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1 Introduction

Since twenty-five years ago, the Maldacena conjecture [1] motivates the study of CFTs and
their associated holographic backgrounds.

Various efforts have focused on classifying families of supergravity backgrounds with an
AdSd+1 factor. In this work, we are interested on the cases for which families of supergravity
solutions have been put in correspondence with families of CFTs. Some examples of these
AdS/CFT pairs in dimension d are: for d = 1 [2–4]. For d = 2 [5–10]. The case of d = 3
was studied in [11–14]. The case d = 4 that occupies us in this work was studied for many
different types of dual CFTs. We are specially interested in [15–21]. For five dimensional
CFTs, families of AdS6 dual geometries were constructed in [22–27]. The case d = 6 was
studied in [28–32]. All the above cases preserve supersymmetry. Whilst CFTs in seven
dimensions are not compatible with SUSY, non-SUSY AdS8 backgrounds are found in [33].

As stated, in this paper we are interested in backgrounds with an AdS5 factor. In partic-
ular, solutions preserving N = 2 SUSY (eight Poincare SUSYs), N = 1 SUSY (four Poincare
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Figure 1. We see the generic situation (in green dashed lines), for arbitrary values of (ξ, ζ), the
background breaks all SUSY. The solutions along the blue line ζ = −ξ preserve N = 1 SUSY
and consequently a U(1)R-symmetry. The backgrounds parametrised by the line ζ = 0 preserve
SU(2)-isometry (descendent of the original R-symmetry) and SUSY is completely broken. The point
(ξ, ζ) = (0, 0) is the infinite family of N = 2 preserving background, with SU(2)R× U(1)R R-symmetry.

SUSYs) and N = 0. The backgrounds of our interest are solutions of type IIA supergravity
(or M-theory). Below, we write a new two parameter family of N = 0 backgrounds and
a new one-parameter family of N = 1 SUSY backgrounds. These can be thought of as
dual descriptions of marginal deformations of the “parent” N = 2 CFTs holographically
represented by the Gaiotto-Maldacena backgrounds [15].

We focus our attention on these backgrounds in their Type IIA version. These are
solutions of cohomogeneity-two, known as ‘electrostatic backgrounds’ (a particular version
of the more general cohomogeneity-three M-theory backgrounds). A picture summarising
the families of solutions found, can be seen in figure 1. Our non-SUSY solutions call for the
natural question of stability. In this work, we remain agnostic about this, postponing this
to a future study. Nevertheless, two observable quantities we compute suggest stability. In
fact, the dynamics of D6 brane probes (sources) –see the analysis below eq. (3.19) and the
masses of spin-two excitations in section 4.5 display no sign of instability.

Apart from presenting the two-parameter family of solutions, other new results of this
work include: a careful discussion of the quantised charges for each family, finding that the
spindle and its higher dimensional version, play a central role for the N = 0 and N = 1
cases. The G-structures associated with N = 2 and N = 1 family of solutions are given.
A field theory analysis of the dual CFTs is also presented. A more detailed account of the
contents of this paper goes as follows:

• In section 2 we review the N = 2 Gaiotto-Maldacena system, both in M-theory and in
IIA. The new material includes the G-structure and calibration forms (both in ten and
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eleven dimensions). SUSY preserving probes are studied. The careful calculation of
Page charges and the associated balanced quiver field theory are discussed.

• In section 3 we present the new backgrounds that break SUSY (partially or completely).
Whilst in general depending on two parameters labelled (ξ, ζ), a special situation
preserving N = 0 and an SU(2) isometry arises for ζ = 0. Also backgrounds preserving
N = 1 SUSY with an U(1)R isometry occur for ζ = −ξ. Both cases are carefully
analysed. In particular, we find that the standard D6 brane sources of the N = 2
solution are mapped to sources backreacted on a spindle (or its higher dimensional
analogue) in the deformed solutions, which leads to a peculiar quantisation condition
for the charge of such objects. Stability of some probes is also studied.

• In section 4 we discuss some aspects of the CFTs dual to our new backgrounds. In
particular, we propose them as marginal deformations of the ‘parent’ N = 2 CFTs. A
proposal for the operators deforming the parent theory is given. Consistently with this,
the holographic central charge (identified with a-central charge) is shown to be the same
for all members of the family of solutions. Note that in the limit we work (long linear
quivers with large ranks) both CFT central charges are equal, a = c. A mirror-like
symmetry relation is proposed between two different quivers. Finally, the equation
describing fluctuations of spin-two in the CFT is written, simple universal solutions are
presented and a bound on the dimension (mass) of these operators is given.

• Finally, section 5 presents conclusions and future directions. Numerous and dense
appendices complement the presentation and give many technical details that should
be useful for colleagues working on these topics.

2 Review of Gaiotto-Maldacena and its IIA reduction

In this section we review a class of N = 2 AdS5 solutions of d = 11 supergravity found
by Gaiotto-Maldacena (GM) [15] building on the work of [16]. We will discuss the N = 2
preserving reduction of this class to type IIA supergravity and how it preserves supersymmetry
in terms of G-structures. Our main focus will be on a class of solutions first found in [34],
and further studied and elucidated in [35–37].

We begin our discussion with a more general class of N = 2 AdS5 solutions found by
Lin-Lunin-Maldacena (LLM). The LLM class has a metric which decomposes as

ds2
11

κ
2
3

= e2λ

[
4ds2(AdS5)+y2e−6λds2(S2)+ 4

1−y∂yD
(dχ̃+Aadx

a)2− ∂yD

y

(
dy2+eD(dx2

1+dx2
2)
)]
,

Aa = ϵab∂xb
D, e−6λ =− ∂yD

y(1−y∂yD) , (2.1)

where the metrics on AdS5 and S2 have unit radius. The class supports a purely magnetic
four-form G4

G4 = 2κ
[
(dχ+Aadxa)∧ d(y3e−6λ)+ y(1− y2e−6λ)dAa ∧ dxa−

1
2∂ye

Ddx1 ∧ dx2
]
∧vol(S2),

(2.2)
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and its bosonic isometry group is SO(4,2)×SU(2)R×U(1)R — the latter two factors realising
the required R-symmetry of N = 2. The class of backgrounds depends on a single function
D = D(y, x1, x2) (and its derivatives), satisfying the Toda equation

∇2
(x1,x2)D + ∂2

ye
D = 0. (2.3)

In what follows, we move from the cohomogeneity-three backgrounds in eqs. (2.1)–(2.2),
into backgrounds of cohomogeneity-two. This implies that an isometry arises. A special
distribution of punctures (D6 branes in Type IIA) generates the new isometry. The reader
should keep in mind that the Gaiotto-Maldacena electrostatic backgrounds are a special
case of the more generic ones in eqs. (2.1)–(2.2).

The GM class is defined in terms of the LLM class by introducing new coordinates1

x1 = r cosβ, x2 = −r sin β, χ̃ = χ+ β, (2.4)

then imposing that ∂β is a U(1) isometry of the metric and fluxes. The LLM class can then be
transformed to the electrostatic form of the GM class (now described by a Laplace equation) via
a Bäcklund transformation.2 The metric and potential for the 4-form, G4 = dA3, are given by

ds2
11 = f1

[
4ds2(AdS5)+f2ds

2(S2)+f3dχ
2+f4

(
dσ2+dη2)+f5

(
dβ+f6dχ

)2
]
,

A3 =
(
f7dχ+f8dβ

)
∧vol(S2), (2.5)

where the functions fi = fi(σ, η) are all expressed in terms of a single function V = V (σ, η)
and constant κ as

f1 = κ
2
3

(
V̇ ∆̃
2V ′′

) 1
3
, f2 = 2V ′′V̇

∆̃
, f3 = 4σ2

Λ , f4 = 2V ′′

V̇
, f5 = 2ΛV ′′

V̇ ∆̃
,

f6 = 2V̇ V̇ ′

V ′′Λ , f7 = −4κV̇ 2V ′′

∆̃
, f8 = 2κ

(
V̇ V̇ ′

∆̃
− η

)
,

∆̃ = Λ(V ′′)2 + (V̇ ′)2, Λ = 2V̇ − V̈

V ′′ .

(2.6)

We stress that ∆̃ should not be confused with ∆ which is defined in later sections. We
employ the short hand notation

V̇ ≡ σ∂σV, V ′ ≡ ∂ηV. (2.7)

The solutions that lie within the GM class are defined in terms of the solutions to the
following cylindrically symmetric d = 3 Laplace equation

1
σ
∂σ(σ∂σV ) + ∂2

ηV ≡ V̈ + σ2V ′′ = 0. (2.8)

1In [15] the U(1) isometry of the LLM and GM are both confusingly labelled as χ, that these are not
actually the same coordinate was pointed out in [19]. See appendix A for details.

2One defines new coordinates (σ, η) to replace (r, y) through r2eD = σ2, y = V̇ , log r = V ′ where
V = V (σ, η), with the dot and dash defined in (2.7). See appendix A for details.
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Boundary conditions for this PDE, such that the metric remains regular where the S2 shrinks
to zero size (up to Zk orbifold singularities), and η is bounded to a finite interval [0, P ] were
found in [15]. Namely one should have

V̇
∣∣∣
η=0,P

= 0, V̇ |σ=0 = R(η), (2.9)

where R is related to the rank function of the dual quiver. This is highly constrained by flux
quantisation and by restricting to at most orbifold singularities, namely one should have that

• R is a continuous piece-wise linear function with integer gradient.

• Any discontinuities in R′ must happen at integer values of η.

• The gradient of R between the discontinuities of R′ must decrease as one moves towards
η = P . In other words R(η) is a convex function.

• R(0) = R(P ) = 0.

When these conditions are satisfied one has η ∈ [0, P ] and σ ∈ [0,∞). For generic values of η
close to σ = 0, the sub manifold spanned by (σ, χ) vanishes as R2 in polar coordinates. But
if one is at a loci where R′ is discontinuous instead, the sub-manifold spanned by (σ, η, χ, β)
tends to a R4/Zl orbifold singularity, where l is the difference between the gradients of R on
either side of the discontinuity. To describe the remaining boundaries of the space requires
one to define a specific solution, we shall do this from the IIA perspective in section 2.3.

2.1 N = 2 preserving reduction to type IIA

Any solution of d = 11 supergravity with a U(1) isometry ∂ψ of period 2π can be reduced
to type IIA supergravity through the formulae

ds2
11 = e−

2
3 Φds2

10 + e
4
3 Φ(dψ + C1)2, A3 = C3 +B2 ∧ dψ, (2.10)

where ds2
10 is the metric in IIA, Φ the dilaton and the gauge invariant fluxes are F2 =

dC1, F4 = dC3 −H3 ∧ C1, H3. The Bianchi identities and equations of motion of type IIA
are implied by those of d = 11 supergravity.

The GM solution in eqs. (2.5)–(2.7), has three such U(1) isometries at our disposal, but as
shall be made more clear in section 2.2, the full N = 2 supersymmetry can only be preserved
when one reduces on ∂β . In section 3 we consider other possibilities giving rise to parametric
deformations of this class that break some or all of the N = 2 supersymmetry. The result of
reducing the background of eq. (2.5) along ∂β is the following class of solutions in IIA

ds2 = f
3
2

1 f
1
2

5

[
4ds2(AdS5) + f2ds

2(S2) + f4(dσ2 + dη2) + f3dχ
2
]
,

e
4
3 Φ = f1f5, H3 = df8 ∧ vol(S2), C1 = f6dχ, C3 = f7dχ ∧ vol(S2),

which, as proven in [21], is the most general AdS5 class in IIA admitting an SU(2) R-symmetry
in terms of a round 2-sphere. Note that a positive metric requires V̇

V ′′ > 0 except on the
boundaries of the space. The Maxwell fluxes are

F2n = dC2n−1 −H3 ∧ C2n−3. (2.11)
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While the fluxes Fn are gauge invariant they do not give rise to quantised charges, for that
one needs the Page fluxes F̂n. These are defined in terms of the gauge invariant fluxes
through the Poly-form condition

F̂ = e−B2 ∧ F, F =
5∑

n=1
F2n, (2.12)

where dB2 = H3 and the higher fluxes are defined as F6 = − ⋆ F4, F8 = ⋆F2, F10 = − ⋆ F0.
The Bianchi identity of the Maxwell Poly-form dF − H ∧ F = 0 implies that away from
sources the Page fluxes are closed, as such one can define potentials for them — it is not
hard to confirm that

F̂ = d(C ∧ e−B2), (2.13)

where C is the potential poly-form satisfying3

F = dC −H3 ∧ C. (2.14)

Defining the NS 2-form potential in terms of an integration constant k we have

B2 = (2κk + f8) vol(S2) = 2κ
(
−(η − k) + 1

4 V̇ f5f6

)
vol(S2). (2.15)

Note that k need not be fixed globally as one traverses the internal space, it can shift due
to large gauge transformation — we shall see in the next section that the D6 branes on the
boundary σ = 0 demand that k ∈ Z. In terms of this we find the following Page fluxes

F̂2 = d(f6) ∧ dχ, F̂4 = 2κd
(
f6(η − k)− 2 f2

V ′′f5

)
∧ dχ ∧ vol(S2), (2.16)

which are indeed locally closed. We also find it helpful to know the higher Page fluxes, but we
delay presenting them until we can do so concisely in terms of G-structures in the next section.

The existence of R4/Zl orbifold singularities in the d = 11 backgrounds, at the points
where V̇ is discontinuous, and for which the M-theory circle spanned by β vanishes, means
that in type IIA we have stacks of l D6 branes at these loci.

2.2 G-structures, sources and calibrations

In this section we explain how supersymmetry is preserved in terms of G-structures for
LLM, GM and its IIA reduction.

In [17], the G-structure conditions for Mink4 vacua to preserve N = 1 supersymmetry
were derived. Namely for a solution of the form

ds2 = e2Âds2(Mink4) + ds2(M7), (2.17)
3Note that the general expression is

F = dC − H3 ∧ C + F0eB2 ,

where F0 is the Romans mass, which for us is zero.
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where e2Â and the 4-form G4 have support on M7, they take the form

d(e2ÂK) = 0, d(e4ÂJ) = e4Â ⋆7 G4,

d(e3ÂΩ) = 0, d(e2ÂJ ∧ J) = −2e2ÂG4 ∧K, (2.18)

where K is a unit norm real 1-form, J a real 2-form and Ω a holomorphic 3-form which
together span a d = 7 SU(3)-structure on M7, i.e.

J ∧ Ω = 0, J ∧ J ∧ J = 3
4 iΩ ∧ Ω, (2.19)

with K orthogonal to (J,Ω). These conditions ensure that one can always express (J,Ω) in
terms of a complex vielbein Ea for a = 1, 2, 3, that is orthogonal to K, as

J = i

2
(
E1 ∧ E1 + E2 ∧ E2 + E3 ∧ E3)

, Ω = E1 ∧ E2 ∧ E3, (2.20)

which we make use of below.
In order to express an AdS5 solution in this formalism we make use of the Poincaré patch

ds2(AdS5) = e2ρds2(Mink4) + dρ2. (2.21)

G-structure condition for AdS5 do exist [18], but we find the Mink4 conditions more convenient
for the case at hand as, among other things, they allow us to find supersymmetric embeddings
for objects extended in the Mink4, but not the ρ direction. The G-structure of LLM was
computed in this form in [21]. In terms of the complex vielbein of (2.20) it is

K = κ
1
3 e−2(λ+ρ)d

(
e2ρyy3

)
, E1 = κ

1
3

√
−∂yD
y

eλ+ 1
2D
(
dx1 + idx2

)
,

E2 = κ
1
3 e−2(λ+ρ)d

(
e2ρy(y1 + iy2)

)
,

E3 = −eiχ̃κ
1
3

2√
1− y∂yD

eλ
(
dρ+ 1

2∂yDdy + i(dχ̃+Aadx
a)
)
, (2.22)

where yi are a set of embedding coordinates for the unit radius 2-sphere, such that the
coordinates on M7 are (ρ, y, x1, x2, χ̃) and the coordinates on S2 — we correct a typo in (D.4)
of [21] and reinstate the constant κ. The Mink4 warp factor is

e2A = 4κ
2
3 e2(ρ+λ). (2.23)

It should be clear that the G-structure forms that follow from the above vielbein are charged
under SU(2)R×U(1)R, i.e. the eiχ̃ factor in E3 is charged under ∂χ̃, spanning U(1)R, and
yi transform in the 3 of SU(2)R which is spanned by the Killing vectors4 on S2. Minimal
supersymmetry for Mink4 is 4 real supercharges, this gets doubled due to the SU(2)R R-
symmetry, and doubled again due to the U(1)R R-symmetry which is how this G-structure
realises the 16 real supercharges of N = 2 AdS5 solutions.

4Note that these are dual (on unwarped S2) to the 1-forms ki = ϵijkyjdyk.
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After changing the coordinates as in (2.4) and performing the Bäcklund transformation
(see footnote 5 and appendix A) one finds that the resulting G-structure forms for the GM
class can be expressed in terms of the following vielbein on M7

K = κe−2ρ

f1
d
(
y3e

2ρV̇
)
, E1 =−

√
f1f3

( 1
σ
dσ+dρ+idχ

)
, E2 =

κe−2ρ

f1
d
(
e2ρV̇ (y1+iy2)

)
,

E3 =−eiχ
√
f1f5

[
− 1
4f3

V̇ ′

σ
dσ−V ′′dη+f6dρ+i

(
dβ+f6dχ

)]
. (2.24)

The Mink4 warp factor is

e2Â = 4e2ρf1. (2.25)

Notice that the resulting G-structure forms are still charged under an SU(2)R×U(1)R R-
symmetry due to the yi and eiχ terms respectively, however importantly they are singlets
with respect to ∂β which allows one to reduce to IIA on this direction without breaking
any supersymmetry.

G-structure conditions for Mink4 solutions of type II supergravity were first derived
in [38]: they apply to solutions that decompose in the form

ds2 = e2Ads2(Mink4) + ds2(M6), F = g + e4Avol(Mink4) ∧ ⋆6λ(g), (2.26)

where in type IIA supergravity F =∑5
n=0 F2n is the RR polyform, (A,Φ, H3, g) have support

on M6, and λ(g) = g0 − g2 + g4 − g6, where the numerical subscript indicates the degree of
the form. G-structure conditions for a subclass of N = 1 Mink4 solution that are sufficient
for our purposes are given by

dH3(e3A−ΦΨ+) = 0, (2.27a)

dH3(e2A−ΦReΨ−) = 0, (2.27b)

dH3(e4A−ΦImΨ−) =
e4A

8 ∗6 λ(g), (2.27c)

where the even/odd form degree bi-linears Ψ± are defined in terms of an SU(2)-structure
on M6 as

Ψ+ = 1
8e

1
2 z∧z ∧ ω, Ψ− = i

8z ∧ e
−ij , (2.28)

where (j, ω) are respectively a real and holomorphic 2-form obeying

j ∧ ω = 0, j ∧ j = 1
2ω ∧ ω, (2.29)

which are orthogonal to the complex vielbein component z. Note that supersymmetry imposes
g6 = 0, which means that F2n are purely magnetic for n = 0, 1, 2 and purely electric for
n = 3, 4, 5, thus the condition (2.27c) can be used to define a set of canonical potentials
for the higher fluxes, i.e.

F6 + F8 + F10 = 8vol(Mink4) ∧ dH3(e4A−ΦImΨ−),

⇒ C5 + C7 + C9 = 8e4A−Φvol(Mink4) ∧ ImΨ−, (2.30)

which we make use of later in the paper.
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The analogue of the reduction formula (2.10) mapping between the G-structures of
d = 11 supergravity and type IIA is

J = e−
2
3 Φj + e

1
3 Φu ∧ (dψ + C1), K = e−

1
3 Φv,

Ω = ω ∧
(
e−Φu+ i(dψ + C1)

)
, (2.31)

where we assume that K has no leg in ψ, as is the case for eq. (2.24) with ψ = β, and
where we decompose z = u+ iv. Decomposing in this way the SU(3)-structure that (2.24)
leads to, and after some massaging, one can express the SU(2)-structure forms implying
the supersymmetry of the IIA reduction of GM as

v = κe−2ρf
1
4

5 f
− 3

4
1 d

(
e2ρV̇ y3

)
,

u = (f1f5)
3
4

(
f3V̇

′

4σ + V ′′dη − f6dρ

)
,

ω = −2(κ)2f−3
1 f

− 3
2

5 e−3ρd

(
e2ρV̇ (y1 + iy2)d(eiχeρσ)

)
,

j =
√
f1f5

(
f1f3

(
dσ

σ
+ dρ

)
∧ dχ+ κ2f−2

1 e−4ρd(e2ρV̇ y1) ∧ d(e2ρV̇ y2)
)
, (2.32)

clearly these forms are also charged under SU(2)R×U(1)R.
Apart from establishing how much supersymmetry a background preserves, G-structures

provide useful tools for establishing whether the sources the background has, have a super-
symmetric embedding. The sources of interest are D-branes, which have the action

SDp = SDBI + SWZ, SDBI = Tp

∫
e−Φ

√
det(g + F)dp+1ξ, SWZ = ∓Tp

∫
C ∧ e−F ,

(2.33)

where F = B2 + 2πf̃2 for f̃2 a world-volume gauge field, C is the poly-form potential
satisfying (2.14) and the pull back onto the Dp brane world volume with coordinates ξµ is
understood. One takes − for branes and + for anti-branes. For minimal energy D branes
one has that SDBI + SWZ = 0 when the supergravity equations of motion are satisfied — a
supersymmetric embedding implies minimal energy but the converse is not true. A D brane is
supersymmetric when it satisfies the κ-symmetry constraints, which can be phrased in terms
of generalised calibrations [39], which for Mink4 solutions are themselves defined in terms
of the bi-linears Ψ± [40]. For a Dp brane extended in Mink4 and wrapping some internal
cycle Σp−3 this amounts to the requirement that

e4A−Φ
√
det(g + F)

∣∣∣∣
Σp−3

dp−3ξ = ±Ψ(cal)
Dp

∣∣∣∣
Σp−3

, Ψ(cal)
Dp ≡ 8e4A−ΦImΨ− ∧ e−F , (2.34)

where the pull back onto Σp−3 is now taken and ± differentiates between branes and anti-
branes — clearly given (2.30) this condition implies SDBI + SWZ = 0.

For the IIA reduction of GM we have D6 branes along the boundary σ = 0 at the loci
where V̇ is discontinuous. Given that these descend from pure geometry in d = 11 one expects
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them to be supersymmetric, let us now confirm that. We have the following calibration forms
for branes in the GM class that are extended in Mink4 with zero world-volume flux (f̃2 = 0):

Ψ(cal)
D4 = e4A−Φu,

Ψ(cal)
D6 = e4A−Φ(v ∧ j −B2 ∧ u),

Ψ(cal)
D8 = e4A−Φ

(
−1
2u ∧ j ∧ j −B2 ∧ v ∧ j

)
, (2.35)

with the SU(2)-structure forms defined in (2.32) and B2 in (2.15) (note that B2 ∧B2 = 0).
For the D6 branes we should take Σ = (ρ, S2) at σ = 0 (note that such branes preserve
the symmetry of AdS5×S2). We find

Ψ(cal)
D6

∣∣∣∣
(ρ,S2)

=(4κ)3e4ρ V̇
2

V ′′ dρ∧vol(S2), (2.36)

e4A−Φ
√
det(g+B2)dp−3ξ

∣∣∣∣
(ρ,S2)

=(4κ)3e4ρ V̇
2

V ′′

√
1+ σ2V ′′

2V̇

√
1−2(η−k) V̇

′

V̇
−4κ(η−k)2 V

′′

f7
dρ∧vol(S2),

which satisfy (2.34) at the loci (σ = 0, η = k). Given that k appeared first as an integration
constant in B2 that can shift due to large gauge transformations (for which 1

(2π)2
∫

S2 B2 can
shift by an integer), we find as expected that unbroken supersymmetry restricts the D6 branes
to lie at integer values of η along the σ = 0 boundary, k must be integer for consistency.

One might wonder about the supersymmetry of other probe branes extended in AdS5. A
quick computation suggests that for D4 branes this is not possible, at least for the background
considered in the next section. In fact, for the solution we consider in section 2.3 this is
certainly the case. For the D8 brane, every term in Ψ(cal)

D8 contains one of (y3, k3) so is charged
under SU(2)R. This means that D8s cannot be added without breaking supersymmetry. We
do find however, by taking yi = (cosϕ sin θ, sinϕ sin θ, cos θ) and Σ = (ρ, ϕ, σ, η, χ), that

e4A−Φ
√
det(g+B2)

∣∣∣∣
Σ
d5ξ= 1

2(4κ)
4e4ρσ(2V̇ +σ2V ′′)sinθdρ∧dϕ∧σ∧dη∧dχ, (2.37)

Ψ(cal)
D8

∣∣∣∣
Σ
= 1

2(4κ)
4e4ρσ(2V̇ +σ2V ′′)sin2 θdρ∧dϕ∧σ∧dη∧dχ,

so we can place half BPS D8 branes at sin θ = 1.

2.3 A particular solution

We will be primarily interested in a solution to the Laplace equation (2.8) with the boundary
conditions in eq. (2.9) studied in [34, 35, 37]. This employs a separation of variables ansatz.
In order to be consistent with the conditions presented below eq. (2.9) we parametrise the
rank functions as

R(η) =


N1η η ∈ [0, 1]

Nk + (Nk+1 −Nk)(η − k) η ∈ [k, k + 1]

NP−1(P − η) η ∈ [P − 1, P ],

(2.38)
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so that the η axis is divided into P unit length cells with k = 0, . . . , P − 1 — Note that
this is not the most general solution possible. In terms of this rank function one has the
following solution

V (σ, η) = −
∞∑
n=1

Rn sin
(
nπ

P
η

)
K0

(
nπ

P
σ

)
, (2.39)

Rn = 2
P

∫ P

0
R(η) sin

(
nπ

P
η

)
dη = 2P

(nπ)2

P∑
k=1

bk sin
(
nπk

P

)
, bk = 2Nk −Nk+1 −Nk−1,

where Km(σ) is a modified Bessel function of the second kind and Na = 0 for a = 0 and
a ≥ P . In general one can write the Rank function as a Fourier series

R =
∞∑
n=1

Rn sin
(
nπ

P
η

)
. (2.40)

It is also useful to have an alternative parametrisation of V̇ , i.e. one can show [34] the
equivalence of

V̇ = π

P

∞∑
n=1

Rnσ sin
(
nπ

P
η

)
K1

(
nπ

P
σ

)
, (2.41)

= 1
2

∞∑
m=−∞

P∑
k=1

bk

(√
σ2 + (η − 2mP + k)2 −

√
σ2 + (η − 2mP − k)2

)
.

The m = 0 contribution of the second of these expressions, evaluated at σ = 0, gives rise to
the odd extension of R defined in the interval η ∈ [−P, P ], while the remaining values of m
make this 2P periodic for η ∈ R. In the k’th cell, with η ∈ [k, k + 1] we take

Bk
2 = 2κ

(
−(η − k) + 1

4 V̇ f5f6

)
vol(S2), (2.42)

meaning that we perform a large gauge transformation B2 → B2 + 2κkvol(S2) as we traverse
between each cell while moving along the η axis towards η = P .

From the perspective of the d = 10 metric, the coordinates of the Riemann surface are
bounded as σ ∈ [0,∞) and η ∈ [0, P ], with the solution regular at all points on the interior.5
Let us review the behaviour at the boundaries of the Riemann surface. The reader may
also find appendix B useful where we summarise the values that the functions fi, appearing
in (2.1), take at these boundaries.

First we will consider the boundary σ → ∞. In the limit x→ ∞, K0(x) →
√
π(2x)− 1

2 e−x

and so the leading term in (2.39) is the n = 1 contribution, this implies that

V = −R1e
− π

P
σ

√
P

2σ sin
(2π
P
η

)
+ . . . , (2.43)

5This follows because (2.8) is an elliptic PDE for which extrema of solutions can only lie on the boundaries.
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and so the solution reduces at leading order to

ds2 = κ

[
4σ
(
ds2(AdS5) + dχ2

)
+ 2P

π

(
d

(
π

P
σ

)2
+ d

(
π

P
η

)2
+ sin2

(
π

P
η

)
ds2(S2)

)]
,

e−Φ = R1π
2

2P 3
2
√
κ
e−

π
P
σ
(
π

P
σ

)− 1
2
, H3 = −4κP

π
sin2

(
π

P
η

)
d

(
π

P
η

)
∧ vol(S2), (2.44)

where the RR fluxes are zero at leading order and we observe that ( πP η, S
2) now span a round,

unit radius 3-sphere. This is very similar to the metric found in section 3.9.2 of [27], indeed
following a similar argument to that used there6 one can show that 4κσ

(
ds2(AdS5) + dχ2)→

ds2(Mink6) up to sub-leading terms in σ. Thus by defining a new coordinate r̃ = e−
π
P
σ( πP σ)

− 1
2

we find to leading order that

ds2 = ds2(Mink6)+
2Pκ
πr̃2

(
dr̃2+r̃2ds2(S3)

)
, H3 =−4κP

π
vol(S3), e−Φ = R1π

2

2P 3
2
√
κ
r̃, (2.45)

which is the near horizon limit of spherically symmetric stack of NS5 branes in flat space. If
we tune 2κ = π we find that the charge of these NS5 branes are appropriately quantised, i.e.

QNS5 = − 1
(2π)2

∫
S3
H3 = P. (2.46)

The limits as η = 0, P for σ away from its bounds are quite similar, focusing on the
former we find that to leading order about η = 0

V̇ ′= f, V̇ = fη, V ′′=−ησ−2ḟ , V̈ = ηḟ , f(σ)= π2

P 2

∞∑
n=1

Rnσn
2K1

(
nπ

P
σ

)
, (2.47)

where f is a positive monotonically decreasing function with finite maximum at σ = 0, which
in particular means |ḟ | = −ḟ , the metric in this limit tends to

ds2 =κ

√√√√2f+|ḟ |
|ḟ |

[
4σ
(
ds2(AdS5)+

|ḟ |
2f+|ḟ |

dχ2
)
+2|ḟ |
σf

(
dσ2+dη2+η2ds2(S2)

)]
, (2.48)

clearly (η, S2) is vanishing as the origin of R3 in polar coordinates at this loci, so the solution
is regular — at least away from σ = 0 which is a limit which requires a little more care. One
can show η = P is likewise regular in a similar fashion.

It is not hard to show that along the entire σ = 0 boundary V̈ = 0 to leading order
so the solution tends to

ds2

κ
=

√
2V̇
V ′′

[
4ds2(AdS5) +

2V̇ V ′′

2V̇ V ′′ + (V̇ ′)2ds
2(S2) + 2V

′′

V̇

(
dη2 + dσ2 + σ2dχ2

)]
,

e−4Φ = V ′′(2V̇ V ′′ + (V̇ ′)2)2

25κ2V̇
, H3 = 2κd

(
−η + V̇ V̇ ′

2V̇ V ′′ + (V̇ ′)2

)
∧ vol(S2),

C1 = V̇ ′dχ, C3 = −4κ
(

V̇ 2V ′′

2V̇ V ′′ + (V̇ ′)2

)
dχ ∧ vol(S2). (2.49)

6Specifically one parameterises ds2(AdS5) = e2ρηµνdxµdxν + dρ2 then redefines (xµ, ρ, χ) =
(4κσ)− 1

2 (x̃µ, ρ̃, χ̃), which yields 4κσ
(
ds2(AdS5) + dχ2) = ηµνdx̃µdx̃ν + dρ̃2 + dχ̃2 to leading order in σ,

which is Mink6.
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For 0 < η < P , and not an integer, we have by definition that at σ = 0, V̇ ′ is constant and
V̇ is non vanishing, so the sub-manifold spanned by (σ, χ) vanishes as the origin of R2 as
σ → 0 provided that V ′′ neither blows up nor vanishes. In the k’th cell for η ∈ (k, k + 1),
using the double series parametrisation in (2.41), we find

V ′′=Pk (2.50)

Pk=
P∑

j=k+1

bj
j−η

+ 1
2P

P∑
j=1

bj

(
ψ

(
η+j
2P

)
−ψ

(
η−j
2P

)
+π

2

(
cot
(
π(η+j)
2P

)
−cot

(
π(η−j)
2P

)))
,

for ψ the digamma function. This indeed neither vanishes nor blows up between these
bounds so the solution is regular along the σ = 0 boundary when η /∈ Z. For η = 0, P
the behaviour is analogous, focusing on the former by expanding (η = r cosα, σ = r sinα)
for small r we find to leading order

V̇ =N1r cosα, V̇ ′=N1, V ′′= 1
4P 2 r cosα

P∑
j=1

bk

(
2ψ1

(
j

2P

)
−π2 csc2

(
jπ

2P

))
, (2.51)

where ψ1 is the trigamma function, thus the internal metric vanishes as R5 is polar coordinates
at σ = η = 0 and the AdS5 warp factor and dilaton are constant, so the solution is again
regular at this point — one can show the same is true at σ = η − P = 0. For the final limit
(σ = 0, η = k) for 0 < k < P we expand (η = k − r cosα, σ = r sinα) for small r and find

V̇ = Nk, V ′′ = bk
2r , V̇ ′ = bk

2 (1 + cosα) +Nk+1 −Nk, (2.52)

which means the solution at leading order tends to

ds2

2κ
√
Nk

= 1√
bk
r

(
4ds2(AdS5) + ds2(S2)

)
+

√
bk
r

Nk

(
dr2 + r2ds2(S̃2)

)
, e−Φ =

(
Nkb

3
k

26κ2r3

) 1
4

,

which is the near horizon limit of a stack of D6 branes wrapping AdS5×S2 and where S̃2 is
spanned by (α, χ). The flux potentials to leading order are

B2 = 0, C1 =
(
bk
2 (1 + cosα) +Nk+1 −Nk

)
dχ, C3 = −2κNkdχ ∧ vol(S2), (2.53)

thus the charge of D6 branes is appropriately quantised, i.e.

F2 = −1
2bkvol(S̃2) ⇒ QkD6 = − 1

2π

∫
S̃2
F2 = bk = 2Nk −Nk−1 −Nk+1. (2.54)

So the solution has a stack of source NS5 branes at σ = ∞, D6 branes at (σ = 0, η = k)
for k = 1, . . . P − 1 and is regular everywhere else.

One can also define a Page charge for D4 branes at σ = 0 using (2.16). First off we note
that for regular points between k < η < k + 1 we simply have

F̂4 = 2κR′′(η − k)dη ∧ dχ ∧ vol(S2), (2.55)
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which is zero at such loci, it is likewise not possible to define a non trivial Page flux at the
upper or lower bound of η. Things fare better at the loci of the D6 branes, we find close to
η = k, where (2.52) hold we can integrate on (χ, S2) and the semi circular contour defined
by (η = k − r cosα, σ = r sinα) for r infinitesimal and 0 ≤ α ≤ π. The important thing to
appreciate is that F̂4 in (2.16) is the Page flux in the k’th unit cell, but the contour we are
following starts in the (k − 1)’th cell and crosses into the k’th cell at α = π

2 . Performing
the integral carefully one finds

QkD4 = − 1
(2π)3

∫
S2×S̃2 F̂4 = Nk −Nk−1, (2.56)

these should be interpreted as colour branes, not flavour ones. We note that the total charge
of D6 and D4 branes obeys

QD6 =
P−1∑
k=1

QkD6 = NP−1 +N1, QD4 =
P−1∑
k=1

QkD4 = NP−1. (2.57)

The total charge of D4 branes quoted above includes the ‘true’ colour D4 present in the
background, but also the charge of four-brane induced on the D6 and NS branes. If we
are interested only in the ‘true’ D4 charge, in the interval [k, k + 1] there are Nk of them.
Also, the total charge of D4-branes is

QTotal
D4 =

∫ P

0
R(η)dη. (2.58)

In the next section we will consider supersymmetry breaking deformations of these
solutions.

3 Supersymmetry breaking deformations

3.1 SL(3,R) transformation

We can dimensionally reduce the GM class of solutions to Type IIA in a more general manner
when compared to equations (2.5) and (2.10). Indeed, by first parametrising

ds2(S2) = dθ2 + sin2 θdϕ2, vol(S2) = sin θdθ ∧ dϕ, (3.1)

we can perform an SL(3,R) transformation amongst the three U(1) directions (∂β , ∂χ, ∂ϕ),
as follows

dβ → a dχ+ b dβ + c dϕ, dχ→ p dχ+ ξ dβ +mdϕ, dϕ→ s dχ+ ζ dβ + u dϕ,∣∣∣∣∣∣∣
p ξ m

a b c

s ζ u

∣∣∣∣∣∣∣ = p(bu− ζc)− ξ(au− sc) +m(aζ − sb) = 1,
(3.2)

with the U(1) component of the SU(2)R×U(1)R R-symmetry becoming

U(1)R = χ+ ϕ

→ (p+ s)χ+ (ξ + ζ)β + (m+ u)ϕ.
(3.3)
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The nine SL(3,R) transformation parameters can be reduced, without loss of generality,
to three free parameters (corresponding to the three U(1) directions being mixed). The
exact choice of these free parameters provide options when reducing to Type IIA. For our
purposes, we simply absorb (p, b, u) into the definitions of (χ, β, ϕ), respectively (setting
them to one). This avoids re-defining the three U(1)s amongst themselves, and immediately
eliminates three of the nine parameters.

In the case of a dimensional reduction along β, it proves useful to keep (ξ, ζ) free,7
allowing for the preservation of the U(1) component (3.3) when ζ = −ξ. The determinant
in (3.2) now reduces to the condition ms = 0. Hence, the third free parameter can either
be m (with s = 0), or s (with m = 0). For the resulting IIA backgrounds however, one
can set both m = s = 0 without loss of generality.8 Hence, for the specific 11D coordinate
transformations just outlined, we have

dβ → dβ, dχ→ dχ+ ξ dβ, dϕ→ dϕ+ ζ dβ. (3.4)

Notice that the parameters (ξ, ζ) should take integer values to avoid spoiling the periodicity
of the angles (β, χ, ϕ). The result of reducing to type IIA on ∂β, using (2.10), is the family
of backgrounds

ds2 = e
2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 = f3f5dχ

2+sin2 θf2

[
f3(ξdϕ−ζdχ)2+f5

(
−ζf6dχ+(ξf6+1)dϕ

)2]

e
4
3 Φ = f1f5

[
(1+ξf6)2+ξ2 f3

f5
+ζ2 f2

f5
sin2 θ

]
, B2 =sinθ

[
ζf7dχ−(f8+ξf7)dϕ

]
∧dθ,

C1 = f1f5e
− 4

3 Φ
[(
f6(1+ξf6)+ξ

f3
f5

)
dχ+ζ sin2 θ

f2
f5
dϕ

]
, C3 = f7dχ∧vol(S2). (3.5)

From eq. (3.4), it is clear to see that ζ ̸= 0 breaks the S2 of the resulting Type IIA background
(and hence the SU(2)R component of the R-Symmetry). Hence, when ζ = −ξ ̸= 0, because
the U(1)R component (3.3) is independent of the reduction coordinate β, the resulting
background preserves N = 1 Supersymmetry (with a U(1)R R-symmetry). When both
parameters are zero, the N = 2 case (2.1) is recovered (preserving the full R-Symmetry).
In all other cases, the Supersymmetry is broken completely. A summary of this discussion
is given in table 1 and in figure 1.

We will first focus on the SU(2)×U(1) preserving N = 0 reduction given in table 1,
obtained by fixing ζ = 0 in equation (3.5). After that we investigate the N = 1 case
(with ζ = −ξ).

3.2 SU(2)×U(1) preserving N = 0 deformation

In this section we will study the unique deformation of the solution of section 2.3 which
preserves none of the supersymmetry while retaining SU(2)×U(1) isometry, see table 1.

7Which from the determinant (3.2), requires a = c = 0.
8With s free (and m = 0) one gets (3.5) with ϕ ≡ ϕ + sχ, and with m free (and s = 0), one instead

has χ ≡ χ + mϕ. Hence, in both cases, one can set m = s = 0 without loss of generality, resulting in a
two-parameter family of solutions.
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β- Reduction N U(1)R SU(2)R
ξ = ζ = 0 2 ✓ ✓
ξ = −ζ ̸= 0 1 ✓ ×
ξ ̸= 0, ζ = 0 0 × ✓
ξ = 0, ζ ̸= 0 0 × ×
ξ ̸= 0, ζ ̸= 0 0 × ×

Table 1. In this table we see the different possible reductions in β in terms of the two relevant
parameters (ξ, ζ). The quantity N indicates the amount of SUSY preserved. We also indicate which
part of the R-symmetry SU(2)R × U(1)R is inherited in the background.

Whilst the SU(2) isometry descends from the SU(2)R part of the R-symmetry of the N = 2
backgrounds, the U(1) does not originate in the U(1)R of the parent backgrounds.

Fixing ζ = 0 in eq. (3.5), we find the solution can be succinctly written as

ds2 = f
3
2

1 f
1
2

5
√
∆
[
4ds2(AdS5)+f2ds

2(S2)+f4(dσ2+dη2)+ f3
∆dχ2

]
, e

4
3 Φ = f1f5∆, (3.6)

∆=(1+ξf6)2+ ξ2f3
f5

, H3 = d(f8+ξf7)∧vol(S2),

C1 =
f6+ξ

(
f3
f5
+f2

6

)
∆ dχ, C3 = f7dχ∧vol(S2),

which is clearly a parametric deformation of eq. (2.1), reducing to it exactly when ξ = 0.
In the k’th cell, with η ∈ [k, k + 1] we now take

Bk
2 = 2κ

(
−(η − k) + 1

4 V̇ f5f6 − ξV̇ f2

)
vol(S2), (3.7)

which leads to the 4-form Page flux

F̂4 = 2κd

f6(η − k)− 2f2
V ′′f5

+ ξ
(
V̇ f2f6 −

(
f3
f5

+ f2
6

) (
−(η − k) + 1

4 V̇ f5f6
))

∆

∧dχ∧vol(S2).

(3.8)
The various functions fi(η, σ) are defined in eq. (2.6), and we will focus on the particular
solution with V defined as in eq. (2.39) or equivalently eq. (2.41).

To better understand this deformation it is instructive to study how ξ ̸= 0 modifies
the behaviour of the N = 2 solution at the boundaries of the space. We remind the reader
that the parameters (ξ, ζ) should take values in the integers to avoid spoiling the periodicity
conditions of the angles in eq. (3.4).

Indeed, at σ = ∞ f6, f7 = −2κV̇ f2 and f3f
−1
5 all tend to zero, which makes ξ drop out

of the solution. This means that the deformed solutions tend to the undeformed one as we
approach this boundary, so again there are P NS5 branes at σ = ∞. Similarly at η = 0, P ,
but for σ ̸= 0, f3 and f7 tend to zero while the remaining fi are nowhere zero or infinite
so the behaviour, while modified, is qualitatively the same as the N = 2 solution, namely
the solution is regular with the sub-manifold spanned by (η, S2) vanishing as R3 in polar
coordinates. The more note worthy modification happens along the σ = 0 boundary:
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At a generic point along σ = 0, with η ∈ (k, k + 1), f3 tends to zero while f5 is finite
and f6 = V̇ ′ = Nk+1 − Nk. As such we find

∆ → (1 + ξ(Nk+1 −Nk))2 . (3.9)

Thus the sub-manifold spanned by (σ, χ), ignoring a constant multiplicative factor, tends to

dσ2 + σ2

l2k
dχ2, lk = 1 + ξ(Nk+1 −Nk), (3.10)

while the rest of the space is finite, non zero, and independent of σ at this loci. As such the
regular zero one gets at generic points along the σ = 0 boundary, when ξ = 0, becomes a
R2/Zlk orbifold singularity when ξ ̸= 0, as long as ξ is an integer.

To approach (σ = 0, η = 0) we define (η = r cosα, σ = r sinα) and expand about r = 0.
Since f3 vanishes with f5, f6 constant we find

∆ → (1 + ξN1)2. (3.11)

As such we again find that the (σ, χ) directions reproduce orbifold behaviour like (3.10),
with l0 = 1 + ξN1. However the (σ, χ) coordinates are part of a larger space at this loci,
when ξ = 0 they combine with the rest of the internal space to give the origin of R5 in polar
coordinates. When ξ ̸= 0, rather than a regular zero, we find a R5/Zl0 orbifold singularity.
The behaviour about (σ = 0, η = P ) is analogous giving rise to a R5/ZlP−1 orbifold.

The most interesting modification to the behaviour happens at (σ = 0, η = k), for k
the loci of a stack of D6 branes when ξ = 0. Expanding again (η = k − r cosα, σ = r sinα)
for r ∼ 0 we find the metric and dilaton tend to

ds2

2κ
√
Nk

=
√
∆k

[ 1√
bk
r

(
4ds2(AdS5) + ds2(S2)

)
+

√
bk
r

Nk

(
dr2 + r2

(
dα2 + sin2 α

∆k
dχ2

))]
,

e−Φ =
(
Nkb

3
k

26κ2r3

) 1
4

∆− 3
4

k , B2 = −2κNkvol(S2), (3.12)

C1 = ξk2b2
k sin2 α+ g(α)(1 + ξg(α))

∆k
dχ, C3 = −2κNkdχ ∧ vol(S2),

where we define the functions

∆k =
1
4ξ

2b2
k sin2 α+ (1 + ξg(α))2 , g(α) = cos2

(
α

2

)
(Nk −Nk−1) + sin2

(
α

2

)
(Nk+1 −Nk).

(3.13)
At the poles of the deformed 2-sphere spanned by (α, χ), we have

∆k(α = 0) = l2k−1, ∆k(α = π) = l2k, (3.14)

with ∆k finite and non zero between these bounds. If we had lk = lk−1 = 1 the deformed
2-sphere would become a round one, however as ξbk = lk−1 − lk, for bk the charge of the
D6 brane stack at η = k when ξ ̸= 0, we necessarily have lk ̸= lk−1 leading to R2/Zlk−1

and R2/Zlk conical singularities at the respective poles. This is the behaviour of a so called
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“spindle”, which is the weighted projective space WCP1
[lk−1,lk]. Spindles have the topology

of a 2-sphere with orbifold singularities at the poles, specifically WCP1
[n−,n+] has R2/Zn∓

orbifold singularities at the south/north poles with n− > n+ and gcd(n−, n+) = 1. Such
orbifolds have received a lot of attention recently in the context of the near horizon limit
of D branes which wrap them and their dual CFTs. See the papers [41–58] for examples of
works in which the spindle manifold plays a central role in holographic duals. This is not the
situation we find here, instead we find the behaviour of D6 branes extended in (AdS5, S2) and
back-reacted on a cone whose base is WCP1

[lk−1,lk]. The charge of the D6 branes is given by

Qk6 = − 1
2π

∫
WCP1

[lk−1,lk]

F2 = − 1
2π

∫ χ=2π

χ=0
C1

∣∣∣∣α=π

α=0
= 2Nk −Nk+1 −Nk−1

lklk−1
, (3.15)

yielding precisely the rational quantisation condition one should get when integrating (over
the spindle) the field strength of the connection of a U(1) orbifold bundle over a spindle [51].
This follows because the Euler characteristic on the spindle is itself rational, i.e. we find

χE = 1
2π

∫
WCP1

[lk−1,lk]

Rvol2 = lk−1 + lk
lk−1lk

= 2−
(
1− 1

lk

)
−
(
1− 1

lk−1

)
, (3.16)

where vol2 is the volume form on WCP1
[lk−1,lk].

Given the d = 11 origin of this solution, that we find the behaviour of D6 branes back-
reacted on a spindle should not be surprising. Indeed starting from the following embedding
of the Taub-Nut metric into d = 11

ds2 = ds2(R1,6) + h
(
dr2 + r2(dα2 + sin2 αdχ2)

)
+ 1
h
(dβ +N cosαdχ)2, h = 1 + M

r
,

we can produce the metric and 2-form very similar to those in eq. (3.12) (but with D6 branes
extended on R1,6) by first performing the coordinate transformation β → β+ 1

2(Nk+1−Nk−1)χ
followed by χ→ χ+ ξβ, then reducing to IIA on ∂β . This reproduces the singular behaviour
of (3.12) close to r = 0, but with AdS5 → Mink5, one should identify M = bk. This solution
likewise preserves no supersymmetry for ξ ̸= 0.

As in the ξ = 0 limit, a Page charge of D4 branes at the loci of the D6 branes can be
defined using eq. (3.8). Integrating carefully as described above eq. (2.56) we find

Qk4 = − 1
(2π)2

∫
S2×WCP1

[lk−,lk]

F4 = Nk

lk
− Nk−1

lk−1
, (3.17)

which are again colour charges. We note that the total charge of D6 and D4 branes obey

QD6 =
P−1∑
k=1

QkD6 = NP−1 +N1
l0lP

, QD4 =
P−1∑
k=1

QkD4 = NP−1
lP

. (3.18)

While it is no great surprise that this deformation contains D6 branes, as supersymmetry
is now broken it is no longer guaranteed that they are stable. A stable D brane configuration
should have minimal energy, the action of such a brane must satisfy

S = SDBI + SWZ = 0, (3.19)
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on shell, where the DBI and WZ actions are defined in (2.33). To establish whether this is
true for the D6 branes in the solution at hand we need to construct the higher form potentials
C7, C5, whose pull back onto AdS5 × S2 appears in the WZ action. To proceed we note that
when ξ = 0 supersymmetry is recovered so we know the form that C7, C5 should take in this
limit from (2.30), the ξ ̸= 0 limit must be a parametric deformation of this. We find

(
C7−Bk

2 ∧C5
)∣∣∣∣
ξ=0

=

1
2(4κ)

3
[2V̇ 2

V ′′ vol(AdS5)∧vol(S2)−e4ρV̇ vol(Mink4)∧vol(S2)∧(σdσ)

+2σ4vol(AdS5)∧dχ∧d(σ−2V̇ cosθ)−2σe4ρvol(Mink4)∧dχ∧dσ∧d(V̇ cosθ)

−(η−k)
(4σ2f6

f3
vol(AdS5)−e4ρvol(Mink4)∧

(
V̇ ′dσ−σ2∂σ(σ2V̇ )dη

))
∧vol(S2)

]
,

where it is actually only the very first term that is relevant for the D6 branes. Since
F̂ = d(C ∧ e−B2) and it is not hard to establish that F̂8 contains only order 0, 1 and 2
terms in ξ, clearly we must have

C7 −Bk
2 ∧ C5 =

(
C7 −Bk

2 ∧ C5
) ∣∣∣∣

ξ=0
+ 1

2(2κ)
3
(
ξX7 + ξ2Y7 + Z7

)
, (3.20)

with Z7 containing terms of any order in ξ, but necessarily closed. Consistency of this
ansatz with F̂8 fixes

Y7 = e4ρV̇ 2vol(Mink4) ∧ vol(S2) ∧ dV̇ , (3.21)

X7 = 1
2e

4ρvol(Mink4) ∧ vol(S2) ∧
[
d

(
V̇ 2V̇ ′

V ′′

)
− 2V̇ 2

f2
dη (3.22)

+ (η − k)
(
d

(
V̇ V̇ ′

V ′′ − V̈ V̇

)
+ 4V̇ (V̇ ′dη − σV ′′dσ)

)]
,

and we shall decompose Z7 in terms of an arbitrary function p = p(η, σ) as

Z7 =
(
p vol(AdS5) ∧ vol(S2) + 1

4e
4ρvol(Mink4) ∧ vol(S2) ∧ dp

)
, (3.23)

such that it is manifestly closed and contains only forms on the external space whose exterior
derivatives respect the isometries of Mink4. The WZ action of a D6 brane of world volume
(AdS5,S2) then takes the form

SWZ = (4κ)3T6

∫ (
V̇ 2

V ′′ +
p

2

)
vol(AdS5) ∧ vol(S2). (3.24)

We find to leading order about (σ = 0, η = k) that

e−Φ
√
det(g +B2)

∣∣∣∣
(AdS5, S2)

= (4κ)3 sin θ V̇
2

V ′′ ξ
√
2V̇ V ′′∆k. (3.25)
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We can thus fix p such that (3.19) is satisfied for a D6 brane at (σ = 0, η = k),

p = 2ξ V̇
2

V ′′

√
∆
f5
, (3.26)

achieves the desired goal, but so does the sum of this and any function tending to zero
at the loci of the D6 branes.

3.3 U(1)×U(1) preserving N = 1 deformation

In this section we will study the unique deformation of the solution of section 2.3 which
preserves N = 1 supersymmetry while retaining a U(1)×U(1) isometry.

Fixing ζ = −ξ ̸= 0 in (3.5), we find that we can write the solution in the following form

ds2 = f
3
2

1 f
1
2

5
√
Ξ
[
4ds2(AdS5) + f4(dσ2 + dη2) + ds2(M3)

]
, e

4
3 Φ = f1f5Ξ (3.27)

H3 = df8 ∧ vol(S2) + ξ sin θdf7 ∧ dθ ∧ (dϕ+ dχ),

C1 =

(
f6 + ξ

(
f2

6 + f3
f5

)
dχ− ξ f2

f5
sin2 θdϕ

)
Ξ , C3 = f7dχ ∧ vol(S2),

where we introduce the functions

Ξ=∆+ξ2 f2
f5

sin2 θ, ∆=(1+ξf6)2+ξ2 f3
f5
, Π=1+ξ2f2

f3+f5f
2
6

f3f5
sin2 θ. (3.28)

The 3-manifold M3 can be expressed in two ways which are useful

ds2(M3) = f2

(
dθ2 + ∆

Ξ sin2 θDϕ2
)
+ f3

∆dχ2 = f2

(
dθ2 + 1

Π sin2 θdϕ2
)
+ Π

Ξ f3Dχ
2,

Dϕ = dϕ+ ∆− 1− ξf6
∆ dχ, Dχ = dχ+

Π− 1 + f2f6
f3

sin2 θ

Π dϕ. (3.29)

Clearly Ξ = ∆ = Π = 1 when ξ = 0, so we have another parametric deformation of the
N = 2 solution. We define the NS 2-form in the k’th cell to be

B2 = 2κ
(
−(η − k) + 1

4 V̇ f5f6 − ξV̇ f2

)
sin θdθ ∧ dϕ− ξV̇ f2 sin θdθ ∧ dχ, (3.30)

from which it follows that the Page flux of D4 branes in the k’th cell is given by

F̂4 = 2κd

(η − k)
(
f6 + ξ

(
f3
f5

+ f2
6

))
− 2 f2

V ′′f5
(1 + ξf6)

Ξ

 sin θdθ ∧ dϕ ∧ dχ. (3.31)

We will now discuss the global properties of the solution with ξ ̸= 0.
First we note that for generic values of (η, σ), Ξ,∆,Π are finite and non zero for all θ

with Π → 1 at the poles of the deformed S2 spanned by (θ, ϕ). Thus the second expression
for M3 makes it clear that the deformed 2-sphere still behaves as a round S2 topologically.9

9Note that we can parametrise sin θ = x for x small at the poles, one then finds Dχ → dχ + q(η, σ)x2dϕ,
where q is easily determined. One can then send Dχ → dχ up to leading terms in x through χ → χ − 1

3 qx3,
so the fibration is topologically trivial at the poles.
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It is not hard to establish that as σ → ∞ the ξ dependence drops out of the solution,
making it tend to the N = 2 solution. As such there are again P NS5 branes at the σ = ∞
boundary. Likewise at η = 0, P (but σ ̸= 0), because f2, f7, f8 tend to zero while the
remaining fi are finite and non zero, we find that Π → 1, Dχ → dχ, f2 → η2f4, and that
Ξ is a finite non zero function of σ — thus from the second parametrisation of M3 we see
that the (η, θ, ϕ) direction vanish as R3 in polar coordinates, yielding a regular zero again.
As with the previous deformation the more interesting modified behaviour with respect to
ξ = 0 happens along the σ = 0 boundary:

At generic points along the σ = 0 boundary, away from the loci of the D6 branes when
ξ = 0, the solution again contains orbifold singularities. For η ∈ (k, k + 1) we find that

∆ → l2k, Ξ → l2k+
1
2ξ

2RV ′′ sin2 θ, Dϕ→ dϕ+ ξ(Nk+1 −Nk)
lk

dχ lk = 1+ ξ(Nk+1 −Nk),
(3.32)

making Ξ a finite nowhere vanishing function of (η, θ) and the connection of Dϕ topologically
trivial. Using the first expression for M6 we then see clearly that the (σ, χ) directions yield
a R2/Zlk orbifold singularity.

We once more study the η = σ = 0 limit by defining (η = r cosα, σ = r sinα) for small
r. Since f3 vanishes with f5, f6 finite we have

Ξ → ∆ → l20, (3.33)

it is then not hard to see from the first parametrisation of M3 that the internal space is
vanishing as R5/Zl0 with the external space finite, just as was the case at this loci for the
N = 0 deformation. The behaviour at η − P = σ = 0 is qualitatively the same, only with
a R5/ZlP−1 conical singularity.

The behaviour at (σ = 0, η = k) for k the loci of a D6 brane when ξ = 0 is a little
subtle. This is because generically the dominant term in Ξ is that containing f2f

−1
5 , the

exception is when we are also at one of the poles of the (θ, ϕ) deformed S2, where more care
is required. Assuming first that we are not at a pole we expand (η = k − r cosα, σ = r sinα)
in small r and find to leading order that

Ξ → bkξ
2Nk sin2 θ

4r , ∆ → ∆k, (3.34)

where ∆k is the smooth nowhere zero function defined in (3.13) tending to l2k−1, l
2
k at the

respective poles of the deformed (α, χ) 2-sphere. The solution tends to

ds2 = ξκsinθ
[
Nk

(
4ds2(AdS5)+dθ2

)
+4bk

(
dz2+z2ds2(B3)

)]
, e4Φ =κ2ξ6N2

k sin6 θ,

ds2(B3)=
1
4

(
dα2+sin2α

∆k
dχ2

)
+ ∆k

ξ2b2
k

(dϕ+Ak)2 , Ak=
∆k−1−ξg(α)

∆k
dχ,

H3 =−2κsinθdη∧dθ∧dϕ, C1 =−1
ξ
dϕ, C3 =−2κNk sinθdθ∧dϕ∧dχ, (3.35)

where g(α) is defined in (3.13) and z = r2. Ignoring the overall sin θ term, the sub-manifold
spanned by (z,B3) is a cone of base B3, while the rest of the space has constant warping. The
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sub-manifold B3 is clearly a U(1) fibration over WCP1
[lk−1,lk], i.e. B3 has the following behaviour

ds2(B3)
∣∣∣∣
α∼0

= 1
4

(
dα2 + α2

l2k−1
dχ2

)
+
l2k−1
ξ2b2

k

(
dϕ+ ξ(Nk −Nk−1)

lk−1
dχ

)2
,

ds2(B3)
∣∣∣∣
α∼π

= 1
4

(
dα2 + (π − α)2

l2k
dχ2

)
+ l2k
ξ2b2

k

(
dϕ+ ξ(Nk+1 −Nk)

lk
dχ

)2
,

− 1
2π

∫
WCP[lk−1,lk]

dA = ξbk
lk−1lk

, (3.36)

consistent with this claim. Similar 3 dimensional orbifolds were recently considered in [57] in
the context of supersymmetric localisation. Note that the deformed Taub-Nut space discussed
around (3.2), precisely reproduces the cone over B3 we find in this limit, it is thus the orbifold
singularity associated to this generalised space.

Finally we consider the behaviour as we approach (σ = 0, η = k, sin θ = 0), which
can be disentangled by defining

η = k − ρ cosα sin2 µ, σ = ρ sinα sin2 µ, sin θ = 2
√
bkρ

Nk
cosµ, (3.37)

and expanding in small ρ. We find that this gives rise to a nowhere zero smooth function
Ξ̃k through

sin2 µΞ → Ξ̃k = ∆k sin2 µ+ b2
kξ

2 cos2 µ, (3.38)

such that the entire solution tends to

ds2

2κ
√
Nk

=
√
Ξ̃k
[ 4√

bk
ρ

ds2(AdS5) +

√
bk
ρ

Nk

(
dρ2 + 4ρ2ds2(B4)

)]
, e−Φ =

(
b3
kNk

κ2Ξ̃3
kρ

3

) 1
4

,

B2 = −bkκξ cos2 µdρ ∧ (dϕ+ dχ), C3 = −4bk cos2 µdρ ∧ dϕ ∧ dχ,

C1 =
−b2

kξ cos2 µdϕ+ 1
ξ

(
∆k − 1− ξg(α) + b2

kξ

4 sin2 α

)
sin2 µdχ

Ξ̃k
, (3.39)

where the 4 manifold is defined as

ds2(B4) = dµ2 + 1
4 sin2 µ

(
dα2 + sin2 α

∆k
dχ2

)
+ sin2 µ cos2 µ∆k

Ξ̃k
(dϕ+Ak)2 , (3.40)

which is topologically CP2 with orbifold singularities inherited from the spindle spanned
by (α, χ) ie R4/Zlk−1 and R4/Zlk specifically, as well as a further orbifold singularity as
sinµ→ 0, where B4 approaches a cone over B3 defined above. One can compute the Euler
characteristic of this orbifold through the formula

χE = 1
32π2

∫
B4

(
RabcdR

abcd − 4RabRab +R2
)

vol(B4), (3.41)

– 22 –



J
H
E
P
0
7
(
2
0
2
4
)
0
4
2

which is a consequence of the Chern-Gauss-Bonnet theorem. Performing this integral is
rather tedious but requires no special trick, the result is

χE = lk−1 + (lk−1 − lk) + lk
lk−1(lk−1 − lk)lk

= 3−
(
1− 1

lk−1

)
−
(
1− 1

lk−1 − lk

)
−
(
1− 1

lk

)
, (3.42)

yielding the expected rational result, where 3 is the Euler characteristic on round CP2. We
thus see that our manifold B4 is the weighted projective space WCP2

[lk−1,lk,lk−1−lk] which
is a four dimensional analogue of a spindle. Distinct examples of a restricted form of this
orbifold, namely WCP2

[1,1,2], have appeared before in [18, 102]. Here we have a generalisation
that depends on two independent parameters,10 to our knowledge this is the first time it
has appeared in a solution of supergravity.

It is well known that reducing R1,5 × TNM on the Hopf fiber of the Taub-Nut space
leads to the d = 7 KK monopole geometry describing a stack of M D6 branes in flat space.
What we appear to have in (3.39) is the singularity associated to a d = 5 KK monopole
extended in AdS5, that descends from the embedding of some conical Calabi-Yau 3-fold with
orbifold singularities into d = 11 via dimensional reduction. We give more details on this in
appendix C where we show that the flat space analogue of the above singular behaviour can
be realised by dimensional reduction of d = 11 supergravity on an orbifold of R1,4 × R6. We
can find the charge of this KK monopole by integrating F2 at µ = π

2 , namely

− 1
2π

∫
WCP1

[lk−1,lk]

F2 = 2Nk −Nk+1 −Nk−1
lklk−1

, (3.43)

just as for the D6 branes in the previous deformation, only this time supersymmetry is
not broken.

We now move to study some aspects of CFTs dual to our backgrounds.

4 Comments on dual CFTs

We start this section with generic comments on N = 2 super conformal field theories and
their deformations. We propose that the CFT deformations we encountered in the (dual)
description given by eq. (3.5) represents marginal deformations. We then analyse observables
like the central charge, showing that all the family of solutions obtained by deformations
have the same holographic central charge. We comment on a mirror-like relation that our
CFTs satisfy, and study spin-two fluctuations of our backgrounds.

4.1 General comments

Conformal Field Theories (CFTs) play an important role among quantum field theories,
as they allow for exact results, difficult to obtain for massive theories. In a given CFT,

10While an embedding of WCP2
[k1,k2,k3] (with ki truly independent) into supergravity probably exists, it is

hard to see how it would be consistent with supersymmetry. For example, WCP2
[1,1,1] = CP2, which such a

solution would accommodate, certainly is not SUSY. We thank Dario Martelli for calling our attention to the
paper [102].
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operators are classified as either irrelevant, marginal or relevant. Deformations control the
RG-flow away from the fixed point. Given,

S = SCFT + g

∫
ddx O, (4.1)

with O a scalar primary field of dimension ∆. The case for which ∆ = d is specially interesting.
The deformation becomes marginal in this case.

The dimension of any operator is often corrected by quantum effects (a beta-function
for the coupling g is induced). When the operator O is exactly marginal, the perturbation
by such an operator gives place to a family of CFTs near the original fixed point. If two
or more of such operators exist, one talks about a conformal manifold. The existence of a
conformal manifold requires the vanishing of the beta functions for all the couplings gi in
eq. (4.1), β(gi) = 0. This is difficult to come by without the presence of SUSY or some other
symmetry ‘protecting’ the system from such corrections.

For the case of d = 4 with N = 1 SUSY, Leigh and Strassler [59] explained how the
beta-functions of gauge and superpotential couplings are related, implying the existence of
marginal operators and a conformal manifold. A more powerful approach is presented in [60].

In the context of AdS/CFT, conformal manifolds are mapped to AdS-vacua of supergravity
theories. See for example [61, 62].

Let us focus the attention on the non-SUSY N = 0 backgrounds. The CFT dual to our
family of backgrounds should admit a large N expansion (we have also the parameter P , the
length of the quiver). All the single trace operators with spin bigger than two must have
very large dimension. CFTs with these characteristics were studied in [63].

One may wonder if such large N CFT is still conformal after 1
N corrections are imposed,

that is, if going beyond supergravity the isometries of AdS5 (or those of S2×S1) are still
present. Using a bottom-up perspective, the SO(2,4) symmetry was shown to survive 1

N

corrections in [63].
Take the generic background of eq. (3.5), for the case ζ = 0. Consider its putative

reduction to five dimensional gravity. The scalars in the AdS-bulk corresponding to marginal
operators have mass m2 = ∆(∆− 4) = 0. Hence, the non-normalisable mode of those scalars
is dual to the coupling g in the perturbed CFT in eq. (4.1). The conformal manifold is
associated with the moduli space of AdS5 vacua in the reduced theory.

We emphasise that the above arguments are heuristic. Finding exactly marginal operators
in situations without SUSY is not a well-understood problem. At best, we state that if our
family of backgrounds is stable (proving this requires a more dedicated study than the one
we aim at here), the supergravity solutions would be the best indicators of the existence
of such exactly marginal deformations.

4.2 The dual to our backgrounds

Let us now go into more detail for the marginal deformations generically represented by the
background in eq. (3.5). We focus on the N = 1 and U(1)R preserving case (for ξ = −ζ)
and in the SU(2) preserving N = 0 case (with ζ = 0).

Using the representation theory of the superconformal algebra, see the paper [64], the
work [65] analysed soft-SUSY breaking of 4d N = 2 SCFTs.

– 24 –



J
H
E
P
0
7
(
2
0
2
4
)
0
4
2

Four dimensional N = 2 SCFTs have global symmetries (bosonic part) given by,

SO(2, 4)× SU(2)R × U(1)R × GF .

The first factor is the conformal group in four dimensions and corresponds with the isometries
of AdS5. The SU(2)R×U(1)R R-symmetry is associated with the S2×S1 part of the geometry
in (2.1). The factor GF represents other global symmetries, like flavour symmetries which
are realised on the world-volume of D6 branes.

A highest weight state is labelled as |∆, R, r, j1, j2 >. Here ∆ represents the scaling
dimension, R is the charge under SU(2)R, while r is the charge under U(1)R. the values
(j1, j2) are the left and right spin, when we consider SO(1,3)∼SO(4)∼ SU(2)× SU(2). The
short representations have been classified in [66, 67].

We are specially interested in Coulomb branch operators, denoted by E(r,0,0). These
operators have component fields: A (a scalar), Ψi (a spinor in the fundamental of SU(2)R),
B(ij) (scalars in the adjoint of SU(2)R), Fαβ (an anti-self-dual two form), Λi (a spinor in
the fundamental of SU(2)R) and C (a scalar). We are interested in the [∆, SU(2)R,U(1)R]
values of the scalar components of the multiplets, as these can be used to deform the theory.
These values are [65]

A = [r, 0, r], B(ij) = [r + 1, 1, r − 1], C = [r + 1, 0, r − 2]. (4.2)

We can consider deformations in eq. (4.1) with the form gi
∫
d4x Oi. For the operators

O1 = B(12) + cc, O2 = B(11) + cc, O3 = B(22) + cc. (4.3)

In [65], it is shown that these deformations have dimension ∆ = r + 1. Choosing r = 3 we
have marginal operators. For the case of the deformation with the operator O1, we have a
preserved SU(2) global symmetry, inherited from the R-symmetry, and SUSY is completely
broken to N = 0. We associate this deformation with the line of CFTs described by the
parameter ξ (with ζ = 0). Similarly, the operators O2 and O3 preserve N = 1 SUSY and
the associated R-symmetry is U(1) = 2

3 (U(1)R ± 2I3). In fact, the scaling dimension of
these operators is ∆ = 4. The amount of SUSY and global symmetry suggests that these
deformations with O2,O3 correspond with the branch ξ = −ζ in eq. (3.5). The quantisation
conditions found in eqs. (3.15) and (3.43), associated with the presence of spindles, suggest
that these deformations are non-Lagrangian.

The arguments above are not air-tight, particularly those in the SUSY breaking family
ζ = 0. The study of exactly marginal deformations requires a more careful analysis than
the one offered here. To ascertain the relevance of our ζ = 0 family of backgrounds, a more
dedicated stability analysis should be performed. This is outside the scope of this work.

4.3 Central charges

The c-function is a quantity defined at fixed points of the renormalisation group flow. In
two dimensions, it was proven by Zamolodchikov [68] that (with reasonable assumptions)
under an RG-flow dc(t)

dt ≤ 0. Here t = − log
( µ

Λ
)

and c(t) is the central charge, the coefficient
appearing in the correlator of two energy momentum tensors or in the trace anomaly. Thanks
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to this, the c-function can be used at the fixed points as a measure of the number of degrees
of freedom of the CFT.

In the case of four dimensional supersymmetric field theories, two possible central
functions appear in the correlator of energy momentum tensors or in the trace anomaly.
These quantities are called a and c. It was shown by Komargodsky and Schwimmer [69] that
(given some reasonable assumptions), the quantity a is monotonically decreasing towards the
IR da(t)

dt ≤ 0. In particular, it can be used as a measure of the number of degrees of freedom.
In the special case of conformal long linear quivers with N = 2 SUSY that we consider

in this work, with Nv vector multiplets and Nh hypermultiplets, it can be shown (see for
example [70]) that,

a = 5Nv +Nh

24 , c = 2Nv +Nh

12 . (4.4)

Holographically (in the supergravity approximaton) it is shown that a = c, see for example [71].
The corrections to this relation are suppressed by the numbers 1

N and 1
P , being N a generic

gauge group rank (considered to be large) and P the (large) length of the linear quiver.
We define below a string theory quantity that in the case of N = 2 long linear quivers has

been shown to match precisely with the results for a and c computed using localisation and
matrix model techniques [72]. This quantity is nothing but a generalisation to more generic
backgrounds of well-known formulas. In other words, the inverse of the lower dimensional
Newton constant is calculated and this is associated with the free energy and with the number
of degrees of freedom. We refer to this quantity as holographic central charge.

4.3.1 Holographic central charge

We now turn to calculate the Holographic Central charge. On the CFT side, it is one of the
key characteristic quantities, the Free Energy of the CFT on S4 (counting the number of
degrees of freedom). On the Supergravity side, it measures a weighted effective volume of the
internal manifold. See [71, 73–75] for further details. To calculate this internal volume, we
follow the methodology outlined in [73], in which, given a metric of the form

ds2 = α(ρ, #»

θ )
(
dx2

1,d + β(ρ)dρ2
)
+ gij(ρ,

#»

θ )dθidθj , (4.5)

we define

Vint =
∫
d

#»

θ
√

det[gij ]e−4Φαd, H = V 2
int, (4.6)

with the corresponding Holographic Central Charge, chol, given by

chol =
dd

GN
βd/2H

2d+1
2

(H ′)d , (4.7)

where GN = 8π6α′4g2
s = 8π6 (in the units α′ = gs = 1). For the backgrounds presented

in eq. (3.5), we have

d = 3, α = 4ρ2e
2
3 Φf1, β = 1

ρ4 ,

gij(ρ,
#»

θ )dθidθj = e
2
3 Φf1

[
f2ds

2(S2) + f4(dσ2 + dη2)
]
+ e−

2
3 Φf2

1 f5f3dχ
2.

(4.8)
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After lengthy algebra that is described in detail in appendix E, one arrives at the result,

chol =
1
4π

∫ P

0
R(η)2dη = 1

8π

∞∑
k=1

P R2
k, (4.9)

where all dependence on the dilaton drops out neatly, meaning the Holographic Central
Charge is the same for all backgrounds presented throughout this paper. Indeed, eq. (4.9)
matches the N = 2 result of [37] (up to appropriate conversion of notation). The interested
reader might want to calculate the result of eq. (4.9) for a given Rank function and compare it
with the result of eq. (4.4). Various examples along these lines are worked out in [37, 72, 76].

The fact that the central charge does not change when considering the N = (2, 1, 0)
backgrounds, indicates that the CFT dual to these different backgrounds are related by
marginal deformations. This is in nice coincidence with the presence of parameters (ξ, ζ)
that control these deformations, as proposed above.

Let us now study another aspect of these N = 2, N = 1 and N = 0 CFTs.

4.4 A mirror-like relation

Consider a generic rank function

R(η) =


N1η η ∈ [0, 1]

Nk + (Nk+1 −Nk)(η − k) η ∈ [k, k + 1]
NP−1(P − η) η ∈ [P − 1, P ].

(4.10)

The total number of flavours in the associated linear quiver is given by F = R′(0)−R′(P ) =
N1 +NP−1. The length of the quiver is (P − 1), that is the number of gauge nodes.

Let us assume in this section that both F
P and P

FNj are integer numbers. Let us now
define a second rank function R̂(η̂) to be,

R̂(η̂) =


N̂1η̂ η̂ ∈ [0, FP ]

N̂k + (N̂k+1 − N̂k)(η̂ − k) η̂ ∈ [kFP , (k + 1)FP ]
N̂F−1(F − η̂) η̂ ∈ [F (1− 1

P ), F ],
(4.11)

where N̂j = P
FNj . The total number of flavours is P = R̂′(0) − R̂′(F ) = N̂1 − N̂F−1. The

length of the quiver is (F − 1).
One can easily show that the Fourier coefficients of R(η) and R̂(η̂) are identical. In

other words,

Rn = 1
P

∫ P

−P
R(η) sin

(
nπη

P

)
dη = 1

F

∫ F

−F
R̂(η̂) sin

(
nπη̂

F

)
dη̂ = R̂n. (4.12)

Under these conditions, it was shown in [72] that the two linear quivers have the same ‘density
of free energy’ or ‘holographic central charge per unit length’. That is,

chol
P

= 1
8π

∞∑
k=1

R2
k =

1
8π

∞∑
k=1

R̂2
k =

ĉhol
F
. (4.13)

This relation between two different quivers and their free energy per unit length, first
observed in [72] is an extension of mirror symmetry to the four dimensional case, with
either N = (2, 1, 0).

Let us now study a special type of excitations in our CFTs.
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4.5 Spin 2 fluctations

In this section we study particular excitations in our family of backgrounds. These are
excitations of the metric, along the directions of AdS5. This simple fluctuation is consistent
and can be associated with states of spin two in the CFT. This kind of excitations were
object of study in SCFTs in different dimensions. A precursor to these studies is [77]. In
this work we rely on the results of [78–81]. In fact, following [78–80], for solutions of the
following geometry (in this section we work in Einstein frame), where

ds2
E = e2AEds2(AdS5) + ds2(M5), (4.14)

with spin-two fluctuations along only the AdS5 part of the metric in Einstein Frame, where
the ten coordinates are labelled XM = (xµ, ya),

ds2
E = e2AE

[(
g̃µν(x) + hµν(x, y)

)
dxµdxν + g̃ab(y)dyadyb

]
, (4.15)

with the condition that the fluctuation hµν written in terms of a tensor that is transverse
and traceless as,

hµν(x, y) = h[tt]
µν (x)F(y), ∇̃µh[tt]

µν = 0, g̃µνh[tt]
µν = 0. (4.16)

As is discussed in [78, 80], the fluctuation of Maxwell equations and Dilaton equation are
satisfied trivially. However, the Einstein equations lead to the following condition,

0 = ∇̃σ∇̃σhµν + 2hµν + ∇̃a∇̃ahµν + 8∇̃aA∇̃ahµν

= ∇̃σ∇̃σhµν + 2hµν + e−8AE∇̃a
[
e8AE∇̃ahµν

]
:= ∇̃σ∇̃σhµν + 2hµν + L(hµν),

(4.17)

noting that hµν acts like a scalar for ∇̃a. This corresponds to the equation of motion for
a graviton propagating on AdS5, given by the Pauli-Fierz equation

∇̃σ∇̃σhµν = (M2 − 2)hµν , (4.18)

where M is the graviton mass, meaning

L(hµν) = −M2hµν . (4.19)

For some scalar fluctuation F , we have comparing with (4.17)–(4.19),

L(F)= e−8AE

√
g̃M5

∂a
(
e8AE

√
g̃M5 g̃

ab∂bF
)
= 1√

g̃M5
∂a
(√

g̃M5 g̃
ab∂bF

)
+8g̃ab∂aA∂bF . (4.20)

In what follows we study the equation of motion for the fluctuation in the metrics analysed
in this work.

N = 0 reduction. Using the form of the SU(2) preserving N = 0 metrics presented in
eq. (3.6), after moving to Einstein Frame, one finds

ds2
E = 4(f9

1 f5∆)
1
8

[
ds2(AdS5)) +

1
4

(
f2ds

2(S2) + f4(dσ2 + dη2) + f3
∆dχ2

)]
. (4.21)
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Using eq. (4.15), this gives

e2AE = 4(f9
1 f5∆)

1
8 , g̃M5 = 1

45∆f2
2 f

2
4 f3 sin2 θ, e8AE

√
g̃M5 = 23f

9
2

1 f
1
2

3 f
1
2

5 f2f4 sin θ.
(4.22)

Using this in (4.20) and the definitions of fi in (2.6) one finds,

2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

∇2
S2F + 2V̇ − V̈

σ2V ′′ ∆∂2
χF

+ 2
V ′′V̇ σ

[
∂η
(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0, (4.23)

which only differs from the N = 2 result by ∆, which of course goes to 1 when ξ = 0 and
where the Laplacian on the two sphere is

∇2
S2 ≡ 1

sin θ∂θ(sin θ∂θ) +
1

sin2 θ
∂2
ϕ. (4.24)

Universal spin-two modes in the GM background were already considered in [79], following
the procedure there we expand the mass eigenfunction as

F =
∑
lmn

ϕlmnYlme
inχ, ∇2

S2Ylm = −l(l + 1)Ylm, (4.25)

where l,m, n ∈ Z and l ≥ 1 and were we stress that F , and so also ϕlmn are complex in
general. This leads to

− l(l + 1)
2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

F − n2 2V̇ − V̈

σ2V ′′ ∆F

+ 2
V ′′V̇ σ

[
∂η
(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0. (4.26)

Note that this is a version of the Sturm-Liouville problem and fits into the ‘universal form’
given in [81], one should identify

∂a(p̄∂aψ) + q̄ψ = −m̄2w̄ψ, with ψ = ϕl̂m̂n̂ and (4.27)

p̄ = σV̇ 2, w̄ = 1
2σV

′′V̇ , m̄2 =M2, q̄ = −σV̇ V ′′
(
∆̃l̂(l̂ + 1)
V̇ V ′′ + n̂2Λ∆

2σ2

)
.

In [79], the N = 2 analogue of (4.26) is mapped to a more useful form by redefining ϕlmn,
here we do something similar, namely take

ϕlmn = enξV
′
σn(V̇ )lϕ̃lmn, M2 = µ2 + (2l + n)(2l + n+ 4), (4.28)

upon which (4.26) becomes

σnV̇ lenξV
′
(

2e−2nξV ′

σ2n−1V̇ 2l+1V̈
∂a
(
σ2n+1V̇ 2+2le2nξV ′

∂aϕ̃lmn
)
− µ2

)
= 0, (4.29)
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where a ∈ (η, σ). This is solved by ϕ̃lmn = constant and µ = 0 for all n, this leads to
the universal solution

ϕrlmn = enξV
′
σn(V̇ )lϕ0, M2 = −4 + (2 + 2l + n)2, (4.30)

where ϕ0 = constant. This solution remains finite at all points on the Riemann surface for
the V defined in section 2.3, just as they were shown to be for the N = 2 case in [79].

We can derive an integration measure to define the norm of fluctuations by computing
the quadratic fluctuation of S = 1

2κ2
10

∫ √
− det gRdx10, we find in general

δ(2)S = 1
2κ2

10

∫
dx5dy5e3A

√
− det gAdS5

√
detM5hµν

(
∇2

AdS5 + 2−M2
)
hµν . (4.31)

We thus see that an appropriate integration measure is e3A√detM5 when integrating over
y. We can use this to derive a bound on M2. Starting from (4.29) and contracting with
ϕlmn and then integrating with respect to the above measure we find

−
∫
dηdσ ¯̃ϕlmn

(
∂a
(
σ2n+1V̇ 2+2le2nξV ′

∂aϕ̃lmn
)
+1
2µ

2e2nξV ′
σ2n+1V̇ 2l+1V ′′ϕ̃lmn

)
=0 (4.32)

Integration by parts, assuming no boundary contributions, which is the case if the fluctuation
is finite everywhere on the Riemann surface, as a regular fluctuation must be, then yields∫

dηdσ

(
σ2n+1V̇ 2+2le2nξV ′ |∂aϕ̃lmn|2 −

1
2µ

2e2nξV ′
σ2n+1V̇ 2l+1V ′′|ϕ̃lmn|2

)
= 0 (4.33)

where the first term is positive definite and the second term is negative definite. We see that
the minimal value µ2 can take is µ2 = 0, which happens for ϕ̃lmn constant. We conclude that

M2 ≥ (2l + n)(2l + n+ 4), (4.34)

just as was the case for N = 2. Note that as a bound on the scaling dimension of operators
this becomes ∆ ≥ 4 + 2l + n.

Finally, let us emphasise that the result for the N = 0 family of backgrounds (parametrised
by ξ) is a deformation of the result of the N = 2 backgrounds. See eq. (4.33). This suggest
that the positive masses obtained in (4.34) are an indication of stability of our SUSY-breaking
family of backgrounds.

N = 1 reduction. Using the form of the N = 1 metrics presented in eq. (3.27), after
moving to Einstein Frame,

ds2
E = 4(f9

1 f5Ξ)
1
8

[
ds2(AdS5) + hµνdx

µdxν + 1
4

(
f4(dσ2 + dη2) + ds2(M3)

)]
, (4.35)

with ds(M3)2 given in eq. (3.29). Using eq. (4.15) gives

e2AE = 4(f9
1 f5Ξ)

1
8 , g̃M5 = 1

45Ξf
2
2 f

2
4 f3 sin2 θ, e8AE

√
g̃M5 = 23f

9
2

1 f
1
2

3 f
1
2

5 f2f4 sin θ.
(4.36)
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This leads to the differential equation

2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

∇2
S2F + 2V̇ − V̈

σ2V ′′ ∆∂2
χF

+
(
4ξ2

(
1
f5

+ f2
6
f3

)
∂2
ϕ + 8ξ ξf3 + f5f6(1 + ξf6)

f3f5
∂χ∂ϕ

)
F

+ 2
V ′′V̇ σ

[
∂η
(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0. (4.37)

Despite appearances, this actually behaves remarkably similar to the equation defining the
mass of spin 2 fluctuations in the N = 0 deformation. We once more redefine F in terms
of (4.25), and then this time further redefine

ϕlmn = e(n−m)ξV ′
σn(V̇ )lϕ̃lmn, M2 = µ2 + (2l + n)(2l + n+ 4). (4.38)

Again making use of ∇2
S2Ylm = −l(l + 1)Ylm and that ∂ϕYlm = imYlm on finds that the

resulting PDE for ϕ̃lmn takes an almost identical form to (4.29), except with enξV
′ replaced

with e(n−m)ξV ′ everywhere it appears. The remaining arguments of the previous section then
go through the same: a universal regular fluctuation, valid when µ2 = 0 is given by

ϕrlmn = e(n−m)ξV ′
σn(V̇ )lϕ0, M2 = −4 + (2 + 2l + n)2 (4.39)

where ϕ0 is constant. This solution again saturates the bound on the mass on can derive,
which is again

M2 ≥ (2l + n)(2l + n+ 4), (4.40)

once more matching the N = 2 result.

5 Conclusions and future directions

Let us start with a brief summary of the new things presented in this work.

• After reviewing the electrostatic formulation of holographic duals to N = 2 four
dimensional linear quiver SCFTs and a careful study of the quantised charges, we wrote
the SU(2) G-structure in terms of two-forms j, ω and one forms u, v. We wrote the
pure spinors and in terms of these found calibrated branes in these holographic duals.

• Relying on an SL(3,R) transformation in eleven dimensions, we constructed a new
infinite family of solutions. Each member of the family is labelled by a potential function
(one for each parent linear quiver) V (σ, η), and two numbers (ξ, ζ). We studied SUSY
preservation for different values of (ξ, ζ), wrote the G-structure when possible and
studied quantised charges. Interestingly the charges reveal that the space orthogonal to
the branes is a spindle in general. This may translate in the non-Lagrangian character of
the dual SCFTs. The figure 1 indicates that for generic values of (ξ, ζ) the backgrounds
break SUSY completely (N = 0). Interestingly, there is a family of N = 0 backgrounds
with an SU(2) global symmetry, inherited from the parent R-symmetry. There is also a
family of N = 1 backgrounds with its corresponding U(1)R symmetry.
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• We studied some sample observables in the dual SCFTs. In particular, we proposed
which operators may be marginally deforming the N = 2 SCFTs. We calculated
the holographic central charge, a quantity associated with the a central charge. In
the holographic limit a = c. We showed the independence of the holographic central
charge on the parameters (ξ, ζ). This being in agreement with the proposed marginally
deformed CFT. We proposed a mirror-like relation between pairs of quivers. This
relation is valid for all members of the family. We calculated spin-two fluctuations
in the CFT and wrote equations ruling their dynamics. Universal solutions to these
equations are written, together with the spectrum of dimensions. A lower bound is
proven for the spectrum of dimensions.

For the future, this work opens some interesting topics to be studied. Here we write some
things that would be interesting to work in detail.

• It would be interesting to see whether the d = 4 weighted projective space we find
during our analysis of the N = 1 preserving deformation can appear in more standard
wrapped brane scenarios, i.e. compactifications of AdSn+4 to AdSn for n = 2, 3.

• Use our thrice-infinite family of new solutions to holographically calculate observables.
For example, the calculations in [82–86] are suitable to be done.

• A better understanding of the operators that trigger the marginal deformation
is desirable.

• It would be interesting to repeat the analysis in this paper in two related systems (with
qualitatively different) holographic field theory. One is the Lin-Maldacena family of
solutions dual to different vacua of the BMN matrix model [87], see the papers [88–91]
for different elaborations on the backgrounds. The other is the system describing a 4d
defect inside the (0, 2) 6d SCFT. See for example [92].

• It would be nice to study the SUSY probe-dynamics we encountered in the N = 2 and
N = 1 systems.

• It would be interesting to place our N = 1 SUSY family of solutions in the context of
the work [94]. Possibly, the N = 0 family of backgrounds can be understood within the
formalism developed in [95].

• Recently, studies on the stability (or not) of non-SUSY backgrounds have been refined
thanks to the application of techniques of Exceptional field theory, see for example [96–
100]. It would be interesting to apply this technology to our family of N = 0 backgrounds,
for any values of the (ξ, ζ) parameters. Stability studies along the lines of the paper [101]
seem pertinent for our backgrounds.

We hope to soon report on these and other interesting topics.
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A Transformation from LLM to GM

We now present a step-by-step transformation from the LLM to the GM background via the
‘Bäcklund’ transformation, demonstrating explicitly (A.1) (as described in [19, 20, 52])

χ̄→ χ+ β, β̄ → −β. (A.1)

We begin with the LLM background [16, 19, 21]

ds2 =κ
2
3 e2λ

[
4ds2(AdS5)+y2e−6λds2(S2)+ 4

1−y∂yD

(
dχ̄− r

2∂rDdβ̄
)2

− ∂yD

y

[
dy2+eD(dr2+r2dβ̄2)

]]
,

G4 =κ

[
−d(2y3e−6λ)∧dχ̄+

(
d

[
e−6λ y2

∂yD
r∂rD

]
−∂y(eD)rdr+r∂rDdy

)
∧dβ̄

]
∧vol(S2),

(A.2)

with D(r, y) satisfying

1
r
∂r(r∂rD) + ∂2

ye
D = 0, e−6λ = −∂yD

y(1− y∂yD) . (A.3)

By direct comparison with the GM case (2.5), re-written below for clarity

ds2 = f1

[
4ds2(AdS5) + f2ds

2(S2) + f3dχ
2 + f4

(
dσ2 + dη2)+ f5

(
dβ + f6dχ

)2
]
, (A.4)

A3 =
(
f7dχ+ f8dβ

)
∧ vol(S2), (A.5)

it is immediately clear that

κ
2
3 e2λ = f1, y2e−6λ = f2. (A.6)

After the following ‘Bäcklund’ transformation

r2eD = σ2, y = V̇ , log(r) = V ′, (A.7)

with the given relation for λ,

e−6λ = −∂yD
y(1− y∂yD) , ⇒ 2V ′′

∆̃
= −∂yD

(1− y∂yD) , (A.8)
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one arrives at

∂yD = 2V ′′

2V ′′V̇ − ∆̃
= 2V ′′

V̈ V ′′ − (V̇ ′)2 , (A.9)

which matches the form in [34] after inserting the Laplace equation (2.8).
Using r = eV

′ and σ2 = r2eD,

e
1
2Ddr = σV ′′dη + V̇ ′dσ. (A.10)

Hence,
dy2 + eDdr2 = (dσ2 + dη2)

(
− V ′′V̈ + (V̇ ′)2

)
, (A.11)

meaning,

−∂yD
y

(dy2 + eDdr2) = − 1
V̇

2V ′′

(V̈ V ′′ − (V̇ ′)2)
(
− V ′′V̈ + (V̇ ′)2)(dσ2 + dη2)

= f4(dσ2 + dη2). (A.12)

Thus, the only part of the LLM metric still left to transform is

4
1− y∂yD

(
dχ̄− r

2∂rDdβ̄
)2

− ∂yD

y
eDr2dβ̄2. (A.13)

Before doing so, we note the following relation from the transformation σ(r, y) (as in [34])

dσ

dη
= ∂σ

∂r

∂r

∂η
+ ∂σ

∂y

∂y

∂η
= ∂rσ∂ηr + ∂yρ∂ηy = 0, (A.14)

giving
∂rσ = −∂yσ∂ηy

∂ηr
. (A.15)

Now we use the forms of the transform to get (assuming σ = re
D
2 )

∂rσ = 1
2e

D
2 (2 + r∂rD), ∂yσ = σ

2 ∂yD, ∂ηy = V̇ ′, ∂ηr = V ′′r. (A.16)

Now, substituting these forms into the previous equation

e
D
2 (2 + r∂rD) = −σ∂yDV̇

′

V ′′r

⇒ r∂rD = −∂yDV̇
′

V ′′ − 2 = − 2V̇ ′

V̈ V ′′ − (V̇ ′)2 − 2 = −2
[
g(η, σ) + 1

]
.

(A.17)

Note that it is this extra contribution to g(η, σ) which introduces the additional β term in
the definition of the GM χ. Inserting this into the remaining part, gives

4
1− y∂yD

(
dχ̄− r

2∂rDdβ̄
)2

− ∂yD

y
eDr2dβ̄2 = 4

1− y∂yD

(
dχ− g(η, σ)dβ

)2
− ∂yD

y
eDr2dβ2,

(A.18)
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where
χ = χ̄+ β̄, β = −β̄, g(η, σ) = V̇ ′

V̈ V ′′ − (V̇ ′)2 . (A.19)

Now we re-arrange this such that the roles of χ and β are switched

4
1−y∂yD

(
dχ−g(η,σ)dβ

)2
− ∂yD

y
eDr2dβ2 =

− 4r2eD∂yD

4y g(η,σ)2−eDr2∂yD(1−y∂yD)dχ
2 (A.20)

+
(4yg(η,σ)2−r2eD∂yD(1−y∂yD)

y(1−y∂yD)

)[
dβ− 4y g(η,σ)

4y g(η,σ)2−eDr2∂yD(1−y∂yD)dχ
]2
.

Noting

4yg(η, σ)2 − r2eD∂yD(1− y∂yD) = − 2ΛV ′′

V̈ V ′′ − (V̇ ′)2 , y(1− y∂yD) = − V̇ ∆̃
V̈ V ′′ − (V̇ ′)2 ,

(A.21)
we transform each above form as follows

4yg(η, σ)2 − r2eD∂yD(1− y∂yD)
y(1− y∂yD) = 2ΛV ′′

V̇ ∆̃
= f5,

4y g(η, σ)
4y g(η, σ)2 − eDr2∂yD(1− y∂yD) = −2V̇ V̇ ′

ΛV ′′ = −f6,

4r2eD∂yD

4y g(η, σ)2 − eDr2∂yD(1− y∂yD) = −4σ2

Λ = −f3. (A.22)

Hence
4

1− y∂yD

(
dχ− g(η, σ)dβ

)2
− ∂yD

y
eDr2dβ2 (A.23)

= f5
(
dβ + f6dχ

)2 + f3dχ
2. (A.24)

For A3, noting

2κy3e−6λ =−f7, κe−6λ y2

∂yD
(2y∂yD−2g(η,σ))=−f7−κ

2V̇ V̇ ′

∆̃
, κ

(
2e−6λ y2

∂yD
+2y

)
=−f7,

and
−∂y(eD)r dr + (2 + r∂rD) dy = 2dη, (A.25)

after taking the positive square-root for σ = ±re
D
2

G4 =κ

[
−d(2y3e−6λ)∧dχ̄−d(2y3e−6λ)∧dβ̄

+
(
d

[
e−6λ y2

∂yD
(2y∂yD+r∂rD)

]
−∂y(eD)rdr+r∂rDdy

)
∧dβ̄

]
∧vol(S2)

=
[
d(f7)∧dχ̄+d(f7)∧dβ̄

+κ
(
d

[
e−6λ y2

∂yD
(2y∂yD−2g(η,σ)−2)

]
−∂y(eD)rdr+r∂rDdy

)
∧dβ̄

]
∧vol(S2)
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=
[
d(f7)∧dχ̄+d(f7)∧dβ̄+

(
d

[
−f7−κ

2V̇ V̇ ′

∆̃

]
+2κdη−κd

[
2e−6λ y2

∂yD
+2y

])
∧dβ̄

]
∧vol(S2)

=
[
d(f7)∧(dχ̄+dβ̄)−d(f8)∧dβ̄

]
∧vol(S2). (A.26)

Finally we arrive at the form of the GM solution written in eq. (2.5). We note that χ in the
GM paper is in fact χ = χ̄+ β̄ written in terms of the LLM form (as stated in [19, 20, 52])
(and β̄ → −β).

B Values of fi at special points in space

In this appendix we quote the values of the functions fi, which appear in our various solutions
at special points in the space.

At the boundary σ = ∞ one finds to leading order that

f1 =
(
π3R2

1κ
2σ2

4P 2 e
−

2π
P

σ

)1
3
, f2 =

2P
πσ

sin2
(
πη

P

)
, f3 =4, f4 =

2π
Pσ
, f5 =

4P 2

π3R2
1
e

2π
P

σ (B.1)

f6 =
√

2
Pσ
πR1e

−
π

P
σ cos

(
πη

P

)
, f7 =−2κR1

√
2P
σ
e
−
π

P
σ sin3

(
πη

P

)
, f8 =κ

(
−2η+ P

π
sin
(2πη
P

))
.

At η = 0 but σ ̸= 0 the leading order behaviour

f1 =
(
κ2σ2f3

−2ḟ

) 1
3

, f2 = −2η2ḟ

σ2f
, f3 = −4ḟ

2f − ḟ
, f4 = − 2ḟ

fσ2 , (B.2)

f5 = 2(2f − ḟ)
f3 , f6 = 2f2

2f − ḟ
, f7 = 4κηḟ

σ2 , f8 = 2κ
(
−η + η

f

)
,

where f > 0 is defined in (2.47) and −ḟ > 0. The behaviour at η = P but σ ̸= 0 is
qualitatively the same.

To approach σ = η = 0 we define (η = r cosα, σ = r sinα) and expand in small r
leading to the asymptotic form

f1 =
(
κ2N3

1
2Q

) 1
3

, f2 = 2r2 cos2 αQ

N1
, f3 = 2r2 sin2 αQ

N1
, f4 = 2Q

N1
, (B.3)

f5 = 4
N2

1
, f6 = N1, f7 = −4κQr3 cos3 α, f8 = 0,

where Q can be extracted from (2.51) by decomposing V ′′ = r cosαQ — the behaviour at
σ = η − P = 0 is qualitatively the same.

The behaviour at (σ = 0, η = k) for 0 < k < P an integer where R′ is discontinuous
can be studied by defining (η = k − r cosα, σ = r sinα) and expanding in small r, we find
to leading order

f1 = (κNk)
2
3 , f2 = 1, f3 = r2 sin2 α

Nk

bk
r
, f4 = 1

Nk

bk
r
, (B.4)

f5 = 4
Nk

r

bk
, f6 = bk

2 (1 + cosα) +Nk+1 −Nk, f7 = −2κNk, f8 = −2κk.
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Finally at a generic regular point of the σ = 0 boundary, for η ∈ (k, k + 1) for which
R = Nk + (Nk+1 − Nk)(η − k) we find

f1 =
(
κ2R(2RPk + (R′)2)

2Pk

) 1
3

, f2 = 2RPk
2RPk + (R′)2 , f3 = 2σ2Pk

R
, f4 = 2Pk

R
, (B.5)

f5 = 4
2RPk + (R′)2 , f6 = R′, f7 = − 4κR2Pk

2RPk + (R′)2 , f8 = 2κ
(
−η + RR′

2RPk + (R′)2

)
,

where Pk = Pk(η) is defined in (2.50) — note that if R′ is actually continuous at either of
η = k or η = k + 1 then these expressions also hold at that respective point.

C Some details on the d = 5 KK monopole solution

In this appendix we show how one can generate the flat space analogue of the KK monopole
singularity we find in (3.39) via coordinate transformations and dimensional reduction.

One can generate the relevant singular behaviour starting from R6 parameterised as

ds2(R6) = 1
ρ

(
dρ2 + 4ρ2ds2(S5)

)
. (C.1)

We first express S5 as a foliation of S1×S3 over an interval and then perform a Zp orbifolding
of the Hopf fiber coordinate within the 3-sphere, the result is

ds2(S5/Zp) = dµ2 + cos2 µdϕ2 + 1
4 sin2 µ(dα2 + sin2 αdχ2) + 1

p2 sin2 µ

(
dβ + p

2 cosαdχ
)2
,

(C.2)
which preserves half of the supersymmetry of the round 5-sphere in terms of two d = 5 spinors
ζ±, charged under respectively ∂ϕ±∂χ which are both singlets with respect to ∂β . Specifically
with respect to the obvious vielbein (C.2) suggests (taking plus signs) we find that

ζ± = e
i
2 (ϕ±χ)e−

i
2µγ1e

1
2αγ45ζ0

±, (C.3)

both obey ∇aζ± + i
2γaζ± = 0, where ζ0

± are two constant and independent eigenvectors
of −γ15 + γ34 with zero eigenvalue.

Next one performs the following coordinate transformations in succession

β → β + q

2χ,

χ→ χ+ lβ, ϕ→ ϕ− lβ, (C.4)

for q, l constants, which leaves the spinor ζ+ invariant but makes ζ− now charged under
∂β. The result of doing this is that S5/Zp → B5, a U(1) fibration over a topological CP2

with orbifold singularities, given specifically by

ds2(B5)= ds2(Bpql
4 )+ Ξplq

p2 (dβ+B1)2, ds2(Bpql
4 )= dµ2

+ 1
4 sin

2µ

(
dα2+ sin2α

∆pql
dχ2

)
+ Ξpql

p2 +∆pql

Ξpql
sin2µcos2µ

(
dϕ+∆pql−1− l

2 (q+pcosα)
∆pql

dχ

)2
,

– 37 –



J
H
E
P
0
7
(
2
0
2
4
)
0
4
2

B1 =
−p2lcos2µdϕ+ 1

ξ

(
∆−1− l

2 (q+pcosα)
)

sin2µdχ

Ξpql
,

Ξpql =sin2µ∆pql+p2l2 cos2µ, ∆pql =
1
4p

2l2 sin2α+
(
1+ ξ

2(q+pcosα)
)2
. (C.5)

If we replace S5 with B5 in (C.1) we end up with a rather complicated orbifolding of R6, that
we propose is the near horizon limit of some more complicated d = 6 monopole geometry
that is likewise Ricci flat, i.e a CY3 analogy of the geometries constructed in [93], whose
form we do not know. Taking the direct product of R1,4 and this R6 orbifold yields a purely
geometric solution to d = 11 supergravity which we are free to reduce to type IIA on the
isometry ∂β , which preserves only the ζ+ spinor, halving supersymmetry again. The resulting
solution in IIA takes the form

ds2 =
√
Ξpql

[ 1√
p
ρ

ds2(R1,5) +
√
p

ρ

(
dρ2 + 4ρ2ds2(Bpql4 )

) ]
, e−Φ =

(
l6

26Ξpqlρ3

) 1
4

, (C.6)

with non trivial RR 2-form F2 = dB1. This yields an object in IIA with the same behaviour
as (3.39), but now extended in flat space — specifically one should identify (p = bk , q =
Nk+1 − Nk−1 l = ξ) upon which ∆pql → ∆k and Ξpql → Ξ̃k.

D N = 1 G-structures

In this section we present the G-structure that the N = 1 preserving deformation discussed
in section 3.3 preserves.

The G-structure forms for the N = 1 case can be extracted in a similar fashion to those
of N = 2 as performed in section 2.2. After performing the appropriate shifts in the U(1)
isometry directions, the vielbein frame of (2.24) gets modified to

K = κe−2ρ

f1
d(cosθe2ρV̇ ),

E1 =−
√

f1f3

ΞΣ1

[
1
σ
dσ+dρ+i(Σ1 dχ+ξΣ2 sin2 θdϕ)

+ξ
(
d(V ′)+ e−2ρ

2V̇

(
Σ2 d(e2ρV̇ sin2 θ

)
+
(
Σ2−ξ

4f2
2

f3f5

)
sin2 θd(e2ρV̇ )+ξ 4f2

f3f5
sin2 θ V̇ d(e2ρ)

))]
,

E2 =
eiϕ

√
Σ1

[
κ

f1

(
e−2ρd(e2ρV̇ sinθ)−ξ V̇ d(V ′)sinθ

)
+i
√
f1f2 sinθdϕ

]
,

E3 =−eiχΞ
1
2
√
f1f5

[
1
Ξ

(
−f3V̇ ′

4σ dσ−V ′′dη+f6dρ+
ξ

f5

(
κ2e−4ρ

2f3
1
d(e4ρV̇ 2(cos2 θ−3))+4dρ

))

+i
(
dβ+C1

)]
, (D.1)
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where we define

Σ1 = 1 + ξ2 f2
f3

(
f2

6 + f3
f5

)
sin2 θ, Σ2 = f2

f3

(
f6(1 + ξf6) + ξ

f3
f5

)
, e

4
3 Φ = f1f5Ξ,

Ξ = (1 + ξf6)2 + ξ2 f3
f5

+ ξ2 f2
f5

sin2 θ, C1 = 1
Ξ

((
f6 + ξ

(
f2

6 + f3
f5

))
dχ− ξ

f2
f5

sin2 θdϕ

)
,

(D.2)

and (y1 ≡ cosϕ sin θ, y2 ≡ sinϕ sin θ, y3 ≡ cos θ). The SU(2) structure forms can be extracted
from this expression following the formulae in section 2.2, we find they are given by

v=κe−2ρf

1
4

5 f
−

3
4

1 Ξ
1
4 d
(
e2ρV̇ y3

)
,

u=(f1f5)
3
4Ξ−

1
4
(
f3V̇ ′

4σ dσ+V ′′dη−f6dρ−
ξ

f5

(
κ2e−4ρ

2f3
1
d(e4ρV̇ 2(y2

3−3))+4dρ
))

,

ω=−2(κ)2f
−

3
2

1 e−3ρd

(
e2ρV̇ e−ξV ′

(y1+iy2)d(eiχeρeξV ′
σ)
)
,

j= 1
√

Ξ

[
f

3
2

1 f
1
2

5 f3

σ
e−ρe−ξV ′

d
(
eρσeξV ′

)
∧dχ+κf2f

1
2

3 X1∧(dχ+dϕ) (D.3)

+κ
(
σf2e−4ρ

f
1
2

3 V̇
2
(1+ξf6)d(e4ρ sin2 θV̇ 2)− ξ

2f2f

1
2

3 sin2 θ

(
V̇ ′
(
dσ− 2V̇

σV ′′ dρ

)
+ dη

σ

(
2V̇ −V̈

)))
∧dϕ

]
,

X1 = ξ
V̇ ′e−4ρ

2V̇ V ′′σ
d(e4ρ sin2 θV̇ 2)+ξ2 (−V ′′V̈ +(V̇ ′)2)e−6ρ

2σV̇ V ′′ d(e6ρ sin2 θV̇ 2)+ξ2V̇ sin2 θ

(
V ′′dσ− V̇ ′

σ
dη

)
.

with z = u + iv. The Pure Spinors are given as before by (2.28).

E Holographic central charge

For the general Holographic Central Charge, chol,

ds2 = α(ρ, #»

θ )
(
dx2

1,d + β(ρ)dρ2
)
+ gij(ρ,

#»

θ )dθidθj ,

chol =
dd

GN
βd/2H

2d+1
2

(H ′)d , H = V 2
int, Vint =

∫
d

#»

θ
√

det[gij ]e−4Φαd,
(E.1)

with GN = 8π6α′4g2
s = 8π6. In the present cases, d = 3.

All of the type IIA backgrounds encountered throughout the paper have a metric which
can be expressed in the same manner, with all dependence on the parameters dropping out
of the following calculation. In the simplest case, we have

ds2
10,st=4ρ2e

2
3 Φf1(σ,η)

(
dx2

1,3+
1
ρ4dρ

2
)
+e

2
3 Φf1(σ,η)

[
f2(σ,η)ds2(S2)+f4(σ,η)(dσ2+dη2)

]
+e−

2
3 Φf1(σ,η)2f5(σ,η)f3(σ,η)dχ2. (E.2)

It is now easy to read off the following√
det[gij ]e−4Φα3 = 8ρ3f

9
2

1 f
1
2

3 f
1
2

5 f2f4Vol(S1)Vol(S2), (E.3)
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which is independent of Φ, meaning that all the backgrounds in this paper have the above
form for the Holographic Central Charge!

Inserting the forms of the Warp Factors given in equations (2.6), gives

Vint = 25κ3Vol(S1)Vol(S2) ρ3
∫
σV̇ V ′′dσdη, (E.4)

leading to (with Vol(S1) = 2π, Vol(S2) = 4π)

chol =
33

8π6

( 1
ρ4

)3/2 V 7
int

[(V 2
int)′]3

= 4κ3

π4

∫
σV̇ V ′′dσdη, (E.5)

where (V 2
int)′ is the derivative of V 2

int with respect to ρ,

(V 2
int)′ =

6
ρ
V 2

int. (E.6)

One can calculate this via two slightly different approaches. First, we can integrate directly in σ∫
σV̇ V ′′dσdη = −

∫ P

0
dη

∫ ∞

0
V̇ ∂σ(V̇ )dσ = −1

2

∫ P

0

[
V̇ 2
]∞

0
dη. (E.7)

Now, using the following

V̇ (σ,η)=σ
∞∑
k=1

ak sin
(
kπ

P
η

)
K1

(
kπ

P
σ

)
, lim

x→∞
xK1(x)∼

√
π

2
√
xe−x=0, lim

x→0
xK1(x)= 1,

leads to

V̇ 2 =
∞∑
k=1

∞∑
j=1

akaj

[
σK1

(
kπ

P
σ

)][
σK1

(
jπ

P
σ

)]
sin
(
kπ

P
η

)
sin
(
jπ

P
η

)∣∣∣∣σ=∞

σ=0

=
∞∑
k=1

∞∑
j=1

akaj
P 2

kjπ2

[
kπσ

P
K1

(
kπ

P
σ

)][
jπσ

P
K1

(
jπ

P
σ

)]
sin
(
kπ

P
η

)
sin
(
jπ

P
η

)∣∣∣∣σ=∞

σ=0

= −
∞∑
k=1

∞∑
j=1

akaj
P 2

kjπ2 sin
(
kπ

P
η

)
sin
(
jπ

P
η

)
, (E.8)

meaning

chol =
4κ3

π4

∫
σV̇ V ′′dσdη = 2κ3

π4

∫ P

0

∞∑
k=1

∞∑
j=1

akaj
P 2

kjπ2 sin
(
kπ

P
η

)
sin
(
jπ

P
η

)
dη

= κ3P 3

π6

∞∑
k=1

a2
k

k2

= κ3

π4

∞∑
k=1

P R2
k, (E.9)

after using

ak =
kπ

P
Rk,

∫ P

0
sin
(
kπ

P
η

)
sin
(
jπ

P
η

)
dη = P

2 δkj . (E.10)
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Alternatively, one can insert the following definitions into the initial form,
∫
σV̇ V ′′dσdη,

V (σ, η) = −
∞∑
k=1

(
P

kπ

)
ak sin

(
kπ

P
η

)
K0

(
kπ

P
σ

)
,

V̇ (σ, η) = σ
∞∑
k=1

ak sin
(
kπ

P
η

)
K1

(
kπ

P
σ

)
,

V ′′(σ, η) =
∞∑
k=1

(
kπ

P

)
ak sin

(
kπ

P
η

)
K0

(
kπ

P
σ

)
,

σV̇ (σ, η)V ′′(σ, η) = σ2
∞∑
k=1

∞∑
l=1

akal

(
kπ

P

)
sin
(
kπ

P
η

)
sin
(
lπ

P
η

)
K0

(
kπ

P
σ

)
K1

(
lπ

P
σ

)
,

(E.11)

using the following results∫ P

0
sin
(
kπ

P
η

)
sin
(
lπ

P
η

)
dη= P

2 δkl,
∫ ∞

0
σ2K0

(
kπ

P
σ

)
K1

(
kπ

P
σ

)
dσ= P 3

2π3k3 , (E.12)

which leads to the same result as the first approach (with ak = kπ
P Rk)

chol =
4κ3

π4

∫
σV̇ V ′′dσdη = κ3P 3

π6

∞∑
k=1

a2
k

k2

= κ3

π4

∞∑
k=1

P R2
k.

(E.13)
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