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1. Introduction
Consider the following SDDEs
dY,=(=2Y,-Y} IY' Y, d \/EY Y,_dW, 1.1
r=(=2Y, -7, +§ o sin(Y,_))dt + rcos(Y,_)dW, 1.1

with initial data & € C([-1,0];R),&(0) =c € R/{0}. Using [16, Theorem 1], we can show that the exact solution of the SDDE (1.1)

is almost sure exponentially stable, i.e.

lim sup 1 loglY;| <—4as.,

t—oo 1

A>0.

However, the discrete (standard) EM approximate solution

X,  =E&kD) k=-m,—m+1,..,0,
Xier1 :Xk_Xk[(z"'X;%_%XkSin(Xk—l))A'l'\/ECOS(Xk_l)AWk], k=0,1,...
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where A =1/m,m € N, is not almost sure exponentially stable. This means that it does not exist a constant # >0 and a A* € (0, 1)
such that for all A € (0,A™)

li?lsolip i log | X | <—n as..

On the contrary, as we will see in Section 6, the adaptive EM approximate solution to equation (1.1) is almost sure exponentially
stable.

The classical existence-and-uniqueness theorem for SDDEs requires the drift and diffusion functions to satisfy a local Lipschitz
condition and a linear growth condition (see [11]). However, in applications there are many SDDEs which do not satisfy the linear
growth condition. The Khasminskii-type theorem in [12] enables to prove existence-and-uniqueness for a class of SDDEs using a
weaker condition than the linear growth one. Thus it is desirable, under these weaker conditions, to find numerical approximate
solutions that converge strongly to the exact solution. In 2003, Mao [14] proved strong convergence using the EM scheme and
assuming the boundedness of the pth moments for both the exact and the numerical solution. It is well-known that the linear growth
condition implies the boundedness of the pth moments for the EM approximate solution. But when the drift function grows faster
than linear, the standard EM scheme fails, see the example with polynomial growth in Hunter [7]. Therefore, modifications of the EM
scheme for SDDEs that provide explicit approximate solutions have appeared in the last few years to account for this issue. Examples
of these are the tamed [8] and the truncated [3] methods.

In 2020, Wei and Giles [2] obtained strong convergence for the numerical solution of a SDEs in a finite horizon under local
Lipschitz and one-sided linear growth conditions. They use an adaptive EM scheme in which the time step is not a constant, but a
function of the solution at that point in time. They also, under more restrictive conditions, showed strong convergence in infinite
horizon. Here, in the first part of this paper we extend their work to SDDEs in both, finite and infinite horizons. Following [2], we will
show the boundedness of the pth moments but in our case, this is not enough to prove strong convergence. The main difficulty is that
the delay times might not match the times where the numerical solution is computed. We therefore defined an auxiliary piecewise
constant process on the delay times. This varies from the standard EM method for SDDEs and requires a new proof of convergence.

Additionally, to study the stability of numerical solutions is an important topic. Moment stability for SDDEs has been studied
extensively, see for example [1,13]. Almost sure (a.s.) exponential stability is usually derived from moment stability by means of the
Borel-Cantelli lemma and Markov’s inequality (see [6]). In Wu et al. [16], using the EM and the Backward EM (BEM) methods, a.s.
exponential stability was studied for SDDEs without using moment stability. Their approach was based on the martingale convergence
theorem. They required the linear growth condition when dealing with the standard EM scheme. When they weaken the linear growth
condition to the one-sided linear growth condition for the diffusion function, they showed how the standard EM approximate solution
loses the stability of the exact solution. Then they showed that under the one-sided linear growth condition, the a.s. exponential
stability can be achieved by using the BEM method. This method is implicit and therefore more computationally expensive than
explicit methods like the adaptive EM. In Song et al. [15], applying the truncated EM method, a.s. exponential stability was studied
for SDDEs was also investigated. Since the adaptive EM scheme is one of the important explicit numerical method, here, we show
that the adaptive EM method can also preserve a.s. exponential stability for SDDEs. We also do it for SDEs, which was not studied in
[2].

The rest of the paper is structured as follows. Section 2 introduces some preliminary notation and the type of SDDE we will
work with in the rest of the paper. Section 3 describes the adaptive EM method. Section 4 deals with strong convergence and order
of convergence in finite horizon. In Section 5 we obtained the boundedness of the pth moments for the adaptive EM approximate
solution in infinite horizon. In Section 6 we show that almost surely exponential stability of the adaptive EM solution for SDDEs can
be recovered and provide illustration for counterexample (1.1). In Section 7, we present some simulations to illustrate the results in
Section 6.

2. Preliminaries

Throughout this paper, let (Q,F,P) be a filtered complete probability space where the filtration {F,},,, satisfies the usual
conditions (i.e. it is right continuous and ¥, contains all P-null sets). Let 7 >0 and T > 0 be constants and denote C([—7,0];R™)
the space of all continuous functions from [—7,0] to R™ with the norm ||¢|| = sup_,y< |¢(8)|. Let {W,}o,<r be a standard d-

1
dimensional Brownian motion. For a R”-vector v, we denote the Euclidean norm by |v| := (|v;]?> + ... + |v,,]*)2 and the inner
product of two R"™-vectors v and w by (v,w) :=v,w; + ... + v,,w,,. For a m X d matrix A, we denote the Frobenius matrix norm by

[|A[| := y/trace(AT A).

Consider an m-dimensional SDDE of the form

(2.1)

dY, = f(Y,,Y,_)dt+g(Y,.Y,_)dW,;, >0,
Y,=¢0), te[-7,0]

where f : R" x R” - R" and g : R" x R" — R are Borel-measurable functions, and & is a Fy-measurable C([—7,0]; R™)-valued
random variable such that E||£||? < oo.
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3. Adaptive method

The time step is determined by a function h® : R” — R* with § € (0, 1). The family of functions {/°};s., is not specifically
defined, it just has to satisfy certain conditions that we will describe later in the next assumption. To see concrete examples where
the function A% is fully specified, see Section 4 in [2] or equation (6.9) below. We now define the adaptive method for SDDEs. Set

Xy :=&(0), h :=h*(Xy), t; :=h.
We introduce the continuous-time step (auxiliary) process X. Define
X, :=&@)t€[-1,0), X, :=£&0),1€[0,1)).
For ¢, we define the discrete-time approximate solution X as
X, 1= Xo+ f(Xo, X_)hl + (X, X _)AW,,
B = (X, ). ty=t, + R,
X, =X, .1€[t.1),

where AW, := W, — W,. Then for a generic 7, we define

X, =X + X, X, Ok +gX, . X, _)AW,, 3.1)
hfr+1 = hé(X’nH ), Tnp2 =tppr + hZ+1 ’

X, = Xr,,“ L E [tyi1styg2)s

where AW, =W,
Note that 7, and h® are random variables. For every w, let r = r(w) be such 1, < 7 <1,,;. Then we define the continuous-time step

- VV,". For every path w € Q, we continue the recursion (3.1) until n = N(w) :=inf{n € Z* : 1,(w) > T}.

(auxiliary) process X as

>

=X _tE€l-nt —1), X=X, _tE€ll -t —1),, X=X, €[, —1,0,, —T),

X=X, i€ttt -1, X =X, €[, —Tt 1) (3.2)
forn=1,..., N — r. We now define the continuous approximate solution

X, =&, tel-7,0]

t t
X, :=x0+/f(XS,)?H)dH/g(is,)?s_r)dws, t>0. (3.3)
0 0

Note that )?, =7, =X, forn=0,1,..,N.
n n n
4. Convergence of the numerical solutions on finite time interval

In this section we will work on a finite time interval [—7,T],T > 0, and investigate the convergence of the numerical solutions to
the exact solution on [0, T'].

Assumption 4.1. The functions f and g satisfy the local Lipschitz condition: for every R > 0 there exists a positive constant C such
that

If G, 3) = FED+118(x, ») — g W < Crllx =X + 1y = ¥I) (4.1)

for all x,y,x,y € R™ with |x| V |y| V |x] V |y| £ R. Furthermore, there exist two constants «,f > 0 such that for all x,y € R", f
satisfies the one-sided linear growth condition:

(x, f(x,9)) <a(lx]* + [y + 8 (4.2)

and g satisfies the linear growth condition:
llgCe, I < allx* +1y1%) + p. (4.3)
Assumption 4.2. The time step function n  R™ > R*, §€(0,1), is continuous, strictly positive and bounded by 67, i.e.

0<h’(x)<6T forall xeR". 4.4
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Furthermore, there exist constants a, # > 0 such that for all x, y € R™.

(x, f(x,») + %hg(x)lf(x,y)lz <a(lx*+|y1») + 8. (4.5)

Note that condition (4.5) implies condition (4.2) with the same values of a and f.
4.1. The boundedness of the pth moments of the exact solution and the numerical solutions

4.1.1. Exact solution
In this subsection we will discuss the pth moments of the exact solution to SDDE (2.1).

Lemma 4.3. If the SDDE (2.1) satisfies Assumption (4.1), then there exists a positive constant C such that for any p > 2

E [ sup |Y,|”] <C. (4.6)

0<t<T

Proof. The proof is given in Lemma 3.2 in [8]. []

4.1.2. Adaptive EM numerical solutions

In this subsection, the pth moments of numerical solution will be investigated. In the standard Euler-Maruyama method the
discretisation times {7, } are built using a constant time step A and a fixed number of steps N €N, i.e. ty = NA =T. However, in
the adaptive method, {¢,} is a sequence of random variables and there is no guarantee that it reaches 7" in a finite number of steps.
Thus, we have the following definition.

Definition 4.1. We say that the time horizon T is attainable if {z,} reaches T in a finite number of steps N, i.e. for almost all @ € Q,
there exists a N (w) such that 1y, = ¥ hd(X, ) > T.

Theorem 4.4. If the SDDE (2.1) and the function h® satisfy Assumption 4.1 and 4.2 respectively, then T is attainable and for all p > 0 there
exists a constant C > 0 dependent on T and p, but independent of hi, such that

E [ sup IX,I"] <C. 4.7)
0<t<T

The discrete-time approximate solution defined in (3.1) need not be bounded. In order to show that T is attainable and prove
Theorem 4.4, we need to work with a bounded approximate solution. To this end we now introduce the following auxiliary scheme.
~ A —K —K
Let K > ||&]]. Set Xé( :zé(O),hg’K = h‘s(Xé(),t] = hg’K and X, :=¢&(),t€[-7,0),X, :=£(0),t€[0,1)). Note that t,,n=1,2,..,
also depend on K, but we have dropped it to ease the notation. Consider the function @ : R” — R", ®(x) = min(1, K /|x|)x. Then
for every w € Q and for n=0,1,...NX(w) (where NX(w) :=inf{n€ Z* : t,(») > T}), we define
~ ~ ~r —K
XK =0 XK+ (XK X

Tn+1 ’nif)

5.K sk K
WK+ XK X,_)aw,)

6K ._ 15, yvK . 5.K
Ryl = RO ity i= g R (4.8)
—K . oK

X, =X tE [t 1,1,42)

'n+1’
Define for n =0,.... N —r

sk ._ K
X5 =X, tEt,—T.t,y —1), (4.9)
where r = r(®) is such that 1, <7 <t,, ;. We now define the continuous approximate solution
K ._ .
X5 =L, te€[-7,0]

K . oK oK —K oK —K
XK =, (XL +FREX )@=+ gRE X)W, - VVL)> >0, (4.10)

np  —K
where ¢ :=max{r, : , <t}. Note that XX =X =X .
- n n n

Lemma 4.5. Let p > 4, the SDDE (2.1) satisfy Assumption 4.1 and the function h® satisfy Assumption 4.2. Then, for the auxiliary scheme
defined by (4.10), T is attainable and for all p > 4 there exists a constant C dependent on T and p, but independent of hﬁ and K such that

E [ sup |X{<|P] <cC. (4.11)
0<t<T
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Proof. Fix 6 € (0,1). Since A’ is continuous and strictly positive, inf Ix|<K h%(x) > 0. This implies that for every w € Q
liminf 48X (@) = liminf 2% (XX (@)) > 0,
n—oco M n—oo In

$0 lim,,_, o, t,(@) =22 hoK (@) = o for all w € Q and T is attainable in the bounded scheme.

Now we will prove the boundedness of the pth moments and the upper bound will be independent of and K. To ease
the notation will drop the symbols “6” and “K” in the adaptive time-step “hﬁ’K”. Let t € [0,T]. Define ¢ :=max{¢, : t, <t}, and
n, =max{n : t, <t}. Using (4.8) and since for any x € R", |®(x)|? < |x|2, we have that for n=0to n= n—1,

nek

XK P IRE+ fREX, b, +g(RE X, )AW, 2
= (XS XS 2 xF r & ,_,>h>+<f<x’<, O fRE X, k)
+2(XK+f(XK, I_T)hn,g(XK, _)AW,)
+(g(Xf ,_, _IAW, g(XK _, _,>AW>

N+ 3 In WS XEX, )|2

=T

= IREP +2n, [(RE, F(XEX

A~ ~pr —K
+2AXS + f XX, (X ,_,)AW>+|g<X ,_,>AW|2
< |XK|2+2h a(lXK|2+ |x, _H+2h,8
+2 XS+ f(XE, ,_phn,g(X’i ,_T>AW>+|g<X’<, ,_T>AW|2

where in the last step we have used condition (4.5). Solving the recurrence relation, we get

n—1
|XK|2<|XK|2+20{<Z |X’<| h, +|Xt _ h,,>+2ﬂ£
n=0
n—1 n—1
+2 Y (RE+ FREX, Db s(REX,_ AW+ Y 1s(RE X, _)aw, P 4.12)
n=0 n=0

Similarly, the continuous approximate solution verifies
A N —K
XS <IXS1P +20 - 0a( XS P +1X, D) +20 -8
~ ~Apr —K ~r —K
FURK 4 FREX 0= 0.6RE X)W, = W) + 18R X)W, = WP, (4.13)

Substituting (4.12) into (4.13) yields

n—1
~ —K
|XK|2<|XK|2+20{<Z |XK| h,, +|Xt _T| hn+|X}<|2(z—g)+|X,_T|2(z—;)>+2ﬂz
n=0 - -
n—1 n—1
+2 Y (RE+ FREX, s (REX,_ AW,y + Y [sREX, _)aw,P
n=0 n=0

FURK 4 FREX = 0.6RE X)W, = W) + 1R X)W, = WP,

Using the step processes 7 and XX defined previously, the second summand on the RHS of the equation above, can be expressed
as a Riemann integral. Similarly the fourth and the sixth terms can be written as an Itd integral, i.e.

—K ~
IXK2<1xX+ Za/(lXS 2 +1X5 _|Pds +2pt

—K —K SK —K —K SK
+2 / X, + £ X, XKD, )0, @) + (= DI )], g(X, XK )dW,)

n—1
+ 31X, XK AW, + (5K, XK W, - WP,
n=0

Hence, we have
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' p/2

—K ~
|xXp 561'/2-1{|X§ P +|2a / (X, P+I1XE _Pas|  +@por/?
0

t p/2
—K —K Sk —K —K Sk

+2 [ (X + FOX L XEDIMX ) @) + (= DI g 0], g(X L XK HdW,)

0

n—1 /2

—K ~ —K ~

+ <Z |g<xrn,x,’§_,>AW,,|2> +18X, . XK W, - w)I? }

n=0

Taking the expectation of the supremum, one has

E [ sup |X§|P] <671 + L+ I + 1),

0<s<t
where
' p/2
I =EIXXP+E 2a/(|Xf|2 +IXK Pyas| |+ @pop/%
0

I /2

s
—K —K SK —K —K SK
L= sup |2 [ (X, + FX, . XK X, ) 0.0@) + (s = )15 @] gX, . XK yaw,)| s
0<s<t - -
0

"1’1 P/Z
—K ~
I, :=E <2 |g(X,n,XtIn<_T)AI/Vn|2> ;
n=0

—K ~
I, :=E [ sup [g(X ., XK w, - W£)|P] )

0<s<t

Now we will establish bounds for each of the four terms above. In the remainder of the proof, C is positive constants, independent
of K, that may change from line to line.
Using Holder’s inequality, we have

t
I <EIXE P + Qay/2Te/2 10027 / [E[|7§< P +1XK_|P1ds + @pT )/

0
t

SC/[E[sup |xf|ﬂ]ds+c.

0<u<s

By the Burkholder-Davis-Gundy (BDG) inequality (see [9]) we obtain
p/4

t
p/2 X 7K wK ~X K sk 2
1, <2P/CE (X, + (X, X~ OIX o)+ &= DI j)]Dg(X X~ )| du
0

An application of the Holder inequality yields that
! P
p_b_y —K —K Sk —K 2 —K Sk 4
L <2275 CE| [ X, + 71X, XK,y + (= D1 g@]| 11X, XK )12 du (4.14)
0

Now, we bound the integrand of the integral above. Using condition (4.5) we obtain

vK Tk +K _ 2 _
X, + X, X DX Do @) + @ = DIy y]]” =

—K —K —K —K S
= Xy P+ 200X, )00 + (¢ = Dy, @[ (K £ (K KE )
1., <K vK FK |2
+ ST Ty @ + 6= DT @1l Ky XX )P
< Xy P+ 200X, 0 @)+ (¢ = Dy @ [a (1 12+ 1XK, ) + 5]

6
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—K ~
=(1+2aT)|X, |* +2aT|XX |* +2pT.
This implies
Xe 4+ (X XK (X Iy @]1P?
X, + (X, X, AX DI )+ (& — DI g@)]]
—K ~
<30/ [(1 +2aTY/ X, [P/ + QaT)P/*| XX |0/ + (2ﬂT)”/4]
YK b2 L ¥K 02
<cC (lXu P12 4 | XK P24 1).
Also by condition (4.3) one can see that
+K sk 2 _ —K sk 0\ K2 3Kk 2 p/4
e (X, XE I = (118, XEDIP) " < o (1%, P +1KE 1) +5]
—K ~
gc(|xu P2 4 | XK _|p/2 4 1).

Substituting the last two inequalities into (4.14), we obtain

t
—K ~
I, <CE /(1 X, 1P+ |X,£T|P)du
0

t
<C+cC /[E[sup |X;<|P]ds .

0<u<s
Now we will bound I5. Note that ¢, is a stopping time of the filtration { T’tW }. Define

F, i={A€F : An{1, <t}eF/}.

We want to show that given p there exists a constant C dependent on d and p such that for every n we have
E[AW,|?|F, 1< ChY/.

Note that AW, =W,  — W, has the same distribution as the random variable /h,Z, where Z is a standard normal random
d-dimensional vector independent of 4, and 7, . Thus,

E[AW,P|F, 1= EllV/h, ZIP|F, 1= |v/h,IPE[ Z|7) = B/°C, (4.15)

where we have used the facts that &, is F; -measurable, that Z is independent of 7, and that E[| Z|?] is a real positive number that
depends only on p and d.
Combining Jensen’s inequality and equation (4.15), we arrive at

n—1 p/2 n—1 |AW|2 p/2
—K ~ —K ~
L<E <Z IIg(X,H,X,’:_,)IIQIAMV) =E (Z hn||g<X,n,X,f_,>||2h—”>
n=0

n=0 n

ml E[|AW,|P|F, ] mol

_ —K =~ n t, _ —K ~

<T*'E [Z h,,llg(X,n,X,’j_)ll”T] <CT?*E [Z h,,llg(X,n,X{j_)ll"]
n=0 n n=0

- ,
—K ~ —K ~
<crriE / e XX )\pas |< cTr1E / e XX pds|.
0 0

Using condition (4.3) and Holder’s inequality, we have

t t
K ~ p/2 —K ~ p/2
L<cTr/IE / (I1sXS XK )IP) ™ ds [<cTr1E / (X2 +185, H+5) " ds
| 0 0

t
<TPP12CE / (a5 17+ (X 1)+ ) ds
0

0<u<s

t
SC+C/[E[sup |le<|”] ds.
0
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For 1, using the linear condition (4.3), we obtain

I,<E

sup |g(¥s XK W, - w>|ﬂ] <E

0<s<t

sup { 1@ 17 +1 XK )17)+ p1 (W, wgv}]

0<s<t

n—1
—K ~
s[E[2[a(|X,n|P+|X,’§_T|f’>+mtE[ sup |(WS—WIn)|"/2mn]

n=0 tnSSSYn.H

1<s<

+ (X, P+ XK |7+ BIE [sup (W, - W)W%F] ]

0<u<s

t
§C+C/E[sup |Xf|"] ds.
0

Adding all the bounds for I; to I, we have that for all 7 € [0,T']

0<s<t 0<u<s

'

E [ sup |Xf|"] SC+C/E [ sup |le<|"]
0

and by the Gronwall inequality we obtain

E [ sup |XtK|”] <C. O

0<t<T

Remark 4.1. Note that assuming that 7" was attainable, we have proved the boundedness of the pth moments without using the
auxiliary scheme. The only reason why we needed to work with a bounded scheme was to show that inf},|<x h®(x) is strictly positive
and therefore T is attainable.

Proof of Theorem 4.4. Since h® is continuous and strictly positive, inf IxI<K,, h%(x) > 0. This implies that for almost every @ € Q
liminf 7% (@) = liminf 7°(X, (®)) #0,
n—oo n—0o00 n
$0 1im,,_, o0 1,,(®) = Yoo h3(w) = o0 a.s. and T is attainable. By Lemma 4.5 and the Markov inequality

Elsu Xk
P(sup |X,|<K)=1-P(sup [XK|>K)>1- Elsupoger XTI
0<1<T 0<1<T K* K4
Thus
hm P(sup |X;|<K)=1.
K=o og<r
This means that supy,<7 | X;| < oo a.s., i.e. for almost all w € € there exists a K, such that
sup |X,(w)| £ K,,. (4.16)
0<1<T

Also, for all w and all 0 < K| < K,, we have
sup |XtK1(a))| =min( sup |X,(w)|,K;) <min( sup |X,(@)|,K;)= sup |XtK2(cu).| (4.17)
0<1<T 0<1<T 0<1<T 0<I<T
Equations (4.16) and (4.17) imply that
lim sup |X | = sup |X | a.s. (4.18)
0<

K=o g<i<T

This together with Lemma 4.5, yields

[sup |X|”]_ lim [E[sup |XtK|p <C

0<t<T - 0<t<T

The proof is complete for p > 4. For 0 < p < 4, the required assertion follows from the Holder inequality. []

4.1.3. Strong convergence of the numerical solutions
In order to prove the strong convergence of the approximate solution (3.3) to the exact solution of the SDDE (2.1), we need the
following lemma and corollary.
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Lemma 4.6. Let the SDDE (2.1) and the function h® satisfy Assumption 4.1 and 4.2 respectively. Assume also that the function f satisfies
the (global) linear growth condition, i.e. there exists a constant C; > 0 such that for all x,y € R™,
£GP < Crllx? +1y2 + ). (4.19)

Then there exists a positive constant C such that for all t € [0, T].

E|X, - X,|* <C&T, (4.20)
E|X, — X,|> <CsT. (4.21)

Proof. Let € [0,T]. Let r be such that #, <t <t,,,. Then by definition we have X, = Yt, =X,. Thus

t

X, =X, +/f(7s,fs)ds +/g(?s,)?s)dI/VS.
1, 1,
This together with (4.19), (4.3), Assumption 4.2 and Theorem 4.4 imply that
2 ( 2
E|X, - X,|* <2E / (X, X)ds| +2E / g(X,. X )dW,
1 1

<2E[C (RO)*(1 +2 sup X, 2+ 1111 + 2E[ah’ 2 S IX, 12+ 11ED + B

1, <5<

<4@T)* (1 +E[ sup | X171+ E[|€]) +4a8T(El sup |X,|*1+E|[€]]) + f]
1. <s<t 1. <s<t

<CéoT.

To prove assertion (4.21), we first prove that there is a constant C such that for all t € [0, T]

E|X, - X,|* < C5T. (4.22)
Lett€[0,T]. Let k and n be such that , <t <t,,; and 7, —r<t<tn+1 — 7 respectively. Let »,0 <r <k be such that t,_, <t, —7<
ti_r4+1- From (3.1) and the definitions of the step processes X and X, one can see that

r—1
X'k = X'k—r + Z[f(ka—r+i’ X’k—r+x—f)hk—f+i + g(X’k—m’ X’k—r+f—T)AVVk—f+"]

i=0
o1 Tkertiel oy Tkerainl
_Xlk r+z / (XS’XS—T)dS+Z / g(Xvas—‘r)dWS
Ot =0

Tk Tk
=)?tk,,+/f(YS,)?H)dH/g(YS,)?S_,)dWS.

Tk—r Tk—r

Notethat?,z)?,kand)?, =X, :X,_T:)?,_T:f,,wehavethat

k—r k—r n n
Tk Tk
7,:)?,+/f(YS,)?S,,)dH/g(YS,)?S,,)dm.
Te—r Te—r

Also, we have that
o=ty <y =) = (t,— )+ hS_ =hl+hd_ <26T.

Therefore, by (4.19), (4.3), Assumption 4.2 and Theorem 4.4 we have that

’k 2 ’k 2
E|X, - X,|* <2E /f(?s,)?s_r)ds +2F /g(YS,)?S_,)dWS
k—r k—r
<2E[C (1 — 1 )* (1 +2 sup | X, [* + [|E]D] + 2E[a(t, — 1) e sup | X 12+ 1€ + B
) <s<t
<A4BT*(1+E[ sup |X,|*1+E|[&]]) +4asT(E[ sup |X,|*]+E|I£]])+ A
1 <s<t 1 <s<t
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<CoT.

This together with (4.20) implies that

EIX, - X,>=E|X, - X,>+E|X, - X,[>’<CsT. O

In our attempt to prove the strong convergence using the local Lipschitz condition instead of the global one, we introduce the
stopping times

7, i=inf{t >0 : |Y;| >m}, o, :=inf{r>0:|X;|>m}

m m

and v, :=1,, A0, As usual we set inf J = 0. In the next corollary, we relax the global linear condition imposed to f in the previous
lemma and use instead the local Lipschitz condition.

Corollary 4.7. Let the SDDE (2.1) and the function h? satisfy Assumption 4.1 and 4.2 respectively. Then there exists a positive constant C,,
such that for all t € [0, T].

[Elxmvm - Yt/\vm |2 < CméT’ (4.23)

E|X Xip, —e|? <C,0T. (4.24)

AV, —T —

Proof. The processes X, A,}m,Y, Ao, and X, inv,, are bounded by m. Thus, the local Lipschitz condition (4.1) implies condition (4.19).
Therefore the corollary follows directly from Lemma 4.6. []

Theorem 4.8. If the SDDE (2.1) and the function h? satisfy Assumption 4.1 and 4.2 respectively, then for all p > 0

lim E [ sup |X; —Xl"] =0.
5—0 0<t<T

Proof. One can see that

EL sup |Y, — X, |’ 1 =E[ sup |Y, - X1, o7 and o5y + EL sup |7, - X1, <1 or o, <1y )

0<t<T 0<r< <t<T
=: R, + Ry, (4.25)
where [, es the indicator function of the set A. In order to bound R;, we combine the definitions of the continuous-time approxi-

mation (3.3) and the exact solution (2.1) to obtain

2
|Yt/\v,,, - Xt/\vm |

AU, AUy, 2
= / (YY)~ (X X )lds+ / (8(Y,.Y, ) — g(X,. X, )ldW,
0 0

tAD, 2

t/\um 'm
<2T / |f (YY) — f(Xy, X,_)Pds +2 / [8(Yy, Y, ) — g(X,, X,_)ldW,
0 0

Thus, forany t; <T,

E[ sup |Yt/\um - Xt/\um |2]

0<r<r

AU, AUy,

<2TE / /(Y. Y,_) = f(Xy X_)I2ds |+ 8E / lg(Y,.Y,_,) — (X, X,_)I2ds |,
0 0

where we have used the Doob martingale inequality in the second summand. Using the local Lipschitz condition (4.1) in the RHS of
the previous equation and then, adding and subtracting X, twice yields

E[ sup |Yt/\vm _Xl/\vm|2]
0<t<t)
1 1
<Col [ €Wy, = Xy, Ps+ [ BV, =X, P
0 0

10
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! !
¥ 2 ¥ 2
+ Cm /ElXSAvm - Xs/\vml ds+ / IElXS/\vm—r _XsAvm—rl ds|,
0 0
where C,, is a positive constant that depends on T' and m. By Corollary 4.7, we obtain
2
EL sup [Yiry, = Xipo, |71
0<t<t
1 5l
2 2
<C, /IEIYS/\vm - Xs/\uml ds+ / IEIYS/\um—r _Xs/\vm—rl ds|+Cp,é.
0 0
The Gronwall inequality yields

Ry =E[ sup [Y,,, — Xy, [71<C,0.
0<t<T

Proceeding in exactly the same way as in [4], one can see that for all «, f,#, 4 > 0 we have

< 2+lyc 2(p—2)C
- D pr]z/(P—2)mP

2

where C is a positive constant. Substituting the estimates of R; and R, into (4.25), we obtain

2ty 2(p-2)C
E[ sup |Y, - X,21<C,,6 + —1 (2‘;( o
0<1<T p pn=/\P==)mP

Now, given any € > 0, we can find an # sufficiently small so

2p+] nc €
p 3’
and then m large enough so
2(p-2)C €

p2l0=Dmp 3’
and finally 6 small enough such that

€
5Cm<§.

The proof is complete. []

4.2. Order of convergence
Now we investigate the order of convergence of the adaptive EM numerical solutions.

Assumption 4.9. There exists a constant L > 0 such that for all x,y,x,y € R™, f satisfies the one-sided Lipschitz condition

2Ux =%, f(x,9) = fE V) < L(x = %> + |y =FI*) (4.26)

and g satisfies the (global) Lipschitz condition

llg(x,y) — gEWII* < L(Ix = XI* + |y = F1%). (4.27)

In addition f satisfies the polynomial growth Lipschitz condition: there exist constants y, 4,q > 0 such that for all x,y,x,y € R™

[£Gey) = FEP < Ux]T + 917 + XI7 + 1D + D(x = X[ + [y =YD (4.28)

Furthermore, for any s,t € [-7,0] and ¢ > 0, there exists a positive constant A such that

E|&(®) = &(s)] < At —s]9. (4.29)

Theorem 4.10. If the SDDE (2.1) satisfies Assumption 4.9 and the time-step function h satisfies Assumption 4.2, then for all p > 0, there
exists a positive constant C independent of 6 such that

E [ sup | X, — Y,|”] <cs?,

0<t<T

11
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Proof. The proof is similar to that of SDEs given in [2]. We only give the proof for p > 4; the result for 0 < p < 4 follows from
Holder’s inequality. Define ¢, :=Y, — X,,0 <t <T. Hence

t t
¢ = / (Y, = F(Xy R, )lds+ / [5(Y,. Y, ) (X, X, ]dW,.
0 0

Applying It6’s formula we obtain

t t
le,[2 <2 / (s fY Yo )= (R Xy )ds+ / 18(Y, Y, ) — (X, X, )Pds
0 0
1
+ 2 /(es’ (g(Ys’ YS*‘[) - g(ys’ X’sf‘r))du/)
0
t t
<2 / (oo f(Yn Yo ) = f(Xy X)) +2 / (g (X, X, ) — f(R . K,y
0 0

t t
+ / lg(¥,, Y,_p) — (X X,_)|?ds +2 / (e, (8(Yy, Y,_p) — (X 1, X, ))dW,). (4.30)
0 0

Using condition (4.26) we get

ey f(YyYy) = (X X)) S LAY, = X P+ 1Y, = X ) = L(leg]* + leg_ ). (4.31)
Condition (4.28) implies that

ey f(Xy, Xy_) = F(X s Xy D < eyl 1f (X Xy_p) = f(X 3o X )l

<ledOX g Xy X o Xo_ (X, = X |+ X, — X,_.])

S—=17°
Lo, 1 ¥ 7 2 ¥ 2 F o2
< 3 leg|“ + EQ(XS,XS_T,XS,XS_T) 201 X, = X |7+ 1 X — X ), (4.32)
where O(x,y,x,y) :=y(|x|? + |y|? + |x]|? + |[y|9) + A. In addition, condition (4.27) implies that

g (¥, Y, ) = (X o X DI < LAY, = X, + 1Y, - X,
=LY, = X, + X, = X, P+ Y = X+ X = X )
<2L(leg)? + les_ >+ X, = X, P+ 1 X, — X, 7). (4.33)
Substituting (4.31), (4.32) and (4.33) in (4.30), we have
t

le,|> < / [BL+ Dley|* +3Lle,_.|*|ds
0

t
+ 2/[Q(XS,XS_T,XS,)?S_T)2 FLI(X, - X, +1X,_, - X,_|P)ds
0

t
+2 [0, ¥, )~ s X, W),
0
Using Holder’s inequality yields
t

le,|? < (6T )"/ /((3L+ P2 e |P + QLY ?|e,_,|P)ds
0

t
+ @3T)P/2190/2 / [OX,. X, ., X, X, )+ LPP(X, - X"+ |X, .- X, .|")ds
0

12
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p/2

t
+30/27100/2 / (e,, (g(Y,, Y,_) — g(X . X,_))dW,)
0

In the remainder of the proof, C is positive constant, independent of §, that may change from line to line.
Taking the supremum on each side of the previous inequality and then the expectation yields

E [ sup |e5|1’] <Ji+J+ 05,
0<s<t
where

t

Ji :=C/[E [ sup |eu|”] ds;
0<u<s
0
t

J:=C / E[LOX, X X R+ LIPX, =X+ X, = X, dis
0
/2

0<s<t

J; :=CE| sup / (e (8(Y,n Y, ) — g(X s X, )AW,)
0

For J,, by Holder’s inequality one has

t
5 < c/ ([E [[Q(XS,XS_T,YS,)?S_,) + L]P] E [(|x5 XX, - )?s_,|21’)] )1/2 ds. (4.34)

0

By Theorem 4.4 there exists a constant C such that

E 100X, X, X X+ Ly| <C. (4.35)
Let s :=max{t, : 1, < s}. From (3.3), we can write
X, =X, =f(X. X, (s = 9)+ (X, X )W, = Wy
Thus, by Holder inequality
EIX, - X,|? =EIf(X. X,_)(s = 5)+ 8X ;. X, )W, = WI|?
<2PTEI (X X (s = 9P+ 277 Elg(X . X)W, = WP
X

<2 NEF(X

s

= PEL(s = 9*)12 4+ 2277 Elg(X g, Xy )IPELW, - W'/, (4.36)
By Assumption 4.2 we have

E[(s— 9" <E[(h)*) < (6T < 6T (4.37)
and by condition (4.15), we get

ELOW, = W)™ < C6T). (4.38)

Also it follows from the global Lipschitz condition (4.27) that

1

18X o X1 < o KX+ Xy ) + € (4.39)

SCUX7 + X [ + 1)
and from the polynomial growth condition that
— o~ — ~ — ~ 4p
/(X s X I < | GUX 1T+ X DI + (X ]+ 1X,_)D + £(0,0) (4.40)
< C(|}S|4p(q+l) + |)?S_T)|4p(q+l) +1),
so by Theorem 4.4, there exists a constant C such that
Ell/(X ;. X,_)I*] < C and E[|g(X . X,_)|*] < C.

13
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Substituting these last two expressions together with (4.37) and (4.38) into (4.36), we obtain

E|lX, - X,|* <C&. (4.41)

Using (4.39) and (4.40), and proceeding in exactly the same way as in Lemma 4.6, yields E|X,_, — X ._.|?? < CéP. Using this fact
together with (4.41) and (4.35) in (4.34), we obtain that J, < CcsP/2.
Now we estimate J3. By the BDG and Holder’s inequalities one can see that

p/4]

[ t
J,<CE / leu? [(g(Y,. Y,_.) — (X0, X, )ds
0

t
<CE / le P4, — Y72 4 (R, — Y, 1Pds
0

t
<CE| [ Liep X, - vp 1%, -, pas
0

t
<CE / |es|p + (|Y5 - Xslp + |Xs - Yslp + |)?s—r - Xs—rlp + |Xs—‘r - Ys—rlp)ds
0

t

<CE /|eS|”+|e3_T|”+(|75—XS|”+|)73_T—XS_T|”)ds )

0

By the same argument we used with J, we know that
E[(X, = X, +1%, - X, < co.

Thus

1
J sC/[E [ sup |eu|1’] ds+CéP/%,
0<u<s
0
Collecting the bounds for J|,J, and J3, we conclude that there exists a constant C such that

t

E [sup le,|” SC/[E[sup |eu|"] ds+Cs"2.
0

0<t<T

0<u<s

The required assertion follows from the Gronwall inequality. []
5. Convergence of the numerical solutions on infinite time interval

In this section we will study the convergence of the numerical solutions on the time interval [0, c0). The assumptions will be
stronger than the ones on the finite time interval.

Assumption 5.1. The functions f and g satisfy the local Lipschitz condition: for every R > 0 there exists a positive constant Cy such
that

[fGey) = FEEWI+11g(x,y) — g W < Crllx —X| + [y =) (6.1

for all x,y,x,y € R" with |x|,|y|, |X|, [¥| £ R. Furthermore, there exists constants a; > a, >0 and g > 0, such that for all x,y € R",
f satisfies the dissipative one-sided linear growth condition:

(x, f(x,9)) < —ay x> + ay |y + B, (5.2)

and g is globally bounded:
llg(x »II* < B. (5.3)

5  where B €

Assumption 5.2. For every 8, the time step function 4% : R” — R*, is continuous and uniformly bounded by R o ax

(0, o).

14



U. Botija-Munoz and C. Yuan Applied Mathematics and Computation 478 (2024) 128853

Furthermore, there exist constants a; > a, >0 and g > 0, such that for all x,y € R™.

(5, G ) + SR COLF )P < = |+ gy + . (5.4)

5.1. The boundedness of the pth moments of the exact and the numerical solutions

5.1.1. Exact solution

Lemma 5.3. If the SDDE (2.1) satisfies Assumption 5.1, then there exists a positive constant C such that for all t > 0

E[lv,l’] <cC. (5.5)
Proof. The proof is standard, we omit it here. []

5.1.2. Adaptive EM numerical solutions
The proof about attainability given for the finite time interval, is valid for the infinite time interval [—7, ).

Theorem 5.4. If the SDE (2.1) and the function h® satisfy Assumption 5.1 and 5.2 respectively, then for all p > 0 there exists a constant C
dependent on h,,,, f,a;,a, and p, but independent of 6 and t, such that for all t > 0,

E[I1X,”] <C. (5.6)

Proof. The proof is given for p > 4. For 0 < p < 4, the result holds from Hélder’s inequality. Fix ¢ and define 7 :=max{z, : 1, <1},
z:: max{t, : t,<t—r} and n, :=max{n : t, <t}. Taking squared norms in (3.1), we have that for n=0ton=n,,

PN ~ ~ ~A = 1 P—
X, 12 = 1K, P4 20, (K, £ (X X _0) + S half (X, X )

+1

+2X, + X, X, _h.g(X, X, AW, + (X, X, AW,

Note that, since it is irrelevant in this proof, we have dropped the term “6” in the adaptive time-step “hﬁ” to ease the notation. Using
conditions (5.4) and (5.3), we obtain

X, . P <IX, I*=2h,0/|X, | +2h,0|X, _,|*+2h,p

+2X, + (X, X, _Oh,.g(X, X, _AW,)+ BIAW, |

=T t,—T

Multiplying both sides by e2*1s+1 yields

ezaltn+1 |ftn+l |2 < e2a1tn+1 |ftn |2 _ Zhna162a11n+l |§t,, |2 + Zhnaze2a1fn+l |7{n_ |2

T

+2h, pe N +2e2 (X, 4 f(X, X, O, g(X, X, _)AW,) + 20t fIAW, |2

Now, taking into account that 7, ; =¢, + h, and using the fact that for all x € R, 1 + x <e* with x = -2h,a;, we obtain

2ayt v 2 2ait, (¥ 12 201141 | Y 2 2ayt
et | X, T <etn| X, |7+ 2h 000" 1 X |7+ 2R, fem 1 i

+220 (X, + (X, X, _hy.g(X, (X, _)AW,)+ 21 fIAW, |2,

t,—T t,—T

Solving the recurrence, we have

n—1 n—1

1
X2 <X +20, ) M X, Ph, 26 ) PMiinih,
n=0 n=0
n—1 n—1
+2 ) (X, + (X, X, (X, X, AW, + Y i AW, 2, (5.7)
n=0 n=0

Similarly for the partial time step from ¢ to ¢, we get

N X, <MK 2 4200 — Dy | X, 2 + 2t — Dpe™!
+267 K, + [(X X Dy 8K X )W, = W) + 4 BI(W, = W2, (5.8)

Substituting the penultimate inequality into the last one, we obtain

15
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n—1
2 2 2 2 Y 2 2 Y 2
X2 <X +20, ) M |X, PR, + 20,6 (X, A1)
n=0
n—1
+28 ) XMty +2pe2 (1 - 1)
n=0
n—1
Sant ~ P — P —
+2 ) (X, + f(X, X, _Dh,g(X, X, _)AW,)
n=0
n—1
+8 Z eZalth |AVI/n|2 +€2altﬂ|(u/t _ VI/[)|2
n=0 -

+2e2(X, + (X, X, )t = 0,8(X, X, ) (W, = W)).

Since t,. <t, + Ny, and t <t + h,,,., We can take the common factor 2 mex out in the equation above. The processes X and

X , defined in (3.1) and (3.2) respectively, are a simple processes, so we express the second and the third terms in the RHS of the
previous equation as a Riemann integral. The same for the fourth and fifth terms. Similarly, the sixth and ninth terms can be written
together as a (pathwise) It6 integral,

t t
e2a1t|X’|2 < |X0|2+62a1hmax{/e2alsl)?sT|2ds+2ﬁ/62a1sds
0 0

t
+2 / X+ f(X XX DI ) (5) + (8 = DI}, ()], 8(X . X )d W)
0

n—1
+B Y P AW, |+ NBI(W, — W,)F}.

n=0

Now, raising to the power p/2, using Holder’s inequality and taking the expectation of the supremum, we obtain

ePUIE [ sup |X,|? S6p/2_lepalhmax(H1 + H, + Hy+ H,), (5.9)
0<s<t
where

t p/2 t p/2

Hy :=E|X,|" +E 2a2/e2“13|)?s_,|2ds + Zﬂ/ez"'sds ;
0 0
N
H, :=[E[Os<ug 2 / X+ f (X X DX ) 4 ()
<s<t

+(s = Iy ], e X (. X, )dW,)

p/2]

n—1 p/2
Hy:=E <ﬁ2e2"1’"IAWnI2> ;

n=0
Hy = pPPRe™El sup (W, — W)I’].
0<s<t -
Now we will establish bounds for each of the four terms above. In the remainder of the proof, C is a positive constant that may
depend on f,a;, a5, h,,,, and p, but independent of ¢, that may change from line to line. We start by bounding H.

max
! p/2 P p/2
H, S[E|X0|p+[E 2ay sup |XS|2/e2alsds + Zﬁ/ezalsds

—T<s<t
0 0

as \ P2 ) p/2
<E|X,|” + (—2> E [ sup |XS|”] NP 4 (—ﬂ> Pty
ay —T<s<t 2a

16
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p/2
< el C+<2> [E[sup |XS|1’] .
) 0<s<t

For H,, the BDG inequality and condition (5.3) yields
' p/4
H, <2//2P/*CE / MO\ (X 4+ f(X X A g (5) + (6 = DI}, g ()P ds

0

—ay) =t - 4
2o —ap) seZ(al a)(1+2)s

Since e*@1—®)s = ¢ , by Holder’s inequality, we get

t

- _ _ p/4
( / MmO (X 4 f (X, XX g (5) + (8 = 1)1[1,,](5)])I2ds>

t
< / e2(a1 —az)sds
0
t

Ca) P — - = -
X / TN+ S X XK g, (5) + (= DI (DI ds.
0

p—4

P

Using Assumption (5.2), we obtain
X+ £ (X 3 X OIh(X ) ,(8) + (& = DI, (9]
<X, + 200X g, (5) + (t = D1, 1 (5)] (—a, X2+l X, 2+ ﬂ)
< IYSIZ + 2hmax (a2|)?5—r|2 + ﬂ) .
Therefore,
p—4

t

H,<E [c /ez"‘lfds

0
t

+4 — ~
x / 1T XL 4 Q)1 R 17 + @By | ds] .
0
We can write the previous inequality as H, < H,; + Hy, + H,3, where

p4
t Tt
A
H,, :=CE[ sup |X,|”?] /ez"“sds /e"’l 2 %ds;
0<s<t
0 0
4
t 4 t
/4 /2 2ays o B
Hy, :=C(Q2h,,, )" "E[ sup |X|P/°1] [ e”*¥ds e ds |
—7<s<t
0 0
Jimis
t 4 t
. rt4
Hys 1= CQ2hyy )/ /ezalsds /ea‘ 2 %ds|.
0 0
Since,
Jimis
t 4 t
p+4
4 @ (p=Hr _ 1 M5
2ays 1 %S = ¢ . ¢
/e ds /e p=— o
0 0 Qay) 15
) pt
< 674 < Cen

+4 ==
a pT(Zal) 4

we arrive at

17
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H, <CE[ sup |XS|"/2]e””’t + CE[ sup |XS|"/2]e"‘pt + Ce™1¥
0<s<t —7<s<t
=P (CE[ sup | X,|"*]+C).
0<s<t
Using the elementary inequality ab <5 a + ybz for all y € R* and all a,b € R with a = C and b = E[supy,, | X |P/2, and later
Jensen’s inequality, we get

CE[ sup | X, |P/2]< C2+ ([E[sup |X,|P/?])% < yc +< [E[sup 1X,|").

0<s<t 0<s<t 0<s<t
Therefore,
H, <e"1”’( El sup |X,|"1+C)), (5.10)
0<s<t
where the “y” in C, is to emphasise that this constant depends also on y and is not fixed yet.

Now we w1ll estimate H;. By the discrete Holder’s inequality we obtain

n—1 n—1 p=2 2 2 a1, 2
B2 ey 222 = dat |AW,|
PRI AES D (h,," M ) he T =t

n=0 n=0 n

-2

=2 2
n—1 ) n—1 2aq1y AW, |P P
< Z hneZaltn Z hne P p/;
n=0 n=0 /’l”

By (4.15) we can derive that

n—1 2n,| Wlp
p/2 2at, 211
el (G ne) R ne
n

p2
t 2

t
Sﬁp/2 /eZalsds C/ez"‘lstSCe2"1’.
0 0

Using (4.15) again, we have that
H, < Pl Chll? < e,
Collecting together the bounds for H;, H, H; and H,, we obtain
@ p/2
ePME[ sup | X, |P] < e”MN(C, + [E[ Sup | X, |P])+< ) E[ sup |X,|"]).
0<s<t <s<t ay 0<s<t
Noting that the constant C is independent of ¢, 0 < (a,/a;)"/> < 1 and taking y small enough such that Z 5 <1l-(x Ja;)P/?, the

required assertion follows. []

6. Almost sure exponential stability for SDDEs

It was shown in [16] that among other conditions, when the drift function satisfies the linear growth condition, the Euler-
Maruyama approximate solution is a.s. exponentially stable. However, when the drift function satisfies the less restrictive one-sided
linear growth condition, the EM solution needs not longer to be stable. It was proved in the same paper that the BEM solution
maintains the stability. But it’s well known that the BEM method is much more computationally expensive than explicit methods
such as the adaptive EM method. Therefore, it is desirable to find explicit methods that provide numerical solutions that maintain
the stability of the exact solution. Our goal in this section is to show that the adaptive solution can be a.s. exponentially stable for
some SDDEs where the EM breaks down.

Assumption 6.1. The functions f and g satisfy the local Lipschitz condition: for every R > 0 there exists a positive constant Cp such
that

1f G, 3) = FGEDI+118(x, ») — g W < Crllx =X + 1y =) (6.1)

for all x, y,x,y € R™ with |x/[, |y, |x|,|y| £ R. Furthermore, there exist constants «;, a, and § satisfying
a; >2a,>0and g>0, (6.2)
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such that for all x,y € R™, f satisfies

1
(x, fCx, )+ §||g<x,y>||2 <—ay|x]* +ay|yl*. (6.3)

Under this assumption, the SDDE (2.1) has a unique solution.
6.1. Counterexample (SDDE)

We now return to the counterexample (1.1).
Let X be defined by (1.2) The following lemma proves a much stronger result that X, is not almost sure exponential stable. It
shows that the set in which the EM solution grows at a geometric rate has positive probability.

Lemma 6.2. Consider the EM approximate solution (1.2) to the SDE (1.1). Then

2k+3
A

The following proof is based on the counterexample’s proof given in [5].
Proof. First we show that if | X, | >24/1/A, then
k+3
p<|xk|227, VkZl)ZeXp(—4e"2/\/Z>, 6.5)
A

We start by proving the following fact:

k+3
|xk|22ﬁ and AW, <2* imply [X,|> 6.6)

2k+4
VA
To prove (6.6), assume that | X | > ﬁ. Then
K="Va
X1 > 1 X, )|Xk|2A — 11424+ 1/25in(X,_ A + V2cos(X,_ ) AW, |

21X, [|X A = (111 + 1281 + 117241 + | V2%, )|
k+3 k+4
> 2_(22k+6 —6-1v225 > 2_(22k+5 — 3 y/2k 1y
Va Va
2k+4

Zﬁ.

Now, from (6.6), given that | X;| > 24/ \/Z, for any integer K > 0, the event that {| X | > 2k+3 \/Z,Vl <k < K} contains the event
that {|W,| <2*,V1 <k < K}. Since { AW, } are independent, we have

K
2k+3 X
Pl X2 ——,VI<k<K |2 P(|AW, | £2%).
\/Z k=1
In order to prove (6.5), the rest of the proof is identical to the one in Lemma 3.1 in [5]. To obtain the final result, Equation (6.5), we
need to prove that P(|.X,| > 24/ \/Z) > (. But this is true since X, is a normal random variable and for a normal random variable X
with density function f, we have that foralla e R, P(X > a) = fa°° f(x)dx>0. O

In contrast to the standard EM solution, now we will see that the adaptive EM solution, maintains the stability of the exact
solution of SDDE (1.1). But previous to that, we need to impose more assumptions.

Assumption 6.3. For every 8, the time step function 4% : R — R*, is continuous and there exist constants a; > a, >0 and > 0,
such that for all x,y € R™,

min(h®(y), h°(x)) Iy[2

1.5 2. d 2. 2
(x,f(x,y))+2h QLG+ S8 I < —ay|x]7 + 00) yI5 (6.7)

where d is the dimension of the Brownian motion in the SDDE (2.1). Furthermore, the function 4° is uniformly bounded by the real

6 5 5
numbers 0 < Ay . <hy <1, where h} issmall enough such that
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2a2e2"“ Mmax < a. (6.8)

Note that condition (6.7) implies condition (6.3) with the same values of @; and a,. An example of function K% that satisfies
condition (6.7) for the SDDE (1.1) is

1 |x|? )
W) = =1 +0.251 — = )5 6.9
© <25 (<l T (117 G ) o

The following is the main result of this section.

Theorem 6.4. Consider the SDDE (2.1) with a d-dimensional Brownian motion. If f and g satisfy Assumption 6.1 and h® satisfies Assump-
tion 6.3, then the adaptive approximate solution (3.1) is almost sure exponentially stable, i.e. there exists a A > 0 such that

log|X; |
— <

lim sup <-las.

n—00 n

Before proving Theorem 6.4, we show that the SDDE (1.1) satisfies Assumption 6.1

(xS )) + %|g<x, NP =22 x4 % sin()x? + x2 cos2() < — %x%

In order to show that A% satisfies (6.7) for the SDDE (1.1), we substitute (6.9) into (6.7) and differentiate between the cases |x] <1
and |x| > 1. For |x| < 1 we have

1 d 1 .
(x.f (6 9) + ShP L) + S 1180 I = =25 = x* + 2 sin(y)
+ % %5(4x2 +4x* = 2x2 sin(y) + X0 —x* sin(y) + ixz sin(y)) + %2x2 cosz(y)

—3x2
10
and for |x| > 1 we have

(0 (o) + 3RO + SlgCe I

_3y2
=-2x2—x*+ %xz sin(y) + %%5|x|2 + %sz cos?(y) < 38x .

Thus the adaptive approximate solution of the SDDE (1.1) implemented with 4’ defined as (6.9) is almost sure exponentially stable.
We will prove the theorem, but first we need the following lemma.

Lemma 6.5. Consider the SDDE (2.1) with a d-dimensional Brownian motion. Suppose f and g satisfy Assumption 6.1 and h® satisfies
Assumption 6.3. Let | be a positive integer. Then there exists A € (0, ;) such that

1 1
Y et X, Ph, <C+C Y en|g(X, X, P (AW, — h,d)
n=1 n=1
I — —
+C YK, + F(X, X, Oy 8(X, X, _IAW,) as, (6.10)

n=1

where C is a positive constant dependent on w € Q, the constants a,a,, h,,,, and A, but independent of | or t,.

max

Proof. From (3.1) and (6.7), we have

PN ~ ~ aA = 1 P —
X, 12 =1, P+ 28, (X £ (X X 20) + S half (X, X )

+1

Vg (X, X, _DAW,) +|g(X, . X, _)AW,[?

t,—T =T

+2X, + (X, X, _,
N ~ ~A @ — 1 P— d P

SIX 1P+ 20,(X, f (X X )+ Sl (K X P + 18X, X, 01

+2X, +F(X, X, _Dhy (X, X, AW, + 18X, X, _)PP(AW, > = h,d)

<IX, 1> =2a,h,|X, P +2m,h°(X, _DIX, _|*

t,—T

+2X, +F(X, X, _Dheg(X, X, AW, + 18X, X, _)PP(AW, | = h,d).

Multiplying by e*1’»+! and using the fact that 1 + x < e* with x = —h,a,, yields
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et |£r,,+1 |2 < e%in |Xrn |2 + zazhé(ytn—r)ea]tnﬂ |an_rl2
+ et |g(X, X, _ (AW, 2 = h,d)
+2emm (R, + £(R, X, k8K, X, _)AW,).

Solving the recurrence and using the bound h,,,,, one can see that

n—1
e X, 2 <X+ e“lhmax{ Y ek |g(X,, X, P (AW I? = hed)
k=0
n—1 n—1
+20, ) e X, PR (X, ) +2 Y e (K, + (X X e 8K, X AW }
k=0 k=0

Thus,

n—1

1X, |2 <e™in| X2 + ¢ imax {e-“lfn ek |g (X, X, P (AW I* = hed)

k=0
n—1
— Ly 216y
+2aye ™ Y X, _ PhO(X,, )
k=0

n—1
+2e7 0 N (K, + (X, X O g(X, X AW }
k=0

So, for any 4 € (0, @;) we have

I I n—1
2 oAt X, [h, < e~ @=Du| XA, + %1 imax { 2 e~ @=Ainp, 2 el |g(th,th—r)|2

n=1 n=0 k=0
1 n—1
(AW, 2 = hyd) +2ay Y e @~ Dup, 3 %X, _ PRO(X,, )
n=0 k=0
1 n—1 . .
+2 ) @ Pnp, N eni( R, + £(X, X, _Ohy.g(X, . X, _)AW;) } (6.11)
n=0 k=0
Moreover, we can see that
! n—1
2a22a1 Mimax Z e_(a] =ty hn Z e%l Tk |th_1_ |2h5(X’k_T)
n=1 k=0

! !
=2a,e i N e (X, PRO(X, ) Y e @1 Vkpy.
n=1 k=n

Now since the function e~(*1~4s is decreasing on s, we see that

I I y

hmax
3 ey = B el ===k py < 1= / e—@=Ds gg < €1 - e~ (@=Aiy
o —

k=n k=n 1

n

Thus

! n—1
Qa1 Mimax 2 o@Dt p Z Pt X, |2h5(th—r)
k=0

n=1

2a2e2alhmux ! = 0 5=
SW Y etX, L PhX, ) ). (6.12)

n=1
Let M = M(w) be such that 7), <7 <t,,,. Then we can write

1 M 1
My 216y i 216y yie 216y
Y etnX, PhOX, )= etnX, L PhX, )+ Y, etnIX, L IPR(X, )
n=1 n=1 n=M+1
!
<C+etma Y | X, |2h,.

n=1

(6.13)
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Substituting Equation (6.13) into (6.12), we obtain

! n—1
Dty imax 2 o@Dt p Zeﬂlfk X, 1h,
n=1 k=0
20ty 2 tmax g
<C+
ay— A

M !
max
Ay 12
2 X, hy.
n=1

Similarly we obtain

! n—1
%1 tmax Ze—(al—/l)tn h, 2 ek |8(ther,{7¢)|2(|AVVk|2 — hd)
n=0 k=0

2% Mmax

!
- Zle"n|g<x,n,x,n,,)|2(|AWn|2—hnd),
=

ap —

and

n—1

maxzz —l=Dtp Z (X, + f(X X _Dhy.g(X, X, _)AW,)

n=0
i

2@20’]hmax
- ap — A

n=1

We observe that by condition (6.8), h,,

2ay 0201 hmax gAhmax M

ax

aj—A
We are now in the position to give

Proof of Theorem 6.4. From (3.1) and (6.7), we have

A ~ A~ A~ J— 1 A —
X, P =1X, 2+ 20,(X,, fX, X 0) + S hal F(Ky X )

n+l

+2X, + (X, X, _Oh,.eX, X, _AW,)+|g(X, X, _,

Y (X, +f(X, . X, _Dh,.g(X, . X, _)AW,).

AW, |?
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(6.14)

(6.15)

(6.16)

is such that 0 < 2a,e?*1fmax < ;. Then by choosing A small enough so 0 <
< 1 and by substituting Equations (6.14), (6.15) and (6.16) into (6.11), we obtain the final result. []

— 1 ~ — d ~ —
<X, P+20,(X, . fX, X, )+ 2l f (X X Ol + 18X, X _0I)

+2X, + (X, X, _Dh,.e(X, X, _)AW,) +|g(X, . X, P (AW, > = h,d)

<IX, 1> =2a,h,|X, > +20,h°(X, _)IX, |
+2X, + (X, X, _Oh,.eX, X, _JAW,)+|g(X, | X,

1,—7 t,—7

(AW, |* = h,d).

Now we multiply by e#n+1, where A € (0,«,) is the one from Lemma 6.5, which makes equation (6.10) to hold true. Then using the

fact that 1 + x <e* with x = —2h,a,, yields

Al v 2 Moy 12 At Al
)X, P <R, P+ 2metnt (X, 2h, + oM g(R, X,

t,—7

+2eMm1(X, + f(J?,n,Y,n_,)hn,g(X,, X, —)AW,).

Note that in the equation above we have used the fact that e~ < =4, Solving the recurrence and using the bound A,

n—1
el X, P <X + ettmax { Y eMelg(X, X, _DP(AW, 2 = hyd)
k=0
n—1 n—1
+20, ) X, PRO(X,, ,)+22 (X, + XX Ohy. (X, X
k=0 k=0
Using (6.13), we obtain
n—1 .
M| X, 1* <X + emm{ Y Mg (X, X, _)PIAW, | = hyd) + C
k=0
n—1 n—1

+emmMZ k| X, |2hk+22 (X, +f(X, X, _Dhy.g(X, X

22

(AW, | -

h,d)

max We have

e T)AWk)}. (6.17)
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Substituting Equation (6.10) (from Lemma 6.5) into (6.17) yields

n—1
M| X, P <|XoP+C+C Y erlg(X, . X,
k=0

W (AW, = hyd)

tk‘r

n—1
+C Y M (X, + (X, X, _Ohyg(X,,, X,k_T)AWk)}
k=0

<C+C{M,+N,},

where:

© M, = B Mgy, X ) PAAWLL = hyd);

* N, = DR, + KX s (R X OAW);

+ C is a positive constant (that changed from the second to the last line) dependent on w € Q and on the constants a,a,, h
and 4, but not on ¢,,.

max

Taking logarithms and dividing by ¢,, it follows that

Illog(e””wt,,lz)f tllog (C+C{M,+N,}).
n

n

We observe that

E[M,,,|F, 1=Ele*n|g(X, . X, )P (AW, > = h,d) + M,|F, |
=en|g(X, . X, ) ENAW, "1 - h,d)+ M, = M,

and

E[N,|F; 1= E2e" (X, +f(X, . X, _Dh,.e(X, . X, _)AW,)+N,|F, ]

t,—T t,—T

=2e"(X, +f(X, . X, _)h,.eX, . X, JE[AW,])+N,=N,.

Hence M + N is a local martingale with respect to {F; }. Thus by the discrete semimartingale convergence theorem (see lemma 2
in [16]), one can see that

lim (M, + N,) <o a.s.
n—oo
Therefore,

hmsup—log(e’“"lX ) <0a.s.

n—0o0
This is
. 10g |th | A
limsup ———— < —= as.
n—oo n 2

The proof is therefore complete. []

Remark 6.1. In the Wei and Giles [2], the almost sure exponential stability of the approximate adaptive EM solution has not been
investigated. Here we would like to point out that the adaptive EM solutions of SDEs also reproduce the almost sure exponential
stability as SDDEs. A similar result is achieved in [6] by using the more computationally expensive BEM method. Let {W,},5, be a
d-dimensional Brownian motion. Consider the m-dimensional SDE

dY, = f(V)di + g(Y)dW, 6.18)
for t > 0 where f : R” - R” and g : R” — R are Borel-measurable functions, and initial data )70 =¢fe L%,O (Q;R™), ie. £isa

Fy-measurable R™-valued random variable with £ |€]2 < oo. In this case Assumption 6.1 can be written as

Assumption 6.6. The functions f and g satisfy the local Lipschitz condition: for every R > 0 there exists a positive constant Cp such
that

[fG) = SO+ 11g(x) — gD < Cr(lx =yl (6.19)

for all x,y € R™ with |x|, |y| < R. Furthermore, there exists a constant & > 0 such that for all x € R™, f and g satisfy
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Table 1

Six simulations of the EM solution for A = 2e-3.
Time 0 2e-3 4e-3 6e-3 8e-3 10e-3 12e-3 14e-3 16e-3 18e-3 20e-3
Sim 1 100 101.1 107.4  -141.1 418.1 -1.4e4 5.7e8 -3.7e22 1.1e64  -2.3e188  Inf
Sim 2 100 -98 88.97 -50.99 -24.51 -21.33 -19.37 -17.29 -16.15 -15.13 -14.87

Sim 3 100 -101.3 109.6 -150.1 525.68 -2.8e4 4.6e9 -2e25 1.6e72 -8.3e212 Inf
Sim 4 100 -101.9 108.5 -143.9 452.6 -1.8e4 1.2e9 -3.3e23 7.3e66 -7.9e196 Inf
Sim 5 100 -101.9 108.5 -143.9 452.6 -1.8e4 1.2e9 -3.3e23 7.3e66 -7.9e196 Inf
Sim 6 100 -99 91.8 -63.44 -11.65 -11.03 -10.87 -10.27 -10.17 -9.91 -10

(6, () + T1g0OP < —alxP, a>0. 6.20)

Under the conditions (6.19) and (6.20), the SDE (6.18) has a unique solution (Theorem 2.3.6 in [10]).
In contrast to the EM solution, now we will see that the adaptive approximate solution of the SDE preserves the stability of the
exact solution. We define the discrete-time adaptive approximate solution to the SDE (6.18) as

Xo:=Yy, B :=h’(X,). tn i=t,+h, (6.21)
and

X, =X, +[(X, )h+gX, )AW,. (6.22)
where AW, :=W,

n+1

— W, . Now, Assumption 6.3 takes the form

n+l
Assumption 6.7. The time-step function h® satisfies
d 1
(x, f0) + TP + SR f ) < —alx?, a>0 6.23)

for all x € R. Furthermore, A% is uniformly bounded by the real number hfmx € (0, ).

Theorem 6.8. Consider the SDE (6.18). If f and g satisfy Assumption 6.6 and h® satisfies Assumption 6.7, then the adaptive approximate
solution (6.22) is almost sure exponentially stable, i.e. there exists A > 0 such that

. log|X, |
limsup —— < -Aas.
n—oo tn

7. Simulations

In this section we present simulations which illustrate the results discussed in Section 6. Consider the SDDE (1.1) with 7 =1 and
initial condition Y (¢) = 100, —1 < ¢ < 0. We simulated in Matlab paths of the EM solution of the SDDE (1.1) using different step sizes,
A. As we have seen in section 6 there is a positive probability that the EM solution explodes. In Table 1 we present six different
simulations of the EM solution for A =2e — 3. We observe in simulations 1,3,4 and 5 the EM solution explodes.

In Fig. 1, we graphed the logarithm of EM solution presented in Table 1.

Note: From Lemma 6.2 we know that as A decreases, the probability of explosion decreases. Thus, for “very small” A (say less
than 10~%) we couldn’t find one explosion in 100,000 simulations.

In addition, we simulated the adaptive-EM solution of the SDDE (1.1) using the function h% defined in (6.9). As we proved in
Section 6, the solution is a.s. exponentially stable. Fig. 2 shows 10,000 paths of the adaptive-EM solution.

Fig. 3 shows the first 10 values of h‘g()/(\ ,n) for two different simulations. At the start, ),(\0 = 100, so the term -X f3n dominates

the equation, making the diffusion term very “big” (in absolute value) in comparison with X 1,- Therefore, the adaptive step is very

“small” at the beginning and increases progressively as the ratio f X ,n,)?; )/ X, 1, decreases. This ensures all the simulated paths to
decay exponentially in a “small” number of steps.

Data availability
Data will be made available on request.
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