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Abstract

While much progress has been made in the calculation of two-loop amplitudes in Yang-Mills
theory, there remain difficulties in scaling existing methods to higher numbers of external
gluons. A method of calculating two-loop all-plus Yang-Mills amplitudes using 4
dimensional unitarity and augmented recursion was previously developed that was
successful in calculating amplitudes to high gluon multiplicity. This thesis presents the
latest developments in extending this method to the two-loop single-minus sector, taking
the previously calculated leading in color two-loop five-point single-minus amplitude as an
example. A new technique for calculating the cut-constructible part of this amplitude is
presented, with a focus on the ‘pseudo one-loop’ subsector of the cut-constructible part. We
calculate this subsector using one-loop reduction methods, and present a new
parameterisation that allows for the determination of the coefficients of the one- and
two-mass scalar triangle integrals. The bulk of this thesis focuses on the extension of
augmented recursion to the calculation of the rational part of single-minus amplitudes. The
method is significantly extended to include sectors which were absent in previous
calculations, and we develop novel techniques to aid in calculating Feynman integrals.
Although there are still some unanswered questions, we are able to reconstruct the full
rational part of the five-point amplitude using augmented recursion and universal known

properties of scattering amplitudes.
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Chapter 1

Introduction

The validity of any theory in physics lives and dies on its ability to accurately predict and
describe real life physical phenomena. In order to be accepted, a theory must be able to

make measurable predictions which can be verified by experiment.

The area of high-energy physics - or particle physics - is concerned with the discovery of the
underlying structure of the universe. This is to say, the uncovering of the most fundamental
building blocks of everything we know; the particles that make up matter, and the forces
through which matter particles interact with one another to build protons, atoms, molecules

and everything we can see and feel.

The modern understanding of particle physics today is encapsulated in the Standard
Model: aset of 12 fermions that make up the matter content along with 3 of the 4 fundamental
forces through which particles interact with one another, and a Lagrangian that describes

exactly how these particles interact.

While the Standard Model has been enormously successful - arguably one of the most
accurate and successful theories in all of physics - it still leaves many important questions
unanswered: how do we describe gravity at a quantum level? Why is there seemingly more
matter than antimatter in the universe? What is the nature of dark matter and dark energy?

In order to try and reconcile these gaps in current understanding, theorists have proposed
many different extensions to the Standard Model: supersymmetry, String Theory, WIMPs,
SIMPs, to name just a few. All of these theories claim to solve one or another of these

problems, but the question remains: which - if any - are correct?

In order to check their validity, we need to extract measurable predictions from these



theories which can be verified experimentally. In the field of high - energy physics one of the
most popular methods of experiment is particle scattering. In a scattering experiment such
as the Large Hadron Collider (LHC), hadrons are accelerated to close to the speed of light
and collide, producing swarms of particles which are detected by the numerous detectors of
the collider. Many of the particles that are created in the collisions are not detected directly
as they will have decayed before this is possible, and these particles must be inferred through
their characteristic decay signatures. We can check the validity of a given theory by asking
what it would predict the outcome of this collision to be and comparing with the experimental

data. We can express the total number of detected events, Neyents, as

dN events

Nevents = /dtT = O'/dt L = ULint (101)

where Lj, is the integrated luminosity which quantifies the intensity of particle collisions
within the accelerator, and o is the cross section which may be broadly thought of as the

probability that any given process will occur. Theoretically we can express this cross section

2 T
a:/ d@/ d¢d—" sinf = /d@/d¢|A|2sin9, (1.0.2)
0 o dS

where A is the scattering amplitude. Thus we can understand the scattering amplitude as

as

an essential bridge between theory and experiment and we can appreciate its importance in
particle theory. This thesis will focus on the study of these scattering amplitudes.

Of course, things are rarely so simple. Take for example a very simple process, the
scattering of two up quarks, A(u,u — u,u). There are multiple contributions to this process
as the quarks can interact via photons, gluons and the Z boson, as well as loop induced
processes like fermion loops. If one wanted to use this process to test for physics beyond the
standard model, one would first have to subtract the contributions to the cross section due
to known processes before it would be possible to know if there were discrepancies between
theory and experiment, and in order to subtract these known processes their amplitudes must
be calculated.

In more phenomenologically relevant processes, if one is searching for evidence of new
physics, there are instances when it will be necessary to subtract the effects of pure gluon
processes, and thus it necessary to calculate the amplitudes of these gluon processes.

In addition, scattering amplitudes are a worthwhile area of research in their own right



from a purely theoretical perspective. Scattering amplitudes can reveal hidden structure
and relationships that are not at all apparent at the level of the Lagrangian. One striking
example of this is the Double Copy whereby one can obtain amplitudes in perturbative gravity
by “squaring” the corresponding Yang-Mills amplitude [3]. Since gravity amplitudes are in
general more complicated to calculate, this correspondence provides a key tool in simplifying
such calculations.

Clearly there are many reasons to be interested in the calculation of gluon amplitudes
and thus this will be the focus of this thesis. We will be considering in particular pure SU(N)
gauge theory, that is to say an SU(N) gauge theory with no matter content. A crucial aspect
of such a theory is asymptotic freedom [4, 5], which tells us that at high energies the coupling
of such a theory becomes weak and thus in the high energy limit particles may scatter via
this force and we can use perturbation theory in our calculations.

The scattering amplitude of an n-gluon interaction in SU(N) gauge theory can express as

an expansion in the coupling constant, g, as

Ay =ig"?y aAl (1.0.3)
1>0
where q = £<8 vE is the Euler-Mascheroni constant, € is the dimensional regulator [6],

(471—)2—6 )

and AY is the contribution to the amplitude A,, and loop order [. This expansion is only
possible at high energies where the coupling constant is small, g << 1, so that the expansion
makes sense, hence the importance of asymptotic freedom. This also means that higher loop
calculations provide progressively smaller corrections to the full amplitude so that we can
truncate the series with a meaningful understanding of the error this truncation causes.

The traditional method of calculating amplitudes uses so-called Feynman diagrams [7]
which are a diagrammatic way of representing the numerous mathematical terms that arise
in an amplitude. Starting from the Lagrangian of the theory in question, one may derive
“Feynman rules” which dictate the composition of diagrams in a given theory, encoding the
various conservation laws of charge, momentum etc and the various particle interactions that
are permitted by the theory. To calculate the amplitude of a given process one writes down all
possible Feynman diagrams according to the Feynman rules, and adds up the corresponding
mathematical expressions.

This method was hugely successful upon its introduction as it provided an easier mnemonic



to aid in the often long and cumbersome calculations of scattering amplitudes. It also pro-
vided a physical interpretation of these amplitudes: particles will interact in every allowed way
and all these possibilities are summed up (with different weightings that roughly correspond
to how likely a given interaction is) with internal lines corresponding to virtual “off-shell”
particles which do not obey all the rules that measurable particles do, and external phys-
ical particles which can be directly measured and are thus constrained by all the physical
conservation laws and properties of fields. Feynman diagrams are an excellent pedagogical
tool for students of quantum field theory as they provide a more physical interpretation of a
generally rather abstract topic.

Despite these successes the method has a number of drawbacks. As one increases the
multiplicity (number of external particles in a process) the number of diagrams that need
to be summed increases exponentially. For a tree-level n—gluon amplitude, the number of
diagrams at n = 4 is 3, at n = 7 is 2485, and at n = 10 is 10,525,900. If we could write
down one Feynman diagram a minute, we would need 3 minutes for n = 4, 41.4 hours for
n = 7, and over 20 years for n = 10. We also note an increase in the number of diagrams
as we increase loop-level: as we go from tree to one-loop level, the number of diagrams for
the n = 7 amplitude increases from 2485 to 227,585. Compounding on this problem is the
fact that, as we will discuss later, at loop level Feynman diagrams actually give integrals
rather than simple mathematical expressions which must be integrated, and in many cases
these integrals actually diverge and so we have the added complication of regulating these
divergences.

One might expect that due to the number of diagrams increasing so rapidly, that the final
resultant amplitudes must also similarly increase in complexity with increased multiplicity,
however this is not the case. When performing these calculations using Feynman diagrams it
was noted that while intermediate expressions may be enormous, that the individual diagrams
seemingly conspire so that massive cancellations occur and the final expression is far simpler
than it has any right to be.

We can understand this cancellation to be a result of gauge dependence. As we touch upon
later, we must choose a specific gauge condition to define our Feynman rules, and different
choices of gauge change the value of an individual diagram. Since anything measurable must
be independent of the choice of gauge, we know that the gauge dependence of individual

diagrams must finally cancel in the sum, leading to huge cancellations and simplification.

4



Clearly then, there is scope for improving on the traditional methods of Feynman dia-
grams. One possibility is to work as much as possible with gauge invariant substructures
of the full amplitude. While the full amplitude is necessarily gauge independent, it may be
the case that one could factorise the amplitude into smaller pieces which are individually
gauge invariant. This line of thinking was first realised via string theory with the emergence
of Chan-Paton factors [8], after which an analogous decomposition was found for tree-level
gluon amplitudes [9, 10]. In this decomposition, one could write the full amplitude as a sum
of color-ordered amplitudes (also known as partial amplitudes and color-stripped amplitudes)

multiplied by a basis of color structures,

AD N 2% ety = Y Te(T T, T ) AD (0(1)2, 0(2) 2, o (n) )
O’GSn/Zn

(1.0.4)
where kM denotes gluon k with momentum p;, and helicity \;. The sum is over the non-cyclic
permutations of S,,, and 7" are the generators of SU(N) in the adjoint representation. This
decomposition of the amplitude splits the color-dependent and kinematic-dependent parts
and allows us to consider them separately. As we will see later on similar decompositions
exist at loop level. The partial amplitudes are individually gauge invariant, making them
easier to work with, and we will later see that they enjoy properties that further aid in the
calculation of amplitudes. Due to their gauge invariance, we also do not need to worry about
gauge artefacts such as Fadeev-Popov ghosts. For these reasons, this thesis will focus on
the calculation of partial amplitudes, and unless stated otherwise we will refer to partial
amplitudes simply as amplitudes.

Since these partial amplitudes are now only dependent on momentum and helicity, it
is natural to try and express them in the spinor-helicity formalism, introduced in [11-16]
for QED calculations and extended to non-Abelian theories in [17], where we will see the

amplitudes taken on a strikingly simple form.

1.1 Spinor Helicity Formalism

As we are working with gluons which are spin 1 particles, traditionally we would work in the

vector representation . The momentum p of Particle 1 can be written in this representation



as a 4-vector
pi= "t ph )"
The virtues of the 4-vector formalism are too numerous to be stated here, however when we

work with massless particles, we find that expressions are often much more compact if we

consider a different representation of the momentum.

For a massless particle, we can always boost to a frame
p* = (k,0,0,k)"

so that p? = 0, and from this frame it is clear that is a mismatch in the number of degrees
of freedom in a 4-vector (4), and of a massless particle (2). From this representation of
the momentum of a massless particle we see that there is an SO(2) = U(1) subgroup of
the Lorentz group that leaves the momentum invariant. We refer to this subgroup as the
little group of the particle. In general, this little group invariance is obscured in the 4-vector

formalism.

With this motivation, we introduce a different representation, the spinor helicity formal-
ism. In this subsection we will closely follow [18], and all stated results may be found there.

We define p,4 as
04 3 ol _ 2
—p +p° p —p
Dac = DPulps = : (1.1.1)
P tipt —p— P
where 0 = (1,0") and o" are the Pauli Matrices. We note that the determinant of the matrix
Paa 18

det(pac) = (p")" = ()" = (p°)* — ()" = m”, (1.1.2)

which vanishes in the case of a massless momentum. A 2x2 matrix can have at most rank
two, so in the case of a 2x2 matrix with determinant zero, we know the rank must be one.

This means that we can write the matrix p as

Pac = /\a/\d (113)

The objects A, )\ are the helicity spinors, and are the objects we will use to represent massless

momenta. There are generalisations of the spinor helicity formalism to massive particles [19],
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but they will not be the focus of this section or thesis.

For real momenta, we require the condition (A,)* = Ao (up to a sign depending on the
sign of the energy), however we will see later on that there are times when it is useful to
relax the reality condition and consider complex momenta which allows the spinors to be
independent. An explicit representation of the spinors is as follows

1 0 4 3 o 1 0 4 3
= — perp y A= —Y—— prp , (1.1.4)
PP+ \ p! +ip? PP+ PP\ pt — ip?
although one almost never needs to result to using an explicit representation of the spinors

and we shall not in this thesis.
The spinors themselves transform in the (1,0) and (0, 1) representations of the Lorentz
group, which is locally isomorphic to SL(2,C)xSL(2,C) as shown in (1.1.1) , so each spinor

transforms in SL(2,C). In the case of complexified momenta, these are independent, but

when restricted to real momenta, the two copies must be related by complex conjugation.

The only invariant tensor of SL(2,C) is the totally antisymmetric Levi-Civita symbol, so

this is used to raise and lower the spinor indices
Ao = €aph®, s = €4\, (1.1.5)

and also to form Lorentz invariant quantities
(1.1.6)

These two objects form the basic building blocks of our amplitudes. Since we are almost
always working with these contracted spinors, we drop the A and just label the particles by
i, 7 etc. Note that due to the antisymmetry of the Levi-Civita symbol, that [ij] = —[ji] and
(1j) = —(ji). Consequently (ii) = [ii] = 0.

We can use the trace properties of the Pauli matrices to allow us to convert between

spinor helicity and 4-vector formalisms, in particular

Tr(o,0,) = ea56d6536‘055 = 20 (1.1.7)
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lets us write the Mandelstam variables in terms of spinors as
sij = (pi +p;)° =0 + 05+ 2pi - p; = (i5)[77] (1.1.8)
for massless momenta p;, p;. We can also see that
2p? = (i4)[ii] = 0

so the massless condition of the momenta is encoded into the spinors at a fundamental level.

Immediately, we can see that the spinor representations are not unique, and that p,g is

invariant under the transformation
A= ePA A= e TN (1.1.9)

This symmetry is generated by the U(1) helicity generator

IR o .. 0
2 (3 o) 1110
where we have assigned the helicity —% to A and —i—% to A. In this formalism, the U(1) little
group symmetry which was often obscured in the 4-vector formalism is made manifest. We
will see later that this is useful as we can construct 3-point amplitudes based solely on little
group covariance, which is to say without reference to the Lagrangian of the underlying

theory.

We can interpret these spinors as solutions of the massless Dirac equation in momentum

space, pip = 0. We will work in the chiral representation of the Gamma matrices,

0 o
yH = , (1.1.11)

SO

w 0 Paa
p=pat=| , (1.1.12)



then

Ao 0
Ip) = . , and [p] = [ _ (1.1.13)

[0}

are solutions which we can identity with the traditional Dirac spinor solutions

I
=
-
—
=
I
4

+
=
I
=3

uy(p) =v_(p)

where the u and v solutions are identified due to the massless limit.

Due to the two-dimensional space in which the spinors live, any three spinors must be
linearly dependent. This means that one can write, say spinor 1, as linear combination of
spinors 2 and 3,

(13) (12)

)\1 = @)\2 — @)\3 (1114)

Rearranging this gives rise to the Schouten identity
(12) A3 + (23)A; + (31)Ay = 0, (1.1.15)

with an equivalent identity for the conjugate spinors. Finally, using the identity agdag 5=

Zeagedg, we have the Fierz identity,
[tlo*]7) (klowll] = 2[il](jk). (1.1.16)

It is worth noting that the derivation and discussion above is very much particular to four
dimensions. While the spinor helicity formalism has been extended to three, five, six, and
ten dimensions [20-22], there is no a priori method to extend the formalism to arbitrary - in
particular non-integer - dimensions. While this will pose no issues for tree-level amplitudes,
we will have to be careful at loop-level, when we carry out dimensional regularisation in

D =4 — 2¢ dimensions.

1.2 Polarization Vectors

Writing down a gluon amplitude requires polarization vectors, so our first step will be to

express polarization vectors in the spinor helicity formalism.
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Polarization vectors have the following properties

prex(p) =0, e.(p) - e-(p) = -1,

(1.2.1)
e-(p) - e-(p) =€(p) - €4(p) = 0, (ex(p))” = ex(p),
which are satisfied by the following vectors in the spinor helicity representation [18]
) 5\04 « )\a~d
%(p) = —V23 1 () = VATl (122)

where pas = Aadg and j, [t are arbitrary spinors. By acting on the polarization vectors with

the helicity operator (1.1.10) we can also confirm the helicity of each.

The spinors u, ft we have introduced are totally arbitrary and need not be related to each
other, the only restriction being that the denominator of the polarization vector does not
vanish. As we are totally free to choose any spinor for these references, the final value of the

amplitude cannot depend on the choice of reference spinor.

We can see this in action if we take, say, the negative helicity polarization vector and vary

the u — p+ o, then
€ — e_ + de_,

I ﬁ[;T“Pwam ) (1.2.3)
e _ pac [nop]
S Y2 [Au]?’

where we use Schouten to get the third line. Considering the effect of this change upon the

amplitude, A — 0.4, we see that since A = ¢, A", that under this transformation

0A = e, A" o p, A =0

by Ward Identity. Thus this spinor choice corresponds to the freedom of gauge transfor-

mations.
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1.3 Yang-Mills Theory

Let us now bring our discussion to the specific case of SU(N) Yang-Mills theory, which shall
be the focus of this thesis. The Langrangian of pure Yang-Mills theory [23] is

L:—iﬁM@FWL (1.3.1)
where [ is the field strength tensor due to the gluon field A,
F,., =0,A,—0,A, —iglA,, A (1.3.2)
Both F' and A have a color component which we can show explicitly as
A, =TAs, (1.3.3)

and thus
Fi, = 0pAl — 0,A% + if*™ AD A (1.3.4)

ptvs

where T® are the generators of SU(N) in the adjoint representation and and f%°¢ are the

structure constants of the Lie Algebra
[T, T = if° T°, (1.3.5)

and by definition, the adjoint generators are (7%)% = fo¢. These generators are a set of
N? — 1 matrices of dimension N x N matrices which are traceless and hermitian. There are
times when it may be useful to promote the gauge group from SU(N) to U(N). As we will
discuss later, this will give us “decoupling identities” which provide a linear relation between

various SU(N) amplitudes.

To proceed from the Lagrangian towards the calculation scattering amplitudes, tradition-
ally we would now derive Feynman rules. To do so we would add a gauge-fixing term to the

Lagrangian, for example Lorenz gauge,

1
2%

11
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as well as Fadeev-Popov ghosts. The resultant Feynman rules in Lorenz gauge and in mo-

mentum space are

pkoy
a b b 07 o kb
Buwh) = 12375 (77“” TE-UETe ) (1.3.6)
for the gluon propagator, along with
a C
H e P
P r
q
b a v
Zv;fub;(pa q, 7“) = gfabc [(q - T)unup + (7“ - P)uﬁpu + (p - q)pn'u,y] (137)
and
a d
M % o
C
&
v VO}p
b c

Z-vﬂaf;;l — 292 [fabedee(n,upnl/a o nuonup)
4 facefdbe (nuanup o nuunpa)

+ £ (N o — NpToo) |- (1.3.8)

for the three and four-point gluon vertices respectively.
In principle there are also Feynman rules for the Fadeev-Popov ghost propagator and
ghost-gluon interaction vertices, however we shall omit them here as they are not required for

the purposes of this discussion. Indeed the ghosts and gauge fixing terms are necessary only
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because individual Feynman diagrams break gauge symmetry and the final gauge invariant
amplitude is independent of these terms. In this thesis we shall be working with the spinor
helicity formalism throughout. This formalism removes the extra degrees of freedom that

ghosts usually account for, and so there is no need to discuss ghosts any further.

To separate the color and kinematic parts of the above Feynman rules we can rewrite the

structure constants as a trace over generators,
fore = Tr (T [T°,T°]) (1.3.9)

with normalisation,

T[T, T%) = 6. (1.3.10)

Then by summing over all diagrams the amplitude decomposes into the form (1.0.4) written

above.

1.4 Properties of Partial Amplitudes

As stated previously, we can rewrite the amplitude in the following form at tree level,

AL N 2% oty = Y Te(T T, L T ) AV (0(1)M, 0(2) 2, o (n) )
0ESNn/Zn

(1.4.1)
and in similar forms at loop level, where we have written the expression as a product of a
color part, and a ‘partial amplitude’ which only depends on the momentum and helicity of the
particles. A cursory glance at the definition of partial amplitudes might lead us to believe that
we have only taken one large problem, calculating the amplitude, and reduced it to a sum of
smaller problems, calculating the partial amplitudes, however these partial amplitudes enjoy
certain relations among themselves that greatly reduce the number of independent partial
amplitudes that must be calculated in a given amplitude. Once again in this section we will

follow the discussion in [18].

1. Cyeclicity



2. Parity

3. Reflection
Atree(L 2,...,n— 1771) — (—1)”Atree(n,n —1,...,2, 1)

4. Photon Decoupling

AP(1,2.3, . n) + A"(2,1,3,..n) + ...+ A™(2,3, .. .n—1,1,n) =0

Let us comment on the above properties. Cyclicity is evident from the definition of partial
amplitudes due to the cyclic nature of the color trace. In the parity property, the overline
means that the helicity of the particle is flipped. Flipping all of them amounts to a complex
conjugation and the amplitude is unchanged. Reflection - or flip symmetry - follows from the
anti-symmetry of the Feynman rules. Photon decoupling follows from considering U(N) gauge
theory amplitudes. In pure U(N) gauge theory the interactions stem from the commutator in
the Lagrangian (1.3.1), however the U(1) generator is proportional to the identity matrix and
thus its commutator always vanishes. This means that the total amplitude must vanish if we
include a photon and thus we have a sum of partial amplitudes that must vanish. Finally
there are the Kleiss-Kuijf relations [24], and BCJ relations [25], which further relate partial
amplitudes and hence reduce the numbers of independent partial amplitudes.

There are also certain classes of amplitudes that always vanish. At tree-level all all-plus
and single-minus amplitudes (likewise their parity conjugates) must vanish. This can be
thought of as a consequence of supersymmetry. Supersymmetric Yang-Mills theories have a
gluon, plus extra matter fields defined in such a way that the theories have symmetries that
are not present in regular SU(N) theory. Supersymmmetric Ward identities require that at
all-loop orders, all-plus and single-minus pure gluon amplitudes must vanish [26]. Since at
tree level there are - by definition - no loops, all particles involved in an amplitude must
at some point be external, that is to say if there is an electron propagator somewhere in a
Feynnman diagram of the amplitude then that electron must exit the diagram as an external
particle as the only other option is for it to close back on itself as a loop. The upshot of this
that tree level pure gluon amplitudes in supersymmetric and non-supersymmetric theories

are indistinguishable and thus must have identical properties, thus our gluon amplitudes at

14



tree level must satisfy supersymmetric Ward identities and thus at tree-level all-plus and
single-minus amplitudes must vanish.

For these reasons, the first non-zero tree level pure gluon amplitude as 2 particles of one
helicity and n — 2 particles of the other helicity. We refer to such amplitudes as Maximally
Helicity Violating (MHV) amplitudes. We can understand this name as if we consider incom-
ing particles to have incoming momenta then their helicities flip relative to our convention
and so we could have, say, all positive helicity particles incoming and all but two outgoing
particles having negative helicity. This is the “most” helicity violation we can have without
the amplitude vanishing, hence the name. The naming convention is that amplitudes with
two negative helicities (-,+,...,4,-,+,...+) are called MHV, while amplitudes with two positive
helicities (+,-,...,-,&-...,-) are called MHV or googly amplitudes.

The n-gluon MHV and googly tree amplitudes can be written as

L (i3)*
A (1,27 i, i, ) _Z<12>(23>...(n— Ty Ty (1.4.2)
[ig]*

An(17,27, it T, wyn’) :i[12][23]...[n —1,n][n, 1]

(1.4.3)

and these are the famous Parke-Taylor amplitudes first presented in [27] and proven in [28].
While they were not originally written in the form above using spinor helicity, they serve as
a clear example of how the formalism reveals the underlying simplicity of gluon amplitudes.
While these could be derived from the Feynman rules, there is in fact another way to do this.
Later in this chapter we will construct MHV three-point amplitudes using general properties
of amplitudes, and then we will see how these can be used to recursively generate all other

tree-level gluon amplitudes.

1.5 Factorization Properties of Scattering Amplitudes

Despite the complexity of amplitudes, there are in fact certain universal properties that all
amplitudes satisfy, namely collinear and soft limits. In these limits, the amplitudes will
reduce to a lower point amplitude multiplied a term which is universal and dependent only
on the helicities of the particles involved and the loop-level.

One such limit is the collinear limit. This happens when we consider what happens when

we take two adjacent momenta in an amplitude, say p; and p; in an Amplitude A(1,2,...,p—
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J:Dj,--.sn) to be collinear, that is p; — kp; where k is some constant of proportionality.
Generally we parameterise this limit by defining P = p;+p; and setting p; = 2P, p; = (1—2)P,
and we write the spinors as \; = /zAp, A\; = /1 — zAp, likewise for the conjugate spinors.

In this limit at tree level we have

AL, 2, .l Py n) = Y AD (1,2, PY L n)Split' ) (2,1, ). (1.5.1)
A=+

The function “Split” is what is known as a splitting function, and is only dependent on the
helicities of the particles in the collinear limit and the helicity of P which of course we must
sum over. As it is totally agnostic to the number and helicities of the other particles in the

amplitude, these splitting functions are universal.

The tree level splitting functions are [27, 29]

Split” (z,i7,57) = 0,

1
Split”(z,i*, j*) = —,
2(1 = 2)(ij)
2 1.5.2
Spht(—O)(zal+7ji> - - : .. ( )
z(1 = 2)lij],
N2
Split(_o)(zaiif) = —&
z(1 — 2)lij]

The P* splitting functions can be found from the above through parity

Split'” (2,377, j7") = =Split ) (2, ", 5" i1y 1511 (1.5.3)

At loop level the situation is expectedly more complex but still we have a sum of lower-

point amplitudes multiplied by universal functions, at one loop we have

AL 2, Ll pl m) = > (Aff)l(l,z, P n)SplitY) (2, it )
A=t (1.5.4)

n

+A® (1,2,.., P, ..., m)Split Y (2, ihi,jhj)),
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and unsurprisingly at two-loops we have

AD(L,2, 0l p)m) = (AS—)I(LZ, P n)Split ) (z, i, M)
A=+

+AW (1,2, P, n)Split!) (2, it i) (1.5.5)

n

n

+AY (1,2, P, ... n)Split?) (2, ih",jhﬂ')).

The one and two-loop splitting functions are too complicated to quote, but can be found in
130].
Another example is the soft limit, wherein we send the momentum of an external mo-

mentum to zero. In this limit we also see some universal behaviour. In the soft limit

AO1,2, . a, 8" b, ...,n) = A(O_)l(l, 2,...,a,b,...,n)Soft Y (a, s", b), (1.5.6)

n

where the soft factors are [29, 31, 32]

Soft (a, s, b) = ﬂ,

<a5>[<5;z])> (1.5.7)
oft@(a, s~ = — a
Soft™(a, 57, 0) = — 7 T

These properties can be used as powerful consistency checks as in general the universal

functions and lower-point amplitudes have already been calculated.

1.6 Three-Point Amplitudes

With the knowledge of how to represent momenta and polarization vectors in spinor-helicity
formalism, we are ready to construct amplitudes. One method would be to proceed from the
color-stripped Feynman rules as shown above, however in the case of three-point amplitudes
we can actually recover the amplitude purely from knowledge of little group scaling. In this
section we follow the argument that we can be found in [33], and previously discussed in [34].

First let us recall that by our convention of all momenta outgoing, conservation of mo-
mentum for a three particle amplitude tells us that p; +ps +ps = 0, and since we are working
with massless momenta, this means that sj5 = sa3 = s31 = 0. Since s;; = (ij)[ji| = 0, and

for real momenta (ij) = [ji]*, all of the Lorentz invariant quantities vanish and thus the
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three-point amplitude vanishes.

How then do we proceed? If we complexify the momenta, then the two spinors will no
longer be connected by complex conjugation and are totally independent. Then by having
either (ij) = 0 Vi, j or by having [ij] = 0 Vi, j, we can satisfy s;; = [ij](ji) = 0, while still

having non-zero Lorentz invariants to play with.

Now we have two ansatze for our three point amplitudes,
M = c(12)"(23)"1(31)"2, M = ¢[12]™3[23]1[31]™2,

where the ¢ is a constant made up of coupling constants, normalization factors etc. In the

case of complex momentum p = A\, p is invariant under
A=z, P 2715\,

which is a generalisation of the the case for real momenta when z was simply a phase. The

polarization vectors are momentum dependent and so will also transform as

e (p) = 22 (p), er(p) = 2 e (p), (1.6.1)

—2h;

so that for a particle ¢ with helicity h;, there is a rescaling of 27", Considering this rescaling

for all particle, a full amplitude has little group scaling
MM nfy = Tz ma - ont. (1.6.2)
i=1

For the case of three point amplitudes, we can perform this rescaling on the above ansatze

and the amplitude M (11,22 3h3) to obtain the following simultaneous equations

ny = —my = hy — hy — hs,
Ng = —My = hg - hg - hl, (163)
ngz—mgzhg—hl—hg.

From, say, the formula for the differential cross section we know that the mass dimension of

an n-point amplitude is 4 —n, so with these two facts in mind we can show that A(17,2%,3T)
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and A(17,27,37) have no solutions with the correct mass dimension, and that

o (12)3
A(17,27,37) oc ot
<2[i’;]<§’1> (1.6.4)
+ o+ o—

Then since s;; has mass dimension two the spinor pairs each have mass dimension 1 so the

constants of proportionality are dimensionless. So finally,

g gy (12
b oob gy [12F -
A(17,27.3 )—2[23“31].

where the factor of 7 is a normalization convention. Immediately we see that these are in
total agreement with the Parke-Taylor formula for MHV amplitudes (1.4.2).

Of course these particular forms of the amplitude are far from unique as one can al-
ways multiply top and bottom by another spinor pair and use conservation of momentum,
Schouten’s identity etc to rewrite the expression in any number of ways. We are free to
confirm this using the Feynman rules and see that they are in total agreement.

With these tools in hand we are now able to construct all the partial amplitudes we like.

1.7 BCFW Recursion

We can see from Feynman diagrams that tree-level amplitudes are purely rational functions
with only simple poles which occur when an internal propagator on-shell. The knowledge of
this analytical structure allows us to use recursive methods in order to generate larger-point
amplitudes from sums of products of smaller-point amplitudes. Such a process was first
introduced by Berends and Giele [28] for the derivation of gluon amplitudes, however this
was later improved upon with the introduction of the BCFW (Britto-Cachazo-Feng-Witten)
recursion relations which we shall now discuss. This recursion relation was first introduced
in [35], and proved in [36] using complex analysis and the properties of tree amplitudes only.
The remainder of this section will outline this proof. It is useful as later we will discuss a
method of generating the rational parts of loop amplitudes (to be defined later) which is a

variation on the theme of BCFW recursion that we will call augmented recursion.
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Let us begin this discussion with an n-point tree-level gluon amplitude, A(1,2, ...,n) where
we will leave the helicities undefined for now. Now let us deform the momenta of two of the

particles. We choose the legs 1 and n,

/\1 — 5\1(2) = )\1 — Z)\n
(1.7.1)

Ap — j\n(z) =\, + z5\1,

where z € C. Importantly, we still have momentum conservation as

ﬁ% :ﬁi =0, and p1 + Pn, = p1 + Pn-

Now we have defined a complex function A(1,2,...,n — 1,7)(z) which still satisfies mo-
mentum conservation and with massless momenta that admit the spinor helicity formalism.
Having defined a complex function the natural next step is to explore its analytic structure:

where are the poles of this function?

By considering the amplitude as a sum of Feynman diagrams, we can see that firstly there
are no logs and square roots in tree level diagrams and so no branch cuts; secondly that we
will only have simple poles in z that arise from propagators that have either p; or p,, in them,

propagators like
1

(D1(2) + P2 + )

but importantly, propagators that have both p; and p,, do not have poles as the z dependence

(1.7.2)

cancels. If we define

A

Py(z) = p1(2) + p2 + ... + pia, (1.7.3)

then our propagators with poles in z will be of the form

1 1 1
- = — = , 1.74
P(2)?  (p1(2) +pat .. +pia)? PP —z[1|Pn) ( )
and the corresponding poles in z will be at
P2
Zp, = . 5 (175)
[1]£i[n)

keeping in mind that due to momentum conservation we can also write poles involving p,, in
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the above form.

Now that we have classified the analytic structure of the function and we know the
location of the poles, the next natural question to ask is what the residues are at each pole.
As we move toward the pole, we are setting ]51(2’)2 to zero, ie we are putting this propagator
on-shell. This causes the amplitude to factorise into two lower point subamplitudes where
the propagator now becomes an external state and we must sum over the helicities of the
particles being propagated, in this case we sum over the positive and negative helicities of
the gluon. One can think of this as inserting a complete set of states in place of the on-shell

propagator. So we have

lim A(z) = — U@jmEAL(i(ZPZ.),z,...,i—1,—P8(2PZ.>>AR<PS<ZP1),¢,...,ﬁ(zpi)),

Z=rzp; Z — Zpl.
(1.7.6)

where all the momenta with hats are explicitly z dependent and are evaluated at z = zp,. As
mentioned above we are summing over the helicity states s = £1, and since our convention
is to always have outgoing momentum, the helicities - a projection of spin onto momenta -

will have opposite signs in each subamplitude.

Our end goal is of course to recover the original amplitude free of deformation, A(z = 0),

which we can write as

d= A()
2T z

A(1,2,....,n) = A(z = 0) :fc (1.7.7)

using the residue theorem, where our contour encircles the pole at the origin z = 0 but does
not encircle any of the poles z = zp, of A(z). We can now expand this circle off to infinity,
and since we will encircle the poles of A(z), we can subtract off the residues of these poles.

In other words

A(z = 0) = Res (Aiz) 2= oo) - S_:lRes (Aiz) 2= zpi> (1.7.8)

We know that at the poles 2 = zp,, we have

. Alz -1 - : 5 5 s .
lim (2) = EZAL(l(ZPZ.),2,...,Z—1,—P (zp))AR(P~5(2p,), 1, ..., n(2p,)),

z=zp; Z z—zp,

(1.7.9)
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so if we assume that A(z) — 0 as z — oo (we will come back to this later), then we have the

BCFW recursion relation [36]

n—1
- : 5s 1 5 s . .
A(1,2,...,n) = Z ZAL(l(ZPJ, 2,..,i—1,—P (Zpi))ﬁAR(P (zp,)s 1y ...y n(2p)).
=2 s %

(1.7.10)
Note that while in principle there will be n — 2 poles which each contribute to the sum and
two states to consider in each resultant factorisation, in many cases the actual number of
calculations to be performed will be much lower as many of the subamplitudes will vanish,
eg since tree amplitudes need at least two legs of a given helicity, we need not even consider
factorisations that would give us an all-plus or single-minus subamplitude as this would

automatically vanish.

Let us now return the residue at infinity. In order for the recursion relation to work we
need this term to be zero. If we deform momenta (\;, 5\]) as in Eq 1.7.1, where we denote
the helicities of these momenta as (h;, h;), then in the same paper BCFW showed that in
Yang-Mills Theory A(z) vanishes at infinity for (h;, h;) = (—,+), (+,+), (—, —) and so the
recursion relations hold for these choices of deformations. While not directly relevant to this
thesis, it has been shown in [37] that gauge and gravity tree amplitudes can be calculated
by BCFW recursion in any number of dimensions as a helicity choice can always be found in

which A(z) vanishes at infinity.

The successes of this method cannot be overstated. For example one can prove the Parke-
Taylor formula for n-point MHV tree amplitudes (1.4.2) as a simple exercise in induction
using BCFW recursion. The method has also been extended to recursively calculate the
integrands of loop amplitudes [38], but more relevant to this thesis is that this method can
also be extended to calculating the finite rational parts of loop amplitudes (parts with no
branch cuts that are finite in the dimensional regulator). When we apply this method to
two-loop Yang-Mills amplitudes we will come across a stumbling block in the form of double
poles in A(z). We will later discuss why this is an issue, and the bulk of thesis will discuss

how we can augment the technique to get around this problem.
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1.8 Loop-Level Amplitudes

So far our discussion has been restricted to tree level amplitudes. Such amplitudes have a
particularly simple analytic structure, with only simple poles that arise when propagators
go on-shell. This situation is more complicated at the loop level, where in addition to poles
we now also have branch cuts. Additionally the presence of a closed loop means that we
have an internal momentum which we must integrate over. This often leads to loop integrals
diverging due to particular parts of the integration region: ultraviolet (UV) divergences in the
high momentum regions, and infrared (IR) divergences that occur when the loop momentum
vanishes and in regions where the loop momentum goes collinear to external momenta. We
therefore need to understand how to regulate these divergences to obtain sensible physical
results which we will do using Dimensional Regularization (DimReg) [6]. This is of course all
in addition to the original problem of the sheer number of diagrams, each which would need
to be calculated but now with the added complexity of having to regulate each diagram in
a consistent way. This section will deal with the above issues, beginning with a discussion
on divergences and how to deal with them, before moving on to various ways of simplifying
the evaluation of loop amplitudes. In this thesis we will be working in the mostly-minus

signature of the Minkowski metric, n = (4, —, —, —)

1.9 Loop-Level Color Structures

In the introduction we showed that at tree level we can factorise the amplitude into a color
piece and a kinematic piece (1.0.4). Such a factorisation also exists at loop level, albeit in a

more complex form. At one-loop level we have [39],

AW (12 9r2 phny = Z NcTr(T‘”Ta?...Ta”)AS:)l(ai\l, ay?, ..., a ")
0€S5/Z5
[n/2+1]
+ > > Te(TT%. T ) Te(T T+ T AD (@M a7 b, . )
r=2 U€S5/(Zr'71 Xanr'Jrl)

(1.9.1)
If n is even, then there is an additional Zs symmetry to be factored out to prevent double
counting of this term.

The term AS)I is often referred to as the “leading in color” term, as in the Large N,
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limit this will be the dominant term, and it is generally the simplest of the subamplitudes to

calculate.

The amplitudes again have a cyclic symmetry due to the cyclicity of the traces, in the
leading term the amplitude is cyclic across all the momenta, whereas in the subleading terms

the cyclicity is among the a momenta and b momenta separately.

Of particular importance are the decoupling identities [39]. If we once more consider a
U(N) gauge theory and set leg 1 to be a photon, then the vanishing of the coefficient of
Tr[T273...T"] tells us

1

AV 12,3, )+ AN 1,2,3, on) + AN (2,1,3, . on)+ ..+ AD(2,3,1,0) =0 (1.9.2)

and thus we can express AS)Q in terms of AS)I

By taking more legs to be U(1) we can express each of the A in terms of linear com-
binations of AS:)I, so we can take legs {1...r — 1} to be U(1) then extract the coefficient of

Te[T".. T"] to get

AN r =L n) = () YT Al (o), (1.9.3)

ceCOP{a}{B}
where o; € {a} = {r—1,r—2,...,2,1} (note the reverse order), and §; € {8} = {r,r+1,...,n}.
The argument COP{a}{f5} is defined to be the set of all permutations of (1,...,n) with n
held fixed that preserve the cyclic ordering of the o; within {a} and likewise with {8}, while

allowing for all possible relative orderings between {a} and {5}.

The upshot of this is that despite looking more complicated than the tree level factorisa-
tion, we are in fact in the same position where we only need to calculate a single subamplitude,
A,1(1,2,...,n) and we have all the information we need to calculate the full color SU(N) am-
plitude. Even more convenient is the fact that, as mentioned earlier, this is often the simplest

of the subamplitudes to calculate anyway.

24



At two loops the color trace basis is

AD(1,2,n) = N2 Y~ Te(T7°..T°) AL (a1, s, ..., ay)
Sn/Zn
[n/2)+1
+ N, Y > Te(TM T T ) Te(T T+ T AP (ay, ..., ay_1; by, .., by)
r=2 0€S5/(Zr—1XZp—r+1)
/3] [(n=s)/2]
+> > > Te(T™ T %) Te (TP T+ . T+ ) Ty(T 1T +e+2 T
s=1

t=s 0’655/(Z5 XZtXansft)
1 . .
X Aq(l;zq(al, vy Qg b5+1, ceey bs—l—ta Cs+t+1-‘-cn4>

+ Z Tr(T‘”T“Q...T“")Afl%)lB(al,ag,...,an),
Sn/Zn
(1.9.4)

where again whenever there are two traces of the same length, we factor out an extra Z
symmetry to prevent double counting, and an S3 symmetry in the case that the triple trace
term has all three trace terms of the same size.

Once again the the subamplitudes inherit all the flip symmetry and cyclicity due to their
color trace structures, and while there are U(1) decoupling identities it is no longer the case
that all subamplitudes are linearly dependent, and thus for the first time we have no choice
but to calculate terms which are subleading in color if we want to calculate the full color
amplitude. In this thesis we will only focus on the leading in color term, however there have

been two-loop amplitudes calculated to all orders in color [40-43].

1.10 Ultraviolet and Infrared Divergences

Divergences occur in loop amplitudes such as the scalar bubble,

d*l 1
/ 2m) 2(1 — py)?’ (1.10.1)

which is divergent at large [ but finite at small [ due to its dl/l ~ log(l) scaling, and the

scalar box,

/ o ! (1.10.2)
(2m)* 2(1 = p1)*(1 = p12)*(I — pras)?’ o
which is finite for large [ but diverges for small I due to its dl/I°> ~ 1/I* scaling. Additionally

there are collinear divergences in the regions where [ is collinear to a massless external
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momentum scale, for example in the above integral if p; is massless then when [ is collinear
with py, so [ = kpy, then (I —p)? = (k — 1)2p% = (0. We are using the Feynman prescription

to take the poles off the real axis, p2 = , however we will not explicitly write this term

+z

unless relevant.

In order to make sense of these integrals and extract physically relevant information, we
need to regularise them. The procedure we will use is Dimensional regularisation [6], where
we analytically continue the integrals to be evaluated not in 4 dimensions, but in D = 4 — 2¢
dimensions. This allows us to represent the divergences in the integrals as poles in the
regulator €. This will however mix the UV and IR divergences as both will appear as poles
in €. There are some subtleties as to exactly which momenta to continue to D dimensions
but for now we will gloss over this and assume that all vectors are now in D dimensions.

We now add counterterms to the Lagrangian to cancel the poles from the amplitude.
There are a number of ways to define such counterterms, so we use the MS scheme. The
counterterm for the coupling constant g can be thought of as an expansion of g in €,

0g
g%g%—?—i-...,

and expanding an amplitude with this coupling constant to two loops,

) @ e

1.10.3)
n—3 6g -1 59 (
() () |
+ (n —2) = A i A
then at one-loop the UV divergent part of the amplitude is
my,, — =2 <i>2 © 1.10.4
A ‘UV 2€F(1 - E) 47T 60“4 9 ( : ‘ )

where Gy =

11;\{ < [44]. From the perturbative expansion we see that in order for this divergence

to cancel we require

309

Dlpy + (n—2) (47T) —AY (1.10.5)
which fixes
0g = —QF%WE J (%) Bo (1.10.6)

We should note that divergences will appear for the first time at Next-To-Leading Order
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(NLO), and that this need not be at the one-loop level. In fact in the case of the single-minus
pure gluon amplitude - the focus of this thesis - the tree-level amplitude vanishes, so that the
leading order term is the one-loop amplitude which is rational and the two-loop correction
is the first term to have poles which must be removed with counterterms proportional to the
one-loop amplitude. This means

-3 6
A |yy +n (i) 29 A — (1.10.7)
dr €

and we have already calculated d¢g so we know that

@O~y AT (9N
APy = —ns s <47T> By AD. (1.10.8)

The IR singularities come in two forms: soft and collinear. The leading collinear singu-

larities for the all-plus and single-minus amplitudes take the form [44)]

2
@ (i> Bo g0, 1.10.9
A |Colhnear n A % A ( )

Notably, upon expanding in €, we see that the UV and IR collinear singularities cancel each
other out and so all-plus and single -minus amplitudes contain only soft IR divergences. An
analysis of the soft IR divergences of two-loop QCD amplitudes was carried out in [45] which

shows that the leading IR divergence of an amplitude is

AP~ <1>2L (1.10.10)

€

where L signifies the L order correction rather than the number of loops. In our case,
the single-minus amplitude, the leading order amplitude is one-loop so L = 0 denotes the

one-loop amplitude and so at two loops we have at most e~ poles.

Explicitly, the IR divergent piece at first order correction can be written as
Allig = A x I (1.10.11)

where

€ Siji41

1 n 2 €
I = —22( K ) , (1.10.12)
=1
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and S, ,11 = Sp,1. Since we know a priori the divergent structure of the amplitude, it remains
to calculate the finite part. Later we will use the fact that we know the divergent structure

as a check on the cut-constructible part of the amplitude.

1.11 Integral Reduction

From Passarino-Veltman reduction [46], we know that any one-loop tensor integral in D =
4 — 2¢ dimensions can be expressed up to order O(e) as linear combination of scalar box,
triangle, bubble, and tadpole integrals, plus a rational piece. That is, for any one loop integral

I, we can say
=Y cugo i+ esn 5™ + D oI + Y gy I + R+ 0(e)  (111.1)
Ja J3 J2 Ji
where [,, denotes a scalar n-point integral. These are

/ dPl 1
L= [———,
(27T)D d1

/ dPl 1
L= —,
(27T)D dldz
/ a1
L= [ s,
(27T)D dldgdg
/ dPl 1
I4 - )
(27T)D d1d2d3d4

where d; = (I + ¢;) — m? +ic and ¢; = Zf’io ki, k; being the outgoing momentum at each

(1.11.2)

vertex.

Note that the sum is over all possible boxes, triangles etc. For example, If I is a five-point
integral there are four ways to sort five momenta into four sets, and so there are four scalar
boxes to be summed over, each with a different coefficient.

While the tadpole integral [; is included for full generality, it vanishes in theories where
all the particles are massless as there are no mass scales. Since we are working in pure gauge
theory with a massless gluon we will not encounter the tadpole and thus from here on we

shall not mention it.

Thus one loop amplitudes in their capacity as one loop integrals may be expressed as a
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linear combination of scalar box, triangle and bubble integrals, plus a rational piece,

A= Z c4(j4)lij4) + Z cg(jg)fg(js) + Z cg(jg)lg(]é) + Z cl(jl)ll(jl) + R+ O(e) (1.11.3)

Ja J3 j2 g1
Since these standard integrals have already been computed, we have reduced the problem of
calculating an amplitude to finding the values of the rational coefficients. The next section
discusses how this is done. It is worth remarking that the above set of integrals is valid up
to O(e). If one is interested in retaining a finite € - ie in the case of D dimensional unitarity

- then one must also include the scalar pentagon integral,

I —/ 471 ! (1.11.4)
b (27T)D d1d2d3d4d5' o

The above integrals have been solved for various cases of massive and massless external
momenta. We shall state the results that will be relevant in this thesis below, namely the
massive bubble integral (the massless bubble vanishes in dimensional regularisation), the one-
and two-mass triangles, and the one-mass box integral [47]. In this context by ‘massive’ we

mean that a single vertex will have more than one outgoing gluon.

Beginning with the bubble, we have

k) = | (ir;‘;l?ﬁ zz(z_lw =i ) e (l‘ln(_k”z“)' S

€
For the triangles, the integral

5 o d4—2€l 1
Islkr kp) = (2m)4=2 12(1 — ey )2(1 — ko)?’

(1.11.6)

where we assume that k¥ # 0, can be solved in three separate cases: the one-mass case in

which k3 = (k1 + kq)? = 0 and we have

1 In(=k}) In?(—k?
Ig(kf,kg:o):_ii—g(—kf)*lfﬁz_@' o (—— n( 1)+ il 1)>, (1.11.7)



the two-mass case where k3 # 0 but (k; + k2)* = 0 and we have
_k.Z)fe o (_k;Z)fe
Ta(k2 12y — — C_F( 1 2
I B ]

cr CIn(=k7) —In(=k3) | In*(=k}) — In®(—k3)
(1) — (—43) ( e ' 2 ) |

(1.11.8)

=—1

and the three-mass case in which ky, ko and (ki + ko) are all masssive, which will not appear
at five points.

Finally we have the one-mass box where we shall assume k4 to be massive [48],

I4(512, 593, k2) _/ i 1
4(812, 823, Ky) = (2m)4=2¢ 12(1 — Ky)2(1 — ky — ko)2(1 + ky)?
. CF 2 —€ —€ —€
21312823 |:€_2 ((512) + (823) "+ (K3) ) (1.11.9)

k? k2 _ 2
—2L12(1——4)—2L12(1——4)—1n2< 812)_7T_]'
512 S23 S93 3

In the above expression, Lis denotes the dilogarithm function, defined as

Lia(2) —/OZ dt M (1.11.10)

1.12 Unitarity

Since we have a known basis of integrals to describe a one-loop amplitude, we can ask if it is
possible to leverage the analytical properties of these integrals to isolate individual integrals
and thus evaluate their coefficients. The unitarity method [48, 49], does exactly this.

First we must introduce the concept of the S-Matrix, S [50], which we can think of as
a matrix whose elements give the scattering amplitudes in a theory. If we have a state of
incoming particles, |in), and a state of outgoing particles, |out), then the scattering amplitude

associated to this scattering event is
A(in — out) = (out|S|in). (1.12.1)
The conservation of probability implies that the S-Matrix is unitary, or

STS =1, (1.12.2)
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where I is the identity matrix. We can write S = 1447, where T' is the non-trivial interacting

part of the S matrix, and expand T perturbatively in the coupling constant to get
T = ¢*TO 4 70 4 o573 (1.12.3)

the superscript denoting the loop order. We can now insert this expansion of 7" into the

unitarity condition for S. Extracting coefficients of the coupling gives us

7O = 7 —i(TW — 7Oy = 7O, (1.12.4)

We can introduce states to describe matrix elements (out|T|in) = T,;, then
(out|T"|in) = (in|T"|out)* = T} (1.12.5)

and thus we see that the second relation above gives us Cutkosky’s rule [51],

oi o i

—i(TW — W) = / dp TOTY (1.12.6)

where the integral du stands for the integration over phase space, as well as the sum over
all possible helicities and particle species of on-shell states in the given theory. From time

translation invariance, we can say 1% = T

20 o1

and thus the left hand side of the above equation

is 2ImT,;, the imaginary part of the matrix element.

We know that loop level amplitudes are more complicated than those at tree level, instead
of being a set of rational functions, loop level amplitudes are generally expressed in terms of
logarithms, polylogarithms and other special functions of the kinematical invariants of the
theory. These functions are characterised by the presence of branch cut discontinuities, the
most elementary example of this being Log(z) which has a discontinuity of 27i when crossing
the branch cut. We can understand this discontinuity as arising from regions of the loop-
momentum integration space where a virtual gluon goes on-shell and thus its propagator
becomes fully imaginary. It is from these discontinuities that the imaginary part of the

amplitude arises.
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We can better understand this statement with the distributional relation

1 1
— =P — 6 (p?), 1.12.7
e =P () Fim0? (1127
where P denotes the principle part. Thus by replacing the two propagators by delta functions
we can see the discontinuity for the loop amplitude. This is expressed in terms of products

of tree amplitudes, and thus we are able to leverage our knowledge of tree amplitudes to

calculate loop amplitudes. It is in this sense, that we talk about ‘cutting’ propagators.

In general a single one-loop amplitude will have branch cuts in all the Mandelstam invari-
ants, for example the one loop-four point amplitude Ag})(l, 2,3,4) has both an s = (p; + p2)?
and a t = (py+p3)? channel and thus we would expect discontinuities in both channels. Thus
the unitarity program works by considering cuts in all possible momentum channels, and
using that information to reconstruct the loop amplitude. In [48, 49], the authors describe
this method and use it to calculate a number of one-loop amplitudes in supersymmetric

Yang-Mills.

While this has undoubtedly been successful, it does have some limitations. Let us recall
from earlier that all one-loop amplitudes can be written as a sum of box, triangle, and bubble

integrals plus a rational piece

A=Y "I+ e I8+ e8P + ) g I + R+ 0()  (112.8)
ja E j2 g1

and with the integrals having already been calculated, evaluating a given integral is simply a
matter of evaluating the rational coefficients of each integral. Naturally, one method of doing
this might be to compare discontinuities in the amplitude via the unitarity method, with
discontinuities in the integral functions due to branch cuts. By taking various double cuts
one could in principle determine the coefficients and thus evaluate the amplitude. There
is, however, a catch. In general each integral will be a function of multiple Mandelstam
invariants and thus a single integral may appear in multiple cuts, conversely a single cut will
generally receive contributions from multiple integrals. So having performed these cuts one
would therefore have to try and disentangle these various contributions which can quickly
become every complicated. This issue can be resolved by the introduction of generalized

unitarity.
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1.13 Generalized Unitarity

The method of unitarity involved the cutting of propagators across a single kinematic channel,
and in [52], the authors developed the method of generalized unitarity, which takes the
method a step further by considering the cutting of multiple propagators simultaneously
across different kinematic channels. The authors used this method to calculate one-loop
amplitudes in N’ = 4SY M which are fully described by scalar box functions. Of course the
method can also be used to calculate amplitudes in non-supersymmetric Yang-Mills as we
will show. The idea is as follows: we begin with a mazimal cut, cutting as many propagators
simultaneously as we can - in the case of one-loop amplitudes a quadruple cut - then we
do triple and double cuts subtracting residual contributions from higher order cuts at each
stage. We will simply sketch the outline of the idea here and will return to specifics when it

comes to performing a concrete calculation.

If we think of the cut as replacing a propagator with a delta function in the integrand then
performing four cuts will isolate the specific box integral that contains the four cut propaga-
tors. If an integral does not have all four of the cut propagators it will vanish, for example

if we have a scalar box with propagators (D, Dy, D3, Dy) and we cut (D1, Do, D3, D5), then

1 _ D; _, 8(D1)3(Ds)8(Ds) Dsb (D)
DyDyDsDy |, DiDyDsDyDs |, D,

— 0, (1.13.1)

since zd(x) = 0. The same is of course true for triangle and bubble diagrams which necessarily

will not have all the propagators of a maximal cut.

For the box integral that is isolated we have

ADM,2, ) e = D AO(= 1 = LA (=17 = 1,152
A

KAO(—1;72 k= 1,1 AO (=157 k. . n, 1Y) (1.13.2)

:C4(i)1ii) [Pf..z;u p?

Gy —10

2
‘Pjv“wk*l’ Pk,,n] ‘

cut

where [; are the on-shell momenta of the cut propagators which can be evaluated, and the sum
is over the possible helicities of each particle. The particular choice of cuts partitions the n
external momenta in four sets, and for each set {a, ..., b}, we have P}, = (pa+pas1+..., +D;)-

Thus we have evaluated the coefficient c4(;). By considering all the possible partitions of the

33



n momenta we can perform all the possible cuts and evaluate the box coefficients. At first
glance it may sound like the number of cuts will rise quickly with increasing n it is worth
remembering that in many cases at least one of the tree amplitudes will vanish and thus the
coefficient will be zero. This means that we only need to worry about the subset of partitions
where the tree amplitudes are non vanishing, ie all are at least MHV.

After the box coefficients, we now need to evaluate the triangle and bubble coefficients.
We can isolate a single triangle integral from the rest by the specific choice of triple cut,
much in the same way as with boxes, and again for the same reasons as before all bubbles
will vanish. The catch is however that there will be (in general multiple) boxes which have
the three propagators we choose to cut and thus will survive the cutting process. This means

that performing a triple cut will give

AD,2, ) ipteent = Y AO (=157, 1, i = LI AQ (=17 6, f = 1,152)
A

x A (=172 5. n, 15%) (1.13.3)

= Z C4(i)L§l) |triplecut + 03(]')]3[P12...1'717 Pi2,...,j71> P]%,n]

and we will have to subtract the contributions from various boxes to reach the desired triangle
coefficient. Similarly double cuts will isolate a single bubble integral but will also have
contributions from triangles and boxes. Various methods have been proposed and indeed
successfully used to extract the bubble and triangle coefficients directly and we shall consider

some of these later.

1.14 Moving to Higher Loops

The generalized unitarity method works particularly well at one-loop due to the existence
of a known basis for one-loop integrals, however no such general basis exists for higher loop
orders. How then does one proceed? There are various approaches to this, the most popular

being the master integral approach. This approach can be summarised as follows
1. Find an integral basis for the given amplitude, the master integrals

2. Evaluate the integrals
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3. Evaluate the rational coefficients of these integrals using, for example, unitarity cuts

In general it is highly non-trivial to find such a basis that is amenable to cuts and evalua-
tion. While much progress has been made to develop techniques that streamline this process
such as integral reduction by Integration by Parts (IBP) relations, among others, [53-64],
this process is far from straightforward. Another disadvantage is that the process is specific
to the single amplitude and so in general to move to a higher multiplicity effectively means
that one has to start the whole process again, albeit perhaps with some gained insight. Note
that while the leading-in-color single-minus amplitude at five points was published in 2018
[1], and in full color in 2023 [42, 43], there is yet to be published a full result for the six-point
case, despite progress [65].

To that end, there is clearly strong motivation to develop a different method, that is more
systematic and generalises much better to higher multiplicity. Such a method was developed
in the case of all-plus amplitudes which allowed the calculation of five-, six-, and seven-point
amplitudes in full color, [40, 41, 66-68] and the purpose of this thesis is to make progress

towards generalising this method to single-minus amplitudes.

1.15 Rational Pieces

Until now we have not discussed the rational part of one-loop integrals. By definition these
parts have no branch cuts and thus they cannot be seen by unitarity as discussed until now,
so how can we evaluate this piece? One possibility is to use D-dimensional unitarity [69].
Until now we have performed cuts in D = 4 dimensions, that is to say when putting a
propagator on-shell we kept the loop momentum [ to be in four dimensions, known as 4D
unitarity. In D-dimensional unitarity, instead ones writes the loop momentum as a sum of
a 4 dimensional component and a —2¢ dimensional component and sets this D = 4 — 2¢

dimensional momentum on-shell
N A ) L (1.15.1)

The benefit of D-dimensional unitarity is that it also captures the rational piece but at the
expense of complicated algebra and larger integral basis. We will use 4-dimensional unitarity

in this thesis and thus we will have to find another way to calculate the rational piece. Using
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4D unitarity means that we are able to use the spinor helicity formalism even at loop level,

but at the cost of O(e) errors.

1.16 Augmented Recursion

Previously, we introduced BCFW recursion as a method for building tree amplitudes in terms
of products of lower-point tree amplitudes. In fact this process also extends to the rational
parts of loop amplitudes, but for one caveat: rational parts of two loop Yang-Mills amplitudes
have double poles.

To make this statement explicit let us consider the rational part of the two-loop four-point

all-plus amplitude [70]

 [ab][ed] [ s
N . M8 ). 116
L (@ 0"t d) 9 (ab)(cd) \ SpeSca " | )

If we rewrite this amplitude using four-point kinematics then we would have (ab)? in the
denominator, and if we were to shift say the ¢ momentum A\, — A\, — z\., then the total
shifted rational piece R(z) would have a resultant double pole in z from ({ab) — z{eb))? in
the denominator.

So why is this a problem? In principle it is not. The BCFW recursion method is a simple
application of Cauchy’s theorem where we apply a shift to two momenta to turn our rational
piece into a complex function of a variable z then evaluate R(z) using

ifdzR(z) = R(0)+ > Res {R(ﬂ

211 z z
2; 70

(1.16.2)

Zj

where z; are the poles of R(z). By taking the contour on the left to infinity this integral will

vanish (assuming the appropriate shift) and so our rational piece R can be expresssed as

R(z)
R=R(0)=— .16.
(0) > Res { . ] (1.16.3)
zﬁé() Zj
Now we can expand a function f(z) with double poles around around the pole z;
flo)= —=2 4 B2t 4 (1.16.4)

(z—2)2 z—2z
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Setting 6 = z — z; and Taylor expanding,

/) e al o G2 1 ( ay  a 0
N — 2 T s\ T 2T 1.16.
z (0 + 2;)0? - (6 + z)0 +0(0) 215 2 + o 0(d"), (1.16.5)
we see that
Res [f(_ﬂ -+ =L (1.16.6)
< 2; Zi Zi

Now in our previous discussion of BCFW recursion we used factorisation theorems of ampli-
tudes to evaluate the residues of our function, however these theorems can only tell us the
leading singularities and in general there are no theorems that can tell us about sub-leading
poles. We therefore have no way to write down a_;, which we refer to as the pole under the
pole and it is precisely for this reason that we employ our method of augmented recursion.
This method uses an axial gauge formalism [71, 72], which allows us to generalise am-
plitudes to vertices with off-shell external momenta and assigned helicities. Thus we can
express loop integrals as products of such vertices with internal helicity labels and scalar

propagators. We can express an off-shell momentum K as a sum of two null momenta

2

2K - q

K=K +K#*=K+ q, (1.16.7)

where ¢ is an arbitrary null reference momentum restricted only in that 2K - ¢ # 0.

In this formalism there are three-point vertices,

(2a) (1.16.8)
As(17,27,3%) =i L2t

Ay(1F. 2% 3 47) =i 14q][24)(3q){49) (1 . al2 = 3la)gl4 - 1|61>) |

[
(19)(29)[3q][44] [q2 + 3|q)[ql4 + 1]q)

[1¢)(2q) [3q]{4q) ([QIl —2|g)[q]3 —4lq) _[q]2 —3[g)]gl4 — 1]g) 2)
(1g)[24](3q)[4q] \ [q|1 + 2|q)[q|3 +4|q) ~ [q]2 + 3|q)[q]4 + 1]q) '

Ay(17,27,37,47) =i

(1.16.9)

Again, ¢ is the reference momentum which is arbitrary, with the caveat that the above
amplitudes cannot have a zero in their denominators.

As motivation, we should ask whence double poles arise? One place they can arise is in
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BCFW channels wherein a two-loop amplitude factorises into a one-loop three-point all-plus
vertex, and a one-loop amplitude (in the single-minus case, this amplitude will be an MHV).

We can express this one-loop all-plus vertex in the axial gauge formalism as

 [ab] [bk°] [
AP (0t b k) = %—[a I kZH 2 (1.16.10)

so double poles appear in factorisations of the type

1
AW (@t bt B — AW (—k~ ¢t n) (1.16.11)
Sab

where we get one pole from the vertex on the left and one from the propagator as shown in

figure 1.1.

b* ot
o
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Figure 1.1: The one-loop to one-loop factorisation of a two-loop amplitude that results in a

double pole

The idea of augmented recursion is as follows: we ‘open’ the propagator in the factorisation
so our diagram becomes a tree structure connected to a one-loop current with two off-shell legs
as shown in figure 1.2. We then construct a ‘good enough’ current 7 (c*,...,n~, a, B) that
is able to capture the pole structure of our final rational piece, and integrate this diagram
before performing the BCFW shift on this integrated structure which returns the leading
double-pole and also the the subleading ‘pole under the pole’.
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Figure 1.2: This depicts the generic structure that arises from ‘opening’ the propagator from

the double pole factorisation on which we perform augmented recursion

To define a ‘good enough’ current, remember that we are only interested in this current
insofar as it allows us to uncover the leading and sub-leading pole structure of the original
tree to two-loop factorisation, and so we do not need the full expression for an amplitude

with two off-shell legs. We require that that the current satisfies two conditions:
Cl: As s, — with a2, 3% # 0, the current must reproduce the leading singularity,
C2: As a?, 8% — 0, with s,s # 0, we recover the on-shell amplitude AV (c*,....,n", a, 3).

These conditions ensure that we derive our current in a consistent manner that reproduces

the leading and sub-leading singularities that we need.

This method has been used successfully in the past in the computation of one-loop gravity
amplitudes [73], as well as in two-loop Yang-Mills amplitudes [40, 41, 66-68]. The bulk of
this thesis will focus on extending this method to the calculation of two-loop single-minus
amplitudes, where as we will see later, the presence of a single extra negative external helicity
means that in fact there are many more structures that need to be considered in the single-
minus case than in the all-plus case, and there is a whole new double pole factorisation

channel to be considered due to a two-loop three-point vertex.
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1.17 Thesis Outline

The remainder of this thesis is organised as follows. In Chapter 2 we introduce the two-loop
five-point single-minus Yang-Mills amplitude and employ methods of 4D unitarity to calculate
the cut-constructible part of the amplitude, focusing in particular on the psuedo one-loop
subsector of the cut-constructible terms. In Chapter 3 we apply the previously developed
method of augmented recursion to calculate part of the remaining rational piece of the two-
loop five-point single-minus amplitude, which we name the ‘tree on the left’ part. We see that
in fact this is not the full rational part so in Chapter 4 we extend the method of augmented
recursion to include the new ‘loop on the left’ pieces, as well as rational contributions from
the cut-constructible part of the amplitude. These are new to this particular amplitude
and have not appeared in previous augmented recursion calculations. At the end of this
chapter we fully reconstruct the rational part of the two-loop five-point single-minus Yang-
Mills amplitude. Finally in Chapter 5 we summarise the work done in this thesis and discuss

further avenues to extend the research.
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Chapter 2

Two Loop Five-Point Single-Minus
Amplitude: Unitarity

In [66], the two-loop five-point all-plus amplitude was calculated. While this calculation had
already been completed in [74] to leading order in colour, and in [75] to all orders in colour,
the cited paper was novel in its techniques. Rather than use the master integral approach
and D-dimensional unitarity, the paper used used 4D unitarity and recursion. The use of 4D
unitarity rather than D-dimensional unitarity leads to drastic simplifications: namely, any
cuts that split the amplitude into tree x tree vanish.

The upshot of all this was that one could consider one of the loops to be an insertion
into a vertex of the second loop. This is to say that this loop will act as an effective vertex.
Thus the problem was reduced to effectively a one-loop problem where incidentally one of
the vertices is a one-loop amplitude rather than a tree. This simplification was useful for a

number of reasons
1. It cuts down on the number of contributing Feynman diagrams
2. The integral basis for one-loop integrals is well known

3. There are well developed methods for calculating one-loop amplitudes which are at our

disposal.

This simplification sadly fails in the single-minus case. In the presence of an additional

particle of negative helicity, there now exist non-vanishing cuts from two-loop to treex tree.
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The use of 4D unitarity still simplifies the number of possible cuts and thus the complexity
of the calculation, however this comes at the cost losing rational pieces. To remedy this, we
will need to use augmented recursion to recover the rational part of the amplitude in the

following chapters.

With all this in mind, we can begin with the main focus of this thesis: to develop a general

method of calculating two-loop single-minus Yang-Mills amplitudes.

We will take as an example the leading-in-color two-loop five-point single-minus Yang-
Mills amplitude, which has been previously calculated in [1]. Our goal as stated previously
is to develop a method that is more amenable to generalisation to higher multiplicity. To

start, we split the amplitude in two

AP (a, bt ¢t dt ety = PP (am bt et dtet) + RP (a7, bt et d e, (2.0.1)

where P refers to the cut-constructible piece, and R to the rational part.

The cut-constructible part of the amplitude, P can be further divided into two parts,
P5(2)(a_, bt et ,d,et) = Uéz)(a_, bt et dtet) + F5(2)(a_, bt et dt,et), (2.0.2)

where F' is finite and U contains all of the divergences due to €. As discussed earlier, we

know that the divergent piece takes the form [45]

1 2\
U (=, b%, et db et) = AP (a7, b e dt ety < S ( K ) : (2.0.3)

i—1 1,041

so in principle it remains only to calculate the finite part, F', however the methods we employ
will reconstruct the full P term including divergent piece which we can use as a check for our

calculations.

To calculate the cut-constructible part of the amplitude, we divide this into two parts
which we will refer to as “genuine” two-loop parts, a and one-loop subsector. The genuine
two-loop pieces will be outlined briefly for completion - and the reader can refer to [2] for
details on calculation. To understand the division between the two-loop pieces and the one-

loop subsector, we first consider all the possible configurations of propagators in the two-loop
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five-point case and split these into two categories: ‘(one-loop)?’ diagrams which can be split
into two distinct diagrams by cutting (in a topological sense) a single propagator, and ‘genuine

two-loop” diagrams which require more than one topological cut as shown in figure 2.1.

Figure 2.1: On the left is an example of a propagator configuration which we refer to as
‘genuine two-loop’, and on the right is an example of a (one-loop)? configuration known as

the ‘bow tie’.

To each of the possible propagator configurations we assign a numerator A, so that for a

given diagram we have the integrand

where P are the propagators for the diagram in question. We then compare cuts of AéQ) (a=, bt ¢t d",eh)
with cuts on the diagrams to determine the numerators such that the cuts match up. In other
words, we determine numerators by imposing that
9, _ N,
AP (= bt dt e ) ows = D P lews (2.0.4)

7

where the sum is over all diagrams. The work to calculate the numerators was completed
prior to the beginning of this thesis [76], and thus we shall outline the method and present
the relevant results for completion.

First we can consider triple cuts of the amplitude into two tree diagrams, for example

ST AO @ 17,13 x AP (TN =1 =170 6T et dT e, (2.0.5)

A1,A2,A3

The (one-loop)? diagrams will all vanish on such cuts and so one can isolate first the two-

loop diagrams, and by applying various triple cuts to tree x tree, determine the numerators
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corresponding to such diagrams.
Next, we consider double cuts on the amplitude into a one-loop amplitude and a tree, for

example

> AO @ b 17) < AD (<17, =12 L d b e ). (2.0.6)
A1,A2

For each cut, we will have contributions from the two-loop diagrams which we know, and from
the (one-loop)? pieces whose numerators are to be determined, and by considering various
such double cuts we can determine the remaining numerators.

The (one-loop)? structures are written in terms of a single-integral over a numerator
and its corresponding propagators. In this sense they can be regarded as pseudo one-loop
integrals with an insertion at one of the vertices which corresponds to the second loop which
has already been integrated. Let us take the ‘bow-tie’ diagram from the right of figure 2.1
for example. The contribution of such a diagram will be included in the one-loop structures,
and so we consider it as the loop which is ‘uncut’ in the double cut fit to have been integrated
out and inserted into the remaining integral as a vertex. Since there is more than one way to
do this, the one-loop? diagrams will be split across different one-loop structures in general.

It is for this reason we refer to these terms as the one-loop subsector, and in this chapter
will detail how we evaluate such integrals. The full list of these one-loop structures can be
found in the appendix A.

To summarise, triple cuts on the amplitude to tree x tree determine the numerators on
the two-loop structures, while double cuts to one-loop x tree determine the numerators of

the one-loop structures. Together these structures satisfy all cuts of the full amplitude.

2.1 Two-Loop Structures

For completion, let us briefly discuss the two-loop pieces. As stated above, the method
is to write down all possible propagator configurations, P,, and then to assign numera-
tors, NV,, to these configurations such that the sum of all such expressions can recreate the
triple cuts on the full amplitude. The numerators are written in terms of external momenta
N, (a,k,@,i,j,w), where n is a label that matches propagators to their numerator. The first
a indicates that a is the sole external negative helicity momentum, and the remaining labels

are kept generic such that one can simultaneously calculate a diagram and its flip with the
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caveat that the label @ is special in that whenever a = @ the numerator vanishes. Now we
shall list the propagator configurations with their associated numerators [76]. In all the below
diagrams, the arrows on propagators denote the flow of momentum. Momentum is conserved

at each vertex.

Niva = (a@)[a|(—Ls)|a) (w|QLz|a) [w| L1 PLy|a), (2.1.1)
a L0 (3 j
an ﬁ

Figure 2.2: Tricorner box. n = tbx

Nisws = (a@)[@llu]w)(al LaLgla)w]l.0,Lala). (2.1.2)

S]
h
w

~

L4 Lp

by

a W

Figure 2.3: Bubble in box between two null corners. n = n fbbzx.

There are in fact further diagrams that contain bubbles which are required to satisfy
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the cut conditions, but that vanish upon integration. These have been omitted but further

details may be found in [2]. The remaining all-plus triangle diagrams are as follows:

Nyt = — (a@)[al(~ Lo)la) (a Lo @Ik} k] Lsa)
+ 63 (a@)[al (— Ls)|a) (@.) k[ L1 Q(~ Ls)]a), (2.1.3)

a

P Q@ .

?,

k/ I\ J
w

Figure 2.4: Triangle in triangle, n = stt. There is an extra term when the negative helicity

leg is in the middle of the massive corner a = j.

where here ¢/ indicates an additional term only present when a = j is in the middle of

massive corner. Pressing on we have

N =(aa)[ally|a)(ak)[k| Pla)
+0}(a@)[a|P|a) (ak)[k|P|a)
+61(aa) [@|ly|a) (ak)[k|ly,|a), (2.1.4)
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NN

Figure 2.5: Kite diagram with two null corners and one massive corner, with n = K21. There

are extra terms when the negative helicity leg is in the middle of the massive corner a = j.

Nz = (aa)[ally|a){aw)w|L;|a), (2.1.5)

Figure 2.6: Kite diagram with three null corners and one massive corner, with n = K31.

Nz = (aa)[a|(—Ls)|a){a|La(—Ls)|a), (2.1.6)
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Q|

Figure 2.7: Kite diagram with one null corner and two massive corners, with n = K12.

and finally,

Nkig = %<a|6L3|a)<a|aQ|a>. (2.1.7)

a

Figure 2.8: Kite diagram with one null corner and one massive corner, with n = K1Q).

In total the integrand Z is

I(Q)(a_, bt et dt, e+) _
_ 2 N, (a, k,a,i,5,0)  Ny(a,k,w,j,i,a)
= (e ed) (defea) | 2 2 (ma, haige ) (2.1.8)

{k,aijw} n Pn<a7 k7w7j7i,a)

where the sum over {k,a, i, j,w} is over Zs(a, b, c,d,e). One must also be careful to add in

symmetry factors as there are cases in which the flip of a diagram is not distinct and thus

we must prevent double counting. Finally then the task is to evaluate each of the two-loop

integrals above, which is beyond the scope of this thesis and details can again be found in
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2.2 One-Loop Structures

Moving onto the one-loop subsector, since these are one-loop integrals we can exploit the
very well-established one-loop integral methods in their evaluation. We know from Passarino-
Veltman reduction that one-loop integrals can be expressed in terms of a basis of scalar box,

triangle, and bubble integrals as discussed in Section 1.11 on integral reduction.

We then perform various cuts in accordance with the methods of generalised unitarity
to calculate each term as a linear combination the one-loop scalar integrals with rational

coefficients.

It is important to note however that we are not treating the diagrams as collections of
Feynman diagrams on which we will cut. In fact, if we did so we would find that the cuts
all vanish as it to be expected for a one-loop single-minus amplitude which we know to be
fully rational. Instead, we are considering pre-determined numerators with propagators in
the denominator, and the diagrams only serve to remind us of the relationship between the
various propagators in terms of the external momenta. With this in mind then, we shall

define a cut of the propagator D to be the substitution

% s (2m)5(D). (2.2.1)

on the integrand.

There are box and two-mass triangle structures which contribute to multiple different
cuts of the two-loop diagrams, thus one must be careful not to double count. The remaining
structures are one-mass triangles or bubble which only contribute to a single cut. There are
also flip symmetry relations between pairs of these which we can use as a check on our results
after calculating. In the end this set of ‘genuine’ two loop integrals and pseudo-one loop
integrals fully recreate the cuts of the amplitude. A full list of these one-loop structures can

be found in the appendix A.

As detailed in Section 1.13, the strategy for one-loop calculations is to begin with the
maximal cut - in our case a quadruple cut - to isolate the coefficients of the scalar box
integrals, then consider triple cuts to determine the coefficients of the triangle integrals and
finally double cuts for the bubble integrals. Naturally, in the case of the triangle and bubble

structures, we do not need to consider quadruple cuts as these will vanish. In the case of
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bubbles we can also skip the triple cuts. The cuts on each of these is depicted in figure 2.9.

a) b) d)
]Cg K4
]{?2 kl

Figure 2.9: Four dimensional cuts of the one-loop structures.

2.2.1 Boxes

In 4D unitarity, we treat our loop momentum as 4 dimensional, and 4 cuts imposes 4 con-
straints and thus completely determines the loop momentum up to complex conjugation as

first demonstrated by Britto et al in [52].

Let us take the example of a numerator with propagator configuration as depicted in
figure 2.10. As there are 4 propagators we know there is exactly one choice of quadruple
cut and thus there is only one scalar box integral, I4(Sqp, Scq, S¢e) Whose coefficient is to be

determined.
b+

l4 12

I3 dr

Figure 2.10: A diagram describing an example propagator configuration for a one-loop box

structure.

We can choose to solve for any one of the four propagators; from there it is trivial to solve
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for the rest. Let us solve for [, with 4 cut constraints,

S(1)2, 5(12)% 5(1)% 5(1a)%

By cutting I, we have the constraint /3 = 0 from the delta function. We know that any

massless momentum may be expressed via spinor helicity, so we can write
ly = X Ao, (2.2.2)

where X is a rational factor to be determined. Next we can cut [; which gives the constraint
2 =0=(ly+¢)* = 2ly - c. We now have two options, each of which will give us a solution of

l5. We have

lgl) = Xl)\cj\% (2 9 3)

12 = Xodohe.

We can cut I3 to determine the remaining spinor as (3 = (I — d)? = 2l, - d = 0, so

lél) = X1\, (2.2

152 = Xodghe.

Finally, by cutting {4 we can determine X for each solution. We have li =0=(l— Pde)2 =

Sge — [la]d + €]la) = sqe — [l2|€]l2)as both solutions are proportional to d.

[Ze] (2.2.5)
X2 - _ea
cel
and so finally we have
de) -
iV = <—6§A0Ad,
[C;:] (2.2.6)
1P = S0,
cel

Then it remains to substitute the two values above into the numerator of the integral and
average to obtain the coefficient of the scalar function I4(s,) for this structure. The procedure

is identical for all boxes.



2.2.2 Triangles

As the number of cuts decreases the number of choices increases. For each box there are four
propagators and there are 4 ways to choose three of them to cut to find the coefficient of the

corresponding triangle integral.

It is clear when distributing five external momenta across the three vertices of a triangle,
that we will be dealing with one- and two-mass triangles. At higher multiplicity we will also
have three-mass triangles. Initially, we had intended to use the method laid out by Forde in
[77], however it became apparent that the method is a three-mass triangle method and there
is some subtlety in taking the one-mass or two-mass limits. In these limits we found that
the calculated coefficient differed depending on which which of the three cut propagators we
parameterised the integral in terms of. The reasons for this are not entirely clear, it may
be that since Forde’s method was designed for use on one-loop amplitudes rather than more
general one-loop integrals, that there is something in the factorisation theorems that keep the
Forde method stable in the massless limit of vertices, which does not track to more general

one-loop integrals.

Due to this obstacle, we present a new parameterisation that allows us to calculate the
scalar triangle coefficient in the case of one- or two-mass triangle structures. At more than
five external momenta, one would encounter three-mass triangles for which the Forde method

would suffice.

We begin with a triangle with one massive and one massless vertex, this process is blind
to the mass of the third corner and so this method works for one- and two-mass triangles.
We label the loop momentum [y lowing from a massless vertex labelled e to a massive vertex

P as shown in figure 2.11. As per Eq 1.16.7 we can write P as a sum of two null momenta,

P2
e (2.2.7)

P =P 4+ p# = p°
+ +2P-e’

which holds regardless of whether P is sum of two, three, or indeed any number of massless

momenta.
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/p In e

Figure 2.11: Triple cut configuration, with [y flowing from null leg €? = 0 and towards P? # 0.

We can use this to parameterise the loop momentum [

b b
lo = A(P" + P*) + B(P" — P*) + C’(f taP >XPbAPﬁ + f@mm)

(gP?) [q?]
(qP) < [qP < 225
+ 1D (f <qPﬁ> )\Pb)\pﬁ - fW)\PW\Pb> .

where ¢ is some arbitrary null vector. In order that [y is real, we restrict all of the quantities

in the above definition to be real. Then

P’lg)

2 — p2 A2—32+f2[q| 02 4 D2

’ ( [qIP“ICD< ) (2.2.9)
= P*(A* - B>+ C* 4+ D?)

where we judiciously defined f to simplify the above, and

(lo— P)* = P*((A—1)* = B>+ C* + D? (2.2.10)

(lp +e)* = P?*(A* = B>+ C* + D*) + 2(A + B)e - P, (2.2.11)

the last line being true due to our choice of e as the reference spinor when defining P*.

Now we change the integration variables,
/ dPly — (P?)? / dAdBdCdD. (2.2.12)

We still have not imposed the cut constraints. We map the cut constraints onto our new
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integration variables using

Slg(x Z ‘d =Y oo —a) (2.2.13)

!

where z; are the roots of g(x). From this identity, we can use the cut constraint §(ly)?

perform the B integration by imposing B? = A? 4+ C? 4+ D?, with the factor

1 1
[6] ~ |2vA2+C2+ D2p?|

(2.2.14)

Next we impose the cut constraint (lp — P)> = 0 = P*((A — 1)? — B? + C? 4+ D?) =
P?((A—1) — A?). Performing the A integration sets the value of A = 1 with the additional

factor
1 1

—_—= 2.2.1

71~ 2P R
Proceeding to the final cut, we run into an issue, imposing d((ly + €)?) we have
V1+4C? +4D?

5((l + €)?) = 6 (e P (1= VI+4C7 +4D7)) 2.2.1

((lo + €)?) iCe P e V144C? + (2.2.16)

which sets C'= D = 0, causing a divergence when performing the integral. In fact switching

to polar coordinates for the final two integrals,
C =pcosf, D= psinG,/dC’dD — /pdpd&

we see that in fact this is a co-ordinate singularity as

V1+4C? +4D? ) V1 +4p%(p)
P (1 2 402)) = Vo TP (22
O 1Ge P 5(6 ( V1+4C2+4D )) / e P (2.2.17)

and the divergence cancels with the Jacobian, thus we can perform the final integral which
sets p = 0. What remains then is a single angular integral with an integrand that has no

angular dependence.

Schematically, we have

l
/ d41515253/\g ) I/ d4l5152(53 < ?X + Ctr1> s (2218)

4
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where in our labelling, 1,2 and 3 are the cut propagators and 4 is the remaining uncut

propagator, so using our parameterisation, we finally have

N(l) — Chox

2.2.19
B | (2.2.19)

Ciri =

where cpox is already known.
In the case of the box structures and two-mass triangle structures, there was an unex-
pected result in that in each case the numerator evaluated at [ = P! vanished. The upshot

of this that for these terms the scalar triangle coefficient is equal to

- Chox

= —

TN g

and in fact the e=2 for the box and two-mass triangle structures, the IR contributions from
the box cuts cancelled with the triple cuts. Perhaps even more surprising is the fact that the

one-mass triangle structures fully recreate the IR piece, in other words
. 1
A (sien) = As(a™, bt et dt et x — 5 (= siin) (2.2.20)

Summing over the one-mass triangle inserts, there is one of the above for each consecutive

pair of momenta, and we recover the Catani IR factor (1.10.11).

2.2.3 Bubbles

Finally, we must determine the bubble contributions. For this part of the calculation, we
used the canonical basis approach introduced in [78]. The idea is as follows: we take our

one-loop integral and perform a double cut on it so the cut integral looks like

NR-{-N(Z)

SEAS . (2.2.21)
[Tio (0 + Qi)

/ d6(1*)6((1 — P)?)
where the numerator A is a polynomial of order N + R. In general the (); may be massive
or massless, however P will necessarily be massive otherwise the cut would be finding the
coefficient of a massless scalar bubble which vanishes anyway. By Passarino-Veltman reduc-
tion we know that for individual terms in N where the order of [ has N < 0, these terms

correspond to scalar triangle and box integrals which we are not interested in, consequently
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Figure 2.12: A double cut on the linear triangle used to calculate H.

we are only interested in terms such that N > 0.

Schematically we can write the cut integral as

s MO~
/d OB i o5 = S G F (D), (2.2.92)

where ¢; are coefficients independent of /;, and the canonical forms F; must have zero spinor
weight in [;, ie invariant under |I;) — €' [l;), |l;] — e~*7|l;]. The aim of this method is to
determine the possible canonical forms which appear in cut bubble integrals and determine
how each contributes to the scalar bubble coefficient. The original paper was concerned
with one-loop QCD amplitudes and evaluated forms up to order (?, however in applying this
method to this one-loop subsector of a larger two-loop calculation, we encountered terms of
order [ and thus we extended the method by calculating the contributions that such terms

would have towards the scalar bubble coefficient.

Let us begin with the simplest example,

Hi(A;Bil) = % = —% (2.2.23)

where k4 is taken to be real and massless. Looking at the above as a double cut integral we
can see that it would arise from a linear triangle shown in figure 2.12. We can then promote
this to a full covariant integral, and integrate the linear triangle, extracting the coefficient of
log(—P?) as the bubble coefficient which gives

[AlP|B)

H,(A; B; P) — M (2.2.24)
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This can be generalised to

iijll; = Z citi(Ai; By l) (2.2.25)

Ho(Ai; Biil) =

7

by partial fractioning, where coefficients ¢; are

H?:z <Bin>

¢ = = (2.2.26)
Hj;éz' <Ain>
There are also cases of forms with massive propagators such as
[D|l:|B)
B;D; Q) = ———= 2.2.27
gﬂ( Q 1) <l1+Q)2 ( )
where Q? # 0. To express the above in terms of H; we first introduce the following null
momenta
» 1 V A3 A 1 \V Ag
Pt = PQ" —(P-Q - +—) P* H = —P2Q* P- —= | P*
s (P = (o) )@=y (P (rer ) ).

(2.2.28)
where Az = 4(P-Q)*—4P?Q? is the Gram determinant of a three-mass triangle with external
momenta P, (), and —P — ).By substituting in these null definitions into the canonical form

we can write it in terms of H; so that this form returns the bubble contribution

DIP|Q, P]|B)

Go[B; D; Q; P] = | A : (2.2.29)
3
where [@, P] = QP — PQ is the commutator. We also have
. 1 P Bo) (LB1)
Gi[A; Bo, Bi; D; Q; 1] = (107 (L A) (2.2.30)
which gives
[D|P [P, Q] [A){Bi] [P, Q] | Bo)
G1[A; By, By; D; Q; P] = —
2083(AIPQIA) (2.2.31)

L [PIP14) ({BoA)[A|P]By) + (BiA)[A|P|Bo))
2(A|PQ|A)[A|P|A)
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and this can be extended to

[D|11’Bo> H’L - 1n<llB

. DO — DN oA .
gn[AhBOvBuDan ll] - (ll + Q)2 HZ — 1n<l1Al> - ;Clgﬂ{Al?BmBmD?Q?ll]’ (2232)

where
Hj<n <AZB]>
[T,.:(A:4;)

The above forms are of order [V, but there are also forms of order [!,[? which can be seen in

(2.2.33)

C;, =

the paper.
Until now, all of the above can be found in the cited paper [78], and is presented here for
completeness, however as mentioned above it was necessary to extend the method to terms of

order [? and in fact we can generalise the massless propagator form, H; to arbitrary powers

of [.

We begin by defining the following form of order [",

o T ) T by
HY = o , (2.2.34)

on a double cut §(1?) = §((I — P)?) = 0. Then we define

P2

P=P +P =P+ A, (2.2.35)
[A|P]A)
and we use this to parameterise the cut momentum [ in polar co-ordinates as
P+ Pt P — Pt 5 AP A s ApEA
l = i + cos 6 + sin e’ CECPE L gin gm0 CEEO (2.2.36)
2 2 2 2
which can be written in terms of spinors due to being on-shell
0 0 _. N 0~ 0 . -
A\ = cos 5)\Pb + sin 56’“’5)\”7 A = cos 5)\1317 + sin §€l¢)\pu. (2.2.37)
Rewriting the original form, we get
an i 15 ((@iPAY(P°L) + (PPag) (PAL)) TT byl
O [AlP|A) (PP Py (PA) (2.2.38)
B P? IT20 Ai (P! + (PR =) T, [bsl] -
~[AlP|A) (PP (PHL)
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where we define the combinatoric coefficients A; according to the above expansion. Next we

set z = e~ and subsitute in our parameterisation of [ to get

n+1 n—i n
H = P Z A, 2" sin’ o1 oS o H oS Q[b P’] 4 sin Qz_l [0, P]
L [AIPA) (P PE) £ 2 2 2+ 2 !

j=1

P2 il . 9 9

B i+j— n n—t i n+i—jg ~ n+ti—j 7

“TA|PIAY(P* PR ZO Z_OA 2T T g cosTH g

(2.2.39)
where again we define B; by expanding the product in the first line. To extract the bubble

coefficient, we integrate z and 6 for which we have the integration measure

sin 6
2(2i)z

which also sets the normalisation so that 1 integrates to 1, and finally the we have the bubble

contribution
o L% )= nz_: n—i) (=17 (2.2.40)
L (PPA) pa AiB pard n—i—p!(Q+p+i) o

We do not present a closed form expression for the coefficients A;B;, however for any given

n are easily generated on Mathematica.

The above formula successfully recreates the results of the known H forms of orders [°, [*
and [?, and gives us the necessary Hj form at [ by setting one of the {a;} to be equal to A.

We have

Hg[A17A27A3; Bla B27 B37 P]

[A1|P’Bl>[Az\P\B2>[A3|P|BS> - P—2[A2A3]<B2Bs>[A1|P|Bl> (2.2.41)
JfZ (A3 A (BB Aol PIBs) — T 141 As){ By Bo) 4| PIB).

Finally we must also consider conjugate forms such as

[B|P|4)
[A[PIA)’

Hi[A; B 1] = — H1[A; B; P] = (2.2.42)

which are obtained by complex conjugation, and forms expressed in terms of I, which can be

39



Figure 2.13: The possible double cuts on box, one-mass triangle, and bubble integrals

evaluated by using the identity

() _ (alh) 5 {ab) (2.2.43)

(bly)  (bly) (bl1) 11| P[b)

Since the second term is of order [=!, one can repeatedly use this to write all expressions of
I in terms of [; and terms of order [V where N < 0 and thus can be discarded.

With all the pieces in place, it is simply a matter of writing each cut integrand in terms
of the canonical forms via algebraic manipulation and then replacing the form with its bub-
ble contribution. The algebraic manipulations are simply involve repeated use of ‘partial

fractioning’ by writing for example

(he) — (he) (ab)  (ac)  (be)

<l1a)(l1b> (l1a><llb> <6Lb> n (l1a> <llb>

With the box integrals there 3 non-vanishing bubble cuts, and with the one-mass triangles

and bubbles there is a single non-vanishing cut as depicted in figure 2.13.

2.3 Summarising the Results

With the scalar integral coefficients now fully determined we can assemble the contributions
from all one-loop structures. The list of coefficients is too long to be listed explicitly in
this thesis, however we can discuss the general properties of the results. As previously
stated, certain pairs of structures are related by a flip symmetry by sending {a, b, ¢,d, e} to
{a,e,d,c,b} and this was satisfied by the final result when checked. This is a non trivial
check as it brings together various different parts of the calculation.

Let us consider the singularity structure of the full one-loop structures along with the

genuine two-loop double cut pieces. We shall focus on the one-loop structures and state
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results of the two-loop parts when necessary.

As stated in the section on triangles, the use of our new parameterisation massively
simplified computation of the triangle coefficients. We found that the leading IR poles from
the box and two-mass structures cancel, and that the one-mass triangle structures gave us
the full leading IR pole of the amplitude. Expanding the Catani factor to order €, we see

that the e~! singularities should have logs. The scalar bubble has ¢!

singularities with
rational coefficients and so we need these to cancel with terms from the two-loop pieces for
consistency. In fact this is exactly what happens [2] and so the subleading singularities are
also correct.

The following table 2.1 summarises the results of the one-loop and genuine two-loop
pieces, categorising terms by their order in epsilon, as well as transcendental weight. The

results are compared with the literature results in [1], where a tick indicates agreement and

a cross disagreement [2].

e €3 €2 e ! €V
73 v v v v v
72 v v v v v
7t v v v v X
70 v v v v

Table 2.1: This table compares the current results of our method to compared to those
presented in [1]. € refers to the dimensional regulator and 7% indicates transcendental weight

i.

As we can see the results are almost exactly in agreement. The sole discrepancy is with are
logarithms which are finite in epsilon and are functions of Mandelstam variables of positive

helicity legs as shown in the table 2.2 below.

™ Log[sab] Log[sea] Log[sbc] Log[scd] LOg[Sde}
v v v X X X

Table 2.2: A table showing the present agreement with the results given in [1] for € and

transcendental weight 1 [2].

If the source of this disagreement came from the one-loop subsector, it could only be from
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the bubble cut terms. We would need contributions of the form,

C<paapb7pcapdape) X (IZ(Sbc) + IQ(Sde) - QIQ(SCd))7 (231>

or indeed any combination of bubble integrals that have cancelling % terms but non-cancelling
logarithmic terms, where C' is a common kinematic term which can be factored out. This
would provide transcendental one terms at finite order without effecting the already correct
IR singular terms. When calculating the bubble coefficients, there are two propagators being
cut and thus two choices of loop parameterisations. We performed the calculations using
both choices which uses very different algebraic manipulations, involves different canonical
forms, and in both cases the results agreed. There are also flip symmetries between bubbles
which are all satisfied.

For these reasons we are confident that the scalar bubble coefficients are correct. The
boxes and triangles are all intricately involved in reproducing the correct singularities and
so we can be confident that - despite the above describe discrepancies - the one-loop terms
have all been calculated correctly.

We are confident that given the complexity of the calculations involved in the genuine
two loop terms and the extent to which our result matches the literature result, we expect
that the problem lies in a bug in the code. For further discussion of the various tests and
checks carried out on these results, we refer the reader to [2].

Finally there is the blank box, the terms of transcendental weight 0 which are finite in
epsilon. We refer to such terms as finite and rational. Due to our use of 4 dimensional
unitarity methods, we are unable to reproduce these terms using unitarity methods, and the
remainder of this thesis will be dedicated to the reconstruction of these rational pieces of the
amplitude. It was hoped that we would be able to go back and fix the errors in the genuine
two-loop part of the calculation, however as the calculation of the rational part grew in scope,

we were not able to do this.

2.4 Conclusion

In this chapter we introduced the general structure and outline of our method to calculate

the two-loop five-point single-minus Yang-Mills amplitude. In particular we used four dimen-
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sional unitarity to define a set of one and two loop tensor integrals that match the cuts of
the full amplitude, and used one-loop integral methods to write the one loop tensor integrals
as linear combinations of scalar box, triangle and bubble integrals.

We ran into some problems when using the method outlined by Forde [77] to evaluate
triangle coefficients and thus we developed a new parameterisation that allows us to determine
coefficients of one- and two-mass triangles. This parameterisation revealed an unexpected
link between box and triangle coefficients of some one-loop structures which suggests that
there may be some redundancy in our method and thus presents an avenue of future study
to explore the possibility of increasing the efficiency of the process.

We used the method of canonical forms to calculate bubble coefficients. We encountered
new terms of order [ that had not been previously calculated and thus we extended the
method to arbitrarily high order in the loop momentum.

Checks on the one-loop structures such as flip symmetries and comparing the IR singu-
larities of such terms with those of the two-loop structures and the expected IR singularities
of the amplitude all indicate that these one-loop structure have been correctly calculated.

The goal of developing this new method of calculating single-minus amplitudes is that it
should be easier to generalise the results to higher multiplicity. The numerators of both the
one-loop and two-loop pieces have been calculated to n-points.

Calculating the one-loop structures should present no difficulties, with the only new struc-
tures that would appear are two-, three- and four-mass boxes and three mass triangles. The
quadruple cuts that determine box integral coefficients will be no more difficult with the
addition of extra massive vertices, and while our new triangle parameterisation requires at
least one massless vertex, the Forde method is able to calculate three mass triangles and the
lack of a massless vertex means that we do not expect the same problems that arose for one
and two mass triangles.

In terms of the two-loop pieces, at higher multiplicity we would require a form of the
‘two-mass easy’ box integral that is compact and amenable to € expansion. This is the only

extra term and its calculation and reduction to a compact form is a work in progress.
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Chapter 3

Calculating the Rational Part:

Augmented Recursion 1

As discussed, the trade-off for using 4-dimensional unitarity methods rather than D-dimensional
methods is that - while the cut-constructible pieces are easier to calculate - we lose rational

pieces. In order to reconstruct the rational pieces we use a recursive method.

In the case of the single-minus amplitude R?)(a*, b, ct,dt eT), we will shift the first

and final legs

Ae = Ae = Ae — 2,

- - - . (3.0.1)

Aa = Aa = Ao + 2.
It is essential that the shifted amplitude vanishes at z — oo, and while it is not obvious
a priori that this will happen, in this case result is already known, so we can perform the
shift on the known result and see that it does indeed vanish. This shift will excite channels
that we can divide into three camps: the tree to two-loop channels, the one-loop to one-loop
channels, and the new two-loop to tree channel which is new to the single-minus amplitude.
The tree to two -loop channels are the easier of the recursion channels to calculate as they

deal only in simple poles and thus we can directly perform BCFW recursion on them. These

are

~ 1 N
RP (bt ¢t K —AY (~K~,d*,e),
Sde
~ 1 "
R (c*,d* e, K*)S—Aéo)(—K‘, a,bh), (3.0.2)
ab
~ 1 “
RP (et d* et K7)— AP (K, a™,b").
Sab
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The one-loop to one-loop factorisation channel is

~ 1 R
Rél)<d+a é-i-’ k+)—R§1)(€L_, b+, C+, k+) (303)

Sde

which has a double pole and will thus require augmented recursion.

It was later realised that in fact there is now a third factorisation that must be considered

in the single-minus case. This is

-1 .
ROt et k) —AD @ bt et —k) (3.0.4)
Sde
where we interpret R:(,,Q) and the propagator as being the rational part of the two-loop all-plus
splitting function [30],
235 [de] [ek] ]

Ri(’az) (d+7 é+7 ]%Jr) = 108 g . (305)

This channel did not contribute in the all-plus case due to the vanishing of the single-minus
tree and thus it a completely novel generalisation of the augmented recursion technique which

we will discuss in the next chapter.

In addition to these factorisation channels, there will also be contributions from rational
terms that emerge from the cut-constructible part of the amplitude. We dub such terms
rational descendants of the cut-constructible terms and we shall analyse this at the end
of the following chapter. Once again, such terms have not yet featured in an augmented

recursion calculation and hence this is another extension of the method.

To summarise, the rational piece is divided into

rational = tree to two-loop easy channels 4+ double-pole channels + rational descendants.

There are two double pole channels as shown above, which we will later subdivide into

two categories.

3.1 Tree to Two-Loop Factorisation Channels

We first need to know the rational parts of the all-plus and single-minus two-loop four point

amplitudes. These can be found in [70], to be
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R§2)(a+7 b+7 C+7 d+) = =

©l =

o (o )

(ab)(ad)[bd] (sgb — sacsb0> ‘

Y (3.1.1)
(cd)(be)(bd) \  SabSee

RP(a,b*, ¢t d") = —5i

The first channel has a s4. pole, so we have

(de) (3.1.2)

Evaluating the first channel with this, we have

B (ac)[bc]
(ea)(bc)?(bd) (cd)?(de)

((ac)(ad) (be) (bd) + (ab)?{cd)?). (3.1.3)
The second and third channels have an s, pole, and the residue on this pole z,, is

[ab] = 0 = [ab] + zupeb]
[ab] (3.1.4)

Zab — @
The second channel gives

_ 1 [bef?([bd]*[ce]* + 8[be][cd][de] [be])

3.1.5
9 [ab][be][cd][de][eal {cd)? ’ ( )
while the third vanishes.
3.2 Omne-Loop to One-Loop Factorisation Channel
We move on to the one loop - one loop channel,
1 .
Rt et kH—RWY(a bt ¢t k) (3.2.1)

Sde

which has a double pole. For reasons stated earlier, we will have to perform augmented
recursion. In this case, this means we must evaluate the following integral represented in

figure 3.1:
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59

/

at ct

Figure 3.1: This image depicts the overall structure of the integrals that we will solve in this

section. There are three integrals, depending on s; and ss.

where there are three helicity choices for (si,sy) which will contribute. The first two
are (s1,82) = (—,+) and (+, —) which will give adjacent and non-adjacent MHV currents
respectively. The third is (s, s2) = (+,+) which will give a single-minus current, but does
not arise from the one-loop to one-loop channel and will be dealt with later in this chapter.
This third current is the first additional structure that appears in the augmented recursion of
single-minus amplitudes that did not appear in the all-plus case. Finally the (s, s9) = (—, —)
cannot contribute as it would force at least one of the tree vertices on the left to be all-plus
and thus vanish. Our chosen convention is to draw diagrams such as above (3.1) with the
current on the right. The left hand side corresponds to two tree vertices and so we will
collectively refer to such structures as ‘tree on the left’ contributions to the rational part
of the amplitude. This is in contrast to the ‘loop on the left’ contributions which we shall
discuss in the next chapter.

We will begin by deriving and integrating the two MHV currents as these are most easily
compared to the prior uses of augmented recursion in the all-plus cases. We will then use
this knowledge to tackle the single-minus current and begin the extension of the method to
tackle the new structures that appear in the single minus case.

First, the current with adjacent momenta of negative helicity, 7 (o=, a~,b%, ct, 37). The
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rational part of the base amplitude is found in [79]:

) — i 4 oy 64 (aa)? 7 lac][bB3]? 2i (aa)(ca) [bS][bc]
R (aran b0 e ) = = = ey (eBy (Ba) 3 (b} [ablPlaal[Bal 3 {ab) (bc)(cB) [abl?
i {aa(ea)el[Fa] _ ¢ {ac){oa)ica) pelfes]
3 {ab) (o) (cB)ab2 T 6 {aby2(be) {cB)ab?
i {ab){ach(ea)beleB] i {ab){achsanea)oe?led]
2 5 (b) (cB) (Sab — 5a)? 6 52,(bc)(cB)(Sab — Sap)?

s )
{ac)?(Ba)(ca)[bc][cB]? Ll i (ac)*(Bar)sgalca)lbd[cB]?
5 ) ’

ab{0C)(cB)(5ab — Sap)? 6 52,(bc)(cB)(Sab — Sap)?
(3.2.2)

To derive the current, we first need to know the poles of the current. The current has two

poles in the s,5 — 0 limit as shown in diagram 3.2:

Figure 3.2: Factorisations of the adjacent MHV current on the s,3 — 0 pole.

In the axial gauge formalism, and taking the rational parts of the 4-point amplitudes

below from [70], we have the leading pole

A (= 0=yt )L 40 g+ g oy 04i(0q)® (glaBle)  [g|Pagla)’® 1
b A R 0 0T) = 5 B0 s (4l Pasle) al Popla)® (ab) (b
(3.2.3)
and subleading
1), - i i Sac [E]*  [Bq]? (ak)
AT R S AT T R BT = S ) TRl o] 5o © 2D
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We can rewrite the subleading pole as

Sac__[0B]*[Bd] <a5>+i(_g Sac__ [0A][Bq][blgle) & Sac [ﬁ(J]Q[bk][b!fJIOO)
Sap

3 [ab] (be) [aq](ck)[ka] sag 3 [abl(be) [ag](ck)[ka] 3 [ab(be) [ag](ck)[ka][kq]

(3.2.5)
where
a2 52 k.Q
= ea T35 Sk (3.2.6)
so this pole term can be rewritten as
i Sae [bk)*  [Ba® (ak) i se [Ba] [bB]* (Ba)
3 [a){b) [kl [Fal(cky [aq] 505~ 3 [abl{bc) [ag] (ek) [Fa] 5o .
U (i s DABABl) i s BPDRP)Y
+2k~q<3[ab1<bc> fad(ck)ka] " 3 [ab)(be) [aq){ch) al & 1)*0( 7).

As the base amplitude only has one term with (/) in the denominator, the leading pole will
be simple to incorporate. The same is not true for the subleading square pole term. There are
multiple terms with [a] in the denominator and only one pole, so we will need to combine
these terms into a single term with this in the denominator plus other terms which lack it.
Repeated use of conservation of momentum and Schouten’s identity allows us to rewrite the

amplitude as

Dk e Bl {aa) i [adBBP | 2 {aa)(ca)BBllbd
B (o an, b B = = S T e By (Ba) T 3 (60 abPlaal[Bal T 3 {ab) (b (cB) abP
i {oay(co)bel[fo] i (ac) (o) o belcs)

3 {ab)2(be) (cB)ab? T 6 {ab)?(be) (cf) ab?

i lab){ac){ca) eles) i {ab){achsuaien)*lbe?les
2 5up (BOCB) (55— 503)® B 52, (BE)cB) (505 — 505)?
i (ac(Ba) cadlpellcB® i (ac)(Ba)ssa lca)lbe]fcA]
2 50 BN ab — 50p)? | 6 52 {DOCB) (505 — 50

(3.2.8)

To derive the current we need to take the amplitude sufficiently off-shell so that we can
incorporate the above derived poles. To do this we use two very important identities. First

we can take the (a/3) pole off-shell using

1 __ 1 1 ({qlaBlq) (4B){qa)lglalq)
<aﬁ><5a>‘<aq><ﬁq>2[q|paﬁ|a>( oy lalPasla) + 5 5 ) (3.2.9)

and use the following identities to massage various terms into a favourable form, either to
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make the pole explicit, or later on to ease in integration

Pl _ lalPuslt) a3 o
Pk = Pl * Bl Poiy + O o)
0IP51) _ fglPaslt) Wt o
alPasla) — [alPasgla) [l Papla)lal Pasla) o

where in this case Pgﬁ = o’ 4+ . Using both of these we can extract the first pole term from

the first term in the amplitude

64 fea)  64ifaq)®  [glPusle)’ (1+s (ga)[B] )
9 (ab){be) (cB)(Ba) 9 (84)? [al Pasle)[al Pasla)? (ab)(be) \" """ [B]Pasl)[al Pasla)
y <<q|aﬂ|q> | (aB)ac) lalola) )

Sap (Be) lalPasla) )
(3.2.11)

and we rewrite the second term as

i fad®AP i [ac[bSa] i (Bq)[ac][bB)*[Fq]

3 GalablaallBa] 3 Gl abladllaq] 3 (o) (i) ab]aalag) [l so12)

Li sl i laBenledbiPbalsd T
3 (bc)(ck)labllovg][Bal[ka] 3 (be)(ck)]ab]*[aq)[kallq| Pagsla)

By replacing the third term above with the pole term, we have our current,
(e i, ) = SO0 Pl sy Y
) g G sl g Pasla ab) (5 (1+ oo e o)

y <<q|045|<1>Jr (gB)(ac) [qlolq) >+ i {aa)(ca)[bBlled i {aa)*{ca)[be][Bal
Sap (Be) alPasla)) 3 (ab)(be)(cB)[ab]? 3 (ab)*(be){cB)[ab]?
;. ifac)(aa)leca)b[eB] i {ab)(ac)(ca)bef’leB] . i {ab)(ac)ssa{ca)’Ibef*[ch]
6 (b (e (CAab] 2 50 (bc)(eB) (S0b — 5a5)’ | 6 52,(6)(cB) (Sab — S’
_ i {ac){Baj(ca)lbdlcB)” i (ac)*(Bajssalca)lbd][c]® i [ac][bA]*[bg]
2 sap(be)(cB) (Sap — Sap)? 6 s {be)(cB)(sap — Sap)? 3 (bc)[ab]?|ad]aq]
i (Bg)ac)[bBI*[Bq] i Sac bk]*  [Bq]? (ak)
3<bc labl[aalag][al Peclq) 3 [abl(be) [kallkq)(ck) [ag] sap
(3 Sac [b ][5@1 blf]|a> i Sac [@qP[kabIQIa>)
Q|Pde|q 3 [ab](be) | Yka] 3 [ab](be) [ag](ck)[ka] [kq]
i {aB){cq) C[b][Q][ ]
3 (be)(ck)|ab]?[ag][ka]lg| Pasla)’

= 7-ad] + Tad] + Tad]
(3.2.13)
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where we define

g 064i(aq)®  [q]|Papla)? 1 {(qlaBlq)

"ol = 5 (B (a1 Pasl ) | Papl 0 (@) (00) 5wp (3:2.14)
and
5q _z Sac [bk]? [Bq)? (ak)
Todi = 3 Tab]{bc) Tkl ]k [aq] o (3:2.15)

since the first term gives the double pole, while the second will be integrated separate to the

rest of the current.

The second current is longer and the separation of the pole terms are more subtle. We
begin with the rational piece of the one-loop five point non-adjacent MHV amplitude also

found in [79],

W (5= ot a= b+ ) = — O (Ba)* 1 [ad]?[ac]?
BB an, b ) = = g By aa ab) (b (eB) T 3 [Baaal abl{bc) [cF]
1 (Ba)eBabP 1 {aad{ca)’lod?
3 (60} (cB) () a][ablss 3 (e {ba) () [0B] 35w
. Lia?lobllo] __Gab) (o) (03)2(Bodfad?
6 sap{bc)ses 5c8(5c8 — San) (ab)?(bc) (cB)
 (ab)aa)(p82Baeb 1 {aa)s.(b8) o)
50555 — 5uo) (BB (B) 3 503 (305 — Sac)* () (b} ()
1 {aa)s (b8 [ob? (aa){aB){8) (ac)?ac?

3 Saa(5e — 5aa) (D) (b) (cB)  sunl(sap — sap) () (ab) (be)
(ac){ap)(Be)(ac)®[ac]® 1 sw+sep  (aB)*(ca)’[oc]’

Sab(Sab — 5¢5)(ac)2(ab) (be) 3 (Sab — 5ap)2SabSas  (arc)(ab)(be)
Ses Sab 1 2(ab)*(bB) (Ba)*[ad]?
(o S b

Sab  Scp Se — Sab)> (ab)(bc)(cp)
2(ac)*(Be)*(ca)|ac]? N (Ba)abllac)(—({ab){aB)[ba] + (aa)(Bc) [004]))
(ac) {ab){bc) (bc) '

(3.2.16)

The poles of the current are taken from the following diagram 3.3:
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Figure 3.3: Factorisations of the non-adjacent MHV current on the s,5 — 0 pole.

The leading pole will take the form

AD (k= am b+ ) 4O (ot gt - _ 640 (Bq)* (qlaBlg) 1 9] Pag|a)’®
a0 ) A O R ) = = e s @0 WPAlF

and the subleading pole looks like

W g b+ ot ket O o at :f Sac k> [ag]* (kB)
AT ) A R 05 00 = S el bl Tkl Balled] san”
which we can expand as

i Sge 1 lag] 1 ) B N [aq|[bk]

S ey i s (0 060 () + )

1 Sae 1 lag] ( [ba*(a3) 1 [ag][bK] 2 52

ST GO ry g P+ S )+ 0t
(3.2.19)

Again we see that there is already only a single term with the angle pole in the denom-
inator, however there is work to be done in order to isolate and consolidate the square pole

term. We first rewrite the amplitude so that it has a single square pole term using the same
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tricks of Schouten’s identity and conservation of momentum,

Rt oty - S (ab) 0o (5B Fadlabp
T 9 (Ba){aa)(ab) (be)(cB)  ses(ses — sap) (@) (be) (ch)
_{ab){aa)(0B)*(Ba)[ad]? 1 (aa)*(bB)°[ad]® L1 (ab)*(bB)(Ba)?[ab]’
S¢s(Scp — Saa)(ab)?(be)(c > 3 SaaSch(Ses = Saa) (D) (D) (cB) 3 Sap(Scp — Saa)?(ab)(bc)(ch)
L1 (ab)*(08){Ba)*[ad)” 1 (bB)*(Ba)[ab)’ 1 (Ba)?[abd][a]
3 505 (5es — Saa)?(ab)(be)(cB) B sea(ab)(be)(cB)abllaal ~ 6 sap(be)ses
| _taa)(ap)(Be){ac)lac” (aa)(aB)(Be){ac)®[ac® 1 {aa)*(Bc)*(ca)|ac]’
Sab(Sab = Sap){c)*(ab)(bc) — Sav(ses — sav)(ac)*(ab)(be) 3 sap(ses — sap)?(axc)(be)(ab)
1 {aa)*(Be)*(ca)[ac]? (aB)*(ca)’[ac]® L1 Sa5<045>2< a)’[a C]
3 50s(5es — $a) (@) (b) (D) Sap(5w — 5as)2(c) (ab) (be) ~ 3
)

)
_ L{ab)(aB)(Ba)|ab][ac]ba] 1 (ab){aB){Ba)[ab][ac][ba] 1
6 Sab(Sep — Sap)?(bC) 6 Sep(Ses — San)?(bc) 3
L {aa){Ba)(Bejlabllac]lca] | 1 {aa){Ba)(Be)labllac]cal }
Sab(Sep — Sap)?(bc) 6 Sep(Ses — San)?(bc) 3

"5
1 {ac)(Ba)[ac?[bc]
3

_ _1 <Cﬁ>[0&b][ ] [bc] _1 Sac[ b]Q[ac]
sap(be) (ab)[abl[cB] 3 (bc){ab)[ab)?[aal[cB] 3 (bc)(ab)|ab]?[aal[Ba][cB]
(3.2.20)
We can then rewrite the square term as
i selatPlad” i slatPled(es) i slobPladia)lad
3 (be){ab)[ab]*[aa][Ba][cf] 3 (be)(ab)[ab]*[Bq](ck)[ka] 3 (bc){ab)|ab]?[Bq](ck)[ka][aa]
' Saclab]?[aq] i Saclab]?|ac][qc]

+

3 (be) [ab][Bal[Bq] (ck)[ka] 3 (ab)(be)[ab]?aa][Bq][ch]
i saclab]’ag{af)(qlclq)
3 (bc)(ab)[abl*[Bq]{ck) [kal[q| Pasla)’

(3.2.21)

so we can continue the amplitude to the current in the standard manner. We have our second
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current

(1) + oy < Bg)* 1 [q] Pagla) (qlaBle) | {(gB){qc) lalalg)
s (FT 00 an ) a)? @b (be) o] Pasle >[quaﬁ\q>( s (A0 [quaﬁ|q>>
x<1+5 )< , {ga)[Bq] )‘1_ . {ab)(aa) (b5)*(Ba) [ab]?
[a|Pa6\q q|Pa5\a " [B1Pasla) g Pasla) se8(5es — sap) (ab)2(be) (c)
i (B)abllocPlbd . (ab)(aa)(bp)*(Fa)ab i (aa)*(b3)*[ab]
3 (be) (ab)[abl2loal[cB]  sea(5ep — Saa) (aB)2(b)(cB) 3 Saa(5cs — Saa)2(ab) (be) (cB)
i aa®BPet i (ab)(B)(Ba)ed] i (ab)*(b3){Ba)’[ad]
3 58(5c8 — 5a0)2(AB) (0} (B) 3 5 (55 — $aa) 2 (ab)(b) (cB) 3 505(5es — 5aa)? () (be) (c)
i BBalatl® | i(pa)’labllad] | . {aa)(aB){Be)iac)’ad?
3 sealab) (be) (cB)ablloa] * 6 sap(b)ses  sa(Sab — Sap){ac)?(ab) (be)
. (a0) (08} (e {ac) ac? i (aa)*(Be)ca)lac® i (aa)*(Be)(ca)lac)?
sav(5cs — san) (@V2(ab)(be) 35y (5c5 — sa)2(ac) (be) (ab) 3 5ep(ses — s){ac) (be) {ab)

{
_; (ap)?(ca)*[ac]® i sap(af)*(ca)’lacl® i (ab)(a)(Ba)[ab][ac][bo]
Sab(ab — 5ap)?(ac) (ab)(be) 3% (sab — sap)*(ac) (ab)(be) 6 sap(ses — sa)*(be)

(

_ i ap)palotodn] _ i fandlofealoc? i au){Pa)(pq aodc
6 sealser —sw)?(bc) 3 B {ac){beh{ab) B Sub(5e5 — 500)2 (0C)
. i loa) sy atllaccal | i (ap)adlad _3‘ (ac)(Ba)lacl?{b]
6 sus(ses —sw)2(0c) | 3 (b)(ab)labPlaal[ch] 3 sup{bc){ab) ab] cF]
i Sac k> [agq® (kB >_£ Sac 1 ag] 1 o ][]
* 3 Tabl (b0) (ek)fha] Ballka] 50y 3 Tabl (o) (e} ] Bl 2 g el (el + =5 =)
—ng-i-T + 7
(3.2.22)
where
w_ 04i(Bg)? 1 [g|Pugla)®  (glaBlq)
e = TG (aq)? () (00) [ P g Pagl0 5 (3:2.23)
and
Wi s BE? [ag? (k8) 201

Tna = 3Tab](be) (ck)[ka] [Ballkq] Sap

for the same reasons as in the adjacent case.

3.3 Integrating the Currents

In order to integrate the currents, we would first like to ‘massage’ the terms into forms most
amenable to integration. Since o and f are the integration variables, anything we can do to

reduce the number of times these occur will simplify the integral.
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In accordance with our diagrams the integrals are

dPl [d|l|q)[e]l|q) <BQ>27_(1) + oo g ot
o e A R 831

and

dPl_[dlllg)lellla) (00)* ) -+ - p+ ot
/120%2 a)leq) (Bap’ O (3:3.2)

In both cases the integration measure is

dP1
20232

and the loop momentum can be parameterised as
I = ANgha + BAe + CAghe + DA

so that, in terms of scales,
dPl 1
20282 sy
Since the integration measure will give one power of s4. in the denominator, we are free to
expand the currents to order s, as any higher powers of s4. will not have a pole and thus will
not take part in recursion and will not contribute to the final piece. This fact helps us both
reduce the number of integrals, but also helps us simplify terms as we will see later. This
also means that any terms in the current with (a/3) in the numerator can be immediately

discarded as they will have no pole after integration and thus cannot contribute to the final

alnswer.

Integration of the 7% pieces pose no particular difficulty. Taking the dp piece of the

adjacent current for example and remembering that a4+ 8 = d + e, we have the integral

B e I CEES

9 [q|Paclc)[a| Paclq)? (ab) (be) sae (dg)(eq) J 12232

and the equivalent piece in the non-adjacent current will give an identical integral. The dp

pieces in the currents are the terms which give us the double pole terms. Extracting the
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integral part of this, we use the identity

5<1 - Zjvﬂ xj)

1 2 / H o
V1 2 TV N dxl le'/l N
D*D?D5? - - - DY Hz 1F v;) 1 [£U1D1+.CE2D2+---+33NDN}Z"=“”

(3.3.4)

to perform the Feynman parameterisation

L ! _ du]
2a2B?2  PR(l—e2(+d)? F(3)/ (2 — AP’ (3.3.5)

where p = [—(uge—usd), and A = —usu3sq. and we define the shorthand [du] = duy...du,d(1—

Uy — ... — uy,), We then use

dDg fH1 ... PR2m ) @m {p1-pom} 1 mF(O’ —m — %) 2 .o\ —o+m+D/2
—i(=1)° . _ = _
[y — o ) T -

i)™ ) R ey

where the pu; indices are distributed over the m copies of ¢g" in all possible ways. Both of

the above stated identities can be found in [80].

Using this parameterisation, the numerator of the integral is

[d|p + uzelq)elp — uzd|q)(q| Pac(p + uze + (1 — uz)d)|q). (3.3.6)

In each case the p comes in the form of a term like [z|p|q) and since in Feynman integration
plp” ~ p*g" we can use the Fierz identity (1.1.16) to see [x|p|q)[y|plq) ~ p*[xy]{qq) = O.

Thus only the ‘scalar’ part of the integral survives, and the integral is

[ ottt ella i) =i+ o PERLADED [l

_icr [dle|g)[e]d]q)(g|de]q)
6 Sde

(3.3.7)

We will come back to the sq terms at the end, and now we turn to the remainder of the
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terms in the current. We can use the results,

[Bal(g)

(az) | ) 2 42
@)~ WPt WPl 1B ) (3.3.8)
Bz} _lalPele) | lodlar) oo g B
Ba) — [alPecla) " lal Paela) 0| Pacla) e

to get rid of the angle bracket terms that have alpha and beta in them since the second term
will vanish in recursion. Unfortunately the same cannot be done for the square bracket terms
like [za] etc and so we have no choice but to multiply them by (ag) and directly integrate

them.

We can use algebraic manipulation to rewrite each integral into as simple a form as
possible for integration. Let us first examine the non-adjacent current which has terms with
(Sep — Sap) and (Ses — Saa) in their denominators. How do we deal with these and rewrite

them so as to be amenable to integration? The first can be rewritten as

1 1

SeB — Sab Saf + Sac

and this comes from the denominator of a subleading term we can expand this in powers of
Sap leaving only s,. = [ac]|(ca) in the denominator which we can work with.

The second is more complex, there are two terms with (s.3 — Sae)? in their denominator.
Since we have both alpha and beta in the bracket but on different terms in the current, there
is no obvious way to write this as (s;,+$4). Instead we write this as (s.5—Saa)? = [bla+al|b)?,

and the two resultant integrals are of the form

dl[blalq)[dll]q)[e]!|q) d®l [blalg)*[d|l|q)[e]!|q)
| Fe o e ™ | FrE e o O
In both cases we have [bJa|q)® which we can rewrite and expand as
_ {aq) [q] Paslq)
[b|a|q> - [b|0é|b> <Oéb> - [b|a|b> [Q|Paﬁ|b> + O(Saﬁ) (3310)

which is acceptable as these two integrals have a single pole. Then we can rewrite [b|a|b) =
[blae 4+ a|b) — s4 and substitute this. This gives a series of integrals which are free of this
awkward [bla + a|b) term, and terms which - for reasons that we will discuss below - do not

give rational terms. We now have all current terms in a form that is amenable to integration.
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Now let us speak of the general method by which we manipulate our integrand with goal
of having the simplest possible set of integrals to solve. We shall illustrate this with an

example: let us work with the following term from the non-adjacent current

1 (cB)[ab][oc]*[b]

3 (bc) (ab)[ab]*[oa][cf]

which will allow us to demonstrate all the methods at our disposal. The full integral associated

with this term is

e U (00)? ()bl o
3<dq><@q><bc><ab>[ab]2/l2a2ﬁz[d|l|Q>[ |llq) B? [aalcd] (3.3.11)

We shall declare the integrable part of the above expression as I; and rewrite it as

_ [ ad’l [c|erlg)?[blexlg) (Be)
L= [ Gt p o o (33.12)
We can use the results of Eq 3.2.10 to write
(Be) _ lalPasle) |
(Ba) ~ [alPasla) (5ap)
so now, remembering that a + = d + e,
_ lalPule) [ d”1 [c|evlg)?[blevlq)
b= inca | Faga R (33.13)
Next we use the identity
lclala) _ [ePas = Bla) _ [e|Pacl) 3314
Bl = Bl Bl (33.14)
e (el Pucla)al Pacle) [Pt clalg)blala)
_le|Pucla) [a| Paelc Al el L1 Blola
S e e s

[q] Pae|c) dPl [c|r]q)[blalq)
—M%m/pwﬁwmwm falalg)

Let us now recall from the Section 1.11 on integral reduction, we know that we can write

one-loop integrals as a linear combination of scalar box, triangle and bubble integrals. We

are only interested in the finite rational parts of these integrals in this instance and we know
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that these only arise in the case of scalar bubbles. Use of the identity 3.3.14 took I;, a quintic
pentagon integral (5 powers of the loop momentum in the numerator and 5 propagators) to
the sum of a quartic pentagon integral, and a quartic box integral. Thus by repeated use of
this identity we can eventually reduce each integral to a sum of integrals with only a single

[z]ar|g)-like term in the denominator, and terms that will not contribute a rational part.

We can repeat this process with the the first of the two integrals above, so that

_Pula?llPuld) [ L [blald)
=Pl | Eaazlitol D e algyicl A1)

 [elPacl) g Pacle) [ d”l ity 1oleda)

T / o) el (3.3.16)
lPule) [ dPl oy [clala) Blalg)

[q|Pde\q>/ pazpe A=

Focusing on the first of the above integrals, the integrand has the following

[blalq)
[alalg)[c|Blg)

To proceed further we can use Schouten’s identity to rewrite this as

Pol) _ Plola) foc] _ [abliclale) e
aal)lclflg) ~ elgclfla) lad — @dlalalg) s T adldfl) i
_lldPude) o) Do =
acllalalplclflg) ~ ladlalols) T dl8l)
so that finally
. _APula ol Pl [ 21 [dllg)lelila)
[q|Pae|q)[ac] 120?32 [a|alq)[c] Blq)
' [Pacla)’lal Pacle) o] I 021 [dl]g)eli]a)
w@lPul) ) BB [alalg)
el PallalPal) b [ dP1 (1)) ellla)
s e (3:3.18)
[c|Pacl@)[q| Paclc) [ dPl [ble]q)
T Pl | Bazliia el falalq)
[q| Pae|c) dPl [c|v|q) [ble]g)
‘[q|Pde|q>/ Fazg Do = arr

Of the above integrals, the first is now a quadratic pentagon integral. By simple power
counting, we have two powers of the loop momentum in the numerator and five propagators

so after integral reduction there can be no scalar bubble contribution and this integral be
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discarded. The remaining integrals are now in their simplest forms and will in general give

rational contributions.

By performing the steps which have been outlined above, we can reduce all integrals to
having at most one [z|a|g)-like term in the denominator as promised, and so the following

are the integrals that we must evaluate:

dPl (q|aplq)
/ gl el s,

a1 lalg)’
| mmlatiafelti) et

dPl (x|l q) [y|a|q)
/ o) el =S

d’l [zlelg)
[ a2,
d”l o lElelo? ! lq >2

le E !BICD
/ o) ello)

& +151)°
| mmda el £ 2t
[ it

Pa?3 [faly)

[ il

Ba2B?  [ylBla) -

as well as some integrals that have no such term in the denominator

[ il eltolslola),
[ st ldila)ella) i) (3.5.20)
[ mldliaella)

The next question to ask is how to integrate something with a [z|5]¢)-like term in the
denominator. Previously, in the all-plus case such as [66], it was noted that if there is a term

like [z]5|q) in the denominator, it can be written as 23 - X where X is a complex momentum,

X = )\qj\x, then use
o 1 n B2
26-X  (B+X)? 28 X(B+X)*

(3.3.21)
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These integrals are all subleading, meaning they have no s4. pole of their own and thus they
require a pole to come from the integration measure. This can only happen when all three
propagators 12, a2, 32 all go on-shell and thus the second term is small and can dropped.
Thus we can integrate [x|5|q) as if it were a regular propagator. With this we would then

have integrals of the form

d|l l
/ d”1 l2c[12| 5|2q (>B[e—||-|§(>')2 X (other numerator terms).

To further ease computation we can use the identity

B*(qllelq) + o*{q|ld|q) + I*{qaBq)
(ed)

[d|l]g)[elllq) = (3.3.22)

to write a quadratic box as a sum of three linear triangles.

While this has been successfully implemented in the past, there are some subtleties as-
sociated with the dimensions of the momenta. The [?a?/3? propagators are D dimensional
momenta, whereas the [2a2?/3? in the numerator of the identity 3.3.22 above arise from in-
termediate terms like (z|ll|y) = [*(zy), so this [* is 4 dimensional. Cancelling the two of
these introduces a potential O(e) ambiguity. Additionally this method relies on the use of
the identity 3.3.21 and that one is able to drop the second term. In the next section when we
deal with the single-minus current we will come across [z|3|qg)-like terms in the denominator
of leading order integrals as well as integrals that have poles in €, meaning that the second
term above could potentially survive as a subleading pole and the errors in the regulator may

have finite effects, so this approximation is invalid.

In any case it is clear that it would be desirable to find a method of integration that
does not rely on such methods. We note that for a term like [z|5]¢) in the denominator, it
could be written as [z|8]q) = (8 + X)? — %) where X is the same complex momentum as
before, hence this term is actually the difference of two propagators. With this observation
the most natural next step would be to consider the Mellin-Barnes representation [81, 82],

writing [z|8]q) as

1 1 1 ctico . N
BN ~ (B+Xx)2— )Y T(N) / S=D(=2)0(z + N)(8 + XD 52N,
(3.3.23)

—100
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where —a < ¢ < 0.

This representation effectively allows us to binomially expand this denominator while
delaying the problem of convergence - which of o of (« + ¢)? is larger - until after the loop
integral is completed. It is however a problem that one must eventually deal with when
choosing a contour to evaluate the Mellin-Barnes integral. Additionally, while a term like
[z]5|q) can be interpreted as a difference of two propagators, it is more natural to see such
a term as part of the numerator of a Feynman integral - as a tensor part of the integral -
and thus it makes sense to think of a method that allows us to exploit this more natural

interpretation.

3.3.1 The A Trick

We can write
1 1

—_ = 3.3.24
N (A—-A+ax)N ( )
where A is arbitrary, and then write this as a geometric sum. Because A is arbitrary we can
let it be as large as we like, hence we do not need to use the Mellin-Barnes representation

explicitly, as there is not issue of convergence. Instead we write

1 1 & (A—2z)"(N,n)
S = ZO e P (3.3.25)
and binomially expand (A — x),
L oy W) (=™
—~ _Zoz_g)m!(n_m)!Ame . (3.3.26)

In this representation, the denominator term this looks like

xlﬁ!q ZZ m' |AN+>m[ |8la)™ (3.3.27)

n=0 m=0

We have thus managed to raise the term from the denominator to the numerator where we

know how to work with it. We can now perform our integral and resum at the end.

While it is not explored in this thesis, it is worth noting that there may be some connection

between this method and the expansion by regions method of Smirnov [83]. In the A trick
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we argue that convergence is not an issue as we can take A to be arbitrarily large, and one

could potentially interpret this in the sense of taking the limit

_ [z[Blg)
t=0, =0 (3.3.28)

as in the expansion by region method. Exploring this connection further could be an avenue

for future study.

3.3.2 Integration and Resummation

To demonstrate how to use the A trick we will evaluate the following integral

[:/ L (g|aBlg)[d|l|q)[e|!|q) (3.3.20)

a2 ylalg)

which can be checked using the previous method outlined above. We begin by applying the

A trick to raise [y|a|q) to the numerator,

- 1 Glofloldlalely) _ g~ () (-1 / 4”1

20252 wlalg) (ar —a) are | Eazge dledloldllialellaylala)”

(3.3.30)

a,a1

Feynman parameterising, we retain only the scalar part due to all factors of the loop mo-

mentum being contracted by Ay,

, (q|delq)[dle|q)[eld]q) (1,a1) lylelg) \*
I =il'(1+¢) e Zaa—a _
s oy (=) ( 8 ) (3.3.31)

/ (dul (1 — up — ug) 5 “us® ((1 — ug) + us

We then use the substitution ug = v(1 — us),

. (q|delq)[d]elq)e]d]q) (1,a1) lylela)\*
I =il'(1+¢) e Zaa—a _
Fae A @l =) ( 4 ) (3.3.32)

/du2 (1- u2)26+au2€/dv V(1 — v) (1 +u 5:‘5;3?)
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The us integral is the integral representation of the beta function, (3 —e-+a, 1 —¢), while the

v integral can be evaluated as a Hypergeometric function using the integral representation

oFila, 8,7, x| = F(V)_ 5 /0 dv 0?71 — )P — )7, (3.3.33)

LI (y

where Re(f) > 0 and Re(y — ) > 0. Thus the full expression is

I%(1 — €) (q|delq)[dle|q)le]d|q)

I =il'(1+ E)F(4 50 A
1, aq e “(3—¢€a d
Za!<<a1 ) )! (_ v A\q>) (<4 _26,63)25[—%1 _6,3_6,_5:6:35], (3334
_; (1 — ) (qldelq)[d|elq)eld]q)
—zF(1+e)F(4_2€) ST I,

Now we isolate and deal with the sum [,. First we can use the ‘half-Gauss’ identity for

hypergeometrics
z

_ 1]7

2F1[a7 67 7, Z] - (1 - Z)iﬁQFlh/ — Q, 67 e 5 (3335>

to rewrite the sum as

. (H[y'd'”)(le)Za,“’“” (_[y|e|q>)“ B=e0) o cia1e3_e L)

[ylela) “ al(ay —a)! A (4 —2¢,a) ly|Paclg)™
(3.3.36)
Now if we write the hypergeometric function in its series representation,
= (o, m) B, m)x™
2P, 8,7, Z — (3.3.37)
=0
where (a,n) is the Pochhammer symbol defined as
I'(a+n)
= 3.3.38
(a.m) = ~E, (3339)
then I, can be written as
[y|d|q>> (1,a1) ( [y|6|q>>“
I,=(1+ —
< [ylela) Zza' (a1 —a) A
w a0 (3.3.39)

B-—ecatw) (1-¢€w) ( lyld|q) )
(4—2¢,a) (3—¢e,w)w! \ [y|Pulq)
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Now let us consider the sums over a and a;. These are

0o ay
a1=0 a=0

If we sketch this on a graph

|

Figure 3.4: Visualising the change of sum variables. In each figure we use the thinner green

Em—
3] 3]

arrow to demonstrate the first inner sum, and the thicker black arrow to demonstrate the

second outer sum.

We can think of filling this shaded area by going from the a; axis (a = 0) vertically to the
drawn line @ = a; in the direction of the green arrow in figure 3.4. Then extending this line
into an area by going from the y axis (a = 0) to infinity signified by the thicker black line.
Alternatively one can think of this same image differently. We can instead think of it filling
this shaded area by starting at the line a; = a and then extending horizontally to a; = oo
then extending from the x-axis a = 0 vertically to a = oo. Thus we have the equivalence

a 0o

SRSy Y a0

a1=0 a=0 a=0 a1=a a=0 r=a;
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Applying this change of variables to I, gives

1= (14 o )‘“‘f) et [y|z|q>)“

[ylelq) po—
(3—6,@—{—71)) (1_67w) ( [y’d|Q> )w
(4—2¢,a) (3—ew)w! \[y|Pwlq))
e T )
- (1 * [y|e|q>) 2

oot (140 (1-cw (lay"(bida )"

alw! (4 —2¢,a) (3—¢€,w) A Y| Paclq

(3.3.41)

aw

We identity the double sum in the second line as the Appell function of the second kind, F5,
defined as

a e g (aym A n)(B,m)(Bn) 2y
F2[a7 57 6 TR R y] - m;:(] (/77 m)(’}//, TL) m! n! ) (3342)
so that now o
I, = (1 + M) 6 F(l—J'””)
lela) " (3.3.43)
lylelg) [yld|q)

FB3—el+rl—ed4—2¢3—¢—

A [yl Paela)”

Immediately this can be simplified using the reduction formula

’ xr
Bolo; 8,85y, 052,y = (1= 2) P Ao = 8, 87,2, 7= " 83449
where F} is the Appell function of the first kind, defined as
 (m + n)(Bm) (8 m) 2y
F / = (a,m : I 3.3.45
l[aaﬂaﬁaf%xay] m;zo (7,m+n) m! n! ( )
This reduces I, to
(1 Pl
7, =yt — DRyt +7,2,1— 64— 26, [qu) - v ) (3.3.46)

s

Now we must resolve the sum in . Writing the F; function above as a double sum in m,n
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as in the series representation, then the full » sum in 1, is

S D g )1 - 0y =(m ) 3 IR g gy
SR - ! (3.3.47)

=(1,m+n)o- -,

where we added in the (1 — §) to regulate the sum. Putting this back into I,,

1 [y’€|Q> [y‘]de‘Q>
I, ==-Fi|1,2,1 —¢,4 — 2¢, — — . 3.4
a 5 1[ 5 <y €, €, 45 ) 4(5 ] (3 3 8)

We now use the identity

. r o ox—
Filo; 8,85 vim,yl = (1 —2) “Filagy = 8= 8,847 17— 31/] (3.3.49)

to rewrite

1 lylelq) ly|d|q)
= ——F[,1—e1—cd—2 —
1 lela) — A" Tylela) + A5

] (3.3.50)

which allows us to safely take § — 0, removing the regulator, leaving

A d
I, = —F1[1,1—6,1—6,4—26,1,—M]. (3.3.51)

[ylelq) [ylelq)

This can still be further simplified using the identity

Fila; 8,67, o 1,y = o Fi[o, 8,7, o Fi [, B,y — B, ], (3.3.52)
to write
Io= 2 ORIl — 4= 2 1bF[1,1 — 6,3 — e, — Y199 (3.3.53)
[ylelq) [ylela)
and the identity
JFl By 1] = I'(y—a-B)I'() (3.3.54)

[(y —a)l'(y = B)

to finally arrive at

A T(A—20T(1—¢) bl
L= e T = orG = 26)2F1[1’ 1-¢3—¢ —[yle!q>] (3.3.55)
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so that the full integral is

I%(1—¢)  (qg|de|q)[d]e|q)[e|d]|q)
FB—2)T(3—¢) sy [ylelq)

d
2F1[1, 1— €, 3 — €, —M] (3356)

=+ [ylela)

Immediately we note that the final result is independent of A as it should be. Taking ¢ — 0

and throwing away non-rational pieces, we are left with

_der (gldelg)[dlela)leld]q)

[ =
2 Sde[y|d’q>

(3.3.57)

Let us now repeat this calculation using the previous method. We first use identities

3.3.21 and 3.3.22 to rewrite the integral I as

[ dPL {qlaBlg)[d]lq)]e]l]q)
1= [ F [vlalg)
:[de]/ d"l {glap|q)?
Sge J a?B% (a+Y)?
[de] [ dPl {g|apBlq)(q|ld]|q)
i / PP (0t V)
+[d€]/le (qlaBlq)(qllelq)

Sae J 12?2 (a+Y)2 7

(3.3.58)

where Y = )\q:\y. Now let us look at the third of these integrals. If we Feynman parameterise,
we get p = o — (uge — ugY'). Substituting this into the numerator term ¢(g|le|q) we see that
both e and Y vanish, and since both loop momenta in the numerator are contracted by A,
so too does p. Thus this integral evaluates to zero. The same argument applies to the first

integral so only one remains, that is

|

Sde

de] / d®l (gloplg)(alidla)

PF (a+1) (3.3.59)

Feynman parameterising the above propagators, we get p = [ — (uge — u2Y — usd), and

A = —uy ((1 — u2)[ylelq) + usly|d|q) + uzss). From here the integral proceeds as usual

f_mu+@ﬁﬂ§§ﬂﬁ/wm«vﬂ@—wmral—wmmmwmm@@+ww@»**

de
(3.3.60)
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and using the substitution us = v(1 — uy)

(1 +€)M/du2 (1 _u2)1_e/dv 1) (1 H}M) .

Sue “lylelg)t+e ylelq)
i o [del{gldelg)* T(1 = )I'(2 — ¢) _ Sae + [yldlg)
= U g TG 20 el
~dep  [de](q|delq)?
=72 (ot il T OO Lo
icr [de]{q|de|q)?

= - TR L O (sae
2 salydlg) Ot

21_7’1[1 +E71737

(3.3.61)

which agrees with the evaluation of I using the A trick.

While the A trick is very effective in allowing one to evaluate integrals with terms like
[y|alg) in the denominator without resorting to the Mellin-Barnes representation, it may
appear at first glance that the above resummation method relies on the third argument in
the Hypergeometric function being equal to the Pochhammer in a in Eq 3.3.34. In fact, this
is not the case. As we shall later see there will be times when these two terms differ and we

shall introduce a derivative operator which circumvents this issue.

Throughout this thesis we will use this method to aid in integration. We will generalise
the techniques used above to cases where the power of the [y|alq) is greater then 1, and to

cases where there is more than one such term in the denominator.
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Finally let us state the rational parts of the list of integrals to be evaluated

Pl {glaplg) . icr [dle|g)[eld]q){qlde|q)
/l2 232 [dlllg)lell]a) [ylalq) - 2 Sae[yld|q) 7
[z]evlg)

dPl lalq _icr [dle]q)[e|d]q)[x|d|q)
/Paﬁw”“”me>% 6 salylda)
(4[zlelq)[yld|q) + [x|d|q)([y|d]q) — 2[ylelq)))
"l [z]alg)[ylelg) | idcr [dle]q)[eld|q)
| pagtaateng = - G

([z|dlg)[ylelq) + [z]ela)[yld|q) + 5[xle[q)[ylelq) + 2[z|e|q)[y|e|q) i

"l [z]alg) icr [dle|q)e]d|q) [xd]

/l2 gﬁg[d’l|Q>[e|l‘Q> | |q> - - 2 Sde [yd]
zlalg)  icr [dle]g)[eld|q) [ze

2 Sde ye

[
q) [
lq) _icr [dlelq)e|d|q) [xd]
ly

NN
R
S~ | ~—

]
X

— — 7k

dPl
| pldiialelia) s
2 Sde

dPl
| mmltiofeltio 20
(Bla) _, _ice [dlela)lelda) [oe]

dPl [
/Pagwmwmwwwﬁ—g- S
[ a°1 (dlllg)ellla)
B2 [ylalg)
/cM[wmwm>
2a?p%  [y|Blq)

— 0,

— 0,
(3.3.62)

and of course the remaining integrals that do not require the A trick,

[ mlaltiafeltiaelala) » ~ 9D ogailg) 1 frjag)),

[ L elsla) - ED ) o) @6

dPl icr [dle|g)[e]d]g)
| pldiialelig) » -5 LA,

We note that this set of integrals in in fact overcomplete since for example,

PP vlola) = P2 [yllg) ) PP [vlala)

among other similar relations. These are useful however in allowing us to confirm the accuracy
of the results via internal consistency. The above integrals were evaluated using both the A

trick and triangle decomposition methods and are in agreement.
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The final terms to consider are the ‘square’ 7°¢ terms in both the adjacent and non-

adjacent currents. The integral for the non-adjacent square pole is

i [ AP [dlllQ)lellla) lalala] lalola)?
R B AT (3:564)

while the adjacent current gives

i [P [delllg) [aloBld) [4lBla)?
¢ ‘/ PP (dgYeq) [kaP lalalg® (3.3.65)

In this particular case, we can sidestep a direct evaluation by comparison to the one-loop

(+, +, —) splitting function [84], and write down the result

Ct—itri | ot [qd][ge][ed]

_% T A (0=, bT, et k). (3.3.66)

The final step is that of recursion, however before we go into detail we must discuss
the existence of spurious poles. In general the term spurious pole simply means that the
final expression for an amplitude has terms with a pole which should not exist in the full
amplitude. This may be simply be due to the method of calculating the amplitude resulting
in an expression which is not in its simplest form. In our case, however we are referring to
something more specific. Due to our use of the axial gauge formalism, we have to introduce
an arbitrary reference vector ¢q. When we initially assembled our result using techniques
above we had terms with [ag] in the denominator. This meant that when we shifted Ao we
inadvertently created a pole that is ¢ dependent and thus spurious. To remedy this we were
thus forced to set :\q = ). such that this term was no longer excited by the BCFW shift.
In fact we later managed to rewrite the integrated current such that these spurious poles
cancelled, however in performing integrals in the next chapter it became necessary to retain

this partial fixing of ¢ in order to make the calculations tractable.

Setting S\q = ). actually makes the square pole term vanish as it is proportional to leq],

hence the final result for the sum of the contributions of the adjacent and non-adjacent
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currents is

_ 1 lac){bd){da)[bd] be][de] |2 {ac){ad){bd)[bd]be]lde] _ 64 (ad)®(cq)|de]?
18  sge(bc)?(cd)?[bc] 9 Ssge(bc)?(cd)?[be] 27sde(ab>(bc (cd)?(dq)

1 ({ad)*[bd][de]? 1 {ac){ad)(bd)[bd][de]* 1  (ad)’[bd][de]?
SSde(Sbc — Seq)(be){cd) Eisde(sbc — Seq)(bc)?{cd) 6sde(ab>(bc><cd>2[bc]

1 ({ad)*(bd)[bd]?

d)?[de]? 32 (ad)*(ae)[be][de]? 4 (ad)*(ae)|de]?
9 50 (500 — 500 (b)2{cd) o] 27sde<ab><bc)(cd)2[bc]+27sd (ab) (be) (cd) (3:3.67)
1 {ac)(ad)*(ae)[ce][de]* 4 (ad){ae)(bd)[be][de]? 7 (ad)*(ae)[de]?
6 Sge{ab)?(be) {cd)?[bc] 9 Sge(Spe — Sea)(be)2(cd)[be] 6 s4.{ab)?(bc) (cd)?[bc]
2 (ad)*(bd)(ae) [bd)*[de]*[ea]

9 Sae(Spe — Sea)?(bc)?{cd)[bc]

As previously stated, the square pole vanishes due to our partial fixing of ¢, however we still

have the double pole,
64 {ad)*{ac) de]?
27 s2_(ab)(bc){cd)

We can compare this to the rational part of expected leading pole that comes from

Aéz)(a’, btoetdtet) — Aél)(a’, bt e, —k’)LA(l)(k+, dt,e")

6 {hay’ ﬁﬂ%Mﬂ
=T @y (eh) <3 2 (3:3.68)
64 {ad)?{ac)de]

27 53, (ab) (be) e

as desired. This is as far as augmented recursion has gone so far in implementation, and
initially it was expected that this would be the end of the calculation. The initial expression
that one obtains is more complicated than that presented above, and numerical testing indi-
cated that the expression was not ¢ independent as would be expected. This lead us to the
realisation of the new pole structures that appear in the single-minus case that were absent
from the all-plus case. The final section of this chapter will discuss the extra contribution

from the one-loop currents with a ‘tree on the left’.

3.4 Single-Minus Current Contribution

Now let us consider the new contribution, the single-minus current contribution that arises

from the helicity configuration (si,ss) = (4, +). There are in fact two contributions to the
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‘left hand side’ in this case as we can see in figure 3.5.

Figure 3.5: The single-minus current on the right contributes to two different helicity struc-

tures on the left which must be added together.

Beginning with this left hand side, the two configurations are

AZ(SO)(_Z+7€+7 _ai)AZ(SO)(liu _/Biad+) (341)
+AY (—a™, —17, M) AP (dF, 1T, —7) (3.4.2)

which are

(aq)*(Bq)*[eq)?[dlllg)[glellg]  (aq)*(Bq)*[dq]*[e|!]g)[q|ld|q] (3.4.3)
(dag)[q|olq)?[qll]q)? (eq)lalBla)?[qlllg)? o

The above terms have a (el) and (ld), respectively, in the numerator and are thus of order

Sap. In order for this whole structure to contribute to the rational part, we require that after
we integrate the current we have a s4. pole which means that the current must have a double
pole in s,3. We know that the one-loop all-plus amplitude [85],

i

AVt 2t L nt) = = >

1<ki<ko<ks<ks<n

(K1ko) [koks] (kska) [kak]
(12)(23)....(nl)

has no double poles which is why this term did not feature in the all-plus case.
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The one-loop five-point single minus amplitude [79],

i1 bol’ | (aB)lBal(ea)  {ac[ebl(BE) ] g,

W(a=, b, ¢, 8T,a™) = = -
A a™, 07,7, BT, aT) 3 (cf3)? [@b][aa]+<ab><bc><50¢>2 (aa)(ap)(be)? |

does have such a double pole, and so we must now derive the corresponding current. Looking
at the above amplitude we see that the second term gives the leading double pole, the third
term gives the subleading single pole, while the first has no pole. In fact since the first term

has no pole we know a priori that this term will not contribute to the final rational part.

To get our current we need to insert the poles depicted in figure 3.4 into the single-minus

amplitude,

g T B
BT c ¢t

Figure 3.6: The figure on the left give the double pole of the single-minus current where
the black dot signifies a tree vertex, while the figure on the right gives the right gives the

subleading pole where the circle signifies a loop vertex.

where on the left we have

AD (o g+ B 4O oy = idaBle)® 1 [q| Pac|a)®
3 (BT, >5aﬁ 4 ( ,a”,b", ") 3 525 (aq)*(Bg)? [q|Pd€|q>[q]Pde|c>(ab()(bc))
3.4.5
and on the right [70],
AO (5 ot by AW (g o+ ey = b talaBla) 1 (01 Pacla)*[4| Pl ) Sac
s e ) A ) = 5 e (Ba Pl



Using the same method as before we arrive at the final current,

T(l) (a_7 b+7 c+7 /BJ’_? a+’ Q)

_i{gleflg 1 [01Pacl9)?(q| Paclg)sac | i (glaBlg)® 1 [q| Picla)’
3 sap  (aq)*(Bq)? [ab(be)[a| Pac|q)q|Puclc) 3 sis  (aq)?(Ba)? [q|Puclq)[q| Puc|c) (ab) (be)
L (glaBlg)® (2lglalg) + [glBla)) (cq)[q| Pae|a)”
3 Sap (aq)*(Bg)*  (ab)(be)[q|Puclc)?[q] Paclq)?
_ AdleBle)*  [qlolg) (aq)[q| Pac|a)? L)
sap (2q)%(Bq)? (ab)(bc)[q| Paclc) gl Paclq)? o
(3.4.7)

If we multiply this current by the ‘left hand side’ (3.4.3), we can use

1 1 ( 11 >
alBla)lallley — laldla) \[allle)  [alBla) )’

and

1 1 ( Lo )
lalalgdlallle) — Tlalela) \lalllg) ~ lalalq) )’

as well as Eq 3.3.14 to partial fraction out the integrand until we have four integrals which

we need to evaluate:

/ZQZ;,ZBQ (qlaﬂlfJEq'gg?[Q\el\Q] (3.4.8)
/ l;(%lﬁ : <€I|a5|61>[:‘[l6|i(|]l>|3>[Q|€l|61] (3.4.9)
/126(%;2 <q|aﬂ|q€q|[;||;|>i>[q”d‘Q] (3.4.10)
/ZQZQ,ZB? (qmﬂlw[:‘[ﬁg?[QUd\Q]7 (3.4.11)

where m = 1,2,3 and n = 1,2. Let us go into detail with the evaluation of the first integral
as an example of an integral that uses the A trick and has tensor contributions and with

generic powers of the ‘propagator’ [g|alq).

First we use the A trick

n,a —-1)® dP1 m u
> ot G [ s aleslam il ellddlala?. 412
a,al
Using the Feynman parameterisation p = [ — (uge — uzd) and A = —usu3ss, and the
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numerator is

(q] Pae(p + d(1 — uz) +uze)|q)™ [d|p + uzelq) [gle(p — usd)|qllalp + e(1 — u2) + usd|q)* (3.4.13)

which gives one tensor and one scalar term

1. (qlde|q)™(—u1)uzd|e|q)uslq|de|q][gle(L — uz) + usd|q)®

2. m(qlde|q)™ " (—u1)™ tualdle|q)[gle(1 — ug) + usd|q)*[qle|q) [q| Paclq)p*/ D

Let us deal first with the scalar term

il'(1+¢)

(—=1)"(glde|q)™ [d|e|q)[q|delq] (n,a1) (=1)
Anglte Z al(a; —a)! A®

Sde a,a1

/WM%?%%Mme+wMV

=il(1 +¢) (—1)m<Q|defZ;[z_Ci|e|q> [q|delq] Z G!EZ’ Cil)a)! (741(1)11

a,ay

(3.4.14)
/ (dul(1 — s — ws) ™5 us gle(1 — ua) + usdlq)”
I(1+4€e)I*(1—e¢) (—1)™(q|de|q)™[d|e|q)[q|de]q]

=1 I'(1
TEoaesm ™ Al

(n,ar) [ lalelg\" @—e+mya) . _lgldlg)
Lifw-ai\" A ) Gorermapte O )

We can pull out the last line as [,, using the Half-Gauss transformation C.5.2 on the hyper-

geometric,
mwm)*kd (n, 7)
L=(1+
( adg) 2w
d
F2[2—6+m;n+r,1—6;3—26+m,2—6+m,—[q|6|q>, laldla) ] (3.4.15)
A7 alPaclq)
() lglela)  la]Paclq)
_Z 5 Filn+r,14+m,1—¢3—2+m,— T A ].

Now it would be prudent to take the opportunity to generalise one of the derivations we

used when introducing the A trick. We will make use of the following result many times
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throughout this thesis,

T(d)T(b+c— a)
L'(b+c)I'(d—a)

S D Rt be.d ] = (o)

T

2Fila,c,b+c,1— %]. (3.4.16)
To prove this, let us first resolve the sum in r. Writing the Fj function as a double sum in
m,n the r sum is

a+m-+n,r
( ,7)
r!

> M(a+r,m+n)(1 —0) = (a,m+n) ) (1—=6)" = (a,m+n)s—2 ™™,

rl
T T

where again we temporarily add in a regulator . Putting this back into the F; we have

3 (a,7) 1 Ty
rl Fl[a+T,b,C,d,$C,y] _EFl[avbqu’g?g]
; (3.4.17)

1 r Ty
=—Fila,d,c,b,c,d, —— .
(5—33')a 1[&, , G, 0, C, ’$—5’$—5]

where we used the identity C.5.4. Now we can remove the regulator,

Z (a’lr)Fl[a +rb,¢c,d,x,y] =(—x)"Fila,d —c—b,c,d, 1,1 — f]

— 7l Y

:(—l')_agFl [CL, d — C — b, d, 1]2F1 [CL, C, b + C, 1— g] (3418)
x
@b+ c—a) Y
=(—xz)™ F b 1—=].
=) F s or@ a2t eb e ="
where we used the reduction formula C.6.3 and the identity C.3.1.
Thus we can evaluate I,
A" r@E—2 N2-—e—
L B=2ctm) D@—contm) oL (gl
[alelg)"T(3 —2¢ —n+m) T(2—e+m) [alelq)

(3.4.19)
and substitute this back into the rest of the expression to get the final result for the scalar

term

(1 + (1 —¢) (—=1)™(q|de|q)™[d|e|q)|q|de|q]

i F(l +m) €
T(3— 2 —ntm) lalelq)™sy (3.4.20)
F(2—e—n+m)2F1[n l—e2—ctm _[Q|d|Q>]'

['(2—e+m) ’ ’  ldlel)
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Next, the tensor contribution

=y delq)™ [dle|q)[qlelq)|q| Pae n,a;) (—1)°
m(—1)"1iT(e) {glde|q)™ "] ‘A’T%[j‘ |9)[q| Paclq) Za!((al —)a)!(Aa)

a,a1
/ ks gle(1 — us) + usdlg)®

mo1. L (OT(1 = e)T'(2 =€) (g|delq)™ " [d]e|q)[qlelq) [q] Paclq)
['(3—2e+m) Anss,

(na)) (_lalelg)\* A —etma) o0 ldldlg)
Za!(al—a)!( A ) (3—2€—|—m,a)2F1[ Aoelmetm [QI6IQ>]‘

(3.4.21)

=I(1 + m)(—1)

a,a1

Again we pull out the last line as I,

I, = (1 . [q|d|q>>-<1—6> S .

[qlelq)

[qlelq) [CI|d|Q>]
A alPacla) (3.4.22)
[q]elq) [Q|Pde|Q>]

F! 1—¢3-2 — —
1[n+r7m7 €, €+m7 A ) A

Bl—ec+mn+rl—3—2c+m,1—e+m;—

=2 (né!r)

A ['(3—2¢+m) F(1_6+m_n)2F1[n1—el—e+m—[Q|d|q>].
[glelg)"T (3 =2¢ —n+m) T(1—e+m) ’ ’ " lqlelq)

and sub this back in

L(e)0(1 — T2 — ¢) (g|de|q)™ " [d|elq)|q| Pae|q)
I'(3—=2c—n+m) [alela)" " sg,
el e ldldle)
2F1[7’L,1 71 + ) [q|€’q>]

L(1+m)(=1)"""

I'l—€e+m—n) (3.4.23)

I'(1—e€e+m)

In total then,

/ d”l {qlaBlq)™[d|l]q)glel|q]
20232 [q]alg)"
C T(1+T2(1—e)
['2—e—n+m)
['(2—¢e+m)

(—=1)"(q|de|q)™[d|e|q)[q|delq]
[qlelg)™sgte

dldla), (3.4.24)
[qlelq)
mo1 . L(e)T (1 — e)T(2 — €) (g|de|q)™ " [d]e|q) [q] Pac|q)
['(3—2¢—n+m) [qlelq)" 55,
el et lddle)
il 1=l =edm. [q\elfﬁ]'

oFi[n,1—¢,2—€e+m,—

+I(1+m)(—1)

I'l—€e+m—n)
I'(1—e+m)
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Evaluating the other three integrals employs the same methods and so we can simply skip to

the result for these

/ d”l {(qlaplq)™[d|l|q)[qlel]q]

120232 [qltlg)"
_ LA+ 9r*(1 —¢) T(1+m)(=1)"(g|de|g)™ [dle|g)|g|delq]
T(3— 2 —n+m) [alelg) syt
s
ST+ m)(—l)mlirl%rflgzi)z(i ;l)e) <q!de|q>[;;;(][;ll§|?2f£j\Pde|Q>
Wzm 7,1 — €3 — 2, %],
/ Pdl:lﬁ? <q|aﬁlq€m[€!l|fi> [qlld]q]
a Q|52\(J> i
A e
et -
FRO A e St
B R (T
and finally
/12d:lﬁ2 <QIa5|Q>[m[6|l|Z>[QIldIQ]
a qltlq) . -
=
R R Ty

m11alde|q)™ " [eld|q)[q| Pac|q)[q]d]q)
sgelalelg)™

Z,F(E)F(l —al'(2—¢)
I'3—2c—n+m)
['(3—2¢—n)
I'(3 — 2¢)

I'(1+m)(-1)

[q| Paclq)
[q]elq)

2F1[ﬂ,2—€,3—2€, ]

(3.4.27)

We can then assemble the final result and perform recursion, however this process is greatly
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simplified when we choose to set qu = X.. We include both derivations to emphasise this

point, and to demonstrate the power of the A trick.

For a start, on the left hand side one of the two terms vanishes, and thus we have

_ {aq)*(Bq)*[de]?[e|ld]|e]
(eq)lelBlg)?[elllq)

(3.4.28)

while the current becomes

(e, b+, ¢, B, at)
i {ac)(db)(dq)*[cb](glaBlg) i (da)’ (glaBla)®
38de<b0>2<cd>2< a){aq)*(Bg)* 3 si.(ab)(be)(cd)(dg)(aq)*(Bg)*?
2 (cq)(da)*(qlaf|q)[e|alq) +i (da)*{qa){q|aBlq)’[e|alq)
3 sac(ab) (be) (cd)?(dq)2[de](aq)?(Bq)?2 " sac(ab)(be){cd)(dq)?[de](aq)2(Bq)?
i (cq){da)*(glaBlq)*[e|Blq)
3 sac(ab) (be) (cd)?(dq)?[de]{aq)?(Bq)*

(3.4.29)
Combining the two gives a set of terms with the following ‘typical integral’
dPl m
]’S — / SPEYE <Q|a/6|q>t [€|O{ﬁ|e] (3430)
Pa?f? lelalq)'[elSlg)

where m = 1,2,3 and n = 1,2. Using the same methods as before, we evaluate the integral

to be

T(EOr1—el'(l1—e—t)T(1 —e+m—mn) {(q|de|q)™!

L=T1+m)(-1)""Y T@—tc—n—t+m) TU—ctm) [Fldg~— (3.4.31)
Putting everything back together, the finite part of the result is
(e e
S4e(bc)?(c a s4e(ab) (bc) (c 3 4.39
SRCICOOR NCC

Once again we run into the issue of spurious poles, as in the first term we have (eq) in the
denominator. When we perform recursion we shift A, which excites a pole in (eq) despite
q being an artefact of our calculation method. We therefore have a non-physical pole and
thus we cannot determine its residue. To remedy this we have two options. If we simply fix

Ag = A, then this pole will vanish. The downside of this is that since we have now fully fixed
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g we lose the ability to use ¢ independence of our final result as a check.

Another possibility may be to use Schouten’s identity

(dg) (eX)  (Xq) , (dX)

(eq) (eX) ~ "*T[de] " (eX)

(3.4.33)

to rewrite this term as two terms, one with a spurious pole but no physical pole and one with
a physical pole but no spurious pole. If we drop the term with no physical pole, then we can
compare three terms. We can recurse the term without worrying out the spurious pole, and
we can use the above prescription to remove it then recurse and compare. In both cases we
get the same result and in fact the A, dependence drops out of its own accord. Thus we can
also set \;, = A, then perform the recursion and compare with the first two results. In all

three cases the result is the same.

The final result after recursion is

2 {ac)*(db)[bel[de] 7 (ag){da)’[de]?

3 sae(be)2(cd)?(ea) 2 sgc(ab)(be)(cd)(dqg)
7 {cq){da)’[de]? 223 (da)*(ea)|de]’
12 Sqe{ab) (be)(cd)? <dq> 1085  (ab)(bc)(cd)’

(3.4.34)

however given that we have not fully explored the consequences of this prescription and we
will not be able to check ¢ independence for the full result in any case as we will see in the

next chapter, we will instead choose to fix ¢ such that the result simplifies to

2 (ac)’(db)[be][de] 7 (ca){da)?[de]* 223 (da)*(ea)[de]
3 s4e(be)?(cd)?(ea) 12 sge{ab)(bc){cd)? 108 s {(ab)(bc){cd)

3

(3.4.35)

Again, we have a leading double pole which we can compare to the expected double
poles from the factorisations of the full amplitude. Indeed, looking at the two loop splitting

function and tree MHV limit, the rational part of this expression [30] is

235 (da)?{ea)|de]
108 s2_(ab) (bc){cd)

which is a strong indicator of the calculation being correct, while also indicating that there

are further contributions to these terms to be expected.
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3.5 Conclusion

In the preamble to this chapter we divided the rational part of the amplitude into

rational = tree to two-loop easy channels 4+ double-pole channels + rational descendants.

In this chapter we calculated the tree to two-loop easy channels, and three contributions
from the double-pole channels which we dub the ‘tree on the left’ contributions. We saw
that the two one-loop MHV currents came from the the one-loop to one-loop channel, and
the new single-minus current came from the two-loop to tree channel. From a calculational
perspective, it is more natural to divide the double-pole channel into “tree on the left + loop
on the left” rather than by the two factorisation channels. Thus the rational part is now
written as

rational = tree to two-loop easy channels +double-pole channels + rational descendants,

where

double-pole channels = tree on the left + loop on the left.

The rational contribution from the tree to two-loop easy channels are

{ac)lbd]

-5 ea) b0V 2 b (cd)2(de) ((ac)(ad)(be)(bd) + (ab)*(cd)?), (3.5.1)
and
1 [be]*([bd]*[ce]? + 8[bc][cd][de] [be])
9 [abllbd[cd][del[eal(cd)® (852)
The rational part due to the two loop MHV currents is
1 (ac)(bd)(da)[bd][be][de] , 2 (ac)(ad)(bd)bd][be][de] 64  (ad)*(cq)[de]”
18  sge(bc)?(cd)?[bc] 9 sg(b)2(cd)2[bd 27 sqe(ab)(be)(cd)?(dg)
1 {ad)?bd][de]* 1 (ac)(ad)(bd)[bd][de]* 1 (ad)’[bd][de]*
3 Sde(Spe — Sea)(bE)(cd) 6 Sge(Spe — Sea)(bC)?{cd) 6 sqe(ab)(be){(cd)?[be]
1 {ad)*(bd) [bd]*[de]* 32 (ad)*(ae) be][de]? ( d)*{ae)[de]® (3.5.3)
{c ) h

64 [
9 Sae(Spe — Sea) (bE)2(cd)[be] 27 sqelab) (be)(cd)2[be] 27 s2,(ab)(bc)
1 {ac)(ad)*(ac)[ce][de]* 4 (ad){ae)(bd)[be][de]” +Z
6 sae(ab)2(bc){(cd)?[bc] 9 Saqe(Spe — Sea)(bc)?(cd)[bc] ~ 6
_ 2 (ad)*(bd) ac) ]
9 Sge(Spe — Sea)?(bc)?(cd)[be]
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and the single-minus current contributes

2 (o) (dB)elfde] _ T _{ca)(da)ldel? 223 (da){ea)fdel’ -
3 sae(be)?(ed)?(ea) 12 sge{ab)(bc){cd)? 108 52 (ab)(bc)(cd) o

As stated earlier, we were unaware at the beginning of the calculation that the method
would require a significant extension, however there were signs such as the failure of the
final result to be independent of the reference vector g as is expected. Nonetheless we were
successful in carrying out this part of the calculation and in the case of the MHV currents, the
double pole matches exactly what we had expected, while in the single-minus case the double
pole has the correct spinor content that one would expect. We introduced a new method of
integration that we dubbed the ‘A trick’ and used the previous integration method to compare
and verify the accuracy of its results. We then moved on to the single-minus current and
the A trick allowed us to calculate much more complicated integrals that we would likely not
have been able to calculate solely with the old method of promoting denominator terms to
propagators. This demonstrates the power and utility of the technique.

The aim with our entire method is that it should be easily generalised to higher multi-
plicity. In the calculations we carried out in this chapter, higher multiplicity will mean the
addition of particles with positive helicity, which would take us from five-point MHV cur-
rents, with adjacent negative helicities and with a positive helicity between them, to the same
at six points [86, 87|, and from a five-point single-minus current to a six-point single-minus
current [88], and so on for higher multiplicity. In all cases, we expect these calculations to

be much the same as the five-point case, albeit longer and with more algebra.
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Chapter 4

Calculating the Rational Part:

Augmented Recursion 11

Before we begin our calculations, we should briefly clarify the relationship between the one-
loop (3.0.3) and two-loop (3.0.4) factorisation channels that require augmented recursion,
and how they relate to the various diagrams that will be tackled in the previous chapter
and this one. Naively one might assume that the one-loop to one-loop factorisation channel
will be the source of the ‘tree on the left’ diagrams that we dealt with in the last chapter,
while the two-loop splitting function to tree amplitude channel will give all the ‘loop on the
left” diagrams that we will see now. This does not quite add up, however, as we saw in the
last chapter that the two MHV currents together gave the full leading double pole that was
predicted by the one-loop splitting function, and yet there was an additional third current,

a single-minus current, which contributed a double pole.

We can better understand this with an example. From the derivation of the two-loop
splitting function in [30] we can see that there are many contributions to this function, one

of which is
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/

Figure 4.1: A contribution to the two-loop gluon splitting function

and while at first glance one might think that this is an extra ‘loop on the left’ term that
must be calculated, we can see that actually this is already included in the ‘tree on the left’

part as shown below.

Figure 4.2: This figure shows how elements of the two-loop splitting function are incorporated

into the ‘tree on the left” parts of recursion.

The box on the left of figure 4.2 contains what is in fact a particular pole of the one-loop
current on the right. This is exactly the type of pole we see in the single-minus current as
shown in figure 3.6.

This observation means that the only ‘new’ terms we have to consider in the ‘loop on the

left” case are those that affect the diagrams such that a box cannot be drawn in the manner
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above to split the diagram into a ‘tree on the left’ and a loop diagram within. These are
diagrams that alter the d or e corners, or the propagator that connects them.

With these conditions in mind, there are three structures to consider: one which is a
bubble insertion on the connecting propagator, and two structures which have currents on

the right that have three off-shell legs.

We will name this diagram the ‘/-bubble’ diagram,

+
T
[

e

C
z
4+

Figure 4.3: This diagram shows a bubble insertion on the [ propagator. We name this the
‘[-bubble’ diagram.

Bubbles on either of the a or 8 legs would be contained within the one-loop currents of

the previous chapter.

Figure 4.4: Diagrams with bubbles inserted on the « or [ propagators are subsumed within

one-loop currents

Then there is the ‘double-box’ structure,
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Figure 4.5: The two-loop ‘double-box’ structure with all three-point vertices and three off-

shell momenta coming from the current

and the ‘box-triangle’ structure,

Figure 4.6: The two-loop ‘box-triangle’ structure with a four-point vertex and three off-shell

momenta coming from the current.

There are structures such as the ‘embedded triangles’ which ostensibly need to be in-
cluded, however as shown in figure 4.7 with the use of the dashed box, we see that these are
a collinear limit of the current in the ‘double-box’ diagram, the first when L, goes collinear

with L3, and the second when L, goes collinear with L;.
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Figure 4.7: These are the ‘embedded triangle’ limits obtained from figure 4.5 when two of

the inner propagators are collinear. The dashed box shows how this term is contained within

the current of the ‘double box’ structure.

The same is true for the ‘box-triangle’ structures (4.6) where we obtain the below struc-
tures, the first when Ly goes collinear with L3, and the second when Ly goes collinear with

L.

Figure 4.8: These are the two limits we obtain from figure 4.6 when two of the inner propa-
gators are collinear. The dashed box shows how this term is contained within the current of

the ‘double box’ structure.

In principle there are two further contributions that involve a four-point vertex in the e
corner, however as we will later see this vertex is proportional to [eq] and thus vanishes due
to our choice of q.

Finally then, the full decomposition of the rational part is

rational = tree to two-loop easy channels +double-pole channels + rational descendants,
where
double-pole channels = tree on the left + loop on the left,
and

loop on the left = I-bubble + double-box + box-triangle.
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The MHV currents in the tree on the left sector arise from the one-loop to one-loop
channel, while the single-minus current in the tree on the left sector and the full loop on the
left sector arise from the two-loop to tree channel. This two-loop to tree channel did not
exist in the all-plus case which is why such terms have not been seen until now.

The easy channels and tree on the left parts were calculated in the previous chapter, and
the rational descendants will be calculated at the end of this chapter, so now we focus on the

loop on the left parts.

4.1 The Double-Box and Box-Triangle Diagrams

Let us consider the double-box (4.5) and the box-triangle diagrams (4.6). Beginning with the

box-triangle diagram, this contains a four-point vertex which in the axial gauge formalism is

ot - 4- = ;La2a)(39) {4q) [q2 — 3[g)[ql4 — 1|q)
A28 00) = it (1 ) #1.1)

or

A(1F, 2 3 47) = ;1141{29)[3¢]{49) ([Q|1 —2|g)[q]3 —4]q) _[9]2 —3[g)]gl4 —1]g) 2) .

(1g)[24](3q)[4q] \ [q|1 + 2|q)[q[3 + 4|q) ~ [q]2 + 3|a)[q]4 + 1]q)
(4.1.2)

As an example, let us consider a single contribution to this diagram,

/dDleDLz 9| P|q)[e|Lsla) (L1q)*(Laq)? (1  [glP + Lsg)[q| L +d!cJ>)
P2LL3L3 [q|Lalg)lg|Lalg) (Lsq)*(dq){eq) 9| P — Lao|g)[qld — L[q) (4.1.3)

T(O)(Lg, a” bt LT LY).

The complexity of the 4-point vertex in the context of a double Feynman integral means that
we are unfortunately unable to compute this integral as of now.

Even with the lack of a 4-point vertex, unfortunately the same is true of the double box
diagram. In this case however there is some progress we can make in parts of this diagram.
As stated earlier, in the limit where the Lo propagator in figure 4.5 goes collinear with
either L; or L3, then we get the ‘embedded triangle’ diagrams as shown in figure 4.7. These
embedded triangles will contain all the leading order contributions from the double-box, and
some subleading terms. There will necessarily be some further subleading terms that cannot

be reached as they would come from the finite parts of the 6pt currents. In this chapter we
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will analyse the embedded triangle terms and obtain as much information as we can.

a

Figure 4.9: The embedded triangles diagram. The dashed lines indicate there are two cases,

one where each of the vertices has an embedded loop triangle

4.1.1 Sources of Embedded triangles

Let us first look at these embedded triangles from the perspective of the double-box structure.
First, we focus on the left hand side. Since there are five propagators and two loop integrals
on the left of the double-box, overall we expect a factor of s;el from these. In order for there
to be an overall pole, all the three-point vertices on the left must be googly. The options for

this are shown in figure 4.10:

et et et
S el o N e
APQ APQ APQ
D - . -
APl L2 API L2 A_Pl L2
i + _
A Y A
dr dr dr

Figure 4.10: The possible helicity configurations on the left hand side of the ‘double-box’
diagram 4.5.

We first note from the above diagrams that when L; and L, we get a triangle in the

K = d corner, and when Ly and L3 go collinear we get a triangle in the K = e corner.
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As we can see from the helicities on the right of each diagram in figure 4.10, the currents we
require will be 6-point tree NMHV. As stated above, the triangles emerge from the collinear
limits of the propagators and so we shall list below the various collinear poles of the 6pt

NMHYV currents. All of the below 6pt amplitudes can be found in [89].

Let us start with the 6pt all-adjacent NMHV amplitude

_ [L1|Ly + Lg|a)®
(ab) (be) (L Lo][Lo L3]Sty rors[La| Lo + Lilc)
[b| L3 + a|Ly)?
(cLy){L1Lo)[L3al[abls,a|Ls|a + blc)’

AG(b+a C+a Li_a L2_7 L??? a_)
(4.1.4)

+1

which has poles as shown below in figure 4.11.

Ly a - -
a
_|_ J—
AY
ct bt
I-
2 Lir

Figure 4.11: Factorisations of the all-adjacent NMHV current on the L, Ly and Ly L3 collinear

pole.

In the limit where Lo and L3 are collinear these terms can be identified with embedded

triangles in the K = e corner. This pole on the left of figure 4.11 is

‘ —ka bt LT :i<L2L3>[kQ]Q : ; (ka)®
sy SR A O L) = T St (a0 (00) (L) (EaR)
(4.1.5)

As(Ly, Ly, k")

This pole actually splits across two contributions as shown in figure 4.12,
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Figure 4.12: The pole 4.1.5 contributes to two different embedded triangle structures shown

above.

where the first contributes to the single-minus embedded triangle with an adjacent MHV
current, while the second is the sole contribution that has the all-plus triangle on the left and

the adjacent MHV current on the right.

When Ly goes collinear with L; instead we recover embedded triangles in the K = d

corner, and we get the following two poles as shown on the right of figure 4.11.

N - a bt et kT :Z,<L2/<:)[L1q]2 i i (Lza)®

Aslba, b7 L) o Aslla a7, 05, € =) =0 k] s, eyt (0
o4 gy b t ot b LT a :Z-[kLl]<L2Q>2 4 i [bc]g

A3<k 7L17L2)8L1L2A5(b ) ’ k 7L37 ) (kq)(L1q> SL.iLy [Ck?][k‘Lg][Lga][ab] (417)

The first can be linked to the single-minus triangle with the adjacent MHV current, while
the second can be linked to the all-plus triangle with the googly current.

The next amplitude is

(Lza)?[bc]?[La|b + | L1)* L (Lza)?[cLo)*[ble + Lo|L1)?
SbeScLy SLyLsSLaalbeLy SeLySLyLySLzaSableLy Ly
(L1Ls) (Lsa) [be][cLo][blc + La|Ly) [La|b + ca)tyer,
SbeScL1SL1LaSLaLsSLzaSab
(Ly L3)(Lga) [bc|*[La|b + c| L1) [La|b + cla)t.r, 1, b (L L3)?[bc]?[La|b + c|a)?
SbeSel1SL1LySLoLsSLzaSab SbeSLyLySLaLsSablLyLyLs
(Lsa)?[bc][cLs][blc + La|Ly)[La|b + ¢| L1 )1, 1,1,

SbeSeL1SL1LoSLoLaSLaaSab

A0t ¢t Ly, LY, Ly,a”) =1

?

—1

(4.1.8)

There are four poles for this term, shown in figure 4.13.
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b+

Figure 4.13: Factorisations of the second NMHV current on the L,Ls and LyL3 collinear

pole.

First on the Ly Ls limit on the left of figure 4.13 which gives the K = d embedded triangle,

N i LT :i<kL1>[L2Q]Q i i (Lsa)®
As(k ’Ll’LQ)SLlLZAE)(LS’ b7 et =) (kq[L1q] sp,r, (ab)(be){ck)(kLs)’
(4.1.9)
bt gy L t ot e LT a :i[L2k]<qu>2 i i [bc]?
Aol B L) A0 € L 0) = D) st TR L] Lsallal]
(4.1.10)

where the first contributes to the single-minus triangle and adjacent MHV current, the
second contributes to the all-plus triangle and googly current.
Then in the Ly L3 limit shown on the right of figure 4.13 which gives the K = e embedded

triangle,

bord oy ¢ t et Lk a :Z-[KL2]<L3Q>2 i ; [bc]®
AalhT Ly Ly ) T A0, € L =k a0) = N Eag) 5tams Tea] Lkl alab
(4.1.11)
— = b T R s :Z-<L3k>[L2Q]2 i ; (L1a)*
Aalls, 7 Ly ) T sy =R, b7, 0) =0 al mams (L) (k) (ab) () (e}
(4.1.12)

The first contributes to the all-plus triangle with googly current, and the second con-

tributes the single-minus triangle and non-adjacent MHV current.
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The final amplitude is

<L1L2>2[bC]2[L3|L1 + L2|a>2 i<L2a>2[bC]2[L|L2 + CL‘L1>2
SL1LySLoLsSabSbel Ly Lol SLoLsSLsaSbeSclilLoLsa
(L1La)(Laa)|Lsb|[bc][Ls| Ly + a|L1)[c|Ly + Lala)tr, 1,1,

SLlLQSLQLgngaSabSbCSCLl
(L1 Lo)?[Lsb][be][Ls| Ly + Lala)[c|Ly 4+ Lala)tr,r,a w (L1Lg)*[L3b]?[c| Ly + Lsla)?

SLyLySLoLsSLgaSabSbeScl, SLyLySLsaSabScLytLsab
<L1L2>(L2a>[bc]2[L3|L1 + L2|CL> [L3|L2 + a|L1>tabc

SL1LySLoL3SLiaSabSbeScly

Ag(Ly, Ly, L3 ,a b, c") =i

+1

—1

—1

(4.1.13)
which has poles shown in figure 4.14.

_ +
L3 a Ly L
bt a”
+
AY
ct bt
Ly Ly ot

Figure 4.14: Factorisations of the second NMHV current on the L;Ly and LyLs3 collinear

pole.

There is one pole in the L; L, limit on the right of figure 4.14

i o _ ALiLy)[kq* i (ka)*
sy AT L 0 b ) = T Smer e Laa) (aB) (5} (o)
(4.1.14)

As(Ly, Ly, k")

which contributes to the single-minus triangle on the K = d corner and the non-adjacent

MHYV current on the right.

There are two in the Ly L3 limit on the left of figure 4.14 where the triangle would be in

the K = e corner
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ALt b+ L5 )— [Lok](Lag)® & . [bef?

Tt LT ka7 =i i
sz BT L R aT) =IO RG) Sty L Lok ealab]
(4.1.15)
i N 05 L (Lya)*
Al Ly L) O Ao, =W, b ) = o] smazy | (L) a) ab) (60} (L)
(4.1.16)

where the first contributes to the all-plus triangle and googly current, and finally the
second contributes to the single-minus triangle and non-adjacent MHV current.

To derive the full currents, we would have to incorporate these poles into the amplitude,
however in this case as we are only considering the pole terms, this step is unnecessary.

Sorting the above poles from the three NMHYV currents according to how they contribute

to the embedded triangle calculations, we collate these in the following table 4.1 .

Embedded Triangle | 5 pt current Pole Contributions | 6pt current
K =e¢ AP Adj MHV 4.1.5 1

K =¢e AP googly 4.1.11, 4.1.15 2,3

K =d AP googly 4.1.7,4.1.10 2,3

K =e SM adj MHV 4.1.5 1

K =e SM non-adj MHV | 4.1.12, 4.1.16 2,3

K =dSM adj MHV 4.1.6,4.1.9 1,2

K =dSM non-adj MHV | 4.1.14 3

Table 4.1: In this table we summarise how the different collinear poles of the 6pt NMHV

currents of the double-box structure correspond to the embedded triangle structures.

We label embedded triangles by which corner they are in, and AP for all-plus or SM for
single-minus. The 5pt current denotes the current associated from the embedded triangles
calculation. We show which poles contribute to which triangle in the third diagram. In
the final column we label which of the 6pt NMHV amplitudes each pole comes from. To
aid in readability, we label these amplitudes by which of the three off-shell legs has positive
helicity, so Ag(b™, c™, L, Ly, Ly ,a™) is labelled 1 above, Ag(b™, ¢, Ly, Ly, Ly,a™) is 2, and
Ag(Ly, Ly, L3 a=, b, c")is 3.
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4.2 Tree-level Currents

There are three possible non-zero currents that will be needed in the calculation of the em-
bedded triangles and the bubble insertion: two MHV currents, 7(0(a~,a~,b",c*, B%) and
70387, a*,a",b*,c"), and one googly current, 7 (b* ¢, 37 a~,a”). For higher multi-
plicity the MHV currents will generalise quite naturally, but with the googly current, the
situation is not quite so clear: at higher multiplicity this will become an NMHV current.
While there exists an n-point formula for tree-level NMHV amplitudes [90], it is not in a
form conducive to direct manipulation for our purposes. With that being said, a look at
six-point tree level NMHV amplitudes [89] does not appear to present any new kinematic
structures that are not present in the 5-point googly, thus the integration methods in both

cases should be the same.

We have the following currents, with full derivations in Appendix B,

PO ot am bt et) = i (Ba)*(cq)lalola)(al Pasla)® . {Ba)*(aq)[alBla)[al Pasla)®
A (ab)(agq)*(be)|q| Pugle)®[q| Pasla)?  {ab){aq)?(bc)[q] Pugsle)[d| Pasla)?
g (B)*[a| Pagla)’ (glaf]q) 4 (Ba)*(ag)[alalg) gl Pagla)®
sae{ab) (aq)*(be)[q| Paglc) [q| Pasla)?  {ab)(agq)*(be)[q| Paglc)q| Pas|q)?
+ O(5as),
(4.2.1)

{aq)*(cq)lglalq)[g| Pusla)® ey (aq)*(aq)|qlBla)[q| Pasla)?
(ab)(be) (Bq)2[q| Pagle)®[q| Pagla)? — — (ab){(be){(Bq)?[q] Paglc)|ql Paslq)?
(aq)*(qlaplq)[q] Pasla)®
sac(ab) (be) (89)%[q| Paglc) | Paslq)?

T(O)(of,a’, btoet ) =i

+i +O($a5),

(4.2.2)

and

T(O)(b+ ot B, a” a—) - <045> [6|Pa5’a>3 i <qa> [6|Pa5|a>3[ce][a|PdeIQ>
oy sae{ab) (be) [e| Paglc)[ae][Be]  (ab)(be)[e| Pugla)?®[e| Paglc)|oal[ch][Be]

(Ba) €] Pagla)’[ea]

+ (ab)(be)e| Paglc)[e| Paplq) [aal[ae][Se]
BB (aB)behe]
) abl[cBlfaa] ' abllcl aal el Paple)
() (aB)bePled] . {aB)ag)bePlea p
T e abllaallcBlel Posld) BNl Pasla) labllaalieB] T Ot aﬁ(i’ .

Due to the power counting of the triangles which we shall see later, we will need to know the

googly current to order s,g3.
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4.3 The Bubble Insertion

Let us begin with the easier of the three. First we need to work out the bubble insertion.

There is only one non-zero helicity configuration for the bubble insertion,

Figure 4.15: The sole non-zero contribution to the bubble insert for the [-bubble structure.

This gives the integral

dPL KL KL 1 (-1 I'(—e)l'(4 —
pus = [ 4L WKL Lol oy LTG0y
L% L (Kq) 2 (4 — 2¢)
The bubble can be inserted in two ways and both give the same answer.
Figure 4.16: These are the two contributions from the ‘/-bubble’ diagram.
These are
dPl
/MA3<_Z+76+7 —a7)Ag(—=p1, d* 1) 7057, at, a7, b7, ¢7) x Bub,
“ (4.3.2)

dPl
/ —12(2) 252 A3(6+’ —oﬂr’ —lf)Ag(dJr’ l+, —ﬁf)T(o)(Of, a, b+, C+, /8+) % Bub.
(0]

The details of this calculation are very similar to those from the previous chapter and so we

will skip to the final result. After e— expansion and recursion, we have the contributions to
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the final result,

11 {ac)(ad)®[de]* 4 (ad)*(ac)[de]?
18 s (ab) (be) (cd)? 9 s3,(ab) (be){cd) (4.3.3)

which have the correct spinor content for the expected double pole.

4.4 Embedded Triangles

Ignoring particle labels for now so we can make general arguments about the triangles, we

have the following structure

_l_
—
S1
+ = 5

Figure 4.17: This diagram depicts the general structure of the embedded triangle diagrams

that we will consider in this chapter.

where on the right we remember that the external particles have two positive helicities
and one negative. From the currents, the options are that either one or both of s; and s
are positive. Below we will derive expressions for the one-loop triangle with two off-shell legs

and one massless leg. To the best of our knowledge these are original results.

4.4.1 All-Plus Triangle

Zooming in on the left hand side of the above diagram we have the following options
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Figure 4.18: These two diagrams are all-plus embedded triangles that contribute to the
diagram with the googly current on the right.

We label the external momenta as j and K so that we can obtain the triangle in both the
d and the e corners by flipping. Similarly P and () will be @ and 3 depending on the flip in
question. These are the all-plus triangles that arise from the googly current on the right, so

(s1,82) = (+,+). These two triangles give

++ _ 1K Ls)(lwq)? [@La](Lsq)* [Plu](L2g)? 1
B ‘*/ s R Lat) (Qa){Laa) (Pa)llud) L3(Ls — Q2 (Ls 1+ K2
/de C1|KL3|q (q|QLs|q){q|Ply|q) 1
Ko2(Po)XQq)?  L3(Ls— Q%(Ls + K2
. zK L3q> [LsQ){Log)? [LoP) (L) 1
BT / ) (o) (Qa) (Lad)(Pa) T3l — QF(Ls T K
(all. K|q 0| LQlq) (q| L2 Pla) 1
=+ [ PNQ” B ke 4

where we have K is set to be null. In fact both integrals are equal and thus we can write

(1) . (¢| KQlg)® ugug (1 — ugy — ug)
AV(KY, PT,QY) = ET}* + BT+ = 2iT(1 + ¢) K2 (P07 /[du] (0= us) Q%+ 02K - Q)
(¢|KQlg)° 1 2K - Q
P g R e A=
(4.4.2)

=iI'(1+¢)B(1—¢€3—¢€) ]

The all-plus triangle also features on the left with an MHV current on the right,
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Figure 4.19: These embedded triangles are all-plus embedded triangles that contribute to the

diagram with an adjacent MHV current on the right.

One check that we can perform is to take a second leg on-shell and compare it to the

one-loop three point ‘triangle’ vertex. Rewriting —22—'2@ =1- g—;, then taking P? — 0 the

hypergeometric becomes
C4)I(1 —e¢)

2F1[1 -+ €, 2, 4, 1] = m (443)
So, setting € — 0 '

which precisely agrees with the one loop vertex result we have used thus far.

For reasons we shall discuss when it comes to integrating the current, it is useful to rewrite

the hypergeometric function in a different representation.

First we use the z — 1 — z continuation of the hypergeometric function (C.4.2),

P2 T(4)(-1 P2/ P2\'¢
Al +e2a1— Ly TWIELED pi op ]< )

Q2 I(1+er(2) altn
(41 —e) p2 (4.4.5)
Fil1 2 e —
+F@—QN%21[+Q’@QA
and use the z — % continuation (C.4.1) to rewrite the second term above as
P2 T(—al() ( P\ :
Bl +e2eml= —— Fillte2e 2
2 1[ + € 2, Q2] F(1+€)F(_1) ( Qz) 2 1[ + €, 2,¢€, P2] (446)
I(=1+¢€)(e) p2\ 2 Q? S
3 12,3 —¢€,2 —¢, =].
Fl+el(e—2) \ Q2 2F1[2,3 —€,2—¢, PZ]
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The first term above vanishes as = 0, so putting this together,

r( )
P2 T(A)(—1 P2 P2\~
QFl[]. +€,2,4,1 - QQ] = ;(i—lfé)r—(i;;)QFl[g_ 6,2,2 — €, @] (@)

F(4)F(1 —¢) T'(=1+4¢)T(e) P? Q?
T B T2 T+ ar(c —2) (_@) 2F1[2’3_6’2_6’<i]'7)
Using the identity
[(2)D(1 — ) = Smﬂm
we have
T(e)T(1 —¢) X
I'3—el(e—2) ’
h Fl+e2,41— P _gllte) o €22 P (PN
Rl 42,1 ) =3 R - o220 ol () s
I(—1+e¢) Q% /Q*\? o
+ BW 2F1[2,3 — 6,2 — €, ﬁ] (ﬁ) .

4.4.2 Single-Minus Triangle

In the case of the single-minus triangle, these only feature in the MHV current case.

These configurations arise when (si, so) = (+, —). There are four integrals which add to

give the single-minus triangle.

N (1] . 1] N 1] . (1]
K LS_ Q* K . QF K QF K “ Q+
— - - — a + -
2 lw+"_ Ly[vs) 2 lw+"+ Ly[vs) 2 lw+"+ L[vs] (o] L "+ Lo[vs)
Py R- Py R Py R Py -
H H # N

Figure 4.20: These four configurations add to the single-minus embedded triangle and con-

tribute to the diagram with the adjacent MHV current on the right
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+— K L] (lwq)* —[QLo)(Ls3q)* (Lo P)[luq]? 1
s ‘*/ M R L) (Q)(Laa)  [LodllPa] LA(Ls — Q)2(Ls + K2
_+/de<Q|KL3|Q><Q|QL2|Q>[Q|L2P|Q] laltw|q)? 1
T (KPPRQ0® lalLala)? B(Za — QP (Ls + K)?

— —+
o ET4 ‘{P<—>Q,lw<—>L3,L2—>—L2}

- _ —+
BT = —FET, ‘{P(—)Qlw<—>L3,L2—>—L2}

+- _ +
ET ET ’{P(—)Q lw<—>L3 LQ‘)*LQ}

ET}~ = —ET; (4.4.9)

’{P(—)Q leL3 Lo—— Lg}

These contributions arise when (sy,s2) = (—, +),

(1] 1] (1] (1]
Bl oo K I oo KQ Ts oo KU Dy o
- + - + ™ + - —
2 lw+"_ Lo[vs] 2 lw+"_ Lo[vs] 2 lw_"_ Lo[vs] 2 lw_"+ Lo|[vs]
Pty R Pty Pt Pry nr Pry o
v V4 Vs v

j* @ " @ " ® " @

Figure 4.21: These four configurations give the single-minus embedded triangle contributions

with the non-adjacent MHV current on the right.

+/d qIKLzlq <Q|Pl |9)[q|QLs|q] [q]L2|q)* 1
7)*(Pq)?*[Qql? lq|Ls|g)? L3(Ls — Q)*(Ls + K)?
/d q|L2L3|q (q|Plu|q)[qllwLslq] [q91K]q)*[q|Qlg)*? 1
Kq)*(Pg)*[Qq]? [qllw|a)?[q|Lslg)? L3(Ls — Q)*(Ls + K)?
/d a{qlly Klq QIL2L3|Q>[QIL21 lq] [9]Plg)*[4|Qlq)? 1
0)*(Pq)*[Qq]? [qllw|@)?[q|Lalq)? L3(Ls — Q)*(Ls + K)?
+/d (qg| Kl Iq q|PLs|q)[q|QLx|q] [q]Ls|q)? 1
7)*(Pq)?*[Qq]? [q|Lalg)? L3(Ls — Q)*(Ls + K)?

(4.4.10)

It will take more work to calculate the single-minus triangle than in the case of the all-plus
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triangle, however both cases involving the single-minus triangle they are the same calculation

related by a flip as indicated in equation 4.4.9.

Summing the above terms we have

.. cC I
2 BT | Srmrrer B o T &

(4.4.11)

where

C = —%(qmﬁm((q|KL3!q>[Q|QL3|q] + <q\QL3|q>[q|KL3|q]>
_ [dlQlg)?
[q]lw]g)?

_ ld@lg)*
[q]L2]q)?

[Q||Q||Q>> (<Q|KL3’C]> + <q|QL3|q>> [¢|QLs|q)(q| Lo P|g) (4.4.12)

qlZ

[QIQIQ>
dlule)
1¢|Qlq)
~ *l4lLalg)

+ 2(q| K L3|q)(q| Plw|q)[q|QLs]q],

5 (a1 L2Qlq) <<Q|KlwIQ> [q| PL|q] + (q| Plu|q) [Q|Klw|CI]>

L (|t Kla) (a1 QLala) | PLal) + (al PLaJa) 0| QLla) )

_|_

+2 (<QIle|Q> - <Q|Klw|Q>> [q|Ql]q)(q| L2Q]q)

(q| K L2|q)[q|QLa|q)(q|lu K |q)

where we label the term in the first line C7, the term in the second line C5 and so on until

Cr.

We can write the calculation of >, ET, " in a basis of the following three integrals

It _/dd ( [q|Qlq) )N [w|Ls|q) QIl K|q){¢|La|q]

q|L2|q L2 L3 <L3+K)
N
[sl]w _ ddLg( q||lQ||qi w|l |q |L2Q|Q>< ’l |Q] (4_4_13)
q q

Nw|Ls|q) Q\LzP\QMC\Ls\Q]
L3(Ls — Q)%(Ls + K )?

) L3(Ls — Q)*(L3 + K)?
7Ls _/ ( Q\QIQ>)

! 91 Ls|q)

where w, ( are generic spinors.

Additionally, we note that /2 and I'* are related by a flip L3 <+ [, and P <> @ (apart

from the [¢|@Q|q)" which does not flip). Because we have chosen K to be null, we cannot
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relate Lo by flips, so we have two distinct typical Feynman integrals,

n 25 P (1 — wy — x3) 1T [q|Qlq)™ P (—[q| P|q))”
Typy, = ZZZAM e [la <Hdd<[ ) rlglQlay™ (el Pla)

1+d
n=0 m=0 p=0 2—Q2]$2+(1—$3)Q2)+d

. 4 e q|(1 — 21) K + z3Pg)™
YPLs = Z Z ml(n — AN+m /[ 7 ([Q* — P?ayzs + (1 - $3)='E3P2)1+dd

n=0 m=0
(4.4.14)
where the Feynman parameterisation is
p= L3 - (ilng - UQK), A = (—1'3) ((1 - 1'3)622 + (L’2<P2 - Q2)> . (4415)

In the above integrals, dy, dy are extra factors of the Feynman parameters that may arise
in the integrals, and dy = € for scalar contributions, and d; = € —1 for tensors. N is of course

the power of [q|Ls|q) (or [g|ls]g)) in the denominator.

The Typy, integral is the simpler of the two, we can write this in a symmetric manner as

Typ,, = Typy, + Typ,, where Typr, = Typy, |pes—Q.di sz, Where

TypA . F(—dd>r(dd—d1>F<1+d1)F<l+d2+d1—dd—N) (P_2)d1—dd
- F(1+dd)r(1+d2+d1—2dd_N)(Q2)1+dd[Q|P| >N Q2 (4.4.16)
P2
xF1[1+d1; N l4dy+dy—dy—N:1+d —dy: — P* [alQla) —2],
Q*[q|Plq)
and so
[(—d)T(dy — d)T(1+d)T(1+dy+dy —dyg— N) ,P% 4,4
Tprg[N7d17d27dd]: (Zda)T(ds I LI : 5 11+dd - i(@) s
T(1+dg)T(1+dy +di —2dg — N)(Q2) " “[q|Plq)
P?lg|Qlg) P?
xF1[1+d1, N tdytdy—da = N5 1bdy = da — s @]

D(—da)D(dg — do)T (1 + do)D(L+dy +dy —dg — N) Q% dy—d,
)

D1+ dg)D(1 + dy + dy — 2dg — N)(P2) "™ (= [q|Qla))™ " F*

. , CQ%[q|Plg) @
xF1[1+d2, N bdytdy = da = N5 1t dy = dys o ﬁ]

(4.4.17)
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The expression for Typy, is noticeably more complex

_ P(dd>r(d3 - dd)F(—d3 +dg + N) B -N B [Q|K|q> ds—dg—N

Pl e = T g (@) SLONE )
x (1 — g)~[tda+ds=—2da=N) (g_z>_ !

X Yy ]

F2[1+d2+d3—2dd—]\f; 1—N ., 1:14ds—dy— N, 1—dy: ——

r—1" 1—=x

[(—da)T(ds — dg)T(—dz + dg + N)T(1 + dy + d3 — dg — N) <_[q|Q|q>) -
D(N)T(1 4 dy + ds — 2dg — N)(Q2) "

2F1[1+d2+d3—dd—N; 1-N;1+ds—dy—N; L}
r+y—1

T(dg)T(dy — dg — N)D(1 + dy — dy) - (PP
Tt AT do 1 ds— 2ds— (@) Q) (%)

+

[q|K|q) P?
><F[1+d —dys N, 1 1—dy+dg+ N, 1—dy; — ,—]
’ 2 s T g Qle) @2

D(-d)l(ds = da = N)P(L o) o

T(1+dy + ds — 2dg — N)(Q2) "
X (1= y) LR T dy s N5 1= dy+da+ N —— ),
-y

(4.4.18)
2
where x = ——[[Z“gfgg and y = —SQ.

We will also need the special case when [¢|K|g) = 0 due to the triangle being in the K = e

corner. In this case the expressions are

A:[q|k|q>:0 o F(—dd)F(dd — dl)F(l + dl)F(l + dg —f- d1 — dd — N) P2)d1_dd

Typ = P Q

b2 D(1+dg)T(1+dy + dy — 2dg — N)(Q2) " “[q|Plg)™ @ (4.4.19)
P2 IR

) = d22F1[—dd7 —dy; 14+ dy —dy; QQ}’

X(l—@

and
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klg=0 _ 1 ['(ds —dy— N) 1

T =
YPrL, [q!P!(DN F(l +d; +ds — 2d; — N) (P2)1+dd
D(d)T(1+dy —dg) (Q*\ ™ Q?
F(1+dd) ﬁ 2F1|:1+d1_dd’1’1_dd7ﬁi|
QQ —(1+d1)
+ I(—=dy)T'(1 + dy) (1 — ﬁ) ) (4.4.20)

With these integrals in hand, the next task is to express C in terms of the above. The

first step is to write the basis integrals, (4.4.13) in terms of the typical integrals. These are

L7 =iT(1 + 0)lalQla)™ (| QPla)[w|Qla) [4 QIC)

x (Tpr3 [N,0,2, €] = Typp, [N, 1,2,¢] = Typ, [N, 0,3, 6])

—iL(1+ 6)[alQla)™ (a|QPla) ([wlQla)|alPIC) + [w] Pla)|alQIC))
X (Tprg[N, 1,1, 6] = Typy, [N, 2,1, ¢l = Typy, [N, 1,2, 6])

+iL(1+ €)[g|Qla)" (a|QPlg) [w|K |g) [l K|C) (4.4.21)
X (Tpr3 [NV.2,0, €] = TypL,[N,0,3, €] — Typp, [N, 2,1, 6])
+40(e)[alQla)™ (alQPlg) {Ca) [w]
x (Typy,[N,0,0,e — 1] — Typ,,[N,1,0,e — 1] — Typ,,[N,0,1,e — 1])

+iL(e)[q|Qla) ™ [a| Pla) (Cq)

X ([wQla) Typr,[N, 0,1, € — 1] = [w|K|q) Typp, [N, 1,0,e —1]) ,
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and we get [éw by flipping P <+ @ (not including the factor of [¢|Q|¢)"), then finally

2 = [qQl) (gl KQlg)iT (1 + ¢)

X ([QIQ|C>[MIQIQ>Tpr2 [N,2,0,€¢ + [q|P|C)[w|P|q)Typy, [N, 0,2, €

— ([¢QIO) [w|Plg) + 4l P[¢)[w]Qlg)) Typp,[N, 1, 1761)

(4.4.22)
+i0(e)(q) gl K1) [q]Qlg)™
x ([w|@lg)Typ,[N,1,0,e = 1] — [w]| Plg) Typ,,[N,0,1,¢ — 1])
+ [qlQla) ™ (g K Qq)iT (€)(Cq) [wd]
(Tpr2[N, 07 07 €— 1] - TprQ[N’ 17 07 € — 1] - TprQ[N, O, 1, € — 1]) .
Then we can write C' in terms of the above integrals, beginning with
Oy = =1y, ({w = (gl K, ¢ = [qlQ} + {w = (4|Q,¢ = [g| KD), (4.4.23)
and Cy = C1|psg. We can write Cs as
Cy = =12, (fw = (4lQ, ¢ = [q| P} + {w = (g|P,¢ = [4]@}). (4.4.24)

The next two terms are almost related by a flip similarly to C; and Cs. We define

Co =213, (0 {w = (¢| K, ¢ = [¢|Q} + {(dlQ, ¢ = [¢|Q}) (4.4.25)
so that
CV4 = Cala:b 05 = Ca’a:—l,P(—)Q7 (4426>
and
Co = —21%, (w = (gl K, = [al). (4.4.27)

The final term C; cannot be written in terms of the basis integrals but is easy to evaluate
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with the usual integration methods,

Cr =— éF(l +e)f(l—€3—¢)

<Q|KQ\Q><ZQ|£I;|)‘]>[Q’QK‘CI] 1+ e, 2,4, (1 — E)]

. <QIKQ\Q>[QIQ\Q>[QIP\CJ> re
—il'(e)B(2 —€,2 —¢) 220 o F1[e, 1,2, (1—@)]
1IN - 63 -9 <QIKP’CI>[CQQL%Q>[C]|K\Q>QFl[E’ 13, (1 ~ %>]

(4.4.28)
Finally we note that since we are setting qu = 5\6, then in the K = e corner we have [¢|K =0
and thus there will be simplifications. In this case, replace the typical integrals with their

[q|K|q) = 0 limits.

4.5 Integrating the Googly Current

The integral we are solving is

dPl
/lQ 262 (b+ +75 e &)
x (A a0t =) AP (et —at, 1) + AP (et —at, —11) AP (=57, a4, 1))

Explicitly for each term,

dPl
/ 120232 Aél)(d+,l+, _BJF)A:(%O)(QJF’ —04+> —l_)7—5(0)(b+,c+,5_705_,(1_)
e}

1 81— e3¢ d®l  {qldllq)® [ec] 5 P59
=504 980 039 [ o e e 24

O, et g7, a7,a7),

and

/l2d2lﬂ2 (0)<b+ 8., a )Aél)(eJr ot —l+) ( Bt dt, 1)

1 dPl elllq)®(eq)[dB 2
= GT 000030 [ et Rl o241 - 5] (159)

2Ot ¢t B0, a7).
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Using the analytical continuation (4.4.8), we rewrite the above as

D
/ l2i2l52 Agl)(dJr’ l+> _B+)A§O)(€+a _04+a —l_)TéO)(bJra C+7 B,a",a")

_ D81 —e3_alz1te) d”l (qldllg)® _[elolg)
=-T(1+eB(1—-¢63—¢) T+ o) /l2a252(2+e) (dg)2(Bq)2 (aq){eq)

0 12 12 1—e 62
TEE )(b+7c+7ﬁ77a77a7) (2F1[3_ €,2,2 — ¢, E] (E) +2F1[273 — €2 —¢, l_2]

(%))
(4.5.4)

and
d’l + .+ (1) + + _1+y40 + g+ -
l2a252 (b ¢ B am,an)Ay (e, —at, =) Ay (=67, dT, 1)

_ I(-1+¢) d°l _ [elllg)*(eq)[dIBla)
_—F<]—+€)B(1 —6,3—6) F(1+6) /lgag 2+6)62 < > qu>2 >

2o\ a?
<2F1[3_67272_67$] (?) +2F1[2,3— — 7l_2 ( > )

Pt et B am,a)

(4.5.5)

The googly current is

O ot G o) = — i AOBPusla) L (go)felPagla)’ el o] Pul)

P 54e(a8) () el Pusl ) lacl[Be] " {ab) (be)lel Pasla)2[e] Pasle) vl [cB] e
(59)[e| Pagla)’*ea)

(b)) el Pasle| Paslap vl [ae] e

(e {aB)belbe

o) latlBllaa] ' Tab][eB][aallel Pasld)

1o lag(aB)bePled] . (aB)ag)lbefea

() ablfaal[cB][e| Pasla) ' (b} el Paslad abllaal

+1i

+ O(Siﬁ)a
(4.5.6)
where the first three terms are of leading order O(s) ), while the remaining four are of

subleading order O(sqg3).
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4.5.1 First Leading Order Term

Beginning with the first term, we shall first consider the triangle in the K = e corner. The

integral is

e [(—1+¢) d”l  [elllq)®(eq)dp ] (af)(da)®|de]?
Bi=—il(1+ 8l -3 - 775 /z2a22+652 () (aq)2(3q) salab){be)(cd)a

ro-caomo B (5) eammsea- 1 (2 ))

[(—=1+¢) (eq)|de]*{da)? 2, — k)
— €, k;)k;'

=—il'(1+€)B(1—€3—¢) I'(1+¢) (dg)sa{ab)(be){cd) <

b [elllg)*[dB)(aB) | |
/dlwwwmmumm< a2Em g EEIGA 6J

By T(=14¢) (eq)[de](da)?® (2,k)(3 — €, k)

=T +epl—e3 -7, (dq>8de(ab)(bc><cd>; @—c h)k

/dpl[ell\Q>[d!BIQ>[6!a5\e] ( 1 N 1 )
el Blq)? (k) 2GR g2 | 2B+ 2R 52 )

Nw|@

Mg

??‘

(4.5.7)
and we label the integrals as
Re = iP(1+ OB(1 — .3 — o) \caldel’tda)” ) ) ) (4.5.8)
b ’ (dq)sae(ab)(be) {ed) = 7 72 -
Starting with I,
—1+6) (2 &.k) [ plelllg)[d|Blg)le|afle]
d-l :
1+ €) kzzo (2 — €, k: k! / el Bl9)* pengreg (459
We can use the A trick to raise [e|5]q) to the numerator,
I(—14¢€) o= (2,k)(3—¢€k 2,a —1)@
JAA )Z( )( )Z (2,a1) (2)
['(1+¢) (2 — €, k)E! al(a; — a)! A%*e
k=0 ) (4.5.10)

dPl .
| e lello dslalelasielielslar
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and Feynman parameterise

I'(— 1+6) |d\q [de] 3—¢ /f) (2,a1) le[d]g)\*
l..=— —

— (a1 — a)!

F(4+€) k=1, 24k, a [ 4D p*/D
['(e—Kk)(3+ k) /[du] Uz (1= ug) /d p(pQ — At

T(=1+€) [e|d|q)?[de] )(3 —¢,k) (2,a1) leld|g) \“
ZF(l—l—e A2glH2e Z 2—ekk‘ %;a!(al—a)! A

(4.5.11)

k=0

['(1 + 2¢) e—k—1, 1—2¢ —2e
T(e— K)L(3+ k) /[du] e g (1 )"

The sum over k in the above expression arises from the hypergeometric function from the
all-plus triangle, however to write the hypergeometric as a sum in this way is to assume
that it converges in this region, in other words we are assuming that 72 < 1 which is not
necessarily true for the full region of Feynman parameter integration. Thus to make our
calculation more robust we shall now resum this term.

[ Lelda)’ F(—1+e>z (Lay) ([ [alelg)\"
“UABS T(1+6) & dl(ar — a)! A

(Y o g (o0

[Zlel) ' o= (2,k)(3 — e, k) T(2+ 2¢) u\ ¥
<<1_“3)+“2[a:|d|q>> Z (2~ bk T3+ k(e — k) (u_)

k

|9)
9)

) (4.5.12)

We shall call this sum Sy, which we can extract and write as

(%) . 1 - - - _12
Sk |:u—1:| —F(3)F<E)3FQ[2,3 6,]_ 6,2 6,3, u1]
1 2 2—e 4
= ( D (-2
I'(e)(e—2)(1+€) \ (u1 + ug) (w1 + u2) us(ug + ug)
4—e 3 3—e€ 1—e
U u U Uy u
— 7 T2 1 7 +(€=2) 1 2—¢ : 22 )
uz(ul + UQ) ¢ Ug(ul + UQ) U (Ul + UQ> (Ul + UQ) €
(4.5.13)
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This expression is exact and as a check it is easy to see that it is correct both in the us — 0

and € — 0 limits. It is therefore trivially convergent so that now our integral is

L= LU+ 2901 — ¢) [e]d|g)*[de] 3 . (2,a1) <_ [€|d\Q>)a /[du]uilu%ku?)k(l ~ug)"

L2+el'(3—¢) A2sit* v (a1 —a)! A
2 2—e¢ 4
Uy Uy Uy
—— 4+ (=2 +
((u1 + uy)? (€=2) (ur + u2)2<  wd(us + uz)?
4—e 3 3—¢ 1—e
U U uy u
T2 - 2 +2 ; 2+(€_2) ; 2 1 226)'
UQ(Ul + UQ) ¢ UQ(Ul + UQ) u2(u1 + UQ) € (Ul + ’LLQ)
(4.5.14)
From the above we define the typical integral,
e _ LA +26)I(1 —¢) leld|q)?[de] $ (2,a;) (_ [eldIQ>>“
e;l 1+2¢
: I'2+el'(3—¢) A2 alla; —a)! A
( ) ) Sde a,ai (@1 ) (4.5.15)

/[du]uclll—i—e—lu%—Qe—&—dgug%(1 o U3)a+d3,

where the dy, dy, d3 represent the various powers of uy, us and (1 — ug), respectively. We also
note that in each case dy + dy + d3 = 0 as expected. Moving on we use the substitution

us = v(1 — ug),

wp _ L1 +26)T(1 — €) [e]d]g)*[de] (2,a1)  (_leldlg)\*
le =—1 D2+ e)l(3—¢€) A2sit* Z al(a; — a)! ( A )

a,ai

/dv Ul—Qe—i—dg(l . U)e+d1—1 /du3 u3—25(1 o u3)1—e+d123+a
T(1+26)T(1 —€) [e|d|q)?[de] T'(2 — 2€ + do)T(e + dy) T(1 — 26)T(2 — € + dy3)

T'T@+ar(B—e) AzliE T(2— e+ dp) T(3 — 3¢ + dyzs)
Z (2,a;) _ [eldlg) “ (2—e+dig,a)
- al(a; — a)! A (3 — 3¢ + dyo3,a)
B z’F(l +26)(1 —€) [e|d|q)?[de] T'(2 — 2e + d2)T(e + dy) T'(1 — 2€)['(2 — € + d123)

L2+el'(3—¢) A2sit* ['(2 — e+ di2) I'(3 — 3€e + dy23)

d
FQ[Q, U, 2—€e+ d123, U, 3—3e+ d123, 1-— 5, —@]
(4.5.16)

where U signifies an undefined argument. This can be simplified in the same way we have

done before, to reach

T(1426)T(1 —€) [de] T(2—2e+dy)T(e+dy) T(1— 2€)T(—€ + dya3)
F2+el(3—¢) sit* (2 — €+ dp) [(1—3e+dps)
(4.5.17)

Iz;ylp[d17 d27 d3] = - Z
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Now we can put this back together to write I..; as

Loa =I0P[2,0, -2 + (e = 2)I2P[2 —€,,0 — 2+ ] + IJP[4, =2, 2] — I'P[4 — €, -2, -2 + ¢

+ 21003, -1, 2] + (e — 2)IP[B—€¢,—1,—2+ ¢ — [JP[1 —€,1, -2+ €].

(4.5.18)
Moving on to I
;. F=lte i 2, k)(?)—e,/f)/ dl lelllg)[d]Blg) e|erBle]
e2 — F(l + e) e (2 — e, k:)k:! l2(3+k’)042(5_k)ﬁ2 [€|5|q>2
CT(—1+€)  (2,k)(3—€,k) (2,a1) —1°
- T(1+¢) g (2 — € k)k! Z al(a; — a)! A%te
Gl llg)|d a (4.5.19)
[2(3+k) o 2(e—k) 52 lelllg)[d] Bla) el aBle]le] Bla)
(=1 +¢ |d|q [de] — )(3 —€,k) (2,a1) leld|g) \*
__ZF(I—I—G A?s 4. Zo 2—ekk' azala!(al—a)!(_ A >

I'(1 + 2¢) —1-2¢, —1-2¢, 24k e—k—1 a
NEESAIN G /[du] ug - u g g (1 — ug)

Now sum in k& is equal to Si[% 1] as defined in eq 4.5.13, so the integral is

Lo = i (OGO 57 @) (G0 ) [z cus i -

F'24+e¢l'(3—¢€  A%sg

2 2—e 4
s Ugy Uy
2 (e—2 +
((Ul + U2)2 (6 ) (Ul + U2)2—6 U%(U1 + Ug)
4—e¢ 3 3—e¢ l1—e
S R S e e “12_)
uy (u1 + UQ) € ul(ul + Ug) U1 (Ul + Ug) € (Ul + UQ) €
(4.5.20)
In the same way we define
pop = L2000 =0 feldlglde 5~ o) (_ [elda) )"
&2 F2+el'(3—¢)  A2sg al(a; — a)! A
/[du] —2—e+ds 525 2+d1(1 o u3)a+d3 (4521)
_ D(1+200(1 = ) [de] D(=1 — ¢ + do)T(3 + dy) D(L = 20)T(=e + dg)
F(2 -+ €>F<3 - 6) Sde F(Q — €+ dlg) F(l — 3¢ + d123)
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and putting it back together,

Lo =I2P[0,2, 2] + (e — 2)I20[0,2 — €, =2+ €] + [P[-2,4, 2] — [}F[-2,4 — €, —2 + ¢

+2I01-1,3, 2] + (e = 2) I F[-1,3— €6, -2+ ¢ — I2P[1,1 — €, —2 + €.

(4.5.22)
Assembling the full K = e contribution we get
. (eq)[de]*(da)®
R =il'(1 1—¢€3— I+ 1.9). 4.5.23
1 t ( +6)ﬁ( €, 6)(dq>sde(ab>(bc><cd>( 1t 72) ( )

We then we set A\, = \,, expand to obtain the e—finite piece and perform recursion, and the

final contribution is
. 85 (ea)[de]*(da)?
Hi = 27 84e{ab) (bc){(cd)’ (4.5.24)

which is precisely the spinor content we expect for the leading pole.

Moving on to the K = d embedded triangle, we have similarly,

Ri— T+ 81— e3— ol 1+6)/ d°l (qldllg)® [elalg) — (ap){da)’[de]?

I'( 1+€) 120232249 (dg)? < q)* (aq)*(eq) sae{ab) (be)(cd)[ae][fe]

(r-sa=e (5] oo (5)

r 1+e) (da)3 D qldl|q elafle]
=T(1+e)B(1—e3- >m+€> saelab) (o) / T ol el5l0)?

o0

)(3 —€,k) 1
> 2—6 BIEEAVECE a262 Gh T pEh g2

=0 (da)3[d€]2
=L+ 950 =63 =€) ey loe) fedy (dg)2leq)

(Le;3 + Lewa).

(4.5.25)
Starting with /.3
o0 _ D 3
L= —1+¢) Z e, k) / -l {q|dl|q) [e|oz5|e]7 (4.5.26)
1 T L 2 e k k] PERaZEED [clalg)elAlq)?
again we use the A trick on both the denominator spinor terms
I(—1+4€) <= (2,k)(3—¢,k) (2,a1) (2,b) —1¢ —1°
I3 =
ST T +e) Z (2 — €, k)k! Zal (a1 — a) 'ZU (by — b)! Al+e B+
k=0 a,a (4.5.27)

le 3 a b
| e g elaglelelalaelsla).
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and do Feynman parameterisation

T(=1+e) {q|de|g)?[e|d|q)? <= (2,k)(3 — ¢, k) (1,a,) (2,01)
I.5=3
! I'(1+e€) ABslt* kz (2—ekk' Za' (a1 —a)! 4 « ! (by — b)!

,a

(49 (-0 i f - e

T4 200(1 — ) {gldelg)leldla)® S 2 R)E — k) (L a) (2.b)
=3 I'B—e)l'(2+¢) ABskt* Z (2 — €, k)k! Z al(a; — a)! Z bl(by — b)!

k=0

(—@)a <—@)b [t (1w -

2—e 4
Uy Uy Uy
L4 (e—2 +
((ul -+ Ug) ( ) (u1 + U3)2—€ u%(ul + U3)2

4—e 3 3—e¢ 1—e

u u u uyu

— e T2 1 3 +(e—2) ; - 1 32 6)’
uz(uy + ug) us(uy + ug)

(4.5.28)
where in the above expression we now get the expression Sk[Z—f] As before, this defines the
typical integral, where this time we use ey, e, e3 to signify the powers of uy, (1 —usg), and ug,

respectively. Once again we note e; + es + e3 = 0.

T(1426)0(1 — €) (g|de|q)?[e|d|q)? —e k) (1,aq (2,b1)
13 =
&9 SZF(S—E)F(Q—I—E) ABskT* Zo 2—ekk' Za'al—a'zb'bl—b
eld “ eld —14e — e+esta e
(_[ |A|Q>> (_[ |B|Q>) /[du]ui 1+ ul2e(] — u3)bu§ 2e+ez+ (1—uy)®
_g; DL+ 26)T(1 — €) (g|delq)?[e|d]q)” i e k) Z (1,a1) (2,b1)
T T(B-el(2+¢)  ABsht* —~ 2—ekk' —~ al(a1 — a)! 4 b'bl—b
(_ [€’d|Q>)a (_ [€|d|Q>>b i (b> (_1)jr<2 —2)(2—e+e+j+ a)
A B e j F(4 — 3e+ €123 +] + CL)
Fle+e)(2—2e+e3+7+a)
[(2—-e+ez+j+a) '
(4.5.29)

Unfortunately we are not able to complete the resummation, however we can see quite clearly

from our past calculations using the A trick that the integral would evaluate to

[eld!q>s}g26F( ) (4.5.30)

where the function F'(e) is a function of the dimensional regulator and is free of kinematic

factor.
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Bringing the terms back together,

]€§3 :];y3p[2’ _2a O] + (6 - 2)121??[2 -6 -2+ 6, 0] + Iz;}ép[é‘:v _27 _2] - 13313[4 -6 -2+ €, _2]

+ 210003, -2, 1] + (e = 2)IF[B—€, -2+ ¢, —1] — [P[1 — €, -2+ ¢, 1].
(4.5.31)

We can perform the same analysis on /.4 and we see the same result, that in the end the

expression will evaluate to something of the form

¢ {qlde|q)®
R = e o) (4.5.32)

Recall that the full rational contribution from the K = d embedded triangle is of the form

(da)®[de]”
sae{ab) (be)(cd)(dq)*(eq)

RI=T(1+e)B(1 —¢3—¢) (Ie + L), (4.5.33)

so setting ¢ as before and performing recursion we can be confident that is of the form

,_ (dadeliea)
= by oy ey 45:34)

again as expected.

While it would undoubtedly be preferable to be able to complete the computation and

calculate the coefficient, we will later see that this is not necessarily an impediment.

4.5.2 Second Leading Order Term

The second term gives the following integral when we consider the triangle loop in the K = e

corner:

{e

et D1t [ AP [elll)eq)(dB]  (go)da)eellalPyla)
By = =00+ 80— 63— O [ e e e e A ]

2 12\ o2 /a2\?2
<2F1[3_6a272_67 ?] (E) +2F1[2 3 — E,Q—E, l_2] Z_Q) )

B L(—1 +¢) {eq)(da)®[ce][a| Paclg) <~ (2,K)(3 — €, )
—ZF(l‘f‘E)ﬁ(l_E?S_ ) F(1_|_€) <ab><bc cd dqd % 2 —, k? k!

/le le|lq)*[d]Blg) ( 1 N 1 )
lalalq)[e]Blq)[c|Blq) Ra2B+k) g2 203+k) g2k 52 )
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We can simplify this integral using

[dIBlg)  cd] [de]
CBllfD ~ kelldBia T feleldla (45.36)
so now we have
o . [(—1+€) {eq){da)®[ce][a| Ps|q) 3—¢k)
By =L+ €)B(1 = €3 = ) T3 b0 (ed( d; kz% 2—e k)k!
p, lelllg)? [cd] [de] 1 1
/d l[ alg) ([Ce][CW\(D - [ce][e |ﬁ|Q>> < (c=k)2(3+k) 32 " lz(“’“)oﬂ(e’“)ﬁ)'
(4.5.37)

We shall therefore consider the following integral

—1 = e, k 3
i1 3 o enit ) i (P * mme

k=0

Lz + Ix;27
(4.5.38)

where x is generic.

Starting with the first integral we use the A trick to raise the two [z|y|z) terms to the

numerator and then Feynman parameterise:

. [eldlg)® T(=14¢) =~ (2,F)B—ek)  T(2+2¢) (1,a1) lale|q) \*
L _ZABSZ:ZE ['(1+e) ; (2—¢€k)k! T34+ Kk)(e—k) Z al(a; — a)! (_ A )

§3ui%b( mgQY/@”%“‘%f%@%(u—wmmﬁﬁg)“

(4.5.39)
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Resumming the k sum in the same way as Eq 4.5.13,

. [eldlg)® T(2+2e)T(1 —¢) (1, a1) lale]q) (1,b) ([ [zldlg)\’
Lo _ZABSZE+2€ F2+e)l'(3—¢) ;;a!(al —a)! ( ) Zbl (by — <_ B )

/[du] uy g 2uy ((1 — uy) +U3M> <(1 ~ ug) + s [§|€|Q>)b

[alelq)

2 2—e¢ 4
Uy Uy Uy
(2 +
((Ul -+ UQ)2 ( ) (u1 + u2)2—€ u%(ul + U2)2
4—e 3 —€ 1—e
U U u u U
) ; e T 2 ; 5 T (e-2) . 2— 1 226>
uQ(ul + Ug) UQ(Ul + UQ) UQ(Ul + UQ) (Ul + UQ)

(4.5.40)
Again this gives five integrals with varying powers of u;, us and 1 — ug which we will solve

simultaneously by considering the “typical” integral

wp . Leldlg)’ T(2+2e)T'(1 - ¢) (1,a1) ([ lale \q (Lb) ([ [elda)\’
17 =t 5o E E

’ ABs7* T2+ e)I'(3 —€) <~ al(a — a)! b! bl—b B

/ )y e 2 (] )y ((1—u2)+U3[[Z|’(jZ§) ((1_u3)+u2%) .

Note that in each of the cases above the values of di,ds and d3 sum to zero. We shall not

use this fact until the end in order to keep our results as generic as possible.

We start by binomially expanding the a bracket,
pop g g TEH2000 =0 5~ (L) [ fakela))'s~ (b (e}’
“LUABs P T2+ €)T(3 —€) — al(a; — a)! A ™ b!(by — b)! B
Za: <a> ([a!d!fﬁ)“_c
— \¢/ \lale|g)

b
xre
/[du] u; —14€e+dy 2—25+d2(1 _ ug)dsué—%-i-a—c(l . UQ)C ((1 . Ug) + Uy [x| |Z>) :
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then in turn we binomially expand (1 — uy)®,
pw_JWMVF@+%WU—@§: (o) (ol §: (1b) (_[eldla)\’
5L ABSAS T T2+ e)T(3 —¢) —~ al(a; — a)! b!(by — b)! B

S0 () S ()

b
d “ltetdr, ~2etdotip _ ydsy 1-2eta—c [ (1 _ [z|elq)
[l e g g (=) Gl

(4.5.43)

and use the substitution uy = v(1 — u3) to rewrite the above
19 le]d]q)® T'(2+2e)T'(1 —¢) Z (La) [ lale \q Z (Lb) ([ [zldlg)"
w1 ABS2PE T2+ €)T(3 — ) “ al(a; — a)! bl(by — b)! B

£ () () 50w

b
/du ul 2e+a— C(l _u3>6+d123+j+b/d,v ,U726+d2+j<1 _,U)71+6+d1 <1+v[~r|6|Q>
[z|d|q)

_ . [eldlg)® T(2+2e)I'(1 —¢) (1,01) ale|q) (1,b1) []d]g)\"
_ZABS?[:Qe F'24+€eI(3—¢) azal al(a; — a)! < ) Z bl(by — b)! (_ B >

() (B) S (e e

L(1—2e+dy+j)l(e+dy)
I'(1—e+dia+7)

(1 — e+ dig+,b) : - [zlelg)
P b1 =24 dyt G 1 —e+dig+ ],
(3—36+d123+(1—6+],b)2 1[ ‘ ? J ‘ . b [ ’d|Q>]
_ . leld|g)® T2 +2e)T'(1 — ¢) 3 (1, a1) lale|q) ai [ald|q) \**
=1 —
ABs*? T'(24 €)I'(3 —¢) — al(a; — a)! A g [alelq)
i <c) (_1)jf(2 —2e+a—c)'(1—e+dios+J)I'(1 —2e+dy+j)(e+ dl)I
= Jj I'(3—3e+dig+a—c+j7) (1l —e+dip+J) b
(4.5.44)
Now we take out and solve I,
Z (1,01) (_[1’|d|Q>>b (1 —e+diz+4,b)
bl(by — b)! B 3—3€+dias+a—c+73,b
' ( e 70) (4.5.45)
JRA[=b1 = 26k dy 4,1 — e dip + , — 210D
[z|dlq)

We would like to proceed as we did in the case of the single-minus one-loop current in the

139



previous chapter, however the presence of the dsz in the first argument of the hypergeometric
presents an impediment. To remedy this we shall introduce a differential operator DZ, which is
defined to act on Pochhammer symbols as D}, [(a,n)y"] = (a+b,n)y" and D! [%} = %
which can then be pulled out of the sum. This operator allows us to increase the argument
of a Pochhammer in the numerator, or decrease the argument of the Pochhammer in the

denominator of a sum. Explicitly, if we have a function F(y) with a Pochhammer in the

numerator with argument a that we want to increase by b, then

l1—a b
Y d _
D) [F(y) = —— (y""""'F(y)) . 4.5.46
) [F(y)] @D dff (y (v)) ( )
With this, we set X = — mjgi and use the derivative operator to rewrite
Ddgz (1,01) <_[$|d|Q>)b (1—e+dix+j0)
b' bl_b B (3—3€+d123+(l—6+j,b) (4547)

QFl[—b,l — 2€+d2 +],1 - E+d123 +]7X]7

which is now in the desired form. We do a half-Gauss transformation on the hypergeometric,

(1,b1) [dlg)\" (1 — e+ das + j,b)
[ =D (] — x)-(1-2e+da-+j) ) (_ :
b X( Zbl bl_b B (3—3e+d123+a—c+j,b)

21l = €t digg 5+ b1 = 2 +dy + 1 — €+ dazs + J, ],

=D (1 — X) (2erdt) Y-

r

d X
Fg[l —6+d123—|—j;1+7",1 —2€—|—d2 +j;3—36+d123+&—0+j,1 —6+d123+j;—[x|B|q>,ﬁ]
00y
d d
F1[1+T',€+d13,1 — 2€+d2 +j,3 —3€—|—d123 +G—C—|—j,—[x|B|q>,—[x|B|q> (1 —X)]
(4.5.48)
where we used the identity
/ xr
Fg[a;ﬁ,ﬁ’;’y,a;x,y] = (1 - y)iﬁ Fl[ﬁaa - 6/75/7’77%7 H]? (4549)
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in the last line. From here we can use our derived result

(a,r) L@+ ¢ —a) y
—F b.c,d =(—z)° F b 1-= 4.5.50
; ! 1[a’+7na , Gy ,l’,y] ( ZL’) F(b+c)F(d—a)2 1[&,0, +C? x]? ( )
to write [, as
B T(@B—-3etdisst+a—c+j) I'(—e+di+j)
b [:L‘|d|q> F(2—3e—|—d123+a—c—|—j) F<1—6+d123 +])
DEF[1,1 — 2 +dy + 5,1 — € + dyog + j, X]

(4.5.51)

B T(3—3c¢+dis+a—c+j) T(—e+dis+j)
[z|d|g) T(2 — 3¢ + dios +a —c+ J) T(1 — e + dya3 + J)

oFi[1,1 =2 +dy + 5,1 — e + dyo + 5, X],

where in the last line we applied the derivative operator on the hypergeometric to get rid of

_ [zlela)
[z]d]q)

it. Now we can reset X = and substitute this back into the full integral,

wp - leldlg)® T(242¢)T(1—e 1,a, ale “
i 00T 2000 -0 () (k)

w1 Alrld|q)s2 e T(2+€)0(3 —€) — (ay —a)! A
S (a\ (aldlg)\ T <= [c ;T2 —2e4a—)T(—€+digs + j)
2 () (i) 2 G T i

(1 —2e+dy + j)l'(e+dy)
F(l —€+d12 +j)

JRL L — %+ dy+ 41 — e+ dyo + §, —Z1E12)
[|d]g)

In the previous chapter, Eq 3.3.40, for the A trick we did the change of variables

oo aj 00 [e's)
a1=0 a=0 a=0 r=a1—a=0

Applying this same above, we would now have four sums,

iizz (4.5.53)

YY) A (4.5.54)



and finally
2:}:}: }: (4.5.55)

where

a=q+j+t (4.5.56)
c=j+t. (4.5.57)

Rewriting the above integral in this new form,

e leldla)” F@+2@N1—d§:ﬂﬂ+f+j+0(_MM@)”t
T Aleldlg)si* T2+ T3 —¢) 4 qritlj! A
(_M>q (_1)jf(2 —2e+ @)l (—€+ dyas + j)
A ['(2—3e+dios +q+7)
L(1—2e+dy+j)l(e+dy)
L1 —e+diz+7)
_ le]d]g)’ F@+Q@W1—@§:GJ)(Md®)]
Alz|d|q)si? T2+ e)I'(3 —¢) J! A
['(2—2e)'(—e+dias +J) (1 —2e+do + j)['(e + dy)
I'(2 — 3e + dios + J) I'l1—e+di+y)
WMQ]
[z|d|g) ™"

MMQ]

2F1[1,1—26+d2+j,1—€+d12+j,—[x|d| >
U (4.5.58)

2F1[1,1—2€+d2+j,1_€+d12+ja_

where we pull out the q,r,t sums. These terms are

<Q:§:U+J&+r+ﬂ (2—2€,9) (_MM@)t(jMﬂm)f (45.50)

q'rlt! (2 —3e+diaz+J,q) A A

qrt

This sum will come up consistently throughout these calculations so let us calculate this in

a more generic form. We add in a regulator for the r sum,

Z(a,q—i—r—l—t) (b,q>Xth:ZMXtZ<a+t,q+T) (ba(I)Yq(l_é‘)r

q'rlt! (¢, q) t! q'r! (¢,q)
qrt t (a t) ar (4560)
— Z #XtFQ[a +t,U,b,U,c,1 —0,Y]

t
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where U signifies an arbitrary argument. Then we can use the identity,

FQ[a7675,7577/7$7y] = (1 - x)_OéQFl[a>BI77/7 1 g x], (4561)

to rewrite this as

Z(a’q_'—r_‘_t)(b )Xth 1Z(a t)Xt2F1[a+tch

i (oq) PRI 7 (4.5.62)

qrt

We can write the hypergeometric in the series representation, which lets us write this as an

Appell F2 function and immediately use the same identity C.6.4 as before,

XY
Z<a’q+r+t)<b7q)XtY :lF2[an UC ]
q'rit! (c,q) 0 PR
qrt . . (4.5.63)
:mﬂpl la, b, c, (S——X]’

Finally we remove the regulator and we have the final result

t t) (b
Z—(a’r+ )Xt2F1[a+r+t,b,c,Y]:Z(G’Q+T+ ) (6:) ytyq

14! I 1¢]
—rll - q'rit! (¢, q) (4.5.64)
:(—X>_GQF1 [(l, b, C, _Y]
Then we can immediately evaluate
A 1+j d
Iq = (—> 2F1[]_ —I—j,2—26,2—36—|—d123—|—j,—M]. (4565)
[alelq) [alelq)

Putting this back into the whole expression,

wp_, ledlg® TR +29T(1 —¢) ¢~ (1)
el = [alelq) [x]d]q)s3 ™ T(2+€)T'(3 —¢) 2 J!

ri-2 r
U2t Bt IR D) p1,1 = et dy 4 L — e+ dip +j,— D] (45.66)

T(1— e+ dia+ ) [z]d]q)
(2 — 26)T(—€ + dyos + ) . ~ ald|g)
LRI+ 5,2 - 26,2 — 3¢+ dioy + j, — .
T 8etdim+g) 2327262 =St dim i~ gr)
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Now, we write the first hypergeometric function in the integral representation (C.2.6)

wp . leldlg)®  T2+29I'(1 —¢) ¢~ (1,4)
ICE‘l =t 24-2¢ Z .
’ lale|q)[x]d|q)s5 > T(24 €)T'(3 —¢) J!
-1
dt ¢t (] et (1 1t [$‘6|Q>> (4.5.67)
/ [z]d]q)
[(2 — 26)0(—€ + dygs + 7) . - lald]q)
Fi[1 2—2¢,2—-3e+d —
T@ Bt +g) SRRk dmth )

and perform a full-Gauss transformation on the second

pr —__leldla)? nz+%wu—o§:(y+mmm)*”m*izun>

“ alelg)[x]d]q)sa > T2+ )T (3 —¢) [ale]q) —~

1 i
/dt t—2e+d2+j(1 _ t)e+d1—1 (1 Ly [95|€|Q>> ['(2 = 2¢)['(—€ + dia3 + J) (4.5.68)

d
oF1[1 — 3€ + dyo3, —€ + dias + J, 2 — 3¢ + dy2s + J, — [a] |Q>]
[alelq)
Now we will perform the j sum,
7P [e|d|Q>3 ['(2+26)I'(1 —¢) <1 [a|d|q>>—e+d123—1
= alel)[eldlg)si* TR +oTB—¢) \' 7 [alelq)

—1
_ _ F(2 — 26)F<—€ —+ d123)
dt =2tz (1 — p)erdi= (1+tm€’q>>
/ ( ) [z]d|q) ['(2 — 3¢ + di23)

(1,7) (—e+di2s,J) . - [ald|q)
Fi[1 — 3¢ + dig3, —e +d 2—3¢+d _ 141919/ 4
zj: J! (2_36+d123,j)2 1 €+ dizg, —€ + dizs + €+ dizs + J, [a’e|Q>] ’
—q [€’d’q>3 F(2+2€)F(1—6) (1 [a’d|q>>€+d1231
el el e T+ ol -9 \' " lalg)
-1
- - [(2 —26)['(—€ + dig3)
dt t 2e+da 1—+¢ e+di—1 (1+t[x|e|Q>>
d
Fil—e+dja3,1,1 —36+d123,2_36+d123,t,——[a| |q>]
[ale|q)
(4.5.69)

We can use the identity C.6.3 to reduce the Appell F1 function to a hypergeometric function,

wp leld|q)’ ['(2+2e)I(1 —¢)
" [al Paelg)[x]d|g) s3> T(2+€)T(3 —¢)
etda(y  pretdie [zlelg)\ " T(2 — 26)D(—€ + dy3)
/dt m2erdz(  g)etd (1 +t[a:|d\q)) T2 % T dm) (4.5.70)
tlalelq) + [ald|q)

o Fy[—€ 4 dy93, 1,2 — 3€ + dya3,

aPald)
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Recall that djs3 = di 4+ dy + d3 = 0 in all cases, so

wp_ [ddg®  TE+2T( -9
" ol Paclg)eldlg)si* T2+ €)T(3 —e)
—2etdy (1 p\etdi—1 [z]e]q) ! ['(2 —2¢)['(—e¢) 5
/dtt (1—1) (1+t[$|d‘q>) @30 (4.5.71)
193, talela) +[ald]q)
o F1[—€,1,2 — 3e, alPald) .

Unfortunately we are unable to go further and complete this integral, however we can get
to this point with the various contributions of the leading and subleading terms and we will

make some comments at the end.

The second integral I,.

e}

Lo = —1+¢€) Z 2,k)(3—¢, k)/ dP1 e|l]q)? (4.5.72)

1 +e = (2 — & k)kl ] PR R B2 a]alq) []Blq)’

we start in the same way with the A trick and parameterisation

_leld]a)’ T(=1+¢) x~ (2,K)(B—c. k)  T(2+2) (1,a1) [alelg) "
Lo _ZABSZ:QE I'(1+e) ; (2—€k)k! TB+KI(e—k) Z al (_ )

L, by |d ' 2k —3—e—ky 1-2e | ald ‘
%;b!((bl—)b)! (_[ ’B|q>> /[d“] I ((1_“2”“3[ l m)
e lalel)Y?
(0= + i)
_ [eldlg)® T(=1+¢) (L, a1) [alelg) \"
_ZABSZ:QE I'(1+e¢) mzala!(al—a)! (_ A )

> (— [m';””)b ok (1 )+ 22

[alelq)

B I

k=0

((1 — uz) + u2
(4.5.73)
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This k sum is Sy [ ;] as defined above (4.5.13), so the integral is

_ [eldlg)® T(2+2e)T'(1 —¢) (L, a1) lalelg) \* (1,61) []d]g) "’
Lo _ZAstj% D2+ e)(3—¢) Z al(a; — a)! (‘ A ) ; bl(by —b)! (_ B )

/[du]u1u23 uy ((1 — ug) + Ug%)a ((1 — ug) + W%)b

2
Uy Uy Uy
2 (e—2 +
((U1 + ug)? ( ) 2
4—e 3 3—e 1—e

U U U Us U

T2 : e T2 : ; T (e—2) : - z )
ui(ug +u2)?¢  ug(ug + us)

and we define

g I(2+20T0 -0 () _(_[okh) b)) [ [elda)
- [e] )
2 ZABSZ::26 ['24+¢)I'(3—¢) azal al(a; — a)! Z b!(by —b)! B

s ern a1y DN (L (el ),
[ (R 01 ”+3mwm)(“ o) T Uepagy )
(4.5.75)

such that

Lo =I7300,2,=2] + (e — 2)[;0[0,2 — e, =2 + €] + I)D[-2,4, 2] — I)P[-2,4 — ¢, -2 + ¢

™ 2[2]5[_1’ 3,—2] + (e — 2)[3;[—1, 3—€,—2+¢ — [tyz)[1 1—€—2+¢€.
(4.5.76)

The method to solving this integral is very similar to the method used to solve [g’f SO we

shall simply present the result:

wp _ le]d]q)® L2 +2e)(1 — ) T(2 - 26)T'(—¢)
" ol Palg) [xldlg) s> T2+ T3 —¢) 1ﬂ(2—36)

/ dt 37t (] _ g2+ (1 n t%ﬂ?@i) (4.5.77)

E+ (o
alelq
2F1[1, —6,2 — e W

=

J

[~

=

alelq

Again, we are similarly unable to proceed from this point.

With both integrals now defined, we bring everything back together, and the total con-
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tribution from this term would be

Ry =01+ 51 - 3 - EINE LA (00 (15 pzze) 4 00 (12504 1279 )
(4.5.78)

where the superscript on each expression denotes the value that x takes.

Next we consider the case when the triangle is embedded in the K = d corner. In this

case the integral is

- T(—1+e€) d®l  {qldllg)® [e|elq)
Rg = — ZF(l + 6)6(1 —€63— E) F(l T 6) / l2a252(2+e) <dq)2<ﬁq)2 <04q>2<eq>

(qa) <da>3[ce] [a|Pye|q) . . ﬁ ﬁ 1—e i, 2
<ab><bc><cd><dq 2[&(1] [Cﬁ][ﬁe] <2F1[3 ,2,2 ,52] <52) + 2F1[2 3—¢2 ZQ]

(%))

— D51 — e.3 L=l 6 (da)’lec][al Paclg) "l [dlI]9)*[elar]q)
=—i'1+e)B(l-€3—¢) T(1+e) (ab){bec)(cd)(dq)(eq) /Pa"ﬂQ @+ [alalg)[c|Bla)[el Blg)
2o B (B
(2F1[3—e,2,2—e,6—] (@ +2F1[2,3 —€,2 - ZQ](lg) >

D(=1+¢) (da)’[cellalPacla) <~ (3~ € k)(2,k)
I'(1+e¢) (ab)(bc><cd><dq)(eq) (2 — €, k)E!

=—iI'(14+¢)pB(1—¢€3—¢)

=0

[Ialq Clﬁlq Iﬁlq [2ek a2623+k l2<3+k>a252<e—k>

(4.5.79)

We use

Aflg) _fed) lad
[clBla)lelBlay — [cellelBlgy — cellelBlq)
to simplify the above integral so the integral we are trying to solve is
—l+e i (3 -6 k)(2,k) /le[d|l|q>2[e|oz|q) 1 N 1
I, = 1 T o) £ (2 — ¢, kK] [aa|q)[z]Blg) \ 2R a2p2B+h) T 26k o2F2(h)
=y + Iy

(4.5.80)

The first integral is

JICLIO OB [ o By

T(1+e) (2 — €, k)k! (e=k) 2 3203+) [a| | g) | B] q)

k=0

147



We Feynman parameterise this

_,[d]e|q)2[e|d]q>f‘(—1+e) (1,ay) lale|q) (1,b1) [z|d|q) b
b =t ABsi* T(1+e) ;;a!(al —a)! ( ) Z bl(by — b)! <_ B )

— B—€k)(2,k) T2+ 2¢) —le—k,,~2¢, 1-2e+k Cw) +u lald|g)\*
; 2= clkl T3+ kT (c—F) /[d“] s ((1 2) + 3[aye|q>)

The k sum is S [Z—?l’], and we get
o <L+ 2000 =0 [dela)eldld) 5~ () [ falel)))*s~ (b ( faldo))"
UTB -T2+ ABsSEE  dl(ar — a)! A b!(by — b)! B

/W”“Mﬂg%@ﬁg01‘“”+“*3ﬂ2)a01‘“”+“%ﬂj;)b

2 2—e¢ 4
Uy Uy Uy
—— + (e —2 +
((Ul + u3)? ( )(ul + ug)?=¢  uz(uy + us)?
4—e 3 3—e 1—e¢
u u u Uu Uu
— 5 T2 ; ;T (e—2) ; 2— 1 32_)
u3(u1 -+ Ug) ¢ U3(U1 + U3) U3(U1 —+ U3) ¢ (Ul -+ U3) ¢

This gives the typical integral
pve _; L2+ 2001 — €) [dlelg)?[e|d]q) 3 (1, a1) a\elq Z (1Lb)  ( [xldg)\’
YL T3 —el(2+€)  ABsi™ ~ al(a1 — a)! bl(by —b)! B

et —2e, 1-2ctes (] _ . e —u w [ald]g) —u u [|e|q) '
[ g0 ) 01 2**3mw@> 01 3*%2uw@)’
(4.5.84)

where this time we label the powers of uy,us as ej, e3 and powers of (1 — uy) as ey to avoid

confusion.

The method to calculate this integral is very similar to the I, cases, so let us simply state
a few key differences. In the I%P cases we had a factor of (1 —u3)® in the Feynman integrand
and thus in order that the sums be amenable to the reordering (4.5.54), we must expand the
(---)" bracket that results from the A trick . In the case of the I}YP integrals, we instead
have a factor of (1 — u3)® in the integrand and so for the same reasons, we need to instead

expand the (---)* bracket instead.
The remainder of the method is the same so let us proceed to the last step. Once we set
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e123 = 0 we have

PQ2+200(1—¢)  [dlelg)?[eldlg) T(1—20)T(1—e)

W =R Gt o) el Pale) =3
1—2e+e3 4\~ 1+4eter [a’|d|Q> 5.
/dtt (1—1) <1+t[ : |q>) (4.5.85)
[z]e]q)

il —¢€1,2—3¢e,t+ ——-—]|.
£ 2l Pld)

and the second integral,

“l+eo)—B—¢ k)(lk‘)/ d"l [d!]g)*[e||q)
Iy = 45.
vz 1 +€) ZO 2= k)k! 126+ 0232 [a|a|q)[z]8]q)’ (4.5.86)
can be solved with the same process, where we have
oo, ldlela)’leldlg)  T(2+2T(1 =€) D(1 = 26)T(1 —¢)
52 alelq)[x[Paclq)s2* TB—€T(2+€) T(2—3e+ e123) s

Y dlg)\ ™ zlela)
dt t 2 e+est2+€1 (1_{_15[@‘ ) Fill —6,1,2_3€7t+ :
/ lalelg) ) * ! [wfpde@]

Note the similarities with the I'¥? integrals.

4.5.3 Third Leading Order Term

The final leading order term with the triangle embedded in the K = e corner is

RS —iT(1+ )B(1— 3 — -1 / d’l [|Z|q>3<e Z[dwm (Bq) (da)’[de][cal

I'(1 +1€_)E 2a?2+932 (dq)(aq)*(Bg)* (ab)(bc)(cd)(dg)|aa][ae][Be]
<2F1[3—e,2,2—e,i—2] (i—i) LR[2,3 - 62—6,?‘—2 (a—z) )
k)(

2

=iI'(1+¢€)B(1 —€,3 —¢) FIE(_ll_:_e;) <<dq> ; = ?o)s, k)k 'k

le]alg)?[d]B]q) 1
/le [a|a|q)[e] Blq) (2 k) 2(3+k) 32 + [2(3+k) &2 )
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Thus we shall consider the following integral

D149 & (B 6 k)(2,K) L [dBlglelal?
= Titg 2 @ chh / PR [afalq)e]Blq)

(=146 o~ B—6k)(2,k) d’l [d8]q)[e|]g)? (4.5.89)
I'(1+e) kZ:; (2 =€ k)k! /52(3““)042(6’“)52 [alalq)[e]Bla)

:Ik;l + ]k;2'

Beginning with the first integral we see that this integral is simpler due to the presence of

le|B]q) which simplifies the Feynman parameterisation

_ldlelg)[eld|g)’ T(=1+€) x~ B =6, k)(2,k)  T(2+2¢) (1, a1) lalelg)\“
It =150 T+ kZ:O (2— e, k)kl T(e—k)IT(3+k) Z al )! (_ )

it () et (0w )

(4.5.90)
The k sum gives Si[* 2] so the expression becomes
oo = M T2 9N 420 o~ (Law) (_ foela)Y'
il s2T2€AB ['(24¢)I'(e) al(a; — a)! A
(1,01) leld]|q) ' e =26 e [ald]g) \"
Z o] G S N e e S (TR o
2 2—e¢ 4 4—¢
(LQ +(e—-2) 4 = T 3 = 2 N .
(Ul + UQ) (Ul + UQ) € u2(u1 + Ug) u2(u1 + UQ) €
U3 U3 € ul eu2
+2 - +(e—2 L - — >
ug(ug + ug)? (€ ug(ug +ug)?¢  (ug +ug)?~¢
(4.5.91)

and we define

wp _ - ldlela)[e|d|g)? T(=2 + e)T'(2 + 2¢) (1, a1) [alelg) \*
et == 50ap T(2+ €)L(e) 2 al(ay — a)! (‘ A )

Z y bll lilb (_ [dg@)b/[du]u hetds 1=2ehds  2c(] _yy, yotds ((1 — up) + us B‘g:g;)a
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We can skip to the final result in this case as it is similar to the methods laid out above,

e _; dlelapleld|q) T(=2+ e)T'(2 + 2¢)
ML 5242 | Py.|q) ['(24 €)' (e)

F(l — 26)F(1 — €+ dlgg) / 1-9 _
dt ti2etdz(] )~ itetd
T(2 — 3¢ + di23) ( ) (4.5.93)
b
oF[1— 61,2 — 3¢, —500 ).
h "1 L laldlg)
1+ Tl

Similarly, Ij.» is defined by the k sum Sk[Z—f] and

T(1—¢e)'(2+ 2¢) [dle|g)[e|ld|q) T'(1 —2e)['(1 — € + dq23)

[t}’P —
"TE_ o2 +¢) s> 2[a|Prlq)  T(2— 3¢+ diss)
¢ 4 laldlo)

alelg
[ald|g
[alelg

2F1[1 — €, 1,2 - 3€+,
1+

J

v\/

ISH

In the case where the triangle is in the K = d corner, the integral is

RY—iT(1+ )81 —e,3— - LF )/ 71 _laldlla)_lelalg)
(Bq){da)?[de][ea

I'(1+ e§ 12?322+ <dQ>2</Bq>21<_oeeQ>2<6Q>
T e e o] (21 e #() remea-er-a(E
e 2 ek
Tirs | P gt (Fesagms + )

=iI'(1+¢€)p(1 —¢€3—¢)

(4.5.95)

where the last line defines

]_ -+ 6 2 — €, k)k' [e|ﬁ|q> [CL|O./|q> l2(€—k)a262(3+/€) l2(3+k)&2ﬁ2(6_k)

k=0

:[k;?) + [k;4-
(4.5.96)
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We can write .3 as

Ly =I20[2,—2,0] + (e = 2)[[2 — €, =2 + €,0 + [T [4, =2, =2 = [}P[4 — €, =2+ ¢, 2]

+ 20003, -2, 1]+ (e = 2)[ T3 — €, =2+ ¢, —1] - L[l — €, -2 +¢,1].

(4.5.97)
where the typical integral evaluates to
e [d|e|q)? ['(1—¢e)T(24 2¢) (2 — 2¢)T'(—e)
H T alela)eldl g5 T2+ T3 —¢)  T(2—3) -
) 5.
/dt t2eres(] — g)eter! (1 + t%) o F1[1, —€,2 — 3¢,1].
and finally
op_ dielg)®  T(2+20T(1 - T2 —29T(~¢)
H T el eldl i TR+ I3 -6 T2—3q .
4 . 5.
/dt t3meres (1 — ¢)2te (1 + t%) o F1[1, —€,2 — 3¢,1]

where

Iia =I27[0,—2,2] + (e = 2) P[0, =2 + €,2 — €] + [,IT[—2, —2,4]
—I=2, -2+ 4 — e + 20711, -2,3] + (e = 2)[7[-1,—2+€¢,3 — ¢ (4.5.100)

—L7L,—2+¢1—¢.

4.5.4 Subleading Terms

As stated earlier, we are aware that there will be further subleading contributions to from
the double-box structure which cannot be accessed from the embedded triangle diagrams -
terms that arise from the non-collinear pole terms of the 6 point current - nonetheless it is
worth analysing those that we can access.

The subleading terms will return single poles in s4.. These terms are

o abl[cAllaa] ' [abl[ch]laal (cd)[de] " {ab)(dg) ab]laal[cBl[de] | bc){da)labljoa] [cB][de]
(o) (_ b2 [be?[be] (aq)[bc?lce]  (ag)[bc][ed] )

[cB]faa] \ (be)lab]  [abl{cd)[de]  (ab)(dq)[ab][de] ~ {be){dg)[ab][de]

(af)[be]? . (aB)bc]?[be] _ tag)(aB)lbcPlee] . (aB)lag)[bc]’[ed]

(4.5.101)

First we note all terms have the same o and [ dependence, so that in the end they can be
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integrated as one.

For the K = e case the integral to be solved is

g DL [Pl (el eq)lds] (o)
= =0+ 980 8 =g | B e S Bl

12 2\ a2 /a2\?
(2F1[3—€,2,2—6,§] (?) +2F1[2,3—6,2—€,l—2] (Z_Q) ),

where we have suppressed the terms in the bracket (4.5.101) which do not participate in the

(4.5.102)

integration and can thus be added again at the end before performing BCFW recursion.

While in principle there is nothing wrong with having a tensor integral to solve, the fact
that the [z|y|g) terms in the denominator which will be raised to the numerator via the A
trick will appear in the numerator as [z|y|¢)®. Contracting this term with [e|a/|e] as happens
for tensor terms in Feynman integration will give rise to combinatorics which are best avoided

if possible.

In order to rid ourselves of potential tensor contributions, we can use the following process

to write the unwanted (/) as propagators:

(eq)(afB) _(ae) (Be) _[elale) [e]Ble)
(aq)(Bq)  (aq) (Bq)  [elalg)  [elBlq)
lelale) | [elale) sa
“lelale) T el ) (4:5.103)
—(a? — 2 leld|q) __ Sde

lelalg)elBlq)  [elBla)

Thus we can write the integral as

OO | o Bt Y S el d1Bla)
By =l apll —ed=Orary | e Q) clBlg) [ella)lalola)

le|d|q) 2 /12\'"° a2, (a*\’
((a2—l2>m—8de 2F1[3—€,2,2—€,E] @ +2F1[2,3—€,2—€,l—2] l_2 .
(4.5.104)

One might be concerned that since the o and [? above are 4 dimensional propagators
by nature of their having been sourced from 4D spinor helicity, while those in the integral
are D dimensional, that by cancelling one with the other we would be introducing an O(e)

error. In this case however we are safe. Let us illustrate this by expressing the D dimensional
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momentum as a 4D piece and a non-integer piece, so

Pl ol 4 gl-2d. (4.5.105)

IPF = 4 gl=2 (4.5.106)

Then remembering that o + [ = e where e is an external - hence 4D - momentum, we see

that
l[*QE] — —06[7261,

so finally

a2 _ (42 — (oD _ =22 gID) =22 (PN (PN o (o2 (g2 ?
(al)? — (11)? = ( ) = (P +a) = (@) = () + (o) = (o)

— (a[my’ _ (Z[D})Q,

(4.5.107)
S0 no error is introduced.
We use
dsle) _ [ed de]
[clBla)elBla)  [cellelBla) — [cellelBlg)
to further break down the integral into more manageable pieces,
. F 146 o (2,k 6, k) le[!]q)°
iT(1+€)B(1 —¢3 — /le—
ot S | e
[cd] [de] 1 1 2 o Leldlg)
—1 — Sqe | -
([Ce] €81a) " eellelBle) ) \PeRarmhz T e g (e >[€|04|Q> o
(4.5.108)
Considering first the s;. term in the final bracket, this integral is
Sde . P(=1+6) e.k) [ plellla)’®
- iN(1+¢€)8(1 —€¢,3—¢) Z /d l
d (1 2 — k: k!
(dq) te) 4 € alola) 45 100

[ed] [de] 1 1
([Ce] CELR [€|5|Q>) (52(6"“)042(3*’“)52 i 52(3““)042(5_’“)52) '

This integral is (up to prefactors) precisely I, (4.5.38) which we have already analysed. For
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the remaining terms, we have integrals of the following forms to tackle:

N~ 2K)B k) d’l [e]llg)*[eldlg)
h=2 " o / PR 2R 52 [alalg)le|Bla)
N 2K)B-ek) d”1 [e]2lg)*[eldlq)
0 D cerysr e I3 lalalplal Bl -
Jyoy 2RE k) / L [elllg)’[eldlq) B
— (2—¢€k)kl ) PCHAR 2 [a]alq)[x|Blq)
N2 K)B k) d’1 [e]llg)*[eldlg)
h=2 T enm | Fommeg (alalq)felBla)
If we consider the integral
N~ 2K)B k) d”1 [e]1lg)*[eldlg)
=Y i | e 0 D

k

we can do the first two integrals simultaneously as d; = 1 gives J; and dg = 0 gives Js.

Feynman parameterising this gives

k)3 — €, k) I'(1 + 2€) 3 (L, a1) (_Mdcﬁ)a
al

LT o
51 ABsLF% 2—ek)k! T(e—dy—k)I(24+ds+ k) v (a; — a)!

k

2
(
Sty (E40) fa g )
<(1 — ug) + UQ%)I)
i T el (bt (e’

/ [y e g da=2ey 12 ((1—u2)+u3%) ((1—u3)+u2§||2||3;>b

Z(2,k)B = k) (1 —e+dgk) [ u)”
2. 2—e,k)kl (24 dg, k) <__)'

U

(4.5.112)
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If we take dy = 1, then the sum is

JFi[3— .23, — 2]
Uy
B 1

“ =g

— iUy (1 — ug) 2 2(e — 2)ud uy (1 — ug)’%e)

202 (1 — ug) "2 + 2ujuy 2(1 — us) 2+ dudus (1 —uz) ™2 (4.5.113)

while for d; = 0 we get

—24€ —24€
P [1—e,3—¢,2—¢, — 2] = (1422 S, —1,2—6,— 2= (142 R R
uy(e — 2)

(4.5.114)

In either case we can continue with the typical integral

J [eldlg)® T(1 + 2¢) 3 (1,a1) [ [ale |q Z (Lb) [ [zldlg)"
U ABsIT* D(e — dg)D(2 + dy) - al(a; — a)! b!(by —b)! B

/[du] Clrerdatdyy da=2etdy 1-2e(1 _y, yda ((1 —uy) + u;:,%) ((1 — u3) + Uz {i:;:g;)b,
(4.5.115)

which evaluates to

typ e |d\q)3 ['(1+ 2e) lald|q) -
Lald, da, ds) = [a|e[q>[x]d]q>sl+26F(e—dd)F(2—|—dd) (1 [a|e|q>>

T'(2 — 26)T(—e) erdyidspy edprd el \ ™ 45116
) /dtt (1—1) <1+t ) ( )

I'(2— 3¢ [z]d]q)
tlalelq) + [ald]q)
[a| Paelq)

2F1[-€,1,2—3€, ]

Thus the integral corresponding to dy =1 is

1 _ _ _
‘] = Idd = (1 )(2 ) (2[;?]1p7dd_1[27 07 _2] + 2[;?]1p7dd_1[47 _27 _2] + 41;6.}’1];),(1(1—1[3’ _27 _1]
J— 6 J— 6 ) ’ )
— TP — e, =24 €, —2] —2(2 — )IPNT 3 — e, —1, -2 + ¢
(4.5.117)
and for d; =0
_ _ 1 _
Jy = I1870 = [9P0=010 _ ¢ (0, —2 4 ¢] — 2—1§.y1p’dd—0[1 —€61,-2+¢€. (4.5.118)
) ) — € )
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The third and fourth integrals can be solved simultaneously with

T L R a1 eltla)?[eldla) 10)

(2 — ¢, k)k! 122 tk+da) o 2Aek—da) 52 [q| | q) [| B|q)

dqg = 0 giving J3 and dy; = 1 giving Jy.

This time If we take dy = 1, then the sum is

D3 —€,2,3, — 4
U2
1
T - 1)(e—2) (2u3(1 — us) > + 2upui (1 — ug) > + duduy (1 —ug) > (4.5.120)

—uy uy (1 — ug) 7 4 2(e — 2)ud " ur (1 — ug) 7>T)

while for d; = 0 we get

—2+€
Fi|l — —€62—€¢—|=|14+— 14+ —— 4.5.121
Al —es—ermeom ] ( +U2) ( +u2(€—2)> (45.121)

eld|g)? <= (2,k)(3 — ¢, k I'(1+ 2e 1, aq ale ¢
P IIT S YUY g Sl (e

TUABSL T AT (2= )R T(e—dq— FTQ2+da+ k ar — a)! A

(1,01) [z|d|q) ’ 1+dg+k —2—e—dg—k 1—2¢ lald|q) ¢
Z b!(by — b)! (_ B /[du]“1 g s (1 —u2) +ug——r

alelq)
) g LIl ’
<“ ¥ 2[x|d|q>>

(4.5.122)
In the same way as the first integral, we know that the typical integral we need to solve is of

the form

TP [eldlg)® (1 + 2¢) 3 (La) [ lale |q Z (Lb) ([ [zldg) "
"2 ABs > Tle — dg)D(2 + dg) £ al(ar — a)! bl(by — b)! B

ot 2edatda (s 12 (1 [ald]q) ) 4 Blel) '
[ (1= )P (“ 2) 3[a\e!q>) (“ )+ Q[x!d!q>) '
(4.5.123)
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Again we can get as far as

. d|q)® T'(1 4 2¢)
[P [dy, d, d3] = d
R P ORIF Piyosect Y e

F(2 — 2€)F<—€ + d123> / 9 e—d
dt ¢ datd2 (] gyltdatdi (1] 4y
F(2 — 3e+ d123> ( )

[wlelg)
[x|dIQ>>

t + lald
oFi[—€+ di93, 1,2 — 3e + dya3, alela) + la |q)]
[a|Pde’q>

(4.5.124)
Then for d; = 1,
Jy = I~ Wl(z—e) (213;[0, 2,—2] 4+ 2129 (2,4, —2] + 4127 [-1,3, 2] o
— P24 —e—24+¢€ —22-)[[F[-1,3—¢, -2+ e]), e
and for dy = 0,
Jy=I070 =I2P[0,2 — ¢, 2+ ¢] — QL[WP[L 1—€,—2+¢. (4.5.126)

Now we can bring everything back together, the subleading integrals for the K =

embedded triangle are

( ﬁf+ﬁﬁ+@ﬂmr+mﬁ)

c]

<ﬁ0+£cw%§%ﬁe+£60
Ir=cC Tr=C @ r—=e r=e

e I e ) |

R:=—T(1+¢)p 1—63—€|:
F(l—e)(
I'(1+e)
F(l—e)(
I'(1+e¢)

(dq}

cd
cel

[cd]
[ce]
N

(4.5.127)

For the K = d triangle the integral is

. Dlte) [ d”l (dg)[dlle) [eo] (aB)
R4 =iT'(14€)B3(1 —¢,3 —¢) PO 5
<1e>/za@ B (ad)e [Blloal e

'l +
2 2 2\ 2
(2F1[3 - (%) +2F1 2 3— 2 — €, %] (%) )
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Again, we would like to remove the tensor terms which we can do using

2_12

e
la . 12 52
= {aalde] ([erarq> B !6!q>)

(aB)[3d] = ed) - 5(ag)led]

(4.5.129)

Thus the integral becomes

=T+ g1 — s LoD [ Aol Al

2 2 I'(1+¢) ZQOjﬁZ(if’ 17<€6Q> [c[Bla)[alelq) o
(e * [|ﬁﬁ|q>)(2F1[3‘6’2’2‘6’é_](%> rap3-o2-a gl () )

o 10§ 6 , {da)1de] [dli}g)?[elalq)
_—Zr(l—FE)ﬁ(l—E;B_E) F(1+€) 2—6 k’ ' /d ! €q C’B|C][ ]a|q>

2 32 1
<[elalq> le Iﬁlq>) (lz“ Ra2GAEHR) 23+ oﬂﬂ“ ’“>)
(4.5.130)

Let us expand this a little,

Aot (P Y MRl (el )

clBla)lalala) \lelalg) — lelBla) c|Blg)lalalg) [alalq) [c[Bla)  [cellelBla)
(4.5.131)
thus we have four integrals:
= (2,F)(3—€,k) dPl [d|l|q)?
G Dy | Fer s T e
N (2KB k) d"l [ellg)[d]llq)
5=2 o / PR a2 [alalq)[z]Bla)
= (2,k)(3 — €, k) dP1 [d|l]q)? (45.132)
— ) ) q
7= e h / PORQ2 B [z]lq) alalq)
N (2KB=—ck) dl [e|elg)[d]llg)
b2 e —enn | F T el b

We will once again combine the integrals as in the K = e case, this time we will combine the

first two integrals as

00 . kf D 1—dy 1+dg
- 2 “ e, k; k;' [2(e~k—da) o2 32(2+k-+da) [alalq)[x]B|q)
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where dy = 1 gives J; and dy = 0 gives Jg. From this integral we get the typical integral

wp _leldlg) ™ [d]e|g)™*e — T(1+ 2¢) (1, a1) [ale |q (1,1)
Iy =i 142¢ _ Z . — Z
ABs,] (e —dy)T(2+ dy) v al(a; — a)! bl(by — b)!

(—@)b/[du]u;”ﬁ darteryda=2e 1=2etes (1 _ )2 ((1 — uz) + uz E‘Z:Zi)
(CL_Z%)+"”%32E%)ﬂ

(4.5.134)
We can skip to the last step,
Im)ZHﬂﬁk“M\wH@ I(1+2) T —2e+d)l'(1 —e—dy)
553 lale|q)[x |Pde|q)s1+2€ T(e—dy)T(2+dy) (2 — 3¢)
/dt t172e+63(1 - t)efderelfl (1 + t[ |d|Q>) (45135)
[alelq)
tlale|q) + [a|d|q)
i1 —e—dg, 1,2 — 3¢, ,
241 g alPacla)

and we see that for d; = 0 we get the hypergeometric o F[1, 1,2, x] + O(¢), while for dy = 1
we get oF1[—€,1,2 — 3e, ] .

Thus
1 _ _ _
Js ~T9E=9 (21;;Y3p’dd1[2, —2,0] + 272P%= 4, —2, —2] 4+ 4I3P 4T3, —1, —2]
—IOPNTL — 6, =2, -2+ €] —2(2 — I2PNT[3 — €, 2+ ¢, —1]),
(4.5.136)
and
_ _ 1
Jo = 1970 =P 0=0[0, 9 ¢ —24 ¢ — 5 —— TP 1 — €, —2 + €. (4.5.137)
’ ’ — €

To get the final two integrals we can consider the integral

T L R 4”1 Al ol

(2 —€, /{ k! l2(2+k+dd)a2ﬁ2(efkfdd) [;U’ﬁ|q> [a’a|q> ’
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whence dy = 0 gives J; and d; = 1 gives Jg. This integral evaluates to

_[d|e|q)?~[e|d]|q) (1 + 2e¢) ['(2 =2 —dy)T(—e+dy)

I9P =i
U alelq) (] Paelg) s T2 + da)T (e — dy) ['(2 = 3e)
—1
/dt t—2—e+63(1 _ t)1+dd+€1 (1 + tM) (4.5.139)
[ale]q)
tlz[d|q) + [x]e[q)

QFl[_E + dd, 1, 2 — 36,

(%] Pae| @)

and in this case dy = 0 gives o F1[1 —€,1,2 — 3¢|, 2] and dy = 1 gives o F1[—¢, 1,2 — 3¢, x| for

the final hypergeometric function. Then

e 1 e
Jp = 1209000, -2 + €,2 — ] + - Z)Igfvdd—ou, —24¢€1—¢€, (4.5.140)
and
1 _ _ _
=1 "o0e -9 (2134“‘*—1[2, =2,0] + 212047 4, =2, 2] + 41PN 3, -1, 2]

— 1PN — e, =2, -2+ €] — 22— )IPNT B — e, —2+¢,—1] ).
(4.5.141)
Putting the pieces back together,

d_ _ € —€,3—¢€ L(—1+¢) {dg)lde]
R =—il(14+¢)B(1 —¢€,3 —¢) L(1+¢) {eq)
[cd]

r=cC Tr=cC L1 r=cC Tr=cC @ r—e r—=e
(Js +J7+ [Ce](JG +J57) + [Ce]<‘]6 + J3 ))

(4.5.142)

To get the rational part, we still need to add in the prefactor from the subleading terms
(4.5.101) and perform recursion. After we set A\, = \,, both R? and R¢ are unchanged so we
need only perform recursion on the prefactor, however as we are unable to solve the integrals

currently, we cannot provide a final expression with any accuracy.

4.5.5 Summary

Let us comment on the integrals we calculated above in both the leading and subleading
cases. In the case of the first leading order term in the current analysed in Section 4.5.1, we
were able to fully determine the rational contribution in the K = e triangle case, and in the

K = d case we were unable to fully determine the coefficient but we were able to demonstrate
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that the result would have the correct kinematic structure.

In the remaining two leading order terms and in the subleading terms we notice that
quite unexpectedly all of the typical integrals can be brought to a point where they can be

expressed as an integral over one of two hypergeometric functions,
211, —€,2 = 3¢, x(t)], and oF1[1 — e+ €123, 1,2 — 3¢ + e1a3, y(t)],

where the functions z(t),y(t) are functions of the integration variable ¢ and some spinor
terms. These functions appear in two leading order terms and the subleading terms, and in
both the K = e and K = d embedded triangles. Since all three terms used different methods

to divide up the integral it seems unlikely to be an artefact of the method.

A look at table 4.1 shows us that the case of the all-plus triangles with the googly current
receives contributions from poles of two different 6pt NMHV currents and so it may be that

these hypergeometric functions are remnants of this fact, one from each pole.

We were unable to definitively solve or extract the spinor content of these integrals despite
our best efforts. While there is no clear evidence that these terms might give unexpected
kinematics such as spurious poles, there is also no definitive proof to the contrary. We can

note that, taking I,’7 as example,

o _ le|d|q)® I'(2426)T(1 — ¢
“1 | Pelg) [x]d|q) s3> T2+ €)(3 — ¢)
—2etdz (1 _ p\etdi—1 [elelq) " T(2 — 2¢)0 () 4.5.
Jarea (“%dm) T2 -3¢ o)
o193, Halela) + [ald]g)
2F1[ ;1,2 — 3e, [a|Pde!q> )

that when we set A\, = )\, that none of the spinors in this expression - with the exception
of the pole - will feature in the recursion and so these expressions are also the final rational

contribution post recursion.

4.6 Integrating the MHYV current

The MHV current features with both the all-plus and single-minus embedded triangles.
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4.6.1 All-Plus Triangle contribution

As shown in (4.19), contributions also arise in the case where there is an all-plus embedded

triangle and a tree level MHV current. Looking at the left hand side, we have
AP K PHLQYAY (P R,

and writing out the tree amplitude

A9 (—p=, R, ) = (fLaE (4.6.1)

[Pq][Rq]

we note that since we have set qu = 5\6, this amplitude vanishes when j = e, ie when K = d.

Thus in this case we only need to consider the K = e case. This looks like figure 4.22.

Figure 4.22: This figure depicts the contribution with the all-plus triangle embedded on the
left, and a tree level adjacent MHV current on the right hand side.

which gives the integral

dPl B B o
/ 20232 Aél)(e+’ _oﬁ" _l+)A§O)(l ,—8 ,d+)7'(0)(oz .a ,b+, C+, /3+) (4.6.2)

We have already stated the current in equation 4.2.2, however let us restate it in the case
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SO (0 a- b+t g = @) (ca)lelalg)[eld]a)® ;_(0q)*{ag)[e|Blg)[¢|d|a)’
o ) = b B leldicleldial > Tab by Rleldle) el dla)?
(2q)*(glaBlg)[e|d|a)’
sae{ab) (bc)(Bq)? e|d|c) [e]d]q)*’

(4.6.3)

where we note that the third term is the leading order term. On the left we have

AP (e, —at, 1) AP (17, -7, d*)

D(=1+¢) (qlellq)®  (IB)[dg]* 1
F(1+€) (eq)*(q)*(1g)* [lq][Bq] a2(+e)

P b (4.6.4)
2F1[3—6,2,2—6,§] (@) +2F1[2 3_62 O{Q] (ag)

=-T(1+6)B(1—-¢63—¢)

We will get a s~! contribution from the loop triangle and a s' contribution from the tree so
overall this left hand side gives no pole. Thus we need only expand the current to order s°

as shown above.

This integral in its totality is

—il(1+€)B(1 —¢,3—¢)

T(=1+¢)  [e|d|a)’[de]*(eq) 3 (3 —€k)(2,k)
(1+¢€) [e|ld|c)]e|d|q)?sqe(ab){bc) (2—¢€k)

(4.6.5)
D] 1 . 1 lell]q) (qlaB|q)[e]ld]e]
(=R 2B+ 52 [2(3+h) o 2(e—h) 32 ] Blq)2
We therefore define
CT(-14+6) = B-6k)(2,k) "l lell]q) {glB|q)[e|ld]e]
L 1 5 g o k / ey PEE ., (4.6.6)
and
(=14 6) =~ B—€k)(2,F) dl lell|q) (q|aBlq)[elld]e]
0 = zk: aon | memaeE g 467

as before. Since the methods used to solve these integrals are similar to prior calculations we
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will simply state the results. We can write I,,,; as

It :1;5};[2, 0, —2] + (e — 2)1:,55[2 —6,0, -2+ ¢+ [;55[4, —2,-2] — 1;35 [4—¢ —2,—2+¢

+ 20083, =1L =2+ (e = 2B — e~ 1, =2+ e — IRl — e, 1,2+ ¢,
(4.6.8)

where

(142601 — €) (e 4+ d)T(2 — 2¢ + dy) T'(1 — 26)T(—€ + di23) [e]d]|q)
L2+ e)1(3 —¢) (2 —€+dpy) [(1 — 3¢+ dya3) 331(;26 ’ |
4.6.9

]ytr};ri[dla d27 d3] - Z

and

Lz =135[0,2, —2] + (e — 2)I35[0,2 — €, =2 + ] + I,35[—2,4, -2 — [’5[—2,4 — €, =2 + ¢]

+ 200513, =2 + (e = L5 1,3 — e, —2+ ¢ — [h[1,1 — e, ~2+ 4],
(4.6.10)

where
T(1+26)0(1 — €) T3+ d)[(—1 — e 4 do) T'(1 — 26)T(—€ + dy23) [e]d]q)

1"(2 + G)F(B _ E) F(Z — €+ d12) F(l — 3e+ d123) 55:26 .
(4.6.11)

I:;Zg [d17 d27 d3] - Z

In the end we can put this all together and the resultant double pole is

181 (ad)*(eq)[de]?
108 s2_(ab) (bc){cd) (dq)

(4.6.12)

Applying recursion to this, we get our final double pole contribution to the amplitude

181  (ad){ea)[ed]?

108 57, {a) (b} (cd) {da) 46.13)

In the case of the subleading terms, the integrable spinor content from the current is

le|ar|q) (ag)®
(Bq)?

while the left hand side gives
(Ba)” lelllq) [e]ld]e]
(aq)?  [elflg)?

Due to the [e|ld|e] term from the left hand side, when we Feynman parameterise as we
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have done so far with p = [ — (uge — ugd) , the only surviving term will be [e|pd|e]. We
require an even number of powers of p in Feynman integrals in order to be non-zero however
given that all the other terms in the integral are of the form [e|X|q) and so after Feynman
parameterisation the p dependent parts of these terms will be of the form [e| X|¢) however
after contraction with [e|pd|e] we will have p*[ee] = 0. Thus we have no non-zero subleading

contributions.

4.6.2 Single-Minus Triangle Contribution

Above we constructed the single-minus embedded triangle and we can see how complex
these terms are. We then have to multiply this triangle by the MHV currents and perform
the second ‘outer’ integral. As of now we are unable to fully carry out this second outer
integral and fully determine the contribution from these terms. We are able to make general
arguments about the spinor content that we expect such terms to have in both the leading

and subleading cases which we will present below.

We begin with the MHV tree currents, (4.2.1,4.2.2), and set A\, = A, which leaves the

currents as

O e g @) ((alPula)lalPasle) {ea)lalala)la|Posla)
s (e, b, et AT g) <ab><bc><ﬂa>2( 503 d| Paslc) (I Paslc)? )

+ O(sap),
’ (4.6.14)

and

1 e U [l Pagla)(alabla) | {ca)lglala)lg| Pasla)
(B a%,a%,b%,c",q) (ab)(aa)2<bc>( Seldl Pasld) | 9| Paslc)® )

+ O(S03)-
i (4.6.15)

Writing the currents in this way shows that the currents are the same up to the spinor weight
factor. The single-minus embedded triangle on the left admits both the adjacent and non-
adjacent MHV currents on the right and the triangle can be in both the K = e and K = d
corners, so that there are four contributions to be considered. By writing the currents in
a ‘flip-neutral’ form, labelling the off-shell legs ) and R as we did in figure 4.21, we can

combine these four contributions into two contributions plus their flip.
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This ‘flip-neutral’ form is

@, ) i Rl (WRQ0Pagla) (e Rl Fagle) )

(ab)(bc){Qa)* \  srold|Pralc) 4| Prlc)?
(4.6.16)

and

O, @, g) - i Q0 (R Pl (e Rl Facle))

(ab)(Ra)*(bc) \  srqlq|Prolc) 9| Proc)?
(4.6.17)
The full integral can be schematically written as
dPpP 1{Pq)?
/m (embedded triangle) x % X (current), (4.6.18)

and the embedded triangles are written in terms of the typical integrals Typ,, and Typ,,
multiplied by the spinor prefactor

[4Ql)™ (a| K Qlq)*[a| KQ|q] :
(K22 (Pa)2[0q]° scalar pieces (46.19)

[41Ql9)*[q|T | )% [q| K|q) N ~Pe (q| KQlq)
(Kq)?(Pq)%[Qq]?

tensor pieces

where T' can be either P or () depending on the specific term, b, is also a term dependent
exponent, and N = 1,2. The tensor and scalar pieces labels above refer to those from the
embedded triangle, so scalar refers to terms where the d; argument in the Typ integral is

dy, = €, while tensor refers to dg = ¢ — 1.

Altogether now, the integrand of the integrand of the P outer integral is

€)

alQ1a) ¥ (alK QIo) gl KQll(eliRle) Typ | lalProla)(aiglQle) _ (alRQle) [lProla) '
G Re T R <ab>y<1zc>( L [q|P§Zc>> scalar pieces (dq

(ja)*(Ka)*P2Q*R? (ab) (be) N

lg/T|a)"[al K |a)N " (a| KQla)(aljRle) Typ [ lalProla)(ac)lalQla) _ (alRQla) laProla) - e
( lal Prelc)? SRO [qPRQ|C>> tensor pleces (dd_e 1)7

(4.6.20)
where Typ signifies the typical integral. We notice that the (d; = € — 1) terms from the

embedded triangles will only give scalar terms in the outer integral.
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Furthermore, we have a one-mass triangle integral which we can Feynman parameterise

21 P? 4 20Q° + 23R* = 11 P? + 22(P + K)* + 23(P — j)*

— P2 + 209P - K — 223 P j = (P + zo /K — ZL‘3j)2 + T2T3SK; (4621)
so that

P—p—xK+ x3j Q— —p—(1—x9)K —z3j R—p—xsK — (1 —x3)7.
(4.6.22)

This means that when S\q = S\j there will be no contribution from the d; = € terms due to

the factor of [¢| KQ|q].

Finally we note that since we have taken S\q = )., and and e will be either j or K, that
the scalar part of [¢|P|a) and [¢|@]a) will be purely Feynman parameters. This will be useful

when trying to separate the kinematic parts from the numerical parts.

Let us now focus on the typical integral Typ%z,

Typh — [(—dy)T(dg — d)T(1+d)T(1+dy +dy — dg — N) (PQ)dl_dd
Lo — o
F<1 + dd)r(l + d2 + dl - 2dd - N) (Q2)1+dd[Q|P|Q>N Q2 (4 6 23)
P?qlQlg) P? -
X F[Lbdis N Lbdybdy = da= N5 L dy = dis — s s o5
where we see that the integrable parts of the expression are
P2 dl—dd+m+n _ m
() (~lg\Qla)) o)

(Q2)1+d1+m+n[q|P|a>N+m

where m and n denote the sum variables of the Appell function in the double sum represen-
tation (C.2.4). Let us begin with the d; = € pieces of the embedded integral. Denoting the
powers of [q|Q]q), [q|P|q), [q|K|q) coming from the tensor term in the embedded triangles by
N +bg, bp and by, respectively, the integral over the {m,n} term of the Appell expansion is

vt [ [alQla) Y24 g Pla)” [ K|l KQla) (al Rla) (P?)"***" " gl Qla)™(~1)"
o = [t (G4 (a)? PPQR? (@) g Playyen
L (ldlPilayiac) alQla)  (alRQla) [qlPyxclo
><<ab><bc>< [ Pixlc)? . [q|ij|c>>- (462
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Note that R+ @) = j + K. The integral will vanish if 5\,1 = \i SO we set Ay = S\j. First let
us tackle the leading pole integral,

Typ, ten:dp a pli|Qla) Y2t | Pla)®r N [j| K |a) (a| KQ|a)(alj R|a)
Om.n /d P < > < > (P2)1 di+dg—m— n(Q2)2+d1+m+nR
(a|(j + K)Qla) [j|K]a >( 1ym
(ab)(be)sji [j]K]e)
o F(4+d )( ) 1+dg—m—n_ 1+di+m+n
S T(1—dy+ds—m —dn)F(Q +dy +m+n) /dx 7y 4 2 (46.26)
" /ddp[j|Q|a>N2+bQ+m[j|P|a)bPNm[j|k|a>b’“<a|fii2la><alj3|a>
(jay?(Ka)?(z,P? + 25Q* + x3R?) ™
(al(j + K)Qla) [j|K]a)
(ab)(bc)sae | Kc)

After Feynman parameterisation only the scalar contribution survives,

Typd :ten:dp F'24dqg+e)(—1)" men At
O - (1l —d; + di — md— n))F((Z —l)- di +m+n) /dle 1 e wéﬂl o
o UK (@2 = D]a) Y20t [ K (—wy)|a)*»~ 7™ [j| K |a)* (a] K j(—3) @) (al i K (—w2)|a)
(ja>2<Ka>2(azgxgst)2+dd+€

(aljK(zo — 1) + Kj(—3)|a) [j|K]a)

(ab)(be)s;x 1K]e)
_ [lK|a) ettt (a| K a)® [j] K a) P2 +dy+e)(=1)"
<ja>2<Ka>2<ab><bc)s3+dd+€ [FIK|c)T(1—dy+dg—m—n)T'(2+dy +m+n)

/dx T —dy+dg—m—n pltditmn (29 — 1)N_2+bQ+m<;$2)bP_N_m$1x2$3.
(a23) Fdate

(4.6.27)

While we cannot solve the Feynman integral, it is free of kinematic factors and hence a purely

numeric factor.

We can simplify the spinor part of the above and thus the spinor contribution from the

leading order term is
(ja)(ka)?[jk]' >
(ab)(be) (ke) (jk)> 2

(4.6.28)

The subleading integral is

oLpyten _ / L plilQla)Y 22| Pla)t [j| K|a)" (al KQ|a)(aljRla) (P*)™ "™ [jQla)"
T (ja)*(Ka)?P?Q*R? (Q2) T PlayN e

1 [lPrela){ac)[j|@la)
{ab)(be) [l Prale)*
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and given that the only difference between this integral and the last is the presence of
[71Qla) (which gives [j|K|a)(1 — z3) after Feynman parameterisation), and the absence of
(a|RQ|a)/srqo( which gives (14 zox3)(aljK|a)/sq. after Feynman parameterisation), we can
apply the same arguments as in the leading order case to see that the subleading terms will
contribute the following spinors

(ka)[jk]'~*(ac){ad)

(ab) (be) () (ed) (k)12 (4.6.29)

The above arguments rest on the ability to write the integrals as a term with no pole
which can be discarded, and a term wherein the kinematics can be extracted to leave the
integral as purely numeric. These arguments are general and apply to Typf3 and indeed the
more complicated Typ;, will almost no change. We are thus able to state that in the end

the single-minus triangle with the MHV current will produce a contribution of the form

(ja) (ka)?[jk]' (ka) [jk]'~*(ac){ad)

(aby (b (k) (72 ) T Tanybe) (ke ey Ry e 2 (4.6.30)

where {j, k} = {d, e} and vice versa. In the leading order term above, we consider both cases
for j and k and perform recursion and we find that in fact both return the same expression

in terms of spinor content
(ad)?*(ae)[ed]?
si.{ab)(be){cd)

(4.6.31)

which is precisely the spinor content of the two loop splitting function to tree MHV fac-
torisation (3.0.4). The same thing happens in the subleading terms where we see that after
recursion both terms give the same spinors

(ac) (ad)?[ed)’

Sde<ab> <bc> <cd>2 (4.6.32)

4.7 Rational Descendants of Cut-Constructible Pieces

Let us take a step back and consider exactly how we define ‘rational pieces’. Due to our use
of 4D unitarity there are some terms which we cannot reconstruct using unitarity cuts, and
these remaining terms are what we refer to as rational. In other words,

Rational = Amplitude — cut-constructible.
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We then apply a recursive method to reconstruct the rational part which involves complex
integration. As we are only interested in the rational parts we drop any logs, dilogs etc which
have branch cuts before we carry out our BCFW shift and the remainder of the outlined
process. There is however the possibility of obtaining rational pieces from recursion on cut
constructible functions. Recall that in the derivation of the BCFW relations, we perform a

shift
Ae = Ae — 2,
- - ~ (4.7.1)
Ao = A + 2,

then any terms in the amplitude with one of these momenta in them will be affected. With a

few examples we will demonstrate how these rational descendants arise, before summarising

the results at the end of this section.
Let us take the example of the pole that arises when (ce) — 0.

In order to give a rational piece, a term with transcendental weight n must have a pole
of at least power n + 1. This will be justified in due course. In the (ce) case there are eight

such terms: four with weight 2 and four with weight 1. The weight 2 terms are

72, log (ﬂ) log (Si> , Li (1 - ﬂ) | Li (1 _ Si) ,
Sab Sab Sab Sab
and the weight 1 terms are

log (sap) ; 10g (sca)

and

log (Sap) » log (Sge) -

Starting with the weight 2 terms, these terms have the same coefficient, so let us consider

these terms together. We perform the BCFW shift,

2 ) )
Fp(z) = Iy log Sed log SE) 4 Lip (1-2¢) 4 Lip(1- 2% (4.7.2)
6 Sab Sab Sab Sab

The term (cé) has a pole at zy = EE—Z?, and by the identity

2

Liy(2) + Lis(1 — 2) + log(z) log(1 — 2) — % =0, (4.7.3)
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we see that

2 ~ ~
Fi(z) = —% + log (ﬁ) log (%)) + Liy (1 - E) + Liy (1 - %) =0, (4.74)

Sab Sab Sab Sab

Because these terms together vanish on the pole, we can expand the expression around the
pole in a natural manner. We can also say that such term would not have counted in the

cut-constructible part of the amplitude, so there would be no double counting.

To calculate the residue, we will shift the functions, Fy(z), well as the coefficient of the

functions,
[cd][de]{ac)*{ae)

Felz) = 10 el ey (be)

(4.7.5)

and expand the function around the pole, so we set z = z5 + 0 and Taylor expand around 9.

The functions in F} are of transcendental weight 2, they are dilogarithms and log?, and we

note that q los(1
 Lig(z) = — M’
dz z (4.7.6)
i10 (2) L
dz 08 z’

so rational expressions will start to appear in at O(4%). This generalises to rational expressions
appearing in an expansion weight n functions at O(6™). From the derivation of the BCFW
recursion relations in Section 1.7, we know that the rational piece from this pole will be the
residue of Fy(2)F.(z)/z at z = 2y, hence the need for a pole of order n+1 from the coefficient

in order to have a rational non-zero residue.

Finally to calculate the rational part, it simply remains to expand Fy(z)F.(z)/z around

2 = 29 + 6 and determine the coefficient of 5 1.

Similarly with the weight 1 functions, the log terms {log(sq), log(scq)} and {log(sas), log(sae)}

can be paired up as their coefficients are equal with opposite signs, and the shifted functions

log (%> , and log (@> ,
Sed Sde

both vanish on the pole zy = 25—3 Again this means we can sensibly expand the functions
around the pole and calculate residues. In this case the rational terms appear in the expansion

at O(0) and the coefficients have double poles.

Adding all three contributions together, we can simplify the final expression and the
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rational contribution to the amplitude from the (cé) pole is

{ac)*[ce]

{ab)(bc){cd)?(ce)

Rieey = =5 (4.7.7)

Now let us consider the (de) pole. In this case, there are 6 pairs of logs with a double
(de) pole that can be paired up due to their coefficients being the same with opposite sign
as before. Of these pairs, one is log(spe/Seq) Which is not shifted and thus will not give a

rational part. This can be immediately discounted.

Another of the pairs is log(sap/Sq.). While this one is shifted, the presence of s4. means
that the logarithm will diverge on the pole. Since we cannot make sense of an expansion
around the pole in this case, it would be unnatural to include any resulting rational part due

to this term, and so we will discard it.

The final type of pair can be exemplified by log(say/scq). This function does shift and
will not diverge. The (dé) pole is at z; = (de)/(da), and on this pole the function above

log (i—;) g (—%) : (4.7.8)

Since this logarithm does not vanish on the pole, we do not include any rational descen-

evaluates to

Z1

dants of this as it would have already been included in the cut-constructible part. Hence the

(de) pole produces no rational descendants from the cut-constructible parts of the amplitude.

One by one we check all the various poles that could arise due, both physical and spurious.
As discussed in Section 2.3, there are still some discrepancies in the two loop sector of the
4D unitarity cut constructible method presented in this thesis. For this reason we use the
cut-constructible part of the published result [1] with the expectation that once resolved, the

two will agree.

We find that none of the physical poles contribute anything, while there are four contri-

butions from spurious poles, from the (ce) pole

(4.7.9)



and from the (be) pole.

Repy — (ae) (be) (bd) [be]?[cd] 10 (ab)?[be] s (ab)*(ae)[ae][be]
b T3 (Seq — Seq) (be)2(cd)2[ae] (be) (be) (bd) (cd) —  Seq (be) (be) (bd) (cd)
2 sca(ea)®(be) (bd)[bel*[cd]  (ae)(be) (bd) [be]*[cd]
9(be)s2, (Seq — Sea)? (cd)? 352, {be)(cd)?[ac]

[be]?[cd]
3 (Sca — 5cd) (ae)(cd)?[ac]?(be)

+

(4.7.10)
There are also two co planar poles,
_(ab)’[be]* (2 [be][ed] (ae) (bc)[be][cd][ce]\ 2 (ad)[be]*[cd][de]
A P (3 (aby(cd[ae] | 95ealab)?(cd)ac] ) 9 (Sap — Sea) Sea(cd)[ae]
N (Sab — 38cq) (ae)[be]?[cd][ce][de]
9 (Sap — scd)z s2,ael 7
(4.7.11)
and
Ry 2{00)lce2((ah)bc] + 2{ae)cc)

[
9 (8ab — sae) (ab)?(be)(cd)?[b]
B (ac)*[ce)® ( lae)lde] 2 [bc]lde] )
(Sab — Sde) (ab)(cd)[bc][de] 3{ab)(be)(cd) 3 (bc){cd)]ce]
) Seaac)[ce?
9 (Sap — Sae) (ab)?(bc){cd)3[bc][de]

((ab>2[ab] [be] — 3(ab){cd)[bc||de] + {(ad) (de)[de]Q)
(4.7.12)

which arise from sz, — s.q and sz, — Sge, respectively.

4.8 Epsilon-Expansions

Through this chapter, when we were able complete the full calculations, we then had to
extract the finite rational part of the expression. In all cases this involved e- expansions
of hypergeometric functions, oF}, with integer parameters. This was carried out using the
HypExp package [91]. Naively inputting these expressions directly into this package, we ran

into some issues of runtime and of extracting rational parts.

The main issue lies in the expansion of Gamma functions. In general the function I'(a+be)
expands as

T'(a+ be) = T(a) + bel'(a) 9 (a) + O(€?),
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where (9 (2) is the Polygamma function defined as

m+1

¢(m)(z) = Tr In(z). (4.8.1)

The Polygamma function is of mixed transcendentality and so it is not possible to directly

extract a rational part from it.

We can understand this better by expanding I'(1 + be) and I'(—1 + be) as examples,
[(1 4 be) =1 — bye + O(€%),

I'(—1+ be) :—&—f-v—l—i—be <7—1—g(72+%>) + O(e?).

The polygamma function encapsulates both of these but it is not an ideal representation
for our purposes. Additionally at two loops there were naturally a lot of gamma functions
alongside hypergeometric functions which significantly increased the run time of the HypExp
expansion and since we are only interested in the rational piece the extra terms are superfluous

to our needs anyway.

For Gamma functions I'(a + be) for negative a we used the Gamma function property
['(1 + n) = nl'(n) to write them as a Gamma function with positive a divided by some
factors, so I'(—1 — 2¢) = I'(1 — 2¢)/(2¢(1 + 2¢)), for example. This isolated the singularities
and then we removed the epsilon part of the Gamma function, losing only non-rational terms.
This also sped up the expansion process. At the end, we know that we will have a factor of

¢ in front which we can add in.

4.9 Results

Before we proceed to reconstruct the full rational part of the amplitude, let us first bring
together the various parts of the ‘loop on the left’ calculations and summarise whether we

were able to calculate spinor content and the full numerical coefficient in table 4.2.
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Contribution Spinors | Coefficient | Section
l-bubble v v 4.3
first LO googly K =¢ | vV v 4.5.1
first LO googly K =d | v X 4.5.1
Second googly LO X X 4.5.2
Third googly LO X X 4.5.3
Googly subleading X X 4.5.3
AP Triangle MHV v v 4.6.1
SM Triangle MHV v X 4.6.2

Table 4.2: This table collates the results of our calculations of the loop on the left terms,
specifically whether we could deduce the resulting spinor content, and whether we could also

get the full coefficient.

While there are many individual terms that we were unable to determine, we will now

demonstrate how one can still reconstruct the full rational part from the information at hand.

The full decomposition of the rational part is

rational = tree to two-loop easy channels +double-pole channels + rational descendants,

where

double-pole channels = tree on the left + loop on the left,

and

loop on the left = l-bubble + double-box + box-triangle.

From the previous chapter we were able to calculate the contributions from the tree to

two-loop factorisation channels to be

(ac)[bc]

o) (2 (o (cdyrdey (1 ad)be) b + (ab)*(ed)”), (4.9.1)

R%z =5

and
1 [be)?([bd)?[ce]? + 8[bc][cd][de][be])

R = 9 [ab][bc][cd][de] [ea) (cd)? )

(4.9.2)
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from the one-loop MHV currents to be

1 {ac)(bd)(da) bd][be][de] 2 ({ac){ad)(bd)[bd][be][de] 64  (ad)*(cq)[de]”

18 sac(be)*(cd)?[b] 9 sae(be)?(cd)?[be] 27 s4.(ab) (be) (cd)?(da)
_ 1 (ad)*[bd][de]” 1 {ac){ad)(bd)[bd][de]* 1 (ad)*[bd][de]*
3 Sae(Spe — Sea) (bC)(cd) 6 Sqe(Spe — Sea)(bC)2(cd) 6 sde<ab><bc><cd)2[ ‘|

1 (ad)*(bd) [bd]*[de]? 32 (ad)*(ae)be][de]* 64 (ad)*(ac)[de]’ (49.3)

9 Sae(Spe — Sea) (b)2(cd)[be] 27 sqe(ab) (be) (cd)?[bc] 27 s2.(ab) (be){cd) o
L {ac)(ad)*(ae)[ce]lde]” 4 {ad){ae){bd){be][de]* 7 _ ({ad)*(ae)[de]”

6 sac(ab)>(be) (cd)[be] 9 sue(spe — sea) (b)>(cd)[be] 6 sac(ab)? (be)(cd)?[b]

_ 2 {ad)*(bd)({ae)[bd]*|de]*[eal
9 Sae(Spe — Sea)?(bc)?(cd) [be]’

and from the single-minus current to be
2 (ac)’(db)[bc][de] T (ca){da)®[de]* 223 (da} (ea)[de]? . (4.9.4)

3 540 (be)2(cd)2(ea) 12 sge(ab)(be)(cd)? 108 2 (ab)(be)(cd)

If we collate the above results with the parts of the loop on the left terms that we could
determine, we have a total of 11 linearly independent functions that we can use to express
the terms we derived from augmented recursion, plus 4 terms due to rational descendants.
This linear independence is confirmed by numerics. We note that those terms of the loop on

the left- sector that we were able to calculate all had the same two spinor structures

(ad)?*(ae)[ed]? and {ac){ad)?|ed]?

s2{ab)(be)(ed)’ M sa(ab) (be) (cd)? (4.9.5)

which are already present in the tree on the left functions.

From these 15 functions we can create an ansatz for the full rational part of the amplitude.
If we impose the A(a,b,c,d,e) = —A(a,e,d,c,b) flip symmetry on this ansatz we fix the

coefficients of all but two of the functions. These two terms are

[bef? [bd]?[ce]” g (ad)*(ea)][ed)®
(cd)?[abl[ac] (8+ [be] be] [cd] [de]) ) ) (o)

The first is the tree to two-loop channel contribution in Eq 4.9.2 whose coefficient is known.
The second is the double pole term in (de) whose coefficient can be fixed by imposing con-

sistency in the (de) collinear limit.
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Putting all the coefficients in the ansatz, the result is

RO 0 b, o) = 5 0NNaD 0D + ac)) |

c)(b 1 (ae){be) (bd) [be]* cd]
{ae) (be)?(bd) {cd)*{de) 3 (se

— Seq)(be)?(cd)?|ae]

2 [ac]3(ce)?(—{ab)[bc] + 2{ae)|ce])

9 (Sab — Sae){ab)?(bc){cd)?[bc]

L [beP [bd]"[ce]

9 {cd)*[ab][ac] ( " Toelbe][ed]de] )
{ae)(be >[b][cd][ce])_5 (ac)®[ce]

ac{ab)? (ab)

[be

SCC IS B
Sed(Sap — ca) \ 3 (ab)(cd)[ae] 9 sac(ab)?(cd)]ae] (be) (cd)?(ce)

1 {ac){ad) (pd) pelfde] _ 2 (adfpel?[ed]fde] 1 {ac){ad) (bd) e’
9 Sac(be)?(cd)?[bc] 9 (Sab — Sca)Secal{cd)[ae] 9 S4e(Spe — Sea)(be)?{cd)
2 (ac){ad)’[de]* 1 (ad)[bd][de]? 1 (sab — 35ca) (ae)[be]? [cd][ce][de]

3 sge(ab)(be)(cd)® 3 Sge(Spe — Sea)(bc){cd) 9 (Sab — Sea)?s%[ac]
1 {ad)’lbd)[de]* 1 {ad)®[bd][de]” 1 ({ad)*(bd)[bd]*[de]”
3 84e{ab)(bc)(cd)?[bc] 3 sge{ab){bc)(cd)?[be] 3 Sge(Spe — Sea){bc)?(cd)[bc]
2 {ad)*{ac) (bd)[ac][bd’de]® 2 (ad)*(ae)[de]® . (ad)*(ca)][ed]"
9 5de(Sne — Sea)*(be)*(cd)[be] 9 sqe{ab)?(be)(cd)?[be] — ~ s7.(ab)(be)(cd)
B (ac)3[ce]® (_1 (ae)[de] +g [be][de] ) _10 (ab)?[be]
(sab = 8ac)(ab)[be]{cd)[de] \ 3 (ab)(be)(cd) — 3 (be){cd)[ce] (be) (be) (bd) (cd)
_ Lscalac)®[ce]?((ab)?][ab][be] — 3{ab)(cd)[bc][de] + (ad)(de)[de])
9 (Sab = 5ac)?{ab)*(be)(c

d)?[b][de]
B be) (bd) [be?[cd] 1(@)( ¢) (bd) [be]*[cd]
(be)sea(be) (bd)(cd) 9 52,(be) (sca — sca)*(cd)® 3 s2,(be) {cd)?[ac]
. LlbePed]({ad)(ae) (be)[ac]® + (bd){cd) ({b >[be][cd]—2<ae>[ cf[de]))
3 (be) (sea = 5ca)(ac)(cd)?[ac]®

{be) (b

(ab)*(ae)|ae][be] 2 scqlae)?
)

(4.9.6)
Comparing this with the rational part calculated in [1] we find that the two are in exact
agreement and so we have managed to fully reconstruct the rational part of the two-loop

five-point single-minus Yang-Mills amplitude.

4.10 Discussion

Looking more closely, we see that in fact the tree to two-loop easy channels and the two one-
loop MHV currents calculated in Section (3.2), along with the rational descendants found at
the end of section 4.7 generated all the distinct kinematic terms necessary to reconstruct the
final result.

Starting with the tree to two-loop factorisation channels, the final coefficients on these
terms in the ansatz are exactly those that were calculated. At least in the ab channel this is

to be expected as it lacks a (de) pole hence there can be no further contributions from the
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(de) channels. This means that the unknown terms from the loop on the left terms do not

add to these kinematic functions.

The MHYV contributions are the two that arise from the one-loop to one-loop factorisation
channel. Focusing only on these terms, we see that while the kinematic functions are correct,
the numerical coefficients are not, which indicates that the remaining contributions that arise
from the two-loop splitting function to tree factorisation are still required to reconstruct the

full result, however the final contribution from these will have the same kinematic functions.

What happens then to the two-loop splitting function terms? In the case of the one-loop

single-minus current contribution, we have three terms,

7 (ca)(da)®[de]* 223 (da)*(ea)|de]’ +g

12 s4c(ab) (be){ed)? 108 7, {ab) (be){cd) 3 s4c(be)?(cd)? (ea) (4.10.1)

The first two of these are kinematic functions which also appear in the one-loop MHV case
and thus contribute to the final answer, while the third does not appear in the MHV functions,

nor does it contribute to the final answer.

Moving on to the ‘loop on the left terms’, in both the [ bubble case in Section 4.3 and the
single-minus embedded triangle case, we only have two functions contribute which are the
same two that contribute in the single-minus current case above. The contribution with the
all-plus embedded triangle on the left and MHV current on the right in Section 4.6.1 only

contributes to the leading double pole term in sq,.

Finally the rational descendants have the same coefficients in the final result relative to
one another as were calculated so we do not expect the loop on the left terms to contribute
to these kinematic functions. Since the rational descendants are taken from the published
result of Badger et al [1], this sets the normalization of the final result presented above to be
that of Badger et al. Many of the amplitudes used in this chapter and the previous use the
normalisation set by Bern et al in [70], so there is some discrepancy between conventions,
however since we are fitting coefficients in this chapter, it is of little consequence to the
calculation at hand.

With all this in mind, we expect that the remaining unknown ‘loop on the left’ contribu-
tions should add give the same kinematic functions as were found in the one-loop to one-loop
channel with the requisite coefficients that add to give the final result. As stated above, we

were unable to fully determine the the contributions from the double-box and box-triangle
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diagrams, and there are some comments that should be made that point the road towards

future work.

Using spinor helicity : the augmented recursion method presented in this thesis uses an
axial gauge formalism to describe off-shell currents and vertices, and thus both it and the
spinor helicity formalism are inherently 4 dimensional. Thus when we cast our loop integrals
into this formalism, we lose the (—2¢) part of the loop momentum and thereby introduce
O(e) errors. This was not a problem when this technique was used to calculate the all-plus
amplitudes as all of the integrals were finite in € and thus one could take ¢ — 0 and the errors
would vanish. This is also true in the case of the one-loop MHV currents in the single-minus
case. In both cases, there is however one exception. When calculating the ‘square’ terms in
equations 3.3.64 and 3.3.65, we do not directly calculate them, but rather we sidestep this by
comparing to the one-loop splitting function. Initially this was a matter of convenience as it
was not clear how to directly evaluate the integral, however with the development of the A

trick we can now proceed, We find that

o—tri g—veri _ 1 [dellddlleq] . 91 [de]lq| Puclq)”

3T kP D (dg) (eq) g (4.102)

where for this evaluation we left ¢ completely unfixed.

The first term is what one obtains from the one-loop splitting function and what we used
in our result, however we also get this second term. Given that this approximation using
the splitting function has been successfully used in the past to reconstruct the rational part,
we are confident that this term should not be present. The essential difference between this
integral and the others in the one-loop MHV current section is the presence of [¢|a/3|q] in the
numerator. In the other integrals, all terms in the numerator were of the form [z|l|q) where
[ is the loop momentum, so the integrals were effectively ‘scalar’ as after Feynman parame-
terisation there were no terms with p? in the numerator since they would be proportional to
(qq) = 0. This is no longer true for the square terms. In a triangle integral, terms of order
p? in the numerator will produce a factor of I'(¢) which diverges as ¢ — 0 and thus requires
expansion. The errors of order € due to use of spinor helicity can now multiply by the € pole
of the Gamma function and become finite, contributing to the rational piece. Furthermore,
when carrying out the calculation, the desired correct term come the scalar p® part of the

integral, and the undesirable term from the tensor p? parts. Similarly, if we take the single-
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minus embedded triangle and take the 'unembedded limit> P? — 0, then the ’scalar parts’ of
the integrals {C, ..., C;7} reproduce the correct splitting function term.

Looking at the contributions from the single-minus current we quoted above, we see a
third term that does not feature in the final result. The similarity between the square pole
integral and the integrals from the single-minus calculation suggest that this extra term may
also be an artefact of the spinor helicity formalism, but without access to the full completed
calculation it is difficult to say for certain. Of course this also shows that the presence of
poles in certain integrals is not necessarily an insurmountable obstacle if we can isolate and
control them possibly evaluating them by other means such as in the square pole case above.
If we can find a way to rewrite the loop on the left calculation so that the terms we require for
the rational part are written in terms of integrals that are finite in epsilon (plus potentially
some terms like the square pole term above that can be evaluated by appealing to other
known calculations) then we may be able to see more clearly the errors that spinor helicity
introduces and potentially be able to work around it.

Complexity of loop on the left calculations: the two new structures that appear in the
loop on the left sector of the calculation are too complex for us to be able to solve, and
yet our analysis suggests that the final result should be as simple as the one-loop MHV
current calculations, which we can solve easily. This hints that there may be some underlying
structure or some way of rewriting these terms to simplify the calculation. One notable aspect
of the calculation is that the currents now have three off-shell legs. This means we now need
to consider poles due to triple collinear limits in which all three legs go collinear as well
as the sub-leading poles in which two of the legs go collinear, and incorporate these into a
base tree amplitude to generate the ‘good enough current’. While the technology required to
incorporate poles from double collinear limits into currents is by now well understood and
developed to a near algorithmic process, the same is definitely not true in the triple collinear
case, and given that triple collinear limits are noticeably more complex than their double
counterparts, this is far from a trivial generalisation. One avenue of future work would be to
develop a process by which we incorporate these poles into the triply off-shell tree currents.
A better understanding of the full current - and thus the full integral - may be helpful in
finding ways to tackle the full calculation.

Integration methods: We introduced the ‘A trick’ in the previous chapter and put it

to great use in this chapter to allow us to solve or uncover the structure of many of the
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loop on the left integrals. Terms such as [z|3|g) will appear in the denominator of complex
integrals and while Mellin-Barnes methods have been used for years in the evaluation of
Feynman integral, the method we have developed allows us to treat such a term as being in
the numerator rather than by splitting it as two propagators. It is far more natural to treat
such a term as a numerator in Feynman integral and so this method allows us to solve such
integrals without having to get caught in the details of the Mellin-Barnes contour integrals.
The method swaps the integral with infinite sums that must be resolved and in this chapter
and the previous, we have shown in many cases how one can use special functions such as
hypergeometric and Appell functions and their properties to simplify these expressions down
to a point where we are able to extract the rational part. We derived new hypergeometric
identities in Eqs 3.4.16 and 4.5.64 that allow us to resolve these sums and are of course

generic results that to the best of our knowledge are new identities.

There is of course still work to be done. As of now the double-box and box-triangle
integrals, as well as the integrals over the single-minus triangle are too complex to be directly
tackled, and in particular the presence of the four-point axial gauge vertex in the box-triangle
diagram poses a challenge. Thus a worthwhile further avenue of research would be to study
such integrals and extend the methods of integration to allow the evaluation of such integrals.
We are currently forced to fully fix the axial reference vector ¢ in order to avoid spurious
poles at the recursion stage, and to simplify integrals enough to be workable. A further
development in integration methods, or finding a way to remove such spurious poles before
recursion could allow for ¢ to remain at least partially unfixed such that it then may be
possible to fix it in order to simplify or fully eliminate the four-point vertices. Being able to
leave ¢ at least partially unfixed for the full calculation would also provide a very powerful
check on the calculation as was done in the past as ¢ independence is highly non-trivial and
brings together many different contributions across the full calculation.

Scaling to higher multiplicity: In going from the five-point single-minus to six or seven
points would be add additional external legs with positive helicity. This would affect the
currents but leave the ‘left hand side” unchanged. We would go from a googly 5 pt current
to a 6 pt NMHV current, while the MHV currents would simply become 6 pt MHV currents
and so on. In the NMHV cases again one would simply go from a 6 pt NMHV to a 7 pt
NMHYV. In moving to tree currents with higher multiplicity, we see that while the expressions

become longer, no new kinematic structures emerge. When carrying out the integrals in this
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chapter we see that the limiting factor in terms of complexity is the presence of terms like
[z]ar|g) and [y|f|g) in the denominator. While we can use the A trick to raise as many of
these as we like to the denominator, each use of this method introduces a further two infinite
sums to the expression which must be resolved. We have demonstrated in Eq 4.5.36 that we
can use Schouten’s identity to ‘partial fraction’ such terms in the denominator until we are
left with one [z|a|q) and one [y|f|g). In this chapter we have made in progress in tackling
such an integral, and thus at higher multiplicity these methods should still hold up. We
showed that one only needs the one-loop MHV channel terms plus the rational descendants
to reconstruct the full rational part using universal properties of the amplitudes, and it would
be interesting to see if this holds at higher multiplicity. To analyse this we would first need
the cut-constructible part of the higher point amplitudes and so far none of these have been

calculated.

4.11 Conclusion

In this chapter we continued our calculation of the rational part of the two-loop five-point
single-minus Yang-Mills amplitude. We introduced the ‘loop on the left” sector of the aug-
mented recursion method which is new to this calculation and showed the three structures
that exist in this sector to be calculated. We were able to fully determine one - the [ bubble
- while we were unable to calculate the final two - the double-box and the box-triangle - due
to the complexity to these structures. Nonetheless we made progress by evaluating parts of
a particular limit of the double-box structure, which we dubbed the ‘embedded triangles’.
With all these various pieces, we completed the process of BCFW recursion to get their con-
tributions to the rational part of the amplitude. We then moved on to the last piece of the
puzzle by calculating the rational descendants of the cut-constructible parts of the amplitude.
We further developed and demonstrated the power of the A trick which was introduced
in the previous chapter as a method of integration. We demonstrate its usefulness and derive
new identities concerning hypergeometric functions that aid in the use of this method.
While we were unable to complete the entire calculation, we showed that in fact a small
subsection of the augmented recursion calculation - the loop MHV current contributions from
the previous chapter - which stems from the one-loop to one-loop factorisation of amplitude,

along with the rational descendants generated all the necessary kinematic functions needed to
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fully reconstruct the rational part of the amplitude by imposing flip symmetry and collinear
limits, both of which are known properties of the amplitude. This is a surprising result
as it implies an unexpected simplicity in the contributions from the terms that stem from
the two-loop splitting function to tree amplitude factorisation channel, which comprises the
single-minus one-loop current contribution plus the loop on the left sector.

We finish by discussing the method of augmented recursion as it applies in the context
of this calculation and suggest further avenues of research which are unfortunately beyond
the scope of this thesis due to time constraints. We argue that - once complete - all signs
indicate that this method should scale well at higher multiplicity as is the goal in developing
this method.
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Chapter 5

Conclusion

In this thesis we took major steps towards the development of a method to calculate two-
loop single-minus Yang-Mills amplitudes using 4 dimensional unitarity and recursion. This
method, once fully completed should provide a pathway to ready calculation of two-loop

single-minus amplitudes at higher multiplicities.

Taking the five-point amplitude as an example, we explored the cut-constructible part of
the amplitude using 4D unitarity. We summarised the full method, but with a particular
focus on the pseudo one-loop subsector of this part of the amplitude. In particular we note
that this one-loop subsector alone generates the leading IR singularities of the full amplitude.
In this calculation we also developed a new parameterisation that allows the determination
of one- and two-mass triangle coefficients in one-loop integral reduction, and we extended
the method of canonical forms that allow us to calculate the coefficients of scalar bubble

integrals.

The bulk of the thesis focused on the extension of the augmented recursion method to
calculate the rational part of the amplitude. We began by calculating the ‘tree on the left’
subsector, and introduced the A trick as a method of solving Feynman integrals. We then
moved on to the ‘loop on the left’ subsector, which we were able to partially calculate, fur-
ther developing the A trick in the process. Finally we calculated the rational descendants of
the cut-constructible part of the amplitude. From the various pieces we were able to recon-
struct the rational part of the five-point amplitude by imposing universal known properties

of amplitudes.

The method developed in this thesis was an extension of a method previously employed
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to calculate two-loop all-plus amplitudes. We saw in this thesis that the necessary extensions
were significant, requiring the addition of the two-loop sector in the cut-constructible part of
the method, and the addition of a second double pole factorisation channel in the rational
part which added to the tree on the left subsector, and generated the new loop on the left
subsector. We also had to include rational descendants of the cut-constructible part for the
first time. The addition of these new parts of the calculation clearly displays the gulf in
complexity when moving from the all-plus to the single-minus sectors.

Given the complexity of these amplitudes, and the time it takes to calculate these using the
master integral method - as stated earlier the 5 point result was first published in 2018 while
the 6 point amplitude has still not been completed - it is clear that there is much appetite for
a method that is amenable to generalisation to higher numbers of external gluons as we have
developed in this thesis. In extending this method to six points and beyond, there would
be one additional two-loop structure in the cut-constructible part of the amplitude, whose
calculation is in progress. For the rational part, there are no indications that any new or more
complex structures will arise at higher multiplicity and the integration methods developed
in this thesis are expected to hold. It will be of particular interest to see if it is still possible
to reconstruct the full rational part of the amplitude without fully calculating the loop on
the left structures, however work is in progress to directly calculate these terms which would

further strengthen the arguments of the method.
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Appendix A

One-Loop Structures

The following structures contribute to multiple double cuts of the genuine two-loop parts of
the amplitude, with the loop insert being indicated by the vertex in the corresponding figure.
While the loop insertion is not directly relevant to the calculation of such terms, it is useful
to keep track of when checking the cuts and flip symmetries. The propagators are left out
of the equations but are indicated by the corresponding figure. There is also a Parke-Taylor

denominator factorised out 1/({ab) (bc) (cd) (de) (ea)).

(P +d)* (ad)® (ac) [al Prc) [c|(P1 + Pac)a) (e a)

Ib = 6 (cd) (de)
_ {ab) {ea) spc[blc|d)[c|Pr]a) [b](Pr + Pae)|c)
STa0l (e (A.0.1)
+ +
NI
e—i—
P3 P1

by P, a

Figure A.1: Insert diagram corresponding to Ib;. The vertex on the massive corner indicates

the one-loop insertion.
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1 — _tah)? (@) [a| Pr[e)[e|(Pr + Pac)la) b]
i 6 (bc)
(ab) (ac)® (ad) [a|Pr|c)[c| (P, + Puc)la) [be]

Na~

Figure A.2: Insert diagram corresponding to Ib,. The vertex on the massive corner indicates

the one-loop insertion.

(P +)* {ac)’ (ad) [a|(PL + Py)|d)[d| P1a) (ba)

Ibs = 6(bc) (cd)
_ {ea) (ab) sacle|d|o)[d|(Pr + Pic)|a)le| P1|d)
Sled 0 (A.0.3)
— +
Cnf
C—i—
Py P

BV P, d+

Figure A.3: Insert diagram corresponding to Ibs. The vertex on the massive corner indicates

the one-loop insertion.

188



by = — (ea)? (ad)’ [d|Py|a)]a| (P, 4+ Py)|d) [de]
6 (de)
(ea) (ad)” (ac) [a|(Py + Py)|d)[d|Pi]a) [de]
" 6 (cd) b (A.0.4)
a bt
Py
C—i—
P P

e?/ P, \Nd"

Figure A.4: Insert diagram corresponding to /b,. The vertex on the massive corner indicates

the one-loop insertion.

(ea)” {ce) [el(Pr + Pula)[e| P + Pu|a)[c|Pr|d)

1b; = A.0.
5 6(de) (A.0.5)
et a”
Py
b—|—
Py P

d P, \ CjL

Figure A.5: Insert diagram corresponding to Ibs. The vertex on the massive corner indicates

the one-loop insertion.
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Ibg = —

(ac)* (de) [c|Pr|a)[c|Pr|a) [e] (P + Pus)le)

6 (cd)
(ab) {ac) (de) [d|Pi|a)[c|Pi|a)[e[(Py + Pu)lc)
+ 500 (A.0.6)
et a”
Py
bt
Py P

d—y—;%_.\ C+

Figure A.6: Insert diagram corresponding to Ibs. The vertex on the massive corner indicates

the one-loop insertion.

Ity = —

{ab) (ac) {ea) [a|Pr|a)[c| Pr|a)[e[(Pr + Pa)lc)

5o (A.0.7)
_l’_ —
oy
b—l—
Py Py

d—y P, C+

Figure A.7: Insert diagram corresponding to /b;. The vertex on the massive corner indicates

the one-loop insertion.

[bgz

(ab)® (db) [b| Pr|a) [b| Pi]a)[d|(Py + Pu)|e)
6 (bc)

(A.0.8)
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Py Py

C_'—//_(P_.\ b_'_

2

Figure A.8: Insert diagram corresponding to Ibg. The vertex on the massive corner indicates

the one-loop insertion.

(ad)® (be) [d|(Py+ Pea)la)|d|(Pr + Pea)la)[0|P1]d)

6 (cd)
L {ea){ad) (o) [el(Pr + Pea)|a)|d|(P1 + Fea)la) (bl P2 |d)
6 (de)

Iy =

(A.0.9)

Nt

Figure A.9: Insert diagram corresponding to Iby. The vertex on the massive corner indicates

the one-loop insertion.

(ea) {ad) (ab) [a|(P + Fea)|a)[d[(P1 + Fea)|a) (b 1|d)
6 (de)
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Py Py

C_V P b_'_

Figure A.10: Insert diagram corresponding to Ibyy. The vertex on the massive corner indicates

the one-loop insertion.

( (e c) [e| Pr|a)[albla) B (Py + Fea)la) + [e| Prle) (e c) [e|b]a) (B (Pr + Fea)|a)
— (P1)* (ec) [e[bla)[b| Py + Peala) + [bI(P1 + Pua)[b) (e ¢) [e| P1|a) (b (Pr + Pua)la)

— [e|P1le) (b [b(Pr + Pug)la)[b(Py + Pcd\a>> (A.0.11)

et

Figure A.11: Insert diagram corresponding to Iby;. The vertex on the massive corner indicates

the one-loop insertion.
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(ab)” (ec) [D(P1 + Pua)|a)[b|(P1 — e)lc)[c] Pr|d)[e| Pi|e)
6 (be) (cd)[ab]
(ea)” (bd) [e| Pr|a)[e| (P, — a)|d)
12 (cd) (de) [eal

Ibiy =

X ( — (P)?[b|Pi]e) + (1 + ¢)® = [d|P1]d)) [b] (P + Peg)le) + [b] (P + Pcd)P1d|c)>

_ ({ab){ea)(bec)(de) [b e]?
6 (cd) [ab] [eal

<((Pl)2 — (P2)*) bl P1[b) — (P1)*[e[ble) + [b!P1!e>[6IPcd\b>)

(A.0.12)

b+ ct
~__ B
d+
Py Py
a”  p et

Figure A.12: Insert diagram corresponding to Iby5. The vertex on the massive corner indicates

the one-loop insertion.

(ea)” [e| Pila)

Iby3 =
b 6 (de)

X ( = (P1)* (ab) [pl(Py + Pea)|d)
+(P2)*((bd) (ea) [eb] + (ab) [Bl(Py + Pea)ld))

— (ea) ({bd) [ab] [e| Prla) + ((P3)* — (P4)2)[6|P1|d>> (A.0.13)
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bt cT

d+

Py Py

a7 p Ne'

2

Figure A.13: Insert diagram corresponding to Iby3. The vertex on the massive corner indicates

the one-loop insertion.

(ac)” [c|Pr|a)

Ibyy = ((bc> (— (cd) [c|Pi]a) + (da) [c|(Py + Pulc)

6{be) (cd)
+ {ab) (cd) ([P + Pu)ld) + [el(Py + Pule)) (A.0.14)
d-e"
B P,
ct P, *b* a

Figure A.14: Insert diagram corresponding to Iby4. The vertex on the massive corner indicates

the one-loop insertion.

{ea) [c|Pr|a)

Ibys = —
B 6sge (de) [al]

(2 (de) [b|(Pr + Pup)|c) el (P + Papla)le|(Pr + Fa)le)
— Sqe (ac) [ad] ( (de)le|(Py+ Pypla) — 2 {ea)le|(P1 + Puw)|d)
+ (da) (s4e + [e|(P1 4 Pap)|e)))

+ sae (ad) ((da) (e c) [ab] [de] + 2[b] (P + Pay)lc)[e](Pr + Pab)!e>)))
(A.0.15)
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dTe™

¢t/ P hﬁ—a

Figure A.15: Insert diagram corresponding to Iby5. The vertex on the massive corner indicates

the one-loop insertion.

(ea) 2 2
I = 5 el [ab](<“> (ad)® (ae) [ab][de] [a|Pi|d) + s (ab) (cd)? [be] [b|P1|a>)

(A.0.16)

b ¢t

+

Figure A.16: Insert diagram corresponding to Iby5. The vertex on the massive corner indicates

the one-loop insertion.

Tby, — 0B (@bﬂa@QWdﬂhﬂhﬁﬂd Sae (¢ @) (cd) [de] [e|Prla)

A d) + el ) (A.0.17)
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o/’ B 1.d

(&

Figure A.17: Insert diagram corresponding to Iby7. The vertex on the massive corner indicates

the one-loop insertion.

2 2
Iy, — L@’ [elPi]a)

(A.0.18)

el P *d* ¢

Figure A.18: Insert diagram corresponding to Ibys. The vertex on the massive corner indicates

the one-loop insertion.

{ab) (e a) [b](Pr + Pes)la)[e| Pila)
6

Ibyy = (A.0.19)
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a b"

et/ P d+ ¢

Figure A.19: Insert diagram corresponding to Iby9. The vertex on the massive corner indicates

the one-loop insertion.

1
 65eq (be) (cd) (de) [ab][eal

( (ac)(cd)(de)lea] [b|(P+ Fea)le)|d[(Pr + Pegla)le| Pr|d)

Ibyy =

X ((be) [l (P + Peala) — {ab) [c| (P + Fudc))
+ Sea () [B|(P1 + Pea)|d)[e| Pr|a)
x ({da) sea (de) [d|(Py+ Pealc) — (cd) (e a) ({de) [ce] [d|Pr]c) + seald](Pr + Peg)|d)))
+5ca(ca) (de) [ab][ed]
x ({ad)(ab) (ce) [d|(Pr + Pui)la)[e| Pr|d)
+(ea) (cd) ((be) [c|(PL+ Fea)|a)[e| Prla) + (ab) [d|(Py + Fea)|a) [6!P1!d>)))
(A.0.20)

Figure A.20: Insert diagram corresponding to Ibyy. The vertex on the massive corner indicates

the one-loop insertion.
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Tby, — (da)” [d|Pr]a)((e a) (cd) ([bI(Py + Pie)|b) + [c] (P + Poclc)
6 (cd) (de)
_ {da)* [d|P|a)({cd) [d| Pi|a) + (ca) [d|(P, + P)|d))
6 {cd)

(A.0.21)

Py Py

d+ Py f+b+

C

Figure A.21: Insert diagram corresponding to Ibs;. The vertex on the massive corner indicates

the one-loop insertion.

(ab) [d[P1]a)
6spe (b ) [e

al
— s (a¢)* (bd) [ea] [bd]
— spe (ad) [ea] ((De) [DI(Pr + Picla) —2(ab) [b|(P + Pi)lc))
+spe{ac) ((ad) ea] (spe — [D](Pr+ Poe)[b)) + 2[b](Pr + Poc)[b) e (P1 + Pbc)!d>)>
(A.0.22)

Ibyy = ( —2(be) [b|(P1 + Pye|a)[b|(P1 + Poc|b)[e| (P + Pye)|d)

198



d, ! +b+

I~
B

Figure A.22: Insert diagram corresponding to Ibsy. The vertex on the massive corner indicates

the one-loop insertion.

(ab)” [b|P|a)”

Ibyy = — ; (A.0.23)
ctd’
b Py
_|_
+ e
b 1~

I~
B

Figure A.23: Insert diagram corresponding to Ibs3. The vertex on the massive corner indicates

the one-loop insertion.

(ab) (ea) [b| Pr|a)[e| Pia)
6

by = (A.0.24)
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b+ _€

I~
=

Figure A.24: Insert diagram corresponding to Ibyy. The vertex on the massive corner indicates

the one-loop insertion.

1
65cq (bc) (cd) (de)[ab] [eal

( {ad) (bc) (cd) [ab] [b| Prle)[c|(P1 + Peala)[e|(Pr + Pea)|b)

Ib25 — —

x ({de) [d|(Py + Peala) — (e a) [d|(Py + Peld))

+ sca (ca) (be) [ab]

x ((ad) (bd) scalb| Pr]c)[c|(Pr + Pua)la)

+(ab) (de) [b|Pr|a)[c|(Py + Pe)ld)[e](Pr + Pea)lc))
— sea (cd) (ab) {ad) (bc) [ab] [ea]

x ({ea) [b| Py|c)[c|(P1 + Fea)la) + (de) [b| P1|a)[d](P1 + Fea)|a))
+ sca (cd) (ab) (de) [b] Prla)
X (8ab[c| (P + Pea)|c)[e|(P1 + Pea)le) + (bc) [bd] [e|(Py + Pea)|d)[e| (P + Pea\6>)>

(A.0.25)
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b/ e’

I~
B

Figure A.25: Insert diagram corresponding to Ibss. The vertex on the massive corner indicates

the one-loop insertion.

The remaining inserts are either one-mass triangles or one-mass bubbles, both of which
only contribute to one channel on a four-dimensional double cut. As an example, for
Aflo)(a_, bt 01, ls) X ... we denote the insert It,, whereas the Afll)(a_, b, 01, ls) X ... is de-
noted I/,,. We define ¢; and /5 to be going away from the massless corners. We present
the insert as they appear on the cut, with cut propagators removed and, in the case of the
one-mass triangle, the uncut propagator remaining. We still factorise out the Parke-Taylor

denominator.

(ab)’® (aly) () [la]tr]a)

Tar = =750y (bir)

(A.0.26)
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1( (ba) ( Ela >[b€1]+<ac) (ae)(da){ea)[ce]
6 ) (4 62 (de)
_lac)(ba) (4 CL> (t0)[ctr]  {ac)(ba) (db) (fra)” (tac)* [cly]
< c) (1 62) (bl1) (cb) (cd) (L1 lz) (L2 a)
L ) {ed)lea) (laa) [plo] [eb] [cbo] | {ac) (ea) (& a)’ {td)* [dd]
(de)[ab][alsy) (de) (1 03) (laly)
{ac)(da)(ea) (tra) (f2d) [de]  (ac)(ea) (ba)” ((2d)* [de]
(cd) {6 ) (cd) (b b) (62 4)
L ba)(ce)lea) (4 a)’ {tad)* [d ] , {ad)(da) (ea) (o) [d41]
(btr) {cd) (de) (tr L2) (l2a) {l2 ) (de)
~{ac)(da)’ {ea) (tra) (f2d) [d ] L bd)lda){ea) {tic) {61 d) (L) [be [d 6]
(cd)(de) (2a) (cd) (de) (tr(2) [ae]
_{ac)(ba)(ca) (tra) (bd) [cb][db] — (ab) (aly)(ea) (ra)[els]
(be) {cd) [cd] (btr)
n (ea) (tra) (ta)* [e L] n (be) (ea) (ra) (1 d) (£r a)* [e o]
(01 42) (bl1) (de) (1 L)
(ad){ea)(lia)(l2a){lae)lels] (c a)® (01 a)* 0y d) [ty ]
(de) (€ ly) (cd) (€ L)
_{be){ea) (tia) (4 Ay’ (lya)* [01d]  (ad) (ea) (1 a) (£ya) [( L]
(ber) {ed) (de) (0 6:)? (de)
N (ab)* (ca) (£ a) (b¢) (Lad) [(2 1] | laty) (ca)(ea) (Ld) [ebr] [6> ]
(be) {cd) (€1 L) (de)lab]
(ca) (tra) (lra) (b d) [cb][d O] [0 (ba){ca) (1 a) (L) (L d) [clo] [d 6] [€2 ]

(L
(cd) [ad] [cd] (bc) (cd) [ab] [cd]

_(be) (ea) (1 d)’ (fra) [ d]  (be) (ed) {ea) (bra) (£a)" [cbs]”

(b0y) (cd) (de) (6, £5) (bly) (de) (1 lo) [lo 0]
(ab) (ac) (tra) (tra) [t 64]  (ab) (be) (de) (ea) [eb]” [b¢a|b)

(be) [b]£1]b) {cd) [a 0] [e a]
_{be)(de) (ea) (t1a) (3[e[b]a)” + 3[e[b|a)[e|a]a) + [e[¢a]a)”
(b1) (cd) (tr42) [z 1]

2(ea) (tra) ((2a) [t e] [(2 0] [e|la]e)  (ac)(da)(ea){lie) ((z2a)[ce]

* (de) ab] [dc] * (de) (0 ) ) 020

+
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(be) (be)
~{ab){ac) {ad) (ty¢) [cls] Blea)  (ab) (ac)® (da) [b](r]b)
be

Tt — %(W (ca) laltatila) (b (o )? b

Spe (cd) (be) (cd)
(ab) {ca) (1 b) [e (2] Bllala)  2(ab)® (tr c) [e 4] [b]La]a)
" (cb) [eal ’ (cb) [eal
(ab) (ac) (ad) [b](1]b)[b](2]a) N (ab) (1 a) [ely] [b]61]D) [b]{s]a)
Spe (Cd) Spe € al
_ {ab) (ba) [bla]a)®  (ab) (£1D) [e 4] [b]l2]a)?
Spe She |€ a]
2(ab) (ac)(aly)[eli][bla]b)  (ab){ac){ca)[c|li]a)
(be) [eal (be)
N (ab)(ac){ad) {lac) [blo][c]li]a)  (ab)(ac)(cb)[blc|a)(c|¢i]a)
Spe (Cd) [c|t1]|c) (be)
_ {ab) (ac) [bti]a)[c|t1]a) . (ab) (ac) [bls]a)[c|ti]a)
Sbe [e|t1]c)

. (ab) (ac) (ad) [b]ls|c)[c|la|a) | (ab) (cb) [b‘£2‘a>2[6|£2|a>) (A.0.28)
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[

(ac){ad) (allsl;]|a) N (a d)2 (ae) (01 a) (b1 c)[cly][d ]

(cd) Seq (d €)
~{ab) (be) (de) {ea) [be]® L lab)lec) {lie) (b d) (La) [ebi][db] [ed] [e ]
(cd) [ab][eal Seq (cb) [ab] [eal
, {ab)lec) {tie) (ra) (Lad) [cb][db][ebllel] | (ad) (b a)* (1.¢) [c (4] [d 3] [61 b]
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(de)[ab][cd][ea] (de)[ab][cd]
N (ad)*{ae) (trc) [dbs] [cli]a)  (ab) (6 a) (Cya) [dbs] [e 1] [c]6y]c)
Seq (d €) (cb) [dc][eal
 3(ca)’(da)[dd [cltz]a)  3({ca)(da)’ [cd][d|t:]a) (ac)({ad) [c|ts]a)[d]lz]a)
[c]]c) [c]t1]c) Secd
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_ {ab) {lya) [ebo] [c|ti]c)[d|lz]a))  {ab) {ac) {lid) [¢1b][c|li|c)[d]ls]a)
(cb) [dc][eal Seq (cb) [a ]
(ab) {ac) (cd) [c|ls]a)[d]la]a) = (ac)(lid) [l Y] [c|lz]a)[d]ls]a)
1ol + T ) (A.0.30)
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=

(

~ {ab)(ac) {als)’ (db) (ea) (tic) [bbs]  (ab) (bc) (de) {ea) (b Lo) [be]”

(ae) (cb) (dbr) (tic) (dty) (tic)ab][ea]
(ad) (a 1) (ce) (dls) (ea) [e 1] 4 {ac)lea) (ha) (La) [t e]
(de) (dly) (l1c) (ty )
~{ab){ac)(a )2 (€y ¢) [ty 5] N (ad) (ba) ({1 a) (lsa) [l5 D]
(cb) (1 c) (61 d)
_ {ad) {ae) (atr)’ (Ld) [6: 0]
e ) (A.0.31)
]gde = l(
6
~{ac){a d)? (ae) (¢4 d) [d 0] N (ad) (ae)* (da)[ed]
{dc) (ed) (de)
{ac){ad)ae){tid)[eli][d|ls]a) | 2(ae)(lra)[lr0][e|d]a)
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Sde <d C) Sde [CL b]
{ad) (ae) [dti|d)[d]ls]a)lells]a) — (ae) (da) (L a) [bs|li]a)
+ sacldli2]d) (de) ) (A.0.32)
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Appendix B

Deriving the Tree-Level Currents

B.1 Deriving the googly current

We need to derive the googly current up and including terms of order (af3) since the left

hand side with the all -plus integral has a double pole.

Starting with the tree level googly amplitude,

[bef®

AW e 57 0% a7) = i Tl

(B.1.1)

there is a square pole that needs to be incorporated into the amplitude to get the current.

The pole structure is

A5(B 0 K Ak b )
Saf
(aflka? i (ka)? (B.1.2)

=1 —1 .

[q][Bg] sap {ab)(be){ck)
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(0%
+ - A®7H
B +

Figure B.1: Factorisations of the googly current on the s,3 — 0 pole.

Now we begin to rewrite this term. We can write

(Bk)[ka] _ - (B)lqal

(o) = [aal =0 [aal
where
32 o? 2
= + — )
26-q 2a-q 2k-q

Subsituting this back into the pole expression, we then use

(BF) [kq] = —{aB)[aq]
to now write the pole term as

;. taB){ka)’lkallkq] . & {Bq){ka)’[kq]*[ga]
sap(ab)(be)(ck)[aal[Bq] ~  sap (ab){be)(ck)[aa][Fq][Bq]

Next we do something similar, writing

followed by

(B.1.3)



Now we have

(ap)(ka)’[ck][ka] 0 ( (ka)*(qar) [cq)[ka][kq] (Ba) (ka)*[kq]*[qal )
{

as (@) bey (R aal[cB] T 5ap \ (ab) (be) (k) aal[cB][Ba] T (ab){be){ck)aalfoq] Bq

Now we modify the first term above using
= [c|k’|a) = —(a c——saﬁ cql{qa
[ck][ka] = [c[k’|a) = —(ab)[bc] [qIPa,qu)[ ql{qa)
and b b
W) plr) b
R 7 7 R 1 Ok
Now we have
. (aB) (ka)[be]*[ka] {aB)(ka)[bcllbgllka] . (Ba)(ka){ga)[be]|cq]lkal
saplab](be)[aal(ch] <bC><ck>[a][aa][Cﬁ]UfQJ (ab){bc)[ab]|oval[cB]q| Pusla)
_j_ SaslabB)(ka){qa)(balleq]lka] . 0 ( (ka)*(ga)[cq][ka][kq] N (Bq)(ka)’[kq)*[qa] )
(ab) (be)(ck)|ab][aa][cB][kqlla| Pagla) ~ sap \ (ab){bc)(ck)[aal[Bq][cf] ~ (a )(C)(Cé%[(iwg])[aq][ﬁq]
Finally, on the first term we substitute
el lbed s [q|alq)
ol = )+ 0 (1 )
to get
. (aB)[be]? . (aB)[bel[glalg) - (aB)[b?
" saslabl[oal[cB] ' fab]{be)[oal e8] al Pasla) ' fab] (be)aa][c5]
(aB)(ka)lbelbg][ka] . {Ba)(ka){ga)[bc][cq][ka]
(be)(ck)[abl[aal[cBkq] (ab)(be)[abl[aal[cB][q| Paplg)
_;—saplaB)(ka){ga)ballcqllka) . S ( (ka)*(ga)leqllkallkg]  _ {Fq){ka)’[kal*[gal >
(ab)(be)(ck)[ab][aa][cB][kq][g| Pasla) ~ sap \ (ab)(be){ck)[aa][Bq][cB] ~ (ab)(be){ck)]aalloq][Bq] )

(B.1.6)
We can identify the first term as the googly amplitude up to corrections of O(a?, 3?), so that
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we can write the current as

. o o PSR ) P (10 s
[0a][B4] e (ab){be)(ck) ' Tob] (be)laal[cF]
B ka)lbelballkal . (B (ka)galbellcallbal_ , saslad){ha) ga)lballeg]lkal
Il ad]

. [b g
" Toc) ek abl aal[cBTkq]  Tab) (o) [abllaal Bl Pasla) ' (ab) (be) {ck) [ab] [aal [cB]lka [ Prla)

0 (_{ka)*{ga)[eq]lkallkq] (Bq) (ka)®
saﬁ(< b) (be) * )

[ [kq]*[qa] )
ck)[aal[Bq][cB]  (ab)(bc)(ck)[aa]laqg][Bq] )
Recall that in the case of the all-plus triangle that we only require terms up to O(s,z) and

g
{
(B.1.7)

up to O(a?, 3?), so we can slim the current down to

Ot o am g — el Pusle)® . (ga)lelPusla)’lcellalPacla)
TR ) () el Pasl el [Be]  Tab) ) [el Pasla) el Pas|e) faa] B e
y (5a) | Pa|)*[ea
(b)) el Pasle) el Pasla) ol ac] ]
BB (B
" GalablicAlfoa] Tabllellaalel Pasle)
el (el o

(ab)[ab]aal[cP]le| Pagla) — (be)le] Puglg)[ab][aal[ch]

(B.1.8)

B.2 Deriving the MHV currents

Deriving the MHV currents is more straightforward. Let us use the adjacent MHV current

as an example as the procedure is identical for the non-adjacent equivalent.

Beginning with the amplitude

3

_ + {a
As(a™,a”, b, ¢, BT = <ab)<bc>(05><5a>

(B.2.1)

which has the pole .
As(BT, 0 k) —— Ay(—k~, ™, bT, cT)
s

ap
_ [kBYeq)? i (ka)? (B.2.2)

~ (k) (Ba) sas (ab)(be)(ck)
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Figure B.2: Factorisations of the adjacent MHV current on the s,z — 0 pole.

We can uncover the leading pole using

o 1 1 (qlaBq) (aB){qa)[qlalq)
<aﬁ><5a>_<Oéq><ﬁQ>2[QIPaﬁ|a>< sapUNFesle) + ) (B23)
and expand as before using
[B1Pos10) [l Paslt) (gb)[8q] o
BPald) = lPesle) " BPssila Py * O o
(@ P2slb) (gl Paslb) (ab)lxg] 2 g a
aPod) ~ Puld) Pl p O
The current is now
SO0 0 bt gt — g aa*(ac)lalalg)lg| Pala)® ; (qa)[Bd] ’
s ) = = ) Ba)2 4] Pasl )2 al Pala)? (” “5[5|Paﬂ|q>[quaﬁ|a>>

" . (ge)[aq] -

(” “ﬁ[a|Pag|q>[q|Paﬁ|c>)

(aq)*(q| Paglq)[q| Papla)® (qa)[Bq] ’
(1 + Sag [ >) .

Sag(ab)(be)(Ba)?lal Paslc) [a| Pasla)? Bl Pusla)[a| Pasla
(B.2.5)

+1

At this point we recall that we require the current up to order O(s,g), so we expand the

bracket in the denominator using (1 —x)~! =1+ x + O(z?) to get

00 am bt B q) =i (aq)*(q| Paslq) [q] Pagla)® ;. leg)*(g0)lglalg)[g| Pus|a)®
S Sap(ab) (be) (Bq)2[ql Paglc) | Pagla)®  (ab)(be) (Bq)2[q| Paslc)?[q| Paglq)?
(aq)*(qa)[q|Blq)[q| Papla)?

) (00} B)2 4| Pas|) 4l Pas|0)?

+ O(Sag>.
(B.2.6)
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The non-adjacent MHV current derivation is identical so we shall simply state the final result,

PO 0t am bt g) = (Ba)*(ca)lglalg)alPasla)® . (Bg)*(aq)lglBlg)[al Papla)”
A (ab){aq)*(bc)[q] Pagle)®[ql Pasla)®  (ab){cq)(be)[q| Puslc)[a] Paslg)?
L (B9)°[q| Pasla)’(glaBlq) 4 (Ba)*(ag)[alalg)[g] Pasla)®
sae(ab) (aq)*(be)|q| Paglc)a Pagla)?  (ab){aq)*(be)lq| Paglc)a| Pas|a)?
+O(Salg>.
(B.2.7)
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Appendix C

Hypergeometric functions and

Identities

Given the ubiquity of hypergeometric functions and their various identities, we present a
summary of these in this appendix. The results can be found in many places, such as [92],

online at [93], and the appendix of [94] was particularly useful.

C.1 Pochhammer Symbols

The basic structure in the series representations of hypergeometric functions is the Pochham-

mer symbol, defined as

I'(a+n)
= —— . C.1.1
(a.m) = 5 (L)
The most useful identity for Pochhammer symbols is
1)
(a,n) = (=D (C.1.2)

(1—a,—n)

C.2 Series and Integral Representations

The hypergeometric function of a single variable can be written as a sum of Pochhammer

symbols,

e}

oo 01 = 3 o.m) 5’ )m, (C.2.1)

=0
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sthla, B, 8,79, 2] Z (@, m (ﬁsw)(?i)’ )i::’ (C22)

and this can naturally be extended to arbitrary numbers of arguments,

= (a,m) 61, ). (Bp,m) ™
1F [O[,/Bl,...,ﬁ ;717"'77 7 . (C23)
p+1Lp P P E::o (71, m (ryp’ m)  m!

All of these series converge when |z| < 1.

There are two hypergeometric functions of two variables which we shall use extensively

in this thesis: these are the first two of the four Appell functions:

and

Byla; 8,857,952, y) = = (C.2.5)

m,n=0
The first function converges when |z| < 1,|y| < 1 and the second when |z| + |y| < 1.

All of the above functions also admit an integral representation, however we shall only

state the representation of 5 F} as it is the only one we will use.

I'(v) ! v 0P (1 — o) P — )
—B)/o d (1 ) (1 )79, (C.2.6)

2F1[067ﬁ77’x] - W

where Re(3) > 0 and Re(y — ) > 0

C.3 Hypergeometric Functions at specific values

At certain specific values - usually 1 - the hypergeometric will simplify. These are

[y —a—B)T(y)

R N CEry YeR)

(C.3.1)

where v — a — [ > 0, and

Fl[a7ﬁaﬁ,777 lvy] - 2F1[(1/,ﬁ,’}/, 1]2F1[O{,5/,’Y - ﬁ’y] (032)
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In any case where one of the arguments is 0, the corresponding series evaluates to 1, so

2F1 [Oé, 5)77 O] - 17 (033)
File; 8,857,050,y = o Fia, B, 7, 4] (C.3.4)

and
FQ[O{;B7B/;7”}/;$70] :2F1[a767’77$]' (C35)

If one of the Pochammers in a hypergeometric function is 0, say (0,n) then the n series

terminates, so

FQ[OC;B,O;”Y,”)/;QJ,Z/} :zFl[Oé,ﬁ,’Y,l’], (C36)

and if the Pochhammer with both series variables is 0, so (0,m + n) then both series termi-

nates,

[0; 8, 857,72,y = 1. (C.3.7)
A Pochhammer with a negative argument can be written as

(=1)"T'(1+ a)
I'l+a—n)!’

(C.3.8)

(—CL, n) =

so if a is an integer then for n > a, the Gamma function in the denominator will cause the
term to vanish, thus negative integer arguments of Pochhammer symbols in the numerator

of a series will return a polynomial.

Should a Pochhammer in the denominator of a series be non-positive, then that function

will diverge, and the series is undefined.

C.4 Analytical Continuations

While the functions as defined above have a limited region of convergence, there are many
formulae that extend the region of convergence for each. While there are truly numerous
such functions, we shall restrict ourselves to list the expressions that have been used in this

thesis.
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For the hypergeometric function,

) )
B L A =
L(a)T(y = B) ’ ’ "z

where  — a # 7Z so that neither of ['(5 — a) and I'(av — [3) diverge.

D(y(a+p—7)
['(a)T(8)
L(ML(y —a—p)

T —arg gl At f - L1

2F1[057677>Z] = 2F1[7_a77_577_04_6+171_Z](l_z)viaiﬂ

(C.4.2)

where 7 — a — 8 # 7Z for the same reasons as above.

C.5 Identities

For the hypergeometric functions we will extensively use the two “half-Gauss” transforma-

tions, and the combined “full-Gauss” transformation:

z
2F1[a757772] - (1 - Z)_OZQFI[OGV - 5777 S 1]7 (051)

z
2F1[Oéa677a Z] = (1 - Z)_52Flh/ - Oé,,@,"}/, P 1]7 (052)

and
2F1[Oé, /Ba’% Z] = (1 - Z)’y_a_ﬁQFlh/ —a,Y — /Ba’% Z] (053)
For the Appell functions,
/ —a !l 1 T r—Yy

Filos 8,850,y = (1 —2) *Filayy = 8= 5, 5575 ] (C.5.4)

"r—1"2z—-1

C.6 Reduction Formulae

In certain special cases, more complicated hypergeometric functions can reduce to simpler

functions. Again while there are many such examples we will state those that are explicitly
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used in this thesis

X

Folo; 8,83y, 0529 =1 —2) P Filf,a = 8,80, 7, (C.6.1)
Flos 8. 830,75 ,9) =(1 = ) PRS0 = By 77—, (C6:2)
il 8,8, 8+ 82,y =(1 = y) 2 Fi[a, 8,6+ B, T (C.6.3)
oo 8.8 8.7, 9) =(1 = 2) 5 Fila, B 17— (C.6.4)

C.7 Derived Identities

The following identities will appear many times over the course of our calculations in the

context of resummation when using the A trick in integration.

LI+ e —a)
I'(b+c)'(d—a)

Z (@) Fila+rbc,d zyl = (—z) 2F1fa, ¢, b+ ¢, 1 - %]7 (C.7.1)

and
t ) (b
Z—(a’“L )Xty Fifa+r+t,bc,Y] = (@, g 4751 (0,0) yry
il g'r'it! (e, q)
rt art (C.7.2)
Y

:(_X)_aQFl[a, b, C, —X]
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