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Abstract

The present study proposes a new fuzzy finite element method for dynamic multibody
interaction with consideration for structural damage. Here, fuzzy parameters are equivalently
transformed into stochastic parameters using information entropy, and the fuzzy response of the
structure is obtained by fuzzy calculation combined with the new point estimation method.
Numerical examples are used to illustrate the accuracy and efficiency of the presented methods
and scanning method simulations are implemented to validate the computational results.
Considering that the damage degree of the pier is uncertain, namely fuzzy uncertainty, stiffness
reduction is used to simulate the damage of the pier. The fuzzy dynamic response of the train-
bridge system is investigated when the pier structure and the mass of the train are fuzzy
parameters. The response of the train-bridge interaction considering damage far exceeds that
obtained from conventional deterministic parameter calculations. To ensure running safety,
studying the response of the vehicle-system coupled vibration with fuzzy parameters is of great
significance.

Keywords: Fuzzy; Information entropy; Multibody system; Damage

1. Introduction

In recent decades, the coupled vibration caused by high-speed trains passing through
bridges has been extensively studied [1]. Over the years, both the train and bridge models have
been well-refined [2]. The research on numerical algorithms and other aspects of train-bridge
system research are also constantly evolving [3], however, the uncertainty of train and bridge
parameters is not considered much, the values of train and bridge are usually regarded as exact
values [4]. In reality, the uncertainty of structural parameters will inevitably occur during the
construction and service of bridges, and the mass of train also presents uncertainty during
running [5]. Obviously, the traditional dynamic analysis of the train-bridge coupled system,
which considers structural parameters as exact values, is not applicable to the real complex

situation [6].
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Various stochastic finite element methods have been proposed and applied to train-bridge
coupled systems [7], such as Monte Carlo method [8], stochastic perturbation method [9],
orthogonal expansion theory [10], point estimation method [11] and probability density
evolution theory [12]. These methods are used for dynamic analysis of train-bridge coupled
systems with uncertain parameters. In reality, certain structural parameters, like the extent of
damage to piers, exhibit uncertainty that cannot be adequately explained by randomness.
Analyzing these parameters through probability is inconvenient and inaccurate due to their
varying magnitudes. The uncertainty of damage belongs to another kind of uncertainty different
from randomness-fuzziness. Fuzziness refers to the objective attribute of things in the
intermediate transition process, which is the result of the actual intermediate transition process
between things [13]. Fuzziness is very suitable for explaining the uncertainty of parameters
such as damage.

Despite Professor Zadeh [14] introducing the concept of fuzzy sets in the 1960s, many
fuzzy finite element methods have been proposed [15]. However, It still cannot effectively
address the challenges posed by fuzzy parameters in solving fuzzy dynamics problems [16].
The scanning method is generally used to calculate fuzzy response [17], due to its large
computational complexity, scholars have begun to study for fuzzy methods to reduce
computational complexity. Rao et al. [ 18] proposed a fuzzy finite element method that considers
the geometric shape, material properties, external loads, and boundary conditions of the
structure as fuzzy parameters for static analysis. Massa et al. [19] proposed a new and effective
method to improve the predictive ability of numerical models in static analysis situations. Yang
et al. [20] proposed the fuzzy variational principle, which is also used for static analysis of
structural systems with fuzzy parameters. Wasfy et al. [21] proposed a computational method
for predicting the dynamic response of flexible multibody systems and evaluating their
sensitivity coefficients containing fuzzy parameters. Moller B et al. [22] developed and
formulated an o-generalized method for fuzzy structural analysis using an improved
evolutionary strategy. It should be noted that when the fuzzy output is non monotonic and the
evaluation cost is high, the cost of solving these optimization problems may be high [23]. Pham
et al. [24] proposed an improved optimization method based on Jaya, which can save a lot of
computation while ensuring sufficient accuracy. Some scholars try to reduce the calculation
cost of fuzzy analysis by response surface method [25], the reliability of fuzzy analysis depends
entirely on the accuracy of approximate model [26].

Some scholars reduce the computational complexity of fuzzy analysis from the perspective
of entropy. Cherki A et al. [27] adopted A-level cutting method to transform the fuzzy

equilibrium equation into interval equilibrium equation, which was used to analyze the fuzzy
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structure. However, this method requires a large amount of computation and is complicated.
Lei et al. [28] proposed a new finite element analysis method of fuzzy structure by using the
concept of information entropy. The fuzzy variables are transformed into random variables, and
the mean and variance of structural response are obtained. However, the upper and lower limits
of the response are not obtained, and this method is not complete enough. The majority of the
aforementioned methods focus on straightforward static problems. When applied to dynamic
problems, they either involve complex and extensive calculations or are embedded, limiting
their applicability to broader dynamic analyses. In this paper, the mean and variance of the
obtained structural response are further calculated based on the previous work by Lei et al. [28]
and combined with the new point estimation method to obtain the upper and lower limits of the
response of the train and the bridge, that is, the fuzzy response of the train-and the bridge. The
proposed fuzzy finite element method is non embedded and can be applied to other dynamics
problems.

This paper is organized as follows: Section 2 introduces the model of train-bridge coupled
system, Section 3 briefly introduces information entropy method and fuzzy calculation
processing, Section 4 verifies the reliability of the proposed method, considers whether the
degree of pier damage is fuzzy, and uses stiffness reduction to simulate pier damage. The fuzzy
dynamic response of train and bridge is studied when the pier structure and train mass are fuzzy
parameters, and the conclusion is presented in the last section.

2. The motion equation of train-track-bridge systems

The train model is constructed with multiple rigid bodies, and each car is composed of a
car body, two bogies, four wheelsets and linear spring dampers connected between them [29].
The car body contains six degrees of freedom (vertical, longitudinal, lateral, yaw, roll, pitch),
each wheelset contains five degrees of freedom (vertical, longitudinal, lateral, yaw, roll), and
each bogie contains six degrees of freedom (vertical, longitudinal, lateral, yaw, roll, pitch), so
this paper establishes a fine train model with 38 degrees of freedom [30]. The track structure is
mainly composed of base, CA mortar layer, track plate, elastic fasteners, rails, and other
components [31]. The rail is modeled as a beam element, and the track plate and the base are
modeled as plate elements, which are connected by linear spring dampers [32]. Taking a three-
span simply supported concrete bridge as an example, the bridge model is established based on
the finite element method, and the pier and beam are simulated as Euler-Bernoulli beam
elements. The train-track-bridge coupled system model is shown in Figure 1, the
corresponding parameters are detailed in Ref. [33].

According to the mass matrix, stiffness matrix and damping matrix obtained by the finite

element method, multi rigid body dynamics and other processing methods, based on the energy
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principle, the train track bridge coupled vibration equation can be derived, as shown below:

M cc 0 0 )“(CC CCC CCF 0 XCC KCC KCF 0 XCC QCC
0 Mrr 0 >“<rr + Crc Crr Crb er + Krc Krr Krb xrr = er (l)
0 0 Mbb Xbb 0 Cbr Cbb Xbb 0 Kbr Kbb Xbb 0
where, X, X, and X,, represent the displacement vectors of the train, rail and bridge,

respectively. Q. and Q,, denote the load train vectors of the train and rail respectively.
In this paper, Eq (1) is solved based on the Wilson-6 method in the prepared MATLAB

program, when 0>1.37, this algorithm is unconditionally stable. The value for 0 is taken as 1.4

in our calculations [34].
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Figure 1 Train-track-bridge coupled system
3. Information entropy

3.1. Equivalent transformation of entropy

Shannon [35], the father of information theory, believed that information is random in
nature. He borrowed the term "entropy" from statistical mechanics, and proposed information
entropy to measure probabilistic information, called probabilistic entropy. The greater the
uncertainty, the greater the entropy.

For a continuous random variable X, its probability entropy is defined as follows:
H =] p(x)Inp(x)dx )
where p(x) is the probability density function of the random variable X.

When random variable is obeyed Gaussian distribution, probability entropy can be

expressed as[36]

H = In(v27eo) 3)

As understanding deepens, researchers have come to recognize that information carries
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non-probabilistic uncertainty, specifically in the form of fuzziness. Fuzzy information can also
be measured using information entropy, called fuzzy entropy. Aldo De Luca

and Settimo Termini [37] first defined fuzzy entropy as follows, where f(y) is the

membership function of fuzzy variable Y,
G == f(Inf(y)+[1-f(y]in[1-F(]dy. @

Achintya Haldar and Rajasekhar K. Reddy [38] also proposed a simple computational form of

fuzzy entropy, as shown below,

G'=—[ £'(y)n f'(y)y (5)

()= (/] Fy)dy (©6)

The definition equation of fuzzy entropy makes the membership function f(y)

normalized as well as the probability density function p(x).
J, f'ndy=1 )

Entropy is a measure of information uncertainty, and there is essentially no difference
between probabilistic entropy and fuzzy entropy. Fuzzy variables can be transformed into
random variables by retaining the invariability of the measure of uncertainty. The principle of
this transformation is that the equivalent probabilistic entropy equals to the fuzzy entropy [28].

In this paper, the total entropy is converted into the equivalent stochastic entropy H,, , and the

structural parameters are converted into stochastic parameters for calculation, as shown in
Eq.(8):
G=H ®)

eq
To convert the uncertain variables into equivalent normal random variables, obtain the

mean # and standard deviation o of random variables, we assume that the mean u of the

equivalent normal random variable is the value of the fuzzy variable at the membership degree
of 1.

The standard deviation o of the equivalent normal random variable can be obtained from
Eq. (3)and (8), as follows:

o=t ges ©)

2r
3.2. New point estimation method (NPEM)
Zhao et al [39] proposed a new point estimation of probability moments, which greatly
improves the practicability and accuracy of point estimation. Jiang et al [7] used NPEM based

on adaptive dimensionality reduction to study the stochastic dynamic response of the axle
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system, and the results are verified to be accurate and efficient. The specific solution steps for
the vibration response of the stochastic axle system are as follows:

(1) Determine the distribution state of the random parameters, and transform the original
relevant random parameters into mutually independent standard normal random parameters.
The random parameters in this paper all obey normal distribution, therefore, they can be
standardized as:

X (i) = g+ ou(i) (10)

where X (i) denotes the value of the random parameter corresponding to the i estimation

point, 1 and o denote the mean and standard deviation of the random parameter, respectively,
and u(i) denotes the i estimation point.

(2) Choose a suitable reference point u, , and determine the number of Gaussian

integration points r (r is usually an odd number, usually taken as 5 or 7). In this paper, we take

u, =0, and use 7 Gaussian integration points, corresponding to the integration points X, ; and
weights wg,, ; of the Gauss-Hermite product formula as shown:

Table 1 The integral points and weights for Gauss-Hermite quadrature with r =7

i 1 2 3 4 5 6 7

XoH i —2.65196 —1.67355 —0.81629 0 0.81629 1.67355 2.65196
Wehi  9.71781x107*  5.45156x1072 0.425607 0.810265 0.425607 5.45156x1072 9.71781x10°*

(3) Based on the data in Table 1, substitute \/EXGHi as u(i) in Eq. (10), and the weight

coefficients P are calculated , and the estimated points and corresponding weight coefficients

I
in the standard normal space are shown in Table 2:

W.., .
p=—= (11)

"

Table 2 The estimating points and corresponding weights

1 2 3 4 5 6 7

i
u(i) —3.75044 —2.36676 —1.15441 0 1.15441 2.36676 3.75044
P 5.48269x10* 3.07571x1072 0.24012  0.45714  0.24012 3.07571x107% 5.48269x10°*

Calculate the time-range dynamic responses h(X, (i),t) and h(X, (i), X, (j),t) ofthe axle

coupled system with different random variables and different estimation points respectively,
where [ and m denote the /™ and m™ random parameters, and i and j denote the i and ;™
estimation points, respectively.

(4) Substitute the values of the dynamic responses, h, into Eq. (12) and Eq. (13), and

calculate the mean value of the time-range response and the central moments of each order
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p) =Y E[h(X,,X,.u,t)]-(n-2)

I<m

kZi;E[h(Xk,uc,t)]

Mq(t)zzE[(h(x,,xm,uc,t)—u(t))q}—(n—z)

I<m

. (n—1)2(n—2) ) (12)

(U::t)

n L (13)
> E[(h(Xk,uc,t)—y(t))qJ+W(h(uc,t)—y(t))q

where u(t) denotes the time-response mean, M (t) denotes the time-response g™
(q=2,3,4) order center distance, n denotes the number of random parameters, and h(u,,t)

denotes the time-response at u(i) = u, . The expressions for £in Eq. (11) and (12) above can be
rewritten as:

E[(h(x,,uc,t)—#(t))‘q _ _r R (N (XU t) =) (14)

i=1

r r

E[(h(X,,Xm,uc,t)—,u(t))q}= Pin(h(X.,i,Xm,jyuc,t)—#(t))q (15)

i=1l j=1
When there is only one random parameter, Eq.(12) and Eq.(13) here can be simply

expressed as:

nt) ~E[h(X,,u,t)] (16)

Mq(t)zE[(h(X,,uc,t)—,u(t))qJ (17)

(5) Transform the first four central moments of the time-range response into the

corresponding mean u, , standard deviation «, , skewness coefficient a,, and kurtosis

coefficient «, according to Eq. (18).

M, =1
%2 =M, (18)
oy =M,/ ]
a,=M, | u}

3.3. Fuzzy response
After obtaining the mean and standard deviation of the response volume Y, we use

u, £K(2)o, to approximate the range of variation of the response volume Y. k(1) is a function

of A -cut level that varies with A -cut level. In this paper, we consider the membership function
of fuzzy variable as normal membership function and transformed the fuzzy variables into

equivalent normal random variable. The normal membership function [40] is as follows, such

fuzzy variables can be denoted as A = (a, «?)
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_(x-a)’

f(x)=e (19)

Referring to a random normal distribution, the fuzzy coefficient of variation (COV) is
defined in Eq. (19). Obviously, the larger the COV, the greater the ambiguity of the fuzzy

parameters.

cov=2 (20)
a

From Eq. (5) and Eq. (9), we can obtain the mean x and the standard deviation o of the

equivalent random variable, as follows:
a
U= a,o=—F7— 21
NG 2y
For each A -cut level, the upper and lower bounds of the fuzzy variable X will be obtained,

denoted by the interval [Xl,XI‘] , as shown in Figure 2(a). From Eq. (19) and Eq. (21), we can

obtain the following equation.

[xI,xr]=a+a[-v-In1,4-In1]

= u+o[-—-2InA,-2In 1]

(22)

After the interval [Xl,XI’] is obtained by A -cut set, according to the interval analysis

method [41], the interval midpoint X and the interval radius X are defined as

XS =(xl+xr)/2

(23)
X®=(xr-xl)/2
The uncertainty level of the interval is defined as
X R
y:|xc|x100% (24)

In this paper, the normal fuzzy membership degree is adopted, so the interval midpoint

here is a. The uncertainty level of the interval can be obtained as shown in Eq. (25).

J/ZXF—X|:2a\/—|n/1:COVm (25)

2a 2a

(2) (b)
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Figure 2 Normal fuzzy membership degree : (a) Upper and lower bounds of the fuzzy
variable X; (b) Relationship between fuzzy membership degree and uncertainty level

As can be seen from Eq. (25) and Figure 2(b), the uncertainty level of the interval increases
significantly with the increase of COV. When the COV is determined, the uncertainty level of
the interval increases significantly with the increase of 4 .This means that the smaller the
membership degree, the fuzzier the interval obtained after the A -cut and the higher the
uncertainty level of the interval.

Whether triangular fuzzy membership, normal fuzzy membership or other fuzzy
membership functions are used to describe the fuzziness of fuzzy parameters, A - cut are finally
carried out to get the corresponding interval, and the uncertainty level of the corresponding
interval is calculated. The smaller A is, the greater the uncertainty level of the interval is. In
order to fully consider the large uncertainty of parameters, this paper takes 4 as 0.01.

The upper and lower intervals of the fuzzy variable X can also be represented by the mean

and standard deviation of the equivalent random variable and k(1) . We make an approximate
assumption that the k(1) part of the response quantity Y is equivalent to the k(1) of the upper

and lower bound intervals of the fuzzy variable X. We demonstrate in section 4.1 that the
assumption is reliable.

fixoy

[yl yr]=m, + ay[—J—z InA,v-2In ]

(26)

where 4, and o, denote the mean and standard deviation of the response volume 7,

respectively. In the actual problem-solving process, there may be more than one fuzzy variable.

Therefore, for the applicable range of n fuzzy variables, Eq. (22) can be rewritten as:
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fix =y,
X, Xy, X, =Y (27)

n

Z Oyi

[yl yr]=u, +o0, —2—[-v-2In1,v-2In 4]

where o ; denotes the standard deviation of the i response volume Y, obtained by the i

fuzzy variable X; acting alone, o, denotes the standard deviation of the response volume Y

obtained by the interaction of all fuzzy variables.

Certainly, fuzzy membership functions can also be other types of functions, such as
triangular membership function, with a similar processing process and unchanged core ideas.

Calculate the upper and lower limit intervals through the membership function, expressed in

the form of u, £k(4)o,. We use u, +k(1)o, to approximate the range of variation of the

response volume Y, and make an approximate assumption that the k(1) part of the response
quantity Yis equivalent to the k(1) of the upper and lower bound intervals of the fuzzy variable

X. The specific verification is shown in Figure 3 and Table 5.

Obviously, when A =1, the fuzzy variables are transformed into deterministic values, and
the response volume is exactly the result obtained by conventional calculations ignoring
parameter uncertainty (fuzziness).

4. Fuzzy response of train-bridge coupled vibration with pier damage

Bridges that have been in operation for an extended period inevitably undergo damage due
to various factors, and the extent of this damage is uncertain, varying from significant to minor.
Simulating the uncertainty of bridge damage solely through randomness is not accurate enough.
The uncertainty of damage is consistent with the definition of fuzziness, which refers to the
objective attributes that things exhibit during the intermediate transition process. Fuzziness is
very suitable for explaining the uncertainty of parameters such as damage.

Given that the pier constitutes a crucial component of a bridge structure, this article
addresses the uncertainty associated with pier damage to investigate the fuzzy response in the
coupled vibration of trains and bridges. Pier stiffness reduction is used to simulate bridge pier
damage. In the construction and manufacturing of concrete bridges, discrepancies between
structural parameters and calibration data are inevitable, introducing uncertainty. Similarly,
during train operation, encountering uncertainty in the mass of the train is also unavoidable.
The uncertainty arising from both situations can be effectively simulated using the concept of
fuzziness. Therefore, the fuzzy variables considered in this paper are the elastic modulus of pier,

the concrete density of pier and the mass of locomotive.
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As shown in Table 3, the fuzzy distribution of each parameter obeys the normal fuzzy
distribution. The speed of the train passing through the bridge is 250 km/h, and the train
grouping is: locomotive+ trailer x 2+ locomotive. The detailed parameters of the train can be
found in Ref. [42].

Table 3 Fuzzy parameters distribution

Parameters Unit a

E (Elastic modulus of pier concrete) N/m? 3.45x10'0
EDb (Elastic modulus of bridge concrete) N/m? 3.45%101°
D (Pier concrete density) kg/m?3 2.5x103
M. (Mass of locomotive) kg 48000

In order to verify the influence of different fuzzy parameters and different fuzzy
distributions on the fuzzy response of train-bridge. The fuzzy coefficient of variation (COV) of
the studied fuzzy parameters are 0.10, 0.15, 0.20, 0.25, and 0.30. Five working conditions are
studied, as shown in Table 4. The symbol ' V' denotes the consideration of a fuzzy parameter,

while a blank indicates the exclusion of a parameter from being treated as fuzzy.

Table 4 Fuzzy parameters under different working conditions
Fuzzy parameter

Working Condition Type Elastic modulus and density of pier Mass of
1st pier 2nd pier 3rd pier 4th pier ~ locomotive
Total damage J N J J N,
1st Pier damage v N,
2nd Pier damage N N
3rd Pier damage J N,
4th Pier damage J J

4.1. Comparison of the fuzzy method with the other researcher’s work

Most dynamic problems are extremely complex and lack analytical solutions. Currently,
many researchers use scanning methods to solve fuzzy dynamics problems [17]. After A is taken,
the fuzzy parameter will become an interval number, and the scanning method uniformly takes
a large number of values within the interval and substitutes them into the dynamic equation,
taking their maximum and minimum values as the fuzzy result. However, the scanning method
is evidently characterized by extremely low efficiency.

In order to verify the feasibility of applying the method proposed in this paper to train-
bridge problems, the fuzzy vertical displacement of the bridge midspan with fuzzy parameter
(Elastic modulus of bridge concrete £b) and the fuzzy vertical acceleration of the 1st train with
fuzzy parameters (Mass of locomotive Mc) were solved, and the results were compared with
those calculated by the scanning method. The corresponding parameters are shown in Table 3

and the value of 4 is taken as 0.01. From Figure 3, IE represents the fuzzy method based on
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information entropy (proposed method), and SM represents the fuzzy method based on
scanning method. It can be seen that the results obtained by the fuzzy method in this paper are

very close to those obtained by the scanning method.
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Figure 3 Fuzzy response with different COVs (0.15 0.20 0.25 0.30): (a-d) Vertical
displacement of bridge midspan with fuzzy parameter Eb; (e-f) Vertical acceleration of
the 1st train with fuzzy parameter Mc

As shown in Table 5, the calculation efficiency of this method is much higher than that of
the scanning method. It should be noted that when A is taken as 0.01, the corresponding
uncertainty level for the interval with COV of 0.10, 0.15, 0.20, 0.25 and 0.30 are 21.46%,
32.19%, 42.92%, 53.65% and 64.38%. Many articles believe that when the uncertain level is
greater than 20% [43], the problem studied is a large-range uncertainty problem [44]. Therefore,
the results in the table are acceptable. For a fuzzy parameter, it only needs to calculate the train-
bridge model 7 times, which takes much less time and has good results. Therefore, it is reliable
to apply this method to the train-bridge problems.

Table 5 Comparison of the fuzzy method with scanning method
Maximum relative error (COVs)

Meth Iculation ti
ethod Calculation time (3) 0.10 0.15 0.20 0.25 0.30
Vertical displacement of bridge midspan
1.93% 2.47% 4.81% 7.70% 13.68%
IE-7 528 - - :
Vertical acceleration of the 1st train

3.74% 4.24% 3.89% 3.05% 2.30%

SM-1000 75876 -

4.2. Total damage

Considering the elastic modulus and density of four piers and the mass of locomotive as
fuzzy parameters.
4.2.1. Fuzzy response and standard deviation at the top of pier

Taking the fuzzy coefficient of variation COV =0.3, Figure 4 shows the vertical
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displacement and standard deviation at the top of pier with different fuzzy parameters. From

our computed results, we observed that the maximum amplitude of the fuzzy vertical

displacement at the top of the four piers exceeds the conventional vertical response by 37.13%,

36.57%, 35.68%, and 35.96%, respectively.
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fuzzy parameters
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Figure 5 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical displacement at the top of pier. It can be observed that the fuzziness of
the elastic modulus of the pier has the greatest influence on the response at the top of pier, and
the pier density has a similar influence as the mass of the locomotive. The standard deviation

of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 5 The standard deviation of the response corresponding to the maximum mean
vertical displacement at the top of pier with different COVs

4.2.2. Fuzzy response and standard deviation of bridge and locomotive

Figure 6 shows the vertical response and standard deviation of bridge midspan and
locomotive with different fuzzy parameters. From our calculation results, we observed that the
maximum amplitudes of the fuzzy vertical displacement at the midspan of three spans bridge
and the fuzzy vertical acceleration of locomotive exceed the conventional vertical response by
1.77%, 1.74%, 1.43%, and 78.62%, respectively. This also reflects that the elastic modulus of
the pier, the density of the pier, and the mass of locomotive have less influence on the vertical
displacement of the bridge midspan, and the mass of locomotive has a significant influence on

the vertical acceleration of locomotive.
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Figure 6 Vertical response and standard deviation of bridge midspan and locomotive
with different fuzzy parameters
Figure 7 demonstrates the standard deviation of the response corresponding to the

maximum mean vertical response at the bridge midspan and locomotive. It can be observed that
the fuzziness of the elastic modulus of pier has the greatest influence on the vertical response

of the bridge midspan, and the pier density has a similar influence as the mass of locomotive.
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The fuzziness of the mass of locomotive has the greatest influence on the vertical acceleration
of locomotive, and the elastic modulus of pier has a similar influence as the pier density. The

standard deviation of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 7 The standard deviation of the response corresponding to the maximum mean
vertical response at the bridge midspan and locomotive with different COV's

4.3. 1st Pier damage

Consider the elastic modulus and density of 1st pier and the mass of the locomotive as
fuzzy parameters.
4.3.1. Fuzzy response and standard deviation at the top of pier

Taking the fuzzy coefficient of variation COV =0.3. Figure 8 demonstrates the vertical
displacement and standard deviation at the top of pier with different fuzzy parameters. From
our calculation results, we observed that the maximum amplitude of the fuzzy vertical
displacement at the top of the four piers exceeds the conventional vertical response by 35.94%,

0.17%, 0.08%, and 0.05%, respectively.
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Figure 8 Vertical displacement and standard deviation of piers
with different fuzzy parameters

Figure 9 demonstrates the standard deviation of the response corresponding to the

maximum mean vertical displacement at the top of the pier. It can be observed that the fuzziness
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of the elastic modulus of piers has the greatest influence on the response at the top of the 1st
and 2nd piers, and the fuzziness of the three parameters has a similar influence on the response
at the top of 3rd and 4th piers. The standard deviation of the response is approximately linear

with the fuzzy coefficient of variation.
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Figure 9 The standard deviation of the response corresponding to the maximum mean
vertical displacement at the pier top with different COVs

4.3.2. Fuzzy response and standard deviation of bridge and locomotive

Figure 10 demonstrates the vertical response and standard deviation of bridge midspan and
locomotive with different fuzzy parameters. From the calculation results, it can be observed
that the maximum amplitudes of the fuzzy vertical displacement at the midspan of the three
spans bridge and the fuzzy vertical acceleration of locomotive exceed the conventional vertical

response by 0.7%, 0.1%, 0.07%, and 76.96%, respectively.
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Figure 10 Vertical response and standard deviation of bridge midspan and locomotive
with different fuzzy parameters

(h) Standard deviation of locomotive

Figure 11 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical response at the bridge midspan and locomotive. It can be observed that
the fuzziness of the elastic modulus of piers has the greatest influence on the response of the
1st midspan, the pier density has a similar influence as the mass of locomotive. The influence
of locomotive, the elastic modulus of pier and the density of pier on the response of the 2nd and
3rd midspan decreases in turn, but they belong to the same order of magnitude. The standard

deviation of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 11 The standard deviation of the response corresponding to the maximum mean
vertical response at the bridge midspan and locomotive with different COVs

4.4. 2nd Pier damage

Consider the elastic modulus and density of 2nd pier and the mass of the locomotive as
fuzzy parameters.
4.4.1. Fuzzy response and standard deviation at the top of pier

Taking the fuzzy coefficient of variation COV =0.3. Figure 12 demonstrates the vertical
displacement and standard deviation at the top of pier with different fuzzy parameters. From
the calculation results, it can be observed that the maximum amplitude of the fuzzy vertical
displacement at the top of the four piers exceeds the conventional vertical response by 0.58%,

36.24%, 0.08%, and 0.07%, respectively.
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Figure 12 Vertical displacement and standard deviation of piers
with different fuzzy parameters

Figure 13 shows the standard deviation of the response corresponding to the maximum
mean vertical displacement at the top of the pier. It can be observed that the fuzziness of the
elastic modulus of piers has the greatest influence on the response at the top of the 1st, 2nd and
3rd piers, and the fuzziness of the three parameters has a similar influence on the response at
the top of 4th pier. The standard deviation of the response is approximately linear with the fuzzy

coefficient of variation.
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Figure 13 The standard deviation of the response corresponding to the maximum mean
vertical displacement at the pier top with different COVs
4.4.2. Fuzzy response and standard deviation of bridge and locomotive
Figure 14 demonstrates the vertical response and standard deviation of bridge midspan and
locomotive with different fuzzy parameters. From the calculation results, it can be observed
that the maximum amplitudes of the fuzzy vertical displacement at the midspan of the three
spans bridge and the fuzzy vertical acceleration of locomotive exceed the conventional vertical

response by 0.77%, 0.88%, 0.08%, and 77.78%, respectively.
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Figure 14 Vertical response and standard deviation of bridge midspan and locomotive
with different fuzzy parameters

(h) Standard deviation of locomotive

Figure 15 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical response at the bridge midspan and locomotive. It can be observed that
the fuzziness of the elastic modulus of piers has the greatest influence on the response of the
Ist and 2nd midspan, the pier density has a similar influence as the mass of locomotive. The
influence of locomotive, the elastic modulus of pier and the density of pier on the response of
the 3rd midspan decreases in turn, but they belong to the same order of magnitude. The standard

deviation of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 15 The standard deviation of the response corresponding to the maximum mean
vertical response at the bridge midspan and locomotive with different COV's

4.5. 3rd Pier damage

Consider the elastic modulus and density of 3rd pier and the mass of the locomotive as

fuzzy parameters.
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4.5.1. Fuzzy response and standard deviation at the top of pier

Taking the fuzzy coefficient of variation COV =0.3. Figure 16 demonstrates the vertical
displacement and standard deviation at the top of pier with different fuzzy parameters. From
the calculation results, it can be observed that the maximum amplitude of the fuzzy vertical

displacement at the top of the four piers exceeds the conventional vertical response by 0.23%,

0.23%, 35.66%, and 0.13%, respectively.
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Figure 16 Vertical displacement and standard deviation of piers
with different fuzzy parameters
Figure 17 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical displacement at the top of the pier. It can be observed that the fuzziness
of the elastic modulus of piers has the greatest influence on the response at the top of the 2nd,
3rd and 4th piers, and the fuzziness of the three parameters has a similar influence on the
response at the top of 1st pier. The standard deviation of the response is approximately linear

with the fuzzy coefficient of variation.



475
476
477
478

479
480
481
482
483
484

A0 _ 5 o x107°
- 3 [ D - N
£ —e—M g
g ’ g
= a
2 =
wn 7]
. i
o 1f o
= =
0 , , , 0 , , ,
0.1 0.15 0.2 0.25 0.1 0.15 0.2 0.25 0.3
cov cov
(a) Standard deviation of 1st pier (b) Standard deviation of 2nd pier
-3 T T T 5 r r .
><108 i A \ x10 i A—p
- —a—1D - 3[——>
= —e—M g —_——M
Eop ’ g ’
g !
= 2
Z 4 7
] ]
~ = 1F
=2 =
e =4 =4 =4 © 0 . . .
0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25
cov cov
(c) Standard deviation of 3rd pier (d) Standard deviation of 4th pier

Figure 17 The standard deviation of the response corresponding to the maximum mean
vertical displacement at the pier top with different COVs
4.5.2. Fuzzy response and standard deviation of bridge and locomotive
Figure 18 demonstrates the vertical response and standard deviation of bridge midspan and
locomotive with different fuzzy parameters. From the calculation results, it can be observed
that the maximum amplitudes of the fuzzy vertical displacement at the midspan of the three
spans bridge and the fuzzy vertical acceleration of locomotive exceed the conventional vertical

response by 0.19%, 0.92%, 0.88%, and 76.61%, respectively.
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Figure 18 Vertical response and standard deviation of bridge midspan and locomotive
with different fuzzy parameters
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Figure 19 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical response at the bridge midspan and locomotive. It can be observed that
the fuzziness of the elastic modulus of piers has the greatest influence on the response of the
2nd and 3rd midspan, the pier density has a similar influence as the mass of locomotive. The
influence of the elastic modulus of pier, the density of pier and locomotive on the response of
the 1st midspan decreases in turn, but they belong to the same order of magnitude. The standard

deviation of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 19 The standard deviation of the response corresponding to the maximum mean
vertical response at the bridge midspan and locomotive with different COV's

4.6. 4th Pier damage

Consider the elastic modulus and density of 4th pier and the mass of the locomotive as
fuzzy parameters.
4.6.1. Fuzzy response and standard deviation at the top of pier

Taking the fuzzy coefficient of variation COV =0.3. Figure 20 demonstrates the vertical
displacement and standard deviation at the top of pier with different fuzzy parameters. From
the calculation results, it can be observed that the maximum amplitude of the fuzzy vertical
displacement at the top of the four piers exceeds the conventional vertical response by 0.22%,

0.21%, 0.06%, and 36.09%, respectively.
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Figure 20 Vertical displacement and standard deviation of piers
with different fuzzy parameters
Figure 21 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical displacement at the top of the pier. It can be observed that the fuzziness
of the elastic modulus of piers has the greatest influence on the response at the top of the 3rd
and 4th piers, and the fuzziness of the three parameters has a similar influence on the response
at the top of 1st and 2nd piers. The standard deviation of the response is approximately linear

with the fuzzy coefficient of variation.
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Figure 21 The standard deviation of the response corresponding to the maximum mean
vertical displacement at the pier top with different COVs
4.6.2. Fuzzy response and standard deviation of bridge and locomotive
Figure 22 demonstrates the vertical response and standard deviation of bridge midspan and
locomotive with different fuzzy parameters. From the calculation results, it can be observed
that the maximum amplitudes of the fuzzy vertical displacement at the midspan of the three
spans bridge and the fuzzy vertical acceleration of locomotive exceed the conventional vertical

response by 0.18%, 0.11%, 0.48%, and 76.57%, respectively.
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Figure 22 Vertical response and standard deviation of bridge midspan and locomotive
with different fuzzy parameters
Figure 23 demonstrates the standard deviation of the response corresponding to the
maximum mean vertical response at the bridge midspan and locomotive. It can be observed that
the fuzziness of the elastic modulus of piers has the greatest influence on the response of the
3rd midspan, the pier density has a similar influence as the mass of locomotive. The fuzziness
of the three parameters has a similar influence on the response of the 1st and 2nd midspan. The

standard deviation of the response is approximately linear with the fuzzy coefficient of variation.
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Figure 23 The standard deviation of the response corresponding to the maximum mean
vertical response at the bridge midspan and locomotive with different COV's

Conclusion

In this paper, we present a fuzzy computational framework utilizing the information
entropy method and the new point estimation method to analyze dynamic train-bridge
interactions, accounting for pier damage. The framework is applied to study the train-bridge
coupled vibration system with fuzzy structural parameters. The effectiveness and accuracy of
the proposed framework are validated. The following concluding remarks are drawn from our
numerical studies and results:

(1) The combination of information entropy method and new point estimation method
effectively reduces computational complexity, improves computational efficiency, and
increases efficiency by 2-3 orders of magnitude compared to scanning method.

(2) The fuzziness of the mass of locomotive has the greatest influence on the vertical
acceleration of locomotive, and the elastic modulus of pier has a similar influence as the pier
density. The standard deviation of the response is approximately linear with the fuzzy
coefficient of variation.

(3) The fuzziness of the elastic modulus of piers has the greatest influence on the vertical
response of the adjacent top of piers and the midspan of the bridge, and the three parameters
have a similar influence on the response of non-adjacent places.

(4) The response of the train-bridge, when considering damage, significantly surpasses

that obtained from conventional deterministic parameter calculations. Investigating the



561
562

563
564

565

566

567

568

569

570

571

572

573

574
575

576

ST
578

579

580

581
582

583

584

585

586

587

588

589

response of the train-bridge coupled vibration system with fuzzy parameters is crucial for
ensuring running safety.

Acknowledgments

This research work was jointly supported by the National Natural Science Foundation of China
(Grant No. 11972379), Hunan Science Fund for Distinguished Young Scholars (2021JJ10061),
and Open funds of State Key Laboratory of Hydraulic Engineering Simulation and Safety of
Tianjin University, Chongqing Key Laboratory of earthquake resistance and disaster prevention
of engineering structures of Chongqing University, Engineering research center of Ministry of
Education for highway construction and maintenance equipment and technology of Changan
University, Hubei Provincial Engineering Research Center of Slope Habitat Construction
Technique Using Cement based Materials of Three Gorges University, and Multi-Functional

Shaking Tables Laboratory of Beijing University of Civil Engineering and Architecture.

Conflict of Interest Statement

The authors declare that they have no conflict of interest.

Supplementary Materials
Underlying research materials related to this paper can be accessed by requesting from the

corresponding author.

Reference

[1] Xiang P, WeiM L, SunM M, LiQ S, Jiang L Z, Liu X, Ren J Y. Creep Effect on the Dynamic
Response of Train-Track-Continuous Bridge System[J]. International Journal of Structural
Stability and Dynamics, 2021, 21(10).

https://doi.org/10.1142/S021945542150139X

[2] Xiang P, Huang W, Jiang L Z, Lu D G, Liu X, Zhang Q. Investigations on the influence of
prestressed concrete creep on train-track-bridge system[J]. Construction and Building Materials,

2021, 293.


https://doi.org/10.1142/S021945542150139X

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

https://doi.org/10.1016/j.conbuildmat.2021.123504

[3] Zhao H, Wei B, Jiang L Z, Xiang P. Seismic running safety assessment for stochastic
vibration of train-bridge coupled system[J]. Archives of Civil and Mechanical Engineering,
2022, 22(4).

https://doi.org/10.1007/s43452-022-00451-3

[4] Zeng Y Y, Jiang L Z, Zhang Z X, Zhao H, Hu H F, Zhang P, Tang F, Xiang P. Influence of
Variable Height of Piers on the Dynamic Characteristics of High-Speed Train-Track-Bridge
Coupled Systems in Mountainous Areas[J]. Applied Sciences-basel, 2023, 13(18).

https://doi.ore/10.3390/app131810271

[5] Chang T P, Lin G L, Chang E. Vibration analysis of a beam with an internal hinge subjected
to a random moving oscillator[J]. International Journal of Solids and Structures, 2006, 43(21):
6398-6412.

https://doi.ore/10.1016/j.ijsolstr.2005.10.013

[6] Xiang P, Yan W R, Jiang L Z, Zhou W B, Wei B, Liu X. Resonance analysis of a high-speed
railway bridge using a stochastic finite element method[J]. Earthquake Engineering and
Engineering Vibration, 2023, 22(4): 1015-1030.

https://doi.ore/10.1007/s11803-023-2217-5

[7] Jiang L, Liu X, Xiang P, Zhou W. Train-bridge system dynamics analysis with uncertain
parameters based on new point estimate method[J]. Engineering Structures, 2019, 199: 109454.

https://doi.ore/10.1016/j.engstruct.2019.109454

[8] Xiang P, Zhang P, Zhao H, Shao Z J, Jiang L Z. Seismic response prediction of a train-bridge
coupled system based on a LSTM neural network[J]. Mechanics based design of structures and
machines, 2023.

https://doi.org/10.1080/15397734.2023.2260469

[9] Contreras H. The stochastic finite-element method[J]. Computers & Structures, 1980, 12(3):

341-348.


https://doi.org/10.1016/j.conbuildmat.2021.123504
https://doi.org/10.1007/s43452-022-00451-3
https://doi.org/10.3390/app131810271
https://doi.org/10.1016/j.ijsolstr.2005.10.013
https://doi.org/10.1007/s11803-023-2217-5
https://doi.org/10.1016/j.engstruct.2019.109454
https://doi.org/10.1080/15397734.2023.2260469

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

https://doi.org/10.1016/0045-7949(80)90031-0

[10] Wu S Q, Law S S. Dynamic analysis of bridge—vehicle system with uncertainties based on
the finite element model[J]. Probabilistic Engineering Mechanics, 2010, 25(4): 425-432.

https://doi.org/10.1016/j.probengmech.2010.05.004

[11] Zhao Y-G, Ono T. New Point Estimates for Probability Moments[J]. Journal of Engineering
Mechanics, 2000, 126(4): 433-436.

https://doi.org/10.1061/(ASCE)0733-9399(2000)126:4(433)

[12] Mao J, Yu Z, Xiao Y, Jin C, Bai Y. Random dynamic analysis of a train-bridge coupled
system involving random system parameters based on probability density evolution method[J].
Probabilistic Engineering Mechanics, 2016, 46: 48-61.

https://doi.ore/10.1016/j.probengmech.2016.08.003

[13] Pham H A, Truong V H, Vu T C. Fuzzy finite element analysis for free vibration response
of functionally graded semi-rigid frame structures[J]. Applied Mathematical Modelling, 2020,
88: 852-869.

https://doi.ore/10.1016/j.apm.2020.07.014

[14] Zadeh L A. Fuzzy sets[J]. Information and Control, 1965, 8(3): 338-353.

https://doi.org/10.1016/S0019-9958(65)90241-X

[15] Moens D, Hanss M. Non-probabilistic finite element analysis for parametric uncertainty
treatment in applied mechanics: Recent advances[J]. Finite Elements in Analysis and Design,
2011, 47(1): 4-16.

https://doi.ore/10.1016/j.finel.2010.07.010

[16] Shu-Xiang G, Zhen-Zhou L, Li-Fu F. Fuzzy arithmetic and solving of the static governing
equations of fuzzy finite element method[J]. Applied Mathematics and Mechanics, 2002, 23(9):
1054-1061.

https://doi.org/10.1007/BF02437716



https://doi.org/10.1016/0045-7949(80)90031-0
https://doi.org/10.1016/j.probengmech.2010.05.004
https://doi.org/10.1061/(ASCE)0733-9399(2000)126:4(433
https://doi.org/10.1016/j.probengmech.2016.08.003
https://doi.org/10.1016/j.apm.2020.07.014
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/j.finel.2010.07.010
https://doi.org/10.1007/BF02437716

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

[17] Wang Z, Tian Q, Hu H. Dynamics of spatial rigid—flexible multibody systems with
uncertain interval parameters[J]. Nonlinear Dynamics, 2016, 84(2): 527-548.

https://doi.org/10.1007/s11071-015-2504-4

[18] Rao S S, Cao L. Fuzzy Boundary Element Method for the Analysis of Imprecisely Defined
Systems[J], 2001, 39(9): 1788-1797.

https://doi.org/10.2514/2.1510

[19] Massa F, Tison T, Lallemand B. A fuzzy procedure for the static design of imprecise
structures[J]. Computer Methods in Applied Mechanics and Engineering, 2006, 195(9): 925-
941.

https://doi.ore/10.1016/j.cma.2005.02.015

[20] Yang LF, Li Q S, Leung AY T, Zhao Y L, Li G Q. Fuzzy variational principle and its
applications[J]. European Journal of Mechanics - A/Solids, 2002, 21(6): 999-1018.

https://doi.org/10.1016/S0997-7538(02)01254-8

[21] Wasfy T M, Noor A K. Finite element analysis of flexible multibody systems with fuzzy
parameters[J]. Computer Methods in Applied Mechanics and Engineering, 1998, 160(3): 223-
243.

https://doi.org/10.1016/S0045-7825(97)00297-1

[22] Moller B, Graf W, Beer M. Fuzzy structural analysis using a-level optimization[J].
Computational Mechanics, 2000, 26(6): 547-565.

https://doi.ore/10.1007/s004660000204

[23] Pham H-A, Truong V-H. A robust method for load-carrying capacity assessment of
semirigid steel frames considering fuzzy parameters[J]. Applied Soft Computing, 2022, 124:
109095.

https://doi.org/10.1016/j.as0c.2022.109095

[24] Pham H A, Nguyen B D. Fuzzy Structural Analysis Using Improved Jaya-based

Optimization Approach[J]. Periodica Polytechnica Civil Engineering, 2024, 68(1): 1-7.


https://doi.org/10.1007/s11071-015-2504-4
https://doi.org/10.2514/2.1510
https://doi.org/10.1016/j.cma.2005.02.015
https://doi.org/10.1016/S0997-7538(02)01254-8
https://doi.org/10.1016/S0045-7825(97)00297-1
https://doi.org/10.1007/s004660000204
https://doi.org/10.1016/j.asoc.2022.109095

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

https://doi.org/10.3311/PPci.22818

[25] Tuan N H, Huynh L X, Anh P H. A fuzzy finite element algorithm based on response
surface method for free vibration analysis of structure[J]. Vietnam Journal of Mechanics, 2015,
37(1): 17-27.

https://doi.org/10.15625/0866-7136/37/1/3923

[26] Akpan U O, Koko T S, Orisamolu I R, Gallant B K. Practical fuzzy finite element analysis
of structures[J]. Finite Elements in Analysis and Design, 2001, 38(2): 93-111.

https://doi.org/10.1016/S0168-874X(01)00052-X

[27] Cherki A, Plessis G, Lallemand B, Tison T, Level P. Fuzzy behavior of mechanical systems
with uncertain boundary conditions[J]. Computer Methods in Applied Mechanics and
Engineering, 2000, 189(3): 863-873.

https://doi.org/10.1016/S0045-7825(99)00401-6

[28] Zhenyu L, Qiu C. A new approach to fuzzy finite element analysis[J]. Computer Methods
in Applied Mechanics and Engineering, 2002, 191(45): 5113-5118.

https://doi.org/10.1016/S0045-7825(02)00240-2

[29] Zhang X B, Xie X A, Tang S H, Zhao H, Shi X J, Wang L, Wu H, Xiang P. High-speed
railway seismic response prediction using CNN-LSTM hybrid neural network[J]. Journal of
Civil Structural Health Monitoring, 2024.

https://doi.ore/10.1007/s13349-023-00758-6

[30] Han Zhao B W, Peng Zhang , Peidong Guo , Zhanjun Shao , Shipeng Xu , Lizhong Jiang ,
Huifang Hu , Yingying Zeng , Ping Xiang Safety analysis of high-speed trains on bridges under
earthquakes using a LSTM-RNN-based surrogate model[J]. Computers and Structures,
2024.1.2.

https://doi.org/10.1016/j.compstruc.2024.107274

[31] Zhang X B, Xie X A, Wang L, Luo G C, Cui HT, Wu H, Liu X C, Yang D L, Wang H P,

Xiang P. Experimental Study on CRTS III Ballastless Track Based on Quasi-distributed Fiber


https://doi.org/10.3311/PPci.22818
https://doi.org/10.15625/0866-7136/37/1/3923
https://doi.org/10.1016/S0168-874X(01)00052-X
https://doi.org/10.1016/S0045-7825(99)00401-6
https://doi.org/10.1016/S0045-7825(02)00240-2
https://doi.org/10.1007/s13349-023-00758-6
https://doi.org/10.1016/j.compstruc.2024.107274

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

Bragg Grating Monitoring[J]. Iranian Journal of Science and Technology-Transactions of Civil
Engineering, 2024.

https://doi.org/10.1007/s40996-023-01319-z

[32] Zhang X B, Zheng Z Z, Wang L, Cui HT, Xie X A, Wu H, Liu X C, Gao B W, Wang H P,
Xiang P. A Quasi-Distributed optic fiber sensing approach for interlayer performance analysis
of ballastless Track-Type II plate[J]. Optics and Laser Technology, 2024, 170.

https://doi.org/10.1016/j.optlastec.2023.110237

[33] Zhang P, Zhao H, Shao Z, Jiang L, Hu H, Zeng Y, Xiang P. A rapid analysis framework for
seismic response prediction and running safety assessment of train-bridge coupled systems[J].
Soil Dynamics and Earthquake Engineering, 2024, 177: 108386.

https://doi.ore/10.1016/j.s01ldyn.2023.108386

[34] Xiang P, Guo P D, Zhou W B, Liu X, Jiang L Z, Yu Z W, Yu J. Three-Dimensional
Stochastic Train-Bridge Coupling Dynamics Under Aftershocks[J]. International Journal of
Civil Engineering, 2023, 21(10): 1643-1659.

https://doi.ore/10.1007/s40999-023-00846-0

[35] Shannon C E. A mathematical theory of communication[J]. The Bell System Technical
Journal, 1948, 27(3): 379-423.

http://dx.doi.org/10.1002/7.1538-7305.1948.tb01338.x

[36] Kam T'Y, Brown Colin B. Subjective Modification of Aging Stochastic Systems[J]. Journal
of Engineering Mechanics, 1984, 110(5): 743-751.

https://doi.org/10.1061/(ASCE)0733-9399(1984)110:5(743)

[37] De Luca A, Termini S. Entropy of L-fuzzy sets[J]. Information and Control, 1974, 24(1):
55-73.

https://doi.org/10.1016/S0019-9958(74)80023-9

[38] Haldar A, Reddy R K. A random-fuzzy analysis of existing structures[J]. Fuzzy Sets and

Systems, 1992, 48(2): 201-210.


https://doi.org/10.1007/s40996-023-01319-z
https://doi.org/10.1016/j.optlastec.2023.110237
https://doi.org/10.1016/j.soildyn.2023.108386
https://doi.org/10.1007/s40999-023-00846-0
http://dx.doi.org/10.1002/j.1538-7305.1948.tb01338.x
https://doi.org/10.1061/(ASCE)0733-9399(1984)110:5(743
https://doi.org/10.1016/S0019-9958(74)80023-9

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

https://doi.org/10.1016/0165-0114(92)90334-Z

[39] Zhao Y G, Ono T. New Point Estimates for Probability Moments[J]. Journal of Engineering
Mechanics, 2000, 126(4): 433-436.

https://doi.org/10.1061/(ASCE)0733-9399(2000)126:4(433)

[40] Lv Z, Chen C, Li W. Normal Distribution Fuzzy Sets[C], 2007: 280-289.

https://doi.org/10.1007/978-3-540-71441-5 31

[41] Moore R E. Introduction to Interval Computations (Gotz Alefeld and Jiirgen Herzberger)[J],
1985, 27(2): 296-297.

https://doi.ore/10.1137/1027096

[42] Xiang P, Xu S, Zhao H, Jiang L, Ma H, Liu X. Running safety analysis of a train-bridge
coupled system under near-fault ground motions considering rupture directivity effects[J].
Structures, 2023, 58: 105382.

https://doi.ore/10.1016/j.istruc.2023.105382

[43] Li Q, Qiu Z, Zhang X. Eigenvalue analysis of structures with interval parameters using the
second-order Taylor series expansion and the DCA for QB[J]. Applied Mathematical Modelling,
2017, 49: 680-690.

https://doi.ore/10.1016/j.apm.2017.02.041

[44] Zhou Y T, Jiang C, Han X. Interval and subinterval analysis methods of the structural
analysis and their error estimations[J]. International Journal of Computational Methods, 2006,
03(02): 229-244.

https://doi.org/10.1142/S0219876206000771



https://doi.org/10.1016/0165-0114(92)90334-Z
https://doi.org/10.1061/(ASCE)0733-9399(2000)126:4(433
https://doi.org/10.1007/978-3-540-71441-5_31
https://doi.org/10.1137/1027096
https://doi.org/10.1016/j.istruc.2023.105382
https://doi.org/10.1016/j.apm.2017.02.041
https://doi.org/10.1142/S0219876206000771

