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Abstract

The human brain requires substantial energy for its complex functions, necessi-
tating consistent blood flow. The myogenic response regulates this flow despite
changes in intraluminal pressure. This adaptive capacity of cerebral arteries
is crucial for normal function and is often impaired in pathological conditions.
This research develops a computational framework to understand how pressure-
induced tone during the myogenic response affects blood flow in cerebral arter-
ies, using a multi-physics approach that integrates the chemical processes within
smooth muscle cells with structural and fluid mechanics at the continuum level.
At the cellular level, a new chemical model was developed to study the effects of
pressure on smooth muscle cell (SMC) signalling. The developed model was fit-
ted against experimental data found in literature regarding different intracellular
concentration/phosphorylation levels under different pressure loads and was able
to reach to a very good agreement with those data. It was able to accurately
simulate the influence of luminal pressure on the various cytoplasmic elements
involved in myogenic signalling, both in the control case and when combined with
pharmacological interventions. It was then combined with a chemo-mechanical
counterpart to simulate the generation and transduction of vascular tone at the
tissue level. The active tone part is integrated to a 3D derived hyperelastic
material model. The integrated model was capable of accurately capturing ex-
perimental measurements for vessels under control conditions, in a calcium-free
bath, or under drug intervention cases. The tissue model was also tested on its
prediction ability, showing a very good agreement with the experimental findings
for the control case, and less but still acceptable for the other two, indicating that
the parameter setup chosen is sufficient to accurately reproduce the myogenic re-
sponse, and that more experimental data are needed for the cellular model for
a further improvement. Furthermore, the analysis of the dynamic behaviour of
the vessel wall model showed that a combination of the temporal parameters of
the two models would be able to reproduce any given dynamic behaviour. To
evaluate the effect of the pressure-induced tone on blood flow, a fluid-structure
interaction (FSI) model is proposed, combining the structural part with a 1D
fluid solver. Under both static and transient conditions, it was shown that the
vessels including the active response were able to demonstrate the effects of flow
regulation as reported in literature, showing the ability to maintain low fluctu-
ations of blood flow with sudden changes in pressure. It was also shown that
the vessel size in terms of both length and diameter highly affects the blood flow
development. Taking into account the downstream circulation proved that more
data would be needed for its identification and accurate representation through
a lumped model. The analysis shed a light on the key components which affect
the most this mechano-biological process.
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Chapter 1

Introduction

This thesis focuses on the development of a multi-physics framework for studying
the mechanics of pressure-induced tone within cerebral arteries and its effect on
flow development. This requires the coupling of several sub-models to assess
the most important factors that contribute to active tone development. This
introductory chapter reports on all the physiological background involved in this
topic, to define the motivation behind this study. An overview of the literature
on the contributions of numerical modelling to the fields of interest is presented
to shape the picture of the current state of the topic. Finally, the aim and scope
of this thesis are discussed.

1.1 Physiological background

The cardiovascular system, also known as the circulatory system, is responsible for
delivering oxygen and nutrients to the entire body. Furthermore, it removes waste
products generated by cell metabolism. The arterial tree receives blood from the
two heart ventricles (left and right). These two ventricles provide with blood two
distinctive systems, the systemic and the pulmonary. The right ventricle takes
the deoxygenated blood and redirects it to the pulmonary system to oxygenate it
again, while the left ventricle provides the systemic circulation with oxygen-rich
blood.

Blood circulation occurs through a complex system of vessels that includes arter-
ies, arterioles, capillaries, venules, and veins. Arteries are essential for distributing
blood to all body regions, while arterioles are responsible for carrying blood to
capillary beds, where oxygen and other essential substances are able to diffuse
to cells. Venules collect oxygen-depleted blood from capillaries and transport it
back to the heart via veins.

Blood vessels are generally classified according to their size, type, and function.

1



2 Chapter 1. Introduction

Those with a diameter greater than 10mm are known as large arteries and have
a thick wall containing a considerable amount of elastic tissue. This elasticity
allows them to transport a large amount of blood from the core to the main
organs and peripheral areas. Generally, the larger systemic arteries have a binary
tree structure, with some exceptions such as the circle of Willis (CoW).

Towards the periphery, the arteries become smaller and stiffer due to the presence
of fewer elastic tissues and more layers of smooth muscle cells. This allows the
arteries to control the flow of blood by narrowing or widening their lumen, thus
making necessary adjustments to the flow. The diameter of the smaller arteries
and arterioles is usually around 50−100µm, and even narrower, reaching 15µm,
when they enter the tissues.

Arterioles, capillaries, and venules create a dense network with numerous inter-
connections. The distribution of small systemic vessels is organised to ensure
uniform coverage of tissues. This organisation minimises the volume occupied
by these vessels while maximising their surface area, facilitating the efficient dif-
fusion of oxygen and nutrients to cells [1]. Microvessels play a crucial role in
maintaining the homeostasis of the cellular environment. The venous system
withdraws blood from tissues and returns it to the beating heart, establishing a
closed loop for the circulation of blood.

Pressure and flow waves arise from the ejection of blood from the ventricles and its
interaction with the flexible arterial wall. As a result, the aorta and other elastic
arteries need to expand to handle the sudden increase in arterial blood volume
triggered by the contraction of the left ventricle during systole. This leads to
the arteries showing a rhythmic pulsation, commonly known as the pulse, which
follows the heartbeat and results in the transmission of downstream pressure and
velocity changes.

The behaviour of blood varies with respect to the diameter of the vessel through
which it flows. Depending on the size of the vessel and the Reynolds number
of the blood flow, it can be assumed that it is homogeneous, and behaves as a
Newtonian fluid with constant viscosity [2]. Furthermore, in most of the arteries
and arterioles, blood flow is laminar. Although turbulence can develop in spe-
cific regions within large arteries, this can occur only near bifurcations or under
pathological conditions [3].

1.1.1 Arterial wall histology

Arteries in the circulatory system can be classified into two main types according
to their structural characteristics, the composition of their walls and their func-
tional roles within the circulatory system: elastic and resistance arteries. How-
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ever, there can be vessels that are intermediate between those two types, which
are defined as muscular. Elastic arteries, such as the aorta and the main pul-
monary arteries, focus primarily on maintaining continuous blood flow, stretch-
ing, and recoiling to accommodate changes in blood pressure during the cardiac
cycle. However, resistance arteries regulate blood flow by constricting or dilating,
directing blood to specific organs and tissues according to local needs. They con-
tribute to the overall flow resistance in the circulatory system, determine blood
distribution and influence blood pressure [4].

Histology of arterial walls reveals that they are composed of three layers: the
intima, the media, and the adventitia. Each layer includes various elements, such
as endothelium, smooth muscle, elastin, collagen, and connective tissue. The way
these components are arranged within each layer influences the overall mechanical
behaviour of the arterial wall at macroscopic level. The structural organisation
of these components within the wall can be observed through polarised light
microscopy [5, 6].

In many body tissues and organs, the microstructure is significantly influenced
by the extracellular matrix (ECM). The ECM serves various functions, impart-
ing strength and resilience to tissues to maintain their shape, and creating a
watery environment that facilitates the exchange of nutrients, ions, hormones,
and metabolites between cells and the capillary network. The ECM is predom-
inantly composed of proteins, such as collagen, elastin, fibronectin, and laminin
[7].

Collagen is one of the major proteins within the human body, which constitutes
25–30% of the total proteins. It exists in various forms (I–VIII). In arteries, types
I and III play a crucial role as the primary load-bearing structural elements. The
distribution of collagen I and III varies in different sections of the vascular tree
[8]. Elastin, on the other hand, is a key protein responsible for providing elasticity
to tissues such as skin and blood vessels. It forms the main structure of elastic
fibers and significantly influences the mechanical properties of the tissue. The
elastic properties of the elastin meshes allow the tissues to flex and sustain high
levels of deformation and stress [8].

These two proteins are combined with smooth muscle cells (SMCs), which con-
stitute a layer of cells responsible for the contractile behaviour of the arterial
wall. While the SMCs layer does not contribute to the structural tone of the
wall when fully relaxed, it becomes a significant load-bearing component upon
activation. This activation may be triggered by different stimuli that can be ei-
ther mechanical, electrical, or (bio)chemical. Examples of wall regulation include
the myogenic response which is initiated by changes in intraluminal pressure that
elongate the SMCs, and the metabolic mechanism, which involves the accumula-
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tion of vasoactive molecules leading to the relaxation or contraction of the SMC
[9]. The contribution of the SMCs occurs in the circumferential direction, due to
their alignment within the vascular wall layer [10, 11]. The contraction of blood
vessels is orchestrated by a series of smooth muscle cells, and their contractile
machinery is based on the phosphorylation of myosin motors, regulated by com-
plex intracellular calcium dynamics. Endothelial cells modulate these processes
by releasing factors that can inhibit or activate specific ionic pathways within the
smooth muscle [12].

Multi-layered structure

As already mentioned, the arterial wall is structured with three distinctive layers:
the intima, the media, and the adventitia, from inner to outer. The structural
characteristics of each layer, as well as their functional aspects are discussed next.

The intima layer. The innermost layer of an artery is called the intima and
consists of a single layer of endothelial cells lining the arterial wall. This layer
rests on a thin basal membrane and a subendothelial layer. While the endothelial
layer does not play a significant role in supporting the luminal loading, the suben-
dothelial layer can, as it contains some SMCs and collagen proteins. However,
in healthy young resistance arteries, the subendothelial layer is almost absent,
making a negligible contribution to the solid mechanical properties of the arterial
wall. Consequently, the intima layer as a whole does not contribute significantly
to the structural characteristics of the wall [8, 13].

The media layer. This is the middle part of the arterial wall and contains primarily
collagen types I and III, elastin, and smooth muscle cells (SMCs). It is the thickest
among the three layers and is separated by fenestrated elastic layers that divide
the media into multiple concentric fibre-reinforced compartments. The number of
layers decreases towards the outer part [13]. Elastin, collagen bundles, and SMCs
create a continuous fibrous helix with a small pitch, almost aligning in a circular
direction within the media [14]. This organised structure enables the media to
withstand significant loads in the circumferential direction.

The adventitia layer. The outermost layer of the arterial wall is called adventi-
tia. It is made up of thick layers of collagen fibres, creating fibrous tissue. The
thickness of the adventitia depends on the type of artery and its location in the
body. Within adventitia, collagen fibres are organised into two helically aligned
bundles, the alignment angle varying widely between vessels [6]. At lower pres-
sure levels, the adventitial layer does not play a significant role in the structural
properties of the vessel. However, at higher pressure levels, it becomes a rigid
tube, which greatly contributes to preventing the vessel from being overstretched
or ruptured [15].
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Figure 1.1 shows the aforementioned layers within the arterial wall, along with
their structural components.

Figure 1.1: Arterial wall layers and their structural aspects (image based on [13])

Material behaviour

The key components that contribute to defining the material wall behaviour are
elastin and collagen fibres and SMCs. Macroscopically, the mechanical behaviour
of the vascular wall is defined by a nonlinear relationship between stress and
strain, anisotropy, incompressibility, and the presence of viscous effects. The way
arteries respond to mechanical loading is influenced by environmental factors such
as temperature, osmotic pressure, pH, carbon dioxide and oxygen levels, ionic
concentrations, and monosaccharide concentration. Under ex vivo conditions,
biological degradation leads to alterations in mechanical properties [16].

On examination of histology, one finds that the mechanical properties of the ar-
teries undergo changes along the arterial tree. Although there is noticeable varia-
tion and the shape of the stress-strain curve appears to depend on the anatomical
location [17], the overall mechanical characteristics of the arterial walls remain
consistent. Depending on the type of artery, the materials may exhibit primarily
elastic behaviour in the case of proximal elastic arteries, or viscoelastic behavior
in distal resistance arteries.

If healthy, arteries exhibit remarkable flexibility as composite structures. When
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subjected to mechanical stress, its response follows a nonlinear pattern, charac-
terised by exponential stiffening at elevated pressure levels, a phenomenon com-
mon to all biological tissues. Experimental evidence indicates that, under lower
stress conditions, the primary contributor to this response is elastin, with colla-
gen playing a minimal role. However, as tension increases, the stiffening effect
becomes predominantly driven by collagen [18]. As discussed in previous sections
about the properties of the wall of different vessels, larger arteries, characterised
by a higher elastin content, tend to exhibit a more elastic behaviour, while smaller
vessels demonstrate a stiffer response.

Furthermore, as previously indicated, the collagen fibres within the media and
adventitia layers have different alignments, but both in a highly organised struc-
tural configuration. This unique arrangement imparts anisotropy to the arterial
wall material. Scientific investigations have focused on the meticulous quantifi-
cation of material symmetry. Although uniaxial tests offer valuable insight into
material properties, they do not give a detailed description of the anisotropic char-
acteristics [19]. From a microscopic point of view, arteries can also be seen as a
combination of solid and fluid components. However, the stress-induced move-
ment of fluid within the wall can be ignored, leading to the conceptualisation of
the arterial wall as a uniform solid material. In this scenario, the assumption of
incompressibility becomes applicable [20, 21].

Hysteresis phenomena manifest during cyclic loading, particularly in the absence
of muscle tone. As stress softening occurs after a few cycles, the artery under-
goes preconditioning, leading to a stress-strain curve exhibiting repeatable cyclic
behaviour [22]. Toward the periphery, the viscous effects intensify, signifying a
shift towards increased stiffness in the arteries. This suggests a predominant role
for dissipative mechanisms related to smooth muscle cell deformation in shaping
the dynamic response of blood vessels. Throughout the life of the artery, the
arterial wall undergoes continuous adaptations in response to its environment,
involving various irreversible processes such as growth, remodelling, ageing, and
diseases. These alterations highlight the absence of a singular stress-free con-
figuration, making the unloaded state of a examined vessel likely to encompass
residual stresses. Furthermore, the layers of the arterial wall experience different
stress conditions in this unloaded configuration [23].

1.1.2 Cerebral vasculature

This thesis focuses on blood flow across the cerebral vasculature and its function.
In this section, a concise overview of the structure and function of blood vessels
within the brain is given.
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Network morphology

The basilar and internal carotid arteries enter the cranial cavity and connect to
encircle the optic chiasma, forming the circle of Willis. From this circle, the
anterior, middle, and posterior cerebral arteries originate, which then branch
into smaller vessels and arterioles to form the cerebral vasculature. This circular
connectivity serves the purpose of maintaining cerebral blood flow in the event
of carotid artery obstruction. Figure 1.2 illustrates the main vessels constituting
the cerebral vasculature. The graph illustrates the vessels that provide blood to
the brain on the left side, which are the internal carotid artery and the vertebral
arteries that combine to form the basilar artery. Additionally, the right side of the
graph shows the main intracranial branches. In terms the main cerebral arteries
size reported in literature [24, 25, 26], the internal carotid arteries have a typical
length of 18 cm with a diameter of ∼ 5mm, while the basilar diameter is ∼ 4mm

and with a length of about 2 cm. The middle cerebral artery (MCA) is ∼ 1 cm

long with a diameter of 3mm and its branch, the superior middle cerebral, has
a length of ∼ 7 cm and a diameter of about 2mm, while the anterior cerebral
has a similar diameter, but it is shorter with a length of ∼ 2.5 cm. Finally,
the ophthalmic artery, which is a smaller vessel that branches from the internal
carotid is ∼ 1 cm long and has a diameter of about 1mm.

The major cerebral arteries further branch into the pial arteries, which run along
the brain surface. In particular, the pressure of the pial artery is relatively low,
approximately 50% of systemic pressure, attributed to a low distal/proximal re-
sistance ratio. These pial arteries give rise to smaller arteries that penetrate brain
tissue and eventually branch into short arterioles.

Arterial wall function

The cerebral arteries are unique vessels that are responsible for supplying the
brain with oxygen and nutrients through blood circulation. They are composed
of the intima, media, and adventitia layers [10], with the adventitia being mainly
composed of collagen type I and some fibroblasts, as already mentioned. What
is important to note is that the endothelial cells in the intima layer are part of
the Blood-Brain Barrier (BBB). The media layer, containing collagen type I and
III [27], elastin fragments, and smooth muscle cells (SMCs), is also essential for
cerebral autoregulation [28]. Cerebral arteries differ from other systemic arteries
for three different aspects: the BBB, their elastic lamina, and autoregulation [29].

The blood-brain barrier (BBB) is a vital feature of the cerebral capillaries, which
ensures selective permeability. Positioned in the intima, the BBB serves three key
functions: regulating ion balance, facilitating nutrient transport, and preventing
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Figure 1.2: The Circle of Willis

harmful substances from entering the parenchyma. Comprising endothelial cells
embedded in the basement membrane, the BBB is highly permeable to lipid-
soluble substances such as O2 and CO2 while effectively restricting lipophobic
solutes. This protective mechanism protects the brain from external interfer-
ence and maintains precise control of the chemical environment of the brain. In
addition, the BBB acts as a metabolic barrier, capable of metabolising drugs
and nutrients. It is important to note that although crucial, the BBB does not
contribute any load-bearing components to the cerebral arteries [30].

Elastic arteries have multiple layers of elastin in the media layer, extending from
the internal elastic lamina to the external elastic lamina, which is the boundary
between the media and adventitia layers. In contrast, cerebral vessels only have
the internal elastic lamina and at the end of the media layer there is a layer of
smooth muscle cells (SMCs) [31]. Furthermore, cerebral vessels have fewer elastin
layers [32], which leads to a much higher collagen-to-elastin ratio than vessels in
other parts of the body [33].

Cerebral blood flow regulation

The human brain is the most important and central part of the body, making up
approximately 2% of total body mass, yet it receives ∼ 15% of cardiac output
and ∼ 20% of the oxygen and nutrients due to its high demand [34]. The oxygen
and nutrients delivery, as well as the waste product removal is achieved by the
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amount of blood reaching the brain through the cerebral blood flow.

There are several factors that affect the blood flow within the brain such as
changes in perfusion pressure (the difference between mean arterial pressure and
cerebrospinal fluid), changes in the vascular radius, changes in blood viscosity.
Alterations in perfusion pressure can arise under normal circumstances, such as
shifts in posture or exercise, or they may be induced by drug administration or
pathological conditions. The viscosity of blood is directly linked to both hemat-
ocrit and the concentration of hemoglobin in the blood and can be altered. The
impact of the vascular radius on cerebral blood flow, however, is the most interest-
ing as it plays a crucial role in modulating and regulating CBF. This sensitivity
of blood flow to vessel radius is highlighted by the fourth power relationship
according to the Poiseuille equation. Changes in arterial radius is modulated
by changes within the vascular SMCs through vasoconstriction or vasodilation.
There are a number of factors that drive vasoconstriction/vasodilation within
the SMCs of the arteries, for example one powerful vasodilator is CO2, which
is able to decrease the blood flow under hypocapnic conditions, and vice versa
[35]. However, the most physiologically relevant mechanisms regulating cerebral
haemodynamics, are the brain metabolism through neurovascular coupling and
autoregulation.

Neurovascular coupling ensures an adequate blood supply to meet the increased
metabolic demands of active brain regions. When certain parts of the brain
become more active, such as during cognitive tasks or sensory processing, there is
a need for more oxygen and nutrients to support the heightened neuronal activity.
This increase in cerebral blood flow is driven by various vasoactive mediators,
which are substances that can influence blood vessel diameter [36].

Cerebral autoregulation is a physiological mechanism that helps maintaining a
relatively constant blood flow to the brain despite fluctuations in systemic blood
pressure. Autoregulation of cerebral blood flow involves the ability of cerebral
arteries and arterioles to actively adjust their diameter in response to changes in
blood pressure. The primary goal is to ensure a stable and adequate supply of
oxygen and nutrients to brain cells while preventing damage related to excessive
pressure. In situations where systemic blood pressure increases, the cerebral
vessels constrict to prevent excessive blood flow that could potentially damage
the capillaries and neurones of the brain. On the contrary, when systemic blood
pressure decreases, cerebral vessels dilate to maintain sufficient blood flow and
oxygen delivery to the brain. This autoregulatory process is crucial to protect
the brain from hypoperfusion or hyperperfusion, which could lead to ischemia or
hemorrhage, respectively. Cerebral autoregulation is a dynamic and continuous
process that occurs in response to changes in metabolic demand and perfusion
pressure, helping to ensure the optimal functioning of the brain under varying
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physiological conditions. Although the basic mechanisms of autoregulation and
neurovascular coupling are not fully understood, there are probably some shared
pathways between the two [37, 34].

The physiological foundation of cerebral autoregulation is not fully under-
stood and comprises different mechanisms such as metabolic, neurogenic, and
myogenic[38, 39]. The metabolic mechanism involves changes in blood pressure
that influence the concentration of vasoactive metabolites [40], thus adjusting
blood flow, while the neurogenic mechanism suggests that perivascular neurones
play a regulatory role in vessel function [41]. Given its importance, the main
focus of this thesis is on the myogenic mechanism, which will be discussed in the
following section.

Myogenic mechanism Resistance vessels and large arteries in the homeostatic
state are partly contracted. This state of partial contraction is called the basal
tone. Basal tone is essential for maintaining the readiness of muscles and organs to
respond to stimuli. Vascular tone refers to the degree of constriction or dilation
of blood vessels, primarily arteries and arterioles, and controlled by the SMCs
in the walls of blood vessels. When blood vessels constrict, the vascular tone
increases, leading to a decrease in the diameter of the vessels. This constriction
raises blood pressure and reduces blood flow to the tissues. Conversely, when
blood vessels dilate, vascular tone decreases, resulting in an increase in vessel
diameter, lower blood pressure, and increased blood flow to the tissues. Those
two tones, though conceptually separate, collaborate to maintain the balance of
physiological processes.

During the myogenic response, when blood pressure is increased suddenly, the
vessel is dilated following the pressure increase. Within seconds, however, the
vessel develops a vascular tone that causes them to constrict. On the contrary,
when blood pressure suddenly decreases, the vascular tone falls, causing a dilation
to the vessel. The myogenic response is a mechanism that is very well developed,
especially in the cerebral circulation [42].

When the intraluminal pressure increases within an artery or arteriole, the wall
is stretched. This stretch causes a depolarisation of the SMC with a consequent
elevation in intracellular calcium. The applied mechanical stress is sensed either
within the SMC or the endothelium within the vascular wall, and several ionic
channels are activated, whose composition depends on the physiological function
of the vessel [43, 44, 45]. These channels in turn, dominating the contribution
of the L-type calcium ones, are causing ionic exchange within the SMC and
cations move from the extracellular to the intracellular space. Increased intra-
cellular calcium concentration, in particular, promotes the synthesis of myosin
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light chain kinase (MLCK), which, through the phosphorylation of myosin light
chains (LC20), stimulates the interaction between actin and myosin, leading to
the formation of cross-bridges between the two proteins. These cross-bridges are
responsible for the development of active vascular tone and, hence, cause vaso-
constriction [46, 47].

These pathways described above are a widely accepted mechanism of intracellular
interactions that lead to the development of the vascular tone. However, there is
experimental evidence that indicates that calcium signalling is not the only path-
way through which pressure modulates the contractile machinery of the SMC.
Research has shown that beyond specific pressure thresholds (approximately 40–
60mmHg), cellular tone is influenced by pathways that do not directly alter in-
tracellular Ca2+ levels. Instead, these pathways function as parallel mechanisms,
capable of modifying the sensitivity of the contractile machinery to fluctuations
in Ca2+, and rearranging the cytoskeleton of the cell through different signalling
pathway [48, 49]. These concepts are discussed in more detail in Chapter 3 as it
is one of the main motivations for the development of the cell signalling model
presented in this thesis.

As the myogenic response causes a blood vessel to narrow, the increased shear
stress on the endothelium prompts the endothelial cells to generate certain va-
sodilators which prevent excessive constriction [42].

1.2 Numerical modelling

In this section a literature overview of the developments in numerical modelling
on vascular mechanics is presented. The fields of particular interest lies on the
modelling of the arterial wall, the cellular dynamics and the vascular haemody-
namics.

1.2.1 Passive mechanical response models

One of the first numerical models of the arterial wall was the highly influential
model by Fung et al. [50] who introduced the nonlinearities of the continuum
through a strain energy function formulation. This model was generalised to
the three-dimensional regime [20, 51], while other models were derived from this
formulation that included shear deformations [52, 53].

Holzapfel et al. [13, 54] incorporated an isotropic Neo-Hookean component and
modified the exponential expression of Fung by using tensor invariants. In their
study, structural anisotropy is introduced through the reinforcement of collagen
fibres, and the model successfully reproduced the distinctive stress-strain rela-
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tionship. Since then, this model has been extensively used in the literature and is
acknowledged to offer a foundational framework for constructing more advanced
models. The models that were derived from [13, 54] were used to model soft
tissues in general and specific cases but, more interestingly for this thesis, for
numerous applications in the mechanics of arterial wall tissue. In the following,
those applications are briefly reported.

Fibre-reinforced models have been the basis for the study of several biological soft
tissues. Applications referring to specific soft tissues include studies on the ovine
infrarenal vena cava [55], the fibrous tissue of the intestinal wall [56], fibrosus
annulus of the lumbar spine [57], and myocardium [58]. Moreover, in soft tissue
modelling there were developments in constitutive frameworks that studied sev-
eral general aspects of soft tissue, such as fibre reorientation [59] or viscoelasticity
of tissues [60, 61, 62].

Furthermore, it was widely used in applications regarding the modelling of healthy
arteries, which is in line with the scope of this thesis. Holzapfel et al. extended
their arterial wall model to include viscoelastic effects [15], and the determination
of model parameters to include clinical data was determined by Staalhand [63] and
Masson et al. [64]. There were also advancements that incorporated four families
of fibres instead of two [65, 66, 67], and the model was used for the analysis
of the wall behaviour during arterial clamping [68]. Applications concerning
arteries under pathological conditions also used these formulations as a baseline.
Modifications of the model [69, 70] were developed to study atherosclerosis and
balloon angioplasty [71], and Rodriguez [72] described the mechanical behaviour
of the balloon in a coronary artery using the model by [54]. Furthermore, the
multi-layered model by Kroon and Holzapfel [73] was used to study cerebral
aneurysm tissue by inverse finite element analysis (FEA). Inverse analysis was
also used to study fusiform aneurysms [74], while abdominal aortic aneurysms
[75] were studied with the model by [13]. The field of tissue remodelling and
tissue growth has also drawn considerable attention. In this context, models were
developed or derived that studied collagen fibre remodelling within the arterial
wall [76, 77], or arteries growth and remodelling [78, 79].

1.2.2 Vascular wall models including vascular tone

The number of models developed that include the development of active vascular
tone is significantly lower than those that describe solely the passive mechanical
response of the arterial wall.

The baseline modelling of active contraction was based on the three-element mus-
cle model of Hill [80], which was the first model representation of the mechanical
response of the muscle. As can be seen in Figure 1.3, the model contains a con-
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tractile element (CE) in parallel with a nonlinear spring element (PE), and in
series with another nonlinear spring element (SE). The active tone developed in
the CE is the force produced by the cross-bridges of the actomyosin filaments,
as described in Section 1.1.2. The passive response is represented by the PE,
while the SE represents the elasticity of the filaments. The overall force-length
characteristics of a muscle are the result of the combined effects of active and
passive elements.

Figure 1.3: The three-element Hill muscle model model

Several models were developed based on the Hill model. One of the first models
was the one developed by Gastrelius and Borgstrom [81] where they represented
the active contraction with the one-dimensional Hill model, also considering ex-
perimental findings that could not be taken into account in the classical Hill
model. The model of Carlson et al. [82] modelled the myogenic response based on
measured length-tension characteristics of smooth muscle, making the assump-
tion that vascular tone has a sigmoidal dependence on circumferential stress.
Rachev and Hayashi [83] introduced a three-dimensional continuum mechanics
phenomenological model for the passive response, introducing the vascular tone
through circumferential stress. The model was extended by Zulliger et al. [84]
who added the fibre contribution to the material properties with a pseudo-SEF
along with a Hill model.

Another modelling approach for incorporating active tone requires the use of
more than one sub-model to represent distinct elements participating in the to-
tal arterial wall response. One of the most popular approaches is the dynamic
modelling of the cross-bridge formation within the SMC. The most widely used
method to account for this is through the model developed by Hai and Murphy
[85]. Yang et al. [86] combined an electrochemical model, which accounted for
the dynamic formation of the cross bridge and other intracellular processes, with
a Hill-based chemo-mechanical to fully describe the response of a rat cerebrovas-
cular vessel. Schmitz and Bol [87] decoupled the SEF into active and passive
parts, where the active part depends on the cross-bridge formation through a
calcium-driven representation. Murtada et al. [47] developed a framework which
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uses the Hai-Murphy model coupled with a Hill-based mechanical model as the
active component of a decoupled SEF. Subsequently, this model was extended
[88] to include the remodelling of the SMC cytoskeleton.

The final model presented [88] is the basis for the development of the chemo-
mechanical model used in this thesis and is described in more detail in Chapter
4.

1.2.3 Computational haemodynamics

Undoubtedly computational haemodynamics can provide efficient quantification
of blood flow phenomena, providing insight that is very hard to obtain via direct
measurement. Fluid-structure interaction (FSI) modelling are the most accurate
approach since it combines the contributions of both the blood flow and the vessel
wall within the vascular network.

Reduced order fluid models

Three-dimensional FSI models provide the most accurate solution as they are
able to account for all the geometrical details of the problem [89, 90]. However,
they come with a very high computational cost and very complex computational
domains, hence they are generally only applied at local circulations [91, 92, 93].
Moreover, they require a large amount of input data which in many cases are not
easily accessible.

The detailed vessel geometry required is often obtained from 3D/4D radiographic
imaging such as computed tomography (CT) scans or magnetic resonance imaging
(MRI). Hemodynamic parameters often necessitate assuming the velocity profile
at the inlet, whereas pressure measurements typically require the invasive surgical
procedures. Furthermore, the material properties required to accurately compute
the wall motion are neither easily nor ethically measured. It would require a
sample of the patient artery since an ex-vivo sample would have significant dif-
ferences from the in-vivo environment. This difficulty has led to either making
the assumption of isotropic properties in FSI models, although that is not valid
as explained in Section 1.1.1, or utilising data from expensive imaging data for
the wall dynamics [94, 95]. Wall motion can be utilised to either estimate the
wall properties, or to be imposed as a boundary condition, which does not require
the wall model. The compliance of the vessel is inferred from time differences in
pressure waveforms.

One way to overcome all the aforementioned difficulties rising from the three-
dimensional FSI approach is the use of reduced order modelling (ROM), which
can provide extremely competitive computational efficiency with an acceptable
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reduction in accuracy [96]. Derivations of one-dimensional formulations from
three-dimensional models in the fluid domain, and potentially in the solid one,
can be a very good compromise. Such methods have improved the fundamental
understanding in haemodynamics, providing accurate predictions for cases where
the flow is predominantly uni-directional. There are numerous problems that
have been gained very useful insights through 1D modelling, such as coronary
circulation [97, 98], systemic heat transfer [99], cerebral artery flow regulation
[55], and the entire human cardiovascular system [100, 26, 101]. While the concept
of ROM for haemodynamics application existed from the 1970s [102], it has been
used extensively the last two decades, with most important contributions being
the works of Stergiopoulos et al. [103], Reymond et al. [104], Formaggia et al.
[105], Sherwin et al. [106], Mynard and Nithiarasu [97], and Alastruey et al. [107].
Different numerical methods have been employed to solve the one-dimensional FSI
problem, such as finite differences [108], finite elements [97, 109, 105], and finite
volumes [110]. For the validation of 1D flow models, in-vivo, in-vitro, or in-silico
data are generally used [111, 104, 112]. These averaged models have the option
to be integrated with 3D models. This is particularly useful in scenarios where
hemodynamic quantities are evaluated under the effect of localised phenomena
[113, 114].

Advanced arterial wall models

In hemodynamic models, it is common practice to simplify by neglecting viscosity
effects and assuming an elastic tube law for the vascular wall response to pres-
sure [106, 97, 105]. However, smooth muscle cells (SMCs) in the arterial wall
give it a viscoelastic behavior [115]. To better represent the vascular wall, it
is necessary to add viscoelastic effects. Bessems et al. [116] showed that con-
sidering wall viscoelasticity is crucial for accurately predicting how pressure and
flow waves propagate and attenuate. Reymond et al. [117] assessed a 1-D dis-
tributed viscoelastic model of the human arterial tree, comparing its predictions
with measured pressure and flow waveforms. The results suggest significant vis-
coelastic effects, especially in peripheral branches, seen in both qualitative and
quantitative waveform and pressure-flow parameter comparisons. Studies have
utilized Voigt-type viscoelastic models to replicate these effects [118, 105, 26, 107],
reducing discrepancies between observed and simulated pulse waveforms. Alas-
truey et al. [107] reported comparable findings when evaluating 1D viscoelastic
simulations against data obtained from a 37-branch network in silicone material.

Because of these considerations, several recent efforts have focused on enhancing
the understanding of vessel walls, employing linear, quasilinear viscoelasticity, or
more advanced nonlinear models [119, 120, 121, 122]. In the work of Coccarelli et



16 Chapter 1. Introduction

al. [123] the 1D fluid equations are coupled with a 3D derived hyperelastic model
that includes the effects of residual stresses based on [13], introducing anisotropy.
This work is the basis for the framework described in this thesis.

1.3 Motivation and aim of the thesis

The arterial flow within cerebral vessels is essential for brain health. To ensure
that the brain receives a continuous and well-regulated supply of blood, cerebral
autoregulation is responsible for maintaining a steady blood flow, regardless of
fluctuations in systemic blood pressure. This helps to prevent inadequate or
excessive perfusion, which could lead to neurological problems such as ischemia or
haemorrhage. Malfunction of cerebral autoregulation can contribute to a variety
of brain diseases and conditions including stroke, traumatic brain injury, vascular
dementia, and Alzheimer’s disease. It is, therefore, essential to understand this
intricate reaction, and its impact on tissue perfusion. One of the most influential
factors is the myogenic tone that is generated in response to changes in pressure
within the blood vessels.

Although a lot of research has been conducted on modelling pressure-induced
vascular adaptations [124], this fundamental process still requires a full elucida-
tion and quantification. To the knowledge of the author, there is no model that
includes all the procedures that occur on different scales to assess the effect the
myogenic response has on blood flow within the cerebral vessels. With this work,
the aim is to develop a multi-physics framework that model the myogenic mech-
anism at both cellular and vascular wall scale and evaluate its effect on blood
flow and pressure. This is carried out through a multi-physics approach that
integrates the coupled vascular wall and blood flow domains, with the chemical
processes within the SMC.

Figure 1.4 shows the structure of the model developed within the thesis. The
framework consists of three models: a chemical one that accounts for the intra-
cellular signalling pathways occurring within the SMCs; a chemo-mechanical one
that translates these intracellular processes to active vascular tone development;
and an FSI solver that integrates the active tone within the material properties
of the vascular wall and finally computes the blood flow within the vessel. The
specific function of each distinctive sub-model is discussed briefly next. The cell
signalling model developed is a representation of all the intracellular signalling
pathways that lead to the formation of actomyosin cross-bridges and for the level
of F-actin which promotes the cytoskeleton polymerisation, both affecting the
level of vascular tone development. The model is accounting for these processes
as a response to intraluminal level of pressure. The active tone is generated with



1.4. Thesis outline 17

Figure 1.4: Schematic of integrated framework

a chemo-mechanical model which translates the active tone information from the
cellular to the tissue level. In the model, passive surrounding elements (mainly
F-actin), constituting the actin cortex, are connected with contractile units ar-
ranged in series to form the tissue contractile fibres. The developed active stress is
incorporated into the vascular wall model as the active component of a decoupled
SEF, where its passive part represents the material properties. The constitutive
relationship provides the pressure–area relationship of the vascular wall includ-
ing the active and passive components. Finally, the FSI framework couples the
aforementioned structural model of the vascular wall with a one-dimensional fluid
dynamics solver, to ultimately provide the flow development within the vessel.
Pressure boundary conditions are imposed since the interest of the study is to
assess the effect of pressure fluctuations to flow development.

1.4 Thesis outline

Concluding this introductory chapter, this section presents the structure of the
thesis with a brief description of each chapter included.

Chapter 2: In this chapter, the mathematical background of the FSI solver
is presented. All the necessary background including the fluid and structural
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models used are outlined along with their respective formulations. These include
the derivation of the 1D flow model, as well as the 3D derived structural model
for the vascular wall material. Finally, a framework is presented that identifies
the structural model parameter space for different experimental data found in
literature. The experimental data were collected to include both uni-axial and
bi-axial tests.

Chapter 3: This chapter explores the cellular level of the contractility mecha-
nisms. At first, an overview of the models that have been developed on the field
of cellular dynamics of SMCs which govern the arterial contractility is presented.
This overview aims to identify the key features that have a significant role in
the response, and two models are presented in more detail. Next, the chemical
model that was developed in the context of this thesis is presented. The proposed
model is based on a logic-based approach that includes all the major intracellular
pathways found in literature. The simulated behaviour of five different intracellu-
lar components well matches experimental measurements across a large pressure
range, for physiological and drug intervention scenarios.

Chapter 4: In this chapter, the chemical model of the previous chapter is in-
corporated into a 3D hyperelastic material model to account for the the vascular
wall mechanics. This serves as a bridge between the cellular dynamics and the
tissue response during myogenic response. The active response is modelled as
an extra term in the strain energy function of the structural model, and it inte-
grates the output of the chemical model. All the formulation for this integration
are presented and explained, as well as the fitting of the model parameters to
experimental data. Finally, the model is assessed regarding its steady state and
transient output for several cases.

Chapter 5: In this chapter, the structural model is coupled with a reduced order
(1D) fluid solver to form the fluid-structure interaction framework that models
the blood flow development within cerebral vessels under myogenic response. All
the numerical formulations of the coupling between the two models is described
as well as the boundary condition setups and the solution procedure. Next, the
steady state solution of the FSI framework is presented and discussed, followed by
the transient study of the vessel. Finally, the vessel is attached to a Windkessel
model to account for the downstream circulation and assess the interaction of the
system.

Chapter 6: In this final chapter, a brief summary of all the models that con-
stitute the framework developed for the thesis is made. The advancements and
limitations of the framework is discussed, and possible future directions are pro-
posed.



Chapter 2

Vascular Haemodynamics

In this chapter, the mathematical foundation for the solution of the coupled
vascular wall with the blood flow problem is reported. The formulations for com-
puting the one-dimensional Navier-Stokes equations for the flow within compliant
vessel are presented, as well as the zero-dimensional models for representing the
flow at the downstream circulation. Furthermore, the chosen vascular wall model
is reported and discussed, along with the extraction of its constitutive relation.
The numerical schemes employed and the discretisation they produce are also
presented. Finally, a fitting procedure was performed to identify the parameters
that reproduce the behaviour of several cerebral vessels. The methodology fol-
lowed for this fitting procedure, along with the produced results, is presented in
the final section of the chapter.

2.1 Derivation of 1D blood flow model

In this section, all the mathematical formulations for deriving the one-dimensional
Navier-Stokes equations are presented. Moreover, a description of the one-
dimensional velocity profile choice is reported. The formulations are reported
in the Doctoral thesis of Carson [125] and are repeated here for completeness.

2.1.1 Governing equations

The incompressible Navier-Stokes equations in three dimensions describe the mo-
tion of a viscous fluid under constant density. The governing continuity equation
is

∇ · u =
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

= 0, (2.1)

where u = (ux, uy, uz) is the fluid velocity in the three dimensions respectively.
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The governing momentum equations in three dimensions are
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+

(
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+
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)
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(2.2)
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ρ
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(2.4)

For x, y, z Cartesian coordinates, respectively. Here, τ is the Cauchy stress tensor
and P is the hydro-static pressure. The source terms fx, fy, fz may represent
external load terms, such as gravity. Their inclusion (or not) depends on the
nature of the problem.

The system consisting of the Navier-Stokes equations (2.1) – (2.4) is closed with
the energy conservation, and the equation of state, which interconnects pressure,
temperature, and density. In the context of this thesis, none of those two is
needed in 1D formulations.

The derivation of the one-dimensional formulation of the Navier-Stokes equations
from the above three-dimensional one is achieved through several assumptions,
such as axially symmetric flow which is much higher in this direction than any
other. The assumptions are presented in more detail later in the text.

The first step for reducing the system to one dimension is applying a change in
the coordinate system to the governing equations

(x, y, z) → (x, r, θ). (2.5)

Transformation (2.5) implies a transition from Cartesian to cylindrical coordinate
system. Under this transformation, the coordinate mapping would be

x = x, (2.6)
y = r sin θ, (2.7)
z = r cos θ. (2.8)

Blood can be assumed to be homogeneous and behaves as a Newtonian fluid
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with constant viscosity for vessels larger than 200µm in diameter [2, 126]. With
the assumption of Newtonian fluid, the 3D continuity equation on the cylindrical
coordinate system is

1

r

∂(rur)

∂r
+

1

r

∂(uθ)

∂θ
+
∂(ux)

∂x
= 0. (2.9)

After the coordinate transformation, the expression of the momentum equation
in the cylindrical directions will become
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After obtaining the expressions of the continuity and momentum equation in the
cylindrical coordinates, the derivation of the one dimensional formulation takes
place. This is achieved by making some necessary assumptions. At first, axial
symmetry is assumed. Next, it is assumed that the vascular wall can only be
displaced in the radial direction r. Moreover, the pressure is assumed constant
in each cross section and there is no pressure gradient in the radial and circum-
ferential direction. Finally, as already mentioned, the axial velocity is assumed
to be much higher than any of the other two, which allows the omission of the
other two components. With these assumptions, the momentum equation along
the axial direction takes the following form

∂ux
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+ ux
∂ux
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+
1

ρ
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− µ

ρ

[
1

r
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(
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∂x2

]
= fx. (2.13)

If the momentum equation is integrated over a section, the expression will be

∂Q
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αQ2
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))
dσ +

∂2Q

∂x2
= Afx. (2.14)

Here, Q = Au is the volumetric flow rate within a cross-section A, u is the
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averaged axial velocity, r is the radial component coordinate, while x the axial
one. The term α appearing in the Equation (2.14) is called the momentum flux
correction term, and it depends on the choice of the velocity profile, which is
discussed in Section 2.1.2. Through this term, the non-uniform distribution of
velocity is taken into account, and it is given by

α =

∫
CS
u2x dσ

Au2
. (2.15)

Similarly to the momentum formulation, the continuity equation in its one-
dimensional expression will be

∂A

∂t
+
∂Q

∂x
= Φ, (2.16)

where Φ is a source/sink term.

This system involves three variables: area A; flow rate Q (or velocity u); and
hydrostatic pressure P , as shown in Figure 2.1. The constitutive law serves is
the extra equation that closes the system, establishing a connection between the
pressure and the cross-sectional area. Section 2.2 looks at the constitutive law
applied in one-dimensional blood flow models.

Figure 2.1: Overview of the flow within a blood vessel and the variables P,Q,A

By manipulating equations (2.16) and (2.14) in different ways, one can derive
various formulations of the one-dimensional blood flow equations. The three most
used variants include the AU [106, 97], AQ [105, 127, 128], and PQ [129, 130]
formulations, depending on which variables are included in the momentum and
continuity equations.

If in the continuity equation (2.16) the chain rule is applied, this will produce

∂A

∂t
=
∂A

∂P

∂P

∂t
= C

∂P

∂t
. (2.17)

Applying the chain rule, the PQ formulation is obtained. In equation (2.17),
the term C represents the compliance of the vessel, which is defined as the area
gradient with respect to pressure, and is a key variable in one dimensional haemo-
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dynamics. The formulation PQ is the one used in [125] and the present work. In
this variation the continuity and momentum equations take the form

∂A

∂P

∂P

∂t
+
∂Q

∂x
= 0 (2.18)

ρ

A

∂Q

∂t
+
ρ

A

∂
(
αQ2

A

)
∂x

+
∂P

∂x
− f

A
= 0. (2.19)

2.1.2 Velocity profile

The selection of velocity profile will have an effect on two terms in the momentum
equation, the friction term and the momentum flux correction factor α. The
velocity profile used in this work is the one used in [131, 132], and given by

u(x, r) = U
ζ + 2

ζ

[
1−

( r
R

)ζ]
, (2.20)

where R is the vessel radius, r the radial coordinate, and ζ = 2−α
α−1

. The friction
term is found by integration of the profile equation (2.20) within a cross section
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ρ
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∂
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−2(ζ + 2)µπQ

A
. (2.21)

Figure 2.2 illustrates the velocity profiles using Equation (2.20). In the figure
the flat profile is obtained with a value of α = 1. That profile is imposed in the
momentum flux term. For the friction term, the fixed value of ζ = 2 is chosen,
which gives the Poiseuille velocity profile, and the friction term is becomes

f

A
= −8πµ

Q

A2
. (2.22)

So far, the axial direction was referred to as x. From this point forward, the
axial direction will be noted with the letter z. It was not changed through the
derivation of the governing equations because the reader might confuse z of the
axial direction with the z component in the Cartesian coordinate system.

2.2 Vascular wall model

To solve the system of equations (2.18) – (2.19), a constitutive law is necessary
to establish a relationship between a section’s cross-sectional area and the trans-
mural pressure

Ptm(A) = P − Pext, (2.23)

where Pext is the external pressure outside the vessel.
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Figure 2.2: Different velocity profiles generated for various values of α

Various constitutive laws are used in one-dimensional models, and one of the most
widely used is the nonlinear elastic tube law [106, 105, 97, 109] given by

Ptm = 2ρc20

( √
A√
A0

− 1

)
+ P0 =

β

A0

(√
A−

√
A0

)
+ P0. (2.24)

Here P0 and A0 is the reference pressure, and the respective area for that pressure
level, while c0 is the reference wave speed at P0.

Another often used constitutive law is the power law [133, 134, 26] which reads

Ptm =
2ρc20
b

[(
A

A0

)b/2

− 1

]
+ P0, b =

2ρc20
P0 − Pcollapse

, (2.25)

where Pcollapse is the pressure level where the vessel completely collapses. The
viscoelastic properties of the vascular wall are introduced with an extra term in
the constitutive law [105, 26, 107].

From the constitutive law, one can determine the compliance of the vessel at a
given pressure. Compliance defines the association between the change in area and
the change in pressure. Generally, the constitutive law is formulated as P = f(A).
Due to the non-linear relationship between pressure and area, especially in the
case of nonlinear constitutive laws, it might not be possible (or straightforward)
to rearrange the function to the form A = f−1(P ). Consequently, calculating
the derivative ∂A/∂P may not be simple. However, as mentioned in [125], per
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the inverse function theorem, for a continuously differentiable function f with a
non-zero derivative at a point in its domain, f is invertible in a neighborhood of
this point. Its inverse f−1 is also continuously differentiable, and the derivative of
the inverse function in this neighborhood is the reciprocal of the derivative of f .
This implies that the derivative of P = y(A) with respect to A can be expressed
as

∂P

∂A
=

1
∂A
∂P

. (2.26)

In this thesis, the constitutive relation between lumen area and blood pressure
is established by deriving a three-dimensional hyperelastic model describing the
properties of the vascular wall. The next section will describe the structural
model used in this thesis.

2.2.1 Structural kinematics

The original wall model was proposed by Coccarelli et al. [123]. Again, the
derivation of the model is described in [123] and is repeated here for completeness.

In accordance with the flow model, axisymmetric deformation is assumed for
the vascular wall. Given that residual strains in large arteries have a significant
influence on mechanical characteristics [135], these strains are introduced by con-
sidering three configurations for the vessel: the stress-free; the load-free; and the
loaded configuration, as shown in Figure 2.3.

Figure 2.3: Configurations of the vascular wall. From left to right: stress-free
(ΩSF), load-free (ΩLF), and loaded (ΩL) configuration

In the stress-free configuration, the vessel does not experience stresses along the
radial and axial directions. On the contrary, in the load-free configuration, resid-
ual stresses exist within the wall of the vessel, while the vessel is not loaded.
In laboratory settings, to release these residual stresses, samples are typically
cut along both axial and circumferential directions. The assessment of residual
stresses commonly involves evaluating the opening angle and axial shortening
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observed in the sample after cutting [136, 137, 138, 139]. It is noted that the
employment of the different configurations is a suitable way to include all the
residual stresses (and stretches) to the structural model. In cylindrical coordi-
nates, the three configurations are described by

ΩSF : R ∈ [Ri, Ri +H] , Θ ∈ [0, 2π − ω] , Z ∈ [0, L] , (2.27)
ΩLF : R′ ∈ [R′

i, R
′
i + η] , Θ′ ∈ [0, 2π] , Z ′ ∈ [0, ξ] , (2.28)

ΩL : r ∈ [ri, ri + h] , θ ∈ [0, 2π] , z ∈ [0, l] . (2.29)

where Ri, R
′
i, ri are the inner radii, L, ξ, l the vessel lengths, H, η, h the wall

thickness in the ΩSF,ΩLF,ΩL respectively, while, ω is the opening angle that
accounts for the residual stresses, as can also be seen in Figure 2.3.

The axial length of the vessel is assumed to remain constant regardless of the
loading exerted by the fluid. Therefore, from the stress-free to the loaded config-
uration, the axial stretch would be

l = λz,resλz,extL. (2.30)

Here, λz,res is the residual axial stretch, while λz,ext is the axial stretch due to
external loading. The mapping from the stress-free to the loaded configuration is
achieved through the incompressibility constraint

ΩSF → ΩL : r =

√
R2 −R2

i

κλz
+ r2i , (2.31)

where κ is a parameter representing the residual stress, and it is defined as κ =

2π/(2π − ω), while λz = λz,resλz,ext. Without torsion, the deformation gradient
for ΩSF → ΩL is diagonal and and can be written in the form [13]

F = I

[
∂r

∂R
,
r

R

∂θ

∂Θ
,
l

L

]T
= I

[
R

rκλz
,
κr

R
, λz

]T
. (2.32)

From equations (2.31) and (2.32) it is seen that the complete description of kine-
matics across the artery is determined solely by the internal radius ri and fixed
parameters that characterise the opening angle ω and the axial stretch λz. The
three primary stretches occur along the coordinates

λr =
R

rκλz
, (2.33)

λθ =
κr

R
, (2.34)

λz = λz,resλz,ext, (2.35)
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while the right Cauchy-Green strain tensor C and the first strain invariant I1 will
be

C = FTF, (2.36)
I1 = tr(C) = λ2r + λ2θ + λ2z. (2.37)

There is evidence that arteries are reinforced with collagen fibres, which are heli-
cally aligned across the circumferential direction [139, 140]. The implementation
of a number of fibres throughout the circumference would be through the fourth
strain invariant [13]. If a collagen fibre is placed with a helical angle ϕ, the unit
vector along the fibre direction would be n = [0, cosϕ, sinϕ], and therefore the
fourth invariant would be

I4 = n ·Cn = λ2θ cosϕ
2 + λ2z sinϕ

2, (2.38)

which can be extended for any number of fibres [67, 141].

2.2.2 Equilibrium equations

The vascular wall is treated as a hyperelastic material. If its strain energy density
is Ψ(I1, I4), then the Cauchy stress tensor will be derived as

σ = 2F
∂Ψ

∂C
FT − pI, (2.39)

where p is a Lagrange multiplier that enforces incompressibility [142, 143]. There-
fore, the normal stress components would be

σrr = λr
∂Ψ

∂λr
− p, (2.40)

σθθ = λθ
∂Ψ

∂λθ
− p, (2.41)

σzz = λz
∂Ψ

∂λz
− p. (2.42)

The circumferential momentum equilibrium equation is satisfied, whereas the
axial direction does not require consideration due to the assumption of fixed axial
stretch. As a result, only the radial component remains, which can be formulated
as follows

dσrr =
σθθ − σrr

r
dr. (2.43)

Here, the pressures at the internal and external surfaces will equal σrr. Therefore,
by integrating equation (2.43) across the thickness (from the inner to the outer
surface of the vascular wall), the pressures acting on the inner and outer surfaces
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of the wall will be produced

Pin − Pext =

ri+h∫
ri

σθθ − σrr
r

dr. (2.44)

The assumptions made with this derivation are: that the external pressure is
constant along the length of the vessel; and that the intraluminal pressure Pin is
equal to the average blood pressure. Switching the stress terms in equation (2.44)
with the expression of the components, and changing the integration variables
from loaded to the stress-free configuration, yields

P − Pext =

Ri+H∫
Ri

(
λθ
∂Ψ

∂λθ
− λr

∂Ψ

∂λr

)
1

λθλzr
dR, (2.45)

And following the same rationale, the integration of the axial stress over the cross
section yields the respective expression for the axial force

Fz = π

Ri+H∫
Ri

(
2λz

∂Ψ

∂λz
− λθ

∂Ψ

∂λθ
− λr

∂Ψ

∂λr

)
1

λθλz
dR. (2.46)

2.2.3 Constitutive model

The arterial wall is considered a single layer material, consisting only of the me-
dial layer. This assumption was made for two reasons. At first, considering
multiple layers would significantly increase the computational time required for
the simulation since it adds an extra complexity to the model. Next, in the ma-
jority of the experimental works found in literature regarding the study of active
response of vessels, the adventitial layer is removed so the media layer is isolated,
and hence only the media layer contributes to the structural behaviour of the
vessel. Since the scope of this study is to reproduce and make predictions based
on experimental evidence, a single (media) layer model is a suitable assumption.
As explained in previous sections, the material of the vascular wall is considered a
hyperelastic, fibre-reinforced material. The fibres are placed with a fibre angle ϕi

with ϕi=1 = −ϕi=2. The Strain Energy Function (SEF) used is the one proposed
by Holzapfel et al. [54]

Ψ = c(I1 − 3) +
k1
2k2

∑
i=1,2

{
exp

[
k2
(
(1− α)(I1 − 3)2 + α(I i4 − 1)2

)]
− 1
}
. (2.47)

Here, c, k1, k2 are material parameters, with c and k1 are pressure-like, while k2
is dimensionless. Moreover, c is the parameter associated with the isotropic part
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of the deformation [144]. α is a linear interpolation parameter associated with
the contribution of the fibres to the overall response, and I1, I4 are the first and
fourth strain invariants as already discussed.

In the chosen constitutive model, it is assumed that collagen fibres lack the ability
to endure compression loads. Consequently, the anisotropic contribution I i4 − 1

is nullified when I i4 < 0.

If, now, the expression of the SEF in equation (2.45) is replaced with the expres-
sion of equation (2.47) the pressure can be expressed as a function of multiple
parameters

P − Pext = f(A,H,Ri, λz, ω, c, k1, k2, α, ϕ) = P̄ (A, ψ̄). (2.48)

Here the dependency on A instead of ri (which is given by equation (2.45)) is due
to the fact that ri =

√
A/π. Furthermore, the vector ψ̄ is a vector containing all

the parameters except the area.

Figure 2.4 shows a comparison of three different constitutive laws. The 3D derived
hyperelastic refers to the law presented in this section, while the other two, i.e.
the nonlinear elastic and the power law, were described in the beginning of the
section.

Figure 2.4: Comparison of different constitutive laws
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The incorporation of the constitutive law within the blood flow equations, as
well as the solution procedure followed for the calculation of the compliance are
discussed in the next sections.

2.3 Lumped parameter models for downstream
circulation

In 1D modelling, 0D models can be used for representing groups of vascular beds
which do not need a detailed representation in space. This is a common practice
in many haemodynamics models of the whole body circulation where vascular
beds across the whole body are represented through lumped parameter models
[104, 26, 100]. There are also works that focus on specific parts of the body,
such as the cerebral circulation [25, 145, 146]. Lumped parameter models can
be employed to represent the remainder of the circulation downstream a specific
point that the 1D model is chosen to be cut off.

The application of 0D models in fluid dynamics involves reducing the complex
physics of a system into three essential elements, each representing a primary
physical response of fluid flow within a tube. These elements, namely resistance,
compliance, and inertance, play crucial roles in capturing the dynamic behavior
of the fluidic system.

Resistance, in the context of fluid dynamics, is an element representing the op-
position to the flow within a tube. It quantifies the impedance of the fluid in its
movement reflecting. For a Poiseuille velocity profile, the resistance of a section
∆x and area A is described through

R =
8µπ

A2
0

∆x. (2.49)

Compliance plays a significant role in describing the ability of the vessel to un-
dergo changes in volume in response to alterations in pressure. This element
represents the elastic properties of the vessel wall, and it is expressed as

C =
∂A0

∂P
∆x. (2.50)

Inertance characterises fluid inertia and its resistance to changes in flow velocity.
It reflects the tendency of the fluid to maintain its current state, and is expressed
as

L =
ρ

A0

∆x. (2.51)

The flow equations can be described by a set of those elements in a system. This
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system reads

∆P = RQ, Resistance, (2.52)

∆P = L
∂Q

∂t
, Inductance, (2.53)

C
∂Ptm

∂t
= Qnet = Qin −Qout. Compliance. (2.54)

The most common representation of 0D models are the Windkessel models. The
simplest is the two-element Windkessel model, introduced by Otto Frank in 1899,
consisting of peripheral resistance Rp and total arterial compliance CT. In the
context of this thesis, a three-element Windkessel is used, which was first intro-
duced by Westerhof [147]. In this model, a resistance is places in series with a
resistance and a compliance in parallel, as can be seen in Figure 2.5.

Figure 2.5: Three-element Windkessel model

The initial resistance Zart, identified as the characteristic impedance of the con-
necting vessel [148], is an intermediate element connecting the simplified lumped
model, which is incapable of representing wave propagation phenomena, and the
1D representation of the vessel associated with wave propagation in vascular sys-
tems. RVB represents the resistance to the blood flow in the smaller peripheral
vessels or the vascular bed. It accounts for the viscous resistance in the circula-
tion, representing the impedance by the smaller arteries and arterioles. Moreover,
the compliance C represents the elasticity of the arteries prticipating in the down-
stream circulation. It reflects the ability of these arteries and arterioles to expand
and store blood.

The implementation of the Windkessel model and the connection to the 1D for-
mulations is discussed in later sections.

2.4 Numerical schemes

In this section, an overview of the numerical methods employed for solving the
one-dimensional blood flow equations is presented. The numerical schemes uti-
lized are reported, as well as the linearisation and discretisation procedures ap-
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plied to the blood flow equations across the framework components. These com-
ponents are the 1D vessels, 0D models representing the downstream circulation,
and the interconnection between 1D and 0D models. Again, all schemes and
formulations are reported in detail in the Doctoral thesis of Carson [125], and
repeated here for completeness.

In this thesis, the Enhanced Trapezoidal rule Method (ETM) is used, which is
proposed by Carson and Van Loon [149]. The ETM scheme is essentially an
expansion of the Simplified Trapezoid Method (STM), introduced by Kroon et
al. [129].

The PQ system from equations (2.18) – (2.19) is considered, with the Poiseuille
velocity profile. Furthermore, if the compliance is assumed which by definition is
CA = ∂A/∂P , the governing equations are

CA
∂P

∂t
+
∂Q

∂z
= 0, (2.55)

ρ

A

∂Q

∂t
+
ρ

A

∂

∂z

(
Q2

A

)
+
∂P

∂z
+ 8πµ

Q

A2
= 0. (2.56)

2.4.1 Linearisation of the 1D system

In order to discretise the nonlinear system, it has to be linearised. To that end,
the following linearisation takes place

Cn+1
A ≈ Cn+1,k

A , Qn+1 ≈ Qn+1,k, P n+1 ≈ P n+1,k,

Q2

A

n+1

≈ Q2

A

n+1,k

,
ρ

A

n+1

≈ ρ

A

n+1,k

,
8µπQ

A2

n+1

≈ 8µπQ

A2

n+1,k

,

where k refers to the iteration level and n to the temporal step. To start the
iterations, the assumption k = 1 ≈ n is made. Here, it is assumed that for all
variables, the value at the first iterative step of the next time step would be equal
to the value at the previous time step, i.e. n + 1, k ≈ n. For simplicity and to
limit the computational time of the solution procedure, only one iterative step
is executed [125], as it has shown that it produces accurate results [149]. This
means that n+1, k+1 ≈ n+1. Finally, the linearised continuity and momentum
equations have the form

Cn
A

∂P

∂t
+
∂Qn+1

∂z
= 0, (2.57)

ρ

An

∂Q

∂t
+
∂P n+1

∂z
= −

[
ρ

A

∂

∂z

(
Q2

A

)
+ 8πµ

Q

A2

]n
. (2.58)
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2.4.2 Discretisation of the blood flow equations

The domain is divided into smaller elements, each with two nodes. The spatial
integration of this system is achieved using the trapezoidal rule. Examining each
term separately, integrating the mass equation within an element e, for the nodes
1 and 2 (subscript) the following expressions are obtained∫

e

(
Cn

A

∂P

∂t

)
dz =

∆z

2

(
Cn

A,1

∂P1

∂t
+ Cn

A,2

∂P2

∂t

)
, (2.59)∫

e

(
∂Qn+1

∂z

)
dz =

(
Qn+1

2 −Qn+1
1

)
. (2.60)

Similarly, for the terms within the momentum equation, following the same an-
notation, the following is obtained∫

e

(
ρ

An

∂Q

∂t

)
dz =

∆z

2

(
ρ

An
1

∂Q1

∂t
+

ρ

An
2

∂Q2

∂t

)
, (2.61)∫

e

(
∂P n+1

∂z

)
dz =

(
P n+1
2 − P n+1

1

)
. (2.62)

Let the right hand side of equation (2.58) be h, integrating it in space, similar to
the above, yields

h = −
[
ρ

A

∂

∂z

(
Q2

A

)
+ 8πµ

Q

A2

]n
⇒
∫
e

(h)n dz =
∆z

2
(h1 + h2)

n . (2.63)

The discretisation indicates that the mass and momentum are conserved at the
centre of each element. For the temporal discretisation of the time derivatives, a
second-order backward difference scheme is used, which, given a variable U is

∂U

∂t
≈ 3

2∆t
Un+1 − 2

∆t
Un +

1

2∆t
Un−1 (2.64)

Using the temporal and spatial discretisation that were presented, the full system
reads[

3
2∆t

∆z
2
Cn

A,1
3

2∆t
∆z
2
Cn

A,2

−1 1

][
P1

P2

]n+1

e

+[
−1 1

3
2∆t

∆z
2

ρ
An

1

3
2∆t

∆z
2

ρ
An

2

][
Q1

Q2

]n+1

e

=

[
0

∆z
2
(hn1 + hn2 )

]
e

+[
∆z
2

(
Cn

A
2
∆t
P n − Cn

A
1

2∆t
P n−1

)
1

∆z
2

(
ρ
An

2
∆t
Qn − ρ

An
1

2∆t
Qn−1

)
1
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∆z
2
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A
2
∆t
P n − Cn

A
1

2∆t
P n−1

)
2

∆z
2

(
ρ
An

2
∆t
Qn − ρ

An
1

2∆t
Qn−1

)
2

]
e

,

(2.65)
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which can be written in the generalised form

FeP
n+1
e +Gc

eQ
c,n+1
e = hn

e . (2.66)

Here, Gc
e and Qc,n+1

e arrays are reported in the conventional discretisation. How-
ever, the flows of the ending nodes of the elements will be reversed to face the
centre of the element.

Figure 2.6 shows the arrangement and flow of two neighbouring elements, which
share a node (i). The discretisation of the right hand side of the h term, following
the nodal annotation of Figure 2.6 is

∂

∂z

(
Q2

A

)
≈


[(

Q2

A

)
i
−
(

Q2

A

)
i−1

]
1
∆z

if Qn
i > 0[(

Q2

A

)
i+1

−
(

Q2

A

)
i

]
1
∆z

if Qn
i < 0

 (2.67)

Figure 2.6: Nodal flows and annotation for two neighbouring elements with a
shared node (i)

Now, the direction of the flow is changed, from the conventional one to the one
shown in Figure 2.6. That is, they are enforced to face towards the centre of the
element. This conventional change, alters matrix Gc

e and the flow vector Qc,n+1
e

to

Gc
e =

[
G11 G12

G21 G22

]
→ Ge =

[
G11 −G12

G21 −G22

]
(2.68)

Qc
e =

[
Q1

Q2

]
→ Qe =

[
Q1

−Q2

]
. (2.69)

For the solution, the matrix Ge is inverted, and ultimately, the final elemental
system writes [

−G−1
e Fe

]
Pn+1

e =
[
−G−1

e hn
e

]
+Qn+1

e . (2.70)

Once these individual elemental systems are combined into the matrix of the
overall system, it becomes evident that the flow column Qn+1

g corresponds to
the conservation of mass between connected elements, resulting in a value of
0 for all internal nodes. The flow column, therefore, only contains non-zero
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values at the boundaries, representing external flows. In other words, Qg
n+1 =

[Qinflow, 0, . . . , 0, Qoutflow]. This has significant implications for the implementation
at junctions, such as bifurcations, as it automatically ensures the continuity of
mass [149]. The ETM extends the STM to allow conservation of total pressure
to be applied between vessel segments, while within a vessel segment, the ETM
and STM are identical.

After assembling the global matrix, the implicit system is solved to determine
pressures, and subsequently the flows can be updated using the elemental system
described in equation (2.70).

2.4.3 Connection of 1D vessel to Windkessel model

As already mentioned, it is common practice to connect a 1D vessel or network
to a 0D model, and specifically a Windkessel model. Figure 2.7 shows the 1D
vessel attached to the three-element Windkessel model, and the associated nodal
discretisation.

Figure 2.7: 1D vessel attached to a three-element Windkessel model

The Windkessel model can be treated using the elemental equations (2.52) –
(2.54), with two pressure and two flow nodes. For the setup of Figure 2.7 the
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Windkessel equations would be

1

Zart

(
pn+1
2 − pn+1

3

)
= qn+1

3 = −qn+1
4 , (2.71)

1

RVB

(
pn+1
3 − pn+1

5

)
= qn+1

5 = −qn+1
6 , (2.72)

C

(
∂pn+1

3

∂t
− ∂pn+1

4

∂t

)
= qn+1

7 = −qn+1
8 , (2.73)

where the time derivative of equation (2.73) is discretised using a second-order
backward difference scheme.

The elemental Windkessel equations exhibit a structure similar to the 1D blood
flow equations, with pressure being the only unknown of the system

KeP
n+1
e = fe +Qn+1

e . (2.74)

Similar to the 1D equations, the flow rate column is again set to 0 (ensuring con-
servation of mass) in internal nodes, with only boundary flows having nonzero
values. Once again, the conservation of mass is present in the flow rate col-
umn. The outlet boundary conditions for the Windkessel are the external and
the downstream circulation pressures, which are generally set constant.

2.4.4 Coupling fluid flow with wall deformation

As described in Section 2.2, the mechanics of the vascular wall is dictated by the
constitutive relation described. The specific constitutive relation that connects
the pressure with the displacement of the wall defines the compliance of the vessel,
and coupled the wall mechanics with the blood flow model.

Since equation (2.47) is a highly nonlinear relationship that links intraluminal
pressure with the vascular deformation, a simple central finite difference scheme
is employed to calculate the compliance

CA =
∂A

∂P
=

1
∂P
∂A

≈ 2ϵ

P̄ (A+ ϵ, Ψ̄)− P̄ (A− ϵ, Ψ̄)
, (2.75)

where ϵ is a sufficiently small number (10−8), and P̄ is the pressure difference
P − Pext from equation (2.48), which is numerically integrated by means of the
integration rule of Simpson.

At each time step, the pressure distribution is acquired by solving the 1D equa-
tions. Given this pressure field at time step n + 1, the area at each vessel node
is also given by equation (2.48). To acquire the area at each node, the equa-
tion (2.48) must be solved iteratively. That is, with a given pressure, the area
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that produces this pressure according to the equation needs to be found. That
is achieved with the nonlinear solver root of the library sciPy in Python
language.

After solving the FSI problem with the solution process explained, the resulting
pressures, areas, and flow rates can be acquired in all the nodes of the 1D mesh
(vessel or network).

Figure 2.8 presents the solution provided by the FSI model for the common
carotid artery (CCA). The FSI solver used included the cerebral arterial network,
attached to Windkessel models for the microcirculation. The model solves per
cardiac cycle, and as boundary conditions the volumetric flow waveform was
imposed at the input, while a venous pressure of 5mmHg was set at the outlet
of the Windkessel models. The FSI model computed the pressure field for the
vessel, as well as the volumetric flow and area produced across the length. Since
the vessels are considered having a circular cross-section, the velocity at each
point would be given by the relationship u = Q/A. The area waveform of the
vessel presents an oscillatory behaviour due to its elasticity, which is quantified
by the compliance. These indicative results present the ability of the model to
compute the variables of interest in a cardiovascular vessel or network.

Figure 2.8: Indicative results of the FSI model. Pressure, volumetric flow rate
and area waveforms within the CCA

2.5 Identification of passive wall properties

In this section, the parameters characterising the previously reported constitu-
tive law are identified for vessels of different regions and species of the cerebral
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cortex. In this way, the capacity of the model to capture the passive behaviour
(experimentally recorded) of different vessels is assessed.

As reported in Section 2.2, the constitutive model used in this thesis includes a
number of material parameters that define its behaviour. In the work of Coc-
carelli et al. [123], the model parameters were set to reproduce the behaviour
of a CCA. Since the interest of this thesis lies on the study of cerebrovascular
flow, the model parameters need to be refitted by considering experimental stud-
ies on cerebral arteries. The aim of the fitting procedure is to replicate different
experimental vascular mechanical tests. The considered experiments were con-
ducted with slightly different approaches, which resulted in a different amount of
reported information.

Characterisations carried out for this study include the basilar artery of New
Zealand white rabbits [67], human pial arteries [150], and human cerebral arteries
[138]. With this choice of vessels the intention was to investigate a wide range of
vessel sizes.

2.5.1 Methodology

In this part, the general methodology is presented. Specific details for slight
alterations of each examined experiment case will be discussed on the relative
section.

At first, the most basic variables are the inner radius Ri and the thickness H of
the vessel at the reference configuration. As reported before in section 2.2.1, there
are three configurations considered: stress-free (SF); load-free (LF); and loaded
(L). The loaded configuration is the state at which the inner and outer pressure
loads have been applied.

As mentioned already, residual stresses are modelled through an opening angle
ω for each layer considered [23], which in experimental works is measured by
cutting the vessel across the axial direction and measuring the angle produced.
However, few works actually measure the opening angle [138, 67]. As far as this
study is concerned, when data for the opening angle are available, they are used
as measured. However, the experimental characterisation of the opening angle
presents a very high variability even for the same arteries [138, 64]. To that end,
when opening data is not available, a value is used arbitrarily that is within the
range found in literature.

In experiments, where measurements are obtained through microscopy or other
optical equipment, the measurement takes place before any cutting occurs and
the radii (inner or outer) are reported at the LF configuration. The same is valid
for the thicknesses reported, however there are fewer works that actually measure
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the thickness of the vessel [138, 67] while other do not [151, 152, 150]. Since the
thickness of the vessel is one of the most essential measurements for the vessel
geometry definition, and the scope of this study is to idenitfy the consitutive
parameters, statistical data are employed to assume a thickness level when the
value is not trivial. At first, following the work of Bevan et al. [153], it is seen that
for human pial arteries as the intraluminal vessel diameter increases, its thickness
follows a linear increase, which means that the ratio of radius and thickness can
be assumed to be within a small range. Furthermore, the Wall-to-Lumen Ratio
(WLR) is introduced, which is ratio of vascular wall thickness to luminal diameter
[154], and it is given by the following relationship:

WLR =
Do −Di

2Di

, (2.76)

with Do being the outer diameter and Di the luminal. Obviously, the thickness
is the difference between those diameters halved by two, or equivalently, the
difference between outer and inner radii H = Ro − Ri = WLR ·Di. It is finally
assumed, that the thickness of the vessel does not change between the LF and
SF configuration [67].

The final quantity that needs to be defined is the value of the axial stretch. The
total axial stretch value is λz = λz,res ·λz,ext, where λz,res is the axial stretch due to
the residual stresses from SF to LF, and λz,ext is the axial stretch due to external
loading. Hence, in order to define the transition from LF to SF configuration, the
residual axial stretch is needed. Here this effect is either ignored (λz,res = 1.0),
or low residual stretch is assumed (λz,res = 1.05). Since the framework in general
assumes constant total axial stretch value, the crucial value is the in-vivo stretch.
In all experiments considered for medium and small cerebral vessels, the value
of the in-vivo stretch is low compared to the value for larger arteries such as the
common carotid. Thus, it is assumed that the in-vivo stretch is the result of the
loading of the vessel and not associated with residual stresses.

In Figure 2.9 only the LF and SF configurations of Figure 2.3 are shown. Note
that unlike the definition of Fung for the opening angle [155], in this work the
definition of Coccarelli et al. [123] is followed, which computes it from the centre
of the vessel, and for a full circular plane. When moving from the LF to the SF
configuration, the incompressibility of the vascular wall is considered between the
two states. (

π − ω

2

) (
R2

o −R2
i

)
L = π

(
R′2

o −R′2
i

)
ξ, (2.77)

which, by the assumptions made for the thickness H = η, it is Ro = Ri + H

and R′
o = R′

i + H. Moreover, the constant κ is introduced, which is defined as
κ = 2π/(2π − ω), and the residual axial stretch is defined as λz,res = ξ/L. By
swapping these in the incompressibility equation, and solving for the SF radius,
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it is
Ri =

κλz,res

2
(H + 2R′

i)−
H

2
. (2.78)

Figure 2.9: The reference configurations, stress-free on the left and load-free on
the right

Through this mapping and the assumptions made, it is feasible to consider the
experimental measurements from the works referenced as the LF state and define
the SF configuration. Considering now the SEF described in Section 2.2.3 that
is used for describing the passive behaviour

Ψp = c(I1 − 3) +
k1
2k2

∑
i=1,2

{
exp

[
k2
(
(1− α)(I1 − 3)2 + α(Ii4 − 1)2

)]
− 1.

}
(2.79)

With the formulations for the first and fourth strain invariants repeated here:
I1 = λ2r + λ2θ + λ2z; and Ii4 = λ2θ cos

2 ϕi + λz sin
2 ϕi. Furthermore, since collagen

fibres are helically aligned [140], it is ϕ1 = −ϕ2. The characterisation of the
vessels depends on finding the values for: c, k1, k2, α and ϕi.

The wall model is assumed to be single-layered with two circumferential-
symmetric fibres at a helical arrangement around the wall. In reality, three layers
consist the vessel wall with different fibre orientation in each one of them [140].
There are models developed, based on the one employed here, that use multiple
layers and more fibres around the wall for each layer [15, 141]. However, the aim
of characterisation and model is not to provide a framework that maximises the
accuracy by a very detailed representation of the wall. Instead, the idea is to
have a universal wall model that can accurately represent various cerebral vessels
with a minimum number of parameters that need identification.

There is plenty of experimental work conducted that examined the passive (and
active to some extent) response of vessels in order to assess its correlation to
different aspects, such as gravitation [156], ageing [157, 158, 159], distensibility
[150] and biochemical mechanisms [152] among others. All of the aforementioned
studies are interested in the properties along the radial direction at a uni-axial
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analysis of the pressure-diameter relationship. There are also studies, fewer in
number, that are interested in the bi-axial response of the vessel, as they examine
vascular behaviour along the radial and the axial directions [67, 138, 160].

For this study, the parameters are identified through a model parameter optimi-
sation procedure that is also be employed in the next chapters. The covariance
matrix adaptation (CMA) stochastic algorithm was employed through the library
cma within Python environment. The final target was the minimisation of an er-
ror function, which minimised the difference between the model predictions and
the experimental pressure-diameter diagrams.

With dexp
o,k being the diameter of each pressure point of the N points chosen, the

respective pressure values were input to the solver. Given this pressure field the
area at each vessel node is also given by equation (2.48) and the outer diameter
do is obtained. Finally, the error function that is minimised is

ed =

√√√√ N∑
k=1

(
dexp
o,k − do,k

dexp
o,k

)2

. (2.80)

For the case of bi-axial tests, since more data were available, another term is added
to the error function that is minimised. The interest of bi-axial experiment lie
in identifying the force development in the axial direction. In the wall model
implemented, the axial force is calculated through

Fz = π

Ri+H∫
Ri

(
2λz

∂Ψ

∂λz
− λθ

∂Ψ

∂λθ
− λr

∂Ψ

∂λr

)
r

λθλz
dR. (2.81)

In all these studies, the constant axial stretch considered is the in-vivo one. To
that end, in terms of solution procedure, a system of equations is set to simulta-
neously solve the two equations

P (A)− Pin = 0, (2.82)
F (λz)− Fin = 0. (2.83)

Here, Equation (2.83) is solved similar to the pressure-area equation, with the
nonlinear solver described in Section 2.4.4. This way, the in-vivo stretch is com-
puted, which corresponds to the Fin axial force value. Hence, the second error
calculation refers to the axial force development deviation from the experimental



42 Chapter 2. Vascular Haemodynamics

measurements, through the expression

eF =

√√√√ N∑
k=1

(
F exp
z,k − Fz,k

F exp
z,k

)2

. (2.84)

Depending on the experiment targeted, the above errors can be minimised and
produce the wall model parameters. For the uni-axial tests, Equation (2.80)
computes the error, while for bi-axial tests cases the error is calculated from a
summation of Equations (2.80) and (2.84). Since the optimisation procedure uses
a stochastic algorithm, the error functions may converge into local minima. To
overcome this difficulty, each optimisation was conducted several times and a
statistical analysis provided the vascular wall model parameters for each case.

2.5.2 Results and discussion

Here, the results of the optimisation procedure described previously is presented.
The three experimental studies chosen are separately shown. The differences
regarding the data that could be extracted from each experiment are discussed
in their respective part.

Rabbit basilar artery

The first vessel is based on the work of Wagner and Humphrey [67] on a rabbit
basilar artery. The work conducted by the authors employ a similar model with
four fibres. This work was chosen as a baseline, to test if a simpler model can
provide accurate results. Moreover, this is one of the few works that conducted
a bi-axial test.

The parameter setup that is reported from the authors as well as the derived
values for the LF configuration can be summarised in the Table 2.1.

Table 2.1: Summary of parameters from the work of Wagner and Humphrey [67]
regarding the rabbit basilar artery

Parameter Description Value
λz,res (−) Residual axial stretch 1.0
R′

i (cm) Inner radius 0.028
H (cm) Thickness 0.006
ω (deg) Opening angle 170
κ (−) Constant related to the opening angle 1.89

To pass from the LF to the SF definition, Equation (2.78) is employed and the
inner radius for the SF configuration is Ri = 0.056cm. The lowest pressure point
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reported in this work is P ≈ 6mmHg, and for such a low value the assumption
was made that this is the LF state. Now that the vessel parameters have been
set, and the SF state can be acquired, by reverse solving the system of Equations
(2.82) and (2.83), provides the model predicted values for diameter and axial
stretch that ensure that the pressure and axial force equal to the input values.

Since the work includes a bi-axial experimental test, the errors regarding the
difference of the experimental and model-predicted diameter ed and the axial
force eD are minimised. The total error et is calculated as the average between
the two errors

et =
1

2
(ed + eF ) =

1

2

√√√√ N∑
k=1

(
dexp
o,k − do,k

dexp
o,k

)2

+
1

2

√√√√ N∑
k=1

(
F exp
z,k − Fz,k

F exp
z,k

)2

. (2.85)

Ten pressure points were chosen, i.e. N = 10, that divide the pressure space in
equal increments. The pressure space of the respective experiment is between
6 and 80 mmHg. The optimisation procedure was repeated 50 times and the
statistical results are presented below for the wall model parameters.

The results presented in Figure 2.10 show the results for all 50 runs of the optimi-
sation procedure. They are presented in their parametric space where pairs of two
parameters are compared in each plot to show their relative variation. In more
detail, each of the subplots shows the range of each model parameter against the
respective range of another. The heatmap shows the frequency that each set (for
those two parameters) has been identified. With this plot it is easy to observe the
spread of each parameter. If one parameter has a lot of spread against another
one it means that it varies a lot. It is clear that the optimisation procedure leads
to very good results, and the high density of points for each parameter indicate
that the global minimum of the function has been reached. Table 2.2 shows the
statistical analysis of the results illustrated.

Table 2.2: Statistical results of the optimisation procedure runs for the rabbit
basilar artery

Parameter Mean Std dev Geo. mean Geo. std dev
c (dyn/cm2) 1164 ± 1364 138.6 20.7
k1 (dyn/cm2) 247919 ± 3011 247901 1.012

k2 (−) 0.598 ± 0.065 0.595 1.101
ϕ1 (deg) 51 ± 0.103 51 1.002
α (−) 0.735 ± 0.012 0.735 1.016

The statistical findings of the fitting results show a very good convergence in all
parameters. The only parameter that presents a high standard deviation is the
one related to the elasticity of the wall c. It even shows a high variance in terms of
mean versus geometric mean. This is explained because the stiffness of the vessel
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Figure 2.10: Parameter space for rabbit basilar artery. Number of runs: 50

and the resistance to inflation have a much higher effect due to the fibres wrapped
around it. Since the elastic part of the SEF does not significantly contribute to
the structural behaviour, it is very reasonable to expect a high variation in the
parameter related to elasticity.

Finally, the validation of the parameters obtained follows. The wall model was
imported with both the mean and geometric mean of the optimised parameters
and the system of Equations (2.82) – (2.83) was solved.

From the results presented in Figure 2.11 it is seen that the optimised param-
eters have a very good agreement with the experimental results regarding the
pressure-diameter plot. In the experimental work, the axial stretch is fixed and
the experiment was conducted for values of 1.1, 1.15 and 1.2, which are expected
to be close to the in-vivo values. Note here that the in-vivo stretch is a stretch
which is not standard for a vessel with high variation from vessel to vessel. This
homeostatic state is the stretch for which the axial force does not change during
inflation of the vessel [161, 162]. Thus, due to the bi-axial testing and the vary-
ing axial force of this experiment, it is not exactly the case. However, it can be
assumed to be close to the in-vivo homeostatic state. The results for the axial
stretch produced by the wall model, due to Equation (2.83) are very close to those
results, without showing much fluctuations across the pressure range. This is an
indication that it is close to the in-vivo value. It can be seen that both statistical
results, averaged and geometrically averaged, present results of the same quality
without any differences. This is expected since both averaged values do not differ
much, except for the elastic parameter c.
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Figure 2.11: Results for diameter and axial stretch for rabbit basilar artery using
the mean and geometric mean of the optimisation results

Human cerebral arteries

Next, the experimental work of Monson et al. [138] is characterised. This work
examines the behaviour of three human cerebral arteries for their bi-axial proper-
ties, similar to the previous one. In terms of size of the vessels, the ones examined
in this study start from slightly smaller than the rabbit basilar artery, i.e. 0.1cm,
and cover a wide range, reaching to the scale of 0.05cm with respect to the max-
imally distended state. In this work also, the pressure range is wider than the
rabbit basilar bi-axial tests, reaching to the levels of 120mmHg. The three vessels
were examined separately, and one case is shown and discussed next. Results for
the other two can be found in the Appendix A.1.

This study provides more data, and particularly, a very useful measurement is
the LF circumferential stretch of the vessels. This enables the more detailed
description of the SF state. More specifically, the circumferential stretch between
two configurations is defined as the stretch in the middle point of the thickness.
For the reference and current configuration it can be written as:

λθ = κ
ri + ro
Ri +Ro

, (2.86)

where ri and ro refer to the inner and outer radius of the current configuration,
while Ri and Ro refer to these radii on the reference configuration. If applied
between the LF and SF with a circumferential stretch λθ,0, and by re-arrangement
of the terms, the following relationship can be obtained

Ri +Ro =
κ

λθ,0
(R′

i +R′
o) . (2.87)
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Here, the known notation is followed for prime and capital variables representing
the LF and SF configurations respectively. With this extra equation, it is feasible
to solve a system of equations to acquire the inner and outer radius, and hence,
the thickness of the SF state can be computed. The incompressibility condition,
which is the second equation of the system, can be now written as seen below.

R2
o −R2

i = κλz,res
(
R′2

o −R′2
i

)
. (2.88)

Since the thickness is the difference between the outer and inner radius, i.e.
H = Ro−Ri for the SF and η = R′

o−R′
i for the LF, the system of Equations (2.87)

and (2.88) finally produces the inner and outer radius of the SF configuration,
and thus the thickness in this state.

For all three vessels of this study, the optimisation procedure, as described in
the previous section, is followed since it also refers to bi-axial testings. Again,
the errors of outer diameter and axial force are weighted equally with Equation
(2.85).

The first vessel, which is named A2 and this abbreviation is kept, is the largest
of the three vessels. It has a similar size to the one examined in the previous
section. Similar to the basilar artery, in this work the pressure begins from a
point nearly zero and thus can be assumed that is the LF configuration. A table
that summarises the vessel LF measured values and assumptions is presented in
Table 2.3.

Table 2.3: Summary of parameters from the work of Monson et al. [138] regarding
the A2 vessel

Parameter Description Value
λz,res (−) Residual axial stretch 1.05
λθ,0 (−) LF-SF circumferential stretch 1.05
R′

i (cm) Inner radius 0.032
η (cm) Thickness 0.014
ω (deg) Opening angle 80
κ (−) Constant related to the opening angle 1.28

With these values for the LF configuration and by solving the system to pass to
the SF configuration, the acquired values are Ri = 0.04cm and H = 0.015cm.
Similarly to the previous study, N = 10 points were considered for the pressure
range, and the optimisation procedure was carried out 50 times.

The histogram of Figure 2.12 illustrates the parameter space of the optimisation
procedure and how close the fittings are for all 50 repetitions. For this vessel it is
seen that the optimisation shows a bigger spread of the parameters compared to
the previous vessel, which is indicating that there are multiple sets of parameters
that can produce the desired behaviour.
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Figure 2.12: Parameter space for A2 human cerebral artery. Number of runs: 50

The statistical findings of the optimisations are presented in Table 2.4. From the
histogram and the statistical analysis it is observed that similar to the previous
fitting process, the elastic parameter c shows the biggest fluctuation again. It
is also seen, that the parameter k2 that is associated with the fibres also has
some deviation, which is not that high in geometric terms. The opposite is seen
for the interpolating factor α. Finally, the angle of the fibre may vary relative
to the previous study. By comparing the statistical results with the histogram
for all parameters except k1, these fluctuations are associated with some fitted
parameters that are much higher or lower in magnitude. This leads to a high
value of standard deviation or geometric standard deviation. Furthermore, the
parameter k2 works as a ratio with k1, which means that they are coupled, and
the fluctuation of the one affects the other.

Table 2.4: Statistical results of the optimisation procedure runs for the A2 human
cerebral artery

Parameter Mean Std dev Geo. mean Geo. std dev
c (dyn/cm2) 527.25 ± 1346 12.52 118.56
k1 (dyn/cm2) 249106 ± 3243 249084 1.013

k2 (−) 45.002 ± 45.323 34.758 1.843
ϕ1 (deg) 85.552 ± 19.429 71.155 3.753
α (−) 0.07 ± 0.09 0.018 67.395

Next, the statistical results of the optimised parameters were imported to the wall
model to assess the ability of the model to replicate the experimentally measured
behaviour.

As can be seen in Figure 2.13, the two parameter sets of averaged and geomet-
rically averaged fitted parameters have both a very good behaviour. They both
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produce a response very close to the experimental values for both outer diameter
and total axial stretch. Specifically, the averaged parameters present a relatively
better approach to the experimental values, while the geometric averaged have
a bigger discrepancy. This behaviour though, vanishes as the pressure increases,
which shows that the two parameter sets behave more accurately for a larger
inflation of the vessel. As for the axial stretch, they are both within the range
of the measured axial stretch. It is seen that unlike the diameter comparison,
the axial stretch behaviour is more accurately approached with the geometrically
averaged values. However, the difference of the two sets in stretch is very low
in absolute value. Moreover, in the experimental axial stretch plots it was hard
to distinguish the pressure values to which they referred to, and thus a linear
distribution that connects the higher and the lower value was drawn.

Figure 2.13: Results for diameter and axial stretch for A2 human cerebral artery
using the mean and geometric mean of the optimisation results

The behaviour of this vessel in both pressure-diameter and pressure – axial stretch
development is accurately reproducing the experiment. The difference for the
first pressure points in diameter is ∼ 1% for the averaged parameters, and ∼ 3%

for the geometrically averaged ones. Regarding the axial stretch, the maximum
difference between measured and model predicted values is ∼ 2% for the averaged
parameters, and ∼ 3% for the geometrical one. It is then concluded that for this
vessel, the averaged fitted parameters provide better results as an overall.

Human pial arteries

The final vessel that is characterised is based on the work of Thorin [150]. In
this work, three human pial arteries are subjected to inflation tests and extract
their behaviour in terms of pressure-diameter relationships. In this work, three
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families of vessels are examined, which differ in terms of size, and are categorised
as small, medium or large. The vessels examined started from a size similar to the
one of the basilar artery presented, and gradually got to lower sizes. Specifically
the sizes are: 0.1 cm in diameter for the large; the medium are in the scale of
0.07 cm; and finally the small in the scale of 0.025 cm. The vessels were inflated
and the maximum pressure varied for each case, starting from 100mmHg for the
small, 120mmHg for the medium, and 140mmHg for the large.

For these pial arteries of the study, unlike the previously reported works, no
data are reported that could be used for characterisation, apart from the relation
of pressure to the diameter. Furthermore, this is a uni-axial study. The only
data used from the study is the aforementioned pressure-diameter plots. Of
course, with these limited data, some assumptions were essential to characterise
the material properties of the vessel.

In specific, there is no data about the residual stretches and stresses. Therefore,
the residual stretches are treated as seen so far, by assuming them to be λz,res =

λθ,0 = 1.05. For residual stresses, two cases were considered, ω = 80o and ω =

120o due to lack of data. These values were taken from the previous studies, as
residual stresses may vary a lot [139, 138]. The setup and results obtained are
following.

The methodology followed and results obtained regarding the characterisation of
the small pial artery is presented. Results for the other two arteries can be found
in A.1. At first, the LF diameter is identified from the given pressure-diameter
plot as the value of the diameter for the lowest pressure, which is very close to zero.
This value refers to the external diameter and was found to be DLF

o = 0.016cm.
With the assumption of WLR = 0.2, the thickness of the vessel can be obtained.
For the wall-to-lumen ratio, from [154] it was found that the human intracranial
vessels WLR ranges from 0.05 to 0.12, but as the diameter tends to smaller values,
the ratio increases [163]. Also, MRI scans have also reported higher values on
the ratio [164] for the major vessels of the Circle of Willis, though. Since there
is no data regarding the thickness of small pial artery employed for the study, a
conservative assumption was made regarding its thickness from the combination
of the aforementioned studies. All values used for this study are summarised in
Table 2.5.

Furthermore, due to the uni-axial nature of the study, only Equation (2.82) could
be solved. And with this setup, the axial stretch of the vessel was put in the
parameters to be optimised. For simplicity, a single value of the axial stretch
was considered for the whole pressure range. The axial stretch was restricted to
not exceed the value of 1.6, which is a high value for the axial stretch for these
vessels. As an indicative case, the small vessel will be presented.
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Again, the optimisation was run for 10 pressure points within the given range.
The optimisation process now minimised the error given by Equation (2.80). The
procedure was repeated 60 times, and its results are presented in the histogram
of Figure 2.14.

Table 2.5: Summary of parameters from the work of Thorin et al. [150] regarding
the small vessel

Parameter Description Value
λz,res (−) Residual axial stretch 1.05
λθ,0 (−) LF-SF circumferential stretch 1.05
R′

i (cm) Inner radius 0.0078
η (cm) Thickness 0.0023
ω (deg) Opening angle 80
κ (−) Constant related to opening angle 1.28

Figure 2.14: Parameter space for the small human pial artery. Results presented
for ω = 80o. Number of runs: 50

From the histogram presented (Figure 2.14) it is seen that for the specific fitting
there is a much wider spread in the parameter space. To be able to analyse
the data, again, the table with the statistical findings of the optimisations is
presented.

From Table 2.6 useful information can be obtained. At first, again, the value
of the parameter c is highly fluctuating throughout the different optimisations.
Next, it is seen the interpolation parameter α is almost equal to 1, which means
that the vessel material is mainly characterised by the reinforcement of the fibre.
Combining those two, it can be concluded that the value of c, which is an elasticity
parameter, does not play a big role in the definition of the material, hence it can
vary a lot. Furthermore, the variation of parameters k1 and k2 is very similar
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to that presented for the previous (human middle cerebral) artery, although here
the material behaviour is dominated by the fibres. Finally, the value for the axial
stretch implies a very small deformation in the axial direction, which also does
not vary in different optimisations.

Table 2.6: Statistical results of the optimisation procedure runs for the small
human pial artery

Parameter Mean Std dev Geo. mean Geo. std dev
c (dyn/cm2) 3551.52 ± 1603.87 3084.11 1.87
k1 (dyn/cm2) 251783 ± 3174 251763 1.01

k2 (−) 45.817 ± 16.711 39.269 2.33
ϕ1 (deg) 82.049 ± 3.049 81.991 1.039
α (−) 0.993 ± 0.017 0.993 1.019
λz (−) 1.085 ± 0.013 1.085 1.012

Similarly to the previous vessel characterisation, the statistical results were im-
ported to the wall model and run, so its behaviour can be evaluated.

Figure 2.15 shows that the results for this vessel diverge more than the previous
one, although the fitting is not unacceptable. In general, the values at the low and
high pressures are very close to the experiment. Moreover, the geometric mean of
the fittings produces a significantly better approach than the average. However,
the experimental results for this specific vessel present this bell-like shape, where
a typical hyperelastic law is not able to reproduce accurately. Furthermore, the
lack of input data could cause this discrepancy.

Figure 2.15: Results for diameter for small human pial artery using the mean
and geometric mean of the optimisation results

Overall, the fibre-reinforced hyperelastic material employed to represent the pas-
sive behaviour of vascular wall materials has been shown to be quite accurate
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and adaptive. Vessels from different species (human, rabbit), types (basilar,
pial), and sizes were tested and the numerical results obtained are very close to
the experimental ones. The fitting technique was adaptive to take into account
the maximum information available with small implementation changes. It is
also rather fast since a small number of parameters are optimised each time.
Naturally, the more information is provided from experimental studies, the more
accurate the prediction is, as can be seen from the first two cases of the bi-axial
experiments. However, the results acquired with limited data are accurate as
well.

This framework can be used along with computational solvers that can simu-
late whole vascular networks by using a material law for each vessel separately,
improving the current commonly used laws [149, 97, 107, 165]. Given that im-
plementing a specific material law in such frameworks can increase the computa-
tional cost of the solver significantly, it is suggested that the ideal utilisation of
the characterisation presented are models that target the vasculature of specific
regions, like the Circle of Willis (CoW).

2.6 Conclusive remarks

In this chapter the mathematical background required for the work that follows
is presented and discussed.

In the beginning of the chapter, an overview of the 1D fluid solver formulation,
and the numerical schemes used are presented. Additionally, a brief overview of
the velocity profiles employed in 1D formulations and the connection to lumped-
parameter models is reported.

Next, the vascular wall mechanics that are coupled with the fluid model is dis-
cussed. The model chosen for the scope of this study is presented, and details on
the coupling those models in an FSI framework is discussed.

Finally, a framework to reproduce the passive behaviour measured experimentally
of cerebral vessels was developed and presented. This work adjusts the structural
model so that it can represent cerebral vessels, which is the aim of this thesis.
Through the fitting procedure, it is feasible to approach the response of a number
of vessels with the employed constitutive law. The framework fitted experimental
data to the parameters of the constitutive law, and a very good agreement was
achieved. The process is adaptive to the number of available data, and it was
showcased for both uni-axial and bi-axial tests. The work can also be helpful to
combine vascular networks with different vessels.
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Intracellular signalling

The active contractile behaviour of a vessel is the result of a combination of mul-
tiple and complex biological processes, acting at different levels, as referred in
Chapter 1. Modelling this physiological phenomenon requires the identification
(supported by experimental evidence) of its main contributors. Vascular Smooth
Muscle Cells (SMCs) cover a large part of the media layer and polarised light mi-
croscopy has shown that they are mainly aligned in the circumferential direction
[6, 5]. These cells constitute the key vascular compartment for short-term con-
traction/dilation that can be induced through various stimuli such as mechanical
or neuro-hormonal, as well as long-term ones where the extracellular matrix is
subjected to alterations [166].

This chapter focuses on the description and quantification of the intracellular
processes governing SMC contractility, with a particular focus on cerebral vessels.
At first, a more detailed background is given regarding the intracellular processes
that take place during SMC contractility to highlight the key features that drive
this response. Next, two chemical models are presented which describe some of
those processes, and their functionality is discussed. Finally, a novel approach
developed is presented. The newly developed model aims to identify the pressure-
induced intracellular processes in a holistic way by considering the intracellular
signalling pathways that occur as a response to pressure.

3.1 Background

It is well accepted that the dynamics governing SMC tone generation can be
described through the sliding filament theory [167, 168]. According to this theory,
contraction is the result of the relative sliding of two filaments that are within
the SMC, the actin (thin) and the myosin (thick). The actomyosin complex
constitutes the basic Contractile Unit (CU). All the CUs lie within the cytoplasm

53
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of the SMC which in turn lie within the media layer of the three-layered vessel
wall. An llustration of the multitscale vascular wall can be seen in Figure 3.1.

Figure 3.1: Multi-scale Smooth Muscle structure (Image taken from [47], permis-
sions granted from Springer Nature)

The monomer of the motor protein myosin consists of two coiled heavy chains
that each has a head and tail part. The head is the part that attaches to the
actin protein and form what is known as Cross-Bridges (CBs), while the tail can
be attached to other myosin monomers. Underneath the head lie two regulatory
light chains, which are responsible for the regulation of the phosphorylation of
the heads. This phosphorylation is the key mechanism for the attachment, and
thus contraction/dilation, and will be discussed in the next sections. Multiple
monomers can be attached and organised in different ways [169] and form the
thick myosin filament. The forming and cycling of the CBs which connect the
actin and myosin filaments is controlled and dominated by the variation in intra-
cellular calcium concentration [Ca2+]i [46, 170]. Ultimately, this relative sliding
leads to the contraction/dilation of the vessel.

The chemical processes describing the formation and cycling of the CBs have
modelled in different previous studies. One of the first models is the Huxley-
Simmons [171], which considers two states for the myosin heads, attached and
free, that are connected with two rate parameters dependent on the contraction.
An extension to the Huxley-Simmons model, is the model developed by Hai and
Murphy [85], which is one of the most widely used. It considers four states of
the myosin heads, and seven rate parameters. Two of the states described are
non-force productive, while the other two are producing force. One of the force
productive states is assumed to be the latched state, which is a contradictory
state among literature since it is only supported by mechanical and energetic
data but not biochemical [47]. Due to their inter-dependency, the cross-bridge
kinetics can be coupled with an electrochemical representation of the intracellular
calcium dynamics [172, 173, 174].

Yang et al. [173, 86] have indeed proposed an electrochemical model coupled with
a chemo-mechanical one to simulate the response of rat cerebrovascular arteries to
luminal pressure changes. The electrochemical model accounts for the electrical
signals that occur within the cell when contraction is stimulated with a change
in membrane potential produced by a change in luminal pressure, and produces
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the chemical output necessary for the coupled models. The chemo-mechanical
compartment makes use of the Hai-Murphy model which is coupled with a three-
element Hill model that finally produces the response of the vessel. Murtada et
al. in their models [47, 175, 144, 88] have also considered a chemo-mechanical
model describing the generation of active force within the SMCs in various vessels
with a combination of the Hai-Murphy model and a Hill model alteration.

All the above described models assumed that the generation of active tone within
the SMC is regulated only by the level of intracellular calcium [Ca2+]i within the
SMC. However, experimental evidence [176, 177, 178, 179, 180] suggests that,
besides [Ca2+]i, other intracellular signalling pathways play a key role in the ad-
justment of cerebral vascular tone (and eventual dilation/contraction). Since the
classical/standard methodologies lack of representation for these cellular chemical
processes, a new model has been established. In the following the mathematical
descriptions for all these models, alongside their simulation results, are reported.

3.2 Classical modelling approach

Here the standard models representing chemical processes behind cerebral SMC
active response are reported. These are the Hai-Murphy model for the CB kine-
matics and the electrochemical model of Yang et al. These models, although not
used in the computational framework developed in this thesis, provide a very
useful insight into the cellular dynamics and its modelling aspects.

3.2.1 Hai and Murphy model

As anticipated earlier, one of the first models to describe the chemical kinematics
involved within the SMC is the one proposed by Hai and Murphy [85]. It describes
the interaction between the myosin and the actin filaments through the cycling
of CB between them.

For this model, it is assumed that the only factor that can affect CBs cycling
is the level of intracellular calcium. An increased value of [Ca2+]i causes more
myosin heads to attach to the actin and a lower value causes a lower rate of
attachment respectively. The calcium is entering from the extracellular area
inside the cell from dedicated channels. These channels are not fully defined in
literature and they form a very complex system within the cell [181, 182, 170] with
their own dynamics and responses to different stimuli. For the sake of simplicity,
within the Hai-Murphy model, they are assumed to be constantly open so they
provide instantaneously the Ca2+, and the extracellular amount of calcium, which
normally varies and affects the intracellular concentration [183], is assumed to be
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infinite.

In the model, the myosin heads behaviour is described, which are assumed to
act independently. As already mentioned, there are four possible states for the
heads. These states represent their attachment on the actin, and whether their
regulatory light chains are phosphorylated or not. Figure 3.2 illustrates these
states and their rates at which each state transition is occurring.

Figure 3.2: Cross-bridge cycling states of Hai-Murphy model and their rate con-
stants

The initial state is M , at which the head is not attached and its light chain is
not phosphorylated. Through a complex biological mechanism, free intracellular
[Ca2+]i binds with the protein calmodulin (CaM), which in turn binds to and
activates the Myosin Light Chain Kinse (MLCK). The MLCK is then phospho-
rylated and enables the head to attach to the binding site on the actin filament
[184, 185]. This process leads to state Mp in which the heads are phosphorylated
but not yet attached. These first two states are the non-force generating ones. Be-
tween these two states, the inverse process is also possible, through the activation
of the Myosin Light Chain Phosphatase (MLCP), which is de-phosphoryalating
and prevents the attachment. The rates for these two processs are k1 and k2

respectively and represent the rates that the heads are phosphorylated (MLCK)
or de-phosphorylated (MLCP). When the heads are phosphorylated, they are
attached to the binding sites on the actin filament through another chemical pro-
cess. The adenosine triphosphate (ATP) transforms to adenosine disphophate
(ADP) and orthophosphate (Pi) and the head is attached to the site forming a
CB [186]. This is the first force-generating state, AMp caused by the release of Pi

which in turn causes the attached head to move and produce a power stroke. The
rate of this process is described by the parameter k3. The release of ADP can
cause the ATP to bind to the attached head and detach it from the binding site,
which then returns to the state Mp, and the rate describing this process is k4.
In time, the attached phosphorylated heads are slowly de-phosphorylated. The
rates of de-phosphorylation and phosphorylation are k5 and k6 respectively. The
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model assumes that some of the de-phosphorylated heads can remain attached
and produce force, which is described by state AM . This is the latch state hy-
pothesis, supported by experimental observations of stress that is maintained
with reduced levels of myosin phosphorylation [187]. Finally, the latched state
heads are de-phosphorylated at an irreversible manner back to state M .

The above processes are describing the kinetics of the CB cycling are modelled
with a set of ordinary differential equations (ODEs), which in matrix form are

ṅM

ṅMp

ṅAMp

ṅAM

 =


−k1 k2 0 k7

k1 −(k2 + k3) k4 0

0 k3 −(k4 + k5) k6

0 0 k5 −(k6 + k7)



nM

nMp

nAMp

nAM

 , (3.1)

where ki are the rate parameters explained above. The variables n of the system
are the fraction of the heads that at each state (M,Mp, AMp, AM). The model
is also subjected to the constraint

nM + nMp + nAMp + nAM = 1. (3.2)

This expression represents the mass conservation, and since the variables are
fractions it is n ≥ 0, and they are dimensionless. With this constraint the ODEs
reduce to a 3×3 algebraic system. Furthermore, it is assumed that the rates that
represent the MLCK and MLCP processes are similar for attached and detached
CBs, which translates into k1 = k6 and k2 = k5. The fractions are set to start from
a state that are all unattached and non-phosphorylated as the initial condition,
i.e. nM = 1 and nMp = nAMp = nAM = 0.

As mentioned in the description of the model, the intracellular calcium concentra-
tion [Ca2+]i is the substance that drives the CB cycling processes. This is imposed
through the formulation of rate parameter k1 with a Hill function dependent on
the [Ca2+]i. Due to the biochemical process of binding CaM with calcium to form
the calcium calmodulin complex (CaCaM), an initial consideration is a function
of CaCaM that includes calcium indirectly [47, 173]

k1 =
[CaCaM]2

[CaCaM]2 +K2
CaCaM

, CaCaM = α[Ca2+]i, (3.3)

where the parameters KCaCaM and α are fitted parameters.

In other considerations, the CaCaM dependency can be disregarded and the in-
tracellular calcium concentration can be directly imposed [175, 144] through

k1 = η
[Ca2+]ni

[Ca2+]ni + EDn
50

, (3.4)
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where n and η are fitted. This formulation is more useful because it does not
refer to the CaCaM, which requires more investigation regarding its formulation.
Moreover, on the denominator there is no longer a fitted parameter. Instead, EDn

50

represents the half activation constant of calcium to MLCK under a constant value
of CaM [175, 188].

The calcium concentration increase as a response to pressure elevation in medium
and small cerebral arteries is thoroughly examined in experimental studies in
steady state conditions [151, 176, 189, 190]. From these studies, the [Ca2+]i level
for different luminal pressure loading are reported. These recordings, although
partially differing, represent the reference data used in this thesis and are dis-
cussed in later section. It is clear from the aforementioned studies that when the
luminal pressure increases, a higher level of intracellular calcium is achieved. This
is in line with the mechanism of the active tension generation and the dominating
character of [Ca2+]i.

The calcium levels (interpolated) for the different intraluminal pressure values
can be seen in Figure 3.3.

Figure 3.3: Steady state pressure – [Ca2+]i diagram for different experiments
[151, 176, 189, 190]. Interpolated experimental values

In the works [173, 47, 175] three sets of rate parameters, as well as three different
formualtions for k1 are used. These values for the rate parameters are summarised
in Table 3.1.

Moreover, in the earlier work of Murtada et al. [47], the Equation (3.3) is used to
define the input rate parameter, using α = 35 · 10−6 and KCaCaM = 178nM .
In their later works [175, 144], they use the Equation (3.4) with n = 4,
η = 0.35917 s−1 and ED50 = 370nM , while Yang et al. [173] uses the same
relationship with n = 2, η = 1 s−1 and ED50 = 178nM .
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Table 3.1: Summary of the rate parameters used in the works of Murtada et al.
[47, 175] and Yang et al. [173]

k2(s
−1) k3(s

−1) k4(s
−1) k7(s

−1)

Murtada 2010 0.5 0.4 0.1 0.01
Murtada 2012 0.16267 0.06667 0.00083 0.00667
Yang 2003 0.4 1.8 0.1 0.045

These two formulations for k1 that drive the CBs formation were simulated to
evaluate the different kinematic states they produce and their dynamic charac-
teristics. At first, the system was simulated at steady-state conditions. This is
achieved by setting the transient values of the fractions, i.e. the left hand side of
Equation (3.1), equal to zero.

Figure 3.4 presents the results of simulating the different setups of the Hai-
Murphy model. What is interesting in these results regarding the scope of this
thesis is to identify the level of [Ca2+]i concentration and the amount of attached
myosin filaments it produces. It is clear that the [Ca2+]i level needed for the first
(Murtada et al. 2010) model setup is too high compared to the other two. These
levels of calcium are not likely to be reached in physiological conditions. About
this setup, it is also noted that the maximum level of the force generating states
nAMp + nAM differs from the level that the other two setups. It maximises at
∼ 0.78 while the other two setups at ∼ 0.94. This is because the ratio k3/k4 is
much lower than the other two setups. This means that the rate at which the
attached phosphorylated myosin heads are detaching is much higher than the
other two setups, and this does not allow for a higher maximum force-producing
fractions to be reached.

Figure 3.4: Steady state solution of Hai-Murphy model for different setups

For the other two models setups, the only difference is the [Ca2+]i concentration
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at which they converge to their maximum values The trend of the state variables
with respect to the [Ca2+]i is the same in both. Note here that the Yang et
al. setup [173] aimed to represent cerebral vessels, while the Murtada et al.
[175, 144] the CCA. This is in line with the physiological explanation of the
myogenic response for cerebral vessels, as explained in Chapter 1. Resistant
vessels develop more active tone for the preservation of the flow rate.

The second model of Murtada et al. and the one of Yang et al. were also tested
regarding their transient behaviour in order to define their dynamic behaviour and
evaluate their differences. At first, The models were tested for a constant value of
[Ca2+]i which corresponds to the calcium value at which nAMp+nAM reaches the
maximum value. Figure 3.5 shows the transient results of the Hai-Murphy model
for the two setups for a constant calcium concentration. They present a significant
difference in terms of the time needed to reach their steady state. The Yang et
al. setup, which is fitted to simulate cerebral vessels, reaches its steady state
very rapidly compared to the Murtada et al. setup. This behaviour is related
to the choice of rate parameters which define the rate at which the MLCK is
phosphorylated and in turn leads to the attachment of the CBs. Furthermore,
the setup of the MLCK phosphorylation case does affect the transition.

Figure 3.5: Transient solution of the Hai-Murphy model for two different setups
for [Ca2+]i constant and equal to the value that the steady state simulations
reached the maximum nAMp + nAM (i.e. [Ca2+]i = 800nM for Murtada 2012
values and [Ca2+]i = 600nM for Yang values)

The last simulation for the Hai-Murphy model was to examine how these two
setups behave on a transient intracellular calcium distribution. As a baseline, the
distribution presented in Murtada et al. work on common carotid artery [144] is
used (Figure 3.6 top). To draw some conclusions for this set of simulations it is
necessary to plot the fractions for both formulations.



3.2. Classical modelling approach 61

Figure 3.6 shows the transient results of the two setups for a calcium distribution
reported in [144]. In these results it is seen that all the transitions from one state
to another are occurring in a much quicker manner for the cerebral vessel setup.
It is observed that for t ≃ 100 s to t ≃ 180 s where [Ca2+]i is kept almost cosntant,
the Yang setup has already reached its steady values and it keeps this value. On
the other hand, for the same time span, the Murtada setup has not reached a
steady state and follows an increasing trend, before being forced to decrease again
due to the decrease in [Ca2+]i. Again, this behaviour also confirms that active
tension generation in cerebral arteries, which are resistance arteries, occurs in a
rapid manner compared to elastic larger arteries.

Figure 3.6: Hai-Murphy model solution using a distribution of intracellular cal-
cium concentration

To conclude, the Hai-Murphy model is a versatile modelling representation ca-
pable to simulate a wide spectrum of vessels. This is also confirmed by the wide
usage of it found in the literature. One drawback of the Hai-Murphy model is that
it is designed to tackle only isometric contractions [85], which in some cases can
be ignored [47], but alternatives to this drawback have been developed [191, 192].

3.2.2 Yang model

The description of cellular processes regulating active tone development can be
enhanced through electrochemical models, such as the one by Yang et al [173].
This approach repressents cellular dynamics through electrical analogy to account
for all the exchanges of ions between intracellular and extracellular spaces [193].
As explained in previous sections, the focus is on intracellular calcium concentra-
tion, as it has been shown to be the main ion responsible for the development of
active tone in blood vessels.
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In this type of modelling approach a set of ODEs describes the dynamics within
the cell that define the rate of change in concentration of quantities of interest,
such as intracellular calcium (Ca2+), potassium (K+), sodium (Na+) or chloride
(Cl−). These governing ODEs may refer to a change in cell membrane potential
or intracellular ion concentration. The membrane potential is altered by ionic
influxes and/or effluxes between the intracellular and extracellular space. Ionic
fluxes are produced due to the activation/deactivation of certain channels, pumps,
or exchangers [194]. It was found that some compartments of electrochemical
models found in literature shared some key compartments, which are the most
important for these ionic exchanges. These were found to be the following

• the Voltage Operated Calcium Channels (VOCC). VOCCs are calcium
channels that allow the entry of calcium ions into cells as a response to
changes in membrane potential. The most important VOCC is the L-type,
which is are highly selective for calcium ions [195, 196]. These channels open
in response to membrane depolarisation, allowing the influx of calcium ions
into the intracellular space.

• Na+/Ca2+ exchangers. These channels are regulating the exchange of cal-
cium and sodium ions across the cell membrane [197].

• Ca2+ pumps. These pumps actively transport calcium ions across cell mem-
branes against their concentration gradient [197].

The exact mechanisms through which the cell detects changes upon luminal pres-
sure alterations, which ultimately leads to the development of active tone, is
still unclear. However, it is known that some ionic channels are activated when
subjected to mechanical loading, which ultimately lead to membrane depolar-
ization [198, 199]. This process can be modelled in different ways. In most
cases, a dedicated stretch/stress-activated channel is used, or alternatively a
stretch/stress-activation term is included in one of the calcium channels, often
the L-type VOCC.

A variety of models have been developed in the area of electrochemical modelling
and in the context of SMC contraction, with various levels of complexity depend-
ing on the number of cellular processs modelled. One of the first attempts was the
model of Parthimos et al. [172] that includes the cytosolic Ca2+ oscillation. Cal-
cium oscillations are fluctuations in the concentration of calcium ions within the
cell membrane or intracellular compartments. They can be triggered by various
stimuli, such as changes in membrane potential, receptor activation, or mechani-
cal signals [200, 201]. This model was used to simulate different pharmacological
interventions. The work of Parthimos et al. was later modified [202] where the
oscillator was eliminated, and an agonist- and calcium-dependent IP3 was added.
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The model was used to study SMC synchronisation. Within these models, a min-
imal number of channels that define dynamic ion exchange are modelled, whereas
the ion concentrations variables are also kept to a minimum, accounting only for
the Ca2+. In both aforementioned models, the membrane depolarisation result-
ing from a change in the level of pressure is modelled through an activation term
within the L-type VOCC channel.

Alongside these minimal models, more complex models have also been estab-
lished. These include much more intracellular pathways for the cellular dynamics
through more channels and mechanisms that alter the ionic concentration and
the membrane potential. One of the first models in this category was the one
developed by Yang et al. [173, 86], where more transmembrane currents were
modelled, whereas the ionic balance of K+ and Na+ were also included. The
stress activation in this work was introduced through a dedicated channel. The
model was then coupled with a chemo-mechanical subsystem in order to study
the SMC behaviour of rat cerebrovascular arteries. A model with even more com-
plexity in terms of cellular processes was the model of Kapela et al. [183], which
also included the ionic balance of Cl− along with some additional transmembrane
currents. The model was used to study the physiology of SMC.

In this thesis, the SMC dynamics model of Yang et al. [173] was tested in con-
junction with the Hai-Murphy model to get an insight on the intracellular calcium
concentration effect on the CB formation. The model is briefly described below,
followed by results of the simulations.

Figure 3.7 shows the intracellular and extracellular connection through some basic
electric elements that allow a current to flow through them. ICa,L is the current of
the L-type VOCC channel. IK is the delayed rectifier, which provides an outward
current when the membrane is depolarised to limit further depolarisation. IK,Ca is
the calcium-activated potassium current, which is activated as a response to large
calcium influxes upon depolarisation. IKi is the inward rectifier. IM is the stress
activated channel and it is IM = IM,Ca+IM,K+IM,Na. Each ionic concentration is
assumed to be activated through the stress developed upon the membrane wall.
IB is the background current and similar to the stress activated current, it is
defined for each ionic concentration. INaCa is the Na+/Ca2+ exchanger, INaK is
the Na+/K+ exchanger, and ICaP is the calcium pump.

The change in transmembrane potential Vm is given by the Kirchhoff law of
currents:

dVm
dt

= − 1

Cm

(ICa,L + IK + IK,Ca + IKi + IM + IB + INaK + INaCa + ICa,P ) ,

(3.5)
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Figure 3.7: Yang et al. [173] electrochemical model schamatic. The model consists
of variable (and not) resistor, capacitor, and exchanger elements. The variable
resistors contain voltage dependent nonlinearities; the last three elements repre-
sent pumps or ionic exchangers

where Cm is the membrane capacitance. An intracellular ionic mass balance
equation is set for each ion considered and is described by

d[Na+]i
dt

= −3INaK + 3INaCa + IB,Na + IM,Na

F · voli
, (3.6)

d[K+]i
dt

= −IK + ICaK + IKi − 2INaK + IB,K + IM,K

F · voli
, (3.7)

d[Ca2+]i
dt

= −ICa,L − 2INaCa + ICaP + IB,Ca + Iup − Irel
2F · volCa

+
d[SCM]

dt
+
d[BF]

dt
,

(3.8)

where F is the Faraday number, and voli is the volume inside the cell. For the
calcium concentration, volCa is the intracellular volume available for calcium. In
the calcium balance equation the currents Iup and Irel appear. These are currents
of the sarcoplasmic reticulum (SR) and the currents are the uptake and release
currents respectively. The uptake current refills the SR, while the release current
releases calcium into the cytosolic space from the SR. Finally, [BF] represents the
Ca2+ buffering by calmodulin, while [SCM] represents the concentration of free
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calmodulin sites for Ca2+ binding.

For validating their model, Yang et al. simulated a patch-clamp test, during
which the membrane potential is imposed (and treated as a boundary condition).
Here the same simulation was setup and the results are presented below.

Figure 3.8 shows the model response for a 1.6 s voltage pulse, transitioning from
a holding potential of -60 mV to a depolarised level of 0 mV . The depolarisation
pulse produces a rise in the cytosolic calcium concentration, as observed in the
top right plot. The bottom plots for the currents illustrate that the initial phase
of this calcium transient is primarily attributed the L-type calcium current and,
to some extent, the SR release current. The decline in the calcium transient is
primarily driven by the rapid reduction in the VOCC, coupled with an increase
in SR uptake pump currents.

Figure 3.8: Simulation results for the clamp test as setup in [173] fro the validation
of the electrochemical model. Top left: membrane potential input for the test;
Top right: intracellular calcium concentration output; Bottom left: L-type VOCC
channel current; Bottom right: output of channels that directly affect the calcium
concentration (calcium pump, SR uptake and release)

Next, the calcium concentration distribution acquired was input to the Hai-
Murphy model, with the setup described in the previous section.

Figure 3.9 shows the response of the Hai-Murphy model to the clamp test con-
ditions. The plot shows only the attached cross bridges (including the latched
state). Most of the connected cross-bridges at the resting potential of −60mV

are in a latch state. The phosphorylation of unbound myosin M (not shown)



66 Chapter 3. Intracellular signalling

and the transition from AM to AMp following the Ca2+ transient contribute
to the rapid rise of the active cycling cross-bridges. With the decrease in Ca2+

levels, the dephosphorylation process becomes dominant, causing the connected
cross-bridge fraction to shift back toward the latch state.

Figure 3.9: Hai-Murphy model results for calcium distribution acquired from the
clamp test results

In general, the electrochemical model can provide useful information on the intri-
cate regulatory mechanisms that govern calcium dynamics in smooth muscle cells.
Additionally, it is very helpful to better understand how changes in intracellu-
lar calcium contribute to smooth muscle contractions. However, electrochemical
models require a significant amount of experimental information for their full
validation and parameter identification. In the context of cerebral vessels, ex-
perimental data concerning various cellular compartments is difficult to obtain.
The high number of non-linear equations is also a limitation for their employ-
ment. These are some of the reasons that lead to the development of a different
approach for modelling intracellular signalling for tone generation, which will be
reported in the following section.

3.3 Novel approach

As already discussed, there is enough evidence showing that the pressure-induced
intracellular Ca2+ concentration increase is mediated through changes in mem-
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brane depolarisation level [203, 204]. The process through which this calcium
concentration leads to the formation of cross-bridges, and ultimately to active
tone generation of the SMC is also well-established. Many computational models
of SMCs have been focusing only on this cytosolic Ca2+ pathways for describ-
ing vascular reactivity [205, 206, 207]. There is, however, sufficient experimental
evidence [48, 49] that calcium signalling is not the only pathway through which
the SMC contractile behaviour is triggered. This evidence does not dethrone
intracellular calcium as the dominant factor, but they can act in parallel. Such
mechanisms can make the contractile ability more sensitive to calcium, and thus
enhance the contraction. They can also affect the cytoskeleton causing a re-
organisation of its structure which ultimately augments the contractile behaviour
during myogenic response.

In particular, the cellular pathway of RhoA/Rho-associated kinase (ROK) acti-
vates when pressures exceed a threshold (∼ 40 − 60mmHg), and it inhibits the
MLCP activity, which is the factor that de-phosphorylates the myosin heads.
Due to the decrease in de-phosphorylation, the available (phosporylated) myosin
head fraction increases, and hence the rate of attachment to actin increases, pro-
viding a higher CB fraction, and ultimately generating a higher amount of tone
[177, 178, 179, 208].

Higher pressure levels also enhance the polymerisation of actin through Pro-
tein Kinase C (PKC) and lead to the re-modelling of the cytoskeleton. This
strengthens the connections between the plasma membrane, actin, and extracel-
lular matrix and ultimately enhances the transmission of force generated by the
CB cycling process [209, 180, 210, 211].

Although the models reported in the previous section represent a reference frame-
work for computing active tone generation in vascular wall, they also consider only
the Ca2+ pathway. This motivated the development of a new holistic model [212]
that includes all the main cell signalling pathways occurring during the myogenic
response. A minimal Cell Signalling (CS) model was developed within this con-
text that, combined with the mechanical model described in the next chapter,
provide a multi-scale computational framework that computes the development
of pressure-induced tone within the SMCs through all the different signalling
pathways.

Another point that needs to be highlighted is that all the referenced models
use the Hai-Murphy chemical model for the CB cycling process, which assumes
that some of the CBs contributing to active tone generation are in a latched
state. However, currently there is no direct experimental evidence supporting
this assumption. The new conceived model does not require the existence of a
latched state for the CBs.
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3.3.1 Cell signalling network

The pressure-induced pathways are assumed to act independently and contribute
to the myogenic tone. It is important to state that these pathways are not se-
quentially activated [213, 214] across a wide range of pressure loads. The model
is based on the recent publication of Irons and Humphrey [215] and their logic-
based model. According to it, the final cellular signalling network can be de-
scribed through internal variables connected in terms of activation/inhibition.
The processes that define the activation/inhibition are described through activa-
tion functions, while their multivariable activity can be described with Boolean
algebra operators AND, OR and NOT, as well as their combinations. An illus-
tration of the model is presented in the diagram of Figure 3.10.

Figure 3.10: Diagram of the cell signalling network

The internal variables ξi represent normalised values of ion or protein concentra-
tions or levels of a protein phosphorylation, as described in Table 3.2, and they
are by definition between 0 and 1, i.e. ξi ∈ [0, 1]. All the processes that activate
(or inhibit) these variables are represented by the activation functions χi. Each
activation function that connects with a variable is defined through

χ(ξ) = χ0 + (1− χ0)(1 +Kn)
ξn

ξn +Kn
, (3.9)

where χ0 represents the value at basal tone, and n, K are fitted parameters.
Some activation functions do not follow the above formulation, but an ad-hoc
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expression that is supported from literature evidence. The activation functions
are also within the value of 0 and 1, which means either completely inhibiting,
or fully activating the pathway. The boundary values for these functions are:

χ(0) = χ0, χ(1) = 1. (3.10)

The biochemical links assumed within the model are based on the current knowl-
edge of the pressure-induced contraction [177, 178, 180] and thus it is assumed
that the pressure stimulus modulates three independent cellular signal pathways:
the cytosolic calcium; Rho kinase (ROK); and the protein kinase C. These path-
ways are distinguished in the first layer of Figure 3.10.

As mentioned earlier, increasing luminal pressure excites a series of calcium-driven
or calcium-dependent channels, which in turn influx extracullular calcium inside
the cell and increase the intracellular concentration [170, 181, 182]. The intracel-
lular cencentration level is the only one affecting the contractile behaviour, since
experiments have shown that changing the concentrations of extracellular cal-
cium does not affect the myogenic response [216, 151]. In this minimal modeling
approach, all the complex channel behaviour is unified under one activation func-
tion that directly connects the increase in pressure to [Ca2+]i elevation through
the function χ0. The normalised ranges of intracellular calcium, reported also in
Section 3.2.1 are used, which were found in literature [151, 176, 189, 190]. The
level of [Ca2+]i in turn leads to the phosphorylation of the light chain kinase LC20

through the CaCaM complex and the MLCK, exactly as described in previous
section. All these processes are compressed into the activation function χ5 and
the phosphorylation level of the light chain kinase (pLC20) is represented by ξ5.

The other two pathways, ROK and PKC, involve a vast and complex system
of proteins and messengers, but their contribution is represented by two distin-
guished variables. Similarly to cytosolic calcium, ROK activity is regulated by
the level of pressure via activation function χ1 and in turn, through the activa-
tion functions χ3 and χ4, it increases the phosphorylation levels of MLCP and
the protein Cofilin which are represented by ξ3 and ξ4 respectively. As men-
tioned earlier in the text, the MLCP activity enhances the de-phosphorylation
and thus, prevents the attachment of myosin heads to form CBs. When MLCP is
phosphorylated (pMLCP) though, this process is prevented, and hence the LC20

de-phosphorylation is inhibited. The level of pLC20 is given by variable ξ5, so
the non-phosphorylated level is equal to 1− ξ5. As described above, the MLCK
acts on the non-phosphorylated LC20, the balance of phosphorylated light chain,
pLC20 will thus be described by the following ODE [212]

dξ5
dt

=
1

τ5
[χ5(1− ξ5)− (1− χ6)ξ5] , (3.11)
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where τ5 is a time parameter defining how rapid the transition would be. The
final branch of the pressure-induced parameter is the PKC pathway. Through
this pathway, the alteration in pressure level affects the phosphorylation of HSP27
(pHSP27). This activation is modelled with function χ2 and the phosphorylation
level of pHSP27 is variable ξ2. This phosphorylation of HSP27 is affecting the G-
actin content ξ6 through the activation function χ8, which ultimately leads to the
promotion of cytoskeleton re-modeling. Moreover, the phosphorylation of Cofilin
(pCofilin) is described by ξ4 and affected, as mentioned, by the ROK activity.
It also impacts the re-modeling of the cytoskeleton by downgrading the level of
G-actin, and this process is condensed in χ7. The variables employed and the
description on what they represent are summarised in Table 3.2.

Table 3.2: Internal variables description
Variable Description

ξ0 [Ca2+]i
ξ1 ROK
ξ2 pHSP27
ξ3 pMLCP
ξ4 pCofilin
ξ5 pLC20

ξ6 G-actin

The mathematical formulation of all these processes of phosphorylation and pro-
tein/kinase levels alterations through their activation functions is described by
the below set of ODEs [212]

dξ0
dt

=
1

τ0
(χ0 − ξ0), (3.12)

dξ1
dt

=
1

τ1
(χ1 − ξ1), (3.13)

dξ2
dt

=
1

τ2
(χ2 − ξ2), (3.14)

dξ3
dt

=
1

τ3
(χ3 − ξ3), (3.15)

dξ4
dt

=
1

τ4
(χ4 − ξ4), (3.16)

dξ5
dt

=
1

τ5
[χ5(1− ξ5)− (1− χ6)ξ5] , (3.17)

dξ6
dt

=
1

τ6
[(1− χ7) + (1− χ8)− (1− χ7)(1− χ8)− ξ6] , (3.18)

where the τi in the above have a unit of s (hence 1/τi has a unit of s−1) and
represent the time parameters that define the transient behaviour of the variables.
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3.3.2 Model parameters identification

The model described above presents a set of parameters that need to be identified.
These parameters are the χ0,i, ni and Ki characterising each activation function,
as well as the time parameters τi. At first, the steady state behaviour of the
signalling network is characterised, through the identification of the χ0,i, ni and
Ki. To this end, the predictions of the model (in terms of levels of phosphorylation
or concentration of the proteins/kinases) were fitted against data acquired from
the works by Cole and colleagues [180, 177] which were conducted on cerebral
vasculature of Sprague and Dawley rats. The current model was designed to
capture features of the intracellular signalling network under physiological/control
conditions and selective pharmacological interventions. Hence the model fitting
was carried out by considering these different conditions. An optimisation process
was designed (in Python) using the covariance matrix adaptation (CMA) from
the open-source library cma, which uses of a stochastic optimisation algorithm.
With the optimisation process for the steady state case, all the parameters (χ0,i,
ni, Ki) included within the activation functions were acquired according to the
experimental target.

To recap, the model to be fitted consists of a set of seven ODEs and nine activation
functions as seen in Figure 3.10. All χi,0, ni and Ki of the activation functions
were optimised in order to reproduce the experimental values of the internal
variables ξi. This was achieve by minimising the cost function associated to the
error e between the predicted value of the model and the experimental value of
each variable:

e =

√√√√ N∑
i=1

(
ξexp
i − ξi
ξexp
i

)2

, (3.19)

with ξexp
i is the experimental value of the concentration or phosphorylation level

of any given variable, and ξi is the model predictions for the same variable. The
number N is the total number of the equations solved. Since the steady state
is targeted, the model equations have no transient part, i.e. the left hand side
of Equations (3.12) – (3.18) is set to zero and no time parameters are consid-
ered. For finding the solution of this linear system of equations, the function
root of the library scipy was used in python environment, which employs the
Levenberg–Marquardt algorithm of the least squares method family. The model
was optimised by considering two cases of drug intervention and the control case
simultaneously, since the objective was to define a model that is able to predict
all those cases with one set of parameters.

The optimisation process targeted the identification of 27 parameters (three pa-
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rameters for each activation function, and nine activation functions). Finding
the global minima of an error function with such a large number of parameters is
not trivial and may lead to different outputs. To that end, the optimisation was
carried out multiple times and the run with high error values (e > 0.5) were dis-
carded. For the remaining, either the minimum error was chosen, or a statistical
analysis was carried out that extracted the geometrical average of those cases for
each parameters. For the results presented here, the optimised parameters that
produced the least error are used. The identification of these parameters enabled
the determination of all the activation functions of the intracellular signalling
network. Each optimisation was limited in terms of maximum iterations to 1000,
while the computational effort needed for each optimisation was ∼ 30min. The
experimental data that were used for the fitting procedure can be found in the
Appendix B.

Table 3.3 presents the identified coefficients of the nine activation functions ob-
tained by the optimisation procedure.

Table 3.3: Optimised coefficients of the activation functions
χ0(P̄ ) χ1(P̄ ) χ2(P̄ ) χ3(ξ1) χ4(ξ1) χ5(ξ0) χ6(ξ3) χ7(ξ4) χ8(ξ2)

χ0 0.131 0.181 0.0 0.0 0.419 0.0 0.02 0.187 0.142
K 15.47 6413 0.926 0.512 0.219 0.423 0.332 0.44 4401
n 0.464 3.083 0.558 1.325 15.83 521.5 10.68 88.7 1.408

In Figure 3.11, all the activation functions are presented against the normalized
pressure/input variable. The reference pressure level for normalisation is Pref =

140mmHg and it was chosen as a maximum value of the reported pressure levels
for the experiments considered. It is also a reasonable amount of maximum
pressure these cerebral vessels can support before the yielding point [160]. The
first three functions that are shown together (top left plot) show the pathways
that lead to the increase in intracellular calcium, ROK and PKC respectively.
In all three, for lower pressure, the increase is lower than for higher pressures.
Especially for the ROK pathway, it is clear that there is a threshold-like point
∼ 0.2Pref that there is no ROK activity. This is in line with previous reports on
the pressure-induced ROK pathway findings [208, 177, 210, 178]. This threshold
is much lower in terms of pressure for the calcium activity [217, 152] which is
reflected in the behaviour of χ0. Another notable aspect is the behaviour of χ5

and χ6. These two functions show how the intracellular calcium elevation and
the phosphorylated MLCP affects the phosphorylation of the light chains. It is
concluded that for a lower pressure level there is no activity on the formation of
CBs, which is also apparent in the Hai-Murphy model, where similarly, for low
values of cytosolic calcium, there was no CB formation.

In the following, the capacity of the model to simultaneously fit different experi-
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Figure 3.11: Activation functions of the model for a range of normalised pressure
levels

mental conditions is reported. Simulation results against the experimental values
for the two drug intervention and the control cases for pMLCP and pLC20 are
first considered.

Figure 3.12 shows how the cell signalling model captures the impact of pressure
on pMLCP and pLC20 levels in the control case, with 0.3µM H1152, and 3.0µM

GF. Normalised pMLCP values are relative to the 10mmHg control case, while
absolute values are provided for pLC20 fractions. The experimental pLC20 value
under 3.0µM GF was adjusted to account for the difference between the two
control values at 100mmHg, as reported [177].

Figure 3.13 presents the impact of pressure on the intracellular pathways respon-
sible for cytoskeleton remodelling. The established chemical model effectively
replicates the pressure-induced elevation of pHSP27 in both the control case and
under 0.5µM H1152. Similarly, it accurately depicts the associations between
pressure and pCofilin, as well as pressure and G-actin levels in the control case,
under 0.5µM H1152, and 3.0µM GF.

3.4 Conclusive remarks

To summarise, in this chapter a more detailed description was given regarding the
pressure-induced cellular processes that take place during the SMC contraction.
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Figure 3.12: Model predictions against experimental evidence for pMLCP and
pLC20

Figure 3.13: Model predictions against experimental evidence for cytoskeleton
remodelling variables
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An overview was also provided regarding the numerical modelling approach on the
topic. Two models were presented that describe different aspects of the cellular
dynamics during myogenic response. Finally, the novel model developed in the
context of this thesis was introduced.

The proposed model includes all the major pressure-induced intracellular path-
ways found in literature through a logic-based approach. The simulated behaviour
of five different intracellular components well match experimental measurements
across a large pressure range, for physiological and drug intervention scenarios.

The limitations of the model lie on the uncertainties associated to some secondary
signalling connections between cellular components which have not yet been fully
explored. It has been suggested that at intermediate pressure levels, some drug
interventions which inhibit or completely prevent actin polymerisation can also
affect the influx of calcium within the cell [218]. There is also some preliminary
evidence that the calcium waves produced from the sarco-plasmic reticulum can
also regulate the MLCP activity [203]. Due to the lack of further experimental
evidence, however, these suggested associations were considered of secondary im-
portance. Moreover, the proposed model does not include a detailed link between
integrins and calcium sensitisation [219], while it would be a useful addition for
the accurate simulation of drugs that have an impact on the signalling between
SMC and extracellular matrix. Nevertheless, as per the methodology followed
[220, 215], the addition of new components to the framework is something that
is easily achieved. Finally, differences in pressure-induced vasoreactivity between
the resistance arteries and arterioles seem to exist due to different calcium activ-
ity rather than calcium sensitivity [189]. Hence, upon adequate characterisation
of the pressure-calcium relationship, the current model could be also extended to
arterioles.



Chapter 4

Vascular wall mechanics with
active tone generation

In this chapter a methodology for integrating the pressure-induced cellular sig-
nalling model presented in Section 3.3 into a vascular wall model is presented
and assessed. This is achieved by using a strain energy function component that
accounts for the active tone development, connecting the cellular with the con-
tinuum scale.

The description of the proposed methodology is followed with identification and
validation of model parameters. Its steady-state and transient response is assessed
through a number of tests. Furthermore, a sensitivity analysis is conducted on
the temporal parameters to evaluate the dynamic character of the model.

4.1 Modelling tissue contractility

The proposed modelling approach follows the works by Murtada et al. [47, 175,
144, 88]. These are based on the sliding filament theory, in combination with
a Strain-Energy Function (SEF) formulation, as done also in other works [221,
84]. It is worth to mention that there are other reference models describing
tone generation that do not consider active tension as a term within the SEF
[86, 82, 81]. However, in the former approach the active tone contribution can be
integrated in a easy and robust way within a hyperelastic framework.

4.1.1 Background

As mentioned the introduction, the first computational model incorporating the
sliding filament theory was introduced by Hill [80] as a three element model,
and it referred to the striated muscle mechanical response. The Hill model and

76
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its elements can be seen in Figure 1.3 with an explanation of its elements in the
respective chapter. The governing equation is a hyperbolic relationship (v+b)(P+

a) = b(P0 + a) relating the active force P with the velocity v during an isotonic
experiment. The muscle is assumed to be initially contracted isometrically to a
maximum force P0, and the parameters a and b are free parameters, fitted to
experimental values.

Throughout the years, other models used the three-element Hill model to investi-
gate muscle contraction [222, 223, 224, 225]. The machinery underlying vascular
SMC contraction is similar the one regulating striated muscle [47, 226]. Several
models have been developed using the sliding filament theory and the three-
element Hill model as their mechanical part to simulate the response of the vessel
wall during contraction/dilation, as well as an elastic component for the CBs
formed. The chemical part, describing CB formation and cycling, is also modeled
in the same manner, with Hai-Murphy model and its expansions being the most
widely used [227, 192].

4.1.2 Contractile units kinematics

The formulations presented in this section have been puiblished in the work of
Murtada et al. and repeated here for completeness [88].

The basis for the mechanical model deformation is the three-element Hill model,
which appears a common choice for striated and smooth muscles cells. The con-
tractile apparatus responsible for the development of active tone is described as a
network of in series contractile units (CUs). The apparatus is considered in two
configurations: the reference, which is defined as the load-free state, where no
loads have been applied, and the current, loaded, where loads have been applied.
The loads refer to the development of the active tone, which causes a change in
length of the CUs. The respective lengths are defined as LSMC for the reference
configuration, and lSMC for the current one. As active tone is a response that
tends to keep the wall contracted against an increasing tension, the stretch is
below the unit for contraction, i.e. lSMC < LSMC during contraction, while the
opposite is valid for dilation. Since the SMCs of the vessels are aligned along
the circumferential direction [6, 5] this change in length is occurring along the
circumference of the wall, and the ratio of lengths is the circumferential stretch,
i.e. λθ = lSMC/LSMC . It is worth noting here that for resistance cerebral vessels
the axial stretch does not play a significant role on their pressure-induced vasore-
activity [228]. Figure 4.1 illustrates the connectivity of all the parts constituting
a single CU.

Chapter 3 focuses on the biochemical processes that ultimately affect the genera-
tion of active tension. There are two main biochemical contributors to the SMC
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Figure 4.1: Schematic of the cell model (Image taken from [88], permissions
granted from Springer Nature)

contractile state: the the number of CBs (shortening the fibre through power
stroke) and the cytoskeleton stiffness. Unlike the original formulation [88], in this
study only phosphorylated CBs are considered to contribute to force generation,
since the latched state is not explicitly modelled, as its role is not supported by
biochemical evidence. The CBs are considered as elastic elements contrary to the
filaments, which are assumed to be rigid. Therefore, the total stiffness of the CBs
is:

ktCB = 2
Lm

δm
nAMpkAMp, (4.1)

where Lm and δm are the lenth of the myosin and the distance between two
myosin heads respectively as can be seen in Figure 4.1. Moreover, nAMp is the
population of the attached cross bridges as a fraction of the total myosin heads,
and kAMp is the elastic stiffness of the cross-bridges. The stiffness has a multiplier
of 2 because it is assumed that the myosin attaches to two actins (up and down,
Figure 4.1).

The next step is to formulate the stiffness of all the CUs, but first, it is necessary
to define the filament overlap and its function. The actin filament is assumed to
be longer than the myosin filament, and the length at which these two overlap is
defined as filament overlap L0. The overlap of those two defines the maximum
number of attachments that can be made between them, and thus acts as a
regulator of the attached CBs amount. Average filament overlap is defined as
a function of the relative sliding between the two filaments ufs. They are also
dependent on the optimal relative filament sliding uoptfs , which is the relative sliding
for which the distribution is maximised. There are two distributions for the
filament overlap reported in literature, a quadratic [175] and a Gaussian [88],
which are presented in Figure 4.2.
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Figure 4.2: Quadratic and Gaussian distribution filament overlap distribution L0

against relative filament sliding ufs

For the scope of this study, the Gaussian distribution is considered. The overlap
and filament sliding are normalised according to the SMC reference length LSMC ,
and are given by L̄0 and ūfs respectively. The distribution, as a function of the
sliding, is given by the exponential relationship below

L̄0(ūfs) = exp

{
−
(ūfs − uoptfs )

2

2(sf0/Lm)2

}
, (4.2)

where sf0 is a fitted parameter. Now, the total stiffness of any number NCU of
CUs can be defined as

ktCU =
L̄0

2NCU

ktCB. (4.3)

The total deformation of a single CU depends on two characteristics: the elonga-
tion of the attached CBs, uCB, since they are considered elastic; and the deforma-
tion of the cytoskeleton, i.e. the passive surrounding element (pSE), upSE. The
pSE is also considered an elastic element and its stiffness is defined as kpSE. Note
that the stiffness of the pSE is altered by the F-actin, which is related to G-actin
of the chemical model and defined in the next section. The way theF-actin alters
the stiffness of the pSE will be discussed in the next section where the coupling
of the two models is presented. Finally, the total active force, produced by NCU

CUs with their respective pSEs will be

Fa = 2 (uCBNCU + upSE)
ktCUkpSE

2ktCU + kpSE
. (4.4)

For a single cycling CB, an amount of force drives its deformation, the power
stroke. If an attached CB with a stiffness of kAMp elongates a distance ups due
to the power stroke, then the total amount of force driving this elongation is
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the sum of the products of the stiffness times their elongation. For the scope of
this study, the amount of this elongation is assumed to be the same for all CBs.
Hence, the total amount of driving force within a CU caused by the cycling CBs
would be

Fc =
∑

kAMpups = L̄0
Lm

δm
nAMpkAMpups, (4.5)

With the elongations of the pSE and the CBs, and the relative filament sliding
defined, the length of the SMC at the current configuration is the total elongation
with respect to the reference one. For a single CU, the deformation is the sum
of two deformations: the elongation of the CB, and the relative sliding between
the filaments. The sum of all those CU deformations gives the elongation of the
CUs. Finally, the total elongation is extracted if the deformation of the pSE is
added to the elongation of the CUs

lSMC = LSMC + 2NCU (uCB + ufs) + 2upSE. (4.6)

At this point, the density of the contractile fibres is introduced. Let NCF be the
number of contractile fibres per unit of area. Multiplying it with the active force
generated by the CUs, and combining it with Equations (4.3) and (4.6), the first
Piola-Kirchhoff stress Pa is obtained

Pa = (λθ − 1− 2NCU ūfs)LSMC
L̄0(ūfs)ktCBkpSE

2
(
L̄0ktCB +NCUkpSE

)NCF , (4.7)

with the filament sliding ūfs as a variable. The filaments can slide relative to
each other, either because of the cycling of CBs or because of the application of
external loading/deformation. Therefore, total sliding can be seen as the addition
of these two separate deformations. The first is the chemical part, ūchemfs , related
to deformations due to attached CBs and the pSE. The second is the mechanical
part, ūmech

fs , related to the changes in the circumferential stretch λθ. It is assumed
that these two deformations are decoupled, and hence the total sliding between
the filaments is:

ūfs = ūchemfs + ūmech
fs . (4.8)

For the chemical part of the filament sliding, an evolution law is defined to de-
scribe their kinetics. It is, thus

∂ūchemfs

∂t
= β (Fa − Fc) , (4.9)

where β is a time parameter which will be analysed in the following sectios. For
the mechanical part of the sliding, which is defined to take up any changes in the
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stretch, its description in time is

∂ūmech
fs

∂t
=

1

2NCU

∂λθ
∂t

. (4.10)

4.1.3 Constitutive model for tone generation

In Chapter 2 the vascular wall was described as a hyperelastic, fibre-reinforced
material. To include the active tone generation, the total SEF is now decomposed
into two parts

Ψ = Ψp +Ψa, (4.11)

Here, the passive part Ψp is formulated according to Equation (2.47) and accounts
for the stored energy associated with the passive behaviour of the material. The
active part Ψa represents the energy accounting for the in-series CUs with their
pSE. As mentioned earlier in the thesis, the wall of a cerebral vessel is made
mainly by three layers. In the current model only the media layer is considered,
which includes the SMCs.

For the CUs (with their pSEs) a unit vector MCU is introduced that, similar
to the wall model, describes the direction that the CUs are placed. This vector
will be [13] MCU = [0, sinϕ, cosϕ]−1, with ϕ being the angle with respect to the
circumferential direction that the CU fibres have. Though, it is already mentioned
that the SMCs are aligned along the circumferential direction, thus ϕ = 0o, and
the unit vector reduces to MCU = [0, 0, 1]−1.

Introducing the deformation gradient F, the right Cauchy-Green is C = FTF

and, subsequently, the fourth strain invariant is I4 = MCU ·CMCU = λ2θ. Hence,
the relationship between the first Piola-Kirchhoff stress and the SEF is

Pa =
∂Ψa

∂λθ
. (4.12)

The Cauchy stress tensor is derived in matrix form as σ = 2F ∂Ψ
∂CFT − pI, with

p being a Lagrange multiplier that enforces incompressibility [142]. Since all
contraction is being held at the circumferential direction, the radial and axial
components are dropped, and the matrix form reduces to an algebraic one. The
final form of the Cauchy stress developed within the wall due to the active com-
ponent is

σa
θ = λθ

[
(λθ − 1− 2NCU ūfs)LSMC

L̄0ktCBkpSE

2
(
L̄0ktCB +NCUkpSE

)NCF

]
. (4.13)

Through the SEF formulation described by equations (4.12) and (4.13) the active
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behaviour can be combined with the passive one to calculate the total/resulting
response of the vessel.

4.2 Cellular and tissue scales coupling

In this section the coupling of the cell and tissue models is reported, as well as
the details of the numerical procedure. As reported above, the cell signalling
model is used to evaluate the intracellular biochemical processes, and it is com-
bined with the vascular wall model that includes both passive and active tension
development.

Although the chemical model is capable of capturing various drug intervention
scenarios, pressure-induced tone generation remains the main scope of this study.
This active contractility is pivotal in the vascular wall response to the sudden
pressure changes (the myogenic response), as well as in the formation of the basal
vascular tone.

4.2.1 Active tone development

The cell signalling network acts independently from the kinematics of the vas-
cular wall. Thus, the chemical model employed to simulate the cell signalling is
sequentially coupled with the mechanical one that accounts for the wall response
to the pressure stimulus. The cell signalling described in Section 3.3 is stimulated
through a pressure level signal, and the variables ξ5, ξ6 represent the pLC20 and
G-actin levels. The pLC20 role has already been analysed through the formation
of CBs.

The increasing in pressure also leads to increased levels of pCofilin, which down-
regulated the level of G-actin content. Moreover, the PKC pathway also regulates
the G-actin level through the rise in pHSP27 level. The decrease of G-actin
essentially promotes the G-actin to F-actin transition [229], and thus it is defined
that F-actin = 1 − G-actin. With F-actin being a key cytoskeletal component
by which actin polymerisation is promoted [230] and leads to cytoskeleton re-
modeling.

Thus, in terms of mechanical response, these two variables provided by the cell
signalling network at cellular level are of crucial importance. Through pLC20 the
cycling CBs are represented and for its acquisition the new pathways of Ca2+

sensitisation is included. Moreover, the F-actin is the variable that promotes
cytoskeleton re-modeling, i.e. extracellular matrix (pSE) stiffness alteration.

At first, the response of the chemical model for the steady state was tested for a
representative pressure range for cerebral vessels.
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The results presented in Figure 4.3 show the steady state response of the chemical
model with respect to the level of intraluminal pressure. The variables that
are solved for and presented is pLC20 and G-actin, while the level of F-actin
is extracted from the latter. The values of the variables are normalised with
respect to the reference control values. The behaviour of the pLC20 follows the
trend of the respective Hai-Murphy steady state case with the difference that
the sensitisation property makes the calcium level lower for low pressure values,
which is in line with the experimental calcium concentrations examined [151, 176,
189, 190]. As can be seen, for lower pressure values, the CB formation has a low
value and a low gradient for a range up to ∼ 40mmHg followed by a region
where it rapidly increases (from 40 to 80mmHg) and finally reaches a threshold
value where further increase in pressure cannot provide higher CB formation.
Moreover, the sensitisation also makes the transition to the maximum value in a
smoother manner, which is also seen in the experiments. Regarding the F-actin
behaviour, it is observed that as luminal pressure is increasing, it keeps increasing.
This is also in line with the experimental observations showing that higher level
of polymerisation is observed as a result of higher luminal pressure. The steady
state behaviour of the chemical model is of much importance for the coupling
with the mechanical model, since the fine tuning of the mechanical parameters
was conducted with respect to the steady state response.

Figure 4.3: Steady state results of the cell signalling model for different pressure
inputs

The total mechanical behaviour of the vascular wall is finally computed as a
combination between passive and active tone development. These two elements
are put together through the proposed SEF, as reported in Equation (4.11).

As described in Chapter 2, only the radial component of the momentum equilib-
rium equation, since the vessel is considered axysymmetric and the axial stretch is
assumed to be fixed. The equilibrium in the radial direction is given by Equation
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(2.45), repeated here

P − Pext =

Ri+H∫
Ri

(
λθ
∂Ψ

∂λθ
− λr

∂Ψ

∂λr

)
1

λθλzr
dR.

Employing a SEF description of the active tone development has the advantage
that the above equation can be easily manipulated to include the active compo-
nent. Thus, with the distinction between active and passive components through
Equation (4.11), and the set up explained in previous section where the active
component only acts in the circumferential direction (i.e. ∂Ψa/∂λr = 0), the
equilibrium equation is

P − Pext =

Ri+H∫
Ri

(
λθ
∂Ψp

∂λθ
+ λθ

∂Ψa

∂λθ
− λr

∂Ψp

∂λr

)
1

λθλzr
dR. (4.14)

It is reminded here that the passive pressure is ultimately a function of several
variables as explained in Chapter 2. Equation (2.48) is repeated here

Pp = f(A,H,Ri, λz, ω, c, k1, k2, α, ϕ) = P̄ (A, ψ̄).

Where A is the luminal area and throughout this study it is considered the
unknown of the systems set. The thickness H and inner radius of the stress-
free configuration Ri, are constant values and part of some examinations that
will be discussed later in the text. The axial stretch λz is also kept constant, as
already mentioned. The opening angle ω, and the parameters referring to the
passive wall model c, k1, k2, α are variables connected to the constitutive model
and the procedure for their characterisation is also discussed later in the text.

For the active part of Equation (4.14), from Equations (4.12) and (4.7) it is clear
that Ψa is dependent on the circumferential stretch λθ and thus on the lumen
radius, as described above, as well as the normalised relative filament sliding ūfs.
Furthermore, from the definition of the CB elastic stiffness, Equation (4.1), a
dependency on the fraction of attached CBs nAMp is apparent, as well as on the
extracellular matrix stiffness kpSE. The fraction of the attached CBs nAMp within
the CU is the number of the phosphorylated light chains pLC20 (ξ5 of the cell
signalling network model) and is directly input from the chemical model solution.
The cytoskeleton remodelling, as mentioned in Section 3.3, is affected by the level
of F-actin developed within the cell. A Hill function was employed to model the
effect of F-actin on the pSE stiffness

kpSE = k̄pSE
(1− ξ6)

nAC

(1− ξ6)nAC +KnAC
AC

, (4.15)
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where the k̄pSE is the mean value of the stiffness, and as explained, since ξ6 is
the level of G-actin, the respective level of F-actin is computed as 1 − ξ6. The
constants nAC , KAC are fitted parameters, and will be discussed in next sections
on the methodology followed for their acquisition. Through this expression, a
dependency on the F-actin level is introduced to the behaviour of the extracellular
matrix stiffness, which is dictated by the experimental findings [48, 49] and was
modelled in the cellular model. Overall, the stress generation due to the active
part is a function of another set of parameters.

Pa = f(ri, ūfs, ξ5, ξ6). (4.16)

4.2.2 Solution procedure

The chemical and mechanical models are sequentially coupled. This means that
the first step of the solution is to solve the chemical model using the pressure
input. The output of the chemical model is then passed into the mechanical one.
In brief, solving the Equations (3.12) – (3.18) provide the chemical output, and
then using its results, computing the luminal area through Equation (4.14), the
response in terms of inner diameter can be acquired since a circular cross-sectional
area is considered, i.e. ri =

√
A/π.

To find the area using the pressure equation requires the solving of the equation
P = Pin where P is the pressure integrated along the thickness, and Pin is the
inner pressure which is a boundary condition for the problem. Note here that
the external surface pressure which is in the left-hand side of Equation (4.14)
is considered as the reference pressure, and thus set to zero. Essentially, the
strategy for the lumen area computation is to find the lumen area for which the
pressure developed by the wall is equal to the pressure boundary condition.

For the passive part, this procedure was mentioned in 2.4.4, and is also described
in the work of Coccarelli et al. [123]. When the active part is considered too, it
adds an additional equation to be solved simultaneously for the acquisition of the
area (or radius). Consequently, the equations to be solved are given by equations
(2.48) and (4.16). Equation (4.16) shows that the active pressure generated is
dependent only on the relative sliding ūfs. The equation given for the ūfs is given
by equation 4.8. It is considered that ūfs is evaluated with an averaged stretch
along the thickness, which represents the mean filament sliding across the wall.
For the solution, Equation (4.14) is re-arranged, and expressed as a function of
the area (or radius)

ri = f(P, ūfs), (4.17)

where the second equation that completes the system is given by the Equation
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(4.8), with ūfs = f(ūfs, ri). Note here that ūfs is also dependent on the chemical
part, but chemical and mechanical models are sequentially coupled, the variables
ξ5 and ξ6 are produced independently to the mechanical system. The procedure
is described in more detailed in the next lines.

This is a highly nonlinear problem and is solved again by employment of the
Levenberg–Marquardt algorithm of the least squares method family through the
non-linear solver root included in scipy library in Python environment.

In order to compute the filament sliding as the second equation for the system,
the time derivative of Equation (4.8) is used with the expressions described in
Equations (4.9) and (4.10). To include the differential equation into the system,
a temporal discretisation needs to take place. This is achieved with the implicit
backward Euler scheme, which is unconditionally stable with respect to the time
step employed, and its accuracy is second order. Let tn−1 be the previous time
step, for which all values are known, and tn the current one. The integration
takes place within this time period ∆t = tn − tn−1. The backward Euler scheme
for the chemical part, based on Taylor series expansion on the neighbourhood of
t = tn, will be

ūchemfs,n−1 ≡ ūchemfs (tn −∆t) = ūchemfs (tn)−∆t
∂ūchemfs

∂t

∣∣∣
t=tn

+O(∆t2)

ūchemfs,n = ūchemfs,n−1 +∆t · β(Fa,n − Fc,n), (4.18)

where the subscripts n, n−1 denote the time at which the functions are evaluated.
In a similar manner, the temporal discretisation for the circumferential stretch
that is included in the mechanical part, as well as the approximation of the
mechanical part will be:

∂λθ
∂t

≈ λθ,n − λθ,n−1

∆t
, (4.19)

ūmech
fs,n = ūmech

fs,n−1 +
1

2NCU

(λθ,n − λθ,n−1). (4.20)

Using the assumption of independence of the two components of the relative
sliding, i.e. ūfs = ūchemfs + ūmech

fs , the final expression for the derivative becomes

ūfs,n = ūfs,n−1 +∆t · (Fa,n − Fc,n) +
1

2NCU

(λθ,n − λθ,n−1). (4.21)

Figure 4.4 illustrates the structure of the solver of the system to finally acquire
the lumen area and the relative sliding. All formulations in the above equations
refer to the general transient case. At first, the solution procedure was employed
to test arterial rings for their static solutions. This can be considered by setting
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all the transient parts equal to zero.

Figure 4.4: Structure of the solver set up to find the lumen area and relative
sliding

As an input, the intraluminal pressure is given, and the schematic describes the
strategy of the solver after the solution of the chemical part, which are the inputs
nAMp (ξ5) and F-actin (ξ6). Also, the axial stretch is considered as an input since
it is constant for the scope of this study. The procedure is divided into the passive
and active components. The system is solved with respect to A and ūfs, and the
criteria for convergence is the pressure input and computed values to be equal,
and the solution of the relative sliding equation. Every parameter that is omitted
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from the schematic is considered constant due to the large number of parameters
needed.

In more detail, the solution is initiated by assuming an initial value for the lumen
area and the relative sliding. For this study, the lumen area is initiated with the
stress-free area Ainit = πR2

i , and the relative sliding as ūfs,init = 10−3. Note that
for ūfs a low positive value is set because after some examination, setting an initial
value of zero produced some instabilities. The integration of Equation (4.14) is
computed by means of Simpson integration rule, dividing the thickness into five
equal segments. Through the lumen area, the radial and circumferential stretches
λr, λθ are calculated, which allow for the calculation of the strain invariants I1, I4,
which allow for the integration of the passive part. The active component is input
with the level of F-actin and the extracellular matrix stiffness is computed from
Equation (4.15). For the calculation of Fa and Fc, apart from kpSE, the fraction of
attached heads nAMp is also input. ūfs is input to the Fa and Fc expressions too.
Furthermore, this is the part where the average circumferential stretch is also
included in the computations. This way, the value of ∂Ψa/∂λθ can be included
for the integration, and it is passed as a thickness-averaged value. Finally, the
pressure and relative filament sliding are integrated and the area and sliding is
updated until convergence.

4.2.3 Strategy for model parameters identification

Also here, the parameters of the mechanical model needed to be identified. This
was achieved through an optimisation procedure, in the same manner to the
chemical model, through the CMA optimisation algorithm from the cma library
in Python. Here the parameters of the chemical model that were identified in the
previous chapter are considered.

The following parameters were included in the fitting process for the active and
passive responses. For the active response these were: the power stroke elongation
distance ups; elastic stiffness of the cross-bridges kAMp; the mean value of the pSE
stiffness and the two fitted parameters k̄pSE, nAC , KAC ; and the optimal filament
sliding as well as the fitted parameter for the filament overlap ūoptfs , sf0. The
passive response at this stage was optimised by considering the hyperelastic model
parameters c and α. For the geometry of the vessel, the LF thickness-medium
radius ratio hw, the axial stretch λz, and the κ parameter associated to residual
stresses were also optimised. The fibre angles of the collagen fibres were assumed
to be zero at this stage for simplicity.

An indicative experimental work that uses both the active response and the drug
intervention case is the one conducted by Johnson et al. [177]. This work exam-
ines rat cerebral vessels which is in line with the values extracted for the chemical
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model. The optimising process was set up to minimise an error similar to the
chemical model, for a range of luminal pressure inputs:

e =

√√√√ N∑
k=1

(
dexp
o,k − do,k

dexp
o,k

)2

(4.22)

Here, the outer diameter was set as the target. The error between the experimen-
tal measured value dexp

o and the model computed one do was minimised for the
control, drug intervention, and the extracellular (purely passive) calcium removal
cases simultaneously for the range of k pressure values. A summary of all the
model parameters, their values and the method of acquisition is shown in Table
4.1.

Table 4.1: Summary of mechanical model parameters used and the method for
their acquisition (assumed, found in literature, or fitted).
Parameter Description Value
Geometry
R′

o (cm) Load-free outer radius 0.1 (assumed)
hw (−) Load-free thickness-medium radius

ratio
0.299 (fitted)

λz (−) Axial stretch 1.179 (fitted)
κ (−) Circumferential pre-stretch 1.373 (fitted)
Passive response
c (dyn/cm2) Material constant 3.38 · 104 (fitted)
k1 (dyn/cm

2) Material constant 3.15 · 104 [144]
k2 (−) Material constant 0.262 (fitted)
ϕ (deg) Fibres orientation angle 0 (assumed)
Active response
NCF (1/cm2) Number of CF per unit area 2.44 · 1010 [88]
LSMC (cm) SMC length 0.01 (from [88])
Lm (cm) Myosin filament length 3.0 · 10−5 [88]
ups (cm) Average elongation caused by

power-stroke
9.398 · 10−7 (fitted)

kAMp

δm
(dyn/cm2) Cross-bridge elastic stiffness per

distance between myosin monomers
9.808 · 106 (fitted)

ūoptfs (−) Normalized optimal filament sliding 1.19 · 10−1 (fitted)
sfo (cm) Filament overlap scaling factor 1.732 · 10−8 (fitted)
k̄pSE (dyn/cm) Actin cortex stiffness scaling factor 4.34 (fitted)
nAC (−) Actin cortex activation function co-

efficient
1.876 (fitted)

KAC (−) Actin cortex activation function co-
efficient

5.203 (fitted)
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4.3 Pressure-induced wall behaviour

In the previous section, the coupling of the cell signaling model with the chemo-
mechanical one was discussed. Both models were fitted independently against ex-
perimental data found in the literature. The behaviour of the chemo-mechanical
model was compared with experiments in small rat cerebral vessels found in the
work of Johnson et al. [177]. The fitting of the model was carried out against
three cases simultaneously: i) the control case, which is the physiological vessel
response; ii) the passive case, for which the extracellular calcium was removed
and thus, there was no cross-bridge formation and the vessel responded as a pas-
sive material; iii) H1152 drug intervention case, where some specific pathways
of the cell signalling model were inhibited, and thus the vessel active response is
modulated.

The assessment begins with the evaluation of the steady-state, where the vessel
is inflated statically, and then moving to the transient one, where the factors that
affect the dynamic character is discussed.

4.3.1 Steady state behaviour

Beginning with the static inflation tests, in this part, the steady-state response
produced by the developed models is presented to validate the global methodol-
ogy. For this tests, a single ring was considered, which was inflated with several
pressure values over the physiological range, under fixed axial stretch.

For the study, two groups of vessels were considered, similar to the work of John-
son et al. [177]. The vessels differ in diameter, with the second one being larger
by 15%. The first vessel was considered to have an LF radius of 0.01 cm, and
the second 0.0125 cm. The first vessel will be the baseline, as it is also used
later in the thesis. The two arteries were also used to simulate their behaviour
in response to addition and removal of vasoactive substances. The results that
are presented examine both the validation of the optimised parameter setup as
explained in Section 4.2.3, as well as the prediction ability of the (fitted) model.
The validation set refers to the baseline vessel for the control, calcium-free and
H1152 pharmacological intervention cases and is the set that the parameters of
the structural model is fitted against. The prediction set refers to the larger vessel
(0.0125 cm) for the control, calcium-free, and GF drug intervention case.

The results are separated in three parts. The first part shows the validation set
(baseline vessel) for the control and calcium-free cases. The second one shows
again the control and calcium-free cases, but for the second vessel group (as
described above), which evaluates the prediction ability of the model. Finally,
the third part includes all the drug intervention cases, whether the model is
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fitted against it (H1152) or not (GF). It is noted that the pressure input for
the simulations to follow ranges from P = 10mmHg to P = 100mmHg in 6

increments.

Regarding the computational aspects, the time needed to complete all 6 pressure
increments in these steady state simulations was ∼ 3 s. It is noted that the
computational time of the same simulation without considering the active part is
∼ 1 s. This indicates that the active part introduces a significant computational
effort to the simulations.

Validation results of the model

At first, the baseline vessel results are presented, for the passive and active
cases. All results were acquired by using the model presented in the previous
section, with the optimised parameters for both models (cell-signaling and chemo-
mechanical). The passive case is achieved experimentally by removing extracellu-
lar calcium, which is the main responsible factor for the formation of cross-bridges
in the SMCs. Numerically, this is achieved by inhibiting the pathways that lead
to the development of the cross bridges, i.e. χ1, χ3, χ5 in Figure 3.10.

The response acquired by the full model regarding the vascular wall behaviour
is shown in Figure 4.5. Since the models were fitted against the experimental
results a comparison is shown in the plots. It is seen that the fitted model is
approaching very closely the experimental results in both cases. It is reminded
here that the objective function to be minimised, was the error between the
experimental values and the model prediction, and it was formulated to include
both cases (active, passive) seen in Figure 4.5. The experimental results are
reported with a standard deviation, which is also present. This deviation is not
small, and it shows that the vessel group studied can vary in terms of response.
With this deviation considered, the behaviour extracted is very accurate. The
diameter of the actively contracted vessel is significantly reduced compared to the
passive one. Since the experimental and simulated protocol consists of inflation
tests, the response shown by the active model represents the myogenic response.
As the pressure takes higher values, the SMCs form the cross bridges, resulting
into the development of the active tone in order to maintain the vessel diameter
to a lower level.

Prediction ability

The prediction ability of the chemo-mechanical model was also tested. The cell-
signaling model was fitted against all three cases: control (active), and two
drug intervention cases. The chemo-mechanical model, however, was only fit-
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Figure 4.5: Pressure – Diameter results of the developed vascular wall model
compared to experimental values from [177]. Left: active response; Right: passive
response

ted against the response of the baseline vessel for active, passive, and one drug
intervention case. To investigate its ability to predict the behaviour of different
vessels, the second vessel group is introduced. To that end, all the optimised
parameters were kept as fitted for the baseline, and only the geometrical charac-
teristics were changed (Rref and H). Similarly to the baseline, for this group the
active and passive responses are simulated.

The results of the second vessels group is shown in Figure 4.6. It is seen that the
active case has a very good agreement with the respective experimental findings.
The passive behaviour, however, has a significant error increase. This model
results for the passive one can be explained through the larger number of pa-
rameters of the active tone development within the SEF, and hence the fitting
of those parameters. When the myogenic tone is absent, the material has to be
identified through a minimal set of parameters set to describe its properties. This
set was even smaller than the sets fitted for the work described in Section 2.5.
This minimal set is probably not sufficient enough to describe accurately the pas-
sive response isolated. On the other hand, while the active tone development is
fitted against the baseline vessels group, it is proved sufficient enough to describe
the active response of a different sized vessel. This also is an indicator that the
myogenic tone development is a dominant mechanism when it comes to vascular
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wall characterisation, which affects the wall response much more than its passive
(material) properties.

Figure 4.6: Pressure – Diameter results of the developed vascular wall model com-
pared to experimental values from [177]. Second vessel group (Rref = 0.0126 cm).
Left: active response; Right: passive response

Pharmacological intervention cases

In the work of Johnson et al. [177], this first (baseline) vessels group is also
tested by applying a vasodilator, H-1152 dihydrochloride (H1152). This sub-
stance causes causes an inhibition of the ROK pathway (ξ1 in Figure 3.10). As it
is already presented in Chapter 3, the inhibition of this pathway affects the cross
bridge formation by reducing their fraction through a reduced level of pMLCP.
Moreover, the level of pCoffilin is also reduced, leading to a lower G-actin poly-
merisation. Furthermore, in the study, another vasodialator is applyed on the
second vessels group, the PKC inhibitor GF109203X (GF). This substance is
expected to inhibit the function of the PKC pathway, and hence prevent the
cytoskeleton remodelling.

Numerically, these interventions are modelled by fixing the value of an internal
variable. This way, the cellular signalling is manipulated. For the case of H1152
(0.3µM) the variable ξ1 is set 0.12, and it affects both the polymerisation and
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the cross bridge formation. For the case of GF (3.0µM), the network variable ξ2
is set to 0.1.

For simulating the drug intervention cases, the optimised cell-signalling model
for each case was employed, as it is described in Chapter 3. The chemical model
was then coupled with the chemo-mechanical model. For the chemo-mechanical
model, the parameters, again, were the ones optimised for the baseline vessels
group behaviour and were not altered. Following the experimental work, for the
H1152 intervention case, the baseline vessels group was used, while for the GF
intervention one, the second group was considered.

By applying a vasodilator to the vessel an inhibiting the ROK pathway, a restric-
tion in the active tone development is achieved. This is reflected in Figure 4.7,
since the contraction with H1152 is much lower than the active one. The H1152
addition aims to clarify the effect of the specific pathway to the overall contractile
behaviour. It is seen that the ROK pathway contribution is a significant one as
it affects both the cross-bridge formation level, and the stiffening of the vessel
through cytoskeletal remodelling. The developed model was able to approach the
response of the H1152 with accuracy too.

Figure 4.7: Pressure – Diameter results of the developed vascular wall model com-
pared to experimental values from [177]. Drug intervention case. Left: 0.3µM
of H1152; Right: 3.0µM of GF

On the other hand, from Figure 4.7 it is also observed that the GF intervention
is not captured very accurately by the model. This may be explained by the
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fact that the second group of vessels was employed for this intervention. As can
be seen from Figure 4.6, the passive response of this group is overestimated by
the model. Considering that the GF case is also overestimated for pressure level
> 50mmHg, and this intervention is inhibiting the active tone development, thus,
what is reflected in this overestimation is this discrepancy of the passive response.
Moreover, it is noted that the available experimental data for the GF intervention
were much less than those for the H1152 case, which is also an aspect that causes
the lack of accuracy. However, the GF case prediction by the model lies within
the limits of the statistical error produced by the experiments.

The impact of pressure-induced signaling pathways on the stiffness of CUs and
the pSE is further explored in Figure 4.8. As expected, the absence of extracel-
lular calcium has a limiting effect on pressure-induced contractile unit stiffness.
Meanwhile, the behavior of the pSE closely mirrors that of the control case. In-
terestingly, both drug interventions result in an almost complete nullification of
pSE stiffness across the entire pressure range.

Figure 4.8: Role of luminal pressure on total contractile unit stiffness and passive
surrounding element stiffness. All stiffness parameters normalised with respect
to the corresponding control value. Left: CU stiffness; Right: pSE stiffness

On the other hand, inhibiting the ROK pathway restricts pressure-induced CU
stiffness, but the case of GF exhibits an increase in stiffness under pressure.
Surprisingly, this increase is even slightly higher than that observed in the control
scenario. This discrepancy may be attributed to the difference in uoptfs between
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the GF and control cases, highlighting the interaction of factors influencing CU
stiffness.

While the numerical findings presented here may offer intuitive insights, it is im-
portant that further experimental studies are conducted to validate these observa-
tions. The complexity of the interrelationships between pressure, signaling path-
ways, and cellular structures requires a comprehensive experimental approach for
a more holistic understanding of the underlying mechanisms.

4.3.2 Transient behaviour

After studying thoroughly the steady state response, and validating it against
experimental data, in this section the transient behaviour is presented.

The total response of a given vessel is the results of the two models which are
sequentially coupled, the chemical (cell-signalling) and the chemo-mechanical.
From the formulation of those models, there are two parameters related to the
transient behaviour, one in the cell signalling model (τi) and one in the chemo-
mechanical (β). For the studying the transient character, the change of response
according to those temporal parameters is necessary, and it is the topic of this
section.

It is important to highlight here that due to lack of experimental data defining
the dynamic character of the intracellular processes, for this thesis the temporal
parameters of the chemical model τi are all assumed to be the same and equal to
τ .

The interest of this model response is the the pressure-induced active tone de-
velopment. In order to evaluate the model response along the whole pressure
range set for its adjustment, in a transient manner, five pressure increments were
chosen, and a time period was allowed with constant pressure. In more detail,
the boundary setup starts at P = 20mmHg, with an increment step of 20mmHg.
The pressure elevation is occurring as a stepped function, so the experimentally
applied pressure is simulated. Finally, a time period of t = 20 s was chosen for
each pressure increment.

Regarding the computational aspects of the simulations, it is reported that for
these simulations, as can be seen in the plots that follow, the total simulated time
was 100 s. Two time steps were used in order to assess the computational time. At
first, a dt = 10−2 s (10, 000 iterations) was chosen, and the total computational
time was ∼ 3.5min. Then the time step was further reduced to dt = 10−3 s

(100, 000 iterations) which drastically increased the computational time to ∼
30min. The second time step was chosen because the fluid model, which is
presented in the next chapter, requires a significantly low time step. It is reminded
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that the following simulations only consider a single arterial ring (equivalent to
one node in finite elements). For the solution of the initial time step (here for
P = 20mmHg), the steady state solution given from the analysis shown in Section
4.3.1 is used. At first, the output of the chemical model is presented with its
pressure inlet.

In Figure 4.9 the results of the chemical model are presented, along with the
pressure input. For those initial results, the temporal parameter τ was kept
to 1 s−1. Regarding the cross-bridge formation, It is reminded here that the
maximum value for the pLC20 is set to 0.55. It is seen that this maximum value,
or the saturation point of the cross bridges is almost reached at P = 80mmHg.
It is also observed by the results, that a smooth transition is occurring with
each pressure increment, which takes some seconds until the system reaches to a
steady state. The steady state values are the ones presented in Chapter 3. The
cell signalling model is undergoing a transition which lasts for about ∼ 5 s after
each pressure alteration.

Figure 4.9: Pressure boundary condition setup and output of the chemical model
for the transient case. Top: pressure input level; Bottom: output of the chemical
model. Only the variables that are input to the chemo-mechanical model pre-
sented, i.e. the fraction of cross-bridges formed pLC20 and the F-actin (G-actin)

After the cell signalling response, it is feasible to move to the vascular diameter
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response with this pressure input.

Figure 4.10 shows the results acquired for the two vessel groups investigated in
4.3.1, which align with the work of Johnson et al. [177]. Following the same
rationale with the cell signalling model for the temporal parameter, these results
are for β = 1.616 · 104 s−1, which is reported in the work of Murtada et al. [88].

Figure 4.10: Outer diameter and relative filament sliding results for the pressure
setup of Fig. 4.9. Results for both vessel groups as they were presented in 4.3.1

A first observation of the results shown in Figure 4.10 top plot, is that the tran-
sient character of the actively contracted vessel diameter is dominated by the
cell signalling model. This can be seen from the time periods that the vessels
need to be contracted to their steady state values. This observation shows that
the chemical part of the active tone development is the dominant one, compared
to the mechanical one, which is represented by the umech

fs term in the relative
filament sliding, and is related to the alteration in the circumferential stretch of
the vessel. A more detailed comparison of these two terms is presented in the
sections to follow.

Another observation can be made about the relative filament sliding ufs, which
is the bottom plot of Figure 4.10. As explained in 4.3.1, the parameters of the
chemo-mechanical model is not changed for the two vessel groups. With this
setup, it is seen from the results, that the difference of those two vessels is only
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in terms of value of the diameter, and not to any other qualitative aspect of the
transient response. This is proved by the relative sliding those two vessels are
presenting. The relative sliding between actin and myosin filaments for these
groups is exactly the same. For this relative sliding itself, it is seen that it grad-
ually increases as the pressure level elevates. During a sudden pressure increase,
the sliding is similarly suddenly increased, followed by a decrease. This sliding is
defined by the difference in forces acting on the tissue, and initially it follows the
elongation caused by the sudden increase in pressure. In time, the cross bridges
starting to form, with the contribution of the chemical model, and the driving
force of the bridges resists the force of the tissue deformation. In a similar man-
ner, the force of the cross bridges becomes greater, until the system is balancing
to the steady state value. This change of balance is ultimately responsible for the
diameter behaviour seen in the top plot of Figure 4.10.

Next, both vessel groups were compared to the respective passive cases in order
to assess the effect of myogenic response in the constriction of arterial wall.

Figure 4.11 shows a comparison for both vessel groups against their passive be-
haviours. The passive response was achieved as presented in the previous section.
The plot above clearly shows that the pressure-induced tone manages to constrict
the vessel as a response to elevation of pressure. It is seen that a vessel without
considering the active mechanism just follows the pressure increase. In contrast,
when myogenic response is introduced, there is an active reaction of the vessel.

Overall, it is observed that the transient behaviour of the model is indeed ap-
proaching the functioning of a vessel responding to a sudden increase in pressure
with the myogenic tone activation.

Impact of cellular signalling temporal parameter on model dynamics

Since the scope of this thesis is the qualitative assessment of the pressure-induced
active tone development, following the initial transient results acquired from the
model, it is necessary to investigate the dynamic characteristics produced by the
developed models. The tone activation, and ultimately the constriction of the
tissue is a process that is occurring within few seconds [37, 34], but the exact
timing is not defined in a deterministic way, and varies along different vessels and
conditions [231].

In this section, the effect of the temporal parameters of the cell signalling model
to the tissue mechanics response is evaluated. This is achieved through keeping
every other parameter of the model constant, as shown in Table 4.1, and varying
the parameters τ of the cell signalling model. The maximum variation is one
order of magnitude higher and lower. This variation proved to cover all the range
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Figure 4.11: Outer diameter results for active and passive vessels. Both vessels
(baseline and group 2). Pressure setup of Fig. 4.9.

of the dynamic responses.

As already explained, for the analysis it is assumed that τ is the same for Equa-
tions (3.12) – (3.18). In reality this is not true, because the time required for each
(de)phosphorylation, or increase/decrease in concentration due to the intracellu-
lar signalling may vary. There are different times for all the signalling pathways
that may depend of the medium of the signal transition and the complexity of
the mechanism. However, there was no available data that would support such
a temporal separation of each internal process, and hence, the simplest approach
was chosen. At first, the different responses of the cell signalling model alone is
presented.

Figure 4.12 shows the transient response of the cell signalling model with respect
to different values for the temporal parameter τ , and all other parameters kept
constant. It is reminded that the temporal term is 1/τ (s−1). It is observed
from the plot that as τ is increased, and thus the temporal term decreases, the
transition between the steady state values takes longer to occur. On the other
hand, as τ decreases, and thus the temporal term decreases, the transitions occur
more rapidly. It is also seen that for τ = 10 s the transition is occurring slow, and
the time period of 20 s is not enough for the model to reach the steady state value.
Contrary, when τ = 10−1 s the transition is happening almost simultaneously.
This parameter to describe the dynamic character, as well as the consideration
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of a single τ for all the ODEs is the most simplistic approach that could be
considered, given the lack of data.

Figure 4.12: Transient results of cell signalling model. Investigation of response
for different temporal parameter τ

The range of τ of Figure 4.12 were then imposed to the chemo-mechanical (base-
line) model in order to assess its effect on the dynamic response of the mechanical
part.

In Figure 4.13 this response of the mechanical model with respect to all the τ
range is presented. Again, it is observed that as the cell signalling temporal term
tends to lower values, the transition is occurring more slowly, and at the most
extreme case (for this range), the diameter has not converged to its respective
state value before the pressure is elevated again. In contrast, when the temporal
term tends to higher values, the contraction of the vascular wall occurs in a rapid
time frame.

This temporal parameter investigation provided very useful insight in terms of
timing of the active tone development. Even with this approach of 1/τ it is the
control parameter for the quickness of the tone development and is able to provide
intuitive insights on the vessel response.
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Figure 4.13: Model results on vessel diameter for different τ parameter of the cell
signalling model

Impact of chemo-mechanical model temporal parameter on model dy-
namics

After assessing the effect of the temporal parameter of the cell signalling, the
temporal parameter incorporated within the chemo-mechanical model needs to
be investigated.

The temporal parameter of the chemo-mechanical model β is incorporated in the
evolution law employed for the chemical part of the relative filament sliding, i.e.
Equation (4.9). From the formulation ∂ūchemfs /∂t = β(Fa − Fc), it is seen that
it is incorporated in the same manner as the τ for the cell signalling model, as
a constant that defines a dynamic response. In a similar rationale as the cell
signalling model, to identify its effect on the dynamics of the overall response,
a range was given at this temporal parameter β. The variation was carried out
around the baseline value of β = 1.616 · 104 s−1, which is the value found in the
work of Murtada [88].

Figure 4.14 shows all the different dynamic responses acquired by varying the
β parameter of the chemo-mechanical model. The variation here was made by
decreasing an order of magnitude for each different case, since it was found that
changes of this level have visible differences. Furthermore, by experimenting with
the values of the investigation, it was shown that further increase in the β term has
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minimal effect on the response, so they were omitted from the plot. Furthermore,
from Equation (4.8), the relative filament sliding is composed by two component,
the chemical and the mechanical. As first results, since the temporal parameter
is present only in the chemical part, the response acquired by considering only
that component is shown in Figure 4.14. Moreover, in order to showcase the
differences in the response, the plot is focused on two pressure changes.

Figure 4.14: Investigation of temporal parameter β of the chemical model. Focus
on the transition from P = 60mmHg to P = 80mmHg (t = 60 s to t = 80 s) and
P = 80mmHg to P = 100mmHg (t = 80 s to t = 100 s). Only ūchemfs considered.
Top: diameter results; Bottom: relative filament sliding results (chemical com-
ponent)

It is observed that as β is decreased, the vessel tends to dilate less before it
contracts. This is justified by the ūchemfs plot for the relative sliding, where the
sliding is less for lower temporal parameter values. However, the time needed to
converge to the steady state value does not seem to change much for different β
values.

Chemical and mechanical contributors to the contraction

Next, the effect of the combined mechanical and chemical part is assessed, as
computed from Equation (4.8). The mechanical part is added to account for
the deformations produced by the change of the circumferential stretch, and it is
expected to alter the total response of the vessel.
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To assess this effect, the same cases for the β parameter was set, so a direct
comparison is feasible.

In Figure 4.15, the setup is exactly the same as Figure 4.14, but the relative fil-
ament sliding is calculated as the sum of chemical and mechanical terms. Quite
interestingly, the opposite behaviour than the one with only the chemical com-
ponent is observed. It is seen that as the temporal constant β decreases, now the
total response is dilating more before it contracts. This is also reflected from the
ūchemfs + ūmech

fs term in the bottom plot of the Figure. Unlike the respective slid-
ing of the chemical part, now the sliding tends to higher values as the temporal
parameter β tends to lower values. This behaviour implies that the mechanical
part is significantly contributing to the overall active response of the vessel.

Figure 4.15: Investigation of temporal parameter β for the chemical and mechan-
ical parts. Focus on the transition from P = 60mmHg to P = 80mmHg (t = 60 s
to t = 80 s) and P = 80mmHg to P = 100mmHg (t = 80 s to t = 100 s). Top:
diameter results; Bottom: relative filament sliding results (chemical component)

From the investigation of the temporal parameters, it can be extracted that the
two terms of the two sub-models (chemical, chemo-mechanical) control the dy-
namic behaviour of the response. On the one hand, the cell signalling model
can define the time needed for the vessel to reach its steady state value, while
the chemo-mechanical model defines the amount of dilation of the vessel until
it contracts. Furthermore, the characterisation through analysing the temporal
parameters of the employed models can capture the dynamics of physiologically
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interpretable parameters, like the CB formation, the extracellular stiffening or
the filament sliding.

4.4 Conclusive remarks

In this chapter, the mechanics of the vascular wall of a cerebral vessel were exam-
ined. The analysis considered both the passive and active material behaviours.

The static and dynamic response of the newly developed cell signalling and chemo-
mechanical model were presented. At first, the steady state response was pre-
sented for the control and passive cases, as well as for two drug intervention
cases, for two vessel groups. The results showed a very good agreement with the
respective experimental ones, especially for the optimised vessel.

The inclusion of additional signalling pathways (via the signalling network re-
ported in the previous chapter) that ultimately affect the CB formation, as well
as the cytoskeleton re-modeling process which affects the passive matrix of the
cell have a significant impact on the final response of a vessel in terms of active
tone development.

Finally, the dynamic response of the vessel was assessed, and the temporal param-
eters that define the dynamic characteristics of the response were investigated.
It was found that with a combination of adjustments of the chemical and chemo-
mechanical model temporal parameters, the exact dynamic response of the vessel
can be achieved.



Chapter 5

Blood flow in self-regulated
vessels

As discussed in previous chapters, the vessels of interest in this work are medium
and small cerebral arteries. In particular, the focus of this thesis lies in the
vascular region between the middle cerebral artery (MCA) downstream and the
capillary level. The cerebral vascular network terminates in the capillaries, where
the organs receive oxygen and nutrients through microcirculation. Microcircula-
tion is highly affected by upstream haemodynamic conditions and therefore cere-
bral blood flow through small and medium vessels is of critical importance for
brain function and viability [37]. Both developed models (chemical and chemo-
mechanical) [212] described in the previous chapters aimed to describe and eval-
uate pressure-induced vascular tone generation in cerebral vessels, which has a
significant effect on the distribution of blood flow across the vasculature [231, 232].

This chapter focuses on the blood flow control achieved through myogenic mech-
anism. The vascular wall model described in Chapter 4 is combined with the 1D
fluid solver introduced in Chapter 2 into an FSI framework.

The interest here lies on the impact on blood flow development due to changes in
systemic/upstream pressure and the constriction/dilation produced during myo-
genic response. To that end, three pressure boundary configurations were set.
The first is to assess the flow development under a fixed pressure drop across the
vessel. The second one fixes the outlet to a certain pressure and varies the inlet.
These two configurations are aiming to simulate in-vitro conditions, this allows
the isolation of the vessel from any upstream/downstream effects. The final one
aims to vary both inlet and outlet, which better represents in-vivo conditions,
which will include the effect of downstream vasculature.

In the first part, the strategy for coupling the structural model with the fluid
solver, and the solution procedure are reported. Next, the results for steady state
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conditions are presented, which examine the first two pressure boundary condi-
tion configurations described. Next, an examination of the effect of geometrical
features on the solution is carried out. Finally, the transient conditions are inves-
tigated and discussed, followed by the inclusion of the downstream circulation.

5.1 Coupling the fluid and structural domains

As reported in Chapter 2, the fluid solver used in this thesis is a reduced order
model using a 1D representation for blood vessels with a PQ formulation of
the Navier-Stokes equations. The system produced by the linearised equations
has both pressure and flow fields as unknowns. To evaluate these, an iterative
procedure needs to be used. The final form of the system solved is the following

KPn+1 = fn +Qn+1, (5.1)

here, to be consistent with equation (2.70), K = [−G−1F] and f = [−G−1hn].

The interest of this thesis lies in the definition of the flow response in changes
in pressure, so the myogenic response can be examined. This requires a control
over the pressure applied on the vessels. Implicit pressure boundary conditions
are achieved by applying Dirichlet boundary conditions to the system, unlike the
original formulation [149]. To demonstrate the application of pressure boundary
conditions, a four-node vessel is assumed, for which the equation (5.1) in matrix
form would be
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. (5.2)

If the pressure is prescribed at the beginning and end points of the vessel, that
would mean that the values of the boundaries are P1 = Pin and P4 = Pout.
Moreover, as explained in Chapter 2, all internal flow values cancel each other,
as they represent mass conservation. In this way, when the pressure is prescribed
at the inlet and outlet, the flow vector would ultimately be a zero vector for the
internal nodes. With Dirichlet boundary condition elimination, the values of the
internal pressure nodes will be given by[

k22 k23

k32 k33

][
P2

P3

]n+1

=

[
f2

f3

]n
−

[
k21Pin + k24Pout

k41Pin + k44Pout

]n+1

. (5.3)
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The above, again transformed into vector form, means that the solution does not
involve any flow rate value of the current time step, and is given by

KPn+1 = fn. (5.4)

Once the pressure field is computed, the flow field is extracted by again solving
(5.1) for the flow vector, which would be

Qn+1 = KPn+1 − fn. (5.5)

The vessels are considered compliant [149, 97]. The computation of the vessel
compliance is carried out through equation (2.75) proposed by Carson [125], as
presented in the relevant chapter. The equation is repeated here for completeness

CA =
2ϵ

P (A+ ϵ)− P (A− ϵ)
, (5.6)

where ϵ = 10−6 is in line with previous work [123].

For the studies that follow, the active tone is evaluated at vessel level (and not
at nodal level) by considering the pressure at the inlet of the vessel. This choice
was made for reducing the computational cost, which was significantly increased
with the implementation of the active part. This choice is also discussed in the
conclusive section of this chapter.

5.2 Steady state flow conditions

In this section the behaviour of the coupled fluid-solid system in steady-state
conditions is analysed. At first, two pressure boundary condition configurations
are set and the resulting flow is evaluated. Next, the geometrical features of
the vessels are examined regarding their effect on the overall solution. Finally, a
comparison is carried out between the computed solution and the analytical one,
provided by the Poiseuille law.

It is important to note that for the studies that follow, the time step was limited
for reasons associated with stability and accuracy. To that end, a time step
of ∆t = 5 · 10−4 s was considered. For reaching the steady state solution, the
transient problem is simulated for 50 iterations with a constant pressure at the
boundaries. This means that a total simulated time of 0.005 s is sufficient for the
solver to converge to the steady state. The computational time required for each
pressure increment (the 50 iterations) was less than 10 s.
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5.2.1 Behaviour for different pressure setups

In this section, two configurations of pressure boundary conditions are set to
assess behaviour of an isolated vessel. These configurations are tested under dif-
ferent luminal pressure levels, and under variable pressure difference between inlet
and outlet. The details for these configurations are described in their respective
sections.

Constant pressure drop across the vessel

The first case aims to evaluate the behaviour of the vessel for different luminal
pressure levels, as mentioned previously. To that end, a range of pressure levels
was chosen that started at 20mmHg up to 100mmHg, which is the expected
operational range of the cerebral vessels [37, 231, 233]. Each pressure value was
imposed at the inlet of the vessel as Pin. In order to impose the outlet boundary
condition Pout, the pressure drop ∆P across the length is kept constant, and
therefore Pout = Pin −∆P . Several values of ∆P were considered to characterise
the vessel behaviour across various conditions.

The vessel considered has a reference (LF) radius of RLF = 0.01 cm = 100µm,
and a wall thickness of H = 0.0026 cm = 26µm. Moreover, a length of L =

0.1 cm = 1000µm is considered with the rationale of L ≈ 10 ·R. This geometrical
setup is the baseline case. The spatial discretisation was considered to be with
∆x = 0.01 cm = 100µm, which produces 10 elements across the length. This
spatial and temporal discretisation is maintained throughout the present section,
and it only changes when the effect of the vessel length is evaluated (where the
new discretisation is reported).

For these cases, five increments for the input pressure were considered for each
case (20, 40, 60, 80 and 100mmHg). To demonstrate the effect of active contrac-
tion, in many cases the corresponding passive case is also shown, which is achieved
by setting pLC20 fraction equal to 0, which corresponds to no active cross bridges
attached. For the first case, a pressure drop of ∆P = 0.1mmHg is chosen.

Figure 5.1 shows the simulation results for ∆P = 0.1mmHg. It presents the flow
development in the baseline vessel for different pressure levels (top). The actively
contracted vessel is seen to almost maintain the flow despite the pressure level,
which coincides with the action of the resistance vessels. This behaviour of the
actively contracted vessel is what is expected based on physiology.

For a closer examination, the middle plot of Figure 5.1 shows the active case
alone. It is seen that the flow gradient in the active case changes across the
pressure range. It shows a relatively high increase rate for Pin = 20mmHg until
Pin ∼ 40mmHg, followed by a significantly lower increase rate for the range
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Figure 5.1: Simulation results of baseline vessel for different pressure levels with
constant ∆P = 0.1mmHg. Top: active and passive case comparison; Middle:
flow developed with the active model only; Bottom: luminal diameter ratio
Dpassive/Dactive for the simulated pressure range.

between ∼ 40 and ∼ 80mmHg, and then the gradient increases again. This
is in line with the cerebral blood flow regulation curves [34], and indicates a
pressure range at which the myogenic response has the most significant impact
on maintaining blood supply. Moreover, it is also observed that the absolute
values of the flow rate with active tone, is much less than the passive case, which
indicates the presence of myogenic tone within the vessel.

The passive behaviour is slightly tending to lower flow gradients (with respect
to pressure) as pressure increases. However, compared to the gradient of the
flow in the active case, it is much higher. This happens due to the hyperelastic
constitutive law for the material of the vascular wall. It indicates a point beyond
which further increase in pressure will produce much less deformation to the
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vascular wall, and the flow developed is affected accordingly.

The bottom plot of Figure 5.1 shows the diameter ratio for the two considered
cases (active and passive). The ratio has an increasing tendency for almost the
whole pressure range, which indicates that the diameter of the passive vessel is
expanding with a much higher rate with respect to pressure, than the active
one. This behaviour is in line with the adjustment (contraction or dilation) of
the lumen diameter as a response to pressure change during myogenic response
[39, 234].

Next, the imposed pressure drop ∆P is increased and decreased by an order of
magnitude in order to assess its impact on the flow, for the whole pressure range.

Figure 5.2 presents the active and passive flow results of baseline vessel for
∆P = 0.01mmHg and ∆P = 1mmHg (left and right respectively). The flow
development is seen to follow the change in pressure drop. That is, when ∆P is
decreased by an order of magnitude, the flow within the vessel decreases by an
order of magnitude too, and the same behaviour occurs for the increase of ∆P .
This behaviour is reasonable, since the active tone in all cases is the same, and
the flow is driven by the pressure gradient. Although different in terms of values,
the trends and features of the flow–pressure curve for higher and lower ∆P is the
same as Figure 5.1.

Figure 5.2: Simulation results of baseline vessel for two cases of constant ∆P
across the pressure range. Left: ∆P = 0.01mmHg; Right: ∆P = 1mmHg.

Further insight to this behaviour can be provided if one considers the friction
term of the governing equations given by equation (2.22). For the chosen velocity
profile, the resistance to the flow Rf is inversely proportional to the area on the
second power according to

Rf =
8µLπ

A2
. (5.7)
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Figure 5.3 shows the change in Rf and diameter in the given pressure range. In
the top plot, the values of the resistance are shown, in the middle plot is the ratio
of Rf,passive/Rf,active, while in the bottom one are the diameters of the vessels.
At first, the resistance developed in the vessel with active tone is much higher
than the passive one across the pressure range. This is due to the difference on
the diameters of the vessels, which can be seen in the bottom plot of the figure.
The ratio distribution of the resistance follows the inverse trend of the diameter
ratio shown in Figure 5.1, which is dictated by equation (5.7). This behaviour
of resistance to flow is justified by the presence of the active tone. With the
vessel contracting/dilating by the active tone, the resistance to flow is altered
(increased/decreased) through the diameter change in order to regulate the flow.

Figure 5.3: Simulation results of baseline vessel for resistance to flow and diameter
across the pressure range. Top: Rf for the active and passive cases; Middle: ratio
Rf,passive/Rf,active; Bottom: diameter results for active and passive cases.

The resistance and diameter distribution with respect to the luminal pressure is
the same for every case considered in this section (each ∆P case). This is because
the geometrical characteristics of the vessel are not changing.

Variable pressure drop across the vessel

The next aspect that is investigated is the effect that the pressure drop within the
vessel has on the flow development. To achieve that, another pressure boundary
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condition configuration was set. Two indicative pressure values were chosen,
and the outlet of the vessel was fixed to those values. The values chosen are
Pout = 40mmHg and Pout = 80mmHg. Then, the pressure at the inlet was
gradually increased, so that ∆P = Pin − Pout increased. The range of ∆P tested
is starting at ∆P = 0.01mmHg and goes up to ∆P = 10mmHg.

For this study again the baseline vessel is used for the sake of consistency, as
reported in the previous section. Also in here, the discretisation aspects are:
∆x = 0.01 cm = 100µm, which means 10 elements across the length. The time
step again is set to ∆t = 5 · 10−4 s.

Figure 5.4 shows the results for the boundary condition setup of this section.
Both cases of outlet pressure (Pout = 40mmHg and Pout = 80mmHg), and both
vessels (active and passive) are presented simultaneously. In the left plot, the flow
rate results obtained, with respect to ∆P , for both cases and vessels are shown.
It is observed that the flow development for all four cases has a linear dependency
on ∆P . However, the active vessels develop significantly lower flow rates, which
is due to the lower diameter of the contracted vessel. Moreover, for the case with
higher outlet pressure (Pout = 80mmHg), the gradient of the flow with respect
to pressure drop is also higher. In the right plot of the figure, the flow rate ratios
(Qpassive/Qactive) are shown for both outlets pressure cases with respect to ∆P . It
is observed that for the higher outlet pressure (Pout = 80mmHg), the flow ratio
is significantly higher.

Figure 5.4: Simulation results for flow rate using constant pressure at the outlet
and variable ∆P . Cases of outlet pressure Pout = 40mmHg and Pout = 80mmHg.
Left: active and passive vessel flow development; Right: Qpassive/Qactive ratios

The aforementioned observations from Figure 5.4 can be explained when com-
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bined with the resistance to flow that was presented in the previous section. For
each of the pressure outlet cases, the pressure range at which the vessel is func-
tioning does not show a high variation. As it was stated, the maximum difference
is ∆P = 10mmHg, hence the vessels are functioning within a range of 10mmHg.
This change does not produce significant changes to the diameter of the vessel.
Therefore, the resistance to the flow does not undergo high alterations too. Given
the above, the flow development is driven by the pressure drop in a linear fashion.

5.2.2 Difference with Poiseuille law case

Similar to the Ohm law for electric circuits, the flow rate would theoretically be
governed by a pressure (potential) difference between the start and end points
and a resistance element, which in the case of blood vessels represents the friction
within the vessel that resists the flow. The value of the flow rate, hence, would
be

Q =
∆P

R
= ∆P

A2

8µLπ
. (5.8)

The above equation, the Poiseuille law, is an analytical solution assuming the fluid
to flow within a rigid tube. In the context of this thesis, the area A was updated at
each time step, and therefore it is a semi-analytical form. The resistance element
in equation (5.8) is the same as the friction term considered in the previous
sections since, as reported in Section 2.1.2, a Poiseuille profile was chosen. In
this section, a comparison between the obtained results and the Poiseuille law is
examined.

One case from each configuration presented in Sections 5.2.1 and 5.2.1 was chosen
to be simulated from each configuration. The flow was computed through equa-
tion (5.8) for the comparison. The cases chosen were ∆P = 0.1mmHg the first
configuration, and constant Pout = 40mmHg from the second one. The vessel
used for this comparison was the baseline. The flow produced with Poiseuille law
is hereby mentioned as QP.

Figure 5.5 presents the difference between the computed flow and the QP for
the active and passive case. In the top plot the comparison of the first pressure
configuration (Section 5.2.1) is shown, and on the bottom the comparison for the
second one (Section 5.2.1). As seen in the figure, the difference associated with
the two setups has different behaviors. In the case of constant pressure drop (top
plot), for both active and passive cases the difference goes to lower values as the
pressure increases. For the constant outlet pressure (bottom plot), the difference
increases as ∆P increases. In addition, it is clear that vessels with an actively
contracting wall have lower difference with the Poiseuille law than passive ones.

Furthermore, Table 5.1 presents a summary of the second pressure configuration,
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Figure 5.5: Difference between computed solution and Poiseuille law computed for
the two pressure setup cases. Top: constant ∆P = 0.1mmHg; Bottom: constant
Pout = 40mmHg

with the constant outlet pressure and the variable ∆P for the case of Pout =

40mmHg. The table is useful because it shows that the Poiseuille law always
underestimates the values of the flow rate.

Table 5.1: Summary of results for the case with constant pressure outlet Pout =
40mmHg and variable pressure gradient across the vessel ∆P

Active Passive
∆P Q (nL/s) QP (nL/s) Diff. (%) Q (nL/s) QP (nL/s) Diff. (%)
0.01 4.776 4.776 0.002505 31.930 31.926 0.009948
0.1 47.775 47.763 0.024912 319.581 319.265 0.099066
1 478.756 477.632 0.235034 3223.121 3192.648 0.949947
2 959.457 955.264 0.438013 6502.033 6385.296 1.811654
3 1441.632 1432.896 0.607854 9829.146 9577.944 2.588763
4 1924.788 1910.528 0.743619 13197.115 12770.592 3.285025
5 2408.413 2388.160 0.844484 16598.896 15963.240 3.904265
10 4815.212 4776.319 0.810979 33894.494 31926.481 5.979897

The behaviours described can be explained by considering the compliance of these
vessels. When the flow rate is approximated with the Poiseuille law, its compli-
ance is not taken into consideration. The vessels implemented in this framework
are compliant, which means that they can store some amount of fluid within
them. This is the reason in every case the QP value is always underestimating
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the computed flow. For the same pressure drop and area, the compliant vessel
allows less flow passing.

Figure 5.6 presents the compliance for the two pressure configurations (both for
active and passive vessel). It is observed and expected that the myogenic tone
does not only adjust the diameter but also reduces the compliance making the
vessel stiffer in both configurations presented.

Figure 5.6: Compliance of the vessel for the two pressure setup cases. Top:
constant ∆P = 0.1mmHg; Bottom: constant Pout = 40mmHg

It is noted that the Poiseuille law for flow within a rigid tube is useful to verify that
the results acquired from the 1D model are valid. However, a Poiseuille law is not
practical for adaptation to 1D networks or transient conditions. Physiologically,
vessels are compliant as they expand significantly due to pressure variations, and
to a lesser degree, vessel axial and circumferential stretching. In compliant vessels,
the elastic properties allow the vessel walls to expand and contract, influencing
the characteristics of the pulse propagation. A compliant vessel can account for
these wave reflections and interactions.

5.2.3 Role of geometry in the vessel flow dynamics

So far, the investigations presented referred to changes in the pressure settings
for a given vessel geometry. In this section, changes in geometrical features and
their effect on vessel flow under steady state are examined. The geometrical
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features that are altered are the reference luminal radius and the length of the
vessel, whilst the same pressure boundary conditions configurations as before are
considered.

Reference radius sensitivity

At first, an investigation of the effect of reference radius is evaluated. The refer-
ence radius of the load-free configuration is changed by ±12.5% while the rest of
the parameters of the vascular wall model are kept unchanged.

For consistency, the pressure boundary configuration setups of Section 5.2.1 and
5.2.1 are used here. The first set of results is set according to the first configu-
ration. The three vessels are examined for the flow development across a certain
pressure range, and with a fixed pressure drop ∆P . ∆P = 0.1mmHg is chosen
to be simulated and the results are presented below.

As can be seen in the left plot of Figure 5.7, the flow rate increases as the reference
radius increases, maintaining the same trend. The trend of the flow curves with
respect to inlet pressure is exactly the same as the diameter trends, presented in
the right plot of the figure. This is in line with the flow rate results presented in
Section 5.2.1.

Figure 5.7: Simulation results of sensitivity analysis for the flow rate with respect
to reference radius alteration. Constant pressure drop ∆P = 0.1mmHg. Left:
flow rate results; Right: diameter of the vessels.

The increase/decrease in vessel size results in a shift upwards/downwards
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of the baseline curve. It should be noted that when the reference radius
is increased/decreased for the same amount (±12.5%), the amount of in-
crease/decrease in flow is not the same. In more detail, when the reference radius
is increased, the flow rate is 46.3% higher with respect to the baseline, while when
the reference radius is decreased the flow rate is 52.2% lower (with respect to the
baseline). Another feature that can be observed from the plot is that while the
trend of the line is the same in all three radius cases, as the reference radius
increases, the absolute change in flow (from minimum to maximum) is higher.
This happens because, for smaller radii, the active constriction becomes greater,
and hence it dominates the response.

The next set of results refers to the second pressure configuration. The outlet
pressure of the vessels is kept constant and their inlet is varied. Here the indicative
case of Pout = 40mmHg is considered.

In Figure 5.8 it is observed that the percentage change with respect to the baseline
is almost the same as in the previous case, i.e. 46.3% increase for the larger radius
and 52.1% lower for the smaller radius. It is seen that as the radius increases,
not only the flow amount is increased, but also its gradient. This is indicating
that when the reference radius is decreased, the vessel is becoming more stiff due
to the active component presence, and hence the restriction to the flow is much
higher.

Figure 5.8: Simulation results of sensitivity analysis for the flow rate with respect
to reference radius alteration. Constant outlet pressure Pout = 40mmHg

Figure 5.9 presents the compliance of the three vessels, for the two pressure
configurations. The first thing to notice in these figures is that the compliance is
decreasing for the smaller vessel for both pressure configurations. This is in line
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with what reported before that for smaller radius, the vessels are stiffer and more
resistant to flow.

Figure 5.9: Simulation results of sensitivity analysis for the compliance with
respect to reference radius alteration. Results for both pressure setup cases

It is also seen that the compliance plot seems equidistant for the case where the
outlet pressure is constant and the inlet is increasing (bottom plot), while it shows
a linear dependency on the pressure drop. When the reference radius increases
the compliance gets 23.4% higher, while when it is decreased the compliance is
26.5% lower with respect to the baseline.

On the other hand, when the pressure drop across the vessel remains constant and
the whole pressurisation of the vessel changes (top plot), the compliance does not
have a linear distribution with respect to the inlet pressure. This non-linearity is
explained by considering the pressure-area relationship employed. The pressure-
area relationship of the active model shows a higher gradient in the area between
20mmHg and 40mmHg. Furthermore, the difference in compliance with respect
to the baseline case for this pressure setup is the same with the previous one
(+23.4% for an increase and −26.5% for a decrease).

Finally, when the compliance is calculated for a constant outlet pressure and
variable ∆P , it means that within each element of the vessel the pressure drop
will be higher. When the pressure drop is constant, the pressure difference within
each element is the same. This means that the area computed for each element
would be much different between the two cases, and the same applies for the
gradient ∂A/∂P .

In general, the dependence of the flow rate on the changes of the reference radius
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is in line with the expectations. The flow rate appears to be smaller for lower
reference radius and vice versa.

Vessel length sensitivity

Here the effect of vessel length on the pressure-flow relationship is investigated.
For the examination, the length was increased tenfold, i.e. L = 1 cm, and the
baseline reference radius was employed. Note that the length was only increased
(and not decreased). Also, for the higher length case, the discretisation level was
kept the same, i.e. 10 elements total within the vessel (∆x = 0.1 cm).

Again, two pressure configurations were examined. For the first configuration
(∆P = constant) the value selected for this study was ∆P = 1mmHg. For the
second configuration Pout = constant, the value of Pout = 40mmHg was chosen.

As can be seen in Figure 5.10 for both cases, for the same pressure conditions,
a longer vessel exhibits a smaller flow. This is natural and expected because
the resistance to the flow Rf is proportional to the length. The flow computed
within the vessel with L = 1 cm is roughly 1/10th of the one with L = 0.1 cm.
This occurs for both cases of pressure setup. The length of the vessel is, hence,
another important factor in defining the flow rate, and depending on the network
the type of vessel it tends to vary a lot.

Figure 5.10: Simulation results of sensitivity analysis for the flow rate with respect
to length alteration. Results for both pressure setups. Top: ∆P = 1mmHg;
Bottom: Pout = 40mmHg
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5.3 Transient behaviour

After investigating the steady-state behavior of the coupled solid-fluid flow sys-
tem, the next step is to assess the transient behaviour of the vessel with the active
tone development. This section aims to identify the dynamic characteristics of
the flow development during the active contraction.

To that end, the behaviour of the vessel under sudden changes in luminal pres-
sures is evaluated. Both cases of increased and decreased pressure are examined
in several scenarios. Furthermore, an investigation of the effect of the vessel
reference radius on the flow development is assessed.

5.3.1 Response for different pressure configurations

Since myogenic response is a mechanism that tries to maintain a constant flow
rate during pressure fluctuations, the dynamic phenomena occurring due to those
pressure changes are an aspect that needs to be addressed. The first study of the
transient examination investigates this dynamic behaviour of a vessel with active
tone under sudden luminal pressure changes.

Sudden pressure changes are used widely in experimental tests to study the active
behaviour of resistance vessels [177, 151, 235, 236, 237, 176]. In these experimental
studies, the vessels were subjected to inflation/deflation tests with increments of
sudden pressure change.

Pressure increase

The study begins by examining a scenario of sudden increase in pressure. This
change is introduced by applying a ramp that rapidly elevates the inlet pressure.
To explore the dynamic impact of active tone development on blood flow, two
cases are established. The first case involves a single pressure increase, whereas
the second case incorporates three successive pressure increases.

The vessel used is the baseline. It is initialised with the steady state conditions
for the initial pressure and then the increase is applied. In the case of multiple
pressure increases, each one lasts 12.5 s. The ramp used to apply the increase has
a duration of 0.5 s in order to simulate a sudden increase. The time step used in all
cases again is dt = 5 · 10−4 s. With this time step, the total number of iterations
was 25, 000 for each of these simulations. The computational time was at the
order of one hour. Similar to the steady state study, the spatial discretisation is
10 elements across the vessel.

For this study, the pressure boundary conditions are set with the configuration
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described in Section 5.2.1. That is, the pressure level at the inlet Pin is imposed,
with a fixed ∆P between inlet and outlet. For the cases in this section, ∆P =

1mmHg is chosen.

For the first investigation scenario, the pressure is raised in a single step. It
rises from Pin = 60mmHg to Pin = 80mmHg according to the ramp set. After
elevation, the inlet pressure is kept constant to allow the flow to reach a steady
state.

Figure 5.11 presents the simulation results for an incremental pressure change.
On the top right and bottom left plots, the results of the flow rate are presented,
for the active and the passive vessels (top right). The active case is also presented
alone (bottom left) so the dynamics of the flow regulations are visible. Finally,
in the bottom right plot, the compliances of those two vessels are compared.

Figure 5.11: Simulation results for flow rate and compliance of the active and
passive vessel cases. Pressure increase from Pin = 60mmHg to Pin = 80mmHg.
Constant pressure drop ∆P = 1mmHg between inlet and outlet. Top left: inlet
pressure imposed; Top right: active and passive flow results; Bottom left: active
case flow results; Bottom right: active and passive case compliance results

As can be seen in Figure 5.11, when the vessel is actively contracted, the flow rate
initially increases, but the active tone development gradually reduces the flow. As
expected from the pressure-area relationships, the flow rate is drastically reduced
with the contribution of myogenic control. On the other hand, when the vessel
response is dictated only by the material (passive) properties, the flow increase
upon pressure elevation is maintained. Furthermore, the compliance shown in the
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same figure indicates that the actively contracted vessel is less compliant, in line
with pressure-area relationships reported in the previous chapters. Note here that
the time needed for active contraction is controlled through the time parameters of
the implemented chemical and chemo-mechanical model, as examined in Section
4.3.2.

Next, the fluid-structure interaction is evaluated for multiple pressure steps. The
same configuration of pressure boundary conditions is kept (∆P = 1mmHg),
and three increments of pressure increase are simulated in a range from Pin =

40mmHg to Pin = 100mmHg. The multiple pressure steps are increasing the total
iterations needed for the complete simulation to 75, 000 and the computational
time is similarly increase to ∼ 3 hours. For validation, the total pressure increase
is also simulated using one step.

Figure 5.12 shows the increase from Pin = 40mmHg to Pin = 100mmHg with
one and three steps (left and right columns). For the three-step increase, the
pressure is at first increased by 10mmHg, then by another 30mmHg, and fi-
nally by 20mmHg. For the single-step increase, the pressure directly goes from
Pin = 40mmHg to Pin = 100mmHg. Moreover, the middle row shows the flow
developed for each case for the active and passive responding behaviour. Finally,
in the bottom row, the diameter ratio of the active and passive vessels is shown.

At first, both active and passive cases end up in the same flow rate, which shows
that the final pressure increase across the vessel produces a unique flow rate
development. The final solution of flow rate is independent on the path of the
pressure increase. Moreover, the development of active tone manages to regulate
the flow rate and prevents it from having high variability for the whole pressure
range simulated. From the diameter ratio, it is seen that the amount of increase
in the passive vessel is much higher than the increase in the actively contracted
vessel.

Moreover, another interesting aspect observed is that there is a difference in
the diameter ratio transition between the one-step and the three-step pressure
increase. More specifically, the one-step increase tends to higher values than
the three-stepped one. This can be explained through the level of myogenic tone
within the vessel. The myogenic tone refers to the baseline level of smooth muscle
contraction that vessels maintain, which influences their resting diameter. With
the intermediate steps, the myogenic tone within the vessel is higher, and hence
already contracted more.

These simulations resemble the procedure followed by experimental protocols in
terms of how the pressure is increased or decreased. In many experimental studies
the inflation of the vessel is achieved by applying multiple pressure steps, allowing
some time under constant pressure [176, 177]. The results obtained quantify the
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Figure 5.12: Simulation results for flow rate and diameter ratio of vessel for active
and passive case. Pressure increase from Pin = 40mmHg to Pin = 100mmHg in
one and three steps (constant ∆P = 1mmHg). Left column: three pressure steps;
Right column: one pressure step. Top row: inlet pressure; Middle row: flow rate;
Bottom row: diameter ratio (Dactive/Dpassive).

impact of the myogenic mechanism on the blood flow control. In general, it is
observed that when the inlet pressure is increased, initially the vessel does not
contract but follows this increase (although lower than it would have if it was
a purely passive). The myogenic response then decreases the area and therefore
the flow rate.

Pressure decrease

To complete the examination of the dynamic characteristics of the flow devel-
opment due to myogenic response, the scenario of luminal pressure decrease is
examined. Here, the fluid-structure behaviour of the vessel is assessed by consid-
ering a pressure reduction. For consistency, the same setup as in 5.3.1 is used.
That is, a single-step pressure decrease and a three-step one.

The baseline vessel is used also here. The vessel is initialised with the initial
pressure level and the pressure decrease is imposed by a ramp of duration 0.5 s.
After each decrease in pressure, it remains constant for 12.5 s to allow the flow
rate to reach a steady state. The time step used is dt = 5 · 10−4 s. Note also that
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the constant pressure drop within the vessel is ∆P = 1mmHg.

The first scenario is the single-step pressure decrease. The inlet pressure is
initially set to Pin = 100mmHg and after a short time it decreases to Pin =

80mmHg.

The results presented in Figure 5.13 show the flow rate developed and the compli-
ance within actively contracted and passive vessels for the case where the pressure
decreases by 20mmHg. The flow in this test has the opposite behaviour with re-
spect to the contraction case, which means that the vessel dilates to allow more
flow to pass through it. This occurs because the myogenic response is a mech-
anism that helps maintain stable blood flow. Therefore, a decrease in pressure
would cause relaxation, leading to vasodilation. As expected, the time requested
by dilation is the same with that required by vessel contraction upon pressure
increase.

Figure 5.13: Simulation results for flow rate and compliance of the active and
passive vessel cases. Pressure increase from Pin = 100mmHg to Pin = 80mmHg.
Constant pressure drop ∆P = 1mmHg between inlet and outlet. Top left: inlet
pressure imposed; Top right: active and passive flow results; Bottom left: active
case flow results; Bottom right: active and passive case compliance results

Regarding the compliance of the vessels, it is seen that when the vessels are
dilating, the compliance is increased. However, the value of the actively dilated
vessel is always lower than the passive one.

Subsequently, the fluid-structure interaction across multiple pressure decreases is
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assessed, maintaining consistent pressure boundary conditions (∆P = 1mmHg).
Simulations involve three decreases in pressure within the range of Pin =

100mmHg to Pin = 40mmHg, as well as the single-step approach for compar-
ison.

Figure 5.14 shows the flow rate and diameter ratio results of actively dilated and
passive vessels for two scenarios of pressure reduction. In these scenarios, the
pressure is decreased in three-steps and in one step. For the three-step scenario, it
begins from 100mmHg, then decreases to 80mmHg, then to 50mmHg and finally
ends up at 40mmHg. The second scenario is a direct decrease from 100mmHg to
40mmHg in a single step.

Figure 5.14: Simulation results for flow rate and diameter ratio of vessel for active
and passive case. Pressure decrease from Pin = 100mmHg to Pin = 40mmHg in
one and three steps (constant ∆P = 1mmHg). Left column: three pressure steps;
Right column: one pressure step. Top row: inlet pressure; Middle row: flow rate;
Bottom row: diameter ratio (Dactive/Dpassive).

Here, the effect of vessel dilation is clearly seen. When the pressure suddenly
drops, the vessel initially decreases its radius, following the diameter increase.
After this decrease, the myogenic response actively dilates the vessel in order
to maintain the flow rate. Furthermore, the diameter ratio (Dactive/Dpassive) in-
creases in both scenarios. This means that actively dilated vessel is going to
values closer to the passive one. This is explained by the very high diameter de-
crease of the passive vessel compared to the dilation of the vessel with the active
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tone.

As discussed in Chapter 1 myogenic response is a mechanism that acts as a
counterbalance to sudden pressure change, altering the diameter of the vessel
to ensure the proper level of blood perfusion. The cases tested the effect of a
sudden change (increase and decrease) in pressure on the flow development with
the proposed framework, and were found to reproduce this effect.

5.3.2 Reference radius sensitivity

Similar to the Section 5.2.3, the reference radius was altered to see how it af-
fects the flow rate development. For this investigation, the reference radius was
increased at a rate of 12.5%.

For this investigation, the one-step pressure increase setup was used, as it was
introduced in Section 5.3.1. The pressure is elevated from Pin = 60mmHg to
Pin = 80mmHg.

Figure 5.15 shows the two flow rate responses to pressure changes for the two
considered reference radii. It is observed that both flow rates as well as the com-
pliance of the vessels have the same trends and features. The only difference is in
magnitude. This is in line with the study of Section 5.2.3 regarding the reference
radius. Furthermore, the increase in flow rate for the different reference radii is
also higher. Specifically, for the actively contracted vessel, with the baseline ves-
sel the flow rate is increased by 32.2nl/s, while with the larger vessel 51.5nl/s.
For the passive vessels, the respective increases are 719.5nl/s with the baseline,
and 1152.6nl/s with the larger vessel.

Moreover, the larger vessel is more compliant, which is seen from the right hand
side plots. Both results can be explained through the vascular wall model. For
the case examined, only the reference radius is altered, and all the other pa-
rameters are kept constant. This means that the pressure-area relationship will
not be altered, just scaled. Therefore, the flow development will also be scaled
accordingly.

Overall, it is seen that an alteration in the reference radius, and keeping all other
wall parameters constant has an impact on the flow development. However, the
produced flow rate and compliance will only differ in magnitude, scaled either up
or down.
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Figure 5.15: Simulation results for flow rate results and compliance of the vessel
for different reference radii. Pressure increase from Pin = 60mmHg to Pin =
80mmHg and constant pressure drop ∆P = 1mmHg. Top row: active responses;
Bottom row: passive responses

5.4 Considering the downstream circulation

The final part of this chapter concerns the assessment of the pressure stabilisation
effect operated by a self-regulated vessel on the downstream circulation. This
is achieved by connecting a self-regulated vessel to a lumped parameter model
representing the downstream circulation, as already done in several works [104,
146, 25] modelling cerebrovascular flow across the Circle of Willis (CoW). The
dowsntream circulation (or vascular bed) is represented through a three-element
Windkessel (WK) model in this work. The aim of this chapter is to investigate
how a self-regulated vessel interacts with a WK model when it is attached to one.

In Chapter 2, the three-element WK model is presented, and a summary is re-
peated here. Figure 5.16 illustrates the WK model components: resistance Zart

signifies the characteristic impedance of the vessel, RVB represents the resistance
of downstream circulation, and together they constitute the total peripheral resis-
tance Rp = Zart + RVB. The compliance element C reflects the total compliance
of the downstream circulation which is much higher than the vessel compliance.
The node after RVB can represent several points in the vasculature. In this work
it is considered to represent the capillary level, i.e. the cerebral vasculature region
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upstream the venous system.

Figure 5.16: Windkessel model attached to a vessel. Zart: characteristic
impedance. RVB: vascular bed resistance. C: vascular bed compliance

5.4.1 Strategy for flow within physiological range

There is no source available on the parameters of the WK model to represent
the circulation downstream of the vessels used in this chapter. In this section,
a strategy for identifying the resistances of the WK model was followed. The
target is to find a set of values for Zart and RVB that produce a flow rate based
on physiological data for the baseline vessel.

Studies on cerebral flow within rat and mouse arterioles and cerebral vessels show
that blood flow within can vary considerably depending on its size and type. The
study of Sweeney et al. [238] shows that mice arterioles diametered ∼ 40µm

develop a flow rate of 2.5nl/s. The study of Hoshikawa et al. [239] on rat and
mice cerebral vessels shows that the velocity within these vessels may range from
∼ 0.1 cm/s up to ∼ 1 cm/s for both mice and rats. The corresponding flow rate
for these velocities depends also on the diameter of the vessel, which varies from
∼ 50µm to ∼ 270µm.

The size of the baseline vessel which is used in this thesis is within the diameter
range reported in the latter work ([239]). Furthermore, the vascular wall model
used in this thesis is fitted against experimental data from [177] which are from
experiments on rat cerebral arteries. This is convenient since in [239] rat cerebral
vessels are considered too. Therefore, only data that refer to the cerebral arteries
of rats are considered from [239]. The minimum and maximum values were ob-
tained in terms of flow rate. The smallest diameter with the lowest velocity would
give a flow rate of Qmin ≈ 5.2nl/s (d = 74± 5µm, u = 2.4± 1mm/s), while the
largest vessel would give Qmax ≈ 125nl/s (d = 231±36µm, u = 1.5±0.7mm/s).

Now, the 1D/0D system of vessel and WK models is considered, with the con-
nectivity shown in Figure 5.16. As already mentioned, its resistances need to be
adjusted in order the flow within the vessel produced is within the aforementioned
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range. As a baseline parameter setup, the model of Alastruey et al. is used [107].
For the new system, the prescribed pressure boundary conditions will be Pin, Pext

and Pcap.

Since the aim of this study is the assessment of the interaction between the vessel
and WK models, the impact of the downstream network on wave reflections are
investigated. In order to vary the resistance imposed by the downstream network,
the impedance Zart is scaled. The criterion for terminating this adjustment is the
flow development within the vessel. The impedance was scaled until the flow rate
reaches a steady state condition whilst being within the defined range.

5.4.2 Obtained results

The external pressure is set to Pext = 0mmHg, while at the capillary level Pcap =

10mmHg [240]. The inlet pressure is set with a value within the physiological
range of cerebral arteries Pin = 60mmHg [233], and kept constant to acquire a
steady state solution. It was found that for an up-scale of the impedance in the
order of 104, the flow developed is within the range defined, and the results of
this investigation are presented.

Regarding the computational aspects of this study, it was found that with the at-
tachment of the WK model, the time step could be increased, so for the results to
follow it was set to dt = 0.1 s which also drastically decreased the computational
time needed to the order of minutes. This behaviour indicates that the time step
limitation is related to the effect of backward waves on the single vessel.

Figure 5.17 shows the obtained results for flow rate and velocity for both actively
contracted and passive vessels. As can be seen, the flow rate achieved with the
setup is Q = 123.1nl/s which is within the desired range. Moreover, the axial
velocity of the flow acquired is U = 0.81 cm/s, which also within the range
presented in [239]. However, it is observed here that the flow developed in the
passive vessel is only slightly higher than the active case. The velocity of the
active case is significantly larger than the passive case, which is explained by the
difference in the diameter shown next.

In Figure 5.18 the diameter and compliance spatial distribution of both vessels
is shown. The results are plotted for the last time step of the simulation. It
is seen that the diameter of the passive vessel is much higher than the actively
contracted vessel. Moreover, the passive vessel is much more compliant than the
active. These two features are explained through the constitutive law, as already
discussed in previous sections. Under steady state condition, the compliance
of the system has less of an effect on the solutions on flow and pressure. The
compliance has a greater impact on the system upon dynamic changes in the
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Figure 5.17: Simulation results of flow rate and velocity in time for actively
contracted and passive vessels. Vessels attached to the WK model. Top: flow
rate development; Bottom: axial velocity within the vessel.

diameter.

Figure 5.18: Simulation results of diameter and compliance in space for actively
contracted and passive vessels. Vessels attached to the WK model. Top: luminal
diameter spatial distribution; Bottom: compliance spatial distribution.

Continuing with the examination of the system, the pressure distribution needs
to be inspected. One thing that is different compared to the cases without a
WK model is the boundary conditions and where those are set. With the WK
model included, there is no longer a Dirichlet boundary condition at the outlet
of the vessel, so the pressure at the vessel outlet is solved with the rest of the
nodes, as well as the middle node of the WK (node with pressure PZ in Figure
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5.16). The pressure at the outlet of the vessel is dependent on the WK setup,
and its boundary conditions. For the next test, the inlet of the vessel was set to
Pin = 60mmHg, and the two nodes of the WK model as Pcap = 10mmHg and
Pext = 0mmHg.

In Figure 5.19 the spatial distribution of the pressure is shown. The schematic of
the WK shows the pressure at the nodes of the WK model. As explained above,
with the WK model attached, the pressures Pout and PZ are part of the solution,
and not boundary condition nodes. For this setup it is observed that the actively
contracted vessel has a pressure drop of ∆P = 0.4mmHg between the inlet and
the outlet. Interestingly, the pressure drop within the passive vessel is much lower
with a value of ∆P = 0.02mmHg. Moreover, it is observed that the intermediate
node of the WK model (the one connecting all 3 elements) has the same pressure
for both vessels PZ = 10.01mmHg.

Figure 5.19: Simulation results of the pressure spatial distribution in the system.
Steady state results for active and passive vessels attached to the WK model.
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The pressure drop across the actively contracted vessel is significantly higher than
the drop in the passive one. This occurs due to the increased resistance of the
vessel caused by the decreased diameter due to the active contraction. However,
the resistance of the total system is dominated by the WK Zart, which means that
the majority of the pressure drop in the system occurs across the impedance.

It is thus seen that for a given resistance of the downstream circulation, the
actively contracted vessel presents a higher pressure drop than the passive one.
If the vessel behaviour is isolated within a fixed system, it is seen that the active
mechanism is maintaining a specific perfusion level by adjusting the pressure drop
within that vessel.

For the sake of completeness, the vessel attached to the Windkessel model was
run for the case of multiple increase levels. Again, the increase through multiple
steps was simulated for the vessel-WK system. In the same way as in the work
done in Section 5.3.1, the inlet pressure was increased from Pin = 40mmHg to
Pin = 100mmHg through multiple steps, and through one step for comparison.

From Figure 5.20, the flow does not show the fluctuating behaviour when the
pressure is initially increased, rather it rapidly converges to its steady-state value.
That can be explained by the WK model dominating the total resistance of the
system. It is observed that the diameter of the active vessel initially increases
and then actively contracts having negligible effects on the flow rate. Finally,
it is seen that the diameter and flow rate are converging to the same solution
regardless of the pathway taken to reach the same pressure drop.

Next, an examination is taking place regarding the level of pressure drop with
respect to the inlet pressure for the actively contracted vessel and the passive
one.

Figure 5.21 shows the pressure drop ∆P in both active and passive vessels for
different levels of pressure at the inlet when the vessel is attached to the WK
model. Interestingly, it is seen that as the pressure at the inlet is taking higher
values, the pressure drop within a passive vessel has a slight increase. On the
other hand, it is observed that the pressure drop between the inlet and outlet of a
vessel with a myogenic tone development is tending to higher values for the same
WK configuration. As the pressure of the inlet increases, the active contraction
also increases, which causes the resistance of the vessel to increase. This leads to
the larger pressure drop observed in the active case compared to the passive.
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Figure 5.20: Simulation results for flow rate and diameter ratio with several
increasing pressure steps. Vessels attached to WK model. Left column: three-
step pressure increase, flow rate, and diameter; Right column: one-step pressure
increase, flow rate, and diameter

Figure 5.21: Comparison of pressure drop in actively contracted and passive vessel
for different inlet pressures when they are attached to the WK model.

5.5 Conclusive remarks

Concluding this chapter, a thorough investigation was carried out regarding the
flow development within self-regulated cerebral vessels. At first, the vessel was
studied under steady state and transient conditions considering both cases of ac-
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tive and passive response. The model indicated that the flow rate developed as a
response to an increase or decrease in pressure follows the pressure-area relation-
ship given by the implemented constitutive law. It is in line with the experimental
findings as shown in previous chapters, and is the reason the myogenic response
is present in vessels, to ensure the perfusion of the brain.

Furthermore, an investigation regarding the effect of geometrical features of the
vessel was carried out under both steady-state and transient conditions. It was
found that both vessel length and reference radius have a significant impact on
the flow magnitude. An increase/decrease of 12.5% of the reference radius can
cause increase/decrease up to ∼ 40% to the flow rate within the vessel, while the
length/flow relationship was proved to be linear.

Finally, the vessel model was connected to a WK model aiming to assess the inter-
action of the system. The results suggested that when the vessel is attached to a
WK model which dominates the flow development, the active contraction causes
a larger pressure drop to occur across the vessel which may aid in regulating
blood flow in the region. The complete picture though would require further in-
vestigation within a network structure in order to assess the interactions between
multiple actively contracted vessels and the downstream components.
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Conclusions and future work

This chapter provides a summary of the findings of the previous chapters, as well
as general conclusions. In addition, potential paths for further research related
to this work are suggested and discussed.

6.1 Summary of work

A computational tool was developed to analyse the impact of the myogenic mech-
anism on blood flow within a cerebral artery. This was done by taking a multi-
scale approach, which considered the fluid and structural mechanics of the vessel,
as well as the chemical processes that occur in the smooth muscle cells that line
the vascular wall. The entire process was reproduced through distinct intercon-
nected models that operate at different scales. The preceding chapters of the
thesis provided a comprehensive description of the sub-models, either developed
or adapted from existing literature, and their connection, in order to evaluate
the effect of intraluminal pressure changes on the blood flow of a small cerebral
artery.

In Chapter 2, the FSI framework employed is outlined. In this context, the
constitutive law that outlines the pressure-area relationship of the vascular wall
is discussed, which was initially designed to represent the carotid artery. As
this work is intended to characterise cerebral arteries, the material parameters
of the constitutive law had to be adjusted to reflect the arteries of the cerebral
vasculature. Hence, an optimisation procedure was set to identify the material
parameters of the constitutive law to represent the cerebral arteries. The aim
was to be able to cover a wide range of arteries in terms of passive (material)
response. Furthermore, since the constitutive relationship introduced anisotropy
to the response, it is able to approach the response in more than one direction.

To that end, experimental data from cerebral arteries was collected from literature

136
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and the material parameters were identified to replicate the observed behaviour.
The vessels chosen for this purpose were a rabbit basilar artery, three human
middle cerebral arteries, and three human pial arteries. Two of the studies were bi-
axial tests, while the third was uni-axial. The optimisation process was designed
to minimise the difference between the experimental measurement of the response
and the model output. For bi-axial tests, only minor modifications were made
to the objective function. The results obtained were in close agreement with the
experimental data. The selection of species, vessel type, and experiment type was
intended to demonstrate the capacity of the constitutive model to represent a wide
range of responses. The identification of the parameter space for the material
properties showed relatively increased deviations regarding the parameter that
defined the elastic part, most probably due to the fact that the collagen fibres
are dominating the response.

A novel, holistic model was developed to account for the intracellular processes
that take place as a response to pressure changes in the lumen of the artery.
All the details regarding the development and implementation are presented in
Chapter 3, as well as its validation. Apart from the dominant calcium effect of the
cross-bridge formation, the sensitisation to calcium, as well as the cytoskeletal
remodelling were added to this model. This model uses a logical approach to
include all the major signalling pathways involved in the myogenic mechanism,
in a minimalistic manner. Experimental data were used to identify the internal
model parameters through an optimisation procedure for control and two drug
intervention cases in steady state conditions.

The parameter fitting yielded results that were in line with the experimental
ones for the scenarios studied, despite the limited experimental data available.
There was a limitation regarding the amount of available experimental data,
particularly for the drug intervention cases. The model has certain restrictions
due to the interconnection between secondary signalling pathways that have not
been completely identified yet. However, its structural simplicity makes it easy
to incorporate more pathways and extra connections.

In Chapter 4 the output of the cellular model is incorporated in a chemo-
mechanical model that connects the cellular scale to the continuum one. This
way, the processes that take place within the cell are translated into active vascu-
lar tone development. The vascular tone is included into the constitutive model
of the first chapter as an active component in the strain-energy function, which
is decoupled into active and passive parts. The wall model is then fitted against
experimental data in order to represent the vessel under study.

The complete response (passive and active) to intraluminal pressure loading is
then assessed under both steady state and transient conditions. The proposed
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model is able to capture very well experimental data obtained under different
conditions. The wall model is validated by using a vessel that is different from the
one used for model parameters fitting. The model presents a very good response
regarding the control case and one drug case, showing a close agreement with the
experimentally measured response. There are some discrepancies regarding the
second drug, and the passive case which may be related to the minimal parameters
used for the material characterisation. Next, the results of the transient behaviour
of the model are shown, which are in line with the expectations. Furthermore, the
impact of model temporal parameters on the response is assessed. Overall, the
behaviour of the vascular wall model was in line with the experimentally observed
myogenic response.

Finally, in Chapter 5 all the aforementioned models are coupled with the fluid
solver to assess the effect of the myogenic response on blood flow regulation. The
aim was to test the model under different pressure configurations. Started with in-
vestigation the solution for an isolated vessel unaffected by upstream/downstream
vasculature. The vessel model was then coupled with a Windkessel model repre-
senting the downstream circulation to assess the interaction of the system.

The model results reproduced the expected behaviour, which was similar to the
cerebral blood flow regulation curves found in literature. The actively contracted
vessel kept the flow level much lower than the passive one, and it managed to
keep the flow fluctuations low across the whole pressure range. A qualitative
validation of the flow development was conducted. The model also captures the
dynamic features observed in the flow rate and lumen area changes during myo-
genic response. Finally, it was demonstrated that when considering downstream
circulation, the myogenic response is regulating the pressure drop across the vessel
so a level of perfusion is maintained.

6.2 Main limitations and future work directions

The inclusion of the autoregulation mechanisms within the cerebral circulation
using multi-physics approach into an 1D haemodynamics framework could be
used to provide insights into both healthy and pathological conditions. The work
presented in this thesis could form the basis for a more complete representation
of the cerebral arterial network towards that aim. In this final part of the thesis
some future directions will be discussed, highlighting the main limitations of the
proposed framework.

Regarding the cell signalling model, its main limitation is associated with the
potential existence of secondary pathways that were not included in the model.
Further experimental findings and evidence could guide extensions of the pro-
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posed model. Furthermore, a more complete identification of intracellular con-
centration and phosphorylation levels, especially during drug intervention, would
improve the accuracy and prediction ability of the model, shedding more light on
the cell signaling during the myogenic response.

Another point that needs further investigation concerns the cell signalling and
chemo-mechanical models and under transient conditions. At first, regarding the
formulation of the cell signalling model, currently a single temporal parameter
defines every internal variable ODE. This approach was adapted for simplicity
and due to lack of data regarding the temporal response of those processes. The
formulation of a single temporal parameter proved to be sufficient for the current
study, providing control over the temporal scale of the contraction. However, it
would be more physiologically realistic if each intracellular process was charac-
terized by a distinct time constant. Because the model parameters are optimised
against experimental data under steady state at different pressure levels, this
classification would require temporal experimental evidence for these processes.
Identification of the time constants of multiple intracellular processes will reduce
the discrepancy between the experimentally observed transient behaviours and
the simulated results.

Regarding the material model itself, there are some future directions that would
provide a more accurate representation of the vascular wall. At first, it would
be an interesting study to characterise the material regarding its 3D compress-
ible behaviour. Anisotropy is introduced to the material with the consideration
of the fibres. The different fibre families are altering the Poisson ratios of the
model. It would be an interesting direction for the framework to assess the dif-
ferent Poisson ratios that are computed for different fibre families. However, this
direction would also require experimental evidence for the material too. Another
interesting addition to the model would be the consideration of the adventitia
layer. This would be possible by considering a multi-layered structural wall.
This augmentation will provide a more accurate representation of the wall since
the histological analysis has shown this multi-layered structure. It is noted here
that the endothelial layer has no significant contribution structural, hence it can
be omitted.

Moving to the integration of the active tone to the structural mechanics of the
whole vessel, the pressure-induced tone is considered uniform across the vessel. In
the current formulation, the pressure at the inlet drives the development of active
tone. This approach was taken for simplicity and reducing the computational
cost. Moreover, for the cases tested, the node-to-node pressure difference was
small. However, it could be extended to a node-wise formulation, where the
pressure of each node determines the vascular tone at that location. This would
be more important when considering larger vessels, increasing the accuracy.



140 Chapter 6. Conclusions and future work

On the fluid solver, it is reminded that the Newtonian fluid assumption was made
in the context of this thesis. Although this is a suitable assumption for the scope
of this thesis in terms of vessel sizes, if the intention is to study the capillary
or arteriole level flow, this assumption is not valid. Hence, the employment of
non-Newtonian fluid would be an interesting pathway to follow in order to study
that scale and its effect on the cerebral blood flow development.

Regarding the FSI model, a more comprehensive implementation of the capillary
network through lumped-parameter modelling would provide insight on how the
flow regulation through myogenic response affects the flow across the capillary
bed. This direction has its limitations, though, due to lack of experimental data
which makes it more difficult identify the downstream vascular parameters.

After evaluating the myogenic mechanism and its effect on blood flow on a single
vessel, it is natural that this could be extended to a vascular network. One of
the benefits of the considered 1D flow methodology is that they can be used for
studying the haemodynamics across large vascular networks. This would provide
valuable insights on how the myogenic mechanism modulate each network vessel
for various upstream/downstream configurations, under healthy and pathological
conditions.
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Appendix A

Extra simulations

A.1 Passive model parameter identification

In this section the results of the material parameters presented in Section 2.5
for the extra vessels regarding the studies of Monson et al. [138] and Thorin et
al. [150] are presented. The methodology for the identification is discussed in
Section 2.5 and is exactly the same for these two groups.

A.1.1 Human cerebral arteries

This section includes the results regarding the work of Monson et al. [138]. The
vessels are the ones noted as ”A6” and ”A9” in their work.

Figure A.1: Parameter space for A6 human cerebral artery. Number of runs: 50
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Figure A.2: Results for diameter and axial stretch for A6 human cerebral artery
using the mean and geometric mean of the optimisation results

Figure A.3: Parameter space for A9 human cerebral artery. Number of runs: 50
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Figure A.4: Results for diameter and axial stretch for A9 human cerebral artery
using the mean and geometric mean of the optimisation results
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A.1.2 Human pial arteries

This section includes the results regarding the work of Thorin et al. [150]. The
vessels are the ones noted as ”medium” and ”large” in their work.

Figure A.5: Parameter space for the medium human pial artery. Results presented
for ω = 80o. Number of runs: 50

Figure A.6: Results for diameter for medium human pial artery with ω = 80o

using the mean and geometric mean of the optimisation results
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Figure A.7: Parameter space for the medium human pial artery. Results presented
for ω = 120o. Number of runs: 50

Figure A.8: Results for diameter for medium human pial artery with ω = 120o

using the mean and geometric mean of the optimisation results
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Figure A.9: Parameter space for the medium human pial artery. Results presented
for ω = 80o. Number of runs: 50

Figure A.10: Results for diameter for medium human pial artery with ω = 80o

using the mean and geometric mean of the optimisation results
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Figure A.11: Parameter space for the medium human pial artery. Results pre-
sented for ω = 120o. Number of runs: 50

Figure A.12: Results for diameter for medium human pial artery with ω = 120o

using the mean and geometric mean of the optimisation results



Appendix B

Tables for the cell signalling
model experimentally recorded
values

In this section all the experimentally recorded values for the fitting of the cell-
signalling model of Section 3.3 are reported.

Table B.1: Experimentally recorded normalised (with respect to the P =
10 (mmHg) control case) values of the control case for pHSP27, pMLCP, pCofilin,
pLC20 and G-actin
P (mmHg) ξ̄1 ξ̄3 ξ̄4 ξ̄5 ξ̄6

60 2.134 [180] 1.292 [177] 1.821 [180] 1.611 [177] 0.365 [180]
80 - - - 2.148 [180] 0.322 [180]
100 - 2.169 [177] - 2.078 [177] -
120 2.582 [180] - 2.476 [180] 2.246 [180] 0.110 [180]
140 - 3.272 [179] - - -

Table B.2: Experimentally recorded normalised (with respect to the P =
10 (mmHg) control case) values for pHSP27, pMLCP, pCofilin, pLC20 and G-
actin under 0.3µM H1152
P (mmHg) ξ̄1 ξ̄3 ξ̄4 ξ̄5 ξ̄6

60 - 0.494 [177] - 1.208 [177] -
100 - 0.981 [177] - 1.176 [177] -
120 2.387 [180] - 0.938 [180] - 1.151 [180]
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Table B.3: Experimentally recorded normalised (with respect to the P =
10 (mmHg) control case) values for pHSP27, pMLCP, pCofilin, pLC20 and G-
actin under 3.0µM GF. *Obtained by re-normalising the original experimental
data with respect to ξ2 at 10mmHg control case. **obtained by re-scaling the
original experimental data with respect to the reference ξ5 at 100mmHg control
case (scaling factor ≈ 1.1)
P (mmHg) ξ̄1 ξ̄3 ξ̄4 ξ̄5 ξ̄6

100 - 2.045*
[177]

- 0.456**
[177]

-

120 0.942 [180] - 1.907 [180] - 1.175 [180]



Appendix C

Numerical investigations

In this section, some instabilities that were recognised during the model devel-
opment and testing are presented. The instabilities are both on numerical issues
that were identified.

At first, so far a pressure ramp is employed to introduce sudden increase or
decrease of luminal pressure. Here, this elevation is assumed to occur instanta-
neously. Computationally, this means that the pressure is changing within one
time step.

Figure C.1: Transient results for flow rate and compliance of the vessel for active
and passive cases. Pressure increases instantaneously from Pin = 60mmHg to
Pin = 80mmHg. Constant pressure drop ∆P = 1mmHg across the vessel. Top
row: actively contracted vessel; Bottom row: passive vessel

Figure C.1 presents the results for flow rate and compliance for this instantaneous
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pressure boundary condition. The results for both vessels show a spike in flow
rate when the pressure is changed, while the actively contracted vessel shows this
spike in compliance too. The flow is seen to increase immediately very high before
convergence.

Figure C.2: Results focused on the point of pressure change for flow rate. Stepped
pressure increase from Pin = 60mmHg to Pin = 80mmHg instantaneously, and
constant pressure drop ∆P = 1mmHg across the vessel. Left: active response;
Right: passive response

Figure C.2 is a zoomed-in plot showing the exact region where the pressure is
increased. The flow rate is oscillating for some time steps around the value that
should take. This is a numerical oscillation caused by the sudden change in
pressure. According to the second order time discretisation scheme, for solving
the nth time step, the values of the n− 1 and n− 2 are used. When the pressure
is changing radically within a single time step, the scheme may present a lag
regarding the value that it should converge to, and hence these oscillations are
produced. This oscillation is present in both active and passive vessels, however,
it takes less steps to converge in the passive case.
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