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Abstract

This contribution presents a comprehensive, in-depth analysis of the
solution of the mechanical equilibrium problem for a generic solid
with microstructure. The exact solution to this problem, referred to
here as the reference solution, corresponds to the full-scale model
of the problem that takes into account the kinematics and constitu-
tive behavior of its entire microstructure. The analysis is carried out
based on the Principle of Multiscale Virtual Power (PMVP) previ-
ously proposed by the authors. The PMVP provides a robust theoretical
setting whereby the strong links between the reference solution and
solutions of the mechanical equilibrium obtained using coarser scale



Springer Nature 2021 BTEX template

2 Novel Multiscale Models as a Multicontinuum Approach

models are brought to light. In this context, some fundamental prop-
erties of coarser scale solutions are identified by means of variational
arguments. These findings unveil a new homogenization landscape for
Representative Volume Element (RVE) multiscale theories, leading to
the construction of new Minimal Kinematical Restriction (MKR)-based
models where either displacements or tractions may be prescribed on
the RVE boundary. A careful observation of the aforementioned land-
scape leads naturally to the proposal of a new, multicontinuum strategy
(a generalized continuum counterpart of multigrid strategies) to approx-
imate the reference solution at low computational cost. In the proposed
strategy, the mechanical interactions among neighboring microcells are
accounted for in an iterative fashion by means of suitably chosen bound-
ary conditions enforced alternately on the new MKR-based models.
The proposed developments are presented assuming a classical con-
tinuum at all scales, but the results are equally valid when different
kinematical and constitutive assumptions are made at different scales.

Keywords: Multiscale Modeling, Virtual Power, Boundary Conditions,
Multigrid Approach, Direct Numerical Solution

1 Introduction

The bridging between physical scales was initiated by the landmark con-
tributions of Kirkwood and collaborators, which set the fundamental bases
for the governing equations of transport phenomena in continuum media, by
departing from statistical mechanics arguments [1-4]. In the field of solid
mechanics, the major developments were motivated by the estimation of emer-
gent (macroscopic) properties of heterogeneous materials [5-12]. In parallel,
the use of asymptotic analysis of partial differential equations with periodic
coefficients enabled the modeling of continua with periodic microstructure [13—
15]. Notably, an aspect shared by all these theories is the fact that variables
at the macroscopic level, usually called homogenized variables, are invariably
related to some kind of averaging process of the fields defined at the microscopic
level.

In more recent times, research on multiscale modeling approaches have
bloomed in the context of computational mechanics, triggered by the avail-
ability of increasing computational power. Most of these approaches rely on
the concept of Representative Volume Element (RVE) to model the microscale
phenomena. Thus, stresses and strains at the macroscale level are character-
ized through volumetric averages of the corresponding fields at the RVE scale.
Importantly, the mechanical model adopted to describe the physical phenom-
ena at micro level may be different from that adopted at macro level. The
conventional approach taken in the literature exploits computational homog-
enization techniques and finite element strategies to find the approximate
solution to the problem [16-29]. Current applications in the field of solid
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mechanics include plasticity, thermomechanical coupling, dynamics and vibra-
tions and problems involving material damage and failure [30]. Moreover,
multiscale models have also addressed the construction of high order constitu-
tive models [18, 19, 31-33]. These are examples where the multiscale approach
can properly handle the interaction between scales even when scale separation
does not hold.

A comprehensive review of the multiscale modeling approach and its appli-
cations is beyond the scope of the present work. The interested reader is
referred to [34-50]. In these contributions, specific reference is made to the
different areas of application of multiscale modeling.

The ever-increasing popularity of RVE-based multiscale strategies has been
driven by the need to address increasingly complex problems featuring smaller
scale phenomena whose full scale characterization remains beyond the reach
of available computing power. Even though the solution of full-scale problems
has remained elusive, multiscale models managed to deliver essential insight
into the underlying mechanisms taking place at the microscopic realm, and
the way in which these phenomena emerge at the macroscale (observable) level
[51, 52]. Multiscale solutions have been crucial to optimize the use of existing
materials, as well as to design new materials in a rational and scientific manner.

The overwhelming presence of RVE-based multiscale models in mechani-
cal applications is historically related to the study of constitutive behavior of
materials that featured a certain microstructural arquitecture at smaller scales.
Currently, extensions and modifications of the multiscale theories have enabled
the incorporation of more ellaborate small scale interactions. Therefore, purely
constitutive multiscale modeling was transformed into an all-embracing frame-
work capable of accounting for all sorts of physical effects, and whose impact
on the observable scale of the object of study is accounted for by bridging
hypotheses and homogenization rules.

In performing such homogenization, naturally, the full-scale problem is
being described as a loose interconnection of different scales, typically a micro
and a macro scale. The segregation of these scales is due to the fact that tack-
ling the full-scale problem is unfeasible given the computational resources that
would be required for a proper characterization of the fine scale mechanical
interactions in a monolithic manner. Thus, through the segregation of micro-
scopic physical domains (the RVEs) it is possible to set up a loosely coupled
full-scale problem, where the RVEs weakly interact through the homogeniza-
tion process integrated with the mechanical equilibrium configured at the
macroscopic scale. Although the transfer of information between the scales
provides a sense of locality at each RVEs, which is important to keep the prob-
lem decoupled, at the same time it precludes the RVEs from proper interaction
with neighboring physical domains through their boundaries.

Consequently, despite the wide range of situations addressed in the cur-
rent literature, there is still a gap concerning the non-local interactions among
neighboring RVEs for the simple reason that they are obtained using a micro-
cell (RVE) that is considered to be completely decoupled (isolated) from the
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rest of the body domain. Therefore, the finer interactions between the microcell
(formerly called RVE) and its neighbors are neglected, or inadequately incor-
porated, due to the incorrect prescription of boundary conditions enforced at
the RVE level in the formulation of these multiscale models. For example, in
the traditional Taylor multiscale model, an affine displacement is prescribed
all over the entire RVE, which generally is far from the actual behavior of the
microcell. In the Linear Boundary Multiscale Model, a linear displacement is
prescribed on the microcell boundary, something which is also generally far
from the actual behavior of the microcell. A conventional multiscale model
with periodic boundary conditions has little meaning in the case of arbitrar-
ily heterogeneous material (for example, including voids), or in problems with
evolving interfaces and discontinuities. In turn, the so-called Minimal Kinemat-
ical Restriction Multiscale (MKR) model, which includes only the minimum
set of kinematic constraints required to satisfy the Principle of Multiscale Kine-
matic Admissibility [37, 38, 47], induces a piecewise uniform traction field on
the solid part of the microcell boundary — something that, again, does not
generally reflect the true mechanical state of the material at the micro level.
We can see that isolating microcells from the rest of the body generally brings
inconsistencies between neighboring domains, and this is one of the main chal-
lenges addressed in this work: how to bring neighboring information into the
formulation of the microscale equilibrium problem of each microcell so as to
reduce or eliminate such inconsistencies.

A proper characterization, not only of the homogenized mechanics at the
coarse scale, but also of the micromechanics, requires the correct characteri-
zation of the mechanical environment in each microcell. This goal is attained
only if the exact solution of the full-scale equilibrium problem is known. The
solution of the single- full-scale problem that accounts for all the fine scale
interactions in the entire domain shall be referred to here as the reference solu-
tion. By zooming into the reference solution within a certain microcell, we will
see that its physical fields are the result of its interactions with neighboring
microcells. Nevertheless, the characterization of this solution is not generally
attainable, even with the use of high performance computers.

At this point, it is important to mention two adjoining fields of research
whose main goal is to find such a reference solution by creating, or accelerating,
a sequence of iterates that eventually converge to the sought solution. In this
manner, these methods propose a divide and conquer approach to circumvent
solving the full problem all at once.

On one hand, we have domain decomposition techniques, whose aim is to
partition the domain of analysis into (overlapping or non-overlapping) subdo-
mains for which local problems are formulated. Local problems receive local
boundary conditions according to certain criteria that are responsible for defin-
ing boundary data at neighboring subdomains. Through the iterative process,
the lack of continuity of the solution at the boundaries between adjacent sub-
domains is expected to be progressively reduced until a certain convergence
threshold is achieved. Domain decomposition approaches can be formulated
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either at the algebraic level [53], or at the continuum level [54]. In the former
case, the resulting algebraic structure of the problem is manipulated so the full
algebraic problem is broken into subproblems that interchange information.
In the latter approach, the formulation of boundary value problems (includ-
ing Dirichlet, Neumann, or even Robin boundary data), the Stéklov-Poincaré
operators plays a fundamental role to understand the theoretical concepts and
ensure mathematical/energetic consistency. Domain decomposition methods
are typically proposed for a set of partial differential equations, and the local
problems represent such an original set of equations. Alternatively, domain
decomposition formulations were proposed to work with heterogeneous models
occupying non-overlapping regions within a certain domain of analysis. Exam-
ples are the coupling of surface and groundwater flows [55], the coupling of
Darcy and Stokes models [56], the coupling of Biot and Navier-Stokes models
[57], the classical fluid-structure interaction problem [58], and even models of
different dimensions [59, 60].

On the other hand, we have multigrid methods (a class of multiresolu-
tion method) as a way to resolve the different scales featured by the problem
through a family of problem discretizations performed hierarchically [61, 62].
This family of methods lies closer to the multiscale paradigm, as the fundamen-
tal idea is to coarsen the original problem, solve it and then go back to the finer
model with coarse scale information, and iterate this procedure until a con-
vergence criterion is achieved. The goal in this case is to progressively reduce
the error in the finer model through the coarse-fine iterations. To achieve
this, proper restriction and prolongation (also known as interpolation) opera-
tors are required, so information can be transferred between two hierarchically
connected approximations. Connection between multigrid solvers and homog-
enization techniques is not new, and can be found in [63], where variational
upscaling was applied to porous media flow simulations, and in [64] for solid
mechanics. Alternative numerical strategies were also proposed using mixed
approaches. For instance, in [65, 66] a multigrid approach was employed at the
continuum level, which enforced the coupling conditions between beighboring
subdomains in a weak manner.

It is worth noting that, except for the problems where heterogeneous mod-
els are considered spanning non-overlapping spatial regions, all the previous
apporoaches address a certain problem defined by a set of partial differential
equations and stick to these equations in the application of the methodology.
That is, model equations are the same in the different subdomains in domain
decomposition techniques, and are the same in the different discretizations in
multigrid techniques. This is an example of a limitation which can be circum-
vented by exploiting the framework of the Method of Multiscale Virtual Power
(MMVP).

In the present work, we place the problem of characterizing the reference
solution for a mechanical system at the continuum level, that is, as a continuum
mechanics problem, before any discretization is introduced. More specifically,
we regard the RVE-based multiscale strategy as an excellent candidate to
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tackle the problem. The proposed developments rely on the Principle of Mul-
tiscale Virtual Power [37, 38, 47], which allows us to construct bridging rules
between the mechanical phenomena at the small scale and the corresponding
phenomena at any larger scale (including the macroscale), regardless of the
governing equations, which may well differ at different scales. In this context,
the theoretical variational basis of RVE-based methodologies is discussed in
detail and the foundations are laid for the development of a new strategy to
obtain the reference solution without the direct solution of the full-scale prob-
lem. By exploiting this variational basis, a novel insight emerges. In particular,
it becomes clear that variational formulations of new multiscale models can
be developed in which either generalized displacements or tractions may be
prescribed on the boundary of the microcell, making the incorporation of the
interactions with neighboring domains feasible. With the incorporation of the
interactions between the microcell and its surroundings, a strategy based on
the new multiscale models can be proposed as a multicontinuum approach (a
generalized continuum counterpart of multigrid strategies) for the determina-
tion of the reference solution at a lower computational cost than by solving
the full-scale problem monolithically.

The paper is structured as follows. In Section 2 we present the ingredients
that characterize the full-scale problem and the corresponding reference solu-
tion. In Section 3 we show the connection between the reference solution and
solutions obtained at coarser scales. In Sections 4 we present the properties of
the reference solution when restricted to an arbitrary isolated microcell. Then,
novel multiscale models where displacements or tractions may be prescribed
on the boundary of the microcell, and which are capable of capturing impor-
tant properties of the reference solution, are proposed in Section 5. The use
of the new multiscale models in a multicontinuum approach to determine the
reference solution is proposed in Section 6. Concluding remarks are then pre-
sented in Section 7. In addition, to make this contribution self-contained, in
Appendix A and Appendix B we present the fundamental aspects of the MKR
multiscale model and the Principle of Multiscale Virtual Power [37, 38, 47].

2 Full-scale problem

In this section we define the full-scale problem under consideration, and char-
acterize its solution — the reference solution. The full-scale problem comprises
a single scale where all heterogeneities and details of the continuum (at all
length scales) are accounted for.

In what follows, we denote by €, the material configuration of the body
B,, whose kinematics and constitutive behaviour may generally depend on the
chosen scale 1 where the model is defined. For the sake of simplicity, we limit
the presentation here to the case of a classical continuum at scale u, corre-
sponding to a body with microstructure which may include voids randomly
distributed in €2, that may or may not reach its boundary 09,,.
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Remark 1 Despite the limitation of this presentation to classical continuum mechan-
ics and specifically to solid mechanics, extensions of the fundamental concepts
exposed in this paper to different kinematical models (see for example [40]) can be
pursued.

For convenience, we list below some of the most important definitions and
notations adopted (refer to Figure 1):

,: the entire domain including voids and solid material.
y: coordinates in €2,,.

0f),: boundary of €,,.

§27,: solid part of €2,.

§1),: space occupied by voids in €2,.

§2)7: space occupied by fully internal voids in €2,,.

{2, space occupied by voids which reach the boundary of €,,.
892’1’: boundary of €27, shared with 9Q,.

8QZ’Z’: boundary of €2 shared with 0€2,.

0Q5v: boundary of 2, shared with the boundary of QJ;.
oS2;"r: boundary of €2 shared with €.

Similar notations are applied to any part P, of ,, (see Figure 1).

Let 8QZ’f’D be the part of 6ijb where the displacement is prescribed as a
given field U, (y),y € 892’33. Also, we assume that the constraints imposed on
the displacement field are such that if two displacement fields satisfy Vu/i(y) =
Vui(y),y € 2, then u)(y) = ul(y),y € ..

Let V,, be a function space of vector-valued elements that are sufficiently
regular so that all mathematical operations they are involved in make sense. In
classical continuum mechanics in the three-dimensional space, V,, = [H'(€25)]°.
In what follows, to simplify the presentation, we assume B, to be sub-
ject only to body forces in its interior and prescribed displacements on its
boundary. Then, let Kinj, be the linear manifold of kinematically admissible
displacements of B,,, defined by

Kinj, = {u, € V,; u#|BQZ,L}D =U,} =u), +Var, (1)

where uf, is an arbitrary element of Kinj, and Var

of kinematically admissible virtual actions of B,:

*

1, is the associated subspace

Vary, ={v eV, v|(mi,be = 0}. (2)

The mechanical equilibrium of the body B, is established by the following
variational problem: For a given load system defined by {b,} € V; (V; is the
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Fig. 1 Domain 2, taking into account its microstructure in an arbitrary part P.

dual space of V,,), find the reference solution uj, € Kinj, such that

/Q [P.(u},) Vv —b, -v]dQ, =0 vv € Var,, (3)

i
where P, is the first Piola-Kirchhoff stress tensor — assumed a function of the

deformation gradient F), = I+ Vuy,. We assume the constitutive stress-strain
relation satisfying

/ ) [P.(u),) —P,(a))] - [V(u, —ul)dQ, >0  Vu,u’ e Kin}, (4)
/7, P, (u) — P, (ud)]- [V(ul —u2)ldQ, =0 & Vul, =V, (5)

s
“w

for any part P}, of €27,. Moreover, the above requirement implies that equality

in (5) is satisfied if and only if the stresses also coincide, i.e. P, (u},) = P, (u?).
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From (4)-(5) and the constraints prescribed over the displacement field, we

have that if the solution uj, exists, it is unique. To see this, assume u}L and ui
to be two solutions of (3). Then,
/Q [P.(u),) Vv —b,-v]dQ, =0 VveVar, (6)
/Q-; [PM(ui) Vv —b,-v]dQ, =0 VYveVar, (7)
From these equations we obtain
/Q z P, (ul) — P, (u2)] - Vvd, =0 Vv e Var,. (8)
Further, since uL — ui € Vary, the above implies that
1Pl = Pt (u — i, =0 )

and from (5) and the assumed contraints on admissible displacement fields, we
conclude that

ul =u’ =u’ (10)

and the uniqueness of the solution of (3) is demonstrated.

In what follows we shall assume that the body force data per unit volume
b,, is sufficiently regular so that the variational problem (3) is well posed in
the sense that it has a solution.

3 Homogenized mechanical formulation

In this section we consider the problem of coarsening the full-scale model of
Section 2 and devise a coarsened continuum that we shall refer to as the
macroscale model. The coarsened model is linked to the fine, full-scale model
through an appropriate power equivalence between the two continua, and
kinematical constraints provide the conditions for this balance to be imposed
in a consistent, physically meaningful manner, by means of the Principle of
Multiscale Virtual Power.

Now, let {Pﬁ,i = 1,...,N,} be an arbitrary partition of Q, into N,
microcells such that the following properties are satisfied:

° QZ :Ufi‘l 77;’8;
 PLENPL =0, fori#j, i,j=1,...,Ny;
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® In the present context, NN, is, in general, a very large integer such that
the characteristic length of PfL, denoted Z(PZ), is large enough to be rep-
resentative of the microstructures/heterogeneities present in the body B,
but small enough when compared to the characteristic length of the macro
scale, or coarse scale. Let us denote n; the number of heterogeneities of Pff
and Hi;k,k =1,...,n; n; > 1, the part of the domain Pff occupied by

n;

heterogeneity k. We assume PZ;S = Uker /Hfjk.
Also, for each part 73;; of the body we define
I'={j=1,...,Ny; forj#i; OP;>*noPI>" 0} (11)

as the set of indeces of the microcells that form the neighborhood of Pﬁ.
Using this partition, variational equation (3) can be rewritten as

NH
Z/PLS[PM(uZ) Vv —b, -v]dQ,=0 VveVar,. (12)
=1 Iz

Then, it is easy to show that the reference solution uj, € Kinj, satisfies, in
a weak sense, the following Euler-Lagrange equations

divP,(u})+b, =0in H,;" k=1,... n,;,

i=1,...,N,, (13)

[P.(a;)n,] =0on OHL NOHL™ k#m, k,m=1,...,n,
i=1,...,N,, (14)
[P.(a;)n,] =0 on 0P  NOPI™" i+ j,i,j=1,...,N,, (15)
P,(w;)n, =0o0n dP;*" i=1,...,N,, (16)
P, (u;)n, =r}, on 892}’[), (17)
P,(u})n, =0 on GQZ’b\(?QZ’_’bD, (18)

where r, € (Varl*t)l- is the reaction resulting from the prescribed displacement

on the Dirichlet boundary 8(2;’7%, and n, is the unit normal vector to the
boundary.

Remark 2 Equation (15) tells us that the traction, say tfji, exerted on an arbitrary
1,8,

microcell boundary 0P, b by its neighboring microcells, 73,{, jel i across their

boundaries BPﬁ’S’b, is, in general, a non-constant field over the intercell boundaries.

This field given exactly by Py (uy)ng|ypiss = tfji.
"
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With the reference solution at micro level, uy, by using the Principle of
Multiscale Virtual Power (PMVP, see Appendix B) together with the homoge-
nization procedures for displacements, displacement gradients, stress and body
forces [37, 38, 47], expression (12) yields

N,
Vv eVar, 0= Z/PLS[P#(uZ) Vv — b, -v]dQ,
1=1 I

Nﬂ
= Z ‘,Pm {ij\/[|x1 . VVM|X1L - b?\/f|xi . VM|Xi}
=1

= / [P*M~VVM—b7V[~V]\/[]dQM
Qu

=0 Vv €Vary, (19)

where x; € Q) is the point at macroscale level associated to the microcell
Pﬁ, |73L\ is the measure of the microcell ’PZ including the solid and the void
parts, i.e. [P.| = [Pj;*| 4+ |P."|. The domain Qy; is the macro-scale or coarse-
scale domain, which is the same as {2, but now understood as a coarsened
continuum. That is, Qs is the fine-scale domain €2, viewed through ‘blurry
glasses’, where the fine-scale details/heterogeneities have been smoothed out as
a result of the homogenization procedure. In turn, the space Varj, is defined
as

Var}"u = {VM € Vu; VM‘(’)Q}%I = 0}, (20)

where 891’?{ is the boundary of ), where Dirichlet boundary conditions are
prescribed.

Finally, note that in (19), the same kinematics has been assumed for both
macro- and micro-scales. However, the use of different kinematics in 2, and
in Q) is possible. See [36, 40] for two examples of problems with mixed
kinematics.

Let us now look at some important conceptual details relevant as we move
through the different lines of equation (19):

e The second line of (19) is obtained from its first line by exploring the Method
of Multiscale Virtual Power (MMVP), proposed in [37, 38]. In particular,
we have made use of the Principle of Multiscale Virtual Power (PMVP)
presented in Appendix B, which postulates that the energetic consistency
between the macro- and micro-scale is established when the total virtual
powers at both scales coincide: “The total macroscale virtual power at a
point x; must be equal to the total microscale virtual power of the correspond-
ing macrocell for all kinematically admissible macro- and micro-scale virtual
actions”. Hence, no approximation is introduced at this step. The identity
between the first and second lines of (19) follows simply from an arbitrary
partitioning of the full-scale continuum, and there is no requirement that
PIZ be a representative volume element. In fact, this domain must be large
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enough in order to adequately describe the heterogeneities (materials and
topological architecture) at that level.

® Further, according to the PMVP, P},|x, and bj,|x, in the second line
of (19) are, respectively, the values of the macro-scale stress tensor field,

2> and the body force vector field per unit volume, b}, at point x; of

the macroscale, linked to the microcell PfL. Similarly, vas|x, and Vvaslx,
denote, respectively, the value of (coarsened) macroscale virtual action
fields, vy, and its gradient, Vv, at x;. It should also be stressed here
that, as established by the PMVP, the equality between the first and sec-
ond line of (19) must hold for all kinematically admissible virtual actions
vy € Vary, = {vim € Vs vuloa, = 0} over Qp — the blurry version
of Q, — where the solid constitutive behavior and body force depend on
the mechanical interactions at the microcell level through the corresponding
homogenization operators.

¢ The second line of (19) can be interpreted as a midpoint quadrature formula
for the integral of the third line. Since N, is typically very large, we assume
the numerical error introduced by the quadrature to be negligible. For this
reason, we maintain the equal sign instead of the the approximation symbol
between lines two and three.

® The third line of (19) implies that with the exact solution uy, of the full-scale
equilibrium problem — the reference solution — at hand, the PMVP (with
the associated homogenization operators) enables us to obtain the coarse-
scale fields P4, and b}, over Qs (as well as any other homogenized field,
such as, for example the homogenized constitutive tangent operator), that
satisfy the macroscale equilibrium in the sense of (19).

e Finally, since the first line is zero for any v € Var),, the third line must also
be zero for any vas € Varjy,.

Remark 3 The above framework is not limited to only two scales (micro and macro).
Any number of scales can be considered with the above reasoning applied recursively.

Remark 4 In the above, we stated that the energetic consistency was satisfied using
the PMVP. The reader will notice that the balance of power between macro and
micro-scales was originally proposed in [9, 11], and became known as the Hill-Mandel
principle of Macrohomogeneity. While this well-known principle was originally for-
mulated for the true power exerted at both scales, the PMVP cast the Hill-Mandel
principle in a variational setting.

The tractions tf;i, as should be expected, play no role in the PMVP.
Intercell tractions do not contribute to the external microscale virtual power
because they are reactions, associated by duality, to the constraint of kinemat-
ical compatibility between ’P}; and its neighboring microcells. This observation
allows us to see the intercell tractions t;’i as the Lagrange multipliers needed

to enforce intercell compatibility in the local equilibrium problem where Pli
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is considered isolated (decoupled) from the rest of the body, with the corre-
sponding kinematical constraint relaxed in the sets of kinematically admissible
displacements and virtual actions. This fact will be explored in Section 4, where
the equilibrium of individual, isolated microcells is considered in isolation.

We stress that the solution uj, of the full-scale equilibrium problem that
takes into account all fine details of the solid can be regarded as the refer-
ence solution in general multiscale modeling. In fact, its knowledge enables
the exact determination of all macro scale fields necessary for the equilibrium
and representation of the macro-scale behavior taking into account the fine
mechanical interactions of the micro-scale level. However, obtaining this solu-
tion by means of numerical approximation is, in general, not feasible at present,
given the prohibitive computing costs associated with the full-scale solution of
more realistic problems. One approach to overcome this challenge is the use
of classical, RVE-based multiscale models. This approach aims to formulate a
similar, generally representative problem that will deliver a (hopefully) good
approximation for UZ‘PZ;S at significantly lower computing costs. The better
the multiscale model, the better the approximation will be. The classical mul-
tiscale paradigm relies on the assumption that only homogenized information
is transferred between scales, and that each microcell Pf; is considered iso-
lated from its surroundings. The local microcell mechanical problem is then
formulated in each multiscale model by assuming a particular set of microcell
kinematical boundary conditions that, in some sense, tries to mimic the actual
interactions of the microcell with its surroundings in the full-scale problem.
These assumed kinematical constraints may or may not be good approxima-
tions of the real boundary interactions, and the ability to capture them with
good accuracy, to be as close as possible to the reference solution, is the most
crucial aim of any multiscale model.

Remark 5 As discussed in the introduction, isolation from the rest of the body gen-
erally brings inconsistencies between neighboring microcells, and this is one of the
main challenges addressed in this work: how to bring neighboring information into
the formulation of the microscale equilibrium problem for each microcell to reduce
or eliminate such inconsistencies.

In fact, without loss of generality, the reference solution uy,

the microcell 73; can be described exactly using a Taylor series-like expansion
by introducing the (linear) homogenization operators, denoted by #);(-) and
HZV() These operators account for the affine characterization of the field, plus
a fluctuation component included in the Taylor expansion (see (21) below).
Thus, the microscale kinematics can be linked, through appropriate homoge-
nization procedures, to the corresponding point-wise value (associated to 73;)
of the macroscale kinematics (see [37, 38, 47]). This expansion of the reference

restricted to
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solution reads

*
u,

oV
pie = H,, (ay,
Mlx; + G

i) M ( o) (Y = yG)+ﬁZ(Y)
X (y - YG) + u,u(y)a Pﬁ’sv (21)

where, for the material under consideration (heterogeneous with voids arbi-
trarily distributed in P, that may or may not reach its boundary), yo =

1 f is ¥y dS,, U, represents the displacement fluctuations, i.e. the higher
\7’”' | Py s

order term in uj;, defined as

o~ Uy lx, = Girlx (y = yo), (22)

u,(y) =u,

and uj,|x, and Gy;|x, are, respectively, the displacement and gradient at the
point x; € Qs linked to the kinematics at the microscale by the multiscale
kinematical admissibility homogenization linear operators

u* = % ut) = }
M|XL A\ |PZL’S|

VY (ox
Xi + Hp, (uu)
1 / ~
Pl Jrye
< =MV (Vuy) =

G

1 ~
: [ - Vu, dQ, — / ~u,®n,doSy,
piss a,PZ,L,s,vi

A .

_ / ﬁ;@nff’daﬁu—/ @ @m,do,
ap, > apL=?

1 ~k ~% 7
-l-/”VuudQH—/ “vvuu®nz dosy,
PL* opls i

7,8
~x vp ~% =
_ / W dagﬂ—/ W, @n,don,
oP,"h P

1

Pl Gl

x; +—— u ®(n, —n,)doQd
|7)L’S| B'PIZ*S’I’ i ( M H) H
+H Lbb( Z|873Z[S’b)' (24)

In the above, we used (21) and the definition of y¢, and the vector ., is
defined as )

n,dos),,. 25
(0P Jopger (%)

n, =
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Remark 6 Note that the gradient homogenization operator introduced at the begin-
ing of (24) was proposed such that, after use of Gauss formula to take the gradient
to the boundary, only microcell boundary terms are present. So, out of the three
boundary terms, two of them were struck off after the Gauss formula was used. In
this manner, the homogenization rule only depends on fluctuations occurring over
the solid part of the microcell boundary (8P,ljs’b). Otherwise, the kinematical model
would allow for artificial dual forces to occur on the void boundaries, which is not
physically justified. Moreover, this is the real concept of a physical experiment, in
which we can mechanically test a piece of material by fully controling the kinematics
over the solid part of the boundary, and study its response by evaluating the dual
forces that emerge on that boundary.

Remark 7 Homogenization formula (24) is actually novel, and should be compared
with those of [37, 38, 47]. The novelty is the appearance of the term related to 1, as
defined in (25). This term allows the homogenization formula to perform consistently
even in the most arbitrary case in which voids randomly reach the microcell boundary.
For the sake of completeness, let us say that this term is responsible for maintaining
the kinematical consistency in such a general situation. A more in-depth analysis is
out of the scope of the present work.

It is interesting to note that in the above homogenization operators, uj, and

*

“w
ary counterpart representation of the homogenization operator ’HZV(VﬁL) for
the gradient of the displacement fluctuations. Finally, due to the description
(21) adopted for the reference solution, the displacement fluctuation ﬁz has
the following properties

i 7,8 w ok X :
u’, are defined only over P,;°. Furthermore, Hu,apﬁsyb(uubpﬁ,s,b) is the bound-

Hy(u)) = 0, (26)

Yapﬁ;&b(GMapgs’b) = 0. (27)

s

HY(Va) =H

For microcells featuring arbitrarily distributed voids and/or material het-
erogeneities, from the above expressions it then follows that the so-called
Taylor Multiscale Model, obtained by postulating u, = 0 in Pfjs, will not be
able to represent the reference solution in the microcell. This is also the case for
the Linear Boundary Multiscale Model since this model assumes ﬁu|api,s,b =0.
The widely used Periodic Boundary Multiscale Model, on the other hand, has
no meaning in the present case — heterogeneous materials including voids arbi-
trarily distributed in 73; that may or may not reach the microcell boundary.
Finally, let us consider the Minimal Kinematical Restriction Multiscale Model
(MKR Model) described in Appendix A. In this model, the linear manifold
where the solution of the microcell equilibrium problem is sought is K m{\fu KR
(see (A3)). Note that, from (26) and (27), we have that umPZ)S € KinﬁiKR and
u;, € Varﬁ”l{ KR (see (A4)). These are the largest functional sets that guaran-

tee a consistent kinematical transfer between the different scales. Hence, these
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sets contain the solutions delivered by the aforementioned multiscale mod-
els as well as the reference solution. Notwithstanding that, the large size of
these sets is also detrimental to the solution we can obtain at the microcell. A
deeper analysis shows that the Lagrange multipliers (constant vector) @ff KR
and (constant second order tensor) AfLV[KR, respectively associated by dual-
ity with the multiscale kinematical admissibility restrictions (26) and (27), in
general do not represent adequately the interaction between the microcell 73;;
and its neighbors. Indeed, enforcing these integral constraints implies a con-
stant (reaction) traction t)/ %% = AR (n, —7,) over the boundary IP};*P.
Clearly, this is not satisfied in general by the reference solution (see Remark 2).

At this point a question arises: how can we improve upon, say, the MKR
model, so that it can deliver a better approximation of the reference solution in
the microcell?. The answer to this question is the goal of the next section, where
we explore a simple mechanical argument: to obtain the exact equilibrium
solution for a part of the whole domain considered isolated from the rest, it is
sufficient to find the equilibrium solution in the appropriate linear manifold in
which the exact (reference) displacement field is prescribed on the boundary
of that part. A second, equivalent alternative consists in relaxing the above
boundary displacement prescription and prescribe the associated (reactive)
traction on boundary.

4 Isolated microcell equilibrium

In this section we formulate the mechanical equilibrium of the microcell taking
into account the constraints that must be satisfied by the kinematical fields.
In what follows, consider a microcell PfL in the interior of the domain
Q,. Also, let u};, and G}, be the macroscale fields associated to the refer-
ence solution uy, through the corresponding homogenization operators Hzf and
HZV. Hence, they represent, respectively, the reference homogenized displace-
ment and displacement gradient at the macroscale. Moreover, let u},|x,, and

G/ |x; be the value of these fields at point x; associated with the microcell
P, Also, let t7" =P, (u;, P;,s)n#\api,s,b, defined on the boundary 5772;37"7 be

the (reference) traction exerted by the neighboring microcells of PfL.

As already mentioned, the exact equilibrium solution in the microcell P’
when considered isolated from the rest of the domain €2, can be obtained by
two different strategies. The first one consists in prescribing the displacement
on the boundary 8PL’S”’ as uj;| aPLet in the second strategy this kinematical

constraint is relaxed the corresponding (reactive) traction, t;’i is imposed on
api,s,b

lL ’ . .

If the microcell reaches the macroscale boundary, the part of the micro-
cell boundary that is also part of the boundary of the macroscale domain is
subjected to either displacement (Dirichlet), or traction (Neumann) bound-
ary condition. If displacement boundary conditions are prescribed, this must
be reflected on the construction of the corresponding function sets containing
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admissible displacement fields of the microcell. If traction boundary condi-
tions are considered instead, this must be added as an external power in the
microscale virtual power balance.

4.1 Displacement boundary conditions in the microcell

To formalize this concept using the description (21), let us introduce the
following notation

P(

utP(y) = uz|apﬁ,s,b =uylx, + Gylx,(y —ye) +u,(y), ye OP;’S’b, (28)

and the set (linear manifold) K mf;#D defined by

gD ) . ) — D
Kznuu = {ul,“,PfL,s € Vl“ u“|873:[5’b = 11'u } (29)
Note that, by construction, u;|7,z;s eK inf;lD . Hence, the above linear manifold
I L
can be rewritten as

Kinfl’f) = “Z|7>ff + Varfl"f), (30)

where
*,D
Varg” ={v P € Vs V‘apfl,sib = 0}. (31)
Then, the equilibrium of the isolated microcell P, subject to the prescribed
displacement u*” on the boundary dP}*" and to the external force per unit

volume {b,}, is defined by the following variational problem: Find uu‘P;ﬁ”‘ €

Kinf;“D such that the following variational equation

/ [Pu(u;)- Vv —b,-v]dQ, =0 VveVary? (32)
,P'L,s

n

holds. The Euler-Lagrange equations associated to the above equilibrium
problem are (see Appendix C)

divP,(u;)+b, =0in ",  k=1,... n, (

[P.(u;,)n,] =0 on 87—[:;’“ N 67{27”, kftm,k,m=1,...,n (34
P, (w);)n, =t on OPL*", (

(

P,(u’)n, =0 on JPLY

2 oo

where t;’i is the reactive force per unit area associated by duality with the

kinematical restriction uy|,pis0 = uZ’D . The reactive traction satisfies the
i

following equations

/ t;’idQlL = f/ b,dQ,,, (37)
B,P/i,s,b pise

"
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and

[ tres-ya = [ [Puw)-b.oy-ye)d, @)
4,8, ,PL,S

which are also obtained from the variational equation (32) (see Appendix C).
In addition, and since N'(V) = {c € R"} — a constant vector field — we
have that Varfl*HD NN(V) = {0}. Hence, any (sufficiently regular) external
force field per unit volume {b,} is admissible in the variational equilibrium
problem (32).
Any displacement field u,, that satisfies

H}j(uu) = Wylx;> (39)
)Y (Vu,) = Giflx,, (40)

is said to satisfy the Principle of Multiscale Kinematical Admissibility
(PMKA). It is crucial to highlight here that there exist elements u, € K mi‘lf
which do not satisfy these constraints and, therefore, do not comply with the
PMKA. In fact, without loss of generality, any element u, € K mﬁf can be
represented as

uu(Y) = H)j(“u) + ,HZV(VUM)(Y - YG) + ﬁu(Y)a y e ,PZ[Sv (41)
which, on the boundary, has the form

Wl ypies = ) (0,) +H)Y (Va)(y — Y6)lgpie

=+ <ﬁ”‘apﬁ,s,b> + ﬁ/“BPfL’S’b’ (42)

In the above, we made use of the following decomposition: Let w be a vector
field on P} (in (42) it is Wp|ypise). The field w can be expressed as
n

1

- w doS), + W = (W) + W, (43)
0P| Jopyes :

where we have defined

w=w — (W). (44)
Since u,, € Kin’l"l’}D, and using (43) for field 5P|, 55, we have
L i
Walgpes — 5 = (R (,) = whslo) + (il ) — (i o)

+ Y (Vuy) = Gl (v = ¥6) pppe

+ [ﬁu‘apﬁ,s,b - ﬁu|api,s,b] == 07 (45)
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which implies

)Y (Vu,) — Gilx, = O, (46)
() (0,) = Wislx,) + (ulgprer) = (W lppiar)) = 0, (47)
Wl ypies = Wy lgpres = 0. (48)

From (46), it follows that any element u,, € KznfluD is such that "HZV(VUM) =
i1 |x,- However and from (47), H)(u,) = uj,

x, if and only if <ﬁ#‘37>,3’5=b> =
<ﬁz|67);,s,b> (which is the case of the reference solution restricted to the micro-
cell, uj| apieb € K in’fl’f , among other fields in K in’fl’f ). As a consequence of
the above considerations, it follows that the PMKA is not necessarily satisfied
by all the elements of K m:;f .

4.2 Traction boundary conditions on the microcell

The second approach to characterize the reference solution restricted to the
isolated microcell is classical in mechanics and consists in the relaxation of the
Dirichlet boundary condition given by uZ’D and replace it with the prescription
of the associated (reactive) traction tzl as a Newmann problem. In this case,
the linear manifold in which the solution is sought is K mﬁi KR
ﬁ]\/,{KR pie € KinﬁiKR (see definitions in
Appendix A). This is possible because the multiscale kinematical restrictions
characterizing K mﬁi KR are not of Dirichlet type and, hence, a traction field
can be prescribed on the boundary. Then, the (exact) mechanical equilibrium

of the isolated microcell Pﬁ established by the variational equation (32) is now

, generated by
the linear space Var

also satisfying uj,

rewritten in the following (equivalent) form: Find wj|pi. € Kinﬂ/l[KR such
n L
that the following variational equation holds,

/,_ [P,(u}) - Vv —b, - v]dQ, —/ T vdoQ, =0
P’ oPL*

Vv € Vard KR, (49)

u,

Let ©}, and Aj, denote the Lagrange multipliers associated by duality with
the two kinematical constraints included in K mﬁl”{ B Then, the variational
equilibrium equation (49) can be rewritten as

/ [P, (u}) Vv —b, - v]dQ, — / 5 v doQ,
Ppiss apﬁ,s,b

—G); . / ,VdQu
piss

I

"

—Aj, - /my_ Ve (n, —1,)doQ, =0 Vv eV,. (50)

n
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*

" restricted to

The Euler-Lagrange equations satisfied in a weak sense by u
P);* are then given by (see (33)-(36))

divP,(u}) +b, +©; =0in H;  k=1,...,n,, (51)
=o from (33)
[P.(a;)n,] =0on OHLF NOHL™ k#m k,m=1,...,n,, (52)
P, (u;)n, —t7' —A%(n, —1,) = 0 on 9P, (53)
—o from (35)
P, (u;)n, =0 on 873;’”. (54)

In addition, since the microcell is now completely unconstrained kinematically,
we can take, in particular, v as an arbitrary constant vector field, v=c e V,,
c € R, which yields (see (37))

/ b, dQ, + / 5" doSy, + A, / (n, —1,)doQ, =0, (55)
Pi,s apﬁ,s,b apbs,b

I

= 0 from the definition of n,,

and, by taking v = A(y — yg) € V, with an arbitrary constant A € Lin, we
obtain (see (38))

AB, = / P (u) ] pis )ALy, — / b, ®(y—ya)dQ,
pis p;,s
- / @ (y —ye)doQ, =0, (56)
apLst

where
B, = /8 (-0, @ (y — ya) doQ,, (57)
,P:L,s,b

is an invertible second order tensor.
Now, note that from (51) and (56) we obtain

®; =0, (58)
A% =0. (59)

As a consequence of the above we obtain what we call the exact Minimal
Kinematical Restriction Neumann Multiscale Model (MKR-N-t Model) since
the reference (reaction) traction t;’i is considered over the boundary BPZ;S’Z’ as
a dual counterpart to the prescription of the reference displacement field over
the boundary, uZ’D .
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Remark 8 As expected, the MKR—N—tZ Multiscale Model also characterizes the refer-
ence solution uj, restricted to the isolated microcell PZ'L. However, this is only possible
if we know in advance tz*l, which is generally unknown in practice. Nevertheless,
the above results give us the possibility of defining a new MKR Multiscale Model,
referred to as MKR-N-t;, Model, in which the traction on the boundary is given by a
traction field t, that is generally different from t};*, but satisfies the condition (37).
Further, for this kind of traction t, it is not difficult to show that we always have
@fj‘ = 0 while, in general, Af[” # O. Hence, this last Lagrange multiplier can be
used as an indicator of the quality of the adopted t,. The selection of an appropriate
traction field t, is an issue to be discussed and justified in the next section.

5 Novel multiscale models

In this section, we propose two novel multiscale models, named MKR-N Model
and PMKA Model, that satisfy some of the properties of the reference solu-
tion when restricted to an isolated microcell, as shown in Section 4. The
models proposed here feature, respectively, Neumann and Dirichlet boundary
conditions.

To devise the new models, we will make use of the Method of Multiscale
Virtual Power (see [37, 38, 47]). The first step here consists in defining the
linear manifold Kin, of kinematically admissible displacements of the micro-
cell satisfying the PMKA. This set together with the associated subspace of
admissible virtual actions, Var, are fundamental in the definition/evaluation
of the external and internal virtual powers to be used in the characterization
of the equilibrium of the microcell through the PMVP (Principle of Multiscale
Virtual Power).

Then, let up; and Gjs be, respectively, the displacement and displace-
ment gradient fields in Qp7, and let ups|x, and Garlx, be their values at the
macroscale point x; € 4, linked to the microcell PZ € Q.

The linear manifold Kin?

w, of kinematically admissible displacements of
the microcell, is defined as

Kini ={u, €V, uu|6pﬁ,s,b =ul} = ug + Varfu, (60)
where u), is an arbitrary element of Kiny and u® is the field
uD(y) = UM |x; + GM X; (y - YG) + W(Y)a ye 87);;5’177 (61)

with w such that [, w® (n, —1,) ddQ, = O. Then, as shown in Section
W

4.1, all elements u, € KineM satisfy ’HZV(VuH) = Glx,. The subspace of

virtual actions associated with K inEH is

Varfu = {veV; V|8pl,.s,b = 0}. (62)
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5.1 The MKR-N multiscale model

We start by devising the MKR-N multiscale model — a model for which
a given traction field is prescribed on the boundary of the microcell, and
whose equilibrium is defined as a Neumann problem. That is, in the MKR-N
model, the microcell is subject to Neumann boundary conditions. As shown in
Section 4.2, a model with prescribed microcell boundary tractions is built using
the same hnear manifold K mM KR a5 the classical Minimal Kinematic Restric-
tion (MKR) Multiscale Model (refer to Appendices A and B for a detailed
description of the MKR model):

Kmﬂ/iKR ={u, €V,; Hx(u#) =uyy x“”HZV(VuM) =Gy
= {u“ €Vy u, = uM|xqz + GM|xi(y -ve)+ ﬁm
Hv(ﬁ#) = 07HW pﬁ:sﬂb(ﬁ;u'a’]?ﬁ‘s’b) = O}
= u + VarMKR (63)

xi}

0 MKR and V(ITMKR

where u,, is an arbitrary element of Kin,, is given by

Varﬂ/{LKR = {v, €V HV( )y=0,1" PP gb(v|aplsb) =0}

= KmMKR VarMKR (64)

To take the interaction of Pﬁ with its neighbors into account, let tﬁ/f KR-N
be the traction prescribed on the boundary 873;’“’. According to (37), the
boundary traction must satisfy

/ 6N doq, = —/isb# ds,,. (65)
Py P

I3

The above property can be easily satisfied if is taken as the uniform

field

tMKR—-N
©w

-~ 1 .5
) = / | budQ, yedaPt. (66)

Alternatively, considering the property (35) satisfied by the traction t;, associ-
ated with the reference solution uj,, we can choose a traction field distributed
according to the material heterogeneities that reach the boundary. We can
have, for example,

_ « ©,5
(URR-N (y) ,%/ by dQY,, y € oL, (67)
-

i
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where
aly) = |Pu(Gurlx, )nu(y)l, y € 9P, (68)
with | - | denoting the magnitude of vector (-), and
@ z/ a(y)doQy,. (69)
Pt

With the above at hand, we can now define the equilibrium problem of the
microcell PZ for the MKR-N Multiscale Model.

Problem 1 (MKR-N Multiscale Model): Find uj;*#~N ¢ Kin/*#® such
that the following variational equation

/_ [P (uMEN) . Vv — by, - v]dQ,
P

—/ tMER=N . v 490, =0 VVEV(LTMKR, (70)
P}

i,8,b H

1s satisfied.

From (65) it is not difficult to show (see Appendices A and B) that the
Lagrange multiplier @ZM KR-N  associated with the kinematical restriction
HY (u,MER=N) — upy,, is always zero. This is not the case, however, for the
other Lagrange multiplier, Ai MKR=N “arising from the kinematical restriction
HKV(VuL’MKR_N) . Very importantly, for this reason, A’ MER—N
can be used as an 1nd1cator of the quality of the solution uLM KR N with

respect to the reference solution. That is, AZH’MKR_N can provide a measure
i, MKR—N

of distance between u and the reference solution. To see this, note
that (see Appendix B) it is easy to show that

ALMER-NB /7> [PL(uMERN) b, @ (y — ya)]dQ,

where B, is defined in (57).

Since uz is € KinMKR note that, if ti=MKR_N = t* then Ai’MKR_N =
u

O and u’ MER-N — |73’ s. That is, under specific choices of boundary data,
the MKR—N Multiscale Model is able to recover the reference solution.

5.2 The PMKA multiscale model

This section proposes another new multiscale model, which we will refer to as
the PMKA model. Similarly to the MKR-N model devised in Section 5.1, the
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solution of the microcell equilibrium problem of the PMKA model shares some
important properties with the reference solution. To devise the new model, we
start by defining the corresponding linear manifold of kinematically admissible
displacement fields of the microcell:

PMKA
Kiny, = {u;, € V; u;:uﬂ—’Hl‘f(u#)—i—uM

xir Wy € Kinf }.(72)
From this definition, we have that all elements of KmP MEA gatisfy the
Principle of Multiscale Kinematical Admissibility (PMKA) (see (39),(40)), as
HY (uf) = unly, and H)Y(Vu}) = 1Y (Vu,) = Gulx, due to the fact that
u, €K infu. Also note that the boundary 873L’s’b is partially free to move. In
xi = uP = HY(w,) + un
the boundary moves u” plus a translation. This observation is reflected on the
space of admissible displacement variations associated with the above linear
manifold, which is given by

fact, u;|api,s,b = uH|anLs,b —HY(uy,) x;, 1€

Var nyA ={v'eV,, vi=v— ?—l}f(v)w € Var,i}, (73)
hence, V*‘Bpli,s,b = —H)(v). Further, it follows from (73) that the elements

v* € Varflf”KA can be viewed as fluctuation displacement fields since they
satisfy HY (v*) = 0 and H)Y(Vv*) = O.

The PMKA multiscale model proposed here is built on the basis of the
of the above definitions of KmPMKA/VarPMKA Note that, as a first step,
the model required the selection of approprlate sets, Kin/Var, satisfying the
PMKA to define the internal and external virtual powers in the formula-
tion of the Principle of Multiscale Virtual Power (PMVP) and, hence, in the
characterization of the microcell equilibrium problem.

At this point it is crucial to stress that, given uj, € K inP MEA there exists
u, € Kink u, such that uj, =u, — HY (u,,) . Hence, u, € Km u, is the
variable that actually drlves the problem. The same observation is valid for
v* € VarPlMKA, and the corresponding v € VarD Moreover, the two sets,

Kin¥ i” KA and KinL | are isomorphic under the transformatlon

f: Kin? —>KmPMKA, (74)
u, — u# =u, — Hz(u#)

To see this, assume that for a given uj, € K ink j‘/[ KA there exist two elements
u),u’ € Kinf such that

. (75)

= £
P
|
=
TN T~
\
X
<
=
= N
+
=
S
el
-~
=2
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Then,
0=v-— ’H)f(v)7 v e Varfu. (77)

The above expression is satisfied only if v = ¢, with ¢ an arbitrary constant
vector field. Since v € Varfu, the constant field ¢ must be zero, and uh = ui.

As a consequence of the adopted kinematics it is possible to prescribe
an arbitrary traction, say t,, on the solid boundary 873;’5"’7 of the micro-
cell for the PMKA model. The corresponding mechanical equilibrium problem
for a microcell PZL is defined as: Given a traction t, defined on 6772;5717,
find u;’PMKA = ul’?’PMKA — ’H}j(uﬁ”PMKA) + uymlx, € KinfinA (with

uE’PMKA € Kingu) such that the following variational equation holds:

/7> [P (upPMEA) TV — by, v dQ,

7/ t, - v<doQl, =0 VYv*e VarfMKA. (78)
i,8,b 3
oPy*

Before going further, we need to check if the above equilibrium problem is
well defined, i.e. if t,, is admissible. The admissibility is given by the condition
obtained from the above equation with virtual actions restricted to the space
VarnyA NN (V), where (V) is the null space (or kernel) of the operator
V. Then, t, is admissible if

/_ b, - v* dQu+/ ot Ve doQ, =0
PLs apL=t

w* e VarlMEA N N(V). (79)

Since (V) = {c € R?,c arbitrary constant}, we have Var; 4 NN (V) =
{0} and the above condition is satisfied for any traction field t, prescribed on
OPL* and problem (78) is well defined.

Now, note that the variational equation (78) must hold for all v* €
Varl :VI KA which are vector fields satisfying the restrictions Hx (v*) =0 and
HZV(VV*) = O. These can be equally enforced by means of Lagrange multipli-

ers. In this case, the restrictions of VarfMKA

u, are relaxed and (78) is re-written
in the form:

/7)i S[PM(HZ,PMKA) . vv* _ (b# + @llj’MKA) . V*] dQH

n

— /afpi . b[t# + AfMKA(nu —-1n,)]-vdoQ, =0 W*eV,, (80)

v
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where @5 MEA and Af MEKA are the corresponding Lagrange multipliers.
Equation (80) yields the following Euler-Lagrange equations and characteriza-
tion of Lagrange multipliers:

div P, (w5 4) 4+ b, +©, =0in HF k=1,...,n;, (81)
N—————

D,PMKA
:Pu(“ﬂr )

[Pu(uy"MENn, ] = 0 on XM NOHE™ k£ m,k,m=1,...,n;, (82)
———

D,PMKA
=P, (u,’ )

Pu(u;’PMKA)n“ =t,+ AijKA(nH —1,) on 673;’5’1’, (83)

:P}‘,(UE'PAIKA)

P, (uyPME N0, =0 on 0P)", (84)
~—_————

1
PMKA
@IMKA = _

APMEAB, — /7> S[Pu(u;’PMKA) —b,®(y —ya)dQy
) N — et

D,PMKA
=P, (uu )

- / b @ (y - yo)doQ,, (86)
PP

where B, is the invertible tensor defined in (57).
From the above, it follows that the solution w} " KA of equation (80)

satisfies the properties of the reference solution restricted to the microcell ’Pff
(see (33)-(38)) if the prescribed boundary traction t, satisfies

/6 o 0, = - /P  bde, (87)

"

/ Lt (y —ya)doQ, =
P

/Pi [P (upPME) — by, @ (v — y6))dy. (88)
! :PM(UE,PI\/IKA)

Since (87) can be easily satisfied (see (66) or (67)), let us then assume that
t,, indeed has this property. In this case, the above Euler-Lagrange equations
read

div Pu(u;’PMKA) +b,=0in ’Hf;k kE=1,...,n; (89)
—_—

D,PMKA
=P, (u, )
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[P (uy”M 540, ] =0 on oML NOHL™ k# m,k,m=1,...,n;, (90)
N———
:PM(UE,PIVIKA)

Pﬂ(u;’PMKA)nH =t,+ AijKA(nu —1,) on 873;’3’17, (91)

D,PMKA
=P,(u )

n

P“(u;’PMKA)n“ =0 on 8733”, (92)
—_———

D,PMKA
:Pu(uu ' )

/ b2, + / £,d00, =0, (93)
.Pi,s api,s,b

W W

APMEAR, /P [PLPMEA) b, o (y - ya)ld,
g :P“(ul?,PkaA)

7/ _ btu®(y*yg)daQ“. (94)
Py

Now, with the above traction field t,,, we return to the variational equation
(78) and rewritte it in terms of the driving variables:

/P [P (u) FMEA) Ty — b, - v] dQ,

1,8
"

+{ / b, dQ, + / t,, d@Q“} MY (v)=0 VYveVarl . (95)
pi»s B,Pli,s,b H

i

=o from (87)

From (87) (or (93)), the above equation allows us to define the PMKA
Multiscale Model.

Problem 2 (PMKA Multiscale Model): Find ul’?’PMKA € Kinfﬂ such that
the following variational equation

/_ [PM(US’PMKA)-VV—I)M-V] aQ, =0 VYve Varfu. (96)
Pi

is satisfied.

It is not difficult to show that the Euler-Lagrange equations associated
with the above variational equation are given by

divP,(u) PR 4 b, =0 H P k=1, n;, (
[P.(u)TMENn, ] =0 on OHF MO,k # mk,m=1,...,n;, (98
Pu(uf’PMKA)n# = rf on GP;’S’I’, (

P, (ul) PMENn, =0 on OPLY, (100
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/, b“dQH+/ rdoQy, =0, (101)
PL° apPyt

L Rl — b, o (v - yo)lig,

"

- / r2 @ (y - yo)doS,, (102)
P

ish M
m

where rfz € VL is the reactive traction vector associated by duality with the
(Dirichlet) kinematical restriction prescribed on 373&5’1’.

Now, we introduce the above properties of the field uf,? PMEA iy the Euler-
Lagrange equations (89)-(94). This gives

divP,(u) PMEAY L b, =0in HF k=1,...,n;, (103)
[[Pu(uf’PMKA)nM]] =0 on (‘33’-[2’f N 87—[27”,16 #m,k,m=1,...,n; (104)
r/? —t, = ASMKA(nH —n,) on 673ft’5’b, (105)

PH(UE’PMKA)nH =0 on 3733”, (106)

(107)

/ 1 dosy, = / - t,dOQ,, (107
Pyt Pyt

AijKAB# = /8 . rf ® (y —yag)doQ,
G

—/a @ (y — y)doR,. (108)
PL,S.

From (105) we have that, if t, — r’ then, the reactive component associated
with the Lagrange multiplier vanishes, that is APM54(n, —1,) — 0. More-
over, from (108) we obtain that, if fapﬁ,s,b(rﬁ) —t,) ® (y — yg)doQ,, — O,
then AEMKA — 0.

Before closing the present section, we apply the PMKA Model to a problem
that, in contrast to the case studied above, does not depend exclusively on

the gradient of the solution. To this end, consider the following equilibrium

problem: Find u;’PMKA = uE’PMKA - HK(UE’PMKA) +upnlx, € KmiMKA

(with uﬁ)’PMKA € Kin{?ﬂ) such that

/ [Kup PMEA L L Py PMEA) Uyt — b, vt dQ,
piss

n

- /W t, v doQ, =0 W e VarlMEA (109)

where K, is a symmetric positive definite second order tensor field.
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Proceeding in a similar way as before, the above variational equation for
the variable uE’PMKA € Kin{?ﬂ and its variations v € Var,i takes the form

/m KPP 3 (P M) g y) v

n

+PM(u5’PMKA) Vv —Db, v]dQ,

+

x.) = bu] d,

/Pi 5 [K#(ug,PMKA _ HZ(UE,PMKA) T upy

I
—/ t,, doS),
oPje?

As before, by taking t, = rf — now satisfying

Vig) — D
“H,(v)=0 VveVary, (110)

/p (K, (u) PMEA — 9 (0D PMEA) gy ) — by ] dQ,  (111)

i

— the variable uf PMEA ¢ | infﬂ is expressed as the solution of the variational
equation

/ | [KH(HE,PMKA _ Hx(uf,PMKA) Funle) v
PLe
+P#(u£7PMKA)~Vv—bu~V] dQ,=0 Vve Varf“, (112)

and, in addition, we find that the traction vector t,, prescribed on the boundary
satisfies

/_ P, (u PMEAY dQy, +
P’L S

L

+/i KM(UE,PMKA _HX(UE,PMKA)_'_UM
e

“w

Xi) ® (y - yG) dQ#

—/, by © (y — yo) dQ. (113)
piss

At this point, it is worth highlighting the following points:

® For the PMKA Multiscale Model, the solution of the mechanical equilibrium
problem of the microcell subject to a prescribed traction t, = r? on the
boundary is quPMKA = uf??PMKA - HK(UE’PMKA) +upnlx; € KinEyKA
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D,PMKA c Kin

where u;; E}L is the solution of an appropriate (Dirichlet) varia-

tional equation (see for example (96) or (112)). Recall that r[ is the reactive
traction vector associated by duality with the kinematical prescription of
u®” over the microcell boundary. Further, note that u;’P MEKA is endowed
with some properties of the reference solution, i.e. the Lagrange multipliers

@5MKA and APMEA a16 both zero.

® The solution uZ’P MKA 5 such that, when restricted to an isolated microcell

i WPMKA| _ _ - D,PMKA_ 9,V D,PMKA
P, it takes the value uy, |apﬁ,s,b =u H,; (uy; )

on the boundary 8P;’5'b. This has two major implications: (i) the mechan-
ical equilibrium of the microcell using the MKR-N Multiscale Model with
prescribed traction field t, =r, D on the boundary is exactly uy PMEKA. (ij) if
a new Dirichlet problem is defined by prescribing a dlsplacement ul- New =
uDPMEA _ HV( D.PMKAY 4yl then u;,PMKA € KinP-New and,
hence, the solutlon of this new Dirichlet problem is exactly given by
uZ’P MKA  These are important properties of the reference solution (see
Section 4).

6 Multicontinuum approach to the full-scale
problem

Following the discussion presented in the previous sections, this section pro-
poses the use of a multiscale framework based on the MKR-N and PMKA
models as a multicontinuum approach for the computation of the reference
solution, uy,, of the full-scale equilibrium problem. As discussed in Section 4,
the equilibrium problems defined by the MKR-N and PMKA multiscale mod-
els are able to deliver, under specific conditions, the reference solution u |’pz
within each microcell. In addition, as seen in Section 5, the MKR-~N and PMKA
models can improve the solution obtained with the MKR model when the ref-
erence solution is not known. The idea here is to explore these properties of the
two multiscale models to devise a procedure that can approach the reference
solution at low computational cost.

Now, let us invert the perspective and, instead of the bottom-up (micro-
to-macro) approach considered so far, let us take a top-down (macro-to-micro)
approach. Let x; be the point at macro level associated with the microcell 73;
and let Ny, = {x;,j € I'} be the set of points associated with the microcells
P/, that surround P, (see (11)). As a result of the homogenization inherent to
the multiscale approach, for all x; € N,, we have

uM|xj = umlx, + Gumlx, (x5 — x;) + o(|x; — Xi|2)7 (114)

where o(-) denotes a term of the order of (). Here we shall assume that Gy
varies smoothly. We also assume that the points x; are such that |x; — x;| =
o(l(P},)), where I(P},) denotes the characteristic length of the microcell P},
here assumed very small when compared to the characteristic length of the
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macro-scale (refer to Section 3). With I(P/,) sufficiently small so that terms of
order o(|x; — x;|) can be neglected, the previous expressions yield

unrlx, = Unrlx;, + Garlx, (x5 — Xi), (115)

Let uL’M KE he the solution of the equilibrium problem of microcell ’PZ
using the MKR model (see Appendices A and B). Then, from the above
considerations, it is expected that

uL’MKR(y) ~ ui’MKR(y), y € (‘3’Pff’b N 87)2’3’b,j el (116)
with the difference between u};"*f(y) and u/,M*%(y) stemming from the
discrepancy between the fluctuations ﬁf;MKR(y) and u,MEE(y) y € 8Pz’s’bﬂ

A , U
8’Pf;5’b, j € I'. Note that this discrepancy can be seen as a jump discontinuity

in the solution on the boundaries of neighboring microcells.
To reduce this discontinuity let us first define a continuous vector-valued
function over the boundary 8P};5’b,

d(w; " (y), w M (y)), y € oPptnopytt, jel’,  (117)

satisfying the property
/mji‘m d(uL’MKR(y), ui’MKR(y)) ® (n, —n,)doQ, = 0, (118)

and such that the following displacement on the boundary

+ (M) w M (), (119)

reduces the displacement discrepancy between the microcell PZ and its
neighbors.

Then, we use the boundary displacement field u” of (119) to define the
linear manifold Kinif”KA. With Kz’nfinA defined this way, the solution of
the equilibrium problem of the microcell 77; using the PMKA model, given
by utPMEA — yD.PMKA _ HY (u) PMEA) +uply,, can be obtained. This
PMKA solution is such that the discontinuity of the displacement between the
microcell 73;3 and its neighbors is reduced.

It should be noted, however, that the PMKA solution above does not in
general lead to continuity of boundary tractions on the interface between 73;
and its neighboring microcells. In fact, there will be generally a jump in the
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traction field at such interfaces. That is,

Pu(uz*’PMKA)nM # Pu(ui’*’PMKA)nM on 877;’5’1’ N 877,2’5’17,]' € I'. (120)

th, —t7,

To reduce the traction discontinuity, we shall adopt an analogous approach to
that proposed above to address the displacement discontinuity — now using an
appropriate MKR-N model with the traction tfy defined as follows. We define
a vector-valued function over the microcell boundary,

JEL () ), yeaPitnapit jel, (121)

with the property
(L (). t())d0%, = 0, (122)
oPi"
and such that the prescribed boundary traction

th (y) =t,(y) +i(t, (), tL(y)), ye€oP;*’, (123)

reduces the boundary traction discrepancy between the microcell 79; and its
neighbors.

Remark 9 Note that the operators d and j introduced in (117) and (121) have not
yet been defined. These operators are at the core of the cyclic iterative procedure. If
they are linear operators, then properties (119) and (123) can be trivially satisfied by
construction. In such a case, linear combination of the arguments leads to sub/over
relaxation approaches, and we are in the realm of Gauss-Jacobi (or Gauss-Seidel)
methods. More involved situations can be envisaged if we considered Krylov methods
to generate updates in the displacement and/or traction fields (see also Remark 11).

Based on the above considerations, a cyclic iterative process can be pro-
posed where displacements and tractions are alternately enforced on the
regions of the microcell boundary shared with its neighbors using, respectively,
the PMKA and MKR-N models. In Figure 2 we illustrate the idea of the pro-
posed multiscale method as a strategy to exchange boundary data between
neighboring microcells within a divide and conquer paradigm.

Such iterative procedure generates a sequence of solutions which, is
expected to converge to a solution where both displacements and tractions
have no jumps on the microcell boundaries. For more about the convergence
and alternative strategies, see Remark 9.

Let us assume now that finite element discretizations of the macro- and
micro-continuum equilibrium variational problems are adopted to produce
approximate solutions, and the partitions into finite elements are sufficiently
fine to ensure that the approximate solutions of the corresponding variational
equilibrium equations are accurate enough. These solutions will be denoted
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- top neighboring micro-cell to P,

From MKR-N to PMKA data: O
d(u};"’“"(y).u,’,“”"’"(y)). ye (l)P'il.s.bn(l)PIj‘.x.b’ jer O
o O
From PMKA to MKR-N data:
. o)
/ PMKA v

I, 6.). yeaptnopit jer

N k
MKR-N i
P

/ PMKA Vv PMKA \

/ v
~

O

O O O 0O O -
O O /\MKR-N/ o O “MKRN O O
© | I I

e

P, left neighboring micro-cell o7, PMKA | PP right neighboring micro-cell to P},
/ 7
~
MKR-N/
D api.s.b —
u”(y). y € 0P, 5 0o
tN(y), y € 0P O 0 I'= {0, B, 7. 8}: set of indices of the micro-cells
O neighboring to P’
O O
@)

/7% bottom neighboring micro-cell to P},

Fig. 2 Illustration of boundary data exchange between PMKA and MKR-N multiscale
models for neighboring microcells.

* b om

uy; ™ and u,;"" respectively. Note that in general, the computation of the

full-scale finite element solution u;’h“ in a monolithic manner is generally not
feasible for realistic problems at present, even with the help high performance
computers. We also consider that the macro-continuum partition into micro-
cells is performed over a finite element mesh built at micro level in such a way
that the finite element domains are never crossed by the boundaries of the
microcells, 8’Pli“i =1,...,N,. In other words, we are restricted to conformal
finite element meshes for Pft and their neighbors PZL, j € I'. Also, we assume
that the partition of the macro domain into finite elements must be such that
each integration point x; of the macro-scale finite elements at macro level is
associated with a microcell PZ.

Then, we propose the following iterative algorithm based on the alternate
application of the PMKA and MKR-N multiscale models to obtain u;’h“.
For the sake of notation, the superscripts has and h, are suppressed in what
follows.
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for the computation of the reference solution u’*

Multiscale Algorithm

m

STEP 1. Using the MKR multiscale model find the homogenized constitutive

operator, &y, at each macro-scale finite element integration point x;.

STEP 2. Solve the macroscale variational equilibrium (19) to get uj, and

G}, at any point x € Q.

— For the microcell ”Pft, solve the MKR multiscale model using uj;|x

STEP 3. Fori=1,...,N, do

and

i

Gilx, as input, which amounts to finding the solution u, (and hence the

fluctuation u’ ) of the variational equilibrium equation (B8).

— Set ContDispl =

STEP 4. Set the iteration number, Njier = 1.
STEP 5. Application of the PMKA model:

TRUE

— For each microcell Pli,i =1,...,N,do

x Evaluate d (see (117)).
* Evaluate |d| = [ [ypse0 d-d) doQ,]>.

1
* Evaluate |uf,| = fapl o (U, - ul,) doSy,]=.
* Evaluate e, = |‘dl“
* Displacement continuity control: If i, > ep (ep a user defined
tolerance)
Then:

- Set ContDispl = FALSE
- Evaluate u? (see (119)) .
- With u? deﬁne the PMKA model and find its solution

%) + uk;|x,, where u; S is given

by Problem 2 ie. equatlon (96) (or any other correspond—
ing variational equation), and the (reactive) traction t/, on

i,8,b
oPist,

*PMKA fHV(

Else: continue.
e STEP 6. Application of the MKR-N model:
— Set NullJump = TRUE

— For each microcell P?

i=1,...,N, do

I

* Evaluate j (see (121)).
* Evaluate |j| = [fapﬁ,s,b(j -j) dosy, )= .

* Evaluate |th| = [[ypien(t] -t,) doQ,]*.
m

* Evaluate ef, = )

Al

* Traction jump control. If e, > en (en a user-defined tolerance)

Then:
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- Make NullJump = FALSE

- Evaluate t,) (y) (see (123)).

- With tfy and using the MKR-N model find the solution
ubMER=N of Problem 1, i.e. the variational equilibrium
equation (70).

- Set qu = uf;MKR*N.

Else : continue.

e STEP 7. If ContDispl= TRUE and NullJump = TRUE or Nj, > MaxNiter
Then: END
Else: Set Nijter = Niter + 1 and go to STEP 5.

Remark 10 STEP 5 mitigates the displacement discontinuity while STEP 6 mitigates
the traction discontinuity on the boundary of neighboring microcells.

Now, we compare the computational cost, Cpyg, of the evaluation of the
reference solution addressing the full-scale problem (often referred to as a direct
numerical simulation, or DNS solution) with the computational cost, Cars4,
of the solution obtained with the proposed multicontinuum strategy based on
the multiscale paradigm. To do this let us introduce the following notations

® Ngs denotes the number of finite elements used for the solution at
macroscale,

® Neg,, denotes the number of equations associated to the solution at
macroscale,

® N, denotes the number of finite elements used for the computation of the
reference solution using DNS (the full-scale solution),

] Nequ denotes the number of equations to be solved for the evaluation of the
reference solution using DNS,

° Ne|pﬁ, i = 1,...,N, denotes the number of finite elements used for the

solution of the equilibrium corresponding to the isolated microcell 73,3 using
the MKR together with the PMKA and MKR-N multiscale models,
® Negpis ¢ = 1,..., N, denotes the number of equations associated to the
n

solution of the equilibrium of the isolated microcell P,i using the MKR
together with the PMKA and MKR-N multiscale models.

Now let C(Neq) be the computational cost associated to the solution of Neg
equations which we assume here to be of the order of 0(Ne®) (optimistic
estimate using preconditioned iterative methods for solving the corresponding
algebraic systems of equations). We also assume that the number of equations

to be solved at each Pﬁ, Neqpi , is the same for all ¢+ = 1,..., N,. Hence, the
I
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number of equations NEqu associated to the DNS approach is

N#
Nea, = Y Neaps = Nju % Negp; (124)
i=1

Then, the expected computational cost Cpyg is
— 2 2 2
CDNS = O(Neqﬂ) ~ Nﬂ X O(Neqpﬁ)' (125)

In turn, disregarding the computational cost of macro level solution, the
computational cost associated with the proposed Cp;g4 algorithm is

Crsa ~ (2 X Niger +1) x N, x o(Neq%). (126)

The comparison between the computational costs (125) and (126) gives the

ratio
Cpns Ny

Crusa (2% Niger +1)
which in is general a very large number if the number of iterations to achieve
convergence remains bounded.

(127)

Remark 11 The proposed algorithm can be understood as a sort of Dirichlet (PMKA)
and Neumann (MKR-N) exchange between neighboring microcells. In this regard,
this is a sort of Gauss-Jacobi (or Gauss-Seidel) iterative procedure, where conver-
gence only occurs if certain conditions are satisfied. These conditions depend on the
stiffness of the neighboring microcell mechanical problems. Situations where neigh-
boring microcell domains contain materials with substantially different mechanical
properties, or neighboring microcells with significantly different sizes could harm
convergence. One general strategy to mitigate this is to add sub-relaxation, as com-
mented above, but the sub-relaxation parameter may depend on the specific problem
and boundary conditions [54]. Another approach is to rely on iterative procedures
which are more powerful than Gauss-Jacobi-type methods. Alternative algorithms
such as Newton methods, or matrix-free versions of the GMRES approach can be
very helpful in addressing more challenging scenarios [53].

7 Final Remarks

An in-depth analysis of the mechanical equilibrium problem for a solid contin-
uum featuring small scale heterogeneities was presented, based on the Principle
of Multiscale Virtual Power previously proposed by the authors. The analysis
revealed important properties of the reference solution — the exact solution of
the problem accounting for all small scale heterogeneities — leading to gener-
alisations of the classical Minimum Kinematical Restriction multiscale model
where displacement or traction boundary conditions may be enforced on the
boundary of the microcell. The framework provided by the new models led
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naturally to the proposal of a new, multicontinuum strategy to search for the
reference solution at low computational cost in an iterative fashion. The pro-
posed new strategy consists in first solving a coarsened equilibrium problem
(defining a macro- or coarse scale) weakly coupled to the microscale domains
— the microcells. The material points of the coarse scale model are linked to
given microcells that describe the heterogeneities of the body under consider-
ation. Then, once the weakly coupled problem is solved, an iterative algorithm
is used to reduce the discontinuities in the displacement and traction fields at
the interfaces between neighboring microcells through the alternate solution of
suitably formulated Dirichlet (PMKA model) and Neumann (MKR-N model)
problems. The reference solution is retrieved if all such discontinuities vanish.
Finally, we remark that the present work lays the foundations of a contin-
uum counterpart of a domain decomposition approach, with all the potential
generalizations brought about by the Method of Multiscale Virtual Power.
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Appendix A The MKR multiscale model

According to (37, 38, 47], a kinematically admissible displacement u, € V, is
characterized by the Minimal Kinematical Restriction multiscale model (MKR
model), which satisfies the Principle of Multiscale Kinematical Admissibility.
This implies that the following relations are satisfied: uy/|x, = ’H}f(uu) and
Gulx, = H)¥(Vu,), leading to the kinematical restrictions

~ 1 ~
H}f(uﬂ) = W /7;7;’5 uu dQN = 0, (Al)
K w
~ 1 ~ ~
HZV(VUM) = sl ) Vuu dQu — / ) llu %9 Il:)j d@QH
Pl [ o
[ e, - _bmnﬂmﬂ]
op; 7" Py
1 ~

- U, ® (n, —0,)doQ
[P oy 7T

H;‘:\,;Bpﬁ’s’b(ﬁp"apﬁfs’b) = 0. (A2)
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Then, the kinematically admissible displacements for the MKR model live in
the linear manifold K mM KE characterized by

Ki”ﬁiKR = {uu € Vs H;‘j(uu) = uM\xi,’HZV(VuM) =Gulx, }

= {u, €V v, = xi T Gumlx (¥ — ya) + g,
My (G,) = 0,1 87W,,(11M|87Wb) 0}

= u + VarMKR (A3)

0
°w

]\/IKR MKR

where u;, is an arbitrary element of King , and Var is given by

Varg " = {vi, € Vi #)/(v) = 0.1 i v (V]gpin) = OF. (A4)

Appendix B Principle of Multiscale Virtual
Power

The energetic consistency between scales is satisfied through the formulation
of the Principle of Multiscale Virtual Power (PMVP). This balance of power
between macro and micro-scales was originally proposed in [9, 11] through the
so-called Hill-Mandel principle of Macrohomogeneityt, which was claimed to
hold for the true powers exerted at both scales. In [37, 38, 47], the PMVP was
postulated by re-casting the Hill-Mandel principle in a variational setting.

The PMVP applied to the isolated microcell Pﬁ within the context of the
MKR Model, is given by

— by

- |7>1;'LU>1',S(P“(““) (Gurlx, + VV)

"

x;

— b, - (Umlx, + Gum

X (y - YG) + V)) dQ,uv

YV (Gnmlx Garlxi, v) € RG xR x Varld! ¥R (Bs)

By using standard variational arguments, (B5) yields

® P)s|x,-Homogenization ((O,V(A}M\XHO) e R} xRY, X VarMKR)

1
PM|xi = i / (Pu(uu) _bp,@(y_YG))dQH
|,P,u,| P

® byy|x,-Homogenization ((Vialx,, O,0) € R xRy}, x VarMKR)

1
byl = — | b, d,. B7
sl =y [, w0 (B7)
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e Equilibrium of the isolated microcell PfL given by the following variational
problem: Find ui € KinﬁiKR (or equivalent find ﬁL € VarﬁNiKR) such that
satisfies the following variational equation

/PM[PN(UL) -Vv—b, -vldQ,=0 Vve Var%iKR. (B8)

Let @II‘[I KR and Aﬂ/f KE he the Lagrange multipliers corresponding to

. . bt okt . v _ w ) _ .
the kinematical restrictions H, (v) = 0 and Hu,ap"ts*b(v‘@?’i’s’b) = 0 in
Varéﬁ KR then the above variational problem can be rewritten as follows:
Given up|x, .and Grlx; ﬁﬁd w, € V’“ @)Kk € Ry and AJTER e Ry,
such that satisfy the following variational equation

[ [Pu)- Vv = (b + ©L1T) va,

I

fAﬂ/[KK/ ~ v®(n, —1n,)doQ,
apL?

_ (:)241{1% . /73 ﬁi sy, — Kﬂ/[KR . /{, i ® (n, —1,)doQ, =0,

P H

V(OMKR AMER vy e RY xR, % V. (B9)

The Euler-Lagrange equations associated with the above variational equi-
librium problem are given by

os)
hat
=)

Vi _
H, (1) =0,
) =0,

oS}
=
—

(B10)
K@P#vb(ﬁmapﬁ&b (B11)
divP,(u)) +b, + O =0in HF k=1,...,n;, (B12)
[[PH(uL)nuﬂ =0on 87-[2”“ N 87-[:;’", kE£mkm=1,...,n; (B13)
Pu(uz)nu = AIJYKR(n“ —1,) on 873;’5’17, (B14)

(B15)

P#(ui)nﬂ =0 on 373;’”.

oy
=
o

Since (B9) must be satisfied for all v € V,, and in particular for an arbitrary
constant vector v = c, we obtain an additional Euler-Lagrange equation

X

characterizing the Lagrange multiplier @y KR ¢ Ry,

1
O, = ——— / ‘bd,. (B16)
Pl Pl

Furthermore, considering variations of the form v = A(y—y¢) characterized
by any constant second order tensor A € Lin, we also obtain
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A- {/ [P#(ui) —b,®(y —yag)ld,
P
— AJER /W,S,b(““ -1n,)®(y —yg)doQ,| =0 VA€ Lin. (B17)

From the above expression we obtain the Euler-Lagrange equation that
characterizes the Lagrange multiplier Aﬁ“{ R

AMERE, /P [Py (ul) by @ (y — y)lde, (B18)

where B, is given by
B, = /8771' ) b(nu -n,) ®(y —ya)dos,. (B19)

For the previous developments, spaces R’;jw and R’;\;M depend on the spatial
dimension of the problem. For three dimensional problems, we have R’\;’;w - R?
and RYy, ~— R3%3.

Appendix C Isolated microcell equilibrium

The equilibrium of the isolated microcell Pft submitted to the prescribed dis-
placement u/j’D at the boundary 373;’571’ and to a force system given by {b,}

is characterized by the following variational problem: Find uf|,is € K in;"l"D
2 o

nlp
such that satisfies the following variational equation

/ [Pu(u}) - Vv —b, -v]d2, =0 VveVary", (C20)
Pe
where
King? = {w, € Vi wulppior = upP} = i fpee + Vark?,  (C21)
and
Varl*l’“D ={veV,; V‘B,P/i,s,b = 0}. (C22)

The variational problem (C20) can be redefined by relaxing the kinematical
restriction uy,| opiet = u:’D . This procedure leads to the following equiva-
0

pie € V. such that satisfies the following

lent variational problem: Find uj,
variational equation

/ [P.(u),) Vv —b,-v]dQ, — / tZ’i -vdoQ,
i oPyot
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—/ b (e — upP)dOQy, =0
oPy*

V(v,t.) € Vu x V, (0P}, (C23)

where t; " is the (Lagrange multiplier) vector traction field over 8’Pi b asso-
ciated by duality with the kinematical restriction u,| oppet = W and t,, is
its virtual variation.

The Euler-Lagrange equations associated to the variational problem (C23)
are given by

e Taking v =0 and for all £, € V,, we have
|3p”b7u’ on@P”b (C24)

e Taking Eu = 0 and for all v € V,, we have

divP,(w;)+b, =0in H,F k=1,....n;, (

[P.(u};,)n,] =0 on 8Hfgk057{f;m,k7ém,k,m:1,...,ni7 (
P, (a;)n, =t on OPLYY,  (C27

P,(w;)n, =0o0n oP;", (

Now, since (C23) must be satisfied for all v € V,, it particularly holds for any
arbitrary constant vector field v = c. Then, it results

/W |, 0%, = /7> b,.dS,.. (C29)

"

Also, (C23) must be satisfied for all fields of the form v = A(y — yg)
characterized by any constant second order tensor A € Lin. Then

A UP”[P,L(UL)—bﬂ®(y_yG)]dQ#

v

—/ btzl ®(y — ye)doQ, } =0 VA e Lin. (C30)
8771 =
From the above expression we obtain

|t e —yeyon, = [ Puu)—b, ey - yed,. ()

n
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