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The physics of primordial black holes can be affected by the non-Gaussian statistics of the density
fluctuations that generate them. Therefore, it is important to have good theoretical control of the higher-
order correlation functions for primordial curvature perturbations. By working at leading order in a 1=jηj
expansion, we analytically determine the bispectrum of curvature fluctuations for single field inflationary
scenarios producing primordial black holes. The bispectrum has a rich scale and shape dependence, and its
features depend on the dynamics of the would-be decaying mode. We apply our analytical results to study
gravitational waves induced at second order by enhanced curvature fluctuations. Their statistical properties
are derived in terms of convolution integrals over wide momentum ranges, and they are sensitive on the
scale and shape dependence of the curvature bispectrum we analytically computed.

DOI: 10.1103/PhysRevD.109.063510

I. INTRODUCTION AND CONCLUSIONS

The lack of direct detection of particle dark matter
motivates the study of primordial black holes (PBHs)
[1–4] as dark matter candidate. Primordial black holes
are formed by the collapse of density fluctuations produced
during cosmic inflation. See, e.g., [5–11] for reviews. In
order for producing PBHs, the size of the inflationary
curvature fluctuation spectrum should increase by several
orders of magnitude from large towards small scales. This
condition can be achieved by models of inflation violating
the standard slow-roll conditions, at least during a short
epoch within the inflationary process (see, e.g., [12] for an
introduction to standard slow-roll inflation). In the simplest
PBH-forming scenarios, while the parameter ϵ remains
small, the absolute value of the parameter η becomes well
larger than one during a short range ΔNNSR of inflationary
e-folds. Typically, since we cannot rely on a perturbative
slow-roll expansion, the analysis of such non-slow-roll
models requires the use of numerical techniques—although
interesting specific scenarios exist, which are amenable of
analytic investigation: see, e.g., [13–21].
The work [22] proposes a new perturbative framework

based on an expansion in inverse powers of a small
parameter 1=jηj. Let us assume that the quantity jηj is very

large. At the same time, the duration of non-slow-roll phase
ΔNNSR is infinitesimally small, while the value for the
product jηjΔNNSR is kept finite. Cosmological observables
based on correlators of curvature perturbations can be then
calculated analytically, leading to formulas organized in a
1=jηj expansion. There is hope that the results of these
calculations share general features with the statistics of
curvature perturbations computed within more general (and
realistic) families of PBH-forming scenarios, characterized
by finite values of jηj. There are interesting analogies with
other approaches developed within quantum field theory, as
’t Hooft 1=N expansion [23]. In such a framework, the
large N limit of SUðNÞ gauge theories is able to shed light
on the properties of quantum chromodynamics, character-
ized by N ¼ 3 (see, e.g., [24] for a pedagogical introduc-
tion to the subject).
The scope of this work is to analyze more systematically

features of non-Gaussian correlators using the large jηj
approach to single field inflation, going beyond the inves-
tigations started in [22]. Primordial non-Gaussianities can
be generated in scenarios producing PBHs in inflation, see,
e.g., [25–30]. They play an important role in the physics of
primordial black holes, since the formation of compact
objects depends on the statistics of curvature fluctuations
and their probability distribution function, see, e.g., [31–
55]. It is then important to have a good analytical control of
the properties of the primordial bispectrum in PBH models.
After a brief review of the motivations and tools for
carrying on a 1=jηj expansion—see Sec. II, based on
[22]—we focus in Sec. III on computing the bispectrum.
We discuss the properties of the three point functions of
curvature perturbations. Interestingly, our approach allows
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us to determine the leading contributions of the third order
interactions Hamiltonian, and leads us to analytically
compute the bispectrum at leading order in a 1=jηj
expansion. The result depends on a single free parameter,
which controls the enhancement of the spectrum from large
towards small scales. We nevertheless find a very rich scale
and shape dependence, which we analyze in detail.
Depending on the scale, the bispectrum can be enhanced
on an equilateral shape, or on more elongated shapes. In the
squeezed limit, the bispectrum satisfies the Maldacena
consistency relation, while in a not-so-squeezed regime
it can enhance the effects of the non-slow-roll era. For the
equilateral shape, the scale dependence of the bispectrum
unexpectedly resembles the profile found in Sec. II for the
power spectrum. We interpret such behaviors as due to the
dynamics of the would-be decaying mode, which affects in
similar ways both the two and three point functions for
curvature fluctuations.
Armed with these analytical results, we study in Sec. IV

specific observables that are sensitive to the shape and scale
dependence of the bispectrum. We focus on correlation
functions involving scalar induced gravitational waves.
Gravitational wave tensor modes can be sourced at second
order in perturbations by scalar fluctuations amplified at
small scales. The amplitude and properties of the induced
tensor fluctuations can be computed in terms of convolu-
tion integrals, involving the statistics of the scalar modes
sourcing them. Such convolution integrals are sensitive to
the properties of curvature fluctuations at all scales, not
only on scales nearby the peak of the curvature power
spectrum. See, e.g., [56–63] for some of the original papers,
[64,65] for discussions on gauge issues on this framework,
and [66] for a comprehensive review (and references
therein). The primordial non-Gaussianity of curvature
fluctuations can affect the correlation functions of induced
gravitational waves [67–74]. Most studies in the literature
assume a local form for primordial non-Gaussianity. It is
important to extend the analysis to more realistic cases of
full bispectra computed in specific scenarios, as the ones
we determine in Sec. III. In fact, a good knowledge of the
shape and scale dependence of the scalar bispectrum
through all scales is essential when evaluating convolution
integrals. We consider a non-Gaussian observable correlat-
ing two (induced) tensor and one scalar mode. Such an
observable, in the squeezed limit, plays a role for the
multimessenger cosmology proposal pushed forward in
[75]. We find an analytical expression for this quantity. The
resulting induced non-Gaussianity has a strong scale
dependence in the squeezed configuration, with features
enhanced around the position of the peak of the induced
tensor power spectrum. The overall magnitude of the result
is small, but our findings set the stage for more complete
analytical studies of the effects of non-Gaussianities of
general form in the computations of the statistics of induced
gravitational waves.

Our analysis can be extended along several directions.
The large jηj formalism can be applied to compute the four
point function for scalar curvature fluctuations, which can
hopefully be reconstructed analytically and unambiguously
starting from the fourth order interaction Hamiltonian for
perturbations in single field inflation. The result would be
important to compute the trispectrum contributions to the
induced gravitational wave spectrum (see. e.g.. [71,73,76]),
in a realistic setup which includes the complete shape and
scale dependence of the quantities involved. Moreover, the
large jηj approach can be helpful for the ongoing debate of
one-loop corrections in PBH-forming scenarios [77,78],
which is so far unresolved, see, e.g., [79–92]. In [22] we
shown that one loop corrections can be set under control at
large scales in the large jηj limit, without including the
boundary terms later discussed in [90] in the context of
loop corrections (but see also [92]). Once the debate on the
correct way to carry on the computations will be fully
clarified, a consistent analytical investigation in the large jηj
limit will certainly be instructive.

II. MODE FUNCTIONS AND CURVATURE
POWER SPECTRUM

Consider an inflationary scenario that undergoes a brief,
but drastic phase of slow-roll violation. The cosmic
evolution corresponds to quasi–de Sitter expansion, with
a spacetime characterized by a conformally flat Friedmann-
Lemaitre-Robertson-Walker metric,

ds2 ¼ a2ðτÞð−dτ2 þ dx⃗2Þ: ð2:1Þ

The scale factor is aðτÞ ≃ −1=ðH0τÞ for negative conformal
time, and nearly constant Hubble parameter H0. Inflation
occurs at negative conformal time, and ends at τ ¼ 0. The
first slow-roll parameter ϵ ¼ −d lnH=ðd lnaÞ remains
small. But it decreases rapidly during a short phase of
non-slow-roll evolution, during which the second slow-roll
parameter η ¼ d ln ϵ=d lna is negative and large in absolute
value. Scenarios of ultra-slow-roll inflation [93–95] where
η ¼ −6 represent typical situationswhere the jηj parameter is
well larger than one for a brief period. They are widely used
when discussing the physics of primordial black holes (see,
e.g., [11] for a reviewonmodel building).Other scenarios are
constant roll models [96–98], and include specific construc-
tions with arbitrarily large values of jηj, see e.g. [99]. In this
work, following [22], we formally consider a case in which
jηj is large, and at the same time the duration of non-slow-roll
phase is brief. We indicate with τ1 and τ2, respectively, the
(negative) conformal times when the non-slow-roll phase
starts and ends. We define the combination

Δτ ¼ −
τ2 − τ1
τ1

; ð2:2Þ

and consider the large jηj limit:
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jηj → ∞ and Δτ → 0;

while jηjΔτ ¼ Π0

2
remains finite: ð2:3Þ

The quantity η is computed at the onset of the non-
slow-roll phase. This limit is well defined, and leads to
meaningful expressions for physical quantities. The latter
depend on the single parameter Π0, which encapsulates all
the effects of the brief non-slow-roll era. The condition
(2.3) suggests a consistent perturbative expansion in
inverse powers of jηj: whenever we find a Δτ in our
formulas, we substitute it with Π0=ð2jηjÞ following the
prescription of Eq. (2.3), to then perform an expansion in
the small 1=jηj parameter. In analogy with ’t Hooft large N
expansion [23], we dub the limit of Eq. (2.3) inflationary
large jηj expansion (see [22] for details).
The physical quantities we will be interested in are

correlators of primordial fluctuations. We define a dimen-
sionless quantity

−kτ1 ¼ κ ð2:4Þ

combining the Fourier scale k with the conformal time τ1
around which the non-slow-roll era occurs. The value κ ∼
Oð1Þ is the typical scale of modes leaving the horizon
during the non-slow-roll era. The evolution of the scalar
curvature perturbation ζκðτÞ in Fourier space obeys the
Mukhanov-Sasaki equation (see, e.g., [12] for a textbook
discussion).
As anticipated above, we assume that the evolution

satisfies slow-roll conditions up to a brief phase
τ1 ≤ τ ≤ τ2. In the limit of small Δτ, the expression for
the mode functions can be found analytically [18]. See
Appendix A for a review. Starting from formulas (A14)–
(A16), and taking the limit (2.3), we find the solution for
the mode function satisfying the Mukhanov-Sasaki equa-
tion at times τ2 ≤ τ ≤ 0 after the non-slow-roll phase ends:

ζκðτÞ ¼ −
iH0ð−τ1Þ3=2
2

ffiffiffiffiffi
ϵ1

p
κ3=2

eiκτ=τ1
�
1 −

iκτ
τ1

�

−
iH0ð−τ1Þ3=2Π0

2
ffiffiffiffiffi
ϵ1

p
κ5=2

e2iκ−
iκτ
τ1

�
ð1 − iκÞ

�
1þ iκτ

τ1

�
þ e−2iκþ

2iκτ
τ1 ð1þ iκÞ

�
1 −

iκτ
τ1

��
; ð2:5Þ

where ϵ1 is the constant, small parameter defined in the first
phase of inflationary slow-roll evolution τ ≤ τ1. All of the
effects in the mode functions of a non-slow-roll, large jηj
era are contained in the parameter Π0 defined in Eq. (2.3),
which multiplies the second line of Eq. (2.5).
Starting from Eq. (2.5), we review for the rest of this

section some of the results of [22] on the power spectrum of
the curvature perturbation, evaluated at the end of inflation
τ ¼ 0. In the next section, then, we analyze the bispectrum.
The power spectrum at the end of inflation is defined in
terms of two point correlators of curvature perturbation,

hζκðτ ¼ 0Þζρðτ ¼ 0Þi ¼ δðκ⃗ þ ρ⃗ÞPκ: ð2:6Þ

At very large scales, κ ≪ 1, the power spectrum acquires
the usual scale invariant limit,

Pκ≪1ðτÞ ¼
P0

κ3
; with P0 ¼

H2
0ð−τ1Þ3
4ϵ1

: ð2:7Þ

However, at smaller scales, the structure of the mode
function (2.5) leads to a rich scale dependence for the
two point function. We define the dimensionless spectrum
evaluated at the end of inflation,

ΠðκÞ ¼ Pκðτ ¼ 0Þ
Pκ≪1ðτ ¼ 0Þ ; ð2:8Þ

as a ratio between values of the spectrum at scale κ, versus
the spectrum at κ ¼ 0. Equation (2.5) leads to

ΠðκÞ ¼ 1þ 4Π0κj1ðκÞðκj1ðκÞ − j0ðκÞÞ þ 4Π4
0κ

2j20ðκÞ;
ð2:9Þ

where

j0ðκÞ ¼
sin κ
κ

; j1ðκÞ ¼
sin κ
κ2

−
cos κ
κ

ð2:10Þ

are the spherical Bessel functions. The profile for the
functionΠðκÞ is represented in Fig. 1. As anticipated, in the
limit of infinitely large jηj, the 1=jηj corrections vanish and
the resulting spectrum depends only on one parameter, Π0.
Corrections of order 1=jηj and higher can be computed
starting with formulas of Appendix A. They improve the
small scale behavior reducing the amplitude of oscillations
for κ > 1 in Fig. 1, but they do not affect the large scale
profile κ ≤ 1. It is clear that the amplitude of the spectrum
increases considerably from large towards small scales,
reaching its maximal values starting around κ ∼Oð1Þ. In
fact, the parameter Π0 in Eq. (2.3) has a transparent
physical interpretation, since it controls the amplification
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of the spectrum between large and small scales (see [22]
and Appendix A):

limκ→∞Pκðτ ¼ 0Þ
limκ→0Pκðτ ¼ 0Þ ¼ ð1þ Π0Þ2: ð2:11Þ

If we wish a large value of ΠðκÞ at small scales, as required
in models leading to primordial black hole formation, then
the value of the parameter Π0 should be large. We assume
this condition in what follows.
What is causing the rich scale dependence of the

curvature spectrum, as represented in Fig. 1? The would-
be decaying mode is responsible, and does not actually
decay at superhorizon scales during the phase of non-slow-
roll evolution. It is the disruptive interference between
decaying and nondecaying mode that produces the dip in
the spectrum at intermediate scales, which is clearly visible
in Fig. 1. Moreover, also the rapid growth in the spectrum
from large towards small scales (scaling with a slope κ4

[100]) is caused by the decaying mode dynamics. See, e.g.,
[11] for a review.
With the aid of our analytical formulas, it is not difficult

to analytically determine the position of the dip in scenarios
with large Π0. We assume that the position of the dip is
parametrized as κ ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=ð2Π0Þ

p
, with x some dimension-

less constant to be determined. We plug this ansatz in (2.9),
and expand the result for large Π0. We find the expression

ΠðxÞ ¼ ð1 − xÞ2 þ 3x4ð6 − x2Þ
10Π0

þO
�

1

Π2
0

�
: ð2:12Þ

The position of the dip in the spectrum corresponds to a
choice of x which makes the first contribution in the
previous formula vanishing, leaving us with the remaining
small contributions suppressed by powers of the small
quantity ð1=Π0Þ. This leads to the choice x ¼ 1, hence,

κdip ¼
ffiffiffiffiffiffiffiffi
3

2Π0

s
; ΠðκdipÞ ¼

3

2Π0

þO
�

1

Π2
0

�
: ð2:13Þ

Comparing formulas (2.11) and (2.13), we learn that the
position of the dip with respect to the peak is proportional
to the inverse fourth power of the total gain in magnitude of
the spectrum from large to small scales [18]. The single
parameter Π0 hence characterizes the spectrum and all its
features.
The overall properties of the curvature spectrum we

determined with the large jηj approach to inflation are in
common with several inflationary models leading to
primordial black hole production, based on violations
of slow-roll conditions. Various other analytical studies are
based on different approaches, see, e.g., [13,14,16–21].
Our formulas have the nice feature of depending on a
single parameter Π0, with a clear physical interpretation.
Moreover, the large jηj approach is sufficiently flexible to be
straightforwardly applicable to the computation of three
point functions for curvature fluctuations, leading to novel
analytical results for the bispectrum.We explore this topic in
what comes next.

III. LARGE jηj LIMIT AND NON-GAUSSIANITIES

In the previous section, we showed how the large jηj
approach of limit (2.3) leads to a simple analytical
expression for the power spectrum in Eq. (2.9). It depends
on a single dimensionless parameter Π0, and it has clear
physical properties matching what was found in more
sophisticated inflationary models of primordial black holes.
In this section, we study the implication of Eq. (2.3) for the
curvature three point function and the associated bispec-
trum. The topic was briefly discussed in [22]. Here we
investigate it more systematically. We will be able to
determine fully analytical formulas for the bispectrum,
including its scale and shape dependence, depending again
on the single free parameter Π0 introduced in (2.3).
It is well known that non-Gaussianities in the statistics of

fluctuations can play an important role in the formation of
primordial black holes from inflation, for example since it
affects the estimates of the threshold of PBH formation.
See, e.g., [31–34,36–45,48–54] for works studying differ-
ent aspects of this topic. In many studies, it is customary to
consider primordial non-Gaussianity with a local form. In
this work we analytically compute the bispectrum from first
principles using the in-in formalism, in the large jηj limit of
inflation. We show that non-Gaussian features are charac-
terized by a rich shape and scale dependence.
Our assumptions for the behavior of the system—quasi–

de Sitter slow-roll expansion throughout the inflationary
era, a part from a brief phase of large jηj evolution—help us
to uniquely characterize the structure of the curvature three
point function. The third order interaction Hamiltonian for

FIG. 1. The quantity ΠðκÞ introduced in Eq. (2.8), evaluated for
Π0 ¼ 103.
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curvature perturbations in single field inflation [101]
contains one term which gives the dominant contribution
to the bispectrum [77,78],

HintðτÞ ¼ −
1

2

Z
d3xa2ðτÞϵðτÞη0ðτÞζ2ðτ; x⃗Þζ0ðτ; x⃗Þ: ð3:1Þ

Since this contribution depends on the time derivative η0ðτÞ,
it is proportional to the large jump in the η parameter
occurring at the beginning (τ ¼ τ1) and at the end (τ ¼ τ2)
of the non-slow-roll phase. Since this epoch is extremely
brief in our framework, we have no option but to consider a
sudden transition among different evolution eras. We can
then express the time derivative of the η parameter, as
appearing in Eq. (3.1), as [78]

η0ðτÞ ¼ Δη½−δðτ − τ1Þ þ δðτ − τ2Þ�; ð3:2Þ

the quantity Δη in Eq. (3.2) controls the jump of the η
parameter. We will soon determine its precise value,
making use of appropriate physical arguments.
But first, we use the interaction Hamiltonian (3.1) to

write a formal expression for the bispectrum Bζ at the end
of inflation, τ ¼ 0, defined by means of the formula:

hζκ1ð0Þζκ2ð0Þζκ3ð0Þi¼ δðκ⃗1þ κ⃗2þ κ⃗3ÞBζðκ1;κ2;κ3Þ: ð3:3Þ
As usual, momentum conservation requires that the vectors
labeling the perturbations in Fourier space form a closed
triangle. The in-in formalism prescribes to compute the
three-point correlator as

hinjT̄e−i
R

Hintðτ0Þdτ0ζκ1ð0Þζκ2ð0Þζκ3ð0ÞTei
R

Hintðτ0Þdτ0 jini:
ð3:4Þ

Using the ansatz (3.2),weobtain the following structure [78]:

Bζðκ1; κ2; κ3Þ ¼ −2Δηðϵðτ2Þa2ðτ2ÞIm½ðζκ1ð0Þζ�κ1ðτ2ÞÞðζκ2ð0Þζ�κ2ðτ2ÞÞðζκ3ð0Þ∂τ2ζ�κ3ðτ2ÞÞ� − ðτ2 → τ1ÞÞ þ perms: ð3:5Þ

To proceed with the computations, we now determine the value of Δη in Eq. (3.5).

A. The value of Δη, and the resulting structure of the bispectrum

We start computing the squeezed limit of the expression (3.5). Formally it reads

lim
q→0

Bζðκ; κ; qÞ ¼ −4Δηϵðτ2Þa2ðτ2Þjζqð0Þj2jζκð0Þj2

×
�
Im

�
ζ2κð0Þ
jζκð0Þj2

ζ�κðτ2Þðζ0κðτ2ÞÞ�
�
−
ϵðτ1Þa2ðτ1Þ
ϵðτ2Þa2ðτ2Þ

Im
�
ζ2κð0Þ
jζκð0Þj2

ζ�κðτ1Þðζ0κðτ1ÞÞ�
��

: ð3:6Þ

In the absence of a phase of slow-roll violation, the
squeezed limit of the previous formula satisfies the Mal-
dacena consistency relation [101]:

lim
q→0

Bðκ; κ; qÞ ¼ −ðnζðκÞ − 1Þjζqð0Þj2jζκð0Þj2; ð3:7Þ

with ðnζðκÞ − 1Þ ¼ d lnΠðκÞ=d ln κ. In our case, we can
expect the consistency relation (3.7) to be satisfied for small
κ, in a regime q ≪ κ ≪ 1. In fact, modes with such small
values of momenta leave the horizon early in the infla-
tionary phase, well before the non-slow-roll epoch occurs.
Correspondingly, the decaying mode has a long time to
decay: it cannot be significantly resurrected by the non-
slow-roll phase, which occurs much later than its horizon
crossing. We can then plug the mode functions determined
in Appendix A into Eq. (3.6). We expand for small κ, and
we impose the validity of (3.7) up to order κ2. This
procedure determines uniquely the parameter Δη in the
large jηj limit of Eq. (2.3). We find

Δη ¼ jηj
ð1þ Π0Þ

þ Π0ð12þ 34Π0 þ 25Π2
0Þ

2ð1þ Π0Þ2ð1þ 2Π0Þ
; ð3:8Þ

up to corrections of order 1=jηj.
Armed with the precise value of Δη, as well as with the

mode functions computed in Appendix A, we can analyti-
cally evaluate the full bispectrum using Eq. (3.5). The
overall coefficient (proportional to Δη) scales as jηj. Taking
differences over mode functions within the parentheses of
(3.5), we find that they scale as 1=jηj, compensating for the
overall large factor jηj. Taking the limit (2.3) of large jηj we
obtain a finite, well defined result for the bispectrum. Its
structure is

Bζðκ1; κ2; κ3Þ ¼ P2
0Aζðκ1; κ2; κ3Þ; ð3:9Þ

with P0 given in Eq. (2.7), while the dimensionless
function A is built in terms of the combination
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Aζðκ1; κ2; κ3Þ ¼
X

n¼1;…;4

Cnðκ1; κ2; κ3ÞΠn
0: ð3:10Þ

The analytical expression for the functions Cn can be found
in Appendix B. They are oscillatory functions of combi-
nations of momenta. The resulting bispectrum has a rich
momentum and shape dependence, which we explore in
what follows.

B. The squeezed (and not-so-squeezed)
limit of the bispectrum

The squeezed limit of the bispectrum (3.9) can be studied
analytically. It satisfies the Maldacena consistency relation
for any value of κ. Defining

lim
q→0

Aðκ; κ; qÞ ¼ 6

5
fsqNL

ΠðκÞ
κ3

ΠðqÞ
q3

; ð3:11Þ

we have the relation

fsqNLðκÞ ¼
5

6
ð1 − nζðκÞÞ: ð3:12Þ

See Fig. 2, left panel. This result might appear surprising,
since it is well known that the Maldacena consistency
relation can be violated in scenarios which include ultra-
slow-roll phases (see, e.g., [94,102,103]). Our result of
Eq. (3.12) indicates the duration (2.2) of the non-slow-roll
era is too brief for triggering a violation of the consistency
condition—no matter how large jηj is.
As manifest in Fig. 2, left panel, the squeezed limit of the

bispectrum is strongly scale dependent, reaching its
extrema in the region κdip around the dip in the spectrum,
to then assume values of order 1 (and negative) for scale
κ ∼Oð1Þ towards the first peak of the spectrum. (See, e.g.,
[104–106] for early works on scale-dependent non-
Gaussianities.) Again, the features of fsqNL are determined
by the single parameter Π0 controlling the spectrum.

Since we have analytical control of the bispectrum, we
can also investigate the first order corrections Oðq2Þ to the
squeezed bispectrum. Such contributions can be associated
with the curvature of the background; see, e.g., [107]. They
can manifest significant deviations from the predictions of
standard slow-roll scenarios. We parametrize such correc-
tions in terms of a function GðκÞ:

lim
q≪1

Aðκ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ q2

q
; qÞ ¼ −ðnζðκÞ − 1ÞΠðκÞ

κ3
ΠðqÞ
q3

þ q2
ΠðκÞ
κ3

ΠðqÞ
q3

GðκÞ þOðq3Þ:

ð3:13Þ
In computing the next-to-leading corrections (3.13), we
focus on momenta forming a right triangle, with one of the
catheti corresponding to the small momentum q. We
represent in Fig. 2, right panel, the function GðκÞ control-
ling the correction q2 in Eq. (3.13) (normalized by inverse
powers of Π0). As apparent from the figure, this function
has a distinctive feature around the position κdip of the dip
of the spectrum. This feature can be interpreted as due to
the decaying mode, which influences the dynamics around
κdip. The amplitude of this feature is parametrically larger

by a factor of order Π3=2
0 with respect to the feature

associated with the spectral index and fsqNL (which we
represent for comparison in Fig. 2). This indicates that the
effects of the would-be decaying mode and of the non-
slow-roll phase—controlled by Π0—become more and
more accentuated as we leave the squeezed limit. In fact,
we will now find further manifestations of the would-be
decaying mode dynamics by studying other shapes of the
bispectrum.

C. The equilateral shape of the bispectrum

For an equilateral bispectrum, where all momenta have
the same size κ, we find interesting overlaps between the

FIG. 2. Left: the squeezed bispectrum satisfies Maldacena consistency relation. Red: ð1 − nζÞ; dashed black: the squeezed nonlinear
parameter 5fsqNL=6 defined in Eq. (3.11). Right: the function GðκÞ defined in Eq. (3.13), divided by Π2

0 (black line). The quantity

ðns − 1Þ=2 divided by Π1=2
0 (dashed blue line). The normalization factors are introduced to obtain comparable variables for the two

quantities introduced. In both panels, Π0 ¼ 103.
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scale-dependent profiles of the bispectrum and of the power
spectrum. Recall the expressions for the dimensionless
quantities A and Π in Eqs. (3.10) and (2.9). We find the
relation

κ4

6Π0

jAζðκ; κ; κÞj ≃ Π3=2ðκÞ ð3:14Þ

is very well satisfied for the entire range of scales; see
Fig. 3, left panel. Again, we interpret this behavior as due to
the dynamics of the decaying mode, which increases the
magnitude of the equilateral bispectrum in a similar way as
it does for the power spectrum.
As customary, we define the dimensionless parameter

feqNL,

feqNLðκÞ ¼
5

18

Bζðκ; κ; κÞ
P2
κ

¼ 5

18

κ6Aζðκ; κ; κÞ
Π2ðκÞ ; ð3:15Þ

controlling the size of the equilateral bispectrum with
respect to the power spectrum, and represent its scale-
dependent profile in Fig. 3, right panel. The size of feqNL is
relatively small at all scales, a part from the region around
κdip ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=ð2Π0Þ

p
, where it develops pronounced features.

(See also [108,109] for related computations using a
different approach based on [15].)
A very similar behavior occurs for other non-Gaussian

shapes as well, and can be studied with our analytic

formula (3.10). To conclude this section, we investigate
the shape dependence of the bispectrum using a convenient
graphical representation in terms of triangular plots.

D. Graphical representation of more
general shapes of the bispectrum

For representing the shape dependence of the bispectrum
as a function of the scale, we use the graphical device
introduced in [110] (see also [12] for a pedagogical review).
We define the function

Sðκ1; κ2; κ3Þ ¼ Nκ21κ
2
2κ

2
3Bζðκ1; κ2; κ3Þ; ð3:16Þ

where the normalization constant N is selected such that
Sð1;1;1Þ¼ 1.We then introduce the coordinatesx2 ¼ κ2=κ1,
x3 ¼ κ3=κ1, and represent the magnitude of Sðκ; x2; x3Þ in
triangular plots as in Fig. 4. Ordering momenta such that
x3 ≤ x2 ≤ 1, the triangular inequality requires x2 þ x3 > 1.
To avoid representing configurations which are equivalent,
we only focus on the region 1 − x2 ≤ x3 ≤ x2. Given the fact
that our bispectrum is strongly dependent on the scale, the
result depends on the choice of the first argument κ in the
quantity Sðκ; x2; x3Þ. We make the two choices κ ¼ κdip and
κ ¼ 1. While for κ ¼ 1 the bispectrum is mostly enhanced
for the equilateral shape, the behavior at κdip ismore rich, and
the spectrum is enhanced for elongated triangles, where the
size of two of the momenta is well larger than the third one.
Hence, depending on the scales one considered, different

FIG. 3. Left: the right-hand side of Eq. (3.14) (black line) versus the left-hand side of the same equation (dashed red line). Right: the
quantity feqNL defined in Eq. (3.15). In both panels, Π0 ¼ 103.

FIG. 4. Triangular plots of the function Sðκ; x2; x3Þ of Eq. (3.16), represented with the criteria discussed in the text. Left: Sðκdip; x2; x3Þ.
Right: Sð1; x2; x3Þ.
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shapes can become dominant, with distinct consequences for
observables controlling the physics of PBHs.
In fact, is there any specific physical implication for the

rich scale dependence of the bispectrum in our system, as
we explored so far? In the next section, we will study some
consequences of our findings for the statistics of scalar-
induced gravitational waves.

IV. GRAVITATIONAL WAVES
AND NON-GAUSSIANITY

In the investigations we carried on so far, we demon-
strated that the analytical bispectrum of Eq. (3.10) has a
rich shape and scale dependence, more complex than a pure
local-type non-Gaussian statistics. The information we
obtained can be important when studying observables that
involve convolution integrals over all scales. Such quan-
tities can in fact be sensitive to the large scale features of the
bispectrum we investigated in Sec. III.
Explicit examples are observables built in terms of tensor

modes sourced at second order by scalar fluctuations
which are enhanced at small scales, for example by non-
slow-roll epochs as considered in Secs. II and III. See, e.g.,
[56–63] for some of the original papers on the subject,
[64,65] for discussions on gauge issues on this framework,
and [66] (and references therein) for a comprehensive
review. Integrations involving convolutions depend on
the power spectrum and bispectrum at all scales. They
are sensitive to the features of the statistics of fluctuations
that we studied in the previous section. In fact, observables
relative to the induced tensor two and three point functions
constitute an important, although indirect, experimental
window on small-scale scalar fluctuations. We proceed to
study this phenomenon explicitly.
Schematically, scalar perturbations with an enhanced

curvature spectrum PζðkÞ [recall its definition in Eq. (2.6)]
can source a tensor spectrum Ph at second order in
fluctuations,

PhðkÞ ¼
Z

dk0fðk; k0ÞPζðk0ÞPζðk − k0Þ; ð4:1Þ

where fðk; k0Þ is a kernel function depending on cosmol-
ogy. For convenience, in this section we make use of
dimensionful momenta k: their dimensionless version κ can
be easily obtained in terms of the definition (2.4).
Expressions as (4.1) are derived under the hypothesis of
Gaussian primordial curvature fluctuations. Local type
non-Gaussianity can modulate the scale dependence of
the induced tensor spectrum, with interesting phenomeno-
logical implications [67–74]. Here we explore the impli-
cations of an enhanced curvature bispectrum for another
interesting observable: the tensor-tensor-scalar bispectrum
BTTS evaluated during radiation domination. The quantity
BTTS involves two (scalar induced) tensor modes h and one
Bardeen scalar mode Φ. Schematically, in the squeezed

limit we expect a relation like the following one (soon we
will be more precise):

BTTSðk1;k2;k3Þ¼
Z

dqf̃ðk1;k2;qÞBζðk1;k2;qÞPζðk1−qÞ;

ð4:2Þ

for f̃ some kernel function. A squeezed version of the
bispectrum of Eq. (4.2) can correlate (scalar induced)
stochastic backgrounds probed by gravitational wave
experiments at small scales, with large scale scalar modes
probed by cosmic microwave background observations. It
is the observable investigated in [75] (see also [111–119])
for carrying on a “multimessenger cosmology” program. It
suggests new experimental avenues for probing the physics
of the early Universe, and its detection and characterization
would provide a smoking gun for the primordial origin of
the gravitational stochastic background. Besides the
squeezed limit, the bispectrum BTTS might be phenomeno-
logically relevant for other elongated shapes also, above all
if its size is large.
We leave these interesting phenomenological applica-

tions aside, and we proceed with computing more precisely
the observable BTTS described above Eq. (4.2). The actual
computations are rather technical, and we relegate them to
Appendix C. Let us start discussing the results for the
squeezed limit, where expressions simplify. We find
(k1 ¼ k2 ¼ k)

lim
k3→0

BTTSðk; k; k3Þ ¼
12

5
fTTSNL ðkÞPhðkÞPζðk3Þ; ð4:3Þ

where

fTTSNL ðτ;kÞ≡ 5

12

R
d3qPζðjk⃗− q⃗jÞPζðqÞ½1−nζðqÞ�F 0ðτ;k⃗;q⃗ÞR

d3qPζðjk⃗− q⃗jÞPζðqÞF 0ðτ;k⃗;q⃗Þ
;

ð4:4Þ

while the tensor spectrum is

Phðτ; kÞ ¼
Z

d3qPζðjk⃗ − q⃗jÞPζðqÞF 0ðτ; k⃗; q⃗Þ: ð4:5Þ

The explicit expression for the kernel function F 0 can be
found in Eq. (C12). In writing Eq. (4.4) we use the fact that
the squeezed limit of the scalar bispectrum satisfies the
Maldacena consistency relation, see Sec. III.
Starting from Eq. (4.5) it is straightforward to derive the

expression for the gravitational wave energy density ΩGW,
and perform the integrals numerically by implementing the
convenient formulas of [120]. We represent the result in
Fig. 5, left panel, where we compute the ΩGW induced by
the analytical scalar spectrum of Eq. (3.9). To avoid
numerical issues, we smoothed out the oscillatory features
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occurring at small scales κ > 1, and we truncated the power
at κ ¼ 10 [i.e. we set ΠðκÞ ¼ 0 for κ > 10]. We converted
to frequency f ¼ 2πk. The result is a broad gravitational
spectrum, with an ample plateau for 1 ≤ f=f� ≤ 10, with
f� a reference frequency. See Fig. 5, left panel. In Fig. 5,
right panel, we represent the nonlinear parameter fTTSNL
introduced in Eq. (4.4), computed starting from the
curvature power spectrum as described above. fTTSNL has
a strong dependence on the scale, and its typical magnitude
is not large, being of the order of 10−1. It has an oscillatory

behavior of fTTSNL at frequencies around the peak of the
tensor spectrum. We interpret it as a consequence of the
sign change and amplified features of the scalar spectral
index nζðκÞ − 1 appearing in the integrand of Eq. (4.4) (see
Fig. 2), which are amplified where the tensor spectrum is
most enhanced. It would be interesting to explore whether
other shapes can reach larger magnitudes in this setup.
In fact, the general structure of the BTTS bispectrum is

given in Eq. (C16), which we report here:

BTTSðk⃗1; k⃗2; k⃗3Þ ¼
Z

d3qPζðjk⃗1 − q⃗jÞBζðq; jk⃗3 þ q⃗j; k3ÞF 1ðτ; k⃗1; k⃗3; q⃗Þ

þ Pζðk3Þ
Z

d3qBζðjk⃗1 þ k⃗3j; jq⃗þ k⃗1 þ k⃗3j; qÞF 2ðτ; k⃗1; k⃗3; q⃗Þ; ð4:6Þ

where the quantities F 1;2 can be found in Eqs. (C17) and
(C18). Such an expression shows that the scale and shape
dependence of the bispectrum can play an important role.
For example, going beyond the squeezed limit [considering
the leading k23 corrections to Eq. (4.3), which might still be
relevant for coupling large and small scale modes], the
convolution integral in the second line in Eq. (4.6) starts to
contribute to the result, in a way that depends on shapes of
the bispectrum different from the local one. We learned in
Sec. III how the effects of the non-slow-roll phase, and of a
large parameter Π0, can considerably influence the ampli-
tude of the bispectrum for shapes different from local. It
will be important to further study the behavior of BTTS for
general shapes and its phenomenological consequences.
While in this work we focused on the bispectrum, the

large jηj approach can also be applied to compute the
trispectrum at leading order in 1=jηj. We are hopeful that,
starting from the fourth order interaction Hamiltonian, and
proceeding as in Sec. III, a full analytic expression for the
scalar trispectrum can be determined. We expect such an
expression to exhibit a rich shape and scale dependence, as

we found for the bispectrum. Such a result would be
relevant for the computation of the induced spectrum of
gravitational waves, which through convolution integrals is
modulated by the trispectrum [71,73,76]. While most of the
works so far focused on local type non-Gaussian correla-
tors, it would be interesting to extend computations to the
case of a more complex trispectrum derived from first
principle calculations in the 1=jηj limit.

ACKNOWLEDGMENTS

It is a pleasure to thank Jacopo Fumagalli for discussions
and Ameek Malhotra for feedback. G. T. is partially funded
by the STFC Grants No. ST/T000813/1 and No. ST/
X000648/1.

APPENDIX A: THE MODE FUNCTIONS DURING
THE BRIEF NON-SLOW-ROLL PHASE

In this Appendix we briefly review the results of [18]
which analytically compute the solution for mode functions
in a scenario of inflation undergoing a brief, but drastic,

FIG. 5. Left: plot of the gravitational wave energy density induced by a scalar spectrum derived from Eq. (4.5), with Π0 ¼ 103, under
the conditions discussed in the main text. Right: plot of the nonlinear parameter fTTSNL in Eq. (4.4) computed with the same curvature
spectrum of the left figure.
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phase of non-slow-roll evolution. We parametrize the
background evolution as constituted by three phases:
(1) An initial slow-roll phase, where the slow-roll

parameters ϵ and η are very small and the evolution
can be approximated as de Sitter phase. The constant
value of the parameter ϵ is denoted with ϵ1.

(2) A second, brief non-slow-roll epoch lasting between
two conformal times τ1 and τ2. The parameter η is
negative and large in absolute magnitude, while the
small, time dependent parameter ϵðτÞ rapidly de-
creases (and the Hubble parameter remains almost
constant).

(3) Finally, a third era of slow-roll evolution for
τ2 ≤ τ ≤ 0, where ϵ and η are both small and
constant. The value of the parameter ϵ in this phase
is denoted with ϵ2.

We rescale the curvature perturbation ζkðτÞ as

φkðτÞ ¼ zðτÞζkðτÞ: ðA1Þ

TheMukhanov-Sasaki equation for the variable φkðτÞ reads

φ00
kðτÞ þ

�
k2 −

z00ðτÞ
zðτÞ

�
φkðτÞ ¼ 0: ðA2Þ

The general expression of the pump field zðτÞ is

zðτÞ ¼ aðτÞ
ffiffiffiffiffiffiffiffiffiffiffi
2ϵðτÞ

p
: ðA3Þ

Given the conditions described above, in a quasi–de Sitter
limit the pump field can be parametrized as follows:

zðτÞ ¼

8>>>>><
>>>>>:

− ffiffiffiffiffi
2ϵ1

p
H0τ

for τ ≤ τ1

−
ffiffiffiffiffiffiffiffi
2ϵðτÞ

p
H0τ

for τ1 ≤ τ ≤ τ2

− ffiffiffiffiffi
2ϵ2

p
H0τ

for τ2 ≤ τ ≤ 0

ðA4Þ

with ϵðτÞ a continuous function, and H0 the (nearly
constant) Hubble parameter during inflation. We define
the parameter η as

η ¼ − lim
τ→τþ

1

d ln ϵðτÞ
d ln τ

; ðA5Þ

and we consider it constant, negative, and large in abso-
lute value.
We parametrize the solution of the Mukhanov-Sasaki

equation (A2) in terms of the following formal series:

φkðτÞ ¼ −i
H0e−ikτ

2
ffiffiffiffiffiffiffiffiffi
ϵ1k3

p zðτÞ½1þ ikτ þ ðikτ1Þ2Að2ÞðτÞ

þ ðikτ1Þ3Að3ÞðτÞ þ � � ��; ðA6Þ

where the functions AðnÞðτÞ, n ≥ 2, have to be determined.
Plugging the ansatz (A6) into the Mukhanov Sasaki
equation (A2), we find the following coupled system of
equations for the quantities AnðτÞ:�

ϵðτÞ
τ2

τ21A
0
ð2ÞðτÞ

�0
¼ ϵ0ðτÞ

τ
; ðA7Þ

�
ϵðτÞ
τ2

ðτ1A0
ðnÞðτÞ−Aðn−1ÞðτÞÞ

�0
¼
ϵðτÞA0

ðn−1ÞðτÞ
τ2

; forn>2:

ðA8Þ

If ϵðτÞ is constant, then a consistent solution is AðnÞ ¼ 0 for
n ≥ 2, and Eq. (A6) reduces to the usual solution for mode
functions in the de Sitter limit. But we are interested in
evaluating the effects of a time dependent ϵðτÞ (and a large
η parameter) during the non-slow-roll phase of evolution. A
formal solution for Eq. (A7) is

τ21Að2ÞðτÞ ¼
Z

τ

−∞
dτa

τ2a
ϵðτaÞ

�Z
τa

−∞
dτb

ϵ0ðτbÞ
τb

�
: ðA9Þ

For τ < τ1, the ϵ parameter is constant and Að2ÞðτÞ vanishes
as desired: it acquires a nonzero value starting from τ ¼ τ1
onwards.
Considering values of AðnÞðτÞ for n > 2, we find the

following formal solution for Eq. (A8):

τ1AðnÞðτÞ ¼
Z

τ

−∞
dτaAðn−1ÞðτaÞ

þ
Z

τ

−∞
dτa

τ2a
ϵðτaÞ

�Z
τa

−∞
dτb

ϵðτbÞA0
ðn−1ÞðτbÞ
τ2b

�
:

ðA10Þ

Interestingly, we can now exploit the fact that the duration
of the non-slow-roll phase is small, −ðτ2 − τ1Þ=τ1 ≪ 1. We
expand in Taylor series the previous formal solutions,
focusing on the leading term (more details in [18]). For
Að2Þ we find, when evaluated at τ1 ≤ τ ≤ τ2,

Að2ÞðτÞ ¼
�
d ln ϵðτÞ
d ln τ

�
τ¼τ1

ðτ − τ1Þ2
τ21

þO½ðτ − τ1Þ3�;

¼ −η
1

2

ðτ − τ1Þ2
τ21

þO½ðτ − τ1Þ3�: ðA11Þ

Proceeding analogously and Taylor expanding for higher n,
we find the following leading contributions:

AðnÞðτÞ ¼ −η
2n−2

n!
ðτ − τ1Þn

τn1
; for n ≥ 2: ðA12Þ

Plugging the solutions of Eq. (A12) into Eq. (A6), one finds
an exponential series, which can be resummed giving
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φkðτÞ ¼ −i
H0e−ikτ

2
ffiffiffiffiffiffiffiffiffi
ϵ1k3

p zðτÞ
�
1þ ikτ þ η

4
ð1þ 2ikðτ − τ1Þ − e2ikðτ−τ1ÞÞ

�
for τ1 ≤ τ ≤ τ2: ðA13Þ

This expression, valid for τ ≤ τ2, can then be matched to a solution of the Mukhanov-Sasaki equation in the interval
τ2 ≤ τ ≤ 0. Recall that in this epoch we return to a slow-roll regime where ϵ and η are negligibly small; hence, the most
general solution for the mode function is

φkðτÞ ¼ −iK1

H0e−ikτ

2
ffiffiffiffiffiffiffiffiffi
ϵ1k3

p zðτÞð1þ ikτÞ − iK2

H0eikτ

2
ffiffiffiffiffiffiffiffiffi
ϵ1k3

p zðτÞð1 − ikτÞ: ðA14Þ

The scale-dependent quantities K1;2 are determined by Israel matching the expression (A14) with the solution (A6) at time
τ2. Defining Δτ ¼ −ðτ2 − τ1Þ=τ1, the result is

K1 ¼ 1 −
η

8ð1 − ΔτÞ2k2τ21
½1 − e−2ikτ1Δτ þ kτ1Δτðiþ 2kτ1ð1 − ΔτÞÞ�; ðA15Þ

K2 ¼
ηe−2ikτ1ð1−ΔτÞ

8ð1 − ΔτÞ2k2τ21
½1þ 2ikτ1 − e−2ikτ1Δτðiþ 2kτ1ð1 − ΔτÞÞ�: ðA16Þ

It is straightforward to compute the two point function for
curvature perturbations at the end of inflation τ ¼ 0 in
terms of jφkðτÞj2 using Eqs. (A14)–(A16). The result can be
used to prove Eq. (2.11) in the main text (see also [18]).
Taking the large jηj limit following Eq. (2.3), one recovers
the expression (2.5) in the main text [expressed in terms of
the dimensionless momenta κ defined in Eq. (2.4)].

APPENDIX B: EXPLICIT EXPRESSIONS FOR
THE COEFFICIENTS Cn

In this Appendix we collect the explicit functions Cn,
n ¼ 1;…4, which form the analytic scalar bispectrum of
Eq. (3.9). After defining

Δpq¼ 1þδpq; Δpqr¼ð1þδpqÞð1þδqrþδprÞ; ðB1Þ

we make use of the convenient combinations

Kp ¼
X
i

kpi ; ðB2Þ

Kpq ¼
1

Δpq

X
i≠j

kpi k
q
j ; ðB3Þ

Kpqr ¼
1

Δpqr

X
i≠j≠l

kpi k
q
j k

r
l; ðB4Þ

introduced in [121]. The previous combinations allow us to
express the functions Cn as

C1 ¼
ðK114 þ 3K123 þ 6K222 − K4 − 2K13 − 2K22 − 2K112Þ

K333

j1ðκ1 þ κ2 þ κ3Þ

þ ðK14 þ 3K23 þ 2K113 þ 2K112Þ
K333

j0ðκ1 þ κ2 þ κ3Þ ðB5Þ

C2 ¼
1

K444

½10K134 þ 14K233 þ 9K224 þ 2K125 − K112 − K13

− K24 − 3K222 − K15 − 2K123 − 3K114�j0ðκ1 þ κ2 þ κ3Þ

þ 1

K444

½K225 þ 7K234 þ 18K333 þ 3K113 þ 2K122 þ K23

− 12K113 − 3K115 − 9K124 − 13K223 − K25 − 3K34�j1ðκ1 þ κ2 þ κ3Þ
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þ 1

K333

�
½K2 þ K13 þ K4 − ð2K3 þ K12Þκ3

þ ðK2 þ K11 þ K4 − K13 − 4K22Þκ23 þ ð2K3 þ 2K12 − 2K1 þ 2Þκ33
þ ð1þ K11 þ 2K2Þκ53 − 2K1κ

5
3 − 3κ63�

j0ðκ1 þ κ2 − κ3Þ
κ3

þ perms

�

þ
�
½K14 þ 3K23 − K12 − K3 þ ð2K2 − 2K22 − K4 − K13Þκ3

þ ð2K12 − K3 þ 3K23 þ K14Þκ23 þ ð2K22 þ K13 − K4 − 4K2 − K11Þκ33
− ðK12 þ 4K3 þ 2K1Þκ43 þ ð9 − K11 − 4K2Þκ53 þ 9κ73�

j1ðκ1 þ κ2 − κ3Þ
κ3

þ perms

�

C3 ¼
4ð18K122 þ 2K113 − 3K12 − 3K3Þ

3K222

j1ðκ1Þj1ðκ2Þj1ðκ3Þ

þ
�
8ðκ33K1 þ 2κ23K2 − κ3K12 − 3κ43Þ

K222

j1ðκ1Þj1ðκ2Þj0ðκ3Þ þ perms

�
ðB6Þ

C4 ¼
16K11

K111

j1ðκ1Þj1ðκ2Þj1ðκ3Þ; ðB7Þ

where j0;1 are spherical Bessel functions [see Eq. (2.10)].
The resulting bispectrum has a rich shape and scale
dependence, as discussed in the main text.

APPENDIX C: COMPUTATION OF THE
TENSOR-TENSOR-SCALAR BISPECTRUM

In this Appendix we evaluate the tensor-tensor-scalar
bispectrum BTTS during radiation domination. Tensor
modes are sourced at second order in perturbations by
scalar fluctuations, which are enhanced at small scales by
the non-slow-roll epoch described in Secs. II and III. This is
a well studied phenomenon, and explicit semianalytic
formulas for computing the properties of the induced tensor
modes have been developed—see, e.g., [58,59,120]. We
make use and develop previous results (especially [59]) to
compute the observable BTTS during radiation domination.
For convenience, here we make use of dimensionful
momenta k⃗ (their dimensionless version used in the main
text can be easily obtained as κ⃗ ¼ −τ1k⃗).
The Fourier transform of tensor modes sourced by scalar

fluctuations is

hk⃗ðτÞ ¼
1

aðτÞ
Z

dτ̃gkðτ; τ̃Þ½aðτ̃ÞSðτ̃; k⃗Þ�; ðC1Þ

where gkðτ; τ̃Þ is a Green function. In radiation domination
it is given by

gkðτ; τ̃Þ ¼
1

k
ðsin ðkτÞ sin ðkτ̃Þ − cos ðkτÞ cos ðkτ̃ÞÞ: ðC2Þ

The source contribution Sðτ; k⃗Þ is given by a convolution
integral involving scalar fluctuations [59]

Sðτ; k⃗Þ ¼
Z

d3qeðk⃗; q⃗Þfðτ; k⃗; q⃗Þζk⃗−q⃗ζq⃗: ðC3Þ

The curvature fluctuations appearing in Eq. (C3) are
primordial perturbations evaluated right at the end of
inflation, τ ¼ 0. The quantity eðk⃗; q⃗Þ originates from
contractions of polarization tensors. It is given by

eðk⃗; q⃗Þ ¼ q2 −
ðq⃗ · k⃗Þ2
k2

; ðC4Þ

and it has the property eðk⃗; k⃗ − q⃗Þ ¼ eðk⃗; q⃗Þ. The quantity
f controls propagation effects from the end of inflation to
time τ > 0 during radiation domination. In absence of
anisotropic stress it is given by [58]

fðτ; k⃗; q⃗Þ ¼
�
12Φðτjk⃗ − q⃗jÞΦðτjq⃗jÞ þ

�
τΦðτjk⃗ − q⃗jÞ þ τ2

2
Φ0ðτjk⃗ − q⃗jÞ

�
Φ0ðτjq⃗jÞ

�
: ðC5Þ

In fact, the Bardeen scalar potential Φk⃗ðτÞ during radiation domination is related to the curvature perturbation at the end of
inflation ζk⃗ by the transfer function
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Φk⃗ðτÞ ¼ ΦðkτÞζk⃗; ðC6Þ

with

ΦðkτÞ ¼ 2

ðkτÞ2
� ffiffiffi

3
p

sin ðkτ= ffiffiffi
3

p Þ
kτ

− cos ðkτ=
ffiffiffi
3

p
Þ
�
: ðC7Þ

The transfer function has the limit ΦðkτÞ → 2=3 when its argument tends to zero.
By means of these quantities it is straightforward to compute n-point functions involving tensor and/or scalar

fluctuations. The two point function of tensor modes reads (0 ≤ τ ≤ τ2)

hhk⃗1ðτÞhk⃗2ðτÞi ¼
1

a2ðτÞ
Z

τ

τ0

dτ2

Z
τ

τ0

dτ1aðτ1Þaðτ2Þgk⃗1ðτ; τ1Þgk⃗2ðτ; τ2ÞhSðτ1; k⃗1ÞSðτ2; k⃗2Þi: ðC8Þ

While the three point function with two tensors and one scalar mode results

hhk⃗1ðτÞhk⃗2ðτÞΦk⃗3
ðτÞi ¼ Φðk3τÞ

a2ðτÞ
Z

τ

τ0

dτ2

Z
τ

τ0

dτ1aðτ1Þaðτ2Þgk⃗1ðτ; τ1Þgk⃗2ðτ; τ2ÞhSðτ1; k⃗1ÞSðτ2; k⃗2Þζk⃗3i: ðC9Þ

Using Wick’s theorem, one finds

hSðk⃗1; τ1ÞSðk⃗2; τ2Þi ¼ δðk⃗1 þ k⃗2Þ
Z

d3q1ðeðk⃗1; q⃗1ÞÞ2fðk⃗1; q⃗1; τ1Þ½fðk⃗1; q⃗1; τ2Þ þ fðk⃗1; k⃗1 − q⃗1; τ2Þ�

× Pζðjk⃗1 − q⃗1jÞPζðq1Þ; ðC10Þ

where the curvature power spectrum is defined in Eq. (2.6). Plugging the previous expression in Eq. (C8), we can determine
the induced tensor spectrum. It can be expressed as the convolution

Phðτ; kÞ ¼
Z

d3qPζðjk⃗ − q⃗jÞPζðqÞF 0ðτ; k⃗; q⃗Þ; ðC11Þ

with

F 0ðτ; k⃗; q⃗Þ ¼
1

a2ðτÞ
Z

τ

τ0

dτ2

Z
τ

τ0

dτ1aðτ1Þaðτ2Þgkðτ; τ1Þgkðτ; τ2Þðeðk⃗; q⃗ÞÞ2fðk⃗; q⃗; τ1Þ½fðk⃗; q⃗; τ2Þ þ fðk⃗; k⃗ − q⃗; τ2Þ�: ðC12Þ

The three point function in Eq. (C9) is more elaborated. An application of Wick theorem suggests to split the result in two
separate convolution integrals:

hSðτ1; k⃗1ÞSðτ2; k⃗2Þζk⃗3i ¼ δðk⃗1 þ k⃗2 þ k⃗3ÞðI1 þ I2Þ; ðC13Þ

with respectively

I1 ¼
Z

d3q1½eðk⃗1; q⃗1Þfðk⃗1; q⃗1; τ1Þeðk⃗1 þ k⃗3;−q⃗1 þ k⃗1Þfð−k⃗3 − k⃗1;−k⃗3 − q⃗1; τ2Þ

þ eðk⃗1; q⃗1Þfðk⃗1; q⃗1; τ1Þeðk⃗1 þ k⃗3; q⃗1 þ k⃗3Þfðk⃗1 þ k⃗3; k⃗1 − q⃗1; τ2Þ�
× Pζðjk⃗1 − q⃗1jÞBζðq1; jk⃗3 þ q⃗1j; k3Þ; ðC14Þ

I2 ¼ eðk⃗1; k⃗1 þ k⃗3Þfðk⃗1; k⃗1 þ k⃗3; τ1ÞPζðk3Þ

×
Z

d3q1eðk⃗1 þ k⃗3;−q⃗1Þfðk⃗1 þ k⃗3;−q⃗1; τ2ÞBζðjk⃗1 þ k⃗3j; jq⃗1 þ k⃗1 þ k⃗3j; q1Þ: ðC15Þ

Accordingly, the BTTS bispectrum results (with k⃗2 ¼ −k⃗1 − k⃗3):
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BTTSðk⃗1; k⃗2; k⃗3Þ ¼
Z

d3qPζðjk⃗1 − q⃗jÞBζðq; jk⃗3 þ q⃗j; k3ÞF 1ðτ; k⃗1; k⃗3; q⃗Þ

þ Pζðk3Þ
Z

d3qBζðjk⃗1 þ k⃗3j; jq⃗1 þ k⃗1 þ k⃗3j; q1ÞF 2ðτ; k⃗1; k⃗3; q⃗Þ; ðC16Þ

with

F 1ðτ; k⃗1; k⃗3; q⃗Þ ¼
1

a2ðτÞ
Z

τ

τ0

dτ2

Z
τ

τ0

dτ1aðτ1Þaðτ2Þgkðτ; τ1Þgkðτ; τ2Þ

× ½eðk⃗1; q⃗Þfðk⃗1; q⃗; τ1Þeðk⃗1 þ k⃗3;−q⃗þ k⃗1Þfð−k⃗3 − k⃗1;−k⃗3 − q⃗; τ2Þ
þ eðk⃗1; q⃗Þfðk⃗1; q⃗; τ1Þeðk⃗1 þ k⃗3; q⃗þ k⃗3Þfðk⃗1 þ k⃗3; k⃗1 − q⃗; τ2Þ� ðC17Þ

F 2ðτ; k⃗1; k⃗3; q⃗Þ ¼
1

a2ðτÞ
Z

τ

τ0

dτ2

Z
τ

τ0

dτ1aðτ1Þaðτ2Þgkðτ; τ1Þgkðτ; τ2Þ

× ½eðk⃗1; k⃗1 þ k⃗3Þfðk⃗1; k⃗1 þ k⃗3; τ1Þeðk⃗1 þ k⃗3;−q⃗Þfðk⃗1 þ k⃗3;−q⃗; τ2Þ�: ðC18Þ

A considerable simplification occurs in the squeezed limit, when the momentum of the scalar perturbation k⃗3 → 0. In this
regime the function F 2 is suppressed by a small factor k23 with respect to F 1. The latter, moreover, becomes coincident to

F 0. Consequently, for k⃗3 → 0, we find the relation

lim
k3→0

BTTSðk; k; k3Þ ¼ Pζðk3Þ
Z

d3qPζðjk⃗ − q⃗jÞPζðqÞ½1 − nζðqÞ�F ðτ; k⃗; q⃗Þ ðC19Þ

whose interesting physical implications are considered in Sec. IV. The function F 0 is introduced in Eq. (C12), and we used
the fact that the scalar bispectrum satisfies the Maldacena consistency relation in the squeezed limit—Sec. III. Notice that,
besides the squeezed limit above, our general formulas derived in this Appendix are exact and can be used to study other
shapes of the tensor-tensor-scalar bispectrum during the radiation dominated era.
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