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A B S T R A C T

This paper focuses on the numerical scheme of highly nonlinear neutral multiple-delay stochas-
tic McKean-Vlasov equation (NMSMVE) by virtue of the stochastic particle method. First, under
general assumptions, the results about propagation of chaos in 𝑝 sense are revealed, where
the convergence rate loses a little due to the proof technique. Then the tamed Euler–Maruyama
scheme to the corresponding particle system is established and the convergence rate in 𝑝 sense
is obtained. Furthermore, combining these two results gives the convergence error in 𝑝 sense
between the objective NMSMVE and numerical approximation, which is related to the particle
number and step size. Finally, two numerical examples are provided to support the finding.

1. Introduction

The theories of stochastic McKean-Vlasov equations (SMVEs) have been investigated by plenty of scholars, since SMVEs appear
in many research fields, such as biological systems, chemistry and mean-field games [1–3]. The salient feature of SMVEs is that the
coefficients depend on the distributions of state variables, which brings difficulties to the research. SMVEs are also called distribution
dependent stochastic differential equations (SDEs) or mean-field SDEs. Reviewing the pioneering works, SMVEs were studied by
McKean in [4–6], which were inspired by [7]. The existence and uniqueness of SMVEs were discussed in [8–10]. As for other
theories of SMVEs, we refer the readers to [11–16].

As so often is the case, the true solutions to SMVEs cannot be expressed explicitly. Hence, analyzing the numerical solutions is
a common way to get the properties of the true solutions. However, the classical Euler–Maruyama (EM) scheme cannot be used
to simulate SDEs with superlinear coefficients well [17]. By borrowing the ideas in [18–20], the tamed EM scheme for SMVEs
with superlinear drift coefficients was proposed in [21]. The tamed Milstein scheme for SMVEs was established to improve the
convergence rate in [22]. In addition, after the existence and uniqueness of the solution to SMVE with superlinear drift and diffusion
coefficients were proven by using the new method, the tamed EM and Milstein schemes were also analyzed in [23].

When the time-delay is taken into consideration, the theories for SMVEs with delay were discussed in [24–27]. The neutral
SMVEs with delay refer to a class of SMVEs which not only depend on the present, past state variables, but also contain derivatives
with delay. The neutral SMVEs with delay were approximated by the tamed EM scheme in [28]. However, the equation form is
limited. For example, the following scalar equation is not included in [28]:

𝑑[𝛶 (𝑡) + 𝛶 3(𝑡 − 𝜌)] = [−2𝛶 (𝑡) + 𝛶 (𝑡 − 𝜌) − 2𝛶 5(𝑡 − 𝜌) + E𝛶 (𝑡)]𝑑𝑡 + [𝛶 (𝑡) + 𝛶 (𝑡 − 𝜌)]𝑑𝐵(𝑡). (1.1)
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Here, 𝜌 is the constant delay. Actually, some numerical schemes for neutral stochastic differential delay equations (NSDDEs), whose
oefficients are not dependent of the distributions, also have this limitation, such as [29–33]. To overcome this shortcoming and
elax the constraint of the delay variables, we use the techniques in [34,35] to approximate the highly nonlinear neutral SMVEs
ith delay.

In this paper, we focus on a class of highly nonlinear neutral multiple-delay stochastic McKean-Vlasov equations (NMSMVEs) of
he form:

𝑑[𝛶 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌))] = 𝛼
(

𝛶 (𝑡), 𝛶 (𝑡 − 𝜌2),… , 𝛶 (𝑡 − 𝜌𝑟),L𝛶 (𝑡),L𝛶 (𝑡−𝜌2),… ,L𝛶 (𝑡−𝜌𝑟)
)

𝑑𝑡

+ 𝛽
(

𝛶 (𝑡), 𝛶 (𝑡 − 𝜌2),… , 𝛶 (𝑡 − 𝜌𝑟),L𝛶 (𝑡),L𝛶 (𝑡−𝜌2),… ,L𝛶 (𝑡−𝜌𝑟)
)

𝑑𝐵(𝑡),
(1.2)

on 𝑡 ∈ [0, 𝑇 ], where L𝛶 (𝑡−𝜌𝑣) is the law of 𝛶 at time 𝑡 − 𝜌𝑣 for 𝑣 ∈ S𝑟 ∶= {1, 2,… , 𝑟}. Moreover, for 𝑣 ∈ S𝑟, let 0 ≤ 𝜌𝑣 ≤ 𝜌. Here,
𝐷 ∶ R𝑑 → R𝑑 , 𝛼 ∶ (R𝑑 )𝑟 × (2(R𝑑 ))𝑟 → R𝑑 , 𝛽 ∶ (R𝑑 )𝑟 × (2(R𝑑 ))𝑟 → R𝑑×𝑚.

In reality, the multiple-delay systems are very significant, and they turn up on many occasions [36–39]. Then in this paper, the
tamed EM scheme is established for NMSMVEs (1.2). Additionally, the convergence rate in 𝑝 sense is shown, which is differential
from the previous papers [21,22,24,26,28,40,41], where only the convergence rate in 2 sense was given. After analyzing the
existing results, we find that the key to overcome this problem is to obtain the propagation of chaos in 𝑝 sense. By virtue of the
theory in [42], we give this result in Theorems 3.1 and 3.2.

All in all, the main contributions of the present paper can be stated as follows.

∙ There is only one delay in [26,28], but we shall deal with multiple delays in (1.2). Moreover, the coefficients of (1.2) depend
on the distributions of the delay variables.

∙ The form of the equations and the constraint of the delay variables are more general, which are allowed highly nonlinear.
∙ The requirement for the neutral term is also allowed highly nonlinear.
∙ The propagation of chaos in 𝑝 sense is shown with the aid of the theory in [42]. Then the convergence rate in 𝑝 sense of

the tamed EM scheme is presented.

The organization for the rest of the paper is as follows. We simplify the NMSMVEs by the projection operator and give the
moment boundedness of the true solution in Section 2. The propagation of chaos in 𝑝 sense is shown in Section 3. In Section 4, the
tamed EM scheme is established to approximate NMSMVEs. Section 5 contains a one-dimensional example and a two-dimensional
example.

2. Preliminaries

Let
(

𝛺, , {𝑡}𝑡≥0,P
)

be a complete probability space with a filtration {𝑡}𝑡≥0 satisfying the usual conditions (i.e., it is increasing
and right continuous while 0 contains all P-null sets). For 𝑥 ∈ R𝑑 , let |𝑥| be its Euclidean norm. For the real numbers 𝑏1, 𝑏2, denote
𝑏1 ∧ 𝑏2 = min{𝑏1, 𝑏2} and 𝑏1 ∨ 𝑏2 = max{𝑏1, 𝑏2}. Let ⌊𝑏1⌋ be the largest integer that does not exceed 𝑏1. For a set 𝑆, define I𝑆 (𝑥) = 1
if 𝑥 ∈ 𝑆 and I𝑆 (𝑥) = 0 if 𝑥 ∉ 𝑆 (i.e., I𝑆 is indicator function). Assume that  ∶= ([−𝜌, 0];R𝑑 ) is the family of all continuous
functions 𝜑 from [−𝜌, 0] to R𝑑 with the norm ‖𝜑‖ = sup−𝜌≤𝜃≤0|𝜑(𝜃)|. The probability expectation with respect to P is defined by E.
For 𝑝 ≥ 1, 𝑝 ∶= 𝑝(𝛺, ,P) is the set of random variables 𝑋 with E|𝑋|

𝑝 < ∞. Let 𝐵(𝑡) be an 𝑚-dimensional Brownian motion on
the probability space. Denote R+ = [0,+∞).

Let 𝛿𝑦(⋅) stand for the Dirac measure at point 𝑦 ∈ R𝑑 . Assume that (R𝑑 ) is the family of all probability measures on R𝑑 . For
𝑞 ≥ 1, define

𝑞(R𝑑 ) =

{

𝜇 ∈ (R𝑑 ) ∶
(

∫R𝑑
|𝑦|𝑞𝜇(𝑑𝑦)

)1∕𝑞
< ∞

}

,

and set 𝑞(𝜇) =
(

∫R𝑑 |𝑦|
𝑞𝜇(𝑑𝑦)

)1∕𝑞 for any 𝜇 ∈ 𝑞(R𝑑 ). For 𝑞 ≥ 1, the Wasserstein distance of 𝜇, 𝜈 ∈ 𝑞(R𝑑 ) is defined by

W𝑞(𝜇, 𝜈) = inf
𝜋∈C(𝜇,𝜈)

(

∫R𝑑×R𝑑
|𝑦1 − 𝑦2|

𝑞𝜋(𝑑𝑦1, 𝑑𝑦2)
)1∕𝑞

,

where C(𝜇, 𝜈) is the family of all couplings for 𝜇, 𝜈, i.e., 𝜋(⋅,R𝑑 ) = 𝜇(⋅) and 𝜋(R𝑑 , ⋅) = 𝜈(⋅).
We quote Lemma 2.3 in [8] as the following lemma.

Lemma 2.1. For any 𝜇 ∈ 2(R𝑑 ), we have W2(𝜇, 𝛿0) = 2(𝜇).

Define the segment process 𝑦𝑡 = {𝑦(𝑡 + 𝜃) ∶ −𝜌 ≤ 𝜃 ≤ 0} for any 𝑡 ≥ 0. Then 𝑦𝑡 ∈ . In order to simplify the equation form, we
introduce the following projection operator. Let 𝛤𝜃(𝜑) ∶  → R𝑑 , 𝛤𝜃(𝜑) = 𝜑(𝜃) for 𝜑 ∈  and 𝜃 ∈ [−𝜌, 0]. In addition, we set

𝛤 (𝜑) = (𝛤�̄�1 (𝜑), 𝛤�̄�2 (𝜑),… , 𝛤�̄�𝑟 (𝜑)),

L = (L ,L ,… ,L ),
2

𝛤 (𝜑) 𝛤�̄�1 (𝜑) 𝛤�̄�2 (𝜑) 𝛤�̄�𝑟 (𝜑)
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for any 𝜑 ∈  and �̄�1, �̄�2,… , �̄�𝑟 ∈ [−𝜌, 0]. Let �̄�1 = 0, �̄�𝑟 = −𝜌 throughout the paper. For another, it should be noted that we can
arrange the 𝑟-delays in (1.2) into a non subtractive sequence {𝜌1, 𝜌2,… , 𝜌𝑟}. Then set 𝜌1 = −�̄�1 = 0, 𝜌𝑟 = −�̄�𝑟 = 𝜌 and 𝜌𝑣 = −�̄�𝑣,
𝑣 ∈ {2, 3,… , 𝑟 − 1}. Based on these notations, NMSMVE (1.2) can be rewritten as

𝑑[𝛶 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌))] = 𝛼
(

𝛤 (𝛶𝑡),L𝛤 (𝛶𝑡)
)

𝑑𝑡 + 𝛽
(

𝛤 (𝛶𝑡),L𝛤 (𝛶𝑡)
)

𝑑𝐵(𝑡), 𝑡 ∈ [0, 𝑇 ], (2.1)

with the initial value 𝛶0 = 𝜉 ∈  �̌�0
([−𝜌, 0];R𝑑 ), where  �̌�0

([−𝜌, 0];R𝑑 ) is the family of all 0-measurable -valued random variables
𝜉 with E‖𝜉‖�̌� < ∞ for any �̌� > 0. Moreover, 𝐷 ∶ R𝑑 → R𝑑 , 𝛼 ∶

(

R𝑑
)𝑟 ×

(

2(R𝑑 )
)𝑟

→ R𝑑 , 𝛽 ∶
(

R𝑑
)𝑟 ×

(

2(R𝑑 )
)𝑟

→ R𝑑×𝑚 are all
Borel-measurable.

Remark 1. One can observe that
𝛤 (𝛶𝑡) =(𝛤�̄�1 (𝛶𝑡), 𝛤�̄�2 (𝛶𝑡),… , 𝛤�̄�𝑟 (𝛶𝑡))

=(𝛶𝑡(�̄�1), 𝛶𝑡(�̄�2),… , 𝛶𝑡(�̄�𝑟))

=(𝛶 (𝑡), 𝛶 (𝑡 + �̄�2),… , 𝛶 (𝑡 + �̄�𝑟))

=(𝛶 (𝑡), 𝛶 (𝑡 − 𝜌2),… , 𝛶 (𝑡 − 𝜌)).

The Theorem 1 in [42] is cited as the following theorem.

Theorem 2.2. Let {𝑋𝑛}𝑛≥1 be a sequence of independent and identically distributed (i.i.d.) random variables in R𝑑 with the distribution
𝜇 ∈ �̄�(R𝑑 ) and define the empirical measure 𝜇𝑁 = 1

𝑁
∑𝑁
𝑗=1 𝛿𝑋𝑗 for 𝑗 ∈ S𝑁 . Then for �̄� > 𝑝 ≥ 2, there exists a constant 𝐶𝑝,�̄�,𝑑 depending on

𝑝, �̄�, 𝑑, such that, for all 𝑁 ≥ 1,

E
(

W𝑝
𝑝(𝜇𝑁 , 𝜇)

)

≤𝐶𝑝,�̄�,𝑑

⎧

⎪

⎨

⎪

⎩

𝑁−1∕2 +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 > 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−1∕2 log(1 +𝑁) +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 = 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−𝑝∕𝑑 +𝑁−(�̄�−𝑝)∕�̄�, if 2 ≤ 𝑝 < 𝑑∕2.

Then the special case is stated as the following corollary.

Corollary 2.3. Assume that the settings in Theorem 2.2 hold. Then for �̄� > 2𝑝 and 𝑝 ≥ 2, there exists a constant 𝐶𝑝,�̄�,𝑑 depending on 𝑝,
̄, 𝑑, such that, for all 𝑁 ≥ 1,

E
(

W𝑝
𝑝(𝜇𝑁 , 𝜇)

)

≤𝐶𝑝,�̄�,𝑑

⎧

⎪

⎨

⎪

⎩

𝑁−1∕2, if 𝑝 > 𝑑∕2,
𝑁−1∕2 log(1 +𝑁), if 𝑝 = 𝑑∕2,

𝑁−𝑝∕𝑑 , if 2 ≤ 𝑝 < 𝑑∕2.

In order to make assumptions on coefficients, we denote 𝑈𝑖 ∶ R𝑑 ×R𝑑 → R, 𝑖 = 1, 2, 3 and there exist constants 𝐾𝑈 > 0 and 𝑙𝑖 ≥ 1
uch that

0 ≤ 𝑈𝑖(�̄�, �̂�) ≤ 𝐾𝑈 (1 + |�̄�|𝑙𝑖 + |�̂�|𝑙𝑖 ), (2.2)

or any �̄�, �̂� ∈ R𝑑 and 𝑖 = 1, 2, 3.
Let 𝑥(𝑟) =

(

𝑥1, 𝑥2,… , 𝑥𝑟
)

, 𝑦(𝑟) =
(

𝑦1, 𝑦2,… , 𝑦𝑟
)

for 𝑥𝑖, 𝑦𝑖 ∈ R𝑑 , 𝑖 ∈ S𝑟, and 𝜇(𝑟) =
(

𝜇1, 𝜇2,… , 𝜇𝑟
)

, 𝜈(𝑟) =
(

𝜈1, 𝜈2,… , 𝜈𝑟
)

for 𝜇𝑖,
𝜈𝑖 ∈ 2(R𝑑 ), 𝑖 ∈ S𝑟.

ssumption 2.4. There exist positive constants 𝐾11, 𝐾12, 𝐾13 such that

|

|

|

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜇(𝑟))||
|

≤ 𝐾11

𝑟
∑

𝑖=1

[

𝑈1(𝑥𝑖, 𝑦𝑖)|𝑥𝑖 − 𝑦𝑖|
]

,

|

|

|

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑥(𝑟), 𝜈(𝑟))||
|

≤ 𝐾12

𝑟
∑

𝑖=1
W2(𝜇𝑖, 𝜈𝑖),

(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜈(𝑟))
)

≤ 𝐾13

[𝑟−1
∑

𝑖=1
|𝑥𝑖 − 𝑦𝑖|

2 + 𝑈2
2 (𝑥𝑟, 𝑦𝑟)|𝑥𝑟 − 𝑦𝑟|

2 +
𝑟
∑

𝑖=1
W2

2(𝜇𝑖, 𝜈𝑖)

]

,

or any 𝑥(𝑟), 𝑦(𝑟) ∈ (R𝑑 )𝑟 and 𝜇(𝑟), 𝜈(𝑟) ∈ (2(R𝑑 ))𝑟.

Assumption 2.5. There exists a constant 𝐾2 > 0 such that

|

|

|

𝛽(𝑥(𝑟), 𝜇(𝑟)) − 𝛽(𝑦(𝑟), 𝜇(𝑟))||
|

≤ 𝐾2

[𝑟−1
∑

𝑖=1
|𝑥𝑖 − 𝑦𝑖| + 𝑈2(𝑥𝑟, 𝑦𝑟)|𝑥𝑟 − 𝑦𝑟|

]

,

|

|

|

𝛽(𝑥(𝑟), 𝜇(𝑟)) − 𝛽(𝑥(𝑟), 𝜈(𝑟))||
|

≤ 𝐾2

𝑟
∑

W2(𝜇𝑖, 𝜈𝑖),
3

𝑖=1
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for any 𝑥(𝑟), 𝑦(𝑟) ∈ (R𝑑 )𝑟 and 𝜇(𝑟), 𝜈(𝑟) ∈ (2(R𝑑 ))𝑟.

ssumption 2.6. 𝐷(0) = 0 and there exists a constant 𝐾3 > 0 such that

|

|

𝐷(𝑥𝑟) −𝐷(𝑦𝑟)|| ≤ 𝐾3𝑈3(𝑥𝑟, 𝑦𝑟)|𝑥𝑟 − 𝑦𝑟|,

or any 𝑥𝑟, 𝑦𝑟 ∈ R𝑑 .

ssumption 2.7. There exists a constant 𝐾4 > 0 such that for all positive �̌�,

E

(

sup
−𝜌≤𝑡1 ,𝑡2≤0

|𝜉(𝑡1) − 𝜉(𝑡2)|
�̌�

)

≤ 𝐾4|𝑡1 − 𝑡2|
�̌�∕2.

emark 2. In the numerical examples, for the third inequality in Assumption 2.4, we need to check the case 𝜇(𝑟) = 𝜈(𝑟) as follows
(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜇(𝑟))
)

≤ 𝐶

[𝑟−1
∑

𝑖=1
|𝑥𝑖 − 𝑦𝑖|

2 + 𝑈2
2 (𝑥𝑟, 𝑦𝑟)|𝑥𝑟 − 𝑦𝑟|

2

]

.
(2.3)

In fact, one can see that
(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜈(𝑟))
)

=
(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑥(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜇(𝑟))
)

+
(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑦(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜈(𝑟))
)

.

Note that
(

𝑥1 −𝐷(𝑥𝑟) − 𝑦1 +𝐷(𝑦𝑟)
)𝑇 (

𝛼(𝑦(𝑟), 𝜇(𝑟)) − 𝛼(𝑦(𝑟), 𝜈(𝑟))
)

≤ (|𝑥1 − 𝑦1|
2 + |𝐷(𝑥𝑟) −𝐷(𝑦𝑟)|

2) + 1
2
𝑟𝐾2

12

𝑟
∑

𝑖=1
W2

2(𝜇𝑖, 𝜈𝑖)

≤ (|𝑥1 − 𝑦1|
2 +𝐾2

3𝑈
2
2 (𝑥𝑟, 𝑦𝑟)|𝑥𝑟 − 𝑦𝑟|

2) + 1
2
𝑟𝐾2

12

𝑟
∑

𝑖=1
W2

2(𝜇𝑖, 𝜈𝑖),

where in the last inequality, we have chosen sufficiently large 𝑙2 such that 𝑈3(𝑥𝑟, 𝑦𝑟) ≤ 𝑈2(𝑥𝑟, 𝑦𝑟) hold with the aid of (2.2) and
Assumption 2.6. Then the third inequality in Assumption 2.4 holds by the above inequality and (2.3).

Moreover, by Assumptions 2.4–2.6, one can see there exist some constants �̄�1, �̄�2, �̄�3 such that

|

|

|

𝛼(𝑥(𝑟), 𝜇(𝑟))||
|

≤ �̄�1

(

1 +
𝑟
∑

𝑖=1

[

𝑈1(𝑥𝑖, 0)|𝑥𝑖| +2(𝜇𝑖)
]

)

, (2.4)

(

𝑥1 −𝐷(𝑥𝑟)
)𝑇 𝛼(𝑥(𝑟), 𝜇(𝑟)) ≤ �̄�2

[

1 +
𝑟−1
∑

𝑖=1
|𝑥𝑖|

2 + 𝑈2
2 (𝑥𝑟, 0)|𝑥𝑟|

2 +
𝑟
∑

𝑖=1
2

2 (𝜇𝑖)

]

, (2.5)

|

|

|

𝛽(𝑥(𝑟), 𝜇(𝑟))||
|

2
≤ �̄�3

[

1 +
𝑟−1
∑

𝑖=1
|𝑥𝑖|

2 + 𝑈2
2 (𝑥𝑟, 0)|𝑥𝑟|

2 +
𝑟
∑

𝑖=1
2

2 (𝜇𝑖)

]

, (2.6)

|

|

𝐷(𝑥𝑟)|| ≤ 𝐾3𝑈3(𝑥𝑟, 0)|𝑥𝑟|, (2.7)

or any 𝑥(𝑟) ∈ (R𝑑 )𝑟 and 𝜇(𝑟) ∈ (2(R𝑑 ))𝑟. In the rest of this paper, let 𝑙𝑈 = 𝑚𝑎𝑥{𝑙1, 𝑙2, 𝑙3} and 𝜉 ∈  �̌�0
([−𝜌, 0];R𝑑 ) for any �̌� > 0 for

implicity.

heorem 2.8. Let Assumptions 2.4–2.6 hold. Then there exists a unique strong solution 𝛶 (𝑡) to (2.1) and 𝛶 (𝑡) satisfies for any �̄� > 0 and
> 0,

E
(

sup
0≤𝑡≤𝑇

|𝛶 (𝑡)|�̄�
)

≤ 𝐶�̆�∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 ,

here the notations �̆�∗, 𝑙∗, �̄�𝑗 are defined in the proof.

roof. We divide the proof into three steps, and the techniques used here can be found in [28,34,43].
Step 1: For 𝑡 ∈ [0, 𝑇 ] and 𝑛 = 1, 2,…, let 𝛶(𝑛)(𝑡) solve the distribution-interaction equation:

𝑑[𝛶 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌))] = 𝛼
(

𝛤 (𝛶 ),L
)

𝑑𝑡 + 𝛽
(

𝛤 (𝛶 ),L
)

𝑑𝐵(𝑡), (2.8)
4

(𝑛) (𝑛) (𝑛) 𝑡 𝛤(𝑛−1)(𝛶𝑡) (𝑛) 𝑡 𝛤(𝑛−1)(𝛶𝑡)
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with the initial value 𝛶(𝑛)(𝜃) = 𝜉(𝜃), 𝜃 ∈ [−𝜌, 0]. In this step, we shall prove that (2.8) admits a unique solution 𝛶(𝑛)(𝑡) and give the
moment boundedness of 𝛶(𝑛)(𝑡). Here, L𝛤(𝑛)(𝛶𝑡) is the law of 𝛤(𝑛)(𝛶𝑡), where

𝛤(𝑛)(𝛶𝑡) =
(

𝛤�̄�1 (𝛶𝑡,(𝑛)), 𝛤�̄�2 (𝛶𝑡,(𝑛)),… , 𝛤�̄�𝑟 (𝛶𝑡,(𝑛))
)

=
(

𝛶𝑡,(𝑛)(�̄�1), 𝛶𝑡,(𝑛)(�̄�2),… , 𝛶𝑡,(𝑛)(�̄�𝑟)
)

=
(

𝛶(𝑛)(𝑡 + �̄�1), 𝛶(𝑛)(𝑡 + �̄�2),… , 𝛶(𝑛)(𝑡 + �̄�𝑟)
)

=
(

𝛶(𝑛)(𝑡), 𝛶(𝑛)(𝑡 − 𝜌2),… , 𝛶(𝑛)(𝑡 − 𝜌)
)

.

Moreover,
{

𝛶(0)(𝜃) = 𝜉(𝜃), 𝜃 ∈ [−𝜌, 0],

𝛶(0)(𝑡) = 𝜉(0), 𝑡 ∈ [0, 𝑇 ].

When 𝑛 = 1, the drift and diffusion coefficients of (2.8) depend on the state variable 𝛶(1)(⋅) and distribution of 𝜉. Then the NSDDE
is independent of the distribution L𝛶(1)(⋅), we obtain from [43] that it admits a unique solution 𝛶(1)(𝑡) under the given conditions.
Since 2

2 (L𝛶(0)(𝑠+�̄�𝑖)) ≤ E‖𝜉‖2 for 𝑖 ∈ S𝑟, the procedure to estimate the moment of 𝛶(1)(𝑡) is similar to Step 3, we omit the details here.
For every integer �̃� ≥ 1, define

𝜏�̃�,(1) = 𝑇 ∧ inf
{

𝑡 ∈ [0, 𝑇 ] ∶ |𝛶(1)(𝑡)| ≥ �̃�
}

.

We can get from Hölder’s inequality, Gronwall’s inequality and the Burkholder–Davis–Gundy (BDG) inequality that, for �̄� ≥ 2 and
𝑡 ∈ [0, 𝑇 ],

E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�,(1)

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�
)

≤ �̂�𝑇 ∗ + �̂�𝑇 ∗(𝑇 + 1)E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�,(1)

|

|

|

𝛶(1)(𝑢 − 𝜌)
|

|

|

�̄�𝑙∗
)

, (2.9)

where �̂�𝑇 ∗ = �̂�∗𝑒𝑇 �̂�∗ , 𝑙∗ = 𝑙𝑈 + 1, and

�̂�∗ =
[

(1 + (1 + 𝑟)E‖𝜉‖�̄�) ∨ (𝐾 �̄�
𝑈2

�̄�−1 + 𝑟) ∨
�̄�(�̄� − 1)

2
∨ �̄�

]

⋅
⎛

⎜

⎜

⎝

[

(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )

(

𝑝 − 2
𝑝

∨ 2
𝑝

)]

∨
⎡

⎢

⎢

⎣

(4
√

2)�̄�(2(�̄� − 1))�̄��̄� �̄�3
�̄��̄�−2

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠

.

Define the sequence �̄�𝑗 by

�̄�𝑗 = (2 − 𝑗 + ⌊

𝑇
𝜌
⌋)�̄�𝑙

1−𝑗+⌊ 𝑇𝜌 ⌋
∗ , 𝑗 = 1, 2,… , ⌊𝑇

𝜌
⌋ + 1.

For 𝑢 ∈ [0, 𝜌], we derive from (2.9) that

E

(

sup
0≤𝑢≤𝜌∧𝜏�̃�,(1)

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�1
)

≤ �̂�𝑇 ∗ + �̂�𝑇 ∗(𝑇 + 1)E

(

sup
−𝜌≤𝑢≤0

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�1𝑙∗
)

≤ �̂�𝑇 ∗ + �̂�𝑇 ∗(𝑇 + 1)E‖𝜉‖�̄�1𝑙∗ .

Then for 𝑢 ∈ [0, 2𝜌], using (2.9) with Hölder’s inequality gives that

E

(

sup
0≤𝑢≤2𝜌∧𝜏�̃�,(1)

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�2
)

≤ �̂�𝑇 ∗ + �̂�𝑇 ∗(𝑇 + 1)[�̂�𝑇 ∗ + �̂�𝑇 ∗(𝑇 + 1)E‖𝜉‖�̄�1𝑙∗ ]
�̄�2 𝑙∗
�̄�1 .

By induction, we derive that

E
⎛

⎜

⎜

⎜

⎝

sup
0≤𝑢≤

[(

(⌊ 𝑇𝜌 ⌋+1)𝜌
)

∧𝜏�̃�,(1)
]

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�
⎞

⎟

⎟

⎟

⎠

≤ 𝐶�̂�𝑇 ∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 ,

where 𝑗 = 1, 2,… , ⌊ 𝑇𝜌 ⌋ + 1. Then Fatou’s lemma leads to

E
⎛

⎜

⎜

⎜

⎝

sup
0≤𝑢≤

[

(⌊ 𝑇𝜌 ⌋+1)𝜌
]

|

|

|

𝛶(1)(𝑢)
|

|

|

�̄�
⎞

⎟

⎟

⎟

⎠

≤ 𝐶�̂�𝑇 ∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 .

Now, we assume that

E
(

sup |

|𝛶(𝑛−1)(𝑡)
|

|

�̄�
)

≤ 𝐶�̂� ,𝑇 ,‖𝜉‖,𝑙 ,�̄� .
5

0≤𝑡≤𝑇 | | 𝑇 ∗ ∗ 𝑗
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d

Replacing
(

𝛤(1)(𝛶𝑡),L𝛤(0)(𝛶𝑡)
)

by
(

𝛤(𝑛)(𝛶𝑡),L𝛤(𝑛−1)(𝛶𝑡)
)

and repeating these procedures give that (2.8) admits a unique solution 𝛶(𝑛)(𝑡)

and it has the property that

E
(

sup
0≤𝑡≤𝑇

|

|

|

𝛶(𝑛)(𝑡)
|

|

|

�̄�
)

≤ 𝐶�̂�𝑇 ∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 .

Step 2: We mainly prove that the limits of the sequences {𝛶(𝑛)(⋅)} and {L𝛶(𝑛)(⋅)} (as 𝑛→ ∞) satisfy P-a.s.

𝑑[𝛶 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌))] = 𝛼
(

𝛤 (𝛶𝑡),L𝛤 (𝛶𝑡)
)

𝑑𝑡 + 𝛽
(

𝛤 (𝛶𝑡),L𝛤 (𝛶𝑡)
)

𝑑𝐵(𝑡), 𝑡 ∈ [0, 𝑇 ].

Then the uniqueness of the solution can be shown. This proof can be completed by using the Step 2 of Theorem 3.8 in [28] and the
iterative technique, we omit it.

Step 3: We will give the moment boundedness of the solution 𝛶 (𝑡) in this step. Set �̄� ≥ 2 first. For any 𝑡 ∈ [0, 𝑇 ], by Itô’s formula,
we have

|𝛶 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌))|�̄� − |𝜉(0) −𝐷(𝜉(−𝜌))|�̄�

≤ �̄�∫

𝑡

0
|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�−2 (𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌)))𝑇 𝛼

(

𝛤 (𝛶𝑠),L𝛤 (𝛶𝑠)
)

𝑑𝑠

+
�̄�(�̄� − 1)

2 ∫

𝑡

0
|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�−2 |𝛽

(

𝛤 (𝛶𝑠),L𝛤 (𝛶𝑠)
)

|

2𝑑𝑠

+ �̄�∫

𝑡

0
|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�−2 (𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌)))𝑇 𝛽

(

𝛤 (𝛶𝑠),L𝛤 (𝛶𝑠)
)

𝑑𝐵(𝑠)

=∶ �̄�𝐼1(𝑡) +
�̄�(�̄� − 1)

2
𝐼2(𝑡) + �̄�𝐼3(𝑡).

Define 𝜏�̃� = 𝑇 ∧ 𝑖𝑛𝑓{𝑡 ∈ [0, 𝑇 ] ∶ |𝛶 (𝑡)| ≥ �̃�} for every integer �̃� ≥ 1. By (2.5), (2.6), Hölder’s inequality and Young’s inequality, we
erive that

E

[

sup
0≤𝑠≤𝑡∧𝜏�̃�

(𝐼1(𝑠) + 𝐼2(𝑠))

]

≤(�̄�2 + �̄�3)E∫

𝑡∧𝜏�̃�

0
|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�−2

⋅

[

1 +
𝑟−1
∑

𝑖=1
|𝛶 (𝑠 + �̄�𝑖)|

2 + 𝑈2
2 (𝛶 (𝑠 − 𝜌), 0)|𝛶 (𝑠 − 𝜌)|

2 +
𝑟
∑

𝑖=1
2

2 (L𝛶 (𝑠+�̄�𝑖))

]

𝑑𝑠

≤(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )E∫

𝑡∧𝜏�̃�

0

(

|𝛶 (𝑠)|�̄�−2 + 𝑈 �̄�−2
3 (𝛶 (𝑠 − 𝜌), 0)|𝛶 (𝑠 − 𝜌)|�̄�−2

)

⋅

[

1 +
𝑟−1
∑

𝑖=1
|𝛶 (𝑠 + �̄�𝑖)|

2 + 𝑈2
2 (𝛶 (𝑠 − 𝜌), 0)|𝛶 (𝑠 − 𝜌)|

2 +
𝑟
∑

𝑖=1
2

2 (L𝛶 (𝑠+�̄�𝑖))

]

𝑑𝑠

≤(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )

(

𝑝 − 2
𝑝

∨ 2
𝑝

)

E∫

𝑡∧𝜏�̃�

0

[

1 +
𝑟−1
∑

𝑖=1
|𝛶 (𝑠 + �̄�𝑖)|

�̄� + ‖𝜉‖�̄�

+
(

𝑈2(𝛶 (𝑠 − 𝜌), 0) ∨ 𝑈3(𝛶 (𝑠 − 𝜌), 0)
)�̄�

|𝛶 (𝑠 − 𝜌)|�̄� +
𝑟
∑

𝑖=1
𝑝

2 (L𝛶 (𝑠+�̄�𝑖))

]

𝑑𝑠

≤(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )

(

𝑝 − 2
𝑝

∨ 2
𝑝

)

E∫

𝑡∧𝜏�̃�

0

[

1 + ‖𝜉‖�̄� +
𝑟−1
∑

𝑖=1
|𝛶 (𝑠 + �̄�𝑖)|

�̄�

+𝐾 �̄�
𝑈
(

1 + |𝛶 (𝑠 − 𝜌)|𝑙2∨𝑙3
)�̄�

|𝛶 (𝑠 − 𝜌)|�̄� +
𝑟
∑

𝑖=1
𝑝

2 (L𝛶 (𝑠+�̄�𝑖))

]

𝑑𝑠

≤(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )

(

𝑝 − 2
𝑝

∨ 2
𝑝

)

∫

𝑡

0

[

1 + E‖𝜉‖�̄� + (𝑟 − 1)E

(

sup
0≤𝑢≤𝑠∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)

+𝐾 �̄�
𝑈2

�̄�−1E

(

sup
0≤𝑢≤𝑠∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)

+𝐾 �̄�
𝑈2

�̄�−1E|𝛶 (𝑠 − 𝜌)|𝑙𝑈 �̄�+�̄� + 𝑟E

(

sup
0≤𝑢≤𝑠∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)]

𝑑𝑠

≤(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )[(1 + E‖𝜉‖�̄�) ∨ (𝐾 �̄�

𝑈2
�̄�−1 + 𝑟)]

(

𝑝 − 2
𝑝

∨ 2
𝑝

)

⋅ E∫

𝑡
(

1 + sup |𝛶 (𝑢)|�̄� + |𝛶 (𝑠 − 𝜌)|(𝑙𝑈+1)�̄�
)

𝑑𝑠.
6

0 0≤𝑢≤𝑠∧𝜏�̃�
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T

w

Using Young’s inequality, Hölder’s inequality and BDG’s inequality gives that

E

[

sup
0≤𝑠≤𝑡∧𝜏�̃�

𝐼3(𝑠)

]

≤ 4
√

2E
[

∫

𝑡∧𝜏�̃�

0
|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|2�̄�−2

|

|

|

|

𝛽
(

𝛤 (𝛶𝑠),L𝛤 (𝛶𝑠)
)

|

|

|

|

2
𝑑𝑠

]1∕2

≤ 1
2
E

(

sup
0≤𝑠≤𝑡∧𝜏�̃�

|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�
)

+
(4
√

2)�̄�(2(�̄� − 1))�̄�−1�̄� �̄�3
�̄��̄�−2

E

(

∫

𝑡∧𝜏�̃�

0

[

1 +
𝑟−1
∑

𝑖=1
|𝛶 (𝑠 + �̄�𝑖)|

2 + 𝑈2
2 (𝛶 (𝑠 − 𝜌), 0)|𝛶 (𝑠 − 𝜌)|

2

+
𝑟
∑

𝑖=1
2

2 (L𝛶 (𝑠+�̄�𝑖))

]

𝑑𝑠

)�̄�∕2

≤ 1
2
E

(

sup
0≤𝑠≤𝑡∧𝜏�̃�

|𝛶 (𝑠) −𝐷(𝛶 (𝑠 − 𝜌))|�̄�
)

+
(4
√

2)�̄�(2(�̄� − 1))�̄�−1�̄� �̄�3
�̄��̄�−2

[(1 + E‖𝜉‖�̄�) ∨ (𝐾 �̄�
𝑈2

�̄�−1 + 𝑟)]E∫

𝑡

0

(

1 + sup
0≤𝑢≤𝑠∧𝜏�̃�

|𝛶 (𝑢)|�̄� + |𝛶 (𝑠 − 𝜌)|(𝑙𝑈+1)�̄�
)

𝑑𝑠.

hus,

E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)

≤2�̄�−1
[

E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝐷(𝛶 (𝑢 − 𝜌))|�̄�
)

+ E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝛶 (𝑢) −𝐷(𝛶 (𝑢 − 𝜌))|�̄�
)]

≤�̆�∗

[

1 + E∫

𝑡

0

(

sup
0≤𝑢≤𝑠∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)

𝑑𝑠 + E∫

𝑡∧𝜏�̃�

0
|𝛶 (𝑠 − 𝜌)|(𝑙𝑈+1)�̄�𝑑𝑠 + E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝛶 (𝑢 − 𝜌)|(𝑙𝑈+1)�̄�
)]

,

here

�̆�∗ =
[

(1 + E‖𝜉‖�̄�) ∨ (𝐾 �̄�
𝑈2

�̄�−1 + 𝑟) ∨
�̄�(�̄� − 1)

2
∨ �̄�

]

⋅
⎛

⎜

⎜

⎝

[

(�̄�2 + �̄�3)2�̄�−2(1 ∨𝐾
�̄�−2
3 )

(

𝑝 − 2
𝑝

∨ 2
𝑝

)]

∨
⎡

⎢

⎢

⎣

(4
√

2)�̄�(2(�̄� − 1))�̄��̄� �̄�3
�̄��̄�−2

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠

.

Thanks to Gronwall’s inequality, we get that

E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝛶 (𝑢)|�̄�
)

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)E

(

sup
0≤𝑢≤𝑡∧𝜏�̃�

|𝛶 (𝑢 − 𝜌)|�̄�𝑙∗
)

, (2.10)

where �̆�𝑇 ∗ = �̆�∗𝑒𝑇 �̆�∗ and 𝑙∗ = 𝑙𝑈 + 1. Define a sequence �̄�𝑗 by

�̄�𝑗 = (2 − 𝑗 + ⌊

𝑇
𝜌
⌋)�̄�𝑙

1−𝑗+⌊ 𝑇𝜌 ⌋
∗ , 𝑗 = 1, 2,… , ⌊𝑇

𝜌
⌋ + 1.

One can see that �̄�𝑗+1𝑙∗ < �̄�𝑗 for 𝑗 = 1, 2,… , ⌊ 𝑇𝜌 ⌋ + 1 and �̄�
⌊

𝑇
𝜌 ⌋+1

= �̄�. For 𝑢 ∈ [0, 𝜌], (2.10) means that

E

(

sup
0≤𝑢≤𝜌∧𝜏�̃�

|𝛶 (𝑢)|�̄�1
)

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)E

(

sup
−𝜌≤𝑢≤0

|𝛶 (𝑢)|�̄�1𝑙∗
)

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)E‖𝜉‖�̄�1𝑙∗ .

Then for 𝑢 ∈ [0, 2𝜌], using �̄�2𝑙∗ < �̄�1 and (2.10) with Hölder’s inequality gives that

E

(

sup
0≤𝑢≤2𝜌∧𝜏�̃�

|𝛶 (𝑢)|�̄�2
)

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)E

(

sup
0≤𝑢≤2𝜌∧𝜏�̃�

|𝛶 (𝑢 − 𝜌)|�̄�2𝑙∗
)

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)

[

E

(

sup
0≤𝑢≤2𝜌∧𝜏�̃�

|𝛶 (𝑢 − 𝜌)|�̄�1
)]

�̄�2 𝑙∗
�̄�1

�̄� 𝑙
�̄�2 𝑙∗
�̄�

7

≤ �̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)[�̆�𝑇 ∗ + �̆�𝑇 ∗(𝑇 + 1)E‖𝜉‖ 1 ∗ ] 1 .
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I

T

By induction, we get that

E
⎛

⎜

⎜

⎜

⎝

sup
0≤𝑢≤

[(

(⌊ 𝑇𝜌 ⌋+1)𝜌
)

∧𝜏�̃�
]

|𝛶 (𝑢)|�̄�
⎞

⎟

⎟

⎟

⎠

≤ 𝐶�̆�𝑇 ∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 ,

where 𝑗 = 1, 2,… , ⌊ 𝑇𝜌 ⌋ + 1. The Fatou lemma leads to

E
⎛

⎜

⎜

⎜

⎝

sup
0≤𝑢≤

[

(⌊ 𝑇𝜌 ⌋+1)𝜌
]

|𝛶 (𝑢)|�̄�
⎞

⎟

⎟

⎟

⎠

≤ 𝐶�̆�𝑇 ∗ ,𝑇 ,‖𝜉‖,𝑙∗ ,�̄�𝑗 .

When �̄� ∈ (0, 2), the desired result follows by the Hölder inequality. □

3. Propagation of chaos

In this section, we will use the stochastic particle method in [44,45] to approximate NMSMVE (2.1). For any 𝑖 ∈ S𝑁 ,
let (𝐵𝑖, 𝜉𝑖) be independent copies of (𝐵, 𝜉) and all (𝐵𝑖, 𝜉𝑖) are i.i.d. Moreover, for 𝜉𝑖 ∈  �̌�0

([−𝜌, 0];R𝑑 ) and any �̌� > 0, set

E
(

sup−𝜌≤𝑡1 ,𝑡2≤0 |𝜉
𝑖(𝑡1) − 𝜉𝑖(𝑡2)|

�̌�
)

≤ 𝐾4|𝑡1 − 𝑡2|
�̌�∕2. A non-interacting particle system is given by

𝑑[𝛶 𝑖(𝑡) −𝐷(𝛶 𝑖(𝑡 − 𝜌))] = 𝛼
(

𝛤 (𝛶 𝑖𝑡 ),L𝛤 (𝛶 𝑖𝑡 )
)

𝑑𝑡 + 𝛽
(

𝛤 (𝛶 𝑖𝑡 ),L𝛤 (𝛶 𝑖𝑡 )
)

𝑑𝐵𝑖𝑡 , (3.1)

with the initial value 𝜉𝑖, where
𝛤 (𝛶 𝑖𝑡 ) = (𝛤�̄�1 (𝛶

𝑖
𝑡 ),… , 𝛤�̄�𝑟 (𝛶

𝑖
𝑡 )) = (𝛶 𝑖(𝑡),… , 𝛶 𝑖(𝑡 − 𝜌)),

L𝛤 (𝛶 𝑖𝑡 ) = (L𝛤�̄�1 (𝛶
𝑖
𝑡 )
,… ,L𝛤�̄�𝑟 (𝛶 𝑖𝑡 )) = (L𝛶 𝑖(𝑡),… ,L𝛶 𝑖(𝑡−𝜌)).

One can see that L𝛤 (𝛶 𝑖𝑡 ) = L𝛤 (𝛶𝑡), 𝑖 ∈ S𝑁 . To deal with L𝛤 (𝛶 𝑖𝑡 ), we introduce the following interacting particle system of the form

𝑑[𝛶 𝑖,𝑁 (𝑡) −𝐷(𝛶 𝑖,𝑁 (𝑡 − 𝜌))] = 𝛼
(

𝛤 (𝛶 𝑖,𝑁𝑡 ),L𝛤 (𝛶𝑁𝑡 )

)

𝑑𝑡 + 𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑡 ),L𝛤 (𝛶𝑁𝑡 )

)

𝑑𝐵𝑖(𝑡), (3.2)

with the initial value 𝜉𝑖, where

𝛤 (𝛶 𝑖,𝑁𝑡 ) = (𝛤�̄�1 (𝛶
𝑖,𝑁
𝑡 ),… , 𝛤�̄�𝑟 (𝛶

𝑖,𝑁
𝑡 )) = (𝛶 𝑖,𝑁 (𝑡),… , 𝛶 𝑖,𝑁 (𝑡 − 𝜌)),

L𝛤 (𝛶𝑁𝑡 ) = (L𝛤�̄�1 (𝛶𝑁𝑡 ),… ,L𝛤�̄�𝑟 (𝛶𝑁𝑡 )) = (L𝛶𝑁 (𝑡),… ,L𝛶𝑁 (𝑡−𝜌)),

and

L𝛶𝑁 (𝑡−�̄�𝑣)(⋅) ∶=
1
𝑁

𝑁
∑

𝑗=1
𝛿𝛶 𝑗,𝑁 (𝑡−�̄�𝑣)(⋅), 𝑣 ∈ S𝑟.

n the following of this paper, let 𝑝 ≥ 2. The theory of the propagation of chaos is stated as the following theorem.

heorem 3.1. Let Assumptions 2.4–2.6 hold and (𝑝𝑙𝑈 + 𝜀)𝑝 < 𝜀�̄� hold for 𝜀 ∈ (0, 1]. Then there exists a constant 𝐶 independent of 𝑁
such that, for any 𝑖 ∈ S𝑁 ,

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖(𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑇 ,𝜌,𝑝 , if 𝑝 > 𝑑∕2,

[𝑁−1∕2 log(1 +𝑁)]𝜆𝑇 ,𝜌,𝑝 , if 𝑝 = 𝑑∕2,

(𝑁−𝑝∕𝑑 )𝜆𝑇 ,𝜌,𝑝 , if 2 ≤ 𝑝 < 𝑑∕2,

where 𝜆𝑇 ,𝜌,𝑝 = ( 𝑝−𝜀𝑝 )⌊
𝑇
𝜌 ⌋.

Proof. For any 𝑖 ∈ S𝑁 and 𝑡 ∈ [0, 𝑇 ], set

𝛯 𝑖(𝑡) = 𝛶 𝑖(𝑡) −𝐷(𝛶 𝑖(𝑡 − 𝜌)) − 𝛶 𝑖,𝑁 (𝑡) +𝐷(𝛶 𝑖,𝑁 (𝑡 − 𝜌)).

Then using Itô’s formula leads to

|𝛯 𝑖(𝑡)|𝑝 − |𝛯 𝑖(0)|𝑝

≤ 𝑝∫

𝑡

0
|𝛯 𝑖(𝑠)|𝑝−2(𝛯 𝑖(𝑠))𝑇

[

𝛼
(

𝛤 (𝛶 𝑖𝑠 ),L𝛤 (𝛶 𝑖𝑠 )
)

− 𝛼
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)]

𝑑𝑠

+
𝑝(𝑝 − 1)

2 ∫

𝑡

0
|𝛯 𝑖(𝑠)|𝑝−2

|

|

|

|

𝛽
(

𝛤 (𝛶 𝑖𝑠 ),L𝛤 (𝛶 𝑖𝑠 )
)

− 𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛯 𝑖(𝑠)|𝑝−2(𝛯 𝑖(𝑠))𝑇

[

𝛽
(

𝛤 (𝛶 𝑖𝑠 ),L𝛤 (𝛶 𝑖𝑠 )
)

− 𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)]

𝑑𝐵𝑖(𝑠)

𝑖 𝑖 𝑖
8

=∶ 𝐽1(𝑡) + 𝐽2(𝑡) + 𝐽3(𝑡).
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For 𝜀 ∈ (0, 1], we get from Hölder’s inequality, Young’s inequality and Assumptions 2.4, 2.5 that

E
[

sup
0≤𝑠≤𝑡

(𝐽 𝑖1(𝑠) + 𝐽
𝑖
2(𝑠))

]

≤𝐶E∫

𝑡

0
|

|

𝛯 𝑖(𝑠)|
|

𝑝−2
[𝑟−1
∑

𝑣=1
|𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)|

2

+ 𝑈2
2 (𝛶

𝑖(𝑠 − 𝜌), 𝛶 𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|2 +
𝑟
∑

𝑣=1
W2

2(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤𝐶E∫

𝑡

0
|𝛯 𝑖(𝑠)|𝑝𝑑𝑠 + 𝐶E∫

𝑡

0

[𝑟−1
∑

𝑣=1
|𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)|

𝑝

+ 𝑈𝑝
2 (𝛶

𝑖(𝑠 − 𝜌), 𝛶 𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝 +
𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤𝐶E∫

𝑡

0
|

|

𝛯 𝑖(𝑠)|
|

𝑝 𝑑𝑠 + 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

[

E
(

1 + |𝛶 𝑖(𝑠 − 𝜌)|𝑙𝑈 𝑝+𝜀 + |𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑙𝑈 𝑝+𝜀
)𝑝∕𝜀

]𝜀∕𝑝

⋅
[

E|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
](𝑝−𝜀)∕𝑝

𝑑𝑠

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤𝐶E∫

𝑡

0
|

|

𝛯 𝑖(𝑠)|
|

𝑝 𝑑𝑠 + 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

[

E|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
](𝑝−𝜀)∕𝑝

𝑑𝑠

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

By Assumption 2.5, BDG’s inequality, Young’s inequality and Hölder’s inequality, we derive that

E
[

sup
0≤𝑠≤𝑡

𝐽 𝑖3(𝑠)
]

≤𝐶E
[

∫

𝑡

0
|𝛯 𝑖(𝑠)|2𝑝−2

|

|

|

|

𝛽
(

𝛤 (𝛶 𝑖𝑠 ),L𝛤 (𝛶 𝑖𝑠 )
)

− 𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

]1∕2

≤1
2
E
(

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝
)

+ 𝐶E

[

∫

𝑡

0

[𝑟−1
∑

𝑣=1
|𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)|

2

+ 𝑈2
2 (𝛶

𝑖(𝑠 − 𝜌), 𝛶 𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|2 +
𝑟
∑

𝑣=1
W2

2(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

]𝑝∕2

≤1
2
E
(

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝
)

+ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

[

E|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
](𝑝−𝜀)∕𝑝

𝑑𝑠 + 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

Thanks to Gronwall’s inequality, we have

E
(

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝
)

≤𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

[

E|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
](𝑝−𝜀)∕𝑝

𝑑𝑠

+ 𝐶E∫

𝑡 𝑟
∑

W𝑝
𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.
9

0 𝑣=1
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S

Therefore, we get from Assumption 2.6 and the technique in the estimation of 𝐽 𝑖1(𝑡) + 𝐽
𝑖
2(𝑡) that

E
(

sup
0≤𝑠≤𝑡

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶E
(

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝
)

+ 𝐶E
(

sup
0≤𝑠≤𝑡

|𝐷(𝛶 𝑖(𝑠 − 𝜌)) −𝐷(𝛶 𝑖,𝑁 (𝑠 − 𝜌))|𝑝
)

≤𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶
[

E
(

sup
0≤𝑢≤𝑡

|𝛶 𝑖(𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑝
)](𝑝−𝜀)∕𝑝

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

Using Gronwall’s inequality again yields that

E
(

sup
0≤𝑢≤𝑡

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤𝐶
[

E
(

sup
0≤𝑢≤𝑡

|𝛶 𝑖(𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑝
)](𝑝−𝜀)∕𝑝

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

(3.3)

For 𝑢 ∈ [0, 𝜌], we get from (3.3) that

E

(

sup
0≤𝑢≤𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤ 𝐶E∫

𝜌

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

To deal with the Wasserstein distance, for 𝑣 ∈ S𝑟 and 𝑡 ∈ [0, 𝑇 ], we give the definition L𝛶 ∗,𝑁 (𝑡+�̄�𝑣)(⋅) by

L𝛶 ∗,𝑁 (𝑡+�̄�𝑣)(⋅) =
1
𝑁

𝑁
∑

𝑗=1
𝛿𝛶 𝑗 (𝑡+�̄�𝑣)(⋅).

One can observe that, for 𝑣 ∈ S𝑟 and 𝑠 ∈ [0, 𝜌],

W𝑝
𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))

≤ 𝐶W𝑝
𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣)) +W𝑝

𝑝(L𝛶 ∗,𝑁 (𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))

≤ 𝐶W𝑝
𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣)) + 𝐶

1
𝑁

𝑁
∑

𝑗=1

|

|

|

𝛶 𝑗 (𝑠 + �̄�𝑣) − 𝛶 𝑗,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
.

ince all 𝑗 are identically distributed, we have

E

(

1
𝑁

𝑁
∑

𝑗=1

|

|

|

𝛶 𝑗 (𝑠 + �̄�𝑣) − 𝛶 𝑗,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
)

= E |

|

|

𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
.

Thus,

E

(

sup
0≤𝑢≤𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤ 𝐶E∫

𝜌

0

𝑟
∑

𝑣=1

|

|

|

𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
𝑑𝑠 + 𝐶E∫

𝜌

0
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶 ∫

𝜌

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶E∫

𝜌

0
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

Applying Gronwall’s inequality and Corollary 2.3 yields that

E

(

sup
0≤𝑢≤𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤𝐶
⎧

⎪

⎨

⎪

𝑁−1∕2, if 𝑝 > 𝑑∕2,

𝑁−1∕2 log(1 +𝑁), if 𝑝 = 𝑑∕2,
−𝑝∕𝑑
10

⎩𝑁 , if 2 ≤ 𝑝 < 𝑑∕2.
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F

o

For 𝑢 ∈ [0, 2𝜌], using Hölder’s inequality and (3.3) gives that

E

(

sup
0≤𝑢≤2𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤ 𝐶

[

E

(

sup
0≤𝑢≤2𝜌

|𝛶 𝑖(𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑝
)](𝑝−𝜀)∕𝑝

+ 𝐶E∫

2𝜌

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶

[

E

(

sup
0≤𝑢≤𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)](𝑝−𝜀)∕𝑝

+ 𝐶E∫

2𝜌

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠

+ 𝐶 ∫

2𝜌

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠.

The Gronwall inequality means that

E

(

sup
0≤𝑢≤2𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤ 𝐶

[

E

(

sup
0≤𝑢≤𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)](𝑝−𝜀)∕𝑝

𝑑𝑠 + 𝐶E∫

2𝜌

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)(𝑝−𝜀)∕𝑝, if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)](𝑝−𝜀)∕𝑝, if 𝑝 = 𝑑∕2,

(𝑁−𝑝∕𝑑 )(𝑝−𝜀)∕𝑝, if 2 ≤ 𝑝 < 𝑑∕2.

or 𝑢 ∈ [0, 3𝜌], we can similarly get that

E

(

sup
0≤𝑢≤3𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

≤ 𝐶

[

E

(

sup
0≤𝑢≤2𝜌

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)](𝑝−𝜀)∕𝑝

𝑑𝑠 + 𝐶E∫

3𝜌

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(𝑁−1∕2)(
𝑝−𝜀
𝑝 )2 , if 𝑝 > 𝑑∕2,

[𝑁−1∕2 log(1 +𝑁)](
𝑝−𝜀
𝑝 )2 , if 𝑝 = 𝑑∕2,

(𝑁−𝑝∕𝑑 )(
𝑝−𝜀
𝑝 )2 , if 2 ≤ 𝑝 < 𝑑∕2.

Repeating the same procedures, we obtain that

E
⎛

⎜

⎜

⎝

sup
0≤𝑢≤[(⌊ 𝑇𝜌 ⌋+1)𝜌]

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
⎞

⎟

⎟

⎠

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑇 ,𝜌,𝑝 , if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)]𝜆𝑇 ,𝜌,𝑝 , if 𝑝 = 𝑑∕2,

(𝑁−𝑝∕𝑑 )𝜆𝑇 ,𝜌,𝑝 , if 2 ≤ 𝑝 < 𝑑∕2,

where 𝜆𝑇 ,𝜌,𝑝 =
(

𝑝−𝜀
𝑝

)

⌊

𝑇
𝜌 ⌋ for 𝜀 ∈ (0, 1]. □

Remark 3. From Theorem 3.1, we know that the value of 𝜀 influences the rate of convergence of 𝛶 𝑖,𝑁 (⋅) to 𝛶 𝑖(⋅). If the value of 𝜀 is
close to 0, the convergence rate will become larger but �̄� needs to be relatively large to make (𝑙𝑈𝑝+ 𝜀)𝑝 < 𝜀�̄� hold. On the contrary,
if the value of 𝜀 is close to 1, the requirement for �̄� is not strict but the convergence rate will become smaller.

If we impose stronger conditions on delay components, the following theorem reveals the corresponding propagation of chaos.

Theorem 3.2. Let Assumptions 2.4–2.6 hold with 𝑈2(𝑥𝑟, 𝑦𝑟) = 1, 𝐾3𝑈3(𝑥𝑟, 𝑦𝑟) = 𝐾𝐷 ∈ (0, 1). Then there exists a constant 𝐶 independent
f 𝑁 such that, for any 𝑖 ∈ S𝑁 and 2 ≤ 𝑝 < �̄�,

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖(𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

𝑁−1∕2 +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 > 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−1∕2 log(1 +𝑁) +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 = 𝑑∕2 and �̄� ≠ 2𝑝,
−𝑝∕𝑑 −(�̄�−𝑝)∕�̄�
11

⎩
𝑁 +𝑁 , if 2 ≤ 𝑝 < 𝑑∕2.
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Proof. Let the notations in this proof be the same as these in Theorem 3.1. We only show the main differences of the proof but
omit the same procedures. From the proof of Theorem 3.1, we know that

E
[

sup
0≤𝑠≤𝑡

(𝐽 𝑖1(𝑠) + 𝐽
𝑖
2(𝑠))

]

≤𝐶E∫

𝑡

0
|

|

𝛯 𝑖(𝑠)|
|

𝑝−2
𝑟
∑

𝑣=1

[

|𝛶 𝑖(𝑠 + �̄�𝑣) − 𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣)|
2 +W2

2(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))
]

𝑑𝑠

≤𝐶 ∫

𝑡

0
E|𝛯 𝑖(𝑠)|𝑝𝑑𝑠 + 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

This result with the estimation of 𝐽 𝑖3(𝑡) in the proof of Theorem 3.1 gives that

E
(

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝
)

≤𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠,
(3.4)

where the Gronwall inequality has been used. Recall the elementary inequality

|𝑎 + 𝑏|𝑝 ≤ 1
𝐾𝑝−1
𝐷

|𝑎|𝑝 + 1
(1 −𝐾𝐷)𝑝−1

|𝑏|𝑝, (3.5)

for 𝑝 ≥ 2, 0 < 𝐾𝐷 < 1 and 𝑎, 𝑏 ∈ R𝑑 . For any 𝑡 ∈ [0, 𝑇 ], using (3.5) and Assumption 2.6 leads to

|𝛶 𝑖(𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝

= |

|

|

𝛯 𝑖(𝑠) +𝐷(𝛶 𝑖(𝑡 − 𝜌)) −𝐷(𝛶 𝑖,𝑁 (𝑡 − 𝜌))||
|

𝑝

≤ 1
𝐾𝑝−1
𝐷

|

|

|

𝐷(𝛶 𝑖(𝑡 − 𝜌)) −𝐷(𝛶 𝑖,𝑁 (𝑡 − 𝜌))||
|

𝑝
+ 1

(1 −𝐾𝐷)𝑝−1
|𝛯 𝑖(𝑠)|𝑝

≤𝐾𝐷
|

|

|

𝛶 𝑖(𝑡 − 𝜌) − 𝛶 𝑖,𝑁 (𝑡 − 𝜌)||
|

𝑝
+ 1

(1 −𝐾𝐷)𝑝−1
|𝛯 𝑖(𝑠)|𝑝.

Thus,

sup
0≤𝑠≤𝑡

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝

≤𝐾𝐷 sup
0≤𝑠≤𝑡

|

|

|

𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)||
|

𝑝
+ 1

(1 −𝐾𝐷)𝑝−1
sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝

≤ 1
(1 −𝐾𝐷)𝑝

sup
0≤𝑠≤𝑡

|𝛯 𝑖(𝑠)|𝑝.

By the above inequality, (3.4), Gronwall’s inequality and the technique in the proof of Theorem 3.1, we have

E
(

sup
0≤𝑠≤𝑡

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖(𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠.

Applying the Gronwall inequality and Theorem 2.2 leads to

E
(

sup
0≤𝑠≤𝑡

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1
W𝑝

𝑝(L𝛶 𝑖(𝑠+�̄�𝑣),L𝛶 ∗,𝑁 (𝑠+�̄�𝑣))𝑑𝑠

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

𝑁−1∕2 +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 > 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−1∕2 log(1 +𝑁) +𝑁−(�̄�−𝑝)∕�̄�, if 𝑝 = 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−𝑝∕𝑑 +𝑁−(�̄�−𝑝)∕�̄�, if 2 ≤ 𝑝 < 𝑑∕2.

□

Remark 4. By comparing Theorems 3.1 and 3.2, we can find that: to relax the constraints of the delay term and neutral term, we
introduce the functions 𝑈2(⋅, ⋅) and 𝑈3(⋅, ⋅), which makes the convergence rate of 𝛶 𝑖,𝑁 (⋅) to 𝛶 𝑖(⋅) less ideal.

𝑝

12

Remark 5. The techniques in Theorems 3.1 and 3.2 can be used in the theory about the propagation of chaos in  sense.
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4. Numerical scheme for NMSMVEs

In this section, we establish the tamed EM scheme for superlinear NMSMVE. Firstly, the moment boundedness of the numerical
olution is analyzed. Then the strong convergence rate is obtained by using propagation of chaos. To investigate the tamed EM
cheme for (3.2), for 𝛥 ∈ (0, 1) and 𝛾 ∈ (0, 1∕2], define

𝛼𝛥(𝛤 (𝜑),L𝛤 (𝜑)) =
𝛼(𝛤 (𝜑),L𝛤 (𝜑))

1 + 𝛥𝛾 |𝛼(𝛤 (𝜑),L𝛤 (𝜑))|
, (4.1)

where 𝛤 (𝜑) ∈ (R𝑑 )𝑟, L𝛤 (𝜑) ∈ (2(R𝑑 ))𝑟. Assume that there exist two positive integers 𝑀 and 𝑀𝑇 such that 𝛥 = 𝜌
𝑀 = 𝑇

𝑀𝑇
and other

positive integers �̄�2, �̄�3,… , �̄�𝑟−1 such that −�̄�2
�̄�2

= −�̄�3
�̄�3

= ⋯ = −�̄�𝑟−1
�̄�𝑟−1

= 𝛥. Set 𝑡𝑘 = 𝑘𝛥, 𝑘 = −𝑀,… , 0, 1,… ,𝑀𝑇 . Define the tamed EM
scheme as:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑍𝑖,𝑁 (𝑡𝑘) = 𝜉𝑖(𝑡𝑘), 𝑘 = −𝑀,−𝑀 + 1,… , 0,

𝑍𝑖,𝑁 (𝑡𝑘+1) −𝐷(𝑍 𝑖,𝑁 (𝑡𝑘+1−𝑀 )) = 𝑍 𝑖,𝑁 (𝑡𝑘) −𝐷(𝑍𝑖,𝑁 (𝑡𝑘−𝑀 )) + 𝛼𝛥(𝛤 (𝑍
𝑖,𝑁
𝑡𝑘

),L𝛤 (𝑍𝑁𝑡𝑘 )
)𝛥

+ 𝛽(𝛤 (𝑍 𝑖,𝑁
𝑡𝑘

),L𝛤 (𝑍𝑁𝑡𝑘 )
)𝛥𝐵𝑖𝑘, 𝑘 = 0, 1,… ,𝑀𝑇 − 1,

where

𝛥𝐵𝑖𝑘 = 𝐵𝑖(𝑡𝑘+1) − 𝐵𝑖(𝑡𝑘),

𝛤 (𝑍𝑖,𝑁
𝑡𝑘

) =
(

𝑍 𝑖,𝑁 (𝑡𝑘), 𝑍𝑖,𝑁 (𝑡𝑘−�̄�2 ),… , 𝑍𝑖,𝑁 (𝑡𝑘−𝑀 )
)

,

L𝛤 (𝑍𝑁𝑡𝑘 )
=
(

L𝑍𝑁 (𝑡𝑘),L𝑍𝑁 (𝑡𝑘−�̄�2 )
,… ,L𝑍𝑁 (𝑡𝑘−𝑀 )

)

,

and

L𝑍𝑁 (𝑡𝑘−�̄�𝑣 )
(⋅) = 1

𝑁

𝑁
∑

𝑗=1
𝛿𝑍𝑗,𝑁 (𝑡𝑘−�̄�𝑣 )

(⋅), 𝑣 ∈ S𝑟.

Remark 6. In this discrete-time numerical scheme, we use
(

𝑍 𝑖,𝑁 (𝑡𝑘), 𝑍𝑖,𝑁 (𝑡𝑘−�̄�2 ),… , 𝑍𝑖,𝑁 (𝑡𝑘−𝑀 )
)

to approximate
𝛶 𝑖,𝑁 (𝑡𝑘), 𝛶 𝑖,𝑁 (𝑡𝑘−�̄�2 ),… , 𝛶 𝑖,𝑁 (𝑡𝑘−𝑀 )

)

for any 𝑖 ∈ S𝑁 . This can be achieved in the numerical simulation. The reason is that: for
the largest delay constant 𝜌, we have assumed that there exist a positive integer 𝑀 such that 𝛥 = 𝜌

𝑀 , which means that there exist
𝑀 − 1 time grids to divide the delay interval into 𝑀 parts. Then other delays may be at these time grids, otherwise, we can make

larger to achieve this goal. Ideally, we have −�̄�2
�̄�2

= −�̄�3
�̄�3

= ⋯ = −�̄�𝑟−1
�̄�𝑟−1

= 𝜌
𝑀 = 𝛥 for the most appropriate 𝑀 .

The continuous-time step process numerical solution on 𝑡 ∈ [−𝜌, 𝑇 ] is defined by

𝑍 𝑖,𝑁 (𝑡) =
𝑀𝑇
∑

𝑘=−𝑀
𝑍 𝑖,𝑁 (𝑡𝑘)I[𝑡𝑘 ,𝑡𝑘+1)(𝑡).

For 𝑡 ∈ [0, 𝑇 ], the continuous-sample numerical scheme is defined by

�̄� 𝑖,𝑁 (𝑡) −𝐷(�̄� 𝑖,𝑁 (𝑡 − 𝜌))

= 𝜉𝑖(0) −𝐷(𝜉𝑖(−𝜌)) + ∫

𝑡

0
𝛼𝛥(𝛤 (𝑍 𝑖,𝑁

𝑠 ),L𝛤 (𝑍𝑁𝑠 ))𝑑𝑠 + ∫

𝑡

0
𝛽(𝛤 (𝑍 𝑖,𝑁

𝑠 ),L𝛤 (𝑍𝑁𝑠 ))𝑑𝐵
𝑖(𝑠),

(4.2)

here 𝛤 (𝑍 𝑖,𝑁
𝑡 ) = 𝛤 (𝑍 𝑖,𝑁

𝑡𝑘
) for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) and L𝛤 (𝑍𝑁𝑡 )(⋅) =

1
𝑁

∑𝑁
𝑗=1 𝛿𝛤 (𝑍𝑗,𝑁𝑡 )(⋅). We can find that L𝛤 (𝑍𝑁𝑡 ) = L𝛤 (𝑍𝑁𝑡𝑘 )

for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1).
imilar to [28,29], we know that �̄� 𝑖,𝑁 (𝑡𝑘) = 𝑍𝑖,𝑁 (𝑡𝑘) = 𝑍 𝑖,𝑁 (𝑡) for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). We get from (4.1) that

|𝛼𝛥(𝛤 (𝜑),L𝛤 (𝜑))| ≤ 𝛥−𝛾 ∧ |𝛼(𝛤 (𝜑),L𝛤 (𝜑))|, (4.3)

or any 𝛤 (𝜑) ∈ (R𝑑 )𝑟, L𝛤 (𝜑) ∈ (2(R𝑑 ))𝑟. By (2.5), we derive that

(𝑥1 −𝐷(𝑥𝑟))𝑇 𝛼𝛥(𝑥(𝑟), 𝜇(𝑟)) ≤ 𝐶

[

1 +
𝑟−1
∑

𝑖=1
|𝑥𝑖|

2 + 𝑈2
2 (𝑥𝑟, 0)|𝑥𝑟|

2 +
𝑟
∑

𝑖=1
2

2 (𝜇𝑖)

]

, (4.4)

or any 𝑥(𝑟) ∈ (R𝑑 )𝑟 and 𝜇(𝑟) ∈ (2(R𝑑 ))𝑟. For simplicity, define 𝑡𝛥 = ⌊

𝑡
𝛥 ⌋𝛥 for any 𝑡 ∈ [−𝜌, 𝑇 ].

Lemma 4.1. Let Assumptions 2.4–2.6 hold. Then for any �̃� > 0, we have

max sup sup E|�̄�𝑖,𝑁 (𝑡)|�̃� ≤ 𝐶, ∀𝑇 > 0.
13

𝑖∈S𝑁 0<𝛥≤1 0≤𝑡≤𝑇



Journal of Computational and Applied Mathematics 441 (2024) 115682S. Gao et al.
Proof. Let �̃� ≥ 4 first. Applying Itô’s formula gives that

|

|

|

�̄� 𝑖,𝑁 (𝑡) −𝐷(�̄�𝑖,𝑁 (𝑡 − 𝜌))||
|

�̃�
− |

|

𝜉𝑖(0) −𝐷(𝜉𝑖(−𝜌))|
|

�̃�

≤ �̃�∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2 (
�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))

)𝑇 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝑠

+
�̃�(�̃� − 1)

2 ∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2 |
|

|

|

𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

+ �̃�∫

𝑡

0
|�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))|�̃�−2(�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌)))𝑇 𝛽

(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝐵𝑖(𝑠)

=∶ 𝑄𝑖,𝑁1 (𝑡) +𝑄𝑖,𝑁2 (𝑡) +𝑄𝑖,𝑁3 (𝑡).

Moreover,

𝑄𝑖,𝑁1 (𝑡)

= 𝐶 ∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2

⋅
(

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌)) −𝑍 𝑖,𝑁 (𝑠) +𝐷(𝑍 𝑖,𝑁 (𝑠 − 𝜌))
)𝑇 𝛼𝛥

(

𝛤 (𝑍𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2 (
𝑍 𝑖,𝑁 (𝑠) −𝐷(𝑍 𝑖,𝑁 (𝑠 − 𝜌))

)𝑇 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝑠.

=∶ 𝑄𝑖,𝑁11 (𝑡) +𝑄𝑖,𝑁12 (𝑡).

By (4.2), Young’s inequality, Hölder’s inequality and Assumptions 2.4, 2.5, we have

E𝑄𝑖,𝑁11 (𝑡)

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2 |
|

|

|

|

∫

𝑠

𝑠𝛥
𝛼𝛥

(

𝛤 (𝑍 𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

𝑑𝑢

+∫

𝑠

𝑠𝛥
𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

𝑑𝐵𝑖(𝑢)
|

|

|

|

|

|

|

|

|

𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

𝑑𝑠.

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠

+ 𝐶𝛥−𝛾�̃�∕2E∫

𝑡

0

(

|

|

|

|

|

∫

𝑠

𝑠𝛥
𝛼𝛥

(

𝛤 (𝑍 𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

𝑑𝑢
|

|

|

|

|

�̃�∕2

+
|

|

|

|

|

∫

𝑠

𝑠𝛥
𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

𝑑𝐵𝑖(𝑢)
|

|

|

|

|

�̃�∕2)

𝑑𝑠

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠

+ 𝐶

(

𝛥(1∕2−𝛾)�̃� + 𝛥−𝛾�̃�∕2E∫

𝑡

0

|

|

|

|

|

∫

𝑠

𝑠𝛥
𝛽
(

𝛤 (𝑍𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

𝑑𝐵𝑖(𝑢)
|

|

|

|

|

�̃�∕2

𝑑𝑠

)

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠

+ 𝐶𝛥(1∕2−𝛾)�̃� + 𝐶𝛥−𝛾�̃�∕2 ∫

𝑡

0
E
(

∫

𝑠

𝑠𝛥

|

|

|

|

𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑢 ),L𝛤 (𝑍𝑁𝑢 )

)

|

|

|

|

2
𝑑𝑢

)�̃�∕4

𝑑𝑠

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠 + 𝐶𝛥(1∕2−𝛾)�̃�

+ 𝐶𝛥(1∕2−𝛾)�̃�∕2 ∫

𝑡

0
E

[

1 +
𝑟−1
∑

𝑣=1
|𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

�̃�∕2

+𝑈 �̃�∕2
2 (𝑍 𝑖,𝑁 (𝑠 − 𝜌), 0)|𝑍 𝑖,𝑁 (𝑠 − 𝜌)|�̃�∕2 +

𝑟
∑

𝑖=1
 �̃�∕2

2 (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠

+ 𝐶

(

1 + ∫

𝑡

0
E

[𝑟−1
∑

𝑣=1
|𝑍𝑖,𝑁 (𝑠 + �̄�𝑣)|

�̃� + |𝑍 𝑖,𝑁 (𝑠 − 𝜌)|(𝑙𝑈+1)�̃� +
𝑟
∑

𝑖=1
 �̃�
�̃� (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

)

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
𝑑𝑠 + 𝐶

(

1 + ∫

𝑡

0
sup
0≤𝑢≤𝑠

E |

|

|

�̄� 𝑖,𝑁 (𝑢)||
|

�̃�
𝑑𝑠

)

+ 𝐶
𝑡
E|𝑍𝑖,𝑁 (𝑠 − 𝜌)|(𝑙𝑈+1)�̃�𝑑𝑠.
14

∫0
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By Hölder’s inequality, Young’s inequality, (4.4) and Assumptions 2.4–2.6, one can see that

E
(

𝑄𝑖,𝑁12 (𝑡) +𝑄𝑖,𝑁2 (𝑡)
)

≤ 𝐶E∫

𝑡

0

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�−2

⋅

[

1 +
𝑟−1
∑

𝑣=1
|𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

2 +𝑈2
2 (𝑍

𝑖,𝑁 (𝑠 − 𝜌), 0)|𝑍 𝑖,𝑁 (𝑠 − 𝜌)|2 +
𝑟
∑

𝑖=1
2

2 (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶E∫

𝑡

0

[

1 + |𝑍 𝑖,𝑁 (𝑠)|�̃� + 𝑈 �̃�
3 (�̄�

𝑖,𝑁 (𝑠 − 𝜌), 0)|�̄� 𝑖,𝑁 (𝑠 − 𝜌)|�̃� +
𝑟−1
∑

𝑣=1
|𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

�̃�

+𝑈 �̃�
2 (𝑍

𝑖,𝑁 (𝑠 − 𝜌), 0)|𝑍 𝑖,𝑁 (𝑠 − 𝜌)|�̃� +
𝑟
∑

𝑣=1
 �̃�
�̃� (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶E∫

𝑡

0

[

1 + |𝑍 𝑖,𝑁 (𝑠)|�̃� + 𝑈2�̃�
3 (�̄� 𝑖,𝑁 (𝑠 − 𝜌), 0) + |�̄� 𝑖,𝑁 (𝑠 − 𝜌)|2�̃�

+
𝑟−1
∑

𝑣=1
|𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

�̃� + 𝑈2�̃�
2 (𝑍 𝑖,𝑁 (𝑠 − 𝜌), 0) + |𝑍 𝑖,𝑁 (𝑠 − 𝜌)|2�̃� +

𝑟
∑

𝑣=1
 �̃�
�̃� (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶 ∫

𝑡

0

[

1 + sup
0≤𝑢≤𝑠

E |

|

|

�̄� 𝑖,𝑁 (𝑢)||
|

�̃�
+ |�̄� 𝑖,𝑁 (𝑠 − 𝜌)|2�̃�𝑙𝑈 + |�̄� 𝑖,𝑁 (𝑠 − 𝜌)|2�̃�

+|𝑍 𝑖,𝑁 (𝑠 − 𝜌)|2�̃�𝑙𝑈 + |𝑍 𝑖,𝑁 (𝑠 − 𝜌)|2�̃�
]

𝑑𝑠

≤ 𝐶 ∫

𝑡

0

[

1 + sup
0≤𝑢≤𝑠

E |

|

|

�̄� 𝑖,𝑁 (𝑢)||
|

�̃�
]

𝑑𝑠 + 𝐶 ∫

𝑡

0
E
(

|�̄� 𝑖,𝑁 (𝑠 − 𝜌)|�̃�𝑙
∗
𝑈 +𝑍 𝑖,𝑁 (𝑠 − 𝜌)|�̃�𝑙

∗
𝑈
)

𝑑𝑠.

where 𝑙∗𝑈 = 2𝑙𝑈 + 2. Combining these inequalities with the Gronwall inequality leads to

sup
0≤𝑠≤𝑡

E |

|

|

�̄�𝑖,𝑁 (𝑠) −𝐷(�̄�𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�

≤ 𝐶
(

1 + ∫

𝑡

0
sup
0≤𝑢≤𝑠

E|�̄�𝑖,𝑁 (𝑢)|�̃�𝑑𝑠 + ∫

𝑡

0
E
(

|�̄�𝑖,𝑁 (𝑠 − 𝜌)|�̃�𝑙
∗
𝑈 +𝑍𝑖,𝑁 (𝑠 − 𝜌)|�̃�𝑙

∗
𝑈
)

𝑑𝑠
)

.

Thus, we can immediately get that

sup
0≤𝑠≤𝑡

E|�̄� 𝑖,𝑁 (𝑠)|�̃� ≤ 𝐶
(

sup
0≤𝑠≤𝑡

E |

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̃�
+ sup

0≤𝑠≤𝑡
E|𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))|�̃�

)

≤ 𝐶
(

1 + ∫

𝑡

0
sup
0≤𝑢≤𝑠

E|�̄� 𝑖,𝑁 (𝑢)|�̃�𝑑𝑠 + sup
0≤𝑠≤𝑡

E |

|

|

�̄� 𝑖,𝑁 (𝑠 − 𝜌)||
|

�̃�𝑙∗𝑈
)

.

Thanks to Gronwall’s inequality, one can see that

sup
0≤𝑠≤𝑡

E|�̄� 𝑖,𝑁 (𝑠)|�̃� ≤ 𝐶
(

1 + sup
0≤𝑠≤𝑡

E |

|

|

�̄� 𝑖,𝑁 (𝑠 − 𝜌)||
|

�̃�𝑙∗𝑈
)

.

By recalling the proof of Theorem 2.8, we can construct a finite sequence {�̃�1, �̃�2,… , �̃�𝑀𝑇 +1} such that �̃�𝑗+1𝑙∗𝑈 < �̃�𝑗 and �̃�𝑀𝑇 +1 = �̃�

for 𝑗 = 1, 2,… ,𝑀𝑇 + 1. Then using the same technique means the desired result when �̃� ≥ 4. The case when �̃� ∈ (0, 4) follows from
the Hölder inequality. □

Lemma 4.2. Let Assumptions 2.4–2.6 hold. Then for any �̄� ∈
[

2, �̃�
2𝑙𝑈+2

]

, we have

max sup E
(

sup |�̄� 𝑖,𝑁 (𝑡)|�̄�
)

≤ 𝐶, ∀𝑇 > 0.
15

𝑖∈N𝑁 0<𝛥≤1 0≤𝑡≤𝑇
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S

Proof. After analysis, we know that the key difference is to estimate E
(

sup0≤𝑠≤𝑡𝑄
𝑖,𝑁
3 (𝑠)

)

. Using BDG’s inequality, Young’s inequality
and Hölder’s inequality gives that

E
(

sup
0≤𝑠≤𝑡

𝑄𝑖,𝑁3 (𝑠)
)

≤ 𝐶E
[

∫

𝑡

0

|

|

|

�̄�𝑖,𝑁 (𝑠) −𝐷(�̄�𝑖,𝑁 (𝑠 − 𝜌))||
|

2�̄�−2 |
|

|

|

𝛽
(

𝛤 (𝑍𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

]1∕2

≤ 𝐶E

[

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�−1
(

∫

𝑡

0

|

|

|

|

𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

)1∕2]

≤ 1
2
E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�
)

+ 𝐶E

[

∫

𝑡

0

[

1 +
𝑟−1
∑

𝑣=1
|𝑍𝑖,𝑁 (𝑠 + �̄�𝑣)|

2 + 𝑈2
2 (𝑍

𝑖,𝑁 (𝑠 − 𝜌), 0)|𝑍 𝑖,𝑁 (𝑠 − 𝜌)|2 +
𝑟
∑

𝑖=1
2

2 (L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

]�̄�∕2

≤ 1
2
E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�
)

+ 𝐶 ∫

𝑡

0

(

1 + sup
0≤𝑢≤𝑠

E|�̄�𝑖,𝑁 (𝑢)|�̄� + sup
0≤𝑢≤𝑠

E|�̄� 𝑖,𝑁 (𝑢)|(𝑙𝑈+1)�̄�
)

𝑑𝑠

≤ 1
2
E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�
)

+ 𝐶.

Then by the results in the proof of Lemma 4.1, we derive that

E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�
)

≤ 𝐶 + 𝐶 ∫

𝑡

0
sup
0≤𝑢≤𝑠

E|�̄� 𝑖,𝑁 (𝑢)|�̄�𝑑𝑠 + 𝐶 ∫

𝑡

0
sup
0≤𝑢≤𝑠

E|�̄� 𝑖,𝑁 (𝑢 − 𝜌)|�̄�𝑙
∗
𝑈 𝑑𝑠 ≤ 𝐶,

where �̄�𝑙∗𝑈 ≤ �̃� has been used. Thus, we derive that

E
(

sup
0≤𝑠≤𝑡

|�̄�𝑖,𝑁 (𝑠)|�̄�
)

≤ 𝐶E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄�𝑖,𝑁 (𝑠) −𝐷(�̄�𝑖,𝑁 (𝑠 − 𝜌))||
|

�̄�
)

+ 𝐶E
(

sup
0≤𝑠≤𝑡

|𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))|�̄�
)

≤ 𝐶 + 𝐶E
(

sup
0≤𝑠≤𝑡

|

|

|

�̄� 𝑖,𝑁 (𝑠 − 𝜌)||
|

�̄�𝑙∗𝑈
)

.

imilar to the last part in the proof of Lemma 4.1, we get the desired result. □

Lemma 4.3. Let Assumptions 2.4–2.6 hold. Then for any �̂� ∈ [2, �̄�
2𝑙𝑈+2

], it holds that

max
𝑖∈N𝑁

E

(

sup
0≤𝑘≤𝑀𝑇

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄� 𝑖,𝑁 (𝑡) −𝑍𝑖,𝑁 (𝑡)|�̂�
)

≤ 𝐶𝛥�̂�∕2.

Proof. By (4.2), for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), we have

�̄� 𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡) = 𝐷(�̄� 𝑖,𝑁 (𝑡 − 𝜌)) −𝐷(𝑍 𝑖,𝑁 (𝑡 − 𝜌)) + 𝜓(𝑡),

where 𝜓(𝑡) ∶= ∫ 𝑡𝑡𝑘 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝑠+ ∫ 𝑡𝑡𝑘 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝐵𝑖(𝑠). By Assumption 2.5, Lemma 4.2 and (4.3), we derive that

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|𝜓(𝑡)|�̂�
)

≤ 2�̂�−1E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|

|

|

|

|

∫

𝑡

𝑡𝑘
𝛼𝛥

(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝑠
|

|

|

|

|

�̂�)

+ 2�̂�−1E

(

sup
|

|

|

|∫

𝑡
𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

𝑑𝐵𝑖(𝑠)
|

|

|

|

�̂�)
16

𝑡𝑘≤𝑡≤𝑡𝑘+1
|

𝑡𝑘 |
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T

D

O

W
t

F

≤ 𝐶𝛥(1−𝛾)�̂� + 𝐶E

[

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|

|

|

|

|

𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑡𝑘

),L𝛤 (𝑍𝑁𝑡𝑘 )

)

(

𝐵𝑖(𝑡) − 𝐵𝑖(𝑡𝑘)
)

|

|

|

|

|

�̂�]

≤ 𝐶𝛥(1−𝛾)�̂� + 𝐶𝛥�̂�∕2E

(

1 +
𝑟−1
∑

𝑣=1
|𝑍 𝑖,𝑁 (𝑡𝑘−�̄�𝑣 )|

�̂� + 𝑈 �̂�
2 (𝑍

𝑖,𝑁 (𝑡𝑘−𝑀 ), 0)|𝑍𝑖,𝑁 (𝑡𝑘−𝑀 )|�̂� +
𝑟
∑

𝑣=1
 �̂�

2 (L𝑍𝑁 (𝑡𝑘−�̄�𝑣 )
)

)

≤ 𝐶𝛥�̂�∕2.

hus, using Assumption 2.6 means that

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄�𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|�̂�
)

≤ 𝐶E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|𝐷(�̄� 𝑖,𝑁 (𝑡 − 𝜌)) −𝐷(𝑍 𝑖,𝑁 (𝑡 − 𝜌))|�̂�
)

+ 𝐶E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|𝜓(𝑡)|�̂�
)

≤ 𝐶

[

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

𝑈2�̂�
3 (�̄� 𝑖,𝑁 (𝑡 − 𝜌), 𝑍𝑖,𝑁 (𝑡 − 𝜌))

)]1∕2 [

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄� 𝑖,𝑁 (𝑡 − 𝜌) −𝑍 𝑖,𝑁 (𝑡 − 𝜌)|2�̂�
)]1∕2

+ 𝐶𝛥�̂�∕2

≤ 𝐶𝛥�̂�∕2 + 𝐶

[

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄� 𝑖,𝑁 (𝑡 − 𝜌) −𝑍 𝑖,𝑁 (𝑡 − 𝜌)|2�̂�
)]1∕2

.

(4.5)

efine

�̂�𝑗 = (𝑀𝑇 + 2 − 𝑗)�̂�2𝑀𝑇 +1−𝑗 , 𝑗 = 1, 2,… ,𝑀𝑇 + 1.

ne can observe that

2�̂�𝑗+1 < �̂�𝑗 and �̂�𝑀𝑇 +1 = �̂�, 𝑗 = 1, 2,… ,𝑀𝑇 + 1.

e only discuss the case when 𝑇 > 𝜌 (i.e., 𝑀𝑇 > 𝑀), otherwise, the result is immediately obtained. For 0 ≤ 𝑘 ≤𝑀 − 1, (4.5) leads
o

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄�𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|�̂�1
)

≤ 𝐶𝛥�̂�1∕2. (4.6)

or 𝑀 ≤ 𝑘 ≤ 2𝑀 − 1, combining (4.5) and (4.6) with the Hölder inequality gives that

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄� 𝑖,𝑁 (𝑡) −𝑍𝑖,𝑁 (𝑡)|�̂�2
)

≤ 𝐶𝛥�̂�2∕2 + 𝐶

[

E

(

sup
𝑡𝑘≤𝑡≤𝑡𝑘+1

|�̄� 𝑖,𝑁 (𝑡 − 𝜌) −𝑍 𝑖,𝑁 (𝑡 − 𝜌)|�̂�1
)]�̂�2∕�̂�1

≤ 𝐶𝛥�̂�2∕2.

The desired result is obtained by induction. □

Theorem 4.4. Let Assumptions 2.4–2.6 hold. Then, for any 𝑝 ∈
[

2, �̄�
(

�̂�
�̄�+�̂�𝑙1

∧ 1
2(𝑙𝑈+1)

)]

and 4𝑙𝑈 + 4 ≤ (2𝑙𝑈 + 2)�̂� ≤ �̄�, we have

max
𝑖∈N𝑁

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖,𝑁 (𝑡) − �̄� 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶𝛥𝛾𝑝, ∀𝑇 > 0, (4.7)

and

max
𝑖∈N𝑁

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶𝛥𝛾𝑝, ∀𝑇 > 0. (4.8)

Proof. For any 𝑖 ∈ S𝑁 and 𝑡 ∈ [0, 𝑇 ], set

𝑖,𝑁 𝑖,𝑁 ̄ 𝑖,𝑁 𝑖,𝑁 ̄ 𝑖,𝑁
17

𝛩 (𝑡) = 𝛶 (𝑡) −𝑍 (𝑡) −𝐷(𝛶 (𝑡 − 𝜌)) +𝐷(𝑍 (𝑡 − 𝜌)).
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Application of Itô’s formula yields that

|𝛩𝑖,𝑁 (𝑡)|𝑝

≤𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛼
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝑠

+
𝑝(𝑝 − 1)

2 ∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2

|

|

|

|

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝐵𝑖(𝑠)

≤𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛼
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛼
(

𝛤 (�̄� 𝑖,𝑁
𝑠 ),L𝛤 (�̄�𝑁𝑠 )

)]

𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛼
(

𝛤 (�̄� 𝑖,𝑁
𝑠 ),L𝛤 (�̄�𝑁𝑠 )

)

− 𝛼
(

𝛤 (�̄� 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛼
(

𝛤 (�̄� 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

− 𝛼
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇 ⋅

[

𝛼
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

− 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝑠

+
𝑝(𝑝 − 1)

2 ∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2

|

|

|

|

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

+ 𝑝∫

𝑡

0
|𝛩𝑖,𝑁 (𝑠)|𝑝−2(𝛩𝑖,𝑁 (𝑠))𝑇

[

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)]

𝑑𝐵𝑖(𝑠)

=∶𝐴𝑖,𝑁1 (𝑡) + 𝐴𝑖,𝑁2 (𝑡) + 𝐴𝑖,𝑁3 (𝑡) + 𝐴𝑖,𝑁4 (𝑡) + 𝐴𝑖,𝑁5 (𝑡) + 𝐴𝑖,𝑁6 (𝑡).

Using Lemma 4.2, Young’s inequality and Assumption 2.4, we have

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁1 (𝑠)
)

≤ 𝐶E∫

𝑡

0

(

|

|

|

𝛶 𝑖,𝑁 (𝑠) − �̄� 𝑖,𝑁 (𝑠)||
|

𝑝−2
+ |

|

|

𝐷(𝛶 𝑖,𝑁 (𝑠 − 𝜌)) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

𝑝−2
)

⋅

[𝑟−1
∑

𝑣=1
|𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣) − �̄� 𝑖,𝑁 (𝑠 + �̄�𝑣)|

2

+ 𝑈2
2 (𝛶

𝑖,𝑁 (𝑠 − 𝜌), �̄� 𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2 +
𝑟
∑

𝑣=1
W2

2(L𝛶𝑁 (𝑠+�̄�𝑣),L�̄�𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶E∫

𝑡

0

[𝑟−1
∑

𝑣=1
|𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣) − �̄� 𝑖,𝑁 (𝑠 + �̄�𝑣)|

𝑝

+
[

𝑈2(𝛶 𝑖,𝑁 (𝑠 − 𝜌), �̄� 𝑖,𝑁 (𝑠 − 𝜌)) ∨ 𝑈3(𝛶 𝑖,𝑁 (𝑠 − 𝜌), �̄� 𝑖,𝑁 (𝑠 − 𝜌))
]𝑝

⋅ |𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄�𝑖,𝑁 (𝑠 − 𝜌)|𝑝 +
𝑟
∑

𝑣=1
W2

2(L𝛶𝑁 (𝑠+�̄�𝑣),L�̄�𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖,𝑁 (𝑢) − �̄� 𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶 ∫

𝑡

0

(

E |

|

|

𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)||
|

2𝑝
)1∕2

𝑑𝑠

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1

1
𝑁

𝑁
∑

𝑗=1

|

|

|

𝛶 𝑗,𝑁 (𝑠 + �̄�𝑣) − �̄�𝑗,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
𝑑𝑠

≤ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|𝛶 𝑖,𝑁 (𝑢) − �̄�𝑖,𝑁 (𝑢)|𝑝
)

𝑑𝑠 + 𝐶 ∫

𝑡

0

(

E |

|

|

𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)||
|

2𝑝
)1∕2

𝑑𝑠.

Applying Lemma 4.3 and Assumption 2.4 gives that

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁2 (𝑠)
)

≤ 𝐶E∫

𝑡
|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1 𝑟
∑

W2(L�̄�𝑁 (𝑠+�̄�𝑣),L𝑍𝑁 (𝑠+�̄�𝑣))𝑑𝑠
18

0 𝑣=1
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≤ 𝐶E

[

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1

∫

𝑡

0

𝑟
∑

𝑣=1
W2(L�̄�𝑁 (𝑠+�̄�𝑣),L𝑍𝑁 (𝑠+�̄�𝑣))𝑑𝑠

]

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E∫

𝑡

0

𝑟
∑

𝑣=1

1
𝑁

𝑁
∑

𝑗=1

|

|

|

�̄�𝑗,𝑁 (𝑠 + �̄�𝑣) −𝑍𝑗,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶𝛥
𝑝
2 .

By Lemma 4.2, Hölder’s inequality, Young’s inequality and Assumptions 2.4, 2.7, we derive that

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁3 (𝑠)
)

≤ 𝐶E∫

𝑡

0

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1 𝑟
∑

𝑣=1

[

𝑈1(�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣), 𝑍𝑖,𝑁 (𝑠 + �̄�𝑣))|�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|
]

𝑑𝑠

≤ 𝐶E

[

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1

∫

𝑡

0

𝑟
∑

𝑣=1

[

𝑈1(�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣), 𝑍𝑖,𝑁 (𝑠 + �̄�𝑣))|�̄�𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|
]

𝑑𝑠

]

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E

(

∫

𝑡

0

𝑟
∑

𝑣=1

[

𝑈1(�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣), 𝑍𝑖,𝑁 (𝑠 + �̄�𝑣))|�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|
]

𝑑𝑠

)𝑝

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶 ∫

𝑡

0

𝑟
∑

𝑣=1

[

E
(

1 + |�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣)|
𝑝𝑙1 + |𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

𝑝𝑙1
)

�̄�
𝑝𝑙1

]

𝑝𝑙1
�̄�

⋅

[

E
(

|�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|
𝑝
)

�̄�
�̄�−𝑝𝑙1

]

�̄�−𝑝𝑙1
�̄�

𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶 ∫

𝑡

0

[

E
(

sup
0≤𝑢≤𝑠

(|�̄� 𝑖,𝑁 (𝑢) −𝑍 𝑖,𝑁 (𝑢)|
𝑝�̄�

�̄�−𝑝𝑙1 )
)]

�̄�−𝑝𝑙1
�̄�

𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶𝛥
𝑝
2 .

By Assumption 2.4, Hölder’s inequality, Young’s inequality and (4.1), we get that

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁4 (𝑠)
)

≤ 𝐶E∫

𝑡

0

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1 |
|

|

|

𝛼
(

𝛤 (𝑍𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

− 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

𝑑𝑠

≤ 𝐶E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝−1

∫

𝑡

0

|

|

|

|

𝛼
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

− 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

𝑑𝑠
)

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E∫

𝑡

0

|

|

|

|

𝛼
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

− 𝛼𝛥
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

𝑝
𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶𝛥𝑝𝛾 ∫

𝑡

0
E

⎡

⎢

⎢

⎢

⎢

⎣

|

|

|

|

𝛼
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2𝑝

(

1 + 𝛥𝛾 |𝛼(𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 ))|

)𝑝

⎤

⎥

⎥

⎥

⎥

⎦

𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶𝛥𝑝𝛾 ∫

𝑡

0
E

(

1 +
𝑟
∑

𝑣=1

[

2(L𝑍𝑁 (𝑠+�̄�𝑣)) + 𝑈1(𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣), 0)|𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|
]

)2𝑝

𝑑𝑠

≤ 1E
(

sup |

|𝛩𝑖,𝑁 (𝑠)||
𝑝
)

+ 𝐶𝛥𝑝𝛾 .
19

5 0≤𝑠≤𝑡 | |
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Applying Young’s inequality, Hölder’s inequality, Assumptions 2.5–2.7 and the estimation of 𝐴𝑖,𝑁1 (𝑠) gives that

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁5 (𝑠)
)

≤ 𝐶E∫

𝑡

0

(

|

|

|

𝛶 𝑖,𝑁 (𝑠) − �̄� 𝑖,𝑁 (𝑠)||
|

𝑝−2
+ |

|

|

𝐷(𝛶 𝑖,𝑁 (𝑠 − 𝜌)) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

𝑝−2
)

⋅

[𝑟−1
∑

𝑣=1
|𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

2 + 𝑈2
2 (𝛶

𝑖,𝑁 (𝑠 − 𝜌), 𝑍𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖,𝑁 (𝑠 − 𝜌) −𝑍𝑖,𝑁 (𝑠 − 𝜌)|2

+
𝑟
∑

𝑣=1
W2

2(L𝛶𝑁 (𝑠+�̄�𝑣),L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶E∫

𝑡

0

[

|

|

|

𝛶 𝑖,𝑁 (𝑠) − �̄� 𝑖,𝑁 (𝑠)||
|

𝑝
+ 𝑈 𝑝

3 (𝛶
𝑖,𝑁 (𝑠 − 𝜌), �̄� 𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|𝑝

+
𝑟−1
∑

𝑣=1
|𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍𝑖,𝑁 (𝑠 + �̄�𝑣)|

𝑝 + 𝑈 𝑝
2 (𝛶

𝑖,𝑁 (𝑠 − 𝜌), 𝑍𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖,𝑁 (𝑠 − 𝜌) −𝑍 𝑖,𝑁 (𝑠 − 𝜌)|𝑝

+
𝑟
∑

𝑣=1
W𝑝

2(L𝛶𝑁 (𝑠+�̄�𝑣),L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|

|

|

𝛶 𝑖,𝑁 (𝑢) − �̄� 𝑖,𝑁 (𝑢)||
|

𝑝
)

𝑑𝑠 + 𝐶 ∫

𝑡

0

(

E|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)1∕2

𝑑𝑠

+ 𝐶 ∫

𝑡

0
E

( 𝑟
∑

𝑣=1

|

|

|

�̄� 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0
E

[ 𝑟
∑

𝑣=1

(

1
𝑁

𝑁
∑

𝑗=1

|

|

|

𝛶 𝑗,𝑁 (𝑠 + �̄�𝑣) −𝑍𝑗,𝑁 (𝑠 + �̄�𝑣)
|

|

|

𝑝
)]

𝑑𝑠

≤ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|

|

|

𝛶 𝑖,𝑁 (𝑢) − �̄�𝑖,𝑁 (𝑢)||
|

𝑝
)

𝑑𝑠 + 𝐶 ∫

𝑡

0

(

E|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)1∕2

𝑑𝑠 + 𝐶𝛥
𝑝
2 .

Similar to the estimation of 𝐴𝑖,𝑁5 (𝑡), using BDG’s inequality, Young’s inequality means that

E
(

sup
0≤𝑠≤𝑡

𝐴𝑖,𝑁6 (𝑠)
)

≤ 𝐶E
[

∫

𝑡

0

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

2𝑝−2 |
|

|

|

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

]1∕2

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E
[

∫

𝑡

0

|

|

|

|

𝛽
(

𝛤 (𝛶 𝑖,𝑁𝑠 ),L𝛤 (𝛶𝑁𝑠 )

)

− 𝛽
(

𝛤 (𝑍 𝑖,𝑁
𝑠 ),L𝛤 (𝑍𝑁𝑠 )

)

|

|

|

|

2
𝑑𝑠

]𝑝∕2

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E∫

𝑡

0

[𝑟−1
∑

𝑣=1
|𝛶 𝑖,𝑁 (𝑠 + �̄�𝑣) −𝑍 𝑖,𝑁 (𝑠 + �̄�𝑣)|

𝑝

+ 𝑈 𝑝
2 (𝛶

𝑖,𝑁 (𝑠 − 𝜌), 𝑍𝑖,𝑁 (𝑠 − 𝜌))|𝛶 𝑖,𝑁 (𝑠 − 𝜌) −𝑍 𝑖,𝑁 (𝑠 − 𝜌)|𝑝 +
𝑟
∑

𝑣=1
W𝑝

2(L𝛶𝑁 (𝑠+�̄�𝑣),L𝑍𝑁 (𝑠+�̄�𝑣))

]

𝑑𝑠

≤ 1
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶𝛥
𝑝
2 .

Combining these inequalities gives that

E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

≤ 4
5
E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶 ∫

𝑡

0
E
(

sup
0≤𝑢≤𝑠

|

|

|

𝛶 𝑖,𝑁 (𝑢) − �̄� 𝑖,𝑁 (𝑢)||
|

𝑝
)

𝑑𝑠

+ 𝐶 ∫

𝑡

0

(

E|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)1∕2

𝑑𝑠 + 𝐶𝛥𝑝𝛾 .

Therefore, using Assumption 2.6 yields that

E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛶 𝑖,𝑁 (𝑠) − �̄� 𝑖,𝑁 (𝑠)||
|

𝑝
)

≤ 𝐶E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛩𝑖,𝑁 (𝑠)||
|

𝑝
)

+ 𝐶E
(

sup
0≤𝑠≤𝑡

|

|

|

𝐷(𝛶 𝑖,𝑁 (𝑠 − 𝜌)) −𝐷(�̄� 𝑖,𝑁 (𝑠 − 𝜌))||
|

𝑝
)

≤ 𝐶
𝑡
E
(

sup |

|𝛶 𝑖,𝑁 (𝑢) − �̄� 𝑖,𝑁 (𝑢)||
𝑝
)

𝑑𝑠 + 𝐶
[

E
(

sup |𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)]1∕2

+ 𝐶𝛥𝑝𝛾 .
20

∫0 0≤𝑢≤𝑠 | | 0≤𝑠≤𝑡
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Thanks to Gronwall’s inequality, we have

E
(

sup
0≤𝑠≤𝑡

|

|

|

𝛶 𝑖,𝑁 (𝑠) − �̄� 𝑖,𝑁 (𝑠)||
|

𝑝
)

≤ 𝐶𝛥𝑝𝛾 + 𝐶
[

E
(

sup
0≤𝑠≤𝑡

|𝛶 𝑖,𝑁 (𝑠 − 𝜌) − �̄� 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)]1∕2

.

Define 𝑝𝑗 = (𝑀𝑇 + 2 − 𝑗)𝑝2𝑀𝑇 +1−𝑗 , 𝑗 = 1, 2,… ,𝑀𝑇 + 1. Applying the same technique in Lemma 4.3 gives the desired result (4.7).
Then (4.8) is obtained by Lemma 4.3 and (4.7) immediately. □

Remark 7. The optimal convergence rate is 1
2 , which can be obtained in Theorem 4.4 by choosing 𝛾 = 1

2 .

Theorem 4.5. Let all conditions in Theorems 3.1 and 4.4 hold. Then,

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖(𝑡) − �̄� 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑇 ,𝜌,𝑝 + 𝛥𝑝𝛾 , if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)]𝜆𝑇 ,𝜌,𝑝 + 𝛥𝑝𝛾 , if 𝑝 = 𝑑∕2,

(𝑁−𝑝∕𝑑 )𝜆𝑇 ,𝜌,𝑝 + 𝛥𝑝𝛾 , if 2 ≤ 𝑝 < 𝑑∕2,

here 𝜆𝑇 ,𝜌,𝑝 =
(

𝑝−𝜀
𝑝

)

⌊

𝑇
𝜌 ⌋.

The above theorem follows directly from Theorems 3.1 and 4.4.

heorem 4.6. Let all conditions in Theorems 3.2 and 4.4 hold. Then,

E
(

sup
0≤𝑡≤𝑇

|𝛶 𝑖(𝑡) − �̄� 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

𝑁−1∕2 +𝑁−(�̄�−𝑝)∕�̄� + 𝛥𝑝𝛾 , if 𝑝 > 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−1∕2 log(1 +𝑁) +𝑁−(�̄�−𝑝)∕�̄� + 𝛥𝑝𝛾 , if 𝑝 = 𝑑∕2 and �̄� ≠ 2𝑝,

𝑁−𝑝∕𝑑 +𝑁−(�̄�−𝑝)∕�̄� + 𝛥𝑝𝛾 , if 2 ≤ 𝑝 < 𝑑∕2.

The above theorem can be achieved easily by using Theorems 3.2 and 4.4.

5. Example

We would like to point out that our theory can cover the numerical example in [28]. Moreover, the delay component in our
results can be more general. In the following two examples, we can see that the neutral term is highly nonlinear and the constraint
of delay variable is general.

Example 5.1. Consider the scalar NMSMVE

𝑑[𝛶 (𝑡) + 𝛶 3(𝑡 − 2)]

= [−2𝛶 (𝑡) + 𝛶 (𝑡 − 0.25) − 2𝛶 5(𝑡 − 2) − ∫R
|𝛶 (𝑡) − 𝑦|L𝛶 (𝑡)(𝑑𝑦) + E𝛶 (𝑡 − 0.5)]𝑑𝑡

+ [𝛶 (𝑡) + 0.25𝛶 (𝑡 − 0.125) + E𝛶 (𝑡 − 0.5)]𝑑𝐵(𝑡),

(5.1)

with the initial data 𝜉(𝜃) = | sin (𝐵(𝜃 + 2))|, 𝜃 ∈ [−2, 0]. One can observe that 𝜌2 = 0.125, 𝜌3 = 0.25, 𝜌4 = 0.5, 𝜌5 = 2. All assumptions
are satisfied. We only check (2.3):

(𝑥1 + 𝑥35 − 𝑦1 − 𝑦
3
5)(−2𝑥1 + 𝑥3 − 2𝑥55 + 2𝑦1 − 𝑦3 + 2𝑦55)

= (𝑥1 − 𝑦1)(−2𝑥1 + 2𝑦1 + 𝑥3 − 𝑦3) + (𝑥1 − 𝑦1)(−2𝑥55 + 2𝑦55) + (𝑥35 − 𝑦
3
5)(−2𝑥1 + 2𝑦1 + 𝑥3 − 𝑦3)

+ (𝑥35 − 𝑦
3
5)(−2𝑥

5
5 + 2𝑦55)

≤ −2|𝑥1 − 𝑦1|
2 + 1

2
|𝑥1 − 𝑦1|

2 + 1
2
|𝑥3 − 𝑦3|

2 + 1
2
|𝑥1 − 𝑦1|

2 + 1
2
|𝑥5 − 𝑦5|

2
|𝑥45 + 𝑥

3
5𝑦5 + 𝑥

2
5𝑦

2
5 + 𝑥5𝑦

3
5 + 𝑦

4
5|

2

+ 1
2
|𝑥5 − 𝑦5|

2
|𝑥25 + 𝑥5𝑦5 + 𝑦

2
5|

2 + 4|𝑥1 − 𝑦1|
2 + |𝑥3 − 𝑦3|

2

+ |𝑥5 − 𝑦5|
2(𝑥25 + 𝑥5𝑦5 + 𝑦

2
5)(𝑥

4
5 + 𝑥

3
5𝑦5 + 𝑥

2
5𝑦

2
5 + 𝑥5𝑦

3
5 + 𝑦

4
5)

≤ 3|𝑥1 − 𝑦1|
2 + 3

2
|𝑥3 − 𝑦3|

2 + 25(1 + 𝑥85 + 𝑦
8
5)|𝑥5 − 𝑦5|

2.

Hence, Assumption 2.4 holds with 𝑈2(𝑥5, 𝑦5) = 1+𝑥45+𝑦
4
5. Thus, the NMSMVE (5.1) admits a unique strong solution. In the numerical

simulation, set 𝑇 = 4 and 𝑁 = 500. The numerical solution with 𝛥 = 2−12 is regarded as the true solution, since the true solution
cannot be expressed explicitly. We focus on the error between the numerical solution of tamed EM scheme and the interacting
particle system with 𝑁 = 500, which is defined by

𝑒𝑟𝑟 =

[

1
𝑁
∑

|𝑍 𝑖,𝑁
𝑢 (𝑇 ) −𝑍 𝑖,𝑁

𝑢𝑙
(𝑇 )|2

]

1
2

, (5.2)
21

𝑁 𝑖=1
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Fig. 1. Convergence rate of tamed EM scheme for (5.1).

where 𝑍 𝑖,𝑁
𝑢 (𝑇 ) is the numerical approximation to the tamed EM scheme of 𝑍𝑖,𝑁 at time 𝑇 with 𝛥 = 2−12 and 𝑍 𝑖,𝑁

𝑢𝑙 (𝑇 ) is the
umerical approximation of 𝑍 𝑖,𝑁 at time 𝑇 with the level of the time discretization 𝑢𝑙, and 𝑢𝑙 ∈ {𝑢1, 𝑢2, 𝑢3, 𝑢4} which matches
𝛥 ∈ {2−11, 2−10, 2−9, 2−8}. Let 𝛾 = 0.5 in the definition of 𝛼𝛥 (4.1), so

𝛼𝛥(𝛤 (𝑍
𝑖,𝑁
𝑡𝑘

),L𝛤 (𝑍𝑁𝑡𝑘 )
) =

𝛼∗𝛥,𝑘

1 + 𝛥0.5 ||
|

𝛼∗𝛥,𝑘
|

|

|

,

here

𝛼∗𝛥,𝑘 = −2𝑍 𝑖,𝑁 (𝑡𝑘) +𝑍 𝑖,𝑁 (𝑡𝑘− 𝜌3
𝛥
) − 2(𝑍 𝑖,𝑁 (𝑡𝑘− 𝜌5

𝛥
))5 − 1

𝑁

𝑁
∑

𝑗=1
|𝑍 𝑖,𝑁 (𝑡𝑘) −𝑍𝑗,𝑁 (𝑡𝑘)| +

1
𝑁

𝑁
∑

𝑗=1
𝑍𝑗,𝑁 (𝑡𝑘− 𝜌4

𝛥
).

After simulation, Fig. 1 gives the approximation error defined by (5.2) as the function of stepsize with the level of the time
discretization 𝑢𝑙 ∈ {𝑢1, 𝑢2, 𝑢3, 𝑢4}. From Fig. 1, we observe that the rate of convergence is about 0.5, which supports the finding.

xample 5.2. Consider the two-dimensional NMSMVE

𝑑

[

𝛶1(𝑡) + 2 sin(𝛶1(𝑡 − 4))

𝛶2(𝑡) + 4𝛶 2
2 (𝑡 − 4)

]

=

[

−3𝛶2(𝑡) + 𝛶1(𝑡 − 0.125) − 4𝛶 3
1 (𝑡 − 4) + E𝛶2(𝑡 − 0.125) − 3E𝛶1(𝑡 − 1)

−4(𝛶2(𝑡) + 4𝛶 2
2 (𝑡 − 4))|𝛶2(𝑡) + 4𝛶 2

2 (𝑡 − 4)| + 30𝛶 2
2 (𝑡 − 4) + 6𝛶2(𝑡) − 2𝛶 5

2 (𝑡 − 4)

]

𝑑𝑡

+

[

𝛶1(𝑡) + E𝛶1(𝑡 − 1)

𝛶2(𝑡) + E𝛶2(𝑡 − 1)

]

𝑑𝐵(𝑡),

(5.3)

with the initial data 𝜉(𝜃) = |𝜃|
2
3 + 1, 𝜃 ∈ [−4, 0]. We know that 𝜌2 = 0.125, 𝜌3 = 1, 𝜌4 = 4. Let us make an explanation for 𝑥𝑎𝑏 ∈ R:

it is the 𝑏th value of the 𝑎th element in the solution 𝛶 (𝑡). For example, 𝛶1(𝑡) = 𝑥11, 𝛶2(𝑡) = 𝑥21, 𝛶1(𝑡 − 4) = 𝑥14, 𝛶2(𝑡 − 4) = 𝑥24. All
assumptions are satisfied. We only check (2.3):

[(

𝑥11 + 2 sin(𝑥14)

𝑥21 + 4𝑥224

)

−

(

𝑦11 + 2 sin(𝑦14)

𝑦21 + 4𝑦224

)]𝑇

[(

−3𝑥21 + 𝑥12 − 4𝑥314
−4(𝑥21 + 4𝑥224)|𝑥21 + 4𝑥224| + 30𝑥224 + 6𝑥21 − 2𝑥524

)

−

(

−3𝑦21 + 𝑦12 − 4𝑦314
2 2 2 5

)]
22

−4(𝑦21 + 4𝑦24)|𝑦21 + 4𝑦24| + 30𝑦24 + 6𝑦21 − 2𝑦24



Journal of Computational and Applied Mathematics 441 (2024) 115682S. Gao et al.

A

T

C

= [𝑥11 + 2 sin(𝑥14) − 𝑦11 − 2 sin(𝑦14)][−3𝑥21 + 𝑥12 − 4𝑥314 + 3𝑦21 − 𝑦12 + 4𝑦314]

+ [𝑥21 + 4𝑥224 − 𝑦21 − 4𝑦224][−4(𝑥21 + 4𝑥224)|𝑥21 + 4𝑥224| + 30𝑥224 + 6𝑥21 − 2𝑥524
+ 4(𝑦21 + 4𝑦224)|𝑦21 + 4𝑦224| − 30𝑦224 − 6𝑦21 + 2𝑦524]

=∶ 𝑁𝑈1 +𝑁𝑈2.

Using the Young inequality and the inequality | sin𝐴 − sin𝐵| ≤ |𝐴 − 𝐵| for any 𝐴,𝐵 ∈ R gives that

𝑁𝑈1 = − 3(𝑥11 − 𝑦11)(𝑥21 − 𝑦21) + (𝑥11 − 𝑦11)(𝑥12 − 𝑦12)

− 4(𝑥11 − 𝑦11)(𝑥314 − 𝑦
3
14 − 6(sin(𝑥14) − sin(𝑦14))(𝑥21 − 𝑦21))

+ 2(sin(𝑥14) − sin(𝑦14))(𝑥12 − 𝑦12) − 8(sin(𝑥14) − sin(𝑦14))(𝑥314 − 𝑦
3
14)

≤3
2
|𝑥11 − 𝑦11|

2 + 3
2
|𝑥21 − 𝑦21|

2 + 1
2
|𝑥11 − 𝑦11|

2 + 1
2
|𝑥12 − 𝑦12|

2

+ 2|𝑥11 − 𝑦11|
2 + 2|𝑥14 − 𝑦14|

2
|𝑥214 + 𝑥14𝑦14 + 𝑦

2
14|

2

+ 3|𝑥14 − 𝑦14|
2 + 3|𝑥21 − 𝑦21|

2 + |𝑥14 − 𝑦14|
2 + |𝑥12 − 𝑦12|

2

+ 4|𝑥14 − 𝑦14|
2 + 4|𝑥14 − 𝑦14|

2
|𝑥214 + 𝑥14𝑦14 + 𝑦

2
14|

2.

Note that

𝑁𝑈2 =[(𝑥21 + 4𝑥224) − (𝑦21 + 4𝑦224)][−4(𝑥21 + 4𝑥224)|𝑥21 + 4𝑥224|

+ 4(𝑦21 + 4𝑦224)|𝑦21 + 4𝑦224| + 6(𝑥21 + 4𝑥224) − 6(𝑦21 + 4𝑦224)]

+ 6[(𝑥21 + 4𝑥224) − (𝑦21 + 4𝑦224)](𝑥
2
24 − 𝑦

2
24)

− 2[(𝑥21 + 4𝑥224) − (𝑦21 + 4𝑦224)](𝑥
5
24 − 𝑦

5
24).

pplying the inequality (|𝐴| + |𝐵|)(|𝐴| − |𝐵|)2 ≤ (𝐴 − 𝐵)(𝐴|𝐴| − 𝐵|𝐵|) for any 𝐴,𝐵 ∈ R leads to

[(𝑥21 + 4𝑥224) − (𝑦21 + 4𝑦224)][−4(𝑥21 + 4𝑥224)|𝑥21 + 4𝑥224|

+ 4(𝑦21 + 4𝑦224)|𝑦21 + 4𝑦224| + 6(𝑥21 + 4𝑥224) − 6(𝑦21 + 4𝑦224)]

≤ −4[|𝑥21 + 4𝑥224| + |𝑦21 + 4𝑦224|][|𝑥21 + 4𝑥224| − |𝑦21 + 4𝑦224|]
2

+ 6|(𝑥21 + 4𝑥224) − (𝑦21 + 4𝑦224)|
2

≤ 12|𝑥21 − 𝑦21|
2 + 192|𝑥24 − 𝑦24|

2
|𝑥24 + 𝑦24|

2.

hus,

𝑁𝑈2 ≤12|𝑥21 − 𝑦21|2 + 192|𝑥24 − 𝑦24|
2
|𝑥24 + 𝑦24|

2

+ 3|𝑥21 − 𝑦21|
2 + 3|𝑥24 − 𝑦24|

2
|𝑥24 + 𝑦24|

2 + 24|𝑥24 − 𝑦24|
2
|𝑥24 + 𝑦24|

2
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ombining these results means that
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Hence, Assumption 2.4 is satisfied with
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8

.

Obviously, the NMSMVE (5.3) admits a unique strong solution. In the numerical simulation, set 𝑇 = 4, 𝑁 = 500 and the numerical
solution with 𝛥 = 2−12 is seen as the true solution. We also focus on the error between the numerical solution of tamed EM scheme
and the interacting particle system, which is defined by (5.2). Moreover,

𝛼𝛥(𝛤 (𝑍
𝑖,𝑁
𝑡𝑘
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√
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2
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2
,

23

𝛥,𝑘 𝛥,𝑘
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Fig. 2. Convergence rate of tamed EM scheme for (5.3).

where

𝛼∗,(1)𝛥,𝑘 = −3𝑍 𝑖,𝑁
2 (𝑡𝑘) +𝑍

𝑖,𝑁
1 (𝑡𝑘− 𝜌2

𝛥
) − 4(𝑍 𝑖,𝑁

1 (𝑡𝑘− 𝜌4
𝛥
))3 + 1

𝑁

𝑁
∑

𝑗=1
𝑍𝑗,𝑁

2 (𝑡𝑘− 𝜌2
𝛥
) − 3

𝑁

𝑁
∑

𝑗=1
𝑍𝑗,𝑁

1 (𝑡𝑘− 𝜌3
𝛥
),

nd

𝛼∗,(2)𝛥,𝑘 = − 4(𝑍 𝑖,𝑁
2 (𝑡𝑘) + 4(𝑍 𝑖,𝑁

2 (𝑡𝑘− 𝜌4
𝛥
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𝛥
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+ 6𝑍 𝑖,𝑁
2 (𝑡𝑘) − 2(𝑍 𝑖,𝑁

2 (𝑡𝑘− 𝜌4
𝛥
))5.

ig. 2 shows the approximation error for the NMSMVE (5.3). We observe that the convergence rate is approximately 0.5, which is
onsistent with the theory.
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