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Abstract

Understanding the evolution of the universe from its earliest configuration to its present state requires

an understanding of strongly coupled systems such as QCD. Many interesting components of QCD

such as confinement and chiral-symmetry breaking can only be understood using first principles

non-perturbative methods such as lattice field theory. The energy-momentum tensor is key within

QCD thermodynamics, containing information on the equation of state and transport properties such

as specific heat and viscosity. Defining the energy-momentum tensor on the lattice is challenging,

however it has been made obtainable recently by using a tool known generally as gradient flow.

This has been used in order to compute thermodynamic quantities on the lattice, however due to

the isotropy of the involved lattices, obtaining fine temperature sampling can be difficult. This

work implements the gradient flow method for obtaining thermodynamic quantities from the energy-

momentum tensor, by using an anisotropic lattice, which as far as the author is aware is the first

example of such, and thus provides the novelty of this work. Another application is to compute the

topological susceptibility, which is important for axion cosmology, and related to both the strong CP

problem and dark matter, again for the first time using an anisotropic lattice for Nf = 2 + 1 QCD.
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3.7 < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.55.
This data is for the Nt x N3

s = 8 x 323 ensemble. . . . . . . . . . . . . . . . . . . . . . 62
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Chapter 1

Motivation and Context

In the early universe, roughly 10−5s after the big bang, space was filled with a deconfined state of

matter composed of asymptotically free quarks and gluons, known as the Quark Gluon Plasma. As

the universe expanded and thus cooled, a transition occurred into a confined state of hadronic matter.

Understanding how this strongly interacting matter behaves under such conditions is important for

explaining how the universe evolved into what is seen today, and is of interest to cosmology and astro-

particle physics. Such conditions are probed experimentally at facilities such as the Relativistic Heavy

Ion Collider which collides nuclei as heavy as gold, and the Large Hadron Collider which collides

heavier nuclei such as lead. From the theoretical side of the coin, much of the work is done using

hydrodynamics, which requires the input of thermodynamic quantities. These quantities require the

use of non-perturbative first principles methods, with the predominant method being lattice field

theory.

Initial attempts to compute thermodynamic quantities on the lattice involved using the known equa-

tions of statistical mechanics, and reformulating them in terms of actions rather than partition func-

tions, the latter of which is not a-priori known on the lattice. These methods, such as the derivative

method and the integral method, require many simulations in a large multi-dimensional parameter

space, and are thus very computationally expensive. The ideal scenario would be to directly compute

the energy-momentum tensor on the lattice, and thus have direct access by first principle calculations

to thermodynamic quantities for high temperature QCD.

Alas, this is a significantly difficult task in itself, as whilst the lattice formulation of quantum field

theory respects gauge invariance, it explicitly violates Lorentz invariance which is only regained when

taking the naive continuum limit. The energy-momentum tensor is the conserved Nöether current

of translational invariance, which is violated on the explicitly discrete lattice. Determining a correct

definition of the energy-momentum tensor thus poses a significant challenge.

However a new tool has emerged in recent years, which has been used on the lattice to help with

several problems, from scale setting, filtering ultraviolet fluctuations, and dealing with issues of

renormalisation. This tool, known as Yang-Mills gradient flow has been used in order to define the

energy-momentum tensor on the lattice, allowing for QCD to be more readily explored. In particular
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Chapter 1: Motivation and Context

an approach based on the small flow-time expansion has been used to great success.

Anisotropic lattices [1, 2], with different lattice spacings in the spatial and temporal directions are

often employed in order to achieve fine sampling of the temporal direction whilst keeping the sampling

in the spatial direction relatively coarse. This enables fine sampling of temperature, whilst avoiding

the accumulation of small volume errors, and without incurring unacceptable computational expense.

This is particularly important when studying temporal correlation functions which decay rapidly, as

a sufficient temporal sampling can then be obtained without facing issues of small volume effects

(rapid signal decay), permitting a more accurate determination of large masses [3].

One of the original motivating factors behind anisotropic lattices is that larger bare quark masses,

mq, result in uncontrolled systematic errors for a > 1/mq when using the naive action that one might

use for the lighter quarks [4–6]. One common method to get around this is the lattice implementation

of what is known as Non-Relativistic QCD (NRQCD) which is valid for a > 1/mq. NRQCD describes

a low energy effective field theory, with the action expanded in powers of lattice spacing a and powers

of the heavy quark velocity v2. One of the difficulties of NRQCD is that the very requirement that

makes it interesting for heavy bare quark mass, a > 1/mq, also makes a continuum extrapolation

difficult.

Another common approach to this issue is the heavy-relativistic approach, also known as the Fermilab

approach, which utilises interactions from both the low and high mass limits in such a way that large

masses can be viewed in a non-relativistic manner, whereas the light masses result in the more

familiar Wilson action. The down side is that the improvement coefficients for heavy quarks are now

mass dependant.

The anisotropic lattice allows for the condition atmq < 1 to be met whilst asmq ≈ 1, avoiding the

need for either of these specialised approaches and side stepping the original issue that the isotropic

lattice experienced. Anisotropic lattices are thus well placed for heavy quark studies [7, 8], as well

as other topics such as the glueball spectrum [9, 10]. The down side is that there are now more

parameters that require tuning.

The focus of the FASTSUM collaboration is to study the hadronic spectrum and transport prop-

erties of QCD at non-zero temperature. For this the group utilises an anisotropic lattice, although

use of other methods such as NRQCD are employed also. A broad sample of the work from the

FASTSUM collaboration can be found in the following references [11–18]. A long term major goal

of the collaboration is to non-perturbatively compute the QCD viscosity with a good sampling over

temperature. One of the possible approaches to this is to compute the correlation function of the

energy-momentum tensor on the lattice [19–22], which can be obtained via the gradient flow method.

It is hoped that due to the anisotropic lattice, the viscosity should be better sampled across tem-

perature than for the isotropic lattice computations performed by other groups. The motivation for

the work presented within this thesis is to serve as an initial feasibility study by looking at various

thermodynamic properties computed using gradient flow on the FASTSUM anisotropic lattice setup.

The focus will be on the expectation value of the energy-momentum tensor, providing information on
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the energy and pressure as functions of temperature. The topological susceptibility is also of interest

in cosmology [23], and will be used as a second test of the gradient flow on the anisotropic lattice.

The key objectives of this work are to try the new technology of the gradient flow on the FASTSUM

configurations so as to determine their suitability for thermodynamic studies, and to perform the

first thermodynamic computations in full Nf = 2 + 1 QCD on the anisotropic lattice.

This thesis is organised as follows: In chapter 2 the prerequisite content for studying QCD on the

lattice is covered, as well as the specific details for the lattice setup of the FASTSUM collaboration,

and the initial introduction to the gradient flow. Then chapter 3 covers the validation test for the

anisotropic gradient flow within the OpenQCD-FASTSUM code base, using the Gen2L configuration

data, and provides the results for tests of numerical stability for the parameters of interest. In

chapter 4 the background content for the lattice determination of the energy-momentum tensor is

covered along with the topological susceptibility, and the main results for this thesis are provided.

Finally chapter 5 will provide a brief summary of the results and consequences of the work presented

within this thesis, and will discuss the next steps in this line of work.

– 4 –



Chapter 2

Theoretical Prerequisites

The Standard Model of particle physics is currently the best description for the fundamental inter-

actions within the universe, and is described at high enough energies by the gauge group SU(3)C ×
SU(2)L × U(1)Y . In the early moments of the universe, as the energy density decreased due to ex-

pansion, approximately 10−12 s after the big bang the Higgs potential was spontaneously broken and

the Higgs field developed a non-zero vacuum expectation value (VEV). Consequently the electroweak

symmetry SU(2)L × U(1)Y was spontaneously broken, resulting in the mixing of the coupling con-

stants and the resultant weak gauge bosons being massive. This spontaneous symmetry breaking is

also responsible for the leptons acquiring their mass, as in the earliest moments of the universe they

were massless. The current state of the universe is thus such that the fundamental interactions are

described by the exact gauge symmetry SU(3)C×U(1)EM , and the broken gauge symmetry SU(2)L.

Every particle within the standard model must transform under some representation of each of the

above subgroups, even if only trivially. The fundamental matter components are the 12 spin 1/2

Fermions, composed of 6 leptons and 6 quarks, both of which are split into 3 generations;
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with the first three doublets being the three generations of leptons, followed by the three generations

of quarks. All of the doublets are left handed due to the SU(2)L weak interactions only acting on

left handed matter1. The leptons carry weak charge, with the electron, muon and tau also carrying

electric charge. The quarks carry weak, electric and strong charges. There is one type of electric

charge, two types of weak charge and three types of strong charge.

The forces are mediated by the gauge bosons, with the photon mediating U(1)EM interactions, the

W± and Z0 bosons mediating the SU(2)L interactions and the 8 gluons mediating the SU(3)C inter-

actions. For every particle within the standard model their exists a corresponding charge conjugated

1Strictly speaking the right handed matter transforms trivially under SU(2)L and is thus in a singlet state. Similarly,
the weak interactions only act non-trivially on right handed anti-matter, with the left handed anti-matter transforming
trivially as a singlet.
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antiparticle which is identical except for opposite quantum numbers, with some particles acting as

their own antiparticle. The properties of these fundamental particles are presented in table 2.1.

Particle Spin
Electric
Charge

Mass
Gev/c2

W± 1 ±1 80.379(12)
Z0 1 0 91.1876(21)

Photon (γ) 1 0 0
Gluon (g) 1 0 0

Higgs boson (H) 0 0 125.10(14)
Electron (e) 1/2 -1 0.5109989461(31)·10−3

Muon (µ) 1/2 -1 105.6583745(24)·10−3

Tau (τ) 1/2 1 1.77686(12)
Electron neutrino (νe) 1/2 0 -
Muon neutrino (νµ) 1/2 0 -
Tau neutrino (ντ ) 1/2 0 -

Up (u) 1/2 2/3 2.16(+49)(-26) ·10−3

Down (d) 1/2 −1/3 4.67(+48)(-17) ·10−3

Strange (s) 1/2 −1/3 93(+11)(-5) ·10−3

Charm (c) 1/2 2/3 1.27(2)
Bottom (b) 1/2 −1/3 4.18(+3)(-2)

Top (t) 1/2 2/3 172.9(4)

Table. 2.1: Basic properties of the fundamental particles of the standard model of particle physics
[24].

The term model suggests that there are external inputs that cannot be determined by the underlying

mechanics framework. There are in-fact 25 input parameters, corresponding to; the mass of the 6

leptons, the mass of the 6 quarks, the Higgs mass, the electric, strong and weak couplings constants

(ge, gs, θw), the 4 CKM matrix mixing angles, the 3 neutrino mixing angles, one phase and the

Higgs field amplitude2. The framework underpinning the Standard Model is Quantum Field Theory

(QFT), which is the combination of relativistic and quantum mechanical frameworks, specifically

utilising a field theoretic description.

The Standard Model predictions have been vindicated by many experiments, from the prediction

and discovery of the Higgs boson to that of the anomalous magnetic dipole moment of the electron.

However, despite tremendous success to date, it is clear that the Standard Model in its present

formulation can not be the final description of nature on the most fundamental level. In its present

incarnation the Standard Model fails to explain the matter-antimatter asymmetry, the nature of dark

matter and dark energy, the equal magnitude for the charge of the proton and electron and then

there is the issue of the large disparity in coupling for the three forces at low energy. Perhaps the

largest issue is that there is no mention of one of the fundamental forces, with the gravitational force

absent due to the complexities of a quantum formulation.

2The Higgs field is actually a doublet with components φ1 and φ2, which are rotated under weak interactions.
The Higgs field amplitude is v = 246 GeV, and is the vacuum expectation value of the non-zero component after
spontaneous symmetry breaking, with φ1 = v and φ2 = 0. The field amplitude can be expressed in terms of the
couplings of the Higgs Lagrangian density −µ2(φ2

1 + φ2
2)/2 + λ2(φ2

1 + φ2
2)2/4, with v = µ/λ [25].
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Furthermore the Standard Model is believed to be an effective theory describing the degrees of

freedom that are relevant on the length and energy scales that we currently have experimental access

to. It is believed that the electroweak sector SU(2)L × U(1)Y is valid only up to some cutoff energy

scale. This is similar to non-relativistic QFT which is utilised within condensed matter physics

acting as an effective theory to standard (relativistic) QFT, where the theory correctly describes the

degrees of freedom which are relevant to physics at the energy and length scales of condensed matter

systems. The standard model effective theory is expected to be replaced at energies on the Plank

scale with a theory that involves some formulation of gravity with quantum mechanics, with two of

the main present candidates being string theory and loop quantum gravity. However SU(3)C which

is the gauge group of Quantum Chromodynamics (QCD) is in principle valid up to arbitrary energy

scales and is in fact a very well tested theory.

2.1 Continuum QCD

The fundamental constituents of QCD are the gluon fields Aaµ and the quark fields ψiαf .The gluon

fields sit in the adjoint representation of SU(3)C , and as such the colour index takes the values

a = 1, ..., N2
c −1, whereas the quark fields sit in the fundamental representation and thus i = 1, ..., Nc.

Moreover the quark fields are endowed with a flavour index f = 1, ..., Nf and also a spinor index

α = 1, 2, 3, 4, whilst the gluon gauge fields possess a Lorentz index µ = 0, 1, 2, 3. Physical QCD

contains three colour charges called red, green and blue, for reasons that will be explained shortly,

and thus Nc = 3. Furthermore there are six quark flavours; up, down, strange, charm, bottom and

top, and hence Nf = 6.

In the 1950’s the strong nuclear force had become a hot bed of frustration for physicists with a large

number of new particles being discovered, with a clear need for some form of classification. The

particles were initially classified based on their isospin, and subsequently by the eight fold way of

Gell-Mann [26], who would later suggest that these particles were made up of more fundamental

matter which he named quarks. As is turned out, the groundwork had already began in 1954 for the

modern description of the strong force, that being Yang-Mills (YM) theory which describes the gauge

degrees of freedom for QCD. However it wasn’t immediately clear that YM theory was applicable

to the strong interactions, with one of the first key steps in this story being the work of ’t Hooft

and Veltman in 1972 showing that YM theory was renormalisable and could thus give meaningful

predictions to compare against experiment [27]. Furthermore in 1973 it was independently shown

by Wilczek and Gross [28], and also by Politzer [29], that the running of the coupling constant with

energy scale is in fact a feature of QFT. In the context of the strong interactions this results in

asymptotic freedom whereby the quarks interact so weakly at large enough energy scales so as to be

essentially quasi-free particles with negligible strong interacts. Consequently an asymptotically free

QFT could describe the strong interactions at sufficiently high energy, whence YM theory became

a candidate as it meets the requirement of being asymptotically free. The deep inelastic scattering

experiments of the 1960’s had convinced many that Gell-Mann’s quarks may be real. However the

– 7 –



Chapter 2: Theoretical Prerequisites

observed production rates in electron anti-electron collisions of hadrons versus muon anti-muon pairs

was three times larger than anticipated, suggesting that there were three times as many quarks than

previously believed. This triplicate of quarks were identical in all ways, including electric charge

and mass, except for some new feature that distinguished them from one another. It was later

realised that quarks only exist in certain combinations of this distinguishing feature, and thus this

characteristic would be named colour charge3. It is this symmetry of the three types of quarks that

would reveal the required exact gauge symmetry which YM theory required in order to describe

the strong interactions, and would thus reveal the gauge group of QCD to be SU(3)C , where the

subscript makes explicit the symmetry being with respect to the colour charge rather than quark

flavour.

Further evidence for the existence of colour charge came from the discovery of the ground state ∆−,

∆++ and Ω− spin 3/2 Baryons, which have three down, up, and strange quarks respectively. The Pauli

exclusion principle prohibits multiple Fermions from existing in the same state, and thus indicates

that there must exist some additional characteristic with at least three possible values which permits

these Fermions to exist in different states. The aforementioned production rates showed three types

of quarks, implying that there are in fact precisely three colour charges and that quarks must each

carry a single colour, otherwise in each case there would be more than three types of quark. It is clear

from the fact that this colour charge doesn’t appear in most experiments that all observed bound

states must be colour singlets, which are invariant under SU(3)C transformations. This is known

as colour confinement whereby no individual long lived colour charged particle may exist in nature.

The reason for the gauge group not being U(3) is that this would require the existence of a long

range gluon, which would in turn endow the strong nuclear interaction with a long range component

which is not observed in experiment. This is another expression of colour confinement as the gluons

are themselves carriers of colour charge and thus can’t exist as free particles. Furthermore, given

that there are three colour charges, the observation of Mesons which are two-quark bound states

suggests that in order for these bound states to be colour singlets, they must contain one colour and

a corresponding anti-colour. Subsequently, the gluons must then be bi-colour and must themselves

carry one unit of colour and one of anti-colour in order to mediate the interactions within the Meson.

The YM Lagrangian density for QCD4 is shown here with the Minkowski metric;

Lgluon = −1

4

N2
c−1∑
a=1

F µν
a (x)F a

µν(x), (2.2)

3The term colour charge is inspired by the observation that all observable particles which are charged under SU(3)C
exist in bound states which possess zero net colour charge. The name is in analogy to sunlight, which contains all
wavelengths of light and yet appears to be colourless overall.

4For the sake of clarity it should also be stated that the gauge field Aµ for QCD (Nc = 3) is thus a 4 component
Lorentz vector, with each of those components themselves being an 8 component colour vector. Likewise, the quark
field (dropping the flavour index f for a moment) ψiα is a 3 component colour vector, with each of those components
themselves being a 4 component spinor. The inclusion of the free flavour index f further highlights that the expression
holds true for each of the 6 quark flavours, all of which contribute to the Lagrangian density.

– 8 –



Chapter 2: Theoretical Prerequisites

with the field strength tensor components5 F a
µν(x) given by;

F a
µν(x) = ∂µA

a
ν(x)− ∂νAaµ(x) + gfabcAbµ(x)Acν(x), (2.3)

where fabc are the structure constants for SU(3). The QCD Lagrangian density is then given by;

LQCD = Lgluon + Lquark, (2.4)

where the fermion matter is described by;

Lquark =

Nf∑
f=1

Nc∑
i,j=1

4∑
α,β=1

ψ̄iαf (x)(i /D
ij
αβ −mfδijδαβ)ψjβf (x), (2.5)

with bare mass mf . The gauge covariant derivative6 is given by;

/Dij,αβ = γµαβ(∂µδij + igT aijA
a
µ(x)) : T aij =

λaij
2

, (2.6)

with g being the bare coupling constant for the strong force, Aaµ(x) ∈ R and T aij being the SU(3) Lie

algebra generators which include the Gell-Mann matrices7 λaij. The structure constants also relate to

the generators T a via the Lie algebra where from this point on the spinor, flavour and colour indices

will be omitted for simplicity whenever there exists no ambiguity;

[T a, T b] = ifabcT c : Tr(T aT b) =
1

2
δab, (2.7)

with the latter being a normalisation convention. The hermitian and traceless Lie algebra generators

are related to the Lie group elements Ω8 through the exponential map, specified here for SU(3)C ;

Ω ≡ Ωµ = eiT
aAaµ ∈ SU(3)C , (2.8)

where the group elements are unitary 3x3 matrices with unit determinant;

Ω†Ω = ΩΩ† = 1; detΩ = 1. (2.9)

5The field strength is related to its components via Fµνij(x) ≡ Fµν(x) = F aµν(x)T aij , where the fundamental
representation colour indices i, j are typically omitted for the field strength tensor Fµν . The field strength tensor can
be thought of as a 4x4 matrix in spacetime (hence Lorentz indices µν), with each component being a 3x3 matrix in
the fundamental representation of colour space.

6As with the fields, the indexing /D
ij
αβ should be understood as a 3x3 colour matrix, whose components are themselves

4x4 spinor matrices. The terms colour matrix and spinor matrix refer to the space in which the matrices act non-
trivially, with a trivial effect to objects or indices belonging to any another space.

7It should be noted that the gauge field Aµ(x), which is a Lorentz vector, is related to the Gell-Mann matrices
via Aµ(x) = Aaµ(x)T aij , and that each element of the Lorentz vector is thus a 3x3 traceless hermitian matrix in colour
space.

8Note that eq. (2.8) is actually four equations in one, with one equation for each of the Lorentz vector indices.
From this point on the Lorentz index µ will be dropped with the tacit understanding that one arbitrary value of the
Lorentz index is being discussed at a time.
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The Dirac matrices γµ in eq. (2.6) are defined through an anti-commutator relation via the Clifford

algebra;

{γµ, γν} = −2ηµνI4 : γµ = ηµνγ
ν , (2.10)

where I4 is the 4x4 identity matrix, ηµν is the Minkowski metric with signature (− + ++) and the

exact form of the matrices γµ depends on the choice of basis.

The statement that QCD is described by the SU(3)C gauge symmetry is precisely the requirement

that the Lagrangian density LQCD be invariant under the simultaneous local transformations for the

quark and gluon fields;

ψ(x)→ ψ
′
(x) = Ω(x)ψ(x), (2.11)

ψ̄(x)→ ψ̄
′
(x) = ψ̄(x)Ω†(x), (2.12)

Aµ(x)→ Ω(x)Aµ(x)Ω†(x)− iΩ(x)∂µΩ†(x), (2.13)

where eq. (2.12) is the transformation rule for the anti-quark field, which is given by ψ̄ ≡ ψ†γ0. The

quark field is expressed as a colour triplet of quarks which are equal in all but their colour charge;

ψ =

ψrψb
ψg

 , (2.14)

where the subscripts represent the colour charge that the given quark possesses , which again are

referred to as red, blue and green. The global SU(3)C gauge symmetry results via Nöether’s theorem,

in 8 independently conserved quantities (the gauge field components Aaµ), one for each of the Lie

algebra generators T a. However only two of these T a are Cartan generators, that is, those generators

which are diagonal. Moreover it is only for diagonal generators that all three components of the

quark colour triplet ψ can have have a definite value assigned, as the components ψr,ψb and ψg

aren’t eigenstates of the other generators. In one particular choice of basis for the SU(3) matrices,

the Cartan generators are given by9;

T3 ≡
λ3

2
=

1

2

1 0 0

0 −1 0

0 0 0

 , T8 ≡
λ8

2
=

1

2
√

3

1 0 0

0 1 0

0 0 −2

 , (2.15)

with the corresponding eigenvalue equations;

(T3, T8)

1

0

0

 =

(
1

2
,

1

2
√

3

)1

0

0

 , (2.16)

9The placement of the colour indices as being upper or lower is arbitrary and means the same thing in each instance,
unlike with the Lorentz indices where the placement is significant. This could be phrased as the metric on the colour
space being the identity.
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(T3, T8)

0

1

0

 =

(
−1

2
,

1

2
√

3

)0

1

0

 , (2.17)

(T3, T8)

0

0

1

 =

(
0,
−1√

3

)0

0

1

 . (2.18)

The Cartan generators commute, and as such all three eigenvectors of the triplet are each simulta-

neous eigenstates of T3 and T8. Consequently these eigenvalue pairs, which are conserved quantities,

are used to label particles. The eigenvalue pairs in eq. (2.16), eq. (2.17) and eq. (2.18) are precisely

the labels that are used to specify red, blue and green colour charge. Due to the eigenvector basis

being orthogonal the triplet can be either in a definite eigenstate of colour or a linear combination

of all three colours. It is prudent to note that these values do not constitute three values of the

same colour charge, but rather three distinct types of charge. Furthermore, all colour charge neutral

particles are assigned colour singlet states, which transform trivially under SU(3)C .

The gluons transform under the adjoint representation of SU(3)C , and are composed of a linear

combination of the bi-colour octet states;

|1〉 =
1√
2

(rb̄+ br̄), |2〉 =
−i√

2
(rb̄− br̄),

|3〉 =
1√
2

(rr̄ − bb̄), |4〉 =
1√
2

(rḡ + gr̄),

|5〉 =
i√
2

(rḡ − gr̄), |6〉 =
1√
2

(bḡ + gb̄),

|7〉 =
−i√

2
(bḡ − gb̄), |8〉 =

1√
6

(rr̄ + bb̄− 2gḡ),

(2.19)

where each basis vector transforms non-trivially under SU(3)C , irrespective of the overall colour.

Colour confinement requires the quarks and gluons to exist in bound states, which come in quark

anti-quark pairs called Mesons or triplets of quarks or anti-quarks called Baryons. In each instance

the bound state must be in an overall colour singlet state, which for integer spin Mesons is given by

the symmetric colour combination;

|singlet〉 =
1√
3

(rr̄ + bb̄+ gḡ), (2.20)

and for half-integer spin Baryons it is given by the anti-symmetric combination;

|singlet〉 =
1√
6

(rgb− rbg + gbr − grb+ brg − bgr). (2.21)

Furthermore Gell-Mann showed that the spin 1/2 Baryons can be organised into an octet based on
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a separate SU(3) vector flavour symmetry, fig. 2.1, and the spin 3/2 Baryons can be organised into

a decuplet, fig. 2.2.

n p

Σ− Σ0 Λ0 Σ+

Ξ− Ξ0

s = 0

s = −1

s = −2

Fig. 2.1: Baryon octet for spin 1/2 particles.

∆0 ∆+

Σ∗−
Σ∗0

Σ∗+

Ξ∗− Ξ∗0

∆− ∆++

Ω−

s = 0

s = −1

s = −2

s = −3

Fig. 2.2: Baryon decuplet for spin 3/2 particles.

The octet contains three rows, where the inhabitants of a given row contain a given number of strange

quarks10 and have a very similar mass. This is made explicit by the corresponding data within

table 2.2 and table 2.3. Similarly there is a diagonal (\) pattern to the electric charge. Baryons are

three body systems and as such they contain two angular momenta. The aforementioned particles

are in the ground state where the angular momenta l = l
′

= 0. The difference between the Σ0 and

Λ0 lies in the details of the wave function and results in Σ0 having isospin of 1 whereas Λ0 has isospin

0.

The seven Baryons within fig. 2.2 which are not located at the corners of the dectet can be thought

of as excitations of those within fig. 2.1. The masses of the Baryons are considerably heavier than the

masses of the constituent quarks11 due to the non-abelian nature of the theory, whereby due to the

nonzero structure constants in eq. (2.7), the gluons self-interact and create a dynamically generated

mass. Consequently if the Higgs field were to lose its non-zero VEV and result in massless quarks,

the Baryons and indeed all nuclei would still be massive, and moreover the reduction in mass would

be almost negligible. The underlying chiral symmetry breaking is explained within chapter 5.

The ground state Mesons can also be characterised by a similar nonet pattern with spin 0 particles

in fig. 2.3, and spin 1 particles in fig. 2.4, and the corresponding data presented in table 2.4 and

table 2.5 respectively.

Similar to the case of the Baryons, the spin 1 Mesons can be thought of as excitations of the spin

0 Mesons, with the exception of η and η
′

having distinct quark content from φ and ω. However

the masses for each row of particles are not as consistent as with the Baryons, with the pions being

10Strangeness, i.e. the number of strange quarks minus anti-strange quarks, is conserved by the strong and electro-
magnetic interactions but not by the weak interactions. In this sense strangeness is a conserved quantity within the
context of QCD. It should also be noted that particles with different quark content thus experience different lifetimes,
with strong interactions occurring on a timescale of 10−22− 10−24 s, electromagnetic interactions 10−16− 10−21 s and
for weak interactions 10−7 − 10−13 s.

11The masses of the three lighter quarks are approximately; mu ≈ 2 MeV/c2, md ≈ 5 MeV/c2 and ms ≈ 95 MeV/c2.
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Particle : Quarks
Electric
Charge

Mass
Mev/c2

n : udd 0 939.5654133(58)
p : uud 1 938.2720813(58)

Σ− : dds -1 1197.449(30)
Σ0 : dus 0 1192.642(24)
Λ0 : dus 0 1115.683(6)
Σ+ : uus 1 1189.37(7)
Ξ− : dss -1 1321.71(7)
Ξ0 : uss 0 1314.86(20)

Table. 2.2: Spin 1/2 Baryons with quark content,
electric charge and rest mass.

Particle : Quarks
Electric
Charge

Mass
Mev/c2

∆− : ddd -1 1232(2)
∆0 : udd 0 1232(2)
∆+ : uud 1 1232(2)

∆++ : uuu 2 1232(2)
Σ∗− : dds -1 1387.2(5)
Σ∗0 : dus 0 1383.7(10)
Σ∗+ : uus 1 1382.80(35)
Ξ∗− : dss -1 1535.0(6)
Ξ∗0 : uss 0 1531.80(32)
Ω− : sss -1 1672.45(29)

Table. 2.3: Spin 3/2 Baryons with quark content,
electric charge and rest mass.

K0 K+

π− π0 η

η′
π+

K− K̄0

s = 1

s = 0

s = −1

Fig. 2.3: Meson nonet for spin 0 particles.

K∗0 K∗+

ρ− ρ0 φ

ω

ρ+

K∗− K̄∗0

s = 1

s = 0

s = −1

Fig. 2.4: Meson nonet for spin 1 particles.

rather lighter due to the lack of any strange quark. The η
′

is substantially heavier than all other spin

0 Mesons due to a subtlety of QFT called the axial-anomaly. Another stark contrast between the

Baryons and the Mesons is that the Baryons are all of a definite quark composition, whereas some

of the Mesons are formed of a linear combination of constituent quarks. Furthermore, unlike for the

case of Baryons, if the masses of the quarks were zero then the mass of all Mesons would also vanish,

with the pions, kaons and eta being Nambu-Goldstone bosons, which is related to chiral symmetry

breaking12.

The Mesons and Baryons presented above are by no means an exhaustive list, with many excitations

possible and along with heavier particles that contain charm and bottom quarks. However the work

presented within this thesis does not pertain to QCD spectroscopy and thus such details are beyond

the scope of this prerequisites section. On a similar note it should be briefly mentioned that the

residual strong interaction which binds nucleons together within the nucleus, is in fact a complicated

manifestation of the strong interaction whereby spin 0 Mesons are exchanged between the nuclei,

and was predicted by Yukawa in 1935.

The running coupling for QCD varies with energy in such a way so as to create quasi-free gluons

and quarks at small distance scales, or equivalently high energy. This characteristic is known as

12See chapter 5 for a summary of chiral symmetry.
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Particle : Quarks
Electric
Charge

Mass
Mev/c2

K0 : ds̄ 0 497.614(24)
K+ : us̄ 1 93.677(16)
π− : dū -1 139.57018(35)

π0 : (uū− dd̄)/
√

2 0 134.9766(6)

η : (uū+ dd̄− 2ss̄)/
√

6 0 547.853(24)

η′ : (uū+ dd̄+ ss̄)/
√

3 0 957.66(24)
π+ : ud̄ 1 139.57018(35)
K− : sū -1 493.677(16)
K̄0 : sd̄ 0 497.614(24)

Table. 2.4: Spin 0 Mesons with quark content,
electric charge and rest mass.

Particle : Quarks
Electric
Charge

Mass
Mev/c2

K∗0 : ds̄ 0 896.000(25)
K∗+ : us̄ 1 891.660(26)
ρ− : dū -1 775.4(4)

ρ0 : (uū− dd̄)/
√

2 0 775.49(34)
φ : ss̄ 0 1019.445(20)

ω : (uū+ dd̄)/
√

2 0 782.65(12)
ρ+ : ud̄ 1 775.4(4)
K∗− : sū -1 891.660(26)
K̄∗0 : sd̄ 0 896.000(25)

Table. 2.5: Spin 1 Mesons with quark content,
electric charge and rest mass.

asymptotic freedom, and is responsible for the successful application of perturbation theory at high

energies. However perturbation theory fails once the coupling becomes sufficiently large, which occurs

when considering interactions on a distance scale of 10−14− 10−15 m, or equivalently at energy scales

around ΛQCD ≈ 200 MeV, which is known as the characteristic scale of the strong interactions.

Around this scale and beyond it is necessary to use non-perturbative methods, such as the well

established approach of lattice field theory which will be the topic of the next section.

2.2 Lattice QCD

The lattice formulation of quantum field theory contains three key pieces, the first of which is the

use of the functional integral quantisation method, which essentially replaces the operators of the

canonical quantisation method with functionals, which can be formally manipulated with known

functional integral methods. The second step is to then perform a Wick rotation whereby the

temporal component of spacetime is analytically rotated into imaginary time and thus resulting in

a functional integral with an explicitly real phase, resulting in a clear physical interpretation and

the applicability of numerical methods thanks to the formal analogy between Euclidean functional

integrals and statistical mechanics systems13. The final piece is the use of a 4-dimensional lattice as a

regulator, which is defined without the use of and is thus applicable beyond the scope of perturbation

theory, allowing for the investigation of non-perturbative physics. The formal introduction of these

pieces is rather involved and thus here the key results will simply be stated, which are taken from

the first chapter of both [30, 31], each of which go into extensive detail.

13The resultant Euclidean symmetry further simplifies the formal manipulations for scalar field theory, as the fields,
which are the fundamental degrees of freedom within the functional integral, now behave as classical fields in that they
commute with one another. For QCD the situation is more complex and must respect the correct fermion statistics,
as will be discussed shortly.
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The lattice, Λ, is taken for the sake of simplicity to be a 4D hyper-cube;

Λ = {n = (n0, n1, n2, n3)|n0 = 0, 1, . . . , NT − 1;n1, n2, n3 = 0, 1, . . . , N − 1}, (2.22)

whereby the lattice sites are separated by the lattice spacing a. The fermionic degrees of freedom,

ψ(x) and ψ̄(x), live on the lattice sites, where the spacetime coordinate is related to the lattice

via x = an, where n ∈ Λ. The gauge degrees of freedom, U , live on the links that connect the

lattice spacing’s on a nearest neighbour basis. The discretisation onto a lattice replaces the infinite

dimensional functional integral with a very high-dimensional ordinary integral.

The continuation into imaginary time involves replacing the typical Minkowski time coordinate tM

with its Euclidean counterpart tE, which are related via;

tM = −itE : tE > 0, (2.23)

with the consequence that the appropriate spacetime metric is that of Euclidean spacetime, which

happens to be the Kronecker delta δµν . Moreover the covariant and contravariant four-vectors are

equivalent, xEµ = xEµ. Henceforth four-vectors are to be explicitly understood as Euclidean unless

stated otherwise, and thus the subscript will be dropped, tE ≡ t.

The Euclidean correlation function must however still be related to a well defined Hilbert space and

thus to the Hamiltonian formalism. Moreover it is crucial that the lattice discretisation of the system

is such that the Euclidean correlators 〈O2(t)O1(0)〉 satisfy the expression, given here for the simple

case of a scalar field theory14;

lim
T→∞

(〈
O2(t)O1(0)

〉)
= lim

T→∞

(
1

ZT
tr
{
e−(T−t)ĤÔ2e

−tĤÔ1

})
=
∑
n

〈0|Ô2|n〉〈n|Ô1|0〉e−tEn ,
(2.24)

which ensures that physical matrix elements and energy levels can be extracted. Additionally, in

order that the above expression is satisfied and that a quantum mechanical Hilbert space exists, the

Euclidean correlators computed with the functional integral must satisfy the Osterwalder-Schrader

reconstruction. This is beyond the scope of this thesis and the interested reader is directed to the

aforementioned references, however the point is that the lattice formulation must ultimately connect

with the physical quantum mechanical Hilbert space and thus produce physical results.

The Euclidean correlation function, or Euclidean correlator, is expressed in terms of a functional

integral via; 〈
O2(t)O1(0)

〉
T

=
1

ZT

∫
D[φ]e−SE [φ]O2[φ(x2, t)]O1[φ(x1, 0)], (2.25)

which is an integral over all field configurations and can be numerically evaluated, the details of

which will be explored in section 2.2.4. The normalisation factor, which will later be identified as

14See pg.1 of [30]. Note that n = 0 is included in the sum for those states that have vacuum quantum numbers.
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the partition function, can also be expressed as a functional integral;

ZT = tr
{
e−TĤ

}
=

∫
D[φ]e−SE [φ] : D[φ] =

∏
x∈Λ

dφ(x), (2.26)

with the Boltzmann weight, e−SE [φ], depending on the Euclidean action functional SE[φ]. The equiv-

alent expression for QCD is given by;〈
O2(t)O1(0)

〉
T

=
1

ZT

∫
D[ψ, ψ̄]D[U ]e−SF [ψ,ψ̄,U ]−SG[U ]O2[ψ, ψ̄, U ]O1[ψ, ψ̄, U ], (2.27)

where the partition function is given by;

ZT =

∫
D[ψ, ψ̄]D[U ]e−SF [ψ,ψ̄,U ]−SG[U ]. (2.28)

The functional integral measure for the fermion fields is given by a finite product of measures;

D[ψ, ψ̄] =
∏
x∈Λ

∏
f,α,i

dψfα,i(x)dψ̄fα,i(x), (2.29)

with f being the flavour index, α the spinor index and i is the fundamental representation colour

index. In order for the fermions to obey the required Fermi statistics, they are implemented in

practice as anti-commuting numbers called Grassmann numbers. A discussion of the specific details

of the properties of Grassmann numbers is not necessary for the present work, and the full details can

be found in chapter 5 of [30], however there are a few key points worth mentioning. The fermionic

degrees of freedom can be integrated out such that the remaining gauge part of the functional integral

takes the form;

< . >G=
1

Z

∫
D[U ]e−SG[U ]ZF [U ]O[U ], (2.30)

where the O[U ] term includes the fermionic part of the functional integral < O >F , along with

purely gluonic observables, and the whole functional integral may be expressed as << O >F>G. The

partition function ZF [U ] is called the fermion determinant, which is the determinant of the Dirac

operator, and the inverse of the Dirac operator is called the propagator. The key point is that the

fermionic degrees of freedom can be integrated out and thus all relevant information can be expressed

in terms of gauge fields and the Dirac operator, which can be shown via Wicks theorem. These details

are not pertinent for the current work and it should simply be understood that henceforth the only

key details will be the gauge fields U , the fermion action SF [ψ, ψ̄, U ], the gauge action SG[U ], and

the measure over gauge fields D[U ].

The functional integral measure for the gauge field is given by;

D[U ] =
∏
x∈Λ

3∏
µ=0

dUµ(x), (2.31)
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which along with the lattice version of the fermion action SF [ψ, ψ̄, U ] and the gauge action SG[U ]

will be discussed in the following sections.

The analogy to statistical mechanics can be seen by noticing that the form of the expectation value

in a statistical mechanics system is determined by the sum of possible values, weighted by the

probability of finding the system in the associated configuration. Moreover, for a spin system where

the degrees of freedom are the spin variables s, which is in a heat bath of temperature T and where

the system is closed, i.e. in the canonical ensemble, the expectation value of some observable O is

given by;

< O >=
1

Z

∑
s

e−βH[s]O[s], (2.32)

where the probability of finding the system in a given configuration is;

P [s] =
1

Z
e−βH[s] : Z =

∑
s

e−βH[s]. (2.33)

Here the term β = 1/kBT is the inverse temperature, where the Boltzmann constant is often set to

one, kB = 1. The Boltzmann factor e−βH[s] plays the role of a weight factor, much as the factor e−SE [φ]

does within the Euclidean path integral eq. (2.25). As such, the identification of the normalisation

factor within the functional integral, Z, as a partition function becomes justified. Further details of

finite temperature field theory and QCD will be discussed in a later section, once the groundwork of

defining the lattice actions and some other subtleties have been laid out.

The sum total of the above is that the continuous Minkowski spacetime is substituted with a discrete

Euclidean lattice, with classical field variables taking the role of the fundamental degrees of freedom.

The Euclidean action for the fermionic and gauge degrees of freedom are discretised onto the lattice

in such a manner as to regain their continuum Euclidean counterparts in the naive continuum limit

a→ 0. The Euclidean correlator is composed of functionals and can thus be evaluated by integrating

over all lattice configurations, with each being weighted by an appropriate Boltzmann factor.

In the next section the details of the gauge fields U , the gauge action SG[U ], and the integration

measure D[U ] will be discussed. Subsequently the details of the fermion action SF [ψ, ψ̄, U ] will be

discussed, followed by the specific details of the FASTSUM lattice setup and the numerical methods

for determining the functional integrals.

2.2.1 Lattice Gauge Theory

In order to understand gauge theory on the lattice it is instructive to first consider continuum

gauge theory from a geometrical perspective. Generally speaking, the product of two spaces can be

thought of in terms of taking some base space, and at each point within this base space, embedding

an independent copy of the second space, which is referred to as the fibre space [32]. Each embedded

copy of the fibre space is called a fibre and collectively the fibres are known as a fibre bundle, which

in the case of having a Lie group as the fibre space is given the name principal fibre bundle. In
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the case of QCD, the base space is spacetime itself, whereas the fibre space is the fundamental

representation15 of SU(3).

The key point is that the matter field ψ(x) has a value at each point in spacetime, and thus it has

a value within each fibre, which happens to be vector-valued. However when taking the derivative,

the value of the field is necessarily compared at different points in spacetime, i.e. on different fibres.

Local gauge invariance permits the arbitrary assignment of the coordinates within each fibre, and

thus there must exist some means by which to translate the coordinates of the field at some point,

ψ(x + δx), to the coordinates at some other point ψ(x), so that the values of the field at different

points can be meaningfully compared. The general name for the object of interest is the gauge

connection, and this role is performed by the Lie algebra valued gauge field Aµ(x) once a set of

coordinates has been specified for each fibre. In order to parallel transport the field ψ(x+ δx) to the

infinitesimally close point x, it must be multiplied by (1 + iAaµ(x)δxµT a). This is then compounded

in order to perform parallel transport over larger distances, where the total transport operator for

taking a field from x0 to xn via infinitesimal steps is denoted as U(x0, xn) and defined by;

U(x0, xn)ψ(xn) = (1 + iAaµ(x0)(x1 − x0)µT a) . . . (1 + iAaµ(xn−1)(xn − xn−1)µT a)ψ(xn). (2.34)

The result depends on the path taken, C, and once specified the product is known as the Wilson line

which can be written as a path ordered exponential;

U(x0, xn, C) = Pe(
∫
C iA

a
µ(x)dxµTa). (2.35)

The path may be taken to form some closed loop, and when this Wilson loop exhibits the character-

istic that;

U(x0, xn, C) 6= 1, (2.36)

then the gauge connection possesses curvature, which is a fancy way to say that the field strength

tensor is non-zero. The reason why all of this is important is that it provides insight as to how a

gauge theory on the lattice ought to be constructed. The gauge connection is the general term for

that object which connects the fibres together into a fibre bundle and in doing so allows the field to be

parallel transported so that derivatives, and in general all interesting operators, can be meaningfully

computed. The coordinates within each fibre can be independently set, and once this is done the

role of the connection is performed by the gauge field Aµ ∈ SU(3). The coordinates for the fibres

can be changed by a local gauge transformation Λ(x), which will then also result in a change to the

gauge field Aµ such that it still connects the fibres together in the appropriate manner. And therein

lies the essence of the gauge field, it is that object which connects the fibres together into the fibre

bundle and keeps track of any coordinate transformations through local gauge transformations.

15Strictly speaking it could be any representation of SU(3), however these details are not crucial here and thus
liberties shall be taken for the sake of simplicity.
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The question now is how to replicate this utility on the lattice. Moreover the discretisation replaces

the derivative, which involves the gauge field Aµ, with a finite difference, which is not necessarily

gauge invariant. Furthermore the theory ought to have exact gauge invariance, otherwise non-gauge

invariant operators will contribute to observables, which are remarkably difficult to deal with and

should be avoided at all costs. However, noting the above consideration of continuum gauge theory,

it is clear that whatever the solution is, it must involve some prescription for taking the field ψ and

parallel transporting it in some manner which respects gauge invariance. The solution turns out to

be that it is in-fact the Lie group elements Uµ(x) ∈ SU(3), which perform the role of the gauge

connection. The Lie group elements thus take on the role of the lattice gauge field (which from

here on in will simply be called the gauge field), and can be related to the familiar path ordered

exponential via;

U ij
µ (x) = Pe

∫ x+aµ̂
x Aaµ(x+l)Taijdl ' eiaT

a
ijA

a
µ(x), (2.37)

where the second equality highlights the relation of the Lie algebra and Lie group elements through

the exponential map. The gauge field lives on the link between nearest neighbouring lattice points,

and more specifically it lives at the midpoint x + aµ̂/2. Strictly speaking the gauge field contains a

colour index i which is associated with the fundamental representation at site x, and a colour index

j which is associated with the anti-fundamental representation at site x+aµ̂. The lattice gauge field

is thus often referred to as the gauge link. Any gauge invariant operator will have no free colour

indices and must thus be formed by either a Wilson loop or a Wilson line capped at each end by

the appropriate fermion fields. The colour indices will be dropped from here on in unless explicitly

required.

The prescription for transporting the field ψ(x+ aµ̂) to the point x is given as;

U(x, x+ aµ̂)ψ(x+ aµ̂) = Uµ(x)ψ(x+ aµ̂), (2.38)

whereas to take the field ψ(x) to the site x+ aµ̂, the expression is;

U(x+ aµ̂, x)ψ(x) = U †µ(x)ψ(x). (2.39)

Moreover the formation of a Wilson line is still path dependent, where in order to transport the field

ψ(x+ 2aµ̂+ aν̂) to point x through path C, via sites x+ aµ̂+ aν̂ and x+ aµ̂, the expression is given

by;

UCψ(x+ 2aµ̂+ aν̂) = Uµ(x)Uν(x+ aµ̂)Uµ(x+ aµ̂+ aν̂)ψ(x+ 2aµ̂+ aν̂). (2.40)

In order to respect local gauge invariance the gauge field must itself transform according to;

Uµ(x)→ Λ(x)Uµ(x)Λ−1(x+ aµ̂). (2.41)

In order to compute the correlation functions of interest, the gauge group measure must be defined.
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It is already clear that the measure from the continuum must be replaced by the finite product of

lattice gauge link measures;

DAµ →
∏
xµ

dUµ(x), (2.42)

but the question remains as to what dUµ(x) itself actually means, albeit it is clear that it must be

gauge invariant. There are certain requirements for the integration measure over the group manifold

G, including left and right invariance;∫
dUf(U) =

∫
dUf(UΛ) =

∫
dUf(ΛU)∀f(U) : U,Λ ∈ G, (2.43)

linearity; ∫
dU(αf(U) + βg(U)) = α

∫
dUf(U) + β

∫
dUg(U), (2.44)

and the normalisation condition; ∫
dU1 = 1. (2.45)

The unique measure that satisfies these requirements is called the Haar measure, which encompasses

an area of the group manifold which is not changed in its magnitude by gauge transformations. It

should be noted that the normalisation condition is specific to the lattice, as the dynamical degrees

of freedom are the Lie group elements rather than the Lie algebra elements, and thus exist on a

compact space. Moreover the approach to gauge fixing on the lattice is rather humorously to simply

not do it at all, instead opting to integrate over all gauge field configurations, which is itself only

possible due to working with the compact space of the Lie group.

The requirement of left and right invariance guarantees the required gauge invariance eq. (2.41).

However this requires that; ∫
dUU =

∫
dUΛ1UΛ−1

2 : ∀Λ1,Λ2 ∈ G, (2.46)

where the only solution is then; ∫
dUU = 0, (2.47)

with the only non-vanishing result occurring when integrating over gauge invariant objects. Conse-

quently the expectation value of any non-gauge invariant observable will vanish, < O >= 0, which

is known as Elitzur’s theorem [34].

The only remaining task, given the aforementioned definitions of the gauge field and the gauge

measure, is to specify the lattice discretisation of the gauge action. The gauge action can be built

from the simplest gauge invariant Wilson loops, i.e. plaquettes, which are constructed from the gauge

link such that;
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Uµν(x) = Uµ(x)Uν(x+ aµ̂)U †µ(x+ aν̂)U †ν(x). (2.48)

The Wilson gauge action is then given by;

SW =
β

Nc

∑
x

∑
µ<ν

Re(tr{1− Uµν(x)}) =
β

2Nc

∑
x

3∑
µ,ν=0

Re(tr{1− Uµν(x)}), (2.49)

which can be related to the continuum gauge action, and will be discussed in further explicit detail

in section 2.2.3. In this context and from now on, unless stated otherwise, β is the inverse (bare)

gauge coupling β = 2Nc/g
2.

The naive continuum limit involves ensuring that the lattice action is equal to the continuum action

in the limit a→ 0. This is a useful tool in the construction of lattice field theory, however the true

continuum limit also involves evaluating the path integral, and thus within numerical computations

the couplings are driven to their critical values, where the statistical mechanics equivalent of the

lattice theory undergoes a second order phase transition. In pure gauge theory the lattice spacing

decreases with the coupling g and also with increasing β. Thus the true continuum limit where a→ 0

is obtained when β →∞.

However as the lattice spacing is driven to zero, so too is the physical volume encapsulated within the

lattice, resulting in finite volume effects. This is avoided by increasing the number of lattice spacings,

and ideally taking the thermodynamic limit, NS → ∞ and NT → ∞, before taking the continuum

limit. This is clearly not numerically possible and thus instead the observables in question must be

computed at several values of β, with an extrapolation to a → 0 then being carefully performed.

This is done in such a way where the physical volume of the lattice, L = aNS and T = aNT are fixed

for varying lattice spacings.

2.2.2 Lattice Fermions

Naive Fermions

Given the form of the quark Lagrangian density for the continuum, eq. (2.5), the task of discretising

the fermion action involves writing a lattice version of ψ̄(x)γµDµψ(x). An initial guess may take the

form;

ψ̄(x)γµDµψ(x)→ a4
∑
µ

ψ̄(x)γµ
(
Uµ(x)ψ(x+ aµ̂)− ψ(x)

a

)
, (2.50)

where γµ are the euclidean gamma matrices, however this does not respect reflection-positivity, and

thus does not correspond to a unitary Minkowski theory which in turn means that the observables
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are not real [33]. The derivative must take a symmetric form such as;

ψ̄(x)γµDµψ(x)→ a4
∑
µ

ψ̄(x)γµ
(
Uµ(x)ψ(x+ aµ̂)− U †µ(x− aµ̂)ψ(x− aµ̂)

2a

)
, (2.51)

which is referred to as the naive lattice fermion action. However there exists a fundamental issue

with this action, in that it necessarily describes 16 fermions. Moreover it is not possible within

the computation to distinguish and then isolate the actual physical fermion seen in the continuum

theory, from those fermions which are the 15 uninvited doublers. Mathematically the physical fermion

corresponds to a pole in momentum space at;

p = (0, 0, 0, 0), (2.52)

whereas the 15 unwanted doublers relate to poles where at least one of the coordinates is at π/a;

p = (π/a, 0, 0, 0), (0, π/a, 0, 0), . . . , (π/a, π/a, π/a, π/a). (2.53)

The derivation of these results is not relevant for this overview, however the details can be found

in section 5.2 of [30]. The natural question is whether a suitable alternative expression can be

written down which does not contain these doublers, thus allowing for the lattice to compute physical

quantities. The Nielsen-Ninomiya No-Go theorem states that it is not possible for a lattice fermion

action to simultaneously respect the following four properties [35];

1. Locality,

2. Translational invariance,

3. No fermion doublers,

4. Respects chiral symmetry.

Hence, in order to remove the fermion doublers and maintain a real action it is required to sacrifice

either locality, translational invariance or chiral symmetry.

Wilson Fermions

The present work utilises the approach put forward by Kenneth Wilson, who proposed to include

an additional term which explicitly violates chiral symmetry, and removes the 15 doublers. This is

known as the Wilson term16 and is expressed as;

− a4
∑
x,µ

1

2a
ψ̄(x)

(
Uµ(x)ψ(x+ aµ̂) + U †µ(x− aµ̂)ψ(x− aµ̂)− 2ψ(x)

)
, (2.54)

16The Wilson term is the discretisation of −(a/2)∂µ∂µ [30].
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which is often written in the literature in the form;

− a4
∑
x,µ

1

2a
ψ̄(x)

(
Uµ(x)ψ(x+ aµ̂) + U †µ(x− aµ̂)ψ(x− aµ̂)

)
+ a4

∑
x

ψ̄(x)
4

a
ψ(x). (2.55)

The two expressions can be seen to be equal noting that within eq. (2.54) the ψ(x) factors contain no

explicit µ index, and thus accounting for the coefficients there are four such contributions in total.

The further inclusion of a mass term would take the form;

a4
∑
x

ψ̄(x)m0ψ(x), (2.56)

where it should be noted that this term originated not from QCD but rather from the electroweak

sector [36].

Moreover the inclusion of a generic boundary term takes the form ;

a4
∑
x

ψ̄(x)DBψ(x), (2.57)

where the Dirac operator for the boundary term is given by;

DBψ(x) =

(
(cF − 1)δx0,1 + (c

′

F − 1)δx0,T−1

)
ψ(x). (2.58)

Within this work periodic boundary conditions17 are used, such that cF = c
′
F = 1, resulting in the

boundary term vanishing and the lattice essentially having no boundaries.

The massive Wilson fermion action is then taken as the sum of the naive discretisation, the Wilson

term and the mass term, and is given by;

SW =a4
∑
x,µ

1

2a
ψ̄(x)

(
(γµ − 1)Uµ(x)ψ(x+ aµ̂)− (γµ + 1)U †µ(x− aµ̂)ψ(x− aµ̂) + 2ψ(x)

)
+a4

∑
x

ψ̄(x)m0ψ(x),
(2.59)

17The fermion fields ψ̄(x) and ψ(x) are periodic in the spatial directions and anti-periodic in the temporal direction.
For a lattice defined in the range 0 ≤ xµ ≤ Nµ−1, the spatial boundary terms are thus;

ψ(x) |xj=Nj
= eiθjψ(x) |xj=0 : j = 1, 2, 3,

where θj are real angles. The temporal boundary conditions are given by;

ψ(x) |x0=N0= −ψ(x) |x0=0 .
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which can then be re-written in terms of the massless Wilson-Dirac operator D̂W
µ ;

SW = a4
∑
x,µ

1

a
ψ̄(x)D̂W

µ ψ(x) + a4
∑
x

ψ̄(x)m0ψ(x), (2.60)

where the massless Wilson-Dirac operator is given by;

D̂W
µ ψ(x) =

1

2

(
(γµ − 1)Uµ(x)ψ(x+ aµ̂)− (γµ + 1)U †µ(x− aµ̂)ψ(x− aµ̂) + 2ψ(x)

)
. (2.61)

The form of the action given in eq. (2.60) is such that the fermion fields are expressed as dimensionful

quantities, whereas the Wilson-Dirac operator is given as a dimensionless quantity, specified by the

notational convention that it is given a hat. All quantities which possess some dimension and are thus

not simply pure numbers, can be expressed as a dimensionless number multiplied by some explicit

dimension such as ψ(x) = ψ̂(x)a−3/2. Within the above action, the factor of a−1 was a consequence

of the finite difference, which came about due to the lattice version of the covariant derivative acting

on the field ψ(x). The action is itself a pure number and thus both terms on the right hand side of

eq. (2.60) must also be overall dimensionless. Dimensional analysis shows that the factor of a−1 is

from the units of the Wilson-Dirac operator, hence why D̂W
µ has been denoted as its dimensionless

form. In order for a quantity to be expressed in physical units, it must absorb its dimension, leaving

no explicit trace of the units within the expressions where it appears. It is in this dimensionful form

that many expressions are given within the literature, and thus it is prudent to restate the above in

explicitly dimensionful form18.

The massive Wilson fermion action is then written in purely dimensionful terms as;

SW = a4
∑
x,µ

ψ̄(x)DW
µ ψ(x) + a4

∑
x

ψ̄(x)m0ψ(x), (2.62)

where the massless Wilson-Dirac operator is given in dimensionful terms, DW
µ by;

DW
µ ψ(x) =

1

2a

(
(γµ − 1)Uµ(x)ψ(x+ aµ̂)− (γµ + 1)U †µ(x− aµ̂)ψ(x− aµ̂) + 2ψ(x)

)
. (2.63)

There are several points regarding Wilson fermions which should be mentioned at this point. The

manner by which the Wilson term eliminates the fermion doublers is by giving the doublers a mass

of the order of the cut-off, whilst the physical fermion which survives after taking the continuum

limit remains massless19. It should be noted that the physical fermion remaining massless is to be

taken solely in the context of QCD, where no explicit mass term of the form ψ̄(x)mψ(x) is permitted

due to the resultant lack of invariance under SU(2)L transformations. Moreover such a forbidden

mass term containing only spin-1/2 fields must necessarily mix left and right handed components

18The dimensionality of the action will be explained in detail within section 2.2.3 when discussing the form of the
action which is used within the present work.

19Further details can be found in [35], which highlights the subtlety that the Wilson term acts like a momentum-
dependant mass term.
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in order to respect Lorentz invariance, whereas only left handed fields transform non-trivially under

SU(2)L. The mass term within the above expressions which entered into the discussion in eq. (2.56),

is of a different nature and has its origin within the electroweak sector and the Higgs mechanism.

A discussion of this is presented within section 7.5 of [36]. The key point is that this mass term

secretly contains a spin-0 doublet, and cannot be obtained from considerations of QCD. Moreover

the above statements regarding the doublers obtaining a mass and the physical fermion remaining

massless, have nothing whatsoever to do with the mass term, eq. (2.56), and should be thought of

as being entirely separate.

The violation of chiral symmetry by the Wilson term introduces unwanted contributions in correlation

functions, which enter at the level of dimension-5 operators [37]. This must then be corrected for

by adding a suitable counter-term, which will be discussed in detail within section 2.2.3. Chiral

symmetry is ultimately regained in the continuum limit by using correlation lengths and tuning

to obtain the correct mass, which must be done for each individual lattice spacing used within

the extrapolation. One such example would be tuning the ratio of the masses for the pion and rho

particles Mπ/Mρ [33]. Furthermore when using Wilson fermions there are occasionally configurations

that are generated which possess a negative determinant. This can, depending on the lattice spacing,

increase the numerical expense of performing simulations with Wilson fermions when the mass is

small.

A review of alternative approaches to that of Wilson fermions is beyond the scope of the present

work. However it is worth noting that there do exist other approaches to that of Wilson fermions for

navigating past the No-Go theorem, such as that of Kogut and Susskind, called staggered fermions20.

The idea behind staggered fermions is to start from the naive fermion action, eq. (2.51), and realise

that it can be broken into 4 blocks. These 4 components are distributed in some manner over

a 24 block of the lattice. The result is a theory with 4 Dirac fermions, which contains an exact

U(1) × U(1) chiral symmetry21. Thus there still remain doublers, however now there are only 4

fermions, and some level of chiral symmetry is preserved. However the resultant 4 fermions are

coupled to one another and it is not obvious whether the approach is mathematically sound [33],

and as such staggered fermions are an interesting and active area of research. Furthermore it is

possible to remove the doublers completely without using Wilson fermions, however such approaches

are often not favourable, such as with SLAC fermions, where chiral symmetry is maintained but at

the expense of locality [37].

Chiral Symmetry on the Lattice

Wilson fermions are perfectly fine for doing studies of QCD, however they are inappropriate for the

standard model as a whole, as they explicitly break the chiral symmetry which is required for the

electroweak interactions. Furthermore the requirement for tuning of mass ratios in order to obtain

the correct continuum limit is often criticised as an unnatural fine tuning [35].

20An overview is given in chapter 10 of [30].
21A review of chiral symmetry is given in Appendix A.
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Whilst a full summary of chiral fermions on the lattice is far beyond the scope of this work, for the

sake of completeness it is worth making several points. Recapitulating, the lattice discretisation of the

covariant derivative is given by eq. (2.51), which was necessarily symmetric in order for the resultant

observables to be real. This naive fermion term creates fermion doublers, with no way to discern

the physical fermion from the nonphysical doublers, and thus real physics cannot be studied22. The

No-Go theorem states that in order to remove these obstructive doublers, it is necessary to sacrifice

either the locality, translational invariance or the chiral symmetry. Sacrificing locality within QCD is

considered to be implausible, due to the complexities of working with non-local QFT. Translational

invariance must be maintained in order to correctly regain full Lorentz symmetry in the continuum

limit. Thus the only viable option would seemingly be to do violence to chiral symmetry. In order

to navigate the above inconveniences it is necessary to do something more radical.

Building on the previous work of Callan and Harvey, David Kaplan has shown that massless four-

dimensional lattice fermions are obtained without fine-tuning, by being localised on a domain wall

embedded within a five-dimensional space-time [37, 38]. Moreover fermions of opposite handedness

can be localised on opposite walls within this fifth dimension, often called the domain wall and anti-

wall. If the separation between this wall and anti-wall, L, is sufficiently large, then the left and right

handed components of the Dirac fermion cannot mix. Chiral symmetry breaking terms are suppressed

by e−L/a, and thus a Wilson term in the five-dimensional lattice theory removes the doublers without

breaking the chiral symmetry. These domain wall fermions thus possess a chiral symmetry, which

is approximate for a finite separation L, and becomes exact in the infinite wall-anti-wall separation

limit, L→∞.

A similar method was developed by Narayanan and Neuberger, whereby an infinite number of quark

flavours are permitted, resulting in what are known as overlap fermion . This is intimately related

to domain wall fermions, in that the infinite flavour space forms a fifth-dimension, and the overlap

fermions possess an exact chiral symmetry. Domain wall fermions and overlap fermions are equivalent

in the limit of wall-anti-wall separation, L→∞.

In both of the above instances, the approach to seemingly bypassing the No-Go theorem involved

invoking the use of a higher dimension. However it must be stressed that both the domain wall

fermions and overlap fermions do in fact obey the No-Go theorem, but with one crucial caveat. The

requirement that chiral symmetry be respected on the lattice can be expressed as;

{γ5, D(k)} = 0, (2.64)

where here D(k) is the Dirac operator after being Fourier transformed into momentum space.

Ginsparg and Wilson showed that a general requirement for a lattice action to possess good chi-

ral properties is ;

{γ5, D(k)} = aDγ5D. (2.65)

When the Ginsparg-Wilson relation was first written down, it did not appear to be possible to

22The case of staggered fermions was an exception with only 4 fermions of the original 16 surviving.
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explicitly construct lattice actions that satisfy it. Noting once more however that the domain wall

fermions and overlap fermions are equivalent for infinite wall-anti-wall separation, it has been shown

by Neuberger that overlap fermions satisfy the Ginsparg-Wilson relation exactly. Thus the manner by

which both domain wall fermions and overlap fermions appear to navigate past the No-Go theorem,

is by satisfying an alternate form of chiral symmetry, eq. (2.65), which is equal to the expected

definition, eq. (2.64), in the naive continuum limit a→ 0.

This alternate form of chiral symmetry is such that the extent to which a fermion is rotated depends

on its momentum, and thus the symmetry does not act on all of the lattice points in the same way.

Hence, whilst the No-Go theorem is still being obeyed, a concession on the form of chiral symmetry

which is being respected, has allowed for a description of lattice fermions with all of the desired

properties. This is still an area of active research, and these methods are often passed over in favour

of Wilson fermions when studying QCD, simply due to the increased numerical expense associated

with both domain wall and overlap fermions.

Finally, it is worth briefly mentioning that Hasenfratz and Niedermayer have investigated lattice

actions which are completely free of cut-off effects, called perfect actions, the matter content of

which is often referred to as perfect fermions . This approach uses non-perturbative renormalisation

group blocking transformations on the lattice, whereby the fixed points of these transformations

correspond to the perfect action. This is often criticised however as potentially being another form

of unnatural fine-tuning.

2.2.3 FASTSUM Lattice Setup

In non-zero temperature studies it is advantageous to have a fine resolution within the temporal

direction in order that the temperature can be adjusted in small steps. Unfortunately in the case

of the isotropic lattice, this small lattice spacing a would require many lattice points in order to

contain a sufficient volume so as to prevent erroneous small volume effects, which then results in a

very large computational demand. In order to keep the computational requirement within realistic

limits whilst achieving the desired resolution in temperature, the size of the lattice spacing in the

spatial direction as and that in the temporal direction at are given different values. The ratio of the

spatial to temporal lattice spacing’s as/at is known as the lattice anisotropy. Due to renormalisation

the bare value of the anisotropy which enters into the action is different than that which the particle

content of the theory experiences. Moreover the gauge particles and fermionic matter experience

different levels of renormalisation such that they must be individually tuned so that the bare gauge

anisotropy γg and the bare fermion anisotropy γf both get renormalised to their intended values.

The renormalised gauge anisotropy γ̃g and the renormalised fermion anisotropy γ̃f must be tuned

to be equal to one another, such that the gauge and fermion sectors ultimately experience the same

level of anisotropy. Once this tuning has been complete, which is closely related to the subject of

chapter 3, there is thus only one renormalised anisotropy γ̃g = γ̃f = ξ = as/at, where here as and

at take the values that are actually seen by the fields. However, when examining the manner in
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which the anisotropy is applied to the lattice action it will be useful to keep explicit the factors of

anisotropy for the gauge and fermion sectors, even when the renormalised value is being referenced.

As was discussed earlier at the end of section 2.2.1, when taking the continuum limit it is not feasible

to first take the thermodynamic limit, and thus there remain explicit factors of a within the action

and within the computed observables which must themselves be extrapolated to their continuum

value at a→ 0. The computational requirement for performing this extrapolation precisely, depends

on the degree to which the factors of a appear within the action and the operators. In order to

reduce this computational expense and hasten the approach to the continuum limit, much effort is

taken to perform so called improvement, whereby the leading order terms in a are cancelled by the

inclusion of additional well chosen counter-terms.

There exist many approaches to performing improvement, several of which are reviewed to varying

degrees within [39], whereby it is outlined that perturbative improvement, which is used within this

work, consists of three steps. The first step is tree-level (classical) improvement whereby unwanted

terms which contribute at the classical level are cancelled. The second step is tadpole improvement

whereby those unwanted contributions which result from tadpole diagrams are cancelled out by the

re-weighting of the gauge links. The third step is radiative corrections, which are not used within

the present work and will thus not be discussed further. Any one of these steps can be independently

applied, with the degree to which each step is significant being dependent on the details of the theory.

These steps will be further elucidated below for both the gauge and fermion actions, starting with

the familiar form of these actions which were presented in earlier sections.

The anisotropic version of eq. (2.62) from section 2.2.2 is given by;

SW = a3
sat
∑
x

(
ψ̄(x)νtD

W
0 ψ(x) +

3∑
i=1

ψ̄(x)νsD
W
i ψ(x)

)
+ a3

sat
∑
x

ψ̄(x)m0ψ(x), (2.66)

where the components of the massless Wilson-Dirac operator are given by;

DW
0 ψ(x) =

1

2at

(
(γ0 − 1)U0(x)ψ(x+ a0̂)− (γ0 + 1)U †0(x− a0̂)ψ(x− a0̂) + 2ψ(x)

)
, (2.67)

DW
i ψ(x) =

1

2as

(
(γi − 1)Ui(x)ψ(x+ âi)− (γi + 1)U †i (x− âi)ψ(x− âi) + 2ψ(x)

)
. (2.68)

The νt and νs factors are the bare velocity of light of the quarks in the temporal and spatial direction,

and must be tuned such that special relativity is respected on the lattice, whence γ̃g = γ̃f [6]. Either

one of these factors is redundant, the choice of which results in either νt-tuning whereby νs = 1 and

νt is tuned, or νs-tuning where νt = 1 and νs is tuned [4]. This work uses νs-tuning and thus νt = 1

henceforth, where the tuning is performed using the parameterisation νs = γg/γf [2].

The tree-level O(a)-improvement is determined in chapter 9 of [30], which results in the addition of

an extra term to eq. (2.66), of the form;
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+ CSWa5
∑
x

∑
µ<ν

ψ̄(x)
1

2
σµνFµν(x)ψ(x) : Fµν(x) =

−i
8a2

(Qµν(x)−Qνµ(x)) ; σµν =
1

2i
[γµ, γν ], (2.69)

Qµν(x) =Uµ(x)Uν(x+ aµ̂)U †µ(x+ aν̂)U †ν(x)

+Uν(x)U †µ(x− aµ̂+ aν̂)U †ν(x− aµ̂)Uµ(x− aµ̂)

+U †µ(x− aµ̂)U †ν(x− aµ̂− aν̂)Uµ(x− aµ̂− aν̂)Uν(x− aν̂)

+U †ν(x− aν̂)Uµ(x− aν̂)Uν(x+ aµ̂− aν̂)U †µ(x),

(2.70)

where the symmetric field strength tensor23 is shown in fig. 2.5. In this work an alternate expression

is used, which in anisotropic form is given by;

Fig. 2.5: Symmetric lattice field strength tensor Fµν(x). Figure taken from [40].

+ia4
sat

4

∑
x

ψ̄(x)

(
2CSW

t

3∑
i=1

σ0iF0i(x) + CSW
s

3∑
i,j=1

σijFij(x)

)
ψ(x), (2.71)

where the various terms are explained below24 and where the field strength tensor and Dirac-sigma

matrices are given by;

Fµν(x) =
1

8a2
(Qµν(x)−Qνµ(x)) ; σµν =

i

2
[γµ, γν ]. (2.72)

There are several differences between the two expressions although they are ultimately equivalent.

The first of which is that the range of summation has been rewritten from µ < ν to µ, ν = 1 → 3,

resulting in a relative double counting of each contribution25 such that an additional factor of 1/2 is

required to cancel the extra terms, which is written out front for later comparison with the literature.

The expression for the temporal sum is such that σi0Fi0 is never counted and thus the additional

1/2 is not required, and is thus cancelled by the factor of 2. Moreover the two expressions contain

23This may be written more generally using U−1 rather than U† in order to additionally be valid for non-unitary
matrices. Here the notation from [30] with the hermitian conjugate will be used, for the sake of consistency.

24Note that the form given within eq. (2.69) is shown in order to provide the reader with a derivation from the
literature, whereas the equivalent form stated subsequently is used within the literature relevant for this work and will
not be derived separately.

25Note that σµνFµν = σνµFνµ due to symmetry.
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different factors of i, however they are both overall explicitly real and contain a net negative sign.

The next step is to incorporate the corrections for the tadpole diagrams, which take the form of

re-weighting the gauge links such that;

U0(x)→ U0(x)

ut
, Ui(x)→ Ui(x)

us
(2.73)

where the tadpole factors are distinct for spatial and temporal gauge links, and only one of these

needs to be independently determined, the choice of which is arbitrary. It is worth noting that

the factors are the same for all spatial links and separately for all temporal links, and that any

expressions containing n gauge links will thus contain n tadpole factors, distributed between spatial

and temporal factors appropriately. In this work the temporal tadpole factor is held fixed and the

spatial factor is determined such that;

ut = 1, us =
〈1

3
Re(tr{Uss′})

〉 1
4
, (2.74)

where Uss′ is the spatial platquette. The clover coefficients CSW within eq. (2.71) have been estimated

in [4], and at tree-level are given by;

CSW
t =

1

2

(
νs +

1

ξ

)
; CSW

s = νs : νs =
γg
γf

, (2.75)

whereas the expressions for tree-level plus tadpole improvement are given by;

CSW
t =

1

2

(
νs +

1

ξ

)
1

ũtũ2
s

; CSW
s =

νs
ũ3
s

: νs =
γg
γf

, (2.76)

where the renormalised anisotropy has been written in its tuned form ξ, as it’s origin being from the

bare gauge or the bare fermion anisotropy doesn’t factor into the subtleties of any of the following

expressions26. The notational convention ũ is used to specify that the gauge links in question have

first been adjusted using stout smearing27, which has been shown to reduce the scaling effects and

hence computational expense when taking the continuum limit [2]. The details of how this smearing

of the gauge links is performed is beyond the scope of this work, but can be found within28 [41].

The final O(a)-improved fermion action SF is then given as;

SF = a3
sat
∑
x

ψ̄(x)DFψ(x), (2.77)

26In practice the renormalised anisotropy for the gauge and fermion sectors should be equivalent, and thus the bare
anisotropies will be tuned such that they both provide the same target renormalised anisotropy, which is denoted as
ξ.

27Note that whilst stout smearing is only being applied in the spatial directions, this same notation will be applied
to the temporal tadpole factors for notational consistency within the fermion action, as ũt = 1 anyway.

28It should however be noted that a smearing coefficient of ρ = 0.14 was chosen, with nρ = 2 smearing steps, as per
[2].

– 30 –



Chapter 2: Theoretical Prerequisites

with the Dirac operator including the mass term and appropriate tadpole factors now being given

by;

DFψ(x) =

[
m0ψ(x) +

1

ũt
DW

0 ψ(x) +
νs
ũs

3∑
i=1

DW
i ψ(x)

+
ias
4

(
2CSW

t

ũt

3∑
i=1

σ0iF0i(x) +
CSW
s

ũs

3∑
i,j=1

σijFij(x)

)
ψ(x)

]
.

(2.78)

It should be noted that looking at eq. (2.67) and eq. (2.68), which are often referred to as hopping

terms, the single gauge link results in a single tadpole factor29. Moreover due to the definition of

the tree-level tadpole clover coefficients, eq. (2.76), the clover term requires a single explicit tadpole

factor in both the spatial and temporal components, given that four such factors are required overall

due to the four gauge links within each term of the field strength tensor.

The above formulation of the Dirac operator DF can now be stated in dimensionless terms using the

substitutions [4];

ψ = ψ̂a−3/2
s ,

m0 = m̂0a
−1
t ,

Fµν(x) = F̂µν(x)a−1
n1 a

−1
n2 ,

DW
µ = D̂W

µ a
−1
n1 ,

(2.79)

where the lattice spacing direction is determined by;

ni =


t iff i = 1 and µ = 0 ,

t iff i = 2 and ν = 0 ,

s otherwise.

(2.80)

Each term within the action SF of eq. (2.77), can be expressed in terms of dimensionless quantities,

from which the explicit factors of fermion anisotropy are made apparent. The mass term is the most

straight forward and is given by;

a3
sat
∑
x

ψ̄(x)m0ψ(x) =a3
sat
∑
x

ˆ̄ψ(x)a−3/2
s m̂0a

−1
t ψ̂(x)a−3/2

s

=
∑
x

ˆ̄ψ(x)m̂0ψ̂(x),
(2.81)

where a complete cancellation of lattice spacing occurs and no anisotropy factors are present. The

temporal hopping term is similarly straight forward with a substitution from eq. (2.79) yielding;

29In order to understand why the 2ψ(x) terms within DW
0 and DW

i are also being acted on by the tadpole factors
despite not containing a factor from a gauge link, it must be remembered from eq. (2.54) that the lone factors of ψ(x)
originate from the Wilson fermion term, and re-scaling of one of its terms must be applied in kind to the other terms.
The application of the temporal or spatial tadpole factor to this term is then simply determined so as to be consistent
with the component of the Dirac operator in question.
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a3
sat
ũt

∑
x

ψ̄(x)DW
0 ψ(x) =

a3
sat
ũt

∑
x

ˆ̄ψ(x)a−3/2
s D̂W

0 a
−1
t ψ̂(x)a−3/2

s

=
1

ũt

∑
x

ˆ̄ψ(x)D̂W
0 ψ̂(x),

(2.82)

where the tadpole factor ũt is kept explicit for generality. The spatial hopping term offers the first

interesting observation, and is given explicitly by;

νsa
3
sat
ũs

∑
x

ψ̄(x)
3∑
i=1

DW
i ψ(x) =

νsa
3
sat
ũs

∑
x

ˆ̄ψ(x)a−3/2
s

3∑
i=1

D̂W
i a
−1
s ψ̂(x)a−3/2

s

=
νsat
ũsas

∑
x

ˆ̄ψ(x)
3∑
i=1

D̂W
i ψ̂(x)

=
νs
ũsγ̃g

∑
x

ˆ̄ψ(x)
3∑
i=1

D̂W
i ψ̂(x)

=
νs
ũtγg

∑
x

ˆ̄ψ(x)
3∑
i=1

D̂W
i ψ̂(x)

=
1

ũtγf

∑
x

ˆ̄ψ(x)
3∑
i=1

D̂W
i ψ̂(x),

(2.83)

where the first two equalities simply show the substitution and the resultant factors of lattice spacing.

The third equality then uses the formal definition γg = as/at, however with an additional complication

whereby the renormalised gauge anisotropy γ̃g is chosen in place of its bare counterpart γg, with the

justification that they are approximately equal at tree-level [6]. The motivation for this seemingly

odd choice lies within the fourth equality, whereby the so called tadpole improvement hypothesis [4]

is used, resulting in the substitution γ̃g = ũtγg/ũs. This fourth equality thus changes the tadpole

factors which are present within the term. The final equality then uses the parameterisation which

was alluded to previously, whereby νs = γg/γf , which is how the factor of bare fermion anisotropy γf

appears within this part of the fermion action. It is worth noting that the above three terms constitute

the original unimproved anisotropic Wilson fermion action, but now written in dimensionless form

whence the anisotropy is made explicit. Furthermore, in the event that tadpole improvement is

not implemented, the tadpole factors would not be present (i.e. ũ → 1 in the above), the tadpole

improvement hypothesis would not be used and thus the fourth equality would not be present, and

the initial factor of anisotropy within the third equality would have been explicitly γg.

The temporal clover term is relatively straight forward and is given in dimensionless form by;

ia4
sat

2ũt

∑
x

ψ̄(x)CSW
t

3∑
i=1

σ0iF0i(x)ψ(x) =
ia4
sat

2ũt

∑
x

ˆ̄ψ(x)a−3/2
s CSW

t

3∑
i=1

σ0iF̂0i(x)a−1
t a−1

s ψ̂(x)a−3/2
s

=
i

2ũt

∑
x

ˆ̄ψ(x)CSW
t

3∑
i=1

σ0iF̂0i(x)ψ̂(x),

(2.84)
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where it is useful to reiterate that the coefficient is given here as 1/2 rather than 1/4 as the first index

has been explicitly set to the temporal direction, µ = 0, and thus no double counting is occurring

within this term. The spatial clover term is more involved and is given as;

ia4
sat

4ũs

∑
x

ψ̄(x)CSW
s

3∑
i,j=1

σijFij(x)ψ(x) =
ia4
sat

4ũs

∑
x

ˆ̄ψ(x)a−3/2
s CSW

s

3∑
i,j=1

σijF̂ij(x)a−2
s ψ̂(x)a−3/2

s

=
iat

4ũsas

∑
x

ˆ̄ψ(x)CSW
s

3∑
i,j=1

σijF̂ij(x)ψ̂(x)

=
i

4ũsγ̃g

∑
x

ˆ̄ψ(x)CSW
s

3∑
i,j=1

σijF̂ij(x)ψ̂(x)

=
i

4ũtγg

∑
x

ˆ̄ψ(x)CSW
s

3∑
i,j=1

σijF̂ij(x)ψ̂(x)

=
iνs

4ũtũ3
sγg

∑
x

ˆ̄ψ(x)
3∑

i,j=1

σijF̂ij(x)ψ̂(x)

=
i

4ũtũ3
sγf

∑
x

ˆ̄ψ(x)
3∑

i,j=1

σijF̂ij(x)ψ̂(x),

(2.85)

where once more the first two equalities simply show the substitution and resultant factors of lattice

spacing. The third equality uses the formal definition γg = as/at, but again replacing the bare gauge

anisotropy γg with its renormalised counterpart γ̃g. The fourth equality uses the tadpole improvement

hypothesis γ̃g = ũtγg/ũs. The fifth equality writes the tree-level tadpole clover coefficient CSW
s in

explicit form, in order to present the factor of νs = γg/γf , which is once more used to write the term

explicitly in terms of the bare fermion anisotropy γf .

Thus the final O(a)-improved fermion action which is used within this work can be expressed in

explicitly dimensionless form, ŜF as;

ŜF =
∑
x

ˆ̄ψ(x)D̂F ψ̂(x), (2.86)

with the dimensionless fermion Dirac operator D̂F , including the mass term now being given by;
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D̂F ψ̂(x) =
1

ũt

[
ũtm̂0ψ̂(x) + D̂W

0 ψ̂(x) +
1

γf

3∑
i=1

D̂W
i ψ̂(x)

+
i

4

(
2CSW

t

3∑
i=1

σ0iF̂0i(x) +
CSW
s

γg

3∑
i,j=1

σijF̂ij(x)

)
ψ̂(x)

]

=
1

ũt

[
ũtm̂0ψ̂(x) + D̂W

0 ψ̂(x) +
1

γf

3∑
i=1

D̂W
i ψ̂(x)

+
i

4

(
1

2

(
γg
γf

+
1

ξ

)
2

ũtũ2
s

3∑
i=1

σ0iF̂0i(x) +
1

ũ3
sγf

3∑
i,j=1

σijF̂ij(x)

)
ψ̂(x)

]
,

(2.87)

where a common factor of ũ−1
t has been pulled out to the front, and the explicit tree-level tadpole

clover coefficients have been used in the second equality.

Performing improvement and showing the explicit manner in which the anisotropy appears for the

gauge action is somewhat harder than with the fermion action. The starting point is the gauge action

from eq. (2.49) in section 2.2.1, which was;

SW =
β

Nc

∑
x

∑
µ<ν

Re(tr{1− Uµν(x)}) =
β

2Nc

∑
x

3∑
µ,ν=0

Re(tr{1− Uµν(x)})

=
β

2Nc

∑
x

3∑
µ,ν=0

Pµν(x) : Pµν(x) ≡ Re(tr{1− Uµν(x)}).
(2.88)

It is useful to reiterate that the plaquette variable is given by;

Uµν(x) = Uµ(x)Uν(x+ aµ̂)U †µ(x+ aν̂)U †ν(x), (2.89)

with the gauge links defined as;

Uµ(x) = eiaAµ(x). (2.90)

Using the Baker-Campbell-Hausdorff formula;

eAeB = eA+B+ 1
2

[A,B]+..., (2.91)

and the Taylor expansion;

Aν(x+ aµ̂) = Aν(x) + a∂µAν(x) +O(a2), (2.92)

the plaquette variable can then be expressed as30;

30See page 39 of [30].
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Uµν(x) =eia
2Fµν(x)+O(a3)

≈1 + (ia2Fµν(x) +O(a3)) +
1

2!
(ia2Fµν(x) +O(a3))2 + . . .

≈1 + ia2Fµν(x) + f(a3)− a4

2
Fµν(x)F µν(x) + f(a5) +O(a6) + . . . ,

(2.93)

where in the above expansion f(an) contains all terms of order an, and O(am) contains all terms of

order am and above.

Substituting the expansion from eq. (2.93) into eq. (2.88), the Wilson gauge action can be expressed

as [30, 42];

SW =
β

2Nc

∑
x

3∑
µ,ν=0

Re

(
tr

{
1− (1 + ia2Fµν(x) + f(a3)− a4

2
Fµν(x)F µν(x) + f(a5) +O(a6))

})

=
a4β

4Nc

∑
x

3∑
µ,ν=0

tr
{
Fµν(x)F µν(x) +O(a2)

}
,

(2.94)

where the terms with odd powers of a all cancel in the same manner as the a3 terms [42]. It is

important at this point to note that there has been no loss of generality from eq. (2.88) to eq. (2.94),

with the caveat that the latter is valid for small a, which is precisely the requirement to obtain real

physics in the naive continuum limit a → 0. The plaquette operator eq. (2.89) is what is explicitly

computed on the lattice, and the expansion eq. (2.93) shows the contents of this operator. Every term

which is present within the plaquette operator continues to be present within eq. (2.94), with the

realisation that the a4 term remains explicit31, whilst the surviving higher order terms are contained

within O(a2), and all other terms ultimately cancelled within the total summation shown within

eq. (2.88).

The next step is to split Fµν into temporal and spatial components and to use eq. (2.79) in order to

31It should be noted that the factor of a4 is identified with the integration measure from the continuum
∫
dx4, and

thus whilst the surviving leading order term is of dimension-4, it is formally considered to be of order a0.
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explicitly show the anisotropy factors;

ŜW =
a4β

4Nc

∑
x

3∑
µ,ν=0

tr
{
F̂µν(x)F̂ µν(x)a−2

n1
a−2
n2

+O(a2))
}

=
a3
satβ

4Nc

∑
x

( 3∑
i,j=1

tr
{
F̂ij(x)F̂ ij(x)a−4

s +O(a2))
})

+

( 3∑
i=1

tr
{
F̂i0(x)F̂ i0(x)a−2

s a−2
t +O(a2))

})

=
β

4Nc

∑
x

( 3∑
i,j=1

at
as

tr
{
F̂ij(x)F̂ ij(x)

}
+ a3

sat tr
{
O(a2))

})

+

( 3∑
i=1

as
at

tr
{
F̂i0(x)F̂ i0(x)

}
+ a3

sat tr
{
O(a2))

})

=
β

4Nc

∑
x

( 3∑
i,j=1

1

γg
tr
{
F̂ij(x)F̂ ij(x)

}
+ a3

sat tr
{
O(a2))

})

+

( 3∑
i=1

γg tr
{
F̂i0(x)F̂ i0(x)

}
+ a3

sat tr
{
O(a2))

})
.

(2.95)

Thus far there has still been no loss of generality, and it is possible to rewrite the above in the familiar

form of eq. (2.88), now with the anisotropy made explicit;

ŜW =
β

2Nc

∑
x

( 3∑
i,j=1

1

γg
P̂ij(x)

)
+

( 3∑
i=1

γgP̂i0(x)

)
, (2.96)

where the distinction between eq. (2.96) and eq. (2.88) is that the anisotropy factors are made explicit

due to the operators such as Fµν being expressed in dimensionless form, and thus the Pµν operators

are themselves now expressed in dimensionless form, as indicated by the usual hat notation. It should

be understood that the terms which previously cancelled have again been included within the P̂µν

operator, with the awareness that they will cancel anyway and thus it is perfectly sound to include

the same anisotropy factor in front of them. The question now is whether this same placement of

the anisotropy factors is strictly correct given that it is also being applied to the contributions that

are of O(a6), which will be dealt with below.

The Yang-Mills term with order a4 is precisely the correct term to regain the continuum action in the

naive continuum limit. As such, all higher order terms O(a6) constitute contributions to an error,

in that they cause a deviation of the lattice action from the continuum action. However when the

naive continuum limit is taken a→ 0, these terms will vanish. Consequently their effect is to change

the rate at which the continuum limit can be obtained, resulting in higher computational cost to

compute physical observables. It is apparent from eq. (2.94) that these errors appear at the order of

a2, which correspond to contributions from dimension-6 operators given the additional pre-factor of

a4. The unwanted contributions can thus be cancelled by the inclusion of appropriate dimension-6
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operators, with the O(a2)-improved gauge action then being given in general terms as;

SG ∝ a4 tr{Fµν(x)F µν(x)}+ a6

3∑
j=1

Oj(x), (2.97)

where there are three dimension-6 operators32 required to cancel all such contributions[42], which

can be expressed as;

O1(x) =
3∑

µ,ν=0

tr{DµFµν(x)DµFµν(x)},

O2(x) =
3∑

µ,ν,ρ=0

tr{DµFνρ(x)DµFνρ(x)},

O3(x) =
3∑

µ,ν,ρ=0

tr{DµFµρ(x)DνFνρ(x)}.

(2.98)

The first operator O1(x) arises at tree-level, with O2(x) and O3(x) arising beyond tree-level. How-

ever the majority of the unwanted contributions can be accounted for using only the tree-level O1(x)

operator combined with tadpole improvement, whereas the errors being cancelled by the other two

operators are relatively small and can often be ignored[43]. The three operators are shown diagram-

matically in fig. 2.6.

Fig. 2.6: Dimension-6 operators for O(a2)-improvement of the Wilson gauge action, taken from[44].
The figure labelled (0) is the basic plaquette operator for the unimproved Wilson gauge action, whilst
(1), (2) and (3) are for O1, O2 and O3 respectively.

Thus there is only one dimension-6 term which must be checked for the manner in which the

anisotropy factors appear, and the method is precisely the same as that for the dimension-4 term

eq. (2.95). The result is given by;

32Note that for full QCD there are additional dimension-6 operators.
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a6O1(x) =a6

3∑
µ,ν=0

tr{DµFµν(x)DµFµν(x)}

=a3
sat

(
a2
s

3∑
i,j=1

tr
{
D̂iF̂ij(x)D̂iF̂ij(x)a−6

s

}
+ a2

s

3∑
i=1

tr
{
D̂iF̂i0(x)D̂iF̂i0(x)a−4

s a−2
t

}
+a2

t

3∑
i=1

tr
{
D̂0F̂0i(x)D̂0F̂0i(x)a−2

s a−4
t

})

=a3
sat

(
a2
s

3∑
i,j=1

tr
{
D̂iF̂ij(x)D̂iF̂ij(x)a−6

s

}
+ a2

s

3∑
i=1

tr
{
D̂iF̂i0(x)D̂iF̂i0(x)a−4

s a−2
t

})

=

(
1

γg

3∑
i,j=1

tr
{
D̂iF̂ij(x)D̂iF̂ij(x)

}
+ γg

3∑
i=1

tr
{
D̂iF̂i0(x)D̂iF̂i0(x)

})
,

(2.99)

where in the third equality, the second temporal term has been dropped, as at � as and thus the

a2
t corrections are negligible. A few words are in order regarding the factors of lattice spacing in

the above expression. Within the first term of the second equality, the additional factor of a2 is

taken to be entirely spatial due to the fact that if the factor was atas then the spatial anisotropy

factor would be γ−2
g , whilst for a factor of a2

t the resultant anisotropy factor is γ−3
g , which in either

case is incorrect for the spatial component of the action. Moreover it should be explicitly stated

that whilst the temporal and spatial components can, and indeed should, contain different factors

of anisotropy from one another, the various spatial terms within the action should possess the same

level of anisotropy, and likewise for the various temporal terms. Furthermore in the second term of

the second equality, for a factor of asat there would be complete cancellation of lattice spacing factors

and thus no anisotropy would exist, whereas for a factor of a2
t the resultant anisotropy would be γ−1

g ,

and thus the factor must in fact be a2
s. Similarly for the third term, a factor of asat would result

in γ2
g whereas a factor of a2

s would result in γ3
g , with a factor of a2

t giving the expected factor of γg

for the anisotropy for the second temporal term. It should be noted that this is exactly in line with

expectations, as the rectangular operators shown in fig. 2.6 have 6 spatial contributions in total, and

also 6 temporal contributions, three of which are those which extend twice in the temporal direction

and thus the identification of the third term as being the one of order a2
t which ought to vanish for

the case where at � as.

From this point, it is now possible to incorporate the extra dimension-6 operator O1 into the initial

unimproved anisotropic Wilson gauge action eq. (2.96), where motivated by the form of this operator

shown within fig. 2.6, the new rectangular contributions will be notated by Rµν . The general form

of the tree-level O(a2)-improved gauge action is given as;
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ŜG =
β

Nc

∑
x

{
1

γg

∑
i<j

[
c0P̂ij(x) + c1

(
R̂ij(x) + R̂ji(x)

)]

+γg

3∑
i=1

[
c0P̂i0(x) + c1

(
R̂i0(x) + R̂0i(x)

)]}
=
β

Nc

∑
x

{
1

γg

∑
i<j

[
c0P̂ij(x) + c1

(
R̂ij(x) + R̂ji(x)

)]

+γg

3∑
i=1

[
(c0 + 4c1)P̂i0(x) + c1R̂i0(x)

]}
,

(2.100)

where the first equality is the most general form, and the second equality again uses the fact that

at � as in order to justify the removal of the rectangle which extends twice into the temporal

direction. The coefficients can take various values, several choices of note are given by;

c0 = 1, c1 = 0, (2.101)

c0 =
5

3
, c1 =

−1

12
, (2.102)

c0 = 3.648, c1 = −0.331. (2.103)

The first set of values are the coefficients required to regain the original Wilson gauge action. The

second pair of values are from tree-level Symanzik improvement[44], with the final pair due to the

proposal of Iwasaki[45], and are based on renormalisation-group methods. Futhermore the require-

ment c0 + 8c1 = 1 ensures the correct normalisation of the bare coupling g0, whilst the constraint

c0 > 0 ensures that all fields are locally pure gauge configurations[42].

Within this work O(a2)-improvement is achieved using tree-level Symanzik improvement, and thus

when combined with tadpole improvement in the previously defined manner results in a final gauge

action of the form;

ŜG =
β

Nc

∑
x

{
1

γg

∑
i<j

[
5

3u4
s

P̂ij(x)− 1

12u6
s

(
R̂ij(x) + R̂ji(x)

)]

+γg

3∑
i=1

[
4

3u2
su

2
t

P̂i0(x)− 1

12u4
su

2
t

R̂i0(x)

]}
.

(2.104)

The present work was performed using the FASTSUM configurations, which were generated using

the aforementioned gauge action, eq. (2.104), and fermion action, eq. (2.86), with the parameters

specified within table 2.6.
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γg 4.3 CSW
s 1.589 us 0.7336

γf 3.4 CSW
t 0.903 ut 1

γ̃f 3.453(6) atmu, atmd -0.0860 ũs 0.9267
as 0.11208(31) fm atms -0.0743 ũt 1
at 0.032459(71) fm Mπ 236(2) MeV β 1.5

Table. 2.6: Parameters for the action used by the FASTSUM collaboration in order to generate
(Gen2L) configurations with Nf = 2 + 1 flavours. The values for the bare anisotropy factors and
the tadpole factors, and thus clover coefficients, were determined in [2], whilst the value for the
strange quark mass was obtained in [46], and then the target renormalised anisotropy, pion mass,
light quark masses and lattice spacings being determined in [47, 48]. Note that here γ̃f = as/at
and represents the renormalised fermion anisotropy, whereas γg and γf represent the bare gauge and
fermion anisotropy respectfully.

2.2.4 Configuration Generation

This section will outline the manner in which the aforementioned actions, eq. (2.86) and eq. (2.104),

with the associated parameters, table 2.6, are used to generate the field configurations which are

used within the lattice approach to compute physical observables. The work presented within this

thesis relies on previously generated FASTSUM configurations, and thus this exposition will be kept

to a brief outline. The intricacies for generating lattice QCD gauge field configurations can get very

technical, however the same key machinery can be easily displayed with the simpler case of lattice

scalar field theory, which will thus be the case of interest below. This section follows closely the

exposition given in [49]. An analogous overview for QCD can be found in chapter’s 4 and 8 of [30].

The discrete lattice action for scalar field theory is given by;

S[φ] =
∑
x

[
− 2κ

D∑
µ=1

φxφx+µ̂ + φ2
x + λ(φ2

x − 1)2
]
, (2.105)

with the lattice expectation value of some observable O then being;

< O[φ] >=
1

Z

∫ ∏
x

dφxe
−S[φ]O[φ] : Z =

∫ ∏
x

dφxe
−S[φ]. (2.106)

Computing the partition function by brute force is unrealistic due to its size, however not all con-

figurations contribute equally, and a good approximation can be achieved by considering only the

subset of configurations that contribute significantly. This is called importance sampling and can be

achieved by generating field configurations which are distributed according to the Boltzmann weight

e−S[φ], where the most important configurations, which are those with a smaller action, are more likely

to be sampled. Thus, the objective is to obtain a series of field configurations, φ1, φ2, ..., φN , in order

to then estimate the expectation value from an average over measurements on those configurations;

< O >=
1

N

N∑
i

O[φi] +O
(

1√
N

)
, (2.107)
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where the second term is the error, which is entirely statistical. In order to ensure that the field

configurations are distributed according to the required Boltzmann weight e−S[φ], the configurations

must be generated using a Markov process33 which guarantees that configurations with larger proba-

bility are visited more often. Furthermore in order to achieve a good approximation it is required that

any configuration can be obtained within a finite number of steps, which is called strong ergodicity.

Those algorithms which implement a Markov process, necessarily produce field configurations that

are auto-correlated. From statistical mechanics the variance of some observable O is given by;

Var[O] =< (O− < O >)2 > , (2.108)

whereas the variance for the case of auto-correlated configurations is given by;

Var[O] =< (O− < O >)2 >

(
2τO
N

)
, (2.109)

where τO is the integrated auto-correlation time34, and must be computed separately for each ob-

servable. The variance from statistical mechanics is dependent on the underlying QFT, whereas in

the case of generating a Markov chain of field configurations the variance will additionally depend

on the algorithm used via the τ factor and on the number of configurations N .

The Hybrid Monte Carlo (HMC) algorithm is the most common choice for generating the Markov

chain of field configurations in full QCD, due to its high effectiveness. The HMC algorithm introduces

an auxiliary field πx, resulting in an enlarged partition function;

Z =

∫ ∏
x

dπxdφxe
−H(π,φ). (2.110)

The exponent in the modified Boltzmann weight is given by;

H(π, φ) =
1

2

∑
x

π2
x + S[φ], (2.111)

with the arbitrary coefficient in the first term being chosen in analogy to the kinetic energy and S[φ]

being thought of as a potential within a Hamiltonian H(π, φ). It is important to note that this is

simply an analogy with classical mechanics35, and indeed the purpose of adding the auxiliary field

πx is to permit the evolution of the field φ through phase space via Hamiltonian mechanics such that

the field configurations are distributed according to e−S[φ]. In this context, the update of the field φ

33The algorithms that perform a Markov process are not guaranteed to start at an appropriate point in phase space,
where the most important configurations exist. Typically an initial burn in period has to be performed, after which
the correct equilibrium distribution will have been converged on, and the subsequently generated configurations are
appropriate for use in computing observables.

34The auto-correlation time τ (also known as Monte Carlo time) is a fictitious time through which the fields φ and
π evolve in the Markov chain.

35The field φ can be thought of as the generalised coordinate, with the field π being the corresponding conjugate
momentum.
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according to the Hamiltonian equations of motion;

dφ

dτ
=
∂H

∂π
, (2.112)

dπ

dτ
= −∂H

∂φ
, (2.113)

is known as Molecular Dynamics (MD) evolution. These equations of motion do not represent the

underlying QFT, they simply represent the recipe for obtaining an ensemble of field configurations

using the HMC algorithm. The above equations of motion are solved using numeric integration,

which will always include some non-zero error, and thus the trajectory update will not be exact.

However for studies of non-zero temperature it is required for the update to be exact, and thus a

Metropolis accept-reject step is included in order to stochastically correct the error. The Metropolis

step requires that the integration scheme is reversible and area preserving. This requirement is known

as detailed balance, which ensures that the algorithm is convergent. Hence, in order for the update

procedure to result in field configurations distributed according to the Boltzmann weight e−S[φ], both

the Hamiltonian H(π, φ) and the phase-space volume dπdφ must be conserved.

The total Monte Carlo time τ that is integrated over between successive field configurations is

referred to as a trajectory. In order to obtain the next field configuration in the Markov chain, φ2,

the following three steps are taken with the starting point of some initial field configuration φ1;

1. Momentum heat bath step,

2. Molecular Dynamics evolution,

3. Metropolis accept-reject step.

The momentum heat bath step involves generating new values for the conjugate momenta πi from a

Gaussian distribution. Each attempt at a trajectory update involves taking a uniformly distributed36

random number x ∈ [0, 1). A procedure such as the Box-Muller method is then used, whereby

normally distributed random numbers are generated from the uniformly distributed random numbers

via;

y1 =
√
−2 ln (1− x1) cos (2π(1− x2)), y2 =

√
−2 ln (1− x1) sin (2π(1− x2)), (2.114)

where two inputs are required and two Gaussian random numbers are given as output. Strong

ergodicity is ensured by repeating this momentum heat bath step when computing each new proposed

trajectory. The initial field configuration φ1 is also generated using a heat bath step.

In those cases where the computational requirements are very large, the Hamiltonian is decomposed

for efficiency H(π, φ) = H1(π) +H2(φ). The trajectory Monte Carlo time step τ is then split into M

pieces37 of size ε. The MD evolution is then performed by repeatedly implementing two steps, each

of size ε, M times such that the total step size τ is achieved. The first step involves updating the

36This is done by using a random number generator such as that described within [50].
37These are typically equally spaced, although in principle they can vary in size providing that

∑
i εi = τ .
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field configuration φ whilst holding π constant;

(π, φ)→ (π, φ+ ε∇µH1(π)), (2.115)

with the second step updating only π;

(π, φ)→ (π − ε∇φH2(φ), φ). (2.116)

In analogy38 with classical mechanics the terms Fφ = −∇φH2(φ) and Fπ = ∇πH1(π) are called

molecular dynamics forces. The Leap-Frog integrator is one of the most common choices for per-

forming the MD evolution, whereby φ is updated twice, each with step size ε/2, with an intermediate

update of π with step size ε. The error is dependant on the choice of integrator, with the Leap-Frog

being a second order integrator due to its leading error being of order O(ε2).

The explicit combination of the heat bath and MD evolution steps is called hybrid molecular dy-

namics, and this is a suitable recipe for a trajectory update providing that the MD evolution can

be performed exactly. In practice, due to the integrator error the inclusion of the Metropolis step

is required, resulting in the HMC algorithm, which provides an overall exact trajectory update.

The Metropolis step involves accepting the update for the fields (π1, φ1) → (π2, φ2), based on some

probability;

min(1, e−∆H) : ∆H = H(π2, φ2)−H(π1, φ1), (2.117)

such that H(π2, φ2) ≤ H(π1, φ1) results in the update being accepted, otherwise the update will

be accepted with probability e−∆H . If the update is accepted then the next trajectory update step

begins, otherwise the current step will be restarted with a new value for π from the heat bath step39.

Whilst the generation of configurations for QCD is more complicated than for a scalar field theory,

the basic steps within the HMC algorithm still apply. Modern QCD studies are performed using

Nf = 2 + 1 quark flavours, where the up and down quarks are taken to have the same mass, with the

mass of the strange quark taking its physical value. However the HMC algorithm cannot be used

for non-integer values of α = Nf/2, and thus is not suitable for such modern studies. Furthermore,

simulations using lighter quark masses are considerably more expensive, and as increasingly precise

studies are performed, the quark masses are required to be taken closer to their physical values.

Consequently the efficiency of the available algorithms becomes more important, and the expense of

the HMC algorithm becomes prohibitively excessive. There are several alternate algorithms which

can handle Nf = 2 + 1 studies, the most efficient and thus popular of which is the Rational Hybrid

Monte Carlo (RHMC) algorithm, which is a variant of the HMC algorithm. Additionally, further

improvements to the efficiency are possible through various methods which can be used in conjunction

38These are not the forces of the underlying QFT, this is simply an analogy.
39In the event that the integrator step ε is too large and thus H(π2, φ2) � H(π1, φ1), then the update will still

be accepted with probability e−∆H . However this could result in the current update step being repeatedly restarted
and eventually being accepted due to the probability condition. In order to determine whether such an inappropriate
update has occurred it is necessary to observe the rate at which proposed updates are accepted. This acceptance rate
should be at around 80 − 90% in order to ensure that the constructed Markov chain of field configurations is valid.
Additionally a validity condition of < e−∆H >= 1 may be used.
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with RHMC. Such technicalities are rather involved and not relevant to the work of interest here,

however the details behind the RHMC algorithm and the additional methods can be found in [51],

with details specific to the generation of the FASTSUM configurations available within [2].

2.3 High Temperature QCD

One of the motivating factors for studying QCD at non-zero temperature is that QCD predicts

that at some critical temperature, Tc ≈ 200 MeV , there is a transition from the confined hadronic

state of matter, to a deconfined state of asymptotically free quarks and gluons called the Quark

Gluon Plasma (QGP). The spontaneously broken chiral symmetry is also regained at this critical

temperature. In the early moments of the universe, roughly 10−5 s after the big bang, space was

filled with a QGP, and understanding how the universe then evolved into what is seen today requires

the non-perturbative study of QCD across a range of temperatures. These conditions are probed

experimentally at facilities such as the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron

Collider (LHC). The RHIC uses nuclei as heavy as gold, with a resulting relativistic centre of mass

energy of E ≈ 200n GeV, where n is the number of nucleons in a single nucleus. The LHC achieves yet

higher energies by using lead nuclei, reaching relativistic center of mass energies of E ≈ 2.76n TeV.

From the theoretical side of the coin, such studies involve the use of hydrodynamics in order to

simulate the evolution of the resultant fireball of nuclear matter. The usefulness of lattice QCD is

that it can determine the relevant low energy input parameters for the hydrodynamics simulations

such as pressure and temperature, which are intensive quantities that can vary in space and time but

at a sufficiently low rate such that the system posses an approximate local thermal equilibrium. The

stages of the thermalisation process are shown within fig. 2.7. Hydrodynamics is used to describe the

system in between the stages of thermalisation and hadronisation, i.e. τ0 < τ < τf within fig. 2.7,

and can be considered as a low-energy effective theory, with its parameters encoding the infrared

behaviour of QCD, which in this case is the corresponding underlying microscopic theory40. Such

studies are important for understanding QCD itself, but moreover for understanding issues within

early universe cosmology and astro-particle physics. For example, the QGP is an important element

in understanding the baryon asymmetry and the seeding for structure formation of galaxies.

In order to understand the strong interactions fully, QCD must be understood across a range of

conditions, as indicated by the phase diagram in fig. 2.8 which shows the phases of strongly interacting

matter for a range of values of temperature T , and baryon chemical potential (net baryon density)

µB. The deployment of lattice field theory to explorations of the phase diagram for non-zero values

of chemical potential are hindered by the infamous sign problem. The work presented here will

focus on the conditions of the early universe however, which are described by the slice of the phase

diagram at µB = 0 where no such technical difficulties arise, and so such complexities will not be

discussed here. At a low enough temperature, roughly T < 200 MeV, strongly interacting matter

takes on the hadronic phase whereby quarks and gluons are strongly interacting and thus cannot be

40For a brief review on effective field theory and renormalisation, see chapter 5.
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Fig. 2.7: Stages of the thermalisation process for the QGP [52]. The system reaches local thermal
equilibrium, then the QGP exists up until the point where chemical and thermal freezout occur,
whereby hadronisation then takes place.

described using perturbation theory. The manner in which the matter transitions into the deconfined

QGP phase is also not within the scope of perturbation theory, for much the same reason, as the

interactions are not yet sufficiently weak at the relevant temperature. The nature of this phase

transitions has been shown by lattice calculations to be that of a crossover, where the matter slowly

changes from one state to another, rather than a first or second order phase change. Consequently

the transition cannot be explicitly claimed to take place at some specific temperature, however for a

given observable there will exist a clear inflection point, which is often used to denote the transition

temperature Tc, for that particular observable. This change of state at the crossover region relates

to the spontaneous breaking of chiral symmetry, and can be observed using the chiral condensate as

an order parameter41. More details about the QGP can be found within [52].

Some intuition of what will happen with varying temperature at µB = 0 can however be gained

without the use of lattice methods. The Deconfined QGP phase is obtained in the high temperature

limit, and can be modelled by an ideal (non-interacting) gas with a pressure given by;

41More details on chiral symmetry, symmetry breaking and the chiral condensate can be found in chapter 5.

Fig. 2.8: Phase diagram for QCD, showing the state of strongly interacting matter across a range
of values for temperature T and baryon chemical potential µ ≡ µB. This image was taken from [53].
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p

T 4
=

(
16 +

7

8
12Nf

)
π2

90
. (2.118)

Conversely the confined hadronic phase exists at the low temperature limit, and can be modelled by

a weakly interacting gas of hadrons, the so called hadron resonance gas model, with a pressure given

as;

p

T 4
= 3

π2

90
. (2.119)

It should then be clear that for Nf = 2+1, the pressure is expected to increase as the system evolves

through the crossover region where the phase transition occurs. However these models only serve

as a guide, and ultimately the goal is to compute thermodynamic quantities from first principles.

In section 2.2 a formula from statistical mechanics was presented, eq. (2.32), which expresses the

expectation value of some observable O, which is restated in more general terms for convenience here;

< O >=
1

Z

∑
i

ρO[i], (2.120)

where ρ is a generic Boltzmann weight factor and i is an arbitrary configuration that the system may

be in. According to statistical mechanics there are many thermodynamics quantities that can be

computed for a system in thermal equilibrium by taking the appropriate derivatives of the partition

function. The Helmholtz free energy is given by;

F = −T ln(Z), (2.121)

with T being the temperature, and the pressure then being computed as the following derivative;

p =
∂(T ln(Z))

∂V
, (2.122)

where V is the spatial volume. Similarly the entropy of the system is given as the derivative;

S =
∂(T ln(Z))

∂T
, (2.123)

with the energy for the case of zero baryon chemical potential then being given by the sum;

E = −pV + ST . (2.124)

In order to evaluate the Euclidean correlation function that was expressed in eq. (2.27), it is necessary

to use Monte Carlo importance sampling due to the very high dimensionality of the functional

integral. The issue with the above thermodynamic expressions is that when performing a Monte

Carlo simulation, it is unfortunately not possible to directly access the partition function and hence

these expressions cannot be evaluated in their present form. There are several approaches that
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are in practice used to compute the desired thermodynamic quantities, such as to calculate the

energy-momentum tensor Tµν , whose contents contain information on quantities such as the energy

and pressure. Unfortunately computing Tµν on the lattice is somewhat difficult in itself, and there

are several approaches that have been used to overcome these difficulties. The various methods

for computing thermodynamic properties on the lattice will be will be discussed in detail within

chapter 4, with particular attention to the determination of the energy-momentum tensor through

the use of gradient flow, the latter of which will be discussed presently.

2.4 Gradient Flow

Gradient flow is a quantum field theoretic tool for applying heat-equation evolution to fields, allowing

for the construction of semi-local operators which acts as an effective filter for ultraviolet fluctuations.

The flow is applied on a per configuration basis, with the fields used to construct operators essentially

replaced by a semi-local average. Gradient flow is a non-perturbative method that respects gauge

invariance.

One of the earliest occurrences of gradient flow was by Atiyah and Bott [54], where within mathemat-

ics the term often used is Yang-Mills gradient flow. Gradient flow has found a number of application

within physics, from scale setting [55, 56], amelioration of ultraviolet fluctuations [57], and dealing

with issues of renormalisation [58, 66]. Other interesting applications include in the study of beyond

the standard model physics [59, 60], improving the efficiency of the HMC algorithm [61], dark matter

models [62], super-symmetric Yang-Mills theory [63] and infinite N phase transitions [64].

Gradient flow is defined for gauge fields in the continuum as;

∂Bµ(x, τ)

∂τ
= DνGνµ(x, τ), (2.125)

where the flowed field strength tensor is given by;

Gνµ(x, τ) = ∂νBµ(x, τ)− ∂νBµ(x, τ) + [Bν(x, τ), Bµ(x, τ)], (2.126)

and the associated initial conditions;

Bµ(x, τ = 0) = Aµ(x), (2.127)

and;

Gνµ(x, τ = 0) = Fνµ(x). (2.128)

The ultraviolet smoothing effect of gradient flow can be shown explicitly by looking at the continuum
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flow equations perturbatively. It is preferable to show this using a modified version of the flow

equation in order to side step some technical complexities which arise during perturbative analysis

due to the gauge invariance of the flow equation. The modified flow equation takes the form;

∂Bµ(x, τ)

∂τ
≡ Ḃµ(x, τ) = DνGνµ(x, τ) + λDµ∂νBν , (2.129)

where the additional term serves to damp the evolution of the gauge field, without interfering with

the value of the gauge invariant observables [58]. The dependence on the flowed gauge field can be

made explicit, temporarily dropping the arguments x and τ for simplicity;

Ḃµ = ∂ν∂νBµ − ∂ν∂µBν + ∂ν [Bν , Bµ]

+ [Bν , ∂νBµ]− [Bν , ∂µBν ] + [Bν , [Bν , Bµ]]

+ λ∂µ∂νBν + λ[Bµ, ∂νBν ],

(2.130)

which can then be split into linear terms and a remainder Rµ;

Ḃµ = ∂ν∂νBµ + (λ− 1)∂µ∂νBν +Rµ, (2.131)

with the remainder term;

Rµ = 2[Bν , ∂νBµ]− [Bν , ∂µBν ] + (λ− 1)[Bµ, ∂νBν ] + [Bν , [Bν , Bµ]], (2.132)

having used the substitution;

∂ν [Bν , Bµ] = [Bν , ∂νBµ]− [Bµ, ∂νBν ]. (2.133)

It is convenient to choose λ = 1 resulting in the simplification;

Ḃµ − ∂ν∂νBµ = Rµ, (2.134)

and remainder term;

Rµ = 2[Bν , ∂νBµ]− [Bν , ∂µBν ] + [Bν , [Bν , Bµ]]. (2.135)

Following [67], in perturbative studies the fundamental gauge field is scaled with the bare coupling

g0, such that Aµ → g0Aµ. The functional integral in then expanded in powers of g0 resulting in the

flow being expressed as an asymptotic expansion;

Bµ =
∞∑
k=1

gk0Bµ,k : Bµ,k|τ=0 = δk1Aµ. (2.136)
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Inserting eq. (2.136) into eq. (2.134) results in the equations;

Ḃµ,k − ∂ν∂νBµ,k = Rµ,k : k = 1, 2, . . . , (2.137)

where the first few remainder terms are given by;

Rµ,1 = 0, (2.138)

Rµ,2 = 2[Bν,1, ∂νBµ,1]− [Bν,1, ∂µBν,1], (2.139)

Rµ,3 = 2[Bν,2, ∂νBµ,1] + 2[Bν,1, ∂νBµ,2]

+ [Bν,2, ∂µBν,1] + [Bν,1, ∂µBν,2] + [Bν,1, [Bν,1, Bµ,1]].
(2.140)

To leading order the flow is thus;

Ḃµ,1 − ∂ν∂νBµ,1 = 0, (2.141)

which is of the form of the heat equation. The heat equation in general terms takes the form (with

some initial condition and boundary condition);

∂u(x, τ)

∂τ
−∇2u(x, τ) = 0 : x ∈ Rn, 0 < τ <∞, (2.142)

with a solution then being expressed in terms of the fundamental solution (or Greens function)

σ(x, τ);

u(x, τ) =

∫ ∞
−∞

σ(x− ξ, τ)f(ξ)dξ. (2.143)

The fundamental solution, which in this context is also referred to as the heat kernel, is given as the

solution to the auxiliary homogeneous problem;

∂

∂τ
σ(x, τ)−∇2σ(x, τ) = 0 : x ∈ Rn, τ > 0, (2.144)

with initial condition;

σ(x, 0) = δ(x) : x ∈ Rn. (2.145)

For the one dimensional case the fundamental solution is given as;

σ(x, τ) =
e−x

2/4τ

(4πτ)1/2
. (2.146)
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For the case in question, the flowed gauge field is then given in D dimensions as;

Bµ,1(x, τ) =

∫
Kτ (x− y)Aµ(y)dDy, (2.147)

with the heat kernel;

Kτ (z) =
e−z

2/4τ

(4πτ)D/2
, (2.148)

which makes explicit that the gradient flow is in fact a smoothing operation, which averages the

gauge potential in four dimensions across a spherical volume of radius
√

8τ . This averaging over

local values is visualised in fig. 2.9.

It is a general property of the heat equation that discontinuities and singularities within the initial

condition are rapidly smoothed out. This smoothing property of the flow then implies that for non-

zero flow time τ > 0, there exist no short distance (ultraviolet) singularities for correlation functions

built from these flowed fields.

Fig. 2.9: A generic field O(x, τ) for positive flow time τ > 0 depends on the value of the original
unflowed field variable O(x, 0) within some local region of diameter 2

√
8τ . Figure taken from [55].

The lattice discretisation of the flow equation eq. (2.125) is given by;

a2∂τVµ(x, τ) = −g2
0{T a∂ax,µSG(V )}Vµ(x, τ) : Vµ(x, 0) = Uµ(x), (2.149)

where SG(V ) is any lattice action, with the Lie derivative;

∂ax,µf(U) =
d

ds
f(esX(y,ν)U)|s=0, (2.150)

where;

X(u, ν) = T aiff (y, ν) = (x, µ), 0 otherwise. (2.151)

The gradient flow is intimately related to the older approach of stout link smearing [41], in that

successive smearing steps essentially amount to the same procedure but performed with an Euler
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integration scheme. A brief outline of general smearing in gauge theory can be found within [65]. The

gauge action used within the flow equation eq. (2.149) provides some level of freedom for performing

gradient flow. All possible valid choices for the flow action should reproduce the same Yang-Mills

gradient flow, eq. (2.125), in the continuum limit. The work presented in this thesis uses the Wilson

plaquette action within the flow equation, thus then being referred to as Wilson flow.

This chapter has covered the basic background material required for understanding the work pre-

sented within this thesis. Next, chapter 3 will walk through the validation of the anisotropic Wilson

flow and will perform basic tests for numerical stability of the integrator. Then chapter 4 will present

the specific background details and the results for the main work of this thesis.
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Validation of Anisotropic Flow and

Numerical Stability Checks

In order to ensure that the anisotropic gradient flow is being correctly implemented, a sanity check

must be performed utilising a known result to act as a benchmark. The implementation of such a

check was performed by using the method set out by Fodor et al within [68], whereby the anisotropic

gradient flow is used to compute the renormalised gauge anisotropy γ̃g. In the current work the

Gen2L configurations were used, for which γ̃f is already known, thus providing a clear method and

target result in the instance where the implementation of the anisotropic gradient flow is correct.

Within this chapter the outline and results for this sanity check will be presented, along with some

tests for the numerical stability of the integrator.

The discretised lattice flow equation can be written as;

dUµ
dτ

= Xµ(U)Uµ, (3.1)

where τ is the flow time, Uµ is the lattice gauge link which is an element of the Lie group whereas

Xµ(U) is an element of the associated Lie algebra and is also the generator of the stout smearing

transformation;

Xµ(x, τ) = PA

[ ∑
±ν 6=µ

ρµνUν(x, τ)Uµ(x+ ν, τ)U †ν(x+ µ, τ)U †µ(x, τ)

]
, (3.2)

where PA is an operator projecting onto traceless anti-hermitian matrices, and the coefficients ρµν

are defined below. The above expression holds true for both the isotropic and anisotropic cases.

Moreover this uses the specific choice of the Wilson gauge action, and so is more specifically referred

to as the Wilson flow, rather than the more general gradient flow.

The Wilson flow provides a length scale,
√
t0, which can be used in lattice computations to set

the scale [67]. However in [56] Fodor et al derived an alternate scale using the Wilson flow, ω0,
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which has the benefits of being measurable to high precision on the lattice, being defined without

fitting or extrapolation, having small quark mass dependence and not depending on the details

of the discretisation. The ω0 scale was computed in physical units within [56], and found to be

ω0 = 0.1755(18)(04) fm, using the definition for the isotropic case;

[
τ
d

dτ
τ 2 < E(τ) >

]
τ=ω2

0

= 0.30, (3.3)

with the Yang-Mills action density;

E(τ) =
1

4

∑
x

F 2
µν(x, τ). (3.4)

When using an anisotropic lattice the constraints ρi0 = γ2
w and ρij = ρ0i = 1 are imposed to en-

sure that the correct flow equation is regained in the continuum limit. In the simple case of a

non-interacting theory, the bare and renormalised gauge anisotropies are equal, γg = γ̃g. For the

interacting theory, the action is expressed in terms of unrenormalised fields and the bare gauge

anisotropy γg, which describes the theory on the scale of the lattice spacing. Moreover the renor-

malised gauge anisotropy γ̃g will differ from its bare counterpart, and will describe the theory on the

physical scale and thus can be determined by measuring physical observables. Furthermore, given

that for any flow time τ > 0 the gauge field is automatically renormalised, it is expected that the

appropriate value for the anisotropy parameter within the flow equation is in fact γw = γ̃g. When

flowing on an anisotropic lattice it is important that the appropriate anisotropy parameter is applied

within the flow equation, ρi0 = γ2
w, such that the fields are averaged equally by the heat equation in

all directions of Euclidean spacetime.

The equivalent formulas for the anisotropic case are given by;

Ess(τ) =
1

4

∑
x,i 6=j

F 2
ij(x, τ), (3.5)

for the spatial component of the action density, whereas for the temporal component it is;

Est(τ) =
1

2

∑
x,i

F 2
i0(x, τ). (3.6)

The expectation values of the spatial and temporal components of the action density are equal

in physical units (i.e. in dimensionful form), and given that these operators are renormalised for

τ > 0, they must then provide a definition of the renormalised gauge anisotropy. Furthermore the

components of the action density can be written in dimensionless form such that;

Ess(τ) = Êss(τ̂)a−4
s ,

Est(τ) = Êst(τ̂)a−2
s a−2

t ,
(3.7)

– 53 –



Chapter 3: Validation of Anisotropic Flow and Numerical Stability Checks

where the length scale ω0 and flowtime τ variables are also expressed in dimensionless form (or so

called lattice units);

τ = τ̂ a2
s,

ω0 = ω̂0as.
(3.8)

The ratio of the expectation values for the action density can then be written into dimensionless

form;

< Ess(τ) >

< Est(τ) >
=

< Êss(τ̂)a−4
s >

< Êst(τ̂)a−2
s a−2

t >
=
< Êss(τ̂) >

< Êst(τ̂) >

a−2
s

a−2
t

=
< Êss(τ̂) >

< Êst(τ̂) >
γ̃−2
g = 1, (3.9)

where the first equality simply substitutes eq. (3.7), and the final equality comes from the fact that

the spatial and temporal components are equal in physical units. It is then immediately apparent

that the ratio of the action densities in dimensionless form, which is referred to as being in lattice

units in [68], must relate to the renormalised gauge anisotropy via;

< Êss(τ̂) >

< Êst(τ̂) >

!
= γ̃2

g , (3.10)

where once again the substitution eq. (3.7) can be applied to obtain;

< a4
sEss(τ) >

< a2
sa

2
tEst(τ) >

= γ̃2
g , (3.11)

as is given within the above cited paper.

However the scaling features of the derivatives of the field strength tensors (action density) are supe-

rior to the plain ratio, and are thus used instead [68]. The method for computing γ̃g is implemented

by first selecting a value for γw, then calculating the action density as a function of flow time.

Subsequently the ratio of the derivatives of the action density, RE, is computed;

RE =

[
τ̂ d
dτ̂
τ̂ 2 < Êss(τ̂) >

]
τ̂=ω̂2

0[
τ̂ d
dτ̂
τ̂ 2 < Êst(τ̂) >

]
τ̂=ω̂2

0

= γ̃2
g , (3.12)

where the ω̂0 scale setting condition is given as;

[
τ̂
d

dτ̂
τ̂ 2 < Êss(τ̂) >

]
τ̂=ω̂2

0

= 0.15. (3.13)
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However, the computation of RE itself requires the correct value of the renormalised gauge anisotropy

within the flow equation eq. (3.2), and thus eq. (3.12) and eq. (3.13) are a pair of coupled equations

for the unknowns γ̃g and ω̂0. Thus in order to solve these equations and determine γ̃g, the above

process is performed for a range of γ2
w values until the following condition is met;

RE(γw)

γ2
w

= 1, (3.14)

at which point γ̃g = γw, hence providing the renormalised gauge anisotropy γ̃g. It is worth noting

that typically the lattice Yang-Mills action takes the form;

E ∝βEst + βEss,

Ê ∝βas
at
Êst + β

at
as
Êss,

∝βγgÊst + β
1

γg
Êss,

∝β(1)Êst + β(2)Êss,

(3.15)

where two distinct β values naturally arise for the anisotropic case. Such concerns do not factor into

this computation as it is the action density being used, whereas the bare gauge anisotropy factors

and beta factors only enter into the observable explicitly for the total action as outlined above.

In order to evolve the gauge fields through flowtime, the flow equation eq. (3.1) was solved using nu-

merical integration with the third order Runge-Kutta integrator. Recasting the differential equation

into the general form;

∂τVτ = Z(Vτ )Vτ , (3.16)

and with the initial condition;

V (x, µ, τ = 0) = U(x, µ), (3.17)

the integration from flowtime τ to τ + ε is given by;

X0 =Vτ ,

X1 = exp

{
Z0

4

}
X0,

X2 = exp

{
8Z1

9
− 17Z0

36

}
X1,

Vτ+ε = exp

{
3Z2

4
− 8Z1

9
+

17Z0

36

}
X2,

(3.18)

where Zi ≡ εZ(Xi). The first part of the procedure is demonstrated by the original work from Fodor

et al within fig. 3.1, which shows the determination of the τ̂ = ω̂2
0 scale as per eq. (3.13), along with

both factors within RE. The correct value of the flow anisotropy, where γw = γ̃g, is given by the
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value of γw for which the derivatives of both the spatial and temporal action density overlap at a

value of 0.15. In practice however it is sufficient to determine the flowtime τ̂ for which eq. (3.13) is

satisfied, for a range of flow anisotropy values γw. The second part of the procedure is then shown

in fig. 3.2, whereby at the aforementioned flowtime the value of RE has been determined and then

plotted according to eq. (3.14). The desired value of γw is then obtained via interpolation, which is

precisely that value for which the spatial and temporal derivatives of action density overlap at 0.15

in fig. 3.1. It should be reiterated that these computations are performed on the same ensemble,

but each time with a different value of the flow anisotropy γw. This method for computing the

renormalised gauge anisotropy is performed at zero temperature and is thus performed using the

FASTSUM ensemble for which Nt = 128 and Ns = 32.

Fig. 3.1: Figure taken from [68]. The derivative of the action density is shown against the flowtime
for two levels of anisotropy, ξw = {2.8, 3.2}, where a difference of notation is noted by ξw ≡ γw.
The spatial and temporal components switch order for the two anisotropy values, indicating that the
renormalised gauge anisotropy lies between these values. Moreover the identification of γw = γ̃g is
made for that value of γw where the spatial and temporal components are equal at τ̂ = ω̂2

0.
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Fig. 3.2: Figure taken from [68]. The renormalised gauge anisotropy is determined using the Wilson
flow, by determining the spatial ω̂0 scale for various values of γw, and then determining the value of
RE at the point τ̂ = ω̂2

0. Within the lower panel the value of RE/γ
2
w is used on the vertical axis, such

that condition eq. (3.14) is met at the unit value. The upper panel shows the interpolation of ω0/as
to the relevant point at γw = γ̃g.

Numerical stability tests were performed for the Nt x N3
s = 8 x 323 ensemble, which are shown in

fig. 3.3 to fig. 3.8 for several integrator step sizes ε and at several flow anisotropy values γw. The

step size ε = 0.015 which has been highlighted within the figures using a different marker, is shown

to be stable for all values of flow anisotropy, and is thus used throughout this work. This value for

the step size is chosen due to it being fast to use whilst being far away from any issues of instability

which are present at larger step sizes. All errors are included and were computed using Jackknife

error analysis, with typical results being of the order of 1%. The minor discrepancy between the

different step sizes at low flow time is a consequence of the data points not being equally spaced for

the different ε values, not due to a legitimate disagreement.

Numerical stability tests were also performed for the Nt x N3
s = 128 x 323 ensemble, which are shown

in fig. 3.9 to fig. 3.14. Once again the step size ε = 0.015 is stable for all cases of interest. It is

therefore assumed that the same step size is stable for all intermediate values of flow anisotropy within

the range γw = 1.00 → 3.65. More specifically, as will be discussed in chapter 4, for each lattice

there exists a maximum flow time that can be safely used before over-smearing occurs, according to

eq. (4.41), with the values for each temperature being given in table 4.1. Accordingly the stability
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of lattices Nt = 8 → 32 and Nt = 128 were checked for ε = 0.015 within fig. 3.15 and fig. 3.16 for

γw = 1.00 and γw = 3.65 respectively, whereas the intermediate lattices from Nt = 32→ 128 all have

the same maximum safe flow time, and are thus assumed to be stable for ε = 0.015 for all values of

interest for γw.

All data for the Nt x N3
s = 8 x 323 ensemble at ε = 0.015 are shown together within fig. 3.17, and

likewise within fig. 3.18 for the Nt x N3
s = 128 x 323 ensemble data. As expected, the temporal

components of the action density Est are more strongly affected by the level of flow anisotropy

applied than the spatial components Ess. Interestingly the difference between Est for the γw = 1.00

and γw = 3.25 data is stronger at higher temperature, whereas there is more significant spread within

the range γw = 3.25→ 3.65 at lower temperature.

The determination of the appropriate flow time for the ŵ0 condition and the subsequent determination

of the ratio RE are shown for γw = 3.65 within fig. 3.19, with the data given in table 3.2. The

determination of the spatial lattice spacing as and the renormalised gauge anisotropy γ̃g are then

shown in fig. 3.20 with the data given in table 3.3, with the results compared to the known FASTSUM

values given in table 3.1.

The value of the physical w0 scale which was quoted above in relation to eq. (3.3) and determined

in [56], has since been updated with a more precise value of w0 = 0.17236(29)(63) fm, which was

computed within [69] and then used in [71]. This more recent value for the w0 scale was used within

this work. The errors quoted for this work were determined by using jackknife analysis directly on

the end quantities as and γ̃g. The error for as also included adding the output from this step in

quadrature with the known error in w0, the formula for which is given by;

∆as = as

√(
∆ŵ0

ŵ0

)2

+

(
∆w0

w0

)2

, (3.19)

where the error for ŵ0 was determined by jackknife analysis, with the final value with statistical

error being ŵ0 = 1.41954(2). The earlier computation of w0 within [56] demonstrated a difference of

approximately 0.003 for the physical pion mass and that used for the FASTSUM Gen2l configurations

which are used in this work. A similar mass dependence is not clearly shown for the updated

computation within [69] and thus the difference is assumed to be the same. The systematic error for

as was thus determined by repeating the analysis with values of w0 = 0.16936 → 0.17236, with the

error being taken as the standard deviation of the resultant uniform distribution.

The discrepancy between the known FASTSUM value for γ̃f and the value for γ̃g obtained in this

work is equal to 1.13% of the known value for γ̃f , with a discrepancy of 8.32% for as. The known

values for γ̃f and as were obtained within [47, 48], with the γ̃f determination using fermion dispersion

methods and at using a baryon mass fit, with as then being taken as the product of γ̃f and at. The

values from this work utilised the gradient flow on gauge fields, and thus given the different nature

of the methods used, the difference of 1.13% for γ̃g and 8.32% for as is considered to represent an

acceptable agreement. This level of discrepancy for as is within the expected level of agreement when
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comparing fermion and gauge estimations, which typically differ by 5− 10%.

FASTSUM This Work

as 0.11208(31) as 0.1214(5)(6)
γ̃f 3.453(6) γ̃g 3.41408(8)

Table. 3.1: Comparison of the known FASTSUM values and the values for this validation check
of the anisotropic flow, for the spatial lattice spacing as and the renormalised anisotropy (γ̃g vs γ̃f ).
This work was performed using the Nt x N3

s = 128 x 323 ensemble with 990 configurations. This is
for the Gen2L data, the full parameter list for which can be found within table 2.6. The error on
γ̃g for this work is statistical, with the first and second errors on as being statistical and systematic
respectively.

The action density output from the OpenQCD-FASTSUM code is also plotted against that from the

Borsanyi et al code1 for the FASTSUM Gen2L configurations, within fig. 3.21, with the errors being

computed once again by jackknife analysis.

In this chapter the implementation of the anisotropic Wilson flow was validated, successfully repro-

ducing the known FASTSUM values to within an acceptable margin for the spatial lattice spacing

as, and the renormalised anisotropy (γ̃g vs γ̃f ), using the method introduced within [68]. The action

density output from the OpenQCD-FASTSUM code also showed good agreement from the code of

Borsanyi et al, both using the FASTSUM Gen2L configurations. The integrator step size ε = 0.015

was shown to be stable across all parameters of interest and is thus used throughout the remainder

of this work. The next chapter will introduce the background content for the main work of this

thesis, which is the determination of thermodynamic properties within Nf = 2 + 1 QCD, and will

then present the corresponding results.

1This code can be found on the arXiv page for the work presented within [56].
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Fig. 3.3: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 1.00.
This data is for the Nt x N3

s = 8 x 323 ensemble.

Fig. 3.4: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.25.
This data is for the Nt x N3

s = 8 x 323 ensemble.

– 60 –



Chapter 3: Validation of Anisotropic Flow and Numerical Stability Checks

Fig. 3.5: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.35.
This data is for the Nt x N3

s = 8 x 323 ensemble.

Fig. 3.6: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.45.
This data is for the Nt x N3

s = 8 x 323 ensemble.
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Fig. 3.7: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.55.
This data is for the Nt x N3

s = 8 x 323 ensemble.

Fig. 3.8: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.65.
This data is for the Nt x N3

s = 8 x 323 ensemble.
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Fig. 3.9: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 1.00.
This data is for the Nt x N3

s = 128 x 323 ensemble.

Fig. 3.10: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.25.
This data is for the Nt x N3

s = 128 x 323 ensemble.

– 63 –



Chapter 3: Validation of Anisotropic Flow and Numerical Stability Checks

Fig. 3.11: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.35.
This data is for the Nt x N3

s = 128 x 323 ensemble.

Fig. 3.12: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.45.
This data is for the Nt x N3

s = 128 x 323 ensemble.
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Fig. 3.13: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.55.
This data is for the Nt x N3

s = 128 x 323 ensemble.

Fig. 3.14: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for various integrator step sizes ε (eps) for γw = 3.65.
This data is for the Nt x N3

s = 128 x 323 ensemble.
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Fig. 3.15: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for integrator step size ε = 0.015 and γw = 1.00, at
multiple temperatures.

Fig. 3.16: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for integrator step size ε = 0.015 and γw = 3.65, at
multiple temperatures.
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Fig. 3.17: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for integrator step size ε = 0.015 and Nt = 8, at multiple
values of flow anisotropy γw.

Fig. 3.18: < Êst(τ̂) > and < Êss(τ̂) > vs τ̂ for integrator step size ε = 0.015 and Nt = 128, at
multiple values of flow anisotropy γw.
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τ̂ RE Numerator RE Denominator τ̂ RE Numerator RE Denominator

0.06 0.0066844 0.00115790 1.56 0.1158547 0.00901525
0.12 0.0207904 0.00217884 1.62 0.1205829 0.00938432
0.18 0.0336306 0.00263413 1.68 0.1253556 0.00975613
0.24 0.0417861 0.00284951 1.74 0.1301703 0.01013062
0.3 0.0458824 0.00296539 1.8 0.1350254 0.01050772
0.36 0.0477051 0.00306197 1.86 0.1399196 0.01088736
0.42 0.0487052 0.00317966 1.92 0.1448516 0.01126949
0.48 0.0497138 0.00333376 1.98 0.1498205 0.01165406
0.54 0.0511004 0.00352588 2.04 0.1548255 0.01204104
0.6 0.0529744 0.00375160 2.1 0.1598657 0.01243041
0.66 0.0553233 0.00400480 2.16 0.1649404 0.01282212
0.72 0.0580885 0.00427962 2.22 0.1700489 0.01321613
0.78 0.0612014 0.00457122 2.28 0.1751902 0.01361239
0.84 0.0645984 0.00487586 2.34 0.1803633 0.01401084
0.9 0.0682261 0.00519078 2.4 0.1855673 0.01441142
0.96 0.0720416 0.00551398 2.46 0.1908014 0.01481406
1.02 0.0760113 0.00584400 2.52 0.1960649 0.01521869
1.08 0.0801095 0.00617982 2.58 0.2013573 0.01562525
1.14 0.0843161 0.00652069 2.64 0.2066778 0.01603370
1.2 0.0886158 0.00686607 2.7 0.2120258 0.01644402
1.26 0.0929967 0.00721556 2.76 0.2174007 0.01685619
1.32 0.0974495 0.00756884 2.82 0.2228022 0.01727021
1.38 0.1019669 0.00792565 2.88 0.2282297 0.01768603
1.44 0.1065432 0.00828578 2.94 0.2336825 0.01810361
1.5 0.1111737 0.00864903 - - -

Table. 3.2: The data associated with fig. 3.19, which was computed for γw = 3.65. Note that the
error for both as and γ̃g were computed via jackknife analysis on these final quantities, not at the

level of the components of RE or Ê(τ̂), thus no error is quoted here for these intermediate quantities.
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(a) Determination of the target flow time using[
τ̂ d
dτ̂ τ̂

2 < Êss(τ̂) >
]
τ̂=ω̂2

0

= 0.15.
(b) Interpolation of

[
τ̂ d
dτ̂ τ̂

2 < Êst(τ̂) >
]
τ̂=ω̂2

0

for

target flow time τ̂ .

Fig. 3.19: This data is for the Nt x N3
s = 128 x 323 ensemble, with an integrator step size of

ε = 0.015, using 990 configurations and with γw = 3.65.

(a) Interpolation of the flow anisotropy γw which cor-
responds to the renormalised gauge anisotropy γ̃g.

(b) Interpolation of the ŵ0 scale, determined at the
flow anisotropy value γw = γ̃g.

Fig. 3.20: This data is for the Nt x N3
s = 128 x 323 ensemble, with an integrator step size of

ε = 0.015, using 990 configurations.
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γw RE/γ
2
w ŵ0

3.25 1.0276 1.4273
3.35 1.0104 1.4226
3.5 0.9866 1.4154
3.65 0.9648 1.4081

Table. 3.3: The data associated with fig. 3.20. The determination of as involved determining the
ŵ0 value for each γw as shown in eq. (3.13) and presented here within this table. The ŵ0 value
for the renormalised gauge anisotropy where γw = γ̃g is then interpolated from this data. This is
repeated for each jackknife re-sample and the final ŵ0 with statistical error is thus determined, and
used within the ∆as computation shown in eq. (3.19). Thus at no point is there an error directly
computed for the actual data points ŵ0 given in this table, and hence they are quoted here without an
associated error. Likewise the error on the final renormalised gauge anisotropy, ∆γ̃g, was determined
by jackknife analysis, not the intermediate data presented within this table and thus no error is
quoted here for RE/γ

2
w.

(a) γw = 1.00. (b) γw = 3.65.

Fig. 3.21: Comparison of the output of the code, in this case the action density Ess and Est as a
function of flow time τ̂ , from Borsanyi et al, and the OpenQCD-FASTSUM code. This data is for
the Nt x N3

s = 128 x 323 ensemble, with an integrator step size of ε = 0.015.
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Chapter 4

Energy-Momentum Tensor and

Thermodynamics

4.1 Equation of State

As was mentioned within the introduction there exist several methods for attempting to obtain ther-

modynamic quantities within lattice QCD, namely the derivative method and the integral method.

Those methods are briefly outlined below, followed by a discussion of constructing the lattice energy-

momentum tensor using gradient flow. Present results from the expectation value of the energy-

momentum tensor are then discussed along with appropriate comparison to those results from the

literature.

4.1.1 Derivative Method

It was previously stated within section 2.3 that the thermodynamic quantities could not be computed

by direct access of the partition function. However the partition function can already be related to

the action −T lnZ = S = SF + SG, as was seen previously in eq. (2.28). The energy density and

pressure are defined in relation to the partition function via [70];

ε(T ) =
−1

V

∂ lnZ

∂(1/T )

∣∣∣∣∣
V

=
−ξ

N3
sNta3

sat

〈
∂S

∂γg

∣∣∣∣∣
as

〉
, (4.1)

p(T ) = T
∂ lnZ

∂V

∣∣∣∣∣
T

=
−as

3N3
sNta3

sat

〈
∂S

∂as

∣∣∣∣∣
at

〉
, (4.2)

where γg is again the bare gauge anisotropy, and the partition function has been substituted for the

action S, factors of lattice spacing and the spatial volume V = N3
s a

3
s. The action can then be made

explicit which will result in factors of the form;
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∂β

∂V
;
∂γg
∂V

. (4.3)

These partial derivatives are known as Karsch coefficients, named after the person who initially

attempted to compute them perturbatively [72]. The temperature on the lattice is controlled by the

following equation;

T =
1

Ntat
, (4.4)

where as usual Nt is the number of lattice points in the temporal direction, and at is the temporal

lattice spacing. Scanning various temperatures by holding Nt fixed and varying at is known as

the fixed-Nt approach. In order to relieve physical observables of their ultraviolet divergences, it

is often the case that a vacuum expectation value (VEV) will be subtracted from the determined

value of the observable irrespective of the non-zero temperature at which it was computed. This

VEV amounts to the value of that same observable at zero temperature. The fixed-Nt approach

involves varying the lattice spacing at and thus each temperature requires a separate set of zero-

temperature configurations in order to accommodate for the different renormalisation at each scale

at. Consequently the fixed-Nt approach can be rather computationally expensive.

Alternatively the temperature may be scanned by varying Nt whilst holding at constant, which is

hence known as the fixed-scale approach. This approach only contains a single value of lattice spacing

at and thus requires only a single set of zero temperature configurations, and is free of the associated

complexities of ensuring that a constant line of physics is adhered to. On the other hand, care must

be taken to wisely select the initial value of at, and unlike with the fixed-Nt approach the temperature

can only be scanned in discrete steps rather than continuously. Likewise, due to the small number

of lattice points in the temporal direction at high temperature, lattice artifacts, or lattice volume

effects, may become problematic.

In this way the Karsch coefficients can be studied non-perturbatively by observing the manner in

which the parameters of the action β, γg depend on the microscopic quantities such as the lattice

spacing as and renormalised anisotropy ξ, via V = N3
s a

3
s and ξ = as/at.

Whilst the fixed-scale approach is numerically cheaper than the fixed-Nt approach, it still requires

the determination of the β function, which is not a cheap task. The initial inadequacies of the

perturbative approach [73] and the prohibitive numerical expense of the non-perturbative approach

led to the development of the so called integral method.

4.1.2 Integral Method

The trace anomaly I, aptly named due to it’s otherwise zero value being non-zero as a result of a

quantum anomaly, is given by the trace of the energy-momentum tensor and can be expressed in
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terms of derivatives as;

I = ε− 3p =
T

V

(
as
∂SG
∂as

∣∣∣∣
γg

+ as
∂SF
∂as

∣∣∣∣
γg

)
. (4.5)

This is cheaper to compute than the derivative method as it contains no derivatives with respect

to the anisotropy γg. However due to the derivatives with respect to the lattice spacing as, the

non-perturbative determination of the β functions are still required.

Utilising the fixed-Nt approach results in what is known plainly as the integral method [74], whereas

the fixed-scale approach results in what is known as the T-integral method [75].

4.1.3 Small Flow Time Expansion Method

When computing the equation of state using the derivative method or the integral method, whilst

taking the fixed-scale approach may save on computational expense, the non-perturbative determi-

nation of the β functions is nevertheless a significant task. One of the advantages of the gradient

flow approach is to ameliorate this cost.

Gradient flow is defined for gauge fields in the continuum as;

∂Bµ(x, τ)

∂τ
= DνGνµ(x, τ) : Bµ(x, τ = 0) = Aµ(x), (4.6)

where the flowed field strength tensor is given by;

Gνµ(x, τ) = ∂νBµ(x, τ)− ∂νBµ(x, τ) + [Bν(x, τ), Bµ(x, τ)] : Gνµ(x, τ = 0) = Fνµ(x), (4.7)

and the covariant derivative by;

DνGνµ = ∂νGνµ + [Bν , Gνµ]. (4.8)

The flowed fermion fields are defined by;

∂tχf (x, τ) = ∆χf (x, τ) : χf (x, τ = 0) = ψf (x), (4.9)

∂tχ̄f (x, τ) = χ̄f (x, τ)
←−
∆ : χ̄f (x, τ = 0) = ψ̄f (x), (4.10)

with the derivatives being given as;

∆χf (x, τ) ≡ DµDµχf (x, τ) : Dµχf (x, τ) ≡ (∂µ +Bµ(x, τ))χf (x, τ), (4.11)
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χ̄f (x, τ)
←−
∆ ≡ χ̄f (x, τ)

←−
Dµ

←−
Dµ : χ̄f (x, τ)

←−
Dµ ≡ (

←−
∂ µ −Bµ(x, τ))χ̄f (x, τ). (4.12)

The method outlined within this section follows the work presented by Suzuki et al [76]. The first

step in the construction is to use the small flow time expansion to compute the energy-momentum

tensor for quenched QCD (Nf = 0). The small flow time expansion [58], suggests that a composite

operator Õ(x, τ) at flow time τ > 0 can be related in the small flow time limit τ → 0, to a linear

superposition of renormalised operators OR
i (x) for the gauge theory at zero flow time;

Õ(x, τ) −−→
τ→0

∑
i

ci(τ)OR
i (x). (4.13)

In quenched QCD studies [77–79] the flowed operators Õ(x, τ) are then taken to be;

E(τ) =
1

4
Ga
µν(τ)Ga

µν(τ), (4.14)

and;

Uµν(x, τ) = Ga
µρ(x, τ)Ga

νρ(x, τ)− 1

4
δµνG

a
ρσ(x, τ)Ga

ρσ(x, τ). (4.15)

The small flowtime expansion then provides the expressions;

E(x, τ) =< E(x, τ) >0 +αE(τ)TRρρ(x) +O(τ), (4.16)

Uµν(x, τ) = αU(τ)

(
TRµν(x)− 1

4
δµνT

R
ρρ(x)

)
+O(τ), (4.17)

which can be combined to give the renormalised energy-momentum tensor;

TRµν(x) = lim
τ→0

(
1

αU(τ)
Uµν(x, τ) +

δµν
4αE(τ)

(E(x, τ)− < E(x, τ) >0)

)
, (4.18)

where as in the above references, the coefficients αE and αU are computed perturbatively. This

expression is sometimes referred to as a universal formula for the energy-momentum tensor since it

is valid for any regularisation scheme, including the lattice. Results for quenched QCD can be found

within [80, 81], with similar work also done for pure SU(2) gauge theory [57]. This work has also

been extended to full QCD [82], with the universal formula for full QCD being validated also by a

study within the Gross-Neveu model [83]. The correctly normalised energy-momentum tensor for

full QCD is then given by [76];

Tµν(x) = lim
τ→0

(
ÕG + ÕF

)
, (4.19)
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with the gluonic component given as;

ÕG = c1(τ)

(
Õ1µν(x, τ)− 1

4
Õ2µν(x, τ)

)
+ c2(τ)

(
Õ2µν(x, τ)−

〈
Õ2µν(x, τ)

〉
0

)
, (4.20)

with the composite operators at τ > 0;

Õ1µν(x, τ) ≡ Ga
µρ(x, τ)Ga

νρ(x, τ), (4.21)

Õ2µν(x, τ) ≡ δµνG
a
ρσ(x, τ)Ga

ρσ(x, τ). (4.22)

The fermionic contribution is then given as;

ÕF = c3(τ)
∑

f=u,d,s

(
Õf3µν(x, τ)− 2Õf4µν(x, τ)−

〈
Õf3µν(x, τ)− 2Õf4µν(x, τ)

〉
0

)
+ c4(τ)

∑
f=,u,d,s

(
Õf4µν(x, τ)−

〈
Õf4µν(x, τ)

〉
0

)
+
∑

f=u,d,s

cf5(τ)

(
Õf5µν(x, τ)−

〈
Õf5µν(x, τ)

〉
0

)
,

(4.23)

with composite operators defined as;

Õf3µν(x, τ) ≡ φf (τ)χ̄f (x, τ)(γµ
←→
D ν + γν

←→
D µ)χf (x, τ), (4.24)

Õf4µν(x, τ) ≡ φf (τ)δµνχ̄f (x, τ)
←→
/D χf (x, τ), (4.25)

Õf5µν(x, τ) ≡ φf (τ)δµνχ̄f (x, τ)χf (x, τ). (4.26)

The covariant derivative used here is given by;

←→
D µ ≡ Dµ −

←−
Dµ, (4.27)

and the normalisation factor for Nf = 2 + 1 QCD being given by;

φf (τ) ≡ − 6

(4πτ)2

〈
χ̄f (x, τ)

←→
D χf (x, τ)

〉
0

. (4.28)

In order for this universal energy-momentum tensor to be used the following coefficients must be
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computed, which again were determined within [82] in the M̄S scheme at scale µ = 1/
√

8τ ;

c1(τ) =
1

ḡ(1/
√

8τ)2
− 1

(4π)2

[
9(γ − 2 ln 2) +

19

4

]
, (4.29)

c2(τ) =
1

(4π)2

33

16
, (4.30)

c3(τ) =
1

4

(
1 +

ḡ(1/
√

8τ)2

(4π)2

[
2 +

4

3
ln 432

])
, (4.31)

c4(τ) =
1

(4π)2
ḡ(1/
√

8τ)2, (4.32)

c5(τ) = −m̄f (1/
√

8τ)

(
1 +

ḡ(1/
√

8τ)2

(4π)2

[
4(γ − 2 ln 2) +

14

3
+

4

3
ln 432

])
. (4.33)

These coefficients are straightforward apart from the determination of the running gauge coupling

ḡ(µ) and the running quark mass m̄f (µ) in them. These terms are determined according to the

prescription laid out in appendix C of [76], where the renormalisation group invariant scale is defined

by;

Λ

µ
=

(
b0ḡ(µ)2

)−b1/(2b20)

exp

{
− 1

2b0ḡ(µ)2

}
exp

{
−
∫ ḡ(µ)

0

dg

(
1

β(g)
+

1

b0g3
+

b1

b2
0g

)}
, (4.34)

and the running mass and renormalisation group invariant mass M are defined by;

m̄(µ) = M

(
2b0ḡ(µ)2

)d0/(2b0)

exp

{∫ ḡ(µ)

0

dg

(
τ(g)

β(g)
+

d0

b0g

)}
, (4.35)

which using the values for bi, di, τ(g) and β(g) defined in the above reference, can be solved numer-

ically. Alternatively for the running gauge coupling, an approximate formula from the particle data

group [84] can be used;

ḡ(µ)2 =
1

b0t

(
1− b1

b2
0

ln(t)

t
+
b2

1(ln(t)2 − ln(t)− 1) + b0b2

b4
0t

2

−
b3

1(ln(t)3 − 5
3

ln(t)2 − 2 ln(t) + 1
2
) + 3b0b1b2 ln(t)− 1

2
b2

0b3

b6
0t

3

)
: t ≡ ln

(
µ2

Λ2

)
.

(4.36)

Once the energy-momentum tensor is computed the expectation value can be used to compute the

pressure p and energy density ε at temperature T as a function of flow time τ/a2
s;
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p/T 4 =
∑
i

< Tii > /(3T 4), (4.37)

ε/T 4 = − < T00 > /T 4, (4.38)

with the entropy density then being given by;

ε+ p

T 4
= − 4

3T 4
< T00 − 4−1Tµµ > , (4.39)

and the trace anomaly by;
ε− 3p

T 4
= − 1

T 4
< Tµµ > . (4.40)

There are a few technical subtleties that are required for using the above prescription to determine

the lattice energy-momentum tensor. Firstly the maximum safe flow time where boundary effects

from over-smearing are avoided is given by;

τ

a2
s

≤ τ1/2 ≡
1

8

[
min

(
Nt

2
,
Ns

2

)]2

. (4.41)

Secondly when the required limit τ → 0 is taken, small flow time effects must be accounted for

and when the continuum limit is taken a → 0, lattice artifacts must also be taken into account.

The relation between the energy-momentum tensor on the lattice that is constructed from flowed

operators, Tµν(x, τ, a), and the physical target energy-momentum tensor Tµν(x), is given by;

Tµν(x, τ, a) = Tµν(x, τ)+Aµν(x)
a2

τ
+
∑
f

Bfµν(amf )
2+Cµν(aT )2+Dµν(x)(aΛQCD)2+a2S

′

µν(x)+O(a4),

(4.42)

Tµν(x, τ) = Tµν(x) + τSµν(x) +O(τ 2). (4.43)

The FASTSUM research program has not yet reached the point of being able to take the continuum

limit thanks to the time taken to tune each set of parameters on the anisotropic lattice. Thus it is

necessary to take the small flow time limit τ → 0 without first having taken the continuum limit

a → 0, for which it is clear that a singular term appears at small enough flow time. The solution,

as is taken in [76], is to recognise that the lattice energy-momentum tensor is related to the physical

target value by the addition of a term which is linear in flow time. Thus if this linear region can

be observed with flow time, then it can be used to safely linearly extrapolate to τ → 0 without

interference from the singular term.

At this point the prescription for how to construct the lattice energy-momentum tensor, and how to
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obtain physical results is clear. The only remaining question is how to implement the flow equations

eq. (4.6) and eq. (4.9). The implementation for the gauge fields was given in chapter 3 and is

recapitulated here for the reader’s convenience. In order to evolve the gauge fields through flowtime,

the lattice discretisation of the gauge field flow equation eq. (3.1) is solved using numerical integration

with the third order Runge-Kutta integrator. Recasting the differential equation into the general

form;

∂τVτ = Z(Vτ )Vτ , (4.44)

and with the initial condition;

V (x, µ, τ = 0) = U(x, µ), (4.45)

the integration from flowtime τ to τ + ε is given by;

X0 =Vτ ,

X1 = exp

{
Z0

4

}
X0,

X2 = exp

{
8Z1

9
− 17Z0

36

}
X1,

Vτ+ε = exp

{
3Z2

4
− 8Z1

9
+

17Z0

36

}
X2,

(4.46)

where Zi ≡ εZ(Xi).

Following the exposition laid out in appendix A of [76], the fermion flow is required to compute those

expectation values of the form;

tfµν(τ) ≡ 1

NΓ

∑
x

< χ̄f (x, τ)γµ(Dµ −
←−
D ν)χf (x, τ) > , (4.47)

sf (τ) ≡ 1

NΓ

∑
x

< χ̄f (x, τ)χf (x, τ) > , (4.48)

with the number of lattice points NΓ. These expectation values can be re-expressed in the form;

tfµν(t) =
2

NΓ

Re

〈〈∑
α,i

[∑
ν

ψµν(t; 0, ν)†
∑
w

Sf (ν, w)ξ(t; 0, w)

]
αi,αi

〉
η

〉
, (4.49)

sf (t) =− 1

NΓ

〈〈∑
α,i

[∑
ν

ξ(t; 0, ν)†
∑
w

Sf (ν, w)ξ(t; 0, w)

]
αi,αi

〉
η

〉
+cfl

1

NΓ

〈〈∑
α,i

[∑
ν

ξ(t; 0, ν)†ξ(t; 0, ν)

]
αi,αi

〉
η

〉
,

(4.50)

where;
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ξ(t; s, w) ≡
∑
x

K(t, x; s, w)†η(x), (4.51)

ψµν(t; s, w) ≡ γµ
∑
x

K(t, x; s, w)†Dνη(x), (4.52)

and is composed of the randomly generated complex scalar field η(x) (noisy estimator method) which

satisfies;

< η(x) >η= 0 , < η(x)η(y)∗ >= δx,y, (4.53)

and K(t, x; s, y) is the fundamental solution to the flow equation and is defined by;

(∂t −∆)K(t, x; s, y) = 0 , K(t, x; t, y) = δx,y. (4.54)

The quark propagator Sf (x, y) with the bare mass mf0 is given by;

( /D +mf0)Sf (x, y) = δx,y. (4.55)

The task then involves solving the so called adjoint flow equations;

(∂s + ∆)ξ(t; s, w) = 0 , ξ(t; t, w) = η(w) (4.56)

(∂s + ∆)ψµν(t; s, w) = 0 , ψµν(t; t, w) = γµDνη(w), (4.57)

backwards from flowtime τ = t to τ = 0. However the flow is unstable when flowed in this direction

[85], and thus is computationally expensive as it required multiple sweeps forward through flowtime.

The equation to solve can be expressed in a more abstract form as;

∂sξs = −∆(Vs)ξs, (4.58)

which can then be solved using the iterative procedure;

λ3 =ξs+ε,

λ2 =
3

4
∆2λ3,

λ1 =λ3 +
8

9
∆1λ2,

λ0 =λ1 + λ2 +
1

4
∆0

(
λ1 −

8

9
λ2

)
,

(4.59)
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where ∆i = ε∆(Wi) for i = 0, 1, 2 and ξs = λ0. The error is of order O(ε4).

Before discussing the results of this thesis, it is worth noting that several other methods for determin-

ing the energy-momentum tensor on the lattice have been devised. As demonstrated within [19] the

correctly normalised energy-momentum tensor that reproduces the correct Ward-Takahashi relation

in the continuum limit can be written as;

T̂µν(x) = Z6T̂
[6]
µν (x) + Z3T̂

[3]
µν (x) + Z1

[
T̂ [1]
µν (x)− < T̂ [1]

µν (x) >

]
, (4.60)

where T̂
[6]
µν (x) contains only off diagonal elements whilst T̂

[3]
µν (x) contains only diagonal elements and

is traceless, with both being well defined in the above reference. The task is then to determine the

renormalisation constants Z6, Z3 and Z1. One approach is to use shifted boundary conditions in

order to derive physical normalisation conditions which can then be used to compute Zi [86–89].

This approach can enable the determination of the coefficients via one-point correlators which can

typically be well determined and thus the results are accurate. This method requires the construction

of special configurations however and thus can’t be readily applied to existing lattice data. Another

approach is to use the gradient flow to probe the Ward-Takahasi relation in order to determine

the values of Zi [90–92]. This approach can be applied to any lattice data, however in order to

avoid small flow time artifacts large flow times are required, which often results in poor signal to

noise ratio and thus requires high statistics, making this approach expensive for full QCD. The

Suzuki method can be performed on any data, and has been successfully applied at smaller flow

times without any substantial issues from artifacts. The key advantage of the Suzuki method is

that in principle, for a sufficiently small coupling, the renormalisation coefficients involved have been

perturbatively determined and thus provides an easier path to non-perturbatively determining the

energy-momentum tensor.

Results

The work presented within this section represents the first implementation on an anisotropic lattice

of the method laid out by Suzuki et al [76], for constructing the energy-momentum tensor. Hence

the work presented here will include only the gluonic contribution to the energy-momentum tensor,

with the fermionic contribution left as a next step within this research program.

The coefficients c1 and c2 which were given in eq. (4.29) and eq. (4.30) and computed within [82], were

determined perturbatively. The determination of the running gauge coupling ḡ(µ) was not possible

for the present lattice spacing of as = 0.11208 fm, as a solution to eq. (4.34) is not available for this

coupling at sufficiently large flow times up to τ = 32, with no solution being available even for such

low flow times as τ = 1.5. The approximate formula eq. (4.36) can obtain a solution to slightly larger

flow times around τ = 3.25, with the clear sign of strong coupling being shown within fig. 4.1a. The

strong coupling suggests that the form of the c1 and c2 coefficients are themselves not appropriate

for use in this case and thus even the constant c2 coefficient cannot be used. Thus within this work
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the coefficients are set to c1 = c2 = 1, and must be determined non-perturbatively in the next stages

of this research program before a final comparison to the literature will be possible.

It is clear from the construction of the energy-momentum tensor eq. (4.20) and the definition of the

pressure eq. (4.37), and energy density eq. (4.38), that the trends for pressure and energy density

as functions of flow time should be sensitive to the c1 and c2 coefficients, which are themselves

functions of flow time. Consequently the extrapolation of the pressure and energy density to τ = 0 is

expected to change considerably once the values of c1 and c2 have been determined and incorporated

within this analysis. With that said it does appear that both the energy density ε, and pressure

p, demonstrate a linear window for extrapolation within the safe flow time for all temperatures

in the range T = 95 → 380 MeV, with only the smallest two lattices failing to provide a usable

fiducial window, and thus the analysis is performed as usual on the presently available data with a

clear understanding that these results are exploratory and cannot yet be compared to the literature.

The data for T = 47 MeV was used as the zero temperature data point to compute the vacuum

expectation value for eq. (4.20), and is thus itself omitted from the energy density and pressure

results.

The data for the energy density as a function of flow time is presented within fig. 4.2a to fig. 4.7b,

with all lattices providing the expected linear region for extrapolation within a safe flow time apart

from the two smallest lattices Nt = 8, 12. The upper limit on a possible fiducial window for the

extrapolation is provided by the maximum safe flow time, determined by eq. (4.41) and computed for

each lattice within table 4.1. However the requirement is to provide a linear region for extrapolation

and thus it was deemed appropriate to use the linear regression goodness of fit parameter R2, to

determine whether the data within the fiducial window is well captured by the linear model, and

hence whether the data within that region was in fact linear. The final extrapolated values and the

corresponding R2 values are given for both the energy density and pressure within table 4.2. The

linear windows within the safe flow time were selected so as to provide a fit with R2 ≥ 0.950.

The error included within these figures is entirely statistical and was determined by jackknife analysis

performed directly on the energy density for each flow time measurement. A systematic error was

determined by varying the fiducial window within the chosen region so as to sample ten subsets of the

selected data, with the standard deviation of the resultant distribution being taken as the error, which

is given in table 4.2. Each subset used to determine the systematic error also showed good linear

behaviour, with an R2 ≥ 0.950. The chi-squared per degree of freedom, χ2
dof , was also computed

for each extrapolation, the values for which are also included within table 4.2. The statistical errors

were consistently on the sub-percent level, whereas the systematic error was substantially larger,

often at the percent level. This larger systematic error is not to be taken too seriously at the present

level of analysis whilst c1 = c2 = 1, given that the trend in the data is expected to change, with the

extent of that change being unknown. Likewise, the small statistical error is expected to provide a

slightly larger percentage error once the values for ε itself are brought under better control by the

application of the appropriate c1 and c2 coefficients. The data for the energy density demonstrates

the anticipated singular behaviour towards τ = 0, however the magnitude of the extrapolated values

– 81 –



Chapter 4: Energy-Momentum Tensor and Thermodynamics

is significantly larger than anticipated and their sign is not expected to be negative. Again it must be

firmly stated that this deviation from the expected behaviour is not to be interpreted as significant

in the absence of the appropriate c1 and c2 coefficients, which are expected to change the resultant

data considerably. The extrapolations were performed with a generalised least squares fit in order

to account for any correlation within the data. Furthermore when c1 and c2 have been determined

non-perturbatively, they will provide another source of systematic error. Within the work of Suzuki

et al [76], different fits are performed in order to determine the systematic error associated with the

fit Ansätze. One of the Ansätze used is a linear+log fit, which is not appropriate for use within this

work as it is based on the error within c1 and c2, which are set to unity here. Anther fit Ansätze

could include a non-linear term involving a2/τ , however as shown by Suzuki et al this only contributes

significantly for values of τ near zero, and thus with the fiducial window within this work being so

high in flow time, it is not anticipated to be significant relative to the systematic error that was

computed by varying the fiducial widow. This will however be investigated once the correct c1 and

c2 values and their systematic errors are determined and the resultant trends with flow time in the

ε and p data are physically meaningful.

The resultant energy density as a function of temperature is displayed within fig. 4.14, showing only

the statistical error, with the expected trend from the literature being given in fig. 4.16a. Whilst the

results presented here are not final, it is nevertheless interesting to compare against the literature to

see how these results can be anticipated to change once the c1 and c2 coefficients are included at a

later stage. There are two key discrepancies between the data presented within fig. 4.14b and that of

Suzuki et al within fig. 4.16a, the first being the negative magnitude within the results of this work,

which is not physically meaningful, and the second is that the spread of values between the lowest

and highest temperature is far larger in the work presented here. The latter of these discrepancies is

reason to believe that although the overall trend may be somewhat similar from around T ≥ 200 MeV,

that this is likely coincidental and not to be seen favourably. The data presented within fig. 4.14a

shows the energy density for all available temperatures, including temperatures as low as 95 MeV.

The χ2
dof values show good agreement between the fit and the data for all ensembles, with the R2

value suggesting that the data within the fiducial window is linear in nature.

The data for the pressure as a function of flow time is presented within fig. 4.8a to fig. 4.13b, with the

resultant extrapolated values given in table 4.2. The details of the determination of the statistical

error and systematic error are identical to that of the energy density. The fiducial window was taken

to be the same as that used for the energy density. A linear region within the safe flow time was

again successfully identified for all but the smallest two lattices Nt = 8, 12. The anticipated singular

behaviour can be seen near τ = 0, with the data all being positive. The final data for pressure

as a function of temperature is shown within fig. 4.15, with the expected trend from the literature

shown in fig. 4.16b. The work presented here within fig. 4.15 demonstrates a nonphysical negative

trend with increasing temperature, which further supports the expectation that the contribution of

the c1 and c2 coefficients is significant and thus that the current level of analysis with c1 = c2 = 1

cannot be meaningfully compared to the literature. Similarly the spread in the pressure values with

temperature is again substantially larger than that observed within the work of Suzuki et al within
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fig. 4.16b. The trend in the pressure with decreasing temperature shown within fig. 4.15a is consistent

with the opposite of the physical expectation, which would be a smoothly decreasing pressure with

temperature.

The discussion of the work presented within this section has been necessarily exploratory due to the

lack of knowledge of the coefficients c1 and c2. Comparison against the literature can however be

insightful in specifying the anticipated changes in the results once this analysis is performed with

the non-perturbatively determined c1 and c2. The spread in magnitude for both energy density and

pressure with increasing temperature is expected to decrease, with the energy density taking positive

values and the pressure reversing its trend with relation to increasing temperature.

The key next step is to determine the c1 and c2 coefficients non-perturbatively. Another objective

within the research program is to include the fermion contribution to the energy-momentum tensor.

Based on the work of Suzuki et al within [76], the expectation is that the heavier strange quark will

contribute similarly to the gauge component, whilst the lighter up and down quarks will contribute

several times as much. The determination of the fermionic contribution will however require its own

determination of the coefficients c3, c4 and c5.

A key reason for selecting the method of Suzuki et al for the application on the anisotropic lattice

was the belief that the method presented fewer technical tasks, in particular with no renormalisation

coefficients needing to be determined. However it has become clear that due to the parameters used

to generate the configurations which were used within this work, the signal of interest is present

at larger flow times, for which with the present coupling the perturbative determination of the

coefficients within eq. (4.20) cannot be used. It is not clear at present whether this method requires

more work to utilise than its competitors, but the determination of the coefficients ci will not be

trivial to determine non-perturbatively. It should be noted that these configurations were not tuned

with such studies in mind and perhaps a different parameter setup would alleviate this issue. This

analysis will be repeated in the near future on subsequent generations of configurations with different

parameters to those used here, at which point it will be interesting to see how high in flow time the

fields must be taken in order to obtain the required signal for the observables of interest. A final

comment should be made on the applicability of the small flow time expansion [58], which the Suzuki

method is based on. Whilst the physical interpretation of the data is only given in the τ → 0 limit

(and a → 0 limit), it may be that the extent to which the flow time has needed to be taken within

this work is such that the method cannot be applied. However this can only be determined once the

correct c1 and c2 coefficients are applied and the physical results are compared to the literature.
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(a)

Fig. 4.1: The running gauge coupling as a function of flowtime for a lattice spacing of as =
0.11208 fm, computed using the approximate formula given in eq. (4.36).

(a) (b)

Fig. 4.2: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.
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(a) (b)

Fig. 4.3: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.

(a) (b)

Fig. 4.4: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.
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(a) (b)

Fig. 4.5: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.

(a) (b)

Fig. 4.6: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.
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(a) (b)

Fig. 4.7: Energy density vs flow time, computed using the gluonic contribution to the expectation
value of the energy-momentum tensor.

(a) (b)

Fig. 4.8: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.
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(a) (b)

Fig. 4.9: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.

(a) (b)

Fig. 4.10: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.
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(a) (b)

Fig. 4.11: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.

(a) (b)

Fig. 4.12: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.
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(a) (b)

Fig. 4.13: Pressure vs flow time, computed using the gluonic contribution to the expectation value
of the energy-momentum tensor.

(a) Energy density vs temperature from the gluonic
energy-momentum tensor, showing the data for all
temperatures.

(b) Energy density vs temperature from the gluonic
energy-momentum tensor, focusing on region of in-
terest for comparison with Suzuki et al.

Fig. 4.14: Preliminary data for the energy density as a function of temperature. These values were
extrapolated using eq. (4.20) with the coefficients set to c1 = c2 = 1. The errors within these plots
are statistical only.
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(a) Pressure vs temperature from the gluonic energy-
momentum tensor, showing the data for all temper-
atures.

(b) Pressure vs temperature from the gluonic energy-
momentum tensor, focusing on region of interest for
comparison with Suzuki et al.

Fig. 4.15: Preliminary data for the pressure as a function of temperature. These values were
extrapolated using eq. (4.20) with the coefficients set to c1 = c2 = 1. The errors within these plots
are statistical only.

(a) Energy density vs temperature from the gluonic
energy-momentum tensor, taken from the work of
Suzuki et al.

(b) Pressure vs temperature from the gluonic energy-
momentum tensor, taken from the work of Suzuki et
al.

Fig. 4.16: This data is taken from the work of Suzuki et al [76]. The errors included within these
plots are statistical only.
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Nt T (MeV) τ1/2 Gauge Configurations Fermion Configurations

8 760 2 1048 -
12 507 4.5 1267 -
16 380 8 1102 -
20 304 12.5 1030 -
24 253 18 1016 -
28 217 24.5 274 -
32 190 32 1090 -
36 169 32 504 -
40 152 32 513 -
48 127 32 556 -
56 109 32 508 -
64 95 32 522 -
128 47 32 306 -

Table. 4.1: Temperature, maximum safe flow time τ1/2 and number of configurations for the FAST-
SUM Gen2L data, the parameters for which were specified within table 2.6. The temperatures are
computed using T = 1/(Ntat), where at = 0.032459 fm, and 1 fm = 1/(197.3 MeV).

4.2 Topological Susceptibility
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T (MeV) ε/T 4 R2 for ε χ2
dof for ε p/T 4 R2 for p χ2

dof for p

760 - - - - - -
507 - - - - - -
380 -44.685(0.001)(2.6) 0.985 0.003 58.850(0.002)(3.2) 0.986 0.004
304 -64.980(0.003)(2.6) 0.966 0.019 83.444(0.004)(3.0) 0.969 0.022
253 -77.726(0.007)(1.8) 0.992 0.001 97.268(0.007)(2.2) 0.993 0.001
217 -105.730(0.05)(1.8) 0.990 0.0005 126.132(0.05)(2.1) 0.991 0.0005
190 -181.428(0.03)(2.0) 0.995 0.0006 202.279(0.03)(2.3) 0.995 0.0007
169 -566.649(0.14)(7.8) 0.988 0.013 589.189(0.14)(7.9) 0.989 0.013
152 -902.101(0.15)(9.9) 0.994 0.007 909.305(0.14)(9.9) 0.994 0.007
127 -2896.963(0.3)(42) 0.960 1.047 2898.154(0.3)(42) 0.960 1.042
109 -5073.225(0.5)(69) 0.986 0.223 5068.122(0.5)(69) 0.986 0.221
95 -8447.333(0.8)(115) 0.986 0.369 8431.767(0.8)(115) 0.986 0.367
47 - - - - - -

Table. 4.2: Energy density ε, and pressure p, as functions of temperature for the FASTSUM Gen2L
data, the parameters for which were specified within table 2.6. The temperatures are computed using
T = 1/(Ntat), where at = 0.032459 fm, and 1 fm = 1/(197.3 MeV). The first error is statistical
and the second is systematic. The goodness of fit parameters R2 and χ2

dof are included for both
the energy density and pressure data. The data for T = 47 MeV has been omitted as it was used
as the zero temperature data point in order to compute the vacuum expectation value required for
eq. (4.20).

Topological susceptibility is a very interesting quantity owing to the fact that it is relevant to both

the strong CP problem and dark matter through its relation to the axion [93]. As such the topological

susceptibility (χtop) is of particular interest in cosmology [95–97]. In recent years there have been a

number of lines of study using gradient flow on the lattice to compute χtop, from those using domain

wall fermions [98], staggered fermions [99], to those using reweighting [100, 105]. There is also work

done without flow using fermionic methods based on the Atiyah-Singer index theorem [101]. More

work in this area can be found in [102, 103]. A recent review of topological studies on the lattice can

be found in [104].

One of the motivating factors for including this work is to inquire as to whether there may be any

particular benefit in computing χtop using the anisotropic lattice setup with Nf = 2 + 1 Wilson

type quarks. Moreover it offers an opportunity to demonstrate the use of the gradient flow on an

anisotropic lattice for an observable not related to the energy-momentum tensor.

Following the work of [93], the topological charge density is defined by;

q(x, τ) =
1

64π2
εµνρσG

a
µν(x, τ)Ga

µν(x, τ), (4.61)

where ε0123 = 1 and the topological charge Q(τ) is then given as;

Q(τ) =

∫
d4xq(x, τ). (4.62)
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The topological susceptibility is then given by;

χGtop =
1

V4

(< Q2 > − < Q >2), (4.63)

with V4 being the four-volume, and the superscript G making explicit the use of the gauge definition

rather than the fermionic definition. In order to extrapolate a value for χGtop it is necessary to take

the τ → 0 limit, however this can only be done for that data which shows a clear plateau within the

safe maximum flow time τ1/2 in order to prevent contamination from lattice artifacts.

The statistical errors within χGtop are determined by using the Jackknife method directly for the

difference specified in eq. (4.63). The extrapolation within the fiducial window is then performed

using a linear regression with a generalised least squares (GLS) fit, which is considered appropriate

due to the correlation within the data. The correlation coefficient used within the GLS fit is estimated

using an initial ordinary least squares fit.

The statistical errors on the final extrapolated result are then determined by repeating this extrap-

olation for both the upper and lower error bounds across all data points. These two values agree to

close to machine precision, and thus the larger of the two values is then taken to be the symmetric

error value. The values of topological susceptibility at lower temperature were computed on larger

lattices, and thus were constructed with fewer configurations, leading to larger statistical error than

those values at higher temperatures.

In principle any value within the plateau may be taken as the result for χGtop provided that the

gradient within the plateau is exactly zero. However in practice there will remain a small non-zero

gradient and thus it is not suitable to select a single arbitrary data point from within the plateau.

One method for dealing with this would be to take the mean value from all data points within the

plateau with the systematic error being taken as the standard deviation of the distribution within the

fiducial window. However this approach does not account for the correlation between the data points

within the plateau, or for the fact that the resultant χGtop value should be taken for τ = 0, which

may differ from the average value within the plateau based on the size of the plateau’s gradient. The

results of this method are included within this section for comparison with the results from the GLS

fit.

The approach taken within this work for determining the overall value of χGtop with both statistical and

systematic errors, is to compute the statistical error as stated above, using the GLS fit to extrapolate

to τ = 0, and repeating this for various choices of the fiducial window (plateau), with the systematic

error then being taken as the standard deviation of the resultant normal distribution.

Results
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T (MeV) χGtop (GeV4) Plateau Gradient χ2
dof Plateau Mean

760 - - - -
507 - - - -
380 - - - -
304 - - - -
253 - - - -
217 - - - -
190 - - - -
169 1.050(3)(17) 10−5 3.61 10−10 1.175 10−10 1.053(2) 10−5
152 1.455(4)(10) 10−5 1.14 10−8 3.128 10−11 1.477(3) 10−5
127 1.668(4)(2) 10−5 2.32 10−10 2.446 10−12 1.668(1) 10−5
109 1.726(5)(10) 10−5 6.64 10−9 1.945 10−11 1.740(2) 10−5
95 1.711(4)(18) 10−5 -6.71 10−10 6.028 10−11 1.711(3) 10−5
47 1.574(8)(14) 10−5 2.17 10−8 1.617 10−11 1.614(8) 10−5

Table. 4.3: Topological susceptibility using the gauge χGtop definition, for various temperatures
using the FASTSUM Gen2L configurations. The first error on χGtop is statistical and the second is
systematic. The plateau gradient is included to specify the flatness of the data within the plateau.
The chi-squared per degree of freedom χ2

dof , is included as the goodness of fit parameter. The plateau
mean is the mean value within the fiducial window, and its systematic error was taken as the standard
deviation of the values within the fiducial window.

Those lattices of Nt = 32 (fig. 4.20b) and below, corresponding to temperatures 190 MeV and above,

did not present a clear plateau within the safe flow time as defined within eq. (4.41). This is somewhat

surprising upon first glance as one of the purported benefits of the anisotropic lattice over its isotropic

counterpart is a superior sampling in the temporal direction which here corresponds to temperature.

In particular when using gradient flow this should in principle mean that due to the smallest viable

value of Nt being at a higher temperature than for the isotropic lattice, that a meaningful plateau

should be present up to higher temperatures. However this assumes that the rate at which a plateau

is reached with respect to flow time is equal, which does not appear to be the case. Within the

comparative work of Suzuki et al [93], the smallest lattice with a usable plateau within the safe flow

time was Nt = 10, corresponding to T = 279 MeV. For the FASTSUM Gen2L configurations the

smallest viable lattice was for Nt = 36, corresponding to T = 169 MeV. With this said however, it is

not yet possible to draw a conclusion regarding whether the anisotropic lattice holds an advantage

within studies of χGtop when using gradient flow, as these simulations are performed at different lattice

spacing’s and pion masses. Ideally these variables would have been set to match those of Suzuki et

al’s work, however the FASTSUM Gen2L configurations were not tuned with such studies in mind.

It is anticipated that as later generations of configurations become available, the higher temperatures

may well obtain a plateau within a shorter flow time, permitting safe extrapolation, however this

remains to be seen at a later date.

Comparing the safely obtained results in fig. 4.24 it is clear that the results agree at near zero

temperature. It would also be tempting to state that the error for the FASTSUM data is under

better control, given that the statistics are similar for the two studies. Likewise it is also interesting
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(a) Data for the Nt x N3
s = 128 x 323 ensemble, cor-

responding to a temperature of T = 47 MeV.

Fig. 4.17: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.

(a) Data for the Nt x N3
s = 64 x 323 ensemble, cor-

responding to a temperature of T = 95 MeV.
(b) Data for the Nt x N3

s = 56 x 323 ensemble, cor-
responding to a temperature of T = 109 MeV.

Fig. 4.18: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.

– 96 –



Chapter 4: Energy-Momentum Tensor and Thermodynamics

(a) Data for the Nt x N3
s = 48 x 323 ensemble, cor-

responding to a temperature of T = 127 MeV.
(b) Data for the Nt x N3

s = 40 x 323 ensemble, cor-
responding to a temperature of T = 152 MeV.

Fig. 4.19: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.

(a) Data for the Nt x N3
s = 36 x 323 ensemble, cor-

responding to a temperature of T = 169 MeV.
(b) Data for the Nt x N3

s = 32 x 323 ensemble, cor-
responding to a temperature of T = 190 MeV.

Fig. 4.20: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.
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(a) Data for the Nt x N3
s = 28 x 323 ensemble, cor-

responding to a temperature of T = 217 MeV.
(b) Data for the Nt x N3

s = 24 x 323 ensemble, cor-
responding to a temperature of T = 253 MeV.

Fig. 4.21: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.

(a) Data for the Nt x N3
s = 20 x 323 ensemble, cor-

responding to a temperature of T = 304 MeV.
(b) Data for the Nt x N3

s = 16 x 323 ensemble, cor-
responding to a temperature of T = 380 MeV.

Fig. 4.22: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.
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(a) Data for the Nt x N3
s = 12 x 323 ensemble, cor-

responding to a temperature of T = 507 MeV.
(b) Data for the Nt x N3

s = 8 x 323 ensemble, corre-
sponding to a temperature of T = 760 MeV.

Fig. 4.23: Topological susceptibility from the gauge definition χGtop(x, τ), as a function of flow time
τ/a2

s.

(a) χGtop vs T . (b) χGtop vs T/Tpc.

Fig. 4.24: Topological susceptibility vs temperature for the FASTSUM Gen2L ensembles and com-
parison against the work of Suzuki et al [93]. The work of Suzuki et al has a value Tpc = 190 MeV,
with the FASTSUM Gen2L value being Tpc = 162 MeV.
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(a) χGtop vs T/Tpc. The Suzuki data is shown to
roughly agree with the dilute instanton gas approx-
imation (DIGA) at around > Tpc. The FASTSUM
data does not extend to high enough temperatures
to show agreement with the DIGA.

(b) χGtop vs T/Tpc. The FASTSUM data below ap-
proximately Tpc is not described by the power law
decay of the DIGA, but rather is described as a more
complex polynomial.

Fig. 4.25: Topological susceptibility vs temperature for the FASTSUM Gen2L ensembles and com-
parison against the work of Suzuki et al [93], including fits.

(a) Topological susceptibility vs temperature com-
puted using the interacting instanton liquid model.
The trend shows agreement with the dilute instan-
ton gas model at large temperatures (T > 300 MeV),
and an approximate plateau at lower temperatures
(T < 100 MeV).

Fig. 4.26: The figure is taken from fig.23 of [94], where the behaviour of χGtop vs T is understood in
terms of the population of bonded and unbonded instantons.
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to highlight that the peak in χGtop appears to occur at a lower temperature, at around ∼ 0.6−0.7 Tpc vs

Suzuki’s ∼ 0.9 Tpc. However unfortunately no significance can yet be drawn from such a comparison

precisely due to the difference in lattice spacing and pion mass. What can be said however, is that the

anisotropic lattice appears to give a reasonable and well controlled result for χGtop at ≤ Tpc, with the

difference with respect to the literature being somewhat typical for the level of variation seen with

the topological susceptibility. The values from the extrapolations are presented within table 4.3,

including the goodness of fit parameter χ2
dof and the gradient of the plateau within the fiducial

window. All of the fiducial windows used for extrapolation demonstrate a very small gradient and

a very small χ2
dof , suggesting a well controlled extrapolation. The statistical error was consistently

around the sub-percent level with the systematic error being on the percent level. The values obtained

by taking the mean topological susceptibility within the fiducial window show good agreement to the

sub-percent level for those plateau’s with the smallest gradient and disagreement of a few percent

for those which were less flat. This suggests that either method can be used providing that the

anticipated sources of error are already at the percent level, with the extrapolation method being

used when higher precision is required.

The interest in computing the topological susceptibility was largely due to the importance of its

temperature dependence within cosmology, as the abundance of axion dark matter would be sensitive

to the mass of the axion and thus to the temperature dependence of the topological susceptibility

[95]. The safely extrapolated data is shown again within fig. 4.25a along with Suzuki et al’s work, this

time with data based on the dilute instanton gas model (DIGA). The DIGA is suggested to describe

the temperature dependence of the topological susceptibility at a sufficiently high temperature with

three quark flavours, namely;

χGtop ∝
(
T

Tpc

)−γ
, (4.64)

where γ = 8 for the DIGA. It is clear from the figure that whilst the work of Suzuki et al demonstrates

agreement with the DIGA for temperatures just above Tpc, no such agreement is found for the safely

extrapolated FASTSUM data. The FASTSUM data does however show agreement with the low

temperature results from the interacting instanton liquid model (IILM), as shown within fig. 4.26a.

The slight peak with an approximate plateau, combined with the well controlled errors, would suggest

that the peak seen within the work of Suzuki er al is not physical and will likely vanish with improved

data. A key objective within the work presented in this section was to improve upon the knowledge of

the topological susceptibility as a function of temperature for full Nf = 2+1 QCD. Unfortunately the

configurations used within this work were generated at parameters for which a plateau is typically not

available at low flow times, and thus the highly desired data at large temperature was not available.

Moreover the FASTSUM data suggests that the temperature dependence for T < Tpc is instead

approximately described according to a polynomial, as can be seen within fig. 4.25b. No specification

is given for the parameters of said polynomials as their chi-squared per degree of freedom values were

O(10−8), O(10−7) and O(10−6) for the fourth, third and second degree polynomials respectively,

suggesting that with so few data points the trend is being over-fitted.
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Conclusions

The key objectives of this work were to try the new technology of the gradient flow on the FASTSUM

Gen2L configurations so as to determine their suitability for thermodynamic studies, and to perform

the first thermodynamic computations in Nf = 2 + 1 QCD on the anisotropic lattice, both of which

have been achieved.

The gradient flow for the gauge fields has been implemented on the anisotropic lattice via the

OpenQCD-FASTSUM code base. The gauge field gradient flow has been validated by bench-marking

against the known value of the renormalised fermion anisotropy γ̃f , and spatial lattice spacing as,

for the Gen2L ensembles. The known value for γ̃f was previously computed using fermion dispersion

methods, whilst the known as value was obtained by combining γ̃f with at, which was determined

using a baryon mass fit. The values for γ̃g and as presented within this work were determined us-

ing the gradient flow on gauge fields. The obtained γ̃g value differed from the known γ̃f value by

1.13%, whilst the obtained as value differed by 8.32% from the previous value. Given the different

approaches used for these calculations and the typical extent to which such gluonic and fermionic

methods agree, the values obtained within this work are considered to be in agreement with the

previous calculations. This also provided FASTSUM with an awareness of the extent to which these

methods agree for their Gen2L configurations. Moreover the OpenQCD-FASTSUM code allows for

these calculations to be performed more than twenty times faster than using the code of Borsanyi et

al.

One of the key computations within this work was the determination of the topological susceptibility

χGtop, via the gluonic definition using gradient flow. This provided the first insight into the suitability

of the FASTSUM configurations to thermodynamic computations, and represents to the authors

knowledge the first such computation for full Nf = 2 + 1 QCD using the anisotropic lattice. It was

hoped that χGtop could be determined to sufficiently high temperatures so as to test the dilute instanton

gas approximation in full QCD, which would help to assess the axion as a potential dark matter

candidate. The topological susceptibility has been studied for T = 0.29 → 4.69 Tpc, representing

temperatures from T = 47 → 760 MeV. For the parameters used within the Gen2L configurations,

the plateau required for the extrapolation of the desired result was present at surprisingly large
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flow times. Consequently χGtop could only be computed as a function of temperature across the

range T = 0.29 → 1.04 Tpc, which did not allow for comparison against the dilute instanton gas

approximation, which is only valid from T ≥ 300 MeV. Comparison against the interacting instanton

liquid model showed good qualitative agreement at low temperatures T ≤ 100 MeV, with a nearly

constant χGtop down to T = 47 MeV. Comparison against the work of Suzuki et al which utilised an

isotropic lattice for full QCD studies demonstrated good agreement at the lowest temperature T ∼ 47

MeV, with the values for higher temperatures differing slightly. This disagreement cannot be taken

too seriously as of yet due to the different lattice spacing and pion masses used within the two studies.

Whilst the comparison to the literature for the anisotropic full QCD χGtop computation is promising at

lower temperatures, the parameters used for the Gen2L configurations do not appear to be suitable

for higher temperature studies, and thus if this research path is to be taken further it may be

required for the FASTSUM collaboration to generate bespoke configurations for this computation.

It was an unexpected insight that the required flow time would be so large compared to other

research groups, and when analysing the next generation of configurations with different parameters

it would be prudent to consider that this may be an inherent feature of the anisotropic lattice itself.

The contribution of this work to the research community is the clear qualitative agreement for full

QCD with the low temperature behaviour determined by the interacting instanton liquid model,

whereas the work of Suzuki et al indicated an unexpected substantial peak within χGtop towards low

temperatures which did not agree with the anticipated trend.

The other key computation within this work was the construction of the energy-momentum tensor

on the anisotropic lattice using gradient flow, with the first steps being to use the expectation value

to compute the energy density and pressure as functions of temperature. Given that this was the

first application of the method outlined by Suzuki et al using an anisotropic lattice, and using the

FASTSUM Gen2L configurations which were not tuned for such studies, only the gluonic contribution

was studied with the determination of the fermionic contribution being left for a next step. It was

discovered that the coupling for the Gen2L configurations was too strong to allow for the use of the

perturbatively determined coefficients within the method of Suzuki et al. One of the reasons for

selecting this method over its competitors was the straightforward nature of its application. The

requirement to non-perturbatively determine the coefficients used within this method substantially

increases the workload for its use. Without direct access to the required coefficients it was not

possible to perform a final analysis of the gluonic contribution to the energy density and pressure.

A partial analysis was thus performed within this work, with the coefficients set to unity, using the

data that was available. Whilst the trend in flow time for both of these observables is expected

to differ considerably with the inclusion of the correct coefficients, it was nevertheless insightful to

perform the same analysis with the available data. The energy density and pressure were studied

for T = 0.59 → 4.69 Tpc, with the required signal for extrapolation being present for all but the

two smallest lattices, resulting in data in the range T = 0.59 → 3.25 Tpc. Once more the required

signal within the data for extrapolation is present at large flow times, and whether this is due to

the parameters of the configurations or the anisotropic lattice itself is not yet clear. The presence of

well linear regions within the data is encouraging that such a trend may likely be present when the
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full analysis is performed with the non-perturbative coefficients. The resultant trends in the energy

density and pressure as functions of temperature were completely non-physical, however it should

be explicitly stated that there is no reason to expect the results to be physical in the absence of the

correct coefficients. No meaningful comment can yet be made about comparing the results of this

partial analysis to the literature. The only way to progress past this level of analysis is to perform

the work of non-perturbatively determining the coefficients. One of the key insights of this work was

that once again for the anisotropic lattice with the Gen2L configurations, the required flow times are

considerably larger than those seen in previous studies. This could prove to be a useful insight also

to the wider research community when designing their own similar research programs. In order to

understand whether this is a characteristic of the anisotropic lattice or the Gen2L data, this analysis

will be repeated on the next generations of data. The FASTSUM group has now become aware that

in order to perform their desired future studies of transport properties using the energy-momentum

tensor, they must compute the required coefficients non-perturbatively. It should be understood that

whilst the method of Suzuki et al has not been as simple in application as was anticipated due to

the strong coupling, that the alternative methods themselves also require substantial work in order

to utilise. It is not yet possible to determine whether this method is the most suitable candidate for

anisotropic lattice studies, as the difficulty in performing the determination of the coefficients must

be understood, and the long flow time requirement must be laid at the feet of either the anisotropic

lattice or the Gen2L data.

The initial key objectives to try the new technology of the gradient flow on the FASTSUM Gen2L

configurations so as to determine their suitability for thermodynamic studies, and to perform the first

thermodynamic computations in full Nf = 2+1 QCD on the anisotropic lattice, have been achieved,

however this presents an initial exploratory investigation into these areas and a substantial research

program lies ahead. Within the work presented in this thesis the FASTSUM Gen2L configurations

have been explored for the purpose of thermodynamic investigations, including the topological sus-

ceptibility and the expectation value of the energy-momentum tensor. The first full QCD study of

these quantities has also been performed using an anisotropic lattice. The key next steps for the

energy-momentum tensor are to non-perturbatively determine the required coefficients, to compute

the fermion contribution, and to compute correlation functions. This analysis must also be performed

on new generations of data in order to understand the high flow time required to obtain the desired

signals within the data. The topological susceptibility must also be analysed on new generations of

data in order to again understand the pattern of requiring large flow times to obtain the required

signal, and to determine whether a different parameter set will allow access to the determination of

χGtop at larger temperatures for comparison against the dilute instanton gas approximation.
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Appendix A - Chiral Symmetry

All fermions are represented by a 4-component Dirac spinor, whose elements can be decomposed into

two Weyl spinors, which each represent a different chirality. There are four such spinors for each

type of particle, which are the solutions to the Dirac equation, describing how spin-1/2 particles

evolve in time. For example, for a massless electron there exist two particle solutions and two anti-

particle solutions, each of which have a left chiral and a right chiral variant. These four spinors

are strictly speaking distinct particles, and they have unique quantum numbers and thus behave

distinctly within experiment. The time evolution of the spinors takes the form e±imt, with t time

and m mass. This is crucial because massive particles thus necessarily change chirality, even in the

absence of any interactions, and are typically in some linear combination of left and right chirality.

The material within this section follows the content within [35, 36].

The statement that a particle is left chiral or right chiral is a statement about whether the particle

behaves as though it is described using a left handed or a right handed coordinate system. This was

shown by Wu to be a meaningful distinction, as only left handed particles transform non-trivially

under the SU(2)L weak interactions . A more sophisticated description would be to state that

particles with different chirality transform under different representations of a given group1, however

it still comes down to whether the coordinate system for describing the particles behaviour is left

handed or right handed.

The strong and electromagnetic interactions may be agnostic to the chirality of a given particle,

but in order to describe the weak interactions it must be possible to project a given massive Weyl

spinor from its general mixture of left and right chirality into a definite left chirality. The projection

operators PL,R which project to a state of pure left and right handedness respectively, are given by;

ψL,R =
1

2
(1± γ5)ψ = PL,Rψ, (1)

where the chirality operator γ5 is defined as;

γ5 = iγ0γ1γ2γ3. (2)

In general terms a particle exhibits chiral symmetry if it is invariant under any transformation of the

chiral symmetry group;

U(Nf )L × U(Nf )R ' U(Nf )V × U(Nf )A, (3)

where the vector component U(Nf )V represents performing the same transformation simultaneously

on left and right chiral particles, whilst the axial component U(Nf )A represents acting differently on

each chirality. This can then be decomposed into the direct product of subgroups;

1A representation is a map from the group manifold to a space of linear transformations acting on vectors. See [36]
for further details.
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U(Nf )L × U(Nf )R ' SU(Nf )L × SU(Nf )R × U(1)L × U(1)R

' SU(Nf )V × SU(Nf )A × U(1)V × U(1)A.
(4)

Transformations of Weyl spinors under this full chiral symmetry group then take the form;

U(1)V : ψL,R → eiαψL,R, (5)

for the vector component of the unitary transformations and;

U(1)A : ψL,R → e±iαψL,R, (6)

for the axial component, where in each case α is simply a real number and thus these transformations

amount to changes by some phase factor. Note that in the axial case, the left and right handed

fields experience a different phase angle. For the special unitary part of the chiral symmetry, the

transformations take the form;

SU(Nf )V : ψL,R → eiλψL,R, (7)

for the vector component of the chiral transformations and;

SU(Nf )A : ψL,R → e±iλψL,R, (8)

for the axial component of the transformations. The λ in this case is just an SU(N) matrix where

N = Nf , built in the usual way from a linear combination of basis states, and thus the transformation

takes on the form of an Nf ×Nf matrix.

Interestingly in nature the U(1)A symmetry only exists on the classical level, or in other words, it only

appeared to be a symmetry of QCD before using a more thorough framework. The U(1)A symmetry is

broken due to quantum effects, which is an example of what is called anomalous symmetry breaking,

where a symmetry that appeared to exist under classical mechanics disappears under a quantum

description. This particular example of an anomalous symmetry breaking also goes by the name of

the axial anomaly, given that it is the axial part of the symmetry (or atleast of the unitary part

U(1)V × U(1)A) which is anomalously broken. The remaining chiral symmetry in nature that could

in principle be observed is then;

U(Nf )L × U(Nf )R → SU(Nf )V × SU(Nf )A × U(1)B, (9)

where the notation U(1)V ≡ U(1)B is often used to denote that the conserved quantity associated

under Nöether’s theorem to the unitary vector part of the chiral symmetry is the baryon number.
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Alas this is still not the chiral symmetry observed in nature. As the early universe expanded the

energy density decreased, and thus the coefficients of the Higgs potential, whose values depend

on the energy density, changed in such a manner as to result in electroweak symmetry breaking.

The Higgs mechanism then resulted in the fermions, including the quarks, obtaining a mass. This is

consequential for chiral symmetry because any mass term necessarily mixes left and right chiral fields

in order to obey Lorentz invariance. Hence any mass term will by default break chiral symmetry

given that the left and right handed fields are now explicitly coupled and thus can’t be transformed

independently, which is the essence of chiral symmetry. This particular form of symmetry breaking is

called explicit symmetry breaking and appears on the level of the Lagrangian density. In other words

there now exists an additional term within the Lagrangian which explicitly breaks the symmetry in

question. In some sense, the term can be thought of as having always existed but with a value of

zero, and after the electroweak symmetry breaking the term then has a non-vanishing value and

thus the details of its chiral field mixing become important for whether or not the Lagrangian itself

respects chiral symmetry overall.

In the context of QCD, if the non-zero quark masses are equal then the remaining chiral symmetry

is;

U(Nf )L × U(Nf )R → SU(Nf )V × U(1)V , (10)

which is often rewritten as SU(Nf )V × U(1)V ≡ SU(Nf )F × U(1)B, where SU(Nf )F is used to

denote that the conserved quantity under the special unitary vector part of the chiral symmetry is

the flavour.

However in nature the quarks exhibit a clear hierarchy in mass, resulting in a further reduced chiral

symmetry;

U(Nf )L × U(Nf )R → U(1)u × U(1)d × U(1)s × · · · × U(1)Nf . (11)

Interestingly though, since the mass of the up and down quarks are far below the ΛM̄S scale, there still

exists in nature an approximate global SU(2)L × SU(2)R symmetry, where isospin transformations

act simultaneously on left and right handed fields SU(2)I ≡ SU(2)V . Similarly, since the mass of

the strange quark is of the order of the ΛM̄S scale, there also exists a lesser remnant of a global

SU(3)L×SU(3)R symmetry which appears in the spectrum as an approximate flavour symmetry. In

other words, although the universe currently exhibits explicit symmetry breaking, the effect on the

lighter quarks in small enough that they can be thought of as being almost massless, and thus there

is an approximate full chiral symmetry for the three light quarks (Nf = 3);

U(Nf )L × U(Nf )R → SU(Nf )L × SU(Nf )R × U(1)B. (12)

This is still not the full story however, as in addition to the anomalous chiral symmetry breaking
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and the explicit chiral symmetry breaking (albeit with a remnant approximate symmetry surviving),

there additionally exists a spontaneous chiral symmetry breaking where the symmetry is broken by

the ground state itself. This is evidenced by the existence of the pseudo-scalar mesons within the

spectrum, those being the Pions, Kaons and the η-meson. The Nambu-Goldstone theorem states that

when a continuous global symmetry is broken by the ground state of the system, i.e. spontaneously

broken, the spectrum thus exhibits massless Nambu-Goldstone bosons. The remnant full chiral

symmetry that exists for the light quarks, Nf = 3, is spontaneously broken from eq. (12) down to;

SU(Nf )L × SU(Nf )R × U(1)B → SU(Nf )F × U(1)B, (13)

where again SU(Nf )F ≡ SU(Nf )V . The number of broken generators from the spontaneous symme-

try breaking, in this case N2
f − 1, is equal to the number of Nambu-Goldstone bosons that appear

in the spectrum. In the case of QCD, these are strictly speaking pseudo Nambu-Goldstone bosons

given that they are not quite massless, which is due to the fact that the symmetry in eq. (12) is only

approximate since the chiral symmetry was explicitly broken in the first place.

Spontaneous chiral symmetry breaking is a non-perturbative phenomenon and is studied on the

lattice using the chiral order parameter, called the chiral condensate;

< ψ̄ψ > =< 0|ψ̄(x)ψ(x)|0 >

=< 0|ψ̄R(x)ψ(x)L + ψ̄L(x)ψ(x)R|0 > .
(14)

The condensate is invariant under simultaneous transformation of left and right chiral fields, i.e. the

vector component of the chiral symmetry, but not the axial component, and thus not under general

chiral transformations. The chiral limit where spontaneous symmetry breaking is no longer present

is signified by a vanishing value for the condensate, < ψ̄ψ >= 0.
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Appendix B - Renormalisation and the ΛQCD scale

The following brief outline of the concept of effective field theory and renormalisation is taken from

[106], to which the reader is directed for a more complete discussion.

The key idea of the Wilsonian renormalisation group is that the relevant degrees of freedom (or

variables) that are required to describe the phenomena within a system are dependent on the energy

(or length) scale at which the phenomena are being studied. In this sense the relevant degrees of

freedom that capture the behaviour of condensed matter systems may be the atoms, those for nuclear

physics are the nuclei, whereas those for QCD in the hadronic phase will be the hadrons and mesons

but at higher energies the quarks and gluons must be used for a successful description of the system’s

behaviour. At low energies, the quarks and gluons do still matter, however their influence is simply

to set the coupling constants and masses in the so called effective theory, within which the hadrons

and mesons serve as the relevant degrees of freedom. In an effective theory the behaviour of the

system under investigation is most naturally and efficiently described in terms of degrees of freedom

that are defined at the same energy scale as which the behaviour under study occurs.

The effective theory is valid up to some energy (momentum) scale µ, beyond which the correct

behaviour will only be described by a new effective theory which has new degrees of freedom defined

at that new energy scale. The effective theory with degrees of freedom defined at scale µ may be

used to describe behaviour considerably below this scale, however the description will no longer be

efficient. An analogy would be attempting to use quantum field theory to describe a ball rolling

down a hill; the information necessary may be at hand, but its far harder than using a more suitably

selected mechanics framework.

The parameters of the effective theory at scale µ, such as the coupling constants and masses, will

be determined by the specific properties of the more fundamental underlying theory at some higher

energy scale µ
′
. The renormalisation group flow describes how these parameters at different energy

scales are related to one another, and are typically described in terms of so called beta functions;

βi(gi) = µ
dgi(µ)

dµ
, (15)

where gi is the i’th coupling constant. The take home point is that the most fundamental description

is perhaps not always the most pragmatic, and thus hydrodynamics may be preferable as a description

in some situations rather than the underlying microscopic theory which would be QCD. Likewise,

the theory that is being used to describe a system may in-fact only be an effective theory for some

more fundamental, so called more microscopic theory.

For QCD, the relevant energy scale is µ = ΛQCD, the value for which depends on how many quark

flavours are present in the system under study. Whether the renormalisation group flow can be used

to relate the couplings at one scale to those at another is quite complicated, but in those circum-

stances where this is not possible, the theory is termed non-renormalisable. The QCD Lagrangian is
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renormalisable despite potential non-renormalisable terms, because those terms are irrelevant at the

low energies relevant to QCD. More specific details of renormalisation for QCD can be found within

chapter 2 of [52].
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