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Abstract

We review twelve invariant and dispersion-type anisotropic hyperelastic constitutive mod-
els for soft biological tissues based on their fitting performance to various experimental
data. To this end, we used a hybrid multi-objective optimization procedure along with a
genetic algorithm to generate the initial guesses followed by a gradient-based search algo-
rithm. The constitutive models are then fit to a set of uniaxial and biaxial tension experiments
conducted on tissues with different histology. For the in silico investigation, experiments con-
ducted on human aneurysmatic abdominal aorta, linea alba, and rectus sheath tissues are
utilized. Accordingly, the models are ranked with respect to an objective normalized qual-
ity of fit metric. Finally, a detailed discussion is carried out on the fitting performance of
the models. This work provides a valuable quantitative comparison of various anisotropic
hyperelastic models, the findings of which can aid researchers in selecting the most suitable
constitutive model for their particular analysis. The investigation reveals superior fitting per-
formance of dispersion-type anisotropic constitutive formulations over invariant formulations.
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1 Introduction

To successfully model the physiological functions of soft tissues and to investigate
any pathophysiology, the constitutive models that are used to analytically capture
the mechanical behavior of biological tissues are essential and form the basis for
computational models to study organ/tissue function on structural level. Baseline
hyperelasticity is a precursor to the modeling of more advanced phenomena such as
viscoelasticity [14], electroelasticity [21] and electro-viscoelasticity [12, 13, 73, 74] in
mechanics of soft biological tissues.

It has previously been well established that soft tissues respond elastically to
a given force and past a certain point, i.e. under large strains, behave nonlin-
early [8, 30, 94]. Hyperelasticity, similar to that observed for rubbery polymers, is
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required [55, 87]. Unlike rubbery polymers, which commonly have an isotropic mate-
rial composition, biological tissues are generally observed to be anisotropic. This is
mainly due to dispersion, i.e. nonuniformity of the angular distribution of the col-
lagen fibers [64]. Animal tissues may provide a qualitative description for human
tissues, but the data from such experiments cannot be used to accurately model
human tissues, especially for biomedical applications. Despite being less prevalent
than animal studies, there are also a wide variety of experimental studies on human
soft tissues, with investigations being conducted both in vivo and ex vivo. In this
work, we will focus purely on human data from ex vivo experiments as these allow for
large deformations that clearly display the nonlinear elastic behavior of the tissues.
Experimental data for healthy human soft tissues can be found for the brain [11],
spleen [63], skin [39], aorta [29, 93], bile duct [37], oesophagus [25–27], GI tract [28],
liver [91], cervical tissue [78], while also for diseased tissues such as aneurysmatic
aortas [86] and diabetic foot plantar tissues [81]. Nonuniformity of geometric dis-
tribution of fibers account for nonlinear stress-strain behaviour in soft biological
tissues.

The anisotropic hyperelastic response of soft biological tissues can be described in
terms of Helmholtz free-energy function or the so-called strain-energy density func-
tion (SEDF). Various forms of SEDFs can be classified into three main groups; based
on (i) Green-Lagrange strain components [31, 57, 88, 89], (ii) anisotropic invariants
[56], and (iii) fiber dispersion [64, 65]. The first generic free-energy function in terms
of Green-Lagrange strain components was proposed by Tong and Fung [89]. Then,
2D and 3D extensions were made by Fung et al. [18, 31], see also [17, 62, 88, 92] for
subsequent developments. The main drawbacks of these models are; (i) they have
large number of material parameters, and (ii) such models are purely phenomenolog-
ical (material parameters possess no physical meaning) and exclude micro-structural
information related to the histology of tissues. Furthermore, such models may eas-
ily violate the convexity condition [44] unless material parameters are not selected
carefully. On contrary, the invariant-based approach considers the direction of the
mean fiber family and takes into account the stretch of fibers via an anisotropic
invariant. A number of the models based on invariants were proposed with differ-
ent forms of the free-energy function, e.g. in polynomial form [52, 59, 77], in power
form [7, 36], and in exponential form [44, 50, 71, 94]. The invariant-based models
assume that fibers are perfectly aligned, however, collagen fibers exist in a dispersed
form inside the tissue. The first model taking into account the dispersion of fibers
was first presented by Lanir [64]. Therein, he proposed a continuum framework to
model flat biological tissues using an angular integration approach by considering the
dispersion of collagen and elastin fibers. Following the work of Lanir, several angular
integration (AI) based anisotropic constitutive models have been proposed over the
years [1, 2, 4, 24, 83, 96]. For example, the approach of Sacks [83] incorporates planar
collagen fiber distribution directly obtained from small angle light scattering (SALS)
technique. Zulliger et al. [96] utilizes log-logistic distribution for planar dispersion
of collagen in arterial wall. Alastrue et al. incorporated π-periodic von Mises [1] and
Bingham [2] distribution and proposed a constitutive framework based on numeri-
cal integration over a unit micro-sphere, respectively. Another class of constitutive
models arise from the so-called generalized structural tensor (GST) approach. The
AI based models, on the one hand, take into account the mechanical response in an
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orientation direction and obtain the macroscopic response in an integral representa-
tion, On the other hand, the GST approaches make use of a macro-kinematic tensor,
or the so-called the generalized structure tensor that results from the integration of
the fiber density distribution. Within this context, Gasser et al. [34] proposed a GST
approach with a single dispersion parameter motivated by planar von-Mises density
distribution function. This approach was further extended by Holzapfel et al. [46]
to include out-of-plane dispersion of fibers by using two scalar dispersion parame-
ters motivated by bivariate von Mises distribution function. The GST approach can
be considered as a first order Taylor series expansion of a dispersed fibers around
a mean direction [82]. Pandolfi & Vasta proposed a second order model that gen-
eralizes GST approach. The model recovers the AI and GST approaches for highly
aligned (low dispersion) fibers, whereas it corrects the mechanical response of the
GST approach towards the AI-based formulation for more dispersed fiber distribu-
tion scenarios.

Soft biological tissues exhibit strong tension-compression asymmetry, since the thin
fibres easily buckle when subjected to compression [3, 66]. It is usually assumed
that an isotropic base matrix exhibit tension-compression symmetry and anisotropic
contribution, mostly emanating from collagen content contributes merely to ten-
sile mechanical loads [45, 47, 67]. For tissues having highly aligned collagen fibers
(low dispersion), imposition of tension only condition for invariant and GST-based
approaches are numerically more accurate and tractable [75]. However, for more dis-
persed fiber distributions, excluding the contribution of fibers under compression
requires more sophisticated numerical treatment [69, 75].

A number of comprehensive reviews have been carried out on the topic of hyper-
elastic constitutive models [20, 53, 54, 87]. Besides seminal works of Fung [32],
Humphrey [57, 58], see also references [15, 42]. For specific reviews, we refer to
[76] for brain and fat tissues, [9] for intestine, [95] for abdominal organs, [61] for
skin, [34] for arterial wall, [49] for dispersion-type anisotropic models, among others.
The aforementioned reviews exclude a one-to-one quantitative comparison of mod-
els used for soft tissues. In this work, we outline the derivation of stress expressions
for invariant- and dispersion-type models, discuss some of the constitutive models in
literature, and carry out an in silico investigation to compare performance of vari-
ous models to capture the anisotropic hyperelastic behavior of three distinct human
tissues. The data for this is obtained from experimental studies of aortic aneurysms
and different regions of the healthy abdominal wall. This work provides a detailed
framework of how to utilize the constitutive models, while also providing an in-depth
critical analysis of each models’ performance ability according to different data sets
and loading domains. The findings of this review can be used in research or industry
to support and inform the selection of the best constitutive model for a specific soft
tissue application.

We pursue our investigation based on the datasets proposed by Niestrawska et
al. [79], Cooney et al. [19], and Martins et al. [70] for abdominal aortic aneurysm
(AAA) tissue, the linea alba and the rectus sheath, respectively. AAA is a patho-
logical condition of the abdominal aorta which results in local bulging, while the
linea alba and rectus sheath are sections of the abdominal wall. The overall output
of the paper is twofold. Firstly, the applicability of each constitutive model to a par-
ticular type of tissue will be assessed, specifically the aptness of various anisotropic
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Fig. 1 Three fundamental maps of a continuum: The deformation gradient F as a mapping of an infinitesimal
line element in (a) undeformed configuration and (d) deformed configuration, its cofactor cof[F ] as an area map
(b) in undeformed configuration and (e) deformed configuration, its determinant det[F ] as a volume map in (c)
undeformed configuration and (f) deformed configuration.

fiber distribution functions to the three tissues mentioned above. Secondly, the fit-
ting performance of various dispersion-type anisotropic constitutive models will be
compared. In this study, we will

• outline twelve anisotropic hyperelastic models and derive the closed form stress
expressions for the uniaxial tension (UT) and equibiaxial tension (ET) deforma-
tion states based on the classical incompressibility assumption,

• implement the aforementioned constitutive models into a hybrid genetic-gradient
search algorithm outlined in Dal et al. [20],

• identify the material parameters of each model (i) with respect to an ET dataset
for AAA tissue [79], (ii) a UT dataset for the linea alba [19], and (iii) a UT dataset
for the rectus sheath [70],

• sort all the models with respect to an objective quality of fit metric according to
their fitting performance to the AAA tissue dataset [79], the linea alba dataset
[19], and the rectus sheath dataset [70].

• identify parameters and the quality of fit values of each constitutive model in
tabular form. Also, the stress-strain curves for each constitutive model will be
provided in separate graphs.

The paper is organized as follows: the mathematical preliminaries for the kinematics
of incompressible anisotropic hyperelastic solids are presented in Section 2. In Section
3, tweleve anisotropic hyperelastic constitutive models for soft biological tissues are
summarized. Section 4 outlines the experimental procedures for the characterization
of the quasi-static hyperelastic response of the soft human tissues selected in this
study. Moreover, the parameter identification procedure and the quality of fit metric
are provided. Finally, a detailed discussion of the results is presented in Section 5.

2 Fundamentals of hyperelastic deformable solids

In this section, the kinematics, state variables and stress expressions for an
anisotropic hyperelastic continuum will be introduced. The mathematical framework
of invariant and dispersion-type anisotropic hyperelastic formulations will be briefly
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discussed. For a more detailed treatment of the subject, we refer to the monographs
[33, 43], inter alia.

2.1 Geometric mappings and the field variables

2.1.1 Kinematics

Let the deformation map ϕ(X, t) represent the motion of a deformable solid
body. It maps the reference/Lagrangian configuration X ∈ B0 of material points
onto the current/Eulerian configuration of material points x = ϕt(X) at time
t ∈ T ⊂ R+. The deformation gradient F = ∇ϕ maps the unit tangent of the
reference configuration onto the spatial counterpart. In this sequence, let line, area,
and volume elements in the Lagrangian configurations to be denoted as dX, dA,
dV , respectively. The Eulerian counterparts of these elements are obtained through
the deformation gradient F , its cofactor cof[F ] = det[F ]F−T and its Jacobian
J := det[F ]

dx = F dX , da = cof[F ]dA , dv = det[F ]dV , (1)

see also Figure 1. J := det[F ] > 0 guarantees the nonpenetrable deformations.
Moreover, the right Cauchy-Green tensor is related to the deformation gradient by
C = F TF .

2.1.2 Principal stretches and invariants

The principle of material objectivity and the principle of frame indifference require
that the energy stored in the hyperelastic material be a function of either principal
stretches or invariants of the right Cauchy-Green tensor. The spectral decomposition
of right Cauchy-Green tensor and its cofactor reads

C :=

3∑
a=1

λ2
aN

a ⊗N a and cof[C] :=

3∑
a=1

ν2
aN

a ⊗N a , (2)

where
νi = J/λi with ν1 = λ2λ3 , ν2 = λ3λ1 , ν3 = λ1λ2 , (3)

are the principal areal stretches, see Figure 2. Moreover, the three isotropic
invariants of the right Cauchy-Green tensor are

I1 := tr[C], I2 := tr[cof[C]], and I3 := det[C] . (4)
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The principal stretches and the invariants of the right Cauchy-Green tensor are
related as

I1 = λ2
1 + λ2

2 + λ2
3, I2 = ν2

1 + ν2
2 + ν2

3 , I3 = J2 = λ2
1λ

2
2λ

2
3 . (5)

For an infinitesimal cubic element, the three isotropic invariants of the right Cauchy-
Green stretch tensor are associated with linear, areal, and volumetric stretches in
the principal directions. Let the Lagrangian unit vectors M 1 and M 2 denote the
orientation directions of two fiber families for the description of the anisotropic
behavior of soft tissues. These vectors can be represented using spherical coordinates,
as shown in the Figure 3, as follows

M i = Mi1e1 +Mi2e2 +Mi3e3 with i = 1, 2 . (6)

where Mi1 = sinθcosφ, Mi2 = sinθsinφ, and Mi3 = cosθ. If the fibers are symmet-
rical around the e1 direction and lies on the e1-e2 plane as observed in the arterial
tissue, the preferred fiber directions can be written as follows

M i = cosϕe1 ± sinϕe2 with i = 1, 2 , (7)

where ϕ is the angle between the fiber and the symmetry axis e1. Two additional
invariants that take into account the contribution of a single family of fiber alignment
M 1 are defined as

I4 := M 1 ·CM 1 and I5 := M 1 ·C2M 1 . (8)

For an additional family of fibers identified via mean orientation M 2, two additional
invariants are described

I6 := M 2 ·CM 2 and I7 := M 2 ·C2M 2 . (9)

where λf1 =
√
I4 and λf2 =

√
I6 represent the stretches of the fibers in the orientation

directions M 1 and M 2, respectively. For some specific tissue, the two families of
fibers might interact with one another. This requires the use of additional coupling
invariant

I8 := (M 1 ·CM 2)(M 1 ·M 2) (10)

Here, the unit orientation vectors of two families of fibers, symmetrically disposed
in the e1 − e2 plane in current configuration are

m1 = FM 1 and m2 = FM 2 . (11)

Moreover, the second order structure tensors can be defined as

A1 = M 1 ⊗M 1 and A2 = M 2 ⊗M 2 . (12)

2.2 Free-energy function and the stress expressions

Hyperelastic materials are governed by a potential function, the Helmholtz free-
energy function that describes the energy stored as a result of mechanical deforma-
tion. Polymeric materials and soft biological tissues exhibit a distinct response to
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bulk deformation and shear-type deformations. In this context, it is common practice
to split the deformation into dilatational and volume-preserving parts [60]

F = F volF̄ with F vol := J1/31 . (13)

The corresponding deformation measure reads

C = (J2/31)C̄ with C̄ = F̄
T
F̄ . (14)

Based on (13) and (14), the free-energy function is expressed as

Ψ(F ,A1,A2) = U(J) + Ψ̄(F̄ ,A1,A2) (15)

where U(J) and Ψ̄(F̄ ,A1,A2) represent the volumetric and isochoric response of the
material, respectively. Further decomposition of the isochoric free-energy function
was suggested by Holzapfel and Weizsacker [51]. They proposed decomposition of
the free-energy function into isotropic and anisotropic parts,

Ψ̄(F̄ ,A1,A2) = Ψ̄iso(F̄ ) + Ψ̄ani(F̄ ,A1,A2) . (16)

The wavy collagen fibers do not store energy under contractile deformations [4, 45,
66]. Hence, the isotropic ground matrix is active Ψ̄iso under small deformations. On
contrary, the collagen fibers dominate the overall behavior at high stretch levels
governed by Ψ̄ani [44]. Following the arguments of Gültekin et al. [40, 41] on the
use of the invariants of the total deformation, we employ the specific form of the
free-energy function

Ψ(F ,A1,A2) = U(J) + Ψ̃(F ,A1,A2) (17)

where
Ψ̃(F ,A1,A2) = Ψiso(F ) + Ψani(F ,A1,A2) . (18)

Herein, the F̄ is replaced with F for the sake of convenience. 1 Recall that, in the
incompressible limit, the formulations (15) and (17) lead to identical results. In this
investigation, the volumetric part of the free-energy function U(J) will be excluded
and the pressure term will be obtained from boundary conditions by enforcing
exactly the incompressible deformation state under uniaxial and biaxial deforma-
tions. A canonical relation between the stresses and the free-energy function can be
established in the sense

P := ∂F Ψ̃ = FS , S = 2∂CΨ̂(C,A1,A2) , and τ = FSF T (19)

where P , S and τ are the first Piola-Kirchhoff stress tensor, second Piola-Kirchhoff
stress tensor, and the Kirchhoff stress tensor, respectively. ψ̂(C,A1,A2) is the
alternative representation of the free-energy function (18) in terms of the right
Cauchy-Green tensor. Thereafter, the Lagrangian moduli expression result from the
second derivative of Ψ̂ with respect to C,

C = 4∂2
CCΨ̂(C,A1,A2) . (20)

1In the subsequent treatment, the biological tissues will be assumed to behave perfectly incompressible.
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2.2.1 Invariant-based anisotropic hyperelastic formulations

The Lagrangian and Eulerian stresses for invariant-based formulations of anisotropic
elasticity result from the application of the chain rule

S = 2∂CΨ = 2

7∑
i=1

∂Ψ

∂Ii

∂Ii
∂C

. (21)

The closed form expressions for the Lagrangian and Eulerian stress tensors (21)
require the following derivatives

∂CI1 = 1 , ∂CI2 = I11−C , ∂CJ = 1
2
JC−1 ,

∂CI4 = A1 , ∂CI5 = M 1 ⊗CM 1 +M 1C ⊗M 1 ,

∂CI6 = A2 , ∂CI7 = M 2 ⊗CM 2 +M 2C ⊗M 2 .

(22)

Substitution of (22) into (21)1 gives the invariant-based representation for the second
Piola-Kirchhoff stress tensor2

S = 2ψ11 + 2ψ4A1 + 2ψ5(M 1 ⊗CM 1 +M 1C ⊗M 1)

+ 2ψ6A2 + 2ψ7(M 2 ⊗CM 2 +M 2C ⊗M 2)− pC−1 .
(23)

The push-forward of the second Piola-Kirchhoff stress leads to the invariant-based
representation for the Kirchhoff stress expression

τ = 2ψ1 b+ 2ψ4(m1 ⊗m1) + 2ψ5(m1 ⊗ bm1 +m1b⊗m1)

+ 2ψ6(m2 ⊗m2) + 2ψ7(m2 ⊗ bm2 +m2b⊗m2)− p1 ,
(24)

with ψi =
∂Ψ

∂Ii
and p = −J∂JU . The stress expressions given in (23) and (24) can

be expressed in terms of index notation for the principal directions3 and mi for the
fiber family # i, respectively.

Si = 2ψ1 + 2ψ4M
2
1i + 4ψ5M

2
1iλ

2
i + 2ψ6M

2
2i + 4ψ7M

2
2iλ

2
i −

1

λ2
i

p ,

τi = 2ψ1λ
2
i + 2ψ4m

2
1i + 4ψ5m

2
1iλ

2
i + 2ψ6m

2
2i + 4ψ7m

2
2iλ

2
i − p .

(25)

Furthermore, moduli expression (20) can be additively decomposed into isotropic
and anisotropic parts as follows C = Ciso + Cani where

Ciso = 4∂2
CCΨiso(C,A1,A2) and Cani = 4∂2

CCΨani(C,A1,A2) (26)

The directional stiffness (DS) can be defined as

DS := n⊗ n : Cani : n⊗ n with n = cosαe1 + sinαe2, α ∈ [0, 2π] . (27)

2It is not common to use second invariant I2 in modeling isotropic response of soft biological tissues. For this, we omitted
the stress terms resulting from dependency of free-energy function on I2 .

3Herein, Mji and mji corresponds to the ith components of the fiber orientation vectors Mi
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Fig. 3 (a) The unit micro-sphere and the orientation vector, (b) mean fiber directions of two families of fiber lie
on e1-e2 plane.

2.2.2 Dispersion-type anisotropic formulations

The tissue is considered a fiber-reinforced composite with the fibers distributed
within an isotropic matrix in the dispersion-type anisotropic formulation; the models
developed within this framework accurately describe the effect of the structural
arrangement of the fibers on the mechanical response. Dispersion-type anisotropic
approaches utilize density distribution functions to represent the distributed fiber
architecture of tissues. Let unit fiber direction r on a unit-sphere be given in the
undeformed configuration. The fiber density in direction r is expressed with ρ(r).
The unit fiber orientation vector can be expressed in spherical coordinates as follows

r = sinθcosφe1 + sinθsinφe2 + cosθe3 , (28)

in terms of Eulerian angles θ ∈ [0, π] and φ ∈ [0, 2π], see Figure 3. The Eulerian
counterpart of r is derived as t = Fr. In this part, we will summarize the two kine-
matic approaches for the modeling of dispersion-type anisotropy in soft biological
tissues.

(i) Generalized structure tensor (GST) formulations: The generalized
structure tensor is defined as

H =
1

| S |

∫
S

ρ(r)r ⊗ r dA with tr H = 1 , (29)

and | S |= 4π for a unit sphere. Let h = FHF T be defined as the Eulerian coun-
terpart of the generalized structure tensor. The Lagrangian and Eulerian stresses
can be obtained by applying the chain rule

S = 2∂Cψ = 2

[
∂U

∂J

∂J

∂C
+
∂Ψiso

∂I1

∂I1

∂C
+
∂Ψani

∂E

∂E

∂C

]
, (30)

where
E := H : C − 1 or E := h : 1− 1 (31)

is the one-dimensional mean anisotropic fiber strain akin to the Green-Lagrangian
strain. The closed form expressions for the Lagrangian and Eulerian stress tensors
require the following derivatives

S = 2ψ11 + 2ψfH − pC−1 and τ = 2ψ1b+ 2ψfh− p1 (32)
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with ψf = ∂EΨani. In the principal directions, (32) can be written in terms of the
principal stretches,

Si = 2ψ1 + 2ψfHi −
1

λ2
i

p and τi = 2ψ1λ
2
i + 2ψfhi − p . (33)

The anisotropic part of the Lagrangian moduli expression can be written as

Cani = 4
∂2ψ

∂C2 = 4ψffH1 ⊗H1 + 4ψffH2 ⊗H2 with ψff =
∂2Ψani

∂E2
. (34)

(ii) Angular integration (AI) formulations: The total free-energy of fibers is
calculated by

Ψani =
1

| S |

∫
|S |

ρ(r)ψfib(λf ) dA where λf = |Fr| , (35)

and S represents a unit sphere with | S |= 4π. ψfib is the contribution to the free
energy function in each orientation direction r. Moreover, let t = Fr denote the
orientation vector r in the deformed configuration. Starting with the free-energy
(35), the Eulerian stress tensor follows by the application of the chain rule

τ = J
∂Ψiso

∂J
1 + 2

∂Ψiso

∂I1

b+

∫
S

ρ(r)λ−1
f

∂ψfib
∂λf

t⊗ t dA . (36)

Then, the Kirchhoff stress expression reads

τ = −p1 + 2ψ1b+

∫
S

ρ(r)λ−1
f ψft⊗ t dA (37)

with ψ̃f = ∂λfψfib. Insertion of (28) into (37) and for F = diag[λ1, λ2, λ3], the
Kirchhoff stresses in principal directions can be written as

τ1 = −p+ 2ψ1λ
2
1 + λ2

1

∫
S

ρ(r)λ−1
f ψ̃fcos2φ sin2θ dA ,

τ2 = −p+ 2ψ1λ
2
2 + λ2

2

∫
S

ρ(r)λ−1
f ψ̃fsin

2φ sin2θ dA ,

τ3 = −p+ 2ψ1λ
2
3 + λ2

3

∫
S

ρ(r)λ−1
f ψ̃fcos2θ dA ,

(38)

where dA = sin θdθdφ, see Figure 3.

2.3 Stresses under homogeneous deformations

In this section, we briefly outline the deformation state of anisotropic biological tis-
sues subjected to uniaxial and equibiaxial stresses. Under macroscopic stress states
such as uniaxial or biaxial tension, the deformation gradient of anisotropic materials
cannot be expressed in a straightforward manner as is the case for incompressible
isotropic materials. This is due to induced shear deformation that compensate the
stress contribution of fibers having an orientation different from the principal stress
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Fig. 4 Deformation modes: (a) uniaxial tension in e1 direction along with the mean fiber directionM1, (b) uniaxial
tension in e2 along with the transverse direction of mean fiber direction M1 , and (c) equibiaxial tension in e1-e2
plane with the mean fiber directions M1, M2 symmetrical around e1 direction.

axes. Therefore, the components of the deformation gradient should be obtained
iteratively to satisfy equilibrium conditions, e.g. in the case of uniaxial tension
σ22 = σ33 = σ12 = σ13 = σ23 = 0 and σ1 = σ̂app. Exception occurs when the applied
stress/deformation(s) coincide(s) with the material symmetry axes. To this end, we
assume that the material is deformed in the principal directions corresponding to the
principal axes of fiber orientations for AI- or GST-based models. For invariant for-
mulations, the deformation axes are assumed to coincide with the symmetry axes for
the two fiber family formulations, while in single fiber family formulations one of the
principal deformation axes coincides with the fiber direction. Such an ansatz avoids
a priori shear strains/stresses, leading to diagonal deformation and stress tensors.
In this context, the deformation gradient and the nominal stress expression under
homogeneous uniaxial, equibiaxial or pure shear deformations can be expressed as
follows

F =

F11 0 0
0 F22 0
0 0 F33

 and P =

P1 0 0
0 P2 0
0 0 P3

 . (39)

Uniaxial tension: For an incompressible anisotropic hyperelastic solid, the defor-
mation and stress states under uniaxial tension are

F =

λ 0 0
0 1√

λ
0

0 0 1√
λ

 and P =

P1 0 0
0 0 0
0 0 0

 , (40)

see Figure 4(a-b). It is important to note that (40) holds for isotropic elasticity
and transverse isotropy with M 1 = e1. Due to the the imposition of tension only
condition, (40) is also valid for M 1 = e2 or M 1 = e3. The first two invariants under
uniaxial deformation read

I1 = λ2 +
2

λ
and I2 = 2λ+

1

λ2
. (41)

For symmetrically orthotropic fibers, the equalities I4 = I6 and I5 = I7 hold leading
to

I4 = I6 = λ2cos2ϕ+
1

λ
sin2ϕ and I5 = I7 = λ4cos2ϕ+

1

λ2
sin2ϕ , (42)

where ϕ is the angle between the fiber and the symmetry axis e1. The components of
the nominal stresses under uniaxial loading in the symmetry axes for the invariant-,
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generalized structure tensor- and angular integration-based formulations read

Inv : P1=2ψ1λ+ 2ψ4M
2
11λ+ 4ψ5M

2
11λ

3 + 2ψ6M
2
21λ+ 4ψ7M

2
21λ

3 − 1

λ
p

GST : P1=2ψ1λ+ 2ψ′fH1λ−
1

λ
p

AI : P1=nλ
∫

S
ρ(r)λ−1

f ψ̃fcos2φsin3θ dA+ 2ψ1λ−
1

λ
p

(43)

Equibiaxial tension: For an incompressible hyperelastic anisotropic solid, the
deformation and stress states under equibiaxial tension are

F =

λ 0 0
0 λ 0
0 0 λ−2

 and P =

P1 0 0
0 P2 0
0 0 0

 . (44)

see Figure 4(c). The first two invariants under equibiaxial deformation read

I1 = 2λ2 +
1

λ4
, I2 = λ4 +

2

λ2
. (45)

The invariants associated with the structural tensors are

I4 = I6 = λ2cos2ϕ+ λ2sin2ϕ and I5 = I7 = λ4cos2ϕ+ λ4sin2ϕ . (46)

The components of the nominal stresses under equibiaxial loading in the symme-
try axes for invariant-, generalized structure tensor- and angular integration-based
formulations read

Inv : P1 = 2ψ1λ+ 2ψ4M
2
11λ+ 4ψ5M

2
11λ

3 + 2ψ6M
2
21λ+ 4ψ7M

2
21λ

3 − 1

λ
p

P2 = 2ψ1λ+ 2ψ4M
2
12λ+ 4ψ5M

2
12λ

3 + 2ψ6M
2
22λ+ 4ψ7M

2
22λ

3 − 1

λ
p

GST : P1 = 2ψ1λ+ 2ψ′fH1λ−
1

λ
p

P2 = 2ψ1λ+ 2ψ′fH2λ−
1

λ
p

AI : P1 = nλ
∫

S
ρ(r)λ−1

f ψ̃fcos2φsin3θdθdφ+ 2ψ1λ−
1

λ
p

P2 = nλ
∫

S
ρ(r)λ−1

f ψ̃fsin
2φsin3θ dA+ 2ψ1λ−

1

λ
p .

(47)

3 Anisotropic hyperelastic material models

In this section, we will review the Neo-Hooekan isotropic constitutive model and 12
anisotropic hyperelastic models under two main categories: (i) strain invariant-based
models, and (ii) fiber dispersion-based models.4. There exist many more models in

4Dispersion-type anisotropic models may as well include invariant terms for the description of isotropic matrix. Here, we
focus on the representation of the anisotropic response dominated by the collagen fiber distribution
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Table 1 Summary of the constitutive models used for the numerical investigation

# model type Isotropic/Anisotropic part developed/calibrated for

1 NY model I1, I4 –/ Fung-type mitral valve
2 HGO model I1, I4 Neo-Hookean/Fung-type arterial wall
3 HSGR model I1, I4 Neo-Hookean/Fung-type arterial wall
4 OS model I1, I4 Neo-Hookean/Fung-type arterial wall
5 HY model I1, I4 Fung- / Fung-type cardiac tissue

6 GOH model GST Neo-Hookean/Fung-type exponential arterial wall
7 HNORS model GST Neo-Hookean/Fung-type exponential arterial wall
8 AMDM model AI Neo-Hookean/Fung-type exponential arterial wall
9 ASMD model AI Neo-Hookean/Fung-type exponential arterial wall

10 DBB model AI Neo-Hookean/Fung-type exponential art. wall/aortic valve
11 LOH model AI Neo-Hookean/ Fung-type exponential arterial wall
12 ARCCH model AI –/ Power type articular cartilage

the literature as outlined in the Introduction. An in silico based review of all exist-
ing models is not feasible due to the constraints of time and resources. Therefore
we confine ourselves to a limited number of models. During the selection process,
the free-energy functions of Fung-type (an)isotropic models and Neo-Hooke type
isotropic free-energy functions are preferred due to their apparent success relative to
other phenomenological forms. In order to compare the performance of free-energy
functions that are borrowed from non-Gaussian rubber elasticity and power-type
free-energy functions relative to the Fung-type (an)isotropic forms, the model of
Ogden and Saccomandi [80], and the model of Ateshian et al. [4] are included in
the investigation. Due to the recent trends/developments in the dispersion-type
hyperelasticity, we included various forms of dispersion models and focused on their
performance relative to their invariant counterparts. For this purpose, the free-
energy functions of the selected models are mostly identical. They differ from one
another with regard to the kinematic assumptions involved in the mathematical
description. All the models that are investigated are briefly outlined in Table 1. We
pursue our investigation as follows: The free-energy functions and necessary deriva-
tives for the stress expressions are outlined. In order to emphasize the degree of
anisotropy and the anisotropy distribution obtained from parameter identification
process from each tissue is presented in terms of polar plots for each constitutive
model investigated. The polar plots consider the density distribution (DD) func-
tion for the plane of interest along with the directional stiffness (DS) computed
from equation (27). In the case of invariant formulations, the density distribution
can be represented by a Dirac delta function. In order to get more insight into
the anisotropic mechanical response of invariant-based formulations, an alternative
indicator, the directional stiffness is utilized and compared to those obtained from
dispersion-type formulations. To this end, the polar plots of the directional stiffness
obtained merely from the anisotropic part of the initial elastic moduli tensor is used
for visualization of the plane of interest.

3.1 Invariant-based models

3.1.1 The Neo-Hookean model

The invariant-based models assume perfect alignment of fibers embedded into an
isotropic ground matrix. Models have been presented for two families of fibers sym-
metrically disposed. The Neo-Hookean model is the most fundamental hyperelastic
constitutive model. Many researchers represent the isotropic ground matrix of soft
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tissues with the Neo-Hookean model [1, 2, 44, 50, 94]. Therefore, it deserves a sep-
arate description. Based on Wall’s treatment of elasticity of a molecular network,
Treloar [90] proposed the following free-energy function

Ψiso =
1

2
nkBθ

(
λ2

1 + λ2
2 + λ2

3 − 3
)

or Ψiso =
1

2
µ (I1 − 3) (48)

with µ = nkBθ. Herein, n is the volume specific chain density, kB is the Boltzmann
constant and θ is the absolute temperature, and µ = nkBθ is the shear modulus.
The non-zero derivative of ψ with respect to the invariants is

ψ1 =
µ

2
. (49)

3.1.2 Newman-Yin (NY) model
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Fig. 5 The polar plots of the directional stiffness (DS) for invariant based NY model [71], HGO model [44], HSGR
model [50], OS model [80], and HY model [56]: (a) two families of fibers distribution based on ET dataset for AAA
tissue [79], (b) one family of fibers distribution based on UT dataset for the linea alba [19], (c) one family of fibers
distribution based on UT dataset for the rectus sheath [70].

Newman and Yin [71] proposed an exponential free-energy form analogous to
the one proposed by Fung et al. [31] to describe hyperelastic behavior of mitral
valve tissue.The mitral valve is an important structural element of the heart. The
collagen fibers inside the mitral valve are relatively uniform through the thickness
and within the experimental test region as reported in [71]. Based on these facts,
Newman and Yin [71] assumed that the material is transversely isotropic and that
the free-energy function depends on the first and the fourth invariants, like all other
models of one family of fibers. They observed that for a constant I4, both ψ1 and
ψ4 increase nonlinearly. Therefore, they proposed,

Ψani = k0(exp(Q)−1) with Q = (k1(I1−3)2+k2(
√
I4−1)4)+k2(

√
I6−1)4) . (50)

Q is the quadratic function of the invariants. In order to have a strain energy
increases with increasing I4, k0 should be positive. Also, if the tissue is not able to
support compressive load, k2 should be positive. The original model was proposed
for tissues with a single family of fibers. In this work, we have extended the formu-
lation considering two families of fibers as given in (50)2 by incorporating the latter
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term depending on I6. The derivatives of Ψani with respect to the invariants are

ψ1 = 2k0k1(I1 − 3)exp(Q) , ψ4 = 2k0k2exp(Q)
1√
I4

(
√
I4 − 1)3 ,

ψ6 = 2k0k2exp(Q)
1√
I6

(
√
I6 − 1)3 .

(51)

The polar plots of the directional stiffness for the NY model obtained with the
identified parameters for each tissue are depicted in Figure 5.

3.1.3 Holzapfel-Gasser-Ogden (HGO) model

Holzapfel et al. [44] proposed a constitutive model for arteries. Arterial walls are
composed of three distinct layers; innermost layer the intima, middle layer the media,
and outermost layer the adventitia. Holzapfel et al. considered each layer of the
artery as a fiber-reinforced composite by incorporating histological information such
as fiber directions. They additively decomposed the isochoric free-energy function
into isotropic and anisotropic parts,

Ψ = Ψiso(I1) + Ψani(I4, I6) . (52)

They utilized the Neo-Hookean model (48) for the isotropic part since collagen
fibers are thought to not contribute to the mechanical behavior of the tissue at low
pressures. The free-energy stored by two families of collagen fibers is described as

Ψani(I4, I6) =
k1

2k2

∑
i=4,6

(
exp[k2〈Ii − 1〉2]− 1

)
(53)

where k1 > 0 is a stress-like parameter and k2 > 0 is a dimensionless parameter.
The collagen fibers do not support compressive stresses due to their wavy nature.
Therefore, the Macauley brackets 〈(•)〉 = [(•) + |(•)|]/2 are utilized in order to filter
out the tensile stretches. The derivatives of ψi with respect to the ith invariants are

ψ4 = k1〈I4−1〉exp
(
k2〈I4 − 1〉2 − 1

)
, ψ6 = k1〈I6−1〉exp

(
k2〈I6 − 1〉2 − 1

)
. (54)

The polar plots of the directional stiffness for the HGO model obtained with the
identified parameters for each tissue are depicted in Figure 5.

3.1.4 Holzapfel-Sommer-Gasser-Regitnig (HSGR) model

Holzapfel et al. [50] proposed a free-energy function of the form Ψ(I1, I4) = Ψiso(I1)+
Ψani(I1, I4). The model uses the Neo-Hookean model (48) as the isotropic part of the
free-energy function. The anisotropic part of the free-energy function has a mixed
representation

Ψani = sgn〈I4 − 1〉k1

k2

(
exp{k2[(1− p)(I1 − 3)2 + p〈I4 − 1〉2]} − 1

)
, (55)

where k1 > 0 is a stress-like parameter and k2 > is a dimensionless parameter. The
measure of anisotropy parameter p ∈ [0, 1] interpolates between the contributions
of the first I1 and fourth invariants I4. It mimics the degree of fiber dispersion phe-
nomenologically. The switch function sgn〈I4−1〉 enforces the tension-only condition
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and is activated for I4 − 1 > 0. The model recovers the HGO model for p = 1. The
fiber related terms drop and the model reduces to an exponential isotropic model
for p = 0. The non-zero derivatives of the free-energy function are

ψ1 =
µ

2
+ 2k1(1− p)(I1 − 3)sgn〈I4 − 1〉exp{k2[(1− p)(I1 − 3)2 + p〈I4 − 1〉2]} ,

ψ4 = 2
k1

k2

p〈I4 − 1〉exp{k2[(1− p)(I1 − 3)2 + p〈I4 − 1〉2]} .
(56)

This model was originally proposed for coronary arteries with nonatherosclerotic
intimal thickening.

3.1.5 Ogden-Saccomandi (OS) model

Ogden and Saccomandi [80], following the work of Horgan and Saccomandi [52],
proposed a logarithmic constitutive law for arterial tissue with two fiber families
in which the fiber extension is limited. They additively decomposed the free-energy
function into isotropic and anisotropic parts,

Ψ = Ψiso(I1) + Ψani(I4, I6) . (57)

To model the isotropic behavior of the tissue, they adapted the well-known rubber
elasticity model of Gent [35]. The free-energy function of the Gent model reads

Ψiso = −1

2
µJm ln

(
1− I1 − 3

Jm

)
, (58)

where µ is the shear modulus and Jm is the parameter that controls the chain exten-
sibility limit for the matrix material. The deformation limit for the first invariant is
I1 < 3+Jm and the stresses tend to infinity asymptotically at this limit. As Jm →∞,
the isotropic part of the free-energy function (58) recovers the Neo-Hookean model.
A similar model of Gent [35] was proposed by Horgan and Saccomandi [52] for
transversely isotropic materials. Instead of limiting the polymer chain extensibil-
ity, the model of Horgan and Saccomandi limits the extensibility of the fibers. The
anisotropic part of the free-energy function is

Ψani = −k1

2
Jf
∑
α=4,6

ln

(
1− 〈Iα − 1〉2

Jf

)
, (59)

where k1 is a stress-like parameter, and Jf is the limiting parameter of extensibility
of collagen fibers. The constraint

Iα <
√
Jf + 1 , {α=4,6} . (60)

confines the stretches beyond the fiber extensibility limit. The derivatives of the
free-energy function are

ψ1 =
µ

2

(
Jm

Jm − I1 + 3

)
, ψα = k1Jf

(
〈Iα − 1〉

Jf − 〈Iα − 1〉2

)
, {α=4,6} (61)

The polar plots of the directional stiffness for the OS model obtained with the
identified parameters for each tissue are depicted in Figure 5.
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3.2 Humphrey and Yin (HY) model

Humphrey & Yin [56] proposed a model to capture the passive response of car-
diac tissue. They additively decomposed the free-energy function into isotropic and
anisotropic parts. The isotropic part’s free-energy function was responsible to repre-
sent the behavior of non-muscular constituents of the tissue, whereas the anisotropic
part is responsible for muscle fibers. For the isotropic part, they adopted the model
proposed by Demiray [23]

Ψiso = c[exp(b(I1 − 3))− 1] (62)

and for the anisotropic part, an exponential function in terms of the square root of
the fourth invariant was employed

Ψani = A[exp(b(
√
I4 − 1))− 1] (63)

The derivatives of the free-energy function are

ψ1 = c b exp(b(I1 − 3)) ,

ψ4 = A a(
√
I4 − 1)exp(a(

√
I4 − 1)2)/

√
I4 .

(64)

The polar plots of the directional stiffness for the HY model obtained with the
identified parameters for each tissue are depicted in Figure 5.

3.3 Dispersion-type anisotropic constitutive models

It has been determined that not only do the mean orientation of fibers within soft
tissues affect their mechanical properties, but also the amount by which they are
dispersed around the mean [49]. For instance, if the majority of fibers are orientated
along the direction of the mean, the behavior will be very different to that if the
fibers are distributed in a cone-like span around the mean orientation [34]. For
this reason, a number of models have been developed to incorporate dispersion
into the constitutive law describing the stress-strain relation of the tissue. These
fiber dispersion-based models utilize a probability distribution function to model
the histological structure of tissues. The models which have an angular integration
approach and a generalized structure tensor approach are outlined in this section.

3.3.1 GST-based Gasser-Ogden-Holzapfel (GOH) model

Gasser et al. [34] assumed that the tissue’s fibers are distributed rotationally
symmetric around a mean fiber orientation direction M . They utilized a planar
π-periodic von-Mises distribution as a fiber density distribution aroundM . The von-
Mises distribution function is a one-dimensional probability distribution which is a
function of Θ and concentration parameter b. The standard von-Mises distribution
function is

ρ̄(Θ) =
exp[b(cos(2Θ))

2πI0(b)
with I0(b) =

1

π

∫ π

0

exp(b cos Θ)dΘ , (65)
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Fig. 6 (a) Graphical representation of the von-Mises distribution of collagen fibers and (b) relation between the
dispersion parameter κ and the concentration parameter of the von-Mises distribution.
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Fig. 7 The polar plots of the density distribution (DD) and the directional stiffnesses (DS) for the GOH model [34]:
(a) two families of fibers distribution based on ET dataset for AAA tissue [79], (b) one family of fibers distribution
based on UT dataset for the linea alba [19], (c) one family of fibers distribution based on UT dataset for the rectus
sheath [70].

where I0(b) is a modified Bessel function of the first kind of order zero. Applying
the normalization condition to (65) gives the relation

I ≡
∫ π

0

ρ̄(Θ)sinΘdΘ ≡ exp(−b)
2
√

2πb

erfi(
√

2b

I0(b)
. (66)

The normalized von-Mises distribution is

ρ(Θ) =
ρ̄(Θ)

I
= 4

√
b

4π

exp (bcos(2Θ) + 1)

erfi
√

2b
. (67)

By inserting the von-Mises type density distribution function (67) into (29), the
generalized structure tensor can be written as

H = κ1 + (1− 3κ)M ⊗M where κ =
1

4

∫ π

0

ρ(Θ) sin3 ΘdΘ (68)

is the fiber dispersion parameter. A one-to-one relation exists between the disper-
sion parameter κ and the concentration parameter b, see Figure 6. Hence, κ ∈ [0, 1/3]
enters the constitutive model as an additional material parameter responsible for the
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Fig. 8 (a) Relation between the dispersion parameter κop and the out-of-plane concentration parameter b of von-
Mises distribution and (b) relation between the dispersion parameter κip and the in-plane concentration parameter
a of von-Mises distribution.

degree of dispersion. The lower limit κ = 0 recovers the invariant-based anisotropy
and the upper limit κ = 1/3 leads to an isotropic constitutive response. The polar
plots of the density distribution and directional stiffness for the GOH model obtained
with the identified parameters for each tissue are depicted in Figure 7. Gasser et
al. [34] can be considered as the GST counterpart of the GHO model [44]. The
anisotropic part of the free-energy function reads

Ψani(C,H i) =
k1

2k2

[exp(k2E
2
i )− 1] , i = 1, 2 (69)

where Ei = H i : C − 1 replaces the fourth and sixth invariants in the GHO model.
The classical Neo-Hookean model (48) is utilized for the isotropic part of the free-
energy function. The derivative of the anisotropic free-energy function with respect
to the mean fiber strain reads

ψfib = k1Eiexp(k2E
2
i ) . (70)

3.3.2 GST-based Holzapfel-Niestrawska-Ogden-Reinisch-Schriefl (HNORS)
model

Holzapfel et al. [46] take into account both the in- and out-of-plane dispersion
of fibers based on the observations of Schriefl et al. [84, 85] where they recorded
that the fibers are dispersed both in-plane and out-of-plane in arterial walls. Their
observations reveal that no correlation exists between in- and out-of-plane disper-
sions. Based on these arguments, the probability density function is multiplicatively
decomposed as

ρ(r) = ρip(Φ)ρop(Θ). (71)

For in-plane distribution, they considered a basic von-Mises distribution

ρip(Φ) =
exp[a(cos(2Θ))

I0(a)
with I0(a) =

1

π

∫ π

0

exp(x cosα)dα (72)
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where a is the concentration parameter and I0(a) is the modified Bessel function of
the first kind of order zero. The out-of-plane distribution is in the form

ρop(Θ) = 2

√
2b

π

exp[b(cos(2Θ))− 1]

erf(
√

2b)
. (73)

The measures of dispersion in the in-plane and the out-of-plane directions read

κip =
1

π

∫ π

0

ρip(Φ) sin2 ΦdΦ and κop =

∫ π/2

0

ρ(Θ) sin3 ΘdΘ (74)

The structure tensor H has the form

H = 2κipκop1 + 2κop(1− 2κip)M i ⊗M i + (1− 2κop − 2κipκop)Mn ⊗Mn (75)

where M i is the in-plane mean fiber direction, whereas Mn is the out-of-plane
vector. The Eulerian counterpart of the generalized structure tensor reads

h = 2κipκop1 + 2κop(1− 2κip)mi ⊗mi + (1− 2κop − 2κipκop)mn ⊗mn (76)

where mi = FM i and mn = FMn, respectively. The lower and upper bounds for
the in-plane and out-of-plane dispersion parameters are, respectively,

0 ≤ κop ≤ 1/2 and 0 ≤ κip ≤ 1 . (77)

The variation of in-plane and out-of-plane dispersion parameters with respect to the
concentration parameters a and b are depicted in Figure 8.

The polar plots of the density distribution and directional stiffness for the
HNORS model obtained with the identified parameters for each tissue are depicted in
Figure 9. The free-energy functions are identical to the GOH model [34] as depicted
in (69). Both GOH model and HNORS models are the extended versions of HGO
model and were initially proposed for the arterial wall.

3.3.3 AI-based Alastrué-Martinez-Doblaré-Menzel (AMDM) model

The angular integration-based anisotropic model of Alastrué et al. [1] takes into
account rotationally symmetric fiber dispersion based on the micro-sphere model.
The model utilizes a planar π-periodic von-Mises distribution for the fiber density
distribution ρ(r,M) around a mean direction M , in the same sense as Gasser et
al. [34]. r is the unit orientation vector of a micro-fiber and t := Fr is the Eulerian
counterpart of the Lagrangian fiber vector. The affine-stretch of a single fiber in the
orientation direction r reads

λf :=
√
t[ · t where t[ := gt . (78)

The macroscopic free-energy corresponding to one family of fibers with the mean
direction M and with n fibers per unit volume is defined as

Ψani(g,F ) =
〈
ρψfib(λf )

〉
=

1

| S |

∫
S

ρ(r; M)ψfib(λf )dA (79)



Springer Nature 2022 LATEX template

21

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

b

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

a

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

d

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

c

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

f

0°

30°

60°

90°

120°

150°

180°

210°

240°

270°

300°

330°

e

Fig. 9 The polar plots of density distribution (DD) and the directional stiffness (DS) for the HNORS model [46]: (a)
in-plane distribution of two families of fibers based on ET dataset for AAA tissue [79], (b) out-of-plane distribution
of one families of fibers based on ET dataset for AAA tissue [79] (c) in-plane distribution of one family of fibers
based on UT dataset for the linea alba [19], (d) out-of-plane distribution of one family of fibers based on UT dataset
for the linea alba [19], (e) in-plane distribution of one family of fibers based on UT dataset for the rectus sheath [70],
(f) out-of-plane distribution of one family of fibers based on UT dataset for the rectus sheath [70].
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Fig. 10 The polar plots of the density distribution (DD) and the directional stiffness (DS) for the AMDM model [1]:
(a) two families of fibers distribution based on ET dataset for AAA tissue [79], (b) one family of fibers distribution
based on UT dataset for the linea alba [19], (c) one family of fibers distribution based on UT dataset for the rectus
sheath [70].

where ψfib is the free-energy function associated with the orientation direction r
and | S |= 4π for a unit-sphere. For the isotropic ground matrix, they utilized the
Neo-Hookean free-energy function. The anisotropic free-energy function is as follows
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ψfib =

0 , for λf < 1
k1

2k2

[exp(k2[λ2
f − 1]2)− 1] , for λf ≥ 1 .

(80)

The contribution of each family of fibers to the macroscopic isochoric Kirch-
hoff stresses can be expressed as a continuous average, including the orientation
distribution function, namely

τf =
〈
ρψf λ̄

−1t⊗ t
〉

where ψf :=
∂ψfib
∂λf

= 2k1λf [λ
2
f − 1] exp(k2[λ2

f − 1]2) . (81)

The continuous average in (79) and (81) is approximated by

〈(•)〉 =
1

| S |

∫
Ω

(•)dA ≈
m∑
i=1

wi (•)i (82)

where wii=1,...,m are the weight factors associated with the discrete orientation direc-
tions rii=1,...,m. The polar plots of the density distribution and the directional
stiffness for the AMDM model obtained with the identified parameters for each tis-
sue are depicted in Figure 10. The rotationally symmetric π-periodic, normalized
von-Mises distribution reads

ρ(Θ) =
ρ̄(Θ)

I
= 4

√
b

4π

exp (bcos(2Θ) + 1)

erfi
√

2b
. (83)

In this regard, the AMDM model can be considered as the AI counterpart of the
GOH model.Alastrue et al. [1] originally proposed this model to capture the mechan-
ical response of vascular tissues. They calibrated the material parameters using the
human coronary artery data presented by Holzapfel et al. [50].

3.3.4 AI-based Alastrué -Saéz-Martinez-Doblaré (ASMD) model

As an extension of their previous model, Alastrué et al. [2] included the Bingham
distribution in their constitutive model. This distribution function exhibits antipodal
symmetry and is expressed as

ρ(r; Z,Q) = [F0000(Z)]−1etr(Z ·QTr · rTQ) (84)

where etr(•) ≡ exp(tr(•)), Z is a diagonal matrix with eigenvalues [κ1, κ2, κ3], Q is
orthogonal orientation matrix such that A = Q ·Z ·QT and F0000(Z) is defined as

F0000(Z) = [4π]−1

∫
S

(etr(Z : rrT ) dA = 1F1(
1

2
;

2

3
; Z) (85)

where 1F1 is a confluent hypergeometric function of the matrix argument. The
shape of the distribution is controlled by κ1, κ2, and κ3. In this regard, the ASMD
model is a slight modification of the AMDM model that utilizes the Bingham dis-
tribution, where the density distribution given in (84) replaces π-periodic von-Mises
distribution (83) in the equations (79, 81). The polar plots of the density distribu-
tion and the directional stiffness for the ASMD model obtained with the identified
parameters for each tissue are depicted in Figure 11.
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Fig. 11 The polar plots of the density distribution (DD) and the directional stiffness (DS) for the ASMD model [2]:
(a) two families of fibers distribution based on ET dataset for AAA tissue [79], (b) one family of fibers distribution
based on UT dataset for the linea alba [19], (c) one family of fibers distribution based on UT dataset for the rectus
sheath [70].
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Fig. 12 The polar plots of the density distribution (DD) and the directional stiffness (DS) for the DBB model [24]:
(a) two families of fibers distribution based on ET dataset for AAA tissue [79], (b) one family of fibers distribution
based on UT dataset for the linea alba [19], (c) one family of fibers distribution based on UT dataset for the rectus
sheath [70].

3.3.5 AI-based Driessen-Bouten-Baaijens (DBB) model

Driessen et al. [24] presented an extended version of the Holzapfel et al. [44] (HGO)
model which included a fiber volume fraction. They applied the rule of mixtures and
expressed the isochoric Kirchhoff stress for multiple fiber directions as follows

τ = τm +
1

4π

∫
S

vf
λ2
f

(τf −
1

λ2
f

t · τmt)t⊗ t dA (86)

where τm is the isotropic matrix stress, vf is the volume fraction of fibers and τf is
the fiber stress for a given orientation direction r. The isotropic matrix material is
modeled as a Neo-Hookean material with a shear modulus µ. The stress expressions
for the isotropic matrix and fibers are

τm = µ(b− 1) and τf = k1λ
2
f

[
k2exp

(
λ2
f − 1

)
− 1
]
, (87)

where the fiber stretch λf is given in (78). The DBB model utilizes a planar Gaus-
sian distribution around the mean fiber orientation for the orientation fiber volume
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Fig. 13 The polar plots of the density distribution (DD) and the directional stiffness (DS) for LOH model [69]:(a)
two families of fiber distribution based on ET dataset for AAA tissue [79], (b) one family of fiber distribution based
on UT dataset for linea alba [19], (c) one family of fiber distribution based on UT dataset for rectus sheath [70].

content

vf (φ) = Av̄f (φ) with v̄f (φ) := exp[
−(φ− ϑ)2

2σ2
] (88)

where ϑ is the mean value, σ is the standard deviation and A is the normalization
constant which is defined as

A =
vtot

1

| S |

∫
S

v̄f (φ) dA

. (89)

Therein, vtot is the total fiber volume fraction. Unlike the AMDM and ASMD models,
the DBB model excludes the volume fraction of the matrix for each orientation
direction leading to a structure

1

λ2
f

τ : t⊗ t = (1− vf )
1

λ2
f

τm : t⊗ t+ vfτf (90)

where, the directional stress additively is decomposed into the matrix contribution
and collagen fibers contribution proportional to their volume fraction in each ori-
entation direction, respectively. The polar plots of the density distribution for the
DBB model obtained with the identified parameters for each tissue are depicted in
Figure 12. Driessen et al. [24] presented this model for aortic valve. As mentioned in
the work of Driessen et al [24], the mean fiber direction inside the aortic valve coin-
cide with the principal stretch directions. They calibrated the model using a single
family of fiber based on the observations of Billiar and Sacks [10].

3.3.6 AI-based Li-Ogden-Holzapfel (LOH) model

Li et al. [69] proposed an efficient discrete fiber dispersion (DFD) model. Their
approach is similar to the model proposed by Alastrue et al. [1], in the sense that both
models utilize a von-Mises type planar fiber distribution along with identical free-
energy functions for the isotropic and anisotropic parts of the free-energy function.
In an attempt to increase the integration accuracy and attain a better resolution of
the tension-only condition of the dispersed fibers, Li et al. [69] discretized the unit
sphere into a finite number of spherical triangles ∆Sn, n = 1, ...,m. Accordingly, the
fiber directions are associated with the centroids of the spherical triangles. In this
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work, we have utilized a m = 640 point-triangulation as proposed in the original
article [69]. The polar plots of the density distribution for the LOH model obtained
with the identified parameters for each tissue are depicted in Figure 13.
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Fig. 14 The directional stiffness (DS) for the ARCCH model [4]: (a) two families of fibers distribution based on
ET dataset for AAA tissue [79], (b) one family of fibers distribution based on UT dataset for the linea alba [19], (c)
one family of fibers distribution based on UT dataset for the rectus sheath [70].

3.3.7 AI-based Ateshian-Rajan-Chahine-Canal-Hung (ARCCH) model

Ateshian et al. [4] proposed a modeling approach for the matrix of articular cartilage
using an angular integration technique with ellipsoidal fiber distribution. The model
was considering the osmotic pressure inside the collagen matrix of cartilage besides
the fibrous matrix considered with continuous fiber distribution. In this work, we
focus on the fiber constitutive relation and fiber angular distribution proposed by
Ateshian et al. [4]. They used a power law type free-energy function for fibers as
follows

ψfib(r; λ2
f ) = ξ(r)(λ2

f − 1)α(r) with α(r) ≥ 2 , (91)

where ξ and α are the material properties that can be evaluated in spherical
coordinate system as follows

ξ(r) =

(
cos2θ sin2φ

ξ2
1

+
sin2θ sin2φ

ξ2
2

+
cos2θ

ξ2
3

)
, (92)

α(r) =

(
cos2θ sin2φ

α2
1

+
sin2θ sin2φ

α2
2

+
cos2θ

α2
3

)
, (93)

where ξi and αi(i = 1, 3) are material constants which represents the semi-axes of
ellipsoidal. Assuming ξ1 = ξ2 = ξ3 and α1 = α2 = α3 cover the isotropic case.
Ateshian et al. [4] evaluated the continuous integral by discretization of the unit
sphere by spherical triangles. In this representation, integral over sphere can be
approximated by m number of the spherical triangles as follows

〈(•)〉 =
1

| S |

∫
Ω

(•)dA ≈
m∑
i=1

(•)i ∆Ai (94)

where ∆Ai is the surface area of the i-th spherical triangle and the quantity (•)i
is evaluated at the centroid of the i-th spherical triangle. The polar plots of the
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directional stiffness for the ARCCH model obtained with the identified parameters
for each tissue are depicted in Figure 14.

4 Parameter Identification and Comparison of Models

4.1 Experimental Studies

In this part, we outline the experiments that are used for the in silico investigations
made in this paper. To this end, three distinct human tissues; (i) the aneurys-
matic abdominal aorta, (ii) the linea alba, and (iii) the anterior rectus sheath are
selected for the subsequent analysis. The first dataset selected for the investigation
is the equibiaxial tension experiment by Niestrawska et al. [79] on human abdom-
inal aortas. They conducted equibiaxial tension experiments on both healthy and
aneurysmatic abdominal aortas (AAA). The reason behind the particular choice is
twofold. First, it is the single study that performs equibiaxial tension test on human
aorta. While the healthy tissue exhibits a more aligned collagen fiber distribution
around the mean axis, the media of unhealthy AAA tissue exhibits more dispersed
collagen distribution around the mean direction [79]. Eleven wall samples in total
were collected from open aneurysm repair at the anterior side. The tests were con-
ducted using a deformation-driven protocol until rupture. This was carried out at a
quasi-static strain rate of 3mm/min, and with a stretch ratio of λaxial : λcirc = 1 : 1,
where λaxial is the stretch in the axial direction and λcirc is the stretch in the cir-
cumferential direction. The experimental data chosen here were from the specimen
with the behavior that was approximately median out of all the specimens (speci-
men AAA-1.2). We pursued our investigation with the median AAA dataset due to
the quality of the data (e.g. number of data points in both axis and relatively high
rupture stresses allowing ideal S-shaped curve) and the absence of the mechanical
stress-strain response for the healthy tissue in the manuscript.

The second and third tissues selected for the investigation are the linea alba and
rectus sheath, respectively. Both linea alba and rectus sheath are strong connective
tissues made of a single family of collagen fibers dispersed around a mean direction
[5, 6]. Linea alba consists of three distinct layers: The ventral linea alba consists
of oblique collagen layers. The dorsal part, which is investigated in this study, con-
sists of transversely oriented collagen fibers, exhibiting a distinct anisotropy in its
biomechanical properties with the highest compliance in the longitudinal direction
and the lowest in the transverse direction [38, 68].5 Hence, the stiffness variation
from the longitudinal direction to the transverse direction is more pronounced in the
linea alba. In both tissues, the collagen fibers are densely packed around the mean
direction favoring a transverse isotropic response. The uniaxial tensile experiments
of Cooney et al. [19], are selected for the investigation of the human linea alba. Seven
samples were cut in both the longitudinal and transverse directions. In their inves-
tigation, the transverse direction was found to be much stiffer than the longitudinal
direction.6 The third study selected was by Martins et al. [70], who investigated the
uniaxial tensile behavior of the human anterior rectus sheath. The histology of the
rectus sheath is similar to the linea alba in the sense that the tissues is assumed to

5Graessel et al. [38] define three layers: ventral, medial, and a thin layer on the dorsal part of linea alba where the
collagen distribution is irregular. We follow the description of Levillain et al. [68] omitting the thin layer consisting of
irregular collagen fibers on the dorsal surface.

6Herein, the term transverse refers to the medial-lateral orientation of the abdominal wall, whereas the longitudinal axis
refers to the cranio-caudal axis.
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exhibit transversely isotropic mechanical response where the longitudinal direction
corresponds to the mean orientation of single family of collagen fibers. The tensile
behavior was observed to be nonlinear in both the mean fiber and the transverse
direction, respectively.

4.2 Parameter identification procedure

The parameter optimization procedure introduced by Dal et al. [20] has been
adopted for the constitutive models selected here for anisotropic soft tissues. The
parameter identification process is conducted based on error expressions for the uni-
axial tension experiments in the e1-direction, uniaxial tension experiments in the
e2-direction, and the equibiaxial tension experiment in the e1 − e2 directions,

Ek(ζ) =

nk∑
i=1

(Pk(ζ, λi)− P exp
k (λi))

2 , k={UT,ET}

respectively, where Pk are the first Piola-Kirchhoff stresses, and nk are number of
data points. The total cost function for the UT tests and the ET test are

EUTT (ζ,w) = w1EUT1(ζ) +w2EUT2(ζ), EETT (ζ,w) = w1EET1(ζ) +w2EET2(ζ). (95)

The total cost functions are presented for the UT tests and ET tests individually
since there is a lack of UT and ET test data that belong exactly to the same tissue.
The parameters are extended to include the weights in (95), ξ := {ζ,w} which is
obtained from the minimization principle

ξ = Arg

{
inf
ξ∈W
ETOT(ξ)

}
with W = {ζ | ζ ∈ D ∧ w | wi ∈ [0, 1]} , (96)

where w1 + w2 = 1. The domain D is the physically admissible domain for the
material parameters ζ.

ξ = Fmincon(E , ξ0,A, b,Aeq, beq) (97)

is used to minimize E , subject to the linear equality Aeqξ = beq and inequality
Aξ ≤ b. Therein, Aeq is the coefficient matrix for the equality constraint, beq is
the vector for the equality constraint, A is the coefficient matrix for the inequality
constraints, b is the vector for the inequality constraint, and ξ0 are the initial points.

In this study, a hybrid optimization procedure is employed in order to reach
the best parameter set. We utilize the above outlined minimization principle in
conjunction with the genetic algorithm presented in Dal et al. [20]. The material
parameter space is first trained with the genetic algorithm and the best parameter
sets resulting from the genetic algorithm, which correspond to neighbourhood of
various local minima, are used as starting points for the gradient search algorithm.
This done in order to benefit from the power of genetic algorithm in finding various
local minima in nonconvex domain and the power of gradient based algorithms to
reduce the cost of genetic algorithms in final iterations.

Discussion: Here, choice of w1 and w2 with a constraint w1 + w2 = 1 is non-
trivial. In most experiments, data acquisition in two directions may not be equal,
the deformation ranges may not be equal either. Moreover, the tendency of the
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functional form to fit experiments in two different orientations may not be equal as
well. In this respect, even taking w1 = w2 = 0.5 still may put more emphasis for a
certain experiment according to the number of available data. Our experinece, when
a certain model does not have the right mathematical form to fit certain direction,
treating w1, w2 as variables allows the optimization tool to focus on the direction
that the model can fit. When comparing the models, the quality of fit does not
depend on parameters wi and the models are sorted according to the same criterion.
We initially take wi = 0.5 and observe the optimization toolbox. A model that
cannot fit both directions increases the one of the parameters towards 1. We fixed
the upper bounds values at various points such as w1 = 0.9 and w2 = 0.99 and
checked the quality of fit parameter relative to the case where we fixed w1 = 0.5. We
always ended up with better quality of fit for the floating values with upper bounds
set to 0.9 and/or 0.99.

4.3 Comparison of hyperelastic anisotropic models

The quality of fit metric χ2 is used to compare the fitting performance of models. The
quality of fit parameter for the uniaxial dataset of Cooney et al. [19], and Martins
et al. [70] is

χ2 =
nUT1∑
i=1

(PUT1
11 (λi)−P

exp,UT1
11 (λi))

2

P
exp,UT1
11 (λi)

+
nUT2∑
i=1

(PUT2
22 (λi)−P

exp,UT2
22 (λi))

2

P
exp,UT2
22 (λi)

, (98)

where nUT1 and nUT2 are the number of data points and PUT1
11 and PUT2

22 are the first
Piola-Kirchhoff stresses for the UT test in the e1 and e2 directions, respectively.
Similarly, for the equibiaxial loading case, the quality of fit parameter for the fitting
of the Niestrawska et al. [79] dataset is

χ2 =
nET∑
i=1

(PET
11 (λi)−P exp,ET

11 (λi))
2

P
exp,ET1
11 (λi)

+
nET∑
i=1

(PET
22 (λi)−P exp,ET

22 (λi))
2

P
exp,ET2
22 (λi)

, (99)

where nET is the number of data points and PET1
11 and PET

22 are the first Piola-
Kirchhoff stresses for the ET test in the e1− e2 directions. The quality of fit metric
for each model has been presented in three regions based on the stretch ranges,

reg1 := λ ∈ [1, 1/3λmax] , reg2 := λ ∈ [1, 2/3λmax] , reg3 := λ ∈ [1, λmax] . (100)

Comparison of the models based on alternative statistics metrics such as the root
mean square error (RMSE) and the coefficient of determination (R2) can be found
in the Appendix.

5 Results and discussion

The models are compared based on their quality of fit metric using the ET dataset
for AAA tissue [79], UT dataset for the linea alba [19], and UT dataset for the rectus
sheath [70]. Figures 15–17 depict the simultaneous fit results of the each model to
three datasets. In the parameter optimization procedure, we have adhered to the
histological information provided by Niestrawska et al. [79], Cooney et al. [19], and
Martins et al. [70] in that, for each model, we have imposed the same mean fiber
directions. However, due to the lack of histological data on the fiber dispersion, we



Springer Nature 2022 LATEX template

29

Table 2 Models sorted according to the quality of fit to the equibiaxial dataset of AAA tissue [79], uniaxial
dataset of the linea alba [19] and uniaxial dataset of the rectus sheath [70].

AAA tissue linea alba rectus sheath

rank model name model type χ2 nop model name model type χ2 nop model name model type χ2 nop

1 HNORS model [46] GST 2.4368 6 ARCCH model [4] AI 0.4136 6 ARCCH model [4] AI 0.0642 6

2 HSGR model [50] I1, I4 2.4734 5 HNORS model [46] GST 0.7075 5 NY model [71] I1, I4 0.0949 4

3 LOH model [69] AI 2.4945 5 HY model [56] I1, I4 0.8739 4 ASMD model [2] AI 0.6011 5

4 AMDM model [1] AI 2.8541 5 ASMD model [2] AI 0.9159 5 AMDM model [1] AI 0.7563 5

5 GOH model [34] GST 3.3643 5 AMDM model [1] AI 0.9163 5 LOH model [69] AI 1.0750 5

6 ASMD model [2] AI 3.7984 6 LOH model [69] AI 0.9427 5 HY model [56] I1, I4 1.1202 4

7 DBB model [24] AI 10.0814 6 DBB model [24] AI 1.0002 6 DBB model [24] AI 1.8341 6

8 HY model [56] I1, I4 10.1666 4 HSGR model [50] I1, I4 1.0468 5 HSGR model [50] I1, I4 3.3545 5

9 NY model [71] I1, I4 11.0814 4 OS model [80] I1, I4 1.1294 6 OS model [80] I1, I4 3.3823 6

10 ARCCH model [4] AI 25.179 6 GOH model [34] GST 1.2228 4 HNORS model [46] GST 3.6038 6

11 HGO model [44] I1, I4 47.4992 4 HGO model [44] I1, I4 1.2529 4 GOH model [34] GST 3.6722 4

12 OS model [80] I1, I4 86.1323 5 NY model [71] I1, I4 11.3349 4 HGO model [44] I1, I4 3.7582 4

decided to treat the distribution parameters as model parameters to be determined
during the parameter identification procedure. Ideally, the fiber density distributions
shall be obtained from histological information gathered from various visualization
techniques such as second harmonic generation [16, 84], X-ray diffraction [72], or
polarized light microscopy [85]. For twelve anisotropic models, identified parameters
and error bounds for AAA tissue, linea alba, and rectus sheath can be found in
Appendix.

AAA tissue: Using the ET dataset for AAA tissue [79], the models are sorted
regarding the quality of fit metric, and the results are listed in Table 2(column #1).
The ET dataset for AAA tissue was obtained from an arterial wall specimen with
two families of fibers. All models except the HGO [44], OS [80] and ARCCH [4]
models fit the AAA tissue quite successfully, see Figure 15. The OS model overpre-
dicts the linear phase of the stress-stretch relation and fails to capture the transition
from a linear phase to an exponential phase for the curves in both the axial and
circumferential directions. On the other hand, the HGO model fail to simultane-
ously predict the equibiaxial stress-stretch behavior in both the circumferential and
axial directions whereas they are capable of fitting either the circumferential or axial
stress-stretch behavior successfully. The ARCCH model demonstrates that the single
power term in the free-energy is not as successful as the Fung-type functional repre-
sentations. The first six models, which were particularly designed to predict arterial
wall response, showed a remarkable fitting performance to the ET dataset of AAA
tissue [1, 2, 24, 34, 46, 50, 71]. It can be easily seen that the models having a Fung-
type exponential free-energy and models taking the fiber dispersion into account are
relatively more successful. The only invariant based model that has considerably
superior modeling performance relative to the other invariant forms is the HSGR
model. This model uses a mixed invariant term in the anisotropic part in terms of
I1 and I4 where the parameter p controls the contribution of each part. Hence, this
allows and additional Fung-type contribution to the isotropic matrix response which
is not the case in other invariant-based formulations. In this regard, HSGR model
can be considered as a psuedo-GST model. The most successful model according to
the fitting performance of the AAA tissue ET dataset is the six-parameter HNORS
model [46] based on the bivariate von-Mises distribution that considers the in- and
out-of-plane dispersion of fibers. The five-parameter HSGR model, and the four-
parameter NY model [71] also exhibit a remarkable fitting performance with fewer
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Fig. 15 a) NY model [71], b) HGO model [44], c) OS model [80], d) HSGR model [50], e) GOH model [34], f)
HNORS model [46], g) DBB model [24], h) AMDM model [1], i) ASMD model [2], j) LOH model [69], k) ARCCH
model [4], l) HY model [56] predictions for ET dataset for AAA tissue [79].

material parameters. AI-based LOH [69], AMDM [1] and GST-based GOH mod-
els [34] also demonstrated excellent fitting performance; these models consider fiber
dispersion with an identical von-Mises distribution function and use an equivalent
free-energy function. The only difference between these models is the integration
approach. Their fitting performance is almost equivalent, however, the computa-
tional cost of the GOH model is significantly less compared to the AMDM and LOH
model, see also [48]. The discrete integration algorithm proposed in LOH models
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Fig. 16 a) NY model [71], b) HGO model [44], c) OS model [80], d) HSGR model [50], e) GOH model [34], f)
HNORS model [46], g) DBB model [24], h) AMDM model [1], i) ASMD model [2], j) LOH model [69], k) ARCCH
model [4], l) HY model [56] predictions for UT dataset for linea alba [19].

slightly improves its behaviour over AMDM model, however, the additional compu-
tational cost is also high.

Linea alba: The fitting performance of the models based on the UT dataset for the
linea alba is listed in Table 2(column #2). The stress stretch curves for linea alba
exhibits a power/exponential form in both mutually orthogonal axes. The model
predictions for the stress-stretch curves of all models are depicted in Figure 16.
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Fig. 17 a) NY model [71], b) HGO model [44], c) OS model [80], d) HSGR model [50], e) GOH model [34], f)
HNORS model [46], g) DBB model [24], h) AMDM model [1], i) ASMD model [2], j) LOH model [69], k) ARCCH
model [4], l) HY model [56] predictions for UT dataset for rectus sheath [70].

The ARCCH model [4] with power-type free-energy function exhibits the best per-
formance among all. The model was originally proposed for articular cartilage, a
connective tissue, as linea alba. Among all invariant-based formulations, HY model
[56] with isotropic matrix and exponential anisotropic fibre response exhibits the
best fitting performance. The fibre bundles of human linea alba are densely oriented
in transverse direction and exhibit less than 10 % reorientation during tensile test
and the mechanical response, governed by elastin in longitudinal direction, remains
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nearly linear [68]. Hence, the transversely isotropic structure and the specific form
of the free-energy function of HY model provides an excellent mathematical format
for linea alba.

Rectus sheath: The rectus sheath tissue exhibits a relatively softer mechanical
response with a weaker degree of anisotropy. The models are sorted according to the
quality of fit metric and are listed in Table 2(column #3). It can be observed that,
unlike linea alba, the stretch-stress response of the rectus sheath tissue is nonlinear
in both transverse and longitudinal directions. The model predictions for stress-
stretch curves of all models are depicted in Figure 17. The ARCCH model [4] exhibits
the best fitting performance followed by The NY model [71] with an almost excel-
lent fitting performance. When considering all tweleve models, the ARCCH and NY
models are the only models which do not decompose the free-energy function into
distinct isotropic part and anisotropic parts. Recall that both NY and ARCCH mod-
els were originally proposed for mitral valve and articular cartilage, both abundant
in connective tissues. Transversely isotropic models such as the HGO model cannot
capture this mechanical response, since the non-fibrous part of the tissue is modeled
by the Neo-Hookean model. However, another transversely isotropic model, the OS
model [80] is able to show better fitting performance than the HGO model as the
isotropic base matrix is modeled by a nonlinear free-energy function. Furthermore,
GST-based dispersion models have weak performance on rectus sheath data. GST-
based dispersion models such as GOH [34] and HNORS [46] models impose tension
only condition for mean fiber directions. However, in the case of rectus sheath, the
mean direction of fibers is along longitudinal direction and as a result GOH [34]
and HNORS [46] models are reduced to Neo-Hookean model to predict mechanics
behavior along transverse direction to the fibers. The same behavior can also be
seen in HGO [44], HSGR [50] models.

Summary: The comparison of the results demonstrate that the fiber dispersion-
based models have a superior fitting performance over the strain invariant-based
models for arterial wall where the fiber dispersion is observed both for aneursymatic
and healthy tissues. GST-based dispersion models are more cost efficient compared
to the AI-based dispersion formulations regarding the computational time. On the
other hand, the quality of fit of AI- and GST-based formulations are comparable
for AAA tissue, see for example the AMDM [1] and GOH [34] models. This is inline
with the results of Holzapfel & Ogden [48] obtained from uniaxial tension experi-
ments of (adventitia) healthy abdominal aorta. It is to be noted that, qualitatively
equivalent macroscopic stress-stretch response of these two models is with differ-
ent dispersion parameters. LOH model, which proposes a discrete fiber orientation
approach that improves the numerical integration on spherical domain along with
improved algorithm for imposition of tension-only condition, improves fitting qual-
ity of AMDM approach slighlty for AAA tissue. AMDM and LOH models provide
nearly identical predictions for linea alba and rectus sheath as the fibers are more
aligned. GST-based approaches require special attention regarding the imposition
of the tension-only condition [47, 67]. Moreover, AI-based formulations are able to
adapt themselves for a variety of tissues having different families of fiber architec-
ture. The OS model [80], based on the functional form of the Gent model originally
proposed for the non-Gaussian chain statistics of the rubber network, is not as suc-
cessful as the models based on the Fung-type exponential representations for the
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anisotropic part of the free-energy function, see for example HSGR [50], GOH [34],
and AMDM [1] models. Fung-type exponential form of free-energy function is supe-
rior to other forms in modeling stress-stretch response of arterial wall. On the other
hand, the power-form of free-energy function in the form of ARCCH model [4] pro-
vides excellent form for the stress-stretch response of connective tissues. For the
effective use of dispersion-type anisotropic formulations, more scientific data that
provides standardized visualization techniques [16] along with mechanical test is
important.

Conflict of interest: The authors declare that they have no conflict of interest.
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[2] Alastrué, V., P. Sáez, M. Mart́ınez, and M. Doblaré. 2010. On the use of the bing-
ham statistical distribution in microsphere-based constitutive models for arterial
tissue. Mechanics Research Communications 37 (8): 700–706 .

[3] Ateshian, G.A. 2007. Anisotropy of Fibrous Tissues in Relation to the Distribu-
tion of Tensed and Buckled Fibers. Journal of Biomechanical Engineering 129:
240–249 .

[4] Ateshian, G.A., V. Rajan, N.O. Chahine, C.E. Canal, and C.T. Hung. 2009.
Modeling the matrix of articular cartilage using a continuous fiber angular
distribution predicts many observed phenomena. Journal of Biomechanical
Engineering 131 (6): 061003 .

[5] Axer, H., D.G. v. Keyserlingk, and A. Prescher. 2001a. Collagen fibers in linea
alba and rectus sheaths: I. general scheme and morphological aspects. Journal of
Surgical Research 96 (1): 127–134 .

[6] Axer, H., D.G. v. Keyserlingk, and A. Prescher. 2001b. Collagen fibers in linea
alba and rectus sheaths: Ii. variability and biomechanical aspects. Journal of
Surgical Research 96 (2): 239–245 .
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Appendix

Root mean square error (RMSE) can be used as an alternative quality of fit metric to compare the
performance of models. RSME for uniaxial dataset of Cooney et al. [19], and Martins et al. [70] is

RMSE =

√√√√nUT1∑
i=1

(
P

UT1
11 (λi)−P

exp,UT1
11 (λi)

)2

nUT1
+

√√√√nUT2∑
i=1

(
P

UT2
22 (λi)−P

exp,UT2
22 (λi)

)2

nUT2
.

(101)

Similarly, for the equibiaxial loading case, RMSE for the dataset of Niestrawska et al. [79] is

RMSE =

√
nET∑
i=1

(
PET

11 (λi)−P exp,ET
11 (λi)

)2

nET
+

√
nET∑
i=1

(
PET

22 (λi)−P exp,ET
22 (λi)

)2

nET
.

(102)

Another quality of fit metric is the coefficient of determination (R2). R2 for uniaxial dataset of Cooney et
al. [19], and Martins et al. [70] is

R2 = 0.5

1 −

nUT1∑
i=1

(
P

UT1
11 (λi)−P

exp,UT1
11 (λi)

)2

nUT1∑
i=1

(
P

UT1
11 (λi)−mean(P

exp,UT1
11 (λi))

)2

 + 0.5

1 −

nUT2∑
i=1

(
P

UT2
22 (λi)−P

exp,UT2
22 (λi)

)2

nUT2∑
i=1

(
P

UT2
22 (λi)−mean(P

exp,UT2
22 (λi))

)2

 .

(103)
Similarly, for equibiaxial loading case, R2 for the fitting of dataset of Niestrawska et al. [79] is

R2 = 0.5

1 −

nET∑
i=1

(
PET

11 (λi)−P exp,ET
11 (λi)

)2

nET∑
i=1

(
PET

11 (λi)−mean(P exp,ET
11 (λi))

)2

 + 0.5

1 −

nET∑
i=1

(
PET

22 (λi)−P exp,ET
22 (λi)

)2

nET∑
i=1

(
PET

22 (λi)−mean(P exp,ET
22 (λi))

)2

 .

(104)

Table 3 Models sorted according to the root mean square error to the equibiaxial dataset of AAA tissue [79],
uniaxial dataset of the linea alba [19] and uniaxial dataset of the rectus sheath [70].

AAA tissue linea alba rectus sheath

rank model name model type RMSE nop model name model type RMSE nop model name model type RMSE nop

1 HNORS model [46] GST 0.8640 6 ARCCH model [4] AI 0.1523 6 ARCCH model [4] AI 0.0321 6

2 HSGR model [50] I1, I4 0.8566 5 HY model [56] I1, I4 0.1605 4 NY model [71] I1, I4 0.0405 4

3 AMDM model [1] AI 0.8632 5 AMDM model [1] AI 0.1646 5 OS model [80] I1, I4 0.0459 6

4 LOH model [69] AI 0.8801 5 ASMD model [2] AI 0.1646 6 HY model [56] I1, I4 0.0986 4

5 GOH model [34] GST 0.9208 5 OS model [80] I1, I4 0.1857 6 LOH model [69] AI 0.1047 5

6 HY model [56] I1, I4 1.0216 4 DBB model [24] AI 0.1951 6 ASMD model [2] AI 0.1051 6

7 NY model [71] I1, I4 1.0613 4 HSGR model [50] I1, I4 0.1981 5 AMDM model [1] AI 0.1099 5

8 ASMD model [2] AI 1.5261 6 LOH model [69] AI 0.2055 5 DBB model [24] AI 0.1673 6

9 HGO model [44] I1, I4 1.5503 4 GOH model [34] GST 0.2167 4 HSGR model [50] I1, I4 0.3633 5

10 ARCCH model [4] AI 2.1963 6 HGO model [44] I1, I4 0.2196 4 HGO model [44] I1, I4 0.3805 4

11 DBB model [24] AI 3.1565 6 HNORS model [46] GST 0.2350 6 GOH model [34] GST 0.3887 4

12 OS model [80] I1, I4 3.5456 5 NY model [71] I1, I4 1.0339 4 HNORS model [46] GST 0.3893 6

Table 4 Models sorted according to the coefficient of determination to the equibiaxial dataset of AAA tissue [79],
uniaxial dataset of the linea alba [19] and uniaxial dataset of the rectus sheath [70].

AAA tissue linea alba rectus sheath

rank model name model type R2 nop model name model type R2 nop model name model type R2 nop

1 HNORS model [46] GST 0.9976 6 ARCCH model [4] AI 0.9952 6 ARCCH model [4] AI 0.9987 6

2 HSGR model [50] I1, I4 0.9976 5 HY model [56] I1, I4 0.9949 4 NY model [71] I1, I4 0.9940 4

3 AMDM model [1] AI 0.9976 5 AMDM model [1] AI 0.9935 5 HY model [56] I1, I4 0.9873 4

4 LOH model [69] AI 0.9975 5 ASMD model [2] AI 0.9935 6 LOH model [69] AI 0.9862 5

5 GOH model [34] GST 0.9972 5 OS model [80] I1, I4 0.9932 6 ASMD model [2] AI 0.9859 6

6 NY model [71] I1, I4 0.9955 4 LOH model [69] AI 0.9914 5 AMDM model [1] AI 0.9848 5

7 HY model [56] I1, I4 0.9952 4 DBB model [24] AI 0.9876 6 OS model [80] I1, I4 0.9822 6

8 ASMD model [2] AI 0.9935 6 HSGR model [50] I1, I4 0.9738 5 DBB model [24] AI 0.9405 6

9 ARCCH model [4] AI 0.9842 6 GOH model [34] GST 0.9730 4 HSGR model [50] I1, I4 0.2631 5

10 HGO model [44] I1, I4 0.9708 4 HGO model [44] I1, I4 0.9729 4 HGO model [44] I1, I4 0.2114 4

11 DBB model [24] AI 0.9698 6 HNORS model [46] GST 0.9721 6 GOH model [34] GST 0.1396 4

12 OS model [80] I1, I4 0.9635 5 NY model [71] I1, I4 0.7574 4 HNORS model [46] GST 0.1396 6
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