there exists a sufficiently large A such that

inf V() > 00 k) (4.26)

|z|>h,ta>0,ue Py (RE) €
Define the following stopping time
T, = inf{t > 0: | X(t,z0)| > h}.

With Condition (4), we can use the generalised It6 formula to yield the following

EV(Er nty X(Th A1), pirynt) < V(0,20, to)- (4.27)
By (4.26),
5V (0, zo,
BV (Erpt, X (70 A L), fryne) > %O“O)P{Th < t}. (4.28)
From (4.27) and (4.28) we have
€
]P{Th < t} S g
Let t — o0 c
P{r, < o0} < 5
which implies
P{|X(t,20)| < h for all t >0} > 1 — g (4.29)
According to the proof of Theorem 4.2, (4.29) implies,
P{lim X(t,29) =0} > 1 —e.
t—o0
Since € is arbitrary,
P{lim X (t,z9) =0} =1
t—o0
for all 2y € R?. The proof is complete. n

To end this section, we give an example to explicate our results.

Example 4.4 Let us consider the following one-dimensional McKean-Viasov stochastic dif-
ferential equation driven by the time-changed Brownian motion

dX(t) =0b(t, By, X(t), Z(X(t)))dE: + o(t, By, X (t), Z(X(t)))dBg,, (4.30)
where

b(t, By, X(t), ) = —f(t, Ey) COS(/R ype(dy))| X ()|, o(t, By, X(t), ) = g(t, Ep) X (t),
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with initial value X (0) = xq, where f(t1,t2) and g(t1,ta) are real-valued functions on Ry xR
satisfying the following condition

0 < f(t1,t2),g(t1,t2) < L for all t1,t, € Ry,

with positive constant L. Also, assume f(t1,t3) and g(ty,ts) are measurable with respect to
the filtration G, = Fg,. Let us consider V(Ey, X (t), jy) = (2 + sin( [ yue(dy)))| X (£)|* for
some « € (0, 1), we have

Va(Bv, X(£), pe) = (2 + sin( / ype(dy)))|X (1)1

Vaw (Er, X (1), 1) = aa = 1)(2 + Sin(/]R yhe(dy)) | X (£)]*,

OV (B X (0 ) () = cos( | um(@n)) (O, 0.0,V (B X(0),1)(2) = .
Then
LAV (Ey, X (1), )
= —acos( | yu(dg)) 2+ sin( | ol (6 BIX O

ala—1)

T

(2 + sin / yrio(dy) g (t, B X (D]
— cos?( / yi(d)) f(t, E) / [yl () X (D)X (0)].

Therefore, if

a2 +sind [ ()| “ 50,5 - cosl | putdn) )] <o

and

—COSZ(/RW,:(dy))f(t, Et)/met(dy) <0

hold a.s. for allt, By € Ry, from Theorem 4.1 we know that the trivial solution of Eq.(4.30)
is stochastically stable. If the above inequalities hold strictly, Theorem 4.3 indicates that the
trivial solution of Eq.(4.50) is globally stochastically asymptotically stable.

5 Averaging principle for time-changed DDSDEs

Averaging principle is a powerful and efficient tool in studying of the qualitative properties of
dynamical systems. It has a very rich theory on both deterministic and stochastic differential
equations. Indeed, averaging principle is an effective method for studying dynamical systems
with highly oscillating components. Under certain suitable conditions, the highly oscillating
components can be “averaged out” to produce an averaged system. The averaged system is
easier for analysis which governs the evolution of the original system over long time scales.
The fundamental idea of the stochastic averaging principle is to study complex stochastic
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equations with related averaging stochastic equations, which paves a convenient and easy
way to study many important properties. The theory of stochastic averaging principle
started since the seminal work [22] of Khasminskii who established the averaging principle
for stochastic differential equations driven by Gaussian white noise in a weak sense. There
are many works devoted to extending Khasminski’s classical result to various stochastic
(partial) differential equations (Guo et al [12], Rockner and Xie [39], Rockner et al [41], Xu
et al [47], Hong et al [15], Pei et al [36] just mention a few). Along this line, in this final
section, we want to study averaging principle for DDSDEs driven by time-changed Brownian
motions. Comparing to the classical SDEs driven by Brownian motion, Lévy processes, the
DDSDEs driven by time-changed Brownian motions are much more complex, therefore, a
stochastic averaging principle for such SDEs is naturally interesting and would also be very
useful. The integral formulation of Equation (1.2) involving parameter € € (0,¢) is as
follows:

X(0) = X0+ [ 6B X)L @B+ [ o2 B X (6), (X (9)d B

(5.1)
with the initial value X(0) = x¢ satisfying E|zg|* < oo, where €y > 0 is a fixed real number.

According to Khasminskii type averaging principle ([22]), we consider the following av-
eraged DDSDEs associated with the integral formulation (5.1)

~

X(t) = X0) + /0 b(X(s), 2 (X(s)))dE, + /0 5(X(s),.2(X(s)dBp,,  (5.2)

where the both coefficients b : R* x Po(R?) = R? and ¢ : R x Py(R?) = R are Borel
measurable functions. The DDSDEs (5.2) enjoys a unique solution X (¢) under (H1'), (H2)
and (H3). In addition, we assume that the following holds.

Assumption 5.1 (Averaging condition): For h € [0,T], v € R, u € Py(R?), there exist
positive bounded functions ¢;(h) < C;,i = 1,2 such that

I ,
i [ B ) = b B, < a8+ W),
and .
1
i [ o, B ) = ot ) PAE. < ool + Wi 30)),
where limy, o0 0;(h) = 0,7 = 1,2, and the both b : R? x Py(RY) = R?, & : R? x Py(RY)
RI¥X™ qre Borel measurable functions.

Our main result of this section is

Theorem 5.2 Suppose that (H1'), (H2) and (H3) and Assumptions 5.1 hold. Then for a
given arbitrarily small number 6; > 0, there exist L > 0, ¢; € (0,¢0] and 5 € (0,a—1), such
that for any € € (0, €],

E( sup |X(t) — X (1)} < 6.

te[0,Le—A]
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Proof. For any t' € [0,T], we have

X(t) — X(t)

— ~

= /0 [b(%/,Ei/,Xﬁ(s’),,,%(Xe(s’))) —B(X(s), L(X(s))]dEy 53)

+ [0 B X, 200) = (), L) Bs,

€ €

Let s = %,t = %, (5.3) can be rewritten

A~

X(et) — X (et)

— ~ A~

= (—:0‘/0 [b(s, Eg, X(s€), L(X(s€))) — b(X (s€), L (X (s¢)))|dEs
+ €2 /0 [0(s, By, X(s€), L (X (s€))) — (X (s€), Z(X (s€)))]dBg.,

where we use a-self-similarity of E; and g-self-similarity of Bg,. By Jensen’s inequality, we
have for any 0 < u < T the following

Ep( sup |X(et) — X(et))

0<te<u

A~

< 2¢°Ep (oiigu‘ /0 [b(s, Es, X(s€), L (X(s€))) — l_)(X(se),i”(X(se)))]dEs‘Q)
+26aEB< sup | [ [o(s, By, X(s¢€), L(X(s€))) — J(X(se),f(X(se)))]dBEsF)

0<te<u Jo

= [1 -+ [2.

Next, we estimations [;,7 = 1,2, respectively. For the term I,

t

I < 46*°Fp (&i‘iu‘ 0 [b(s, By, X<(s€), Z(X*(s€))) — b(s, Es,X@@,ﬂ)&@@))}d@;?)

+ 462QE3( sup | [ [b(s, Es, X (s€), Z(X(s€))) — b(X (se), f(X(se)))]dEsF)

0<te<u Jo

=: Iy + Ls.
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By (H1'), (H2) and (H3), Jensen’s inequality and Cauchy-Schwarz inequality, we have
t

I, = 462‘“E3( sup | [ [b(s, Es, X(s€), L (X (s¢€))) — b(s, Es, X(se),f(X(se)))]dESP)

0<te<u Jo

< 462aETEB< sup /0 K1 (| X< (s€) — X (s€)|> + Wy (L (X (s€)), .Z(X(se)))Q)dEs)

0<te<u

t
< 462°‘K1ETEB< sup (/ | X<(s€) — X (s€)|*dE})
0

0<te<u

+ sup (/0 WQ(X(XE(SE)%X(X(SE)))QCZES))

0<te<u

< 462QK1ET(/6 Ep( sup | X (re) — X(re)]Q)dEs)
0

0<r<s

+462QK1ETIEB(/E E( sup |X“(re) —X(r€)|2)dEs>,
0

0<r<s
where the last inequality uses the following fact
Wal Z (X (re)), L (X (re)))? < E|X(re) — X (re)[*.

By Holder formula and Assumption 5.1, we can get

t

Iy = 48&1&9( sup | [ [b(s, Es, X (s€), Z(X(s€))) — B(X(se),z(X(se)))]dESF)

0<te<u J0

§462aETEB< sup /0 \b(s,Es,X(se),g(X(se)))—b(X(se),z(X(se)))\ZdEs>

0<te<u

< 401620‘_1ETU<EB( sup |X(se)|2) + E( sup |X(se)|2)),

0<s<¥ 0<s<Y

where we use the fact that Wy(Z(X (s€)), dy) < E|X (s€)|2. Next, for the term I, we have

t

I = 2ea1EB< sup | [ [(o(s, Es, X(s€), Z(X(s€))) — 0 (s, B, X (s€), Z(X(s€))))

0<te<u J0

+ (0(s, B, X (s€), L (X (s€))) — 7(X (s€), Z(X (se€))))]dBg, 2>

< 4B (oi?ﬁiu’ 0 (o(s, By, X<(s€), L(X(s€))) — o (s, By, X (se€), L (X (s€))))dBp, 2)

+ 460@3( sup | [ (o(s, By, X(s€), (X (s€))) — U(X(Se),Z(X(se))))dBEs|2)

0<te<u J0
= [21 + 122.

By (H1'), (H2) and (H3) and the Burkholder-Davis-Gundy inequality (Jin and Kobayashi

27



20]), we get

Iy = 4€¢“Ep (oiigul i (o(s, Ey, X<(s€), L(X(s€))) — 0 (s, Ey, X (s€), L (X (s¢€))))dBp, 2)

u

< 460‘K1b2EB(/06(|X6(se) — X(se)]* + WQ(X(XG(SG)),X(X(se)))Q)dEs)

< 46"‘K1b2( /O ‘ EB(OSQ:EJ X<(re) — X(re)]?) + Osggswgw( Xe(re)),,?(X(re)))QdEs>

u

< 4 Kb, / "Ep( sup |X(re) — X(re)|]?)dE, + 4€* K by ErE( sup |X(te) — X (te)]?),
0

0<r<s 0<t<y

where the positive constant by comes from [20]. According to Assumption 5.1 and the
Burkholder-Davis-Gundy inequality, we derive

Iy = 46“EB( sup | [ (o(s, By, X(s€), Z(X(s€))) — 5(X(se),X(X(se))))dBESP)

0<te<u J0

< 4€°byEp ( /O |0 (s, Es, X (s€), Z(X(s€))) — 7(X (se), f(X(se)))HQdES)

g4ea—1b202uEB( sup | X (s€)|?+ sup Wz(g()z(se)),ao)2>

0<s<Y 0<s<Y

§4Cgea1b2u<EB( sup | X (se)?) + E( sup \X(se)\2)>.

()<5<“‘ “<9<u
— — € — — €
Ihen we ha\/e

Ep( sup [X“(et) — X(et) ")

0<te<u

< (46K 1 Ep + 4" K1 by) (/0 Eg( sup | X(re) — X(re)]Q)dES)

0<r<s

+ (4 K Br? + 4e* K b Er)E( sup | X<(te) — X (te)]?)

0<te<u

+ (4C1 € Epu + 4Co¢* ' bou)E ( sup |X'(se)|2)

0<s<®
- — €

+ (4C1 € Epu + 4Co¢* bou)E( sup ]X'(se)|2),

0<s<%
by Gronwall inequality we have

Eps( sup | X(et) — X (et)]?)

0<te<u

< Ae* K1 Br® +4e* Kibo By ({862O‘K1ET2 + 8¢*K by Er}[E sup | X€(t)]* + E sup X(t)|2]
0<t<T 0<t<T
+ {4C1 € Epu + 4C5e*  hou}Eg( sup | X (1)[?)

0<t<T

+ {4C, 2 Eru 4 405 thyu} E( sup |X(t)|2)) .

0<t<T
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Selecting 8 € (0,a — 1) and L > 0 such that for any ¢ € [0, Le ] C [0, L] and taking
Ep on both we have

E( sup [X<(et) — X(et)]?)

0<te<u

< Ea—ﬁ—lED [6462aK1ET2+4eaK1b2ET ({8e“+ﬁ+1K1ET2 + 8eﬁ+lKlb2ET}

x [E sup | X()] +E sup X(t)|?] + L{4C e Ep + 4C3b, }E5( sup | X (8)]?)

0<t<T 0<t<T 0<t<T

+ L{4C e" Er + 4C3bo }E( sup |X(t)|2))}

0<t<T

2
S Ea—ﬁ—l (E(egegaKlET2+8€8K1b2ET>> |:]ED ({8€g+5+1K1ET2 + 86€+1K162ET}

x [E sup |[X()] +E sup X(t)|?] + L{4C1eS Er + 4C3by }Ep( sup | X (1))
0<t<T

0<t<T 0<t<T

273
t L{ACLE By + 40y, sup |f<<t>|2>) ]
0<t<T

S Eafﬁfl (E{€8530K1ET2+868‘K11)2ET}) |:2E ({8686+ﬂ+1K1ET2 _'_ 8€€+1K1b2ET}

2
x [E sup |X(t)] + E sup X (¢)|}] + L{4C 5 Er + 4C5b, }E( sup |X(t)|2))

0<t<T 0<t<T 0<t<T

273
+ QED (L{40168ET + 402b2}]EB< sup ’X<t>’2)) :|

0<t<T
a—pB-1
< e ;

the constant

1
2a @ 2
5 = (]E{€860 KIET2+8€0 KleET}> |:2]E ({8€g+6+1K1ET2 + 8€g+1K1b2ET}

2
x [E sup | X(t)> + E sup X (t)|?] + L{4C e Er + 4C5b, }E( sup |X(t)]2))

o<t<T 0<t<T 0<t<T

273
+2E, <L{40168ET +4Csb}Ep( sup |X (t>|2)) } :

0<t<T

Consequently, for any given d; > 0, there exists a €; € (0, ¢ such that for each € € (0, €]
and t € [0, Le 7], A
E( sup |X(t) — X(t)]*) < 6.

t€[0,Le—#) N

This completes the proof. [ ]

Corollary 5.3 Suppose that (H1'), (H2) and (H3) and 5.1 hold. Then for a given number
dy > 0, there exist L > 0, ¢; € (0,¢] and f € (0,0 — 1), such that for any € € (0, €],

limP( sup | X<(t) — X(2)] > 52) = 0.

=0\ te[0,Le5]
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Proof. This result can be verified by Chebyshev’s inequality and the result of Theorem 5.2.
[ |

Example 5.4 We consider the following distribution dependent stochastic differential equa-
tions driven by time-changed Brownian motions:

dxc(t) :/0 [z Cos2(E§) +Sin(/R yu(dy))]dE; —I—/O AdBg,, te€l0,T]

with initial value x(0) = 0 and XA € R being a constant. For this equation, we have

E €

P B (), ) = a*cos? () + sin | )

t
g(g: Ezvlﬁ(t)v/vb) = A

Let
f((s / f(s, Eg, 2%(s), p)dE;
1 2F
:(_E1+SID 1 )z —l—Elsm/yu
2 4 R
and

9(&(s),v) = A,
We have the following corresponding distribution dependent averaged stochastic differential
equations driven by time-changed Brownian motions:

11 2F o f*
di(t) = 604/ {(§E1 n sm4 1)x + Fy sm(/ yv(dy))} dE, + €2 / AdBg,.
0 R 0

Clearly, Assumptions 3.1 and 5.1 are satisfied, therefore, Theorem 5.2 and Corollary 5.3
hold for this example.
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