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Chapter 1

Introduction and prerequisites

“There is now a broad consensus
that AI research is progressing
steadily, and that its impact on
society is likely to increase.”

-Stephen Hawking

This chapter opens the thesis by introducing the reader to the context of the research, as
well as the essential mathematical tools required to understand its significance. This begins
in section 1.1, where light introductions to the broad ideas of machine learning and neural
networks are made in order to lay down a fundamental understanding of the topics. This
will set the stage for a subsequent discussion in section 1.2 regarding Restricted Boltzmann
Machines, which are a type of neural network, and are the focus of this research.

Section 1.3 follows this by motivating and portraying the significance of the use of a “metric”
known as the Kullback-Leibler divergence in benchmarking the performance of Restricted
Boltzmann Machines. This measure serves as the primary tool used to compare different Re-
stricted Boltzmann Machines in this research, and so to gain crucial insight into the working
of the Kullback-Leibler divergence, section 1.4 builds on the definitions by comparing the
performance of pairs of models by use of this tool.

Once the foundations of the Restricted Boltzmann Machine and the Kullback-Leibler diver-
gence have been laid down, section 1.6 highlights particular design choices in both construct-
ing and studying Restricted Boltzmann Machines motivated by Quantum Field Theory and
Statistical Mechanics. Finally, once familiarity with the objects of study and the reasons for
certain choices has been developed, section 1.7 summarises these discussions and sets out
the structure of the rest of the thesis, given the discussed context.

1.1 Introduction to Machine Learning and Neural Net-
works

This section provides a comprehensive overview of the necessary concepts of Machine Learn-
ing and Neural Networks. Subsection 1.1.1 provides an introduction to the notion of Machine
Learning and showcases examples of successful applications of Machine Learning in academic
and industrial contexts. The importance of learning from data and making predictions with-
out the use of explicit domain-specific algorithms is discussed. This is followed by subsection
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1.1.2, which discusses learning as a process of optimizing performance toward a specific task.
Gradient descent is introduced as one of the most popular machine learning algorithms, as
well as a small number of other popular examples. Subsection 1.1.3 follows on from this by
detailing how a gradient descent algorithm can be implemented on neural nets. The context
for choosing structures like neural nets to make predictions from previously seen data is
provided, the idea of an activation function is discussed, and popular examples of activation
functions are highlighted. Finally, subsection 1.1.4 introduces the concept of a deep neural
network and discusses both their strengths and drawbacks, as well as why they will not be
used in the context of this research.

1.1.1 Introduction to Machine Learning

Machine Learning (ML) is a field of study focusing on developing models and algorithms
capable of learning from data to make decisions or predictions without explicit programming.
It is a sub-field of Artificial Intelligence (AI), a tremendously popular and important topic
that has grown explosively in recent years due to increased public awareness and available
computational power. Machine Learning sets itself apart from traditional programming ap-
proaches by enabling computers to automatically learn and improve from experience and
new data, rather than relying on explicit instructions or rules provided by human program-
mers and engineers. Machine Learning algorithms are typically segregated into three main
categories: supervised learning, unsupervised learning, and reinforcement learning.

Supervised learning is the process of training a model on labeled data. The model learns
to associate patterns from input data with the corresponding labels, allowing it to make
predictions regarding the correct labeling of new, previously unseen data. Familiar exam-
ples of successful supervised learning applications include spam email detection [1], medical
diagnoses [2], and credit scoring [3]. All of these look at human-labeled examples of relevant
data and use detectable patterns to judge new data.

On the other hand, unsupervised learning deals with unlabeled data. The goal in these
contexts is to identify meaningful patterns in data that do not contain predefined labels.
Unsupervised learning is usually used in contexts such as anomaly detection, data cluster-
ing, or dimensionality reduction. Some familiar examples include the detection of credit card
theft [4], identifying customer shopping behaviour [5], and topic identification in speech [6].
The recent release of OpenAi’s ChatGPT, an extremely successful chatbot that took less
than two months to reach 100 million users [7], used a mixture of both human-supervised
and unsupervised learning in its development.

Reinforcement learning is a learning method where an agent actively interacts with an envi-
ronment. It then learns by taking actions and receiving stimuli following those actions that
contribute either positively or negatively toward some reward signal. Through trial and er-
ror, the agent learns to maximise the correct actions by adjusting its behaviour to maximize
rewards, achieving increased performance over time. Two successful examples of applications
of reinforcement learning include Boston Dyanamics’ general-purpose agile robot ‘Spot’ [8]
and AlphaGo, the first computer program to successfully beat a human player at the board
game Go [9].
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Machine Learning has been applied extensively across both academic and industrial domains.
In academia, it has significantly contributed to fields such as physics, natural language pro-
cessing, and Genomics. It has played a transformative role in data analysis, modelling, and
simulations. Within experimental physics, machine learning has been applied to large data
sets produced by particle accelerators, such as the LHC. Examples of these uses include sep-
arating signal and background noise [10], classifying particle interactions [11], and improving
the performance of real-time filtering [12]. Another example is in astronomical data, where
meaningful patterns have been extracted from the vast Sloan Digital Sky Survey database
[13]. In theoretical physics, machine learning methods have been used in cases such as con-
densed matter physics, where techniques were used to predict properties of new materials,
such as their electrical conductivity and magnetic behaviour [14]. There is a plethora of ex-
amples of these machine learning algorithms being used to simulate quantum and complex
systems. It has also been instrumental in computational physics, where researchers have
improved the accuracy of and decreased the time required to perform various calculations
by combining machine learning with traditional algorithms [15].

By training an algorithm to learn from data and make predictions without explicit pro-
gramming, those using the trained algorithm can extract valuable knowledge and patterns
from vast amounts of data that may not be apparent via manual analysis. By leveraging
ML techniques, hidden relationships can be uncovered, and insights that will significantly
enhance decision-making processes can be made. Machine Learning techniques scale well
for automation and can reliably handle complexity, saving time and resources compared
to manual analysis. By harnessing the combined power of data and computational algo-
rithms, Machine Learning is applied to extract valuable insights, make accurate and helpful
predictions, and automate complex processes. Its list of productive applications continues
to expand, and its impact on individuals, academic institutions, and private ventures is
becoming increasingly significant.

1.1.2 Objective Functions and Optimization

The optimisation of some objective function, also known as a loss function or cost function,
plays a crucial role in machine learning, providing a means of quantifying the performance of
models. An objective function is a measure or score representing how well a model performs
a specific task. Optimisation algorithms aim to find the optimal set of parameters that either
minimise or maximise the objective function, where one of these extremes corresponds to
optimal model performance. Optimising a particular objective function is a guiding princi-
ple for model training in machine learning, as models moving towards optimal on relevant
objective functions are considered improving in their performance.

The objective function used in any particular application depends on the specific task at
hand. One example of an objective function is binary cross-entropy (to be defined below),
which measures the dissimilarity between predicted and true labels on data stemming from
a classification task. By minimising this objective function, the model maximises its classi-
fication performance. Another example of a commonly used objective function is the mean
squared error (MSE), usually used in regression tasks. The MSE indicates the average
squared distance between correct values and those predicted by a model. By implementing
a learning process that minimises this objective function, the model will minimise its MSE,
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corresponding to a better regression performance. Another example of an objective function
is the within-cluster sum of squares function used in data clustering. This objective function
indicates the compactness of data clusters by measuring the average squared distance of data
points within that cluster to the cluster centroid. Minimising this objective function leads
to cohesive clusters that are well-separated.

Gradient descent, Markov chain Monte Carlo, and simulated annealing are just a few of
many popular optimisation algorithms commonly employed to find the optimal parameter
set to maximise or minimise some objective function. These algorithms all update a model’s
parameters iteratively to converge toward an optimal solution gradually. Gradient descent
is known as a first-order optimisation algorithm because it considers the first derivative of
the objective function. More advanced optimisation algorithms can provide faster conver-
gence to an optimal solution by considering higher-order derivatives; however, they require
additional computational resources.

1.1.3 Neural Networks

Neural networks are a powerful class of machine learning models that have gained significant
attention in both the academic and public eye. Before diving into neural networks, it is
important to step back and acknowledge that the term “machine learning” encompasses a
broader range of algorithms and techniques than just neural networks. To name just a few of
a diverse set of tools, other examples of machine learning implementations include random
forests, support vector machines, and k-nearest neighbours. Each separate implementation
type has unique strengths and weaknesses, meaning that the suitability of each depends on
the context in which they are being applied. It is important to note that neural networks are
only sometimes the optimal choice for a particular machine learning problem. Other machine
learning implementations might be more applicable in various circumstances, depending on
the availability of labelled data, computational resources, and implementation time.

Neural networks consistently stand out in their ability to solve complex problems with non-
linear relationships between input and output, such as in the domains of natural language
processing [16], speech recognition [17], and electrical energy demand forecasting [18]. They
typically have appealing generalisation properties, where they can make accurate predictions
regarding unseen data. They are inspired by the structure and function of the brain, com-
posed of connected nodes called neurons. These neurons are organised into layers, usually
referred to as hidden and visible layers (which will be defined in 1.2.2). Each layer processes
data by transforming what is input into an output dependent on the parameters of the neural
net and the input data. The output of each neural net layer is then passed on as an input to
the next until a final layer is reached, at which point the output is interpreted. This flow of
information sequentially through the neural network allows it to learn complex relationships
within the data by structuring how it organises and processes data hierarchically; this is
represented in figure 1.1.

Neural networks learn data through the process of training. This is where the internal pa-
rameters, known as weights and biases, are iteratively adjusted to minimise a particular
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Figure 1.1: Illustration of a typical neural network, taken from [19]. Infor-
mation flows through the network by being passed via each layer of neurons

sequentially.

objective function. Gradient descent is a popular choice of a numerical algorithm to min-
imise an objective function for neural networks; the gradient of the objective function with
respect to each of the weights and biases is calculated, followed by an updating of these
parameters in the direction of steepest descent. Training a neural network involves processes
known as forward propagation and back propagation. Forward propagation is where data
is passed through each network layer to generate an output, and back propagation is where
the error between the predicted output and the actual target output is calculated and used
to update the network’s parameters in the opposite direction of the gradient. Once this is
done, the gradients of the objective function with respect to each of the internal parameters
are computed by propagating the error produced at the output back up each layer from
the output to the input. The calculated gradients are then used to update the weights in
such a way as to minimise the objective function for the seen data. This process is repeated
with new data and proceeds until the network reaches a satisfactory level of performance or
stagnates in its ability to increase performance.

Key to the operation of a neural network is the activation function, which is the strength
by which a node in a neural net passes on a signal it receives. The activation function
is a mathematical function inspired as an abstraction of the action potential of biological
neurons [20]. In that context, the activation function f(x) for a neuron N represents the
binary output of either firing, typically where it is taken that f (x) = 1, or not firing, where
f (x) = 0. Here, x is a vector of values representing states of other neurons that have an input
into the neuron N . The activation function f (x) is typically taken to perform a weighted
sum over the entries of x. For example, the Heaviside activation function representing a
neuron with n inputs is

f(x) =

{
0 if a+ x · b < 0

1 if a+ x · b ≥ 0
, where a ∈ R, x ∈ {0, 1}n , b ∈ Rn, (1.1)

where a represents the neuron weight and the entries of b represent the biases of the neuron.
A neuron with such an activation function will fire when x takes on specific configurations.
Note here that the weight(s) and biases of a neuron heavily influence whether a neuron will
fire for a given input; consequently, the output of a neural network can be modified by tuning
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the weights and biases in the network. Activation functions introduce non-linearity between
features in the network, enabling it to learn the complex relationships between input and
output. Without the use of an activation function, a neural network would simply apply
a linear transformation to input data in order to produce an output, which would severely
restrict their capability to model phenomena.

Many choices of activation functions are used within the science of neural networks, each
with its own characteristics and suitability for various tasks. A popular choice of activation
is the sigmoid function

f (x) = σ(a+ x · b) = 1

1 + e−(a+x·b) , (1.2)

which maps any input x ∈ Rn to an output y ∈ [0, 1]. It is often used in classification
problems, where the output of a node corresponds to the probability that the input data
corresponds to a certain data class. There are benefits and drawbacks to choosing the
sigmoid function as an activation function for nodes in a neural network. To mention a few,
the function output is smooth and bounded between 0 and 1, which is helpful for binary
classification. It is a differentiable function and lends itself well to interpretation. The
boundedness can, however, act as a hindrance on some occasions. Its vanishing gradients
near extremes can also slow down the learning process. The sigmoid function mimics the
function of neurons in a biological brain; neurons either activate (σ = 1) or do not (σ = 0)
and do so with a trained probability. The probability of each neuron in a brain passing on a
signal then depends on the weights and biases of that neuron. A second popular activation
function is the rectified linear unit

ReLU (x) = max (0, x) . (1.3)

This is a piecewise linear function making it simple to calculate, but also introduces the
necessary non-linearity to capture complex patterns in data whilst simultaneously addressing
an issue faced by deep neural networks known as the vanishing gradient problem, at least
for when x > 0.

1.1.4 Deep Neural Networks

Deep neural networks (DNNs) are complex, heavily layered versions of regular neural net-
works. In practice, neural networks typically only have one or two hidden layers, whereas
neural networks with more layers than this are considered deep neural networks. For ex-
ample, ChatGPT utilises 96 hidden layers (which OpenAi refers to as attention layers [21]).
Increased depth in a neural network allows the network to learn more intricate and abstract
features in the data; more complex relationships and patterns that may not be discernible
with a small number of layers may become interpretable, enhancing performance. More
shallow neural networks may need foresight and help to capture and represent intricate re-
lationships within data.

Having a DNN brings many strengths that have contributed to their success in various fields.
One of these is their increased ability to handle data where more of the relationships between
features are high-dimensional. This makes them particularly effective in tasks such as image
and speech recognition. The deep architecture allows the network to extract multiple rele-
vant features at various levels of abstraction, enabling it to have a more comprehensive and
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nuanced understanding of data. Particularly within the domain of image recognition, there
have been remarkable breakthroughs, including examples of where human-level performance
has been surpassed in tasks such as object detection and image classification. Other applica-
tions, such as autonomous driving, drug research, and particle physics analysis, require the
utility offered by deep neural networks’ ability to spot patterns in high-dimensionality data.

Despite these strengths, deep neural networks also suffer from certain drawbacks and chal-
lenges. A primary challenge is the increased computational cost required to train deeper
neural networks and, along with that, the time taken to perform training. Due to their
additional complexity, deep neural networks require much larger amounts of training data
in order to generalise well and avoid overfitting to any particular data [22]. Should the
interpretation of the way the neural network processes information be required, deep neural
networks lead to increased difficulty in this interpretation relative to more shallow networks
due to the abstract ways the intermediate layers transform data [23].

Despite the fact that deep neural networks have garnered significant attention and success,
the study of neural networks that are not deep remains an important and valuable area of
research and is the focus of this thesis. Simpler neural network architectures can often pro-
vide effective solutions with fewer computational requirements. Furthermore, understanding
the underlying mechanisms and principles is crucial for the advancement of the field and of
the development of novel algorithms and techniques. The exploration of non-deep neutral
networks permits researchers to more thoroughly investigate questions and choices, such as
decisions behind the choice of network architecture, activation functions, and learning tech-
niques.

1.2 Restricted Boltzmann Machines
This section introduces Restricted Boltzmann Machines (RBMs) as a class of neural network.
Subsection 1.2.1 introduces RBMs, summarises their strengths and weaknesses, and discusses
some examples of the successful use of RBMs, as well as discussing the motivation for the
thesis. Subsection 1.2.2 discusses the architectural choices that classify a neural network as
an RBM. Subsection 1.2.3 further discusses how tunable parameters are set up in an RBM,
and the analogues of the framing of the RBM parameters to ideas in statistical physics are
presented. Finally, subsection 1.2.4 briefly introduces the training algorithms used by RBMs.

1.2.1 Introduction to Restricted Boltzmann Machines

Restricted Boltzmann Machines (RBMs) are a type of neural network introduced by Paul
Smolensky in the 1980s as a statistical physics model [24]. They are employed to tackle
unsupervised learning tasks, where they discover patterns and interdependencies within un-
labelled data. They have demonstrated their ability in data dimensionality reduction, where
they have been used to extract lower dimensionality representations of high dimensional
data. They are particularly effective at handling missing data, allowing for robust physical
modelling in contexts where data is incomplete. They have been used in broad contexts,
such as in image recognition, natural language processing, and recommendation systems. In
a notable study, researchers used a Deep Restricted Boltzmann Machine with six layers to
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classify images from the CIFAR-10 dataset containing 60,000 color images belonging to 10
different classes [25]. The network achieved an accuracy of 87%, a significant improvement
on other previously used neural networks. Another example of RBMs used is in recognising
handwritten digits from the MNIST dataset, where an accuracy of 99.7% has been achieved.
RBMs have been used to generate song lyrics by training them on popular songs, demon-
strating their potential for creative application. Netflix uses trained RBMs to predict what
users will rate certain movies, aiding them in personalised ranking on user homepages [26].

RBMs are particularly powerful in their ability to extract features from noisy data with
minimal explicit feature engineering, lending to their ease of use and immediate applica-
tion. They are particularly efficient to train, as there is a fast training algorithm that can
be employed on them known as the Contrastive Divergence (CD) algorithm, making RBMs
suitable for scenarios with heavy amounts of data. The training of an RBM explicitly handles
the parameters of hidden units, removing the need for slow backpropagation. This simplifies
and accelerates the training process while simultaneously reducing the probability of the
neural net getting stuck in local performance optima. The additional transparency offered
by explicitly tuning the hidden units allows for a better understanding of why a trained
RBM treats data in a certain way, aiding in better analysis and interpretation of model out-
puts relative to other neural networks. Given their focus on being applied in unsupervised
learning algorithms, various training algorithms other than CD can be applied to RBMs
to increase training speed further; Persistent Contrastive Divergence, Hybrid Monte Carlo,
and Parallel Tempering are a few examples that have been successfully used on RBMs for
this reason. They are very flexible in their allowed input data type; they can handle binary,
categorical, and continuous data sets without issue.

The work presented by Bachtis, Aarts, and Lucini in Quantum field-theoretic machine learn-
ing (2021) [27] opens up a unique and exciting avenue for research at the intersection of
quantum field theory and machine learning, particularly with regards to applications of Re-
stricted Boltzmann Machines. In the paper, the authors demonstrate that a ϕ4 scalar field
theory with inhomogeneous coupling constants satisfies the Hammersley-Clifford theorem,
allowing the field theory to be recast as a machine learning algorithm in a mathematically
rigorous way. Thus, scalar ϕ4 theory, known for its applications in quantum field theory,
offers a unique foundation for constructing machine learning models and provides a fresh per-
spective on the relationship between the two domains. The result prompts the exploration
of how principles from quantum field theory can be leveraged to enhance machine learning
methodologies. Furthermore, the paper extends beyond theoretical derivations. It presents
a set of concrete applications of Restricted Boltzmann Machines derived from ϕ4 theories,
showcasing the versatility of conventional machine learning frameworks inspired by quantum
field theory. Additionally, the paper emphasizes the results of the paper Refinements of Uni-
versal Approximation Results for Deep Belief Networks and Restricted Boltzmann Machines
(2010) [28], which demonstrated (with conditions) the ability for RBMs to approximate
distributions arbitrarily well; they are so-called universal approximators. Overall, Bachtis,
Aarts, and Lucini emphasize that RBMs constructed from (particular) scalar field theo-
ries can be framed as machine learning algorithms that can be trained to approximate a
target distribution arbitrarily well; this is taken as a primary motivation for the study of
QFT-inspried RBMs moving forward.
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1.2.2 Restricted Boltzmann Machine architecture

The architecture of RBMs is key to their function as unsupervised learning algorithms.
They consist of two layers of nodes, known as the visible and hidden layers, and form an
undirected bipartite graph; there are no visible-to-visible or hidden-to-hidden connections,
and all connections are visible-to-hidden. This is represented in figure 1.2. The visible nodes
represent observed variables or features of the input data, while the hidden nodes represent
the hidden features and are what allow the neural network to capture the underlying patterns.
The allowed values of the nodes are typically chosen given the context of the problem. For
example, given a problem with binary input data, the nodes would typically be chosen to
take on binary values, but with continuous input data, the nodes would be chosen to take on
continuous values. RBMs are characterised by a weight matrix that captures the connections

Figure 1.2: Illustration of RBM architecture, taken from [29], where nodes
are separated into two layers with no intra-layer connections, but with inter-

layer connections between each node in the visible and hidden layers.

between nodes in the visible and hidden layers. These weights determine the strength with
which each node influences the activation probability of the nodes it is connected to. These
weights are adjustable parameters tuned during the learning process in order to optimise the
RBM performance. All nodes, both visible and hidden, also have a set of (usually many)
parameters that shape the probability distribution for the values they take. These allow for
the RBM to model the tendency of each node to be activated to a certain value irrespective
of input.

1.2.3 Energy functions and node activation

The activation function of each node in an RBM is defined via an energy function, which
specifies a probability for each possible configuration of all nodes in the neural network. The
activation probability of individual nodes in the neural network is then derived from this
energy function. The energy function is dependent on every parameter of the neural network
in some way. Training of the neural network parameters translates to modifying the energy
function to determine the joint configuration probabilities of the neural network.

For example, for an RBM determined by a set of weights and biases denoted collectively as
θ, if the set of visible nodes take on a vector of values v, and the hidden nodes take on the
vector of values h, then the joint probability distribution determining the probability of that
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exact node configuration is given by

p (v, h; θ) =
e−E(v,h; θ)

Z (θ)
, (1.4)

where here, E (v, h; θ) is the energy associated with the configuration, and Z (θ) is the
partition function that normalises the distribution. In training the RBM, given the form of
E (v, h; θ), the parameters θ are tuned such to cause configurations of the neural network
to appear with a frequency in proportion to the appearance of the data represented by that
configuration from the system being modelled.

The form of (1.4) mimics the Boltzmann distribution of statistical mechanics, where the
probability of the ith configuration of a physical system is given by

pi =
e
− εi

kBT

Z
, (1.5)

with εi denoting the energy of the configuration, T the system temperature, and kB Boltz-
mann’s constant. In statistical physics, the probability of a configuration is then determined
by how the εi depends on the configuration of a system, as well as the parameters of those
systems (for example, the mass of gas particles). From this perspective, the goal of training
an RBM then is to adjust the weights and biases determining the energy function to min-
imise the energy of neural net configurations representing frequently observed data whilst
maximising the energy of configurations representing infrequently observed data.

A particular choice frequently made regarding the energy function is to have the weights
parameterising the connection between the visible and hidden layer to be bi-linear in the
node values. For a system with m visible nodes and n hidden nodes, such a choice constrains
the energy function to take the form

E (v, h; θ) =
m∑
j=1

Uj(vj) +
n∑

i=1

Ũi(hi) +
n∑

i=1

m∑
j=1

hiωijvj. (1.6)

Here, vj is the value taken by visible node j, and hi is the value taken by hidden node
i. Uj(vj) represents the energy functions dependence on the biases of visible node j, and
similarly for the hidden layer’s Ũi(hi). The mixing parameter ωij fully characterises the level
of influence hidden node i and visible node j have on each other.

The choice of making the mixing between the visible and hidden layer bi-linear is primarily
driven by the mathematical simplicity and computational efficiency it affords. While more
complex terms could capture higher-order interactions between the two layers, the bi-linear
term balances modelling capability with training practicality. An element-wise product be-
tween pairs of visible and hidden nodes does not require the definition of complex operations
or the significant use of computational resources.

The mathematical simplicity of this choice also lends to more straightforward interpreta-
tions of how the hidden and visible layers will interact for given choices of Uj and Ũi. This
facilitates the theoretical study of the behaviour of RBMs and is of foundational importance
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to the research presented in this thesis. As demonstrated in 2.1.2, the bi-linear mixing term
leads to a well-behaved and relatively simple optimisation process. It allows for the simple
calculation of gradients leading to efficient and compact algorithms that drive the learning.
Despite being simple, it introduces the necessary interactions between the hidden and visible
layer, without which interconnection between features in data would be impossible, meaning
the RBM would not be able to learn complex dependencies between variables in presented
data.

Although they will not be addressed in this thesis, RBMs with a bi-linear mixing term can
still learn high-dimensionality relationships by combining or stacking multiple RBMs to form
Deep RBMs (DRBMs) or by incorporating additional fully-connected hidden layers to form
Deep Belief Networks (DBNs) [30]. These more complex architectures can capture higher-
level patterns in data. In DRBMs, many RBMs are usually intentionally trained on data
that spans specific features, followed by stacking these RBMs to ensure that the DRBM
transforms input data while respecting each feature learned by the individual RBMs.

Under such a choice for the mixing term, as demonstrated in [31], the bi-linear weights
ensure that for binary nodes, the activation function of each node follows a form of the
sigmoid function (1.2) or at least the form of its cousin, the softmax function. This carries
benefits and drawbacks as discussed in 1.1.3. Considering the framing of energy to label
probabilities, it is interesting to note here that the sigmoid function is functionally similar
to the Fermi-Dirac distribution

fFD (ε) =
1

1 + e
ε

kBT

(1.7)

which describes the probability of an electron’s occupation of a particular state.

1.2.4 RBM learning algorithms

The usual training algorithm RBMs use is the Contrastive Divergence (CD) algorithm. This
algorithm begins by initialising the visible nodes of the RBM with some given data. Fol-
lowing this, it updates the configuration of the hidden nodes according to their probability
distributions/activation probabilities. Once the hidden layer has been configured, the visible
nodes are re-configured probabilistically via their own activation probabilities/probability
distributions, given the configuration of the hidden nodes. The difference between the data
configuring the initial visible node distribution and the reconstructed visible node distribu-
tion is then used to update the parameters of the RBM. In this process, an approximation
to the gradient of the log-likelihood function of the RBM is made by performing a process
known as Gibbs sampling. Gibbs sampling is discussed further in subsection 2.1.4.

This training procedure is performed over multiple batches of data, improving the perfor-
mance of the RBM until it reaches a state where it can satisfactorily reconstruct observed
data. This iterative process trains the RBM on underlying patterns in the provided data.
Once the RBM has been trained, it can be used generatively to produce new samples of data
that well represent the original dataset.
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1.3 The Kullback-Leibler divergence
The Kullback-Leibler (KL) divergence is a measure that plays a crucial role in the training
of RBMs; it serves as the primary objective function guiding the learning process. The KL
divergence is a non-negative real number representing the statistical divergence between a
model distribution and target data distribution. By minimising the KL divergence of an
RBMs configuration probability distribution with respect to a target data distribution, the
discrepancies between the two distributions are minimised. Minimising the KL divergence,
therefore, corresponds to maximising an RBM’s accuracy in representing data. The KL di-
vergence is also a valuable tool for comparing the performance of various RBMs with each
other, with better models having lower KL divergences with respect to data. As discussed
earlier, RBMs employ the CD algorithm to minimse an objective function. In particular,
the CD algorithm approximates the gradient of the KL divergence to find the direction of
the steepest descent with respect to model parameter variations; this is used to update pa-
rameters accordingly.

One of the main motivations for choosing the KL divergence as the primary objective func-
tion stems from its information-theoretic roots. Cross entropy is introduced and explored as
a concept in subsection 1.3.1. Subsection 1.3.2 applies the idea of cross-entropy to physics’s
more familiar idea of entropy to understand entropy from the perspective of cross-entropy.
Once an intuition for cross-entropy and entropy has been made from an information-theoretic
standpoint, subsection 1.3.3 defines the KL divergence in terms of the cross-entropy of the
model and target distributions. To gain further familiarity, this section is followed by section
1.4, where a series of examples of using the KL divergence as a measure of similarity between
model and target probability distributions are made.

1.3.1 Cross entropy

To understand the Kullback-Leibler divergence, which is the objective function to be min-
imised, cross entropy must be introduced. The cross entropy H of a distribution Q relative
to a second distribution P is given by

H (P, Q) = −EP [log (Q)] , (1.8)

where EP denotes the expectation value over the distribution P . The cross entropy can
be understood as a meaningful quantity by considering the Kraft-McMillan theorem, which
states that any method for coding the correct selection of a variable xi from a collection of
possible variables {x1, . . . , xn} can be understood as synonymous with defining a probability
distribution

Q (xi) =

(
1

2

)ℓi

, (1.9)

where ℓi is the length of the code for xi in bits [32]. This interpretation comes from the
rearrangement

ℓi = − log2 (Q (xi)) , (1.10)

from which the expected message length per datum x for an assumed coding scheme repre-
sented by a probability distribution P can be calculated. This is done by integrating over all
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possible data, weighted by the assumed (but not necessarily correct) probability distribution
P associated with the identification of the data. This leaves that

EP [ℓi] = −EP [log2 (Q (xi))] , (1.11)

which is the exactly the cross-entropy identified earlier; H (P, Q) can be interpreted via the
equation

H (P, Q) = EP [ℓi] . (1.12)

That is, H (P, Q) is the expected number of bits needed to be drawn from a data-set repre-
sented by a distribution Q, but that is assumed to be P in order to interpret a datum.

1.3.2 Entropy in Physics

In physics, the concept of entropy is familiar. In particular, physicists referring to entropy are
usually referencing Gibbs entropy. The Gibbs entropy, SGibbs of a distribution Q is defined
as the sum over the set of possible configurations

SGibbs (Q) = −kB
n∑

i=1

qi log (qi) , (1.13)

where qi is the probability of the ith system configuration. Up to a factor, this is exactly the
cross-entropy of a distribution P with itself. It is constructive to interpret this through the
lens of cross-entropy. Consider the cross-entropy of a probability distribution Q with itself

H (Q, Q) = EQ [log (Q)] . (1.14)

Writing the Gibbs entropy (1.13) of a distribution in terms of this yields

SGibbs (Q) = −kBH (Q, Q) . (1.15)

The “disorder” of a system, which is usually how entropy is interpreted, can now be seen as a
measure of the amount of data required to make an interpretation of a physical observation
of a system, given that the most efficient interpretation of the data possible is being used
(P = Q). The larger the entropy of a physical system, the more data is required to fully
describe that system.

1.3.3 Defining the KL divergence

The Kullback-Liebler divergence of a distribution Q relative to a second distribution P is
defined as

DKL (P ||Q) = H (P, Q)−H (P, P ) . (1.16)

That is, it is the excess message length over the minimum possible message length required
to convey the average datum of information from a distribution P when using a coding
scheme Q to interpret the data. Q is usually labelled as the “model” distribution which is
being used to approximate the “target” P . By using the inequality

ln (x) ≤ x− 1, (1.17)
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with equality only when x = 1, it is simple to prove that

DKL (P ||Q) ≥ 0, (1.18)

with equality only when Q is equal to P over the entire configuration space of possible events.
This is demonstrated in Appendix A.1. It is intuitive to see that, in some sense, the better
a model distribution Q describes a target distribution P , the smaller the Kullback-Leibler
divergence of that model relative to the target. The simplicity behind this led to the KL
divergence becoming a popular choice of objective function to minimise in the training of an
RBM and is the choice considered for the work in this thesis.

Finally, for convenience, notice that the definition of the cross entropy leaves a more tidy
expression of the Kullback-Leibler divergence:

DKL (P ||Q) = −EP [log(Q)]−−EP [log (P )] (1.19)
= EP [log (P/Q)] .

Using this notation, it is important not to lose track of the fact that the expectation value
is taken over the probability space of P and not Q. In the context of simulating a model of
the results of a lab, P should be considered the actual data from observations, whereas Q is
the probability distribution as represented by the model.

1.4 Examples of calculating the Kullback-Leibler diver-
gence

Now that the Kullback-Leibler divergence has been introduced as the objective function to
be minimised when using a model probability distribution Q to represent a target probability
distribution P , it is constructive to consider a few simple examples demonstrating how this
measure can rank models according to their performance. In this section, three examples of
target distributions are considered. These are

P1(x) =
1

Z1

exp (−β|x|) , with Z1 =
2

β
, x ∈ R, (1.20)

P6(x) =
1

Z6

exp
(
−αx6

)
, with Z6 = 2α− 1

6Γ

(
7

6

)
, x ∈ R, (1.21)

and finally, with P (x) unspecified, up to knowledge that x ∈ R. Competing in the repre-
sentation of these target distributions are two normalised model distributions Q2 and Q4,
which are given by

Q2(x) =
1

Z2

exp
(
−m2x2

)
, with Z2 = 2(m2)−

1
2Γ

(
3

2

)
, (1.22)

and
Q4(x) =

1

Z4

exp
(
−λx4

)
, and Z4 = 2λ−1/4 Γ

(
5

4

)
, (1.23)
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where m2 and λ are both positive parameters determining the models.

Given these definitions of model and target distributions, the Kullback-Leibler divergence
of the models with respect to each target can be calculated in order to understand how well
they model each distribution. The performance of the models in representing each of the
targets is explored in the following three subsections.

1.4.1 Example calculation 1: P = P6

It is simple to show that

DKL (P6 ||Q2) = log

(
Γ
(
3
2

)
Γ
(
7
6

))+
1

6
(log (α)− 1) +

m2

α
1
3

Γ
(
3
2

)
3Γ
(
7
6

) − 1

2
log
(
m2
)
, (1.24)

and that similarly

DKL (P6 ||Q4) = log

(
Γ
(
5
4

)
Γ
(
7
6

))+
1

6
(log (α)− 1) +

λ

α
2
3

Γ
(
5
6

)
6Γ
(
7
6

) − 1

4
log (λ) . (1.25)

The models Q2 and Q4 can be optimised by minimisation of their KL divergences by varying
the model parameters, m2 and λ respectively. Differentiation with respect to m2 reveals a
single stationary point in DKL (P6 ||Q2) when

m2 = m2
∗, (1.26)

where

m2
∗ =

3Γ
(
7
6

)
2Γ
(
3
2

)α 1
3 . (1.27)

Denoting Q∗
2 as Q(x) when m2 is chosen as m2

∗, this then gives the minimum possible
Kullback-Leibler divergence of Q2 relative to P6 as

DKL (P6 ||Q∗
2) =

1

2
log

2

3

(
Γ
(
3
2

)
Γ
(
7
6

))3
+

1

3
≈ 0.06, (1.28)

where the natural log is used. A similar calculation for DKL (P ||Q4) reveals a stationary
point when λ = λ∗, where

λ∗ =
3Γ
(
7
6

)
2Γ
(
5
6

)α 2
3 , (1.29)

leaving a minimum Kullback-Leibler divergence of

DKL (P6 ||Q∗
4) =

1

4
log

(
2

3

Γ
(
5
6

) (
Γ
(
5
4

))4(
Γ
(
7
6

))5
)

+
1

12
≈ 0.01. (1.30)

Clearly the best approximation of the quartic model to the target is much better on average
over the domain of the problem than the Gaussian.
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1.4.2 Example calculation 2: P = P1

Having seen that the quartic model can better represent P6 than a Gaussian model, consider
instead the target distribution P1. As above, a simple calculation yields that

DKL (P1 ||Q2) = log

(
Γ

(
3

2

))
+ (log (β)− 1) +

2m2

β2
− 1

2
log
(
m2
)
, (1.31)

and that
DKL (P1 ||Q4) = log

(
Γ

(
5

4

))
+ (log (β)− 1) +

24λ

β4
− 1

4
log (λ) . (1.32)

This time, differentiation of the above with respect to m2 reveal different optimal parameter
choices. Now

m2
∗ =

β2

4
(1.33)

and
λ∗ =

β4

96
. (1.34)

Subsitution of these choices for m2 and λ into their respective distributions gives the min-
imised Kullback-Leibler divergences as

DKL (P1 ||Q∗
2) = log

(
2Γ

(
3

2

))
− 1

2
≈ 0.072, (1.35)

and
DKL (P1 ||Q∗

4) = log

(
2

4√
6 Γ

(
5

4

))
− 3

4
≈ 0.293. (1.36)

By these results, the optimal performance of Q2 will always have a lower Kullback-Leibler
divergence than Q4 when modelling P1, meaning from this perspective, the Gaussian model
better represents Q1 than the quartic model.

1.4.3 Example calculation 3: P (x) unspecified

Now that the cases where the models are chosen specifically to highlight the behaviour of
the models have been seen, consider instead the case where P is an unspecified distribution,
that is only known to have a single real argument. In this case now, it can be calculated
that

DKL (P ||Q2) = EP [log (P )] +m2EP

[
x2
]
+ log

(
2
(
m2
)− 1

2 Γ

(
3

2

))
, (1.37)

and that
DKL (P ||Q4) = EP [log (P )] + λEP

[
x4
]
+ log

(
2λ−

1
4Γ

(
5

4

))
. (1.38)

The optimal parameter choices in this case can be shown to be

m2
∗ =

1

2EP [x2]
, (1.39)
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and
λ∗ =

1

4EP [x4]
. (1.40)

This gives optimal Kullback-Leibler divergence values of

DKL (P ||Q∗
2) = EP [log (P (x))] +

1

2
log
(
EP

[
x2
])

+
1

2
+ log

(
2

3
2Γ

(
3

2

))
, (1.41)

and

DKL (P ||Q∗
4) = EP [log (P (x))] +

1

4
log
(
EP

[
x4
])

+
1

4
+ log

(
2

3
2Γ

(
5

4

))
. (1.42)

Now in order to compare the optimal performance of Q2 and Q4 in their representation of
P , it is requried to take the difference of the Kullback-Leibler divergences in order to cancel
out the contributions towards the KL divergences from the cross entropy of P with itself,
which is impossible to compute in this context, but also irrelevant. Now, if it is found that

DKL (P ||Q∗
4)−DKL (P ||Q∗

2) < 0, (1.43)

then Q4, when optimised, would be considered as the better at representing P with this
metric, and vice versa. Taking this difference yields

DKL (P ||Q∗
4)−DKL (P ||Q∗

2) = log

(
(EP [x4])

1
4

(EP [x2])
1
2

)
+ log

(
Γ
(
3
2

)
Γ
(
5
4

))− 1

4
, (1.44)

meaning that Q4 can outperform Q2 only when

RP, 4, 2 ≡
EP [x4]

(EP [x2])2
< e

(
Γ
(
5
4

)
Γ
(
3
2

))4

≈ 2.97. (1.45)

To verify this result, consider the second and fourth moments of P1 and P6 as given earlier.
These can be calculated as

EP1

[
x2
]
=

2

β2
, EP1

[
x4
]
=

24

β4
, (1.46)

and

EP6

[
x2
]
=

Γ
(
3
2

)
3α

1
3Γ
(
7
6

) , EP6

[
x4
]
=

Γ
(
5
6

)
6α

2
3Γ
(
7
6

) . (1.47)

These firstly give that
RP6, 4, 2 = 2 < 2.97, (1.48)

which is in agreement with whyQ4 had a lower minimum Kullback-Leibler divergence relative
to P6 than Q1 did. Similarly, these calculations give that

RP1, 4, 2 = 6 > 2.97, (1.49)

which correctly estimates that Q4 has a higher minimum Kullback-Leibler divergence to P1

than Q2 does.
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It is also worth noting at this point that if the target is a Gaussian, that is P = P2, then

RP2, 4, 2 = 3 > 2.97, (1.50)

meaning that the Quartic model cannot outperform the Gaussian model in the case of
P = P2.

The validation of these calculations demonstrates the power available to investigate the
representation power of various models even when the distribution they are targeting is
unknown. Of particular key importance to note is the optimal parameter choices (1.39) and
(1.40). A simple calculation shows that

EQ2

[
x2
]
=

1

2m2
(1.51)

and that
EQ4

[
x4
]
=

1

4λ
. (1.52)

This is insightful, as it means that the optimal choice of m2 and λ are such that

EQ∗
2

[
x2
]
= EP

[
x2
]
, (1.53)

and
EQ∗

4

[
x4
]
= EP

[
x4
]
. (1.54)

The action of minimising the Kullback-Leibler divergence of a model distribution charac-
terised by Q ∝ exp (−c xγ) resulted in the matching of the xγ moment of the model distribu-
tion with that of the target in both cases. This gives a second hint as to what the minimisa-
tion of the Kullback-Leibler divergence is actually doing and why a smaller Kullback-Leibler
divergence between a model and a target makes them more similar; the action of minimising
the KL divergence is parallel to the minimisation of the differences in the moments of the
model and target distributions for basic models.

1.5 Example: Upgrading a Gaussian model
In the context of training RBMs, there will arise scenarios where a given model has reached
a maximum in its capacity to represent target data. Once this occurs, it would be natural to
ask whether it is beneficial to extend the model to gain further representation power at the
expense of additional computational requirements. The answer to this is not obvious; a sec-
ond model with additional complexity would be able to perform as well as the original model.
However, it is unclear as to when it could perform better. In this section, the consideration
of whether introducing a quartic parameter to a Gaussian model of a one-dimensional proba-
bility distribution would necessarily improve the performance of the original Gaussian model.
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Consider the case of a single variable probability distribution P (x), where x ∈ R, and P has
a finite fourth moment. Let

Q2(x) =
e−m2

2x
2

Z2

; Z2 =

√
π

m2
2

, (1.55)

and then minimise DKL (P ||Q2) such that m2
2 = m2

∗, identically to as in (1.39). Now consider
a second model

Q42(x) =
e−λx4−m2

4x
2

Z42

, (1.56)

which has both a Gaussian and quartic component in its construction. Now, the partition
function is more complicated, but it works out as

Z42 =

∫ ∞

−∞
exp

(
−λx4 −m2

4x
2
)
dx

=
1

2

√
m2

4

λ
exp

(
(m2

4)
2

8λ

)
K 1

4

(
(m2

4)
2

8λ

)
, (1.57)

where Kν (x) is the modified Bessel function of the second kind. In terms of the convenient
variable

u =
(m2

4)
2

8λ
, (1.58)

the differences in the Kullback-Leibler divergences of the two models with respect to the
target distribution, ∆DKL (P ||Q42, Q

∗
2) := DKL (P ||Q42) − DKL (P ||Q∗

2), can be expressed
as

∆DKL (P ||Q42, Q
∗
2) =

1

2
log

(
2

π

)
+ log

(
u

1
2 euK 1

4
(u)
)
+

1

2
log

(
m2

∗
m2

4

)
+ λEP

[
x4
]
+
(
m2

4 −m2
∗
)

EP

[
x2
]
. (1.59)

Considering now only the case where the new parameter λ is small, the limit of λ→ 0 with
m2

4 kept finite is explored. This is equivalent to u→ ∞ for non-zero m2
4. By using that

lim
u→∞

K 1
4
(u) = e−u

(√
π

2u
− 3

32

√
π

2u3
+O

(
u−

5
2

))
, (1.60)

and that for small x,
log (1 + x) = x+O

(
x2
)
, (1.61)

the limiting behaviour of the difference between the Kullback-Leibler divergences of the two
models can be written up to quadratic order in u−1 as as

lim
u→∞

∆DKL (P ||Q42, Q
∗
2) = − 3

32u
+

(m2
4)

2

8u
EP

[
x4
]

+
(
m2

4 −m2
∗
)

EP

[
x2
]
+

1

2
log

(
m2

∗
m2

4

)
. (1.62)
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The new model is an improvement when ∆DKL (P ||Q42, Q
∗
2) < 0. This inequality can be

expressed in terms of λ and m2
4 as

λ

(
EP

[
x4
]
−
(
m2

∗
m2

4

)2

EQ∗
2

[
x4
])

+
(
m2

∗ −m2
4

)
EP

[
x2
]
+

1

2
log

(
m2

∗
m2

4

)
< 0, (1.63)

correct up to order λ2/(m2
4)

2. That is, if the choice of λ and m2
4 together satisfy the above

inequality (with λ≪ 1), then the new model is an improvement on the initial. This inequality
is satisfied for various choices of λ and m2

4, but in a way that is entirely dependent on the
target distribution P . As discussed in 1.4.3, the Kullback-Leibler divergence is sensitive to
the moments of a distribution, and as such, the indicator for the different cases determining
the choices of λ and m2

4 to improve the model performance are dependent on the fourth
moment of P . How to choose λ and m2

4 is discussed in subsections 1.5.1, 1.5.2 and 1.5.3,
followed by a discussion in 1.5.4. Figure 1.3 illustrates the behaviour of distributions when

Figure 1.3: Plot illustrating the behavior of leptokurtic and platykurtic dis-
tributions in relation to a Gaussian.

characterised by their standardised fourth moment relative to a Gaussian. The leptokurtic
distribution exhibits a higher standardized fourth moment than the Gaussian, resulting in
a heavier tail and a sharper peak. On the other hand, the platykurtic distribution has a
lower standardized fourth moment compared to the Gaussian, leading to a lighter tail and a
flatter peak. The shape of the distribution is emphasized rather than its width.

1.5.1 Case 1: P is Platykurtic

If the target distribution is Platykurtic, that is, where its fourth moment is smaller than for
a Gaussian distribution with the same standard deviation as P , then

EP

[
x4
]
< EQ∗

2

[
x4
]
. (1.64)
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Under such a condition, the choice m2
4 = m2

∗ clearly allows for a small but positive λ for
which the inequality (1.63) is satisfied, meaning in such a situation, the introduction of a
new small quartic parameter λ will immediately result in an improvement of the model.

1.5.2 Case 2: P is Leptokurtic

If the target distribution is Leptokurtic, where its fourth moment is larger than that of
Gaussian distribution of the same standard deviation as P , then EP [x4] > EQ∗

2
[x4]. Under

such a situation, in order to improve the model with a small parameter λ, it is necessary to
choose

m2
4 ≫ m2

∗. (1.65)

Under this choice, the change in Kullback-Leibler divergence for small λ approximates as

∆DKL (P ||Q42, Q
∗
2) = EP

[
x2
](

λ
EP [x4]

EP [x2]
−m2

4

)
+O

((
λ

(m2
4)

2

)2
)
, (1.66)

where the contribution to the log has been discarded for simplicity as it is always negative
in this regime. The indicator then becomes negative for choices of λ where

λ < m2
4

EP [x4]

EP [x2]
. (1.67)

1.5.3 Case 3: P is Mesokurtic

In the case where EP [x4] = EQ∗
4
[x4], then a choice of m2

4 of the form

m2
4 = m2

∗ + δm2; with δm2 ≪ m2
∗ (1.68)

allows for a small λ for which ∆DKL (P ||Q42, Q
∗
2) < 0. Once again, the contribution from

the log is discarded due to the fact that it is always negative in this regime. Under such a
choice, by using that (

m2
4

)−2 ≈ 1

(m2
∗)

2

(
1− 2

δm2

m2
∗

)
, (1.69)

the differences between the Kullback-Leibler divergences of the two models becomes

∆DKL (P ||Q42, Q
∗
2) ≈ δm2

(
2λ

EQ∗
2
[x2]

m2
∗

− EP

[
x2
])

, (1.70)

which is negative for

λ < m2
∗

EP [x2]

2EQ∗
2
[x2]

. (1.71)

1.5.4 Discussion on the upgrading of the Gaussian model

The results of the above demonstrate three key points:

1. In this example, it was always possible to improve the model via the introduction of a
small parameter λ.
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2. However, it was not always possible to improve the model with a small λ without
changing the mass parameter m2 by a significant amount.

3. The measurement of moments of quantities over the target distribution is key in the de-
termination of whether a model can improve its performance without changing already-
tuned parameters.

These are important conclusions to take from the above example. While it has not been
proven whether or not the introduction of a new parameter can always improve a model, it
has been shown that the introduction of a new parameter will occasionally necessitate the
changing of the older, already tuned parameters and that understanding when changes to
the older parameters do not have to be made can require the calculation of moments over
the target distribution.

This focuses the question of interest to cases of understanding when it is possible to improve
a neural net via the introduction of new parameters without significantly changing the older
parameters first. This is an important distinction, as in the context of a many-variable
model distribution, understanding the change in the Kullback-Leibler divergence upon the
introduction of a new parameter can become particularly complicated if the pre-existing
parameters are not fixed.

By restricting the analysis to cases where the older parameters are left unchanged, isolating
specific effects of the new parameter will be simpler, allowing for a clearer understanding
of its influence on the model performance. Introducing the new parameter this way also
eliminates the risk of degrading the existing performance already achieved in the training
of the network, as well as also saving on computational resources by leveraging pre-existing
knowledge by avoiding the need for re-training any of the models. Also, focusing specifically
on the scenarios where the older parameters are kept constant initially allows for a more
direct comparative analysis between the models, allowing for potential further insight.

1.6 Motivations from Physics
Now that the KL divergence has been explored, it is instructive to re-visit some ideas from
physics in order to motivate how to understand and approach the process of KL divergence
minimisations. Subsection 1.6.1 begins by further concreting the relationship between the KL
divergence and thermodynamic potentials, whilst also discussing a caveat showing where care
must be taken in constructing anaologies between the two. Subsection 1.6.2 then brings in
ideas from Statistical Mechanics to explain the idea of the partition function as a generating
functional, which can be used to describe the thermodynamic characteristics of a physical
theory fully. Subsection 1.6.3 goes on to use the idea of the partition function as a generating
functional to demonstrate the importance and convenience of having a quadratic term in the
Lagrangian of a quantum field theory, and consequently, in the energy function of a Restricted
Boltzmann Machine. Finally, subsection 1.6.4 introduces the concept of lattice field theory,
demonstrates the motivations for lattice field theory in theoretical physics contexts, and then
discusses why that framework is more relevant in the study of RBMs.
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1.6.1 A nod to thermodynamics

As seen in 1.4 and 1.5, calculating the difference in the Kullback-Leibler divergences of two
models relative to some target probability distribution requires the calculation of the log of
the partition function of the models, as well as moments of the target. To phrase this more
cleanly, given a model Qi for which

Qi (v) =
exp (−Ei)

Zi

, (1.72)

the Kullback-Leibler divergence of that model relative to a target P can be expressed as

DKL (P ||Qi) = EP [log (P )] + EP [Ei] + log (Zi) . (1.73)

At this point, consider phrasing the Kullback-Leibler divergence from the point of view of
physics. In thermodynamics, the expected energy of a system is known as its internal en-
ergy, U . This is the mean energy a thermodynamic system will take, given a distribution of
energy levels filled by a canonical ensemble of particles populating a system.

This might give the impression that a simple correspondence between thermodynamic and
RBM variables could be made, although care must be taken. The correspondence

Ui ≡ EP [Ei] , and Fi ≡ − log (Zi) , (1.74)

would be incorrect to make, as the quantity Ei defines the distribution Qi rather than P .
Therefore, it would be erroneous to draw a connection between these quantities that describe
the RBM and the familiar physical quantities. Consequently, such a connection between the
KL divergence and physical quantities would only make sense if the expectation had been
taken over Qi rather than P . Such a scenario does arrive if one calculates the KL divergence
DKL (Qi||P ) rather than DKL (P ||Qi) via

DKL (Qi||P ) = −EQi
[log (Ei)]− log (Zi)−

1

ZiZP

∫
e−(Ei+EP ) dv, (1.75)

where P has been written as taking the form

P (v) =
e−EP (v)

ZP

. (1.76)

However, such route is not of interest due to the preferred calculation of DKL (Qi||P ) over
DKL (P ||Qi) following the conceptual building discussed in 1.3.1, as well as the fact that
the third term in equation (1.75) depends on both the (known) model and the unknown
target distribution. This term is problematic, unlike in equation (1.73), where the model
and target behaviour separated in a way that could be dealt with when the difference in KL
divergences of two models was taken.

Finally, in the hypothetical scenario where the model is chosen and tuned correctly, that is,
where Qi = P everywhere, the energy Ei becomes the energy defining the target distribution
EP , and the partition function Zi becomes equal to ZP . In this scenario only, then, equation
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(1.73) becomes

DKL (P ||Qi = P ) = EP [log (P )] + EP [EP ] + log (ZP ) . (1.77)

By then making the correspondences

UP ≡ EP [EP ] , and FP ≡ − log (ZP ) , (1.78)

the above becomes
DKL (P ||Qi = P ) = EP [log (P )] + UP − FP . (1.79)

Furthermore, by defining the Gibbs entropy, SP , of P via

TSP = −EP [log (P )] , (1.80)

the KL divergence in this scenario can be written fully in terms of thermodynamic variables

DKL (P ||Qi = P ) = −TSP + UP − FP . (1.81)

This, however, evaluates to zero (as should be expected). This can either be seen through
the relationships between the thermodynamic variables, or simply by the fact that the left
hand side is DKL (P ||P ), which must be zero. As such, despite the consistency in analogues
that can be drawn, the connection to thermodynamics here is not of any particular benefit
in this context.

1.6.2 Statistical Field Theory

Statistical Physics reveals that the partition function from physical probability distributions
of the form

p =
e−βε

Z
(1.82)

does not only act as constants of normalisation. It turns out that all macroscopic informa-
tion about physical systems is contained within the partition function, allowing it to act as
a generating function.

The consideration of a lattice of fields ϕk with some Hamiltonian Ĥ0 has a partition function

Z = Tr
[
e−βĤ0

]
, (1.83)

and operators Ô defined on that lattice have thermal expectation values given by

⟨Ô⟩ =
Tr
[
Ô e−βĤ0

]
Z

. (1.84)

Whether or not the Hamiltonian has a term linear in each ϕk, a source term can be intro-
duced, which perturbs the Hamiltonian to give

Ĥ = Ĥ0 −
1

β

∑
k

Jkϕk. (1.85)
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The purpose of this is that the partition function for Ĥ becomes a function of the couplings
Jk to become

Z (J) = Tr
[
e−βĤ0+

∑
k Jkϕ̂k

]
. (1.86)

This is useful because combinations of the thermally averaged field values ⟨ϕi⟩ are of interest
in statistical physics and can now be derived from Z (J). Consider the derivative of Z (J)
with respect to Ji,

∂Z (J)

∂Ji
= Tr

[
ϕ̂i e

−βĤ0+
∑

k Jkϕ̂k

]
. (1.87)

By then evaluating this at J = 0 and dividing by Z(J = 0), it follows that

1

Z (J = 0)

∂Z (J)

∂Ji

∣∣∣∣∣
J=0

=
Tr
[
ϕ̂i e

−βĤ0

]
Z (0)

, (1.88)

which according to (1.84) is exactly the formula for the expected field value ⟨ϕ̂i⟩. As such,
the thermally averaged field values can be found from the partition function via

⟨ϕ̂i⟩ =
1

Z (J = 0)

∂Z (J)

∂Ji

∣∣∣∣∣
J=0

. (1.89)

This is not all; the same procedure can be applied to find the correlation functions between
fields (also known as the Green’s functions) on the lattice. In general [33], it is found that

G
(n)
i1...in

≡ ⟨ϕ̂i1 . . . ϕ̂in⟩ =
1

Z (J = 0)

∂nZ (J)

∂Ji1 . . . Jin

∣∣∣∣∣
J=0

. (1.90)

The lesson here to be taken for application on Restricted Boltzmann Machines is that the
intentional introduction of terms into the partition function via the Hamiltonian, followed
by calculating derivatives with respect to these terms and setting the coupling to zero, can
be a quick and straightforward way of calculating quantities of interest with regards to the
systems in consideration. This critical technique will be used in chapter 3 to motivate choices
of structure for the RBMs being studied, and the usefulness of such design implementations
is exploited in chapter 4.

Before moving on to the key inspiration from quantum field theory used to progress calcu-
lations on the RBMs, it is important to understand how the above notion of the generating
functional is imported into field-theoretic circumstances. There, each lattice site i is up-
graded to position coordinate x. Correspondingly, the source terms Ji are upgraded to
functions of position J(x), the generating function Z (J) is instead written Z [J (x)], and
the Green’s functions G(n)

i1...in
are written G(n) (x1, . . . , xn). For completeness, the Green’s

functions of field theory can be written

G (x1, . . . , xn) =
1

in
1

Z [J = 0]

δnZ [J ]

δJ (x1) . . . δJ (xn)

∣∣∣∣∣
J=0

, (1.91)
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where i is a conventional factor of the imaginary unit, and each δ
δJ(xi)

represents a functional
derivative with respect to each source term J(xi) [33].

1.6.3 Quantum Field Theory

In the early 20th century, physics faced the problem of reconciling the principles of special
relativity with the results of quantum mechanics. One of the main issues at the time was
how the two treated time and space. On the one hand, special relativity portrayed the
idea that time and space sat on an equal footing, whereas quantum mechanics treated the
two manifestly differently. This different treatment between time and space is clear in the
one-dimensional Schrödinger equation for a free particle

iℏ
∂Ψ

∂t
(x, t) = − ℏ2

2m

∂2

∂x2
Ψ(x, t) , (1.92)

which has a single time derivative but a second spatial derivative. Special relativity has revo-
lutionised physicists’ understanding of time, space, and high-speed behaviour, and quantum
mechanics opened up the world of probabilistic particle behaviour and the wave-particle du-
ality of matter. The need for a theory consistent at their intersection led to the development
of Quantum Field Theory.

Rather than treating particles as fundamental entities, QFT introduces the notion of a field,
quantities that permeate spacetime. By considering particles as specific stable field configu-
rations, QFT allowed a treatment that encapsulated both particle and wave-like properties.
Simultaneously, by constraining the fields to obey select symmetry properties of special rel-
ativity, the particles emerging from QFT automatically obeyed the laws of special relativity.
Work stemming from QFT has found remarkable success in explaining and predicting a vast
swathe of physical phenomena, including the behaviour governing the interactions of elemen-
tary particles, the properties of condensed matter systems, and the existence of previously
undetected particles. By fusing the principles of special relativity and quantum mechanics,
QFT has paved the way for profound advancements in our understanding of the fundamental
workings of the universe.

The fields in QFT are assigned continuous labels at each spacetime point xµ. Dependent
on the physics being studied, these fields can be scalar, vector, or spinor valued, and the
dynamics captured from the corresponding field are modified accordingly; particularly, the
intrinsic spin of excitations of the various fields will differ. Mathematically, the scalar (spin-0)
fields ϕ are governed by the Klein-Gordon equation[

∂µ∂
µ +m2

]
ϕ (xµ) = 0, (1.93)

Maxwell’s equations govern the components of the vector fields Aµ

∂µ (∂µAν (x
µ)− ∂νAµ (x

µ)) = 0, (1.94)

written here without sources, and the Dirac equation[
i/∂ −m

]
ψ (xµ) = 0 (1.95)
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governs the spinor fields ψ. Notice how all are written in a Lorentz-covariant manner, al-
lowing the symmetries of special relativity to be respected. The fields of QFT are quantised
either via canonical quantisation or via the path integral approach. Field quantisation is the
process by which the QFT fields are treated as operators that create and annihilate parti-
cles; these particles are then interpreted as the fundamental constituents of matter, carrying
various physical properties such as charge, mass, and spin.

Both the canonical quantisation procedure and the path integral approach to QFT require
the definition of a Lagrangian density to describe the theory. For scalar fields, the Klein-
Gordon Lagrangian is

LKG =
1

2
∂µϕ∂µϕ− 1

2
m2ϕ2, (1.96)

the Lagrangian for vector fields is

LEM = −1

4
FαβFαβ − AαJ

α, (1.97)

and the Dirac Lagrangian for spinor fields is

LD = ψ̄
(
i/∂ −m

)
ψ. (1.98)

The action of each field configuration is found by integrating the corresponding Lagrangian
density over spacetime

S =

∫
M

d4xL, (1.99)

where L = L (ϕ, ∂µϕ) for typical scalar field theories. By varying the action with respect to
the fields and implicating that physical field configurations are those for which the action
remains stationary, the equations of motion of the fields are redetermined.

The symmetries of theories written down manifest themselves in the partition function.
Simple field theories, such as scalar quartic field theory,

L =
1

2

(
∂µϕ∂

µϕ−m2ϕ2
)
− 1

4!
λϕ4, (1.100)

exhibit a symmetry that can be spontaneously broken due to their potentially non-zero
vacuum expectation value. In the case where ϕ is real, the symmetry here is Z2, in which
the Lagrangian is unchanged under ϕ → −ϕ. The Higgs field carries a similar symmetry to
this. In the absence of gauge fields, the Higgs Lagrangian is

LHiggs =
1

2

(
∂µϕ

∗∂µϕ+ µ2ϕ∗ϕ
)
− 1

4!
λ (ϕ∗ϕ)2 . (1.101)

This Lagrangian carries with it a global U(1) symmetry, meaning it is unchanged under the
transformation ϕ → eiθϕ, where θ is a real constant. For µ2 > 0 the symmetry is broken.
As a result of this symmetry breaking, by Goldstone’s theorem, a massless Goldstone boson
appears in the theory. Excitations along the vacuum manifold correspond to these Goldstone
modes and excitations in the radial direction correspond to the Higgs. Once the theory is
coupled to electromagnetism via the introduction of gauge fields, the symmetry becomes
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local (in that the Lagrangian is unchanged even if θ = θ(x)). When the local U(1) symme-
try is broken, the gauge fields “eat” the massless Goldstone bosons causing them to become
massive, and simultaneously remove these (unwanted) massless bosons from the theory. It is
thought that through this process, where the non-zero vacuum expectation of the Higgs field
causes certain particles to gain mass, a significant portion of the mass of many fundamental
particles is generated [34].

Particularly in the path integral formulation of QFT, the partition function plays a central
role in characterising the statistical behaviour of quantum fields and in the extraction of
crucial physical information, such as particle number densities, correlation functions, and
scattering amplitudes. As discussed briefly in 1.6.2, it provides a systematic framework for
calculating expectations of field operators by acting as a generating functional. The partition
function in quantum field theory can be expressed in terms of an exponential of the action

Z [J ] =

∫
D [ϕ (x)] eiS[ϕ(x), J ], (1.102)

where D [ϕ (x)] is the path integral for ϕ. Later, it will be seen that the partition function
of restricted Boltzmann machines with linear visible-hidden layer couplings can be written
as

Z (θ) =

∫
DvDh e−Uv, h(v,h θ). (1.103)

This will be discussed and demonstrated more formally in 2.1.3, although it is worth being
aware of Wick rotations, a mathematical tool used used to move calculations in QFT from
Minkowski space to Euclidean space which cause the partition function (1.102) to become

Z [J ] =

∫
D [ϕ (x)] e−SE [ϕ(x)], (1.104)

where SE is the Euclidean action [35]. For now, however, it is enough to notice the functional
similarity between the two equations.

Notably, in a path integral, a sum over all possible field configurations is taken, taking into
account the contributions to the amplitude eiS of each possible configuration in order to
determine the dynamics of the system. Expectations of operators can be computed this way.
The formulation somewhat seamlessly handles the classical and quantum fields; it combines
the principles of classical mechanics with the probabilistic nature of quantum mechanics. By
summing over all possible field configurations, quantum fluctuations are incorporated, and
their effects contribute to the overall dynamics of the system.

On top of this, the path integral formulation offers a more natural framework for incorporat-
ing external and internal symmetries into quantum field theories. By manifesting symmetries
as invariances under certain transformations under the path integral, more deep understand-
ings of symmetries underlying physical theories can be made.

Exact calculations of the partition function in QFT are often challenging due to the intri-
cate nature of field interactions. To overcome various challenges, many techniques, such as
regularisation, and various approximation techniques, have been developed and deployed in
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the context of QFT to gain insights into the nature of quantum fields. A popular approx-
imation technique is perturbation theory [36], in which the partition function is expanded
as a series in terms of a small coupling constant parameter. This is particularly effective in
contexts where the interactions between fields are weak, making it legitimate to consider the
perturbations as small.

The form of the KL divergence in (1.73) demonstrates that in contexts where the form of
the target distribution P is unknown, the partition function must be considered in order to
make progress. With this as motivation to attempt a calculation of the partition function,
perhaps one of the most useful insights from Quantum Field Theory is in the calculation
of the partition function of a quartic scalar field theory via a perturbative expansion about
the partition function of a free scalar field theory. Consider the partition function Z [J ] of a
quartic field theory

Z [J ] =

∫
Dϕ exp

(
i

2

∫
d4x

{
(∂µϕ)

2 − λ

4!
ϕ4 −m2ϕ2

}
+ i

∫
d4xJϕ

)
, (1.105)

and the partition function of a free field theory

Z0 [J ] =

∫
Dϕ exp

(
i

2

∫
d4x

{
(∂µϕ)

2 −m2ϕ2
}
+ i

∫
d4xJϕ

)
, (1.106)

both with the additional linear coupling Jϕ. The free field theory partition function is simple
to calculate by use of the propagator [33]. The calculation yields

Z0 [J ] = exp

(
−1

2

∫
d4x d4y J(x)∆ (x− y) J(y)

)
, (1.107)

where ∆(x, y) is the free scalar propagator

∆(x, y) =

∫
d4p

(2π)4
i e−ip·(x−y)

p2 −m2 + iϵ
. (1.108)

This can also be written as ∆(x− y). From this, Z0 [J ] can now be used as a generating
functional, as it can be used to calculate other quantities, such as the partition function
(1.105). Appendix A.2 shows that the quartic partition function can be written in terms of
the free theory partition function via

Z [J ] =

[
exp

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)]
Z0 [J ] , (1.109)

where δ
δJ(z)

represents a functional variation with respect to the coupling J(z). Now, since λ
is dimensionless, it can be taken as ‘small’ and treated as such. By expanding the exponential
to linear order in λ, it can be seen that

Z [J ] =

(
1− iλ

4!

∫
d4z

δ4

δJ(z)4

)
Z0 [J ] +O

(
λ2
)
, (1.110)

which necessitates the calculation of δ4Z0[J ]
δJ(z)4

. To do this, consider the successive results of
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varying J(z) up until the fourth order. By use of the product rule, application of a single
variation on Z0 [J ] gives that

δZ0 [J ]

δJ(z)
=

[
−
∫

d4y∆(z − y) J(y)

]
Z0 [J ] . (1.111)

A second time gives that

δ2Z0 [J ]

δJ(z)2
=

[
−∆(z − z) +

{∫
d4y∆(z − y) J(y)

}2
]
Z0 [J ] . (1.112)

A third time gives that

δ3Z0 [J ]

δJ(z)3
=

[
3∆ (z − z)

{∫
d4y∆(z − y) J(y)

}
−
{∫

d4y∆(z − y) J(y)

}3
]
, (1.113)

and finally,

δ4Z0 [J ]

δJ(z)4
=

[
3∆ (z − z)2 − 6∆ (z − z)

{∫
d4y∆(z − y) J(y)

}2

+

{∫
d4y∆(z − y) J(y)

}4
]
Z0 [J ] . (1.114)

By integrating this over
∫
d4z, this gives the final result for the quartic partition function

up to linear order in λ as

Z[J ] =

[
1− iλ

[
1

8

∫
d4z∆(z − z)2 (1.115)

− 1

4

{∫
d4z d4y1 d

4y2∆(z − z)∆(z − y1)J(y1)∆(z − y2)J(y2)

}
+

1

4!

{∫
d4z d4y1 d

4y2 d
4y3 d

4y4∆(z − y1)J(y1)∆(z − y2)J(y2)

∆(z − y3)J(y3)∆(z − y4)J(y4)}

]]
Z0[J ].

This then allows for the simple computation of Z [J ] up to first order in λ. In the context
of QFT, such a calculation can be represented pictorially in terms of Feynman diagrams.
These are shown in figure 1.4.

This result from Quantum Field Theory, where the partition function of an interacting scalar
field theory was approximated by introducing a generating functional to be applied to the
calculable partition function of the free scalar field theory, provides key insight into how the
partition function for the Restricted Boltzmann Machines can be treated in order to make
progress on understanding their behaviour. In particular, the quadratic dependence of the
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z ∼ iλ× 1
8

∫
d4z∆(z − z)2

z

y2y1

∼ +iλ× 1
4

∫
d4z d4y1 d

4y2∆(z − z) J (y1)∆ (z − y2) J (y2)

y1

y4

y2

y3

∼ −iλ× 1

4!

∫
d4z d4y1 d

4y2 d
4y3d

4y4

∆(z − y1) J (y1)∆ (z − y2) J (y2)∆ (z − y3)

× J (y3)∆ (z − y4) J (y4)

z

Figure 1.4: Feynman diagrams corresponding to the first order corrections
in λ to the interacting partition function Z [J ].

free Lagrangian on the field values ϕ is what makes the free partition function simple to cal-
culate, as the calculation for equation (1.107) utilises the Gaussian integral, which is further
elaborated on in the appendix A.3. This technique motivates the intentional introduction of
a quadratic dependence on the visible node values for the marginalised probability distribu-
tion for visible nodes in the RBMs, as the partition functions of such RBMs will be able to
be expressed in terms of a related distribution that contains only this quadratic dependence
between the nodes.

1.6.4 Field theory on the lattice

There are a few issues with the calculation above that should not be brushed over. The first
of these is the propagator ∆(z − z) first seen in equation (1.112). The issue here is that it
is not well defined. Consider its evaluation

∆(z − z) =

∫
d4p

(2π)4
i e−ip·(z−z)

p2 −m2 + iϵ

=

∫
d4p

(2π)4
i

p2 −m2 + iϵ
. (1.116)
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For large p2, this is approximately

∆(z − z) ≈
∫

d4p

(2π)4
i

p2
. (1.117)

By changing to spherical coordinates with ρ = |p|, and using that the ‘surface area’ of a
3-sphere is 2π2, this becomes

∆(z − z) ≈ 2π2i

∫ ∞ dρ ρ3

(2π)4
1

ρ2

=
i

8π2

∫ ∞
ρ dρ. (1.118)

This is clearly horribly divergent. However, if the physics is regulated by the replacement of∫∞
dρ→

∫ Λ
dρ, for some finite cutoff to the momentum Λ, then the integral is finite.

A possible way of motivating the introduction of this cutoff is by instead performing the
above computations on the lattice [37]. This is where the points of spacetime are treated
as a discrete lattice, and the fields are instead defined on the lattice points. This allows
for the use of numerical techniques to approximate the partition function, as well as other
expectation value calculations [38]. Furthermore, this process of defining QFTs on the lattice
provides a well-defined framework for dealing with ultraviolet divergences in calculations
appearing in QFT, facilitating calculations [39]. Lattice QFT has also succeeded in studying
strong interactions and the phase transitions of quantum fields [40]. More formally, instead
of working with points in spacetime M, a discrete Euclidean spacetime Γ with a lattice
spacing a is introduced. This is defined by

Γ =

{
x : x =

4∑
µ=1

anµµ̂, nµ ∈ Z

}
, (1.119)

where here µ̂ are four unit basis vectors spanning the Euclidean spacetime. The lattice
spacing introduces the ultraviolet cutoff to the theory through

a =
1

Λ
. (1.120)

For the lattice to be a good approximation to a system, a must be significantly smaller than
any other length scale at play in the system. The lattice spacing can be tuned to strike a
balance between the computational efficiency of simulations and capturing the physics of
relevant scales [41].

To get started in this new version, a discrete version of the action (1.99) is needed. Firstly,
for each ϕ (x), x must now be contained within the lattice Γ. Kinetic terms are then written
in terms of the lattice spacing a via the finite difference scheme

∂µϕ −→ ϕ (x+ aµ̂)− ϕ (x)

a
. (1.121)
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Finally, the integral over spacetime is replaced by a sum over the lattice∫
M

d4x −→ a4
∑
x∈Γ

. (1.122)

Following this procedure, the partition function (1.104) becomes

Z =

∫ ∏
x∈Γ

dϕ e−S, (1.123)

where now the action S is

S = a4
∑
x∈Γ

L
(
ϕ(x),

ϕ(x+ aµ̂)− ϕ(x)

a

)
(1.124)

A similar process to as in the continuous case can then be followed, but with all integrals
over p now cutoff with |p| ≤ Λ by the lattice, leading to finite integrals.

Due to the discrete nature of the nodes in an RBM, the lattice structure introduced here is
a more relevant analogy to draw between the RBM and physics situations. This is explored
more deeply in 3.2 and in 3.3, where the connections to QFT are drawn from, but applied
to an RBM with an explicitly discrete node structure. From the perspective of lattice
field theory, the RBM can be conceptualized as a set of points represented by indices i ∈
{1, . . . , n} and j ∈ {1, . . . , m}, where the fields hi and vj are defined. However, unlike
traditional QFT where the energy parameters are determined a priori, in the case of RBMs,
these parameters in the energy function E (v,h; θ) are learned through a training process.

1.7 Structure of the thesis
The remainder of this thesis is divided into four further chapters. In Chapter 2, the algo-
rithmic procedures for training RBMs is detailed, and the work of [42] is verified by which
mathematical derivations and computational trainings of RBMs are reproduced. In Chapter
3, inspirations from QFT are taken to direct concentration onto a particular class of RBM to
be investigated. In Chapter 4, a calculation demonstrating the existence of a sufficient con-
dition for the improvement of a particular class of RBM is made. Chapter 5 then concludes
the work.
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Chapter 2

Learning Processes and Application of
RBMs: Insights and Validation

“The general struggle for existence
of animate beings is not a struggle
for raw materials – these, for
organisms, are air, water and soil,
all abundantly available – nor for
energy which exists in plenty in any
body in the form of heat, but a
struggle for [negative] entropy,
which becomes available through the
transition of energy from the hot
Sun to the cold Earth.”

-Ludwig Boltzmann

In this chapter, a comprehensive exploration of the learning process of RBMs is presented,
followed by an application of these procedures to learning distributions formed in the one-
dimensional Ising model. The objective is to better understand the RBM learning process,
establish connections with theoretical frameworks, and reproduce and validate the results
presented in a reference paper.

Section 2.1 begins by explaining the learning process for RBMs. This includes a demon-
stration of the link between Kullback-Leibler divergence minimisation and log-likelihood
maximisation, the presentation of formulae for the iterative update of RBM parameters, and
the introduction of the Contrastive Divergence (CD) algorithm. Section 2.2 then validates
the formulae derived in section 2.1.2 by comparing them to a specific case study in a reference
paper. It is demonstrated that the formulae there can be considered as a special case of the
formulae presented, providing a solid basis for following analyses and acting as an accuracy
check of the investigations. Section 2.3 then introduces the Ising model as the system of
study in the reference paper. A subset of the results presented in the reference material
are then successfully reproduced and validated. This validation showcases the efficacy of
RBMs with a linear mixing term and simple biases in capturing essential features in inter-
acting systems. By exploring the learning process of RBMs and validating findings against
the established references, this chapter contributes to a comprehensive understanding of the
capability of RBMs in their application to complex systems.



36 Chapter 2. Learning Processes and Application of RBMs: Insights and Validation

2.1 Understanding the RBM learning process
It is essential to understand the learning process now that motivation for studying Restricted
Boltzmann Machines has been established and the reasons for using the Kullback-Leibler di-
vergence as an objective function understood. Due to the relative power from the techniques
later borrowed from QFT, the RBMs can be treated with significant generality. As such, the
learning procedure will be developed without the need for very many constraints. Subsection
2.1.1 begins by elucidating a fundamental principle underlying the RBM learning process;
minimisation of the KL divergence is equivalent to maximising the log-likelihood of observed
data given a model’s parameters. Next, subsection 2.1.2 outlines a general procedure for the
computation of the gradient of the RBM log-likelihood when the RBM visible-hidden con-
nections are only bilinear, laying the foundations for subsequent analyses. Section 2.1.3 then
delves into calculating the marginal distributions for the hidden and visible layers of such
RBMs. Additionally, a demonstration that the activation functions of nodes in these RBMs
follow a generalised version of the sigmoid activation function is made. Finally, subsection
2.1.4 introduces the Contrastive Divergence algorithm as a popular method for approximat-
ing the RBM log-likelihood gradient, allowing for efficient RBM training.

2.1.1 KL divergence minimisation as likelihood maximisation

Firstly, it is noted that the minimisation of the KL divergence of a model with respect to
some target is parallel to the maximisation of the log-likelihood of observing data from the
target, given the model’s parameters. This can be seen via the following arguments:

1. Given a model distribution q (v| θ) with parameters θ, and a set of data values S drawn
from a target distribution p (v), the likelihood L (θ|S) of the parameters θ given the
observed data set S is given by

L (θ|S) =
∏
v∈S

q (v|θ) , (2.1)

as q (v| θ) is the model probability for each observed datum v.

2. The function log (x) is increasing in x, and so the parameter choice maximising L will
also maximise log (L).

3. By the logarithmic product rule, it then follows that

argmaxθL (θ|S) = argmaxθ

∑
v∈S

log (q (v| θ)) . (2.2)

4. Since the observed data v ∈ S are drawn from P ,

argmaxθ

∑
v∈S

log (q (v| θ)) = argmaxθEP [log (q (v| θ))] . (2.3)

5. By flipping a sign,

argmaxθL (θ|S) = argminθEP [− log (q (v| θ))] . (2.4)
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6. Since the underlying target distribution p (v) is independent of the model parameters
θ,

argmaxθL (θ|S) = argminθEP [log (p (v))− log (q (v| θ))] . (2.5)

7. Again, by the product rule for logs, this is exactly the Kullback-Leibler divergence as
seen in (1.19), meaning

argmaxθL (θ|S) = argminθDKL (p (v) || q (v| θ)) . (2.6)

During the development of the learning process, it is more mathematically convenient to
phrase KL divergence minimisation as likelihood maximisation, and so the learning process
will be expressed through this lens.

Given a function of many variables f (r) that undergoes a variation of arguments r → r+δr,
to first order in the variation, the function itself varies as

f (r+ δr) = f (r) + (∇f) · δr+ . . . . (2.7)

The change in the function value (∇f) · δr is then maximised (positively) when δr is aligned
with ∇f . Using this idea for the log-likelihood function, by updating all parameters θi →
θ′i = θi + δθi such that δθ is aligned with the gradient of log (L (θ|S)), the log-likelihood of
the data batch given the parameters can be increased. By defining a small positive constant
of proportionality α, known as the learning rate, the updating of the parameters via

θ → θ′ = θ + α∇θ logL (θ|S) (2.8)

will cause the update of the log-likelihood to be

logL (θ′|S) = logL (θ|S) + α| (∇θ logL) |2 + · · · , (2.9)

as seen by substitution of the logL and θ′ into (2.7). Such a procedure allows for an iterative
gradient descent process towards a maximum of log-likelihood and hence a minimum of
Kullback-Leibler divergence between the model and the target.

2.1.2 Gradient of the RBM log-likelihood

In order to follow the update procedure (2.8), the gradient of the log-likelihood of the model
parameters must be calculated. This is a mathematically straightforward procedure; given a
batch of data S, the derivative of the log-likelihood with respect to the ith model parameter
θi is given by

∂

∂θi
log (L (θ|S)) =

∑
v∈S

∂ log (q (v| θ))
∂θi

. (2.10)

Now, in the case of a Restriced Botlzmann Machine, the model distribution q (v| θ) is first
found by marginalising over the hidden nodes via

q (v| θ) =
∑
h

q (v, h| θ) , (2.11)
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where q (v, h; θ) is the usual Boltzmann distribution in terms of the model energy E (v, h; θ),

q (v, h; θ) =
1

Z
e−E(v,h; θ), (2.12)

and the sum
∑

h is over all possible configurations of the hidden layer nodes. Due to this,
the gradient of the log-likelihood will depend on some sum over configurations of the hidden
layer. By using Bayes’ theorem to write the marginalised probability distribution for the
hidden layer configurations q (h|v; θ) as

q (h|v; θ) = q (v, h; θ)

q (v| θ)
, (2.13)

the gradient of the log-likelihood of the parameters with respect to the ith parameter θi given
an observed datum v can be written as

∂

∂θi
(log (q (v| θ))) = −

∑
h

q (h|v; θ) ∂E (v, h; θ)

∂θi
+
∑
v′,h

q (v′, h; θ)
∂E (v′, h; θ)

∂θi
, (2.14)

which is derived fully in appendix A.4. Note here that the double sum in the final term of
(2.14) comes from the normalisation factor of the partition function (which introduces

∑
v′ ,

the sum over configurations of the visible layer). Following this, the average gradient over a
full batch of data S is then given by

1

|S|
∑
v∈S

∂ logL (θ |S)
∂θi

=
1

|S|
∑
v∈S

[
−
∑
h

q (h|v; θ) ∂E (v,h; θ)

∂θi
+
∑
v′,h

q (v′, h|θ) ∂E (v′, h; θ)

∂θi

]
, (2.15)

where the sums over v′ and h are over all possible configurations. From here, the double sum
can be split by first rearranging (2.13) for q (v′, h; θ), taking the sum and then decomposing
it as ∑

v′,h

q (v′, h; θ) =
∑
v′

q (v′| θ)
∑
h

q (h|v′; θ) . (2.16)

From here, it is convenient to introduce the following two pieces of often-used notation:

Edata [F (v)] =
1

|S|
∑
v∈S

F (v) , (2.17)

and
Emodel [F (v)] =

1

|S|
∑
v∈V

q (v| θ)F (v) . (2.18)

Given the decomposition (2.16) and definitions of Edata and Emodel, the average gradient can
be more concisely written as

1

|S|
∑
v∈S

∂ logL (θ |S)
∂θi
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= Edata

[
−
∑
h

q (h|v; θ) ∂E (v, h; θ)

∂θi

]
− Emodel

[
−
∑
h

q (h|v; θ) ∂E (v, h; θ)

∂θi

]
. (2.19)

This is a useful way to express the gradient of the log-likelihood, as it both highlights the
necessity of calculating the quantity∑

h

q (h|v; θ) ∂E (v, h; θ)

∂θi
,

and also provides a conceptual framework by which to understand the maximisation of the
log-likelihood. Under such a notation, it is understood that by maximising the log-likelihood
(and consequently making its gradient zero), the model-averaged value of the above quantity
is made to match the data averaged value of the same quantity, where the data is drawn
from a representative sample of the target p (v).

Since the form of the activation function for the hidden layer q (h|v; θ) is dependent on
the energy function defining the model, progress can only be made from here by specifying
E (v, h; θ) to some degree. By restraining the class of RBMs under consideration to only
those that have a bi-linear coupling as discussed in 1.2.3, the set of parameters defining the
energy of configurations can be broken into three classes as θ =

{
ωij, f

(v)
jα
, f

(h)
iα

}
, where

1. ωij are cross terms encoding the interactions between each visible node j and each
hidden node i.

2. f (v)
jα

are a set of parameters characterising the potential Uj of each visible node j.

3. f (h)
iα

are a set of parameters characterising the potential Ũi of each hidden node i.

The label α in f
(v)
jα

and f
(h)
iα

is used to remind of the fact that there may be a number of
parameters determining the potential of each node in the RBM. In this notation, the energy
of the configurations can be written as

E (v, h; θ) = −

(
m∑
j=1

Uj

(
vj, f

(v)
jα

)
+

n∑
i=1

Ũi

(
hi, f

(h)
iα

)
+

n∑
i=1

m∑
j=1

hiωijvj

)
. (2.20)

The derivatives of the energy with respect to each of these are then

∂E (v, h; θ)

∂ωij

= −hivj,

∂E (v, h; θ)

∂f
(v)
jα

= −
∂Uj

(
vj, f

(v)
jα

)
∂f

(v)
jα

, and

∂E (v, h; θ)

∂f
(h)
iα

= −
∂Ũi

(
hi, f

(h)
iα

)
∂f

(h)
iα

. (2.21)

Then for each parameter θi, the relevant expression from here can be substituted back into
2.19 in order to calculate the relevant term composing the gradient. Note from here that the
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dependence of the node potentials on the parameters f (v)
jα

and f (h)
iα

should be understood as
implicit. That is, it is taken that

Uj (vj) ≡ Uj

(
vj, f

(v)
jα

)
, and Ũi (hi) ≡ Ũi

(
hi, f

(h)
iα

)
(2.22)

for the remainder of this thesis.

2.1.3 Marginal distributions and the node activation functions

Once the form of the energy (2.20) has been specified, many quantities of use can be calcu-
lated. To begin, the partition function is a sum over all possible configurations of both the
visible and hidden layer

Z (θ) =

∫
V×H

dv dh exp

(
m∑
j=1

Uj(vj) +
n∑

i=1

Ũi(hi) +
n∑

i=1

m∑
j=1

hiωijvj

)
, (2.23)

where V is the domain of the state of the visible layer, and H is the domain of the state of
the hidden layer. This can be expressed instead via a field integral ; mathematical analogues
to Feynman’s field path integrals for fields in quantum field theory. By defining the field
integral of a function f (x) as

∫
Dx f (x) =

dim(x)∏
α=1

∫
dxα fα (xα) , (2.24)

where the integral on the right-hand side is over the domain of the function fi (xi), and
where

f (x) =

dim(x)∏
i=α

fα (xα) , (2.25)

the partition function can be re-expressed (see Appendix A.5) as

Z (θ) =

∫
DvDh e−Uv, h(v,h θ), (2.26)

where

Uv, h (v, h; θ) = −
n∑

i=1

m∑
j=1

(
Uj(vj)

n
+
Ũi(hi)

m
+ hiωijvj

)
. (2.27)

Similarly, by defining the functions

Uh (v, h) = −
n∑

i=1

[
Ũi(hi) + hi

m∑
j=1

ωijvj

]
, (2.28)

and

Uv (v, h) = −
m∑
j=1

[
Uj(vj) + vj

n∑
i=1

hiωij

]
, (2.29)
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the marginalised model probability distributions for the visible and hidden nodes can be
found as

q (v| θ) = 1

Z (θ)

(
m∏
j=1

eUj(vj)

)∫
Dh e−Uh(v,h), (2.30)

and

q (h| θ) = 1

Z (θ)

(
m∏
i=1

eŨi(hi)

)∫
Dv e−Uv(v,h). (2.31)

These are useful stepping stones in the calculation of the gradient of the log-likelihood (2.19).
This is because, from here, it is simple to calculate the probability that a visible or hidden
node takes a certain value given the model parameters. As mentioned in 1.1.1, this is the
activation function of the nodes.

At this stage, it is assumed that all visible and hidden nodes have at least a linear contribution
to their energy. That is, each visible node j has a parameter f (v)

jα
= bj and each hidden node

i has a parameter f (h)
iα

= ci such that

Uj(vj) = bjvj + U ′
j(vj), (2.32)

and
Ũi(hi) = cihi + Ũ ′

i(hi), (2.33)

where U ′
j and Ũ ′

i contain all non-linear dependence of each node’s potential on vj and hi
respectively. This is without loss of generality, as the following still holds when bj = ci = 0.
From here, to begin the calculation of the activation functions, it is constructive to consider
two quantities. The first of these is αℓ (h), which is the contribution per unit vℓ of the
ℓth visible node’s linear part of the contribution to its energy, for a given hidden layer
configuration;

αℓ (h) := −
n∑

i=1

ωiℓhi − bℓ. (2.34)

The second quantity to consider is βℓ, which is the energy of the whole system excluding
visible node ℓ;

βℓ (v−ℓ, h) := −
n∑

i=1

m∑
j ̸=ℓ

ωijhivj −
m∑
j ̸=ℓ

(
bjvj + U ′

j(vj)
)
−

n∑
i=1

(
cihi + Ũ ′

i(hi)
)
. (2.35)

These quantities are useful together as they allow for the writing of the energy of the system
as

E (v, h; θ) = βℓ (v−ℓ, h) + vℓαℓ (h)− U ′
ℓ (vℓ) , (2.36)

for any choice of visible node ℓ. Given this, consider the probability that visible node ℓ takes
on the value vℓ, which will be written q (vℓ|h). It is useful to begin by writing this as a
conditional probability over all other visible nodes, v−ℓ:

q (vℓ|h) = q (vℓ|v−ℓ, h) , (2.37)
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which, by Bayes’ theorem, gives

q (vℓ|h) =
q (vℓ, v−ℓ, h)

q (v−ℓ, h)
. (2.38)

Summing in the denominator over all possible configurations the ℓth visible unit given v−ℓ

and cancelling factors of the partition function gives

q (vℓ|h) =
exp (−E (vℓ, v−ℓ, h))∑K
a=1 exp (−E (vℓ,v−ℓ, h))

, (2.39)

where K is the number of allowed configurations of the ℓth visible node. Breaking these
expressions into αℓ and βℓ now gives

q (vℓ|h) =
exp (−βℓ (v−ℓ, h)− vℓαℓ (h) + U ′

ℓ (vℓ))∑K
a=1 exp (−βℓ (v−ℓ, h)− vaαℓ (h) + U ′

ℓ (va))
. (2.40)

Now factorising the content of the numerator out of both the numerator and denominator
leaves the result

q (vℓ|h) =

[
K∑
a=1

exp {−αℓ (h) (va − vℓ) + (U ′
ℓ(va)− U ′

ℓ(vℓ))}

]−1

(2.41)

=

[
K∑
a=1

exp

(
n∑

i=1

hiωiℓ (va − vℓ) + Uℓ (va)− Uℓ (vℓ)

)]−1

. (2.42)

Written this way, the probability distribution for a single visible node’s value vℓ can be
written fully in terms of the state of the hidden layer and the parameters of only the ℓth
visible node. Because the visible and hidden layers are identical up to labelling, the derivation
of the activation function for the hidden nodes follows an identical procedure. The results
of this procedure are that

q (hℓ|v) =

[
K′∑
a=1

exp
{
−α̃ℓ (v) (ha − hℓ) +

(
Ũ ′
ℓ(ha)− Ũ ′

ℓ(hℓ)
)}]−1

(2.43)

=

[
K′∑
a=1

exp

(
m∑
j=1

vjωℓj (ha − hℓ) + Ũℓ (ha)− Ũℓ (hℓ)

)]−1

, (2.44)

where K ′ is the number of possible configurations of hℓ, and

α̃ℓ (v) := −
m∑
j=1

vjωℓjhi − cℓ. (2.45)

This result for the hidden node activation function can then be inserted into the expression for
the gradient of the log-likelihood (2.19) fully specifying the quantities that need calculating
in order to specify the update procedure for the RBM parameters. Before moving on, it is
interesting to note here that activation function (2.41) is actually just a form of the softmax
function, which is the multivariate generalisation of the sigmoid function mentioned in 1.1.3.
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2.1.4 The Contrastive Divergence algorithm

At this point, it is important to know that a popular algorithm used in the training of
Restricted Boltzmann Machines is the Contrastive Divergence (CD) algorithm. The CD
algorithm is a Markov Chain Monte Carlo (MCMC) process that approximates the model
average term in the equation for the log-likelihood gradient. This procedure is employed
because the exact calculation of that term requires a sum over all possible states of the
system, making the calculation intractable for most systems. To navigate this issue, the
CD algorithm approximates this gradient by contrasting the distributions observed in two
phases of the algorithm, known as the positive and negative phases.

The positive phase of the CD algorithm is where the model receives exposure to the observed
data. The configurations of the visible nodes are set equal to the data, and correspondingly,
each hidden layer node is updated probabilistically using their activation functions in terms
of the visible layer configuration. This phase establishes the dependency between the visible
and hidden units. During the negative phase, the model generates its own data sample (i.e.,
visible node configuration) using the activation function in terms of the hidden layer con-
figuration set in the positive phase. This process of taking the visible node configuration,
using it to probabilistically generate a hidden layer configuration, followed by probabilisti-
cally generating a second visible layer configuration, is known as a Gibbs sampling. This
process is repeated k times

v → h(1) → v(1) → h(2) → . . .→ h(k) → v(k), (2.46)

allowing the RBM to explore the joint sample space of both the hidden and visible layers in
order to form a configuration representative of the model average configuration, from which
Emodel[·] can be approximated. The number of Gibbs steps k is usually set to a small value
(1 or 2) to keep the approximation’s computational complexity low. However, it can be
increased in order to improve the quality of the approximation for the gradient. The essence
of the Gibbs sampling phase is that during this phase, the RBM uses a vector from the data
distribution to generate a sample according to the model distribution. That is, v(k) can be
considered as generated by the RBM. This is because each step involves sampling from the
conditional probabilities as determined by the RBM to determine the state of the units. The
final sample then approximates the RBM’s model distribution.

Once the kth step has been performed, the algorithm computes the difference between model
averages over the initially observed data and the kth Gibbs step configuration. This procedure
approximates the equation for the gradient of the log-likelihood, allowing for a much quicker
learning process.

2.2 Verification of formulae
Section 2.1 showed a set of general equations describing the parameter tuning process to
minimize the KL divergence between an RBM’s model distribution and a target distribu-
tion. In the following section, these general equations will be applied to specific cases by
selecting appropriate parameter values and forms of the RBM energy function, allowing for
the reproduction of the results presented in the referenced paper [42], which is a study of the



44 Chapter 2. Learning Processes and Application of RBMs: Insights and Validation

training of a simple RBMs parameters to learn the behaviour of the Ising model. By special-
izing the equations to this specific case, it will be demonstrated that the derived equations
capture the essence of the results obtained in the paper.

In the paper, all nodes are binary, taking either values 0 or 1. The RBM is also chosen such
that the potential energy of all nodes is linear in the node value. As such, the energy of a
configuration of the RBM there is given by

E (v, h; θ) = −

(
m∑
j=1

bjvj +
n∑

i=1

cihi +
n∑

i=1

m∑
j=1

hiωijvj

)
. (2.47)

Since the nodes are binary-valued, the formulae for the activation functions (2.41) and (2.43)
simplify massively. Because of the form of (2.47), U ′

ℓ (va) is zero for all visible nodes, and
Ũ ′
ℓ (ha) is zero for all hidden nodes. Following this, the activation probability (the probability

that a node takes a value of 1 rather than zero) for the visible nodes can be calculated as

q (vℓ = 1|h) =

[
2∑

a=1

exp {−αℓ (h) (ha − 1)}

]−1

= [1 + exp (αℓ (h))]
−1

= σ

(
n∑

i=1

hiωiℓ + bℓ

)
. (2.48)

A similar calculation for the hidden nodes shows that

q (hℓ = 1|v) = σ

(
m∑
j=1

ωℓjvj + cℓ

)
. (2.49)

Both of these are in exact agreement with the formulae for the activation probabilities de-
rived in the referenced paper [42].

Next, the relevant derivatives with respect to each parameter are calculated. As in the
general case

∂E (v, h; θ)

∂ωij

= −hivj, (2.50)

but now the only parameters determining the potential energy terms of the nodes are bj and
ci, meaning the only other derivatives needing calculation are

∂E (v, h; θ)

∂bj
= −vj, (2.51)

and
∂E (v, h; θ)

∂ci
= −hi. (2.52)
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Having calculated these, the derivative of the log-likelihood gradient with respect to each
parameter can be calculated. By use of (2.19), it is seen that

1

|S|
∑
v∈S

∂ logL (θ |S)
∂ωij

= Edata

[∑
h

q (h|v; θ)hivj

]
− Emodel

[∑
h

q (h|v; θ)hivj

]
. (2.53)

Similarly,

1

|S|
∑
v∈S

∂ logL (θ |S)
∂bj

= Edata

[∑
h

q (h|v; θ) vj

]
− Emodel

[∑
h

q (h|v; θ) vj

]
, (2.54)

and

1

|S|
∑
v∈S

∂ logL (θ |S)
∂ci

= Edata

[∑
h

q (h|v; θ)hi

]
− Emodel

[∑
h

q (h|v; θ)hi

]
. (2.55)

This introduces the form of the energy into the algorithm for minimising the model KL
divergence. However, the allowed node values must also be specified. Since all nodes take
on binary values, the sum

∑
h can be split into the cases where the ith hidden node is 0 or

1. This simplifies the sum via ∑
h

q (h|v; θ) = 1, (2.56)

and ∑
h

q (h|v; θ) hi = q (hi = 1|v; θ) , (2.57)

with q (hi = 1|v; θ) as given in (2.49). Using this trick to simplify the expressions for the
derivatives of the log-likelihood with respect to each parameter then gives the final results
of

1

|S|
∑
v∈S

∂ logL (θ |S)
∂ωij

= Edata [q (hi = 1|v; θ) vj]− Emodel [q (hi = 1|v; θ)hivj] (2.58)

for the mixing term,

1

|S|
∑
v∈S

∂ logL (θ |S)
∂bj

= Edata [vj]− Emodel [vj] (2.59)

for the visible node bias parameter, and

1

|S|
∑
v∈S

∂ logL (θ |S)
∂ci

= Edata [q (hi = 1|v; θ)]− Emodel [q (hi = 1|v; θ)] . (2.60)

for the hidden node bias parameter. This specification of the form of the RBM energy and
of the allowed node configurations correctly reduces the general form of the gradient of the
log-likelihood to the formulae derived in the reference paper.
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2.3 Reproduction of existing results: Application to the
Ising model

The authors in the paper “Machine learning determination of dynamical parameters: The
Ising model case (2019)” [42] chose to restrict the visible and hidden nodes of the RBM to
binary values because they aimed to create a representation that closely aligns with the na-
ture of the data associated with the Ising model. This choice allows the RBM to capture and
model the essential characteristics and patterns inherent in the Ising model data, facilitating
the learning and inference processes.

Subsection 2.3.1 defines the Ising model and motivates reasons for its study, both in the
context of physics and in machine learning. This is followed by subsection 2.3.2 where
material from the reference paper that was reproduced is presented.

2.3.1 The Ising model

The Ising model is a concept from statistical physics that was initially a model of magnetic
systems but has since been used to study various physical phenomena. The model proposed
by Wilhelm Lenz and later worked on by his student Ernst Ising provides a simplified repre-
sentation of the interactions between the individual spins in a magnetic material. The model
has applications in various fields, including computer science, condensed matter physics, and
social sciences.

The model is based on the idea that magnetic materials are composed of a lattice of atomic
units with a magnetic dipole or spin that can be either aligned or anti-aligned with an applied
magnetic field. The model assumes that the only interactions between the spins only occur
between nearest neighbours. The lattice can take various shapes and dimensionalities. Each
spin is represented by a binary variable si, where +1 refers to the spin being aligned with
the external magnetic field, and -1 refers to the spin being anti-aligned with the external
magnetic field.

The interactions between each neighbouring pair of spins are usually characterised by a
coupling constant J . Positive values of J incentivise the material to exhibit ferromagnetic
behaviour, where neighbouring spins are more likely to be aligned than anti-aligned. On
the other hand, negative J values do the opposite and cause neighbouring spins to typically
become anti-aligned. The external magnetic field, which is usually represented by a variable
h, indirectly influences the system’s magnetisation (average spin direction). By varying h,
researchers can study phenomena such as phase transitions in interacting materials, which
are abrupt changes in the macroscopic behaviour of a physical system resulting from small
changes in the microscopic parameters. The Hamiltonian of the system is given by

H = −
∑
⟨ij⟩

Jsisj − h
∑
i

si, (2.61)

where the sum ⟨ij⟩ denotes a sum over all nearest neighbours in the lattice. The prob-
ability distribution of the spin configurations is then determined by the usual Boltzmann
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distribution,

pi =
e
− εi

kBT

Z
, (2.62)

where εi is the energy eigenvalue of the ith configuration. At lower temperatures, the term
εi/kBT becomes more sensitive to energy, making the system tend to favour specific config-
urations with lower energies. This can lead to the emergence of ordered states and phase
transitions. This phenomenon is known as spontaneous symmetry breaking; it occurs when
a system’s Hamiltonian possesses a symmetry that is not preserved in its ground state.
This results in the formation of asymmetric but ordered structures that result from initially
symmetric disordered ones. The likelihood of spontaneous symmetry breaking occurring in a
system increases as temperature decreases because energy differences between configurations
become more significant.

The relative simplicity and mathematical tractability of the Ising model make it a crucial
tool in the study of interacting systems. Its study has provided insights into the nature
of various complex systems, including their critical phenomena and phase transitions. It
also serves as a helpful starting point for more elaborate and representative models that can
incorporate additional physical effects.

2.3.2 Reproduced material

The aforementioned paper [42] presents a study focused on applying machine learning tech-
niques to determine dynamical parameters in the context of the Ising model. By leveraging
particular machine learning methods, the authors aim to enhance the understanding of using
RBMs in complex systems by using the Ising model as a case example.

The paper begins by providing a brief overview of Restricted Boltzmann Machines. It then
demonstrates a calculation of the gradient of the log-likelihood for an RBM with an energy
distribution of the form mentioned in 2.2. The authors then introduce several monitoring fac-
tors for the training procedure, including using the log-likelihood, measuring the constancy
of the partition function across training rounds, using a loss function, and a reconstruction
error. Their models were trained on data from an available software Magneto [43].

In order to allow for an efficient learning process, the partition functions are approximated
using a technique known as annealed importance sampling, and the Contrastive Divergence
algorithm is used to approximate the differences in the model and data averages for use in
equations (2.58), (2.59), and (2.60).

The RBM is trained on both the 1D and 2D Ising model without a magnetisation term h.
A site spin of s = +1 corresponds to a node configuration of either hi or vj equal to 1, and
a spin of s = −1 corresponds to a node configuration equal to 0. Of interest to this thesis,
the learned target distribution is plotted, and the measured log-likelihood for the parameter
values is plotted as a function of training epoch.

An original implementation of the above material was reproduced in Python, and is available
at [44]. As in the reference paper, an Ising model with couplings J = 1(= T ) is simulated,
and an RBM is trained on the configurations of this simulation. Firstly, a binary RBM
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with six hidden nodes was trained on a 1D Ising model lattice with six spins over four
epochs with run parameters as documented in table 2.1. There are no phase transitions
in the one dimensional Ising model, and so the reference paper did not consider varying
the Ising coupling J or the temperature T at this point. The original intention of the
authors was to demonstrate that the RBM does successfully learn the distribution presented
given enough training, but also checks that the performance reaches a plateau as the data
provided saturates the model. The distribution learned in the new python implementation

Epoch Number of Data batches Data Batch Size Learning Rate
1 1000 200 0.01
2 1000 200 0.01
3 1000 200 0.001
4 1000 200 0.0001

Table 2.1: Parameters used for the training of the 6 unit 1D Ising model
lattice as performed in [42].

for the above parameters is plotted in figure 2.1. Inspection of the figure shows that the later

Figure 2.1: Learned distribution for a six-spin Ising model at the ends of
each stages of training for an RBM with six visible and six hidden nodes. Four
phases of training were underwent sequentially; each phase consisted of 1000
applications of the contrastive divergence algorithm, with each step receiving
a batch of data S of size |S| = 200. The learning rate in each phase were
α = 0.1, 0.1, 0.001 and 0.001 respectively. The final configurations learned at

the end of each phase are plotted and labelled in the figure legend.

stages of the training are, on average, closer to the target (true) distribution, plotted as a
dotted line in the figure. The system was trained for N = 6 lattice sites, leading to 26 = 64
possible configurations. The configurations were labelled from 0 to 63 via

configuration number =
N−1∑
i=0

2iji, (2.63)
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with ji = 0 when lattice site i is spin down, and ji = 1 when lattice site i is spin up. Such
a choice of labelling explains why the true distribution in figure 2.1 is symmetric around
lattice sites 31/32 due to the symmetry of the Hamiltonian in flipping all of the spins.

Shown in figure 2.2 is the log likelihood of the parameters for when the setup described in
table 2.1 is run. It can be seen that over the course of the training, the parameter likelihood

Figure 2.2: Log likekihood of trained parameters θ given the batch S of train-
ing data at each epoch for the training procedure detailed in table 2.1. The

learning rate in each phase is shaded according to the legend.

increases and then begins to slow down in its rate of increase after each configuration has
likely been seen multiple times. Once the learning rate α decreases from 0.01 to 0.001, the
rate of increase of the log-likelihood drops further. The log-likelihoods obtained plateau
at around -2.8, similar to those in the reference paper (where the log-likelihood plateaued
at around -2.5 for this setup). This provides quantitative evidence of the RBM’s learning
performance. The increasing log-likelihood followed by a plateau indicates that the model
has successfully learned key aspects of the underlying data, leading to a robust and stable
learning outcome. The success of correctly training a Restricted Boltzmann Machine (RBM)
to learn the Ising model distribution is a significant achievement that reinforces the foun-
dations of this thesis. It demonstrates the capacity of a simple RBM to capture complex
behavior in data.

An important note to make here is that despite the fact that the RBM has learned the
distribution fairly well, it has had massive exposure to the target distribution. With only 64
available configurations, but 200 × 1000 × 4 = 800, 000 data points provided, each state is
seen an average of 12, 500 times. In machine learning, overfitting occurs when a model learns
training data too well. In the reference paper, this was done intentionally to demonstrate the
plateau in the log likelihood, however, there are generally concerns with overfitting due to
the fact that a model will learn accidental features of the data set provided, capturing noise
and fluctuations that are specific to the training set, but that do not generalise to unseen
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data. Overfitting hinders a model’s performance on unseen data as it ‘memorizes’ the train-
ing set rather than the underlying physical patterns. In the case demonstrated above, where
there are a small number of configurations that have been learned by an RBM with a large
number of training examples, it cannot yet be concluded that the RBM is able to generalise
the data it has seen very well without first checking that is able to increase its log-likelihood
significantly without getting exposure to multiple rounds of all possible configurations.

To check how the RBM behaves when not overfit, a second training round is demonstrated
for a 1D Ising model lattice with 18 sites. The details of the training parameters written
in table 2.2, and the RBM used has two hidden nodes. In this training example, there are

Epoch Number of Data batches Data Batch Size Learning Rate
1 500 200 0.01
2 500 200 0.005
3 500 200 0.00025

Table 2.2: Parameters used for the training of the 18 unit 1D Ising model
lattice.

218 ≈ 216, 000 possible configurations of the Ising model, and 300000 of these are seen by the
end of the training. This means that by the end of the training, each configuration has, on
average, been observed 1.14 times. The results of this training example are shown in figure
2.3. As in the previous case, the model begins with a steep increase in the log-likelihood, fol-

Figure 2.3: Log likelihood of the trained parameters θ given the batch of data
S at each epoch for the training run specified in table 2.2.

lowed by a slowing down in the rate of increase in performance as further training batches are
added. As shown in figure 2.4, which is the same data but focused in on the first 500 training
batches (where the number of states seen is only approximately 38% the number of possible
configurations), the initial learning rate is still steep despite the RBM not having been sat-
urated with data. Over this section of the training the log likelihood steadily increases from
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Figure 2.4: Focus on the log likelihood for the first 500 steps in the training.
By the end of this stage the RBM had seen 105 data points, which is approxi-

mately 38% the number of system configurations.

approximately -14.0 to approximately -12.5. This means that the RBM is successfully gener-
alising the information regarding configurations it has seen to configurations that it hasn’t,
as the log-likelihood is calculated over all data within each batch (and each new batch likely
contains new configurations previously unseen). Finally, figure 2.5 demonstrates that much

Figure 2.5: Focus on the log likelihood for the first 500th to 1500th steps in
the training. By the end of this stage the RBM had seen 3 × 105 data points,

which is approximately 114% the number of system configurations.

later, once the system had seen a number of configurations approaching and exceeding the
number of possible system configurations that the log-likelihood does still increase, but more
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slowly than in the initial phases of training. This is as expected, as the parameters will still
be converging towards their optimal state for the data being represented, however now it is
important to recognise that in this regime, the model is beginning to simply memorise con-
figurations themselves, rather than correctly generalising the data it has received to unseen
configurations.

Overall, these results firmly establish the effectiveness of the chosen approach in learning
the target data. It is worth noting that the incorporation of a bilinear coupling between
the hidden and visible layers in the RBM architecture stands out as a pivotal design choice.
Despite its apparent simplicity, this approach empowers the model to learn complex behaviors
in the data. Consequently, RBMs with only a bilinear mixing term can be confidently
employed in subsequent analyses, as highly accurate results are yielded by these models
while offering computational advantages over more complex counterparts.



53

Chapter 3

Insights from Quantum Field Theory

“[Quantum mechanics] describes
nature as absurd from the point of
view of common sense. And yet it
fully agrees with experiment. So I
hope you can accept nature as She
is - absurd.”

-Richard Feynman

This chapter bridges the realms of Restricted Boltzmann Machines and Quantum Field
Theory (QFT), connecting principles and insights between the two domains. QFT, as a
subject, provides a robust framework from which to understand the nature of the universe by
combining special relativity and quantum mechanics. By exploring the connections between
specific structures in QFT and RBMs, insightful perspectives on the behaviour of RBMs can
be seen. In this chapter, section 3.1 explores the relationship between QFT and the Ising
model, framing QFT as a natural generalisation of the Ising model. Some successes of QFT
within Theoretical Physics as well as its applications outside, are mentioned, motivating to
study RBMs with nodes that take on continuous spins. Section 3.2 demonstrates a simple
calculation from QFT of the behaviour of integrating out a field to produce an effective
action and highlights the analogues between this process and marginalising over the hidden
layer in an RBM. Section 3.3 then uses the results of this discussion to argue for the study of
specific types of RBMs and explores the implications of having Gaussian and higher hidden
node energies. These choices have significant consequences for the RBMs’ representation
of target distributions, and the discussions provide valuable insight into the control that
can be had over these choices. Finally, section 3.4 demonstrates the calculation of the KL
divergence for an RBM under the considerations mentioned and sets out a natural question
to be asked, given the insights from QFT.

3.1 Connections between lattice QFT and the Ising model
The Physics of the Ising model can be mapped onto a lattice QFT, allowing for a deeper
understanding of the connections between the two frameworks. The lattice variables can be
understood as a generalisation of the spin variables of the Ising model. In the Ising model,
the system is composed of spins that can take binary values: ±1, whereas in lattice QFT
the lattice variables can take on a continuous label. To establish a connection between the
two, consider a 1D lattice of points with both a spin variable sn and a field variable ϕi

defined at each lattice site n. The probability distribution for both is then given in terms of
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exponentials: for the spins, the probability of the ith configuration is given in terms of the
Boltzmann distribution

pi =
1

Z
e
− εi

kBT , (3.1)

where εi is the energy of the ith configuration, as determined by the Ising model. For the
quantum field, the configuration amplitudes are given in terms of

Ai ∝ eiSi/ℏ, (3.2)

where Si is the action of the ith field configuration. To map the lattice QFT to the Ising
model, the question becomes how to choose the field Lagrangian of the lattice field theory
to make the two probability distributions match in their form. By choosing the lattice field
to be kinetic-free and by giving it a mass and quartic interaction term, a Z2 spontaneous
symmetry breaking will occur when the mass term is negative. The action takes the form

Si =
∑

Sites j

1

2
m2ϕ2

j +
1

4!
λϕ4

j . (3.3)

When m2 < 0 is chosen, the most likely classical field configurations for each field is

ϕi = ±
√

−m2

λ
, (3.4)

with both being equally likely. By choosing the interaction strength as λ = −m2 > 0,
followed by taking the limit behaviour of m2 → −∞, the model behaves like the zero tem-
perature limit of the non-interacting Ising model, and the two most likely configurations
become the only configurations with non-zero probability. Following this, the only config-
urations of the fields with non-zero probability are ϕi = ±1. Such a choice of parameters
has forced the fields to have the same space of possible configurations as the spin variables
si, establishing a link between the two models. The lattice field theory defined above is
equivalent to the Ising model with no coupling between neighbours and with no externally
applied magnetic field. More careful considerations of the constructions above can cause the
appearance of terms corresponding to these. For example, the discretised kinetic term (∂iϕ)

2

causes the appearance of a nearest-neighbour term via

(∂iϕ)
2 → (ϕi+1 − ϕi)

2 = ϕ2
i+1 + ϕ2

i − 2ϕi+1ϕi, (3.5)

where the squared terms are simply absorbed into the mass term.

By connecting the Ising model Hamiltonian and the lattice action, the lattice QFT frame-
work provides a mathematical description of the Ising model in terms of field theory. This is
useful, as it allows for the utilization of insights developed in the contexts of lattice QFT and
the Ising model to be passed between each other to gain a deeper understanding of both. It
also sets up a motivation to use RBMs that well represent the field configurations of QFT,
as these can now be seen as a natural generalisation to the study of the Ising model as a
toy model for complex interacting systems. This also means that all of the interesting and
valuable phenomena exhibited by the Ising model will be contained within lattice QFT, and
so the motivations for the study of the Ising model in the first place will hold from here too.
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Having seen the above, generalising binary RBMs to RBMs with continuous labels is a nat-
ural step that the connections between QFT and the Ising model inspire. By expanding
RBMs to handle continuous labels, a more comprehensive range of phenomena with more
complex relationships in data can be explored.

Motivated by the success and applicability of RBMs in modelling binary data, the exten-
sion to continuous labels opens up further possibilities for modelling continuous variables,
such as measurements or sensory inputs. The generalisation allows RBMs to capture the
fine-grained nuances and variations present in real-world data. Furthermore, the ability to
hold continuous labels will allow the RBMs to hold more realistic representations of the
uncertainty and variability present in data from real-world scenarios, allowing the RBMs to
represent physical features more faithfully. Given the wealth of effort that has been applied
to understanding calculations in QFT, upgrading the RBM labels to continuous will allow for
sophisticated techniques developed for QFT that could not be applied to the binary RBMs.
This will be demonstrated further in 4.3. By embracing ideas from QFT, an advantage can
be taken to aid in the understanding of RBMs with continuous labels, ultimately advancing
the ease with which meaningful insights into the workings of RBMs can be made.

3.2 Effective action in QFT
The design choices for the RBMs with continuous labels will draw inspiration from the calcu-
lation of a two-field effective action. This calculation will guide the decision-making process
and inform the specific parameters chosen for the RBMs considered.

Following the calculations of [45], consider the action for two massive scalar fields coupled
by a dimensionless coupling constant λ in a zero-dimensional QFT

S [ϕ, χ] =
m2

2
ϕ2 +

M2

2
χ2 +

λ

4
ϕ2χ2. (3.6)

These fields are defined to exist at a single point in space, and so the path integral over
their possible configurations reduces to an integral over the range of the function values. By
constraining to the case of real-valued fields (which will be the case for the values represented
by RBMs), the partition will be given by

Z =

∫
R2

dϕ dχ e−
S(ϕ, χ)

ℏ . (3.7)

Consider the attempt at calculating this where ϕ is first held constant, and the integral over
χ is performed first. Such a process yields an effective action W (ϕ) that can be found via
the integral

e−
W(ϕ)

ℏ =

∫
R
dχ e−

S[ϕ, χ]
ℏ . (3.8)
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Since S [ϕ, χ] is at most quadratic in χ, this calculation is straightforward. The calculation
yields ∫

R
dχ e−

S[ϕ, χ]
ℏ = e−

m2ϕ2

2ℏ

√
2πℏ

M2 + λϕ2/2
, (3.9)

giving the effective action

W (ϕ) =
1

2
m2ϕ2 +

ℏ
2
ln

[
1 +

λ

2M2
ϕ2

]
+

ℏ
2
ln

(
M2

2πℏ

)
. (3.10)

Dropping the irrelevant constant and expanding the logarithm gives

W (ϕ) =

(
m2

2
+

ℏλ
4M2

)
ϕ2 − ℏλ2

16M4
ϕ4 +

ℏλ3

48M6
ϕ6 + . . .

=
meff2

2
ϕ2 +

λ4
4!
ϕ4 +

λ6
6!
ϕ6 . . . . (3.11)

In expanding the logarithm, one should be aware that formally ℏ has dimension Js, and
hence the expansion is not in ℏ, but in terms of a dimensionless ratio. The effect of integrat-
ing out the quadratic field χ has the effect of changing how the action sees ϕ. Particularly,
the mass term has been shifted by an amount ℏλ

2M2 , and an infinite series of new coupling
terms have appeared. In the context of QFT, both of these effects are inherently quantum;
this can be seen by the factor of ℏ appearing in each of the new contributions to the action.
This said, both of these effects will be important in consideration of the type of interactions
introduced in the RBM energy, as the integrals done will be similar; the integration of the
auxiliary field χ is analogous to integrating over the hidden layer to find the marginalised
visible layer probability distribution. The contributions of the hidden layer due to their
integration on the “visible layer effective action” will then determine the dependency the
corresponding RBM’s model distribution will have on each visible node.

A natural generalisation of the action (3.6) that is invariant under parity of the fields would
be one that contains all even monomials in ϕ and χ is [45],

S ′ (ϕ, χ) =
∑
i, j

λij
(2i)! (2j)!

ϕ2iχ2j. (3.12)

Integrating this action over χ would not generate new couplings in ϕ, but instead shift all
λi, 0 by some amount. This amount will be non-trivial as the integral over χ would now
be very complicated. This demonstrates a lesson - having a coupling that is quadratic or
higher in χ generates infinitely many couplings in powers of ϕ. Choosing such a coupling in
an RBM would lead to a more difficult time understanding the behaviour of the training of
the visible nodes in the RBM. This would also hold true in the training phase; tuning the
parameters λ0, j, the coefficients of the biases χ2j, would have non-trivial consequences on
the models’ dependence on each ϕ2i. This would hold true even when the coefficients λi, 0
are left unchanged. This is not automatically bad for model performance; it does, however,
make isolating the behaviour of the RBM at a particular power more difficult, and so is an
undesirable behaviour given the context of the research.



3.3. RBM with a Gaussian hidden layer and bilinear mixing 57

Consider instead the hypothetical action that has only a bilinear coupling between ϕ and χ,

S ′′ [ϕ, χ] =
m2

2
ϕ2 +

M2

2
χ2 + ωϕχ. (3.13)

This will act differently to S when the integral over χ is taken as there can be a completion
of the square in χ. Given that the contribution to the coupling from ϕ is linear, integration
over χ only causes an additional quadratic term in ϕ to appear. In particular, the effective
potential here becomes

W ′′ (ϕ) =
1

2

(
m2 − ω2

M2

)
ϕ2 − ℏ ln

(√
2ℏπ
M2

)
=

1

2
m2

effϕ
2 + const

∝ S ′′ [ϕ, χ = 0] + const. (3.14)

This is an insightful result: an action with a coupling that is at most bi-linear in the fields,
and where the auxiliary field has no self-interaction term (it is at most quadratic), has a
corresponding effective action that is only perturbed at quadratic order in the remaining
field. In the context of RBMs, this means that if the energy of the hidden nodes is chosen
to be at most Gaussian, and the coupling term is at most bilinear in the fields, then there
will be good interactivity picked up by the mixing term (as demonstrated in the example
of the Ising model 2.3.2), but there will only be a shift in terms quadratic in the visible
layer; nothing more complicated. This suggests that a good balance can be struck between
the complexity the RBMs can represent and the mathematical simplicity of the RBMs by
choosing the interaction term to be bilinear and by choosing the hidden layer to be Gaussian.
Under such a choice, if higher order dependencies on the visible layer (ϕ here) are set up,
their tuning will be fully dependent on their coefficients as they appear when first written
down and not in some convoluted way that depends on the coefficients of the hidden node
contributions. Additionally, as discussed in 1.6.3, having a Gaussian contribution in the
visible layer will also be useful as tricks from perturbation theory to calculate the higher
order partition functions in terms of a quadratic one can then be employed.

3.3 RBM with a Gaussian hidden layer and bilinear mix-
ing

Now that the case for a Gaussian hidden layer with a bilinear coupling has been established as
an interesting case for study in RBMs with real-valued nodes, consider an RBM characterised
by the energy

E (v, h; θ) = −

(
m∑
j=1

Uj (vj) +
n∑

i=1

Ũi (hi) +
n∑

i=1

m∑
j=1

hiωijvj

)
. (3.15)

Now, the hidden layer energies are Gaussian, such that hidden node potential parameters
f
(h)
iα

give that

Ũi

(
hi, f

(h)
iα

)
= −1

2
m̃2

ih
2
i + cihi, m̃2

i > 0, (3.16)
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such that

q (v, h; θ) =
1

Z (θ)
exp

(
m∑
j=1

Uj (vj) +
n∑

i=1

(
−1

2
m̃2

ih
2
i + cihi

)
+

n∑
i=1

m∑
j=1

hiωijvj

)
, (3.17)

with m̃i
2 > 0. Here, it is worth emphasising that the hidden layer mass term depends on the

location/node as labelled by i which is phenomenologically different to QFT. Substitution
of Ũi (hi) into (2.28) gives

Uh (v, h) = −
n∑

i=1

[
−1

2
m̃2

ih
2
i + hi

(
ci +

m∑
j=1

ωijvj

)]
, (3.18)

which can then be inserted into (2.30) to find the marginalised probability distribution for
the visible nodes. This results in∫

Dh e−Uh(v,h) =

√
(2π)n∏n
β=1 m̃

2
β

exp

(
1

2

n∑
α=1

c2α
m̃2

α

)

× exp

(
m∑
j=1

vj

n∑
α=1

[(
cαωαj

m̃2
α

)
+

1

2

m∑
k=1

(
ωαjωαk

m̃2
α

vk

)])
. (3.19)

This is the integral for the RBM that is equivalent to the integral that produced the effective
action (3.14), but in one dimension. The visible node marginalised probability distribution
picks up a linear and quadratic term. It also picks up a bilinear term between visible nodes
as the integrals are no longer over the field values of a single lattice point. Following this,
the visible node distribution then becomes

q (v| θ) = 1

Z ′ (θ)
exp (−E ′ (v; θ)) , (3.20)

where

Z ′ (θ) = Z (θ)

√∏n
β=1 m̃

2
β

(2π)n
exp

(
−1

2

m∑
α=1

c2α
m̃2

α

)
, (3.21)

and

E ′ (v; θ) = −
m∑
j=1

[
Uj (vj) + vj

n∑
α=1

ωαj

m̃2
α

(
cα +

1

2

m∑
k=1

ωαkvk

)]
, (3.22)

which is the equivalent calculation as for the effective action in (3.14), but with additional
cross terms due to the multiple nodes/lattice points considered.

3.3.1 Gaussian visible nodes

Following the result (3.22), if the hidden layer is chosen to be Gaussian and the mixing term
is bilinear, then the visible layer picks up Gaussian and bias terms only. If then Uj is chosen
to be only quadratic in each vj, that is

Uj (vj) = −1

2
m2

jv
2
j + bjvj, (3.23)
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then the marginalised probability distribution can be written in terms of the effective energy

E ′ (v; θ) = −

[
−1

2

m∑
j=1

m∑
k=1

M2
jkvjvk +

m∑
j=1

vjBj

]
, (3.24)

where

M2
jk = m2

jδjk −
n∑

α=1

ωαjωαk

m̃2
α

, (3.25)

and

Bj = bj +
n∑

α=1

ωαjcα
m̃2

α

. (3.26)

This is an interesting point to pause, as the term M2
jkvjvk forms a symmetric bi-linear form.

Because M2
jk is symmetric, there exists an orthogonal matrix O that diagonalises M2

jk. By
writing

M2 = OT ·D ·O, (3.27)

where D is the diagonal matrix of eigenvalues of M2, the effective energy for the visible layer
can then be written

E (v; θ) = −
m∑
j=1

(
−1

2
Djjv

′2
j +B′

jv
′
j

)
, (3.28)

where
B′ = B ·OT , (3.29)

and
v′ = O · v. (3.30)

This is a useful insight, as it means that regardless of whether the data represented by
the visible nodes are interacting, the RBM treats the visible nodes as if linear combina-
tions forming each v′ are actually independent. Such an RBM is the generalisation of the
model probability distribution Q2(x) discussed in 1.5 to multiple degrees of freedom. Such a
generalisation would be useful in contexts where there actually is unclear independence be-
tween data hidden behind some linear transformation of variables; however, this means that
choosing Uj (vj) as quadratic constrains the space of interactions representable to become
superficial. As such, higher order choices of Uj (vj) need study.

3.3.2 Higher order visible nodes

Based on the discussions above, it is evident that RBMs with bilinear mixing and a Gaussian
hidden layer cannot fully capture systems with non-trivial interactions if Uj (vj) is chosen
to be purely Gaussian in each node. This is not a huge issue, however, as any polynomial
of cubic order or higher in each vj cannot have the diagonalisation procedure mentioned in
3.3.1 applied without the mixing of nodes at higher order, meaning the decoupling of the
nodes cannot occur.

Upon choosing some non-trivial Uj (vj), the next issue with regards to interpreting RBM
behaviour comes from the calculation of the partition function. As demonstrated in 1.5,
calculations with only a single quartic term become heavy quickly. Aware of the significant
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complexity that could arise upon selecting the form of Uj, further inspiration is taken from
QFT. A few rules must be kept in mind when constructing the Lagrangian of a quantum
field theory. A selection of these rules are

1. The Lagrangian must be real-valued.

2. The field must be local in value and its derivatives.

The first two map over well to the mathematics describing RBMs considered here. The ener-
gies of all RBM configurations are real, and the energy (3.22) has at most bilinear interactions
between visible nodes, which can be thought of as a set of nearest neighbour interactions
for field values on a lattice. An additional rule that will be imposed for the RBM is that
the energy function must be bounded from below in order to ensure that the probability
distribution it describes is normalizable. Furthermore, in calculating the difference in KL
divergence between two models, the partition function must be calculated for both models,
and so the probability distributions being considered must be normalizable for progress to
be made.

In the context of QFT, such a choice corresponds to the stability of the vacuum; a feature of
very many QFTs that have been studied. One way of achieving this is to study theories with
a Lagrangian that is strictly even in the highest power of the field ϕ, as for such a choice,
contributions from e−S are always finite for any field configuration. Note however that an
even highest field power is not a requirement of QFT in general. There have been many
studies of fields with an odd highest field power, such as in [46] and [47] where field theories
where each field has a cubic highest power are explored.

A convenient way to hold the analogy between the RBMs studied and QFTs with an energy
that is bounded below would be to consider only RBMs with even powers in the field (rather
than constraining only the highest power to be even). This would introduce an additional Z2

symmetry to the RBMs, which could spontaneously be broken, and focus the scope of work
within QFT that could have relevant applications to this work to only QFTs that have a Z2

symmetry. However, since the Gaussian hidden layer (with ci ̸= 0 in the RBMs of interest)
necessarily introduces a linear dependence of the visible node effective energy on each vj,
this constraint cannot fully be applied. Therefore, recognising this, as well as the work in
QFT as something that could potentially be leaned on later on down the line when making
calculations, Uj is chosen to take the form

Uj

(
vj, f

(v)
jα

)
= −

2N∑
α=1, 2, 4, 6, 8, ...

µ
(α)
j vαj , (3.31)

where µ(α)
j denotes the parameter characterising the behaviour of the the αth power of the

jth visible node. This fully defines the set of visible node parameters f (v)
jα

used. The single
odd power v1j is kept, as the if the hidden layer has non-zero ci then linear dependence on
each vj will necessarily be introduced. Under this choice, such an RBM has an energy

E (v, h; θ) = −

(
−

2N∑
α=1, 2, 4, 6, 8, ...

m∑
j=1

µ
(α)
j vαj +

n∑
i=1

(
−1

2
m̃2

ih
2
i + cihi

)
+

n∑
i=1

m∑
j=1

hiωijvj

)
.

(3.32)
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Given the choice of visible node energies (3.31), a substitution into (3.22) can be made to
determine the effective energy for the visible nodes. By first introducing the new variables
λ
(α)
j such that

λ
(1)
j = µ

(1)
j −

n∑
i=1

ωijci
m̃2

i

(3.33)

and
λ
(α)
j = µ

(α)
j , for α ≥ 4, (3.34)

as well as the new mass variables λ(2)jj′ such that

λ
(2)
jj′ = 2

(
µ
(2)
j δjj′ −

1

2

n∑
i=1

ωijωij′

m̃2
i

)
, (3.35)

the marginalised probability distribution for the visible nodes can be written

Q2N (v) :=
exp

(
−E ′

(2N) (v)
)

Z2N

, (3.36)

with

E ′
2N (v) =

m∑
j=1

∑
α∈PN

λ
(α)
j vαj +

1

2

m∑
j=1

m∑
j′=1

λ
(2)
jj′vjvj′ . (3.37)

Here, the label 2N denotes that the highest power of the model is v(2N)
j in each node. The

set P2N comprises all even numbers from 4 to 2N , inclusive, along with the number 1:

PN = {1, 4, 6, 8, . . . , 2N} , (3.38)

The parameters λ(α)j will capture the behaviour of each node in each of these powers. The
terms λ(2)jj′vjvj′ are written separately, as they contain cross-terms in pairs of different visible
nodes due to the mixing introduced by the Gaussian hidden layer. With this set, the KL
divergence of such a model with respect to a target P can be computed, as well as the
gradient of the RBM log-likelihood.

3.4 KL divergence of a QFT inspired RBM
Recall the definition of the Kullback-divergence of a model P with respect to some target
Q2N as

DKL (P ||Q2N) = EP

[
log

(
P

Q2N

)]
. (3.39)

Substitution of the marginalised visible node distribution (3.36) into this yields

DKL (P ||Q2N) = EP [log (P )] + log (Z2N) + EP

[
E(2N) (v)

]
. (3.40)
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Since P is a probability distribution in v, it can always be written in the form of some
Boltzmann distribution such that

P (v) =
exp (−EP (v))

ZP

, (3.41)

because of the positivity of the exponential. Inserting this into the expression for the KL
divergence returns

DKL (P ||Q2N) = log

(
Z2N

ZP

)
+ EP [E ′

2N (v)− EP (v)] . (3.42)

Since a lower KL divergence represents a model Q2N that better represents the target P ,
and since the KL divergence is non-negative, a “perfect” model can be interpreted as being
one that has matched the free energy and internal energy of the target distribution, with
worse models having a mismatch. The excess KL divergence is then given by

∆DKL (P ||Q2N , P ) = log (Z2N) + EP [E2N (v)] . (3.43)

Expanding out the model energy and by the linearity of the integral, for the RBMs under
consideration, this is then

∆DKL (P ||Q2N , P ) = log (Z2N) +
m∑
j=1

∑
α∈PN

λ
(α)
j EP

[
vαj
]
+

1

2

m∑
j=1

m∑
j′=1

λ
(2)
jj′ EP [vjvj′ ] . (3.44)

Since the form of P is generally unknown, each EP

[
vαj
]

and EP [vjvj′ ] needs to be determined
experimentally via the sampling of data. On the other hand, log (Z2N) is not an explicit
function of the target distribution as it is written in terms of only the parameters of the
model. Given the choice of the RBM energies, techniques from QFT can now be employed
to probe the form of log (Z2N) in order to compare models. This is demonstrated in 4.3,
where the performance of two models are contrasted. However, before proceeding with any
calculations, it is worth taking relevant derivatives of the energy to understand how an im-
plementation of the learning algorithm for such an RBM would be made.

As discussed in (2.21), there is only one interaction term between the layers, and so the only
relevant derivative of weights is

∂E (v, h; θ)

∂ωij

= −hivj. (3.45)

The visible node biases f (v)
jα are the parameters µ(α)

j . The derivatives with respect to each of
these are given by

∂E (v, h; θ)

∂µ
(α)
j

= vαj . (3.46)

Correspondingly, the relevant hidden node variables are the mass parameters m̃2
i and the

biases ci. The relevant derivatives for these are

∂E (v, h; θ)

∂m̃2
i

=
1

2
h2i , (3.47)
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and
∂E (v, h; θ)

∂ci
= hi. (3.48)

These can then be substituted into 2.19 to give the gradient of the log-likelihood. Note
that the sum over the configurations of h is upgraded to an integral as each hi is now a
real variable. Also, each q (h|v; θ) will require the calculation of the non-trivial integral∫
Dv e−Uv(v,h). Finally, it is interesting to note here that only the expectation value of local

powers of hi and vj are needed, as well as the two-point function.

In order to set up a CD-like algorithm for RBMs of this sort, activation functions are required.
These can be found by substitution of the energy into (2.41) and (2.43). Note now that the
sum over allowed va and ha will become an integral due to the continuous nature of those
labels; as well as this, the q (vℓ|h) and q (hℓ|v) represent probability densities rather than
full probabilities. The calculation for the hidden layer activation function is simple (shown
in A.6), the probability density that the ℓth hidden node takes the value hℓ is given by

q (hℓ|v) =
√
m̃2

ℓ

2π
exp

−1

2
m̃2

ℓ

(
hℓ −

cℓ +
∑m

j=1 ωℓjvj

2m̃2
ℓ

)2
 (3.49)

which is a Gaussian distribution centred at

hℓ =
cℓ +

∑m
j=1 ωℓjvj

2m̃2
ℓ

, (3.50)

and with a variance m̃2
ℓ . The equivalent calculation for the visible node activation function

yields

q (vℓ|h) =
exp

(∑n
i=1 hiωiℓvℓ −

∑2N
α=1, 2, 4, 6, 8, ... µ

(α)
ℓ vαℓ

)
∫

R dva exp
(∑n

i=1 hiωiℓva −
∑2N

α=1, 2, 4, 6, 8, ... µ
(α)
ℓ vαa

) . (3.51)

This is a more involved expression as 2N is left arbitrary. The denominator in the expression
is simply a normalising factor and has no dependence on vℓ, meaning that the probability
density is proportional to the numerator of the expression for a given h. Since the content
of the exponential is still a polynomial of order 2N in vℓ, the general form of q (vℓ|h) will
be complex relative to the distributions previously discussed, with up to N local peaks in
probability density.

Now that all housekeeping with regards to the RBMs under consideration has been set up,
various models of these kinds can be contrasted.





65

Chapter 4

Calculation of sufficient conditions for
RBM improvement

“Modern Physics has taught us that
the nature of any system cannot be
discovered by dividing it into its
component parts and studying each
part by itself... We must keep our
attention fixed on the whole and on
the interconnection between the
parts."

-Max Planck

In this chapter, the discussions from previous chapters are utilized to establish a specific
research question concerning the potential improvement of RBMs. Section 4.1 defines a
research question given the insights from previous chapters. In Section 4.2, the methodology
detailing how the question shall be answered is briefly discussed. Subsequently, the primary
calculations are carried out in 4.3, and the obtained results are then discussed in 4.4.

4.1 The research question
Section 1.5 discussed the effect of introducing a quartic parameter to a single variable Gaus-
sian model that was expressing some target P . The conclusion of this demonstration was
that, in that case, it was generally advantageous to introduce the new parameter, as it was
always possible to decrease the KL divergence of the model with respect to the target by
doing so. Following the motivations of chapters 2 and 3 regarding the choice to study RBMs
with a bilinear interaction between the hidden and visible layer, with a Gaussian hidden
layer, and with a visible layer with only even contributions to the energy above quadratic,
the questions from 1.5.4 come into play leaving the following question:

Given such an RBM, when is it possible to improve on a trained model
Q2(N−1) via the introduction of a new model Q2N with an additional
parameter without changing any of the already-trained parameters?

The answer to such a question will bring clarity as to when the inclusion of an additional
model parameter can be worth the additional computational complexity of the algorithms
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discussed in 2.1.

4.2 Methodology
To approach the research question, define the model Q2(N−1)(v) as follows:

Q2(N−1)(v) =
exp(−E(2(N−1))(v))

Z2(N−1)

, (4.1)

where the energy function E(2(N−1))(v) is given by:

E(2(N−1))(v) =
m∑
j=1

∑
α∈PN−1

λ̃
(α)
j vαj +

1

2

m∑
j=1

m∑
j′=1

λ̃
(2)
jj′vjvj′ . (4.2)

Here, λ̃(α)j represents the parameters for the coefficients of αth power of vj, and λ̃
(2)
jj′ is

the “mass term” parameterizing all mixing between the visible nodes and the quadratic
contribution to the visible node configuration energy. The partition function Z2(N−1) is
computed by integrating over all possible configurations of the model. Additionally, PN

denotes the set of all even numbers up to 2N , excluding 2, and with the inclusion of 1:

PN = {1, 4, 6, 8, . . . , 2N} . (4.3)

Notice the change in sign convention to avoid confusion; each λ(2(N−1))
j must be positive for

Z2(N−1) to be finite. Given a target distribution P , the model is trained and the parameters
λ̃ adjusted such to minimise the KL divergence of Q2(N−1) with respect to P . A new model
Q2N is then introduced,

Q2N (v) :=
exp

(
−E(2N) (v)

)
Z2N

, (4.4)

with

E2N (v) =
m∑
j=1

∑
α∈PN

λ
(α)
j vαj +

1

2

m∑
j=1

m∑
j′=1

λ
(2)
jj′vjvj′ , (4.5)

with its partition function calculated as usual. The parameter choices for the new model
λ
(2)
jj′ = λ̃

(2)
jj′ and λ(α)j = λ̃j

(α)
for α < N are made, and each λ(2N)

j is restricted to be positive.
Upon these choices, the difference in the KL divergence of the two models relative to P is

∆DKL
(
P ||Q2N , Q2(N−1)

)
= DKL (P ||Q2N)−DKL

(
P ||Q2(N−1)

)
, (4.6)

which, due to the choice for each λ(α)j , will simplify to become

∆DKL
(
P ||Q2N , Q2(N−1)

)
= log

(
Z2N

Z2(N−1)

)
+

m∑
j=1

λ
(2N)
j EP

[
v
(2N)
j

]
. (4.7)

The model Q(2N) can be an improvement on Q2(N−1) if there exists a choice for the set of
λ
(2N)
j for which ∆DKL

(
P ||Q2N , Q2(N−1)

)
< 0. The method to determine whether this can

be made negative will be via a linearisation of the ratio of the partition in each λ(2N)
j to get
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an approximate expression

log

(
Z(2N)

Z(2(N−1))

)
≈

m∑
j=1

λ
(2N)
j Wj, (4.8)

with each Wj a function of only the λαj for which α < 2N . The method to determine Wj

will be presented in 4.3. This approximation results in the conclusion that the introduction
of a new parameter λ(2N)

j will always be beneficial when

EP

[
v2Nj
]
< −Wj. (4.9)

This is a useful expression, as the right-hand side of the equation is a function of only the
trained values of the old model Q2(N−1), whereas the left-hand side of the equation is a
function of only the target distribution itself, and not on either of the models. The right-
hand side can be approximated by averaging over all data from P that has been sampled
(provided that each v has been sampled in proportion to P (v) via

EP

[
v2Nj
]
=

1

|S|
∑
v∈S

v2Nj , (4.10)

where S is the batch of all data drawn from P . In what follows, a method for calculating
Wj is demonstrated.

4.3 Performing the calculation
Given the two RBMs Q2N and Q2(N−1) discussed, the difference between the Kullback-Leibler
divergences of the two models, as mentioned, is

∆DKL
(
P ||Q2N , Q2(N−1)

)
= log

(
Z2N

Z2(N−1)

)
+

m∑
j=1

λ
(2N)
j EP

[
v
(2N)
j

]
. (4.11)

To make progress in understanding the calculation of the right hand side of this equation,
consider how the partition functions are calculated.

Usually, the partition function of a distribution is thought of in terms of an integral over all
possible configurations of the probability distribution they are normalising. However, taking
inspiration from Quantum field theory 1.6, the partition function representing a model of
a given order can be thought of as a perturbative expansion in terms of models at a lower
(particularly quadratic) order.

4.3.1 Expectation values of functions

To understand the perturbative expansion allowing for the approximate calculation of the
partition function, first consider a probability density µ(x) which takes as input a vector
x = (x1, x2, . . . , xn). Define the function

F (y) =

∫
µ (x) f (x+ y) dnx = ⟨f (x+ y)⟩µ , (4.12)
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for some function f (x) on the probability space. The Taylor expansion of such a function
f (x+ y) can be written in terms of the exponential

f (x+ y) = exp (x · ∇y) f (y) . (4.13)

Now, a short calculation shows that f (y) can be factorised out of the integral:

F (y) =

∫
µ (x) f (x+ y) dnx

=

∫
µ (x) exp (x · ∇y) f (y) d

nx

= ⟨exp (x · ∇y)⟩µ f (y)
=Mµ (∇y) f (y) , (4.14)

where Mµ is the moment generating function for m. By setting y = 0, the result

F (0) =

∫
µ (x) f (x) dnx = ⟨f(x)⟩µ (4.15)

is obtained. This means that for a probability distribution µ(v), the expectation value of a
function f(x) can be written as

⟨f (x)⟩µ =Mµ (∇y) f (y)

∣∣∣∣∣
y=0

, (4.16)

which is a perturbative expansion of f (y). This is a useful result in the calculation of the
partition function for an RBM with a Gaussian hidden layer, because as demonstrated, all
RBMs with a Gaussian hidden layer have a term which is bilinear in each pair of visible
nodes (vj, vj′), and quadratic in each individual node. As such, by choosing µ (x) in the
result (4.16) to be a multivariate Gaussian distribution, the partition function can be instead
considered as an expectation value of some function f (x) = exp (−V (x)) and perturbatively
expanded away from the quadratic partition function, which is calculable. This is identical
to the process demonstrated in 1.6.3, where the partition function Z [J ] for the quartic field
theory was approximated via an expansion around the quadratic partition function Z0 [J ].
As discussed in the appendix A.7, given a multivariate Gaussian distribution

G(x;m, Σ) =
1√

(2π)n det(Σ)
exp

(
−1

2
(x−m)TΣ−1(x−m)

)
, x ∈ Rn, (4.17)

the moment generating function of that distribution can be calculated as

MG(x)(t) = exp

(
tTm+

1

2
tTΣt

)
, (4.18)

leaving that the expectation value of a function f (x) over that distribution can be written
as

⟨f((x)⟩G(x) = exp

(
n∑

i=1

mi
∂

∂xi
+

1

2

n∑
i, j=1

Σij
∂

∂xi

∂

∂xj

)
f (x)

∣∣∣∣∣
x=0

. (4.19)
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4.3.2 Writing the partition function as an expectation value

For the model distribution Q2N (v), the partition function can be written down by using the
form of the energy (4.5) for the model as

Z2N =

∫
dv exp

(
−

(
m∑
j=1

∑
α∈PN

λ
(α)
j vαj +

1

2

m∑
j=1

m∑
j′=1

λ
(2)
jj′vjvj′

))
. (4.20)

By separating the quadratic part, this can instead be written as an expectation of the
function

f (v) =

√
(2π)m

det (λ(2))
exp

(
−

m∑
j=1

∑
α∈PN

λ
(α)
j vαj

)
(4.21)

over the multivariate Gaussian distribution with a mean of zero

G
(
v,0, λ(2)

)
=

√
det (λ(2))

(2π)m
exp

(
−1

2

m∑
j=1

m∑
j′=1

λ
(2)
jj′vjvj′

)
, (4.22)

such that

Z2N =

√
(2π)m

det (λ(2))

〈
exp

(
−

m∑
j=1

∑
α∈PN

λ
(α)
j vαj

)〉
G(v;0, λ(2))

. (4.23)

By then using the result (4.19), this becomes

Z2N =

√
(2π)m

det (λ(2))
exp

(
1

2

m∑
j,j′=1

(
λ(2)
)−1

jj′

∂

∂vj

∂

∂vj′

)
exp (−E ′ (v))

∣∣∣∣∣
v=0

, (4.24)

where
(
λ(2)
)−1

jj′
is component j j′ of the matrix inverse of λ(2), and with

E ′ (v) =
m∑
j=1

∑
α∈PN

λ
(α)
j vαj . (4.25)

This is exactly what is needed ready to begin performing a perturbative expansion in terms
of λ(2N)

j in order to approximate the partition function for small λ(2N)
j . To proceed, two main

tools are needed. These are

1. The multinomial theorem.

2. The Faà di Bruno formula.

In particular, these two tools are used to calculate the action of the exponential of the
derivatives in (4.24). Firstly, the exponential can be expanded the usual way

exp

(
1

2

m∑
j,j′=1

λ
(2)
jj′

∂

∂vj

∂

∂vj′

)
=

∞∑
r=0

1

r!

(
1

2

)r
(

m∑
j,j′=1

λ
(2)
jj′

∂

∂vj

∂

∂vj′

)r

, (4.26)

on which the multinomial theorem can then be applied.
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4.3.3 The multinomial theorem

The multinomial theorem states that the sum of m terms, labelled xs, all raised to the power
n can be written as (

m∑
s=0

xs

)n

=
∑

{k}∈Kn

n!

k1! k2! . . . km!

m∏
t=1

xktt , (4.27)

where here, the sum is over all tuples contained in the set Kn, where Kn is the set of all
tuples {k1, k2, . . . km} for which

m∑
s=1

ks = n, (4.28)

for ks ∈ N [48]. This is a useful result, as it can be applied directly to the right hand side of
(4.26). Following the appendix A.8, a first use of the multinomial theorem on the rth term
in the expansion of the exponential (4.26) yields(

m∑
j,j′=1

λ
(2)
jj′

∂

∂vj

∂

∂vj′

)r

=
∑

{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

( m∑
j′=1

(
λ(2)
)−1

tj′

∂

∂vj′

)kt
∂kt

∂vktt

 . (4.29)

A second use then shows that(
m∑

j′=1

(
λ(2)
)−1

tj′

∂

∂vj′

)kt

=
∑

{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!

m∏
q=1

((
λ(2)
)−1

tq

∂

∂vq

)ℓq

, (4.30)

and so the rth term of the expansion opens out as(
m∑

j,j′=1

λ
(2)
jj′

∂

∂vj

∂

∂vj′

)r

=
∑

{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

 ∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!
D̂(t, {k}, {ℓ})

 , (4.31)

with the differential operator D̂(t, {k}, {ℓ}) being a shorthand for

D̂(t, {k}, {ℓ}) =

[
m∏

q′=1

((
λ(2)
)−1

tq′

)ℓq] ∂kt

∂vk1t

(
m∏
q=1

∂ℓq

∂v
ℓq
q

)
. (4.32)

The takeaway from expressing the moment generating function this way is that it is now
seen that to calculate the partition function (4.24), the behaviour of the term

∂kt

∂vktt

(
m∏
q=1

∂ℓq

∂v
ℓq
q

)
exp

(
−

m∑
j=1

∑
α∈PN

λ
(α)
j vαj

)∣∣∣∣∣
v=0

(4.33)

needs to be understood. Since this is the action of mixed partial derivatives on a multivariable
function, in order to make general statements, use of the Faà di Bruno formula is required.
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4.3.4 The Faà di Bruno formula

In order to understand the action of the differentiation in (4.33), the application with a
general form of the Faà di Bruno formula can be used. The original formula states that for a
composite function of a single variable f(g(x)), the nth derivative with respect to x is given
by

dn

dxn
f (g (x)) =

∑
π∈Πn

f (|π|) (g (x)) ·
∏
B∈π

g(|B|) (x) , (4.34)

where here, Πn is the set of all partitions of the set {1, . . . , n}, B ∈ π is a variable which lists
all possible “blocks” of the partition π [49]. Appendix A.9 demonstrates the partitioning of
a set Πn into blocks, and how the formula (4.34) can be used to find the fourth derivative of
exp (−x2).

The number elements of Πn is given by the nth Bell number, Bn [50]. In the example given in
the appendix, the fourth derivative sets n = 4, and consequently, B4 = 15 possible partitions
are considered. For completeness, the number of partitions of Πn given in terms of the sizes
|B1|, |B2|, . . . , |Bl| is always given by the multinomial coefficient(

n

|B|1, |B|2, . . . , |B|l

)
=

n!

|B|1! · |B|2! · . . . · |B|l!
. (4.35)

This said, it turns out that the original formula (4.34) is not quite enough for application
to the expression of interest (4.33), as the function being acted on is multivariate, and the
derivatives being taken are mixed in these variables. The multivariate generalisation of
(4.34) states that [51]

∂n

∂x1 · · · ∂xn
f (y(x)) =

∑
π∈Πn

f (|π|)(y) ·
∏
B∈π

∂|B|∏
j∈B ∂xj

y(x). (4.36)

There are a few subtleties with this formula which require attention before moving on.
Firstly, the formula works both when the derivatives ∂xi are distinguishable and when they
are indistinguishable. The consequence of this is that Πn is no longer the set {1, . . . , n}
but a multiset {1, . . . , n}, where now repeated entries within Πn can appear, and are not
discarded when they do so. The product

∏
j∈B ∂xj simply means the product over all of the

labels contained within the block B under consideration. Examples of calculating partial
derivatives of various multivariable functions have been included in Appendix A.10 in order
to help gain familiarity with the procedure.

Given the motivation to consider this formula, it is useful to note at this point that when
f(y(x)) = exp (y(x)) is chosen (which will always be the case), the formula reduces to

∂n

∂x1 · · · ∂xn
exp (y(x)) = exp (y(x))

∑
π∈Πn

∏
B∈π

∂|B|∏
j∈B ∂xj

y(x). (4.37)
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By writing x = v, and then choosing

y (v) = −E ′ (v) ≡ −
m∑
j=1

∑
α∈PN

λ
(α)
j vαj , (4.38)

it follows that

∂n

∂v1 · · · ∂vn
exp (−E ′ (v)) = exp (−E ′ (v))

∑
π∈Πn

∏
B∈π

∂|B|∏
j∈B ∂vj

(−E ′ (v)) , (4.39)

which, upon evaluating at v = 0 simplifies to

∂n

∂v1 · · · ∂vn
exp (−E ′ (v))

∣∣∣∣∣
v=0

=
∑
π∈Πn

∏
B∈π

(−1)|B| ∂|B|∏
j∈B ∂vj

(
m∑
j=1

∑
α∈PN

λ
(α)
j vαj

)∣∣∣∣∣
v=0

. (4.40)

For additional clarity needed later, each partition π of Π will pick up the same label as
Π. For example, the multiset Π{ℓ} will have partitions labelled here as π{ℓ}. Given this
formula, the correct choice of partial derivatives needs to be made. Since (4.33) performs kt
differentiations with respect vt, followed by ℓq differentiations with respect to each vq, the
correct choice of n for application to (4.40) is

n = kt +
m∑
q=1

ℓq = 2kt, (4.41)

and the multiset Πn, which will be denoted from here as Π{ℓ}. This is then given by

Π{ℓ} =

t, t, . . . , t︸ ︷︷ ︸
kt times

, 1, 1, . . . , 1︸ ︷︷ ︸
ℓ1 times

, 2, . . . ,m− 1, m, . . . , m︸ ︷︷ ︸
ℓm times

 . (4.42)

There is no need for the additional labelling of kt on Π{ℓ} because

m∑
q=1

ℓq = kt, (4.43)

and so the value of kt is implicit upon the specification of {ℓ} By choosing n and Πn this
way, the term (4.33) can be written instead as

∑
π∈Π{ℓ}

∏
B∈π

(−1)|B| ∂|B|∏
j∈B ∂vj

(
m∑
j=1

∑
α∈PN

λ
(α)
j vαj

)∣∣∣∣∣
v=0

, (4.44)

which is a great simplification, as the content of the exponential has now been extracted
for differentiation. Now, to summarise everything so far, the partition function Z2N can be
written as

Z2N =

√
(2π)m

det (λ(2))
exp

(
1

2

m∑
j,j′=1

(
λ(2)
)−1

jj′

∂

∂vj

∂

∂vj′

)
exp (−E ′ (v))

∣∣∣∣∣
v=0

, (4.45)
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which after two uses of the multinomial theorem, and use of the Faà di Bruno formula
expands out to become

Z2N =

√
(2π)m

det (λ(2))

∞∑
r=0

1

r!

(
1

2

)r ∑
{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

( ∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!
(4.46)

[
m∏

q′=1

((
λ(2)
)−1

tq′

)ℓq] ∑
π{ℓ}∈Π{ℓ}

∏
B∈π

(−1)|B| ∂|B|∏
β∈B ∂vβ

(
m∑
j=1

∑
α∈PN

λ
(α)
j vαj

))∣∣∣∣∣
v=0

.

This is a very heavy formula, and its calculation in practice would be computationally
intractable. However, by choosing the new λ

(2N)
j ≪ 1, it is possible to proceed by linearising

the result in terms of each λ
(2N)
j . First however, a discussion will be made regarding terms

in the sum over partitions π{ℓ} which will necessarily be zero, and hence can be bypassed in
any attempt to make a calculation.

4.3.5 Finding the non-zero contributions to the partition function

By choosing the hidden layer to have Gaussian energies, all cross terms between any pair
of visible nodes became bilinear. The consequence of this is that E ′ (v) has no cross terms
between visible nodes, and so it is simple to make deductions about derivatives of it. Firstly,
only derivatives

∏
β∈B ∂vβ which are not mixed will be non-zero. This means that any block

whose elements are not all identical will have a vanishing derivative. As such, no contribution
is made unless all β ∈ B are identical. Knowing this, the derivatives simplify to

∂|B|∏
β∈B ∂vβ

(
m∑
j=1

∑
α∈PN

λ
(α)
j vαj

))∣∣∣∣∣
v=0

=
m∑
j=1

∑
α∈PN

λ
(α)
j

∂|B|

∂v
|B|
β

vαj

∣∣∣∣∣
v=0

(4.47)

when all elements of β ∈ B are identical. The term evaluates to zero otherwise. To evaluate
the above derivative, consider the nth derivative of a polynomial xk evaluated at x = 0;

dn

dxn
xk

∣∣∣∣∣
x=0

=


0, if n > k,

k!, if n = k,

0, if n < k.

(4.48)

For a given k, all choices of n except n = k vanish when the evaluation of the derivative is
made, and a similar situation will apply to the derivatives in (4.47). Only blocks B with
all elements being identical and with the multiplicity of those blocks being equal to some
α ∈ PN will contribute non-zero amounts to the sum. This means that the expression (4.47)
simplifies to

m∑
j=1

∑
α∈PN

λ
(α)
j

∂|B|

∂v
|B|
β

vαj

∣∣∣∣∣
v=0

= λ
(|B|)
β × |B|! (4.49)

if B only has all identical elements and where those elements have a multiplicity |B| ∈ PN .
The sum evaluates to zero for that block otherwise. This is a powerful result, because for a
given partition π, a product is taken over all blocks of that partition in the calculation of the
partition function (4.46), and if any of the blocks B either have any non-identical elements



74 Chapter 4. Calculation of sufficient conditions for RBM improvement

or have a size not equal to some α ∈ PN , then that partition will contribute zero to the sum.

To conclude, the results of this section mean that the sum over all partitions π{ℓ} ∈ Π{ℓ} can
instead be thought of as a sum over particular partitions π∗

{ℓ}, which are partitions of Π{ℓ},
which satisfy the additional properties that all blocks B of π∗

{ℓ} must:

1. Have all identical internal elements,

2. Have a size |B| ∈ PN .

By only summing over these particular partitions, and by noting that
∑

B∈π∗ |B| = |π∗
{ℓ}|,

the expression for the partition function reduces to

Z2N =

√
(2π)m

det (λ(2))

∞∑
r=0

1

r!

(
1

2

)r ∑
{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

( ∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm![
m∏

q′=1

((
λ(2)
)−1

tq′

)ℓq] ∑
π∗
{ℓ}∈Π{ℓ}

(−1)|π
∗
{ℓ}|

∏
B∈π∗

λ
(|B|)
β × |B|!

)
, (4.50)

with β being the label for the repeated element within each B. This is a useful milestone,
as now that all of the differentiation has been performed, a linearisation procedure can be
carried out.

4.3.6 Linearisation part 1

In consideration of the sum over partitions π∗
{ℓ} in (4.50), define for conciseness X(2N)

π∗
{ℓ}

as

X
(2N)
π∗
{ℓ}

:= (−1)|π
∗
{ℓ}|

∏
B∈π∗

λ
(|B|)
β × |B|!. (4.51)

Since each π∗
{ℓ} is restricted such that for each B ∈ π∗

{ℓ}, |B| ∈ PN , the largest possible block
B is 2N , as this is the largest element of PN . As such, for any partition π∗

{ℓ}, either that
partition has blocks of size 2N and less, or only blocks of size less than 2N . Therefore, the
sum over X(2N)

π∗
{ℓ}

can be split in terms of π∗
[0, {ℓ}], π

∗
[1, {ℓ}], and π∗

[≥2, {ℓ}], where π∗
[i, {ℓ}] denotes a

partition π∗
{ℓ} with i blocks of size 2N . Following this, the sum over partitions decomposes

as ∑
π∗
{ℓ}∈Π{ℓ}

X
(2N)
π∗
{ℓ}

=
∑

π∗
[0, {ℓ}]∈Π{ℓ}

X
(2N)
π∗
[0, {ℓ}]

+
∑

π∗
[1, {ℓ}]∈Π{ℓ}

X
(2N)
π∗
[1, {ℓ}]

+
∑

π∗
[≥2, {ℓ}]∈Π{ℓ}

X
(2N)
π∗
[≥2, {ℓ}]

. (4.52)

The final term on the right hand side of this expression is discarded for approximation, as it
contains the product of at least two λ(2N)

β . The validity of discarding these terms relies on
the assumption that those terms to not diverge, meaning that arbitrarily small but non-zero
choices of λ(2N)

β will cause these terms to become insignificant. Note here that the first term
on the right hand side of this expression contains the full sum when kt < N , as in this case,
the largest partition of Π{ℓ} is less than 2N . Note also that since kt is at most r, this means
that the first contribution to the sum over π∗

[1, {ℓ}] occurs when r = N . So for example, for a
quartic model (where 2N = 4), the sum over π∗

[1, {ℓ}] begins on the r = 2 term of the original
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exponential expansion.

The terms from the sum over π∗
[1, {ℓ}] will in general be a sum over λ(2N)

j with some non-
trivial coefficient. This is because, by definition, each partition π∗

[1, {ℓ}] has a single block
with elements which will produce a λ

(2N)
β . By defining π

∗(j)
[1, {ℓ}] as a partition of Π{ℓ} with

some properties, the sum (4.52) can be split and decomposed into a sum over each λ
(2N)
j .

The properties of π∗
[1, {ℓ}] for this to be the case are:

1. π∗(j)
[1, {ℓ}] is a partition of Π{ℓ}

2. All blocks of π∗(j)
[1, {ℓ}] have identical elements internal to that block.

3. All blocks B ∈ π
∗(j)
[1, {ℓ}] have a size |B| ∈ PN .

4. One (and only one) block of π∗(j)
[1, {ℓ}] has a size 2N , and all of its elements are j.

With these properties, the second term on the right hand side of (4.52) can be re-written as

∑
π∗
[1, {ℓ}]∈Π{ℓ}

X
(2N)
π∗
[1, {ℓ}]

=
m∑
j=1

λ
(2N)
j F

π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)
, (4.53)

where

F
π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)
=

∑
π
∗(j)
[1, {ℓ}]∈Π{ℓ}

(−1)|π
∗(j)
1 | × (2N)!×

∏
B∈π∗(j)

[1, {ℓ}]
|B|̸=2N

λ|B|
γ × |B|!, (4.54)

and where γ is the dummy label for the repeated term in each B. Note that if the partition
π
∗(j)
[1, {ℓ}] is of size 2N , then the product on the right hand side of (4.90) evaluates to 1. This is

an important result, as it is the first instance in the approximation of the partition function
where a clear sum over each λ(2N)

j has appeared. By then defining a similar shorthand

Fπ∗
[0, {ℓ}]

(
λ(2(N−1))

)
=

∑
π∗
0∈Π{ℓ}

X
(2N)
π∗
[0, {ℓ}]

, (4.55)

the sum over partitions of Π{ℓ} can be approximated to first order in λ(2N) as

∑
π∗∈Π{ℓ}

X
(2N)
π∗ ≈ Fπ∗

[0, {ℓ}]

(
λ(2(N−1))

)
+

m∑
j=1

λ
(2N)
j F

π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)
. (4.56)

This then appears in the partition function as

Z2N ≈

√
(2π)m

det (λ(2))

∞∑
r=0

1

r!

(
1

2

)r ∑
{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

( ∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm![
m∏

q′=1

((
λ(2)
)−1

tq′

)ℓq](
Fπ∗

[0, {ℓ}]

(
λ(2(N−1))

)
+

m∑
j=1

λ
(2N)
j F

π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)))
, (4.57)
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which now makes explicit how the linearisation in each λ(2N)
j will occur.

4.3.7 Linearisation part 2

The next stage in simplifying the approximate form of the partition function Z2N is simply
the repackaging of various terms, and the further linearisation of products of these terms.
By first setting up the two functions

G
(0)
kt

(
λ(2(N−1))

)
:=

∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!

(
m∏

q′=1

((
λ(2)
)−1

q′t

)ℓq′)
Fπ∗

[0, {ℓ}]

(
λ(2(N−1))

)
, (4.58)

and

G
(1)
j kt

(
λ(2(N−1))

)
:=

∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!

(
m∏

q′=1

((
λ(2)
)−1

q′t

)ℓq′)
F
π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)
, (4.59)

the partition function can be expressed as

Z2N ≈

√
(2π)m

det (λ(2))

∞∑
r=0

1

r!

(
1

2

)r ∑
{k}∈Kr

r!

k1! k2! . . . km!

[
m∏
t=1

(
G

(0)
kt

(
λ(2(N−1))

)
+

m∑
j=1

λ
(2N)
j G

(1)
j kt

(
λ(2(N−1))

))]
. (4.60)

By noting then that

m∏
t=1

(
at +

m∑
j=1

btjxj

)
=

m∏
t=1

at +
m∑
j=1

[
m∑
t=1

btj
∏
s ̸=t

as

]
xj +O

(
x2
)
, (4.61)

and by relabeling

at → G
(0)
kt

(
λ(2(N−1))

)
,

btj → G
(1)
j kt

(
λ(2(N−1))

)
, and

xj → λ
(2N)
j , (4.62)

the product over t in (4.60), can be approximated to linear order in λ(2N)
j as

m∏
t=1

G
(0)
kt

(
λ(2(N−1))

)
+

m∑
j=1

[
m∑
t=1

G
(1)
j kt

(
λ(2(N−1))

)∏
s ̸=t

G
(0)
ks

(
λ(2(N−1))

)]
λ
(2N)
j . (4.63)

Next, by defining the functions

H
(0)
({k},m)

(
λ(2(N−1))

)
:=

m∏
t=1

G
(0)
kt

(
λ(2(N−1))

)
(4.64)
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and

H
(1)
j ({k},m)

(
λ(2(N−1))

)
:=

m∑
t=1

G
(1)
j kt

(
λ(2(N−1))

)∏
s ̸=t

G
(0)
ks

(
λ(2(N−1))

)
, (4.65)

and then the functions

Y (0)
r

(
λ(2(N−1))

)
:=

∑
{k}∈Kr

r!

k1! k2! . . . km!
H

(0)
({k},m)

(
λ(2(N−1))

)
, (4.66)

and
Y

(1)
j r

(
λ(2(N−1))

)
:=

∑
{k}∈Kr

r!

k1! k2! . . . km!
H

(1)
j ({k},m)

(
λ(2(N−1))

)
, (4.67)

the partition function can be approximated as

Z2N ≈

√
(2π)m

det (λ(2))

∞∑
r=0

1

r!

(
1

2

)r
[
Y (0)
r +

m∑
j=1

λ
(2N)
j Y

(1)
jr

]
. (4.68)

Note that the product in equation (4.65) should be set to 1 when m = 1 for consistency,
as in this case the product over t in (4.60) drops out. The formula (4.68) is almost where
things need to be in order to factorise out terms proportional to each λ

(2N)
j in the second

term. This is, however, not as non-trivial as it might seem, due to the infinite sum over r.
Interchanging the order of summations

∞∑
r=0

m∑
j=1

1

r!

(
1

2

)r

λ
(2N)
j Y

(1)
jr =

m∑
j=1

∞∑
r=0

1

r!

(
1

2

)r

λ
(2N)
j Y

(1)
jr (4.69)

requires the consideration of issues of convergence of the two series. These issues are disre-
garded here and the interchange is made without further consideration, other than highlight-
ing that if such an interchange is not possible, that the results following will be invalidated.

Having performed this interchange, the functions

W (0)
(
λ(2(N−1))

)
:= lim

R→∞

R∑
r=0

1

r!

(
1

2

)r

Y (0)
r

(
λ(2(N−1))

)
, (4.70)

and

W
(1)
j

(
λ(2(N−1))

)
:= lim

R→∞

R∑
r=0

1

r!

(
1

2

)r

Y
(1)
j r

(
λ(2(N−1))

)
, (4.71)

are defined, allowing the partition function to be expressed as

Z2N ≈

√
(2π)m

det (λ(2))

[
W (0) +

m∑
j=1

λ
(2N)
j W

(1)
j

]
. (4.72)

This is the main result with regards to the linearisation of the partition function; its use will
stem from the fact that the approximation for Z2N is in the linearisation of each λ

(2N)
j but

not in any λ(α)j for α < 2N .



78 Chapter 4. Calculation of sufficient conditions for RBM improvement

4.3.8 Change in the Kullback-Lebiler divergence result

Since the expression for Z2N is only a linearisation in λ(2N)
j but not in any λ(α)j for α < 2N ,

the calculation for the partition function of the older model Z2(N−1) will follow the exact
same procedure, but without any approximations needed, as there was no λ(2N)

j parameter
for that model. Using this, the partition function for the older model can be written

Z2(N−1) =

√
(2π)m

det (λ(2))
W (0). (4.73)

Insertion of the two expressions for the partition functions Z2N and Z2(N−1) into the formula
(4.7) for the difference in the Kullback-Leibler divergence of the two models relative to the
target yields

∆DKL
(
P ||Q2N , Q2(N−1)

)
≈ log

(
1 +

1

W (0)

m∑
j=1

λ
(2N)
j W

(1)
j

)
+

m∑
j=1

λ
(2N)
j EP

[
v
(2N)
j

]
, (4.74)

Upon making a final linearisation by approximating the logarithm via

log (1 + x) ≈ x, (4.75)

and by defining

Wj =
W

(1)
j

W (0)
, (4.76)

the change in the Kullback-Leibler divergence upon introduction of the new model can be
expressed as

∆DKL
(
P ||Q2N , Q2(N−1)

)
≈

m∑
j=1

λ
(2N)
j

[
Wj + EP

[
v2Nj
]]
. (4.77)

Overall, since λ(2N)
j > 0 is required, if for any visible node j, the model dependent function

−Wj is greater than the data dependent quantity EP

[
v2Nj
]
, then the introduction of a new

parameter λ(2N)
j will decrease the Kullback-Leibler divergence of the model used overall

immediately. That is, there exists a choice of λ(2N)
j for which ∆DKL < 0.

4.4 Verifying the linearisation procedure
As a check of the above working, consider the case examples of two models QA and QB given
by

QA (v) =
e−

1
2
m2v2−bv

ZA

with ZA =

√
2π

m2
e

b2

2m2 , (4.78)

and

QB (v) =
e−λv4− 1

2
m2v2−bv

ZB

, (4.79)
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and with ZB being without a closed form

ZB =

∫
dv e−λv4− 1

2
m2v2−bv. (4.80)

Understanding these two models as RBMs with a single visible node, a Gaussian hidden layer,
and a bilinear interaction terms, equation (4.77) can be applied. Assuming the validity of
section 4.3, it is stated that QB can necessarily outperform QA when

EP

[
v2Nj
]
< −Wj, (4.81)

where the subscript 1 is as a replacement for j, as there is only a single visible node here.
Here, the newer model has a quartic parameter, and so 2N = 4. Since W (0) can be given in
terms of the simpler model’s partition function Z2(N−1), which here is calculable, W (0) can
be expressed as

W (0) = e
b2

2m2 . (4.82)

Substituting this into the expression for W1 then gives

W1 = e−
b2

2m2W
(1)
1 . (4.83)

Setting j = 1 in (4.71) then gives

W1 = e−
b2

2m2

∞∑
r=0

1

r!

(
1

2

)r

Y
(1)
1r . (4.84)

When inserting the definition of Y (1)
jr from equation (4.67), it should be noted that Kr =

{{r}} only, as m = 1. Therefore, the expression simplifies to

W1 = e−
b2

2m2

∞∑
r=0

1

r!

(
1

2

)r

H
(1)
1 ({r}, 1). (4.85)

Following this, since the product in (4.66) evaluates to 1 when m = 1, the expression for W1

further simplifies to

W1 = e−
b2

2m2

∞∑
r=0

1

r!

(
1

2

)r

G
(1)
1r . (4.86)

As a reminder, the general expression for each G(1)
j kt

is

G
(1)
j kt

(
λ(2(N−1))

)
:=

∑
{ℓ}∈Kkt

kt!

ℓ1!ℓ2! . . . ℓm!

(
m∏

q′=1

((
λ(2)
)−1

q′t

)ℓq′)
F
π
∗(j)
[1, {ℓ}]

(
λ(2(N−1))

)
. (4.87)

The relevant choices here are j = 1 and kt = r. Once again, since m = 1, Kkt = {{r}} only.
Also, here λ(2) is denoted m2, and so

G
(1)
1r =

r!

r!

((
m2
)−1
)r
F
π
∗(1)
[1, {r}]

, (4.88)
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leaving

W1 = e−
b2

2m2

∞∑
r=0

1

r!

(
1

2

)r
1

(m2)r
F
π
∗(1)
[1, {r}]

. (4.89)

Each contribution F
π
∗(j)
[1, {r}]

(
λ(2(N−1))

)
is given by

F
π
∗(j)
[1, {r}]

(
λ(2(N−1))

)
=

∑
π
∗(j)
[1, {r}]∈Π{ℓ}

(−1)|π
∗(j)
[1, {r}]| × (2N)!×

∏
B∈π∗(j)

1
|B|̸=2N

λ|B|
γ × |B|!. (4.90)

Now, all blocks B of π∗(1)
[1, {r}] each have a size |B| ∈ PN . Given the setup, 2N = 4, and

so PN = {1, 4}, meaning all blocks B considered are of size either 1 or 4. On top of this,
each partition π

∗(1)
[1, {r}] has at most one block of size 2N = 4. The multiset Π {r} from which

partitions are taken, is given by

Π{r} = {1, 1, . . . , 1}︸ ︷︷ ︸
2r times

, (4.91)

and so for r ≥ 2, the only partitions of this satisfying the above conditions are partitions of
the form

π
∗(1)
[1, {r}] =

{1, 1, 1, 1} , {1} , {1} , . . . , {1}︸ ︷︷ ︸
2r−4 of times

 . (4.92)

At this point, a simple mistake to make would be in the under-counting of the number of
partitions π∗(1)

[1, {r}] that take this form. As explored in the appendix A.10, the ordering of the
blocks of a partition do matter, but the content of the blocks of a partition do matter. Since
Π{r} has 2r elements which are all identical, it means that there are (2r)! ways of constructing
the partitions π∗(1)

[1, {r}] of the form (4.92). A simple mistake would be in omitting this and
to under-count by only considering a single partition π

∗(1)
[1, {r}] at this stage of the sum. This

leads to misleading conclusions regarding the success of the linearisation procedure. The
implications of such an error are discussed further in 4.4.2.

4.4.1 Case 1: Counting properly

For r = 0 or 1, r is not large enough to construct such partitions and so no contributions to
the sum are made from these. In all non-zero contributions, |π∗(1)

[1, {r}]| = 1 + 2r − 4 = 2r − 3

which is odd, and so (−1)|π
∗(1)
[1, {r}]| = −1 for all r. With this,

F
π
∗(1)
[1, {r}]

= −4!× (2r)!×
∏

B∈π∗(j)
1

|B|̸=2N

λ|B|
γ × |B|!, (4.93)

leaving that

W1 = −4!× e−
b2

2m2

∞∑
r=2

(2r)!

r!

(
1

2

)r
b2r−4

(m2)r
. (4.94)
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By performing a ratio test, this is quickly seen as divergent for b2 ̸= 0. This means that
contributions to linear order in λ are divergent, despite the fact that all contributions on
whole will lead to a finite partition function. This points to the invalidity of dropping terms
of quadratic order or higher in (4.51), as the coefficients of higher order terms in λ were
potentially divergent. Taking note of this, and restraining only to the case where b2 = 0, the
expression for W1 reduces to

W1 = −4!× 3

(m2)2
. (4.95)

Finally this leads to a constraint on the fourth moment of P in order for QB to automatically
be an improvement on QA when

EP

[
v41
]
< 4!× 3

(m2)2
. (4.96)

This is in disagreement with the results from the discussion in 1.5. This can be seen by the
fact that since QB is Gaussian, its fourth moment can easily be calculated

EQB

[
v41
]
=

√
m2

2π

∫
dv1 v

4
1e

− 1
2
m2v41 , (4.97)

which evaluates to
EQB

[
v41
]
=

3

(m2)2
. (4.98)

This means that the condition (4.95) becomes

EP

[
v41
]
< 4!× EQA

[
v41
]
, (4.99)

in disagreement with the previous results. This is an issue, as if the calculations of section
1.5 are taken as correct, then the linearisation procedure will suggest the possibility of
improvement of models QA via introduction of a new model QB without the re-training of
older parameters even when the fourth moment of P is such that

EQA

[
v41
]
< EP

[
v41
]
< 4!× EQA

[
v41
]
, (4.100)

in contradiction with equation (1.5.1). Overall this indicates the failure of the linearisa-
tion procedure to act as a useful method for determining the improvement potential of the
Gaussian RBM.

4.4.2 Case 2: Counting improperly

The remainder of this section is intended to highlight potential mistakes others attempting
this linearisation procedure should be wary of, as a simple miscounting of the number of
partitions π∗(1)

[1, {r}] leads to conclusions that appear in agreement with test developed earlier
(1.5.1).
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When the (2r)! ways of constructing the partition (4.92) are (improperly) omitted, the factor
of (2r)! drops out of each term in the summand for F

π
∗(1)
[1, {r}]

. It would then follow that

F
π
∗(1)
[1, {r}]

= −4!
∏

B∈π∗(j)
1

|B|̸=2N

λ|B|
γ × |B|! (4.101)

Each block of π∗(1)
[1, {r}] which does not have four elements has a single element, and so λ|B|

γ =

λ
(1)
γ . Since there is only one node, γ = 1 only, leaving λ|B|

γ = b for each term in the product.
Overall this would give

F
π
∗(1)
[1, {r}]

= −4!× b2r−4, (4.102)

substitution of which into (4.89) leaves

W1 = −4!× e−
b2

2m2

∞∑
r=2

1

r!

(
1

2

)r
b2r−4

(m2)r
. (4.103)

Expanding out the b independent term r = 2 gives

W1 = −4!× e−
b2

2m2

[
1

8 (m2)2
+

∞∑
r=3

1

r!

(
1

2m2

)r

b2r−4

]
, (4.104)

meaning it would be concluded that QB can be introduced without the modification of older
parameters when

EP

[
v41
]
< 4!× e−

b2

2m2

[
1

8 (m2)2
+

∞∑
r=3

1

r!

(
1

2m2

)r

b2r−4

]
. (4.105)

The appearance of such a formula would motivate individuals making the mistake of mis-
counting the partitions π∗(1)

[1, {r}] to consider the two cases of b = 0 and b ̸= 0.

When b = 0

A Gaussian hidden layer without biases (that is, where ci = 0 in (3.16)) would not pick up
a linear bias in the visible nodes automatically. In these contexts, b = 0 can be chosen be-
forehand to reduce the number of parameters being trained. In this context, the miscounted
W1 simplifies to become

W1 = − 3

(m2)2
, (4.106)

and so equation (4.105) becomes

EP

[
v41
]
<

3

(m2)2
. (4.107)

This means that when b = 0, the new model QB is an improvement on QA when

EP

[
v41
]
< EQA

[
v41
]
, (4.108)
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in agreement with the result (1.64).

When b ̸= 0

When b ̸= 0, the expression (4.105) can be simplified by instead running the sum from r = 0
and subtracting away the additional terms introduced. This allows the sum to be replaced
with an exponential as

EP

[
v41
]
< 4!× e−

b2

2m2

b4

[
e

b2

2m2 −
(
1 +

b2

2m2

)]
(4.109)

This result provides a useful generalisation to the result in 1.5. Given a trained single node
RBM such that b and m2 have been set as optimal for representing the distribution P , then
the right hand side of 4.109 can be easily calculated to determine whether the introduction of
QB will be beneficial without the re-training of older parameters. This is a sensible function,
and although the right-hand side is not defined for b = 0, the limit

lim
b→0

4!× e−
b2

2m2

b4

[
e

b2

2m2 −
(
1 +

b2

2m2

)]
=

3

(m2)2
, (4.110)

which is again in agreement with (4.108).

4.4.3 Summary of verification

As demonstrated in 4.4.1, the coefficient of the linear term diverges when b ̸= 0, and gives
answers in contradiction with the earlier test developed when b = 0. This hints at one of

1. An issue with the earlier test developed.

2. Issues with the underlying assumptions regarding the possibility of linearisation.

3. A miscalculation on behalf of the author during the linearisation procedure.

Following this, it was demonstrated in 4.4.2 that a simple misunderstanding of the differen-
tiation procedure leading to a miscounting of the number of partitions π∗(1)

[1, {r}] of Π{r} leads
to a misleading confirmation of the linearisation procedure with the previously developed
test. To emphasize the significance of this finding and to serve as a cautionary note for
future researchers, the author wishes to highlight this potential pitfall. This miscalculation
serves as a reminder that errors in mathematical derivations can lead to non-obviously false
conclusions and erroneous interpretations of results. The importance of meticulousness and
transparency in presenting and verifying calculations cannot be overstated.

4.5 Reflection on methodology and findings
In reconsidering the methodology employed in section 4.3, an alternative, more focused
strategy for addressing the core problem at hand could have been pursued. A potentially
more efficient path might have involved exploring the possibilities of linearization, which
was central to the calculations, more early in the calculation. The decision to expand the
exponential, employ the multinomial theorem, and utilize the faa di Bruno formula before
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any linearization was driven by uncertainties about potential issues with early linearization.
Hindsight reveals that the complexity introduced at each step stemmed from a seemingly
natural progression without a thorough evaluation of the rationale behind each decision. A
more deliberate and cautious examination of the methodology, weighing each step’s pros and
cons, could have led to a more streamlined process.

The primary challenge surfaced in the initial definition of the research question. What was
initially anticipated as a brief exploration—whether it is always possible to improve an RBM
by adding new parameters—evolved into the most significant contribution to the thesis. The
approach began with a simplified model, but as generality increased, so did the complexity.
A key lesson was the late discovery of a mistake in the verification process. Despite success
in one avenue, section 1.5, the substantial mathematical weight and the need for constant
checks in later work presented formidable challenges.

Key findings suggest that the methodology likely approaches plausibility, as evidenced by
checks reducing to a correct scenario when a slip-up is made. The decision to retain the error
in the final draft was driven by its elusiveness - a mistake that was almost let through during
the writing of this thesis. The conclusion that there might be a more sensible approach,
with calculated steps rather than leaps of faith, suggests clear room for improvement and
potential for a more certain outcome to the investigation.

Exploration of other methods not documented in the thesis exposed the limitations of com-
paring two distinctly different RBMs without controlling related parameters. Adjusting the
approach to fix related parameters and framing the comparison as an incremental improve-
ment highlighted the inadequacies of older, unrecorded methods and the strength behind
the new method.

The most notable weakness in the approach taken was a failure to recognize opportunities
for simplification. The complexity of the problem, particularly in section 4.3, where the ex-
ponential of a multivariate polynomial was involved, could have been reduced by explicitly
linearizing this composite function in terms of the new parameters before expanding the
resulting multinomial object. In particular, Taylor’s theorem guarantees that an analytic
function can be expressed as an infinite convergent series in the form of a Taylor series; if
this condition is met (which it is for these expansions), linearizing before the expansion is
generally valid.

The practical application of this work lies in providing a method that likely works but
demands more attention to simplifications. Future work should explore the process further,
considering the comments made, and test its efficacy by training an RBM on relevant data.
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Chapter 5

Conclusions

In this thesis, an exploration of Restricted Boltzmann Machines was embarked on in light
of their connections with Quantum Field Theory. The primary research goal guiding the
investigation was to understand when RBMs with continuous labels could be improved upon
via the introduction of new parameters but without the re-training of older parameters. The
aim was to establish a deeper understanding of the relationship between RBMs and QFT
and to explore the applicability and potential improvements of RBMs in modelling complex
systems with continuous variables.

The work began by understanding the Kullback-Leibler divergence from an information the-
ory perspective and connecting this to thermodynamics. Following this, a simple test case
of using a Gaussian distribution to model some target P was explored along with the condi-
tions for improvement via the introduction of a quartic parameter to the model, but without
changing the variance of the Gaussian, was set up. From here, quantities of interest were
expressed as a “field integral” to help concrete the link between RBMs and statistical field
theory. Then, the gradient of the log-likelihood for a generic RBM with only its inter-layer
connections specified was derived, followed by a calculation of the activation functions for
individual nodes in these networks. The work of [42] was then reproduced by choosing all
nodes to take on binary values and choosing the energy function to take on only linear con-
tributions in each node. After verifying the produced equations, the corresponding RBM
was trained on data representing configurations of the Ising model with six lattice sites. The
results were in agreement with those of in the reference paper.

From here, motivations to study RBMs through the lens of QFT were discussed in light of
the ability of RBMs to well-represent the physics of the Ising model. Following this, essen-
tial precautions learned in QFT were brought to light to ensure the investigation did not
consider RBMs with overly complicated generality. In particular, the result of calculations
of effective actions for specific scalar field theories was demonstrated, and the complexity
that arises when the auxiliary field is too general was shown. Given these considerations,
the class of RBM to be studied was defined.

Upon the choice of RBM class, the issue of reducing the KL divergence of the RBM relative
to a target distribution P via the introduction of a new parameter but without the re-training
of older parameters was set up mathematically. Given this, a linearisation procedure was
employed to understand how the RBMs KL divergence relative to the target changes upon
introducing such a parameter. The linearisation procedure employed the use of moment-
generating functions, the multinomial theorem, and Faà di Bruno’s formula. The result
claimed that if the model-dependent quantity −Wj exceeded the data-dependent quantity
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for any of the visible nodes j, then the model could be improved upon. However,
this encountered challenges when the procedure was used to check when a Gaussian RBM
could be improved via the introduction of a quartic parameter and disagreed with the test
developed earlier; this was demonstrated at the end of this thesis. This finding proposed
a revisiting of the approach used and a scrutinisation of the assumptions underlying the
procedure. In particular, it is suspected that the linearisation procedure is invalid due to
the divergent nature of the individual coefficients of the new parameter in the expansion of
the partition function of the new model. This said, an accidental miscalculation involving
the miscounting of partitions of a set produced results that coincided with the results of the
earlier calculations. Meticulous review does not give any indication that this way of counting
the set partitions is by any way correct; however, the coincidental agreement with the results
of this calculation serves as a reminder of the ease by which non-obviously false conclusions
can be made due to mathematical errors. A potential direction for future research would
be to take techniques from quantum field theory used to deal with the issue corresponding
closely to this, such as the work [52], and apply it to the context of the RBM.

Through this investigation, several important contributions and implications have been iden-
tified:

1. Advancing Understanding of RBMs and QFT Connections: The exploration
of RBMs through the lens of QFT has provided insights into the relationship between
these two domains. By connecting the field integrals of statistical field theory to
the marginalised distributions of RBM visible layers, a relationship between the two
domains has been concreted.

2. Applicability of RBMs to Complex Systems: The successful reproduction of
RBMs in modeling the Ising model showcases their efficacy in capturing essential fea-
tures of complex systems. This further demonstrates that RBMs can be valuable tools
for understanding a wide range of real-world phenomena beyond the Ising model.

3. Challenges in Linearization Procedures: The challenges encountered in the lin-
earization procedure and the disagreement with earlier tests underscore the need for
further investigation and careful scrutiny of assumptions in mathematical approaches.
This observation calls for future research to explore alternative methods or improve-
ments to linearization techniques for RBMs.

4. Improving Machine Learning Algorithms: Insights gained from understanding
the conditions for improving RBMs with the introduction of new parameters could
lead to the development of enhanced learning strategies and more efficient machine
learning algorithms.

5. Potential Applications in Quantum Computing: As RBMs and QFT share com-
mon mathematical structures, this research may have implications for quantum com-
puting. The insights gained from studying the connections between RBMs and QFT
could inspire the development of quantum computing algorithms for machine learning
and optimization tasks.

In conclusion, this thesis has contributed to a deeper understanding of the relationship be-
tween RBMs and QFT, highlighting the applicability of RBMs in modeling complex systems
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and offering potential avenues for future research and applications. The investigations un-
dertaken here could advance the field of machine learning. As the quest for better machine
learning algorithms and representations of physical phenomena continues, the connections
between RBMs and QFT remain an intriguing and promising avenue for further explo-
ration.
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Appendix A

A.1 Positivity of the Kullback-Leibler divergence
This positivity of DKL (P ||Q) can be seen by writing the function as an integral over Ω, the
probability space of P , and then using the inequality (1.17). It follows that

DKL (P ||Q) =
∫
Ω

P (x) log

(
P (x)

Q (x)

)
dx

= −
∫
Ω

P (x) log

(
Q (x)

P (x)

)
dx

≥ −
∫
Ω

P (x)

(
Q(x)

P (x)
− 1

)
dx

= 1−
∫
Ω

Q(x) dx

≥ 0, (A.1)

where in the final inequality, it was used that
∫
Ω
Q(x) dx ≤ 1 because Ω is the probability

space of P and not Q, meaning there is a potential that the integral excluded some region
of non-zero probability from the domain of Q, leaving the integral less than 1 unless Q(x) =
P (x) everywhere.

A.2 Partition function of quartic scalar field theory
The aim of this appendix is to demonstrate that the partition function of Z [J ] of quartic
scalar field theory

Z [J ] =

∫
Dϕ exp

(
i

2

∫
d4x

{
(∂µϕ)

2 − λ

4!
ϕ4 −m2ϕ2

}
+ i

∫
d4xJϕ

)
, (A.2)

can be expressed in terms of the partition function of free scalar field theory

Z0 [J ] =

∫
Dϕ exp

(
i

2

∫
d4x

{
(∂µϕ)

2 −m2ϕ2
}
+ i

∫
d4xJϕ

)
, (A.3)

via the relation
Z [J ] =

[
exp

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)]
Z0 [J ] . (A.4)
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This demonstration starts by first expanding the exponential

exp

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)
Z0 [J ] =

∞∑
n=0

1

n!

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)n

Z0 [J ] . (A.5)

By taking the variation into the integral for Z0 [J ], the partition function becomes

Z [J ] =

∫
Dϕ

[
exp

(
i

2

∫
d4x

(
(∂µϕ)

2 −m2ϕ2
))

∞∑
n=0

1

n!

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)n

exp

(
−i
∫

d4x J(x)ϕ(x)

)]
, (A.6)

necessitating the calculation of a term like

δ4

δJ(z)4
exp

(
−i
∫

d4x J(x)ϕ(x)

)
.

To compute this, consider the first order variation

δ

δJ(z)
exp

(
−i
∫

d4x J(x)ϕ(x)

)
=

δ

δJ(z)

(
−i
∫

d4x J(x)ϕ(x)

)
exp

(
−i
∫

d4x J(x)ϕ(x)

)
=

(
−i
∫

d4x δ (x− z)ϕ(x)

)
exp

(
−i
∫

d4x J(x)ϕ(x)

)
= −iϕ(z) exp

(
−i
∫

d4x J(x)ϕ(x)

)
. (A.7)

Applied four times, this yields

δ4

δJ(z)4
exp

(
−i
∫

d4x J(x)ϕ(x)

)
= ϕ(z)4 exp

(
−i
∫

d4x J(x)ϕ(x)

)
. (A.8)

As such, the exponential expansion is then

∞∑
n=0

1

n!

(
−iλ
4!

∫
d4z

δ4

δJ(z)4

)n

exp

(
−i
∫

d4x J(x)ϕ(x)

)

=
4∑

n=0

1

n!

(
−iλ
4!

)4(∫
d4z ϕ(z)4

)n

exp

(
−i
∫

d4x J(x)ϕ(x)

)
= exp

(
−iλ
4!

∫
d4z ϕ(z)4

)
exp

(
−i
∫

d4x J(x)ϕ(x)

)
, (A.9)

which, upon insertion into A.5 completes the demonstration.
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A.3 Gaussian integrals
Starting with an N−dimensional vector x, with components xj, consider the integral

J =

∫
dx1 dx2 . . . dxN exp

(
−1

2
xiAijxj

)
. (A.10)

In shorthand this can be written

J =

∫
dNx exp

(
−1

2
xTAx

)
, (A.11)

where A is a symmetric, real matrix. Since A is a symmetric matrix, it can be diagonalised
by the orthogonal matrix O, such that A = OTDO, where D is diagonal. Under this, the
integral is then

J =

∫
dNx exp

(
−1

2
xTOTDOx

)
. (A.12)

Next, perform the substitution y = Ox. Since O was chosen to be orthogonal, the Jacobian
representing the change of variables is 1, and so the measure dNy = | det (O) |NdNx = dNx.
Now, the integral has become

J =

∫
dNy exp

(
−1

2
yTDy

)
. (A.13)

D being diagonal means that yTDy =
∑N

i=1Diiy
2
i , allowing each dimension of the integral

to be factorised:

J =

∫
dNx exp

(
−1

2

N∑
i=1

Diiy
2
i

)

=
N∏
i=1

∫
dxi exp

(
−1

2
Diiy

2
i

)

=
N∏
i=1

(
2π

Dii

) 1
2

=

(
(2π)N

detD

)
=

(
(2π)N

detA

)
, (A.14)

where in the third equality, the standard single-dimensional Gaussian integral∫ ∞

−∞
e−ax2

=

√
π

a
(A.15)

was used.
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A.4 Gradient of the RBM log-likelihood
This section follows the derivation by [53]. Start by writing the marginalised distribution
for the visible layer as

q (v| θ) =
∑
h

1

Z
e−E(v,h; θ), (A.16)

with the partition function
Z =

∑
v,h

e−E(v,h; θ). (A.17)

The marginalised distribution for the hidden layer can be written in terms of this by use of
Bayes’ theorem. That is

q (h|v; θ) = q (v, h| θ)
q (v| θ)

. (A.18)

By inserting the definitions of the RBM probability distribution, this becomes

q (h|v; θ) =
1
Z
e−E(vh; θ)

1
Z

∑
h e

−E(v,h; θ)
, (A.19)

which simplifies to

q (h|v; θ) = e−E(v,h; θ)∑
h e

−E(v,h; θ)
. (A.20)

This is a result to be used in the calculation of the log-likelihood gradient. The gradient
with respect to the ith model parameter can be written by writing the partition function as
a sum over all possible configurations:

∂

∂θi
log (q (v| θ)) = ∂

∂θi
log

( ∑
h e

−E(v,h; θ)∑
v,h e

−E(v,h; θ)

)

=
∂

∂θi

(
log

(∑
h

e−E(v,h; θ)

))
− ∂

∂θi
log

(∑
v′,h

e−E(v′,h; θ)

)

=
−1∑

h e
−E(v,h; θ)

∑
h

e−E(v,h; θ)∂E (v, h; θ)

∂θi

+
1∑

v′′,h e
−E(v′′,h; θ)

∑
v′,h

e−E(v′,h; θ)∂E (v′, h; θ)

∂θi
. (A.21)

By using (A.20), this can then be written as

∂

∂θi
log (q (v| θ)) = −

∑
h

q (h|v) ∂E (v, h| θ)
∂θi

+
∑
v′,h

q (v′, h; θ)
∂E (v′, h; θ)

∂θi
, (A.22)

which is the result that will be used.



A.5. Field integrals 93

A.5 Field integrals
The partition function

Z (θ) =

∫
V×H

dv dh exp

(
m∑
j=1

Uj(vj) +
n∑

i=1

Ũi(hi) +
n∑

i=1

m∑
j=1

hiωijvj

)
(A.23)

can be re-expressed in terms of a field integral by breaking up the multidimensional integral
into products of pairs of integrals.

Z (θ) =

∫
V×H

dv dh exp

(
n∑

i=1

m∑
j=1

(
Uj(vj)

n
+
Ũi(hi)

m
+ hiωijvj

))

=

∫
V×H

dv dh
n∏

i=1

m∏
j=1

exp

(
Uj(vj)

n
+
Ũi(hi)

m
+ hiωijvj

)

=

∫
V×H

dv1 dv2 . . . dvm dh1 dh2 . . . dhn

n∏
i=1

m∏
j=1

exp

(
Uj(vj)

n
+
Ũi(hi)

m
+ hiωijvj

)

=
n∏

i=1

m∏
j=1

∫
V (j)×H(i)

dvj dhi exp

(
Uj(vj)

n
+
Ũi(hi)

m
+ hiωijvj

)
, (A.24)

where V (j) and H(i) denote the configuration spaces of the jth visible and ith hidden nodes
respectively. Upon introduction of the field integral of a function f (x)

∫
Dx f (x) =

dim(x)∏
α=1

∫
Dom(xα)

dxα fα (xα) , (A.25)

with

f (x) =

dim(x)∏
α=1

fα (xα) , (A.26)

the path integral can then be written as

Z (θ) =

∫∫
Dv Dh e−Uv,h(v,h; θ), (A.27)

with

Uv,h (v, h; θ) = −
m∑
j=1

n∑
i=1

(
Uj(vj)

n
+
Ui(hi)

m
+ hiωijvj

)
. (A.28)

The notation DvDh is simply a shorthand for the field integral Dx, with x = (v, h).

A.6 Activation functions
By inserting the hidden node energy (3.16) into the expression for the hidden node activation
function (2.44), and by taking the limit of the sum over allowed ha as an integral over the
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real line, the hidden node activation function can be expressed via

1

q (hℓ|v)
=

∫
R
dha exp

(
m∑
j=1

vjωℓj (ha − hℓ) + Ũℓ (ha)− Ũℓ (hℓ)

)

=

∫
R
dha exp

(
m∑
j=1

vjωℓj (ha − hℓ)−
1

2
m̃2

ℓ

(
h2a − h2ℓ

)
+ cℓ (ha − hℓ)

)
. (A.29)

Factorising out where possible gives

1

q (hℓ|v)
= e−hℓ(cℓ+

∑m
j=1 ωℓjvj)+ 1

2
m̃2

ℓh
2
ℓ

×
∫

R
dha exp

(
−1

2
m̃2

ℓh
2
a + ha

(
cℓ +

m∑
j=1

ωℓjvj

))
. (A.30)

A simple Gaussian integral then yields

1

q (hℓ|v)
= e−hℓ(cℓ+

∑m
j=1 ωℓjvj)+ 1

2
m̃2

ℓh
2
ℓ

√
2π

m̃2
ℓ

exp


(
cℓ +

∑m
j=1 ωℓjvj

)2
2m̃2

ℓ

 . (A.31)

Inverting this, followed by completing the square in hℓ then gives the result

q (hℓ|v) =
√
m̃2

ℓ

2π
exp

−1

2
m̃2

ℓ

(
hℓ −

cℓ +
∑m

j=1 ωℓjvj

2m̃2
ℓ

)2
 , (A.32)

which is a (correctly normalised) Gaussian in vℓ. A similar procedure for the visible node
activation function gives

1

q (vℓ|h)
=

∫
R
dva exp

(
n∑

i=1

hiωiℓ (va − vℓ) + Uℓ (va)− Uℓ (vℓ)

)

=

∫
R
dva exp

(
n∑

i=1

hiωiℓ (va − vℓ) + Uℓ (va)− Uℓ (vℓ)

)

=

∫
R
dva exp

(
n∑

i=1

hiωiℓ (va − vℓ)−
2N∑

α=1, 2, 4, 6, 8, ...

µ
(α)
ℓ (vαa − vαℓ )

)
, (A.33)

which upon factorisation of possible terms out of the integral gives

q (vℓ|h) =
exp

(∑n
i=1 hiωiℓvℓ −

∑2N
α=1, 2, 4, 6, 8, ... µ

(α)
ℓ vαℓ

)
∫

R dva exp
(∑n

i=1 hiωiℓva −
∑2N

α=1, 2, 4, 6, 8, ... µ
(α)
ℓ vαa

) , (A.34)

which is also clearly normalised.
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A.7 Moment generating function of a Gaussian
This derivation follows [54]. Consider a Gaussian distribution X with probability density
function

µX (x) =
1

σ
√
2π

exp

(
−(x− µ)2

2σ2

)
. (A.35)

The moment generating function MX(t) of this distribution is given by

MX(t) = Eµ

(
etx
)
=

∫ ∞

−∞
etxµX (x) dx. (A.36)

Substitution of µ into this integral yields

MX(t) =
1

σ
√
2π

∫ ∞

−∞
exp

(
tx− (x− µ)2

2σ2

)
dx. (A.37)

By the substitution u = x−µ√
2σ

, it then follows that

MX(t) =

√
2σ

σ
√
2π

∫ ∞

−∞
exp

((√
2σu+ µ

)
t− u2

)
du

=
exp (µt)√

π

∫ ∞

−∞
exp

(
−
(
u2 −

√
2σut

))
du

=
exp (µt)√

π

∫ ∞

−∞
exp

−

(
u−

√
2

2
σt

)2

+
1

2
σ2t2

 du, (A.38)

where the last equality was simply completing the square. Then, by a substitution v =
u−

√
2
2
σt,

MX(t) =
exp

(
µt+ 1

2
σ2t2

)
√
π

∫ ∞

−∞
exp

(
−v2

)
dx

=

√
π√
π
exp

(
µt+

1

2
σ2t2

)
, (A.39)

where the final equality employed the result of the Gaussian integral demonstrated earlier.
This gives the final result

MX(t) = exp

(
µt+

1

2
σ2t2

)
. (A.40)

This is the base case of a more general result which states that if a probability distribution
G (v) ∼ N (µ, Σ), i.e.

G(x; µ, Σ) =
1√

(2π)n det(Σ)
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, x ∈ Rn, (A.41)
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then the moment generating function of that distribution is

MG(x)(t) = exp

(
tTµ+

1

2
tTΣt

)
. (A.42)

By letting the probability distribution µ be a multivariate Gaussian distribution with a mean
of zero and with Σ−1 = A, it then follows that the expectation value of a function f (x) over
that distribution is given by

⟨f((x)⟩µ =

√
1

(2π)n det (A−1)

∫
f (x) exp

(
−1

2

n∑
i=1

Aijxixj

)
dnx

= exp

(
1

2

n∑
i, j=1

(
A−1

)
ij

∂

∂xi

∂

∂xj

)
f (x)

∣∣∣∣∣
x=0

(A.43)

for functions f (x) in general.

A.8 Multinomial theorem for the partition function
The term under consideration for expansion using the multinomial theorem is

exp

(
1

2

n∑
j, j′=1

(
λ(2)
)−1

jj′

∂

∂vi

∂

∂vj

)
=

∞∑
r=0

1

r!

(
1

2

n∑
j, j′=1

(
λ(2)
)−1

jj′

∂

∂vj

∂

∂vj′

)r

. (A.44)

The multinomial theorem then states that the expansion of the sum of m terms, labelled xs,
raised to the power n can be written.(

m∑
s=0

xs

)n

=
∑

{k}∈Kn

n!

k1! k2! . . . km!

m∏
t=1

xktt , (A.45)

To apply this to (A.44), consider first the simplification of the double sum into a single sum,
with the second sum packaged inside each term. By defining Xj =

(∑
i=1

(
λ(2)
)−1

jj′
∂

∂vj′

)
∂
vj

,
the double sum is repackaged as

∑
jj′

(
λ(2)
)−1

jj′

∂

∂vj′

∂

∂vj
=
∑
j=1

(∑
j′=1

(
λ(2)
)−1

jj′

∂

∂vj′

)
∂

∂vj

=
n∑

j=1

Xj, (A.46)

from which it follows that(
m∑
ij

(
λ(2)
)−1

jj′

∂

∂vj

∂

∂vj′

)r

=

(
m∑
j=1

Xj

)r

. (A.47)
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This can now more easily have the multinomial theorem applied to it. Using (A.45), this
expands as(

m∑
j=1

Xj

)r

=
∑

{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

Xkt
t

=
∑

{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1
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m∑
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(
λ(2)
)−1

tj

∂

∂vj′

)
∂

∂vt

)kt

=
∑

{k}∈Kr

r!

k1! k2! . . . km!

m∏
t=1

( m∑
j′=1

(
λ(2)
)−1

tj′

∂

∂vj′

)kt (
∂

∂vt

)kt
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At this stage, a second use of the multinomial expansion is required:(
m∑

j′=1

(
λ(2)
)−1

tj′

∂

∂vj′

)kt

=
∑

{ℓ}∈Kkt

kt!
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((
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tq

∂

∂vq

)ℓq

. (A.49)

Using this,(
m∑

j, j′=1

(
λ(2)
)−1

jj′

∂

∂vj

∂

∂vj′

)r
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This can be written conceptually compactly as(
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with
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A.9 Example of using Faà di Bruno’s formula
The Faà di Bruno’s formula is

dn

dxn
f (g (x)) =

∑
π∈Πn

f (|π|) (g (x)) ·
∏
B∈π

g(|B|) (x) , (A.53)

where here, Πn is the set of all partitions of the set {1, . . . , n}, B ∈ π is a variable which lists
all possible “blocks” of the partition π. To understand this formula, consider the illustrative
example of the Gaussian,

y = exp
(
−x2

)
. (A.54)

To find, for example, the fourth derivative of this function, the usual method employed would
be repeated differentiation, giving

dy

dx
= −x exp

(
−1

2
x2
)
,

d2y

dx2
=
(
x2 − 1

)
exp

(
−1

2
x2
)
,

d3y

dx3
=
(
3x− x3

)
exp

(
−1

2
x2
)
,

d4y

dx4
=
(
x4 − 6x2 + 3

)
exp

(
−1

2
x2
)
. (A.55)

To instead use (A.53) to bypass the process of calculating sequential derivatives, start by
writing y(x) = f(g(x)), and insert n = 4 into the formula to find that

d4y

dx4
=
∑
π∈Πn

f (|π|) (g (x)) ·
∏
B∈π

g(|B|) (x) . (A.56)

Now, y(x) can be correctly composed by choosing f(g) = exp (g) and g(x) = −1
2
x2. Noting

then that f (|π|)(g) = f(g) for any partition π, the formula simplifies to

d4y

dx4
= f (g (x))

∑
π∈Πn

·
∏
B∈π

g(|B|) (x) . (A.57)

Now, Πn is the set of all partitions of {1, 2, 3, 4}, and the sum over π is a sum over each
of these partitions. These can be listed out into fifteen possible partitions and organised by
block size into five groups:

1. ({1, 2, 3, 4})

2. ({1} , {2, 3, 4}) , ({2} , {1, 3, 4}) , ({3} , {1, 2, 4}) , ({4} , {1, 2, 3}) ,

3. ({1, 2} , {3, 4}) , ({1, 3} , {2, 4}) , ({1, 4} , {2, 3}) ,

4. ({1} , {2} , {3, 4}) , ({1} , {3} , {2, 4}) , ({1} , {4} , {2, 3}) ,
({2} , {3} , {1, 4}) , ({2} , {4} , {1, 3}) , ({3} , {4} , {1, 2}) ,

5. ({1} , {2} , {3} , {4}).
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The blocks of the partitions in each section are then of sizes (4), (1, 3), (2, 2), (1, 1, 2), and
(1, 1, 1, 1). Given these sizes, the relevant derivatives of g(x) are calculated as

g(1)(x) = −x,
g(2)(x) = −1,

g(3)(x) = 0,

g(4)(x) = 0. (A.58)

Since the derivatives of third order or higher are vanishing, all partitions with any blocks B
with a size |B| ≥ 3 can be omitted. Thus the relevant partitions can be summarised as

1. Three partitions with two blocks both of size 2.

2. Six partitions with three blocks, where two blocks have size 1 and one block has size
2.

3. One partition with four blocks all of size 1.

With this, equation (A.57) reduces to

d4y

dx4
= exp (g(x))

[
3g(2)(x)g(2)(x) + 6

(
g(1)(x)

)2
g(2)(x) + 1

(
g(1)(x)

)4]
=
(
x4 − 6x2 + 3

)
exp

(
−1

2
x2
)
, (A.59)

which is in agreement with the calculation made using the usual method (A.55).

A.10 Partial derivatives with Faà di Bruno
Given the motivation to consider the multivariate version of the Faà di Bruno formula, it is
useful to note at this point that when f(y(x)) = exp (y(x)) is chosen (which will always be
the case), the formula reduces to

∂n

∂x1 · · · ∂xn
exp (y(x)) = exp (y(x))

∑
π∈Πn

∏
B∈π

∂|B|∏
j∈B ∂xj

y(x). (A.60)

To gain familiarity with this formula, and to see how it behaves when the xi are distinguish-
able or indistinguishable, consider the two examples below of taking the partial derivative
of y with respect to three coordinates.

A.10.1 Example 1: ∂x1∂x2∂x3
Consider the calculation of

∂3 exp (y (x))

∂x1∂x2∂x3
= exp (y(x))

∑
π∈Π3

∏
B∈π

∂|B|∏
j∈B ∂xj

y(x), (A.61)

where y (x) is unspecified. Here, the partitions Π3 are of {1, 2, 3}, and can be listed down
into three groups of block sizes as
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1. ({1, 2, 3})

2. ({1, 2} , {3}) , ({1, 3} , {2}) , ({2, 3} , {1}) ,

3. ({1} , {2} , {3}).

Note here that the ordering of the blocks within a partition is not important, only the content
of the blocks themselves. For the first case, where π = ({1, 2, 3}), B = {1, 2, 3}, and so
|B| = 3. Here,

∏
j∈B ∂xj = ∂x1∂x2∂x3, and therefore for this choice of π,

∏
B∈π

∂|B|y (x)∏
j∈B ∂xj

=
∂3y (x)

∂x1∂x2∂x3
. (A.62)

The calculation is similar for the other partitions, for example, for π = ({1, 2} , {3}), there
are now two blocks to consider; B = {1, 2} which has |B| = 2, and B = {3} which has
|B| = 1. As such, this partition’s contribution to the derivative is

∏
B∈π

∂|B|y (x)∏
j∈B ∂xj

=
∂2y (x)

∂x1∂x2
· ∂y (x)
∂x3

. (A.63)

Similar results follow by exchange for π = ({1, 3} , {2}) and π = ({2, 3} , {1}). The final
partition π = ({1} , {2} , {3}) yields a product of three first derivatives

∏
B∈π

∂|B|y (x)∏
j∈B ∂xj

=
∂y (x)

∂x1
· ∂y (x)
∂x2

· ∂y (x)
∂x3

. (A.64)

Putting all of these results together then gives

∂3 exp (y (x))

∂x1∂x2∂x3
= exp (y (x)) (A.65)

×

[
∂3y

∂x1∂x2∂x3
+

∂2y

∂x1∂x2
· ∂y
∂x3

+
∂2y

∂x1∂x3
· ∂y
∂x2

+
∂2y

∂x2∂x3
· ∂y
∂x1

+
∂y

∂x1
· ∂y
∂x1

· ∂y
∂x1

]
,

which is in agreement with the result of the calculation by sequential differentiation.

A.10.2 Example 2: ∂x1∂x22
Consider a similar example to that above, but this time with a repeated derivative. In
particular, consider the calculation of

∂3 exp (y (x))

∂x1∂x22
= exp (y(x))

∑
π∈Π3

∏
B∈π

∂|B|∏
j∈B ∂xj

y(x). (A.66)

This is almost identical to the calculation (A.61), but with x3 set to x2. The calculation
which follows is identical, but only if the repeated entry in Π3 = {1, 2, 2} is not omitted. By
following the same procedure as above, but with each index j = 3 replaced with a 2, it then
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follows that

∂3 exp (y (x))

∂x1∂x22
= exp (y (x))

[
∂3y

∂x1∂x32
+ 2

∂2y

∂x1∂x2
· ∂y
∂x2

+
∂2y

∂x22
· ∂y
∂x1

+
∂y

∂x1
·
(
∂y

∂x2

)2
]
,

which is, once again, in exact agreement with the formula which follows from application of
sequential differentiation.
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