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Abstract
In this paper, the discrete parametrix method is adopted to investigate the estima-
tion of transition kernel for Euler-Maruyama scheme SDEs driven by a-stable noise,
which implies Krylov’s estimate and Khasminskii’s estimate. As an application, the
convergence rate of Euler-Maruyama scheme for a class of multidimensional SDEs with
singular drift (by the use of Zvonkin’s transformation) is obtained.
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1 Introduction

We consider the following R?-valued stochastic differential equation (SDE for short)

(1.1) X =+ /tb(Xs)ds+/tf(XS_)dLs,

where b : RY — R4 f : R — R are measurable functions, and (L¢)¢>o is a general
Re-valued Lévy process defined on a complete filtration probability space (2, .7, (Z)i0, P).

If the coefficients b and f are Lipschitz continuous, the existence and uniqueness of strong
solutions to (1.1) are established by the Picard iteration. Moreover, the SDE (1.1) can also be
numerically solved with the Euler-Maruyama (EM for short) scheme, see [17] and references
therein.



When the coefficients b and f are irregular, there has been a great interest in investigating
pathwise uniqueness for SDE (1.1) in the past decades. A useful method in this direction
is Zvonkin’s transformation which was introduced in [34]. This method has been applied
to various SDEs, see e.g. [7, 9, 13, 18, 29, 30, 31, 32] and references therein. Furthermore,
Zvonkin’s transformation has also been applied to investigate the convergence rate of EM
scheme for SDEs, we refer to [1, 6, 8, 10, 21, 22, 23] for more details. There are also other
transformation methods applied to EM scheme, see [19, 21, 22, 23].

In the continuous case, Ly = as + oW, where (W;)(s>0y is a Brownian motion. [21]
establishes the existence and uniqueness result and convergence of a numerical scheme for
(1.1) in the one-dimensional case, the drift therein is piecewise Lipschitz. Their proof is
based on a transformation, which globally transforms the piecewise Lipschitz drifts into
Lipschitz ones. [22, 23] present a transformation for the multidimensional case which allows
to prove an existence and uniqueness result for d-dimensional SDEs with discontinuous drift
and degenerate diffusion coefficients. Compared with the Zvonkin’s transformation, the
transformation in [22, 23] does not have to solve a system of parabolic partial differential
equations in each step. Recently, the strong convergence of EM scheme for SDEs with
integrable drift has been obtained by the first author with his co-authors in [2], and the
proof is based on the “parametrix method”, which was introduced to obtain existence and
estimates on the fundamental solutions of PDEs, see [15, 20].

For a general Lévy process, [11] shows that the EM scheme converges strongly with
convergence rate £ for (1.1) with additive noise and a one-sided Lipschitz continuous drift
b. [25] establishes the convergence rate for SDEs with Holder continuous coefficients driven
by Brownian motion and by truncated a-stable processes with index a > 1. Moreover,
[19] studies the strong convergence of the EM scheme for a large class of SDEs driven by
Lévy processes such as isotropic a-stable, relative stable, layered stable processes, whose
proofs rely on the so-called Ito-Tanaka trick which relates the time average fot b(X;)ds of
the solution (X;):;>o to (1.1). Under the assumption that the drift is Holder continuous, the
EM scheme for stochastic functional differential equations with a-stable noise is shown to
converge in [12]. It is worth noting that the drifts of SDEs in these literature are assumed to
be Hélder(-Dini) continuous or piecewise Lipschitz continuous. However, essential difficulty
comes up when the drifts only belong to some Sobolev space. More precisely, it is not easy
to obtain an estimate like

T q
E / (XY = b(X)dt| < @(6)
0

for some function ® : [0,00) — [0,00) with lims_,o ®(6) = 0. Here, X stands for the
numerical solution to the SDE and b is the singular drift, t5 := |¢t/d]d, and [¢/d] denotes
the integer part of /6.

In this work, we consider the case where (L;)i>o is a d-dimensional Brownian motion
subordinated by a subordinator. More precisely, let W := (W;);>0 and S := (S¢)i>0 be
independent stochastic processes, where W is the Brownian motion on R¢ with Wy = 0 and S
is an a/2-stable (with a € (1,2)) subordinator independent of W, i.e., S is a one dimensional
non-negative increasing Lévy process with S, = 0 and with Laplace transformation Ee™7% =



e_t“’%,fy,t > 0. By the scaling property, the process S; has the same law as t%SL Then
(Ws,)i>0 is a Lévy process. We consider the following SDE:

(1.2) dX, = b(X,)dt + dWs,, t>0, Xo=u=.

Herein, b : RY — R (Ws,)i>0 is a rotationally invariant d-dimensional a-stable process,
with the Lévy measure v(dz) = ‘Zﬁ%dz for some constant ¢, > 0.

Under assumptions (A1)-(A2) below, we will adopt the discrete parametrix method
used in [15] to obtain explicit upper bounds on the transition kernel of the discrete-time EM
scheme of (1.2) . As an application, we investigate the strong convergence rate of the EM
scheme.

To end this section, we outline the structure of the remaining contents as follows: In
Section 2 we state our assumptions and main results. Section 3 is devoted to the notation
and some preliminaries. In Section 4, we investigate the estimate of transition kernel of
(2.3). The convergence rate of (2.3) is discussed in Section 5.

2 Assumptions and Main results

To state our main result, we first introduce some notation and facts about Sobolev spaces,
which can be found in [26].

For (p,v) € [1,00] x [0,2] , let H) := (I — A)~2(LP(R%)) be the usual Bessel potential
space with the norm

[ fllyp = [I(1 = Aﬁf”p = |Ifll, + ||<_A)%f||177

where || - ||, is the usual LP-norm in R% and (I — A)%f and (=A)z f are defined by the
Fourier transformation

(I =22 f=F (14| -P)2Ff), (A2 f:=F (| -[Ff)
For p = 00,7 = 1, we define H! as the space of Lipschitz functions with norm

[flloe == [[flloe + IV Flloo-

In the sequel, we introduce the Sobolev embedding and an important inequality on the
norm of elements in H), which will be used to construct the Zvonkin transformation and
obtain a priori estimate of solution to the associated elliptic equation.

For p € [1,00] and v € [0, 2],

dp
d—rp

chLq,qe{p, } P <d;

(2.1) d

y—d Y
HyCHx"CC, 7, p > d,



where Cbﬁ is the usual Holder space. Moreover, for v € [0, 1] and p € (1, 0], there exists a
constant ¢ such that for all f € H),

(2:2) 1+ 2) = FOllp < ellzl" ADIf ]l

Throughout the paper, we impose the following assumptions on the drift b.
(A1) [|blleo := sup,cpa [b(z)] < oo.

(A2) There exist constants 3 € (1 —%,1) and p > (24 Vv 2) such that b € HS.

Under (A2), (1.2) has a unique strong solution (X;);>o, (see, for instance, [29, Theorem
2.4)).
The EM scheme corresponding to (1.2) is defined as follows: for any § € (0, 1),

(2.3) dX? = b(XD)dt + dWs,, t>0, XV = X,

with t5 := |t/0|6, where |t/d] denotes the integer part of ¢/5. We emphasize that (X,Eg))kzo
is a homogeneous Markov process. For t > s and z € R, p(5)(s, x;t,-) denotes the transition
density of Xt(é) with the starting point X© =g

Let p,(t,z) be the density of Ws,. Our first main result gives an explicit upper bound
of the transition kernel p(®.

Theorem 2.1. Under (A1), there exists a constant C' > 0 such that
(2.4) P62t y) < Cpalt — o,y —x), x,yeRY t>345, §e(0,1).

Remark 2.2. We should remark that when o € (1,2), the authors in [5] established the
two-sided sharp estimate of the transition kernel associated to (1.2), where b belongs to some
Kato’s class. For the SDFEs with multiplicative noise:

(25) dXt = b(Xt)dt + O-t(Xt—)dWSty

when a € (1,2), [14] proved that the parametriz construction is feasible under assumptions
that K < oo* < K= for some K € (0,1), oo* is Holder continuous, and b is bounded and
continuous from R? to Re. It is worth noting that both [14] and [5] concerned the bounds of
the transition kernel of true solution to (2.5) and (1.2) respectively. However, here we will
give an estimate of the transition kernel of the EM numerical solution, i.e. the solution to
(2.3). As an application, we obtain the strong convergence for the EM scheme (2.3) with
irreqular drift by using the explicit upper bound of the transition kernel p® of the EM scheme
(2.3). The result is new in the a-stable noise setting.

As an application of Theorem 2.1, the rate of strong convergence for the EM Scheme
(2.3) can be obtained as follows.



Theorem 2.3. Assume (A1)-(A2). Then, forn € (0,2), there exist constants Cy,Cy > 0
independent of 6 € (0,1), such that for any e € (0,1)

2ap
(2.6) E( sup | X; — X@!”) < Oy 20 (5%1{%@} + ]E(Sl%e)fﬁel{zﬁza}) :
0<t<T

Remark 2.4. (1) Under a certain balance condition, and when bis bounded and Hélder
continuous with respect to both the space, time variable, the rate of strong convergence
of EM scheme (2.3) (inhomogenous case) was established in [19, Corollary 2.6]. Since
Theorem 2.3 is also available for p = oo, a close inspection of the Sobolev embedding
(2.1) reveals that the result in [19, Corollary 2.6] is only the special case of our setting
for p = co. Moreover, the optimal balance condition 3 > % —1 fora € (1,2) in [19] is
stronger than 3 € (1 —5,1) in (A2).

(2) Compared with the result in [19, Corollary 2.6], the moment index n in Theorem 2.3 is

)

allowed to be greater than o, which is reasonable since X; — Xt((S 18 a bounded process.

3 Notation and Preliminaries

Throughout the paper we use the following notation:

We write f(z) =< g(z) to mean that there exist positive constants C;,Cy such that
Cig(x) < f(z) < Cayg(z), x Vy = max{z,y}, and z A y = min{z, y}.

Let n; be the density of S; for ¢ > 0. It follows from [3, Lemma 2.1] that the density of
W, has the following expression

d

(3.1) Palt, x) :/ (27?3)_5e_%77t(s)d3 = t(tY 4 |z))77, (t,z) € (0,00) x R%
0

Moreover, according to [4, Lemma 2.2], it is clear that
(3.2) IVEpo(t, )| < CHtY® + |z|)~ ok < Ct%p,(t, x), k€N,

where V¥ stands for the kth-order gradient with respect to the spatial variable .
According to the Markov property of Wg,, we have

(3.3) /dpa(t —r 2 —y)pa(r — s,y — x)dy = po(t — s,2" — ).
R

In addition, for any p > 1, (3.1) implies that there exists a constant C' > 0 such that

=

P

1Palt, ) < (

—

CtP(t/* + yx\)pdpadx)

Rd

[

(3.4) _

T

Rd

VR

Ctpypdlapale(] 4 |g /tl/o‘)_pd_po‘dx) ’

[

< Ctpt—pd/a—pa/atd/a(l + |y’)—pd—pady) ! < Ot~ a+d/(ap)
]Rd
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Recall that 7, is the density of S;. Let

E ((%Sﬁ*%ﬁ) e ems) tesm(s)ds
B E(275;)"2 B fooo(Qﬂs)_%m(s)ds =0
which is well defined due to
Ee"St < exp —z + CT(T:D] <00, v,t>0,

for some constant ¢ > 0, see [28, Proof of Corollary 2.2]. It is not difficult to see that the
function © is increasing and continuous on [0, 00) with ©(0) = 1.
Next, we state a lemma which will be used frequently in the forthcoming sections.

Lemma 3.1. There exists a constant C > 0 such that for any x, M € R? and r > 0,
(3.5) Palr, @ + M) < C4%0p, (r,2)O(|M[>r~=).
2 | 2

Proof. Note that the function e~ iv is increasing w.r.t s € [0,00) and the function en
is decreasing w.r.t s € [0,00). Applying the FKG inequality to the probability measure

_d z 2 2
o (ds) := ff(;rs) )iZT(S()d)Sd , functions e~ % and e'> -, it yields that
0 mu) 2n-(u)du
o2 o 2
2 M2 fooo(Zws)*ge’%nr(s)ds I (27rs)’%ew2{sl ne(s)ds

> d ]
2ws) T 2e” 4s e 25 m,(s)ds <

This, together with the elementary inequality [a —@|? > 1|a|?—[a]?, a,a € R? and the scaling
property of Sy, yields that

d _Ja+M|?

pa(r,x+M):/ (2ms)"2e” 2 m(s)ds
0
S/ (27‘(’8)_56_‘2‘3 o2 n-(s)ds
0
fow(Qﬁs)’%e’%nr(s)ds I (27s) " %e
oo _d
fo (2ms)"2m,.(s)ds

d |M?

) [ (2ns)"2e 2 1, (s)ds
fooo(27TS)_gm(s)ds

2
d |M]%*r— &

)fow(%s)‘w 2 (s)ds

IS

| M

2
= (s)ds

(3.6)




Noting that for all a > 1,]z| < 1(¢/* v |z|), we have

a—1
(" + |z + 2]) > |z — |2]) = T(tl/“ + |z),

which yields that

(B + o+ 2) 7 < (=) +[a) 7 >0
a p—
This together with (3.1) and (3.6) for z = 1}2/533, a=3%and y=d+ o yields (3.5). O

4 Transition Kernel of EM scheme (2.3)

In this section, we first express the transition kernel of the approximate solution given by
the discrete-time EM scheme in terms of a sum of convolutional terms with iterated kernels
H®-®) and the density of the frozen homogeneous scheme defined in (4.1) below, and reveal
its explicit upper bounds. Following this result, we then finish the proof of Theorem 2.1.

For z € R? and j > 0, let us begin with the “frozen” homogeneous scheme ()Afi(g)’j ,z,a:’)izj7
which is defined by
>(6),5,z,2’ 5(8),5,z,2 . . >(68),5,z,2
(4'1) X((ij—f)é = Xi(é) ’ + b(l‘/)5 + (Ws(i+1)6 o Wsw)v L > Js X;d) ’ =T

Note that, the drift b is frozen at 2’ in the above definition. In what follows, p® (54, z; 56, -)
and p®®' (48, x;4'6,-) denote the transition densities between times jé and j'§ of the dis-
cretization scheme (2.3) and the above “frozen” scheme, respectively.

To derive the transition kernel of the EM scheme (2.3), we introduce discrete and homo-

geneous infinitesimal generators as follows: )
For ¢ € C?(R%R) and j > 0, we define the family of operators .,Zj(; ) and éfj(f) by

(L)) = 67 {EW(X(L0) XS =2) - v(@)
(Z50) (@) =0 {EG(XD35) = vi) }
and the discrete kernel H®) as:
(42)  HOGo 2 5,0) = (L5 = L (G +1)8, 50,2 (@), §' = j+1,

here we use the convention p®'((j +1)d, 5 (j +1)d,2") = 8y (+), where d,1y(+) is the Delta
function at the point z’.

Similar to to the parametrix method in [20, Proposition 4.1], we obtain the expansion of
the transition kernel of the EM scheme (2.3) in terms of the transition kernel of the frozen
scheme (4.1) and (4.2), it is stated as the following lemma.



Lemma 4.1. For 0 < j < j' < |T/§], the following expansion holds.

/

(4.3) p® (70, 2;5'0,2") = (13(5)’5':, ®s H(‘S)’(k))(jé, x;7'0,2"),
0

<.
.

B
Il

where p’\(‘s):xl ®(5 H((s)v(o) f— ﬂa)vmlj j‘)‘(é),z’ ®5 H(‘S):(k) f— (ﬁ(s)!x/ ®5 H(é)v(kfl)) ®(5 H(é) w/Lth ®(5 bezng
the convolution type binary operation defined by

j'—1

(f ®s59)(j0,2;5'0,2") = 52 f (70, z; ko, 2)g(ko, z; 0, 2')dz.
Proof. By the definition of (4.2), it yields that

@6, ;56,2 =071 [ (p© =) (j6, x; (j + 1)8, 2)p" ((j + 1)6, 2; 76, 2')dz.

R4

This, together with the Markov property, yields the following identity:

p(é) (]57 X, j,(;) .ZU,) - ﬁ‘((S)@l (]57 x, j,57 .T,)
§'—1

=> { / PO (0, z; (k +1)8, 2)p ) (k + 1)0, 25§60, 2" )d2'
k—j VR

—1/ ﬂﬁU&anhi@ﬁ“fkk&zjﬁﬂﬂdZ}
Rd
i1

:Z(S/ p(‘s)(jé,x; ké, z)dz
_ / (p® — pO=) (K6, z; (k + 1)8, 2)p®) ((k + 1)8, 2'; /6, 2')

5 dz

i’ -1
= Zé/ (38, 2, k6, 2) HO (kd, z; 56, 2')dz
=" @5 H(j, ;5'6,").
Then, the assertion (4.3) follows by by iterative application of this identity. O]

The following lemma gives the smoothing properties of the discrete convolution kernel
and the estimate of p® (56, z; 6, 2').

Lemma 4.2. Assume (Al). Then there exists a constant Cr > 0 independent of § such
that for any 0 < j < j' < |T/d],

(P @5 HOM)[(j6, 3 16, 2')

R 1 F(l - l)
< C7|IbIZ (" = 4)0) T(1+m(l—

(4.4)

))pa((.? —j)é,a’ —x),  m=0,

8



where I'(x) := fooo t*~le~tdt is the gamma function. Consequently, it holds

JZJ [CrlbllocT =T (1 = )™

4.5 ©) (8, x; 46
(4.5) P (46, 2550, 2') DT (= 1)

pa((f — )0, 2" — x).

m=0

Proof. We divide the proof into two steps.
Step 1. We claim that

(46)  HO|5,256,2") < Crlbllool( = NO)F pal(f = 6,2 —2), §' > j.

Firstly, we prove (4.6) for 7' = j + 1. It follows from (3.1), (3.2), (3.5) and (4.2) that
j5 z; (j+ 1)6, ")

\ ZINFO (G + 18,5 (G + 1)8,27) (@)

‘ 5{x’} )| 5 = I) — (5{30’}( +{)3;$ )|Xj5 g,z _ .T) }’
|

P — O (38, z; (j + 1), 2')

= 5 Ipa(d, 2" — 2 — b(x)0) — pa(d, 2" — x — b(2")d)]
< 2|1 0o /0 Vpa (0, 2" —x —b(x')d + 6(b(z) — b(x))5)d9‘

< Obllocd™ sup pa(d,2’ — z — b(a)é + O(b(x') — b(x))d)
0€[0,1]

< Cllbllocd ™% pal6. 2’ — 2)O(95* = [B]1%.)
=: Crd apal6, 2’ — ).
Thus, (4.6) holds for j' = j + 1.

Next, we are going to show that (4.6) holds for j' > j+ 1. According to (3.1), (3.2), (3.3),
(3.5) and (4.2), it holds that

[HO|(j6,2;5'5,2")
- %‘ /dea(é, PO ((j 4 1)8, 2 + b(x)0 + 2;§'6, 2"z — PO ((j + 1)8, 2 50, x >}
{ / Pa(0, )P (5 + 1)8, 2 4+ b(2')d + 2,50, 2")dz — pO ((j + 1)6, x; ', x’)}‘
5‘ /dea (6,2)4 PO ((j + 1)8, 2 + b(x)d + 23 §'6, ')
G+ )5  + b(a')s + 2§16, x’)}dz’

= 5‘ /Rd Pald, z){pa (' = (G +1)0,2" — 2 —b(x)d — 2 — b(a)(j' — (§ +1))d)

9



~pa (' = G+ 1)da" =2 = ba)d — = = b(a')(j' = (j + 1))0) pdz]

= S|Pl = )80 = 2 = b(@)S — () — G+ 1))6)

—pal(i' = )82’ =2 = b(a")6 — (') (' = (j +1))9)
< 2Ybllse sup [Vpa((7' = )0.2" = & = b(@)d = b(@') (' = (j + 1)3 + 6((x') = b(z))9)|

0el0,1]

< Cbllo((G = 5)8) 7 sup pa((j' = )8, 2" =2 = b@')(j' = j = 1)3 + 0(b(x") = b(x))d)

0€[0,1]
< Olbllo((G' = 9)8) pal(f' — 4)8,2" — 2)OO](F' — 7 — 1)8]* = [|b]| %)
= Crllblloe (7" — 7)8) = pal(f — 5)d, 2" — ).

Step 2. We are going to prove (4.4).
Due to (3.5) and the increasing property of function O, it is not difficult to see that

PO, 2370, 2") = pa((f' = 3)8,2" — @ = b(a')(j" ~ j)d)
(47) < G OBl — 9)* *)pa((i' — 1)0.4" ~ )
< CATO (b2 T )pal (i’ — )32 — )

= Crpa((J' = j)b,a' — 2).
Combining this with (4.6), we obtain from the definition of operator ®s that

PO @5 HO|(j6, 21 5'5,a")
j'—1

—52/ PO (46, 5 kb, 2) HO (K6, 2,50, 2")dz
< 62 Copal(k = 8.2 = )Cr bl (= ) (' = Kb, = 2)d:
= 6Cr|[bllsopal(i' — §)0,2" — 2 Z

k=j

~ .7
< O7lblloopa((f = 4)d, 2" — x / (6 —v)=

>

= Crlblloo((5" = 5)0) "= B(1,1 — )Pa((] —j)o, 2" — ).

In the above equation 3(m,n) fo s™ (1 — s)""!ds stands for the beta function.
Using this and (4.6), we get

5" @5 HOD| (56,2356, 2")

10



<oy | 1P @5 HO (36, 2 k6, 2) || HO) kS, 2 §'6,27)|dz

i’ =1

3 / CRIBIZ((k — )96 1~ D)pa((k — )5,z — o)

-/

J =

% (' = k)0) = pal(j' — k)8, 2’ — 2)dz
= 6C3||b||2,8(1,1 — é) (k= 7)8) 2 ((j' — k)O) = pal(j' — 5)d, 2" — x)

k=j
~ 1 0 . _1 ./ =1 -/ . /
HIBEAL 1= 2) [ 0= = ) duna( = )0’ =)
J
A ./ . _1 1 1 1 .7 . /
= CRIBIIZ(G" = 9" =811 = =)B(2 = — 1 = =)pa((j' = )b, 2" — ).

By an induction argument, one has
|i)’(§),x/ ®6 H(é),(m)|(]5’ 1]'/67 I, x/)

A .7 . m _1 .7 . / - . 2_ 1 1
I (G = 50" pal((§ = )6, 2" — 2) [] Bl - —l=)
=1

«

P —=2Hrd - 3)

Bl = 8™ pal (7 = b2’ = o) [
=1

Pi+1-14)
= GBI - )0 S ) (= el =
re LA +m(1—2)™" ’ '
Therefore, (4.4) is proved, and (4.5) follows from (4.3) and (4.4). O

We are now in the position to prove Theorem 2.1.

Proof of Theorem 2.1. For fixed t > 0, there is an integer k > 0 such that ¢ € [k, (k + 1)J).
It follows from Lemma 3.1 that

(6)<k57$7 t7y) = pa<t - k57 Yy—x— b(l’)(t - k5>>
(4.8) < C4™O((t — k6)* = |[bl|Z)palt — kd.y — )
= Cipa(t — ké,y — ).
Note that Lemma 4.2 implies

LTI

(4) S ils 2) <
(4.9) P (jé, 3 ,w)_z

m=0

SCZPa((j/_j)éax/_x>7 j/>j7 x,.]?IERd.

11



Combining this with (4.8) and the Chapman-Kolmogrov equation, we obtain

©)(j6,z;t,y) = / PO (56,5 [t/5]6,2)p (|t/5]0, 2 t, y)dz
]Rd

<CiCa [ palt = L4/618.y = Ipal(14/3) = 9. = 2)d:
- Opcx<t - j(5, Y- :L‘)

The proof is therefore completed. [

5 Proof of Theorem 2.3

Before finishing the proof of Theorem 2.3, we prepare some auxiliary lemmas.

Lemma 5.1. Assume (A1)-(A2), and let T > 0 be fized. Then there exists a constant
Cr > 0 independent of § € (0, 1), such that for any € € (0,1),

T
28 SEN ce
(5.1) / E[p(X(") = b(X())dt < Cr (0% 1 2pca + E(SF)6L 2201 ) -

0

Proof. Observe that

T )
/ Eb(XD) — b(XD)Pdt = / Eb(X®) — b(x )Pt

0 0
LT/8] TA(k+1)5

1)
+ § / Elb(X(") — b(X ) [2dt.
It follows from (A1) that

)
(5.2) / EB(X®) — 5(XP)2dt < 4]B]%.6
0

For t € [ko, (k+ 1)d), noting the independence between X,i? and Ws, — Wg,,. Similar to the
Gaussian bounds for the EM scheme in [24, Lemma 3.5], we use the explicit upper bound of
the transition kernel p(® | i.e. Theorem 2.1 and derive that

E[b(X “”)—b(X,E?)P
= E|b(X{5 + b(X3)(t — kd) + (Ws, — W,,)) — b(X D)

(5-3) = / b(y + 2) — b(y)[*p@(0, z; k6, y)p® (Kb, y; t, 2 + y)dydz
R‘i ]Rd

< [ [ 2 = bl y — a)palt — k6, 2) i
Rd JRE

12



By (A1), (A2), Holder’s inequality, (3.4) and (2.2), we obtain

[ 1060 +2) = b00) P8 — )y
R
2 p=2
([, b+ 2= ttlay) ([ paths.y—a)7ay) 7}
Rd R4
< C(k6) 2V b5, (12[° A 1).
We therefore infer from (5.3) that for any € € (0,1) and t € [k, (k + 1)J),
6 é
EIb(X,”) — (X5
< C(ks)~>¥P|1p]3 /Rd{|2|2ﬂ A1}pa(t — k6, 2){11282a) + 1j28<a) d2
— «@ 28
(54) < OOV )3, (B(Ws, [ A 1)1 sna) + 0% 1psca) )
— o ae 28
< C(kd)=>V P b||3, (E(|W55| ){262a) + 0 1{2,8<a}>
- Q ae Fe\ e 28
= C(kd) >V [|o||3, (E!VVl\ E(S¢ )0 1220} + 0= 1{26<a})’

where the second inequality is due to the fact that for 24 < «,
/ {21 A Lpa(t, 2)d= = / {122 A 13#(E% + |2])~0dz
Rd iy

o0 7,25+d—1
< C/ t————dr
o (ta 4 r)dte

1
ta 28+d—1
t
- (/ / A dr< ot
0 ta _{_7» d—l—a

Noting that fOT r2d/(@P)dr < 0o due to (A2), we arrive at
L7'/5]
5

k=1

This combined with (5.2) implies (5.1).

TA(k+1)8 s "
> / EJp(X”) — b(X3)Pdt < Cr (6% 1ppeay + EIWAIE(S V6D 3520 ) -
k

Next, we use Theorem 2.1 to derive the Krylov estimate and the Khasminskii estimate of
(Xt(a))tzo, see [9, 18, 29, 30, 32| for more results about Krylov’s estimate and Khasminskii’s

estimate.

Lemma 5.2. Assume (Al). Then, for any ¢ > (d/a V 1), there exist constants C,c > 0

such that Krylov’s estimate

(5.5) / | F(X9) |d7“ ) <O\ fllyt =) YD fe LR, 0<s <t <T,

13



holds, which implies the Khasminskiit estimate
T . d1

(5.6) E exp ()\/ \f(X§5>)\dz> < QHTEII) =D e LaRY) X > 0.
0

Proof. For 0 < s <t < T, note that

t

E(/:If(Xﬁ‘”Ndr‘%) =JE</SM(%+6) If(Xﬁ‘”)\dr‘ﬁs) +E(/t LF(XO)dr

/\(85+5)

=: [ (s,t) + I1(s, ).
For t € [s, s5 + 4],
X = X0 4 b(XD)(r — s5) + (Ws, = Ws,,) + (Ws, = Ws,), 1€ [s,55+0),

in view of the independence between Wy, — Wy, and .Z;, we derive from (3.4) and Holder’s
inequality that for any ¢ > d/a,

t/\(85+5) w:stwstg
I(s,t) = / fl@+b(z)(r — s5) + w+ 2)pa(r — s, 2)dz <©® dr
s Rd T
(5.7) tA(s549) d/atd(q—1)/(aq) (t _ S)lfd/(aq) s
<I|f / r—g) derdamiieddr < || f|],.

Using the Markov property and the tower property of conditional expectations, one has that

Iy(s, 1) s/: E<|f(X§5))I)3Zs)dr=/

t

E(E(IFXO)| Zis) | 2:) ar

5+6 85+5
t
1)
= [ B(Ere)|xi|7)ar
8§

Applying Theorem 2.1, Hélder’s inequality and (3.4), we conclude that
5 5
Bl ONND ) = [l s+ 6.5, i)
_d
<C [ 1@Ipalr = 5= 8. = X, )y < € = 55 55 ],
R
Therefore, it holds that

(5.8) Iy(s,t) < C(t — s) =D £,

which, together with (5.7), implies (5.5).
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The remaining procedure of deriving (5.6) from (5.5) is standard. For readers’ conve-
nience, we sketch it here. For each k > 1, applying inductively (5.5) gives

o ([ o) 2) —we( [ i

(5.9) coodrpy XE(/t F(XO)|dry

Tk—1

SK(C(E =)D fll)f, 0<s<t<T

where
Ap(s,t) i={(ry,---,m) ERY s <y <o < <t

Taking &y = (20)\||f||q)_1—d}(m1>, and combining this with (5.9), we derive

0o NT

(5.10) E((exp (A /( y FEDNA)|[Fis) <D g =2 i1,
0 k=0

71—

which further implies that

T T
gop (3 [ 17x)lar) =5 {E (e [ \f(Xﬁ’)\dt)]%m}
[T/d0]
=FE| ex )|d
(oo (X [, Irxp)
(5.11) X E<6XP (A /T |f(Xt(6))|dt> ‘QLT/&)J(SO))
|T'/d0]d0

|T/d0]
<2Eexp( Z / |dt)

S . S 21+T/50.
Therefore, (5.6) holds. O

The following lemma is concerned with Krylov’s and Khasminskii’s estimates for the
solution process (X;):>o to (1.2), which is more or less standard; see, for instance, [9, 18, 29,
30, 32]. Whereas, we herein state them and provide a sketch of its proof by using explicit
upper bound of heat kernel.

Lemma 5.3. Assume (A1). Then for any q > (d/a V1),
t
(5.12) E(/ ] 2,) < CNfl(e =509, feLi®)0<s<t<T,
and
T dl
(5.13) E exp (A / | f(Xt)|dt> < QIO VD e PR A > 0
0

hold for some constants C,c > 0.
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Proof. By [5, Theorem 1.5 and Remark 1.6}, we conclude that the solution X; to SDE (1.2)
at time ¢ has a probability density under condition (A1), and we denote it as p(0, z;t,y).
Moreover, it satisfies the upper bound as follows:

(5.14) p(0,7;t,y) < Cpo(t,y —x), 0<t<T,z,y€R™.

This, together with Holder’s inequality, Markov property and (3.4), yields that

B [ 1] = [ Er0e)

dr

=X

5.15
(5.15) <C// | f(y)|pa(r sy—a:)dyx_Xdr
Il V[
By repeating the same procedure as in the proof of (5.6), we can derive (5.11). O

For a locally integrable function h : R? — R, the Hardy-Littlewood maximal operator
A h is defined as below

1
%h T)=8Sup ——
( )(2) r>0 | Br(2)] J B, ()

where B, (x) is the ball with radius r centered at the point x and |B,(z)| denotes the volume
of B.(z). Then, we obtain the following estimates.

h(y)dy, x€R?

Lemma 5.4. There exists a constant C' > 0 such that for any continuous and weakly differ-
entiable function f:R? — R,

(5.16) [f(2) = fW)| < Cla —y{(A|Vf) (@) + (AN D)}, ae zyeR
Moreover, there exists a constant Cy, > 0 such that for any ¢ > 1 and f € LY(RY),
(5.17) 12 fllg < Collflla-

The proof of (5.16) can be found in [33, Lemma 3.5]. (5.17) is a well-known inequality as
“Hardy-Littlewood maximal strong type estimate”, please refer to [27, Theorem 1] for more
proof details, we omit it here.

We cite the following lemma [31, Lemma 2.3] for future use.

Lemma 5.5. Let ¢ > 1 and v € [1,2]. There ezists a constant C' = C(q,~,d) such that for
any f € HY
1FC+2) = FOllig < 17 f e

To overcome the difficulty caused by the possible discontinuity of the drift b, we give some
results on Zvonkin’s transformation. More precisely, for any A > 0, consider the following
elliptic equation for uv* : R? — R?

(5.18) Lut + b+ Vit = b,
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where b is given in (1.2), .Z is defined as

(5.19) Zf(x) = /Rd{o}{f(l’ +2) = f(z) = (Vf(2), 2) 1<y pv(dz).

According to [29, Theorem 4.11] and Sobolev’s embedding (2.1), we have the following
lemma.

Lemma 5.6. Assume (A2). Then, for any vy € (1+a/2—p)V1V(d/p—F+1),a), there
exists a constant \g > 0 such that for any X > X\ (5.18) has a unique solution u* € Hg+ﬁ
satisfying

—_

(5.20) IVurlloo < 5, 6 lyssp < Cullbllss,

DO

for some constant Cy > 0.
Now we are in position to complete the proof of Theorem 2.3.

Proof of Theorem 2.3. Firstly, recall that the Lévy-It6 decomposition of W, is

¢ _ t
(5.21) Ws, = / / zN(ds,dz) +/ / zN(ds,dz), t>0,
0 J{lz|<1} 0 J{lz>1}

here, N is the Poisson random measure with compensator v(dz)dt. Set 0*(z) := x +
uMz),z € RY, and Zt(é) = X, - Xt(é). According to Itd’s formula in [29, Lemma 6.4],
we obtain from (5.18) that

doMNX,) = MM X,)dt + dW, + / [ (X + 2) — vNX, )N (dt, d2)
R?—{0}

AN (X)) = MAN(Xp)dt + VONX D) (B(XD) — b(X V) de

+dWg, + / WX + 2) — (XN (dt, dz).
Rd—{0}

Set (X, X\ = 07 (X,) — 0N X)) and g(z, 2) == Mz + 2) — u(z). Then, it follows that
A0 (X, X)) = MM (X)) — (X)) dt + VO XY (X)) - b(X,)))dt
_ (6) N
52 w | [o0e2) =gt Nean )
[ oes) - g(x®. ) Nat,dz).
0<|z|<1
We obtain from (5.20) that

9

L s o 5 5
(5.23) 1207 < P X < 1120P.
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By It6’s formula and (5.23), we arrive at
12 < AR (X, X

t —
< 8)\/ <9,\(XS’XS(6))7U/\(XS) B u/\(Xs(d)»dS
0

#5800 X0), 98 (XN GO )

t
waff
0 J|z|>1
t
waff
0 Jo<lz|<1

t ~ — ~
(5.24) + 4{/ / {W(XS’X?),Q)IZ _ ‘HA(XS,XEJ))F}N(ds,dz)
0 Jlz|>1

2

g(Xsfv Z) - g(Xs(é—)> Z) I/(dZ)dS

2

9(Xe—,2) — g(X2, 2)| v(dz)ds

t ~ [R— ~
F L[ 000X, O XN s, 00))
0 J0<|z|<1

4
IO() + M(t),
=1

1

where QA/\(Xt, X g) = N(Xy, X+ 9(X—, 2) —g(X, 2)). By means of (5.20) and (5.23),
we obtain

t
(5.25) () < 6A / |29 2ds.
0
Similarly, by virtue of (5.20), (5.23) and Young’s inequality, we arrive at
t t
(5.26) 1) < of [120pas+ [ pee®) —xdpash
0 0
Thanks to [12, (2.9), (2.12)], there exists a constant C'(¢,v) > 0 such that

(5.27) 1)) < C/Ot /Z|>1

Let vy € (1+a/2—08)V1V(d/p—pF+1),a). Define

2 t
o(Xm2) = g(X0 )| duv(dz) < Ct) [ 120 P
0

Uz, z) = |2 77|V (@ + 2) — Vu(z)].
It follows that

(5.28) Vg, 2)(@)] = Uz, 2) |77
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Noting that (.Z(f))*(x) < .4 (f*)(x) due to Jensen’s inequality. By (5.16), (5.28) and [29,
(3.3)] for B = L*({0 < |2| < 1},v), we get

1
//MZ|<1 Xo2) — (X2, 2)[ dsw(dz)
<20, [ 120 {a ([ 9otpuian) e
+//1(/0<|Z<1 Vol ) Pr(dz)) (XO) bds
—20, [NZOR{a( [ 0C R ) o
+,///(/0<|Z§1 UG, 2)P 2P0 D(dz) ) (X2) bds.

As a result, plugging this with (5.25)-(5.27) into (5.24) gives that

t

t
ZOP <G [ sup [Z0P (s +dA) + [ Cob(X[) - b(XD)Pds + M,
0

0 r€l0,s]

where M, is a local martingale, and

t
A= [ ([ AP n@) ) ()
0 0<|z|<1
+///(/ UG, 2P| D0(d2) ) (XO) bas.
0<|z|<1
By (5.17) and Minkowski’s inequality, we have

Lo ([ weapena)

<c / 10, )12 4205V (dz).
£ 0<|z|<1

0<|z|<1

This together with Hélder’s inequality and the fact [, 2|25+~ Dy(dz) < oo due to
2(+v—1) > «a, we derive that for any ¢ > 0,

Bop {cAd < (EeXp {24 / o /0<| W <'vZ)!2|Z|2(B+”_1)V(dz)>(Xs_)ds}>1/2

(JE exp {2(/ /0<Z|<1 Uf., ZWMWH1)V(dz))(X§5_))ds}) 1/2

_ap
< 2{1+t<2Cc f0<‘z‘§1||U('7Z)||p|z|2(6+7*1)y(dz)) ap—2d }
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ap
(e, )7 |

Y

where the second inequality is due to (5.6), (5.13) for taking parameters A = 2¢ and ¢ = £,
and in the last display we used the fact that

1/p
U2 =12 ([ 190+ 2) - Vo))
Rd
< P Tl g1 < Nl < Clbllsg,

which is due to Lemma 5.6 and Lemma 5.5.
Consequently, we deduce by stochastic Gronwall’s inequality (see e.g. [29, Lemma 3.8])
that, for 0 < k' < Kk < 1,

, l/n’
(]E( |Z§5)|2,‘€)>
0<s<t
t

1/K! (=r)/x
g( . ) (Eemt/(l,ﬁo X/ {@]E;b(XS(é))_b(ngj))P}ds.
0

Kk — K
Taking +’' = 7 and combining with Lemma 5.1 implies that (2.6) holds. O
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