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Deformation of circular helices under constant-gradient magnetic field, (a): deflection-load curves, (b): deformed
shapes in the 3d space for the helix with 𝐿 = 103 mm and Λ ∈ {1.58, 2.22, 2.84, 3.42}

In this example, large deformation of three circular helices having the total lengths 𝐿 = 74, 81, and 103 (mm), and
subjected to a constant-gradient magnetic field is simulated. If the coordinate line 𝑋3 is along the helix axis, the
undeformed geometry is described by 𝑋1 = 𝑅 cos 𝛼, 𝑋2 = 𝑅 sin 𝛼, and 𝑋3 = 𝐾𝛼, with 𝐾 = 𝑝

2𝜋 . Here, 𝛼 is the polar
angle, 𝑅 is the initial radius, and 𝑝 is the initial pitch of the helix. In all cases, the helix radius, the wire diameter,
and the helix angle are, respectively, considered to be 𝑅 = 10, 𝑑 = 2 (mm), and 𝜂 = 1.51 rad. The effective Young
modulus is 𝐸 = 1.32 (MPa), and the micropolar parameters are considered to be 𝜂 = 0.1𝜇 and 𝑙 = 0.1ℎ. The remnant
magnetic field is directed along the 𝑋3 axis, and its magnitude, in the three helices is 𝐵̃rem = 13, 26 and 13 (mT),
respectively. Moreover, the constant-gradient magnetic loading is of the formBext = − 1

2𝑏(𝑥1e1+𝑥2e2−2𝑥3e3) where
𝑏 is the intensity of the magnetic field per unit length. The nondimensional tip position 𝑧𝑇 ∕𝐿 along the 𝑥3-axis vs the
nondimensional loading parameter Λ = 𝐿(𝑍𝑏)1∕3, with 𝑍 = 𝐴𝐵̃rem∕(𝜇0𝐸𝐼), is displayed in the left panel of the
figure. The results based on the present micopolar beam formulation are in good agreement with the data reported by
Sano et al. (2022). Moreover, the three-dimensional deformed shapes of the helix with 𝐿 = 103 (mm) for for several
values of the loading parameter Λ are demonstrated in the right panel of the figure.
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A three-dimensional micropolar beam model with application to the finite deformation
analysis of hard-magnetic soft beams
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• A 3D beam model based upon the micropolar theory is developed.

• A nonlinear FE formulation for the present beam model is elaborated.

• Both size effect and magnetic loading can be modeled by the present formulation.

• Numerical results reveal the good performance of the present formulation.
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A B S T R A C T

The main purpose of this contribution is to develop a three-dimensional (3D) nonlinear beam
model based on the micropolar continuum theory. To do so, a kinematic model based on the
deformation of three directors and accounting for the micro-rotation tensor of the micropolar
theory is introduced. One of the main characteristics of the present beam model is that
3D constitutive equations without any modification can be directly used in the formulation.
Furthermore, it is known that a body couple field is induced in hard-magnetic soft materials
(HMSMs) when subjected to external magnetic fluxes. Therefore, the stress tensor in HMSMs
is asymmetric, in general. Since the asymmetry of stress is one of the main features of the
micropolar theory, the present formulation can be used for analyzing the deformation of beams
made of HMSMs. Accordingly, the virtual external work of the present model is formulated so
that it accounts for the contribution from uniform or constant-gradient external magnetic fluxes
on the beam. Moreover, a Total Lagrangian (TL) nonlinear finite element (FE) formulation to
provide numerical solutions of the related problems is developed. Several numerical examples
are solved to investigate the capability of the developed formulation. It is shown that the present
formulation can model the size-dependent behavior of beam-like structures if the material length-
scale parameter of the micropolar constitutive model is comparable to the thickness of the beam.
Moreover, the proposed model can successfully predict the finite deformation of 3D beams made
of HMSMs subjected to magnetic loading.

1. Introduction

It has been proven experimentally that the classical continuum theory cannot predict the size-dependent behavior

of materials at micron scales (e.g., Lam et al. (2003); McFarland and Colton (2005); Voyiadjis and Song (2019)).

Moreover, it cannot be employed for the cases where the material particles are subjected to body couples (e.g., Truesdell

and Noll (2004)). Moreover, generalized continuum models including gradient-based (Mindlin, 1965), micromorphic

(Eringen, 1966), micropolar (Kafadar and Eringen, 1971), and non-local (Eringen and Edelen, 1972) theories have

been developed in the 20th century that involve material length-scale parameters and can be used in situations were the

classical continuum theory fails to predict the behavior of materials. Among them, the micropolar continuum theory is

a successful approach that can take both size-effect and body couple into account. Therefore, in this work, it has been

employed as the fundamental continuum model to develop a 3D beam formulation.

The basic mathematical formulation of the micropolar continuum theory has been developed by Eringen and his

coworkers (e.g., Kafadar and Eringen (1971); Eringen and Kafadar (1976); Eringen (1999)). In this theory, it is assumed
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A 3d micropolar beam model

that there exists a micro-structure inside each macro-element that experiences rigid rotation independently from the

macro-displacement of its surrounding macro-element. It has been shown that the micropolar elasticity is able to

predict the size-dependent finite elastic deformation of solids (e.g., Ramezani et al. (2008, 2009b); Bauer et al. (2010,

2012a); Erdelj et al. (2020)). Extensions of micropolar theory to elasto-plasticity, for the purpose of modelling the strain

localization phenomenon in plastic deformations, have been carried out in several research papers (e.g., de Borst (1993);

Steinmann (1994); Grammenoudis and Tsakmakis (2007); Grammenoudis et al. (2007); Bauer et al. (2012b)). Various

micropolar beam (Ramezani et al., 2009a; Hassanpour and Heppler, 2016; Chowdhury and Reddy, 2019; Obrezkov

et al., 2022; Sargsyan and Khachatryan, 2022; La Valle and Falsone, 2023), plate (Abadikhah and Folkow, 2015;

Fares et al., 2023), and shell (Eremeyev and Altenbach, 2017; Zozulya, 2018) formulations have been also developed

in the literature. Additionally, the micropolar theory has been used in the modeling of granular materials, phononic

crystals, lattice structures, crystal plasticity, bone mechanics, and auxetic lattices (e.g., Mayeur et al. (2011); Spadoni

and Ruzzene (2012); Goda et al. (2014); Yoder et al. (2018); Guarín-Zapata et al. (2020); Cui et al. (2023); Tian et al.

(2023)). Furthermore, micropolar formulations of phase-field fracture mechanics and peridynamic theory have been

also proposed in modeling the fracture-based engineering problems (e.g., Suh et al. (2020); Wan et al. (2022)).

As was mentioned above, micropolar theory can model the deformation of materials subjected to body couples. A

class of newly invented smart materials, known as hard-magnetic soft materials or HMSMs, experience body couples

under external magnetic stimuli. HMSMs are composed of inherently magnetic particles with high coercivity, e.g.,

NdFeB or CoFe2O4, so that their magnetization vector remains unchanged even for large values of external magnetic

loading (e.g., Bastola and Hossain (2021); Lucarini et al. (2022)). Interaction between the internal magnetization vector

and external magnetic loading induces a body couple in HMSMs (Dorfmann and Ogden, 2014; Zhao et al., 2019; Wang

et al., 2020). Consequently, the Cauchy stress tensor in HMSMs is naturally asymmetric, and micropolar theory is a

candidate for mathematical modeling of these materials. HMSMs are employed as soft robots, sensors, soft and flexible

electronics, actuators, vibration absorbers, and isolators (see, e.g., Kim et al. (2018); Ren et al. (2019); Wu et al. (2020);

Kuang et al. (2019); Wang et al. (2021); Wu et al. (2021); Saber and Sedaghati (2023)). Various continuum-based

(e.g., Zhao et al. (2019); Garcia-Gonzalez (2019); Mukherjee et al. (2021); Zhang et al. (2020); Garcia-Gonzalez and

Hossain (2021a,b); Ye et al. (2021); Dadgar-Rad and Hossain (2022a); Moreno-Mateos et al. (2023); Liu et al. (2023);

Stewart and Anand (2023)) or lattice- and micromechanics-based (e.g., Zhang et al. (2020); Garcia-Gonzalez and

Hossain (2021a,b); Ye et al. (2021); Narayanan et al. (2023)) models have been developed to model deformation of

HMSMs. In the continuum model developed by Zhao et al. (2019), instead of using the relation for the magnetic body

couple, a novel energy term involving the internal magnetization vector and external magnetic flux has been added to

the mechanical strain energy density. Their model has received considerable attention in recent years. In particular,

various HMS beam formulations (Wang et al., 2020; Chen et al., 2021; Rajan and Arockiarajan, 2021; Yan et al., 2022;
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Sano et al., 2022; Dadgar-Rad and Hossain, 2022b; Li et al., 2023) have been developed in the literature. Recently,

an HMS plate formulation has been also developed by Yan et al. (2023). Dadgar-Rad and Hossain (2022a) noted that

there are two drawbacks in the formulation of Zhao et al. (2019). The first drawback is that if the internal magnetic flux

remains constant along a beam-like structure, the model just leads to two opposite concentrated forces at the two ends

of the beam. Therefore, in this case, the model can predict only the deformation of cantilever beams made of HMSMs.

The second drawback is that the model leads to normal stress and mechanical deformation if the internal and external

magnetic fluxes are parallel to each other. Basically, in this case, the cross product of the two magnetic vectors is zero

and no deformation must be observed in the structure. Due to the mentioned drawbacks, Dadgar-Rad and Hossain

(2022a) developed the first micropolar-based formulation to model the deformation of HMSMs. The new formulation

is based on calculating a body couple vector as a cross product of the internal and external magnetic fluxes. Therefore,

neigher of the drawbacks observed in the formaltion of Zhao et al. (2019) occur in the micropolar-based model. The

formulation was then extended to develop a micropolar shell model for HMSMS Dadgar-Rad and Hossain (2023).

A review of the literature reveals that there have been published a few papers dealing with the finite deformation

of 3D beams based on micropolar theory. Moreover, away from the nature of formulation, the focus of researchers has

been solving 2D examples. Accordingly, compared with the previous works, e.g. Obrezkov et al. (2022), the novelties

of the present contribution are as follows:

• In contrast with the previous publications that mainly focus on the infinitesimal deformation of 2D beam

problems, the present formulation starts by proposing a novel motion field that accounts for thickness change and

can model large elastic deformation of 3D beams. Moreover, the undeformed beam may have arbitrary initial

curvature.

• In the variational formulation of the present beam model, the effects of uniform and constant-gradient magnetic

loading are taken into account. Therefore, beside capturing the size-effect phenomenon in purely mechanical

problems, the formulation can also capture the finite deformation of HMS beams.

The rest of this paper is organized as follows: In Section 2, the basic kinematic quantities of the micropolar theory

are presented. The kinematic equations describing the present micropolar beam model are introduced in Section 3.

The variational formulation of the proposed beam model and the relations corresponding to the virtual internal energy

and the virtual external work are provided in Section 4. A nonlinear finite element formulation in material framework

is developed in Section 5. Several numerical examples are solved in Section 6 to demonstrate the applicability of the

proposed formulation. Finally, the work is summarized in Section 7.

Notation: In this work, vectors and matrices are shown by the blackboard font, e.g., X and K. Second-order

tensors are shown by the boldface font, e.g., 𝐅. Boldface calligraphic font is used for third-order and and fourth-order
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tensor are disp, e.g.,  and . Scalar quantities and the components of tensor quantities are not boldface and may

be shown by Latin or Greek fonts, e.g, 𝜓 and 𝑢𝑖. All Latin indices (both lower-case and upper-case) take values one,

two and three, while Greek indices run over one and two. The summation convention holds over all repeated Latin

and Greek indices. However, upper-case Latin indices with calligraphic font, e.g., {, ,}, take the values specified

in the corresponding equations. As usual, the notations 𝐀⊤, tr𝐀, det 𝐀 and 𝐀−1 are the transpose, trace, determinant

and inverse of the second-order tensor 𝐀. For the two arbitrary second-order tensors 𝐀 and 𝐁, the tensor products

denoted by the symbols⊗,⊙, and⊠ are defined so that the relations (𝐀⊗𝐁)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑗𝐵𝑘𝑙, (𝐀⊙𝐁)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑘𝐵𝑗𝑙, and

(𝐀⊠ 𝐁)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑙𝐵𝑘𝑗 hold.

2. The basic kinematic quantities of the micropolar theory

The mathematical foundations of micropolar continuum theory have been developed by Eringen and his coworkers,

e.g., Kafadar and Eringen (1971); Eringen and Kafadar (1976); Eringen (1999). In this section, some kinematic

quantities of the theory, essential for the next developments, are introduced.

To start the formulation, two coincident Cartesian coordinate systems {𝑋1, 𝑋2, 𝑋3} and {𝑥1, 𝑥2, 𝑥3} with an

arbitrary origin in the 3-space are considered. The orthonormal basis vectors corresponding to the introduced

coordinate systems are denoted by {e1, e2, e3} and {E1,E2,E3}, respectively. Moreover, the material and spatial

gradient operators are defined by Grad{∙} = 𝜕{∙}
𝜕𝑋𝐼

⊗E𝐼 and grad{∙} = 𝜕{∙}
𝜕𝑥𝑖

⊗ e𝑖, receptively.

As usual, the reference and current configurations of the continuum body at the times 𝑡 = 0 and 𝑡 > 0 are denoted by

0 and , respectively. The position vectorX = 𝑋𝐼E𝐼 is defined as the center of a macro-element in 0. Deformation

of the macro-element is governed by the mapping x = 𝑥𝑖e𝑖 = y(X, 𝑡), from which the macro displacement field

ū = x −X is obtained. In the micropolar theory, it is assumed that there exists a micro-structure inside each macro-

element that undergoes rigid micro-rotations. The micro-rotation of the micro-structure is described by the pseudo-

vector field q, and is independent from the macro-deformation field y. The deformation gradient tensor 𝐅, and the

micro-rotation tensor 𝐑̃ are given by

𝐅 = Grady = 𝐈 + Grad ū, 𝐑̃ = cos 𝑞𝐈 − sin 𝑞q̂ + (1 − cos 𝑞)q̂⊗ q̂, (1)

where 𝐈 is the identity tensor and  is the alternating symbol. Moreover, 𝑞 =
√
q ⋅ q is the magnitude of q, and

q̂ = q∕𝑞 is the unit vector along q. Next, let 𝛿ū and 𝛿q be the virtual displacement and the virtual micro-rotation,

respectively. Accordingly, straightforward calculations furnish the following expressions for 𝛿𝐅 and 𝛿𝐑̃:

𝛿𝐅 = Grad𝛿u⋆, 𝛿𝐑̃ = 𝛿𝐐̃𝐑̃ = −𝛿q̃𝐑̃ with 𝛿q̃ = 𝚼𝛿q. (2)
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It is noted that 𝛿𝐐̃ = −𝛿q̃ is the skew-symmetric tensor corresponding to 𝛿q̃. Moreover, the second-order tensor 𝚼

is calculated to be

𝚼 = 1
𝑞
[sin 𝑞𝐈 − (1 − cos 𝑞)q̂ + (𝑞 − sin 𝑞)q̂⊗ q̂]. (3)

In the material description of the micropolar theory, the second-order deformation measures 𝐔̃ and 𝚪 are defined as

follows (e.g., Eringen and Kafadar (1976); Pietraszkiewicz and Eremeyev (2009); Steinmann (1994)):

𝐔̃ = 𝐑̃⊤𝐅, 𝚪 = −1
2
 : (𝐑̃⊤Grad 𝐑̃), 𝑈̃𝑀𝑁 = 𝑅̃𝑝𝑀𝐹𝑝𝑁 , Γ𝑀𝑁 = −1

2
𝜖𝑀𝑃𝑄𝑅̃𝑝𝑃 𝑅̃𝑝𝑄,𝑁 , (4)

where 𝜖𝑀𝑃𝑄 are the components of the alternating symbol . Moreover, since 𝐑̃ is a rotation tensor, the relations

det 𝐑̃ = 1 and det 𝐔̃ = det 𝐅 = 𝐽 are deduced. From Eqs. (1), (2), and (4), it follows that the virtual micropolar

deformation measures are given by

𝛿𝐔̃ = 𝐑̃⊤(𝛿𝐅 − 𝛿𝐐̃𝐅) = 𝐑̃⊤(𝛿𝐅 + 𝚼𝛿q𝐅), 𝛿𝚪 = 𝐑̃⊤Grad (𝚼𝛿q). (5)

In the next section, specialized forms of the micropolar deformation measures 𝐔̃ and 𝚪 for the proposed beam model

are presented.

3. Kinematics of the 3D micropolar beam model

The geometry of a 3D beam in the reference and current configurations is illustrated in Fig. 1. The centreline of

the beam in the reference configuration is denoted by , which deforms into the curve ̄ in the current one. In this

work, the curve  is parametrized by the arc-length 𝑆. Now, let X̄(𝑆) be the position vector of material points on .

Accordingly, the unit tangent vector T = 𝑇𝐼E𝐼 , the unit principal normal vector N = 𝑁𝐼E𝐼 , and the unit binormal

vector B = 𝐵𝐼E𝐼 are given by (e.g., Sahraee and Wriggers (2023))

T(𝑆) = X̄′(𝑆), N(𝑆) = T′(𝑆)|T′(𝑆)| , B(𝑆) = T(𝑆) ×N(𝑆), (6)

where {∙}′ = 𝜕{∙}∕𝜕𝑆 is the partial derivative w.r.t. the arc-length 𝑆. The triad of unit vectors {T,N,B} constitutes

the Frenet frame on . Moreover, they may be considered as the reference directors in the present beam formulation.

By differentiating the triad, the following well-known Frenet formulae are obtained (Sahraee and Wriggers, 2023):

T′ = 𝜅N, N′ = −𝜅T + 𝜏B, B′ = −𝜏N, (7)
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Figure 1: Schematic view of a 3D beam in reference (left) and current (right) configurations, {𝑋1, 𝑋2, 𝑋3} and {𝑥1, 𝑥2, 𝑥3}
are the Cartesian coordinate systems, the Frenet triad {N,B,T} are tangent to the convective coordinate system {𝜉1, 𝜉2, 𝜉3}
in the reference configuration, the triad {n,b, t} are tangent to {𝜉1, 𝜉2, 𝜉3} in the current configuration

where 𝜅(𝑆) and 𝜏(𝑆) are, respectively, the curvature and torsion of .

Next, as displayed in Fig. 1, the convective coordinate system {𝜉1, 𝜉2, 𝜉3 = 𝑆} at each material point on the

reference centreline  is considered. It is emphasized that the coordinated line 𝜉3 is identical to the arc-length 𝑆

and is always tangent to both  and ̄. Moreover, on the referential centreline , the coordinated lines 𝜉1 and 𝜉2 are

in the directions of the vectors N and B, respectively. It is worthwhile to note that the coordinate lines 𝜉𝛼 do not

necessarily remain perpendicular to ̄ in the current configuration. Now, the position vector of any material particle of

the undeformed beam may be described by

X(𝜉1, 𝜉2, 𝑆) = X̄(𝑆) + 𝜉1N(𝑆) + 𝜉2B(𝑆). (8)

From Eqs. (7) and (8), the covariant basis vectorsG𝑖(𝜉1, 𝜉2, 𝑆) = 𝜕X∕𝜕𝜉𝑖 and the contravariant ones G𝑖(𝜉1, 𝜉2, 𝑆) =

𝜕𝜉𝑖∕𝜕X are calculated to be

G1 = N, G2 = B, G3 = (1 − 𝜉1𝜅)T + 𝜏(𝜉1B − 𝜉2N)

G1 ≈ N + 𝜉2𝜏0T, G2 ≈ B − 𝜉1𝜏0T, G3 ≈ (1 + 𝜉1𝜅)T

⎫⎪⎬⎪⎭ . (9)

It is noted that the relationG𝑖 ⋅G
𝑗 = 𝛿𝑗𝑖 holds.

In the sequel, a finite deformation Timoshenko-type beam model is developed. The model may be considered as the

beam version of the shell formulation elaborated by (Sansour, 1998). To do so, letw(𝑆, 𝑡) = 𝑤𝑖e𝑖 be the displacement

field of the centreline, which takes the referential position X̄ to the current one x̄ = X̄ + w. Additionally, let the

vectors u(𝑆, 𝑡) = 𝑢𝑖e𝑖 and v(𝑆, 𝑡) = 𝑣𝑖e𝑖 be the director displacements from which the current directors n = N + u

and b = B + v are obtained. Furthermore, the scalar functions 𝜙(𝑆, 𝑡) and 𝜓(𝑆, 𝑡) are introduced to account for
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the thickness change in the 𝜉1 and 𝜉2 directions, respectively. Accordingly, the following motion field for the macro-

deformation of the present beam model is introduced:

x = y(𝜉1, 𝜉2, 𝑆) = x̄(𝑆) + 𝜉1[1 + 𝜉1𝜙(𝑆)]n(𝑆) + 𝜉2[1 + 𝜉2𝜓(𝑆)]b(𝑆). (10)

It is noted that by introducing the thickness stretching parameters 𝜙(𝑆, 𝑡) and 𝜓(𝑆, 𝑡), the normal strains and normal

stresses along the 𝜉1 and 𝜉2 coordinates will be nonzero. This allows one to use three-dimensional constitutive equations

without any modification to satisfy the plane stress conditions 𝜎11 = 𝜎22 = 0 along the 𝜉1 and 𝜉2 directions. Since

the vector t = x̄′ = T +w′ is tangent to the deformed centreline ̄, it is concluded that the triad {t,n,b} forms the

current directors of the beam.

Now, with Eqs. (7) and (10), the current covariant basis vectors g𝑖(𝜉1, 𝜉2, 𝑆) = 𝜕x∕𝜕𝜉𝑖 are obtained to be

g1 = (1 + 2𝜉1𝜙)n, g2 = (1 + 2𝜉2𝜓)b, g3 = t + 𝜉1(𝜏B − 𝜅T + u′) + 𝜉2(v′ − 𝜏N). (11)

From Eqs. (9) and (11), it follows that the deformation gradient tensor is given by

𝐅 = g𝑖 ⊗G𝑖 ≈ 𝐅0 + 𝜉𝛼𝐅𝛼 , (12)

where the higher-order terms involving 𝜉𝛼𝜉𝛽 are neglected. Moreover, the tensors 𝐅 ( = 0, 1, 2) are calculated to be

𝐅0 = 𝐈 + u⊗N + v⊗B +w′ ⊗T

𝐅1 = 2𝜙n⊗N + (𝜅w′ − 𝜏v + u′)⊗T

𝐅2 = 2𝜓b⊗B + (v′ + 𝜏u)⊗T

⎫⎪⎪⎬⎪⎪⎭
. (13)

Next, following Ramezani et al. (2009a) it is assumed that the micro-rotation q is constant at each cross-section of the

beam. Now, from Eqs. (4), (9), and (12), the micropolar deformation tensors 𝐔̃ and 𝚪 for the present beam model take

the following forms:

𝐔̃ = 𝐔̃0 + 𝜉𝛼𝐔̃𝛼 , 𝚪 = 𝚪0 + 𝜉1𝚪1, (14)

where 𝐔̃ ( = 0, 1, 2) and 𝚪 ( = 0, 1) are calculated to be

𝐔̃ = 𝐑̃⊤𝐅 , 𝚪0 = −1
2
 :

[
𝐑̃⊤(𝐑̃′ ⊗T)

]
, 𝚪1 = 𝜅𝚪0. (15)
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For later use, from Eqs. (13) and (14)1, the expressions for 𝐽 = det 𝐅, ln 𝐽 , and 𝐔̃−⊤ may be approximately written as

𝐽 ≈ 𝐽0 + 𝜉𝛼𝐽𝛼 , ln 𝐽 ≈ 𝐽⋆0 + 𝜉𝛼𝐽⋆𝛼 , 𝐔̃−⊤ ≈ 𝐔̃⋆0 + 𝜉𝛼𝐔̃⋆𝛼 , (16)

where 𝐽 , 𝐽⋆ , and 𝐔̃⋆ ( = 0, 1, 2) are as follows:

𝐽0 = det 𝐅0, 𝐽𝛼 = 𝐽0tr (𝐅−1
0 𝐅𝛼), 𝐽⋆0 = ln 𝐽0, 𝐽⋆𝛼 = 𝐽𝛼∕𝐽0, 𝐔̃⋆0 = 𝐔̃−⊤

0 , 𝐔̃⋆𝛼 = −𝐔̃⋆0 𝐔̃
⊤
𝛼𝐔̃

⋆
0 . (17)

4. Variational formulation of the beam model

The purpose of this section is to develop the expressions for the virtual internal energy 𝛿 and the virtual work of

external loads 𝛿 for the present micropolar beam model. In the next section, these quantities are used in the principle

of virtual work of the form 𝛿 − 𝛿 = 0 to develop a finite element formulation.

4.1. Virtual internal energy

To develop the expression for the virtual internal energy 𝛿 in the material framework, the strain energy per unit

reference volume must be of the form ̂ = ̄ (𝐔̃,𝚪) (Eringen and Kafadar, 1976; Steinmann, 1994; Ramezani et al.,

2009b), from which it follows that

𝛿̂ = 𝛿̄ (𝐔̃,𝚪) = 𝐏̃ :𝛿𝐔̃ + 𝐌̃ :𝛿𝚪 with 𝐏̃ = 𝜕̄
𝜕𝐔̃

and 𝐌̃ = 𝜕̄
𝜕𝚪

. (18)

It is noted that 𝐏̃ and 𝐌̃ are the material or Lagrangian stress and couple stress tensors, respectively. In the micropolar

theory, it is also possible to define the first Piola–Kirchhoff-type stress 𝐏 = 𝐑̃𝐏̃ and couple stress 𝐌 = 𝐑̃𝐌̃ tensors

(e.g., Dadgar-Rad and Hossain (2022a)). As a special case of the strain energy density function ̄ (𝐔̃,𝚪), a micropolar

extension of the neo-Hookean material model may be written as

̄ (𝐔̃,𝚪) = ̄1(𝐔̃) + ̄2(𝐽 ) + ̄3(𝚪), (19)

where ̄ ( = 1, 2, 3) are given by (Ramezani et al., 2009b; Dadgar-Rad and Hossain, 2022a)

̄1(𝐔̃) = (𝜂 + 1
2𝜇)tr (𝐔̃𝐔̃

⊤) − 𝜂tr (𝐔̃2), ̄2(𝐽 ) =
1
2
𝜆(ln 𝐽 )2 − 𝜇 ln 𝐽 , ̄3(𝚪) =

1
2
𝛽tr (𝚪𝚪⊤). (20)

Here, 𝜆 and 𝜇 are the usual Lamé constants. However, the constant 𝜂 and 𝛽 are two additional material parameters of

the micropolar theory. In particular, the parameter 𝛽 is often written in the form 𝛽 = 𝜇𝑙2, where 𝑙 is called the material
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length-scale parameter, e.g., Steinmann (1994) and Bauer et al. (2012a). From Eqs. (14), (16), (18)2,3, (19), and (20),

the following expressions for the stress and couple stress measures 𝐏̃, 𝐌̃, 𝐏, and 𝐌 are obtained:

𝐏̃ = 𝐏̃0 + 𝜉𝛼𝐏̃𝛼 , 𝐏 = 𝐏0 + 𝜉𝛼𝐏𝛼 , 𝐌̃ = 𝐌̃0 + 𝜉1𝐌̃1, 𝐌 = 𝐌0 + 𝜉1𝐌1, (21)

where the second-order tensors 𝐏̃ , 𝐏̃ , 𝐌̃ , and 𝐌 (with  = 0, 1, 2 and  = 0, 1) are calculated to be

𝐏̃0 = 𝜇𝐔̃0 + 𝜂(𝐔̃0 − 𝐔̃⊤
0) + (𝜆𝐽⋆0 − 𝜇)𝐔̃⋆0

𝐏̃𝛼 = 𝜇𝐔̃𝛼 + 𝜂(𝐔̃𝛼 − 𝐔̃⊤
𝛼) + (𝜆𝐽⋆0 − 𝜇)𝐔̃⋆𝛼 + 𝜆𝐽⋆𝛼 𝐔̃

⋆
0

𝐌̃ = 𝜇𝑙2𝚪 , 𝐏 = 𝐑̃𝐏̃ , 𝐌 = 𝐑̃𝐌̃

⎫⎪⎪⎬⎪⎪⎭
. (22)

Moreover, the fourth-order tensors ̃ ( = 1, 2) resulting from the present constitutive model are given by

̃1 = 𝜕2̄
𝜕𝐔̃𝜕𝐔̃

≈ ̃1
0 + 𝜉

𝛼̃1
𝛼 , ̃2 = 𝜕2̄

𝜕𝚪𝜕𝚪
= 𝜇𝑙2𝐈⊙ 𝐈, (23)

where the fourth-order tensors ̃1 ( = 0, 1, 2) are as follows:

̃1
1 = (𝜇 + 𝜂)𝐈⊙ 𝐈 − 𝜂𝐈⊠ 𝐈 + 𝜆𝐔̃⋆0 ⊗ 𝐔̃⋆0 + (𝜇 − 𝜆𝐽⋆0 )𝐔̃

⋆
0 ⊠ 𝐔̃⋆0

̃1
𝛼 = 𝜆(𝐔̃⋆0 ⊗ 𝐔̃⋆𝛼 + 𝐔̃⋆𝛼 ⊗ 𝐔̃⋆0 − 𝐽⋆𝛼 𝐔̃

⋆
0 ⊠ 𝐔̃⋆0 ) + (𝜇 − 𝜆𝐽⋆0 )(𝐔̃

⋆
0 ⊠ 𝐔̃⋆𝛼 + 𝐔̃⋆𝛼 ⊠ 𝐔̃⋆0 )

⎫⎪⎬⎪⎭ . (24)

In the next step, from Eqs. (5) and (18)1, the virtual internal energy 𝛿 may be written as

𝛿 = ∫ 𝛿̂ d = ∫ (𝐏 :𝛿𝐘 +𝐌 :𝛿𝐙)d with 𝛿𝐘 = 𝛿𝐘0 + 𝜉𝛼𝛿𝐘𝛼 and 𝛿𝐙 = (1 + 𝜉1𝜅)𝛿𝐘3. (25)

Here,  is the reference volume of the beam, and the quantities denoted by 𝛿𝐘 ( = 0, 1, 2, 3) are defined by

𝛿𝐘 = 𝛿𝐅 − 𝛿𝐐̃𝐅 , 𝛿𝐘3 = (𝚼𝛿q)′ ⊗T, ( = 0, 1, 2). (26)

The volume element may be written as d = dd𝑆, where d is an infinitesimal area element. Consequently, the

expression for 𝛿 reduces to the following line integral along the referential centreline  of the beam:

𝛿 = ∫
(𝐏0 :𝛿𝐘0 + 𝛼𝛽𝐏𝛼 :𝛿𝐘𝛽 + ⋆11𝐌0 :𝛿𝐘3

)
d𝑆, (27)

Dadgar-Rad et al. (2023): Preprint submitted to Elsevier Page 9 of 27
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where 𝛼𝛽 and ⋆11 are defined as

𝛼𝛽(𝑆) = ∫(𝑆)
𝜉𝛼𝜉𝛽d, ⋆11(𝑆) = (𝑆) + 𝜅2(𝑆)11(𝑆). (28)

It is noted that 𝛼𝛽 are the cross-sectional moments of inertia. In the next step, the fourth-order tensors  ( = 1, 2)

are defined so that their components are given by 
𝑖𝐽𝑘𝐿 = 𝑅̃𝑖𝑃 𝑅̃𝑘𝑄̃

𝑃𝐽𝑄𝐿. From this definition and Eq. (23)1, the

relation1𝑖𝐽𝑘𝐿 = 𝑅̃𝑖𝑃 𝑅̃𝑘𝑄̃1𝑃𝐽𝑄𝐿 ( = 0, 1, 2) is also deduced. Accordingly, from Eqs. (18) and (25), the increment

of the virtual internal energy, Δ𝛿 , is calculated as follows:

Δ𝛿 = ∫
[
𝛿𝐘 :1 :Δ𝐘 + 𝛿𝐙 :2 :Δ𝐙 + 𝐏 : (Δ𝛿𝐇0 + 𝜉𝛼Δ𝛿𝐇𝛼) + (1 + 𝜅𝜉1)𝐌 :Δ𝛿𝐇3

]
d . (29)

Here, the quantities denoted by Δ𝛿𝐇 ( = 0, 1, 2, 3) are defined as follows:

Δ𝛿𝐇 = (Δ𝐐̃𝛿𝐐̃ − Δ𝛿𝐐̃)𝐅 − 𝛿𝐐̃Δ𝐅 − Δ𝐐̃𝛿𝐅
Δ𝛿𝐇3 = [(Δ𝚼𝛿q)′ − Δ𝐐̃(𝚼𝛿q)′]⊗T

⎫⎪⎬⎪⎭ ,  = 0, 1, 2. (30)

With Eqs. (21), (23), (25), and (29), the expressions for the increment of virtual internal energy may be written as

Δ𝛿 = Δ𝛿1 + Δ𝛿2, with:

Δ𝛿1 = ∫
[𝛼𝛽(𝛿𝐘0 :1

𝛼 :Δ𝐘𝛽 + 𝛿𝐘𝛼 :1
0 :Δ𝐘𝛽 + 𝛿𝐘𝛼 :1

𝛽 :Δ𝐘0)

+𝛿𝐘0 :1
0 :Δ𝐘0 + ⋆11𝛿𝐘3 :2 :Δ𝐘3

]
d𝑆

Δ𝛿2 = ∫
(𝛼𝛽𝐏𝛼 :Δ𝛿𝐇𝛽 +𝐏0 :Δ𝛿𝐇0 + ⋆11𝐌0 :Δ𝛿𝐇3

)
d𝑆

⎫⎪⎪⎪⎬⎪⎪⎪⎭
. (31)

4.2. Virtual external work due to magnetic loading

In this section, it is assumed that the beam has been made of HMSMs, and exhibits finite mechanical deformations

under magnetic loading. It is recalled that there exists a strong remnant magnetic flux density in HMSMs, which

remains almost unchanged under a wide range of external magnetic loading. In this work, the influence of the self-

applied magnetic field produced by the presence and movement of the hard magnetic particles is neglected. Under the

external magnetic fluxBext, the body couple per unit reference volumem applied to HMSMs is given by (Zhao et al.,

2019)

m = 1
𝜇0
𝐽Brem ×Bext = 1

𝜇0

(
𝐅B̃rem) ×Bext with Brem = 𝐽−1𝐅B̃rem. (32)
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Here, B̃rem andBrem are the remnant magnetic flux densities in the reference and current configurations, respectively.

Moreover, 𝜇0 = 4𝜋 × 10−7 𝑁𝐴2 is the magnetic permeability of the free space. It is noted that both Brem and Bext are

Eulerian (or spatial) vectors. Howeverm is the body couple per unit reference volume of the continuum body.

Remark. Based upon computational homogenization on HMSMs, Mukherjee et al. (2021) showed that the right

stretch tensor 𝐔 does not have a significant role in the mapping of the referential remnant magnetic flux B̃rem to the

current one Brem. Accordingly, they have proposed to replace Eq. (32)2 with Brem = 𝐑B̃rem. Here, 𝐑 is the rotation

tensor in the polar decomposition 𝐅 = 𝐑𝐔. On the other hand, if the amount of strain in a deformation is small,

namely 𝐔 ≈ 𝐈, the deformation gradient is approximately equal to the rotation tensor, giving 𝐅 ≈ 𝐑. More precisely, a

limitation of the present formulation is that it works well for the cases where the amount of strain is small. Accordingly,

in Section 6, four examples with bending-dominated deformations are studied.

If the external magnetic flux Bext is non-uniform, its spatial gradient is nonzero. In this case, in addition to the

body couple density m, the following body force per unit reference volume f is also induced in HMSMs (Yan et al.,

2022):

f = 1
𝜇0
𝐽𝐆extBrem = 1

𝜇0
𝐆ext𝐅B̃rem with 𝐆ext = (gradBext)⊤. (33)

As a practical example of non-uniform magnetic loading, in a Maxwell coil with an axis along the e3 direction, the

magnetic field and its spatial gradient are given by (Yan et al., 2022; Sano et al., 2022)

Bext = −1
2
𝑏(𝑟e𝑟 − 2𝑥3e3) = −1

2
𝑏(𝑥1e1 + 𝑥2e2 − 2𝑥3e3), 𝐆ext = −1

2
diag[𝑏, 𝑏,−2𝑏], (34)

where 𝑏 is the intensity of the magnetic field per unit length, and e𝑟 is the unit vector along the radial direction of the

coil. In this case, the tensor 𝐆ext is constant, and the field resulting from the coil is referred to as the constant gradient

field. In the next developments, it is assumed that 𝐆ext is constant. In particular, for the present beam model, from

Eqs. (12) and (33) it follows that

f = 1
𝜇0

(f0 + 𝜉𝛼f𝛼) with f = 𝐆ext𝐅B̃rem ( = 0, 1, 2). (35)

In the next step, it is noted that the body force density f and the body couple density m are work-conjugate to the

macro-displacement ū and the micro-rotation q, respectively. With Eqs. (10), (32), (33), and (35), the virtual external
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work may be written as follows:

𝛿 = ∫ (f ⋅ 𝛿ū +m ⋅ 𝛿q)d
= 1
𝜇0 ∫

{
𝐼11[(𝛿𝜙n + 𝜙𝛿u)⊤f0 + 𝛿u⊤f1] + 𝐼22[(𝛿𝜓b + 𝜓𝛿v)⊤f0 + 𝛿v⊤f2]

+ 𝐼12(𝛿u⊤f2 + 𝛿v⊤f1) +(𝛿w⊤f0 + q⊤[(𝐅0B̃
rem) ×Bext])

}
d𝑆.

(36)

Moreover, the increment of 𝛿 takes the form

Δ𝛿 = 1
𝜇0 ∫

{11[(𝛿𝜙n + 𝜙𝛿u)⊤Δf0 + 𝛿u⊤Δf1 + 𝛿𝜙f⊤0Δu + 𝛿u⊤f0Δ𝜙]

+ 22[(𝛿𝜓b + 𝜓𝛿v)⊤Δf0 + 𝛿v⊤Δf2 + 𝛿𝜓f⊤0Δv + 𝛿v⊤f0Δ𝜓]

+ 12(𝛿u⊤Δf2 + 𝛿v⊤Δf1) +(𝛿w⊤Δf0 + 𝛿q⊤[(Δ𝐅0B̃
rem) ×Bext])

}
d𝑆,

(37)

where Δf = 𝐆extΔ𝐅B̃rem ( = 0, 1, 2) is deduced from Eqs. (12) and (35).

5. Nonlinear finite element formulation

In this section, a Total Lagrangian nonlinear finite element formulation for the numerical solution of problems

based on the present model is developed. The centreline  is discretized into 𝑁𝐸 elements, namely  =
⋃𝑁𝐸

𝔢=1 𝔢. The

field variables {𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 𝑞𝑖, 𝜙, 𝜓} over the typical element 𝔢 are interpolated in the following form:

{𝑢𝑖, 𝑣𝑖, 𝑤𝑖, 𝑞𝑖, 𝜙, 𝜓} = {NuU𝑖,NvV𝑖,NwW𝑖,NqQ𝑖,Nh𝚽,Ns𝚿}, 𝑖 = 1, 2, 3. (38)

Here, as an example, the row vector Nw and the corresponding column vector W𝑖 are explained in detail. Let 𝑛w

be the number of nodes of the element that possess the 𝑤𝑖 degrees of freedom (DOFs). Additionally, let 𝑁
w, with

 = 1, 2, ..., 𝑛w, be the shape functions that interpolate the displacement component𝑤𝑖 over the element. Furthermore,

let 𝑊 
𝑖 be the nodal value of 𝑤𝑖 at the ’th node of the element. Accordingly, Nw = {𝑁1

w, 𝑁
2
w, ..., 𝑁

𝑛w
w } is a row

vector that contains the shape functions𝑁
w, andW𝑖 = {𝑊 1

𝑖 ,𝑊
2
𝑖 , ...,𝑊

𝑛w
𝑖 }⊤ is a column vector that involves the nodal

DOFs𝑊 
𝑖 . The other quantities in Eq. (38) have similar definitions. It is worthwhile to note that the interpolation of the

director displacements u and v in the present work is equivalent to the interpolation of the director vectors advocated

in Betsch and Steinmann (2002). The generalized displacement vector d𝔢 that involves all nodal DOFs of the element

is defined as follows:

d𝔢𝑛𝔢×1
= {U⊤

1,U
⊤
2,U

⊤
3,V

⊤
1,V

⊤
2,V

⊤
3,W

⊤
1,W

⊤
2,W

⊤
3,Q

⊤
1,Q

⊤
2,Q

⊤
3,𝚽

⊤,𝚿⊤}⊤, (39)
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where 𝑛𝔢 = 3(𝑛u + 𝑛v + 𝑛w + 𝑛q) + 𝑛h + 𝑛s is the total number of the nodal DOFs in the element. Next, from Eqs. (38)

and (39), it is possible to interpolate the field variables {u,v,w,q, 𝜙, 𝜓} in terms of the generalized displacement

vector d𝔢, namely

{u,v,w,q, 𝜙, 𝜓} = {N̂u, N̂v, N̂w, N̂q, N̂h, N̂s}d𝔢. (40)

As an example, the 3 × 𝑛𝔢 matrix N̂u is given by

N̂u =

⎡⎢⎢⎢⎢⎣
Nu 𝟘1×𝑛u 𝟘1×𝑛u 𝟘1×𝑛̂u
𝟘1×𝑛u Nu 𝟘1×𝑛u 𝟘1×𝑛̂u
𝟘1×𝑛u 𝟘1×𝑛u Nu 𝟘1×𝑛̂u

⎤⎥⎥⎥⎥⎦
with 𝑛̂u = 𝑛𝔢 − 3𝑛u. (41)

Combination of Eqs. (2), (13), (26), and (41) leads to the following components for 𝛿𝐘 ( = 0, 1, 2, 3):

𝛿𝑌0𝑖𝐼 = (N̂u𝑖𝑁𝐼 + N̂v𝑖𝐵𝐼 + N̂′
w𝑖𝑇𝐼 + 𝜖𝑖𝑗𝑘Υ𝑘𝑛𝐹0𝑗𝐼N̂q𝑛)d𝔢

𝛿𝑌1𝑖𝐼 = (2𝜙𝑁𝐼N̂u𝑖 + 𝑇𝐼N̂′
u𝑖 + 𝜅𝑇𝐼N̂

′
w𝑖 + 2𝑛𝑖𝑁𝐼N̂h + 𝜖𝑖𝑗𝑘Υ𝑘𝑛𝐹1𝑗𝐼N̂q𝑛)d𝔢

𝛿𝑌2𝑖𝐼 = (2𝜓𝐵𝐼N̂v𝑖 + 𝑇𝐼N̂′
v𝑖 + 2𝑏𝑖𝐵𝐼N̂s + 𝜖𝑖𝑗𝑘Υ𝑘𝑛𝐹2𝑗𝐼N̂q𝑛)d𝔢

𝛿𝑌3𝑖𝐼 = (Υ′
𝑖𝑗N̂q𝑗 + Υ𝑖𝑗N̂′

q𝑗)𝑇𝐼d
𝔢

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, (42)

where N̂u𝑖 is the 𝑖-th row of N̂u, and the same holds about N̂v𝑖, N̂w𝑖, and N̂q𝑖.

Next, letA = {𝐴11, 𝐴22, 𝐴33, 𝐴12, 𝐴21, 𝐴13, 𝐴31, 𝐴23, 𝐴32}⊤ be the vectorial representation of the arbitrary second-

order tensor 𝐀. From Eq. (42) it is observed that all components of 𝛿𝐘 ( = 0, 1, 2, 3) are expressed in terms of the

generalized displacement vector d𝔢. Accordingly, in matrix notation, Eq. (42) may be rewritten as

(𝛿Y )9×1 = (B̂ )9×𝑛𝔢d𝔢𝑛𝔢×1, ( = 0, 1, 2, 3), (43)

where 𝛿Y is the vectorial representation of 𝛿𝐘 , and the quantities denoted by B̂ ( = 0, 1, 2, 3) may be referred

to as the generalized strain-displacement matrices. Now, from Eqs. (27), (36), and (43) the expressions for 𝛿 𝔢 and

𝛿𝔢 for the typical element take the following simple forms:

𝛿 𝔢 = 𝛿d𝔢 ⋅F𝔢
int, 𝛿𝔢 = 𝛿d𝔢 ⋅F𝔢

ext, (44)
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where F𝔢
int and Fint are the internal and external force vectors of the element, respectively. The expression for F𝔢

int is

given by

Fint = ∫𝔢

(B̂⊤
0P0 + 𝛼𝛽B̂⊤

𝛼P𝛼 + ⋆11B̂⊤
3M0

)
d𝑆, (45)

where P ( = 0, 1, 2) and M0 are the vectorial representations of 𝐏 and 𝐌0, respectively. Moreover, the external

force vector F𝔢
ext resulting from a uniform or constant-gradient magnetic loading reads

F𝔢
ext =

1
𝜇0 ∫𝔢

{11[(N̂⊤
hn

⊤ + 𝜙N̂⊤
u)f0 + N̂

⊤
uf1] + 22[(N̂⊤

sb
⊤ + 𝜓N̂⊤

v)f0 + N̂
⊤
vf2]

+ 12(N̂⊤
uf2 + N̂

⊤
vf1) +(

N̂⊤
wf0 + N̂

⊤
q[(𝐅0B̃

rem) ×Bext]
)}

d𝑆.
(46)

It is noted that from the virtual work principle and due to arbitrariness of 𝛿d, a system of nonlinear algebraic equations

of the form Fint − Fext = 𝟘 is obtained. In this work, the standard Netwon–Raphson method (e.g., Wriggers (2008))

is employed to solve the system of nonlinear equations. Accordingly, let Π𝔢 =  𝔢 −𝔢 be the total potential energy

of the element. Substituting Eqs. (31), (37), and (44) into the linearized form of the virtual work principle, namely

Δ𝛿Π𝔢 = −𝛿Π𝔢, leads to the following system of linear algebraic equations for the increment of the generalized

displacement vector Δd𝔢:

K𝔢Δd𝔢 = −R𝔢 with K𝔢 = K𝔢
mat +K

𝔢
geo −K

𝔢
load and R𝔢 = F𝔢

int −F
𝔢
ext. (47)

Here, K𝔢 and R𝔢 are the element stiffness matrix and residual vector, respectively. Moreover, K𝔢
mat, K

𝔢
geo, and K𝔢

load

are, respectively, the material, geometric, and load part ofK𝔢 with the following components (, = 1, 2, ..., 𝑛𝔢):

(K𝔢
mat) =

𝜕2(Δ𝛿1)
𝜕(𝛿𝑑𝔢)𝜕(Δ𝑑𝔢 )

, (K𝔢
geo) =

𝜕2(Δ𝛿2)
𝜕(𝛿𝑑𝔢)𝜕(Δ𝑑𝔢 )

, (K𝔢
load) = 𝜕2(Δ𝛿)

𝜕(𝛿𝑑𝔢)𝜕(Δ𝑑𝔢 )
. (48)

In particular, the material partK𝔢
mat may be written in the following simplified form:

K𝔢
mat = ∫𝔢

[𝛼𝛽(B̂⊤
0D

1
𝛼B̂𝛽 + B̂

⊤
𝛼D

1
0B̂𝛽 + B̂

⊤
𝛼D

1
𝛽B̂0

)
+B̂⊤

0D
1
0B̂0 + ⋆11B̂⊤

3D
2B̂3

]
d𝑆, (49)

where D1 ( = 0, 1, 2) and D2 are the matrix representations of 1 and 2, respectively. Returning to Eq. (47),

the final system of linear algebraic equations is obtained by applying the assembly procedure over all elements in the

discretized geometry of the beam. The expressions for the components of the geometric and load part of K𝔢 are too

lengthy and are provided in the Appendix.
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6. Numerical examples

In this section, four numerical examples are provided to examine the performance of the developed formulation.

A home-written FE code based on the formulation presented in the previous sections has been prepared. For the

micropolar beam element employed in the numerical simulations, the number of nodes corresponding to various field

variables is considered to be 𝑛𝑤 = 𝑛𝑢 = 𝑛𝑣 = 𝑛𝑞 = 𝑛𝜙 = 𝑛𝜓 = 3. In other words, the element has three nodes

and is quadratic in all field variables. Moreover, it is noted that the expression for the Lamé constant 𝜆 is given by

𝜆 = 𝜈
(1−2𝜈)(1+𝜈)𝐸 = 2𝜈

(1−2𝜈)𝜇. As usual, 𝐸 and 𝜈 are the Young modulus and Poisson ratio, respectively. For the values

of 𝜈 close to 0.5, which is observed in HMSMs, the value of 𝜆 becomes too large compared to the shear modulus 𝜇.

In this case, large values of the terms in the element stiffness matrix containing 𝜆 lead to the over-stiffening of the

element. In order to alleviate this problem, the selective-reduced integration strategy has been employed in this work.

More precisely, for the terms involving 𝜆, the one-point Gauss–Legendre integration rule has been implemented. The

rest of the integrals have been evaluated by the three-point integration rule.

6.1. Large deformation of a 45◦ bend

In this example, an undeformed 45◦ cantilever curved beam in the 𝑥1𝑥2 plane is considered. The beam is subjected

to a tip shear force along the 𝑥3 direction. This is a well-known benchmark problem that has been investigated in several

3D beam formulations in the context of the classical continuum theory (e.g., Bathe and Bolourchi (1979); Simo and

Vu-Quoc (1986); Jelenić and Crisfield (1999); Betsch and Steinmann (2002)). Following Bathe and Bolourchi (1979),

the cross-section of the beam is a square of dimension ℎ = 25.4 mm, and the initial radius of the arc is 𝑅 = 2.54 m.

Additionally, Young modulus and Poisson ratio are 𝐸 = 68 GPa and 𝜈 = 0, respectively. Furthermore, the micropolar

parameters are considered to be 𝜂 = 𝑘𝜇 and 𝑙 = 𝑘ℎ, respectively. Here, 𝑘 is introduced as a nondimensional parameter.

The problem is solved for several values of 𝑘 ∈ {0.001, 0.01, 0.07, 0.1, 0.2, 0.3}. The maximum load 𝐹 = 2664 N

is applied within 12 load steps. To perform convergence analysis, the normalized tip deflection 𝑤𝑇3 ∕𝑤
𝑇
3conv versus the

number of elements is depicted in Fig. 2(a). Here, for each value of the nondimensional parameter 𝑘, the converged tip

displacement is denoted by 𝑤𝑇3conv. It is observed that even by considering four beam elements, the maximum relative

error in deflection, namely |1 − 𝑤𝑇3 ∕𝑤
𝑇
3conv|, is around 0.3%. This shows the excellent convergent properties of the

proposed micropolar-based beam element. To have fully converged results, 10 elements are sufficient for all values of

𝑘 considered in the simulations. The lateral deflection of the beam tip along the 𝑥3 direction vs the nondimensional

force 𝐾 = 𝐹𝑅2∕𝐸𝐼 is displayed in Fig. 2(b), where 𝐼 = ℎ3∕12 is the cross-sectional moment of inertia. For small

values of 𝑘, e.g., 𝑘 = 0.001 or 𝑘 = 0.01, the results of the present micropolar formulation are coincident with those

reported by Bathe and Bolourchi (1979). However, by increasing the value of 𝑘, e.g., for 𝑘 = 0.3 that is equivalent to

𝑙 = 0.3ℎ, the amount of lateral deflection decreases. This indicates that the developed formulation is able to predict
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Figure 2: Large deformation of a 45◦ bend, (a): convergence of the tip deflection versus the number of elements, (b):
deflection-load curves for different values of the nondimensional parameter 𝑘
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Figure 3: Deformed shapes of the bend for several values of the nondimensional force 𝑝 = 𝐹∕𝐹max (all dimensions in m)

the size-dependent response of beam-like structures when the material length-scale 𝑙 is comparable with the thickness

ℎ. By considering 𝑘 = 0.01, the deformed shapes of the beam for several values of the nondimensional load parameter

𝑝 = 𝐹∕𝐹max are illustrated in Fig. 3.

6.2. Bending of a straight HMS beam

In this example, the two-dimensional deformation of a beam made of HMSMs under a uniform external magnetic

flux is investigated. The problem has been experimentally and numerically studied by Yan et al. (2022). The length,
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Figure 4: Bending of an HMS beam, (a): convergence of the tip deflection versus the number of elements, (b):
displacement-load curves

width, and thickness of the beam are𝐿 = 13.2,𝑤 = 1.27, and ℎ = 0.5 mm, respectively. The effective Young modulus

of the HMS beam is 𝐸 = 1.24 MPa, and the value of Poisson ratio is 𝜈 = 0.48. The remnant magnetic flux vector B̃rem

is along the length of the beam, and its corresponding remnant magnetization is 𝑀0 = 𝐵̃rem∕𝜇0 = 94.1 KA/m. It is

noted that 𝐵̃rem = |B̃rem| is the magnitude of the remnant magnetic flux vector. Moreover, the micropolar parameters

are considered to be 𝜂 = 0.25𝜇 and 𝑙 = 0.25ℎ. As shown in Fig. 4(a), the uniform magnetic field Bext = 𝐵exte3 is

applied to the beam. The maximum value of the applied magnetic flux is 𝐵ext
max = 66 mT. Following Yan et al. (2022),

a magneto-elastic nondimensional loading parameter of the form Λ =𝑀0𝐵ext𝐴𝐿2∕𝐸𝐼 is defined, where 𝐴 = 𝑤ℎ and

𝐼 = 𝑤ℎ3∕12 are the cross-sectional area and moment of inertia, respectively. Based on the above-mentioned quantities,

the maximum value of the loading parameter is calculated to be Λmax = 42. The magnetic loading is applied in 18 load

steps, which correspond to Λ ∈ {0.2, 0.5, 0.7, 1.1, 1.5, 1.9, 2.4, 3, 3.8, 5, 6, 7.5, 9, 12, 15, 20, 30, 42}.

To study the convergence of the numerical solution, the normalized tip deflection𝑤𝑇3 ∕𝑤
𝑇
3conv versus the number of

elements is displayed in Fig. 4(a). Here, three values for the Λ, namely 1.9, 7.5, and 4.2 have been considered. For each

value of Λ, the converged tip deflection is denoted by 𝑤𝑇3conv. As can be seen from the figure, by considering 10 beam

elements, the maximum relative error in deflection is around 0.4%. It is also observed that a mesh of 15 elements are

needed to have convergent results for all values of Λ. The axial and lateral displacement components of the beam tip

vs 𝐵ext∕𝐵ext
max are displayed in Fig. 4(b). In particular, the maximum lateral deflection is obtained to be 𝑤𝑇3max = 11.89

mm. Next, the deformed shapes of the beam for the 18 values of the loading parameter Λ are illustrated in Fig. 5. It is

observed that for Λ ∈ {0.5, 1.1, 1.9, 3.8, 7.5, 15, 42}, the deformed shapes obtained based on the present formulation

are very close to those reported by Yan et al. (2022).
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Figure 5: Deformed shapes of the beam for different values of the nondimensional loading parameter Λ ∈
{0.2, 0.5, 0.7, 1.1, 1.5, 1.9, 2.4, 3, 3.8, 5, 6, 7.5, 9, 12, 15, 20, 30, 42}

6.3. Deformation of helices made of HMSMs under constant-gradient magnetic loading

In this example, the large deformation of three circular helices subjected to a constant-gradient magnetic field is

simulated. In Sano et al. (2022), the deformation of three helices having the total lengths𝐿 = 74, 81, and 103 (mm) have

been numerically and experimentally investigated. The geometry of an undeformed helix is displayed in Fig. 6(a). If

𝑋3 is the axis of the helix, the undeformed geometry may be described by𝑋1 = 𝑅 cos 𝛼,𝑋2 = 𝑅 sin 𝛼, and𝑋3 = 𝐾𝛼,

with𝐾 = 𝑝
2𝜋 . Here, 𝛼 is the polar angle,𝑅 is the initial radius, and 𝑝 is the initial pitch of the helix. In all cases, the helix

radius, the wire diameter, and the helix angle are, respectively, considered to be 𝑅 = 10, 𝑑 = 2 (mm), and 𝜂 = 1.51

rad. The pitch parameter 𝐾 is calculated by 𝐾 = 𝑅 cot 𝜂. It is recalled that the relation between the length 𝐿 and the

maximum polar angle 𝛼max is given by 𝐿 = 𝐶𝑑𝛼max, where 𝐶 =
√
𝑅2 +𝐾2. It is easy to show that the curvature and

torsion of the circular helix are constant and are given by 𝜅 = 𝑅∕𝐶2 and 𝜏 = 𝐾∕𝐶2, respectively (e.g., Sahraee and

Wriggers (2023)). The effective Young’s modulus is 𝐸 = 1.32 (MPa), and Poisson ratio is considered to be 𝜈 = 0.48.

The remnant magnetic field is directed along the 𝑥3 direction, and its magnitude, in the three helices is 𝐵̃rem = 13,

26 and 13 (mT), respectively. Moreover, the micropolar parameters are considered to be 𝜂 = 0.1𝜇 and 𝑙 = 0.1ℎ. The

helices are clamped at 𝛼 = 0 and are subjected to a constant-gradient magnetic flux of the form expressed in Eq. (34).

Following Sano et al. (2022) the nondimensional loading parameter Λ = 𝐿(𝑍𝑏)1∕3, with 𝑍 = 𝐴𝐵̃rem∕(𝜇0𝐸𝐼) is

defined. It is noted that 𝐴 and 𝐼 are the area and moment of inertia for the circular cross-section of the helices. The

maximum value of Λ is considered to be Λmax = 3.42 for all the three cases.

For the three helices described above, the normalized tip deflection 𝑤𝑇3 ∕𝑤
𝑇
3conv versus the number of elements

is illustrated in Fig. 6(a). For each helix, the converged tip deflection is denoted by 𝑤𝑇3conv. It is observed that by
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Figure 6: Deformation of the three circular helices under constant-gradient magnetic field, (a): convergence of the tip
deflection versus the number of elements, (b): deflection-load curves

considering 24 beam elements, the maximum relative error in deflection is around 0.7%. However, a mesh of 30

elements are needed to have convergent result in all cases. The nondimensional tip position 𝑧𝑇 ∕𝐿 along the 𝑥3-axis vs

the nondimensional loading parameter Λ is displayed in Fig. 6(b). It is observed that the results based on the present

micropolar beam formulation are in good agreement with the data reported by Sano et al. (2022). Moreover, for the

helix with 𝐿 = 103 (mm), the three-dimensional deformed shapes and their projection in the {𝑥1𝑥2, 𝑥2𝑥3, 𝑥1𝑥3}

planes, for several values of the loading parameter Λ, are demonstrated in Fig. 7(a–d).

6.4. Deformation of an HMS spiral

In this example, lateral deflection of a spiral-shaped beam under magnetic loading is investigated. The undeformed

geometry, displayed in Fig. 8(a), is described by the polar equation 𝑟 = 𝑅 + 𝐾𝛼. Here, 𝑅 = 1 and 𝐾 = 2
𝜋 (cm)

are considered. Moreover, 𝛼 is the polar angle with the maximum value of 𝛼max = 5𝜋, and the spiral is clamped at

𝛼 = 𝛼max. The remnant magnetic field is assumed to be tangent to the spiral, namely B̃rem = 𝐵̃remT, and its magnitude

is considered to be 𝐵̃rem = 13 (mT). The values of wire diameter, effective Young modulus, and Poisson ratio are

considered to be 𝑑 = 2 (mm), 𝐸 = 1.32 MPa, and 𝜈 = 0.48, respectively. Moreover, the micropolar parameters are

𝜂 = 0.1𝜇 and 𝑙 = 0.1ℎ.

The spiral is subjected to the constant magnetic field in the 𝑥3 direction, giving Bext = 𝐵exte3. The maximum

value of the applied magnetic field is 𝐵ext
max = 30 mT, and the maximum load is applied in 60 load steps.

The normalized tip deflection 𝑤𝑇3 ∕𝑤
𝑇
3conv versus the number of elements is displayed in Fig. 8(a). Here, 𝑤𝑇3conv

is the converged tip deflection of the spiral. It observed from the figure that by considering 50 beam elements, the
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Figure 7: Deformed shapes of the helix with 𝐿 = 103 mm in the 3D space (a) and in the {𝑥1𝑥2, 𝑥2𝑥3, 𝑥1𝑥3} projection
planes (b–d) for Λ ∈ {1.58, 2.22, 2.84, 3.42}

relative error in tip deflection is around 1%. However, by considering a mesh of 60 elements, a convergent result is

achieved. The displacement components of the spiral tip against the nondimensional parameter 1
𝜇𝜇0

𝐵̃rem𝐵ext ×104 are

plotted in Fig. 8(b). The maximum lateral deflection, at the tip of the spiral, is obtained to be 𝑤𝑇3max = 6.78 (cm).

Finally, three-dimensional deformed shapes of the beam and their projection in the {𝑥1𝑥2, 𝑥2𝑥3, 𝑥1𝑥3} planes, for

𝐵ext ∈ {10, 20, 30} mT, are illustrated in Fig. 9(a–d).

7. Summary

In this work, a nonlinear beam model based on the micropolar continuum theory was developed. The undeformed

beams may have 3D geometries with arbitrary initial curvature and torsion. The kinematic quantities were described

based on the motion of the centreline, deformation of two lateral directors, and micro-rotation of the beam cross-section.
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Figure 8: A spiral under magnetic loading, (a): convergence of the tip deflection versus the number of elements, (b):
deflection-load curves

Three-dimensional constitutive equations can be directly used in the proposed formulation. From the application point

of view, it was indicated that the proposed formulation can model the deformation of smart beams made of HMSMs.

In this regard, the virtual external loading was formulated so that a uniform or constant-gradient external magnetic flux

can be applied to the present beam model. Additionally, a nonlinear FE formulation in the material framework was

developed to provide numerical solutions in various geometries and loading conditions. Numerical examples indicate

that the present beam model may have two specific applications in engineering designs. The first application is to

capture the well-known size effect phenomenon if the material length-scale parameter of the micropolar theory is

comparable with the beam thickness. The second one is to model the deformation of beam-like structures made of

HMSMs and subject to magnetic loading. In this case, it was shown that the results of the present formulation are in

excellent agreement with those available in the literature.
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Figure 9: Deformed shapes in the 3D space (a) and in the {𝑥1𝑥2, 𝑥2𝑥3, 𝑥1𝑥3} projection planes (b–d) for 𝐵ext ∈ {10, 20, 30}
mT

Appendix

In this appendix, the expressions for the components of K𝔢
geo and Kload are presented. From Eqs. (31)2, (40), and

(48)2 the expression for (K𝔢
geo) , with , = 1, 2, ..., 𝑛𝔢, may be written as follows:

(K𝔢
geo) = ∫

[𝛼𝛽𝑃𝛼𝑖𝑗(𝐻𝑖𝑛 𝐹𝛼𝑛𝑗 +𝐻𝛼
𝑖𝑗 +𝐻𝛼

𝑖𝑗 ) + ⋆11𝑀0𝑖𝑗𝑇𝑗𝐻
3
𝑖

+𝑃0𝑖𝑗(𝐻𝑖𝑛 𝐹0𝑛𝑗 +𝐻0
𝑖𝑗 +𝐻0

𝑖𝑗 )
]
d𝑆,

(A-1)

where the quantities denoted by 𝐻𝑖𝑛 and 𝐻3
𝑖 are calculated to be

𝐻𝑖𝑛 = (𝜖𝑖𝑛𝑝Υ𝑝𝑎𝑟 + Υ𝑛𝑟Υ𝑖𝑎 − Υ𝑡𝑟Υ𝑡𝑎)𝑁̂q𝑎𝑁̂q𝑟 , (A-2)
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𝐻3
𝑖 =(Υ𝑖𝑚𝑟𝑠𝑞′𝑠𝑁̂q𝑟 + Υ𝑖𝑚𝑟𝑁̂ ′

q𝑟 )𝑁̂q𝑚 + Υ𝑖𝑚𝑟𝑁̂ ′
q𝑚𝑁̂q𝑟

+ (Υ𝑚𝑟𝑠𝑞′𝑠𝑁̂q𝑟 + Υ𝑚𝑟𝑁̂ ′
q𝑟)𝜖𝑖𝑚𝑛Υ𝑛𝑡𝑁̂q𝑡 .

(A-3)

Moreover, the quantities shown by 𝐻
𝑖𝑗 ( = 0, 1, 2) may be written as 𝐻

𝑖𝑗 = 𝜖𝑖𝑚𝑛Υ𝑛𝑟𝑁̂q𝑟𝐹
𝑗𝑚 , with

𝐹 0
𝑗𝑚 = 𝑁𝑗𝑁̂u𝑚 + 𝐵𝑗𝑁̂v𝑚 + 𝑇𝑗𝑁̂ ′

w𝑚
𝐹 1
𝑗𝑚 = 2𝑁𝑗(𝑛𝑚𝑁̂h + 𝜙𝑁̂u𝑚 ) + 𝑇𝑗(𝜅𝑁̂ ′

w𝑚 − 𝜏𝑁̂v𝑚 + 𝑁̂ ′
u𝑚 )

𝐹 2
𝑗𝑚 = 2𝐵𝑗(𝑏𝑚𝑁̂s + 𝜓𝑁̂v𝑚 ) + 𝑇𝑗(𝑁̂ ′

v𝑚 + 𝜏𝑁̂u𝑚 )

⎫⎪⎪⎬⎪⎪⎭
. (A-4)

It is noted that 𝐹𝛼𝑖𝑗 , 𝑃𝛼𝑖𝑗 , and 𝑁̂u𝑖 are the components of 𝐅𝛼 , 𝐏𝛼 , and N̂u, respectively. The same holds for similar

quantities present in the above equations. Moreover, Υ𝑖𝑗𝑘 = 𝜕Υ𝑖𝑗∕𝜕𝑞𝑘 and Υ𝑖𝑗𝑘𝑙 = 𝜕2Υ𝑖𝑗∕𝜕𝑞𝑘𝜕𝑞𝑙 are the partial

derivatives of Υ𝑖𝑗 with respect to the micro-rotation components. To calculate the components of the load stiffness

matrixK𝔢
geo, from Eqs. (37), (40), and (48)3 it follows that

(K𝔢
load) = ∫

{
𝐺ext
𝑖𝑚 𝐵̃

rem
𝑛

[11((𝑛𝑖𝑁̂h + 𝜙𝑁̂u𝑖)𝐹 0
𝑚𝑛𝐽 + 𝑁̂u𝑖𝐹 1

𝑚𝑛𝐽
)

+ 22((𝑏𝑖𝑁̂s + 𝜓𝑁̂v𝑖)𝐹 0
𝑚𝑛𝐽 + 𝑁̂v𝑖𝐹 2

𝑚𝑛𝐽
)

+ 12(𝑁̂u𝑖𝐹 2
𝑚𝑛𝐽 + 𝑁̂v𝑖𝐹 1

𝑚𝑛𝐽 ) +𝑁̂w𝑖𝐹 0
𝑚𝑛𝐽

]
+ 𝑓0𝑖

[11(𝑁̂h𝑁̂u𝑖 + 𝑁̂h 𝑁̂u𝑖) + 22(𝑁̂s𝑁̂v𝑖 + 𝑁̂s 𝑁̂v𝑖)
]

+𝐵̃rem
𝑛 𝐵ext

𝑟 𝜖𝑚𝑟𝑖𝑁̂q𝑖𝐹 0
𝑚𝑛𝐽

}
d𝑆.

(A-5)
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