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Elastomeric polyurethane (EPU) is characterised by distinctive mechanical properties, including high
toughness, low glass transition temperature, and high impact resistance, that render it indispensable
in diverse engineering applications from soft robotics to anti-collision devices. This study presents a
thermo-mechanically coupled constitutive model for EPU, systematically incorporating hyperelasticity,
viscoelasticity, thermal expansion, and self-heating effect in a thermodynamically consistent manner.
Experimental data, obtained from previous studies, are then used for parameter identification and
model validation, including iterative updates for temperature parameters considering the self-heating
effect. Subsequently, the validated model is integrated into finite element codes, i.e., user subroutine to
define a material’s mechanical behaviour (UMAT) based on the commercial finite element software ABAQUS,
for the computation of three-dimensional stress-strain states, facilitating the analysis of the structural
response to various mechanical loads and boundary conditions. The results obtained from simulations
are compared with analytical solutions to confirm the precision of Finite Element Method (FEM)
implementation. The self-heating effect is further analysed under different strain rates and temperatures.
To validate the engineering significance of the FEM implementation, a plate with a hole structure is also
simulated. In conclusion, this research provides a robust tool for engineers and researchers working
with soft materials, enhancing their understanding and predictive capabilities, notably addressing the
self-heating effect in thermo-mechanical behaviours.

1 Introduction impact resistance [1-5], making them indispensable in various

Soft materials exhibit unique mechanical properties, including
high toughness, low glass transition temperature, and high
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engineering applications ranging from soft robotics to anti-
collision devices. This work specifically focuses on elastomeric
polyurethane (EPU), a soft polymer widely used in fields such
as coatings, low-speed tyres, automobile carpets, and laminated
windproof glass. The earliest experimental study of EPU may
date back to the work of Petrovi¢ et al. [6] in 1991, and
subsequent studies [3-5,7-19] have delved into more systematic
experimental characterisation, including uniaxial tension, cyclic
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loading, relaxation, and creep tests. Within these studies, typical
inherent characteristics of EPU such as deformation nonlinearity,
thermal sensitivity, rate sensitivity, and hysteresis have been
experimentally detected.

As a theoretical tool for predicting material properties,
constitutive models for soft materials have been a long-lasting
focus due to the ever-increasing usage. These models can be
roughly categorised into hyperelastic, viscoelastic, and thermo-
viscoelastic constitutive models. Established hyperelastic models,
such as the Neo-Hookean model, Mooney-Rivlin model [20],
Ogden model [21], and eight-chain model [22], predominantly
adopt phenomenological methods, assuming the presence of a
strain energy function. As hyperelasticity alone is insufficient to
capture the inherent time-dependent characteristics of soft
materials, viscoelastic models are further developed. This
field commonly employs three approaches: the decoupling
method [23,24], the integration method [9,18,25-27], and the
deformation gradient decomposition method [2-4,7,8,28-34].
However, while some models consider the thermo-mechanical
behaviours of soft materials [4,35-43], the exploration of the
constitutive models incorporating the self-heating effect remains
inadequate. In a recent study, Felder et al [44] introduced
a thermodynamical constitutive model incorporating heat
generation to investigate semi-crystalline polymers, offering
inspiration for the exploration of the thermal-mechanical
behaviours of soft materials.

In accordance with the theoretical principles, the
incorporation of constitutive models into finite element
codes (e.g., UMAT), demands attention. Note that after the
finite element method (FEM) implementation, user-developed
constitutive model can be used for complex structures [45]. For
implicit implementation, achieving rapid convergence hinges
on the consistency of the stress tensor and tangent modulus
tensor. This underscores the necessity for a rigorous three-
dimensional generalisation of the constitutive models. The
implementation of viscoelastic constitutive models presents
additional challenges due to the consideration of evolution
function solutions to the internal variables in three-dimensional
domains [28,46]. Raghunath et al. [47] successfully used
the concept of representative directions [48] to generalise a
one-dimensional microstructure-based model into its three-
dimensional case to describe the non-linear and viscoelastic
mechanical behaviour of filled elastomers. The viscoelasticity
is considered by using time-dependent parameters for the filler
cluster. By using the perturbation method, [46,49,50], Collins
et al. [51] numerically implemented a nonlinear viscoelastic
framework into finite element codes to predict the viscous
dissipation of a submerged elastomeric membrane. While some
viscoelastic implementations have been explored, the complexity
escalates when considering thermal behaviours such as heat
generation and heat convection. The complexity arises from
the additional consideration of the heat conduction equations,
necessitating simultaneous solutions of the deformation field
and the temperature field. Sharma et al. [37] reported a three-
dimensional finite element framework based on the coupled
nonlinear theory of thermo-electro-elasticity, investigating
thermal effects on the electromechanical performance of non-

homogeneously deforming dielectric elastomer actuators. The
self-heating effect is another challenge that lacks enough focus.
OvalleRodas et al. [52] developed a thermo-visco-hyperelastic
constitutive model in accordance with the second law of
thermodynamics for elastomeric materials. This model was
subsequently implemented into finite element codes to describe
the time-dependent and self-heating behaviour during low-cycle
fatigue. The combined influence of temperature and strain rate
on the mechanical behaviour is also investigated by Johnsen
et al. [53] in simulating a low-density cross-linked polyurethane,
incorporating thermo-elastic, thermo-viscoplastic, and entropic
strain hardening parts. After the implementation, the volumetric
strain, local strain rate, and self-heating can be observed in the
tensile simulations. Felder et al. [44] implemented their thermo-
mechanically coupled constitutive model, incorporating heat
generation for semi-crystalline polymers, into the finite element
framework so that their developed complex crystallisation
phenomena can be validated in a structural example with
sufficient accuracy.

However, there remains a gap in the existing literature
concerning the systematic consideration of the temperature
dependence and self-heating effect in soft materials especially
in low-temperature cases. Therefore, this study endeavours to
employ a thorough methodology to investigate the thermo-
mechanical behaviour of EPU. Initially, the experimental
performance of EPU at different temperatures is presented and
a thermo-mechanically coupled constitutive model reproducing
these material performances is introduced based on continuum
mechanics and thermodynamics. This model considers not
only the hyperelasticity and viscoelasticity inherent in EPU
(same practice as [5]), but further, thermo-mechanical coupling
response, along with the incorporation of the self-heating
effect. After parameter identification and model wvalidation,
the constitutive model is implemented into a finite element
framework, allowing for a comprehensive exploration of the
self-heating effect in FEM simulations. Our objective is to
furnish engineers and researchers working with soft materials
with a valuable tool for understanding and predicting thermo-
mechanical behaviour under diverse circumstances, with a
particular emphasis on scenarios where self-heating is a key
consideration.

The following is a breakdown of the structure of this study.
In addition to the current section, Section 2 summarises the
experimental setup and results from previous work. Subsequently,
Section 3 specifies the derivation of the thermal-mechanically
coupled constitutive model based on continuum mechanics and
thermodynamics. Parameter identification and model validation
are also included in this section. Further, Section 4 explains the
implementation of the proposed constitutive model into the FEM
framework, and then a plate with a hole structure is used to
further validate and demonstrate the structural performance of
the FEM implementation. Finally, a summary of the results and
conclusions is presented in Section 6.

2 Experimental setup and results
Before the derivation of the constitutive modelling, the thermo-
mechanical experimental setup and results for EPU from [5]
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Fig. 1
The dimension of the specimen used in experiments [5].
Table 1
Experimental schedule [5].
Deformation mode Strain rate Relaxation time Prescribed strain Temperature
253K 273K 293K 333K
Loading-unloading uniaxial tensile test 0.001 /s - 200% - - ° -
0.01/s - 200% - - ° -
0.1/s - 100%, 150%, 200% . . . .
Single-step stress relaxation 0.1/s 6000 s 200% ° ° ° °
Multi-step stress relaxation 0.1/s 3600s 25%, 50%,...,200% - - ° -

are summarised briefly for completeness and clarity of this
work.

2.1 Experimental setup

Dumbbell-shaped specimen is used in all of the experiments, with
the geometry shown in Figure 1. All experiments are conducted
according to the experimental schedule listed in Table 1 using
an Instron 5567 universal test machine equipped with a bespoke
temperature chamber. The experimental data is presented in the
form of nominal stress and nominal strain. More experimental
details can be seen in [5].

2.2 Experimental results

The main experimental data, that will be used in the constitutive
modelling, is plotted in Figure 2. The purpose of these experiments
is as follows:

« the single-step relaxation Figure 2(a): to explore the temperature
influence on the hyperelastic entanglement network;

o the multi-step relaxation Figure 2(b): to extract the equilibrium
path at referential temperature, i.e., 293K;

 the cyclic uniaxial tension: to investigate the rate-dependent
Figure 2(c) and temperature-dependent Figure 2(d) viscoelastic
mechanical behaviours.

3 Thermo-mechanical-coupled constitutive modelling
at finite strains

One key step of the study is to incorporate a thermo-mechanically
coupled constitutive model, accounting for the self-heating
effect, into Finite Element Analysis for predicting the thermo-
mechanical response of the EPU material and its applied
structures. This model is introduced briefly here.

3.1 Kinematics
As the basis of continuum mechanics, kinematic relations
are introduced first. In the context of soft materials, the

classic multiplicative decomposition divides the deformation
gradient F into isochoric part F and volumetric part F [28].
Furthermore, to facilitate a better understanding of the thermo-
mechanically coupled framework, a rheology model of the
isochoric deformation of our material is presented in Figure 3.
As seen in this figure, the mechanical response is divided
into two parallel parts, i.e., the hyperelastic branch and the
viscoelastic branch. Note that these two branches share the
same deformation gradient F as they are in parallel. Regarding
the deformation gradient F of the viscoelastic branch, it is
decomposed multiplicatively into two parts: the elastic part of the
deformation gradient on the viscoelastic branch, F, (represented
by the spring in the viscoelastic branch in Figure 3), and the
viscous part of the deformation gradient on the viscoelastic
branch, F, (represented by the dashpot in the viscoelastic branch
in Figure 3). The decomposition relationship is F=FF, [4,51].
Using the relationship between the right Cauchy-Green strain
tensor and the deformation gradient, we introduce C, = FIF, and
C, = Fsz, respectively. Note that the volumetric response, which
will be discussed later, is determined based on the volume change
of the body ] = detF. Essential kinematics variables are declared in
Table 2. For more details, refer to [5].

3.2 Stress derivation based on the Clausius-Duhem inequality
Here, the existence of a Helmholtz free-energy function,
decomposed as

EQ
iso

NEQ

(€) + Wy (C°,0) + W1 () +97(. 0),

M

U=yt ul =y

1)

v
is assumed. Note that in the above equation, “iso”, “vol”, “EQ”,
and “NEQ” denote the isochoric, volumetric, equilibrium, and
non-equilibrium parts, C° = FIF, is the internal variable tensor
and 6 is the absolute temperature, respectively. To derive the
constitutive model in a thermodynamic manner, the Clausius-
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Fig. 2

Experimental data summary [5]. (@) Nominal stress with time relationships of the single-step relaxation tests at the strain of 200%. (b) Nominal stress with nominal
strain relationship of the multi-step relaxation test under 293K. (c) Nominal stress with nominal strain relationships of loading-unloading tests at 0.1 /s, 0.01 /s, and
0.001 /s under 293K. (d) Nominal stress with nominal strain relationships of loading-unloading tests at 0.1 /s under 253K, 273K, 293K, and 333K.
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Fig.3

The rheological model of isochoric deformation for elastomeric polyurethane. The model is divided into two parts, namely, hyperelastic branch and viscoelastic
branch.
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Table 2

A summary of the kinematics variables.

F ox The deformation gradient
d ? [ F1+ (FF)T] The rate of deformation tensor
C F F The right Cauchy-Green strain tensor
c 2FTdF [28] The time rate of change of the right Cauchy-Green tensor
A trC The first invariant of C
N 1[(tre)? — tr(c?)] The second invariant of C
I3 detC The third invariant of C
J detF The volume change of the body
F U3)F The volume-preserving deformation gradient
F TS| The volume-changing deformation gradient
C U=23)c The modified right Cauchy-Green strain tensor
i trC The first invariant of C
b 1 tr€)? — tr(€?)] The second invariant of C
I3 detC The third invariant of C
Fe - The elastic part of the deformation gradient on the viscoelastic branch
F, - The viscous part of the deformation gradient on the viscoelastic branch
ce FZFe The right Cauchy-Green strain tensor of F,
cv F'F, The right Cauchy-Green strain tensor of F,
5 trce The first invariant of C¢
d, [EF T+ (FF DT The viscous rate of deformation tensor
Table 3

A summary of the specific form of the constitutive framework at reference configuration.

Energy functions

W= W2 WD 4 Wy 4 WP (Equation 1)

iso iIso

Second Piola-Kirchhoff stresses

S = Siso + Svol + S? (Equation 5), where
Siso = J72/3P: (gEQ + SNEQ)

Iso(c) — [i + gEQ
Vo (€e,0) = [+
vol(—/) = 5( - 1)

W, 0) = c[e — 0 — Gln(g%)] —3a(t — 69) 2l

][l] + b+ c\/E]

U PRCIGIEE]

$ = [ +9[[2a+ 860 ]+ [l - €]y |
NEQ

c 9 NEQ 2 —
§he _ [%Jrg }[Zj:1 2c,-ch}
Svol = Jp'C, where p*° = K(J — 1)

s = Jp?C", where p’ = —3aK(6 — 6p)

Evolution functions
- _ 1|lé v
¢=3e-c]

The nonlinear relaxation time
T =1 + 2 exp(—kiz[dI)(h —3)
Ty = 121 + 122 exp(—kas|ld]|)

Duhem inequality reads
$:1C—- ¥ —pd—1Q-Grads >0, )

which is the expression of the second law of thermodynamics
in continuum mechanics. In Equation 2, 8§ is the second Piola-
Kirchhoff stress tensor, n is the entropy density, Q is the heat flux,
and Gradd is the temperature gradient, respectively.

Note that the definition of C° shown in Table 2 gives the

following relationship as
¢ =F'CF,! - 2c“d,. 3)

Then, as € and @ are arbitrary, following the argumentation by
Coleman and Gurtin [54]

. EQ _
S =20 : 5C 4 OF, e S Kpjlpact+]2C! (4a)

3Ce
Y T T 4b
n= a0 T o0 (4b)
202" d, >0 (40)
—-1Q-Gradg >0 (4d)
where  Equation 4c  and  Equation  4d  satisfied

Equation 2 sufficiently. Analogous to the decomposition of

v,

S = Siso + Syo1 + 87, )
where isochoric stress

Siso =J PP (87 + 879, (6)
volumetric stress

Svol = Jp*'C1, )

and thermal stress

s’ =Jpc, 8)
respectively. Note that

P:H-%C*@C )
is the projection tensor,

$“ = za;y—g’ and §" =2F;! ;%;Q F' (10)

are the equilibrium and non-equilibrium parts of the fictitious
second Piola-Kirchhoff stress tensor, and
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are the different parts of hydrostatic pressure, respectively.
Therefore, through this decomposition, different versions of ¥
only influence 8§, ™, p¥!, and p?, which are the crucial tensors

that need to be derived.

3.3 Heat generation

Viscoelasticity is inevitably accompanied by a loss of the potential
energy causing heat generation due to dissipation. It is important
to underscore that the dissipation energy density concerning
the reference configuration, which contributes to the strain-,
time-, and stress-dependent heat generation in our constitutive
framework (refer to Equation 4), is specifically derived as

. NEQ . .
R=2C"2 :d, =1C8":[C']'C, =0. (12)

Note that the expression [C']~! denotes the inverse of internal
variable C'. It should be emphasised that a similar expression is
seen in [44] through the operation of the local form of the energy
balance.

3.4 Evolution function for the internal variables

Considering the relationship between the rate of volume change

and the rate of deformation tensor, i.e. J =Jtrd [28] and the

assumed almost incompressibility of C¢, we have trd,~0. Then,

to satisfy the non-negativity of Equation 4c, it is reasonable to

assume that
293V

NEQ

d, = ;ﬁ?DEV(CQ) (13)
where
1
DEV(s) = (o) — 5tr(e)I (14)

is introduced to obtain the deviatoric part of (e). By using the pull-
back operation, the evolution function of C” can then be expressed

as
NEQ

. 40V, [= 1= _1
C=-—21C-=|C:[C Cv|. 15

n oL [ 3 [ [ ] } } (15)
Further, if the low-rate case is considered, the linear form of the
above evolution function is reasonably given as

. 1r— Y
Cr = ?[C—C ] (16)

where 7 is the relaxation time.

3.5 Specific form

For convenience, the specific form of the proposed constitutive

framework at the reference configuration is summarised in Table 3.
Explanations to Table 3 are given as follows:

« The hyperelastic part W;..: a modified phenomenological model
originally developed in [55] is used to describe the isochoric
hyperelastic deformation. a, b, and c are hyperelastic parameters.
The introduction of the second invariant is necessary to describe
highly nonlinear hyperelastic behaviour and make the model
more expedient [56-58]. The temperature influence on the
hyperelastic stress is considered by using a double-exponential
amplification factor as

o 79% + niQexp(nng) + nngxp(nZQO), (17)
where 6, niQ, n;Q, niQ, and nZQ are reference temperature (293K
in this study) and the temperature parameters, respectively.

NEQ

« The viscoelastic part W, ": this is a modified version of the Neo-
Hookean model to describe the viscoelastic behaviour. ¢; are
the viscoelastic parameters. The temperature influence on the
viscoelastic stress is assumed to be similar to [4] as

NEQ % 1 o\"™
g = N + E[tanh ©—-T)+ 1](§>
NEQ nNLQ
n 0 2 NEQ
+=—[~tanh (0 - ) +1] <5> —1|exp <n4 ||C||>,

(18)

NEQ NEQ NEQ NEQ
where n, ", n, ", n; *, and n, ~ are the temperature parameters

and T;=281.95K. Here, || o || denotes the norm of the tensor e.

e The volumetric part Wy, : a so-called penalty function is used
to describe the volumetric deformation for mitigating the
numerical difficulties and instabilities associated with enforcing
material incompressibility in computational and finite element
simulations [58]. K is the bulk modulus chosen as 2000MPa
directly to promise almost incompressible behaviours. More
available versions can be seen in [59-67].

e The temperature part ¥?: two terms contributed from the
increased internal energy (c[@ — 6 — 9111(%)]) and thermal

expansion (—3a(9 — 90)%;0‘) are introduced to complete the
general structure of the thermodynamic potential [4,28,37,47].
c and « are the specific heat capacity and the thermal expansion
coefficient, respectively.

3.6 One-dimensional reduction

This section aims to identify the constitutive parameters by the
one-dimensional degenerated form of the proposed constitutive
model.

3.6.1 Uniaxial tensile stress
The deformation gradient and the right Cauchy-Green
deformation tensor, in the uniaxial case, are specifically given as

A 0 0 220 0
F=(0 a1 0 and C=[0 11 0|, (19
0 0 A1/2 0 0 Al

respectively, where 1 is the axial elongation during uniaxial
tension process. While the thermal stress ($%) is not yet considered
in the previous experiments, the nominal uniaxial tension stress,
i.e., Piy = F11(S511 — pC;f) is decomposed into hyperelastic part P1E(12
and viscoelastic part P};*. The following consideration should
be mentioned in the uniaxial reduction situation: the almost
incompressibility is promised by using a scalar Lagrange multiplier
p, which is determined by setting the lateral stress as zero, and
this operation describes the volume behaviour of soft material
indirectly [5]. Following the proposed constitutive model, the
specific expressions of nominal stresses are finally given as

P =2 +g%][2a+80[2 +52 +c1+23 P |- £] 20)

1
A

NEQ 0 NEQ 2 1
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Parameter identification for (a) hyperelastic part, (b) viscoelastic part, and (c) temperature part, respectively.

respectively, where A{ ;, 4} ;, and 1} ; are the eigenvalues of [C‘;]l/ 2
respectively. Note that under the strict incompressible situation
of internal variables, the above expressions can be simplified
to the same form as the expressions shown in [5,51]. More
discussion about the one-dimensional reduction of C" is included
in Appendix: A.

3.6.2 Parameter identification and model validation

Material parameter identification is then performed. Based on
the codes written in MATLAB using the least squares method, the
optimum series of parameters is found to fit the experimental data.
The fitting results are seen in Figure 4, as well as the corresponding
parameters listed in Table 4. Explanations about how experimental
data are used for parameter identification are explained as follows.

@® In the equilibrium part, the multi-step relaxation
experimental data (see Figure 2(b)) is utilised to determine
the hyperelastic parameters, as shown in Figure 4(a).

This experimental process involves stress decay as the
system approaches the equilibrium state, allowing the
extraction of the hyperelastic stress at every sub-relaxation
point. Taking the data under 293K as the reference, the
hyperelastic stresses under different temperatures are
amplified according to the data from the single-step
relaxation tests (see Figure 2(a)).

@ In the non-equilibrium part, the data under different strain

rates (see Figure 2(c)), i.e., 0.1/s, 0.01/s, and 0.001/s, are
used to identify the viscoelastic parameters while keeping
the hyperelastic stress constant, see Figure 4(b). Inside
the algorithm, the Newton method is used to solve the
evolution functions of the internal variables in the one-
dimensional case.

(® In the temperature part, while keeping the hyperelastic and

viscoelastic parameters frozen, the temperature parameters
can be further identified by using the data under different
temperatures (see Figure 2(d)), as illustrated in Figure 4(c).
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Table 4

Constitutive model parameters.

Hyperelastic parameter a [MPa] b [MPa] c [MPa]
2.85e-1 1.50e-5 1.74e0
Viscoelastic parameter ¢ [MPa] 1y [s] 712 [s] ki3 [s] c; [MPa]l 127 [s] 722 [s] ka3 [s]
4.00e0 2.26e-14  9.88e0  5.55e+1  7.42e-1 1.30e1 2.54e3 3.01e3
Temperature parameter n?Q [-] n;Q [] nZQ M niQ ] nTEQ 0 ngEQ 0 ngeo [ nZEQ 0
1.15e8 -7.22e-2  7.33e-1  7.96e-4 2.62e0 8.20e-4 1.44e+4 1.92e-1
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Fig.5
Model validation under (a) 253K, (b) 273K, (c) 293K, and (d) 333K, respectively.

Here, we should note that the temperature parameters
can not be identified simply without the consideration
of temperature rise, i.e., the self-heating effect. While the
actual temperature rise is currently unavailable, a local loop
is needed for updating these parameters.

Model validation is performed by comparing the analytical
results with the experimental data (has not been used in
parameter identification), see Figure 5. As seen in these figures,

the experimental results are well captured by the proposed
constitutive model as a whole.

4 Finite element implementation

In this section, a FEM framework is developed taking the
aforementioned constitutive model, employing the user-material
subroutine UMAT within the ABAQUS/Standard solver. It is
important to note that for this coupling problem, the analysis
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should be done within the subroutines of UMAT in combination
with UMATht for ABAQUS versions released after 2020, otherwise,
the subroutine HETVAL is necessitated [68].

4.1 Weak form of thermo-mechanical coupled constitutive
equation

The nonlinear thermo-mechanical coupling problem is solved
using an incremental-iterative strategy based on Newton-Raphson
approach as [37]

Kau AUl + Kys A0 = Ry, (22)

KouAu + Kgg AO = R@, (23)

where Kyu, Kug, Kou, Kgo are the components of Jacobian
matrix, Au is the displacement increment, Af is the temperature
increment, and R, and R, are the corresponding increments
resulting from the displacement and temperature, respectively.
Note that Ky and Ky, despite being relatively small in most cases,
are intentionally not omitted. Otherwise, the inaccuracy of the
Jacobian matrix could lead to convergence issues.

4.1.1 Mechanical material laws

The solution of the governing equations using FEM requires the
weak forms [37]. By considering the virtual displacement §u, the
weak form of energy balance integrating over the entire volume
in the reference state is expressed as [28]

S: LSCde/

Q0

T.suds — / B sudV =0, (24)
Q

Qo

where C = 1[(F'Gradséu)" + F'Gradsu)], T denotes the prescribed
first Piola-Kirchhoff traction, B is the reference body force, 99 is
the surface of the continuum  at the referential configuration,
respectively. For the thermo-mechanical coupling problem, the
differential form of the second Piola-Kirchhoff stress tensor is

dS(C,0) =C: 3dC + Tdo, (25)
where
w2
C=4—— 26
9CaC (26)
is the referential fourth-order elasticity tensor and
w2
T=2 27
9Ca0 @7)
is the referential second-order stress-temperature tensor,

respectively. These two quantities measure the changes in
stress which result from a change in strain and temperature,
respectively. According to the relationship between Cauchy stress
and second Piola-Kirchhoff stress, i.e., ¢ = JF-ISFT, as well as
Equation 25, the rate-form constitutive law for Cauchy stress is
derived as

6= (26®I+;[(F®FT):C:(FT®F)]) :d+;F1‘FT9. (28)

As per the requirements for UMAT, the above equation gives the
spatial Jaumann tangent moduli as

v 1
(C:20®I+7[(F®FT):<C:(FT®F)] (29)
and the spatial stress-temperature tensor as
1
t= 7FrFT. 30)

After the aforementioned derivation, the crucial aspects for the
FEM implementation regarding the mechanical material laws are
identified in the derivations of referential elasticity tensor C and
referential stress-temperature tensor T of a specific form for the
constitutive model (see Table 3).

Referential elasticity tensor

Following the characterisations of additive decomposition for
the energy function and the stress tensor, the referential elasticity
tensor is decomposed as

C = Ciso + Cyo1 + C°. (31)

According to the specific form shown in Table 3, the
components of the referential elasticity tensor C are derived as
follows.

¢ The isochoric part.

iso = =2
Ciso aC aC
. 2 N 2
—P:C:P" + §Tr(r2/3s)11> - g(C*1 ® Siso + Siso ® C*l).
32)
Note that
- 1
Tr(e) = (0):C, P=CloC!- §C71 ®C,
aCc!
d CloC!=- : 33
an © 3C (33
respectively. Furthermore, the fourth-order fictitious elasticity
tensor
C=C"+C™, (34)
where
((—:EQ 2],4/3 BSfQ
aC
= 2] 43 [93 + gﬂ (2419[11]21 QI+ LIl 1]
o
C - - _ - _
—5 LI L1 -Clo (I~ C)) (35)
and

_ . aNEQ PYord
CH =g B8 =2 74/3[6% + gNEQ] |:Z?=1 Zciﬁ]' (36
¢ The volumetric part.

0 SVol

(Cvol =2 aC

vol
— (]pvol +[2 dg[ )C—l ®C—l _ 2]pvolc—1 @C_l.
(37)

o The thermal part.

38?
C’=2—
aC

Referential stress-temperature tensor

0
=(Jp’ Jrlzddi})c’1 ®Cl-2/pCclocC. (38)

Similarly, the referential stress-temperature tensor is
decomposed as
T = Tiso + Tyol + . (39)

According to the specific form shown in Table 3, the components
of the referential stress-temperature tensor T are derived as
follows.

2
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¢ The isochoric part.

Tio = % =J28p:T, where T=T°+T"° (40)

and
FEe 98" game 58N
T =5 T"=58_ (41)

o The volumetric part.

Tyol = 837(\;01 (42)

¢ The thermal part.
T = (43)

W .
4.1.2 Thermal material laws
The classic internal energy conservation law integrating over
the entire volume in the current state reads

/pUdV:/ qu+/ rdv, (44)
Q Q2 Q

where p is the material density, U is the power of internal thermal
energy U, 9Q is the surface of the continuum € at the current
configuration, g = —q - n (q is the heat flux vector and n is the
unit outward normal vector of the surface of Q) is the heat flux
into Q per unit time, and r is the natural heat source inside Q per
unit time, respectively. By using Gauss’s theorem and the Newton
method, the weak form of Equation 44 is expressed as

1 AU 1 AU
— [ 86p—=0dV + — | 80p——VodV
At Jy 30 at J, © " ave

aq aq / aq
3Vo)—0d4dV 3VO)—-vodV — [ §6 —6dS
+/V( )ae +/V( )ave s 00
- / 56 L 9av = o, (45)
Y
where 86 is the virtual temperature, §V0 is the virtual temperature

gradient, and V@ is the temperature gradient. For the proposed
constitutive framework,

o U is only the function of temperature,
» no natural heat source exists during the deformation,
 the heat flux is not affected by the temperature value,

are assumed. Therefore, once the spatial thermal conductivity

w 09 (46)
ovo
and specific heat capacity
def IAU 47)
Y

are given, the internal energy conservation law (Equation 44)
is solved. Note that for a thermally isotropic material, « is an
isotropic tensor, i.e., ¥ = kI, where k denotes the coefficient of
the thermal conductivity defined according to the Fourier’s law
of heat conduction q = kV6. The thermal parameters of EPU are
cited from other studies, as shown in Table 5.

4.2 Flow chart of the numerical algorithm

The algorithm framework is elucidated in this section for a more
clear understanding of the finite element implementation. We
should note that within a finite element algorithm, variables are
updated iteratively. For each increment, the task of UMAT is to
update the variable at the end of the current increment (denoted

Table 5

Thermal parameters.

Parameters Value

14 x 1072 K1 [12]

0.29 Wm~" K~ [69]
042 x103)g "K1[12]
0.95 [70]

Thermal expansion coefficient («)
Thermal conductivity (k)

Specific heat capacity (c)
Emissivity

as {e},+1) based on the variable at the beginning of the same
increment (denoted as {e},). It is important to clarify that {e}, are
already updated at the end of the previous increment, and then
passed into the current increment for information. These include,
but are not limited to, the time increment Atf, temperature at the
beginning of the increment {0}, the deformation gradient at the
beginning of the increment {F},, the deformation gradient at the
end of the increment {F},,;, and the user-defined variable at the
beginning of the increment {Cl}y. It is important to note that
time-dependent variables like F, and F, have inter-dependencies
(F =F,F,). Therefore, in our algorithm, we only consider Cy
as the user-defined variable that necessitates updating. In our
framework, the updating process is mainly divided into four steps:

1) Firstly, the kinematic variables are determined according to
Table 2. For instance, given the deformation gradient {F},.,
its determinant is calculated to obtain {J},,;, and its tensor
invariants are calculated to obtain {I1}n:1, {}n+1, and {I3}ns1-
The isochoric variables, such as {F}y,; and {C},.1, could then
be obtained. From the input of UMAT from the last increment,
the value of {C?}n is a known quantity, and {C;}ml is updated
based on its evolution equation.

2) The next step involves the calculation of the Cauchy stress, as
per the requirement of UMAT. Note that the stress calculation is
based on the kinematic variables at the end of the increment,
e.g., {FJps1. According to our constitutive framework, we
calculate the second Piola-Kirchhoff stress tensor, and then
push-forward it to the spatial description to obtain the Cauchy
stress tensor.

3) Subsequently, we calculate the referential elasticity tensor and
the referential stress-temperature tensor, and then push-forward
them to the spatial Jaumann tangent moduli and the spatial
stress-temperature tensor, respectively, as required by UMAT.

4) Lastly, the volumetric heat generation per unit time at the end
of the increment is calculated.

The flow chart is presented in Table 6 to facilitate a further
understanding of the finite element implementation.

4.3 Validation of the finite element implementation

As a first step, simulations of homogeneous deformations are
conducted for a validation purpose due to the simplicity of
the deformation pattern and this choice facilitates a meaningful
comparison with analytical results, such as those obtained from
MATLAB. The specimen used in the validation process is a cuboid
structure, with 25 mm in length, 2.5 mm in width, and 1.5 mm
in thickness, as depicted in Figure 6. Note that this specimen is
loaded along the X-direction, with the left-end surface restricted
from displacement in the X-direction.

10
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Table 6

Flow chart of the full algorithm for FEM implementation.

Input: At the beginning of the increment: At, {6}y, {F}n, {F}n+1, {C!'f},.

01: Kinematic variables determination. > Table 2

02: Calculate §™ and §"° > Table 3 & Table 3
03: Siso = J~23P: (SEQ + SNEQ) > Equation 6

04: Calculate p*® and p? > Table 3

05:Syo = Jp¥olCc! > Equation 7
06:5% = Jp?C? > Equation 8

07: Assemble the second Piola-Kirchhoff stress tensor S = Siso + Syol + S? > Equation 5

08: Calculate the Cauchy stress o = }FSFT
09: Calculate C* and €™

10:Cigo = P+ (C + C") 1 PT 4 2Tr(J238)P — 2(C' ® Siso + Siso ®C)
1M:Cyor = Up™ + 28T @ c1 — 2Jpeic! @ ¢!

12207 = Upf + P @ —2p’c o ¢

13: Assemble the referential elasticity tensor C = Ciso + Cyo1 + C?

> Equation 35 & Equation 36
> Equation 4.1.1
>Equation 37

-
U
=
)
(]
=
=
=]
<
(7]
T
]
(I

> Equation 38

> Equation 31
v

14: Calculate the spatial Jaumann tangent moduli C=20 @ I+ }[(F®FT) : C: (FT @ F)]

—EQ =NEQ

15:CalculateT " and T

16:Tiso = J23P: (2 + 1Y)

> Equation 29
> Equation 41
> Equation 40

17:Tyol = a;g" > Equation 42
18: 70 = > Equation 43

19: Assemble the referential fourth-order elasticity tensor T = Tigo + Tyl + T¢
20: Calculate the spatial stress-temperature tensor t = }—FTFT
21: Calculate R and its derivations to the strain and temperature increments.

> Equation 39
> Equation 30
> Equation 12

v
Output: At the end of the increment: {o}n+1, {C}nh+1, {t}nh+1, {C

}n+1: {R}n+1

1.5

»
n

Fig. 6

The dimension and boundary condition of the cuboid structure used to validate the accuracy of the FEM implementation.

The numerical simulations employ the thermal-mechanically
coupled 8-node hybrid element (C3D8HT) to simulate the almost
incompressible behaviour. It should be noted that for this type
of hybrid element, an additional degree of freedom, namely ], is
introduced to displace the actual volume change /. Consequently,
two additional derivatives

L 92u())
K=]— 48
J o7 (48)
and
g: 3w()) 49)
aJ aJ3

are involved based on the total hybrid formulation within the
FEM implementation. Furthermore, heat convection is considered
at the external surface of the specimen. The simulated results,
including nominal strain and nominal stress along the X-
direction, are then compared with the analytical results.

Figure 7 (a) to Figure 7(d) suggest that the FEM implementation
reaches the same values when compared with analytical results.
Note that the comparison ignores the consideration of thermal

stress (87), as it is not accounted for in the analytical solution
as mentioned before. After the comparison process, the results
incorporating thermal stress are shown in Figure 8, revealing only
a minor difference for each temperature. This observation aligns
with expectations, given the relatively low thermal expansion
characteristic for the EPU material.

So far, the validation of the thermal-mechanically coupled
FEM implementation has been fully evaluated, presenting good
results in accuracy. Additionally, it should be noted that all of the
simulations reach almost quadratic convergence (see Appendix
B).

4.4 Investigation of self-heating effects

Self-heating, a temperature-increasing process caused by internal
dissipation during deformation, is a physical characteristic of
viscoelastic material. It should be emphasised, that the heat
generation is solely derived from the chosen Helmholtz strain
energy and is consequently a complex function of the strain, strain
rate, absolute temperature, and stress value.

1
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FEM Implementation validation against analytical results from MATLAB. (a) The equilibrium paths under different temperatures. (b) The stress-strain curves at
different strain rates. The temperature is 293K. (c) The stress-strain curves under different temperatures. The strain rate is 0.1/s. (d) The stress-strain curves under
different maximum strain levels. The temperature is 293K and the strain rate is 0.1/s.

Figure 9 illustrates the temperature increase with regard to
the strain relationship under 0.1/s and 0.001/s. Each rate case
features two curves, namely the simulated temperature increase
and the adiabatic temperature increase, respectively, depending
on whether heat convection is considered. Some findings are listed
below.

1. An adiabatic temperature increase of 4.99K is observed for the
case of 0.1/s and 200% deformation, consistent with a previous
study [12], where 4.27K was reported for polyurea (a soft
material similar to EPU) at 0.08/s and 200% strain. Additionally,
the adiabatic temperature increase is larger at 0.1/s compared to
0.001/s, reflecting increased internal dissipation.

2. Heat convection intensifies during large strain stages, attributed

to the increasing convective surface area [12]. Furthermore,
the diminishing strain rate results in a larger difference
between simulated and adiabatic temperatures, influenced by
the duration-dependent heat convection.

3. The inset in Figure 9(a) reveals endothermic behaviour for
0.001/s case, known as thermoelastic inversion [12,71-74].
This phenomenon suggests the competition between thermal
expansion and entropy elasticity at small strains.

Figure 9(b) depicts temperature increase curves at various
temperatures, with all simulations conducted at 0.1/s. The
case for 253K exhibits the largest adiabatic temperature, which
is attributed to the dominant internal dissipation at lower
temperatures. Additionally, it is noteworthy that none of the
curves presents endothermic behaviour, even at small strain stages
(see the inset in Figure 9(b)). This absence is justifiable due to the
non-negligible self-heating effect under 0.1/s even at a small strain
stage.

5 Structural example
The objective of this section is to investigate the complex
structural deformation to demonstrate the advantages of the FEM

12
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Fig. 8

The comparison between stress-strain curves after the incorporation of
thermal stress.

implementation. A plate with a hole, commonly employed to
assess the robustness of any user-defined FEM codes [44,53,75-77],
is selected here. Note that in contrast to the example discussed
above, the deformation within the plate is non-uniform because
of structural anisotropy.

5.1 Numerical model
The dimension and boundary conditions of the plate structure are
depicted in Figure 10.

Note that along the Y-direction, this specimen is subjected to a
prescribed displacement u, with the bottom surface restricted from
displacement in the Y-direction. Heat convection is considered
at the specimen surface. The loading history is divided into two
stages:

(@ the plate is loaded up u=100 mm at the top surface;

T T T T
— Simulated tempertaure 0.1/s
6L - ADIABATIC i
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PR ADIABATIC Y v o S B ..
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Fig. 10

The dimension and boundary conditions of the plate with a hole structure.

@ then the plate is unloaded until the top surface recovers to
its initial position.

With the utilisation of ABAQUS/Standard, the finite element
simulation can be conducted with the user-developed constitutive
model to this complex structure. Similar to the setup described
in the above section, the C3D8HT element is selected for the
following simulations. Furthermore, three mesh cases, i.e., Mesh1
(Melem = 120), Mesh2 (Helem = 256), and Mesh3 (#ejem = 1932), are
considered to investigate the effect of spatial discretisation. The
simulation schedule is detailed in Table 7.

5.2 Numerical results
5.2.1 Spatial discretisation

The effect of spatial discretisation is first investigated under
293K. The force-displacement relationships and the maximum

25 Simulated tempertaure 253K ! '
E - - ADIABATIC
[~ Simulated tempertaure 273K- . .

20 F - - ADIABATIC . S 1
o Simulated tempertaure 293K o § [151K]
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(b)

Simulated and adiabatic temperature increases for (a) different strain rates and (b) different temperatures.
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Table 7

The simulation schedule for the plate with a hole structure.

Deformation mode

Velocity [mm/s] Holdingtime Maximum prescribed displacement[mm] Temperature
253K 273K 293K 333K
Uniaxial tension 5 - 100 ° ° ° °
Single-step stress relaxation 5 3 mins 100 ° - - -
2500 T T T T T T T T [ T T T
Nyen=120 N e =120
Nyen=256 J6t Nyem=256 i
2000 L T Meen=1932 T | T 1932
5
z E
- o4+ _
% 1500 %
=] =
(5]
g £ . .
“E 1000 L g loading unloading
g T2t :
- :
=
500 %
<
=
0 -
0 1 1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 0 5 10 15 20 25 30 35 40
Displacement (mm) Time (s)
(a) (b)

Fig. 11

(a) The force-displacement relationships for the plate with a hole structure under different spatial discretisations. (b) The maximum temperature increase for the

plate with a hole structure under different spatial discretisations.

NE, NE22 [-]
(Avg: 75%)
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Mesh3

Fig. 12

"

Meshl Mesh2

(b)

Contours of Figure 12(a) the axial strain distribution and (b) the temperature distribution at u=100 mm for three different spatial discretisations: (Mesh1) nejem =

120, (Mesh2) nejem = 256, and (Mesh3) nejem = 1932.

temperature increase for different spatial discretisations are shown
in Figure 11(a) and Figure 11(b), respectively. Here, the reaction
force represents the resultant reaction force in the Y-direction
related to all the nodes on the top surface of the specimen.
The results presented in these two figures show that the load-
displacement responses almost completely coincide, with only a
small difference in the maximum temperature rise shown in the
unloading stage. This finding suggests that Mesh1 is coarse, while
the other two mesh cases exhibit minimal differences in both the

force-displacement relationships and the maximum temperature
values. Furthermore, contours of the axial strain distribution and
the temperature distribution at u=100mm for three different
spatial discretisations are shown in Figure 12(a) and Figure 12(b),
respectively. It turns out that, for this particular specimen, the
strain evolution, as well as the temperature distribution, is almost
mesh-independent. Therefore, Mesh?2 is chosen for the following
analysis with the consideration of the smoothness of the contour
and the computational cost (refer to Table 8).
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Table 8

The computational cost in terms of the CPU-time for uniaxial
tension simulations under different spatial discretisations.
Note that the simulations are based on the single-core mode
of ABAQUS2023 on a CPU with the AMD Ryzen 7 5800H
processor.

Mesh1 Mesh2 Mesh3

Time [s] 122 242 754

5.2.2 Load displacement response

The mechanical response of this structure is illustrated by the
load-displacement curves shown in Figure 13(a), Figure 13(b),
Figure 13(c), and Figure 13(d) for different temperatures,
respectively.

It becomes apparent that the loading-unloading is associated
with the dissipation of energy, manifesting by the characteristic
hysteresis behaviour represented by the area enclosed by the
loading and unloading curve. Three points denoted as A
(u=50mm), B (u=100mm), and C (the free force state), are
selected from the load-displacement curve to track the evolution
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gls 3 ' B
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& N
g .
E 10+ E
e 'Y
by .
E <
o 5 L 3., -
= [ ] e
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-20 0 20 40 60

Temperature (°C)
Fig. 14

The maximum temperature increase values under different temperature cases
for different stages, i.e., A, B,and C.

of the temperature increase distribution. The description of the
temperature increase distribution for these three points is as
follows.
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Temperature distribution for different cases for selected time steps.

1 6 T T T T T T T T
loading]

Case @
— — Case @)
Case ()

—_
[\S)
T

Nominal Stress (MPa)
[ee]

~
—I
1

0 i 1 1
0 20 40 60

80 100 120 140 160 180 200
Time (s)

(a)

Fig. 16

NT11
273
271
269
267
265
263
261
259
257
255
O o 253

t=20s

(b) Case @

NT11
333
325
317
309
301
293
285
277
269
261
o) o) O 253

t=200s t=10s t=20s t=200s

(c) Case ®

3 0 T T T T T T T T
loading]

| >
25+ : 1
g : Case (@)
2201 — — Case @) |
g | Case 3)
2
E 15 b
=
S e
R -7
=] !
= |
5k I i
I
]
0 1 | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
Time (s)
(b)

(a) The nominal stress time relation for the single-step relaxation simulations. (b) The temperature increase time relation for the single-step relaxation simulations.

A. At point A, the temperature increase at each temperature is

marginal, with the peak value situated around the bottom
edge of the specimen, corresponding to the place with the
highest strain (not plotted here). This aligns with the stress
(or strain)-driven self-heating formulation.

Subsequently, at point B, the temperature increase
reaches almost the maximum extent throughout the
whole deformation process. The peak temperature increase
position coincides with that mentioned in point A. For
the 253K case, the maximum temperature rise can reach
up to 18K. This observation is as expected because of the
large hysteresis phenomenon occurring at low temperatures
(refer to Figure 2(d)). The maximum temperature rise extent
also correlates with the specimen’s initial temperature (see
the blue line of Figure 14). The lower the specimen initial
temperature, the more pronounced the temperature rise at
point B.

C. Finally, after the top surface returns to its force-free state,

the residual temperature distribution can be seen at point
C. The maximum temperature increase values at this point
for 253K, 273K, 293K, and 333K are 16.71K, 8.07K, 4.29K,
and 2.93K, respectively (similar to the situation at point B,
see Figure 14).

5.2.3 Single-step stress relaxation
In this section, single-step stress relaxation simulations at 253K
are considered, encompassing three cases:

@. simulation without considering the self-heating effect;

®. simulation incorporating the self-heating effect;

®. simulation considering the self-heating effect, with an
additional temperature boundary (333K) applied at the edge
of the hole. This implies that the specimen will experience
heating up to 333K during the simulation.

Three time points are selected for each case, namely t=10s
(the half of the loading), t=20s (the end of the loading),
and t=200s (the end of the stress relaxation). The comparison
among these cases and time steps provides clearer insights into
the effects of self-heating and heat transfer. The temperature
distributions at selected time points for these cases are plotted in
Figure 15. In case (), where the self-heating effect is neglected,
no temperature change is observed inside the specimen during
the whole simulation process. For case (2), temperature increases,
especially near the edge of the hole, propagating throughout
the specimen. The temperature rises during the loading stage
because of the self-heating effect and then decreases during the
holding stage mainly due to heat convection. After applying the
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additional temperature boundary in case (3), the temperature rise
becomes obvious, observable even at t=10s, and continues to
spread towards other borders from t=20s to t=200s. This is the
result of the classic heat transfer effect.

For quantitative tracking, one node of the specimen (marded
in Figure 15) is used. Figure 16(a) and Figure 16(b) depict the
stress and temperature time relations for all cases. In case (),
a typical stress relaxation curve is observed, where the stress
decreases over time during the stress relaxation stage. In this case,
the temperature of the specimen remains constant throughout
the simulation. Then, with the consideration of the self-heating
effect in case (2, the nominal stress follows a similar trend
but with a lower value than in case (D due to the increased
temperature. The corresponding temperature has a decreasing
trend during the holding stage (t=20s to t=200s) due to reduced
heat generation and sustained heat convection. Finally, in case
(®, the nominal stress has a similar value to case @ during
the loading stage but a slightly higher value of stress because
of the larger thermal stress. Heat transfer has little influence on
the structure at the loading stage (short duration). During the
stress relaxation stage, the stress decreases more rapidly because
of the quickly increased temperature caused by the heat transfer
effect. It is reasonable to infer that, with infinite observation
time, the entire specimen will be heated to 333K, and reach
equilibrium.

6 Conclusion

In summary, this study introduces a thermo-mechanically
coupled constitutive model for EPU, incorporating hyperelasticity,
viscoelasticity, thermal expansion, and self-heating in a
thermodynamically consistent manner. Based on experimental
data obtained from our previous studies, model parameters are
identified through the least squares method, with iterative updates
for temperature parameters considering the self-heating effect.
Subsequently, the validated model is implemented into the UMAT
subroutine of ABAQUS to compute three-dimensional stress-strain
states, facilitating the visualisation of structural responses under
various mechanical loads and boundary conditions. The self-
heating effect, incorporating mechanical work and viscoelastic
dissipation, is then systematically analysed under different strain
rates and temperatures, enhancing the comprehension of EPU’s
thermal-mechanical response to diverse conditions. Furthermore,
a plate with a hole is simulated to shed light on the complex
structural performance of EPU and present the engineering
significance of FEM implementation of the proposed model. In
conclusion, this research provides a valuable tool for engineers
and researchers, fostering a deeper understanding and prediction
of thermal-mechanical material behaviour in diverse scenarios.
Future work will focus on applying the constitutive model to
more complex structures (e.g., metamaterial) and more loading
conditions (e.g., impact loading).
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Appendix A discussion about the incompressibility of
the internal variable
In parameter identification, the evolution function of C' is
reduced into the one-dimensional case by using the Euler
Backward Method (EBM) as

2

i)
1 n+1

(441,00 = 34}, + ¢

[~ R[=R[=

1
(181,00 = 08+ e 5[ 5 -2 (50
12 n+1
{)‘"3,}n+1 = {)\'g}n-i_At{Zr [W _)"g:” ’
3 n+1
where
At =A{t}, 1 —{t}, (81)

and A, A}, and A} are the eigenvalues of [C"]!/?, respectively.
Furthermore, the differences between the stress-strain
results by applying the strict incompressibility (SI) and almost
incompressibility (AI) of internal variables are compared in this
section. In other words, there are two approaches for determining
the hydrostatic pressure p, leading to two sets of stress results.

o If the strict incompressibility is considered, the second and third
equations of Equation 50 are not necessary to be solved since in
this situation, we have

(V)2 0 0
c=|0 o) 0 (52)
0 0 o)1
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Table 9

1.0 1.5 2.0 2.5 3.0
Lambda

(©

The Euclidean norm of the largest residual force for the cuboid and the plate with a hole

structures at selected time points.

Iteration LARGEST RESIDUAL FORCE
5(s] 10 [s] 15 [s] 20 [s]
Cuboid 1 4.674E-4 5.833E-6 4.198E-4 1.008E-4
2 3.131E-10  1.382E-9 2.819E-9 3.538E-10
Plate with a hole 1 1.787E-02  7.511E-03  7.906E-03  9.628E-03
2 2.782E-06 1.121E-06  4.923E-07 4.610E-06
3 5.621E-11  2.719E-11  3.296E-11  3.001E-11

where A} =", A} =1} = (A¥)~1/2. The corresponding nominal
stress is
[PT = 2(:[[;]2 - [QE]] (53)

Note that for simplicity, the temperature influence is neglected
here.
« If the almost incompressibility is considered,

(AY))? 0 0
C'=| 0 (A%,)? 0 (54)
0 0 (A%3)?
The nominal stress is written as
NEQ Al A 1

P = 2e| o — g 5)

The results are compared to see the differences between [P}}"]"
and [PIN;‘Q]A]. Without loss of generality, the values of ¢ are chosen

as 1 for both cases, while t is chosen as 1, 10, and 100. The
comparisons, as plotted in Figure 17, show that there are indeed
slight differences between the two cases.

Therefore, for consistency with the FEM implementation,
during the one-dimensional reduction in Section 3, C" is solved
with almost incompressibility. We need to state here that both
cases are correct, depending on the specific problem considered.

Appendix B the convergence situation

The convergence situation is checked for two structures, i.e.,
the cuboid and the plate with a hole, which is used in the
above sections. The loading velocity is controlled to promise the
maximum strain and the strain rate inside each structure is around

200% and 0.1/s, respectively. The updates of the Euclidean norm
of the largest residual force with the Newton iteration are listed in
Table 9. We should note that the convergence situations for both
structures show approximate quadratic convergence, presenting
the consistency of the tangent derivation to stress tensors.
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