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Abstract 

An inertial amplifier is a dynamic tuning device, which works to increase the effective mass 

of a resonator without proportionally augmenting the physical mass of the system. This thesis 

presents six inertial amplifier mechanisms, namely the single-stage, single-stage truss, 

compound, compound truss, nested, and nested truss inertial amplifiers. The configuration of 

each inertial amplifier is conceived through a series of link-bar mechanisms. Based on the 

configurations of each inertial amplifier, the kinematic relationships and the equations of 

motion are derived. The analytical analysis demonstrates that through geometrical 

adjustments, and proof mass alterations to each system, it is possible to manipulate the 

effective mass of each system, respectively. To support the analytical analysis, an 

experimental demonstration of each inertial amplifier is provided, whereby a series of 

electrodynamic shaker tests are conducted. These tests assess the pure mass effects of each 

inertial amplifier, the behaviour of a cantilever beam, and the impact of the single-stage, 

single-stage truss, compound and compound truss inertial amplifiers on the dominant single-

degree-of-freedom mode of the cantilever beam. Through frequency response plots it is shown 

that the single-stage, single-stage truss, compound, and compound truss inertial amplifiers, all 

have the ability to enhance the effective mass characteristics of the cantilever beam, thereby 

causing changes to its the underlying natural frequency, damping ratio, and Q-factor 

properties. The inertial amplifiers presented in this paper, provide a step improvement for 

applications that require dynamic tuning.  
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1. Introduction 

This work is an attempt to experimentally validate a new class of inertial amplifier (IA) 

mechanisms. IAs are mechanical devices that provide a magnification of the effective inertia 

of a resonator. 

 

1.1 Background 

Vibrations can cause a variety of unwanted effects. One significant concern relating to 

vibrations is the potential for structural damage. Over time, vibrations can cause cracks and 

fractures to buildings, bridges, and other types of structures, leading to a compromise in their 

safety and stability. In addition, prolonged exposure to vibrations can cause wear and tear of 

machinery and equipment, leading to premature failure and downtime. Furthermore, 

vibrations can generate noise which can be irritating and harmful to health. Overall, it is 

important to be aware of the potential negative effects of vibrations and take measures to 

mitigate them when possible [1].  

 

Engineers have been seeking methods to reduce unwanted vibrations, particularly from 

resonances, since the late 1800s. One of the earliest solutions was proposed by Frahm in 

October 1909 [2]. Frahm invented a passive oscillating device namely a dynamic vibration 

absorber (DVA), which consists of two key elements, a spring and a mass. The device came 

to fruition based on the work of Watts in 1883 [3]; Frahm realised that the resonance of an 

oscillating system could be reduced by coupling a smaller oscillator to the system [4]. The 

first application of the DVA was to reduce the rolling motion of ships as well as ship hull 

vibrations [3]. It was shown that the DVA could be extremely effective in reducing the 

response of an undamped structure, but only at a select tuned frequency [5].  

 

In 1928, Den Hartog and Ormondroyd conducted an analytical optimization study on the DVA 

[6]. Den Hartog and Ormondroyd proposed that adding a viscous damper to Frahm’s device 

could broaden the frequency range of effectiveness. The inclusion of a damper was thought to 

slightly increase the bandwidth around the tuned frequency, and also decrease the system’s 

response in mistuned conditions [5]. Soon after the proposal, the concept gained traction, and 

the DVA evolved into the tuned mass damper (TMD), which consists of three components: a 

spring, a mass, and a viscous damper. It should be noted that the terminology TMD and DVA 

are often used synonymously. In 1940, Den Hartog published a book titled ‘Mechanical 

Vibrations’, which outlines an approach for finding the optimal tuning and damping 
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parameters for the TMD [7]. Following that, Brock derived a more simplistic method for the 

optimal damping ratio [8]. Den Hartog included Brock’s derivation in the late edition of 

‘Mechanical Vibrations’ [9]. The theory of the TMD has since been extensively researched, 

with significant contributions from Thompson [10], Randall et al [11], Warburton [12], 

Warburton and Ayorinde [13], and Tsai and Lin [14].  

 

Today, the TMD is largely employed across a wide range of engineering fields, including but 

not limited to civil [15], [16], [17], mechanical [18], [19], wind [20], and aerospace [21], [22]. 

An example of one of the most famous applications of the TMD is in the Taipei 101 skyscraper 

[23]. Taipei 101 which stands at 508m, held the record for the tallest building in the world 

between 2004 and 2008. The building is located in northern Taiwan, 201 meters from a major 

fault line; this means that adverse weather conditions such as strong winds and earthquakes 

pose a serious threat to the structure. To help mitigate the effects of such weather conditions, 

a TMD with a 660-tonne mass element is installed within the upper stories of the building. 

When external forces influence the TMD, eight steel cables allow the device to sway 5m in 

any direction. This swaying motion is tuned to the first modal frequency of the building, to 

cancel out the largest vibrations [4].  

 

The TMD in Taipei 101 has proven to work extremely well [24], albeit the device does suffer 

from several significant limitations.  One limitation is that due to the sharp nature of the 

resonance peak of a primary system, minor tuning errors result in a rapid loss of performance. 

Another limitation is that the TMD can only suppress vibrations from one resonance peak in 

systems with multiple resonances. Aside from these two drawbacks, the requirement for a 

660-tonne mass highlights the major flaw of the device. As a structure gets larger or as a 

greater damping effect is required, then the quantity of mass must increase. This has several 

implications in terms of cost and interior space within a structure [4]. 

 

By exploiting inertial amplification, it is possible to overcome the mass restrictions of the 

TMD. Inertial amplification employs a mass element that represents a higher mass (effective 

mass) without actually increasing the physical mass. The concept of inertial amplification was 

first presented by Flannelly in 1967. Flannelly invented a device called a ‘Dynamic 

Antiresonant Vibration Isolator’ (DAVI), to attenuate the vibrations in helicopters [25]. The 

device furthers a classical mass-spring system, by adding a lever with an isolated tip mass. 

The lever is interposed between the primary mass of the classical system and the ground. The 

isolated mass generates an inertial force, which the lever serves to amplify. When the inertial 

force counteracts the spring force, antiresonance occurs [26]. By lengthening the lever, the 
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inertial force of the isolated mass increases, which leads to a higher effective mass of the 

overall system and a shift of the antiresonance frequency, to a lower operating range [27]. 

 

Based on Flannelly's concept of inertial amplification, Smith developed a device to advance 

vibration mitigation. Traditional vibration mitigation methods employ a spring-damper 

system; however, such a system lacks inertial characteristics [28]. In the spring-damper 

system, the damper produces a direct proportionality between force and velocity, and the 

spring produces a direct proportionality between force and the integral of velocity. This means 

that the spring lags the damper by 90 degrees. By applying a force-current analogy between 

electrical and mechanical networks, Smith introduced an element namely the ‘inerter’, that 

can lead by 90 degrees. The inerter is a mechanical device that generates an inertial force 

proportional to the acceleration between its two terminals. At the expense of adding the inerter, 

an additional component to the traditional spring-damper system, significant improvements 

are demonstrated for vibration isolation [29], [30], [31] vibration absorption [32], [33], and 

vibration suppression [34] applications [35]. 

 

The inerter may be configured in a variety of ways, to suit a broad range of applications. The 

composition can include pneumatic or hydraulic elements, with concentrated masses and 

levers, or a combination of racks, pinions, gears, and inertia flywheels [36]. It is worth 

highlighting that an alteration in the composition and/or amalgamation of components will 

provide a tunable effective mass. The classical inerter utilised a flywheel gear mechanism, 

which can be seen in Figure 1. Here, the rotating flywheels act as isolated mass elements, that 

induce a higher mass effect without actually increasing the physical mass. The principle 

corresponds to the work produced by Flannelly. The classical inerter saw its first practical 

application in Formula One racing when the device was implemented into an MP4-20 

McLaren race car to improve mechanical grip. It was later shown that the inerter can be used 

in the same context to improve the damping ratio of essential suspension modes [35].  
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Figure 1: A schematic diagram of the classical inerter – A flywheel gear mechanism [35] 

 

Initial applications of the inerter were in the automotive industry, to reduce the noise and 

vibrations in automobiles [37], [38]. Since then, the inerter has been applied to improve 

performance characteristics across a variety of fields. In the rail industry, inerters are used to 

advance suspension systems [39] as well as pantograph-catenary dynamic performance [40]. 

Inerters are employed in the aerospace industry to mitigate landing gear shimmy [41] and to 

further the capabilities of landing gear suspensions [42]. In the civil engineering industry, the 

inerter is exploited to optimise the seismic resilience of base-isolated buildings [43], [44], and 

for passive vibration control of structural dynamics applications [45]. More recently the inerter 

is employed in the marine industry, to dampen tower side-side vibrations in floating offshore 

wind turbines [46]. The tremendous inertial effects of the inerter are demonstrated to 

continuously open up new possibilities for engineering applications.  

 

Although extremely successful, the inerter is a complex approach to inertial amplification. A 

simpler alternative route is through the use of an IA mechanism, which is a dynamic tuning 

device. Like the inerter, an IA delivers to increase the effective mass of a system, without 

proportionally augmenting the physical mass of the system [47]. The traditional device 

structure used to achieve this is a four-link-bar mechanism loaded with symmetric masses. 

Different from the inerter, IAs are commonly grounded at one end to give a mass-like effect, 

which is the case in this study. Another variance is that the mass amplification effect results 

from the geometrical amplification effect of the system.  
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Mathematically it has been shown that with the passive attachment of an IA, the effective mass 

of a system can be easily adjusted through variation of the amplifier angle [47], [48]. With 

current realized systems, it can be much harder to alter the effective mass of the system, an 

example lies with the ball-screw inerter [49]. To tune mass in the ball screw inerter the 

flywheel is required to be unthreaded from the system and modified. Thus, the IAs proposed 

in this work could offer a more practical and more efficient solution for dynamic tuning by 

mass modification.  

 

In recent years, IAs have been used for vibration absorption and attenuation [50], [51], band 

gap generation in structured media [52], and to enhance the performance of mechanical 

systems [53]. Although, all of the work on IAs is purely theoretical, due to the difficulties 

associated with design, fabrication, and experimental validation. Nonlinearities often exist 

within IAs, so minor changes to the systems parameters or force values can result in 

unexpected behavioural outcomes [54]. Furthermore, frictional interfaces are unpredictable, 

so it is hard to interpret how a structure made up of multiple components will vibrate. 

Simulation software can handle most physical models, but as model complexity increases an 

experimental base is required to validate the simulations. Therefore, physical realization and 

experimental validation of an IA could provide a step improvement for applications that 

require dynamic tuning.   

1.2 Aim 

Motivated by the practical boundaries of IAs, the aim of this thesis is to physically realise and 

experimentally validate six IA mechanisms. Cheng et al [48] pioneered the single-stage IA. 

The single-stage IA demonstrates how the amplifier angle influences inertial amplification. 

To enhance the inertial amplification effects of the single-stage IA, Adhikari proposed two 

IAs with more design freedom namely compound and nested [47]. Adhikari's work 

demonstrates that, under certain design conditions, it is possible to obtain significantly higher 

control of the natural frequency of a resonant dynamic system. Based on the work of Cheng 

et al and Adhikari, the single-stage, compound, and nested IAs will be prototyped and 

experimentally tested. Figure 2, depicts the device structure for these three IAs. In addition to 

the aforementioned IAs, three unique truss structure counterparts will be developed: single-

stage truss, compound truss, and nested truss. This is to see if an additional design variant can 

improve dynamic control.  
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Figure 2: A Schematic diagram showing a) the single-stage IA, b) the compound IA, and c) the nested IA. Where 

𝑚 is the loaded mass, 𝜃 signifies the amplifier angle of the mechanism, and 𝑥 and 𝑧 denote the directions of 

displacement for the IA. Note that a subscript 1, 2, or 3, following a variable indicates its association with a specific 

sub-mechanism. 

 

1.3 Methodology 

Each IA will be designed using Solidworks, a 3-dimensional (3D) modelling software. 

Following the design stage, the models will be manufactured and assembled to form 

prototypes. The prototypes will then undergo two types of experiment: first, each IA will be 

directly mounted to a shaker, in order to determine the effective mass of the system; second, 

each IA will be coupled to a cantilever beam and attached to a shaker, to determine the inertial 

amplification effects on the dominant single-degree-of-freedom mode. The first mode of 

vibration for a cantilever beam carries the most energy, so keeping the first mode as the 

predominant mode, should enhance the energy capture of the underlying dynamics [54]. To 

exhibit and understand the dynamic behavior of each IA, changes to the isolated mass elements 

and the amplifier angle will be made for each device. 

1.4 Contributions 

The thesis makes two main contributions: 

1. It offers both a linear and nonlinear analysis for each IA.  

2. It provides a novel experimental demonstration for each IA. 
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1.5 Paper Outline  

The work proceeds as follows: In Section 2, two applications that require dynamic tuning are 

reviewed; in Subsection 2.1 atomic force microscopy (AFM) is discussed and in Subsection 

2.2 vibration-based energy harvesting (VBEH) is considered. In Section 3 the single-stage, 

compound, and nested IAs are presented through Subsections 3.1, 3.2, and 3.3, respectively. 

Here the systems are explored, and the equations of motion are established using Lagrangian 

mechanics. In Section 4 the design, manufacturing, and assembly process is stated for each IA 

and the cantilever beam. In Subsection 4.1, the component parts used to prototype each IA are 

discussed and in Subsection 4.2 a description of how the parts assemble is given. An 

experimental demonstration is then applied in Section 5. Dynamic tests are demonstrated on 

the IAs, the cantilever beam, and both the IAs and the cantilever beam coupled together as 

one system. In Subsection 5.1 the experimental setup and the decisions leading to the chosen 

framework are introduced, and in Subsection 5.2 the experimental results are presented. In 

Section 6 the significance of the raw data is discussed, and interpretations are formed. Finally, 

in Section 7 conclusions regarding the performance of each IA are drawn, and a general 

summary is offered.  

2. Applications of a Tunable Mass Inertial Amplifier   

Numerous applications necessitate dynamic tuning through mass modification. For instance, 

atomic force microscopy [55], vibration-based energy harvesting [56], machine milling [57], 

[58], mechanical gearbox resonances [59], and wave energy converters[60]. With the passive 

attachment of a tunable mass inertial amplifier, dynamic performance characteristics could be 

improved for these applications. In this Section, the applications atomic force microscopy and 

vibration-based energy harvesting will be reviewed. An overview of each application will be 

presented, followed by an explanation of how a tunable mass inertial amplifier could improve 

their performances. 

2.1 Atomic Force Microscopy  

The atomic force microscope (AFM) is a highly advanced imaging instrument, invented in 

1986 by Gerd Binning, Calvin. F Quate and Christopher Gerber [61]. The technology 

facilitates the visualisation and quantification of a materials surface structure down to the 

nanometre scale. Moreover, the method is versatile in its capability, allowing users to analyse 

all material types in gas, liquid, and vacuum environments [62]. Figure 3 depicts the general 

configuration of an AFM.  
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Figure 3: A schematic diagram of the basic AFM system, modified from [63]. 

 

The probe is the heart of an AFM, it consists of two fundamental components: a cantilever 

beam, and a very sharp tip. The behaviour of the cantilever beam is considered dynamically 

equivalent to an elastic spring, making the force generated through cantilever-tip-sample 

interactions directly proportional to the cantilever deflection. This relationship is described by 

Hooke's law [64].  

 𝐹 = 𝑘𝛿                                         1 

Where F is the cantilever-tip-sample force, k is the spring constant (stiffness) of the cantilever, 

and 𝛿 is the deflection of the cantilever. Any bumps or depressions on the surface of a sample 

will alter the deflection of the cantilever. The instrumentation used to sense the deflection is 

traditionally a laser component and a four-quadrant photodiode. The photodiode tracks and 

records the movement of a laser beam that is reflected from the flat top of the cantilever. To 

monitor and control the deflections of the cantilever, a feedback system is used in real-time. 

Within the control system, signals from the photodiode are fed to drive the z position of a 

piezoelectric scanner, and a separate scanner system is used to drive the x and y directions of 

the piezoelectric scanner. Note that the piezoelectric scanner is secured to the fixed end of the 

cantilever beam, thus influencing its position. Simultaneous to this process, the signals from 

the photodiode and the scanner system are fed into a computer, allowing all raw data to be 
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captured. The raw data can be processed to offer a visual image of a materials topography 

[65], [66]. 

  

2.1.1 AFM Imaging Modes 

An AFM has three operational modes: contact, tapping, and non-contact. Each mode varies in 

the nature of the tip-sample interaction [62]. In contact mode, the tip maintains constant 

contact with the sample surface, in tapping mode, the tip intermittently touches the sample 

surface and in non-contact mode, the tip is always kept at a short distance away from the 

sample surface [67]. The chosen mode of operation is dependent on the application and subject 

matter. 

 

2.1.2 Applications of an AFM 

Applications of an AFM can be divided into three main areas: imaging, measuring properties, 

and structural manipulation. An AFM can image all material types, ranging from metals [68], 

[69], polymers [70], [71], ceramics [72], [73], to biomolecules [74], [75] and cells [76], [77]. 

Users can determine both physical characteristics like size, morphology, and surface texture, 

as well as local mechanical properties such as strength, ductility, hardness, and fracture 

toughness of these materials [78]. Different AFM modes can be utilised to establish different 

sample properties. For example, in tapping mode, measuring the phase of the cantilever with 

respect to the driving signal can provide adhesion and stiffness properties[79], and in non-

contact mode sample hardness properties can be obtained [80]. An AFM can also manipulate 

structures by adjusting the tip-sample force, modifying energy barriers for atom positioning 

[81], [82]. This contributes to the exploration of the fundamental properties of matter. 

 

2.1.3 Tunable Mass Amplifier for an AFM 

While the AFM is a highly advanced imaging device, which exceeds the capabilities of any 

other imaging instrument, it is not without a major limitation. There is an inherent trade-off 

between scanning speed and imaging resolution when operating in tapping mode [83]. In 

atomic force microscopy, tapping mode emerges as the predominant operational mode, as it 

combines the merits of both contact and non-contact modes.  
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In this thesis six IAs are proposed which have the potential to provide a control strategy to 

overcome the trade-off between high scanning speeds and high imaging resolution. This 

control strategy involves dynamic tuning through effective mass modification. However, 

before exploring how the IAs can address the trade-off in atomic force microscopy, it is 

important to understand how a high scanning speed can be achieved. For this, the response of 

the AFM probe must be analyzed, which can be expressed in terms of its bandwidth as follows: 

            𝑓𝑛2 − 𝑓𝑛1 =
𝑓𝑛

𝑄
                     2 

Where  𝑓𝑛2 − 𝑓𝑛1is the bandwidth (difference between the upper and lower half power 

frequencies) of the cantilever, 𝑓𝑛 is the natural frequency response of the cantilever measured 

in Hz, and 𝑄 is the quality (Q)-factor of the cantilever. Note that the Q-factor is a measure of 

the sharpness of the resonance peak in the cantilever’s response. In many cases, an AFM 

cantilever can be approximated as a linear harmonic oscillator, therefore the Q-factor is 

inversely proportional to the damping ratio 𝜁 of the cantilever. 

   𝑄 =
1

2𝜁
                                    3 

To obtain a high scan speed, the cantilever is required to have a high bandwidth, as a high 

bandwidth provides superior stability margins of the z-axis feedback loop. Greater stability 

margins of the z-axis feedback loop expedite the tracking of sample features. Since the 

bandwidth of the cantilever is inversely proportional to its Q-factor, it is possible to achieve a 

high scan speed by lowering the Q-factor [55]. However, in tapping mode, a reduction in the 

Q-factor leads to a decline in force sensitivity, which ultimately results in a lower image 

resolution. Furthermore, a low Q-factor cantilever generates a large amount of tapping force, 

which can cause image distortion through both sample and probe damage. This trade-off is 

the key driving force for research in Q-factor control of AFM cantilevers [55]. 

 

The ideal Q-factor for an AFM cantilever depends on the specific application. To determine 

the optimal value, it is important to consider not only the impact of the cantilevers Q-factor 

on the operational AFM mode, but also any factors that might influence its dynamic nature 

such as environmental influence. For instance, when operating in an ultra-high vacuum, the 

cantilever's Q-factor is significantly increased due to the absence of damping by atmospheric 

air [84]. Thus, the approach taken to alter the Q-factor of the AFM cantilever should be easily 

adaptable to accommodate the needs of different applications. 
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The IAs prototyped and experimentally analysed in this thesis have the potential to contribute 

to the Q-factor control of AFM cantilevers. The IAs are designed to tune the effective mass of 

a dynamic system upon passive attachment. In this work the dynamic system used to 

demonstrate the capabilities of each IA is a cantilever beam. It is widely acknowledged that 

altering the effective mass of a dynamic system will in turn modify its natural frequency. As 

natural frequency and Q-factor characteristics are inversely proportional, effective mass 

modifications will lead to Q-factor alterations. The effective mass of the cantilever will 

primarily be controlled by adjusting the initial amplifier angle of each IA. The initial amplifier 

angle of the device is the angle measured between the vertical plane of symmetry of the 

mechanism and the axis of the adjoining rigid arm when stationary.    

Applying the IAs to a cantilever will provide valuable insights on how alterations to the 

geometry of each IA could impact the Q-factor of an AFM probe. The IAs could be passively 

attached to the microscope between the fixed end of the AFM cantilever and the piezoelectric 

scanner. As the z-position of the scanner changes, it will consequently adjust the initial 

amplifier angle of the chosen IA, influencing both the effective mass and Q-factor 

characteristics of the probe. Such dynamic tuning could optimize the Q-factor for specific 

application requirements. For example, scenarios involving intricate surface features, a slower 

scanning speed and enhanced image resolution may be preferred, while faster scanning speeds 

could suffice for other situations. Therefore, passive Q-factor control, could effectively help 

manage the trade-off between scanning speed and imaging resolution in atomic force 

microscopy.  

Active Q-factor control is the current approach employed to tune the effective Q factor of an 

AFM cantilever operating in tapping mode. The effective Q-factor characterizes how 

effectively the AFM cantilever responds to external forces and maintains resonance under the 

influence of active control. The principle of active Q-factor control is based on the use of 

velocity feedback, which involves monitoring the velocity of the AFM cantilever’s 

oscillations. As the deflection signal of the cantilever is nearly perfectly sinusoidal, an estimate 

of the velocity signal can be obtained by electronically adding a 90° phase shift to the signal 

at resonance [85]. By multiplying the velocity signal by a gain and combining it with the drive 

signal, the effective Q-factor of the cantilever can be adjusted. 

 

The effective Q-factor of the cantilever can be expressed as [86]: 

                                                     𝑄∗ = 
1

(
1

𝑄
+

𝐺

𝑚∗𝑤𝑛
)
                                 4 
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Where 𝑚∗ is the effective mass of the cantilever and 𝐺 is the gain. The effective Q-factor can 

be altered by changing the value of the gain, as the gain amplifies or attenuates the velocity 

signal from the cantilever’s oscillations.  

 

To estimate the velocity signal, a controller is needed in the feedback loop. In commercial 

AFMs, two common controllers are used: time delay and simple differentiator. However, both 

controllers have limitations. Time delay controllers can lead to spill-over effects at high 

frequencies, due to a 90° phase shift [87]. Simple differentiator controllers can amplify high-

frequency noise in the feedback loop. Both thermal and optical noise affect the active Q-

feedback loop [86]. Proposed solutions like positive position feedback, state feedback, 

resonant, and piezoelectric shunt controllers aim to address these limitations but are complex 

and challenging to implement. Therefore, the proposed IAs in this work could provide a 

simpler alternative to Q-factor control for AFM applications, through passive rather than 

active means.  

2.2 Vibration-Based Energy Harvesting. 

Energy harvesting has attracted considerable attention over the last decade, evident from the 

number of product prototypes and publications available [88], [89], [90], [91]. Energy 

harvesters capture, convert and circulate small amounts of readily available ambient energy 

(e.g., chemical [92], kinetic [93], solar [94], and thermal [95]) from a host structure into 

useable electrical energy. The energy is then manipulated to be either used directly or stored 

for later use. Each ambient energy source requires a different method of conversion, so a range 

of harvesting devices exist, which vary in terms of design and composition. In this thesis, 

vibration-based energy harvesters (VBEHs) are of interest.  

 

Residual vibrations from a wide range of sources, including but not limited to household goods 

[96], moving vehicles [97], and mechanical machinery [98], are continuously discharged into 

our environment. VBEHs, which can be thought of as simple mass-spring systems [99], 

scavenge these unwanted vibrations and convert the stored mechanical energy into electrical 

energy by means of a transduction mechanism. 

 

2.2.1 Transduction Mechanisms for a VBEH  

To convert the mechanical energy from a vibration into electrical energy, a transduction 

mechanism is required. A VBEH typically employs one of four transduction mechanisms: 



13 

 

piezoelectric, electrostatic, electromagnetic, or magnetostrictive [100]. A fifth mechanism 

known as triboelectricity is a more recent development, however, it still remains largely 

theoretical [101]. Note that the chosen transduction mechanism will vary depending on the 

requirements of the application at hand. 

2.2.1.1 Piezoelectric Transducer 

A piezoelectric transducer is a material that uses the piezoelectric effect to convert one type 

of energy into another. In the context of VBEHs, a piezoelectric transducer can be 

incorporated into the device structure, to allow the conversion of mechanical energy into 

electrical energy. The transducer works when a mechanical stress or strain is exerted upon it. 

The stress or strain causes the material to deform, which results in an imbalance in its charge 

[102]. The charge imbalance influences a voltage and furthermore an electric field. 

 

2.2.1.2 Electrostatic Transducer 

In vibration-based energy harvesting, a variable capacitor is used as an electrostatic transducer 

[103]. A variable capacitor is an energy storage device, that consists of two metallic plates 

with a dielectric material between them. The amount of energy that a capacitor is able to store 

is defined by the capacitance, 𝐶 as follows:  

      𝐶 = 
𝐴𝜀0𝜀𝑟

𝑑
                                    5 

Where 𝐴 is the area of the plates, 𝜀0 is the permittivity of free space, and 𝜀𝑟 is the permittivity 

of the relative medium between the plates (commonly air), and 𝑑 is the distance between the 

two plates. In VBEH, the variable capacitor is subjected to mechanical vibrations, which 

causes the separation distance between the two plates to change. 

 

If a voltage, 𝑉, is applied across the plates of the capacitor, then an electric field will be 

induced. The electric field will cause a positive charge to accumulate on one plate, and a 

negative charge to accumulate on the other [101]. This is known as the electrostatic effect. If 

the voltage source disconnects from the capacitor, then the charge, 𝑞, that is stored will remain, 

until discharged by some means. The relationship between charge, capacitance, and voltage is 

given by 

          𝑞 = 𝐶𝑉                                                6 
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For a capacitor to release the charge it must be connected to an external circuit. When a 

conductive path is established between the two plates, the stored charge begins to flow as an 

electric current. 

 

2.2.1.3 Electromagnetic Transducer 

An electromagnetic transducer, which contains a coil of wire and a magnet, utilizes Faraday's 

law of electromagnetic induction to generate electrical energy. When external vibrations are 

present upon the transducer, the wire and magnet move relative to one other, which causes a 

change in magnetic flux, in turn inducing a voltage between the two ends of the coil wire. The 

amount of voltage that can be produced depends on the number of loops in the coil and the 

rate of change of the magnetic flux. The principle is summarised by Faraday’s law of 

electromagnetic induction [104]:  

 

        𝜀 = −𝑁
∆𝜗

∆𝑡
                          7 

Where 𝜀 is the voltage produced, 𝑁 is the number of loops of the coil, 𝜗 is the magnetic flux, 

and 𝑡 is the time. Further analysis of equation (7) yields: 

          𝜀 =  𝛽𝑙𝑣                                   8 

In equation (8), 𝛽 represents magnetic field strength, 𝑙 is the wire's length, and 𝑣 is the relative 

velocity between the magnet and the wire. The equation shows that to boost voltage 

generation, increasing 𝛽, 𝑙 or 𝑣 is necessary [105].  

 

2.2.1.4 Magnetostrictive Transducer 

A magnetostrictive transducer is a ferromagnetic material coiled with wire that operates on 

Faraday's law of electromagnetic induction, employing either the joule effect or the Villari 

effect [106]. In the context of vibration-based energy harvesting (VBEH), the Villari effect is 

employed. The Villari effect converts mechanical energy into electrical energy when a 

vibration-induced stress or strain acts on an active magnetostrictive material. This stress or 

strain alters the magnetic flux density within the material, generating an alternating voltage 

across the surrounding coil wire. Note that the joule effect is the reversal of the Villari effect.   
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2.2.2 Applications for a VBEH 

At present VBEHs only offer relatively low levels of power, within the range of mW to µW 

[100], albeit this is sufficient to power small wireless autonomous devices like those in 

wearable electronics and wireless sensor networks [107]. Wearable electronics include both 

external devices such as wristwatches [108] and jewellery, and internal implantable devices 

like cardiac pacemakers [109] and neuro-prosthetics. Wireless sensor networks are made up 

of small sensor nodes that can collect, communicate, and compute data. The internet of things 

[110], industrial automation [111], and aircraft health monitoring [112] are some of the 

applications in which wireless sensor networks can be used. Batteries are the current dominant 

power source for this category of application; however, they present a number of problems.  

 

Batteries are unsustainable due to their reliance on limited natural resources [113]. They also 

have a relatively low power density, limiting their power output per unit mass [114]. Batteries 

come with a finite lifespan, influenced by usage, application, type, and size, requiring periodic 

maintenance that can be costly and time-consuming [115]. Additionally, batteries contain 

hazardous chemicals that can harm both health and the environment if not disposed of properly 

[116]. In light of these limitations, VBEHs are recognized as a promising alternative 

technology.  

2.2.3 Limitations of a VBEH 

VBEHs face a significant challenge in generating substantial power output. Fundamentally 

VBEHs only operate in the vicinity of their resonance [117]. This means that there is a very 

limited bandwidth over which vibration-based mechanical energy can be harvested. Ambient 

vibrations are often constrained by this condition, as they are made up of random and 

broadband resonant frequencies which have low excitation levels [102].  

 

To improve the performance of VBEHs, there are two general approaches that may be taken. 

The first approach is to amplify and tune any input vibration, to meet not only the resonant 

requirements of the harvester but also the harvesting demands of the transduction mechanism. 

The second approach is to widen the bandwidth of the harvester to accommodate a larger range 

of excitation frequencies. The most common device structure used for tuning, in both 

approaches, is an oscillating device that resonates at a characteristic frequency [56], [118]. 

 

Although both approaches are practicable, the underlying mechanism behind each approach 

raises a notable concern. The bandwidth of the resonant oscillator is narrow [56]. In principle, 
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the bandwidth of the oscillator can be broadened by changing either the effective mass, 

stiffness, or damping characteristics [119]. To alter such characteristics different techniques 

may be used, which can include controlling the geometrical properties of the device, using an 

oscillator of multiple degrees of freedom, electrical tuning, magnetic tuning, and the 

application of external forces. Furthermore, one could exploit the effects of nonlinearities to 

provide a broader resonant peak, this is a technique that has gained a lot of traction in recent 

years [56].  

 

2.2.4 Tunable Mass Amplifier for a VBEH 

In vibration based energy harvesting it is necessary to tune or extend the bandwidth of the 

harvester to improve performance capabilities, as mentioned in section 2.2.3. To achieve this, 

a tunable device, such as an oscillator, can be employed [118].  

 

A lot of research has been conducted on oscillators that work to change either the effective 

stiffness [120], [121] or damping characteristics of a dynamic system [122], but in the context 

of vibration-based energy harvesting, oscillators that work on either of these accounts could 

potentially defeat the purpose of the application. To alter the effective stiffness characteristics 

of a VBEH, and in turn the frequency characteristics, an oscillator must exert and maintain a 

mechanical straining force on the harvester, this is likely to consume power, often generated 

by the harvester itself [119]. To change the effective damping properties of a VBEH, an 

oscillator is required to provide and sustain a damping force on the system. The damping force 

will expand the resonant region of the harvester, but it will also sacrifice the availability of 

power. Oscillators that use less power for frequency tuning are preferable, particularly in 

vibration-based energy harvesting applications, as the performance of the harvester is in some 

regards proportional to the generation of net power [123].  

 

In literature, less emphasis has been placed on oscillators that work to adjust the effective mass 

characteristics of a dynamic system. Oscillators that work based on this principle are likely to 

consume less power during tuning, than oscillators that work to alter the effective stiffness or 

damping characteristics. This is because no mechanical straining force or damping force is to 

be applied and maintained. Instead, the oscillator must either redistribute the mass within its 

structure, change its boundary conditions, or change its effective dimensions [119]. By 

altering either of these properties, the effective mass moment of inertia will change, which in 

turn will alter the natural frequency of the dynamic system to which the oscillator is attached. 
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Energy is kept to a minimum in this technique, as the only effort required is to move the 

position or orientation of the oscillator.  

 

This work presents six different oscillators, known as IAs. Each IA will be prototyped and 

passively attached to a cantilever beam. The IAs will work to alter the effective mass, and thus 

natural frequency characteristics of the beam. The effective mass will be altered first and 

foremost by controlling the effective dimensions of each oscillator; then additional tests will 

be conducted to redistribute a set of discrete masses placed upon each IA. Note that the 

dynamic response will vary amongst each mechanism, due to differences in design.  

 

Through the fabrication and experimental analysis of these IAs, valuable insights will be 

gained into effective mass amplification, particularly through geometrical changes. This 

knowledge can subsequently guide the optimization of oscillators for integration into vibration 

energy harvesting systems. Furthermore, if successful, the IAs presented in this thesis hold the 

potential to enhance the power generation capabilities of VBEHs. They may be passively 

attached to a VBEH, providing a means to fine-tune the resonance for improved performance. 

 

3. Equations of Motion for the proposed IA Mechanisms 

In this thesis, six IAs are proposed. The IAs can be classified into two sets, the first set 

constitutes the single-stage, compound, and nested IAs, and the second set represents their 

corresponding truss-structured counterparts, single-stage truss, compound truss, and nested 

truss. In this Section, the first set of IAs will be presented. The systems will be considered, 

and their equations of motion will be determined. It is crucial to understand the equations of 

motion for each IA, not just to comprehend their behaviour, but also to predict their 

performance within a real-life application. Note that although there is a slight design variation 

between the two sets of IAs, detailed in Section 4, the configuration between corresponding 

mechanisms remains the same (e.g., single-stage and single-stage truss). For this reason, and 

due to the assumptions made during the analysis, the derived dynamic equations will be 

equivalent amongst corresponding IAs. 
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3.1 Single-Stage Inertial Amplifier  

3.1.1 System Considered and Kinematic Relations  

The single-stage IA is shown in Figure 4a). Four rigid arms are connected together by four 

pin joints to form the rhombus shape structure of the mechanism. The arms move freely around 

each joint, which are represented by black dots in Figure 4a) and Figure 4b). At the furthest 

left and furthest right joints of the structure, masses 𝑚 are located. Note that for this analysis 

all the components which constitute the single-stage IA are assumed to have negligible mass, 

such as the rigid arms, bearings, pins, and brackets. The top and the bottom joints of the 

structure have a free and a fixed connection, respectively. The vertical line of symmetry of the 

mechanism, through the top and bottom joints, to the axis of the adjoining arms defines the 

amplifier angle of the system, ϕ, which is shown in Figure 4a) and Figure 4b). When a force 

is applied to the vertical plane of the system, the amplifier will move, and a change in ϕ will 

occur. The motion of the system is characterized by the vertical displacement 𝑧, which induces 

the motion of the two proof masses. The masses move vertically as 
𝑧

2
 and horizontally by 𝑥.  

 

Due to the symmetric nature of the single-stage IA the mechanism can be divided vertically 

in half, which will allow for a more straightforward mathematical analysis of the system. 

Figure 4b) shows the reduced model of the single-stage IA. The structure has height, ℎ1, width, 

𝑤1, and each arm of the mechanism has length, 𝑙1. The model has three joints which are 

denoted by the letters a, b, and c, a is the free end of the structure, b is the joint where mass 

𝑚𝑏 is housed, and c is the fixed end of the system. Note that 𝑚𝑏 in Figure 4b) is equivalent to 

𝑚 in Figure 4a). It should also be made clear that the reduced model in Figure 4b) will 

experience the same motion as the single-stage IA, and so the characterization will be alike.  

 

For this analysis, the reduced model will be examined, and the derived equation of motion 

will be multiplied by a factor of two upon founding, this is to account for the full dynamics of 

the single-stage IA. Once the properties of the single-stage IA are established, the IA can be 

coupled to any dynamic system, such systems may include a mass-spring network or a general 

finite element structure, as displayed in Figure 4c) and Figure 4d), respectively. By passively 

attaching the IA to such a system its underlying characteristics can be altered. 
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Figure 4: a) The single-stage inertial amplifier, showing relative displacements. b) One-half of the single-stage 

inertial amplifier. c) Coupling to a mass-spring system. d) Coupling to a general finite element structure. 

 

The analysis proceeds as follows: firstly, the kinematics at each joint will be established. Once 

known, the kinematics are to be mapped in terms of the vertical displacement of the system, 

z, as required for the Lagrangian analysis in Subsection 3.1.2. To obtain the kinematics at each 

joint in terms of the motion z, a chain of functions will be formed. Therefore, joint a is written 

as it is foundational.  

 

 

Joint a) 

The vertical displacement of joint a) is given by 

 𝑧𝑎 = 𝑧           9 

The horizontal displacement of joint a) is given by 

 𝑥𝑎 = 0         10 

 

Equation (9) written as a function of z is obtained as 

 𝑧𝑎 = 𝑧𝑎(𝑧)         11 
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Joint b) 

The vertical displacement of joint b) is given by 

 𝑧𝑏 =
𝑧𝑎
2
=
𝑧

2
 

        12 

 

To find the horizontal displacement 𝑥𝑏 at joint b, Pythagorean theorem is applied to members 

a-b in Figure 4b). 

 

 𝑙1
2 = (𝑤1 − 𝑥𝑏)

2 + (
ℎ1
2
− 𝑧𝑏 + 𝑧𝑎)

2

 
        13 

 

Which on substitution of equation (12) becomes  

 

 𝑙1
2 = (𝑤1 − 𝑥𝑏)

2 + (
ℎ1
2
+ 𝑧𝑏)

2

 
        14 

 

Which rearranges to give  

 

 

 

𝑥𝑏 = 𝑤1 −√𝑙1
2 − (

ℎ1
2
+ 𝑧𝑏)

2
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Equation (12) written as a function of z becomes 

 

 𝑧𝑏 = 𝑧𝑏(𝑧)         16 

 

Equation (15) written as a function of z is 

 

 𝑥𝑏 = 𝑥𝑏(𝑧𝑏(𝑧))         17 

 

Joint c) 

Although there is no displacement at joint c) due to the fixed boundary condition, the 

kinematics are stated for completeness.  

 

 𝑧𝑐 = 0         18 
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 𝑥𝑐 = 0         19 

 

3.1.2 Lagrangian Analysis of the Single-Stage Inertial Amplifier  

In this Subsection, the equations of motion for the single-stage IA will be derived using the 

Lagrangian function. The Lagrangian function, characterizes the state of a dynamic system 

based on position coordinates and their time derivatives, and it is equivalent to the difference 

between the potential energy and the kinetic energy of a system. The kinematic relationships 

obtained in the previous Subsection (3.1.1.) will be used in the Lagrangian function. 

 

The Lagrangian function is defined by 

 

Where T is the kinetic energy of the system and V is the potential energy of the system. The 

kinetic energy of the single-stage IA is expressed based on the assumption that the mass of the 

system (constituent components) is negligible, except for the mass at joint b), denoted by 𝑚𝑏.  

 
𝑇 =

1

2
(𝑚𝑏(𝑥̇𝑏

2 + 𝑧̇𝑏
2))         21 

 

Next, the Euler-Lagrange equation is defined, from which the equations of motion can be 

calculated. 

 𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) −

𝜕𝐿

𝜕𝑧
= 0         22 

 

Where  
𝜕𝐿

𝜕𝑧
 is the negative derivative of the potential energy, and 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) is the time derivative 

of the generalized momentum of the system. For the single-stage IA the potential energy is 

assumed to be zero. This is because there are no spring elements contained within the 

mechanism. In addition, the device is intended for use in the horizontal plane, rather than the 

vertical plane, thus making the gravitational potential energy of the proof mass negligible. 

Note that the mechanism is orientated in vertical plane in Figure 4 for illustrative purposes, 

but it is experimentally analysed in the horizontal plane in Section 5.  

 

 

𝜕𝐿

𝜕𝑧
=
𝜕𝐿

𝜕𝑥𝑏

𝜕𝑥𝑏
𝜕𝑧

+
𝜕𝐿

𝜕𝑧𝑏

𝜕𝑧𝑏
𝜕𝑧

= 0 
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 𝐿 = 𝑇 − 𝑉         20 



22 

 

The generalized momentum of the system is expressed as 

 

 

𝜕𝐿

𝜕𝑧̇
=
𝜕𝐿

𝜕𝑥̇𝑏

𝜕𝑥̇𝑏
𝜕𝑧̇

+
𝜕𝐿

𝜕𝑧̇𝑏

𝜕𝑧𝑏̇
𝜕𝑧̇
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Which on substitution of the terms 
𝜕𝑥̇𝑏

𝜕𝑧̇
=
𝜕𝑥𝑏

𝜕𝑧
 and  

𝜕𝑧𝑏̇

𝜕𝑧̇
=
𝜕𝑧𝑏

𝜕𝑧
, and equation (14), together with 

expansion using the chain rule and product rule, the equation becomes  

 

 
𝜕𝐿

𝜕𝑧̇
= 𝑚𝑏 (𝑥̇𝑏 (

𝜕𝑥𝑏
𝜕𝑧
) + 𝑧̇𝑏 (

𝜕𝑧𝑏
𝜕𝑧
))         25 

 

By taking the time derivative of equation (25) the equation evolves to 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚𝑏 (𝑥𝑏̈ (

𝜕𝑥𝑏
𝜕𝑧
) + 𝑥𝑏̇ (

𝜕2𝑥𝑏
𝜕𝑧2

𝑧̇) + 𝑧𝑏̈ (
𝜕𝑧𝑏
𝜕𝑧
) + 𝑧𝑏̇ (

𝜕2𝑧𝑏
𝜕𝑧2

𝑧̇)) 
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Which on substitution of the terms 𝑥𝑏̇ =
𝜕𝑥𝑏

𝜕𝑧
𝑧̇ ,    𝑥𝑏̈ =

𝜕𝑥𝑏

𝜕𝑧
𝑧̈ +

𝜕2𝑥𝑏

𝜕𝑧2
𝑧̇2,   𝑧𝑏̇ =

𝜕𝑧𝑏

𝜕𝑧
𝑧̇  and  𝑧𝑏̈ =

𝜕𝑧𝑏

𝜕𝑧
𝑧̈ +

𝜕2𝑧𝑏

𝜕𝑧2
𝑧̇2, and through simplification, the equation becomes 

 

 

 

 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚𝑏 ((

𝜕𝑥𝑏

𝜕𝑧
∙
𝜕𝑥𝑏

𝜕𝑧
+
𝜕𝑧𝑏

𝜕𝑧
∙
𝜕𝑧𝑏

𝜕𝑧
) 𝑧̈ + 2 (

𝜕𝑥𝑏

𝜕𝑧
∙
𝜕2𝑥𝑏

𝜕𝑧2
+
𝜕𝑧𝑏

𝜕𝑧
∙
𝜕2𝑧𝑏

𝜕𝑧2
) 𝑧̇2)  
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The derivatives required to satisfy equation (27) are given by equations (28-31) 

 

 
𝜕𝑥𝑏
𝜕𝑧

=  

ℎ1
2 +

𝑧
2

2√𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2
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𝜕2𝑥𝑏
𝜕𝑧2

=
(
ℎ1
2 +

𝑧
2)
2

4(𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2

)

3/2
+

1

4√𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2
         29 
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𝜕𝑧𝑏
𝜕𝑧

=
1

2
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𝜕2𝑧𝑏
𝜕𝑧2

= 0 
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It is also useful to have  

 
𝜕𝑥𝑏
𝜕𝑧

∙
𝜕𝑥𝑏
𝜕𝑧

= −
(
ℎ1
2
+
𝑧
2
)
2

4((
ℎ1
2 +

𝑧
2)
2

− 𝑙1
2)
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𝜕𝑥𝑏
𝜕𝑧

∙
𝜕2𝑥𝑏
𝜕𝑧2

=
(
ℎ1
2 +

𝑧
2)

8(𝑙1
2 − (

ℎ1
2
+
𝑧
2
)
2

)

−
(
ℎ1
2 +

𝑧
2)
3

8(𝑙1
2 − (

ℎ1
2
+
𝑧
2
)
2

)

2 
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𝜕𝑧𝑏
𝜕𝑧
∙
𝜕𝑧𝑏
𝜕𝑧

=
1

4
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𝜕𝑧𝑏
𝜕𝑧
∙
𝜕2𝑧𝑏
𝜕𝑧2

= 0 
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Now recall 𝑚𝑏 = 𝑚. Upon substitution of  𝑚, and equations (32-35) into equation (27), the 

equation of motion for the reduced model, shown in Figure 4b), can be found.  To find the 

equation of motion for the full single-stage IA, shown in Figure 4a), it is required that the 

equation of motion for the reduced model be multiplied by a factor of 2, to account for the 

symmetry amongst systems. By doing this, the equation of motion for the single-stage IA 

becomes 
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𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚

(

 
 
 

(

 
 
−

(
ℎ1
2 +

𝑧
2)
2

2((
ℎ1
2
+
𝑧
2
)
2

− 𝑙1
2)

+
1

2

)

 
 
𝑧̈

+

(

 
 (

ℎ1
2
+
𝑧
2
)

2(𝑙1
2 − (

ℎ1
2
+
𝑧
2
)
2

)

−
(
ℎ1
2
+
𝑧
2
)
3

2(𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2

)

2

)

 
 
𝑧̇2

)

 
 
 
= 0 
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Equation (36) shows the equation of motion for the single-stage IA. The equation of motion 

represents the dynamic behaviour of the system. All terms in the equation are non-linear, with 

the exception of one linear term, 
𝑚

2
𝑧̈. This linear term reflects a proportional relationship 

between the acceleration, 𝑧̈, of the discrete mass, 𝑚, and its displacement, 
𝑧

2
. The remaining 

terms are non-linear due to the presence of multiple degrees and complex functions of the 

displacement of the system, 𝑧.  

 

It is challenging to predict the exact behaviour of the single-stage IA from the equation of 

motion, however, a prognosis about the behaviour can be made based on the parameters in the 

equation. Notably the discrete mass, the displacement, the length of the arms, 𝑙1, and the 

height, ℎ1, of the mechanism. These parameters are key variables which will influence the 

natural frequencies and the amplitudes of motion of the single-stage IA. To better understand 

the effects of these parameters, the equation of motion can be split into two distinct 

components, which can then be graphically represented.  

 

 

These components are namely the effective mass term, 𝑌𝑚̅̅̅̅ , and the velocity squared 

coefficient, 𝛽. By separately analyzing each component, a deeper understanding of the full 

behaviour of the single-stage IA can be achieved.  

 

The effective mass term of the single-stage IA is given by  

 𝑌𝑚̅̅̅̅ (𝑧)𝑧̈  +  𝛽(𝑧)𝑧̇
2 = 0         37 
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𝑌𝑚̅̅̅̅ = 𝑚

(

 
 
−

(
ℎ1
2 +

𝑧
2)
2

2((
ℎ1
2
+
𝑧
2
)
2

− 𝑙1
2)

+
1

2

)
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The velocity squared coefficient of the single-stage IA is given by  

𝛽 = 𝑚

(

 
 (

ℎ1
2 +

𝑧
2)

2(𝑙1
2 − (

ℎ1
2
+
𝑧
2
)
2

)

−
(
ℎ1
2 +

𝑧
2)
3

2(𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2

)

2

)

 
 

 

 

         39 

In order to show the behaviour of 𝑌𝑚̅̅̅̅  and 𝛽, the parameter values 𝑙1, ℎ1, 𝑚, and 𝑧 need to be 

specified. The parameter 𝑙1 is a fixed physical dimension, and in this work, it is assigned a 

value of 100mm. To determine the value of the parameter ℎ1, trigonometric relations are 

utilized with reference to Figure 4b). Table 1 presents the calculated values for ℎ1, 

corresponding to different initial amplifier angles ∅. The initial amplifier angle is the angle 

measured between the vertical line of symmetry of the mechanism and the axis of the arm 

connecting to the line of symmetry, when the mechanism is stationary. Note that different 

initial amplifier angles are presented, as literature states that effective mass amplification 

results from the geometrical amplification of the IA [47], [48], i.e. changes to the amplifier 

angle. The parameter 𝑚 is chosen as 1g, while the value of 𝑧 is chosen to range between -10 

and 30mm. For the given dimensions of the mechanism, this range of displacement values 

seems realistic. Figure 5 illustrates the behaviour of 𝑌𝑚̅̅̅̅  and 𝛽 for the specified values of 𝑙1, 

ℎ1, 𝑚 and 𝑧.  

 

Table 1: A table to show the values for the parameters 𝑙1 and ℎ1,  for different initial amplifier angles. Six cases 

are shown. 

Amplifier Angle ∅ 

(degrees) 
𝒍𝟏(mm) 𝒉𝟏(mm) 

5 100.00 199.24 

10 100.00 196.96 

15 100.00 193.19 

20 100.00 187.94 

25 100.00 181.26 

30 100.00 173.21 
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Figure 5: a) Effective mass as a function of the displacement z for the single-stage IA. b) Non-linear velocity 

coefficient as a function of the displacement z for the single-stage IA. Six different values for the initial amplifier 

angle ∅ are shown in each plot.  

 

The curves depicted in Figure 5a) illustrate the exponential relationship between the single-

stage IAs effective mass and displacement for varying initial amplifier angles. The general 

trend shows that as the displacement of the mechanism increases (indicated by negative 

displacement values) the effective mass of the system decreases. When the arms of the 

mechanism meet, the displacement stops, and the curves tend towards infinity.  For smaller 

initial amplifier angles there is a faster rate of change of effective mass with displacement, 

than for larger initial amplifier angles.  

 

Figure 5b) illustrates an exponential relationship between the velocity squared coefficient and 

the displacement of the single-stage IA for different initial amplifier angles. The general trend 

shows that as the displacement of the mechanism increases the velocity squared coefficient 

rapidly decreases. Note that the velocity squared coefficient is negative. When the arms of the 

mechanism meet, the displacement stops, and the curves tend towards infinity.  For smaller 

initial amplifier angles there is a faster rate of change of the velocity squared coefficient with 

displacement, than for larger initial amplifier angles. The exponential rate of change signifies 

that the behaviour of the single-stage IA is non-linear. The trend may be caused by a restoring 

force acting on the system which is not directly proportional to the displacement of the system. 

Understanding this relationship is crucial if the performance of the single-stage IA is to be 

optimized.  



27 

 

3.1.3 Linearised Equation of Motion for the Single-Stage Inertial Amplifier  

As most non-linear dynamic systems exhibit linear behaviours over a small range of motion, 

or in the vicinity of a particular operating point, it is possible to approximate their behaviours 

as linear. In this Subsection, the non-linear equation of motion for the single-stage IA 

(equation (36)) will be transformed into a linear approximation. To linearise the equation of 

motion, the vertical displacement of the system, z, and the velocity of the system, 𝑧̇, will tend 

to zero.  

 

As z and 𝑧̇ tend to 0, equation (36) becomes 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚

(

 
 
−

(
ℎ1
2 )

2

2((
ℎ1
2
)
2

− 𝑙1
2)

+
1

2

)

 
 
𝑧̈ 
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Using trigonometry, with reference to Figure 4b) the equation simplifies to 

 
𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) =

𝑚

2
(cot2 ∅ + 1)𝑧̈ = 0         41 

The linearised equation of motion for the single-stage IA, equation (41), is extremely useful 

because it provides a more straightforward and manageable description of the behaviour of 

the system, when compared to the non-linear equation of motion. The equation shows that the 

constant of proportionality is determined by the overall discrete mass, 𝑚, and amplifier angle, 

∅, of the system. The constant of proportionality represents the relationship between the rate 

of change of the state variables, displacement and velocity (z and 𝑧̇), and the acceleration of 

the system (𝑧̈).  

 

Given the significant influence of the discrete mass and amplifier angle on the dynamic 

behaviour of the system, these parameters will be carefully adjusted during experimental 

testing. In Table 1 of Subsection 3.1.2, it is demonstrated that the amplifier angle can be easily 

modified by adjusting the height of the mechanism. Therefore, effective geometric 

modifications will be employed to fine-tune the amplifier angle. Conversely, the discrete mass 

will be tuned by incorporating varying quantities of proof mass into the system. This approach 

allows for precise control over the discrete mass and facilitates the adjustment of the system's 

overall behaviour. 
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3.2 Compound Inertial Amplifier  

3.2.1 System Considered and Kinematic Relations 

The next mechanism to be considered is the compound IA, which is shown in Figure 6. The 

compound IA extends the design of the single-stage IA, which is outlined in Section 3.1, and 

it has been developed to further enhance tuning capabilities. A primary and a secondary 

mechanism, which respectively are illustrated by the black and purple lines in Figure 6, are 

linked together to form the structure of the compound IA; the secondary mechanism is housed 

within the framework of the primary mechanism.  

 

The primary mechanism is largely the same as the single-stage IA discussed in Section 3.1.1, 

with the only difference being that the masses 𝑚 have been eliminated from the furthest left 

and furthest right joints of the structure. Despite this change, the details provided in Section 

3.1.1 are still applicable to the primary mechanism. The secondary mechanism is a pantograph 

linkage of two rhombus shaped IAs, formed by six rigid arms which are connected together 

by pin joints. The arms move freely around each joint, which are represented by black dots in 

Figure 6. At the two top and two bottom joints of the secondary mechanism, masses  
𝑚

2
 are 

positioned. Note that for this analysis all the components which constitute the compound IA 

are assumed to have negligible mass, such as the rigid arms, bearings, pins, and brackets. The 

mass within each small internal IA is equivalent to 𝑚, so that the mass contained within the 

whole system is equivalent to the mass contained within the single-stage IA. This is necessary 

to provide a fair comparison between the properties of the different IAs.  

 

The amplifier angle for the primary and secondary mechanisms are given by ϕ1 and ϕ2, 

respectively. When a force is applied to the vertical plane of the system, the amplifier moves, 

causing a change to both ϕ1 and ϕ2. Note the primary and secondary mechanisms are arranged 

in offset vertical planes so that their movements do not intersect. The motion of the compound 

IA is characterized by displacement 𝑧, which induces a horizontal displacement 𝑥, to the 

system.  

 

The compound IA is symmetric amongst its vertical plane, through the fixed end, the linkage 

of the two internal IAs, and the free end of the system. For this reason, the system can be 

reduced, as shown in Figure 6. The reduced model will be used in this analysis, to ease 

complexity. In finding the kinematics at joints a, b, c, d, e, and f, the equations of motion for 

the reduced system can be found. Duplicating the equations of motion, will fulfil the dynamic 
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motion of the whole system. Note that in the previous Section the kinematics for the single-

stage IA were found at joints a, b, and c, which are directly applicable to joints a, b, and c for 

the compound IA.  

 

The parameters height, width, and length, denoted by ℎ, 𝑤, and 𝑙, respectively, characterize 

the geometry of the reduced system. These parameters are followed by either a subscript 

number 1 or 2. Subscript 1 indicates that the parameter belongs to the primary mechanism, 

and subscript 2 indicates that the parameter defines the secondary mechanism. Note that the 

width of the primary and secondary mechanisms is the same, so both systems use the same 

notation, 𝑤1. The masses in the reduced model are located at joints e and f, thus the following 

notation is used for analysis:  𝑚𝑒 = 𝑚𝑓 =
𝑚

2
. 

 

Figure 6: Conversion of the compound inertial amplifier into one-half system. 

 

The analysis proceeds as follows: firstly, the kinematics at joints d, e, and f will be derived. 

The kinematics at each joint are required for the Lagrangian analysis in Subsection 3.2.2, to 

determine the equations of motion for the system. The Lagrangian function requires the 

kinematics at each joint to be expressed in terms of the same common variable. Therefore, a 

chain of functions will be established for each joint, to map the kinematics in terms of vertical 

displacement of the system, z. By relating the geometry of the mechanism to the motion of the 

system, the kinematic relations at joints a, b, c, d, e, and f are as follows: 
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Joints a), b) and c)  

The kinematics at joints a, b and c, are stated in Subsection 3.1.1; refer to equations (9-19). 

 

Joint d)  

The vertical displacement of joint d) is given by 

 𝑧𝑑 =
𝑧𝑎
2
=
𝑧

2
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The horizontal displacement of joint d) is given by 

 𝑥𝑑 = 0 

 

     43 

 

Equation (42) written as a function of 𝑧 becomes  

 𝑧𝑑 = 𝑧𝑑(𝑧)      44 

 

Joint e) 

The vertical displacement of the mass at joint e) is given by 

 

𝑧𝑒 = √𝑙2
2 − (

𝑤1
2
− 𝑥𝑏)

2

−
ℎ2
2
+ 𝑧𝑏       45 

The derivation to obtain the vertical displacement of joint e is shown by equations (121-123), 

which can be found in the appendix, section 8 sub-section 8.1.  

The horizontal movement of the mass at joint e) is  

 𝑥𝑒 =
𝑥𝑏
2

       46 

 

Equations (45 and 46) written as a function of z are of the form  

 𝑧𝑒 = 𝑧𝑒(𝑥𝑏 , 𝑧𝑏) =  𝑧𝑒(𝑥𝑏(𝑧𝑏(𝑧)), 𝑧𝑏(𝑧))         47 

 𝑥𝑒 = 𝑥𝑒(𝑥𝑏(𝑧𝑏(𝑧)))         48 

 

Joint f)  

The vertical displacement of joint f is given by 

 

 



31 

 

 

𝑧𝑓 = 𝑧𝑏 +
ℎ2
2
− √𝑙2

2 − (
𝑤1
2
− 𝑥𝑏)

2

         49 

The derivation to obtain the vertical displacement of joint f is shown by equations (124-126), 

which can be found in the appendix, section 8 sub-section 8.1. 

The horizontal displacement of the mass at joint f) is given by 

 

 

 

𝑥𝑓 =
𝑥𝑏
2

         50 

 

Equations (49 and 50) written as a function of z are of the form 

 𝑧𝑓 = 𝑧𝑓(𝑥𝑏 , 𝑧𝑏) =  𝑧𝑓(𝑥𝑏(𝑧𝑏(𝑧)), 𝑧𝑏(𝑧))         51 

 𝑥𝑓 = 𝑥𝑓(𝑥𝑏(𝑧𝑏(𝑧)))         52 

 

3.2.2 Lagrangian Analysis of the Compound Inertial Amplifier 

In this Subsection the equations of motion for the compound IA will be derived using the 

Lagrangian function. The Lagrangian function requires the kinematic relationship at each 

joint. Thus, the work conducted in Subsection 3.2.1, will be utilized and continued here. The 

Lagrangian function is defined by equation (20) in Subsection 3.1.2, and it expresses the 

kinetic energy, T, minus the potential energy, V, of a system. The kinetic energy of the 

compound IA is stated below by equation (53), based on the assumption that the mass of the 

system (constituent components) is negligible, except for the mass at joints e) and f), denoted 

by 𝑚𝑒 and 𝑚𝑓, respectively.  

𝑇 =
1

2
(𝑚𝑒(𝑥̇𝑒

2 + 𝑧̇𝑒
2) +𝑚𝑓(𝑥̇𝑓

2 + 𝑧̇𝑓
2)) 

 

        53 

In Section 3.1.2, the Euler-Lagrange equation is defined by equation (22). The Euler-Lagrange 

equation will be used to calculate the equations of motion for the compound IA. The equation 

is the time derivative of the generalized momentum of the system, minus, the derivative of the 

potential energy of the system. For the compound IA the potential energy of the system is 

considered zero, due to the fact that there are no spring elements contained within the 

mechanism, and because the device is intended for use in the horizontal plane.  



32 

 

 

 

 

𝜕𝐿

𝜕𝑧
=
𝜕𝐿

𝜕𝑥𝑒

𝜕𝑥𝑒
𝜕𝑧

+
𝜕𝐿

𝜕𝑧𝑒

𝜕𝑧𝑒
𝜕𝑧
+ 
𝜕𝐿

𝜕𝑥𝑓

𝜕𝑥𝑓

𝜕𝑧
+
𝜕𝐿

𝜕𝑧𝑓

𝜕𝑧𝑓

𝜕𝑧
= 0 
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The generalized momentum of the system is expressed as 

  

𝜕𝐿

𝜕𝑧̇
=
𝜕𝐿

𝜕𝑥̇𝑒

𝜕𝑥̇𝑒
𝜕𝑧̇

+
𝜕𝐿

𝜕𝑧̇𝑒

𝜕𝑧𝑒̇
𝜕𝑧̇
+
𝜕𝐿

𝜕𝑥̇𝑓

𝜕𝑥̇𝑓

𝜕𝑧̇
+
𝜕𝐿

𝜕𝑧̇𝑓

𝜕𝑧𝑓̇

𝜕𝑧̇
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Which on substitution of terms 
𝜕𝑥̇𝑒

𝜕𝑧̇
=
𝜕𝑥𝑒

𝜕𝑧
 ,     

𝜕𝑧𝑒̇

𝜕𝑧̇
=
𝜕𝑧𝑒

𝜕𝑧
 ,      

𝜕𝑥̇𝑓

𝜕𝑧̇
=
𝜕𝑥𝑓

𝜕𝑧
 and  

𝜕𝑧𝑓̇

𝜕𝑧̇
=
𝜕𝑧𝑓

𝜕𝑧
, and 

equation (53), together with the use of the chain and product rule, the equation becomes   

 𝜕𝐿

𝜕𝑧̇
= (𝑚𝑒𝑥̇𝑒) (

𝜕𝑥𝑒
𝜕𝑧
) + (𝑚𝑒𝑧̇𝑒) (

𝜕𝑧𝑒
𝜕𝑧
) + (𝑚𝑓𝑥̇𝑓) (

𝜕𝑥𝑓

𝜕𝑧
) + (𝑚𝑓𝑧𝑓̇) (

𝜕𝑧𝑓

𝜕𝑧
)         56 

 

Taking the time derivative of equation (56) the resulting equation can be obtained as 

  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = (𝑚𝑒𝑥𝑒̈) (

𝜕𝑥𝑒

𝜕𝑧
) + (𝑚𝑒𝑥𝑒̇) (

𝜕2𝑥𝑒

𝜕𝑧2
𝑧̇) + (𝑚𝑒𝑧𝑒̈) (

𝜕𝑒

𝜕𝑧
) +

(𝑚𝑒𝑧𝑒̇) (
𝜕2𝑧𝑒

𝜕𝑧2
𝑧̇) + (𝑚𝑓𝑥𝑓̈) (

𝜕𝑥𝑓

𝜕𝑧
) + (𝑚𝑓𝑥𝑓̇) (

𝜕2𝑥𝑓

𝜕𝑧2
𝑧̇) + (𝑚𝑓𝑧𝑓̈) (

𝜕𝑧𝑓

𝜕𝑧
) +

(𝑚𝑓𝑧𝑓̇) (
𝜕2𝑧𝑓

𝜕𝑧2
𝑧̇)  
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Which on substitution of the terms 𝑥𝑒̇ =
𝜕𝑥𝑒

𝜕𝑧
𝑧 ̇ , 𝑥𝑒̈ =

𝜕𝑥𝑒

𝜕𝑧
𝑧̈ +

𝜕2𝑥𝑒

𝜕𝑧2
𝑧̇2, 𝑥𝑓̇ =

𝜕𝑥𝑓

𝜕𝑧
𝑧 ̇ , 𝑥𝑓̈ =

𝜕𝑥𝑓

𝜕𝑧
𝑧̈ +

𝜕2𝑥𝑓

𝜕𝑧2
𝑧̇2,   𝑧𝑒̇ =

𝜕𝑧𝑒

𝜕𝑧
𝑧̇ ,   𝑧𝑒̈ =

𝜕𝑧𝑒

𝜕𝑧
𝑧̈ +

𝜕2𝑧𝑒

𝜕𝑧2
𝑧̇2,  𝑧𝑓̇ =

𝜕𝑧𝑓

𝜕𝑧
𝑧̇  and  𝑧𝑓̈ =

𝜕𝑧𝑓

𝜕𝑧
𝑧̈ +

𝜕2𝑧𝑓

𝜕𝑧2
𝑧̇2, and 

through simplification, equation (57) becomes 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚𝑒 ((

𝜕𝑥𝑒
𝜕𝑧

∙
𝜕𝑥𝑒
𝜕𝑧

+
𝜕𝑧𝑒
𝜕𝑧
∙
𝜕𝑧𝑒
𝜕𝑧
) 𝑧̈ + 2(

𝜕𝑥𝑒
𝜕𝑧

∙
𝜕2𝑥𝑒
𝜕𝑧2

+
𝜕𝑧𝑒
𝜕𝑧
∙
𝜕2𝑧𝑒
𝜕𝑧2

) 𝑧̇2)

+𝑚𝑓 ((
𝜕𝑥𝑓

𝜕𝑧
∙
𝜕𝑥𝑓

𝜕𝑧
+
𝜕𝑧𝑓

𝜕𝑧
∙
𝜕𝑧𝑓

𝜕𝑧
) 𝑧̈

+ 2(
𝜕𝑥𝑓

𝜕𝑧
∙
𝜕2𝑥𝑓

𝜕𝑧2
+
𝜕𝑧𝑓

𝜕𝑧
∙
𝜕2𝑧𝑓

𝜕𝑧2
) 𝑧̇2) 
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The derivatives required to satisfy equation (58) are given by equations (127 -138), which 

can be found in the appendix, section 8 sub-section 8.1.    

 

Now recall 𝑚𝑒 = 𝑚𝑓 =
𝑚

2
. Upon substitution of  

𝑚

2
, and equations (133-138) into equation 

(58), the equation of motion for the reduced model, shown in Figure 6, can be found.  To find 

the equation of motion for the full compound IA, it is required that the equation of motion for 

the reduced model be multiplied by a factor of 2, to account for the symmetry amongst 

systems. As a result of doing this, the equation of motion for the compound IA becomes 

  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚

(
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The equation of motion, presented in equation (59), represents the dynamic behaviour of the 

compound IA. The equation is inherently non-linear due to the fact it contains several complex 

functions of the displacement of the system, 𝑧, and has 2 or more degrees. A non-linear 

equation of motion, especially one of a very complex nature like equation (53), can be difficult 

to interpret. However, by analysing the parameters in the equation some insights can be gained 

about the behaviour of the system. Notably, the discrete mass of the mechanism, 𝑚, the 

vertical displacement of the system, the length of the arms of the primary mechanism, 𝑙1, the 

length of the arms of the secondary mechanism, 𝑙2, the height of the mechanism, ℎ1, and the 

width of half of the compound IA, 𝑤1. These parameters are key variables which will influence 

the natural frequencies, and the amplitudes of motion of the compound IA. To comprehend 

the influence of these parameters on the mechanism, the equation of motion can be separated 

into two distinct components: the effective mass term, 𝑌𝑚̅̅̅̅ , and the velocity squared 

coefficient, 𝛽, as shown by equation (37) in Section 3.1.2. Through individual analysis of 

these two components, a deeper understanding of the behaviour of the compound IA can be 

obtained. 

 

The effective mass term of the compound IA is given by 
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The velocity squared coefficient of the compound IA is given by 

 𝛽 = 𝑚
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To illustrate the equations 𝑌𝑚̅̅̅̅  and 𝛽 graphically, it is necessary to specify the parameter values 

for 𝑙1, 𝑙2, ℎ1, 𝑤1,  𝑚 and 𝑧. The parameter 𝑙1 for the compound IA corresponds to the parameter 

𝑙1 for the single-stage IA, and thus it is assigned a fixed value of 100mm. The parameter 𝑙2 is 

another fixed physical dimension of the compound IA, which is assigned a value of 45mm. 

Through the use of trigonometric relations with reference to Figure 6 the parameter values for 

ℎ1 and 𝑤1 can be determined. The calculated values for ℎ1 and 𝑤1 which correspond to 

different initial amplifier angles of the primary mechanism ∅1 are tabulated in Table 2. Note 

that different initial amplifier angles are presented as changes to the geometry of IA influence 

changes to the effective mass of the system. To maintain consistency in the analysis of each 

IA, the value of 𝑚 is fixed at 1g. The value of 𝑧 is selected to vary within the range of -5 and 

30mm. This range of displacement is considered realistic, given the dimensions of the 

compound IA. Figure 7 visually represents the behaviour of 𝑌𝑚̅̅̅̅  and 𝛽 for the specified values 

of 𝑙1, 𝑙2, ℎ1, 𝑤1, 𝑚 and 𝑧. 

 

Table 2: A table to show the values for the parameters 𝑙1, 𝑙2, ℎ1 and 𝑤1, for different initial amplifier angles of the 

primary mechanism. Six cases are shown. 

 

Amplifier Angle ∅𝟏 

(degrees) 
𝒍𝟏(mm) 𝒍𝟐(mm) 𝒉𝟏(mm) 𝒘𝟏(mm) 

5 100.00 45.00 199.24 8.72 

10 100.00 45.00 196.96 17.36 

15 100.00 45.00 193.19 25.88 

20 100.00 45.00 187.94 34.20 

25 100.00 45.00 181.26 42.26 

30 100.00 45.00 173.21 50.00 
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Figure 7: a) Effective mass as a function of the displacement z for the compound IA. b) non-linear velocity 

coefficient as a function of the displacement z for the compound IA. Six different values for the initial amplifier 

angle of the primary mechanism ∅1 are shown in each plot. 

 

The exponential curves depicted in Figure 7a) illustrate the relationship between the 

compound IAs effective mass and displacement for varying initial amplifier angles of the 

primary mechanism. When the arms of the compound IA meet the curves tend towards 

infinity, this is because the motion of the mechanism is at rest. As the compound IA displaces 

the effective mass rapidly decreases (negative displacement values). Note that the relationship 

closely resembles that of the single-stage IA, as demonstrated in Figure 5a) of Subsection 

3.1.2. The primary contrast between the two mechanisms lies in the rate of change of effective 

mass with displacement, with the compound IA exhibiting a more rapid rate of change. 

Additionally, as the initial amplifier angle of the primary mechanism increases, the rate of 

change becomes more gradual.  

 

The curves shown in Figure 7b) represent the exponential relationship between the compound 

IAs velocity squared coefficient and displacement for varying initial amplifier angles of the 

primary mechanism. The general trend shows that as the displacement of the mechanism 

increases the velocity squared coefficient rapidly decreases. When the arms of the mechanism 

meet, the displacement stops, and the curves tend towards infinity. It is worth noting that this 

relationship is similar to that of the single-stage IA, shown in Figure 5b) of Subsection 3.1.2. 

The main difference between the two mechanisms lies in the rate of change of velocity squared 

coefficient with displacement, with the compound IA experiencing a more rapid rate of 

change. Furthermore, as the initial amplifier angle increases, the rate of change of the velocity 

squared coefficient with displacement becomes slower. The non-linear trend may arise if the 

restoring force acting on the system is not directly proportional to the displacement of the 
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system. However, it is difficult to identify the exact cause of this relationship. If the 

performance of the compound IA is to be optimized, it is crucial to understand this 

relationship. 

 

3.2.3 Linearised Equation of Motion for the Compound Inertial Amplifier  

As stated in Section 3.1.3, the majority of non-linear dynamic systems display linear 

behaviours over a limited range of motion, rendering linear approximations possible. Linear 

equations are more straightforward to analyze and manipulate than non-linear equations. 

Therefore, this Subsection aims to convert the non-linear equation of motion for the compound 

IA (equation (59)) into a linear approximation. The linearization will be attained by setting 

the parameters z and 𝑧̇, which respectively denote the vertical displacement and the velocity 

of the system, to approach zero. 

 

As z and 𝑧̇ tend to 0, equation (59) becomes 
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Using trigonometry, with reference to Figure 6 the equation simplifies to 
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The linearized equation of motion for the compound IA, represented by equation (63), is an 

invaluable tool that provides a simplified and more manageable description of the system's 

behaviour, when compared to the nonlinear equation of motion. This equation highlights three 

crucial parameters, namely the discrete mass of the system, the initial amplifier angle of the 

primary mechanism, and the initial amplifier angle of the secondary mechanism. During 

experimental testing, these parameters will be carefully fine-tuned, as they play a vital role in 

determining the overall behaviour of the compound IA. 

In Table 2 of Subsection 3.2.2, it is shown that the initial amplifier angle of the primary 

mechanism can be easily adjusted by modifying the height of the mechanism. It is worth 

noting that the initial amplifier angle of the secondary mechanism is also inherently adjustable, 

as it is linked to the primary mechanism. Therefore, the initial amplifier angle of the primary 

mechanism will be tuned through effective geometrical changes, which will inherently adjust 

the initial amplifier of the secondary mechanism. In contrast, the discrete mass will be adjusted 

by adding different quantities of proof mass to the system. 

 

3.3 Nested Inertial Amplifier  

3.3.1 System Considered and Kinematic Relations  

The final mechanism to be considered in this Section is the nested IA, which is shown in 

Figure 8. The nested IA, like the compound IA, builds upon the structure of the single-stage 

IA, with the aim to further improve tuning performance. The system is composed of three IAs, 

which are implanted one inside another. In order to facilitate understanding, the outermost IA 

will be referred to as the primary mechanism, while the innermost IA will be referred to as the 

tertiary mechanism, represented by black and green lines in Figure 8, respectively. The IA 

connecting both the primary and tertiary mechanisms, represented by purple rigid arms in 

Figure 8, will be named the secondary mechanism.  

 

The primary mechanism of the nested IA is identical to the primary mechanism of the 

compound IA, which is mentioned in Section 3.2. The secondary mechanism of the nested IA 

is also similar to the primary mechanism, with the only distinction being a change in the length 

of the rigid arms. The tertiary mechanism of the nested IA is similar to the single-stage IA, 

discussed in Section 3.1.1, with the length of the rigid arms again the only difference between 

the two systems. Together twelve rigid arms establish the shape of the nested IA. The arms all 

move freely around each joint, which are represented by black dots in Figure 8. At the furthest 
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left and furthest right joints of the tertiary mechanism, masses 𝑚 are located. Note that for this 

analysis, all the component parts which make up the nested IA are considered to have 

negligible mass, such as the rigid arms, bearings, pins, and brackets. The top and the bottom 

joints of the nested IA have a free and a fixed connection, respectively, and the separation 

distance between these two joints defines the amplifier angle of each mechanism. The 

amplifier angle is denoted by ϕ1, ϕ2 and ϕ3, for the primary, secondary and tertiary 

mechanisms, in the order given. When a force is applied to the vertical plane of the system, 

the amplifier will move, and a change in ϕ1, ϕ2 and ϕ3 will occur. The vertical displacement of 

the system is characterized by z and the horizontal displacement of the system is characterized 

by x. Since each mechanism resides in an offset plane, there will be no interference during 

motion.  

 

Similarly, to the single-stage and compound IAs, the nested IA has a symmetric structure; 

such that the system can be vertically bisected from its free end to its fixed end, as illustrated 

in Figure 8. The reduced half system will be used to simplify the analysis, since the final 

dynamic expressions can be duplicated to fulfill the motion of the whole system. Note that the 

kinematic relations at joints a, b, and c are equivalent amongst the single-stage, compound, 

and nested IAs.  

 

The geometry of the reduced model is characterized by the parameters height, ℎ, width, 𝑤, 

and length, 𝑙, which can be seen in Figure 8. In the same manner, as the compound IA, these 

parameters are subscripted to indicate the mechanism to which they belong. Subscripts 1, 2, 

and 3 are used for the primary, secondary, and tertiary mechanisms, respectively. Note that 

some parameters correspond amongst different mechanisms i.e., the width of the primary and 

secondary mechanisms, and also the height of the secondary and tertiary mechanisms, 

therefore the notation, 𝑤1 and ℎ2 is to be cross utilized. Furthermore, Figure 8 shows that mass 

𝑚 is positioned at joint i, so the notation 𝑚 = 𝑚𝑖 is to be recognized. 
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Figure 8: Conversion of the nested inertial amplifier to one-half system. 

 

Much like the analysis for the single-stage IA and the compound IA in Sections 3.1 and 3.2, 

respectively, the nested IA follows the same analytical approach. The analysis aims to 

establish the equations of motion for the nested IA, and to do this the Lagrangian function is 

required to be used. For the Lagrangian function to be satisfied the kinematics at each joint 

need to be determined, in terms of the vertical displacement of the system, z. Therefore, in 

this Subsection, the kinematics at each joint will be found and a chain of functions will be 

written. By relating the geometry of the mechanism to the motion of the system, the kinematic 

relations at joints a, b, c, g, i, and j are as follows: 

  

Joints a, b and c) 

The kinematics at joints a), b) and c), are stated in Subsection 3.1.1; refer to equations (9-19). 

 

Joint g) 

The vertical displacement of joint g is given by 

 
𝑧𝑔 = √𝑙2

2 − (𝑤1 − 𝑥𝑏)
2 −

ℎ2
2
+ 𝑧𝑏 

         64 

The derivation to obtain the vertical displacement of joint e is shown by equations (139-141), 

which can be found in the appendix, section 8 sub-section 8.1.  

 

For completeness, the horizontal displacement at joint g is given by  
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 𝑥𝑔 = 0          65 

Equation (64) written as a function of z is obtained as 

 𝑧𝑔 = 𝑧𝑔(𝑥𝑏 , 𝑧𝑏) =  𝑧𝑔(𝑥𝑏(𝑧𝑏(𝑧)), 𝑧𝑏(𝑧))         66 

 

Joint j)   

The vertical displacement at joint j) is given by  

 

 
𝑧𝑗 = 𝑧𝑏 +

ℎ2
2
− √𝑙2

2 − (𝑤1 − 𝑥𝑏)
2 

         67 

The derivation to obtain the vertical displacement of joint e is shown by equations (142-144), 

which can be found in the appendix, section 8 sub-section 8.1.  

 

The horizontal movement at joint j) is given by  

 

 

𝑥𝑗 = 0          68 

Equation (67) written as a function of z is obtained as 

 𝑧𝑗 = 𝑧𝑗(𝑥𝑏 , 𝑧𝑏) =  𝑧𝑗(𝑥𝑏(𝑧𝑏(𝑧)), 𝑧𝑏(𝑧))          69 

 

Joint i) 

The vertical displacement of the mass at joint i) is given by 

 𝑧𝑖 =
𝑧𝑎
2
=
𝑧

2
          70 

To find the horizontal displacement 𝑥𝑖  of the mass at joint i), Pythagorean theorem is applied 

to members g-i in Figure 8b). 

 

 
𝑙3
2 = (

ℎ2
2
+ 𝑧𝑔 − 𝑧𝑖)

2

+ (𝑤2 − 𝑥𝑖)
2 

         71 

Equation (71) rearranges to give 

 

𝑥𝑖 = 𝑤2 −√𝑙3
2 − (

ℎ2
2
+ 𝑧𝑔 − 𝑧𝑖)

2
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Equations (70) and (72) written as a function of z become 
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 𝑧𝑖 = 𝑧𝑖(𝑧)          73 

 

 𝑥𝑖 = 𝑥𝑖(𝑧𝑔 (𝑥𝑏(𝑧𝑏(𝑧)), 𝑧𝑏(𝑧)) , 𝑧𝑖(𝑧)) 
         74 

 

3.3.2 Lagrangian Analysis of the Nested Inertial Amplifier  

In this Subsection the equations of motion for the nested IA will be derived using the 

Lagrangian function. The Lagrangian function requires the kinematic relationships at each 

joint to be established. Thus, the work conducted in Subsection 3.3.1, will be utilized and 

continued here. The Lagrangian function is defined by equation (20) in Subsection 3.1.2, and 

based on this equation the kinetic energy of the nested IA is stated below by equation (75), 

under the assumption that the mass of the system (constituent components) is negligible, 

except for the mass at joint i), denoted by 𝑚𝑖.  

 
𝑇 =

1

2
(𝑚𝑖(𝑥̇𝑖

2 + 𝑧̇𝑖
2)) 

         75 

 

In Section 3.1.2, the Euler-Lagrange equation is defined by equation (22). The Euler-Lagrange 

equation will be used to calculate the equations of motion for the nested IA. The equation 

expresses the equivalence of the time derivative of the generalized momentum of the system 

and the derivative of the potential energy of the system. For the nested IA the potential energy 

of the system is considered zero because there are no elastic elements contained within the 

mechanism. In addition, the device is intended for use in the horizontal plane, rather than the 

vertical plane, thus making the gravitational potential energy of the proof mass negligible. 

Note that the mechanism is orientated in vertical plane in Figure 8, for illustrative purposes 

only, but it is experimentally analysed in the horizontal plane in Section 5.   

  

𝜕𝐿

𝜕𝑧
=
𝜕𝐿

𝜕𝑥𝑖

𝜕𝑥𝑖
𝜕𝑧
+
𝜕𝐿

𝜕𝑧𝑖

𝜕𝑧𝑖
𝜕𝑧
= 0 
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The generalized momentum of the system is expressed as 

 
 

𝜕𝐿
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𝜕𝑧̇
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Which on substitution of terms 
𝜕𝑥̇𝑖

𝜕𝑧̇
=
𝜕𝑥𝑖

𝜕𝑧
 and  

𝜕𝑧̇𝑖

𝜕𝑧̇
=
𝜕𝑧𝑖

𝜕𝑧
 and equation (75), together with 

expansion through the use of the chain and product rule, the equation becomes  

 

 𝜕𝐿

𝜕𝑧̇
= 𝑚𝑖 (𝑥̇𝑖 (

𝜕𝑥𝑖
𝜕𝑧
) + 𝑧̇𝑖 (

𝜕𝑧𝑖
𝜕𝑧
)) 
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By taking the time derivative of equation (78), the equation follows as 

  

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚𝑖 (𝑥̈𝑖 (

𝜕𝑥𝑖
𝜕𝑧
) + 𝑥̇𝑖 (

𝜕2𝑥𝑖
𝜕𝑧2

𝑧̇) + 𝑧̈𝑖 (
𝜕𝑧𝑖
𝜕𝑧
) + 𝑧̇𝑖 (

𝜕2𝑧𝑖
𝜕𝑧2

𝑧̇)) 
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Which on substitution of terms 𝑥̇𝑖 =
𝜕𝑥𝑖

𝜕𝑧
𝑧̇ ,    𝑥̈𝑖 =

𝜕𝑥𝑖

𝜕𝑧
𝑧̈ +

𝜕2𝑥𝑖

𝜕𝑧2
𝑧̇2 ,   𝑧̇𝑖 =

𝜕𝑧𝑖

𝜕𝑧
𝑧̇  ,   𝑧̈𝑖 =

𝜕𝑧𝑖

𝜕𝑧
𝑧̈ +

𝜕2𝑧𝑖

𝜕𝑧2
𝑧̇2 and through simplification, equation (79) becomes 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚𝑖 ((

𝜕𝑥𝑖
𝜕𝑧
∙
𝜕𝑥𝑖
𝜕𝑧
+
𝜕𝑧𝑖
𝜕𝑧
∙
𝜕𝑧𝑖
𝜕𝑧
) 𝑧̈ + 2(

𝜕𝑥𝑖
𝜕𝑧
∙
𝜕2𝑥𝑖
𝜕𝑧2

+
𝜕𝑧𝑖
𝜕𝑧
∙
𝜕2𝑧𝑖
𝜕𝑧2

) 𝑧̇2) 
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The derivatives required to satisfy equation (80) are given by equations (145 -152), which can 

be found in the appendix, section 8 sub-section 8.1. 

 

Through substitution of 𝑚, recall 𝑚 = 𝑚𝑖, and equations (149-152) into equation (80), the 

equation of motion for the reduced system, shown in Figure 8, can be found. To find the 

equation of motion for the full nested IA, it is required that the equation of motion for the 

reduced system be multiplied by a factor of two, to account for the symmetry amongst systems. 

Through doing this, the equation of motion for the nested IA becomes 

 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚

(

  
 

(

 
 
−

(
ℎ1
2 +

𝑧
2)
2

2((
ℎ1
2 +

𝑧
2)
2

− 𝑙1
2 + 𝑙2

2 − 𝑙3
2)

+
1

2

)

 
 
𝑧̈

+ 4(
(𝑙3
2 − 𝑙2

2 + 𝑙1
2)(𝑧 + ℎ1)

(4(𝑙3
2 − 𝑙2

2 + 𝑙1
2)−(𝑧 + ℎ1)

2)2
) 𝑧̇2

)
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The equation of motion presented in equation (81), represents the dynamic behaviour of the 

nested IA. The equation is inherently non-linear due to the fact it contains several complex 
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functions of 𝑧, and has two or more degrees. Note that the equation also includes one linear 

term, 
𝑚

2
𝑧̈. As described in Sections 3.1.2 and 3.2.2, it is difficult to interpret the full behaviour 

of a system from an equation of motion that contains both linear and nonlinear terms. 

Nevertheless, some conclusions about the behaviour of the nested IA can still be drawn based 

on the parameters in the equation of motion. Notably, the discrete mass of the mechanism, 𝑚, 

the displacement of the system, 𝑧, the length of the arms of the primary mechanism, 𝑙1, the 

length of the arms of the secondary mechanism, 𝑙2, the length of the arms of the tertiary 

mechanism 𝑙3, and the height of the mechanism, ℎ1. These parameters are key variables which 

will influence the natural frequencies and the amplitudes of motion of the system. In order to 

understand how these parameters affect the behaviour of the mechanism, the equation of 

motion can be broken down into two separate components, as shown by equation (37) in 

Section 3.1.2, which can be expressed graphically. These components are namely the effective 

mass term, 𝑌𝑚̅̅̅̅ , and the velocity squared coefficient, 𝛽. By separately analyzing these 

components, a deeper understanding of the behaviour of the nested IA can be achieved. 

The effective mass term of the nested IA is given by 

𝑌𝑚̅̅̅̅ = 𝑚

(

 
 
−

(
ℎ1
2 +

𝑧
2)
2

2((
ℎ1
2 +

𝑧
2)
2

− 𝑙1
2 + 𝑙2

2 − 𝑙3
2)

+
1

2

)
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The velocity squared coefficient of the nested IA is given 

 

𝛽 = 4𝑚(
(𝑙3
2 − 𝑙2

2 + 𝑙1
2)(𝑧 + ℎ1)

(4(𝑙3
2 − 𝑙2

2 + 𝑙1
2)−(𝑧 + ℎ1)2)2

) 
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In order to graphically illustrate the behaviour of each equation, 𝑌𝑚̅̅̅̅  and 𝛽, the parameter 

values for 𝑙1, 𝑙2, 𝑙3, ℎ1, 𝑚, and 𝑧 need to be specified. The parameter 𝑙1 for the nested IA 

corresponds to the parameter 𝑙1 for the compound and single-stage IAs, and thus it is assigned 

a fixed value of 100mm. The parameters 𝑙2 and 𝑙3 are fixed physical dimensions which are 

assigned the values 80mm and 60mm, respectively. To determine the value of the parameter 

ℎ1, trigonometric relationships are utilized with reference to Figure 8 b). The calculated value 

for ℎ1 corresponding to different initial amplifier angles of the primary mechanism ∅1 is 

tabulated in Table 3. To maintain consistency between the analysis of each IA, the value of 𝑚 

is fixed at 1g. The value of z on the other hand will range between -40 and 10mm, this is to 
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show the full range of motion for the nested IA. Figure 9 visually represents the behaviour of 

𝑌𝑚̅̅̅̅  and 𝛽 for the specified values of 𝑙1, 𝑙2, 𝑙3, ℎ1, 𝑚 and 𝑧. 

 

 

Table 3: A table to show the values for the parameters 𝑙1, 𝑙2, 𝑙3 and ℎ1, for different initial amplifier angles. Six 

cases are shown. 

 

 

 

 

 

 

 

 

 

 

Figure 9a) illustrates the relationship between the displacement of the nested IA and its 

effective mass, for various initial amplifier angles of the primary mechanism. The graph 

indicates that as the displacement of the mechanism increases (shown by negative 

displacement values), the effective mass exponentially decreases. When the displacement of 

the mechanism stops the curves tend towards infinity. This trend is notably similar to that of 

the single-stage IA and compound IA, as depicted in Figure 5a) and Figure 7a) of Subsections 

3.1.2 and 3.2.2, respectively. However, there is a distinct difference in the relationship 

between the effective mass and displacement for each type of IA, concerning the rate of 

Amplifier Angle ∅𝟏 

(degrees) 
𝒍𝟏(mm) 𝒍𝟐(mm) 𝒍𝟑(mm) 𝒉𝟏(mm) 

5 100.00 80.00 60.00 199.24 

10 100.00 80.00 60.00 196.96 

15 100.00 80.00 60.00 193.19 

20 100.00 80.00 60.00 187.94 

25 100.00 80.00 60.00 181.26 

30 100.00 80.00 60.00 173.21 

Figure 9 a) Effective mass as a function of the displacement z for the nested IA. b) Non-linear velocity coefficient 

as a function of the displacement z for the nested IA. Six different values for the initial amplifier angle ∅ are shown 

in each plot. 
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change. The nested IA exhibits a more gradual rate of change of effective mass with 

displacement than the compound IA, but a faster rate of change than the single-stage IA.  

 

Figure 9b) illustrates an exponential relationship between the velocity squared coefficient and 

the displacement of the nested IA, for different initial amplifier angles of the primary 

mechanism. The curve shows that as the displacement of the mechanism increases (indicated 

by negative displacement values), the velocity squared coefficient rapidly decreases. When 

the displacement of the mechanism stops the curves tend towards infinity. It is worth noting 

that the relationship is similar to that of the single-stage IA and compound IA, as depicted in 

Figure 5b) and Figure 7b) of Subsections 3.1.2 and 3.2.2, respectively. The primary contrast 

between the three mechanisms lies in the rate of change of the velocity squared coefficient 

with displacement. The nested IA exhibits a slower rate of change than the compound IA but 

a faster rate of change than the single-stage IA. Note that the rate of change of velocity squared 

coefficient with displacement also changes, for different initial amplifier angles of the primary 

mechanism. The trend may be caused by a restoring force acting on the system that is not 

directly proportional to the displacement of the system. However, it is challenging to recognize 

the exact cause of this relationship.  

3.3.3 Linearised Equation of Motion for the Nested Inertial Amplifier  

As stated in Section 3.1.3 and 3.1.2, the majority of non-linear dynamic systems display linear 

behaviours over a limited range of motion, rendering linear approximations possible. Linear 

equations are more straightforward to analyse than non-linear equations. Therefore, this 

Subsection aims to convert the non-linear equation of motion for the nested IA (equation 81) 

into a linear approximation. Linearization will be attained by setting the parameters z and 𝑧̇, 

which respectively denote the vertical displacement and the velocity of the system, to 

approach zero. 

 

As z and 𝑧̇ tend to 0, equation (81) becomes 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕𝑧̇
) = 𝑚

(

 
 
−

(
ℎ1
2 )

2

2((
ℎ1
2 )

2

− 𝑙1
2 + 𝑙2

2 − 𝑙3
2)

+
1

2

)

 
 
𝑧̈ = 0 
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In comparison with the non-linear equation of motion, equation (81), the linearized equation 

of motion for the nested IA, shown in equation (84), is a very useful tool as it provides a more 
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comprehensible explanation of the behaviour of the system. This equation draws attention to 

five crucial variables which are the length of the arms of the primary, secondary, and tertiary 

mechanisms, the height of the overall nested IA, and the system's discrete mass. As outlined 

in Section 3.3.2, the length of each arm of the nested IA is a fixed physical dimensions. 

Therefore, during experimental testing the height of the nested IA will be tuned, as well as the 

discrete mass of the system. According to Table 3, modifying the height of the mechanism 

will alter the initial amplifier angle of the primary mechanism. Therefore, the initial amplifier 

angle of the primary mechanism will be tuned through effective geometrical changes. Note 

that tuning this parameter will inherently adjust the initial amplifier of the secondary and 

tertiary mechanisms. In contrast, the discrete mass will be adjusted by changing the quantity 

of proof mass added to the system. 

4. Design, Manufacturing and Assembly Process 

In this Section, the physical realisation of all six IAs will be described. To physically realize 

each IA, the individual component parts of each mechanism must be sourced, or designed and 

manufactured, before being assembled. Such parts include the arms of the mechanism, 

bearings, pins, screws, bolts, brackets and proof mass. To ensure that this work is reproducible, 

readily available off-the-shelf component parts will be utilised wherever possible. These 

component parts will be used in their standard form, without any modifications, so that they 

can be easily obtained and used by other researchers. For any parts that are not commercially 

available, custom-designed parts will be created, which will be compatible with the off-the-

shelf components. By employing this approach, the experimental setup will be as reproducible 

as possible, allowing other researchers to replicate the experiment and build upon the findings 

in this work.  

 

To develop each IA, the component parts will be modelled using Solidworks, a 3D computer 

aided design (CAD) software. The use of Solidworks will allow for a thorough investigation 

of various design possibilities and iterations, prior to the commencement of the production 

process. Additionally, Solidworks is capable of creating assembly models of parts. This 

feature will be used to help visualise how each IA’s component parts will fit together and 

interact. If any issues arise such as the interference of parts, the individual part models will be 

adjusted accordingly. The application of Solidworks will ultimately save significant time and 

resources in the physical production process. Figure 10 outlines the CAD process which will 

be followed for each IA. 
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Figure 10: A flowchart outlining the design process followed to model each IA. 

 

Upon completion of the design process and validation of the CAD models, the manufacturing 

stage will commence. Commercial components will be procured, while custom-made parts 

will be additively manufactured, more specifically 3D printed. Note that all custom-made parts 

will be 3D printed from the material acrylonitrile butadiene styrene (ABS), which is a type of 

plastic known for its strength and durability. Once the parts are manufactured, they will then 

be assembled. One potential issue with 3D printing is that the layer-by-layer printing process 
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can produce dimensional inaccuracies. Therefore, if the parts do not fit together 

postprocessing steps like sanding may be necessary, to refine the final dimensions. It is 

important for the component parts to fit flush together, eliminating any potential source of 

vibration that may arise from the assembly. Even slight misalignments can result in unwanted 

motion when the system is displaced. 

4.1 Component Parts of Each Inertial Amplifier  

This Subsection provides a description of the constituent parts which form each IA. While 

each IA consists of the same fundamental components, variations in the quantities, 

dimensions, and design features of these parts occur amongst mechanisms. To see the full 

assembly of each IA, proceed to Subsection 4.2, Figure 21, Figure 22 and Figure 23. 

4.1.1 Arms  

The structural configuration of the single-stage, single-stage truss, compound, compound 

truss, nested and nested truss IAs is defined by the arms. The arms are designed based on the 

dimensions of the bearings, specifically the 694ZZ deep groove ball bearings mentioned in 

Subsection 4.1.2. These bearings have an outer diameter of 11mm and a width of 4mm. To 

connect the arms together, to form the structures of each mechanism, two 11mm diameter 

holes must be housed at each end of each arm. Additionally, the thickness of each arm must 

be 4mm to align with the bearing width of 4mm. 

 

The single-stage and single-stage truss IAs have an identical structural configuration, as do 

the compound and compound truss IAs, and the nested and nested truss IAs. To differentiate 

between corresponding mechanisms, the arms incorporate a distinct design feature. The arm 

design of the single-stage, compound and nested IAs features a standard, solid structure, while 

the arms of the corresponding mechanisms share the same design but incorporate truss shaped 

cut-outs. The rationale behind employing two different arm designs in this work, is to evaluate 

how a slight design modification of the mechanisms will impact the response of a dynamic 

system, specifically a cantilever beam. 

 

The IAs featuring arms with truss shaped cut-outs will exhibit a reduction in their overall 

mass, compared to the IAs with solid arms. This decrease in mass has the potential to increase 

the natural frequency of the system since there is less mass to move or accelerate. On the other 

hand, a reduction in mass could decrease the stiffness of the system since there is less material 

to resist deformation, causing a decrease in the natural frequency of the system. Moreover, the 
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reduction in mass could also lead to a decrease or an increase in damping, depending on the 

amount of resistance to motion due to air resistance. The impact of the truss-shaped cut-outs 

on the system is not easily predictable, and by conducting experiments on the mechanisms, it 

will be possible to draw conclusions about the effects of the design variant on the dynamic 

response.  

 

The single-stage and single-stage truss IAs are characterized by a rhombus shaped structure, 

consisting of four arms each. The length of each arm is 117mm, with a distance of 100mm 

from the centre of one bearing to the centre of the opposite bearing, as depicted in Figure 11. 

The compound and compound truss IAs contain ten arms each. Among the ten arms, four arms 

are identical to the arms of the single-stage and single-stage truss IAs. These four arms connect 

together to form an external rhombus structure. The remaining six arms form a pantograph 

mechanism, which connect within the external rhombus structure. There are four short arms 

with a length of 62mm, and a distance of 45mm from the centre of one bearing to the centre 

of the opposite bearing, as shown in Figure 12. The remaining two arms are classified as long 

arms, which have a length of 107mm and a distance of 45mm from the centre of one bearing 

to the centre of the adjacent bearing, as illustrated in Figure 13. It should be noted that the two 

long arms house three bearings, two at each end of the arm and one at the centre of the arm. 

The central hole serves as the connection point for each of the long arms, which combine to 

form the pantograph structure. 

 

The nested and nested truss IAs comprise twelve arms, four of which are identical to the 

compound and compound truss IAs, and the single-stage and single-stage truss IAs, which can 

be seen in Figure 11. These four arms construct to form an outer rhombus structure. An 

additional four arms have a length of 97mm, and a distance of 80mm from the centre of one 

bearing to the centre of the opposite bearing, as shown in Figure 14. These four arms connect 

to form a secondary rhombus mechanism within the outer rhombus structure. The remaining 

four arms have a length of 77mm, and a distance of 60mm from the centre of one bearing to 

the centre of the adjacent bearing, as depicted in Figure 15. These arms join together to 

configure a tertiary rhombus structure, within the secondary rhombus mechanism.  

 

Once the design of each arm is validated, the arms are fabricated using a 3D printer. In case 

of any manufacturing error, the affected arms are to be remanufactured. Additionally, any 

undersized bearing holes that may be present among the arms, are to be sanded to guarantee a 

flush fit for the respective 694ZZ deep groove ball bearings. To assemble the bearings into the 

arms a push fit technique is used.  
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Figure 11: a) One outer arm of the single-stage, compound and nested IAs. b) One outer arm of the single-stage 

truss, compound truss and nested truss IAs. 

 

 

 

 

 

Figure 12: a) One short arm of the compound IA. b) One short arm of the compound truss IA. 
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Figure 13: a) One long arm of the compound IA. b) One long arm of the compound truss IA. 
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Figure 14: a) One secondary arm of the nested IA. b) One secondary arm of the nested truss IA 

 

Figure 15: a) One tertiary arm of the nested IA. b) One tertiary arm of the nested truss IA. 
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4.1.2 Deep Groove Ball Bearings 

Deep groove ball bearings are utilized in each IA to reduce friction at the joints. The bearings 

are fitted into both ends of each arm using a push-fit method. Note that the two long arms of 

the compound IA house three bearings, as mentioned in Subsection 4.1.1. Through the use of 

bearings, the arms are able to move with minimal resistance around the pins, which are 

described in Subsection 4.1.3. The bearings contain a series of steel balls which are placed 

between two rings, an inner ring and an outer ring. As the arms rotate around the pins, the 

balls roll along the raceway of the inner and outer rings. The rolling motion of the balls 

distributes radial and axial loads evenly, which helps to reduce the amount of contact between 

the inner ring of the bearing and the pin, and minimises friction which would otherwise be 

prominent. The implementation of bearings to minimize friction can reduce the deterioration 

of the arms and pins, by impeding direct contact between them. Furthermore, the amount of 

force needed to facilitate the rotation of the arms around the pins can be reduced, which 

enhances the free and unhindered motion of each IA. 

 

A wide range of industrial supply stores offer deep groove ball bearings in numerous sizes, 

suitable for a diverse array of applications. The size of such bearings is generally determined 

by the inner diameter, outer diameter, and width. Specifically, this study employs 694ZZ deep 

groove ball bearings, which measure 4mm x 11mm x 4mm, as shown in Figure 16. The single-

stage and single-stage truss IAs use eight deep groove ball bearings, while the compound IA, 

compound truss IA, nested IA, and nested truss IA use twenty-two.  

 

Figure 16: a) An image which indicates the width of a 694ZZ deep groove ball bearing. b) An image which shows 

the inner and outer diameters of a 694ZZ deep groove ball bearing. 
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4.1.3 Pins 

To facilitate the rotational movement of each arm around a shared axis, pins are installed 

within each IA. These pins serve as joints that preclude any translation or sliding linear motion. 

The pins are specifically designed to fit through the 4mm inner diameter hole of each bearing, 

with assembly being executed through a push-fit method. The lengths of the pins vary amongst 

joints, contingent on the number of components that must be connected. Figure 17 illustrates 

a 4mm diameter pin with a given length, L. It should be noted that the components to be joined 

are invariably the arms, while at the upper and lower joints of each IA, the brackets must also 

be housed by the pins. The brackets are detailed in Subsection 4.1.4. The utilization of pins to 

form joints confers a number of benefits compared to alternative types of joints, including a 

straightforward assembly, a lightweight structure, and improved flexibility and range of 

motion. 

 

ABS round rods, measuring 4mm x 500mm, are commercially procured to serve as pins in 

this work. The round rods are industrially produced by extruding melted ABS plastic pellets 

through a round die. This extrusion process may cause minor inaccuracies in the diameters of 

the rods. Given that it is essential to obtain a precise 4mm fit between the pins and the bearings, 

and the pins and the brackets, sanding the rods may be necessary. To determine the lengths of 

the pins for each IA, a CAD assembly of each IA is created, including all components except 

for the pins. The components are arranged symmetrically, and as closely together as possible 

without causing any interference. This allows the distance between each component to be 

measured. The required lengths for the pins are then based on these measured distances. To 

manufacture the necessary pin lengths, the ABS rods are measured, marked, and cut using a 

ruler, scribe, and tenon saw, respectively. Crucial information regarding the requisite pin 

lengths, corresponding pin types, and pin quantities for the various joints of the single-stage 

and single-stage truss IAs, the compound and compound truss IAs, as well as the nested and 

nested truss IAs, is presented in Table 4, Table 5 and Table 6, respectively. It should be noted 

that the pin type pertains to the number of pins with different lengths. The pin type can provide 

valuable assistance during the assembly of each IA, indicating the location of specific pins on 

the mechanism. This information is illustrated in Figure 21a), Figure 22a), and Figure 23a), 

which can be found in Subsection 4.2.  
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Figure 17: A 4mm diameter ABS pin, which is used to form each joint in each IA. 

 

 

Table 4: Pin specifications for the single-stage and single-stage truss IAs 

 

 

 

 

 

Table 5: Pin specifications for the compound and compound truss IAs 

 

 

 

 

 

 

 

 

 

Table 6: Pin specifications for the nested and nested truss IAs 

 

 

 

 

 

 

 

Pin Type Length (L) mm Quantity 

1 25.00 2 

2 14.00 2 

Pin Type Length (L) mm Quantity 

1 25.00 1 

2 21.00 2 

3 11.40 2 

4 31.80 1 

5 17.40 2 

6 37.00 1 

Pin Type Length (L) mm Quantity 

1 25.00 2 

2 46.60 2 

3 58.00 1 

4 31.50 2 

5 78.20 1 
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4.1.4 Brackets 

To form each IA, arms, bearings, and pins are required, which are outlined in Subsections 

4.1.1, 4.1.2, and 4.1.3, respectively. However, to use each IA in an application one end of each 

mechanism must be fixed to the ground and the other end must be attached to a dynamic 

system. In this work, a bracket has been designed as an intermediary component to connect 

each IA to either the ground or a system. Note that the dynamic system used in this study is a 

cantilever beam, which is outlined in Subsection 4.1.5  

 

To ensure seamless integration of the bracket with the other constituent components in the 

system, careful consideration must be given to its design and dimensions. Figure 18 shows a 

CAD model of the designed bracket, with the part dimensions specified. The design process 

requires taking into account the dimensions of the other components and their spatial 

relationships within the system. For instance, a 2.5mm diameter stainless steel TX pan 

machine screw is used to attach the base of the bracket to the beam or the ground. 

Consequently, the holes in the base of the bracket must have a diameter of 2.5mm. 

Additionally, each bearing has an inner diameter of 4mm, therefore the pins must have a 

diameter of 4mm. As a result, the bracket requires a 4mm diameter hole to accommodate the 

pins.  

 

Furthermore, each bearing has an outer radius of 5.5mm, while the casing of each arm, which 

holds the bearing in place, has a diameter of 3mm. As a result, the distance from the centre of 

the 4mm pin hole to the top of the base of the bracket must measure greater than 8.5mm. Note 

that this distance is given by 15mm to allot extra room, to facilitate an easier assembly. 

Moreover, the width of the cantilever beam is 30mm, as stated in Subsection 4.1.5, therefore 

the width of two brackets must be less than 30mm. Finally, the column of the bracket is aligned 

in a central position with the length of the base plate, which measures 35mm, but not with its 

width of 11.5mm. This particular arrangement has been adopted to provide additional space 

for the arms to fit seamlessly along the pins without the risk of interference. 
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Figure 18: CAD model of the designed bracket, with the part dimensions specified. 

 

Each IA requires a total of four brackets, two to attach each IA to ground and two to attach 

each IA to the cantilever. Given that the brackets are secured using M2.5 (2.5mm x 20mm) 

stainless steel TX pan machine screws and M2.5 hexagonal nuts, and not adhesive glue, only 

four brackets need to be 3D printed as they can be easily removed and reutilized amongst 

mechanisms. This approach reduces material costs. Once the brackets have been 3D printed, 

any undersized screw and pin holes are sanded to facilitate a proper fit for the respective 

screws and pins. 

4.1.5 Cantilever Beam 

A cantilever beam is a structural member that is rigidly supported at one end while its other 

end remains free. Such a beam can be analysed as a single-degree-of-freedom dynamic system. 

Figure 19 shows a CAD model of the cantilever beam used in this work, with the dimensions 

explicitly defined. By first determining the natural frequency of the cantilever beam and then 

attaching each IA to it, the influence of the latter on the cantilevers dynamic response can be 

evaluated. This will offer valuable insight into the expected performance of each IA in a real-

world application. 
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The selection of the cantilever's dimensions is predicated on the size of the available 3D 

printer, which restricts the cantilever's length to 400mm. Moreover, the cantilever's thickness 

must be relatively small to facilitate the deflection of the beam. Therefore, the thickness of the 

beam is chosen to measure 6mm. Furthermore, the cantilever's width is selected based on the 

length and thickness values, this dimension is given as 30mm. It is worth noting that despite 

the cantilever's actual length of 400mm, a margin of 100mm is set aside for clamping the 

beam, during experimental testing. Thus, the effective length of the cantilever is 300mm. It is 

sufficient to additively manufacture only one cantilever, as the same cantilever can be 

employed across all experiments. 

 

It is possible to calculate the first natural frequency of the cantilever beam, through utilising 

the dimensions and the material properties of the cantilever. The undamped first natural 

frequency (Hz) for a cantilever beam is given by 

 

𝑤1 =
𝑘1
2

2𝜋
√
𝐸𝐼

𝜌𝐴𝐿4
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Where 𝑤1is the first natural frequency,  𝑘1 is the first fundamental mode of vibration which 

is equivalent to 1.875 [124], 𝐸 is the Young’s modulus, 𝐼 is the second moment of area, 𝜌 is 

the material density, A is the cross-sectional area and 𝐿 is the length of the cantilever.   

 

The second moment of area for a cantilever beam can be calculated using the following 

equation 

Figure 19: A CAD model of the cantilever beam used in this work, with the dimensions explicitly defined. 
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𝐼 =
𝑏ℎ3

12
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By entering the dimensions of the cantilever beam employed in this study into equation (86), 

the second moment of area can be obtained. 

 

𝐼 =  
0.03 ∗ 0.0063

12
= 5.4 ∗ 10−10 𝑚4 
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The Young’s modulus and density are inherent material properties. In this work, the cantilever 

is manufactured from ABS, the Young’s modulus of ABS is 2*10-9 Pa and the density of ABS 

is 1020 Kg/m3. Using equation (85) and the parameter values for 𝑘1, 𝐸, 𝐼, 𝜌, A and 𝐿, the first 

natural frequency of the cantilever beam is calculated.  

 

𝑤1 =
1.8752

2𝜋
√
(2 ∗ 109) ∗ (5.4 ∗ 10−10)

1020 ∗ 0.006 ∗ 0.03 ∗ 0.34
= 15.08 𝐻𝑧 
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It should be noted that the calculated natural frequency of the cantilever beam may deviate 

from the natural frequency value determined during experimental testing. This discrepancy 

may be attributed to the inherent nature of the 3D printing technique used to manufacture the 

cantilever, which typically does not produce entirely solid structures. Additionally, to 

experimentally test each IA modifications need to be made to the structure of the cantilever, 

which may also contribute to any observed discrepancy in the natural frequency. Such 

modifications include drilling four 2.5mm diameter holes into the free end of cantilever. These 

holes will facilitate the attachment of each IA to the cantilever through the use of M2.5 

stainless steel TX pan machine screws. To perform the drilling process, two brackets are 

placed at the tip of the cantilever. One bracket is aligned to one side, and end edge, of the 

cantilever, and the other bracket is aligned to the opposite side, and end edge, of the cantilever. 

Once aligned the position of the screw holes in the bracket are scribed onto the cantilever. 

After they have been marked, the holes are made using a hand drill with a 2.5mm drill bit. 

4.1.6 Proof Mass 

A proof mass is a predetermined quantity of mass that can be added to, or incorporated into, 

a system. During experimental testing, each IA will be coupled to a cantilever beam and a 

proof mass will be added to the system. A proof mass will be placed at either the tip of the 
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cantilever, or at specific joints of each IA, which are specified in Sections 3.1.1, 3.2.1, and 

3.3.1. It is important to note that the quantity of proof mass added to either the tip of the 

cantilever or to the specific joints of each IA will be subject to variation.  

 

In this work, circular lead disks with a diameter of 25mm and a mass of 12g are employed as 

proof mass. Figure 20 shows an image of one circular lead disk. The disks can be obtained 

from Amazon, a multinational e-commerce corporation, in a pack of 20, with a total mass of 

240g. To vary the amount of proof mass, which is added to the system, the disks can be cut to 

decrease mass or combined together to increase mass. It should be noted that the disks will be 

weighed prior to their addition to the system, since manipulation can result in changes to their 

mass. The lead disks will be added to the system using super glue, a high strength adhesive. 

 

The experiment employs proof mass to investigate the impact it will have on the dynamic 

characteristics of the cantilever beam. The proof mass is anticipated to enhance the effective 

inertia and effective mass of the system, thereby lowering the natural frequency of the 

cantilever. This is due to its capability to produce force or motion in response to an input. 

Additionally, the presence of the proof mass is expected to dampen any vibration, to reduce 

the amplitude of resonances. 

 

Figure 20: An image of one 12g circular lead disk, with a diameter of 25mm [125] 

4.2 Assembly 

Upon completion of the design and manufacturing process, all parts of each IA, must be 

assembled. The parts must be joined together in a particular sequence which is provided 

below:  
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1. Place two 694ZZ bearings into the end of each arm, and one additional bearing into the 

centre of each long arm of the compound and compound truss IAs, using a push-fit 

technique. 

2. Next, implement a push-fit methodology to insert the pins through the bearings in the 

arms, taking care to match the correct pins with the corresponding arms. This selection is 

based on the lengths of the pins, as well as the designs and lengths of the arms. To 

determine the specific pairing of the pins and the arms, consult the explanations provided 

in Subsections 4.1.1 and 4.1.3, along with the Figures labelled Figure 21a), Figure 22a), 

and Figure 23a) below. Also note that every pin will house at least two arms. 

3. Position the arms along each pin such that there is no contact between them, while also 

guaranteeing that the structure of each mechanism is vertically symmetric when viewed 

from the side. This is exemplified in Figure 21b), Figure 22b), and Figure 23b). 

 

Once the above steps are complete, each IA will be assembled. To attach an individual IA to 

a cantilever beam, proceed to use the method provided below: 

 

4. Push-fit two brackets onto the top and the bottom pins of an IA, with one bracket located 

at each end of each pin. Ensure that each bracket is correctly orientated, with the 4.5mm 

distance between the side of the bracket and the centre of the column of the bracket facing 

away from, and not into, the mechanism. 

5. Thread two M2.5 TX Pan Machine Screws into each bracket.  

6. Next, thread all four screws located at one end of the IA into the corresponding holes of 

the cantilever beam.  

7. Secure each screw of the system, eight in total, with an M2.5 Hexagonal nut. Tighten each 

nut using small pliers.  

 

To ensure that an IA is adequately prepared for experimental testing, it is necessary to follow 

steps four through seven. It is important to note that only one IA can be tested at a time owing 

to the limited availability of equipment. To test a different IA, the IA that has been tested must 

first be removed from the cantilever. This can be done by employing pliers to loosen all four 

hexagonal nuts that secure the IA to the cantilever, followed by unthreading the IA from the 

system. The next IA can then be affixed to the cantilever beam by repeating steps four through 

seven. CAD models of the assembled IAs can be seen in Figure 21, Figure 22, and Figure 23.  
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Figure 21: a) A front view CAD assembly model of the single-stage IA attached to a cantilever beam. b) A side 

view CAD assembly model of the single-stage IA.  c) A front view CAD assembly model of the single-stage truss 

IA. 

 

The numbers in Figure 21a) correspond to the different pin types used at each joint of the 

single-stage IA. The pin types can be cross-referenced with Table 4 in Subsection 4.1.3. to 

determine the pin lengths at each joint. Note that the pin types are equivalent among 

corresponding mechanisms, as mentioned in Subsection 4.1.3. 

 

 

Figure 22: a) A front view CAD assembly model of the compound IA affixed to a cantilever beam. b) A side view 

CAD assembly model of the compound IA.  c) A front view CAD assembly model of the compound truss IA. 
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The numbers in Figure 22a) correspond to the different pin types used at each joint of the 

compound IA. The pin types can be cross-referenced with Table 5 in Subsection 4.1.3. to 

determine the pin lengths at each joint. Note that the pin types and their positions are 

equivalent for the compound truss IA.  

 

 

Figure 23: a) A front view CAD assembly model of the nested IA affixed to a cantilever beam. b) A side view CAD 

assembly model of the nested IA. c) A front view CAD assembly model of the nested truss IA. 

The numbers in Figure 23a) correspond to the different pin types used at each joint of the 

nested IA. The pin types can be cross-referenced with Table 6 in Subsection 4.1.3. to 

determine the pin lengths at each joint. Note that the pin types and their positions are 

equivalent amongst corresponding mechanisms.   

5. Experimental Analysis of the Inertial Amplifiers 

In this Section, an experimental analysis will be conducted on each IA, to assess the dynamic 

behaviour and the performance of each mechanism, to validate the accuracy of the theoretical 

models utilised in Section 3, and to identify any possible design flaws and optimization 

opportunities.  

 

Two sets of experiments will be carried out. The first set of experiments will involve directly 

mounting each individual IA to an electrodynamic shaker. This will allow the pure mass 

effects of each IA to be identified. The second set of experiments will assess the impact of the 

single-stage and single-stage truss IAs, as well as the compound and compound truss IAs, on 

the dominant single-degree-of-freedom mode of a cantilever beam. In order to evaluate how 

each IA will influence the dynamic behaviour of a cantilever beam, a clear understanding of 
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the cantilevers underlying dynamic behaviour is required. To achieve this, a cantilever will be 

affixed to an electrodynamic shaker, in a manner comparable to that of each distinct IA.  

 

After establishing the baseline dynamic performance of the cantilever beam, each IA will be 

coupled to it and subject to various experimental tests. These tests will involve altering the 

initial amplifier angle and the proof mass of each mechanism. As mentioned in Section 3, the 

initial amplifier angle will be controlled by changing the height of the mechanism, and the 

proof mass will be controlled by adding different quantities of mass to the system. The proof 

mass will be added at either the tip of cantilever, or at specific joints of each IA.  

 

This methodology will not only allow the behaviour and the performance of each IA to be 

determined, but it will also facilitate the identification of any potential issues that may arise 

during the integration of each IA into a real-life application, like atomic force microscopy or 

vibration-based energy harvesting.  

 

The Section commences by discussing the experimental configuration of each test, and then 

continues with an account of the outcomes derived from the experiments. 

5.1 Experimental Set-up  

In this Subsection, the experimental set-up for each test is described. To achieve a 

comprehensive understanding of the behaviour and performance of each IA, it is necessary to 

employ three different experimental set-ups. 

 

The experimental setup used to evaluate the dynamic behaviour of each IA is illustrated in 

Figure 24a). It is important to note that due to the nature of the testing procedure, only one 

mechanism can be tested at a time. Therefore, after testing one IA, the testing process will 

need to be repeated for the remaining five IAs. In this experimental set-up, one end of the test 

IA is fixed to wooden block 1, which integrates a PCB 352 C03 piezoelectric accelerometer 

and a PCB 208 C03 force transducer. The total weight of wooden block 1, the accelerometer, 

and the transducer is 47g. The other end of the IA is attached to wooden block 2, which 

comprises a PCB 352 C03 piezoelectric accelerometer. The combined mass of wooden block 

2 and the accelerometer is 36g. It should be noted that the accelerometer attached to wooden 

block 2 serves the purpose of monitoring the stationary position of the attached end of the IA. 

Both ends of the IA are secured to their respective wooden blocks using four M2.5 TX pan 

machine screws and four M2.5 hexagonal nuts. To affix the IA to the testing apparatus, the 
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transducer attached to wooden block 1 is screwed into a Data Physics GW-V4 electrodynamic 

shaker, while wooden block 2 is firmly clamped to a metal ramp to establish a grounded 

fixture. A photograph of the tested compound IA is shown in Figure 24b). 

 

In Figure 25a) the experimental set-up used to assess the dynamic behaviour of the cantilever 

beam is illustrated. In this configuration, a PCB 208 C03 force transducer is adhered 17.5 mm 

from one end of the cantilever. A 2mm diameter ABS plastic stinger connects to the force 

transducer. On the face of the cantilever opposite to the transducer, a PCB 352 C03 

piezoelectric accelerometer is secured. It should be noted that the accelerometer is positioned 

so that it is at a slight misalignment with the force transducer. To secure the cantilever to the 

test rig, the free end of the stinger is threaded into a Data Physics GW-V4 electrodynamic 

shaker, and the opposite end of the cantilever is clamped to form a fixed connection. As 

mentioned in Section 4, Subsection 4.1.5, 100mm of the cantilevers length is clamped, 

allowing the effect length of the cantilever to measure 300mm. Figure 25b) depicts a 

photograph of the cantilever beam under test. 

 

In order to determine the individual impact of each IA on the dynamic behaviour of the 

cantilever beam, it is necessary to couple each IA separately to the beam. The test arrangement 

used in these experiments is illustrated in Figure 26a). The experimental set-up is identical to 

that used for the experiment of the cantilever beam, except an IA is now coupled to the free 

end of the system. One end of the IA is attached to the face of the cantilever with the 

accelerometer and is aligned centrally with the transducer located on the opposite face of the 

beam. The other end of the IA is attached to a wooden block that integrates a PCB 352 C03 

piezoelectric accelerometer, with a combined mass of 36g. Each end of the IA is secured using 

four M2.5 TX pan machine screws and four M2.5 hexagonal nuts. Note that the end of the IA 

that is not attached to the cantilever must be grounded, and therefore clamps are used to secure 

the wooden block in place. 
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Figure 24: a) Schematic diagram of the experimental set-up to test each distinct IA. b) Photograph of the 

experiment for the compound IA. 

 

 

 

Figure 25: a) Schematic diagram of the experimental set-up for the cantilever beam. b) Photograph of the 

experimental set-up for the cantilever beam. 
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Figure 26: a) Schematic diagram of the experimental setup for each IA coupled to a cantilever beam. b) 

Photograph of the single-stage IA coupled to a cantilever beam. 

 

To excite and analyse the performance of each test system, a computer with the Data Physics 

software installed, a Data Physics ABACUS 901 signal analyser, a Data Physics SignalForce 

100W amplifier, a Data Physics GW-V4 electrodynamic shaker, a PCB 208 C03 force 

transducer, and a PCB 352 C03 piezoelectric accelerometer is utilised. The following list, 

states the use of each apparatus in this work:  

 

o An amplifier is a necessary component of the experiment as it drives the electrodynamic 

shaker, by providing it with the necessary power to operate. Additionally, the amplifier 

boosts the level of the input signal to a suitable range for the ABACUS 901 signal analyser 

to detect and interpret. 

o The shaker generates vibrations. In each experiment, the shaker is controlled to generate 

random wavelength vibrations with a bandwidth of 100Hz. This input is chosen to 

simulate real-world ubiquitous vibrations.  

o A force transducer is used among all experiments to record the force input into each test 

system.  

o For all experiments which involve a cantilever beam, the shaker connects to a lightweight 

stinger. The stinger allows a more efficient transfer of vibrational energy to the cantilever, 

and it also helps to eliminate any losses or attenuation of the vibration signal.  

o The motion of each test structure is recorded by a PCB 352 C03 piezoelectric 

accelerometer. Note that for all experiments which involve an IA, two accelerometers are 

utilised. One accelerometer is employed to measure the response of the mechanism, and 
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the other accelerometer is used to ensure that there is no movement at the fixed connection 

of the system.  

o A Data Physics ABACUS 901 signal analyser, which is namely ‘processor’ in Figure 24, 

Figure 25, and Figure 26, is used to measure and analyse the signals from the force 

transducer and accelerometer(s).  

o It is imperative to have a computer equipped with the Data Physics software in order to 

operate the Data Physics ABACUS 901 signal analyser, capture data, and perform an 

analysis of the results. 

5.2 Experimental Results  

In this Subsection the experimental results will be presented. Subsection 5.2.1 presents the 

dynamic response of each individual IA, Subsection 5.2.2 shows the dynamic behaviour of 

the cantilever beam, and Subsection 5.2.3. demonstrates the impact of each IA on the 

cantilever beam. 

5.2.1 Pure Mass Inertial Amplifier Tests 

In this subsection, the pure mass effects of each IA are presented. It is imperative to 

comprehend the pure mass effects of each IA, as they can offer crucial insights into the 

dynamic behaviour of each system. Moreover, understanding these effects can facilitate the 

optimization of each IA, and foster the development of more accurate theoretical models. 

5.2.1.1 Single-Stage Inertial Amplifier 

The single-stage IA, depicted in Figure 27, has a mass of 39g. In order to evaluate the dynamic 

behaviour of the single-stage IA, an electrodynamic shaker test is performed, utilizing the 

experimental set-up illustrated in Figure 24a), Subsection 5.1. A series of tests are conducted 

on the single-stage IA, entailing the adjustment of the initial amplifier angle of the mechanism. 

The selection of the initial amplifier angle as a variable parameter is rooted in the analytical 

analysis presented in Section 3.1, which suggests that this particular parameter significantly 

influences the overall behaviour of the mechanism. The initial amplifier angle is varied from 

5 to 30 degrees, in increments of five degrees. The response of the mechanism can be seen in 

Figure 28a) and the corresponding coherence plot can be seen in Figure 28b).   

 

In order to modify the initial amplifier angle of the mechanism, adjustments must be made to 

the distance between each fixture of the system, including the ground and the shaker. To 

achieve this, six different pipe lengths are cut, whereby the lengths correspond to the values 
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of ℎ1 specified in Table 1, Section 3.1, with an additional 34mm added to each value. The 

extra 34mm length is to account for the distance between the bottom of each bracket and the 

centre of the corresponding pin. The pipe is then placed between each fixture to facilitate the 

correct initial amplifier angle, as depicted by Figure 27. 

 

 

Figure 27: A photograph of the single-stage IA with an initial amplifier angle of 20 degrees. 

 

Figure 28a) A frequency response plot of the single-stage IA. b) A coherence plot of the single-stage IA. 

 

Figure 28a) displays the frequency response plot for the single-stage IA at various initial 

amplifier angles, including 5, 10, 15, 20, 25, and 30 degrees. Notably, when the initial 

amplifier angle is set to 20, 25, or 30 degrees, the frequency response exhibits a relatively flat 

line. This suggests that the mechanism can generate a consistent response over a wide range 

of frequencies, irrespective of any alterations in mass that may occur, as well as any resonance 
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or damping effects that might cause deviations. When the initial amplifier angle of the 

mechanism is set to 10 or 15 degrees, the response is also relatively good, although the 

magnitude of the response begins to decrease for higher frequency values. On the other hand, 

when the initial amplifier angle is set to 5 degrees, the frequency response is not flat, and there 

is a resonance peak around 90Hz. This suggests that the structure may exhibit resonance or 

damping effects for this initial amplifier angle. Furthermore, for the initial amplifier angle 

cases 10, 15, 20, 25 and 30 degrees, there is a dip at around 40Hz, this is due to the presence 

of harmonics in the power supply.    

 

Using the linearised equation of motion for the single-stage IA, equation (41) in Section 3.1.3, 

the magnitude of the response for the single-stage IA with different initial amplifier angles 

can be calculated. The analytical values are shown in Table 7. 

 

Table 7: A Table to show the analytical magnitude of response values, for the single stage IA with different initial 

amplifier angles. 

 

 

 

 

 

 

 

 

 

The analytical magnitude of response values presented in Table 7, exhibit lower readings 

compared to the experimental magnitude of response values in Figure 28a). This disparity 

could suggest two possible scenarios: the mechanism could possess nonlinear characteristics, 

and or there might be experimental and human error involved in determining the initial 

amplifier angles, in which the system could be quite sensitive to.  

 

Figure 28b) presents the coherence plot corresponding to Figure 28a). Notably, the coherence 

is excellent for the single-stage IA with an initial amplifier angle of 10, 15, 20, 25, and 30 

degrees, indicating a strong correlation between the input and output signals. However, the 

coherence is not as high for an initial amplifier angle of 5 degrees. 

Initial amplifier angle ∅ 

(degrees) 

Magnitude of response 

(g/N) 

5 0.0397 

10 0.1576 

15 0.3501 

20 0.6115 

25 0.9336 

30 1.3068 
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5.2.1.2 Single-stage Truss Amplifier 

Figure 29 displays the single-stage truss IA, which has a mass of 37g. This mechanism shares 

similarities with the single-stage IA illustrated in Figure 27, but features a design variant which 

is elaborated upon in Subsection 4.1.1 of this paper. To experimentally evaluate the dynamic 

behaviour of the single-stage truss IA, the same experimental set-up and procedure is used as 

for that of the single-stage IA mentioned in Subsection 5.2.1.1. This involves conducting six 

electrodynamic shaker tests on the IA, for different initial amplifier angles, 5, 10, 15, 20, 25, 

and 30 degrees. It is worth noting that adjustments to the initial amplifier angle are made based 

on the mechanism's height, utilizing the lengths and methodology discussed in Subsection 

5.2.1.1. The dynamic response of the single-stage truss IA can be seen in Figure 30a) and the 

corresponding coherence plot can be seen in Figure 30b). 

 

 

 

Figure 29: A photograph of the single-stage truss IA with an initial amplifier angle of 5 degrees. 
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Figure 30: a) A frequency response plot of the single-stage truss IA. b) A coherence plot of the single-stage truss 

IA. 

 

Figure 30a) depicts the frequency response plot for the single-stage truss IA with different 

initial amplifier angles, ranging from 5 to 30 degrees. The trend in the response for initial 

amplifier angles 10, 15, 20, 25 and 30 degrees, is consistent with the response of the single-

stage IA, described in Subsection 5.2.1.1., for initial amplifier angles 10, 15, 20, 25 and 30 

degrees. This not only suggests that the mechanism can generate a consistent response over a 

wide range of frequencies, irrespective of any alterations in mass that may occur, or any 

resonance or damping effects that might cause deviations, but also that both mechanisms have 

a similar behaviour. However, when the initial amplifier angle of the single-stage truss IA is 

5 degrees, the frequency response is not flat, and there is a dip in the response around 50Hz, 

followed by a gradual rise. This suggests that the structure may exhibit resonance or damping 

effects at an initial amplifier angle of 5 degrees. 

 

The frequency response for the single-stage truss IA differs at 5 degrees from the single-stage 

IA, shown in Figure 28a). This could be due to noise, interference, and or structural 

nonlinearities that may exist between the different mechanisms. Notably, the coherence plot 

for the single-stage truss IA with an initial amplifier angle of 5 degrees, shown in Figure 30b), 

indicates a good coherence up to 30 Hz, beyond which it deteriorates. In contrast, the 

coherence plot for the single-stage IA, displayed in Figure 28b), initially demonstrates poor 

coherence and gradually improves over time. The aforementioned factors could be the reason 

for this trend in coherence, and thus frequency response pattern. 
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Using the linearised equation of motion for the single-stage truss IA, equation (41) in Section 

3.1.3, the magnitude of the response for the single-stage truss IA with different initial amplifier 

angles can be calculated. Note that the linearised equation of motion for the single-stage IA 

and single-stage truss IA is equivalent. The analytical values are shown in Table 8.  

 

Table 8: A Table to show the analytical magnitude of response values, for the single stage truss IA with different 

initial amplifier angles. 

 

  

 

 

 

 

 

 

 

 

In a manner akin to the single-stage IA, the analytical response values depicted in Table 8 for 

the single-stage truss IA also demonstrate reduced readings when compared to the 

experimental response values illustrated in Figure 30a). Again, this discrepancy could suggest 

two possible scenarios: first, the mechanism could possess nonlinear characteristics, and 

second, there could be a presence of experimental and human error in the determination of the 

initial amplifier angles, a factor that the system might be highly sensitive to. 

 

5.2.1.3 Compound Inertial Amplifier 

The compound IA, shown in Figure 24b) of Subsection 5.1, has a mass of 77g. In order to 

evaluate the dynamic behaviour of the compound IA, a series of electrodynamic shaker tests 

are performed on the mechanism. These tests involve altering the initial amplifier angle of the 

primary mechanism of the system. Note that a change in the initial amplifier angle of the 

primary mechanism will result in a change in the initial amplifier of the secondary mechanism. 

The selection of the initial amplifier angle as a variable parameter is rooted in the analytical 

analysis presented in Section 3.2, which suggests that this particular parameter significantly 

influences the overall behaviour of the mechanism. The initial amplifier angle of the primary 

mechanism is varied from 10 to 30 degrees, in increments of five degrees. The response of the 

Initial amplifier angle ∅ 

(degrees) 

Magnitude of response 

(g/N) 

5 0.0418 

10 0.1661 

15 0.3691 

20 0.6445 

25 0.9841 

30 1.3775 
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compound IA can be seen in Figure 31a) and the corresponding coherence plot can be seen in 

Figure 31b). 

 

To allow the initial amplifier angle of the primary mechanism to be accurately altered, the 

same procedure is followed as for that of the single-stage and single-stage truss IAs, mentioned 

in Subsection 5.2.1.1 and 5.2.1.2, respectively. It is important to highlight that the different 

pipe lengths used to achieve the desired initial amplifier angles remain consistent across all 

IA mechanisms. This consistency is ensured due to the identical outer dimensions of each 

mechanism. 

 

Figure 31: a) A frequency response plot of the compound IA. b) A coherence plot of the compound IA. 

 

Figure 31a) displays the frequency response plot for the compound IA, showcasing different 

initial amplifier angles for the primary mechanism. The range of initial amplifier angles spans 

from 10 to 30 degrees. When the initial amplifier angle of the primary mechanism is set to 15, 

20, 25, and 30 degrees, the frequency response exhibits a fairly constant magnitude. However, 

it is important to note that beyond approximately 50Hz, the magnitude of each response begins 

to gradually decrease, indicating that the compound IA may exhibit an unstable response that 

is sensitive to changes in mass, as well as any resonance and damping effects within the 

structure. When the initial amplifier angle of the primary mechanism is set to 10 degrees, the 

frequency response of the compound IA maintains a relatively stable magnitude up to 40Hz. 

Beyond this point, there is a steep increase in magnitude with increasing frequency, suggesting 

that the structure may be approaching its resonance frequency. 
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It is worth noting that the relationships depicted in Figure 31a) bear resemblance to those 

shown for that of the single-stage and single-stage truss IAs, presented in Figure 28a) 

Subsection 5.2.1.1 and Figure 30a)  Subsection 5.2.1.2, respectively. However, the magnitude 

of the response for each initial amplifier angle of the compound IA, is lower by approximately 

0.5g/N. Additionally, the frequency range with a flat response is smaller for the compound IA 

compared to the aforementioned single-stage and single-stage truss IAs. 

 

By utilizing the linearized equation of motion for the compound IA, specifically equation (63) 

in Section 3.2.3, it becomes possible to calculate the magnitude of the response for the system 

under various initial amplifier angles. The corresponding analytical values are presented in 

Table 9. 

 

Table 9: A Table to show the analytical magnitude of response values, for the compound IA with different initial 

amplifier angles. 

 

 

 

 

 

 

 

 

 

 

In accordance with the previously discussed IAs in Section 5.2.1.1 and 5.2.1.2, the analytical 

calculations in Table 9 demonstrate lower readings in contrast with the experimental values 

presented in Figure 31a). The presence of the observed discrepancy, as indicated in Section 

5.2.1.1, remains a viable explanation. It is also important to note that the primary mechanism 

of the compound IA cannot physically attain an initial amplifier angle of 5 degrees. 

Consequently, the experimental results for such an angle are absent. Nonetheless, the 

analytical results are included for completeness. 

 

The coherence plot, depicted in Figure 31b), demonstrates that the compound IA maintains a 

strong coherence for initial amplifier angles of 15, 20, 25, or 30 degrees, up to a frequency of 

60Hz. Beyond this frequency, the correlation between the input and output signals of the 

Primary initial amplifier 

angle ∅𝟏 (degrees) 

Secondary initial amplifier 

angle ∅𝟐 (degrees) 

Magnitude of 

response (g/N) 

5 5.56 0.1517 

10 11.12 0.5149 

15 16.71 0.9229 

20 22.33 1.2725 

25 28.01 1.5347 

30 33.75 1.7141 



78 

 

system tends to decrease. While the coherence is not as high when the initial amplifier angle 

of the mechanism is 10 degrees, it is still considered acceptable. Note that a dip in coherence 

is observed across all test conditions at 40Hz, which can be attributed to the presence of 

harmonics in the power supply. 

5.2.1.4 Compound Truss Inertial Amplifier 

The compound truss IA, which has a mass of 74g, is identical to the compound IA illustrated 

in Figure 24b) Subsection 5.1, with the exception of a design variant expounded upon in 

Subsection 4.1.1. This design variant can also be observed in Figure 29 Subsection 5.2.1.2. 

for the single-stage truss IA. To evaluate the dynamic behaviour of the compound truss IA, 

five electrodynamic shaker tests are performed on the system. These tests involve altering the 

initial amplifier angle of the primary mechanism. The experimental set-up utilised can be seen 

in  Figure 24a) Subsection 5.1, and the outcomes from these experiments can be seen in Figure 

32. 

 

 

Figure 32: a) a) A frequency response plot of the compound truss IA. b) A coherence plot of the compound truss 

IA. 

Figure 32a) presents the frequency response plot for the compound truss IA, illustrating the 

response for different initial amplifier angles of the primary mechanism, ranging from 10 to 

30 degrees. When considering an initial amplifier angle of 15, 20, 25, and 30 degrees, the 

frequency response of the compound truss IA initially demonstrates a relatively constant 

magnitude. However, as the frequency increases, the magnitude of each response gradually 

decreases. Notably, for the initial amplifier angle cases 15, 20, and 25 degrees, a significant 
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upsurge in magnitude then takes place, as the frequency approaches approximately 68Hz, 

81Hz, and 84Hz, respectively. This observation implies that the structure may be approaching 

resonance. In contrast, for an initial amplifier angle of 10 degrees, the frequency response of 

the compound truss IA is not flat, and instead exhibits a messy response pattern. This suggests 

that the compound truss IA may demonstrate resonance or damping effects with an initial 

amplifier angle of 10 degrees. Note that a clear resonance peak is observed at around 78Hz 

for this case. 

 

Using the linearised equation of motion for the compound truss IA, equation (63) in Section 

3.2.3, the magnitude of the response for the system with different initial amplifier angles can 

be calculated. The analytical values are shown in Table 10. Note that the linearised equation 

of motions for the compound and compound truss IAs are equivalent.  

 

Table 10: A Table to show the analytical magnitude of response values, for the compound truss IA with different 

initial amplifier angles. 

 

 

 

 

 

 

 

 

 

 

 

Upon analysing the experimental magnitude of response values depicted in Figure 32a), and 

comparing them to the calculated magnitude of response values presented in Table 10, a 

noticeable discrepancy emerges. The potential factors contributing to this discrepancy are 

elucidated in Sections 5.2.1.1, 5.2.1.2, and 5.2.1.3. It is important to acknowledge that, similar 

to the compound IA, the analytical results for the compound truss IA with an initial amplifier 

angle of 5 degrees have been included for the purpose of completeness, despite the absence of 

experimental data for comparison. 

 

Figure 32b) presents the coherence plot corresponding to Figure 32a). The coherence is 

excellent when the primary mechanism of the compound truss IA has an initial amplifier angle 

Primary initial amplifier 

angle ∅𝟏 (degrees) 

Secondary initial amplifier 

angle ∅𝟐 (degrees) 

Magnitude of 

response (g/N) 

5 5.56 0.1578 

10 11.12 0.5358 

15 16.71 0.9603 

20 22.33 1.3241 

25 28.01 1.5969 

30 33.75 1.7836 
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of 15, 20, 25, and 30 degrees, indicating a strong correlation between the input and output 

signals. However, for an initial amplifier angle of 10 degrees the coherence is not ideal, since 

the value drops below 0.5. As the analytical graphs in Figure 7a) and Figure 7b) of Subsection 

3.2.2. show that nonlinearities are highly significant at low angles, poor coherence is to be 

expected due to the fact that FRFs become quite unreliable with nonlinearities.  

5.2.1.5 Nested Inertial Amplifier 

The nested IA, depicted in Figure 33, has a mass of 89g. In order to evaluate the dynamic 

behaviour of the nested IA, several electrodynamic shaker tests are conducted on the 

mechanism, utilizing the experimental set-up illustrated in Figure 24a), Subsection 5.1. Each 

test involves adjusting the initial amplifier angle of the primary mechanism, as the analytical 

analysis in Subsection 3.3 suggests that this parameter significantly impacts the overall 

behaviour of the nested IA. The initial amplifier angle is controlled between 25 to 30 degrees, 

in increments of five degrees. To obtain the appropriate initial amplifier angle, the method 

outlined in Subsection 5.2.1.1 is employed. Figure 34 shows the results of the experiments.  

 

 

Figure 33: A photograph of the nested IA with an initial amplifier angle of 25 degrees. 
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Figure 34: a) A frequency response plot of the nested IA. b) A coherence plot of the nested IA. 

 

The frequency response plot for the nested IA is presented in Figure 34a) which depicts the 

response of the mechanism for a primary initial amplifier angle of 25 and 30 degrees. For both 

test cases, an irregular response pattern is observed, which indicates a potential instability of 

the system. Notably, resonance peaks are detected at frequencies of approximately 27Hz, 

41Hz, and 76Hz when the initial amplifier angle is 25 degrees, and at approximately 14Hz and 

42Hz when the initial amplifier angle is 30 degrees. These peaks are likely to be caused by 

resonance or damping effects within the structure of the mechanism, and they indicate that the 

nested IA is sensitive to changes in mass. The nested IA contains 24 joints, which could lead 

to significant damping effects, primarily through friction. Such effects may impact the 

resonance within the structure. To comprehend the resonance and damping effects, further 

investigations could be conducted, including experiments varying the driving frequency of the 

input signal, and employing finite element analysis (FEA) to explore the IAs mode shapes. 

Comparative analysis of the data in Figure 34a) and the results from the proposed additional 

tests could help to confirm any resonance and damping within the IA. 

 

Using the linearised equation of motion for the nested IA, equation (84) in Section 3.3.3, the 

magnitude of the response for the nested IA with different initial amplifier angles can be 

calculated. The analytical values are shown in Table 11. 
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Table 11: A Table to show the analytical magnitude of response values, for the nested IA with different initial 

amplifier angles. 

 

 

 

 

 

 

 

 

 

Upon analysing the experimental magnitude of response values depicted in Figure 34a), and 

comparing them to the calculated magnitude of response values presented in Table 11, no 

noticeable trend can be seen. The disparity between the experimental and analytical results 

may be attributed to the use of a linear equation for calculating the response magnitude, as the 

experimental system is non-linear. Note that despite the absence of experimental data for 

initial amplifier angles 5, 10, 15 and 20 degrees, the analytical results have been included for 

completeness.  

 

Figure 34b) shows the coherence plot which corresponds to the frequency response plot in 

Figure 34a). It is evident that the coherence is poor for both the tested initial amplifier angles. 

This could be due to non-linearities present within the mechanism. Since the mechanism 

exhibits an unsatisfactory response, no further findings pertaining to this IA will be presented.  

5.2.1.6 Nested Truss Inertial Amplifier 

The nested truss IA, which has a mass of 84g, is identical to the nested IA illustrated in Figure 

33 Subsection 5.2.1.5, with the exception of a design variant expounded upon in subsection 

4.1.1. This design variant can also be observed in Figure 29 Subsection 5.2.1.2. for the single-

stage truss IA. To evaluate the dynamic behaviour of the nested truss IA, two tests are 

conducted, each varying the initial amplifier angle of the primary mechanism. The 

experimental set-up utilised for these tests can be seen in Figure 24a) Subsection 5.1, and the 

outcomes from these experiments can be seen in Figure 35.  

Primary initial amplifier 

angle ∅𝟏 (degrees) 

Magnitude of response 

(g/N) 

5 1.7333 

10 1.5896 

15 1.3557 

20 1.0374 

25 0.6450 

30 0.1911 
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Figure 35: a) A frequency response plot of the nested truss IA. b) A coherence plot of the nested truss IA 

 

Figure 35a) depicts the frequency response plot for the nested truss IA, illustrating the 

response for the mechanism at two different primary initial amplifier angles, 25 and 30 

degrees. Similar to the nested IA, the response exhibits a non-uniform pattern for both test 

conditions, possibly due to non-linearities within the structure of the mechanism. When the 

initial amplifier angle of the primary mechanism for the nested truss IA is 25 degrees, two 

resonance peaks emerge at approximately 20Hz, 33Hz, and 60Hz. In contrast, no distinct 

resonance peaks are observable when the initial amplifier angle of the primary mechanism is 

30 degrees. 

Using the linearised equation of motion for the nested truss IA, equation (84) in Section 3.3.3, 

the magnitude of the response for the system with different initial amplifier angles can be 

calculated. The analytical values are shown in Table 12. Note that the linearised equation of 

motions for the nested and nested truss IAs are equivalent.  
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Table 12: A Table to show the analytical magnitude of response values, for the nested truss IA with different initial 

amplifier angles. 

 

 

 

 

 

 

 

 

 

 

In a manner akin to the nested IA discussed in Section 5.2.1.5, no discernible trend can be 

observed between the experimental magnitude of response values depicted in Figure 35a) and 

the analytical magnitude of response values presented in Table 12. This lack of correlation 

may be attributed to nonlinearities within the system or potential errors in measuring the initial 

amplifier angle. Additionally, the poor coherence response in Figure 35b), which corresponds 

to the frequency response plot in Figure 35a) indicates a weak linear relationship between the 

input and output signals, which could contribute to disparities between the analytical and 

experimental data. 

 

It is evident that the coherence is poor when the initial amplifier angle is 25 degrees. 

Conversely, the coherence is acceptable when the initial amplifier angle is 30 degrees. 

However, since there is no apparent mass effect for this configuration, no additional outcomes 

will be presented for the nested truss IA. 

5.2.2 Cantilever Beam  

To establish the performance of each IA, it is essential to examine the dynamic behaviour of 

the cantilever beam. This will allow the impact of each IA on the behaviour of the caltilever 

beam to be assessed. To evaluate the beahiour of the cantilever beam several electrodynamic 

shaker tests are conducted. These tests aim to not only determine the baseline performance of 

the cantilever, but also the performance of the cantilever under varying quantities of tip mass, 

specifically 12g, 24g, 36g, and 48g. The results of these experiments are illustrated in Figure 

37 and Figure 38.  

 

Primary initial amplifier 

angle ∅𝟏 (degrees) 

Magnitude of response 

(g/N) 

5 1.8365 

10 1.6843 

15 1.4364 

20 1.0991 

25 0.6834 

30 0.2025 
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The introduction of proof mass to the tip of the cantilever is expected to modify the dynamic  

characteristics of the system. Monitoring and analysing these alterations will facilitate a 

comprehensive evaluation of the cantilever's behaviour. Furthermore, adding proof mass to 

the tip of the cantilever should stimulate the effects of each IA when coupled to the system. 

Therefore, it is necessary to add proof mass to the cantilever for comparative purposes. Figure 

36 shows the experiment of the cantilever beam with 48g of proof mass. 

 

 

Figure 36: A photograph of the cantilever beam with 48g of tip mass attached. 

 

Figure 37: a) A frequency response plot of the cantilever beam. b) A coherence plot of the cantilever beam. 

Each plot depicts five conditions, the baseline dynamic behaviour of the cantilever beam and 

the when 12g, 24g, 36g, and 48g of proof mass have been added to the tip of the free end of 

the cantilever. Figure 37 a) shows that the natural frequency of the cantilever beam is 26.25 
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Hz. When 12g, 24g, 36g, and 48g of proof mass is added to the tip of the cantilever, the natural 

frequency of the cantilever decreases correspondingly to 22.50 Hz, 20.00 Hz, 18.13 Hz, and 

16.25 Hz, respectively. The observed inversely proportional relationship between the proof 

mass and the natural frequency of the cantilever is expected, since the addition of the proof 

mass results in an increased effective mass of the system.  As natural frequency is inversely 

proportional to the square root of effective mass, the observed trend is explained. Figure 37a) 

also presents the magnitude of the cantilever’s response, which decreases as the proof mass of 

the system increases. 

 

The coherence for each test can be seen in Figure 37b). In each test, the coherence drops at 

the natural frequency of the cantilever. This suggests that the linear correlation between the 

input and output signals diminishes at the natural frequency of the cantilever.   

 

 

Figure 38: a) A bar chart to show the damping ratio of the cantilever beam for different test conditions. b) A bar 

chart to show the Q-factor of the cantilever beam for different test conditions. 

Each plot depicts five test conditions, which include the standard beam, and the beam with a 

proof mass of 12g, 24g, 36g, and 48g placed at the tip of the free end of the cantilever. Figure 

38a) shows that the damping ratio of the cantilever beam is 0.106%. When 12g, 24g, 36g, and 

48g of proof mass is added to the tip of the cantilever, the damping ratio changes 

correspondingly to 0.109%, 0.114%, 0.091% and 0.142%, respectively. The general trend 

shows that as the proof mass of the cantilever increases, the damping ratio of the cantilever 

also increases, except for the case of 36g of proof mass. This is the only case which shows the 

damping ratio of the cantilever to decrease below its natural value. 
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Figure 38b) that the Q-factor of the cantilever beam is 4.71%. When 12g, 24g, 36g, and 48g 

of proof mass is added to the tip of the cantilever, the Q-factor changes correspondingly to 

4.61%, 4.38%, 5.51%, and 3.53%, respectively. The general trend shows that as the proof 

mass of the cantilever increases, the Q-factor of the cantilever decreases, except for the case 

of 36g of proof mass. For this case, the Q-factor of the cantilever increases, and exceeds the 

value of the Q-factor for the natural beam. 

 

There is a clear relationship between the Q-factor and the damping ratio of the cantilever 

beam. As the Q-factor of the cantilever increases the damping ratio of the cantilever decreases. 

This phenomenon is accounted for by the relationship expounded in equation (3), in 

Subsection 2.1.3.  

5.2.3 Inertial Amplifier Coupled to a Cantilever Beam 

In order to assess the performance of each IA, the IAs are individually coupled to a cantilever 

beam. As the behaviour of the cantilever beam is stated in Subsection 5.2.2, the results outlined 

in this Section can be compared with those of the cantilever to demonstrate the impact each 

IA has on its behaviour. Following this process yields valuable insight into how the IAs would 

perform in a real-life application.  

5.2.3.1 Single-Stage Inertial Amplifier Coupled to a Cantilever Beam 

Figure 26b) in Subsection 5.1 shows a photograph of the single-stage IA coupled to a 

cantilever beam. In order to evaluate the dynamic behaviour of the single-stage IA when 

coupled to a cantilever beam, a series of electrodynamic shaker tests are performed on the 

system, utilizing the experimental set-up illustrated in Figure 26a), Subsection 5.1. Each test 

involves altering the initial amplifier angle of the mechanism from 5 to 30 degrees, in 

increments of five degrees. Note that in order to achieve precise adjustments of the initial 

amplifier angle of the mechanism, the identical process is implemented as for that of each 

individual IA, explicitly outlined in Subsection 5.2.1.1 for the single-stage IA. The results of 

the experiments for the single-stage IA coupled to a cantilever beam are illustrated in Figure 

39 and Figure 40. 
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Figure 39: a) A frequency response plot of the single-stage IA coupled to a cantilever beam. b) A coherence plot 

of the single-stage IA coupled to a cantilever beam.  

Figure 39a) illustrates the response of the single-stage IA coupled to a cantilever beam, for six 

different initial amplifier angles. For an initial amplifier angle of 5 degrees, no distinct 

resonance is apparent. In contrast, for initial amplifier angles 10, 15, 20, 25, and 30 degrees, 

the natural frequency of the system is 10.63Hz, 16.25Hz, 17.5Hz, 19.38Hz, and 20.63Hz, 

respectively. A clear trend is observed whereby an increase in the initial amplifier angle of the 

mechanism leads to a corresponding rise in the natural frequency of the system. This indicates 

that there is less effective inertia within the system for larger initial amplifier angles. 

Furthermore, as the initial amplifier angle increases, the magnitude of the response of the 

system also increases, with the largest response observed when the initial amplifier angle of 

the system is 30 degrees. For this case, the magnitude of the response is approximately ten 

times that of the cantilever beam.   

 

Figure 39b) shows the coherence plot which corresponds to the frequency response plot in 

Figure 39a). For each test, the coherence drops at the natural frequency of the system. This 

suggests that the linear correlation between the input and output signals diminishes at each 

natural frequency, which may be caused by non-linearities within the system.  
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Figure 40: a) A bar chart to show the damping ratio of the single-stage IA coupled to a cantilever beam, for 

different test conditions. b) A bar chart to show the Q-factor of the single-stage IA coupled to a cantilever beam, 

for different test conditions. Note that the cantilever beam is displayed for comparison. 

Figure 40a) shows that the damping ratio of the system is 0.158%, 0.103%, 0.094%, 0.088% 

and 0.075%, when the initial amplifier angle of the mechanism is 10, 15, 20, 25 and 30 

degrees, respectively. It is worth noting that the damping ratio is not indicated for an initial 

amplifier angle of 5 degrees as there is no distinct natural frequency shown for this condition. 

The overall trend indicates that as the initial amplifier angle of the mechanism increases, the 

damping ratio of the system decreases. Interestingly, for the case of 10 degrees the damping 

ratio of the system exceeds the damping ratio of the natural beam, which is 0.106%. 

 

Figure 40b) shows the Q-factor of the system to be 3.17%, 4.85%, 5.30%, 5.70% and 6.65%, 

when the initial amplifier angle of the mechanism is 10, 15, 20, 25 and 30 degrees, 

respectively. Note that the Q-factor of the system is not given for an initial amplifier angle of 

5 degrees because there is no clear natural frequency peak observed. The general trend of the 

graph shows that as the initial amplifier angle of the mechanism increases, the Q-factor of the 

system also increases. For the case of an initial amplifier angle of 10 degrees, the Q-factor of 

the system decreases below the value of the Q-factor for the natural beam.  

 

There is a clear relationship between the Q-factor and the damping ratio of the system. As the 

Q-factor of the system increases the damping ratio of the system decreases. This phenomenon 

is accounted for by the relationship expounded in equation (3) of Subsection 2.1.3. 
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5.2.3.2 Single-Stage Inertial Amplifier Coupled to a Cantilever Beam with Tip Mass 

To further assess the influence of the single-stage IA on the behaviour of the cantilever, 

additional electrodynamic shaker tests are conducted on the system. Each test involves altering 

the initial amplifier angle of the mechanism between 5 to 30 degrees, in increments of five 

degrees, but for varying quantities of proof mass added to the tip of the cantilever, specifically 

12g, 24g, 36g, and 48g. Note that proof mass is introduced to the cantilever in an effort to 

stimulate the effects of the IA. The results of these experiments are illustrated in Figure 41 

and Figure 42. 

 

 

Figure 41: A frequency response plot of the single-stage IA coupled to a cantilever beam with a) 12g, b)24g, c)36g, 

and d)48g of proof mass added to the tip of the cantilever. 

 

In Figure 41a), b), c) and d), the frequency response of the single-stage IA coupled to a 

cantilever beam is shown. Twenty-four test conditions are presented, which involve variations 

of the initial amplifier angle of the mechanism, from 5 to 30 degrees, in increments of five 

degrees, for various cantilever tip-masses, specifically 12, 24, 36, and 48g. Across all 

experiments, a distinct trend is shown, whereby an increase in the initial amplifier angle of the 

system corresponds to a rise in the natural frequency of the system. This trend suggests that 

the system generates less effective inertia for larger initial amplifier angles. Additionally, for 

a given initial amplifier angle, the natural frequency of the system decreases as the quantity 

of cantilever tip mass increases. This relationship is anticipated, as the effective mass of a 

system is proportional to the square root of the natural frequency of the system, and the 

inclusion of proof mass augments the effective mass of the system. Furthermore, as the 
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quantity of cantilever tip mass increases, the magnitude of the response decreases. This is an 

expected trend, since the motion of the system is dependent on the natural frequency of the 

system. For a lower natural frequency, the system is less responsive. 

 

 

Figure 42: a) A bar chart to show a) the damping ratio, and b) the Q-factor of the single-stage IA coupled to a 

cantilever beam, when 12g, 24g, 36g and 48g of proof mass has been added to the tip of the cantilever. 

 

Figure 42 a) and b) illustrate the damping ratio and Q-factor characteristics of the single-stage 

IA when coupled to a cantilever beam, subject to varying initial amplifier angles and tip mass 

conditions. It is worth noting that the damping ratio of the system exhibits an inverse 

relationship with the reciprocal of the Q-factor of the system. The damping ratio and Q-factor 

characteristics are not displayed for an initial amplifier angle of 5 degrees, since there is no 

clear natural frequency peak in Figure 41a), b), c) and d). When the quantity of proof mass 

added to the tip of the cantilever is either 12g or 36g, the damping ratio decreases and the Q-

factor increases, for increasing initial amplifier angles. For a proof mass of 24g and 48g, there 

is no distinct observable trend. 

 

5.2.3.3 Single-Stage Inertial Amplifier with Joint Mass Coupled to a Cantilever Beam  

To improve the effective inertia of the single-stage IA, a proof mass is added to specific joints 

of the mechanism, as displayed in Figure 43. For a detailed understanding of the precise joints 

to which the proof mass is added, refer to Section 3.1.  
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A sequence of electrodynamic shaker tests are performed on the system, to further assess the 

influence of the single-stage IA on the behaviour of the cantilever beam. In each test, the initial 

amplifier angle of the mechanism is adjusted within the range of 5 to 30 degrees, in increments 

of five degrees, with varying quantities of proof mass, specifically 12g, 24g, 36g, and 48g 

added to the designated joints of the mechanism. The outcomes of these experiments are 

presented in Figure 44 and Figure 45. 

 

 

Figure 43: A photograph of the single-stage IA coupled to a cantilever beam, with 12g of proof mass at each 

specified joint of the mechanism. 

 

Figure 44: A frequency response plot of the single-stage IA coupled to a cantilever beam with a) 12g, b) 24g, c) 

36g, and d) 48g of proof mass added to each specified joint of the mechanism. 

 

In Figure 44a), b), c), and d), the frequency response of the single-stage IA coupled to a 

cantilever beam is shown; twenty four conditions are presented, which involve variations of 

the initial amplifier angle of the mechanism, for different quantities of proof mass, specifically 
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12, 24, 36, and 48g added to each designated joint of the mechanism. Across all experiments, 

a clear pattern is observed, whereby an increase in the initial amplifier angle of the system 

corresponds to a rise in the natural frequency of the system. This trend suggests that for larger 

initial amplifier angles, the system generates less effective inertia. Additionally, for a given 

initial amplifier angle, the natural frequency of the system decreases as the quantity of joint 

mass increases. This relationship is expected since the addition of proof mass to the system 

increases the effective mass of the system. Note that the effective mass of the system is directly 

proportional to the square root of the natural frequency of the system. Furthermore, as the 

quantity of joint mass increases, the magnitude of the response decreases, for all initial 

amplifier angles.  This relationship is anticipated since the motion of the system is dependent 

on the natural frequency of the system. For cases, 36g and 48g of proof mass added to each 

specific joint of the mechanism, the system becomes slightly unstable, as evidenced by the 

unsmooth responses in  Figure 44c) and d). 

 

Figure 45: a) A bar chart to show a) the damping ratio, and b) the Q-factor of the single-stage IA coupled to a 

cantilever beam, when 12g, 24g, 36g and 48g of proof mass has been added to each specified joint of the 

mechanism.  

Figure 45a) and b) illustrate the damping ratio and Q-factor characteristics of the single-stage 

IA when coupled to a cantilever beam, subject to varying initial amplifier angles and joint 

mass conditions. The damping ratio and Q-factor characteristics are not displayed for an initial 

amplifier angle of 5 degrees, for 12g, 36g and 48g of joint mass, since there is no clear natural 

frequency peak in Figure 44a), c) and d). When the quantity of proof mass added to each 

specified joint of the single-stage IA is 48g, the damping ratio decreases and the Q-factor 

increases, for increasing initial amplifier angles. For a proof mass of 12, 24 and 36g, there is 

no clear trend observed. 
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5.2.3.4 Single-Stage Truss Inertial Amplifier Coupled to a Cantilever Beam 

Figure 46 shows a photograph of the single-stage truss IA coupled to a cantilever beam. In 

order to evaluate the dynamic behaviour of the single-stage truss IA when it is coupled to a 

cantilever beam, a series of electrodynamic shaker tests are performed on the system, utilizing 

the experimental set-up illustrated in Figure 26a), Subsection 5.1. Each test involves altering 

the initial amplifier angle of the mechanism from 5 to 30 degrees, in increments of five 

degrees. Figure 47 and Figure 48 display the results of these experiments. Note that to achieve 

precise adjustments of the initial amplifier angle of the mechanism, the identical process is 

implemented as for that of each individual IA, explicitly outlined in Subsection 5.2.1.1 for the 

single-stage IA.  

 

 

Figure 46: A photograph of the single-stage truss IA with an initial amplifier angle of 20 degrees, coupled to a 

cantilever beam. 

 

 

Figure 47: a) A frequency response plot of the single-stage truss IA coupled to a cantilever beam. b) A coherence 

plot of the single-stage truss IA coupled to a cantilever beam. 
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Figure 47a) illustrates the frequency response for the single-stage truss IA when coupled to a 

cantilever beam, for various initial amplifier angles. For an initial amplifier angle of 5 degrees, 

no distinct natural frequency peak is apparent. In contrast, for initial amplifier angles 10, 15, 

20, 25, and 30 degrees, the natural frequency of the system is 12.5Hz, 16.25Hz, 18.13Hz, 

20Hz, and 20.63Hz, respectively. A clear trend is observed whereby an increase in the initial 

amplifier angle of the mechanism leads to a corresponding rise in the natural frequency of the 

system. This indicates that there is less effective inertia within the system for larger initial 

amplifier angles. Furthermore, as the initial amplifier angle increases, the magnitude of the 

response of the system also increases, with the largest response observed when the initial 

amplifier angle of the system is 30 degrees. The trend observed in this study is consistent with 

that found in Subsection 5.2.3.1, which examined the single-stage IA coupled to a cantilever 

beam. In both cases, the natural frequencies occur at approximately the same value. However, 

unlike the response of the single-stage IA, the magnitude of the response for each initial 

amplifier angle is lower than that of the cantilever beam. 

 

Figure 47b) illustrates the coherence plot that corresponds to the frequency response plot in 

Figure 47a). The coherence for each test is not optimal, as it decreases at the natural frequency 

of the system. This indicates a reduction in the linear correlation between the input and output 

signals at each natural frequency, which may be attributed to non-linearities within the system. 

 

 

Figure 48: A bar chart to show a) the damping ratio, and b) the Q-factor of the single-stage truss IA coupled to a 

cantilever beam, for different test conditions.  

. 
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Figure 48a) shows that the damping ratio of the system is 0.126%, 0.103%, 0.091%, 0.095% 

and 0.094%, when the initial amplifier angle of the mechanism is 10, 15, 20, 25 and 30 

degrees, respectively. It is worth noting that the damping ratio is not shown when the initial 

amplifier angle of the mechanism is 5 degrees, this is because there is no distinct natural 

frequency for this condition. The overall trend of the graph indicates that as the initial 

amplifier angle of the mechanism increases, the damping ratio of the system decreases, except 

for the cases when the initial amplifier angle is 25 and 30 degrees. For these two cases, the 

damping ratio slightly increases. Furthermore, the damping ratio of the system surpasses the 

damping ratio of the cantilever beam, which is 0.106%, only when the initial amplifier of the 

mechanism is 10 degrees. It is clear that for this particular case, the damping is being amplified 

to a greater extent than the inertia.   

 

Figure 48b) shows the Q-factor of the system to be 3.96%, 4.85%, 5.49%, 5.26% and 5.29%, 

when the initial amplifier angle of the mechanism is 10, 15, 20, 25 and 30 degrees, 

respectively. The Q-factor of the system is not given for an initial amplifier angle of 5 degrees 

because there is no observable natural frequency peak. The general trend of the graph shows 

that as the initial amplifier angle of the mechanism increases, the Q-factor of the system also 

increases, except for when the initial amplifier angle is 25 and 30 degrees. For these two cases, 

the Q-factor slightly decreases. Note that the relationship for the Q-factor of the system is 

directly proportional to the reciprocal of the damping ratio of the system. 

 

5.2.3.5 Single-Stage Truss Inertial Amplifier Coupled to a Cantilever Beam with Tip 

Mass 

To further assess the influence of the single-stage truss IA on the behaviour of the cantilever 

beam, additional electrodynamic shaker tests are conducted on the system. Each test involves 

altering the initial amplifier angle of the mechanism between 5 to 30 degrees, in increments 

of five degrees, but for varying quantities of proof mass added to the tip of the cantilever, 

specifically 12g, 24g, 36g, and 48g. Note that proof mass is introduced to the cantilever, as 

shown in Figure 36 Subsection 5.2.2, in an effort to stimulate the effects of the IA. The results 

of these experiments are illustrated in Figure 49 and Figure 50. 
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Figure 49: A frequency response plot of the single-stage truss IA coupled to a cantilever beam with a)12g, b)24g, 

c)36g, and d) 48g of proof mass added to the tip of the cantilever. 

 

In Figure 49 a), b), c) and d), the frequency response of the single-stage truss IA coupled to a 

cantilever beam is shown. Twenty-four test conditions are presented, which involve variations 

of the initial amplifier angle of the mechanism, from 5 to 30 degrees, in increments of five 

degrees, for various cantilever tip-masses, specifically 12, 24, 36, and 48g. The trends 

observed in each response graph, are consistent with those outlined in Figure 41 a), b), c) and 

d), for the single-stage IA coupled to a cantilever beam with tip mass. The sole distinction 

between the trends lies in the magnitude of the response for each test, which is considerably 

lower for the single-stage truss IA coupled to a cantilever beam with tip mass. 

 

The main trends are as follows: as the initial amplifier angle increases, the natural frequency 

of the system increases. Additionally, for a given initial amplifier angle, the natural frequency 

of the system decreases as the quantity of cantilever tip mass increases. Furthermore, as the 

quantity of cantilever tip mass increases, the magnitude of the response decreases. 
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Figure 50: A bar chart to show a) the damping ratio, and b) the Q-factor of the single-stage truss IA coupled to a 

cantilever beam, when 12g, 24g, 36g and 48g of proof mass has been added to the tip of the cantilever. 

 

Figure 50a) and b) illustrate the damping ratio and Q-factor characteristics of the single-stage 

truss IA when coupled to a cantilever beam, subject to varying initial amplifier angles and tip 

mass conditions. It is worth noting that the damping ratio of the system exhibits an inverse 

relationship with the reciprocal of the Q-factor of the system. The damping ratio and Q-factor 

characteristics are not displayed for an initial amplifier angle of 5 degrees, for 12g, and 24g 

of tip mass, since there is no clear natural frequency peak in Figure 49a) and b). When the 

quantity of proof mass added to the tip of the cantilever is 12g, compared to 24g, 36g and 48g, 

the damping ratio is lower across each initial amplifier angle. This is expected since the system 

contains less mass to dissipate energy through friction or other damping mechanisms. 

5.2.3.6 Single-Stage Truss Inertial Amplifier with Joint Mass Coupled to a Cantilever 

Beam 

In order to enhance the effective inertia of the single-stage truss IA, a proof mass is 

incorporated into certain joints of the mechanism. For a comprehensive understanding of the 

specific joints to which the proof mass is added, please refer to Section 3.1 or view Figure 43, 

Subsection 5.2.3.3. It is worth noting that the location of the proof mass on the single-stage 

truss IA is the same as that on the single-stage IA.  

 

A sequence of electrodynamic shaker tests are conducted on the system to further investigate 

the impact of the single-stage truss IA on the behaviour of the cantilever beam. In each test, 

the initial amplifier angle of the mechanism is adjusted within the range of 5 to 30 degrees, in 
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increments of five degrees, with varying quantities of proof mass (specifically 12g, 24g, 36g, 

and 48g) added to the designated joints of the mechanism. The outcomes of these experiments 

are demonstrated in Figure 51 and Figure 52. 

 

 

Figure 51: A frequency response plot of the single-stage truss IA coupled to a cantilever beam with a) 12g, b) 24g, 

c) 36g, and d)48g of proof mass added to each specified joint of the mechanism. 

 

In Figure 51a), b), c), and d), the frequency response of the single-stage truss IA coupled to a 

cantilever beam is shown; twenty-four conditions are presented, which involve variations of 

the initial amplifier angle of the mechanism, for different quantities of proof mass, specifically 

12, 24, 36, and 48g added to each designated joint of the mechanism. The trends observed in 

each response graph, are consistent with those outlined in Figure 44a), b), c) and d), for the 

single-stage IA with joint mass coupled to a cantilever beam. The sole distinction between 

these trends lies in the magnitude of the response for each test, which is considerably lower 

for the single-stage truss IA with joint mass, coupled to a cantilever beam. 

 

The main trends are as follows: as the initial amplifier angle increases, the natural frequency 

of the system increases. This trend suggests that for larger initial amplifier angles, the system 

generates less effective inertia. Additionally, for a given initial amplifier angle, the natural 

frequency of the system decreases slightly as the quantity of joint mass increases. This 

relationship is expected since the addition of proof mass to the system increases the effective 

mass of the system. Furthermore, as the quantity of joint mass increases, the magnitude of the 

response decreases, for all initial amplifier angles. For cases, 36g and 48g of proof mass added 
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to each specific joint of the mechanism, the system becomes slightly unstable, as evidenced 

by the unsmooth responses in Figure 51c) and d). 

 

 

Figure 52: A bar chart to show a) the damping ratio, and b) the Q-factor of the single-stage truss IA coupled to a 

cantilever beam, when 12g, 24g, 36g and 48g of proof mass has been added to each specified joint of the 

mechanism.  

Figure 52a) and b) illustrate the damping ratio and Q-factor characteristics of the single-stage 

truss IA when coupled to a cantilever beam, subject to different initial amplifier angles and 

joint mass conditions. It is worth noting that the damping ratio of the system exhibits an 

inverse relationship with the reciprocal of the Q-factor of the system. The damping ratio and 

Q-factor characteristics are not displayed for an initial amplifier angle of 5 degrees, since there 

is no clear natural frequency peak, for this initial amplifier angle in Figure 51 a), b), c) and 

d). When the quantity of proof mass added to each specified joint of the single-stage truss IA 

is 12g, or 24g, the damping ratio decreases and the Q-factor increases, for increasing initial 

amplifier angles. When the quantity of proof mass added to the mechanism is 36g, the damping 

ratio remains fairly consistent for different initial amplifier angles. However, for a proof mass 

of 48g there is no clear trend observed. 

5.2.3.7 Compound Inertial Amplifier Coupled to a Cantilever Beam 

Figure 53 shows a photograph of the compound IA coupled to a cantilever beam. In order to 

evaluate the dynamic behaviour of the compound IA when coupled to a cantilever beam, a 

series of electrodynamic shaker tests are performed on the system, utilizing the experimental 

set-up illustrated in Figure 26a), Subsection 5.1. Each test involves altering the initial amplifier 

angle of the primary mechanism from 10 to 30 degrees, in increments of five degrees. Note 
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that in order to achieve precise adjustments of the initial amplifier angle of the mechanism, 

the identical process is implemented as for that of each individual IA, explicitly outlined in 

Subsection 5.2.1.1 for the single-stage IA. The response of the compound IA when coupled to 

a cantilever beam can be seen in Figure 54 and Figure 55.  

 

 

Figure 53: A photograph of the compound IA coupled to a cantilever beam. 

 

Figure 54: a) A frequency response plot of the compound IA coupled to a cantilever beam. b) A coherence plot of 

the compound IA coupled to a cantilever beam. 

Figure 54a) illustrates the response of the compound IA when coupled to a cantilever beam, 

for various initial amplifier angles, 10, 15, 20, 25, and 30 degrees. For an initial amplifier 

angle of 10 degrees, no distinct resonance is apparent. In contrast, for initial amplifier angles 

15, 20, 25, and 30 degrees, the natural frequency of the system is 12.5Hz, 14.38Hz, 16.25Hz, 

17.5Hz, respectively. A clear trend is observed whereby an increase in the initial amplifier 

angle of the mechanism leads to a corresponding rise in the natural frequency of the system. 
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This indicates that there is less effective inertia within the system for larger initial amplifier 

angles. Furthermore, as the initial amplifier angle increases, the magnitude of the response of 

the system also increases, with the largest response observed when the initial amplifier angle 

of the system is 30 degrees. For this case, the magnitude of the response is approximately five 

times that of the cantilever beam.   

 

Figure 54b) shows the coherence plot which corresponds to the frequency response plot in 

Figure 54a). For each test, the coherence drops at the natural frequency of the system. This 

suggests that the linear correlation between the input and output signals diminishes at each 

natural frequency, which may be caused by non-linearities within the system.  

 

 

Figure 55: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound IA coupled to a cantilever 

beam, for different test conditions. 

In Figure 55a), the damping ratio of the system is presented as 0.117%, 0.125%, 0.125%, and 

0.123% for initial amplifier angles of 15, 20, 25, and 30 degrees, respectively. Notably, no 

damping ratio is provided for an initial amplifier angle of 10 degrees due to the absence of a 

distinct natural frequency under this condition. The data trend indicates that an increase in the 

initial amplifier angle of the mechanism results in a corresponding increase in the damping 

ratio of the system, except for when the initial amplifier angle is 25 and 30 degrees. In these 

two cases, the damping ratio remains constant and slightly decreases, respectively. Overall, 

the damping ratio of the system does not degrade significantly compared to that of the 

unaltered beam. 
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In Figure 55b) the Q-factor of the system is shown as 4.28%, 3.99%, 4.00% and 4.10%, when 

the initial amplifier angle of the mechanism is 15, 20, 25 and 30 degrees, respectively. The Q-

factor of the system is not given for an initial amplifier angle of 10 degrees because there is 

no observable natural frequency peak. The general trend of the graph shows that as the initial 

amplifier angle of the mechanism increases, the Q-factor of the system decreases, except for 

when the initial amplifier angle is 25 and 30 degrees. For these two cases, the Q-factor remains 

constant and slightly increases, respectively. Note that the Q-factor of the system is directly 

proportional to the reciprocal of the damping ratio of the system. 

 

5.2.3.8 Compound Inertial Amplifier Coupled to a Cantilever Beam with Tip Mass 

To further assess the influence of the compound IA on the behaviour of the cantilever, 

additional electrodynamic shaker tests are conducted on the system. Each test involves altering 

the initial amplifier angle of the primary mechanism between 10 to 30 degrees, in increments 

of five degrees, but for varying quantities of proof mass added to the tip of the cantilever, 

specifically 12g, 24g, 36g, and 48g. Note that proof mass is introduced to the cantilever, as 

shown in Figure 36 Subsection 5.2.2, in an effort to stimulate the effects of the IA. The results 

of these experiments are illustrated in Figure 56 and Figure 57. 

 

 

Figure 56: A frequency response plot of the compound IA coupled to a cantilever beam with a) 12g, b) 24g, c) 36g, 

and d) 48g of proof mass added to the tip of the cantilever.  
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In Figure 56a), b), c) and d), the frequency response of the compound IA coupled to a 

cantilever beam is shown. Twenty test conditions are presented, which involve variations of 

the initial amplifier angle of the mechanism, from 10 to 30 degrees, in increments of five 

degrees, for various cantilever tip-masses, specifically 12, 24, 36, and 48g. When 12 or 36g 

of proof mass is added to the tip of the cantilever a clear trend is shown, whereby an increase 

in the initial amplifier angle of the system corresponds to a rise in the natural frequency of the 

system. Similarly, when 24g of proof mass is added to the tip of the cantilever, the 

aforementioned trend is evident, although there is an exception when the initial amplifier angle 

of the compound IA is 30 degrees. Likewise, the addition of 48g of proof mass to the tip of 

the cantilever yields the same pattern, with an exception when the initial amplifier angle of 

the mechanism is 25 degrees. Another notable observation is that for a fixed initial amplifier 

angle, the natural frequency of the system typically decreases as the quantity of cantilever tip 

mass increases. Furthermore, unlike the single-stage and single-stage truss IAs, when coupled 

to a cantilever beam with tip mass, the quantity of proof mass has no real relationship with the 

magnitude of the system's response. 

 

 

Figure 57: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound IA coupled to a cantilever 

beam, when 12g, 24g, 36g and 48g of proof mass has been added to the tip of the cantilever.  

Figure 57a) and b) illustrate the damping ratio and Q-factor characteristics of the compound 

IA when coupled to a cantilever beam, subject to different initial amplifier angles and tip mass 

conditions. It is worth noting that the damping ratio of the system exhibits an inverse 

relationship with the reciprocal of the Q-factor of the system. When the quantity of proof mass 
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added to the tip of the cantilever is 12g, the damping ratio of the system decreases and the Q-

factor of the system increases, for increasing initial amplifier angles. Additionally, when the 

initial amplifier angle of the compound IA is 15 degrees, there is not much deviation between 

the damping ratios and Q-factors for different mass quantities. 

 

5.2.3.9 Compound Inertial Amplifier with Joint Mass Coupled to a Cantilever Beam 

To improve the effective inertia of the compound IA, a proof mass is added to specific joints 

of the mechanism, as displayed in Figure 58. For a detailed understanding of the precise joints 

to which the proof mass is added, refer to Section 3.2.  

 

A sequence of electrodynamic shaker tests are performed on the system, to further assess the 

influence of the compound IA on the behaviour of the cantilever beam. In each test, the initial 

amplifier angle of the primary mechanism is adjusted within the range of 10 to 30 degrees, in 

increments of five degrees, with varying quantities of proof mass, specifically 12g, 24g, 36g, 

and 48g added to the designated joints of the mechanism. The outcomes of these experiments 

are presented in Figure 59 and Figure 60. 

 

 

 

Figure 58: A photograph of the compound IA coupled to a cantilever beam, with 18g of proof mass at each specified 

joint of the mechanism. 
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Figure 59: A frequency response plot of the compound IA coupled to a cantilever beam with a) 6g, b) 12g, c) 18g, 

and d) 24g of proof mass added to each specified joint of the mechanism. 

 

In Figure 59a), b), c), and d), the frequency response of the compound IA coupled to a 

cantilever beam is shown; twenty conditions are presented, which involve variations of the 

initial amplifier angle of the mechanism from 10 to 30 degrees, for different quantities of proof 

mass, specifically 6, 12, 18, and 24g added to each designated joint of the mechanism. Among 

all frequency response tests a general trend is shown, whereby an increase in the initial 

amplifier angle of the mechanism corresponds to a rise in the natural frequency of the system. 

Additionally, for a given initial amplifier angle, the natural frequency of the system typically 

decreases as the quantity of proof mass, added to each specified joints of the mechanism, 

increases. Furthermore, as the quantity of proof mass added to the compound IA increases, 

the magnitude of the response of the system decreases. Nonetheless, some deviations from 

these generalised relationships are observed.  

  

When the compound IA has 12g of proof mass, the magnitude of the natural frequency peak 

is lower for an initial amplifier angle of 25 degrees compared to an initial amplifier angle of 

20 degrees. Moreover, even though a clear natural frequency peak is absent when the 

compound IA features 12g proof mass and an initial amplifier angle of 25 degrees, these 

conditions yield the highest natural frequency measurement for the system. Similarly, when 

the compound IA has 24g of proof mass, the natural frequency of the system is lower for an 

initial amplifier angle 30, compared to an initial amplifier angle of 25 degrees. Furthermore, 

when the initial amplifier angle of the mechanism is 20 degrees, the magnitude of the response 

is lower for a proof mass of 6g, compared to a proof mass of 12g. 
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 Across all experiments conducted, the response appears to lack complete smoothness and 

clarity, suggesting that the compound IA with joint mass may exhibit a slight degree of 

instability when coupled to a cantilever beam. 

 

 

Figure 60: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound IA coupled to a cantilever 

beam, when 6g, 12g, 18g and 24g of proof mass has been added to each specified joint of the mechanism.  

 

Figure 60a) and b) display the damping ratio and Q-factor characteristics of the compound IA 

when coupled to a cantilever beam, subject to different initial amplifier angles and joint mass 

conditions. It is worth noting that the damping ratio of the system exhibits an inverse 

relationship with the reciprocal of the Q-factor of the system. When the initial amplifier angle 

of the compound IA is 10 degrees, the damping ratio decreases and the Q-factor increases, for 

increasing quantities of proof mass, added to each specific joint of the mechanism. This trend 

is expected since there will be more effective mass within the system, for greater quantities of 

proof mass, and the damping ratio of the system is inversely proportional to the square root of 

the effective mass of the system. However, for other initial amplifier angle conditions, no clear 

trends are observed for the damping ratio and Q-factor characteristics of the system in 

response to changes in the quantity of proof mass. This lack of a clear trend may be due to 

nonlinearities present within the system. 
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5.2.3.10  Compound Truss Inertial Amplifier Coupled to a Cantilever Beam 

In order to evaluate the dynamic behaviour of the compound truss IA when it is coupled to a 

cantilever beam, a series of electrodynamic shaker tests are performed on the system, utilizing 

the experimental set-up illustrated in Figure 26a), Subsection 5.1. Each test involves altering 

the initial amplifier angle of the primary mechanism from 10 to 30 degrees, in increments of 

five degrees. Figure 61 and Figure 62 display the results of these experiments. Note that to 

achieve precise adjustments of the initial amplifier angle of the mechanism, the identical 

process is implemented as for that of each individual IA, explicitly outlined in Subsection 

5.2.1.1 for the single-stage IA.  

 

Figure 61: a) A frequency response plot of the compound truss IA coupled to a cantilever beam. b) A coherence 

plot of the compound truss IA coupled to a cantilever beam. 

 

Figure 61a) illustrates the response of the compound truss IA when coupled to a cantilever 

beam, for various initial amplifier angles from 10 to 30 degrees. For an initial amplifier angle 

of 10 degrees, no distinct resonance is apparent. In contrast, for initial amplifier angles 15, 20, 

25, and 30 degrees, the natural frequency of the system is 11.88Hz, 15.00Hz, 16.25Hz, 

16.88Hz, respectively. A clear trend is observed whereby an increase in the initial amplifier 

angle of the mechanism leads to a corresponding rise in the natural frequency of the system. 

This indicates that there is less effective inertia within the system for larger initial amplifier 

angles. Furthermore, as the initial amplifier angle increases, the magnitude of the response of 

the system also increases. Each response is consistent with that found in Subsection 5.2.3.7, 

which examines the compound IA coupled to a cantilever beam. In both cases, the natural 

frequencies occur at approximately the same values. However, unlike the responses for the 
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compound IA, the magnitude of the responses for the compound truss IA are lower than that 

of the cantilever beam. 

 

Figure 61b) shows the coherence plot which corresponds to the frequency response plot in 

Figure 61a). For each test, the coherence drops at the natural frequency of the system. This 

suggests that the linear correlation between the input and output signals diminishes at each 

natural frequency, which may be caused by non-linearities within the system.  

 

 

Figure 62: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound truss IA coupled to a 

cantilever beam, for different test conditions. 

 

In Figure 62a), the damping ratio of the system is presented as 0.499%, 0.100%, 0.105%, and 

0.118%, respectively, for initial amplifier angles of 15, 20, 25, and 30 degrees. The damping 

ratio is not displayed for an initial amplifier angle of 10 degrees because there is no clear 

natural frequency for this condition. The damping ratio for the compound truss IA with an 

initial amplifier angle of 20, 25, and 30 degrees, is not much different from that of the 

cantilever, which has a damping ratio of 0.106%. In contrast, when the initial amplifier angle 

of the mechanism is 15 degrees the damping ratio is significantly higher.  

 

In Figure 62b), the Q-factor of the system is shown as 3.96%, 4.85%, 5.49%, 5.26% and 

5.29%, respectively, for initial amplifier angles of 15, 20, 25 and 30 degrees. The Q-factor is 

not provided for an initial amplifier angle of 10 degrees because there is no visible natural 

frequency peak in Figure 61a). The data trend in Figure 62b) demonstrates the inverse 

relationship to that in Figure 62a) regarding the damping ratio characteristics of the compound 
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truss IA. This is attributed to the fact that the Q-factor of the system is directly proportional to 

the reciprocal of the damping ratio of the system. 

 

5.2.3.11  Compound Truss Inertial Amplifier Coupled to a Cantilever Beam with Tip 

Mass 

To further assess the influence of the compound truss IA on the behaviour of the cantilever 

beam, additional electrodynamic shaker tests are conducted on the system. Each test involves 

altering the initial amplifier angle of the primary mechanism between 10 to 30 degrees, in 

increments of five degrees, but for varying quantities of proof mass added to the tip of the 

cantilever, specifically 12g, 24g, 36g, and 48g. Note that proof mass is introduced to the 

cantilever, as shown in Figure 36 Subsection 5.2.2, in an effort to stimulate the effects of the 

IA. The results of these experiments are illustrated in Figure 63 and Figure 64. 

 

 

 

In Figure 63a), b), c) and d), the frequency response of the compound truss IA coupled to a 

cantilever beam is shown. Twenty test conditions are presented, which involve variations of 

the initial amplifier angle of the mechanism, from 10 to 30 degrees, in increments of five 

degrees, for various cantilever tip-masses, specifically 12, 24, 36, and 48g. Across all 

experiments, a distinct trend is shown, whereby an increase in the initial amplifier angle of the 

mechanism corresponds to a rise in the natural frequency of the system. This trend suggests 

that the system generates less effective inertia for larger initial amplifier angles. Additionally, 

Figure 63: A frequency response plot of the compound truss IA coupled to a cantilever beam with a) 12g, b)24g, 

c)36g), and d)48g of proof mass added to the tip of the cantilever.  
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for a given initial amplifier angle, the natural frequency of the system typically decreases as 

the quantity of cantilever tip mass increases. This relationship is anticipated, as the effective 

mass of a system is proportional to the square root of the natural frequency of the system, and 

the inclusion of proof mass augments the effective mass of the system. Furthermore, as the 

quantity of cantilever tip mass increases, the magnitude of the response decreases. This is an 

expected trend, since the motion of the system is dependent on the natural frequency of the 

system. It should be noted that this system exhibits a considerably lower magnitude frequency 

response for each test, when compared to the magnitude of the frequency response for the 

counterpart of this system, the compound IA coupled to a cantilever beam with tip mass, 

discussed in Subsection 5.2.3.8. 

 

 

Figure 64: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound truss IA coupled to a 

cantilever beam, when 12g, 24g, 36g and 48g of proof mass has been added to the tip of the cantilever. 

 

Figure 64a) and b) illustrate the damping ratio and Q-factor characteristics of the compound 

truss IA when coupled to a cantilever beam, subject to different initial amplifier angles and tip 

mass conditions. For this system, there is no discernible trend between the quantity of proof 

mass added to the tip of the cantilever, the initial amplifier angle of the mechanism, and the 

damping or Q-factor characteristics of the system. 
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5.2.3.12  Compound Truss Inertial Amplifier with Joint Mass Coupled to a Cantilever 

Beam 

To improve the effective inertia of the compound truss IA, a proof mass is added to specific 

joints of the mechanism, as displayed in Figure 65. For a detailed understanding of the precise 

joints to which the proof mass is added, refer to Section 3.2.  

 

A sequence of electrodynamic shaker tests are performed on the system, to further assess the 

influence of the compound truss IA on the behaviour of the cantilever beam. In each test, the 

initial amplifier angle of the primary mechanism is adjusted within a range of 10 to 30 degrees, 

in increments of five degrees, for varying quantities of proof mass, specifically 12g, 24g, 36g, 

and 48g. The outcomes of these experiments are presented in Figure 66 and Figure 67. 

 

 

Figure 65: A photograph of the compound truss IA with 18g of proof mass at each specified joint of the 

mechanism. 
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Figure 66: A frequency response plot of the compound truss IA coupled to a cantilever beam with a) 6g, b) 12g, c) 

18g, and d) 24g of proof mass added to each specified joint of the mechanism. 

In Figure 66a), b), c), and d), the frequency response of the compound truss IA coupled to a 

cantilever beam is shown; twenty conditions are presented, which involve variations of the 

initial amplifier angle of the mechanism, for different quantities of proof mass, specifically 6, 

12, 18, and 24g added to each designated joint of the mechanism. Among all frequency 

response tests a general trend is shown, whereby an increase in the initial amplifier angle of 

the mechanism corresponds to a rise in the natural frequency of the system. Additionally, for 

a given initial amplifier angle, the natural frequency of the system decreases slightly as the 

quantity of proof mass added to each specified joints of the mechanism increases. 

Furthermore, as the quantity of proof mass added to the compound truss IA increases, the 

magnitude of the response of the system decreases. These trends hold true across all test cases 

except when the compound truss IA possesses an initial amplifier angle of 10 degrees. In this 

specific case, no clear patterns are observed between the magnitude of the response of the 

system and the natural frequency of the system, for different amounts of proof mass. 

 

The compound truss IA with joint mass coupled to a cantilever beam exhibits a considerably 

lower magnitude response for each test, when compared to the magnitude of the responses for 

the counterpart of this system, the compound IA with joint mass coupled to a cantilever beam, 

discussed in Subsection 5.2.3.9. Note that the responses observed for the compound truss IA 

with joint mass coupled to a cantilever beam are smoother, than those of the compound IA 

with joint mass coupled to a cantilever beam, therefore the system evaluated here, may be 

more stable than its solid counterpart. 
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Figure 67: A bar chart to show a) the damping ratio, and b) the Q-factor of the compound truss IA coupled to a 

cantilever beam, when 6g, 12g, 18g and 24g of proof mass has been added to each specified joint of the mechanism.  

 

Figure 67a) and b) display the damping ratio and Q-factor characteristics of the compound 

truss IA when coupled to a cantilever beam, subject to different initial amplifier angles and 

joint mass conditions. It is worth noting that the damping ratio of the system exhibits an 

inverse relationship with the reciprocal of the Q-factor of the system. When the initial 

amplifier angle of the compound truss IA is 10 degrees, some quantities of proof mass, 

specifically 18g, decrease the damping ratio characteristics and increase the Q-factor 

characteristics of the system, whilst other quantities of proof mass do not. When the initial 

amplifier angle of the mechanism is 15 degrees, the damping ratio and Q-factor characteristics 

remain fairly constant for different quantities of proof mass. However, for other initial 

amplifier angle conditions, no clear trends are observed for the damping ratio and Q-factor 

characteristics of the system, in response to changes in the quantity of proof mass. This lack 

of a clear trend may be due to nonlinearities present within the system. 

6. Discussion 

In the first set of experimental tests, the pure mass effect of each IA is analysed for varying 

initial amplifier angles. The initial amplifier angle of each IA is chosen as an experimental 

variable, based on the mathematical analysis conducted in Section 3. The experimental results 

reveal that the single-stage, single-stage truss, compound, and compound truss IAs exhibit a 

fairly consistent response across a wide frequency range, regardless of any alterations in 

effective mass, resonances, or damping effects. This observation suggests that these IAs 
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possess stability, reliability, and adaptability, making them well-suited for real-life 

applications such as vibration-based energy harvesting and atomic force microscopy. 

 

However, it is important to note that for the smallest initial amplifier angles, specifically 5 

degrees for the single-stage and single-stage truss IAs, and 10 degrees for the compound and 

compound truss IAs, the frequency response slightly deteriorates compared to the largest 

initial amplifier angle of 30 degrees. This may indicate an increase in nonlinearity for each 

device as smaller initial amplifier angles are approached. 

 

On the other hand, the nested and nested truss IAs exhibit an inconsistent mass effect across 

a range of frequencies, likely due to the complexities and nonlinearities inherent in these 

mechanisms. As a result, no further tests on the nested and nested truss IAs were presented 

beyond the pure mass tests, given their instabilities. 

 

For all the IAs examined, a comparison is made between the experimental magnitude of 

response values and the analytical magnitude of response values, calculated based on the 

linearized equations of motion derived in Section 3. For the single-stage, single-stage truss, 

compound, and compound truss IAs, it is observed that the analytical values consistently fall 

below the experimental values. This discrepancy may be attributed to the nonlinearities 

present in each IA or the experimental errors involved in determining the initial amplifier 

angles, which the system appears to be particularly sensitive to. For the nested and nested truss 

IAs, no clear trend is observed, due to the non-uniform experimental frequency response.  

 

For the second experimental test, the dynamic behaviour of the cantilever beam is evaluated. 

The natural frequency, damping ratio, and Q-factor characteristics are obtained as 26.25Hz, 

0.106%, and 4.71%, respectively. The experimental natural frequency value significantly 

deviates from the analytical value, 15.08Hz, calculated in Section 4, Subsection 4.1.5 of this 

work. This discrepancy could be attributed to various factors including, but not limited to, 

inaccuracies in the material properties, manufacturing methods, boundary conditions, 

geometrical dimensions of the cantilever, and, or experimental equipment. 

 

The third series of experimental tests showcase the impact of the single-stage, single-stage 

truss, compound, and compound truss IAs on the dynamic behaviour of the cantilever beam, 

when subject to varying test conditions. Such conditions encompass modifications to the 

initial amplifier angle of each mechanism, as well as adjustments to the quantity and position 

of proof mass within each system. Each IA has the ability to enhance the effective inertia 
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properties of the cantilever beam, thereby causing changes to its natural frequency, damping 

ratio, and Q-factor characteristics. These variations are evident through the values presented 

in Table 13 and Table 14, which can be found in the Appendix, Section 8 - Sub-Section 8.2. 

 

The effective inertia properties of each individual IA can be modified through effective 

geometrical adjustments, specifically initial amplifier angle changes. This conclusion is drawn 

based on the observed correlation between the outcomes of each experimental test. The 

mathematical models derived in Section 3 indicate that the initial amplifier angle of each IA, 

affects the effective mass characteristics of the respective system, therefore these analytical 

models can be concluded valid.  

 

Figure 68 graphically illustrates the trend between the initial amplifier angle of each IA and 

the corresponding natural frequency of the system, thus effective mass relationship. As the 

initial amplifier angle of each IA increases, the effective mass within each system decreases, 

leading to an increase in the natural frequency of each system. Additionally, the results show 

that when coupled to a cantilever beam, the single-stage IA has the most extensive range for 

altering the first natural frequency, as compared to the other IAs. Furthermore, Figure 68 

illustrates that, despite the design variation between corresponding mechanisms, the natural 

frequency remains relatively constant. This observation suggests that the mass differences, 

such as the 2g variance between the single stage and single-stage truss IAs, and the 3g 

difference between the compound and compound truss IAs, have minimal effect on the overall 

performance of each IA. 

 
Figure 68: A graph to show the natural frequency of the single-stage, single-stage truss, compound, and 

compound truss IAs when coupled to a cantilever beam, for varying initial amplifier angles. 
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The corresponding damping ratio and Q-factor characteristics for the natural frequency values 

shown in Figure 68 are displayed in Figure 69a) Figure 69b), respectively. As stated 

throughout this study, the damping ratio characteristics are inversely proportional to the Q-

factor characteristics for each system. It is desirable to have a low damping ratio for each 

experimentally tested system, since a low damping ratio indicates that the system’s 

oscillations can be sustained over a long period of time. The results in Figure 69a) indicate 

that the lowest damping ratio is achieved by the single-stage IA with an initial amplifier angle 

of 30 degrees, when coupled to a cantilever beam. The highest damping ratio is obtained when 

the compound truss IA is coupled to a cantilever beam, with an initial amplifier angle of 15 

degrees. Note that this response deviates from the uniform trend shown in Figure 69a). 

Correspondingly, Figure 69b) highlights that the compound truss IA boasts the most extensive 

Q-factor range, when compared to the other IA configurations. This finding suggests that the 

compound truss IA would be the most suitable IA for use in tapping mode atomic force 

microscopy applications. 

 

 

In Figure 70 a comparison of the results is shown for each IA coupled to a cantilever beam, 

when subject to varying quantities of proof mass, added to the tip of the cantilever. According 

to the data, there is a reliable pattern indicating that as the initial amplifier angle of each IA 

increases, the damping ratio of the respective system decreases. This trend is unexpected, since 

the effective mass of each IA decreases for larger initial amplifier angles, which should 

theoretically lead to an increase in the damping ratio of each system. The same relationship 

can be observed in Figure 71, which shows a comparison of the results for each IA coupled to 

a cantilever beam and subject to varying quantities of proof mass, added to each specified joint 

Figure 69: A graph to show a) the damping ratio, and b) the Q-factor of the single-stage, single-stage truss, 

compound, and compound truss IAs when coupled to a cantilever beam, for varying initial amplifier angles. 
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of the mechanism. This phenomenon is also shown in the behaviour of the inerter, whereby 

achieving a purely inertial or apparent mass effect is challenging because of the significant 

amount of damping introduced into the system [126]. It appears that when the effective mass 

of each IA is amplified, the effective damping of the system is also amplified. 

 

 

 

Figure 70: A graph to show the damping ratio and natural frequency characteristics for each IA coupled to a 

cantilever beam, corresponding to different initial amplifier angles for each IA and varying quantities of proof 

mass added to tip of the cantilever. 
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Figure 71: A graph to show a) the damping ratio characteristics, and b) the natural frequency characteristics for 

each IA when coupled to a cantilever beam, corresponding to different initial amplifier angles and varying 

quantities of proof mass added to the specified joints of each mechanism. 

Furthermore, the findings presented in Table 13 which can be found in the Appendix, Section 

8 - Sub-Section 8.2, demonstrate that when each IA is coupled to a cantilever beam, with proof 

mass added to the tip of the cantilever, the natural frequency peak shifts to a lower region, 

when compared to the natural frequency of the standard cantilever beam. As the quantity of 

proof mass increases from 0g to 48g in increments of 12g, the natural frequency of the system 

deviates further away from the natural frequency of the standalone cantilever. The most 
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significant alteration of the natural frequency is recorded at 8.75Hz, which is given by the 

single-stage truss IA with an initial amplifier angle of 5 degrees, when 48g of proof mass is 

added to the tip of the cantilever.  

 

Additionally, the data presented in Table 14 of the Appendix, Section 8 - Sub-Section 8.2, 

shows that when each IA is coupled to a cantilever beam with proof mass added to each 

specified joint of the mechanism, the natural frequency peak shifts to an even lower frequency 

region, when compared to each configuration where proof mass is located at the tip of the 

cantilever of each system. As the quantity of proof mass added to the joints of each IA 

increases from 0g to 24g for the compound and compound truss IAs, and 0g to 48g for the 

single-stage and single-stage truss IAs, the natural frequency of the system deviates further 

away from the natural frequency of the standalone cantilever. The most significant alteration 

of the natural frequency is recorded at 5.00Hz, which is given by the single-stage IA with an 

initial amplifier angle of 10 degrees, when 48g of proof mass is added to the specified joints 

of the mechanism. 

 

Among all experimental tests conducted, the addition of proof mass to the joints of each IA 

exerts the most significant impact on the natural frequency of the cantilever beam. The most 

significant deviations in damping ratio and Q-factor characteristics from the value of the 

cantilever beam are recorded to be 0.50% and 1.00%, respectively, when the compound truss 

IA is coupled to the cantilever beam with an initial amplifier angle of 15 degrees, and 0g of 

proof mass is added to the system. However, as mentioned previously, the trend in damping 

ratio and therefore Q-factor, due the inverse proportionality between these dynamic 

characteristics, is unexpected. This unusual trend may stem from the damping present within 

the joints of each IA, which is possibly being amplified along with the mass.  

 

Overall, based on the natural frequency and effective mass modifications, the single-stage IA 

is shown to be the most effective IA, followed by the single-stage truss, compound, and 

compound truss IAs. 

 

6.1 Limitations 

The current work is subject to a significant limitation that warrants consideration. During 

experimental testing, certain initial amplifier angles are not measurable for the compound, 

compound truss, nested, and nested truss IAs. The lowest measurable initial amplifier angle 

for the compound and compound truss IAs is 10 degrees, and for the nested and nested truss 
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IAs it is 25 degrees. The root cause of this limitation is attributed to the dimensions, more 

specifically the width, of the inner arms of the aforementioned IAs. The inner arms form the 

internal mechanisms of the IAs, and they prevent certain initial amplifier angles from being 

measured due to the presence of interference. This is a crucial limitation, since the findings in 

this work show that more effective inertia is generated for smaller initial amplifier angles of 

each IA. Consequently, it is not possible to fully comprehend the behaviour of the compound, 

compound truss, nested, and nested truss IAs for smaller initial amplifier angles.  

 

In the current study, the dimensions of the arms are based on the size of the commercial 694ZZ 

bearings. For smaller initial amplifier angles to be attained, the width of the inner arms of each 

IA, and thus the size of the bearings, must be reduced. 

 

6.2 Future Work 

To further the work presented in this thesis, there are several areas that could be improved and 

expanded upon. Firstly, the width of the arms of each IA could be resized, to allow small initial 

amplifier angles to be measurable, particularly for the compound, compound truss, nested, and 

nested truss IAs. The dimensions of the arms could be resized based on smaller bearings, such 

as the 683ZZ deep groove ball bearings with dimensions of 3mmx7mmx3mm. By doing so, 

the distance to the point of intersection of the arms would increase, which in turn, would 

enable smaller measurable initial amplifier angles to be achieved. This would facilitate a more 

accurate and reliable evaluation of the performance of each IA.  

 

Secondly, the experimental testing approach could be refined. Non-linear tests could be 

conducted on each IA, to provide a comprehensive understanding of the full non-linear 

behaviour of each mechanism. Furthermore, multiple modes of vibration could be studied, to 

assess the performance of each IA across a range of resonances. Additionally, each IA could 

be coupled to a different dynamic system, this would provide a means to evaluate the 

reliability and robustness of each individual IA. By evaluating the performance of each IA 

under various scenarios, it would be possible to identify potential weaknesses or failure modes 

and develop appropriate mitigation strategies.  

 

Thirdly, the analytical models could be improved. The models are currently derived based on 

several assumptions, which assume the mass of the components to be negligible, except for 

the proof mass located at each specified joint of the mechanisms, and the arms to move 

frictionlessly around each pin joint. Removing these assumptions from the analytical models 
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would allow for the development of more accurate mathematical models, leading to a more 

precise prediction of the behaviour of each IA. To aid in the creation of these models, 

simulations could be carried out, and these simulations could additionally facilitate an 

investigation into the complete nonlinear behaviour displayed by each IA. 

 

7. Conclusion  

In this work six novel IA mechanisms are developed. Each IA is analytically analysed, 

designed, physically realised, and experimentally tested. 

 

The Lagrangian equation is utilised to derive the equations of motion for the single-stage, 

compound, and nested IAs. It should be noted that the resulting dynamic equations are 

identical amongst corresponding mechanisms, for example, the single-stage and the single-

stage truss IAs. The equations of motion reveal that the behaviour of each IA can be altered 

by manipulating the geometrical characteristics of the respective mechanism, particularly the 

initial amplifier angle. Thus, during experimental testing, the initial amplifier angle is selected 

as the parameter to be tuned. Additionally, the analysis in Section 3 shows that each IA 

becomes highly non-linear as small initial amplifier angles are approached. Note that small 

initial amplifier angles are required for high inertial amplification factors.  

 

Subsequent to the analytical analysis, the design of each IA is undertaken. The design process 

utilises the modelling software Solidworks, to create all constituent component parts for each 

IA, and to simulate the assemblies of these parts. This procedure guarantees the functionality 

of each IA upon physical realisation. Following the design process, the designed components 

are additively manufactured, and any required commercial components are procured. Once all 

component parts for each IA are acquired, the parts are assembled to bring each IA to fruition.  

 

Each IA is then experimentally tested. Two sets of electrodynamic shaker tests are conducted. 

The experimental results show that the single-stage, single-stage truss, compound, and 

compound truss IAs all have the ability to enhance the effective mass characteristics of the 

cantilever beam, thereby causing changes to its the underlying natural frequency, damping 

ratio, and Q-factor properties. A trend among the experimental data is shown, in which a 

reduction in the initial amplifier angle of each IA results in an increase in the effective mass 

of the system. This, in turn, influences the natural frequency of each system to decrease.  
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Furthermore, the results demonstrate that when each IA is coupled to a cantilever beam, with 

proof mass added to the tip of the cantilever, the natural frequency peak shifts to a lower 

region, when compared to the natural frequency of the standalone cantilever beam. As the 

quantity of proof mass increases from 0g to 48g in increments of 12g, the natural frequency 

of the system deviates further away from the natural frequency of the standalone cantilever. 

When proof mass is affixed to specific joints of each IA, the first natural frequency peak of 

the system shifts to an even lower region, compared to each system with proof mass applied 

to the tip of the cantilever, and the bare beam. As the quantity of proof mass added to the joints 

of each IA increases from 0g to 24g for the compound and compound truss IAs, and 0g to 48g 

for the single-stage and single-stage truss IAs, the natural frequency of the system deviates 

further away from the natural frequency of the cantilever. As a result, this work shows that the 

incorporation of proof mass at the joints of each individual IA, has the most significant impact 

on the natural frequency of the cantilever beam. Based on the natural frequency and effective 

mass modifications, the single-stage IA is concluded to be the most effective IA, followed by 

the single-stage truss, compound, and compound truss IAs.  

 

It is expected that as the effective mass of each IA increases for decreasing initial amplifier 

angles, the damping ratio and Q-factor for each system would decrease and increase, 

respectively. However, the experimental data for each test shows that as the initial amplifier 

angle of each IA decreases, the damping ratio increases and the Q-factor decreases, for each 

respective system. This is an unexpected trend, which is attributed to the amplification effects 

of each IA. It appears that when the effective mass of each IA is amplified, the effective 

damping of the system is also amplified. A similar phenomenon is exhibited by the inerter.  

 

In conclusion, the findings presented in this thesis offer significant contributions towards the 

comprehension of IAs, in terms of both behaviour and performance. The outcomes can be 

used to inform future research and the development of IA mechanisms, ultimately leading to 

notable advancements in their efficacy. This, in turn, will further develop applications which 

require dynamic tuning like atomic force microscopy and vibration-based energy harvesting. 
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8. Appendix 

8.1 Equations 

 

Compound IA 

 

The vertical distance between joint e) and joint b) of the compound IA is related by  

 𝑧𝑒̅ = 𝑧𝑒 − 𝑧𝑏      121 

The mass at joint e) of the compound IA moves vertically as 𝑧𝑒 and horizontally as 𝑥𝑒 which 

is related to 𝑧𝑒̅ and 𝑥𝑏 by 

 
𝑙2
2 = (

𝑤1
2
− 𝑥𝑏)

2

+ (
ℎ2
2
+ 𝑧𝑒̅)

2

      122 

 

By rearranging equation (122) in terms of 𝑧𝑒̅ the equation becomes 

 

𝑧𝑒̅ = √𝑙2
2 − (

𝑤2
2
− 𝑥𝑏)

2

−
ℎ2
2

      123 

To obtain the equation for the vertical displacement of joint e) equation 123 can be substituted 

into equation 121.  

 

The vertical distance between joint f) and joint b) of the compound IA is related by  

 𝑧𝑓̅ = 𝑧𝑓 − 𝑧𝑏 = −𝑧𝑒̅         124 

 

The mass at joint f) of the compound IA moves vertically as 𝑧𝑓 and horizontally as 𝑥𝑓 which 

is related to 𝑧𝑓̅ and 𝑥𝑏 by 

 
𝑙2
2 = (

𝑤1
2
− 𝑥𝑏)

2

+ (
ℎ2
2
− 𝑧𝑓̅)

2
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By rearranging equation (125) in terms of 𝑧𝑓̅ the equation follows as 

 

𝑧𝑓̅ =
ℎ2
2
− √𝑙2

2 − (
𝑤1
2
− 𝑥𝑏)

2

         126 

To obtain the equation for the vertical displacement of joint f) equation 126 can be substituted 

into equation 124.  

 

Below are the derivatives required to satisfy equation 58 in Section 3.2, sub-section 3.2.2. 
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It is also useful to have  
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Nested IA 

 

The vertical distance between joint g) and joint b) of the nested IA is given by  

 𝑧𝑔̅ = 𝑧𝑔 − 𝑧𝑏        139 

Joint g moves vertically as 𝑧𝑔 and horizontally as 𝑥𝑔 which is related to 𝑧𝑔̅̅̅ and 𝑥𝑏 by 

 
𝑙2
2 = (𝑤1 − 𝑥𝑏)

2 + (
ℎ2
2
+ 𝑧𝑔̅̅̅)

2

 
         140 

 

By rearranging equation (140) in terms of 𝑧𝑔̅ the equation follows as 

 
𝑧𝑔̅ = √𝑙2

2 − (𝑤1 − 𝑥𝑏)
2 −

ℎ2
2

 
         141 

To obtain the equation for the vertical displacement of joint g) equation 141 can be substituted 

into equation 139.  

 

The vertical distance between joint j) and joint b) of the nested IA is related by  

 

 𝑧𝑗̅ = 𝑧𝑗 − 𝑧𝑏 = −𝑧𝑔̅          142 

Joint j) moves vertically as 𝑧𝑗 and horizontally as 𝑥𝑗 which is related to 𝑧𝑗̅ and 𝑥𝑏 by 

 
𝑙2
2 = (𝑤1 − 𝑥𝑏)

2 + (
ℎ2
2
− 𝑧𝑗̅)

2

 
         143 

 

By rearranging equation (143) in terms of 𝑧𝑗̅ the equation follows as 

 
𝑧𝑗̅ =

ℎ2
2
− √𝑙2

2 − (𝑤1 − 𝑥𝑏)
2 

         144 

To obtain the equation for the vertical displacement of joint j) equation 144 can be substituted 

into equation 142.  
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Below are the derivatives required to satisfy equation 80 in Section 3.2, sub-section 3.3.2. 

𝜕𝑥𝑖
𝜕𝑧
=  

ℎ1
2
+
𝑧
2

2√𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2

− 𝑙2
2 + 𝑙3

2

 

  

       145 

 

𝜕2𝑥𝑖
𝜕𝑧2

=
(
ℎ1
2 +

𝑧
2)
2

4(𝑙1
2 − (

ℎ1
2 +

𝑧
2)
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− 𝑙2
2 + 𝑙3

2)

3/2
+

1

4√𝑙1
2 − (

ℎ1
2 +

𝑧
2)
2

− 𝑙2
2 + 𝑙3

2
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𝜕𝑧𝑖
𝜕𝑧
=
1

2
 

 

 

      147 

 

𝜕2𝑧𝑖
𝜕𝑧2

= 0 

 

 

      148 

It is also useful to have  

 

𝜕𝑥𝑖
𝜕𝑧
∙
𝜕𝑥𝑖
𝜕𝑧
= −

(
ℎ1
2
+
𝑧
2
)
2

4((
ℎ1
2 +

𝑧
2)
2

− 𝑙1
2 + 𝑙2

2 − 𝑙3
2)
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𝜕𝑥𝑖
𝜕𝑧
∙
𝜕2𝑥𝑖
𝜕𝑧2

=
(𝑙3
2 − 𝑙2

2 + 𝑙1
2)(𝑧 + ℎ1)

(4(𝑙3
2 − 𝑙2

2 + 𝑙1
2)−(𝑧 + ℎ1)

2)2
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𝜕𝑧𝑖
𝜕𝑧
∙
𝜕𝑧𝑖
𝜕𝑧
=
1

4
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𝜕𝑧𝑖
𝜕𝑧
∙
𝜕2𝑧𝑖
𝜕𝑧2

= 0 

  

 

      152 
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8.2  Natural frequency, damping ratio, and Q-factor characteristics for each 

system shown in Subsections 5.2.1 and 5.2.3. 

Table 13: A table to show the natural frequencies, damping ratios and Q-factor values for each IA coupled to a 

cantilever beam, corresponding to different initial amplifier angles for each IA and varying quantities of proof 

mass added to the tip of the cantilever.  It is worth noting that the data for the cantilever beam is included for 

comparative analysis. 
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Table 14: A table to show a comprehensive breakdown of the natural frequencies, damping ratios, and Q-factor 

values for each IA coupled to a cantilever beam. The table is arranged according to the initial amplifier angles 

measured for each IA and the varying quantities of proof mass added to each specified joint of the IA. It is worth 

noting that the data for the cantilever beam is included for comparative analysis. 
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