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This paper presents and validates a novel elastic metamaterial design, that is optimised for broadband robust 
vibration control of a structure in the presence of uncertainties, and realised using multi-material additive 
manufacturing. A novel concept resonator design that allows the resonance frequency to be flexibly tuned via 
both geometrical and material property modifications is presented and characterised. A unit cell consisting 
of 12 of these resonators is then proposed. The resonance frequencies and damping ratios of this elastic 
metamaterial unit cell when attached to a parametrically uncertain example structure are then optimised using a 
Particle Swarm Optimisation to maximise the mean attenuation in kinetic energy of a structure with parametric 
uncertainties, based on an analytical model of the system. The performance of the optimised metamaterial is 
then validated experimentally, and it is shown that the realised metamaterial design is able to achieve a mean 
of 3.5 dB of broadband attenuation in the presence of uncertainties in the structure. In addition, in the presence 
of structural uncertainties the robustly optimised design achieves 0.5 dB greater mean attenuation than a design 
optimised on the nominal structural response alone, and reduced variation in attenuation for different levels of 
uncertainty.
1. Introduction

As the conservation of materials and fuel becomes increasingly im-

portant, structural elements are made thinner and lighter. However, this 
makes them more compliant and more receptive to vibration. This can 
lead to structural fatigue or acoustic disturbance, the impact of which 
can be significant. Tuned Vibration Absorbers (TVAs) offer narrow-

band vibration attenuation when their resonance frequency is tuned 
to closely coincide with a target frequency [1], and robustness to un-

certainty in the target frequency can be improved with multiple TVAs 
with resonance frequencies distributed around the target frequency, 
even when the total TVA mass is the same [2]. Various approaches 
to the optimal tuning of multiple TVAs have been considered [3–5], 
and robust control of multiple modes is also achievable with active and 
adaptive methods [6,7]. However, traditional TVAs can be bulky and 
heavy, and may not be suitable when there are weight or space con-

straints, or when a concentrated control force puts too much load on a 
thin and lightweight structural element.

Metamaterials offer a potential solution to these challenges. A meta-

material consists of sub-structures that interact with waves at a sub-

wavelength scale to produce unusual effective material properties, such 
as negative bulk modulus/stiffness or density/mass [8]. Elastic Metama-
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terials (EMMs) are metamaterials that can interact with elastic waves in 
solids. Through careful design, EMMs can interact with elastic waves in 
a number of ways, but the interest here is in their use as structural vi-

bration absorbers [9–12]. A locally resonant metamaterial consists of an 
array of resonant sub-structures, and following the principles of TVAs, 
can be designed to absorb vibration from a primary structure, but with 
the control force distributed over a larger area. This is potentially a 
more suitable solution for thin and lightweight structures where a con-

trol force concentrated on a small area would need to be constrained 
to prevent structural fatigue or deformation under gravity due to mass 
loading, and it also potentially leads to a more compact solution.

The mechanism of absorption in locally resonant EMMs was demon-

strated in early examples to be related to the motion of the resonators 
cancelling out the motion of the structure [13,14]. In [9] it was shown 
that for flexural vibrations, the resonator motion must be translational 
rather than rotational, to exert a straightening force on the structure. 
Similar to the work involving TVAs in [2], distributing the tuning fre-

quencies of multiple resonators around a target frequency has been 
shown to achieve greater attenuation of a target frequency, and ro-

bustness to uncertainty in that frequency, when compared to a single 
tuning frequency, and this can be extended to multiple target frequen-

cies [15,12]. Broadband control of vibration can also be achieved with 
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gradient metamaterials, where the dynamics of the repeated substruc-

tures, and therefore the effective frequencies, are graded over the area 
of the metamaterial [16]. However, for true broadband control, the step 
change in dynamics between adjacent substructures must be small and 
therefore the number of differently tuned resonators required to achieve 
a wide operational bandwidth will be large. Disorder (random variation 
in the dynamics of individual substructures) can also be shown to in-

crease the bandwidth of control as long as the scale of the variation is 
small [17]. However, disorder can also result in frequency dependent 
localisation or trapping of elastic waves [18], which could reduce the 
effect of the metamaterial by saturating some of the resonant substruc-

tures and leaving others poorly coupled. For all of these approaches, 
a complex design procedure results from the need to keep the number 
of variously tuned resonators within practical limitations without sig-

nificantly impacting the performance. Multi-variable design problems 
such as these lend themselves to metaheuristic optimisation algorithms, 
as very little information about the system is needed to achieve a high 
performing result. Algorithms such as Genetic Algorithms and Particle 
Swarm Optimisation have previously been demonstrated as effective 
methods of designing multiple TVA and elastic metamaterial vibration 
absorbers [19–21].

The first locally resonant EMM consisted of spherical masses set into 
the centre of rubber cubes [22], and since then designs have included: 
cantilever resonators, with [23,24] or without [25] mass loading; mass-

loaded helical springs [26]; and pendula [27]. More complicated cut-

out geometries based on cantilever motion have also been used [28], 
and zig-zag cantilevers have been used to significantly lower the res-

onance frequencies by folding the beam on itself [29], similar to the 
folded Helmholtz absorbers used in some acoustic metamaterials [30].

Additive Manufacturing (AM) enables rapid prototyping due to its 
highly digital nature, with the ability to manufacture devices of varying 
sizes, from micro to macro scales [31]. There are several AM techniques, 
with some techniques capable of printing multiple materials simultane-

ously, potentially allowing different parts of an EMM to have different 
material properties. For example, depending on the available materi-

als, this could allow the selection of damping characteristics, or provide 
flexibility in the stiffness or mass of different elements of an EMM to en-

able its response to be tuned. One possible multi-material AM method is 
Fused Deposition Modelling (FDM), which is a thermoplastic extrusion 
based method and multi-material printing can be achieved by paus-

ing the print, purging material from the print head and replacing the 
material, or by using multiple print heads [32]. The primary challenges 
associated with multi-material FDM printing include achieving accurate 
alignment and adhesion between different filament materials, control-

ling filament flow and deposition, as well as the limited print resolution 
characteristic of FDM. Another possible multi-material AM technique is 
vat polymerisation, which uses an ultraviolet laser to convert a liquid 
photo-polymer into a solid 3D object layer-by-layer. The print platform 
sits above the liquid vat, and moves away from the vat after each layer 
is formed, to allow the next layer to be cured. Stereolithography in-

volves multiple vats of different photopolymers mounted on a carousel, 
which rotates to allow material switching [33]. Printing multi-material 
parts using stereolithography can be challenging, particularly because 
of material compatibility, cleanliness, cross-contamination, and process 
complexity [34]. Finally, 3D inkjet printing is another AM process, that 
is comparable to its 2D counterpart, and therefore, through the use of 
multiple ink cartridges is capable of printing continuously between dif-

ferent materials [35]. Inkjet 3D printing is a versatile method that can 
print a variety of materials including elastomers, rigid polymers, and 
functional materials, such as conductive and biological materials. With 
high resolution and the ability to simultaneously print multiple inks, it 
is also possible to create multi-material and multiple parts on the same 
print bed. This makes it ideal for producing small-scale resonator arrays 
with varying materials and geometries. Additionally, the facile scalable 
nature of ink jetting methods offers the possibility of developing large-
2

scale resonators in the future. Geometric tolerances of AM methods for 
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Fig. 1. A diagram of the fixed-fixed beam structure used for evaluation of the 
optimisation procedure and EMM performance, showing the orientation and 
location of the EMM unit cells.

polymers can vary [36,37], and although the geometric uncertainty of 
3D inkjet printing has not been investigated in the literature, Stratasys 
specify a highest tolerance of around ±0.06% of the dimensions of the 
object, down to a minimum of ±100 μm for objects less than 100 mm in 
length [38]. The material properties of 3D inkjet printed parts are also 
dependent on layer thickness and orientation [39], and on scale [40]. 
Uncertainties in the geometry and material properties have the poten-

tial to cause disorder in the metamaterial, which as already discussed, 
could impact the performance.

This paper proposes and validates a novel, optimised EMM design 
for robust vibration control of a structure subject to a uniform broad-

band force excitation. The EMM is realised using multi-material additive 
manufacturing enabling the dynamics of the EMM to be flexibly tuned. 
The EMM is based on a resonator design previously presented by the 
authors in [41] and utilises the robust optimisation approach set out in 
[21], which provides a design procedure for the robust absorption of 
multiple modes of flexural structural vibration in the presence of struc-

tural uncertainties. First, the potential for AM of the proposed EMM 
using 3D inkjet printing is investigated, with a focus on the potential 
to quickly realise multi-material resonators with predictable dynamics. 
This is achieved by characterising the dynamics of the resonator design 
for different combinations of geometry and material. The resonance fre-

quencies and damping ratios of the resonators forming the EMM design 
are optimised using a Particle Swarm Optimisation (PSO) algorithm, 
and the results are experimentally validated. The following sections 
first set out an example host structure. A concept resonator design is 
then proposed, before characterising the effect of suspension geome-

try and material on the dynamics. Next, the procedure and results of 
an optimisation study used to select the responses of a multi-resonator 
EMM unit cell are set out, and finally, the optimised EMM is validated 
experimentally before conclusions are drawn.

2. Example host structure

In order to investigate the design of the proposed EMM for the robust 
absorption of vibration, an example structure is considered. The EMM 
is attached to this structure, and the dynamic response of the structure 
with and without the EMM attached is used to quantify the performance 
and design approach.

A beam that fits classical beam theory is useful as an example struc-

ture because of the relative simplicity of the respective one dimensional 
analytical model, and the ability to realise such a structure with relative 
ease for experimental validation; this study thus utilises a fixed-fixed 
beam. The EMM unit cell is defined as a group of one or more res-

onators, that is repeated over the structure. The number of EMM unit 
cells that are attached to the structure in this study is kept to a total of 
three, to limit the amount of time taken to fully validate the manufac-

tured EMM unit cells. Fig. 1 shows a diagram of the fixed-fixed beam, 
with the mounting points of three EDMM unit cells shown.

To demonstrate the performance of the proposed EMM, a lightweight 
beam that is large enough to attach and support the EMM is formed by 
two parallel aluminium box sections of external size 20 mm (w) ×
10 mm (h) and a wall thickness of 2 mm. The two beams are glued 

together along the short side and excited by a shaker with a “stinger” 
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Fig. 2. The practical structure used for the evaluation of the EMM design pro-

cedure.

attachment as close to the boundary as the dimensions allow, which 
is 8 cm. Each end of the beam is clamped to the top of an inert box. 
The length of the beam can be modified by adjusting the clamping 
points and this allows uncertainty to be introduced into the structure to 
evaluate the robust performance of the proposed EMM, which will be 
discussed further in Section 4.3. To attach each of the EMM unit cells 
consisting of multiple resonators to a point on the beam, lightweight 
and stiff platforms made from 18 mm structural plywood have been 
used, with a small strip of aluminium attached to the underside to 
minimise the contact patch on the beam and therefore the associated 
localised additional stiffness and damping. A strip of double sided, high-

bond adhesive tape is used to secure the plywood platform to the beam 
structure. Fig. 2 shows a photo of the structure without the EMM in 
place.

3. Concept resonator design

In order to realise a locally resonant EMM, a resonant substructure 
must be designed. In this paper, it is proposed that an array of res-

onators will be used to control flexural vibration. As demonstrated in 
[9], it is the translational motion of the oscillating mass that opposes 
and cancels out the acceleration of the structure. A translational res-

onator is therefore proposed, with a design that aims to constrain its 
response to a single degree of freedom to avoid amplifying vibration 
through out-of-plane resonances. This section sets out the design geom-

etry of a concept resonator, and the proposed changes that will be used 
to tune its dynamic response. The effect of changes in the geometry and 
materials are then characterised experimentally, and these results are 
used as the basis for an EMM optimisation study that is presented in the 
following section.

3.1. Design geometry

There are several possible approaches to resonator design, including 
mass-on-beam designs [42] or masses embedded in elastomers [22]. 
However, achieving low resonance frequencies with these approaches 
would require a very long beam or a large mass, neither of which are 
suitable for the compact and lightweight applications that are relevant 
to the metamaterials considered here. Wire helical springs can have 
very low stiffnesses, but a single spring does not constrain the motion 
of an attached mass to a single plane. Designs which incorporate cut-

outs from the host structure are also not suitable if the metamaterial is 
to be fixed to an existing structure or there is a chance of requiring re-

placement at a later date to account for a change in structural modes 
or damage. Therefore, a suspension combining the benefits of both a 
cantilever beam and a helical coil is proposed here. The zigzag beams 
discussed in [29] obtain a high effective length, and therefore low res-

onance frequency, in a small form factor, by folding the beam back on 
itself. However, zigzag beams have complex responses as they are es-
3

sentially formed from a number of individual cantilever beams coupled 
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Fig. 3. Diagrams of proposed resonator design. A: Isometric. B: Parallel top. C: 
Parallel front. D: Exploded view.

by tip accelerations, and standing waves form in the individual sections 
[43]. Alternatively, coiling a beam into a flat spiral means that a long 
effective length can be achieved, but as there are no sudden changes in 
impedance, the response along the length will be much closer to that of 
a straight beam. Constraining the motion of a mass suspended by coiled 
beams requires multiple points of contact. A mass suspended on a single 
flat spiral beam will be unbalanced and experience significant rocking 
motion. It is therefore proposed to suspend a mass from three flat spiral 
beam springs. The dimensions of the mass must be such that rotational 
moments are small compared to the force generated by the acceleration 
of the mass in its intended direction. Fig. 3 shows a detailed drawing 
of the proposed resonator geometry, in A: as a 3D solid; B: an aerial 
view of a line drawing with the dimensions shown for the structural 
control application set out in Section 2; C: a side view of a line drawing 
with the dimensions shown for the same application; D: a 3D exploded 
view showing how the individual elements come together as a whole. 
This design uses a ring mass, as this allows the mass to be large with-

out needing to be tall, and allows it to be suspended from three flat 
spiral beams as discussed. The three spiral beams are contained within 
the ring mass, spaced equidistant around the inner circumference. Each 
spiral beam is fixed by its centre to the top of a supporting cylindrical 
column, and these columns are mounted to a ring shaped base, which 
fits inside the ring mass and can be fixed to the host structure. This de-

sign means that the ring mass is free to oscillate without being impeded 
by any other elements.

3.2. Modifying the dynamic response

The resonance frequency of the proposed resonator design could be 
changed via a number of mechanisms. Initially, considering changes in 
the geometry of the resonator design, it is possible to tune the reso-

nance frequency via various modificiations. Firstly, scaling the entire 
resonator would change its resonance frequency, but for an array of 
differently tuned resonators, keeping the footprint constant is advanta-

geous as the array can be laid out in a uniform arrangement with the 
smallest practical spacing. Therefore, tuning the resonance frequency 
by changing the mass of the ring through an increase in its volume is 

also limited. Reducing the inner circumference of the ring mass to in-
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Fig. 4. Resonator with suspension made from a material that is too flexible to 
be suitable, causing the mass to sag significantly under gravity (left), compared 
to a resonator made completely from VeroClear (right).

crease its volume would maintain a constant footprint, but would also 
mean reducing the maximum possible size of the suspension, which 
would reduce its effective length, increasing its stiffness and negating 
some or all of the effect of the mass increase. Increasing the height of 
the mass without increasing the volumetric footprint of the resonator 
means reducing the distance between the ring mass and the host struc-

ture, which will limit the maximum displacement. The thickness and 
number of turns in the suspension coils is a simple geometrical change 
that does not modify the footprint of the resonator. The flexural stiffness 
of a beam is directly related to the cube of its thickness and the length, 
so the relationship to the resonance frequency will provide a curve that 
can be used to map a geometry to a required tuning frequency.

As noted in the introduction, the resonator will be manufactured 
using 3D inkjet printing. Therefore, depending on the capabilities of 
the inkjet system, it may also be possible to tune the resonance fre-

quency through changes to the material composition of the resonator 
design. The system that has been used in this study is a Stratasys Ob-

jet260 Connex, which facilitates the mixing of different materials in 
different proportions to create “Digital Materials”. This study considers 
mixes between two different primary materials: VeroClear (RGD810), 
a clear, acrylic-like polymer (Shore hardness D 83-86); and Tango Black 
(FLX973), a black, and highly flexible elastomer (Shore Hardness A 
26-28). Initial experimentation highlighted that VeroClear and three 
of the digital mixes are suitable for use in these resonators: RGD8710, 
RGD8720 and RGD8730 are the first three mixes with increasing pro-

portions of Tango Black added, and therefore decreasing stiffness. More 
flexible materials are possible, but the displacement of the ring mass 
under gravity becomes significant (as shown in Fig. 4). These materials 
are all of the same density, and they therefore cannot be used to change 
the mass of the moving ring mass. As the coiled beam suspension is the 
only element of the discussed resonator design that is designed to be 
flexible, it is proposed that this element can be made from a different 
material, but the mass, base and supporting columns of the resonator 
will be made solely from VeroClear. Selecting materials with different 
stiffnesses for the suspension coils provides another method of chang-

ing the resonance frequency. Samples of Tango Black are also visibly 
highly viscoelastic (loss factor > 0.1), and it is expected that as the pro-

portion of this material in the mix increases, so will viscous losses. This 
means that the suspension material can also be chosen to change the 
damping ratio of the resonator.

3.3. Validation of resonator dynamics

To begin to validate the performance of the proposed novel res-

onator design, a resonator made solely of VeroClear with a suspension 
coil thickness of 1 mm has been printed, with four copies produced to 
assess variability. The printing process means that the resonators are en-

cased in a soft, flexible support material, which was removed by hand 
with mechanical tools. In order to measure the frequency response for 
comparison to the simulations, the resonator was fixed to the top of a 
large electrodynamic shaker along with an accelerometer, as shown in 
4

Fig. 5. The shaker was driven with broadband white noise and the veloc-
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Fig. 5. Experimental setup for the measurement of the printed resonator dy-

namic responses.

Fig. 6. Magnitude (top) and phase (bottom) of the max-normalised frequency 
response between the acceleration of the base and the velocity of the mass for all 
four prints of the resonator made from VeroClear with a 1 mm thick suspension.

ity of the moving ring mass was then measured using a laser vibrometer 
focussed at the junctions between the ring mass and each coiled suspen-

sion element. The sampling frequency was set to 4 kHz, and all signals 
were passed through a KEMO low-pass filter with a cut-off frequency of 
1.5 kHz to provide anti-aliasing.

Fig. 6 shows the magnitude and phase of the max-normalised trans-

fer function, 𝐻𝑛𝑜𝑟𝑚, calculated between the acceleration of the base and 
the velocity of the mass ring for all four resonators at a single point. 
From Fig. 6 it can be seen that the responses of each print are very sim-

ilar, and that the resonance frequencies of the printed resonators are 
in the range 148–152 Hz. By observing the difference in the velocity 
magnitude and phase response of the ring mass at the different mea-

surements positions, the frequency response above 200 Hz was seen to 
consist of low amplitude out-of-plane and rocking modes, most likely 
introduced by non-ideal base excitation.

3.4. Experimental characterisation of multi-material resonators

The proposed resonator design was printed with coil suspension 
thicknesses of between 0.6 and 3.0 mm, in increments of 0.2 mm. Four 
resonators of each thickness were printed, and the resonance frequency 
of each resonator was measured using the same procedure as set out in 
Section 3.3. Fig. 7.a shows the resonance frequency, 𝑓𝑟 and Fig. 7.b 
the damping ratio, 𝜁 , estimated using the logarithmic decrement of 
the impulse response of the transfer function, for resonators with coil 
suspension thicknesses between 0.6 and 3 mm, and with the coil sus-

pension made from each of the four practical materials discussed in 
Section 3.2. From Fig. 7.a it can be seen that although the more flexible 
mixes, RGD8710 ( ) and RGD8720 ( ), do achieve a slightly 
lower resonance frequency than VeroClear ( ), RGD8730 (⋅ ⋅ ⋅) reduces 
it by a significant amount. From Fig. 7.b it can be seen that the es-

timated damping ratio is fairly consistent across thicknesses for each 
of the materials. Table 1 shows the mean damping ratio, 𝜁 , estimated 
for the resonators made with each of the four materials, and shows 
that each material offers a different mean damping ratio, such that this 

multi-material printing approach allows both the resonance frequency 
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Fig. 7. a) measured resonance frequency, 𝑓𝑟 , for the resonator design with dif-

ferent coil suspension thickness with the suspension made from: VeroClear ( ); 
RGD8710 ( ); RGD8720 ( ); RGD8730 (⋅ ⋅ ⋅). b) estimated damping ra-

tio, 𝜁 , for the resonator design with different suspension thickness with the coil 
suspension made from: VeroClear ( ); RGD8710 ( ); RGD8720 ( ); 
RGD8730 (⋅ ⋅ ⋅).

Table 1

Mean damping ratio, 𝜁 , 
of the resonators manufac-

tured with the suspension 
made from each of the dif-

ferent materials.

Material 𝜁

VeroClear 0.020

RGD8710 0.024

RGD8720 0.028

RGD8730 0.047

and damping of the printed resonator to be tuned, offering additional 
design freedom. This makes the proposed resonator design, and the pro-

posed multi-material manufacturing approach, highly practical from a 
design point of view, as the damping ratio can be selected by choos-

ing one of the available materials, and then the thickness required to 
achieve a certain resonance frequency easily calculated by mapping it 
to the curves presented in Fig. 7.a.

4. Optimisation of an EMM unit cell

The previous section has set out the concept design of a SDOF res-

onator, printed using multi-material 3D inkjet printing from a combi-

nation of rigid and flexible polymer-based materials. It is next proposed 
that this resonator, grouped into unit cells of multiple resonators and re-

peated over the structure, can be tuned in terms of resonance frequency 
and damping to perform as an elastic metamaterial for the absorption 
of vibration. This section sets out a design process for a multi-resonator 
unit cell using these resonators applied to an example host structure. 
The design method utilises a Particle Swarm Optimisation to determine 
the optimal resonance frequencies and damping ratios for each res-

onator, based on the robust optimisation approach set out in [21]. As in 
the previous study, it is assumed that the structure will be subject to an 
unknown disturbance, and therefore the response across frequency must 
be considered with equal importance, and this is achieved by utilising 
a uniform broadband force as the disturbance during the optimisation. 
Subsequently, the optimisation results will be used in combination with 
5

the results from the experimental characterisation of the resonators set 
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out in the previous section to select the required suspension geometries 
and materials.

4.1. EMM design

A unit cell of 12 independently tuned resonators has previously been 
shown to achieve a reasonable level of robust control of three structural 
modes [20]. This provides a compromise between achieving robustness 
with a wide and dense distribution of tuning frequencies, and limiting 
the number of resonators so that the design process is simplified and the 
unit cell is small in size compared to the wavelengths involved. The unit 
cell resonators are arranged in a 6×2 grid with the bases interconnected 
by thin bars to improve the ease of mounting, as shown in Fig. 8.

The concept resonator design with 2 turns in the suspension coils 
has been shown to achieve resonance frequencies spanning the range 
of approximately 80–350 Hz. It is possible to achieve higher resonance 
frequencies by reducing the number of turns in the coils of the suspen-

sion, and a similar experiment to that carried out in Section 3.4 has 
been carried out to characterise a resonator with 1.5 turns in the coil 
suspension. The full characterisation of the resonators indicates that 
the resonance frequency of the considered resonators can be tuned any-

where in the range of 80–500 Hz. To match this tuning capability, the 
considered uncertain host structures described in Section 2 have been 
specified to have the first three modal resonance frequencies between 
80 and 500 Hz.

4.2. Optimisation strategy

An analytical modal model where attached resonators are expressed 
as additional impedances, has been used to simulate the velocity fre-

quency response, and total structural kinetic energy of the structure, 
with and without the EMM attached in order to evaluate the perfor-

mance. The resonance frequency and damping ratio of each resonator 
in the unit cell is optimised consecutively using a PSO, with each result 
carrying forward until a result has been found for all 12. This sequen-

tial approach was shown in initial experimentation to achieve a better 
performance than optimising all resonators simultaneously with very 
little increase in computation time, despite requiring the algorithm to 
be run twelve times, due to the much simpler cost surface. Although the 
resonance frequency and damping ratio are the design parameters that 
are directly optimised, these must be translated into the required coil 
suspension geometry and material based on the resonator characterisa-

tion presented in Section 3. This means that the resonance frequency in 
the optimisation must be constrained to the range that can be obtained 
within the limitations of the resonator design; the resonance frequencies 
in the optimisation are thus constrained to be between 80 and 500 Hz. 
The damping ratio must be constrained to the four possible damping 
ratios provided by the four available materials. In order to impose this 
optimisation constraint, a dimensionless non-integer variable is opti-

mised and used to index to the four possible materials and damping 
ratios. This variable is bounded between 0.5 and 4.5, and the output 
value is then rounded to the nearest integer to give an integer from 1 to 
4 which indexes to the damping ratio of VeroClear, RGD8710, RGD8720 
and RGD8730 respectively.

The PSO was implemented using the particleswarm function in 
MATLAB, running in parallel on a high performance computing cluster. 
The optimisation was initially run for a nominal structure, to provide 
comparison to a robust optimisation that takes into account uncertain-

ties in the structural response, which was shown in [20] to result in a 
significant improvement in the vibration control of an uncertain struc-

ture. The nominal structure has a length of 49 cm, which achieves three 
modes centred within the defined frequency range. The objective in 
this nominal case is to maximise the attenuation in the kinetic energy 
of the nominal structure provided by the EMM. The robust optimisa-

tion aims to maximise the mean attenuation in kinetic energy of the 

nominal structure and 59 structures subject to uncertainty in the beam 
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Fig. 8. The proposed EMM unit cell consisting of a 6×2 array of resonators connected by thin bars.

Fig. 9. Optimised resonance frequency (top-left), suspension thickness (top-right), and suspension material (bottom), optimised for: black—the attenuation in the 
kinetic energy of a nominal structure; red—the mean attenuation in the kinetic energy of an uncertain structure, sorted by ascending resonance frequency.
length. The uncertainty in the length has been restricted to a uniform 
distribution between 46 cm and 52 cm, resulting in a range of modal 
frequencies within ±9% of the nominal. The distribution of the EMM 
unit cells on the structure is relative to the length, therefore retaining 
the same coupling to the mode shapes. This is a simple way to achieve 
a change in modal frequencies that can be represented experimentally, 
but as long as it can be represented analytically the optimisation ap-

proach can be modified to take into account other uncertainties in 
materials properties, mass loading or even non-uniform properties and 
changes to boundary conditions. As discussed in the literature, 3D inkjet 
printing introduces geometric uncertainty in the realised metamate-

rial. However, because the resonators are damped and a distribution in 
the resonance frequencies is introduced by design, it is considered that 
uncertainty in the structure will likely have a greater impact on the re-

sponse in the considered case. Covering all forms of uncertainty within 
this single study is not feasible, but the considered form of uncertainty 
gives a methodology for designing in the context of uncertainty in gen-

eral. The introduction of other forms of uncertainty in the structure, 
6

and the manufacturing uncertainties, is relevant future work.
4.3. Optimisation results

Fig. 9 shows the optimised resonance frequency (top-left), suspen-

sion thickness (top-right), and coil suspension material (bottom) for 
the unit cell optimised for a nominal structure only (black) and for ro-

bust performance (red), sorted by ascending resonance frequency. From 
Fig. 9 it can be seen that the optimal resonance frequencies for the nom-

inal condition are mainly grouped into two clusters around 85–97 Hz, 
and 202–254 Hz, with one resonator tuned to the higher frequency of 
415 Hz. The nominal structure has modes at 93 Hz, 231 Hz, and 420 Hz, 
so it is clear that the optimisation results are consistent with what would 
be expected from the theory of multiple TVAs set out in the litera-

ture, and distributed the tuning frequencies around each mode. The 
EMM optimised for nominal performance has the majority (9) of the 
resonators manufactured with the suspension made from the material 
mix RGD8720, which gives a damping ratio of 0.028. The remaining 
3 are manufactured from RGD8730, which gives a damping ratio of 
0.047. This indicates that the optimisation process does not maximise 

damping, but is able to tune the EMM to utilise the resonant absorption 
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Fig. 10. Mean squared velocity magnitude over time and space, | ̄̇𝑤2|, for the structure only (blue) and the structure with the EMM attached (red) for the EMM 
optimised for nominal performance (left) and for robust performance (right).
Fig. 11. Simulated mean attenuation in the kinetic energy (black) and the stan-

dard deviation of kinetic energy (grey) across uncertain structures.

effectively. It can be seen from Fig. 9 that the optimal resonance fre-

quencies achieved by the robust optimisation are in two groups, centred 
around 90 Hz and 230 Hz, with ranges of 80–103 Hz and 203–261 Hz. 
These ranges are much wider than those for the system optimised based 
on the nominal structure, which is consistent with what is expected for 
an uncertain structure. The beam structures with lengths ranging from 
46 cm to 52 cm produce the first two modes with frequency ranges 
85–111 Hz and 210–269 Hz, and in both cases the EMM frequencies 
cover the lower bound but not the upper bound. It is probable that the 
reason for this is that the additional mass from the EMM added to the 
structure is expected to lower the resonance frequencies slightly, bring-

ing the tuning frequency and modal frequency ranges into alignment. 
The robust EMM does not tune any of the resonance frequencies to the 
third mode; this will be discussed below in relation to the velocity fre-

quency responses.

Fig. 10 shows the frequency response of the mean squared velocity, 
averaged over the length of the structure, ̄̇𝑤2, for the structure only 
(blue) and the structure with the EMM attached (red) for the EMM 
optimised for nominal performance (left) and for robust performance 
(right). The plots show both the magnitude (top) and phase (bottom). 
From these results it can be seen that the robust optimisation achieves 
greater and more consistent attenuation of the first and second modes 
in the presence of significant uncertainty, causing a large shift in the 
modal frequencies, as expected. However, when uncertainty is small, 
meaning the modal frequencies are still close to the nominal, the EMM 
optimised for nominal performance achieves greater control. This is 
probably due to the nominally optimised EMM still utilising resonators 
with resonance frequencies distributed around the peak in the structural 
response, and relatively high damping. The third mode is largely unaf-

fected, which is consistent with the lack of resonators tuned around this 
peak. The third mode is significantly lower in energy and this explains 
7

why neither optimisation process tunes resonators around this peak.
Fig. 12. Printed EMM unit cell glued to a plywood block for experimental vali-

dation.

Fig. 13. Experimental setup for measuring the resonance frequency of each 
member of the EMM unit cell.

To provide a clearer comparison of the two optimisation processes, 
Fig. 11 shows the simulated robust performance of both the nominally 
optimised and robust optimised EMM in terms of the mean attenua-

tion in the kinetic energy (black), and the standard deviation in the 
kinetic energy of the structure (grey). From Fig. 11 it can be seen that 
the robust optimised EMM achieves only a marginally greater mean at-

tenuation in kinetic energy in this case, as well as reduced variation in 
the performance between different uncertain structures, as indicated by 
the lower standard deviation. While still an improvement, this does not 
appear to be a significant difference and from this information alone 
it could be interpreted that the robust optimisation is not worthwhile 
given the increased computational load required to model multiple un-

certain cases in each calculation of the fitness function. However, the 
structural velocities shown in Fig. 10 clearly show an improvement 

in robustness, particularly in the control of the first structural mode, 
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Fig. 14. Resonance frequencies estimated from the velocity frequency response of the resonator masses for nominal (left) and robust (right) unit cells, compared to 
the design frequencies (shown by solid circles).

Fig. 15. Diagram of the experimental setup for the validation of the performance of the optimised EMM.
when the uncertainty causes a large shift in the modal frequency. There-

fore, although the difference in the mean attenuation in kinetic energy 
(the robust fitness function) is small, the robust optimisation has still 
achieved a desirable improvement in robustness to structural uncertain-

ties.

5. Experimental validation

The results of the optimisations set out in the previous section give a 
set of coil suspension geometries and materials that are used to realise 
the EMM unit cell design. Both nominal and robust optimised unit cells 
have been printed using 3D inkjet printing, with five of each design be-

ing printed in order to be able to assess variability in their responses. 
In this section, the experimental procedure is first described, before 
the resonance frequencies of each resonator in each of the unit cells 
are measured and compared to their expected values. The performance 
of the nominal and robust optimised EMM unit cells is then evaluated 
when they are attached to a practical structure that is consistent with 
the structure outlined in Section 2.

5.1. Unit cell dynamics

The EMM unit cells were glued to plywood blocks, as shown in 
Fig. 12, matching those forming part of the structure, previously de-

scribed in Section 2. In order to compare the expected resonance fre-

quencies with those actually achieved, the experimental method de-

scribed in Section 3.3 has been repeated, but instead of fixing a res-

onator to the top of the shaker, each EMM unit cell block was fixed to 
the shaker, and the laser vibrometer moved to measure the velocity of 
each resonator mass individually, as shown in Fig. 13.

Fig. 14 shows the estimated resonance frequencies of all five printed 
8

unit cells for the nominal (left) and robust (right) designs, evaluated by 
Fig. 16. Measured mean attenuation in the kinetic energy estimate (black) and 
standard deviation (grey) of the kinetic energy estimate across uncertain struc-

tures.

taking the frequency of the highest peak in the velocity frequency re-

sponse. From Fig. 14 it is shown that there is in general a reasonable 
agreement between the measured and the designed resonance frequen-

cies. There are a few anomalous results, which are due to a splitting of 
the resonance. This could be caused by interaction with rocking modes, 
or possibly plastic deformation during the support material removal 
process. Carried forward to the experimental validation are the nomi-

nal unit cells numbered 2, 3 and 4, and the robust unit cells numbered 
2, 3 and 5, as this avoids the unit cells with anomalous results.

5.2. EMM performance

The performance of the EMM unit cells has been evaluated by mea-
suring the dynamic response of the host structure described in Section 2, 
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Fig. 17. Spatially averaged mobility FRF magnitude of the uncontrolled structure (blue—solid) and the structure with the optimised EMM attached (red—dashed) 
for: Left — the EMM optimised based on the nominal modelled structure only; Right — the EMM optimised based on the uncertain modelled structures.
with and without the EMM attached when the structure is excited by a 
shaker driven with white noise. The host structure was measured at 7 
equally spaced points along the length of the beam using a laser vibrom-

eter, and the excitation force was measured using a force gauge. Fig. 15

shows a diagram of the measurement setup.

The beam velocity was measured without the EMM, with three nom-

inal EMM unit cells, and with three robust EMM unit cells, for beam 
lengths of 46–52 cm in 1 cm increments (a total of 7 discrete lengths), 
which is consistent with the variations in the beam response assumed 
in the simulations used to optimise the EMM designs. Fig. 16 shows the 
mean and standard deviation of the attenuation in the estimated kinetic 
energy (calculated from the mean squared velocity measured at 7 dis-

crete locations along the beam) achieved for each of these beams for 
the nominal and robust optimised EMMs. From Fig. 16 it can be seen 
that the robust optimised EMM achieves a greater mean attenuation 
and a lower standard deviation than the design based on the nominal 
response alone. This is inline with the simulated results produced by 
the optimisation study. The mean attenuation for the EMM optimised 
for the robust response is very similar to the simulated value, however, 
the value for the EMM optimised based on the nominal response only 
is marginally lower. A small difference is to be expected due to the 
differences between the model and the realised system. The standard 
deviation is significantly higher in the measured results compared to 
the simulations.

To help provide further insight into the statistical results presented 
in Fig. 16, Fig. 17 shows the measured spatially averaged mobility 
FRF, 𝐻̄ , for the nominal (left) and robust (right) optimised EMM (red-

dashed) compared to the structural velocity with no EMM (blue-solid) 
for all 7 beam lengths. From these results it can be seen that there is 
some robust attenuation in the third mode in both cases, despite the 
lack of resonators tuned to this frequency region and this differs from 
the attenuation performance seen in the simulations. Significant atten-

uation is also seen in the second mode, with a clear improvement in 
attenuation when the mode is shifted lower in frequency for the robust 
optimised EMM. However, both nominal and robust optimised EMMs 
perform similarly around the first mode, with significant attenuation 
for some beam lengths but not for others. In some cases, both EMMs 
generate enhancement in the response of the first mode. It can also be 
seen that there is a splitting of the first mode in the measured response, 
probably due to out-of-plane motion such as torsional vibration. This 
split mode has a wider bandwidth compared to a single mode, and the 
enhancement occurs at a frequency that is outside of the frequencies 
that the resonators in both EMM unit cells are tuned to, so they are not 
able to attenuate the lower frequency resonances of the split mode. The 
fact that this mode is attenuated for the shortest beam (with the highest 
frequency) and enhanced for the longest beam (with the lowest fre-

quency) is almost certainly the reason for the large standard deviation 
value shown in Fig. 16. This issue could be addressed in the EMM de-

sign process by increasing the range of structural uncertainty used in the 
robust optimisation procedure. However, this would result in an over-
9

estimation of the uncertainty in the other modal frequencies, where this 
mode splitting does not occur. To avoid this, the analytical formulation 
used to simulate the structural dynamics could be weighted such that 
the response due to the first mode experiences greater uncertainty than 
the other modes.

6. Conclusions

This paper has presented and investigated the design of a multi-

resonator EMM unit cell manufactured using multi-material 3D inkjet 
printing. The adopted manufacturing process allows complex, high-

resolution geometry at a small scale, and the ability to utilise differ-

ent material properties to control both the resonance frequency and 
damping of the resonator responses. An experimental study of a novel 
resonator design has shown that its resonance frequency and damping 
ratio can be tuned by varying the suspension material and geometry.

In order to evaluate a robust EMM design process, it has been ap-

plied to a fixed-fixed beam structure. In the first instance, an EMM unit 
cell of 12 resonators was optimised using a simulated system for the at-

tenuation of the kinetic energy of a nominal structure only, and also for 
the mean attenuation of the kinetic energy across a range of structures 
where the beam is varied in length to achieve a change in the modal fre-

quencies. The results of the simulation-based optimisation demonstrate 
a clear improvement in robustness when the EMM is optimised for ro-

bust performance, as expected. This improvement has been shown to be 
due to a greater attenuation in the first two modes when the frequen-

cies move away from the nominal response. The third mode, however, 
was largely unaffected, due to the lack of EMM resonators tuned around 
this frequency. This is because the third mode has a significantly lower 
amplitude than the first two modes, so that the optimisation focuses the 
available resonators around the first two modes.

To validate the EMM and the robust design approach experimen-

tally, the optimised unit cells were printed and the host structure was 
realised. The resonance frequencies of the printed unit cells were shown 
to be close to the design frequencies, but with a small degree of varia-

tion. Nevertheless, the robust optimised unit cell was shown to achieve 
greater robust performance than the nominal design, in agreement with 
the simulation study. There was a significant increase in the standard 
deviation in the attenuation of the estimated kinetic energy over the 
range of structures, which has been linked to the enhancement in the 
first mode in some cases. This enhancement occurs due to an increase 
in the bandwidth of the first mode, which occurs because of a splitting 
in the first mode, and the designed unit cells are not sufficiently robust 
to this.
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