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Abstract

Building on top of existing work by Wong, we exhibit an implementation of the
Nested Relational Calculus of Buneman et al. in the Coq interactive theorem
prover. We provide a syntax for the language. Additionally, we provide a deno-
tational effective list semantics and a denotational Prop-based semantics for
the language. We create examples that show the Nested Relational Calculus’
capabilities as a declarative programming language. We provide a discussion
on works similar to ours, justifying our design decisions. We leave the reader
with multiple directions in which the project can be taken, and the expected
results.
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Chapter1
Introduction

Databases are a core concept to modern computing, allowing us to rapidly
and reliably transform large quantities of data. There exist many paradigms
that describe the operation of a database system, and there exist many lan-
guages and theories that allow us to reason within and about these systems.
One of these theories is the Nested Relational Calculus, or NRC.

This work is a computer-assisted mechanical formalisation of findings re-
garding the Nested Relational Calculus of Buneman et al. It mostly draws from
the formalisations of NRC found in Wong [34], a thorough PhD thesis on the

topic.

We consider NRC to be of interest because it connects the world of rela-
tional calculi that are pervasively used in database applications to the world of
functional programming. This is because NRC is essentially a typed declara-
tive programming language that uses the lambda calculus as its foundation. As
examples, we point to work by Cheney, Lindley, and Wadler [8] as a formula-
tion of language-integrated queries, which are very close relatives of NRC. We
also highlight Fowler, Galpin, and Cheney [21] as another example of language-
integrated queries in the specific scenario of temporal databases within the
LINKS programming language. These use extensions built on NRC as a basis.

We showcase an example table written in NRC in Table 1.1.



ID Name | Salary/ total expensing
EMP1 | Santana 100000
EMP2 | Martyn 150000
CTR1 | Chiharu 500000
CTR2 | Parveen 200000

Table 1.1: An example employee and contractor table with an associated ID,
name, and salary (or projected expenses).

({"EMPT”, "Santana”, 100000)} U {("EMP2”,"Martyn”, 150000)})

({("CTR1”,”Chiharu”, 500000)} U {("CTR2”,”Parveen”, 200000)})

Figure 1.1: The example Table 1.1 shown as an NRC construction, modulo types.

We do not claim to provide new findings regarding the Nested Relational
Calculus in the theoretical sense. What we provide is a translation from some
of Wong’s findings into a dependently typed programming language. To be
exact, we provide the core language of NRC without function types, we pro-
vide provide two possible denotational semantics for NRC, we give a lemma
for compatibility of these two semantics, and we give various extensions of the
language. Specifically, type remapping, binding and a select operation. Our
choice of proof assistant and dependently typed programming language for

these constructions is the Coq' proof assistant.

We decided to use the Coq interactive proof assistant for several reasons.
First, the project supervisor— Dr. Pradic — has previous experience in this proof
assistant, thus research support from her will be more relevant to the project.
Second, there already exists a formulation of SQL within Coq, as seen in Ben-
zaken and Contejean [5]. This lends itself to the possibility of a future work

that manages to prove conservativity over actual implementations of NRC and

INow known as the Rocq proof assistant. This thesis was written prior to the change of
name, and thus the naming reflects the name at the time.



SQL. A prototype written in other proof assistants such as Agda or Lean would
need to go through an extra step to conform to the restrictions imposed by the
alternative choice. Regardless of the fruition of work on the mechanisation, the
guiding thought is to provide an open-ended prototype to the scientific com-

munity that can be reused in the future.

In Chapter 2 we discuss the fundamental concepts that this work utilises
and builds off of. We discuss the original Codd’s relational model in contrast
with its nested equivalent (NRC), and finally we provide the reader with formal

definitions for concepts that will be used throughout the work.

In Section 2.4 we give a brief historical viewing of interactive theorem provers
to give the reader a clearer understanding of the framework and tools that will

be used to produce our mechanisation.

In Section 3.1 we show a high-level explanation of the scope of our project in
preparation for the coming sections. We begin by showing the syntactic core
of NRC, implemented in Coq in Section 3.2. We continue our journey through
NRC by showing two possible denotational semantics in Section 3.3. The work
finishes off its technical contributions by providing examples of NRC'’s usage

for constructing common elements of programming languages in Section 3.4.

After a thorough exploration of our work, we focus our attention on two pri-
mary related works. We provide a discussion about two perspectives on NRC
that differ from ours. This can be found in Chapter 5.

We finish our thesis with a discussion of future projects and possibilities of

expanding this idea further in three main points, found in Chapter 6.



Chapter 2

Background

2.1 Codd’s Relational Calculus & Algebra

We will frequently use the term ‘calculus. When we say this, we refer to a
computational calculus, which is a system of rules that dictates how to derive

computation.

One such way is through the relational calculi. They are a family of sys-
tems that treat relations as primitive elements of computation, as proposed
by Codd [14]. There are various forms of the relational calculus, such as the
relational calculus using three-valued or four-valued logic; however, for this
project we consider our model to use the common two-valued first-order, or
predicate logic with the appropriate semantic adjustments. This is enriched
with the basic relational operators: projection, selection, join (of two forms),

union, difference, intersection, division [13].

The calculi serve as components of the greater ‘relational model’. The re-
lational model underlies the database theory known as SQL. SQL stands for
Structured Query Language. It is a declarative programming language used as
an interface for relational database systems. At the time of writing it can be
considered the most popular database language in the industry, as four of the

top five most popular database management systems are all based on it [31].



PupilTable

Name | Mark | Average Grade
Jacob 83 79
Marie | 70 85
Alex 93 84
Fido 98 46

Table 2.1: Example table which can be represented with relational calculus.

PupilTable =
{j,m,a, f | 7.Mark =83 Aj.AverageGrade =79 Aj.Name = Jacob
m.Mark = 70  Am.AverageGrade = 85 Am.Name = Marie
a.Mark = 93 Aa.AverageGrade = 84 Aa.Name = Alex
f-Mark =98 Af.AverageGrade = 46 A f.Name = Fido}

Figure 2.1: Example Table 2.1 written in the form of relational calculus.

To illustrate, we show a relation defined using the relational calculus depict-
ing the exam results of a class compared to expected result based on an average
of previous grades (Table 2.1 and Figure 2.1). We show a filtering operation in

SQL that selects only students who perform better than expected in Figure 2.2.

This work does not go into formalising the relational calculus as proposed by
Codd. Rather, this work explores an extension of the relational calculus known
as the Nested Relational Calculus.

2.2 Nested Relational Calculus, informally

The Nested Relational Calculus — or NRC — is a higher-order declarative
programming language in the same family as Codd’s relational calculus. Orig-
inally devised by Buneman et al. [7], later firmly formalised by Wong [34], a
large fragment of its syntax is partly inspired by the category-theoretical no-

tion of a monad to nest relations at various depths.
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FROM PupilTable
SELECT Name
WHERE Mark > AverageGrade

Figure 2.2: An SQL operation filtering out tuples from Table 2.1 and projecting
the Name column.

NRC is of interest to us because it is a higher-order theory that is capable
of expressing the same things that SQL can, while maintaining a connection to
the world of the lambda calculus, and therefore the world of programming lan-
guages. We will see how this holds in Section 2.3. Connecting these two worlds
is one solution to the impedance mismatch problem between programming
languages and database languages. This problem was defined in Copeland and
Maier [15, 16] as the problem of differing programming paradigms (where pro-
gramming languages were frequently procedural, while database languages
are declarative) and the problem of differing data type definitions between the
languages, e.g., an integer in one language may not be the same as an integer in

another language).

The semantics classically considered for NRC are that of sets, bags (also
known as multisets) and lists [7, 34]. We loosely define the term semantics as a
‘meaning’ that is assigned to each syntactic term of a language. Semantics tell
us how a programming language’s constructs interact with concrete data struc-
tures and/or with the state of a program. There are various forms of semantics,

with more discussion on them being found in Section 6.3.

2.3 Nested Relational Calculus, formally

The Nested Relational Calculus can be seen in Buneman et al. [7], and is for-
malised as a traditional computational calculus with type derivations in Wong
[34]. It is a simply typed language for interacting with databases using nested

relations. The following are the types in the universe of NRC.



Base types Unit type
v v
s,¢te=1b | unit | sxt | {s} | s—t 2.1

Product type Set type

The product type s x t corresponds to a pair whose first project is an object of

type s and its second project is an object of type t. The unit type has one inhab-
itant, namely (). The set type {s} corresponds to a finite set of objects of type
s. The semantics of objects with the set type vary. Our implementation will
employ lists to model NRC with set semantics. In other words, the semantics
of our model language’s nestable data structures are that of sets, and the pro-
gramming language implementation semantics of our model’s set structure is
that of lists.

Function types The function, or arrow type is one that is present in the orig-
inal NRC, allowing the language to construct intricate programs that can be
reduced according to the reduction rules of the lambda calculus. We, however,
will not be using the function type. This is primarily due to the time constraints
of the project. As a result, our NRC is not a fully-fledged programming lan-
guage, but rather a declarative language defining operations on the contents of

a database.

The syntactic structure of our version of NRC is described as follows [34]:

VARIABLE UNIT PRODUCT PROJ1
['(z)=s ['Feps [k eyt FFesxt
'k as ' ():unit I'F (e1,e9):s x t 'k me:s

PROJ2 EMPTY SET SINGLETON SMALL Cup
l'Fesxt I'kFes ['Fep:{s} ['Feq:{s}
['F mae:t I'F{}:{s} I'F {e}:{s} I'F e Uey{s}
B1G Cup INTERSECTION
Coz:thkep:{s} I'Foeg:{t} L'k ep:{s} ['Feq:{s}
I'H U{el |z € ex}i{s} ['F e Negi{s}



The unit type only produces one constant object. The existence of an empty
set is guaranteed, and any existing element of type e can be lifted to a set type.
The small cup union operator works as expected based on used semantics. The
big cup operator is akin to a bind operator in Haskell, where for all members
z' of e; we perform (A\z.e;)x!. As we do not have function types, we interpret
a function with its corresponding application just as a substitution. In other
words, we feed every member z* of e, as a substitution into each occurrence of
x € ey . The resulting sets are then joined together with a small cup union. This

implies that = must be a free variable in e;. In a more visual manner:

U{61 |x € ex} = forz; € eowheree, = {xg,...,z,} 2.2)

(er{zo/z}) U (erfmr/a}) U--- U (er{zm/a})

Properties of NRC All queries created using most members of the NRC fam-
ily have a polynomial time computational complexity with respect to their size
[34, Theorem 2.2.1]. This result, however, excludes certain members of said
family. Specifically, the powerset operator takes NRC queries out of polyno-
mial complexity. This is obvious, as the powerset operator has exponential
complexity. The author proves this for every ‘primitive function’ definable in
the Nested Relational Algebra, N'R.A, but also claims that a stronger theorem
holds for NRC, given a ‘specific’ operational semantics. The paper does not go
further into this aspect for NRC. Additionally, the nested relational models are
conservative over the flat relational model, as long as the queries are flat. This

can be seen in Wong [33].

24 Programming language theory

This short section serves as exposition for concepts that are commonly seen
in the field of programming language theory, leading up to interactive theo-
rem proving. Everything mentioned in this section is used in some manner
throughout the project, but is not the subject of it. Readers experienced with
programming language theory will likely not gain new information from this

section.



Lambda calculus In 1932 Church provided foundations for a formal system,
a subset of which used higher-order anonymous functions as its foundation,
termed the Lambda Calculus [12]. This contrasted Turing’s foundations of in-
structions on an infinite double-ended tape. Lambda calculus uses term sub-
stitutions and reduction operations as its definition of term evaluation. It is

considered the foundation for modern functional programming languages [2].

Type systems An effect of having an untyped lambda calculus is the ability
to create recursive functions through applying a function to itself. This feature
can lend itself to core logical issues because there is nothing stopping us from
writing nonterminating programs. Historically, computer scientists and com-
putational mathematicians have been interested in computable programs and
functions. A type system can help achieve that. One popular system for mod-

elling computation in a typed manner is the Simply Typed Lambda Calculus,

or STLC [3].

Dependent type theory Ever since the inception of the Lambda Calculus
there have been countless type systems created to express computations. A
type system that rose to prominence was written by Martin-Lo6f, which also
connected to the foundations of mathematics by introducing logical connec-
tives that had a one-to-one correspondence with those in intuitionistic logic.
This is called Martin-Léf Type Theory, or MLTT, as seen in Martin-Lof [26].
By combining a connection to logic and using constructivist principles, the
type signatures of functions became correspondent to existential proofs of wit-

nesses for said functions.

Coq Alongisde Martin-Lo6f’s Intuitionistic Type Theory there also exists the
Calculus of Constructions, by Coquand and Huet [17]. It is also a type theory
that is based in constructive approaches. It contributed to the creation of the
Coq proof assistant, which we use to mechanically formalise the Nested Rela-
tional Calculus. The Calculus of Constructions has a chain of type universes
called T'ype with each element indexed by the natural numbers, e.g. T'ype,,

Type, etc. A strict subset of this chain of universes is the type of propositions
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Prop, the values of which get discarded during code extraction. Prop is an im-

predicative universe of types, whereas T'ype is a predicative.

2.5 Abackground in Coq syntax

We describe core components of the Coq proof assistant’s programming lan-

guage, Gallina. The syntax is similar to OCaml.

Pattern matching Coqsupports avery rich form of pattern matching. It sup-
ports simple pattern matching, allowing us to destruct a term into its construc-
tors, but it also allows us to use additional keywords such as return in the
header of the pattern match, which specifies a return type of the pattern match.
Additionally, we can use as to annotate the subject of the pattern match with
abinder, and in to give the typechecker additional information about the type

shape of the structure we are matching over.

Inductively defined structures In Coq we can create inductively defined
structures using the Inductive keyword. Every constructor (in the exam-
ple, case_1land case_2)is a function that builds an element of our inductive
structure. This is the primary mechanism through which we introduce the syn-
tax of NRC.

Inductive structure name (argumentl : typel) : return type :=
| case 1 (argument2 : type2) : structure name argl arg2
| case 2 (argument3 : type3) : structure name argl arg2

Standard functions To define a function in Coq we use the Definition
keyword.

Definition function name (argumentl : typel) : return type := ...

10
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Recursive functions Todefine arecursive functionin Coqwe use the Fixpoint

keyword.

Fixpoint function name (argumentl : typel) : return type := ...

Records To define records in Coq we use the Record keyword.

Record record name (argumentl : typel) : return type :=
{ paraml : ptypel ;
param2 : ptype2 ;
}

Proof functions Coqseesadistinction between functions that are relevant to
computation and functions that are used in proofs. We have discussed typical
functions for computations in the form of Definition and Fixpoint key-
words. Proof functions can be used via keywords like Theorem, Lemma and
Axiom. The Axiomkeyword is special because it does not require a proof after
its definition, rather its contents are assumed to be true. The other keywords

require the provision of a proof after stating the definition.

Theorem theorem name (argumentl : typel) : return type = ...

11



Chapter 3

Implementation of Nested
Relational Calculus

3.1 High-level overview

Urelements We will be using the term urelement. This term can be inter-
changeably used with the term atom. It is a term originating from set theory,
discussing objects that are not sets but may be elements of a set. The impor-

tance lies in the indivisiblity of the urelement, compared to sets.

Our implementation of the Nested Relational Calculus is that of a type sys-
tem, an inductive type of syntactic terms and a semantics. Alongside this, some

minor examples and theorems are added.

The in-universe type system of the Nested Relational Calculus is fairly sim-
ple. It consists of atomic types ¢ which represent the urelements of the lan-
guage, the unit type 1, the set type 3 7' which takes some in-universe type 7 as
parameter and the product type 71 X 75, which takes in-universe types 7, and 7,

as parameters.

"'We use the set constructor 3, as opposed to, say, Set for primarily cultural reasons, as the
supervisor of this project, Dr. Cécilia Pradic, has previously used the same notation.

12



The syntax system of NRC is nearly identical to the one found in Wong [34,
Section 2.1]. Our syntax differs in two ways, one being that we do not include
function types in our formulation. A lack of function types necessitates remov-
ing lambda abstraction and function application from the core set of syntactic
expressions. This is done primarily due to the time constraints of the project.
The other difference is the addition of a difference operator. This is done be-
cause the difference operator adds expressivity to NRC at no cost to its com-

plexity. More discussion on these decisions can be found in Section 5.2.

To implement the difference operator — and in fact any non-monotonic op-
erations — we will need a defined equality in the language of NRC. This has
been previously achieved in Wong [34, Section 2.4]. As a result of this, we have
imposed a restriction on the semantics of types in NRC: we only allow (decid-

ably equal) types with a linear order.

For showing equality we note that Wong — alongside other literature on re-
lational calculi [24] — utilise the already-existing unit type to express booleans
in computable predicates. This is because the set monad of the unit type effec-
tively becomes a type with two inhabitants: {} the empty set, and {()} the set
containing the unit. We can regard these as false and true respectively. With

these conventions and restrictions, we are now ready to formalise semantics
for NRC.

This work formalises two denotational semantics. The first is semantics
based on the Prop type in Coq, giving us a ‘logical’ representation of NRC from
the point of view of the Coq type system. The second is a more pragmatic, list-
based semantics that lets NRC work with concrete data structures. The com-

patibility of these two semantics is proven.

With a fully formalised syntax and semantics, we can start seeing outlines
of NRC as a fully-fledged programming language. To further its arsenal, we
add definitions to aid in term substitution by means of remapping contexts of

NRC variables and by binding contexts to new ones. We define the notion of a

13



predicate using the set-unit type in NRC in accordance with the unit-boolean
semantics we discussed above. This approach was taken from Wong [34], justi-
fied by previous works on relational model theory not using booleans as first-
class elements [24].

With the notion of a predicate defined, we are ready to show a generalised

select operator which filters data based on a provided predicate.

3.2 Syntax

Coq pseudocode alterations Here, we list all alterations made to the Coq
code that would make the code non-functional®. These alterations are present
for the sake of readability and easier code explainability. For a clearer code

reference, the code may be found in the associated GitHub repository.

Pseudocode Coq Pseudocode Coq
- -> = exists
= => * *
A /\ - )
v \/ M nrc_projl
L False M2 nrc _proj2

A X = fun x => () tt

v forall

This section contains the core Coq constructs used in this project. To make
reading the Coq code easier, syntactic elements have been adjusted, thus the
code is actually pseudocode that will not run. For alist of adjustments made see
paragraph above. Unless stated otherwise, the following code definitions can

be found in the file Syntax. v of the formalisation subdirectory of the project.

Definition 1.

2This could, perhaps, be stepped over with the Ut f8 module from the Coq standard library.

14
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The following is the definition of our core in-universe types® of NRC.
NRCyypg =71,0 == | 1| 7|7 X0

The types are as follows: ¢ stands for an urelement of NRC. 1 refers to the
unit type with a sole inhabitant (). 5 7 refers to a type of sets of 7. 7 x o refers
to a type of pairs of 7 and o. Note that this is the same as the definition given

in Equation 2.1. In Figure 3.1 we find the same definition in Coq pseudocode.

Inductive nrc  type : Type :=

| nrcT atom : nrc_ type

| nrcT unit : nrc_ type

| nrcT pow : nrc_ type - nrc_ type

| nrcT prod : nrc_ type - nrc_ type - nrc_ type.

Figure 3.1: The type system of NRC.

Because the constructor names are unwieldy, they have been shortened to
1,1, T x ocand B T, standing for atom, unit, pair and set, respectively. This
was done using Coq’s notation system.

Variable type X We note that we use an arbitrary type X in Figure 3.2 which
works as the namespace of our variables. As an example, X := N would al-
low us to use the natural numbers as variables which, when evaluated with se-
mantics in mind, point to some data of some, potentially different type. This
variable type is where we could implement other forms of binding, such as

de Bruijn indices.

Sigma Weuse Y : X — NRCyypg as our typing context. In other words, > is a
function mapping variables of some arbitrary type X to sorts (in other words,
elements of NRCrypg) in the NRC universe. This keeps track of typechecking
in Coq.

31n the codebase these are called sort.

15
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Inductive nrc_ stx {X : Type} (X : X » nrc_ type)
: nrc__type - Type :=

nrc var (x : X) : nrc_ stx X (X x)
nrc pair (t o : nrc_ type)
(H1 : nrc_ stx ¥ 1)
(H2 : nrc_ stx % o)
: nrc_stx ¥ (1 x o)
nrc projl (t o : nrc_ type)
(H: nrc stx X (t x 0))
pnrc_stx ¥t
nrc_proj2 (t o : nrc_ type)
(H : nrc__stx £ (t x o))
:nrc_stx X o
nrc_unit : nrc__stx ¥ 1
nrc_empty (t : nrc_ type) : nrc_stx ¥ (B T)
nrc_sing (t : nrc_ type)
(H : nrc_ stx 1)
:nrc__stx £ (B 1)
nrc cup (t : nrc_ type)
(HL : nrc_stx X (B 1))
(H2 : nrc__stx £ (B 1))
:nrc__stx ¥ (B 1)
nrc_bigcup (t o : nrc_ type)
(HL : nrc_stx X (B o))
(H2 : @nrc_ stx *X (£ & o) (B 1))
: nrc__stx ¥ (B 1)
nrc_diff (t : nrc_ type)
(HL : nrc__stx £ (B 1))
(H2 : nrc_ stx Z (B 1))
:nrc_stx ¥ (B T1).

Figure 3.2: The syntax of NRC.

Big cup The big cup operator is defined as a bind operator that evaluates e;
under a context enriched with x € e, then performs a small cup operation
on the resulting sets. The intuition for this can be found in Equation 2.2. In

Figure 3.2 we find the same definition in Coq pseudocode.

Context enrichment As seen in the case of nrc_bigcup, we require a con-
text enriched by o. This is achieved through Coq’s option rect, which gen-
erates a function with an extra object in its domain. Thus the context becomes

either an evaluation of X, or an evaluation of the +1 element, which in this case
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is 0. In practice we can decide whether to access X or ¢ through the use of
the option type, also commonly known as the maybe type. The explicit type
argument "X is shorthand for option X.The @ symbol states that the call to

nrc__ stxshould treat all parameters as explicit.

Intrinsicvs extrinsic typing When implementing a programming language,
we must decide whether we want an intrinsically typed or an extrinsically
typed system. In an intrinsically typed system, we have one abstract data type
responsible for the data, as well as for its well-typedness. With an extrin-
sically typed system, we build a core data type of the language that is then
passed through a typechecking function to ensure it’s well-typed. We chose an
intrinsically-typed system primarily as an exercise in the correct-by-construction
programming paradigm pioneered by users of dependently typed languages
(spanning back to Church-style intrinsic interpretations of terms). As our pro-
gramming language of choice is dependently typed, we see no reason to use
multiple structures to show well-typed terms of NRC when the programming
language gives us the tooling to create a singular, precise and mathematically
cohesive structure describing our desired object. Naturally, as a tradeoff, we
force the abstract syntax trees of our language to be more complex to write,
since we are forced to include more information by definition. We do, however,
get a guarantee of type preservation for any new operation we may need to
add to the language. If we were to use an extrinsic reresentation, we would in-
crease our workload further by needing to provide more proofs, and we would
need to ‘carry’ many proofs first through a well-typedness check. In return, we
would get a much cleaner abstract syntax tree for our language, allowing our
language definition to be more digestible for a new reader. We believe that we
could alleviate some of the issues with extrinsic typing by using proof automa-
tion, but this would be an extra learning curve for us, as this is the first proper
exposure to the Coq proof assistant for the author of this paper. For more infor-

mation on intrinsic and extrinsic semantics of terms we recommend Reynolds
[29].
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Variable binding There are many strategies for tackling binders, many of
which can be found in a survey in Aydemir et al. [1]. Our choice of binding
is to use single arbitrary type for variables. At first in this project we assume
string for easily readable variable names. Then, once we delve into Chap-
ter 4, we switch to using natural numbers due to bugs with Coq’s normalisa-
tion, as well as due to the cumbersome nature of Coq strings (see Section 4.2.1).
At the time of early design for NRC we were considering de Bruijn indices
as a candidate for representing variables. A known issue with de Bruijn in-
dexing is the lack of human readability, which we consider important enough
that we would not want to use it (de Bruijn [18]). It would, however, eliminate
any issues with capture-avoiding substitutition and a-equivalence. We felt that
the simplest and least time-consuming variable representation would suit the
project best. We have not considered higher-order approaches at the time as
we were not aware of them, but even after review, we believe that Coq’s lack of
primitive support for strong higher-order abstract syntax (HOAS) would cause
more trouble than necessary for a project already limited on time. To see a tool
implementing HOAS in Coq and the associated challenges we advise reading
Felty and Momigliano [20] to see the engineering work associated with such
a technique. Instead, if we were intent on using higher-order approaches for
binding we would give more consideration to LF systems such as Twelf or Bel-

uga.

3.3 Semantics

3.3.1 Prop-based

Definition 2.

In Figure 3.3, our semantics show a simple pattern match over a given type
from NRCrypg. A set type has been rewritten into a logical implication produc-
ing a type from the type of propositions, Prop. The variable X is set as implicit
for cleaner code. It represents a concrete type we are interested in interpret-
ing into. Unless specified otherwise, the code in this section can be found in

the file Semantics. Vv of the repository’s formalisation subdirectory.
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Fixpoint interpTypeProp {X} (t : nrc type) : Type :=
match Tt with
1 = X
| 1 > unit
| T x 6 = interpTypeProp t© * interpTypeProp o©
| Bt
end.

nd

= interpTypeProp T - Prop

Figure 3.3: The interpretation of NRCrypg in Prop.

Definition 3.

In Figure 34 are Prop semantics for the terms of NRCgrx. As we can see, these
semantics require a general type variable X : T'ype, which we previously also
used for interpreting elemnets of NRCrypg. It is assumed for common usage
of this NRC code that this variable is always the same, thus it has been made

implicit, as seen by the curly braces in X.

The arguments > and 7 are implicit arguments that arise from the contents
of argument ¢, which is a term in NRCgrx. The argument p represents a depen-
dently typed function that is capable of interpreting the variables from the X
type into concrete values. It is indexed by the variable = : X, depending on the
value of x after being checked for its type. This ensures that p cannot interpret

avariable x in a manner that is inconsistent with >’s interpretation of z’s type.

Variable nrc_var is an instance of interpreting a variable X under context
2:X - nrc_type. Thisis shown as (X X) interpreted by the function p.

Pair nrc_pair is interpreted by using Coq’s pair construct, after which a

recursive call is made to interpret the content of each component of the pair.
Projections Both of the projections are interpreted by using Coq’s projection

functions fst and snd, after which a recursive call is made to interpret the

contents of the projections.
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Fixpoint interpStxProp {X} {X¥ : X - nrc_type} {1}
(t : nrc_ stx £ 1)
(p : V x, interpTypeProp (X x))
: interpTypeProp T :=
match t with

nrc var z X > p X

| nrc pair ¥ totu = (interpStxProp t p, interpStxProp u p)

| nrc projl ¥ tot = T1 interpStxProp t p

| nrc proj2 ¥ tot = T2 interpStxProp t p

| nrc_unit > = ()

| nrc_empty X = = A _ =1

| nrc_sing >t t = Az > z = interpStxProp t p

| nrc_cup Tttu = ANz =
interpStxProp t p z v
interpStxProp u p z

| nrc bigcup 2 T otu = Az-=

3yr
interpStxProp t p y A
interpStxProp u (p & y) z
| nrc diff X t tu > ANz =
interpStxProp t p z A
(= interpStxProp u p z)
end.

Figure 3.4: The interpretation of NRCgrx in Prop.

Unit The interpretation provides the inhabitant of Coq’s unit type known as
tt.

Empty set nrc_empty provides an implication in the form of a lambda ab-
straction which then goes to the False type of Coq, written L. By definition, L
has no inhabitants. It is also a member of the Coq type Prop, thus the semantics
of NRCrypg hold.

Singleton set Nnrc_sing also uses a lambda abstraction over a variable z,
which is then taken to the recursing proposition z = interpStxProp t p.

This proposition is a member of Prop, thus the semantics of NRCyypg hold.

Small cup nrc_cup lambda abstracts over z and provides the recursing as-
sertion interpStxProp t p z v interpStxProp u p z. Itisin Coq’s
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Prop and states that the element z is either in the left set t or the right set u,

which corresponds to the intuitive understanding of small cup.

Bigcup nrc_bigcuplambda abstracts over z. It provides a witness Yy using
Coq’s constructive 3 operator. This witness is subject to the recursing asser-
tion that y can be applied to interpStxProp t p to provide a meaningful
NRC term with semantics. This is followed by a logical conjunction with the
recursing assertion that given our input set Z, we can interpret it with respect
to its parent NRC term U with the assumption that the context is enriched by
y. This is written interpStxProp u (p & y) z. Once again, these asser-
tions are in Coq’s Prop type, thus the semantics of NRCrypg hold.

Difference nrc diff lambda abstracts over z and states interpStxProp
t pz A (- interpStxProp u p z). In other words, the statement as-
serts that our resulting set Z is simultaneously within the interpretation of
term t, while not being in the interpretation of term u. This, once again, is

in Prop, and therefore follows NRCrypg.

3.3.2 List

While semantics utilising Prop are well-defined and proving common pro-
gramming language properties* over them is possible, they can be considered
more of a tool for proofs in Coq rather than computationally meaningful data.
This is due to the nature of the Prop type in Coq. To see a more pragmatic
aspect of NRC we will use the list datatype which is commonly found in most
programming languages. We are interested in expressing the set monad as sets
with a linear order imposed on them, so our lists will have to emulate their be-
haviour: there are no duplicate elements (normalisation) and every compound
datatype such as sets and pairs must be linearly ordered. We use a lexico-

graphic ordering to achieve this.

4For example, soundness and completeness with respect to another language, type preser-
vation, etc.
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Decidable equality Prior to defining a linear order over interpreted terms,
we are interested in the simpler notion of decidable equality. This is used for
auxiliary list functions which are useful for normalisation, e.g. removeAll,
which removes all occurrences of a given element in a list. In that example, we
need to be able to test for equality to be able to remove all instances of a specific
element. These definitions can be found in the file DecidableEquality.v.

Definition 4.
Decidable equality is defined as Va(Vy(z = y V x # y)) constructively. We

implement this in Coq in Figure 3.5.

Definition decEq (A : Type) =V (x vy : A), {x =y} + {x # y}.

Figure 3.5: Decidable equality defined in Coq.

As we can see, Coq uses {terml} + {term2} torepresent a constructive
or, rather than the classical or. Whereas the commonly used V can be used
on terms of type Prop, if we desire computationally significant results from
this, i.e. to actually figure out whether or not the witness to our or-question is
term1 or term?2, we must use a constructive or. This is why decidable equality

is written without V.

Ordered types We will need ordered types to be able to consistently repre-
sent the semantics of NRC using lists. These lists need to be normalised, and
thus sorted. To be able to sort these elements, we will need an ordering im-
posed over them. The majority of generic work on ordered types can be found
in the file OrderedTypes. Vv of the formalisation subfolder of the repository.
We define a linearly ordered type as a record type with the following fields:

* An ordering function
* Reflexivity proof of the function

» Transitivity proof of the function
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* Antisymmetry proof of the function
- Totality (connexity) proof of the function

Definition 5.

We use the shorthands X E? yand X EA? Y to represent the ordering func-
tion ordFunction and the explicitly typed ordering function respectively in
Figure 3.6.

Record orderedType (X : Type) : Type = mkOrdered
{ ordFunction : X » X - bool;
ordReflexivity : V (x : X),
X E? y = true;

X n

ordTransitivity : V (x y z : X),
X E? y = true
-y E? z = true
- X E? z = true;
ordAntisymmetry : V (x y : X),
X E? y = true
-y C? x = true
- X =Y,
ordTotality : V (x y : X),
X E? y = true v y C? X = true

Figure 3.6: Definition of an ordered type.

Now that we have defined decidable equality and a linear order, we may pro-
ceed to define an interpretation of NRCrypg and NRCgrx using lists as the un-

derlying data structure.

Definition 6.

Once again, we use an ambient X: Type that represents the type of used vari-
ables. An interpretation of NRCrypg in list semantics may be defined as in Fig-
ure 3.7.

For our decidability and ordering requirements to be imposed onto inter-
preted terms of NRCgrx, we show that terms of NRCrypg are beholden to a de-
cidable equality function, titled decEqInterpSortEff, and a lexicographi-
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Fixpoint interpSortEff {X : Type} (Tt : nrc_ type) : Type =
match t© with

= X

unit

interpSortEff t * interpSortEff o

list (interpSortEff T)

o ———
OTWWA =~
T oA x

Q
U

Figure 3.7: Interpretation of NRCrypg using list.

cal ordering function, titled LexOrderInterpSortEff. Both functions show
that their argument is a type that upholds said properties. Then, in code we
show that every term of NRCrypg maintains these two properties for all NRCrypg
terms we may write, so long as we use a type of variables that has decidable

equality and a lexicographical order.

Normalisation of elements To perform operations with set-like behaviour
such as the difference (or interesection) operator, we need to define the notion
of a normal form list semantics. Normalisation is done on the type level to

members of NRCrypg, as well as to arbitrary lists with our ordering.

List normalisation All normalisation of lists comes down to the definition
of normaliselListRepr, as seen in Figure 3.8. The function uses nodup,
a Coq standard library function that removes duplicate elements from a list,
ordDecEq, which extracts proofs of decidable equality and total (lexicographic,
in our case) order of the used type, and finally insertSort, which is a simple

sorting algorithm. The precise sorting algorithm used is irrelevant.

Definition normaliseListRepr {X : Type} (0 : orderedType X)
(L : list X) : list X :=
insertSort 0 (nodup (ordDecEq 0) 1).

Figure 3.8: List normalisation function.

Definition 7.

In Figure 3.9 is a definition of converting an interpreted type of NRCrypg to its
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normal form. This is structured as a pattern match on the possible constructors
of NRCrypg. It re-abstracts a given interpreted term of NRCrypg to change the
internal structure of said term without affecting its type at the end (the input
argument is X:interpSortEff T, which is the same as the output type).

Fixpoint normaliseInterpSortEff {t : nrc_ type}
(x : interpSortEff 1)
interpSortEff 1 =
match T return interpSortEff T - interpSortEff t with
| 1 > A X = X
| 1 = A x = tt
| Bo = A x = normaliseListRepr (lexOrderInterpSortEff o)
(map normaliselnterpSortEff x)
| Txo=Ax= let (y,z) = X
in (normaliselnterpSortEff vy,
normaliseInterpSortEff z)
end Xx.

Figure 3.9: Normalisation of NRCrypg with list semantics.

Normalisation of lists A second step on our way to ensuring we always work
with consistent data is the definition of list normalisation. This definition con-
sists of a duplicate element checking function and a sorting function. Our im-
plementation uses Coq’s builtin nodup function to deduplicate entires and a
simple insert sort function. The selection of an appropriate sorting algorithm

is left up to the reader.

With that, all that is left is to define an interpretation of NRCgrx using lists

as the underlying structural datatype.

Definition 8.

In Figure 3.2 is a function that interprets a term ¢ of NRCgrx using lists as its
underlying domain of semantics. As we can see, the non-set-like operations
are mostly trivial transformations into Coq’s language, with the exception of
the variable case which ensures that the interpreted variable is normalised.
Defining a singleton in Nrc_sing is a matter of definiting a list with one el-

ement. Defining a small cup operation is a matter of normalising the results
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Fixpoint interpStxEff

match t with

nrc_var Y X
| nrc pair ¥ Tt ot
| nrc projl ¥ T ot
| nrc proj2 ¥ Tt ot
| nrc_empty ¥ t
| nrc_unit X
| nrc sing ¥ t t
| nrc cup X T tu

| nrc bigcup £ Tt o t

| nrc diff X Tt tu

end.

{X :
{z :
{t :
(t :
(p :
interpSortEff (X x))
: interpSortEff 1 :=

u

L Ny

)

Type}

X - nrc__ type}
nrc_ type}
nrc_ stx ¥ T)
Vv X,

normaliselInterpSortEff (p x)
((interpStxEff t p), (interpStxEff u p))
fst (interpStxEff t p)
snd (interpStxEff t p)
nil
tt
(interpStxEff t p :: nil)
normaliselListRepr
(lexOrderInterpSortEff )
(interpStxEff t p ++ interpStxEff u p)
normaliselListRepr
(lexOrderInterpSortEff )
(concat
(map
(A x = interpStxEff u (p & x))
(interpStxEff t p)))
listSubtr
(decEgInterpSortEff )
(interpStxEff t p)
(interpStxEff u p)

Figure 3.10: Interpretation of NRCgrx using list.

of a list append operation (++). A big cup operation more closely reminds us

of the intuition to big cup provided in Equation 2.2, where we concatenate the

results of individual function applications to the fixed set term u, with an in-

terpretation function enriched by X in the same manner that we enriched the

context previously. Finally, defining the difference of two NRC terms is left to

a generic list subtraction function that removes all instances of the elements in

the first argument from the second argument. This is done with an assumption

of decidable equality over our given variable type X. As the difference operation

is subtractive, it does not affect normal form.
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We have now defined the notion of list semantics for NRCgrx. As a small
corollary to both our works on semantics, we unify them through a proof of
compatibility. First, we define a function called ef f2Prop which converts an

effective list semantic representation of NRCgrx to a Prop-based one.

Definition 9.
We define a function eff2Prop that converts a member of type NRCrypg in
list semantics to Prop semantics in Figure 3.11. We write an explicit return for

the pattern match to assist Coq’s typechecker.

Fixpoint eff2Prop {t : sort}
interpSortEff T - interpSortProp T =
match T return interpSortEff 1 - interpSortProp t with

1 = A X = X
| 1 = A X - tt
| T xo0o=AX = let (x1, x2) = X

in (eff2Prop x1, eff2Prop x2)
| Bt = Axsy=1Iny (map eff2Prop xs)
end.

Figure 3.11: Conversion of list semantics to Prop semantics.

The definition (type signature) of our proof of compatibility is found in Fig-
ure 3.12. We note that this proof requires both propositional and functional

extensionality.

Definition 10.
Note that function composition o is defined as follows: f o is equivalent to

Ax =1 (g x).

Proof structure The proof effPropCompat is one of structural induction
over an arbitrary term of type NRCgrx. The trivial cases are easily reduced
down to statements that hold true by their reflexivity.

Some cases, such as the pair case, require the list semantics to normalise
the underlying data, where normalisation is defined as a deduplication and

sorting algorithm applied to the list in order to maintain set properties. For
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Lemma effPropCompat {X : Type}
{x : X » nrc_ type}
{tT : nrc_ type}
(t : nrc_stx ¥ 1)
(p : VX,
interpSortEff (X x))
: eff2Prop (interpStxEff t p) = interpStxProp t (eff2Prop - p).

Figure 3.12: Semantic compatibility definition.

this, we have additional lemmas which prove that performing eff2Prop on
normalised data is computationally equal to performing it on unnormalised

data. We can see the name and type of this lemma in Figure 3.13.

eff2Prop normalise compat : forall {t : sort}
(x : interpSortEff 1),
eff2Prop (normaliselInterpSortEff x) = eff2Prop x.

Figure 3.13: Type of eff2Prop normalise compat.

Once we get into the set-based cases, such as singleton, we frequently come
to a proof in which both sides of the equality use alambda due to the definition
of Prop-based semantics’ set being that of a function from the set element to
Prop. Under the assumption of functional extensionality® resolving this would
not be an issue. To do this, we use the meta-language’s functional extensional-
ity tooling, allowing us to locally bind a new variable for cases when there are
two lambdas at the top level of the term using the extensionality tactic. To
give example, we present the proof state before and after applying the rele-
vant functional extensionality and propositional extensionality, in that order
in Figure 3.14.

In cases where we join sets, such as small cup, we are also forced to use
propositional extensionality, as the notion of equality is too strong for terms in
Prop. Thus, we separete our proof into two proofs of implication. Most of the
proofs revolve around moving terms in and out of Coq’s built-in In inductive

structure, which is defined inductively based on whether or not a given term

5That is, a function is the same as another if they have the same outputs for the same inputs.
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(* Proof state prior to applying tactics. *)
(fun y : interpSortProp T =>

Iny

(map eff2Prop
(normaliselListRepr (lexOrderInterpSortEff T)
(interpStxEff t1 p ++ interpStxEff t2 p)))) =

(fun z : interpSortProp T =>

interpStxProp t1 (fun x : X => eff2Prop (p X)) z \/

interpStxProp t2 (fun x : X => eff2Prop (p X)) 2z)

(* Proof state after applying tactics. *)
In z
(map eff2Prop
(normaliseListRepr (lexOrderInterpSortEff T)
(interpStxEff t1 p ++ interpStxEff t2 p)))
interpStxProp t1 (fun x : X => eff2Prop (p X)) z \/
interpStxProp t2 (fun x : X => eff2Prop (p x)) z

<->

Figure 3.14: Before (above) and after (below) applying functional extensional-
ity and propositional extensionality to the singleton set proof.

is at the head of the list, or somewhere along the tail of the list. °

The big cup case is, as expected, the most complex part of this proof. It
involves proving the equivalence of a representation that is written using Coq’s
In structure, and a representation using an existentially quantified variable.
We direct the reader to Appendix A for code of the proof, and to the repository

for the proof in context of additional lemmas.

3.4 Extensions

We have now defined the syntax, as well as semantics for NRC. Now that
the core constructions are in place, we exhibit a definition of a select function,
such as the one found in the relational algebra and calculus. In order to arrive
at defining this, we need to first introduce the notion of type remapping and

binding in our queries.

61n other words, z is In a list L if it is either at the head of L, or it is In the tail.
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Remapping types generally We start by showing our definition of a type
map that correlates variables from one domain, X, with variables from a second

domain, Y, to produce an equivalent interpretation using a new context.

Definition 11.

In Figure 3.15 we see that amapTy function, given two types and two contexts
that act on those types, is a dependent co-product construction. This means
that given types X and Y, as well as contexts ¥ and I, there will exist a function
T that is capable of transforming X: X to y : Y in such a way that the evaluation

of contexts 2 and I is equivalent.

Definition mapTy {X Y : Type}
(X : X » nrc__type)
(F : Y > nrc_ type) =
sigT (A f =V x, I (f x) =X x).

Figure 3.15: Function mapping types alongside corresponding contexts.

We can see that if we add an extra type via +1 to our two types, we need only
claim that remapping it leads to itself. This is shown in Figure 3.16 and proven

mechanically in code.

Definition 12.
Adding a binder to a type map is defined as follows in Figure 3.16.

Definition map add binder {X Y : Type}
(X : X > nrc_ type)
(r : Y > nrc_ type)
: mapTy £ I - V o, mapTy (£ & o) (I' & o).

Figure 3.16: Adding binders to type maps.

Remapping in NRCgrx  With the preliminary definitions out of the way, we

may now show how to remap types within terms of NRCgry in Figure 3.17.
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Definition 13.
Due to the size of this definition, we have minimised the amount of necessary
explicit arguments. Arguments deemed missing when comparing with previ-

ous definitions may be considered implicitly inferred’.

Variable nrc_var may seem a little confusing. To explain more verbosely,
projT2 is a function that extracts the right element of a dependent coprod-
uct. In this case, the dependent coproduct is an ordered pair (f,p) where f
translates elements of X to elements of Y such that p holds. In this case, p is the
statement T (f X) = X X. Ourdirectivematch ... in ... informs the
Coq type checker that the shape of types we destruct is roughly equal to some-
thing equal to varSort. Ourdirectivematch ... return ... informsthe
Coq type checker that the output type willbenrc_ stx ' varSort. Finally,
as there is only one shape that our proposition can take (that is, an equality),
we can destruct it with the eq_refl constructor for equalities. Now that we
have this equality destructed, Coq will not raise an error when type checking
whether or not the given X with an f applied to it corresponds to the original X

given.

The other cases are fairly trivial transformations of NRC syntax to accom-
modate newly remapped types. For big cup we use map add binder, which

we shortened to mapAB, as context enrichment is guaranteed to occur.

Binding terms We define an operation that binds a context of a new type to
an NRC expression in Figure 3.18.

Much like in the case of mapping types, we need to also adjust for the case of
enriched contexts by claiming that a bind has no impact on additional binders
added via +1. This is shown in Figure 3.19.

We show the definition of a bind operator to be an application of bindTy
from Figure 3.18 to a given variable of the NRC term. Once again, bind add binder
is shortened to bindAB for the sake of brevity.

Additionally, the full Coq version of this code requires {struct t} asanargument to tell
the Coq type checker that t is the structural fixed point.
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Fixpoint map {X Y}

nrc_var X = match (projT2 f x) in (_ = varSort)
return nrc_ stx I varSort with
eq refl = nrc_var ((projTl f) x)
end
| nrc_pair pl p2 = nrc_pair (map f pl)
(map f p2)
| nrc projl x = nrc_projl (map f x)
| nrc proj2 x = nrc_proj2 (map f x)
| nrc_unit = nrc_unit
| nrc_empty = nrc_empty
| nrc sing X = nrc_sing (map f x)
| nrc_cup Xy = nrc_cup (map f x)
(map f y)
| nrc_bigcup 6 x y = nrc_bigcup (map f x)
(map (mapAB X I' f 0) vy)
| nrc diff x vy = nrc diff (map f x)
(map f y)
end.

{¥ : X » nrc__type}
{l : Y - nrc_ type}
{tT : nrc_ type}

(f : mapTy £ IN)

(t : nrc_ stx 1)

tnrc_stx I t =
match t with

Figure 3.17: Remapping members of NRCgrx.

3.4.1 Select

ferred to as NRCpgrep.

Definition 14.

We show the construction of a select operator using predicates over NRC, re-

As we can see in Figure 3.21, a predicate over NRC can be defined as an NRC
term with a boolean-like value of {} or { () } (as explained in Section 3.1) with

a context that is enriched by the data we wish to apply the predicate to.

Definition 15.
Our definition of the syntax-level select operatoris written using Coq’s proof
mode, where we apply tactics that alter the state of the proof in a way closer to

common logical reasoning. The definition can be found in Figure 3.22.
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Definition bindTy {X Y : Type}
(x : X » nrc_ type)
(' : Y > nrc_ type) =
¥V (x : X), nrc_stx ' (£ x).

Figure 3.18: Binding new types to an NRCgrx expression.

Definition bind add binder {X Y : Type}
(X :+ X > nrc_ type)
(r : Y > nrc_ type)
bindTy X I - V o, bindTy (¥ & o) (I' & o).

Figure 3.19: Adding binders to type bindings.

The proof begins by unfolding the definition of nrc_pred of the given ar-
gument p. This lets Coq (and us) interactively see what p is defined as in terms
ofnrc__stx. Thedefinitionof nrc_pred canbe found in Figure 3.21. We then
apply nrc_bigcup twice, attempting to produce an object of type nrc_ stx
2 (B 1)

The first application utilises t as the binding argument that the operation
iterates over, with the second argument being our goal to solve. The second
utilises p as the binding argument, and the second argument once again needs
to be solved for.

Now we need to prove the existence of an NRC term with context £ & T
& 1, producing an element of B T. We assert the existence of a map from our
original X to this ¥ & T & 1. This is possible because we can extract ¥ out
of this enriched context via applying constructors of option,i.e. Some in this
case.

Finally, we apply this map to our term and are left to provide the ‘origin’ of

this map, which is our term t. p as the binding argument.
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Fixpoint bind {X Y :

match

nrc
| nrc_

| nrc_bigcup o x vy

| nrc

end.

nrc_
nrc_
nrc_
nrc_
nrc_
nrc_

Type}

{¥ : X » nrc__type}
{r : Y - nrc_ type}
{t : sort}
(f : bindTy X I')
(t : nrc__stx ¥ 1)
:nrc_stx Nt =
t with
var X = T X
pair pl p2 = nrc pair (bind f pl)
(bind f p2)
projl x = nrc_projl (bind f x)
proj2 x = nrc_proj2 (bind f x)
unit = nrc_unit
empty = nrc_empty
sing X = nrc_sing (bind f x)
cup X'y = nrc_cup (bind f x)
(bind f vy)

diff Xy

4

= nrc_cup

nrc_bigcup o (bind f x)
(bind (bindAB X I' T o) V)
(bind f x)

(bind f y)

Figure 3.20: Binding a new NRCgrx expression.

Definition nrc_ pred {X : Type}
(X : X > nrc__type)

nrc_ stx (£ & t)

(t : nrc_ type) =

(B 1).

Figure 3.21: Definition of a predicate over an NRCgry term.
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Definition nrc select {X :
{ :
{t :
(t :
(p :

Type}
X - nrc_ type}
nrc_ type}

nrc_stx £ (B 1))
nrc_ pred ¥ 1)

: nrc__stx ¥ (B T1).

unfold nrc_ pred in p.
refine (nrc bigcup t
refine (nrc _bigcup p _
assert (H map : mapTy X
{ unfold mapTy.
exists (A x = Some (So
intros.
reflexivity. }
refine (map H map ).
apply t.
Defined.

).

((&1) &1)).

me x)).

Figure 3.

22: Syntax-level select operator.
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Chapter 4
Evaluation

In this chapter we discuss computable examples built using our model of

NRC, show their code, and reflect on limitations.

4.1 Encoding concrete data

In the NRC formalisation that is presented prior, we sacrificed the ability
to bind multiple types for a simpler, unityped presentation. All terms of NRC
require a background type that they are interpreted within, represented as X :
Type. With this information being carried around by the syntactic terms, an
interpretation of an NRCgrx term is simply a recovering of some x : X that fits
within the position of a ¢ urelement. This carries with it a considerable issue:
if X is only allowed to be one type, we do not allow a complex term, e.g. ¢ X ¢,
to have different types for each instance of ¢. In other words, all our attributes

in a given relation are forced to share a type.

To solve this issue, there exist many solutions, but we admit that all of them
are quite ad-hoc with respect to our existing structure. A proper resolution
would require a ground-up rewrite of the typing system. We may solve this by
passing in a product type as our type background for interpretation, but by do-
ing so we have essentially forfeited the usage of product types in NRC sorts,

and we have also lost meaning in the notion of an NRC atom. We could sim-
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ply choose to add individual concrete base types into our NRC sorts, but this
contaminates the NRC sorts with specification-oriented information. A minor
adjustment to this approach, however, leads us to a solution that we find the

least destructive in the broad picture.

For this specific chapter, we have decided to add a new construction in the
form of base types for Booleans, natural numbers, and strings. To sew this fig-
urative patch of types onto our existing NRC fabric, we add a minor change of
definition for whata NRCrypg is, in the form of parametrisingan ¢,or sort _atom,
asitisin code, by one of our base types B, or baseTy, asitis in code. To then in-
terpret a baseTy, we define an interpBase function that translates this variant

type into concrete Coq types such as hat, string, and bool.

Variant baseTy : Type := ty str | ty nat | ty bool.
Definition interpBase (b : baseTy) : Type :=
match b with
ty str => string
| ty nat => nat
| ty bool => bool
end.
Inductive sort : Type :=
sort atom : baseTy -> sort
| sort unit : sort
| sort pair : sort -> sort -> sort
| sort pow : sort -> sort.

The pattern exhibited here, of a central baseTy that carries types inter-
pretable in the host languages, is called a ‘universe pattern, which was intro-

duced in Oury and Swierstra [28].

This change requires modifying proofs that refer to the background type X
(or, when in variable form, usually referred to as U), and instead redirecting
them to the three given base types. This means we had to prove new proofs

regarding decidable equality and a total order with respect to the < operator.
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With these changes made, we can move on to show examples of Coq data be-
ing interpreted into the languge of NRC sorts, NRCrypg. We show three exam-
ples of data being hardcoded into memory as an interpreted form of NRCrypg,

with the first example being the same that can be found in Chapter 1.

Definition nrc_example 1 :
interpSortEff (B (v ty str x 1 ty str x 1 ty nat)) :=
("EMP1", "Santana", 100000) :: ("EMP2", "Martyn", 150000)
("CTR1", "Chiharu", 500000) :: ("CTR2", "Parveen", 200000)
nil.
Definition nrc_example 2 :
interpSortEff (B (B (v ty nat) x v ty str x 1 ty bool)) :=
((10 :: 29 :: 54 :: nil), "Project Iris", true) ::
((10 :: 94 :: 95 :: 96 :: nil), "Project Cornea", false)
((nil), "Project Sclera", true)
nil.
Definition nrc_example 3 :
interpSortEff (B (v ty str x 1 ty nat x 1 ty nat)) :=
("CTR1", 10, 5000) :: ("CTR1", 29, 1000) :: ("EMP2", 94, 500)
("EMP2", 95, 500) :: ("EMP2", 96, 500)
nil.

Figure 4.1: Three examples of Coq databeing encoded as interpreted NRCrypg.

We believe that the unityped design was fine, and perhaps even ideal for
proving properties of NRC due to its inherent simplicity, but was also one of the
primary hurdles of realising practical computable examples that would show
how NRC relates to real data structures one might see in databases. Given
the chance to start the project from scratch, I believe one needs to reflect on
whether or not they intend to use the formulation for the purposes of math-
ematical formalism, or for the purposes of a usable programming language.
Given the former was the original goal of this project, we would likely not change
this, or at the very least, we would change the positioning of the type back-

ground in a way that is more expandable for future endeavours.
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4.2 Syntactic terms

Having shown that it is possible to encode data in our NRC model, we now
move on to provide examples showing that it is possible to encode entire NRC
terms in it, as well as their semantic interpretations. We begin by showing

encodings of syntactic terms.

To recall the definition of a term in NRCgrx, we need to provide an ambient
interpretation type X : T'ype, as well as an ambient context > : X — sort,
which takes values of our interpretation type, and translates them into values
of NRCrypg, or sort. For simplicity’s sake, we will be using Coq’s type of nat-
ural numbers nat as the ‘namespace’ for our variables. We provide a simple
example context in Figure 4.2. As we can see, we make space for four variables
of type nat, two variables of type boo1, and the rest of the namespace (there-

fore, the rest of the natural numbers) corresponds to variables of type string.

Definition nat ctxt (n : nat) : sort :=
match n with
| © => 1ty nat | 1 =>1tynat | 2 => 1ty nat | 3 => 1 ty nat
| 4 => 1 ty bool | 5 => 1 ty bool
|  => 1 ty str
end.

Figure 4.2: Example type context.

This context gives us a way to identify variables (which will be natural num-
bers, as we have set out by the definition of X = nat) as things of specific
types in the NRC language. With this, we can now show an example NRC query
in Figure 4.3.

Due to the intrinsically typed nature of our syntax, the typechecker does not

allow us to write ill-typed terms, as each term carries with it the conditions for

well-typedness.
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Definition nrc stx :
nrc_ stx nat ctxt (B (1 ty str x v ty str x 1 ty nat)) :=
(@nrc_cup _ nat ctxt _
(nrc_sing
(nrc_pair (nrc_pair (nrc_var 8) (nrc_var 6)) (nrc_var 0)))
(nrc_sing
(nrc_pair (nrc pair (nrc var 9) (nrc var 7)) (nrc var 2)))).

Figure 4.3: Example NRCgrx query.

4.2.1 Aninterlude for bugs

We note that in Figure 4.3 we are forced to use the explicit representation
of the nrc_cup term by means of the @ symbol. This makes every argument
explicit, even though in the file we have made most of the arguments implicit.
The reason for this is due to a yet-to-be-explained bug with Coq that appears to
cause the typechecker unable to normalise the NRC terms given after the def-
inition delimiter :=. As a result of this, every term that should be normalised
by means of being applied to the X ends up staying as it is, without being evalu-
ated. Because the terms remain the same, Coq’s typechecker does not compare
the meaning of each nrc_var based on its underlying type, but rather based

on equality of the presented constants.

To show a simplified example, we first assume that the natural number vari-
able 1 maps to (v N), that is, an NRC atom representing a natural number. We
assume that the same applies to the natural number variable 2. In other words,
1 — (¢eN)A2 +— (:N). Now, when looking at the NRC term {1} U{2}, we see that,
when the variables’ types are examined, the two types of the cup-expression
match (both are (¢ N)), and therefore the expression is legal. Coq, on the other
hand, appears incapable of performing this reduction', and defaults to seeing
whether or not the left-hand and the right-hand side of {1} U {2} match. When
examined without the knowledge of the context’s mapping, we indeed can say

that 1 # 2, and reject the term. This entire issue is resolved by explicitly pro-

ITo be specific, Coq is unable to infer the meaning of the function ¥ that reduces variables
to types. In code, this is expected to be inferred from the output type of the expression which
we are writing.
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viding the context Y at the level of every set-based combinatorial expression,
allowing Coq to deduce it in further nested expressions, and apply it to the 1

and 2 presented in the example above.

4.3 Semantically-interpreted terms

Now that we have created an example term, we finally show an NRCgrx term
that is interpreted into common representable Coq types. We recall the defini-
tion of interpStxEfT, our effective list interpretation. For it, we require an
NRC term, alongside all of the things that form it (a background type for vari-
able interpretaton, a context, and some arbitrary NRC type), and an interpre-
tation function that can evaluate variables into concrete Coq values. We show

this interpretation function in Figure 4 4.

(* p : forall x : X, interpSortEff (X x) *)
Definition interpFun : forall x : nat, interpSortEff (nat ctxt x) :=
fun s => match s with

0 => 100000 | 1 => 150000 | 2 => 500000
| 3 => 200000 | 4 => true | 5 => false
| 6 => "Santana" | 7 => "Martyn" | 8 => "EMP1"
| 9 => "EMP2" | => "Uncharted territory"
end.

Figure 4.4: Value interpretation function.

The interpretation function is a dependent product that is indexed (depends

on) an z : nat. This is our type of variables. Resulting from it is a value that

must align with the type of passing rintonat ctxt,andtheninto interpSortEff.

Without the usage of a dependent type here we would be capable of producing,
e.g. a String value for the variable 0, even though we can see according to our
context in Figure 4.2, that the variable 0 maps to something of type (. N), which
is, in turn, interpreted by interpSortEff as nat.

With both a syntactic term and an interpretation function in hand, we may

now easily show what the term evaluates to with the following definition in
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Figure 4.5. We also show what the result of evaluating said term is in a com-

ment below.

Definition nrc _example stx := interpStxEff nrc stx interpFun.

Compute (nrc_example stx).
(* Result of computing nrc_example stx:
= ("EMP1", "Santana", 100000) :: ("EMP2", "Martyn", 150000)
nil
interpSortEff (P (v ty str x 1 ty str x v ty nat))
*)

Figure 4.5: Example of interpreted NRCgrx term.

Set multiplicity Because we use set semantics, adding extra 3-tuples to our
existing set in the above examples that match exactly another existing one will
not change the output. To explain with a simpler example, a query calling for
{1} U {1} U {2} will be interpreted as {1, 2}, rather than {1, 1, 2}. This is due to

the normalisation function found in Figure 3.8.

Ease of writing Due to the aforementioned Coq bug, as well as an intrinsic
typing discipline, we believe that writing NRC queries in this system is rather
tedious. This can be accelerated with the use of Coq’s notations, allowing us
to specify custom-symbol operators for each query operation. We believe that
for purposes of better understanding of the material, it would have been wise
to maintain a Coq file that acts as a plagground for the currently-developed
features of NRC, which would focus on ergonomic aspects of the language as

well.

Name shadowing A worry that may come up when examining NRC is for
the behaviour of name shadowing in the context of reusing attribute names
for other purposes. Due to us not having named attributes, and due to our im-
plementation of NRC not having internal names be definable from within the

syntax, this is an issue that is entirely a question for Coq’s attitude towards
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name shadowing. Once a name in Coq is defined, it is immutable and not re-

definable, thus shadowing is prevented.

4.4 Select operator

Due to there not being enough time to finish the select operator, we can not
provide a full example with semantics. On the other hand, we can provide an
example, purely syntactic term, that we can annotate with data that we could
potentially use for semantic interpretation. We apologise for the complexity of
the following explanation, as it is difficult to speak of abstract syntactic terms

without concrete semantics.

Definition nrc select atom stx :
nrc_ stx (/0 & B (v ty str x 1 ty str) & v ty str)
(B (v ty str x v ty str)) :=
nrc_select (@nrc var _
((/0 & B (1 ty str x v ty str)) & 1 ty str)
(Some None))
(@nrc_equal _
(((/0 & B (v ty str x 1 ty str))
& 1ty str)
& (v ty str x v ty str))
(nrc_var (Some None))
(nrc_projl (nrc var (None)))).

Figure 4.6: Select over NRCgrx term without semantics.

The term in Figure 4.6 can be understood in prose as a term that selects only
the left projection of a set of terms 3(: x ¢), so long as the equality predicate
holds between a term of type ¢, and the left projection of the aforementioned
set 3(¢ x ¢). Thus, one interpretation (the one this term is designed around), is
that we are given something of type ¢, and we ‘browse’ a data structure of type
B(¢ X ), only returning whenever the predicate matches the left . of each of the

data structure’s tuple with the given input ..
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We now give a technical and thorough examination of the specified term.
Starting from the Coq type, fix a term in NRCgrx that uses the empty context
(), or /0. This context is enriched by a bound term of type 5(¢ x ¢), and is then
enriched once again by a bound term of type . For the purposes of brevity, let

us call this context &.

The resulting NRC type structure of this term will be that of 5(¢ x ¢). The con-
crete meaning of such a syntactic term is defined by means of thenrc_select
operator. The term subject to the select operator is a variable that is retrieved
from the ¢ context, more precisely, it is the part of the context that refers to
something of type (¢ x ¢). It is over this term that the predicate acts. The
predicate then proceeds to check the equality of a variable term of the form of
L, selected using option constructors from the enriched context, going from
right to left. That is, it selects the second element of the predicate’s triple-
enriched context from the right, which is something of type ¢. The thing com-
pared against this ¢ is something that is a variable retrieved from a left projec-
tion of a pair of (¢ x ¢), thus it, too, is an «. This is to be expected, as we expect
to provide an equality test something of matching types. In this case, the thing

being compared is something of an atomic sort «.
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Chapter 5

Related Work

In this chapter we discuss works that relate to the notions we mechanically

formalised.

5.1 Wisnesky

Much of Wisnesky'’s 2013 thesis, Functional Query Languages with Categor-
ical Types’ utilises NRC, but it is not the subject of study. Their interest lies
primarily in using NRC for its inherent similarities with Higher-order Logic
(HOL), as one of the work’s goals is the exploration of HOL as a querying lan-

guage.

Because our focus is on NRC and its intricacies as expressed in Wong’s the-
sis, we take a conservative approach to adding new structures and definitions
that change the expressivity of NRC at the cost of other beneficial properties.
A notable addition to Wisnesky’s formulation of NRC is the power set operator

pow.

While it is possible to augment NRC in such a manner that the conservative
extension property is upheld even with pow (see [34, Corollary 3.3.5]), their
form of NRC does not contain the necessary constructions to do so. More con-

cretely, we would need a summation operator, arithmetic operations -, +, 4, —
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and linear orders for base types. None of these are present in the core con-
struction used by Wisnesky [32].

The second property we are interested in is that of the polynomial complex-
ity bound on queries with respect to their size, as described in Section 2.3. Un-
fortunately, this property cannot be kept while the pow operatoris in play. This
is due to the exponential size of the output of a pow operation. Even if we de-
cided to forgo the polynomial complexity bound, we would still be taking NRC
beyond the scope of the classic relational model, thus rendering any work on

connecting the two useless without extra reconciliation steps.

Similarly to us, Wisnesky has a Coq formalisation of the NRC they used [32,
Section 3.13]. This formalisation does not include context manipulation, with
the assumption that it will be used in a pipeline from HOL to the relational

calculus. By contrast, our definition of NRC is more agnostic towards input.

5.2 Wong

Wong’s doctoral thesis is a large body of work describing their journey cre-
ating the Kleisli system and the associated CPL language. For us, the results
of Wong define contemporary NRC and unify previous works on nested rela-
tions. Work that treats NRC as the centre of the stage primarily appears in the
second part. We note that this work discusses multiple instances of the NRC
family, whereas we are interested in a singular interpretation of NRC. Our in-
terpretation is closest to what the literature refers to as N'RC(—). This refers

to NRC enriched with the set difference operator.

Our version of NRC is a conservative extension of the core NRC. This is
shown by Wong in [34, Theorem 2.4.2], where Wong shows expressive equiv-
alence of N'RC(=) and N'RC(—), among others. We also know that adding op-

erators such as = and — does not take NRC out of polynomial time.
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We also know that our implementation using simulated booleans is equiva-
lent to N'RC(B) according to Wong [34, Corollary 2.3.6],i.e. NRC = N'RC(B).

According to Wong [34, Claim 2.5.5], N'RC(B, =) is the ‘right’ nested rela-
tional language. We note that while our form of it is not the same, it is by all
means expressively equivalent, as shown by the above two paragraphs. We
use this form of NRC as our core because of its simplicity and powerful ex-
pressivity. For an equal project with a bigger timeframe that would allow the
inclusion of function types, we believe that N’RC(B, =) would be a more ap-

propriate choice.

5.3 Language-integrated querying

Wong used NRC as a stepping stone that forms the basis of Rleisli and CPL
for their domain-specific purposes (optimisation of queries in genetic databases).
Wisnesky used NRC as an embedded querying language that functions as a
translation lager between an alternative theory, such as higher-order logic.
This general approach to embedding querying languages comes from Meijer,
Beckman, and Bierman [27], at that time working at Microsoft, who created the
notion of the Language-Integrated Query, or LINQ. It is a system for writing
queries in a language such as SQL or XML (there exist a wide variety of LINQ
styles), while staying within the original host language (originally C# and Vi-
sual Basic). While the formal theory behind LINQ has not fully crystallised in
the public eye at this time of the paper’s release, there was considerable ef-
fort to produce one. A materialisation of these efforts can be found in Cheney,
Lindley, and Wadler [8], which describes a formal model heavily inspired by
NRC.

We believe that LINQ was a great success for alleviating the mismatch be-
tween programming languages and database querying languages, but its re-
sults do not come with mechanically proven guarantees of correctness, nor do
they guarantee any sort of query minimality or optimisation. LINQ, much like

other papers which do not focus on NRC by itself, also does not do justice to
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a thorough mechanical examination of NRC. This is, obviously, because NRC
was not the primary subject of examination when designing LINQ. We do, how-
ever, believe that examining papers on LINQ is a helpful way to gain a better
understanding of what NRC can do in a practical setting. As such, we also rec-
ommend Fehrenbach and Cheney [19] as an exemplary show of NRC's capabil-

ities within the realm of the LINKS programming language.

5.4 Relational models & SQL

There are a number of projects that work on the relational calculus, rela-
tional algebra and SQL. All of these are relevant to our work on NRC due to the
relationship between the families of relational calculi. We exhibit Chu et al’s
HoTTSQL[11], Malecha et al’s verified relational database management system
[25], Ricciotti and Cheney’s formalisation of SQL with nulls (NullSQL) [30], and
Benzaken, Contejean, and Dumbrava’s SQL¢,q [5].

54.1 HoTTSQL

HoTTSQLis a novel formalisation of SQL using a modern approach — homo-
topy type theory. Specifically, HoTTSQL uses univalent types that carry proofs
of equality and membership with them. The main goal of HoT'TSQL is to pro-
vide an easy to use form of SQL for verifying query optimisation. As such, it
comes with tooling to easily check two SQL queries’ equality. To allow this, the
work generalises th of a relation to allow infinite attributes and, in the case of

multisets, to allow tuples with infinite multiplicity.

HoTTSQL is aware of Malecha et al. [25], as well as Benzaken, Contejean,
and Dumbrava [6]. It shows a considerable improvement in the complexity of

proving query equality for the purpose of optimisation.

- Its semantics allow both sets and bags (multisets), with the infinitary caveat

mentioned prior.

- It is capable of representing nested relations.
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+ Itis implemented in Coq, with the addition of the univalence theorem to

enable univalent types.

Given that the paper states HOT'TSQL is capable of representing nested rela-
tions', we believe that there is an alleyway for NRC to be constructed within a
univalent framework; however, writing a formalisation of NRC in such a man-
ner would require a full rewrite from the ground-up, and thus is not feasible

for the current software artefact presented by this project.

5.4.2 Verified RDBMS

We show Malecha et al’s verified relational database management system,
or RDBMS [25]. Itis a fairly comprehensive work that goes into providing a full
relationally equivalent model which functions as a foundation for other com-
ponents of an RDBMS, namely a query parser, query optimiser, a database en-
gine that manipulates a concrete underlying data structure (here it's B+ trees),
and storage method of said structure. All of these are verified and written in

Coq.

The work does not concern itself with an abstract, generalised notion of query-
ing the way we do. It imposes a strict structure, coupling semantic denotation
with syntax depicting schemata of concrete types which correspond to Coq’s
internal types. Because said types do not come with decidable equality, and
because the semantics are set-based, the work provides a requirement similar
to ours in terms of only allowing types that have decidable equality and total
ordering. They also impose a requirement of serialisability” of every type used

in a schema to allow permanently storing data.

IThe paper announces that it is capable of representing nested relations; however, it does
not go deeper into the topic.

2Serialisability is defined as a proof of a function that translates objects of a given type into
a string, which can be written to disc.

49



This work uses a lot of scaffolding work from Coq’s FSet library®, which we
regretfully have not used in our project, as we believe that it could have eased
some tedious tasks with regard to proving decidability and ordering. Simul-
taneously, if we were to take work on HoT'TSQL into consideration, there is
significant drawback in compatibility if we were to use FSet (finite sets), as

HoTTSQL requires allowing a degree of transfinitism (see Section 5.4.1).

We believe that, while the work is much more extensive in terms of its goals
(we formalise NRC queries only, while their work formalises an entire database
management system), there is inspiration to be taken away from the practi-
cal approach. We think defining schemata as lists of types could be an avenue
that is more concrete than our univariable approach of using an arbitrary type
X : Type, but we simultaneously recognise that introducing new ad-hoc struc-
tures such as lists of types would detract from the generality and simplicity of
a more abstract presentation that uses foundational elements of type theory
such as product types. We believe that anyone who may be interested in im-
plementing a relational model in Coq should pay close attention to the design

decisions of their type system implementation with respect to their needs.

The work addresses an interesting point, which we wish to emphasise in this
work to motivate further action.

‘Unfortunately, it can often take significant time to fully understand the
Cog-engineering consequences of a seemingly inconsequential design choice;
for instance, whether to represent schema as lists of type names or as func-
tions from column numbers to type names. At present it is unclear how best to
explore the design space. (Malecha et al. [25, Section 3.3])

In other words, the full extent of the impact of implementation decision
minutiae is not properly identified, and there is more desire for work on for-
malising database systems, as well as coming up with a good meta-analysis of

methodologies for formalising relational models.

3With the caveat that the authors reworked a lot of it to be first-class with respect to type-
checking and compilation.
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5.4.3 NullSQL

Work by Ricciotti and Cheney [30] shows that many of the aforementioned
formalisations lack a critical point that is key to formalising SQL, that being
the presence of a three-valued logic using NULLs in SQL. SQL commonly uses
NULL to represent the non-presence of a value, and it is enabled by default un-
less the programmer chooses to disabled it. As a result, a lot of attempts at
formalising SQL do not fully capture the correctness errors that may occur
in the case of NULL values combining with logical predicates that the user as-
sumes Boolean logic for. The authors of NullSQL present a Coq formalisation
that tackles this issue, and it discusses the difficulties of adding such function-

ality to previously written formalisations.

For instance, source work by Wong simply does not discuss the potential for
three-valued logic to be included [34]. Work by Chu et al. currently appears
to be quite incompatible with the addition of three-valued logic, or at the very
least requires extensive work [11]. Malecha et al. [25] does not provide three-
valued logic semantics, and only Benzaken and Contejean’s SQL¢,, tackles the

subject [5] prior to this work.

We believe that applying the knowledge from this work would also require a
deeper rework of NRC’s core semantics in order to accommodate NULL values,
and as such we think that it would be difficult to accomplish without a ground-
up rewrite, much like HoTTSQL in Section 54.1. If such a rewrite were to be
attempted, we highly recommend reviewing Cheney and Ricciotti [10], which
proposes two models of NRC with NULL values: one realised with option types
(‘explicit NULLs’), and one realised with NULL as an extra value added to every
base type (‘implicit NULLS’).

544 SQLcog

A contemporary result in the formalisation of the relational model and SQL

is Benzaken and Contejean’s SQLc,q. To be precise, there exists previous work
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on the relational model being formalised in Coq, as seen in Benzaken, Conte-
jean, and Dumbrava [6]. After this work, we see the release of Benzaken and
Contejean [5]. The latter is a much more specific and realistic implementation
of SQL queries which includes the majority of common SQL statements, such
as aggregation and group-by statements, as well as the aforementioned NULL
values. The former is a work describing more pure aspects of the relational

model, being closer in line to Wong’s work.

Benzaken and Contejean [5] uses a piecemeal approach to describing queries,
with many structures being described in their own Inductive Coqstatements.
In contrast to our work, the syntax does not appear to be defined with a type
context in mind, and the only usage of an arbitrary type parameter is to provide
a universe of discourse for formulae. The type context is defined separately
and then fed into a typechecking function. In other words, a large portion of

SQL¢oq uses an extrinsic typing paradigm, which contrasts with our project.
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Chapter 6
Conclusion & Future Works

This section discusses directions in which the project can be taken, as well

as potential future results we anticipate.

6.1 Full implementation of A, formulae

We may be interested in exploring an implementation of formulae within
NRC because of the inherent need to provide reasoning over predicates in a
more practical setting, such as SQL. Different formalisms of the relational model
have approached formulae in different ways [11, 25, 30, 5]. As such we, too, are

given many options to choose from.

For our current work, in Section 3.4.1 we discuss a select operator writ-
ten in NRC. We have chosen to define a predicate NRCpgrgp as an NRC syntac-
tic term that has a boolean-like content (simulated booleans with unit) and its
context is enriched by the term we are interested in. This is a rather imprac-
tical approach for writing select queries, as the predicate always has to be

custom-made for our requirements using core NRC terms.
This shortcoming can be alleviated by broadly implementing predicates in

the form of a conversion between A, formulae and elements of NRCpgrgp. Pre-

vious work on A formulae within NRC exists in Benedikt and Pradic [4]. The
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authors show that, given a proof of functionality, A, formulas are capable of
implicitly defining transformations within NRC. We believe that this result can

be constructed in our language as well.

6.2 NRC plus the relational model

According to Wong [34], it is possible to simulate relational calculus queries
with flattened nested relational ones. Wisnesky [32] produces a pipeline that
transforms NRC into the language of the relational calculi. Additionally, Ch-
eney, Lindley, and Wadler [9] show that nested queries can be ‘shredded’ into
multiple flat SQL queries. Because of this result, we hypothesise that a trans-
formation between NRC and SQL queries can be encoded with further im-
provements to our model. As of writing, we do not believe there are construc-

tive proofs that fully connect these models through said means.

All of these results go to show that the nested relational languages and the
flat relational languages have a close connection, and many examples exist that
bridge this connection. Our work shows potential for another form of bridg-
ing on the side of mechanised proofs and programming language design utilis-
ing dependently typed languages. By now, we have examined several existing
relational model formalisations in Section 54, and we leave the reader with
an open window peering into the potential for joining NRC and the relational

model.

We believe that given more time and development, one of the final milestones
of this project would be proving existing results of NRC with respect to one of
these formalisms. This would include, but not be limited to proofs of polyno-
mial query size bounds, conservative extension properties that span the nested
and flat calculi and verification of database systems that utilise SQL indirectly,
through the use of a conversion pipeline in the style of Wisnesky, or a gener-
alised database querying model such as Kleisli in the style of Wong. We cannot
comment on the precise nature of such a connection because of the wide vari-

ety of design decisions that have been put into previous formalisms.
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6.3 Operational semantics

This section expects a baseline understanding of semantics in programming
languages, specifically the difference between denotational and operational
semantics. For a resource on the semantics of programming language we rec-
ommend The Semantics of Programming Languages: An Elementary Introduc-

tion Using Structural Operational Semantics by Hennessy [23].

All our semantics in Section 3.3 are denotational in nature, since they do not
refer to a particular interpretation of language elements as changes in the state

of the program, but rather changes of underlying modelled data structures.

Denotational semantics are useful for understanding NRC intuitively, with-
out excessive worries about evaluation order and state management. Deno-
tational semantics are not useful for a reference implementation of NRC in a
compiler. We currently rely on Coq’s underlying data structures, and even if we
were to extract our code into the programming language OCaml, we would rely
on OCaml’s underlying data structures. This does not give us much strength in
terms of optimising queries, which is a strong component of database theory

and query studies.

Operational semantics (small-step and big-step) would allow us to formally
define NRC and its operations as direct changes of state to the program. We
also anticipate that operational semantics could allow for more precise com-

plexity bounds, since we are allowed to calculate the cost of operations.

For a reference on operational semantics for NRC, we point to Fehrenbach
and Cheney [19] (small-step) and Fowler, Galpin, and Cheney [22] (big-step).
Both of these works use the programming language LINKS, which takes a lot
from NRC when it comes to handling database queries (the language’s purpose,

however, is wider than just for querying databases).
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Appendix A

effPropCompat proof

Here we provide the full proof of ef fPropCompat. We also provide the type
signatures of lemmas used in the proof that are not in the standard library of

Coq.

Lemma effPropCompat {X} {¥ : X -> } {t} (t : nrc_stx X 1) p :
eff2Prop (interpStxEff t p) = interpStxProp t (eff2Prop - p).
Proof.
(* Trivial cases resolved by reflexivity *)
induction t; simpl; try reflexivity.
- apply eff2Prop normalise compat.
(* Pair case *)
- apply f equal2; auto.
(* Projection 1 case *)
- rewrite <- IHt. simpl. destruct interpStxEff.
simpl. reflexivity.
(* Projection 2 case *)
- rewrite <- IHt. simpl. destruct interpStxEff.
simpl. reflexivity.
(* Singleton set case *)
- fold interpSortProp.
extensionality z.
apply propositional extensionality.
split; intros H.
+ destruct H as [H | HI].
* rewrite <- IHt. symmetry. apply H.
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* destruct H.
+ left. rewrite IHt. symmetry. apply H.
(* Small cup case *)
- extensionality z. apply propositional extensionality.

split; intros H.

+ rewrite <- IHtl. rewrite <- IHt2.
apply in map iff in H. destruct H as [x [E x H]I.
subst. apply normaliselList member in H. apply in app or in H.
destruct H as [H | H].

* left. simpl. apply in map. apply H.
* right. simpl. apply in map. apply H.
+ destruct H as [H | H].
* rewrite <- IHtl in H. simpl in H.
apply in map iff in H. destruct H as [x [E x H]I.
subst. apply in map. apply normaliselList member.
apply in or app. left. apply H.
* rewrite <- IHt2 in H. simpl in H.
apply in map iff in H. destruct H as [x [E x H]].
subst. apply in map. apply normaliselList member.
apply in or app. right. apply H.
(* Big cup case *)
- simpl. fold interpSortProp. extensionality z.

apply propositional extensionality.

split; intros H; simpl.

+ apply in map iff in H. destruct H as [x [E x H]]. subst.
apply normaliselList member in H. apply in concat in H.
destruct H as [xs [H1 H2]]. apply in map iff in HL.
destruct H1 as [y [H11l H12]]. subst. exists (eff2Prop y).
split.

* rewrite <- IHtl. simpl. apply in map. apply H12.
* simpl in IHt2. specialize (IHt2 (p & y)).
apply (f equal (fun y =>vy (eff2Prop x))) in IHt2.
assert (HInterpFunEq :
(fun x : ~ X => eff2Prop (option rect
— (interpSortEff o ¥ & o) p y x))
= (option rect (interpSortProp o ¥ & o)
(fun x0 : X => eff2Prop (p x0))
— (eff2Prop vy))
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{ extensionality z. destruct z; simpl; reflexivity. }
rewrite HInterpFunEgq in IHt2. rewrite <- IHt2. apply in map.
apply H2.

+ destruct H as [y [H1 H2]]. apply in map iff.

specialize (IHtl p). rewrite <- IHtl in H1.
simpl in H1. apply in map iff in H1. destruct H1 as [x [H1
- H12]].
subst. rename H12 into Hl. specialize (IHt2 (p & x)).
assert (H e2P ordering :
(option rect (interpSortProp o ¥ & o) (fun x : X =>
— eff2Prop (p x)) (eff2Prop x))
= fun y => eff2Prop (option rect (interpSortEff o X
& &o0o) pxy)).

{ extensionality p. destruct p as [p | 1; simpl; reflexivity.
- }
rewrite <- H e2P ordering in IHt2. rewrite <- IHt2 in H2.
— simpl in H2.
apply in map iff in H2. destruct H2 as [y [H21 H22]]. exists
< Y.
split.
* apply H21.
* apply normaliselList member. apply in concat. subst.

fold interpSortEff in *.

eexists; split; [|exact H22].

apply in map iff.

eexists; split; [reflexivity|].

exact HIL.

- simpl. extensionality q. fold interpSortProp in q.
rewrite <- IHtl. rewrite <- IHt2.
apply propositional extensionality.
split; simpl; intros H.
+ apply (in map iff) in H. destruct H as [q' [H1 H2]]. subst.

apply listSubtr in in H2. split.
* apply in map. destruct H2 as [H1 H2]. apply HL.
* intros Hneg. destruct H2 as [H1 H2]. apply in map iff in
< Hneg.
destruct Hneg as [x [Hnegl Hneg2]].
destruct (Normal interpStxEff tl p) as [? ]; subst.
destruct (Normal interpStxEff t2 p) as [? _]; subst.
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fold interpSortEff in *.
apply eff2Prop Normal injec in Hnegl; subst;
(apply H; auto; fail) || (apply HO; auto; fail) || auto.
+ destruct H as [H H']; apply in map iff in H; destruct H as [?
- [? ?]]; subst.
apply in map, LlistSubtr in; split; auto.
intro; apply H'; apply in map; auto.
Qed.

Below are the additional lemmas that we have defined and proved in our
code repository. All other lemmas one may not recognise are to be found in

Coq’s standard library.

eff2Prop normalise compat : forall {t : sort} (x : interpSortEff T),
eff2Prop (normaliseInterpSortEff x) = eff2Prop x

normaliselList member : forall {X : Type} (0 : orderedType X)
(x =+ X) (L : list X),
In x 1 <-> In x (normaliselListRepr 0 1)

Normal interpStxEff : forall {X : Type} {t : sort} {X : X -> sort}
(t : nrc_stx X 1)
(p : forall x : X, interpSortEff (X x)),
Normal (interpStxEff t p)

eff2Prop Normal injec : forall {t : sort} (x y : interpSortEff T),
Normal x -> Normal y ->
eff2Prop x = eff2Prop y ->

X =Y

listSubtr in : forall {X : Type} {D : decEq X}
{A B : list X} (x : X),
In x (listSubtr D A B) <-> In x A /\ ~In x B
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