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1 Introduction

Since it’s inception by Maldacena in 1997 [1], the AdS/CFT correspondence has proved very
fruitful in the study of Supergravity backgrounds (with an AdSd+1 factor) and their dual
CFTs (of d spatial dimensions). In this paper, we focus our attention on AdS5 backgrounds
of both Type IIA and Type IIB.
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The work presented in this paper is complementary to the recent work of [2], where
a new two-parameter family of Type IIA solutions were derived via dimensional reduction
of the Gaiotto-Maldacena backgrounds [3], following an SL(3,R) transformation amongst
its three U(1) directions. In [2], it was shown that these solutions give rise to N =(2,1,0)
backgrounds, depending on the choice of the parameters. Central to this analysis was
the method of G-Structures, which we employ again in this work. In the cases of the
SU(2)×U(1) preserving N =0, and U(1)×U(1) preserving N =1 solutions, it was found
that these additional parameters change the quantization of D brane charge from integer to
rational. Following careful study of the boundaries, this was nicely interpreted as branes
back-reacted onto a Spindle and it’s higher dimensional analogue, in the two cases respectively.
The Holographic central charge demonstrated that these transformation parameters drop
out neatly, suggesting that such deformations are in fact marginal in the dual CFT. Some
stability analysis of the backgrounds was then presented.

In this work, we begin with the boundary analysis given in [2], but for the full two-
parameter family of solutions. We will show that both NS5 and D6 branes are present in all
backgrounds, but D4 branes only appear for a preserved S2. In addition, by introducing a
new term to the large gauge transformation of B2, we are able to eliminate the effect of the
Spindle on the D4 charge, restoring an integer quantization. This is of course not possible for
the D6 branes. However, as we will show in this paper, the D6 charge has the same rational
form for all of the solutions — becoming integer when one of the parameters, ξ, is fixed to
zero. See figure 1(a) for a plot of the two parameters, summarising these solutions nicely.

We then move on to investigate Type IIA backgrounds which are derived via dimensional
reductions along the other two U(1) directions with respect to the case of [2], and see that
this gives rise to a few new and unique solutions. Amongst these is a one-parameter family
of N =0 solutions which enhances to a new and unique zero-parameter N =1 solution, when
the parameter is fixed to zero. The G-Structure description of this background is also given.

The main focus of this work then follows, investigating the Abelian T-Duality (ATD) of
the two-parameter family of Type IIA solutions given in [2]. This derives a three-parameter
family of Type IIB solutions, picking up the additional non-trivial parameter in the T-
Duality. This three-parameter solution contains within it a new one-parameter family of
N =1 Type IIB backgrounds. Throughout this analysis, the supersymmetry is kept track of
by G-Structures. The transformation generating new backgrounds involved performing an
ATD of the G-Structure forms and conditions. This derived new expressions for the Pure
Spinors in Type IIB, playing a central role in the analysis of the N =1 solutions (presented in
detail in appendix A). It is worth noting here that this infinite family of solutions have zero
five-form flux, which is an interesting result given that very few supersymmetric solutions
are known with this property. The first two examples of such backgrounds were found in [4],
evading the prior classification of AdS5 solutions considered in [5] (which had a non-vanishing
five-form flux). This led to the work of [6], where the classification was completed.

We go on to investigate the boundaries of the three parameter family, and see the
presence of certain orbifold singularities. However, as a consequence of the ATD from type
IIA, they do not appear to be as straightforward as the Spindles found in [2]. It would be
interesting to study this topology further in the future. In analogy with the IIA analysis, we
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Figure 1. In (a), for arbitrary values of (ξ,ζ) represented in green, all SUSY is broken. In this
generic situation, there are NS5 and D6 branes present, with rational D6 charge. Along the ξ=0
axis, given in dark green, this rational D6 charge becomes integer. The point (ξ,ζ)= (0,0), in purple,
recovers the infinite family of N =2 solutions (with an SU(2)R×U(1)r R-symmetry). When ζ =−ξ,
along the blue line, N =1 SUSY is preserved (with a U(1)R R-symmetry). Along the ζ =0 axis (given
in red), the SUSY is still broken, however one recovers the SU(2) isometry (S2). Only along this axis
are D4 branes present, recovering an integer charge via a gauge transformation!
In (b), following an ATD to IIB, an additional parameter, γ, is picked up. For arbitrary values of
(ξ,ζ,γ), given in green, the SUSY is still broken. Now there are NS5 and D7 branes, with rational D7
charge (now becoming integer along the ξ=0 plane). There are no N =2 solutions present here. The
N =1 SUSY solutions, along the blue line, require the additional condition γ=−1 and so is now offset
from the γ=0 plane. The SU(2) isometry is preserved only along the (ζ,γ)= (0,0) axis, in red, with
SUSY still broken. The D5 branes exist only along the ζ =0 plane in red (so do not require a preserved
S2), and have an integer charge recovered by a gauge transformation. Only where the red plane and
blue line intersect do we have N =1 solutions with D5 branes, namely when γ=−1, (ξ,ζ)= (0,0).

find the presence of NS5 and D7 branes in all backgrounds. In the case of the D5 branes,
they only exist in the T-Dual solutions of the S2 preserved IIA backgrounds. However, if the
S2 is broken under the ATD itself, the D5 branes still remain. Once again, by including an
additional term in the gauge transformation of B2, one can recover integer quantization of D5
charge. See figure 1(b) for a plot of the three parameters, summarising the above discussion.

Finally, some additional Type IIB backgrounds are presented corresponding to ATDs of
different dimensional reductions. Amongst these we find a new and unique zero-parameter
family of N =1 solutions (corresponding to the ATD of the unique N =1 Type IIA mentioned
above). We again note that this background is another supersymmetric example with zero
five-form flux. The G-Structure forms are again included. Some topics are left for future
study, including the stability analysis conducted in [2]. By deriving the Holographic central
charge, we note that the deformations presented throughout this paper are again marginal in
the dual CFT, but do not recover the N =2 solution in Supergravity.

The content of this paper is as follows:

• In section 2 we review the N =2 Gaiotto-Maldacena solutions in M-Theory. We
include a brief summary of some relevant G-Structure theory, setting up a discussion of
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the G-Structures specific to the Gaiotto-Maldacena solutions, it’s IIA reductions and
subsequent IIB ATD. The new material here is the 11D G-Structure forms corresponding
to a simple dimensional reduction along the other two U(1) directions to [2] (namely, χ
and ϕ), and the IIB G-Structure Pure Spinors and conditions derived in appendix A. We
conclude the section with a brief review of the SL(3,R) transformation being performed
in M-Theory, along with the two-parameter family presented in [2]. We then perform
the boundary analysis for the full two-parameter family, finding the presence of NS5
and D6 branes in all cases, with the D4 branes only appearing for a preserved S2.

• In section 3 we present some more IIA results, derived via dimensional reductions along
the alternative U(1) directions. Most notable is the zero-parameter N =1 background.
These results are largely just presented, further analysis is left to future study. However,
the G-Structure forms are included for the N =1 solution. The full calculations are
given in appendix B.

• In section 4, we present the three-parameter family of Type IIB solutions. We then
study the boundary of the (σ,η) space, following the analysis which gave rise to the
Spindle interpretation given in [2]. We again find the presence of orbifold singularities,
the topology of which would be nice to study further. We find analogous behaviour
with the IIA backgrounds, with the existence of NS5 and D7 branes in all solutions.
The D5 branes are only present for descendants of the S2 preserved IIA solutions,
but do not require a preserved S2 themselves. We then present the one-parameter
family of N =1 solutions and zone in on a one-parameter family of S2 preserved N =0
backgrounds. In these examples, the charge quantization is broken without the presence
of an orbifold singularity in the metric, a possible physical interpretation of this is
suggested in appendix E — corresponding to rotated D-branes. Following this, some
additional IIB solutions are given, including a zero-parameter N =1 background. The
G-structure forms and conditions are derived and presented at length in appendix A.
Once again, further analysis is needed for these backgrounds, this is left for future
work. The full ATD calculations are given at length in appendix C, and along the way,
the TST solution of [7] is re-derived (and argued to be N =0 in general, promoting to
N =1 when γ=−1). Finally in appendix D, a one-parameter M-Theory deformation
of the Gaiotto-Maldacena solution is given, and believed to break the supersymmetry
completely. This is derived by reducing to IIA, performing a TST transformation and
uplifting. It proved highly useful to perform an ATD and TST once for a general form,
allowing one to easily derive the ATD solutions of many backgrounds at once. These
forms are derived and presented in appendix C.

• Finally, section 5 gives some conclusions and an outline of future analysis required.
This work is complimented by lengthy appendices which will hopefully be of use.

2 Review of Type IIA reductions of Gaiotto-Maldacena

We begin with a brief review of the N =2 AdS5 class of solutions found by Gaiotto-Maldacena
(GM) in d=11 [3], along with it’s G-Structure description. The method of G-Structures allows
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one to easily keep track of the supersymmetry under reduction, a feature which will be further
exploited throughout this paper. We then proceed to review the SL(3,R) transformations and
the corresponding two parameter family of dimensional reductions discussed in [2], finishing
the section by investigating the boundary.

2.1 Gaiotto-Maldacena background

If one begins with the more general AdS5 N =2 solutions of Lin-Lunin-Maldacena (LLM) [8],
with bosonic isometry group SO(4,2)×SU(2)R×U(1)r

1 and magnetic four-form, G4 = dC3,
one can derive the following Electrostatic form of the Gaiotto-Maldacena Background via
the Bäcklund transformation.2 See [2] for a more in depth review. The resulting metric
and four form are then defined as follows

ds2
11 = f1

[
4ds2(AdS5)+f2ds

2(S2)+f3dχ
2+f4

(
dσ2+dη2)+f5

(
dβ+f6dχ

)2
]
,

C3 =
(
f7dχ+f8dβ

)
∧Vol(S2),

f1 =κ
2
3

(
V̇ ∆̃
2V ′′

) 1
3
, f2 =

2V ′′V̇

∆̃
, f3 =

4σ2

Λ , f4 =
2V ′′

V̇
, f5 =

2ΛV ′′

V̇ ∆̃
,

f6 =
2V̇ V̇ ′

V ′′Λ , f7 =−4κV̇ 2V ′′

∆̃
, f8 =2κ

(
V̇ V̇ ′

∆̃
−η
)
,

∆̃=Λ(V ′′)2+(V̇ ′)2, Λ= 2V̇ −V̈
V ′′ ,

(2.2)

where the warp factors fi = fi(η,σ) depend on a constant κ and the function V (η,σ), with

V̇ ≡σ∂σV, V ′≡ ∂ηV. (2.3)

The above class of solutions are defined by the following cylindrically symmetric Laplace
equation for V (η,σ)

1
σ
∂σ(σ∂σV )+∂2

η ≡ V̈ +σ2V ′′=0, (2.4)

along with the Boundary Conditions [7] (where 0<σ<∞ and 0<η<P , with P finite)

V̇
∣∣∣
η=0,P

=0, V̇
∣∣∣
σ=0

=R(η). (2.5)

One now has an Electrostatic description of the background (2.2), where a line of charge
is extended along η. The charge density is defined by the “Rank Function” of the dual
quiver, R(η), with Fourier decomposition

R(η)=
∞∑

n=1
Rn sin

(
nπ

P
η

)
, (2.6)

1Where SU(2)R×U(1)r is the N = 2 R-Symmetry.
2Noting that the GM U(1) directions (χ,β) and the LLM U(1) directions (χ̄, β̄) are related as follows

(χ,β)→ (χ̄+β̄, −β̄). (2.1)

This is discussed in [9–11] and shown in detail in [2].

– 5 –



J
H
E
P
0
8
(
2
0
2
4
)
1
8
1

which for quantized fluxes, must be a continuous, linear-by-pieces and convex function. Hence,
in general, it takes the form

R(η)=


N1η η ∈ [0,1]

Nk+(Nk+1−Nk)(η−k) η ∈ [k,k+1]
NP−1(P−η) η ∈ [P−1,P ]

(2.7)

where R(0)=R(P )= 0. One can find an appropriate solution to (2.4) using the separation
of variables,

V (σ,η)=−
∞∑

n=1
Rn sin

(
nπ

P
η

)
K0

(
nπ

P
σ

)
, Rn = 1

P

∫ P

−P
R(η)sin

(
nπ

P
η

)
dη, (2.8)

which indeed satisfies the boundary conditions (2.5). Here, K0 is a modified Bessel function
of the second kind.

It proves useful when investigating the boundary to introduce an alternative form for
V̇ , following the arguments of [2], and shown to be equivalent in [12]

V̇ = π

P

∞∑
n=1

Rnσ sin
(
nπ

P
η

)
K1

(
nπ

P
σ

)
, (2.9)

= 1
2

∞∑
m=−∞

P∑
k=1

bk

(√
σ2+(η−2mP+k)2−

√
σ2+(η−2mP−k)2

)
,

where bk =2Nk−Nk+1−Nk−1 (see [2] for a more in depth discussion).
We now summarise some key material on the method of G-Structures.

2.2 G-Structure description and review

In order to easily keep track of the supersymmetry when dimensionally reducing N =2
Gaiotto-Maldacena to Type IIA, it proves highly useful to use the method of G-Structures.
We now provide a brief review, with a focus on the GM description used throughout this
paper. This will set up the next section, where we discuss the G-Structure formalism for the
Gaiotto-Maldacena background, it’s IIA reduction and subsequent IIB T-Dual solution.

Supersymmetric solutions of M-Theory or Type II Supergravity must satisfy the necessary
supersymmetry conditions, usually given in terms of a spinor and metric, as well as the
Bianchi identities3

∂ϵψM =0, ∂ϵλ=0,
dHF =0 dH3 =0,

(2.10)

where ψm are the Gravitinos, λ the Dilatini and ϵa are two 11D Majorana-Weyl spinors
(with a=(1,2)).

3Where we follow the convention that dH is defined with a minus, as follows

dH ≡ d−H∧ .
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The technique of G-structures allows one to recast the above supersymmetry equations
(involving a spinor and metric) in terms of non-spinorial and geometrical objects (forms). For
our purposes, we will focus on the supersymmetry conditions for Gaiotto-Maldacena and
it’s daughter Supergravity solutions, namely Mink4×M7 and Mink4×M6 backgrounds. The
interested reader is directed to [13–20] for more detailed and insightful discussions on the topic.

In this discussion, we are interested in the internal space, writing the metric as a Warp
product. In the Mink4×M7 M-Theory case, we have

ds2
11 = e2Âds2(Mink4)+ds2(M7), (2.11)

where Â is a function of the internal space, M7, coordinates. We decompose the spinors
on the external/internal parts of the space, as ϵ=ψ+⊗θ++ψ−⊗θ− (following the notation
of [16]) where θ are 7 dimensional spinors, with θ+ = θ∗−.

In the case of Mink4×M6 Supergravity, we have

ds2
10 = e2Ads2(Mink4)+ds2(M6), (2.12)

where A is a function of the M6 coordinates. In addition, the fields depend only on the
internal space coordinates, with the Poly-form

F = g+e4AVol(Mink4)∧∗6λ(g),

Type IIA: Ftot =
5∑

j=0
F2j , λ(g)= g0−g2+g4−g6,

Type IIB: Ftot =
4∑

j=0
F2j+1, λ(g)= g1−g3+g5.

(2.13)

Decomposing the spinor yields4 (adopting the notation given in [13])

Type IIA: ϵ1 = ζ+⊗η1
++ζ−⊗η1

−, ϵ2 = ζ+⊗η2
−+ζ−⊗η2

+,

Type IIB: ϵi = ζ+⊗ηi
++ζ−⊗ηi

−,
(2.14)

where η lives on M6. Plugging these decompositions back into the SUSY conditions given
in (2.10), allows one to factor out ζ — leading to six fairly ugly equations in terms of η1,2.
One can however re-write such conditions in a more elegant manner in the language of
generalized complex geometry and differential forms.

The supersymmetry conditions can be split into 2 parts (see for example [13] for a
nice discussion)

• Algebraic part: this is a topological requirement on the manifold,5 and implies the
existence of two nowhere vanishing, globally defined Clifford(6,6) pure spinors, Ψ+,Ψ−

Ψ+ ≡ η1
+⊗η2†

+ , Ψ−≡ η1
+⊗η2†

− . (2.15)

These are sums of even or odd forms, respectively.
4In IIA, ϵ1 has + chirality and ϵ2 has — chirality. In IIB, they are both + chirality.
5That T⊗T ∗ must have an SU(3)×SU(3) structure.
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• Differential part: The preservation of supersymmetry then imposes differential
conditions on the metric, saying that the two pure spinors should satisfy

e−2A+ΦdH(e2A−ΦΨ1)= 0, e−2A+ΦdH(e2A−ΦΨ2)= dA∧Ψ̄2+F, (2.16)

with an additional normalization requirement. The more supersymmetry, the more
structure is required on the manifold. These conditions contain the same information as
the supersymmetry variations from (2.10), and must be supplemented with the Bianchi
identities and equations of motion for the fluxes.
Writing this more schematically as in [21], we have

dH3Ψ1 =0, dH3Ψ2 =FRR, (2.17)

with

Type IIA: Ψ1 =Ψ+, Ψ2 =Ψ−, Type IIB: Ψ1 =Ψ−, Ψ2 =Ψ+, (2.18)

given that FRR has an even form in IIA and an odd form in IIB. Clearly the pure
spinors must transform in essentially the same manner under T-Duality as the Ramond
fields, this will become important to us later.

Example structures. We now summarise some key (and relevant) examples. See [13, 18, 19]
for further details.

Having two spinors, η1,2, describes an SU(3)×SU(3) structure. When η1 and η2 are
parallel, they describe an SU(3) structure — now defined by a single nowhere vanishing
spinor η (which is covariantly constant in the case of a Calabi-Yau 3-fold). When they are
nowhere parallel, they define what is called a static SU(2) structure.

• SU(3) Structure
An SU(3) structure on an M6 can be defined in three ways: via a metric and spinor
(g,η); a metric and a complex, decomposable and non-degenerate 3-form (g,Ω); or a
real 2-form and the complex 3-form (J,Ω). Hence there is a bijection between the
descriptions, notably (g,η)↔ (J,Ω).6 The following conditions are necessary

J∧Ω=0, J∧J∧J = 3
4 iΩ∧Ω̄, (2.19)

with the positive definite metric defined as g=−JIΩ.7

6Using the Fierz identities, one gets the following mapping

Ωmnp =−η†−γmnpη+, η− = (η+)c, Jmn =−iη†+γmnη+.

7Where IΩ is an Almost Complex Structure — a tensor Im
n with I2 =−1. This allows one to embed the

GL(d/2,C)∈GL(d,R). The stabilizer group is given as follows

StabGL(d,R)(I) = GL(d/2,C), Stab(I) =O(d)∩GL(d/2,C)∼= U(d/2)

so adding a metric on M6 means the stabilizer group of I is U(3). One then defines J ≡ gI, or alternatively,
g=−JI. To move to an SU(3) one requires a nowhere vanishing holomorphic 3-form Ω, with Ω→ det(U)Ω
and det(U) = 1. See [18] for further details.
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One can then build the normalized pure spinors, as follows

Ψ+ = η+⊗η†+ = 1
8e

−iJ , Ψ−= η+⊗η†−=− i

8Ω. (2.20)

To generalize this to an SU(3) structure on an M7, one must add a real one-form, K,
where

ds2
7 = ds2

6+K2, (2.21)

so an SU(3) structure on an M7 is described by (J,Ω,K). This is the case for Gaiotto-
Maldacena, we will return to this case in the next section.

• SU(d) in d= even Structure
More generally, this is extended to SU(d/2) in d= even dimensions. Here the structure
is specified by a real 2-form J and a complex d/2 form, Ω

Ω=E1∧. . .∧E
d
2 , J = i

2

d/2∑
a=1

Ea∧Ēa, (2.22)

where Ea is a holomorphic vielbein Ea = ea+iea+d/2, and the metric is defined by

g=
d/2∑
a=1

EaĒa. (2.23)

As a noteworthy example, an SU(2) structure on M4 is defined by a real 2-form, j, and
complex 2-form, ω. The following conditions must then be met

j∧ω=ω∧ω=0, ω∧ω̄=2j∧j. (2.24)

To generalize to an SU(2) structure on an M6, one must now add a complex one-form,
z, with

ds2
6 = ds2

4+zz̄, z≡u+iv. (2.25)

The pure spinors are then constructed as follows

Ψ+ = 1
8e

1
2 z∧z∧ω, Ψ−= i

8e
−ij∧z. (2.26)

This description will become relevant when dimensionally reducing Gaiotto-Maldacena,
once again, we return to this in the next section.

• SU(3)×SU(3) Structure
In general, having two spinors, η1,2, describing an SU(3)×SU(3) structure, we have

Ψ+ = η1
+⊗η2†

+ = 1
8e

1
2 z∧z̄∧(c̄e−ij−iω), Ψ−= η1

+⊗η2†
− =−1

8(e
−ij+icω)∧z. (2.27)

Hence, for static SU(2), one derives (2.26). For SU(3), one gets (2.20) with

J = j+ i

2z∧z̄, Ω=ω∧z. (2.28)
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2.3 Gaiotto-Maldacena G-Structures

We will now discuss the G-Structure formalism for the Gaiotto-Maldacena background, which
describes an SU(3) structure on an M7. The N =1 G-Structure conditions for the Mink4
solutions of the form given in (2.11) were derived in [16]. They are defined by a real 2-form, J ,
a holomorphic 3-form, Ω, (giving an SU(3) structure on d=6), with an additional (orthogonal
and unit normed) real one-form, K (to move to d=7). The G-Structure conditions then read

d(e2ÂK)= 0, d(e4ÂJ)= e4Â⋆7G4,

d(e3ÂΩ)=0, d(e2ÂJ∧J)=−2e2ÂG4∧K,
(2.29)

where eÂ and G4 live on M7, with the condition given in (2.19). One must then impose
the Bianchi identities separately. These conditions allow (J,Ω) to be written in the manner
outlined in (2.22), written here explicitly for clarity

Ω=E1∧E2∧E3, J = i

2(E
1∧E1+E2∧E2+E3∧E3), (2.30)

where the complex vielbein, Ea, is orthogonal to K (with a=1,2,3). Hence, for the GM
background, using

ds2(AdS5)= e2ρds2(Mink4)+dρ2, (2.31)

we have (recalling (2.11), (2.21) and (2.23))

ds2 = e2Âds2(Mink4)+ds2
7, e2Â =4f1e

2ρ,

ds2
7 =

3∑
a=1

EaĒā+K2 = f1

[
4dρ2+f2ds

2(S2)+f3dχ
2+f4(dσ2+dη2)+f5(dβ+f6dχ)2

]
.

(2.32)

For the β reduction frame, one derives the following results (given in [2])8

β reduction frame

K = κe−2ρ

f1
d(cosθe2ρV̇ ), E1 =−

√
f1f3

( 1
σ
dσ+dρ+idχ

)
,

E2 = eiϕ
[
κ

f1
e−2ρd(sinθe2ρV̇ )+i

√
f1f2 sinθdϕ

]
, (2.33)

E3 =−eiχ
√
f1f5

[
− 1
4f3

V̇ ′

σ
dσ−V ′′dη+f6dρ+i

(
dβ+f6dχ

)]
,

where K and E2 are independent of (β,χ), so remain constant under a rotation to the
χ reduction frame. The (E1,E3) vielbeins in this frame then read (now labelled with a

8Where the reduction frame can be read off directly from E3 using the reduction formula

e−
2
3 ΦIIAds2

IIA = ds2−e
4
3 ΦIIA (dψ+C1)2.

In the case of (2.33), ψ=β, C1 = f6dχ and e
4
3 ΦIIA = f1f5.
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tilde for clarity)

χ reduction frame

Ẽ1 =
√√√√ f1f3

f2
6 +

f3
f5

(
d(V ′)−idβ

)
, (2.34)

Ẽ3 =−eiχ

√
f1f5

(
f2

6 +
f3
f5

)[
dρ− V ′′

(V̇ ′)2−V̈ V ′′d(V̇ )+i
(
dχ+ f6

f2
6 +

f3
f5

dβ

)]
,

where, from the conditions in (2.30) and (2.32), one can check that the following relations
indeed hold

E1∧Ē1+E3∧Ē3 = Ẽ1∧ ¯̃E1+Ẽ3∧ ¯̃E3,

E1∧E3 = Ẽ1∧Ẽ3,

E1Ē1+E3Ē3 = Ẽ1
¯̃E1+Ẽ3

¯̃E3.

(2.35)

For a final rotation to the ϕ reduction frame, K is independent of ϕ, so once again remains
untouched. The E2 given in (2.33) does however depend on ϕ, and has the appropriate form
for a ϕ reduction E3 (with C1 =0). Hence, performing a trivial relabelling of the vielbeins,
this E2 now becomes the E3 for the ϕ-reduction frame. The E1 and E2 are then simply either
(E1,E3) from (2.33) or (Ẽ1, Ẽ3) from (2.34). See appendix A.1 for further details.

It is worth noting, using (2.30), (2.33) and (2.34), we can read off the U(1)r component of
the SU(2)R×U(1)r R-Symmetry directly from the overall phase of Ω, namely χ+ϕ. Hence, as
it stands, the only KK reduction which will preserve any supersymmetry is a β reduction. This
in fact leads to the Type IIA solution given in [12] (see also [7]), and is the only background
which preserves the full N =2 supersymmetry. However, as discussed in [2], by performing
an SL(3,R) transformation prior to reduction, further possibilities emerge (including the
additional N =1 Type IIA and Type IIB solutions which we uncover in this paper).

Before reviewing this SL(3,R) transformation, we must first discuss the G-Structure
analysis of the Type IIA and Type IIB daughter backgrounds.

IIA reduction. Now we turn to the G-Structure description of the daughter Type IIA
backgrounds. By performing a dimensional reduction along a U(1) which lies strictly outside
K, the resulting theory has an SU(2) structure on an M6. In this case, the G-structure analysis
will be defined by a real two-form, j, a holomorphic two-form, ω, (defining an SU(2) structure
on d=4), with an additional complex one-form, z (to move to d=6). Hence, the G-structure
analysis of the supersymmetric background outlined here will be defined by (j,ω,z).9

These forms can easily be calculated from the results of the previous section using the
standard reduction formula10

ds2 = e−
2
3 Φds2

IIA+e
4
3 Φ(dψ+C1)2, (2.36)

9If the dimensional reduction was performed along K, the background would define an SU(3) on M6,
described by (J,Ω) from (2.20) — namely, a real 2-form and holomorphic 3-form, respectively.

10One could of course use the generalised reduction formula (for reductions along nψ, with n∈Z),

e−
2
3 ΦIIAds2

IIA = ds2− 1
n2 e

4
3 ΦIIA (ndψ+nC1)2,
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and the following relations given in [22]

Ω=ω∧
(
e−Φu+i(dψ+C1)

)
J = j e−

2
3 Φ+e

1
3 Φu∧(dψ+C1), K = v e−

1
3 Φ,

z=u+iv.
(2.37)

The G-structure conditions for type II Mink4 solutions of the form given in (2.12)
and (2.13)11 were derived in [13], with (A,Φ,H3,g) living on M6. We note the following
relation with the GM Warp factor

eA = eÂ+ 1
3 Φ, (2.38)

with Φ the dilaton. The differential conditions on the metric, equivalent to (2.16) from before,
are expressed in terms of the SU(2) Pure Spinors Ψ± given in (2.26) and read12

dH3(e3A−ΦΨ+)= 0, (2.39a)
dH3(e2A−ΦReΨ−)= 0, (2.39b)

dH3(e4A−ΦImΨ−)=
e4A

8 ∗6λ(g), (2.39c)

with g the total internal RR flux, and with the conditions given in (2.24), where (j,ω) are
orthogonal to z. These conditions are equivalent to a set of equations written explicitly in
terms of (j,ω,z), as outlined in appendix D of [22].

From (2.13) we have e4AVol4∧∗6λ(g)=F6+F8+F10, which allows one to re-write (2.39c) as

Vol4∧dH3(e4A−ΦImΨ−)=
1
8(F6+F8+F10) (2.40)

We will utilise this form in the derivation of the Type IIB G-Structure conditions, which
we now summarise. See appendix A.2 for the full calculations.

IIB Abelian T-Dual. Finally, we investigate the G-Structure description of the Abelian
T-Dual solution. As mentioned at the beginning of this section, and made more explicit
in (2.40), the pure spinors will transform under T-Duality in the same manner as the Ramond
fields. In the G-Structure conditions, the roles of Ψ± switch when moving from Type IIA to
Type IIB. This is because Ramond fields are even in Type IIA and odd in Type IIB.

where one can easily see
C1 →nC1, e

4
3 Φ → 1

n2 e
4
3 Φ, B2 →

1
n
B2,

however, this serves no obvious purpose. We thus fix n= 1.
11With λ(αn) = (−1) n

2 (n−1)αn ensuring the condition Fn = (−1) n
2 (n−1)∗10F10−n still holds.

12Where the Pure spinors can be re-written here in a more convenient form

Ψ+ = 1
8

(
1+ 1

2z∧z̄
)
∧ω,

Ψ− = i

8z∧
(

1−ij− 1
2 j∧j

)
= 1

8

[
u∧j−v∧

(
1− 1

2 j∧j
)]

+ i

8

[
u∧
(

1− 1
2 j∧j

)
+v∧j

]
,

with the real and imaginary parts of Ψ− made clear.
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Using the rules given in [23] (see also [24]), first make the following decomposition
in Type IIA

ds2
10 = ds2

9,A+e2C(dy+A1)2, B=B2+B1∧dy, F =F⊥+F||∧Ey, (2.41)

with Ey = eC(dy+A1). Then the Type IIB T-dual theory is defined as follows

ds2
9,B = ds2

9,A, ΦB =ΦA−CA, CB =−CA,

BB
2 =BA

2 +AA
1 ∧BA

1 , AB
1 =−BA

1 , BB
1 =−AA

1 ,

FB
⊥ = eCA

FA
|| , FB

|| = eCA
FA
⊥ .

(2.42)

These rules then justify the following decompositions

ΨA
± =ΨA

±⊥
+ΨA

±||
∧Ey

A,

ωA=ωA
⊥+ωA

|| ∧E
y
A, jA= jA⊥+jA|| ∧E

y
A, zA= zA⊥+zA|| ∧E

y
A,

zA⊥ =uA⊥+ivA⊥ , zA|| =uA|| +ivA|| .

(2.43)

One can then use the rules in (2.42) to transform the G-Structure conditions and Pure
Spinors. After switching the roles of Ψ±, we get

e−ΦBΨB
∓= e−ΦA

[
eCAΨA

±||
+ΨA

±⊥
∧(dy−BA

1 )
]
, (2.44)

where the factors of ΦA and ΦB were introduced to derive the following forms for the IIB
G-Structure conditions (solely in terms of IIB quantities)

dHB
3
(e3A−ΦBΨB

−)= 0,

dHB
3
(e2A−ΦBReΨB

+)= 0,

dHB
3
(e4A−ΦBImΨB

+)=
e4A

8 ∗6λ(g).

(2.45)

Working through the calculation, one gets the following forms

ΨB
−= 1

8e
ΦB−ΦA

[
e

1
2 zA⊥∧zA⊥∧

(
eCA

ωA
|| +ωA

⊥∧(dy−BA
1 )
)
+eCA 1

2(z
A
⊥∧zA|| −z

A
|| ∧z

A
⊥)∧ωA

⊥

]
,

ΨB
+ = i

8e
ΦB−ΦAe−ijA⊥ ∧

[
(eCA

zA|| +zA⊥∧(dy−BA
1 ))+ieCA

jA|| ∧z
A
⊥

]
,

(2.46)
which for our purposes, in which zA|| = z̄A|| =0, reduces to13

ΨB
−= 1

8e
ΦB−ΦAe

1
2 zA⊥∧zA⊥∧

(
eCA

ωA
|| +ωA

⊥∧(dy−BA
1 )
)
,

ΨB
+ = i

8e
ΦB−ΦAe−ijA⊥ ∧zA⊥∧

(
(dy−BA

1 )−ieCA
jA||

)
.

(2.48)

See appendix A.2 for more details.
13Comparing these results with (2.26) (and (2.27) more generally), from the form of ΨB

+ this would suggest
the following relations for an SU(2) structure (noting 1

2z
B∧z̄B = ivB∧uB)

vB∧uB =−jA⊥ , ωB = ieΦB−ΦA zA⊥∧
(

(dy−BA
1 )−ieCA

jA||

)
. (2.47)

The ΨB
− comparison is less clear but the dimensions of the Polyform match as they should.
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2.4 SL(3,R) transformations

Now that we have reviewed the Gaiotto-Maldacena background and the necessary G-Structure
analysis, we should introduce the SL(3,R) transformations which generate the various solutions
presented in this paper (along with the results of [2]).

Given that there are three U(1) directions in the GM background (β,χ,ϕ), one can
make the following SL(3,R) transformation

dβ= adχ+bdβ+cdϕ, dχ= pdχ+q dβ+mdϕ, dϕ= sdχ+vdβ+udϕ,∣∣∣∣∣∣∣
p q m

a b c

s v u

∣∣∣∣∣∣∣= p(bu−vc)−q(au−sc)+m(av−sb)= 1.
(2.49)

The utility of this transformation becomes clear under dimensional reductions to Type
IIA,14 with the β reduction case already considered in [2]. In that case, one can derive
N =(2,1,0) Type IIA backgrounds. However, as we will investigate in this paper, the
χ and ϕ reduction cases lead only to N =1 and N =0 solutions. Using the forms given
in (2.33), one can see that the U(1) component of the SU(2)R×U(1)r R-symmetry of the
Gaiotto-Maldacena background now becomes

U(1)r =χ+ϕ
→ (p+s)χ+(q+v)β+(m+u)ϕ.

(2.50)

This immediately provides more possibilities to preserve supersymmetry under dimensional
reduction, i.e. in the case of a β reduction, one can now preserve this U(1)r component by
fixing v=−q. Throughout this paper we use the reduction formula given in (2.36). We
now review the β reduction case.

The β reduction case. As outlined in [2], by performing the following 11D transformations
(with q= ξ, v= ζ)

dβ→ dβ, dχ→ dχ+ξ dβ, dϕ→ dϕ+ζ dβ, (2.51)

14These nine parameters must reduce to three free parameters (corresponding to the three U(1) directions
being mixed). For our purposes, we fix (p,b,u) = 1 by trivially absorbing them into the definitions of (χ,β,ϕ),
respectively. This avoids re-defining the three U(1) directions amongst themselves and immediately eliminates
three of the nine parameters. However, as we note where appropriate, there can be some utility in choosing
different values for these parameters.
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before dimensionally reducing along β, one gets the following two parameter family of solutions
(re-written below in a form which will be useful for investigating the boundary)15

ds2
10,st = f

3
2

1 f
1
2

5
√
Ξ
[
4ds2(AdS5)+f4(dσ2+dη2)+ds2(M3)

]
,

ds2(M3)= f2

(
dθ2+∆

Ξ sin2 θDϕ2
)
+ f3
∆dχ2 = f2

(
dθ2+ 1

Π sin2 θdϕ2
)
+Π
Ξ f3Dχ

2,

B2 =sinθ
[
ζf7dχ−(f8+ξf7)dϕ

]
∧dθ, e

4
3 Φ = f1f5Ξ,

C1 =
1
Ξ

((
f6(1+ξf6)+ ξ

f3
f5

)
dχ+ζ f2

f5
sin2 θdϕ

)
, C3 = f7dχ∧Vol(S2),

Ξ=∆+ζ2 f2
f5

sin2 θ, ∆=(1+ξf6)2+ξ2 f3
f5
, Π=1+ζ2f2

f3+f5f
2
6

f3f5
sin2 θ,

Dϕ= dϕ− ζ

∆

(
f6(1+ξf6)+ξ

f3
f5

)
dχ, Dχ= dχ− ζ

Π
f2
f3

(
f6(1+ξf6)+ξ

f3
f5

)
sin2 θdϕ,

(2.52)

leading to the backgrounds given in table 1 of [2]. The metric has the nice property that
all dependence on the transformation parameters drops out neatly when calculating the
Holographic Central charge. Hence, one derives the following (parameter independent) result

chol =
κ3

π4

∞∑
k=1

PR2
k. (2.53)

This means that the two parameters correspond to marginal deformations of the d=4 N =2
long linear quiver dual CFTs, see [2] for a detailed calculation.

In [2] the SU(2)×U(1) preserved N =0 background (with ζ =0) and the N =1 case (with
ζ =−ξ) were investigated in further detail. Studying the boundary of the (σ,η) coordinates,
one can show that these two backgrounds contain branes which are backreacted on a Spindle
and it’s higher dimensional analogue, respectively. In the next subsection we will review this
analysis by following the same procedure for the general two-parameter family.

Investigations at the boundary. We now follow the procedure of [2] for the more general
two-parameter solution, using the limits of the Warp factors which are quoted for convenience
in appendix G. This analysis will follow closely that of the N =1 case, with the parameter
ζ left general.

First, for general values of (η,σ,θ), we see that (Ξ,Π) are non-zero and finite. The
deformed S2 given by (θ,ϕ) has Π→ 1 at the poles, which given the expression for M3
in (2.52), means it still behaves topologically as an S2. This follows the argument given
in [2], where Dχ→ dχ up to leading order at the poles. We now turn to the behaviour at
the boundaries. In the following analysis, to be consistent with [2] we will use the following
large gauge transformation

B2 →B2+2κkVol(S2), (2.54)

but we will note a potential alternative which leads to quantized D4 charges in the ζ =0 case.
15the ∆ here should not be confused with ∆̃ from (2.2).
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• At the σ→∞ boundary, all parameters drop out, so the behaviour remains the same
as the cases studied in [2]. We summarise the presentation for completeness. One finds

ds2 =κ

[
4σ
(
ds2(AdS5)+dχ2

)
+2P
π

(
d
( π
P
σ
)2

+d
( π
P
η
)2

+sin2
(
πη

P

)
ds2(S2)

)]
,

e−Φ = R1π
2

2P 3
2
√
κ
e−

π
P

σ
( π
P
σ
)− 1

2
, H3 =−4κP

π
sin2

( π
P
η
)
d
( π
P
η
)
∧Vol(S2), (2.55)

where we see that (η,S2) span a unit-radius 3-sphere. Hence, at this boundary the
N =2 case is recovered, giving a stack of P NS5 branes (after fixing 2κ=π)16

QNS5 =− 1
(2π)2

∫
S3
H3 =P. (2.56)

• At η=0 with σ ̸=0, using (G.3), one finds using the second form for M3 that (η,θ,ϕ)
vanish as R3 in polar coordinates, namely

f4dη
2+f2

(
dθ2+ 1

Π sin2 θdϕ2
)
= 2|ḟ |
σf

(
dη2+η2ds2(S2)

)
, (2.57)

this once again matches the specific cases studied in [2].

• At σ=0, η ∈ (k,k+1) we have that along the σ=0 boundary, V̈ =0 to leading order.
Using (G.6) we find

Ξ= l2k+
1
2ζ

2RV ′′ sin2 θ, ∆→ l2k, Dϕ= dϕ− ζ(Nk+1−Nk)
lk

dχ,

lk =1+ξ(Nk+1−Nk),
(2.58)

giving an R2/Zlk orbifold singularity in (σ,χ), as follows

f4dσ
2+ f3

∆dχ2 → 2V ′′

R

(
dσ2+σ2

l2k
dχ2

)
. (2.59)

• At σ=0, η=0, to approach this boundary one makes the following coordinate change
(η= r cosα, σ= r sinα), expanding about r=0. Using (G.7) we find

Ξ→∆→ l20, l0 =1+ξN1, Dϕ= dϕ− ζN1
l0

dχ, (2.60)

f4(dσ2+dη2)+ds2(M3)→
2Q
N1

(
dr2+r2dα2+r2 cos2α

(
dθ2+sin2 θDϕ2

)
+r2 sin2α

dχ2

l20

)
,

where we say that the internal space vanishes as R5/Zl0 .
16The Page Charges are calculated using the following relations

QDp/NS5 = 1
(2π)7−p

∫
Σ8−p

F̂8−p, F̂Page =FMax∧e−B2 = d(C∧e−B2 ), FMax
p+2 = dCp+1−H3∧Cp−1.
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• At σ=0, η= k, using the coordinate change (η= k−r cosα, σ= r sinα) and (G.8), we
see that the term f2/f5 dominates, unless we are at a pole of the deformed S2. We first
assume we are away from a pole, finding

Ξ→ bkζ
2Nk sin2 θ

4r , ∆→∆k, ∆k ≡
1
4ξ

2b2
k sin2α+

(
1+ξg(α)

)2
,

∆k(α=0)= l2k−1, ∆k(α=π)= l2k. (2.61)

Using r= z2 we get a very similar result to the N =1 case studied in [2],

ds2 = ζκsinθ
[
Nk

(
4ds2(AdS5)+dθ2

)
+4bk

(
dz2+z2ds2(B3)

)]
, e4Φ =κ2ζ6N2

k sin6 θ,

ds2(B3)=
1
4
(
dα2+sin2α

∆k
dχ2

)
+ ∆k

ζ2b2
k

(dϕ+Ak)2,

Ak =− ζ

∆k

[
g(α)

(
1+ξg(α)

)
+ ξ

4b
2
k sin2α

]
dχ,

B2 =−2κNk sinθ
(
ζdχ−ξdϕ

)
∧dθ, C1 =

1
ζ
dϕ, C3 =−2κNk sinθdθ∧dϕ∧dχ.

(2.62)
Now

ds2(B3)
∣∣∣∣
α∼0

= 1
4
(
dα2+ α2

l2k−1
dχ2

)
+
l2k−1
ζ2b2

k

(
dϕ− ζ(Nk−Nk−1)

lk−1
dχ

)2
,

ds2(B3)
∣∣∣∣
α∼π

= 1
4
(
dα2+(π−α)2

l2k
dχ2

)
+ l2k
ζ2b2

k

(
dϕ− ζ(Nk+1−Nk)

lk
dχ

)2
,

1
2π

∫
WCP[lk−1,lk]

dA= ζbk

lk−1lk
, bk =2Nk−Nk+1−Nk−1. (2.63)

So we see that the general case doesn’t differ too much from the N =1 case in [2].
Hence, we interpret B3 as U(1) fibration over WCP1

[lk−1,lk].
Notice here that C3−C1∧B2 =0, meaning that there is no D4 branes present (for ζ ̸=0),
as F̂4 = d(C3∧e−B2). However, in the S2 preserved case presented in [2] (with ζ =0),
D4 branes are in fact recovered.

– ζ =0: we now make an aside and quote the ζ =0 case given in [2] (keeping the
parameter r). We first present the B2 with no gauge transformation

ds2

2κ
√
Nk

=
√
∆k

 1√
bk
r

(
4ds2(AdS5)+ds2(S2)

)
+

√
bk
r

Nk

(
dr2+r2

(
dα2+sin2α

∆k
dχ2

)),
e−Φ =

(
Nkb

3
k

26κ2r3

) 1
4

∆− 3
4

k , C1 =
1
4ξk

2b2
k sin2α+g(α)(1+ξg(α))

∆k
dχ, (2.64)

C3 =−2κNkdχ∧Vol(S2), B2 =−2κ(k+ξNk)Vol(S2). (2.65)

Now, using the large gauge transformation of [2], we have (with 2κ=π)

B2 →B2+2κkVol(S2), B2 =−2κξNkVol(S2),

QD4 =− 1
(2π)2

∫
S2×WCP1

[lk−1,lk]

F̂4 =
Nk

lk
−Nk−1
lk−1

. (2.66)

– 17 –



J
H
E
P
0
8
(
2
0
2
4
)
1
8
1

However, if we add an additional term to the gauge transformation, noting
(ξ,Nk)∈Z,

B2 →B2+2κ(k+ξNk)Vol(S2), B2 =0,

QD4 =− 1
(2π)2

∫
S2×WCP1

[lk−1,lk]

F̂4 =Nk−Nk−1, (2.67)

we recover the N =2 quantization. This is a potential oddity given that we are
integrating over the (α,χ) Spindle. It would be interesting to investigate this
further in future.

We now return to our general analysis and study this limit when approaching the pole
(σ=0, η= k,sinθ=0). Following [2], we use

η= k−ρcosαsin2µ, σ= ρsinαsin2µ, sinθ=2
√
bkρ

Nk
cosµ, (2.68)

noting that r= ρsin2µ, and expanding about ρ=0. Now,

sin2µΞ→ Ξ̃k =∆k sin2µ+ζ2b2
k cos2µ, B2 →B2+

4κkbk cos2µ

Nk
dρ∧dϕ, (2.69)

giving

ds2

2κ
√
Nk

=
√
Ξ̃k

[
4√
bk
ρ

ds2(AdS5)+

√
bk
ρ

Nk

(
dρ2+4ρ2ds2(B4)

)]
, e−Φ =

(
b3

kNk

26κ2Ξ̃3
kρ

3

) 1
4
,

ds2(B4)= dµ2+1
4 sin

2µ

(
dα2+sin2α

∆k
dχ2

)
+sin2µcos2µ∆k

Ξ̃k

(dϕ+Ak)2,

B2 =4κbk cos2µ
(
ξdϕ−ζdχ

)
∧dρ, C3 =−4κbk cos2µdρ∧dϕ∧dχ,

C1 =
1
Ξ̃k

[
b2

kζ cos2µdϕ+
(
g(α)

(
1+ξg(α)

)
+1
4ξb

2
k sin2α

)
sin2µdχ

]
. (2.70)

We now find that we simply re-derive the B4 of [2] with all ζ dependence given in ∆k, Ξ̃k

and Ak. Hence, following the arguments given there, we say that B4 is topologically a CP2,
but with additional orbifold singularities. Calculating the Euler Characteristic, using

χE = 1
32π2

∫
B4

(RabcdR
abcd−4RabR

ab+R2)Vol(B4), (2.71)

from the Chern-Gauss-Bonnet theorem, leads to

χE =
ζl2k−1+ξlk−1lk−ζl2k
ζlk−1(lk−1−lk)lk

=3−
(
1− 1

lk−1

)
−
(
1− ξ

ζ

1
lk−1−lk

)
−
(
1− 1

lk

)
. (2.72)

where ζ(lk−1−lk)/ξ= ζ bk ∈Z. For a round CP2, χE =3 — hence, B4 is the weighted
projective space WCP2

[lk−1,lk, ζ
ξ

(lk−1−lk)]
. Now calculating the charge at µ= π

2 , we notice that
all ζ dependence drops out of the calculation, re-deriving the D6 charge given in [2]

QD6 =− 1
2π

∫
WCP1

[lk−1,lk]

F2 =− 1
2π

∫ χ=2π

χ=0
C1
∣∣∣α=π

α=0
= 2Nk−Nk+1−Nk−1

lklk−1
. (2.73)
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This rational charge is a consequence of the Spindle, see for example [25]. We now see that
for all values of (ξ,ζ) we have NS5 and D6 branes, with the respective charges given above.
The case of the D4 branes is special, they are only present when ζ =0 — that is, when
there is a preserved S2. Picturing the (ξ,ζ) plot given in [2], the D4 branes are only present
along the ζ =0 axis — see figure 1(a) for an updated version of this plot, and a pictorial
summary of this discussion. Strangely, the rational charge quantization of the D4 branes,
which derives from integrating over the spindle, can be eliminated by an additional term
in the gauge transformation of B2.

3 More Type IIA solutions

In this section we present some noteworthy solutions derived from dimensionally reducing
Gaiotto-Maldacena along the χ and ϕ directions. The reader is referred to appendix B for a
more in-depth derivation and discussion of the backgrounds presented in this section.

The form of the metrics presented here match (2.52), with all parameter dependence
in the dilaton and ds2

2. By the same calculation, the Holographic Central charge remains
the same, given in (2.53). These solutions then correspond to marginal deformations in the
dual CFT. However, in the following cases, fixing all parameters to zero does not recover
the N =2 solution in Supergravity.

3.1 χ reduction

One can derive a two-parameter family of solutions by dimensionally reducing along χ. This
solution can be mapped to (2.52) by the transformations given in (B.13) and (B.14). Under
this mapping, one requires ξ→ 1/ξ. Hence, by fixing ξ=0 we derive a unique background,
which reads

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

(
f3f5+ζ2 sin2 θf2f5

)
dβ2+sin2 θf2

(
f3+f5f

2
6
)
dϕ2−2ζ

(
sin2 θf2f5f6

)
dβdϕ,

e
4
3 Φ = f1

(
f3+f5f

2
6 +ζ2 sin2 θf2

)
, B2 =sinθ

(
ζf8 dβ−f7dϕ

)
∧ dθ,

C1 = f1e
− 4

3 Φ
(
f5f6dβ+ζ sin2 θf2dϕ

)
, C3 = f8 sinθdβ∧ dθ∧dϕ. (3.1)

This is a one-parameter family of N =0 solutions, promoting to N =1 for ζ =−1 (see
appendix B for further details).
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3.1.1 Unique N = 1 IIA solution

One now derives the following (unique) N =1 solution (corresponding to the ξ=0 case of
the one-parameter family of N =1 solutions given in (B.15))17

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

(
f3f5+sin2 θf2f5

)
dβ2+sin2 θf2

(
f3+f5f

2
6
)
dϕ2+2sin2 θf2f5f6dβdϕ,

e
4
3 Φ = f1f5

(
f2

6 +
f3
f5

+ f2
f5

sin2 θ
)
, B2 =−sinθ

(
f8dβ+f7dϕ

)
∧ dθ,

C1 = f1e
− 4

3 Φ
(
f5f6dβ−f2 sin2 θdϕ

)
, C3 = f8 sinθdβ∧ dθ∧dϕ. (3.2)

See appendix A.3.1 for the G-Structure description.

3.2 ϕ reduction

As one would expect, dimensionally reducing along ϕ again leads to a two-parameter family
of solutions (given in (B.22)). Once again, this solution can be mapped to (2.52) using
the transformations outlined in (B.23) and (B.24). In this case, the mapping involves
transformations with both 1/ξ and 1/ζ. We therefore derive the following backgrounds.

When ζ =0, one gets the following one-parameter family of N =0 solutions

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

(
ξ2f3f5+sin2 θf2(f3+f5f

2
6 )
)
dχ2+f2f5 sin2 θdβ2+2f2f5f6 sin2 θdχdβ,

e
4
3 Φ = f1

(
ξ2f5+sin2 θf2

)
, C1 = ξf1f5e

− 4
3 Φ
(
f6dχ+dβ

)
,

B2 =sinθ
(
f7dχ+f8dβ

)
∧dθ, C3 =0. (3.3)

When ξ=0, one now derives

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 = f2(f3+f5f

2
6 )sin2 θdχ2+

(
ζ2f3f5+sin2 θf2f5

)
dβ2+2f2f5f6 sin2 θdχdβ,

e
4
3 Φ = f1

[
ζ2(f5f

2
6 +f3)+sin2 θf2

]
, C1 = ζf1e

− 4
3 Φ
[(
f3+f5f

2
6

)
dχ+f5f6dβ

]
,

B2 =sinθ
(
f7dχ+f8dβ

)
∧dθ, C3 =0. (3.4)

This is a one-parameter family of N =0 solutions which enhances to the N =1 background
given in (3.2) when ζ =−1 (following appropriate gauge transformations — see (B.26)
with ξ=0).

17Here (p,b,u) = 1,(m,q,c) = 0,v≡ γ= 0,a≡ ξ= 0,s≡ ζ =−1.
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4 Type IIB T-Duals

We now present IIB solutions derived from Abelian T-Dualising the IIA reductions. In
all backgrounds presented throughout this paper, the transformation parameters drop out
exactly when calculating the Holographic Central Charge (see appendix F), matching the
IIA result in (2.53). This is not particularly surprising given the arguments presented in
section 4.3 of [4]. Hence, the transformation parameters once again correspond to marginal
deformations in a dual CFT. We now present a three-parameter family of solutions.

4.1 Three parameter family

From the U(1)r component given in (2.50), fixing (p,b,u)= 1, (a,c,m)= 0, q≡ ξ, v≡ ζ,
s≡ γ, we have

U(1)r =(1+γ)χ+(ξ+ζ)β+ϕ. (4.1)

Performing a dimensional reduction along β, followed by an Abelian T-Duality along χ, one
gets the following three-parameter family of Type IIB solutions18

ds2
10,B = f

3
2

1 f
1
2

5
√
Ξ
[
4ds2(AdS5)+f4(dσ2+dη2)+ds2(M3)

]
,

ds2(M3)= f2

(
dθ2+ 1

Π sin2 θdϕ2
)
+ 1
f3

1 f3f5Π
Dχ2, e2ΦB = f5

f3

Ξ2

Π ,

C0 =
1
Ξ

(
f6(1+ξf6)+ξ

f3
f5

+γζ f2
f5

sin2 θ

)
,

Dχ= dχ−
(
(γξ−ζ)f7+γf8

)
sinθdθ, (4.2)

B2 =− 1
Π

(
f8+ξf7−ζ

f2
f3

(
(γξ−ζ)f3

f5
f8−(f7−f6f8)

(
γ+(γξ−ζ)f6

))
sin2 θ

)
sinθdϕ∧dθ

− 1
Π
f2
f3

(
ξ(γξ−ζ)f3

f5
+(1+ξf6)

(
γ+(γξ−ζ)f6

))
sin2 θdϕ∧dχ,

C2 =
1
Π

(
f7−γ

f2
f3

(
(γξ−ζ)f3

f5
f8+(f6f8−f7)

(
γ+(γξ−ζ)f6

))
sin2 θ

)
sinθdθ∧dϕ

− 1
Π
f2
f3

(
(γξ−ζ)f3

f5
+f6

(
γ+(γξ−ζ)f6

))
sin2 θdϕ∧dχ,

Π=1+ f2
f3

(
f3
f5

(γξ−ζ)2+
(
γ+(γξ−ζ)f6

)2)sin2 θ,

Ξ=(1+ξf6)2+ξ2 f3
f5

+ζ2 f2
f5

sin2 θ. (4.3)

We can preserve the U(1)r component given in (4.1) by first fixing ζ =−ξ (as in the IIA case),
followed by fixing γ=−1 under the T-Duality. These conditions together mean γξ−ζ =0.
Due to the transformation given in (2.49), such conditions break the SU(2)R component of
the R-Symmetry — leading to an N =1 background. All other solutions are of course N =0
backgrounds. One can recover the S2 by enforcing γ= ζ =0, giving a one-parameter family

18See also the 3-parameter families given in (C.19), (C.26) and (C.36), which can all be mapped to (4.2) as
outlined there.
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of S2 preserved solutions (corresponding to the ATD of the S2 preserved N =0 solution
studied in [2]). Unlike in the IIA case however, this is N =0 for all values of ξ (including
ξ=0). This is still a noteworthy example, so we present it explicitly in a later subsection.
We also present the N =1 solution explicitly. One could split (4.2) into two categories of
2-parameter families, each promoting to the N =1 solution in a different manner19

• Case 1: with ζ =−ξ (or ζ = γξ) and γ ∈Z (promoting to N =1 for γ=−1),

• Case 2: with γ=−1 and (ζ,ξ)∈Z (promoting to N =1 for ζ =−ξ).

We will however focus on a more general discussion of the full three parameter family,
investigating the boundary by the same procedure as the IIA solutions.

Investigations at the boundary. We first note, for general values of (η,σ,θ), (Ξ,Π) are
non-zero and finite. The deformed S2 given by (θ,ϕ) has Π→ 1 at the poles, which given
the expression for M3 in (4.2), means it still behaves topologically as an S2. This follows
the argument given in [2]. We now turn to the behaviour at the boundaries, keeping all
three parameters non-zero. We will now use the large gauge transformation which includes
the additional term introduced in the IIA discussion

B2 →B2+2κ(k+ξNk)Vol(S2). (4.4)

• At σ→∞, we use utilise (G.1) and (G.2) to find

ds2
10,B =κ

[
4σds2(AdS5)+

2P
π

(
d
( π
P
σ
)2

+d
( π
P
η
)2

+sin2
(
πη

P

)
(dθ2+sin2 θdϕ2)

)

+ 1
4κ2σ

(
dχ+γ κP

π

(2π
P
η−sin

(2π
P
η
))

sinθdθ
)2]

,

e2ΦB = P 2

π3R2
1
e

2πσ
P , H3 =−4κP

π
sin2

( π
P
η
)
sinθd

( π
P
η
)
∧dθ∧dϕ.

(4.5)

It is immediately clear that γ plays a special role here, the only parameter of the three
which remains in this limit — when γ=0, the S2 is recovered. So too is the S3 spanned
by (η,S2). This makes sense given that the N =1 solution (with a broken SU(2)) is
derived when γ=−1. The background tends to a stack of NS5 branes. The S1 shrinks
in this limit, in contrast to the IIA cases where it grows alongside the AdS5 — this
makes intuitive sense following the T-Duality. Again we find P NS5 branes, as follows
(with 2κ=π)

QNS5 =− 1
(2π)2

∫
(η,θ,ϕ)

H3 =P. (4.6)

19It may prove useful to relabel γ≡ γ̂−1 such that the N = 1 solution is recovered for γ̂= 0, however given
that γ= 0 can lead to a recovered S2, we leave as is.
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• At η=0 with σ ̸=0, using the Warp factor limits in (G.3), gives

f4(dσ2+dη2)+ds2(M3)=
1
σ2

[2|ḟ |
f

(
dσ2+dη2+η2(dθ2+sin2 θdϕ2)

)
+ 1
4κ2Dχ

2
]
,

Dχ= dχ+2κη
[
2(γξ−ζ) |ḟ |

σ2 +γ
(
1− 1

f

)]
sinθdθ. (4.7)

In this limit we notice that the R3 of (η,S2) is recovered only when all three parameters
are zero.

• At σ=0, η ∈ (k,k+1), recall that along the σ=0 boundary, V̈ =0 to leading order. We
now see

Ξ→ l2k+
1
2ζ

2RV ′′ sin2 θ,
Π
f2

→ R
2σ2V ′′ l̂

2
k sin2 θ,

lk ≡ 1+ξ(Nk+1−Nk), l̂k ≡ γ+(γξ−ζ)(Nk+1−Nk)= γ lk−ζ(Nk+1−Nk),
(4.8)

where
f4(dσ2+dη2)+ f2

Π sin2 θdϕ2 → 2V ′′

R

(
dη2+

(
dσ2+σ2

l̂2k
dϕ2

))
. (4.9)

So there is a R2/Zl̂k
orbifold singularity in (σ,ϕ), with l̂k. Recall, in the IIA case, this

orbifold singularity was over (σ,χ), with lk — see (2.59). So in moving from IIA to
IIB, χ has been replaced by ϕ, and the orbifold singularity made a little more general
(lk → l̂k). It is worth noting that the case of (γ,ζ)= 0 must be treated separately because
l̂k =0 (this is the S2 preserving condition). Now we turn to the remaining internal
metric component

f2dθ
2+ 1

f3
1 f3f5Π

Dχ2 → 2RV ′′

2RV ′′+(R′)2dθ
2+2RV ′′+(R′)2

4κ2R2
1

l̂2k sin2 θ
Dχ2,

Dχ→ dχ+2κ
(
γ η+ R

2RV ′′+(R′)2

(
2(γξ−ζ)RV ′′−γR′

))
sinθdθ.

(4.10)

Notice that for the N =1 condition, γξ−ζ =0, we have l̂k = γ=−1.

• At σ=0, η=0, we again adopt the coordinate change (G.7), where

Ξ→ l20, Π→ 1+ l̂20 cot2αsin2 θ, l0 =1+ξN1, l̂0 = γ l0−ζN1. (4.11)

We note in general

f4(dσ2+dη2)+ds2(M3)→
2Q
N1

(
dr2+r2dα2+r2 cos2α

(
dθ2+ sin2 θdϕ2

1+ l̂20 cot2αsin2 θ

))

+ Dχ2

4κ2r2 sin2α(1+ l̂20 cot2αsin2 θ)
, Dχ= dχ+4κ(γξ−ζ)Qr3 cos3αsinθdθ.

(4.12)

So we see, as one would expect following a T-Duality, the internal space no longer
vanishes as R5/Zl0 . The orbifold singularity here is also less clean. Note that for the
N =1 case, Dχ→ dχ and again, l̂0 =−1.
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• At σ=0, η= k, we use (G.8) as in the IIA case, recalling that in this limit, the term
f2/f5 term dominates away from the pole. We first assume then that we are indeed
away from the pole, finding

Ξ→ bkζ
2Nk sin2 θ

4r , Π→ Nk sin2 θ

bkr sin2α
Πk(α),

Πk ≡ (γξ−ζ)2 b
2
k

4 sin2α+
(
γ+(γξ−ζ)g(α)

)2
,

Πk(α=0)= l̂2k−1, Πk(α=π)= l̂2k. (4.13)

We make the same coordinate transformation as the IIA case, r= z2, giving

ds2
10,B = ζκNk sinθ

(
4ds2(AdS5)+ds2(B5)

)
,

ds2(B5)= dθ2+4bk

Nk

(
dz2+ z2

4
(
dα2+sin2α

Πk
dϕ2

)
+ 1
z2 sin2 θ

(dχ+Ak)2

16κ2Πk

)
,

e2ΦB = ζ4Nkbk sin2 θ

4z2Πk
, Ak =2κ

(
(γξ−ζ)Nk+γk

)
sinθdθ, C0 =

γ

ζ

B2 =
1
Πk

((
1+ξg(α)

)(
γ+(γξ−ζ)g(α)

)
+1
4ξb

2
k(γξ−ζ)sin2α

)
×
(
2κ
(
γ k+(γξ−ζ)Nk

)
sinθdθ∧dϕ−dϕ∧dχ

)
,

C2 =
1
Πk

((
(γξ−ζ)14b

2
k sin2α+g(α)

(
γ+(γξ−ζ)g(α)

))
dχ∧dϕ (4.14)

+2κγ
(
(γξ−ζ) k4 b

2
k sin2α+(kg(α)−Nk)

(
γ+(γξ−ζ)g(α)

))
sinθdθ∧dϕ

)
.

We note that B5 corresponds to the ATD of the (θ, z, B3) components of (2.62) (using
the appropriate gauge transformation for B2). Now, we find

ds2(B5)
∣∣∣
α∼0

= dθ2+4bk

Nk

(
dz2+ z2

4
(
dα2+ α2

l̂2k−1
dϕ2

)
+ 1
z2 sin2 θ

(dχ+Ak)2

16κ2 l̂2k−1

)
, (4.15)

ds2(B5)
∣∣∣
α∼π

= dθ2+4bk

Nk

(
dz2+ z2

4
(
dα2+(π−α)2

l̂2k
dϕ2

)
+ 1
z2 sin2 θ

(dχ+Ak)2

16κ2 l̂2k

)
.

Note the presence of a sinθ out the front of the whole metric! We observe that (α,ϕ)
form a WCP1

[l̂k−1,l̂k], with Euler characteristic20

χE = 1
2π

∫
WCP1

[l̂k−1,l̂k]

RVol2 =2−
(
1− 1

|l̂k−1|

)
−
(
1− 1

|l̂k|

)
. (4.16)

20Where we have taken
√
l̂2k ≡ |l̂k|, such that in the N = 1 case (where l̂k = l̂k−1 =−1), we find χE = 2

— which recovers the necessary S2 (or CP1). Without taking the absolute value here, one would instead
(incorrectly) find either χE = 0 or χE =−2, describing a genus 1 or genus 2-torus, respectively. This subtlety
arises because it is only l̂2k which shows up in the metric, not l̂k itself. Alternatively, one could define
l̂k ≡ |γ lk−ζ(Nk+1−Nk)| from the outset.
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Now we see that C2−C0B2 = 1
ζ dϕ∧dχ, meaning that there are no D5 branes present

for ζ ̸=0, noting F̂3 = d(C2∧e−B2). Before we approach the pole, let’s make an aside
and look at the ζ =0 case in this limit.

– ζ =0: when γ ̸=0 we have Πk → γ2∆k, hence

Ξ→∆k, Π→ γ2 Nk sin2 θ

bkr sin2α
∆k, ∆k ≡

1
4ξ

2b2
k sin2α+

(
1+ξg(α)

)2
, (4.17)

we then see (with the same Ak as above and skipping the gauge transformation in
B2 for the moment)

ds2 =2κ
√
Nk

bk

√
∆k z

[
4ds2(AdS5)+ds2(B5)

]
, e2ΦB = 4z2∆k

γ2bkNk sin2 θ
,

ds2(B5)= dθ2+4bk

Nk

(
dz2+1

4z
2
(
dα2+sin2α

γ2∆k
dϕ2

)
+ 1
z2

(dχ+Ak)2

16γ2κ2∆k sin2 θ

)
,

B2 =−1
γ
dϕ∧dχ, C0 =

1
∆k

(
g(α)

(
1+ξg(α)

)
+1
4b

2
kξ sin2α

)
,

C2 =
1
∆k

[
2κ
((

1+ξg(α)
)(
kg(α)−Nk

)
+1
4b

2
kξk sin2α

)
sinθdθ∧dϕ

− 1
γ

(
g(α)

(
1+ξg(α)

)
+1
4b

2
kξ sin2α

)
dϕ∧dχ

]
. (4.18)

Note, similar to the IIA case, the S2 has been replaced by a Spindle here. Now we
again impose the two gauge transformations separately. Using (2.54), we have

B2 →B2+2κkVol(S2), B2 =−1
γ
dϕ∧dχ+2κk sinθdθ∧dϕ,

QD5 =− 1
(2π)2

∫
(α,θ,ϕ)

F̂3 =− 1
(2π)2

∫ ϕ=2π

ϕ=0

∫ θ=π

θ=0

[
C3−C1∧B2

]α=π

α=0
= Nk

lk
−Nk−1
lk−1

.

(4.19)

Alternatively, as in the IIA case, we can include an additional term in the gauge
transformation

B2 →B2+2κ(k+ξNk)Vol(S2),

B2 =−1
γ
dϕ∧dχ+2κ(k+ξNk)sinθdθ∧dϕ,

QD5 =− 1
(2π)2

∫
(α,θ,ϕ)

F̂3 =Nk−Nk−1. (4.20)

So this additional term in the gauge transformation recovers the quantization of
D5 charge, eliminating the effect of the orbifold singularity present. The same
result is true in the γ=0 case (with ζ =0). In the IIA background, D4 branes
were only present when ζ =0. Here we see the same behaviour with the D5 branes,
but now the S2 preserved condition is (γ,ζ)= 0. Therefore, in the IIB case, we
can have D5 branes without the requirement of a preserved S2 (as long as the S2

is broken under the ATD itself).
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We now return to the general case at this boundary. As in the IIA case, we approach
the pole (σ=0,η= k,sinθ=0) using

η= k−ρcosαsin2µ, σ= ρsinαsin2µ, sinθ=2
√
bkρ

Nk
cosµ, (4.21)

recalling that r= ρsin2µ, and expanding about ρ=0. Now

sin2αsin2µΠ→ sin2αsin2µ+4cos2µΠk,

sin2µΞ→ Ξ̃k =∆k sin2µ+ζ2b2
k cos2µ,

∆k ≡
1
4ξ

2b2
k sin2α+

(
1+ξg(α)

)2
,

B2 →B2+
4κbk cos2µ

Nk
(k+ξNk)dρ∧dϕ, (4.22)

giving

ds2

2κ
√
Nk

=
√
Ξ̃k

[
4√
bk
ρ

ds2(AdS5)+

√
bk
ρ

Nk
ds2(B5)

]
,

eΦB = 2Ξ̃k

bk sinµ
√
sin2αsin2µ+4cos2µΠk

,

ds2(B5)= dρ2+4ρ2
[
dµ2+1

4 sin
2µ

(
dα2+ sin2α

Πk+ 1
4 sin2αtan2µ

dϕ2
)]

+1
ρ

Nk

4κ2bk sin2µ

(dχ+Ak)2

(sin2αsin2µ+4 cos2µΠk)
,

Ak =
4κbk cosµ

Nk

(
γk+(γξ−ζ)Nk

)(
cosµdρ−2ρsinµdµ

)
,

B2 =
4cos2µ

sin2αsin2µ+4cos2µΠk

×
((

1+ξg(α)
)(
γ+(γξ−ζ)g(α)

)
+1
4ξb

2
k(γξ−ζ)sin2α

)
×
(4κbk

Nk
cos2µ

(
γk+(γξ−ζ)Nk

)
dρ∧dϕ−dϕ∧dχ

)
,

C0 =
1
Ξ̃k

(
g(α)

(
1+ξg(α)

)
sin2µ+1

4b
2
k

(
4γζ cos2µ+ξ sin2αsin2µ

))
C2 =

4
sin2αsin2µ+4cos2µΠk

[
bkκcos2µ

Nk

(
γb2

kk(γξ−ζ)cos2µsin2α

+4γk(γξ−ζ)g(α)2 cos2µ

−Nk(sin2αsin2µ+4γ2 cos2µ)+4γ g(α) cos2µ
(
γk−(γξ−ζ)Nk

))
dρ∧dϕ

−cos2µ

(1
4b

2
k sin2α(γξ−ζ)+g(α)

(
γ+(γξ−ζ)g(α)

))
dϕ∧dχ

]
. (4.23)

So again, we see that the S2 has inherited orbifold singularities. On first sight, these
appear more complicated than the Spindle found in IIA (in the general case at least).
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This is because B5 in (4.23) is the ATD of the (ρ, B4) components of (2.70) (using the
appropriate gauge transformation in B2). One can then conclude that z and ρ, in (4.14)
and (4.23) respectively, aren’t a part of the orbifolds themselves but the cones over
them. It would be nice to understand this further topologically in the future. Now we
calculate the charge of the D7 branes at µ= π

2 on one of the components of the ‘Spindle
like’ space, α, as follows

QD7 =−
∫

α
F1 =C0

∣∣∣α=π

α=0
= 2Nk−Nk+1−Nk−1

lklk−1
. (4.24)

This is the result for all values of (γ,ζ) — including the N =1 background. See figure 1(b)
for a pictorial representation of the solutions, summarising the above analysis. It is
important to note that this broken quantization of charge is due to the Ξ̃k (and hence
∆k) in the denominator of C0, and not Πk which is what gives rise to singularities in
the internal manifold. It appears then that this breaking of quantization is simply a
remnant of the IIA orbifold singularity. As a result of this, one can find situations where
the background has the above rational charge without having orbifold singularities in
it’s metric. In other words, by T-dualising within the Spindle like orbifold in Type IIA,
we can break the orbifold structure completely in Type IIB whilst still inheriting the
rational charge. The N =1 and S2 preserved N =0 cases are two such example, which
we now write explicitly.

4.1.1 N = 1 Type IIB — Background

Let’s now present the one-parameter N =1 family as promised, where γ=−1, ζ =−ξ

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ f2f3
f3+f2 sin2 θ

sin2 θdϕ2

+ (dχ+f8 sinθdθ)2

f3
1 (f3f5+sin2 θf2f5)

]
,

e
4
3 ΦA = f1

[
f5(1+ξf6)2+ξ2f3+ξ2f2 sin2 θ

]
,

e2ΦB =
(
f5(1+ξf6)2+ξ2f3+ξ2 sin2 θf2

)2
f3f5+sin2 θf2f5

, C0 =
f5f6(1+ξf6)+ξf3+ξf2 sin2 θ

f5(1+ξf6)2+ξ2f3+ξ2f2 sin2 θ
,

B2 =
(
f2f8(1+ξf6)sin2 θ

f3+f2 sin2 θ
−(f8+ξf7)

)
sinθdϕ∧dθ+ f2(1+ξf6)sin2 θ

f3+f2 sin2 θ
dϕ∧dχ,

C2 =
f3f7+f2(f7−f6f8)sin2 θ

f3+f2 sin2 θ
sinθdθ∧dϕ+ f2f6 sin2 θ

f3+f2 sin2 θ
dϕ∧dχ. (4.25)

See appendix A.3.2 for the G-Structure description. As already discussed, this background
has NS5 branes and D7 branes (with charge given in (4.24)). There are only D5 branes
present when ξ=0 — namely, where the red plane and blue line in figure 1(b) intersect.
As previously mentioned, there is no orbifold singularity present in this metric, but the D7
branes still inherit the broken quantization of charge from its type IIA ancestor.
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4.1.2 S2 preserved N = 0 solutions

In this case, fixing (γ,ζ)= 0 preserves the S2 whilst breaking the supersymmetry. Of course, to
get the non-deformed solution, we fix ξ=0 in the following discussion. The background reads

ds2
10,B = e

2
3 ΦAf1

[
4ds2(AdS5)+f2ds

2(S2)+f4(dσ2+dη2)+ 1
f3

1 f3f5
dχ2

]
,

e2ΦB = 1
f3f5

[
f5(1+ξf6)2+ξ2f3

]2
, e

4
3 ΦA = f1

[
f5(1+ξf6)2+ξ2f3

]
,

C0 =
f5f6(1+ξf6)+ξf3
f5(1+ξf6)2+ξ2f3

, B2 =(f8+ξf7)Vol(S2), C2 = f7Vol(S2). (4.26)

We can see from the metric in this case that there are no orbifold singularities present
here. However, from the boundary analysis just presented, we know that the charges have
the same broken quantization as backgrounds containing spindles — in both the D7 branes
and (depending on the gauge transformation chosen) in the D5 branes. Therefore, perhaps
a different interpretation may be required, one possible proposal is the idea of rotating the
D branes — see appendix E.

4.2 More solutions

In a similar vein to the IIA discussion, the three-parameter family of solutions given in (4.2) is
not the only one which can be derived. We have in addition (C.19), (C.26) and (C.36) which
all map to (4.2) under the transformations given in (C.20), (C.27) and (C.37), respectively. As
in the IIA section, one can still derive unique solutions from these backgrounds because of the
nature of the required mappings. We refrain from including ATDs along ϕ here, as typically
performing a T-Duality along the U(1) of an S2 can lead to singularities in the dual description.
Perhaps the same is true in the Spindle case (see (C.21) and (C.31) for the solutions).

ATD along β of the χ reduction. Performing an ATD along β of the χ reduction, one
derives (C.26), which requires ξ→ 1/ξ to map to (4.2). Hence, by fixing ξ=0, we derive
another unique solution

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ 1
Ξ̂

(
f2f3f5 sin2 θdϕ2

+ 1
f3

1

(
dβ+

(
ζf8−γf7

)
sinθdθ

)2)]
e2ΦB = 1

Ξ̂
(
f5f

2
6 +f3+ζ2f2 sin2 θ

)2
, e

4
3 ΦA = f1

[
f5f

2
6 +f3+ζ2f2 sin2 θ

]
,

B2 =sinθ 1
Ξ̂

[
f2
(
γf3+f5f6(γf6−ζ)

)
sinθdβ

+
(
f3f5f7+ζf2

(
γf3f8+f5(f6f8−f7)(γf6−ζ)

)
sin2 θ

)
dθ

]
∧dϕ,

C2 =sinθ 1
Ξ̂

[
f2f5(γf6−ζ)sinθdβ

+
(
f3f5f8+γf2

(
γf3f8+f5(f6f8−f7)(γf6−ζ)

)
sin2 θ

)
dθ

]
∧dϕ,

C0 = f1e
− 4

3 ΦA
(
f5f6+γζf2 sin2 θ

)
, Ξ̂ = f3f5+f2

(
γ2f3+f5(γf6−ζ)2)sin2 θ.

(4.27)
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This time, the background is a two-parameter family of N =0 solutions which enhances to
N =1 for ζ =−1, γ=0. We now turn to this solution.

4.2.1 Unique N = 1 IIB solution

We now derive a new and unique N =1 background (corresponding to the ξ=0 case
of (C.28)21).

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ f2f3
f3+f2 sin2 θ

sin2 θdϕ2

+ (dβ−f8 sinθdθ)2

f3
1 (f3f5+sin2 θf2f5)

]

e
4
3 ΦA = f1

[
f5f

2
6 +f3+f2 sin2 θ

]
, e2ΦB =

(
f5f

2
6 +f3+sin2 θf2

)2
f3f5+sin2 θf2f5

,

B2 =
sinθ

f3+f2 sin2 θ

(
f2f6 sinθdβ+

(
f3f7+f2(f7−f6f8)sin2 θ

)
dθ

)
∧dϕ,

C2 =
sinθ

f3+f2 sin2 θ

(
f2 sinθdβ+f3f8dθ

)
∧dϕ C0 =

f5f6
f5f2

6 +f3+sin2 θf2
. (4.28)

This solution corresponds to the SUSY preserving abelian T-Duality along β of the unique
IIA N =1 solution given in (3.2).

ATD along β of the ϕ reduction. Performing an ATD along β of the ϕ reduction,
one derives (C.36). To map this solution to (4.2) we require transformations involving
1/ξ, 1/ζ,1/γ and 1/(ζ−γξ) (see (C.37)).

Fixing ξ=0, we get

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dβ+(f8+γf7)sinθdθ

)2)]
,

e
4
3 ΦA = f1

(
ζ2(f5f

2
6 +f3)+f2 sin2 θ

)
,

e2ΦB = 1
Ξ̂
(
ζ2(f5f

2
6 +f3)+f2 sin2 θ

)2
, Ξ̂ = ζ2f3f5+f2

(
γ2f3+f5(1+γf6)2

)
sin2 θ,

B2 =
1
Ξ̂

[
f2(γf3+f5f6(1+γf6))sin2 θdβ

−sinθ
(
ζ2f3f5f7+f2

(
−γf3f8+f5(f7−f6f8)(1+γf6)

)
sin2 θ

)
dθ

]
∧dχ,

C0 = ζf1e
− 4

3 ΦA
(
γf3+f5f6(1+γf6)

)
, C2 =− ζ

Ξ̂
f3f5

(
dβ+(f8+γf7)sinθdθ

)
∧dχ.

(4.29)

21Notice that the transformations given in (C.29) and (C.30) also demonstrate that the ξ= 0 solution is
unique. Here (p,b,u) = 1, (q,c,m) = 0, a≡ ξ= 0, s≡ ζ =−1, v≡ γ= 0.
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Fixing ζ =0, we find

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dβ+(f8+γf7)sinθdθ

)2)]
,

e
4
3 ΦA = f1(ξ2f5+f2 sin2 θ),

e2ΦB = 1
Ξ̂
(
ξ2f5+f2 sin2 θ

)2
, Ξ̂ = γ2ξ2f3f5+f2

(
γ2f3+f5(1+γf6)2

)
sin2 θ

B2 =
1
Ξ̂

[(
γξ2f3f5+f2(γf3+f5f6(1+γf6))sin2 θ

)
dβ

+sinθ
(
γξ2f3f5f8−f2

(
−γf3f8+f5(f7−f6f8)(1+γf6)

)
sin2 θ

)
dθ

]
∧dχ,

C0 = ξ f1f5(1+γf6)e−
4
3 ΦA , C2 =

γξ

Ξ̂
f3f5

(
dβ+(f8+γf7)sinθdθ

)
∧dχ, (4.30)

Fixing γ=0, we get

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dβ+f8 sinθdθ

)2)]
e2ΦB = 1

Ξ̂
(
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

)2
,

e
4
3 ΦA = f1

[
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

]
,

B2 =
1
Ξ̂

[
f5(−ξζf3+f2f6 sin2 θ)dβ

+sinθ
(
−ζf3f5(ζf7+ξf8)−f2f5(f7−f6f8)sin2 θ

)
dθ

]
∧dχ,

C0 = f1f5(ζf6+ξ)e−
4
3 ΦA , C2 =− ζ

Ξ̂
f3f5

(
dβ+f8 sinθdθ

)
∧dχ,

Ξ̂ = ζ2f3f5+f2f5 sin2 θ. (4.31)

Then, by setting ζ =−1 in this background, one re-derives the N =1 solution in (C.28)
(following the transformations given in footnote 31).
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Finally, fixing ζ = γ ξ, we find

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dβ+(f8+γf7)sinθdθ

)2)]
e2ΦB = 1

Ξ̂
(
ξ2f5(γf6+1)2+ξ2γ2f3+f2 sin2 θ

)2
,

e
4
3 ΦA = f1

[
ξ2f5(γf6+1)2+ξ2γ2f3+f2 sin2 θ

]
,

B2 =
1
Ξ̂

[(
f2(γf3+f5f6(1+γf6))sin2 θ

)
dβ

+sinθ
(
f2
(
γf3f8−f5(f7−f6f8)(1+γf6)

)
sin2 θ

)
dθ

]
∧dχ,

C0 = ξf1e
− 4

3 ΦA
(
γ2f3+f5(1+γf6)2

)
, C2 =0,

Ξ̂ = f2
(
γ2f3+f5(1+γf6)2

)
sin2 θ. (4.32)

ATD along χ of the ϕ reduction. Performing an ATD along χ of the ϕ reduction leads
to the following N =0 family of solutions

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdβ2+ 1

f3
1
(dχ+f7 sinθdθ)2

)]
e2ΦB = 1

Ξ̂
(
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

)2
, e

4
3 ΦA = f1

[
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

]
,

C0 = f1e
− 4

3 ΦA

(
f5f6(ζf6+ξ)+ζf3

)
, Ξ̂ = ξ2f3f5+f2(f3+f5f

2
6 )sin2 θ,

B2 =− 1
Ξ̂

[
f5(ζξf3−f2f6 sin2 θ)dχ

+
[
ξf3f5(ζf7+ξf8)+f2

(
f3f8+f5f6(f6f8−f7)

)
sin2 θ

]
sinθdθ

]
∧dβ+γdχ∧dβ,

C2 =− ξ

Ξ̂
f3f5

(
dχ+f7 sinθdθ

)
∧dβ. (4.33)

5 Conclusions and future study

We now briefly summarize the new results presented throughout this paper.

• After reviewing the Gaiotto-Maldacena solutions in M-Theory and some relevant
material on the method of G-Structures, we included the M-Theory G-Structure forms
corresponding to a reduction along χ and ϕ. We then presented the new IIB G-Structure
conditions in terms of the Pure Spinors Ψ±, derived in detail in appendix A.

• Investigations at the boundary were then conducted for the general two-parameter
family of Type IIA solutions presented in [2], following the analysis of the N =1 solution.
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We show that the space orthogonal to the branes is in general a higher dimensional
analogue of the spindle. We find NS5 and D6 branes in all backgrounds, with the D4
branes only present for S2 preserved solutions. Introducing an additional parameter
into the gauge transformation of B2, we find the integer quantization of D4 charge is
recovered, negating the effect of the Spindle. This is not possible for the D6 branes,
but the rational charge has the same form for all backgrounds.

• Following an SL(3,R) transformation in M-Theory, by performing a dimensional re-
duction along χ and ϕ in turn, some new IIA solutions are presented (including a new
N =1 solution). An in-depth derivation is given in appendix B.

• We then present a three-parameter family of type IIB backgrounds, derived by per-
forming an ATD of the two-parameter IIA background. This solution contains within
it a one-parameter family of N =1 solutions, as well as a one-parameter family of S2

preserved N =0 solutions. Investigations at the boundary were conducted in the same
manner as the IIA case, finding the presence of orbifold singularities. In analogy with
the IIA solutions, NS5 and D7 branes are present in all cases. However, D5 branes
only appear in backgrounds which descend from the S2 preserved IIA solutions. In
studying the ATD for multiple cases, with full calculations given in appendix C, the
TST solution of [7] is re-derived — now implying this is an N =0 solution in general,
enhancing to N =1 for γ=−1.

• This then motivated the uplifting of a TST solution, deriving a deformation of the
M-Theory Gaiotto-Maldacena solution (believed to be supersymmetry breaking, and
given in appendix D). It proved useful to perform an ATD and TST for a general form,
deriving the ATD solutions for many backgrounds at once. These forms are presented
in appendix C. The breaking of quantization seems to occur without the presence of an
orbifold singularity in some solutions, a proposal for the possible interpretation of this
is given in appendix E- involving rotated D-branes.

• Some additional IIB backgrounds are presented, including a zero-parameter N =1
solution. Both families of N =1 IIB solutions presented in this work have the interesting
property of a zero five-form flux. See [6] for some context.

• The Holographic Central charge was derived for the general metric, showing as in [2],
the deformations are marginal in the dual CFT. See appendix F. The G-Structure forms
for all N =1 solutions are derived, and presented in appendix A.3.

As outlined throughout this paper, there is still analysis which could and should be conducted
in future work. In addition to the list presented in [2],

• Investigate more thoroughly the backgrounds presented in this paper, including the
charge quantization, behaviour at the boundaries and stability analysis, where required.

• Use the TST formula presented in appendix C to check whether performing a TST
transformation on these multi-parameter backgrounds leads to an additional (non-trivial)
parameter.
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• It would be interesting to take a closer look at the deformed Gaiotto-Maldacena solution
in M-Theory.

• It would be nice to investigate specific Rank Function examples for these backgrounds,
including the Triangular, Trapezium and Sfetsos-Thompson cases.

• It would be interesting to use the multi-parameter solutions presented here within the
context of Black Holes. Notably, the presence of Spindles in these solutions.

• It would be nice to investigate whether something can be done along the lines of [26, 27],
in the context of 5D Minimal Gauged Supergravity.

Hopefully, further work related to these topics will follow in the near future.
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A G-Structure calculations

In order to validate the supersymmetry preservation of the Type IIA and Type IIB theories
presented throughout the paper, our goal is to study the G-Structure analysis in each case.
We must first calculate the Gaiotto-Maldacena G-Structures for each N =1 reduction frame
in turn, allowing one to derive the corresponding IIA and IIB G-Structures as required.

A.1 Gaiotto-Maldacena

One can use the Bäcklund transformation to calculate the GM G-Structure forms from the
LLM G-Structure analysis presented in appendix D of [28]. This calculation derives the
G-Structures corresponding to the χ reduction frame, given in (2.33) and (2.34). We now
wish to rotate these forms in a general fashion to a reduction frame which accounts for
the SL(3,R) transformations performed in this paper. One can then easily restrict to the
N =1 reduction frames of interest.

Following the SL(3,R) transformation given in (2.49), one needs to re-write the metric
in the following form (for a dimensional reduction along ϕ3)

ds2
11 = f1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 4

3 ΦIIAds2
2

+e
4
3 ΦIIA(dϕ3+C1,ϕ1dϕ1+C1,ϕ2dϕ2)2

ds2
2 =hϕ1(η,σ,θ)dϕ2

1+hϕ2(η,σ,θ)dϕ2
2+hϕ1ϕ2(η,σ,θ)dϕ1dϕ2

=hϕ1(η,σ,θ)
(
dϕ1+

1
2
hϕ1ϕ2(η,σ,θ)
hϕ1(η,σ,θ)

dϕ2

)2
+
(
hϕ2(η,σ,θ)−

1
4
hϕ1ϕ2(η,σ,θ)2

hϕ1(η,σ,θ)

)
dϕ2

2, (A.1)
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with (ϕ1,ϕ2,ϕ3) representing any arrangement of (β,χ,ϕ) as required. The general G-
Structure forms for the GM background then read

K = κe−2ρ

f1
d(cosθe2ρV̇ ),

E1 = f1e
− 2

3 Φ
√
h1(η,σ,θ)

[
b1(η,σ,θ)dσ+b2(η,σ,θ)dη+b3(η,σ,θ)dρ+b4(η,σ,θ)dθ

−i
(
dϕ1+

1
2
hϕ1ϕ2(η,σ,θ)
hϕ1(η,σ,θ)

dϕ2

)]
,

E2 = eiϕ̄
[
b5(η,σ,θ)dσ+b6(η,σ,θ)dη+b7(η,σ,θ)dρ+b8(η,σ,θ)dθ

+if1e
− 2

3 Φ
√
hϕ2(η,σ,θ)−

1
4
hϕ1ϕ2(η,σ,θ)2

hϕ1(η,σ,θ)
dϕ2

]
,

E3 =−
√
f1e

iχ̄

[
b9(η,σ,θ)dσ+b10(η,σ,θ)dη+b11(η,σ,θ)dρ+b12(η,σ,θ)dθ

+i e
2
3 Φ

√
f1

(
dϕ3+C1,ϕ1dϕ1+C1,ϕ2dϕ2

)]
,

ϕ̄= sχ+vβ+uϕ, χ̄= pχ+qβ+mϕ,

where (b1, . . . , b12) are functions which must be derived in each case.

Notice here that K remains intact under the rotation of frames because it is independent
of (β,χ,ϕ). Hence, in order to still satisfy all four G-Structure equations in (2.29), J must
also remain intact under a frame rotation. After enforcing this requirement, expressions
for (b1, . . . , b12) are easily derived by performing the SL(3,R) transformation (2.49) on the
original forms for the χ reduction frame, given in (2.33) and (2.34). This process must be
repeated for each arrangement of (ϕ1,ϕ2,ϕ3) in (A.2a), giving a separate set of functions for
each. These functions, in their most general form, depend on the nine SL(3,R) parameters
and the derivatives of V (η,σ). These results are too cumbersome to justify including here,
but one can easily derive them using Mathematica and the method just outlined.

To derive these functions for the β reduction frame, we could choose (ϕ1,ϕ2,ϕ3)= (χ,ϕ,β).
One must then specify the relevant values of the nine SL(3,R) parameters. For the N =2
β reduction frame presented in (2.33) (and given in [2]), we fix (p,b,u)= 1 with all other
parameters set to zero. Analogously, for the χ reduction forms, we pick (ϕ1,ϕ2,ϕ3)= (β,ϕ,χ),
re-deriving (2.34) with (p,b,u)= 1 and all other parameters set to zero.22 In the ϕ reduction
case, we can simply cycle the roles of Ei such that (E1,E2,E3)→ (E2,E3,E1), meaning we

22Alternatively, one can derive the χ reduction forms (up to E2 →−E2) from the β reduction case just
discussed by utilising the SL(3,R) transformation, with a= 1, q= 1,u=−1 and all others set to zero (noting
that from the determinant in (2.49), we now require qau=−1). Hence, in this case, we have made the
transformations β→χ, χ→β, ϕ→−ϕ.
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get the following two alternative forms (from (2.34) and (2.33), respectively)

ϕ reduction frame

K = κe−2ρ

f1
d(cosθe2ρV̇ ), E3 = eiϕ

[
κ

f1
e−2ρd(sinθe2ρV̇ )+i

√
f1f2 sinθdϕ

]
, (A.2a)

with

E1 =−eiχ

√
f1f5

(
f2

6 +
f3
f5

)[
dρ− V ′′

(V̇ ′)2−V̈ V ′′d(V̇ )+i
(
dχ+ f6

f2
6 +

f3
f5

dβ

)]
, (A.2b)

E2 =
√√√√ f1f3

f2
6 +

f3
f5

(
d(V ′)−idβ

)
,

or

E1 =−eiχ
√
f1f5

[
− 1
4f3

V̇ ′

σ
dσ−V ′′dη+f6dρ+i

(
dβ+f6dχ

)]
, (A.2c)

E2 =−
√
f1f3

( 1
σ
dσ+dρ+idχ

)
,

where (E1Ē1+E2Ē2), (E1∧Ē1+E2∧Ē2) and E1∧E2 for (A.2b) and (A.2c) are equivalent (as
required). Alternatively, (A.2b) and (A.2c) are derived directly from (A.2a) with (ϕ1,ϕ2,ϕ3)=
(χ,β,ϕ) and (ϕ1,ϕ2,ϕ3)= (β,χ,ϕ), respectively (with (p,b,u)= 1 and all other parameters
set to zero).

The forms presented in (2.33), (2.34) and (A.2) correspond to naive dimensional reductions
along β,χ and ϕ respectively, with no SL(3,R) transformations taking place. Of course,
as we’ve discussed throughout this paper, in order to derive N =1 Type IIA and Type
IIB backgrounds, one must include an appropriate transformation prior to reduction. The
framework just outlined is now general enough to easily derive the G-Structure forms for all
such solutions, allowing for the verification of the preservation of SUSY in each case. One
could use the G-Structure reductions given in (2.37) to find analogous general IIA forms in
terms of these 12 functions. Supersymmetry will only be preserved in a special set of cases,
so in general, such general forms would be largely redundant.

To then derive the IIA forms, we simply use (2.36) and (2.37).

A.2 G-Structure rules for Abelian T-Duality

Here we present the Abelian T-Duality of the G-Structure conditions. Note that in this
calculation the convention dH3 = d+H3∧ is required — in order to use the minus sign
convention (used throughout the rest of the paper) we would need to appropriately flip the
sign of the B field in the T-Dual rules given in (2.42) (such that Ey

B = e−CA(dy+BA
1 )).

Motivated by the Type IIA G-Structure condition given in (2.40), quoted here for
convenience

Vol4∧dHA
3
(e4A−ΦAImΨA

−)=
1
8(F6+F8+F10),

one can use the T-Dual rules of (2.42) to make the decomposition

ΨA
± =ΨA

±⊥
+ΨA

±||
∧Ey

A, ΨB
∓= eCAΨA

±||
+ΨA

±⊥
∧(dy−BA

1 ),
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with Ey
A= eCA(dy+AA

1 ) and Ey
B = eCB(dy+AB

1 )= e−CA(dy−BA
1 ). The above form of ΨB

∓ is
an initial ansatz — the final form will be derived at the end of the following subsection.

G-Structure conditions. We begin by transforming the G-Structure condition under
Abelian T-Duality from IIA to IIB. For convenience, we will summarise the left-hand side of
the following IIA G-Structure conditions simply as dHA

3
(eαA−ΦAΨA

±),

dHA
3
(e3A−ΦAΨA

+)= 0,

dHA
3
(e2A−ΦAReΨA

−)= 0,

dHA
3
(e4A−ΦAImΨA

−)=
e4A

8 ∗6λ(g).

with the choice of α∈ (2,3,4) depending on the specific condition. Now, the condition which
will transform in the same manner as the Ramond fields is

Vol4∧dHA
3
(eαA−ΦAΨA

±)=Vol4∧
[
d(eαA−ΦAΨA

±)+dBA∧eαA−ΦAΨA
±

]
. (A.3)

From the T-Dual rules (2.42), we have

dBA= dBA
2 +dBA

1 ∧dy

= dBA
2 +e−CA

dBA
1 ∧eCA(dy+AA

1 )−dBA
1 ∧AA

1

=(dBA
2 −dBA

1 ∧AA
1 )+e−CA

dBA
1 ∧Ey

A,

(A.4)

and using the decomposition for ΨA
±, we get

dBA∧eαA−ΦAΨA
±

= [(dBA
2 −dBA

1 ∧AA
1 )+e−CA

dBA
1 ∧Ey

A]∧[e
αA−ΦAΨA

±⊥
+eαA−ΦAΨA

±||
∧Ey

A]

= (dBA
2 −dBA

1 ∧AA
1 )∧eαA−ΦAΨA

±⊥

+
[
(dBA

2 −dBA
1 ∧AA

1 )∧eαA−ΦAΨA
±||

−eαA−ΦAΨA
±⊥

∧e−CA
dBA

1

]
∧Ey

A.

(A.5)

In addition,

d(eαA−ΦAΨA
±)

= d(eαA−ΦAΨA
±⊥

+eαA−ΦAΨA
±||

∧Ey
A)

= d(eαA−ΦAΨA
±⊥

)+d(eαA−ΦAΨA
±||

)∧Ey
A+eαA−ΦAΨA

±||
∧
(
d(eCA)∧dy+d(eCA

AA
1 )
)

= d(eαA−ΦAΨA
±⊥

)+eαA−ΦAΨA
±||

∧eCA
d(AA

1 )

+
[
d(eαA−ΦAΨA

±||
)+eαA−ΦAΨA

±||
∧e−CA

d(eCA)
]
∧Ey

A.

(A.6)

Hence, we have

Vol4∧dHA
3
(eαA−ΦAΨA

±)=Vol4∧(ΓA
⊥+ΓA

|| ∧E
y
A),

ΓA
⊥ = d(eαA−ΦAΨA

±⊥
)+eαA−ΦAΨA

±||
∧eCA

d(AA
1 )+(dBA

2 −dBA
1 ∧AA

1 )∧eαA−ΦAΨA
±⊥
,

ΓA
|| = d(eαA−ΦAΨA

±||
)+eαA−ΦAΨA

±||
∧e−CA

d(eCA)

+(dBA
2 −dBA

1 ∧AA
1 )∧eαA−ΦAΨA

±||
−eαA−ΦAΨA

±⊥
∧e−CA

dBA
1 .

(A.7)
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Now, applying the T-Dual rules, one gets for the IIB equations

Vol4∧
(
eCAΓA

|| +ΓA
⊥∧(dy−BA

1 )
)
. (A.8)

Before proceeding, from the transformation rules

BB =BB
2 +BB

1 ∧dy=BA
2 −AA

1 ∧(dy−BA
1 ), (A.9)

the following result will be required

dBA
2 −dBA

1 ∧AA
1 = dBB+dAA

1 ∧(dy−BA
1 ), (A.10)

which we substitute directly into (A.7), giving

ΓA
⊥ = d(eαA−ΦAΨA

±⊥
)+dBB∧eαA−ΦAΨA

±⊥
+eαA−ΦAΨA

±||
∧eCA

d(AA
1 )

−dAA
1 ∧eαA−ΦAΨA

±⊥
∧(dy−BA

1 ),

ΓA
|| = d(eαA−ΦAΨA

±||
)+eαA−ΦAΨA

±||
∧e−CA

d(eCA)

+
(
dBB+dAA

1 ∧(dy−BA
1 )
)
∧eαA−ΦAΨA

±||
−eαA−ΦAΨA

±⊥
∧e−CA

dBA
1 ,

(A.11)

hence
eCAΓA

|| +ΓA
⊥∧(dy−BA

1 )

= eCA
d(eαA−ΦAΨA

±||
)+eαA−ΦAΨA

±||
∧d(eCA)+eCA

dBB∧eαA−ΦAΨA
±||

−eCA
dAA

1 ∧eαA−ΦAΨA
±||

∧(dy−BA
1 )−eαA−ΦAΨA

±⊥
∧dBA

1

+
[
d(eαA−ΦAΨA

±⊥
)+dBB∧eαA−ΦAΨA

±⊥
+eαA−ΦAΨA

±||
∧eCA

d(AA
1 )
]
∧(dy−BA

1 )

= d(eαA−ΦAeCAΨA
±||

)+dBB∧eαA−ΦAeCAΨA
±||

+d
(
eαA−ΦAΨA

±⊥
∧(dy−BA

1 )
)
+dBB∧eαA−ΦAΨA

±⊥
∧(dy−BA

1 )

= dHB
3

[
eαA−ΦA

(
eCAΨA

±||
+ΨA

±⊥
∧(dy−BA

1 )
)]

= dHB
3
(eαA−ΦAΨB

∓).

(A.12)

The IIB G-Structure equations now read

dHB
3
(e3A−ΦAΨB

−)= 0,

dHB
3
(e2A−ΦAReΨB

+)= 0,

dHB
3
(e4A−ΦAImΨB

+)=
e4A

8 ∗6λ(g).

Of course, by adjusting the transformation as follows

e−ΦBΨB
∓= e−ΦA

[
eCAΨA

±||
+ΨA

±⊥
∧(dy−BA

1 )
]
,

one can re-write the above G-Structure conditions in terms of ΦB,

dHB
3
(e3A−ΦBΨB

−)= 0,

dHB
3
(e2A−ΦBReΨB

+)= 0,

dHB
3
(e4A−ΦBImΨB

+)=
e4A

8 ∗6λ(g).
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G-Structure forms. Now we wish to calculate the IIB pure spinors which we need for
the G-Structure conditions just derived. The SU(2) pure spinors for IIA are given in (2.26),
and re-written here for clarity

ΨA
+ = 1

8e
1
2 zA∧zA∧ωA, ΨA

− = i

8e
−ijA∧zA.

In what follows, it will prove useful to make the following decompositions
ωA=ωA

⊥+ωA
|| ∧E

y
A, jA= jA⊥+jA|| ∧E

y
A, zA= zA⊥+zA|| ∧E

y
A,

zA⊥ =uA⊥+ivA⊥ , zA|| =uA|| +ivA|| .
(A.13)

We then note

e
1
2 zA∧zA =1+1

2z
A∧zA

=
(
1+1

2z
A
⊥∧zA⊥

)
+1
2(z

A
⊥∧zA|| −z

A
|| ∧z

A
⊥)∧E

y
A,

(A.14)

as (zA∧zA)∧(zA∧zA)= 0, and

e−ijA =1+(−ijA)+ 1
2(−ij

A)∧(−ijA)+ 1
3!(−ij

A)∧(−ijA)∧(−ijA)+. . .

=1−ijA− 1
2j

A∧jA+ i

3!j
A∧jA∧jA+. . .

=1−i(jA⊥+jA|| ∧E
y
A)−

1
2(j

A
⊥∧jA⊥+2jA⊥∧jA|| ∧E

y
A)

+ i

3!(j
A
⊥∧jA⊥∧jA⊥+3jA⊥∧jA⊥∧jA|| ∧E

y
A)+. . .

=
(
1−ijA⊥− 1

2j
A
⊥∧jA⊥+ i

3!j
A
⊥∧jA⊥∧jA⊥+. . .

)
+
(
−ijA|| −j

A
⊥∧jA|| +

i

2j
A
⊥∧jA⊥∧jA|| +. . .

)
∧Ey

A

= e−ijA⊥ ∧(1−ijA|| ∧E
y
A).

(A.15)

Hence, we get
ΨA

± =ΨA
±⊥

+ΨA
±||

∧Ey
A

ΨA
+⊥

= 1
8
(
1+1

2z
A
⊥∧zA⊥

)
∧ωA

⊥ ,

ΨA
+||

= 1
8

[(
1+1

2z
A
⊥∧zA⊥

)
∧ωA

|| +
1
2(z

A
⊥∧zA|| −z

A
|| ∧z

A
⊥)∧ωA

⊥

]
ΨA

−⊥
= i

8e
−ijA⊥ ∧zA⊥ , ΨA

−||
= i

8e
−ijA⊥ ∧(zA|| +ijA|| ∧zA⊥).

(A.16)

Now, recalling

ΨB
∓= eΦB−ΦA

[
eCAΨA

±||
+ΨA

±⊥
∧(dy−BA

1 )
]
,

we finally arrive at

ΨB
−= 1

8e
ΦB−ΦA

[
e

1
2 zA⊥∧zA⊥∧

(
eCA

ωA
|| +ωA

⊥∧(dy−BA
1 )
)
+eCA 1

2(z
A
⊥∧zA|| −z

A
|| ∧z

A
⊥)∧ωA

⊥

]
ΨB

+ = i

8e
ΦB−ΦAe−ijA⊥ ∧

[
(eCA

zA|| +zA⊥∧(dy−BA
1 ))+ieCA

jA|| ∧z
A
⊥

]
.

(A.17)
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A.3 N = 1 G-Structures

We will now present the G-Structure results for the IIA and IIB N =1 solutions given in
the main body of the paper, beginning with the 11D forms in each case.

A.3.1 Unique solutions

11D forms.

K =−κe
−2ρ

f1
d(e2ρV̇ cosθ)

E1 =
2κ2f

− 5
2

1 f−1
5√

Σ
√
f3+f2 sin2 θ

[
V̇ f2 sin2 θdη+2σ2

(
1+1

4f2 sin2 θ

)
d(V ′)

− V̇

4 f5f6
(
e−6ρd(e6ρV̇ sin2 θ)+sin2 θd(V̇ )

)
− i

2κ2 f
3
1 f5(f3+f2 sin2 θ)

(
dβ+ f2f6 sin2 θ

f3+f2 sin2 θ
dϕ

)]
,

E2 = eiϕ

[
κ

f1
√

1
4
(
1+ 4

σ2f4

)
f2 sin2 θ+1

(
e−3ρd(e3ρV̇ sinθ)+ V̇

σ
sinθdσ

)

+i
√

f1f2f3
f3+f2 sin2 θ

sinθdϕ
]
,

E3 =−
[ √

8f1(f5Σ)−
1
4(

1+ f2
4 (sin2 θ−4)

) 1
4

[
dρ+1

8f2

(
d(sin2 θ)− 2

V̇
e−2ρd

(
e2ρV̇ (sin2 θ+2)

))]

+i
√
f1f5Σ(dχ+C1)

]
,

Σ= f2
6 +

f3
f5

+ f2
f5

sin2 θ, C1 =
1
Σ

(
f6dβ−

f2
f5

sin2 θdϕ

)
(A.18)

IIA forms. The G-Structure forms for the IIA N =1 solution given in (3.2) then read

uA= 2
√
2f

3
4

1(
1+ f2

4 (sin2 θ−4)
) 1

4

[
dρ+1

8f2

(
d(sin2 θ)− 2

V̇
e−2ρd

(
e2ρV̇ (sin2 θ+2)

))]
,

vA=−κ
√
2f−

3
4

1

(
1+ f2

4 (sin2 θ−4)
) 1

4
e−2ρd(e2ρV̇ cosθ),

jA= κf
1
2

2

2
(
1+ f2

4 (sin2 θ−4)
) 1

2

[(
(1−f2)

(
d(2V̇ sin2 θ)+e−6ρ sin2 θd(2e6ρV̇ )

)
−2f2 sin2 θd(V̇ )

)
∧dϕ

+
[
f5f6

(
e−3ρd(sin2 θe3ρV̇ )− 1

2d(sin
2 θV̇ )+sin2 θd(V̇ )

)
−Λf3

V̇
d(V ′)−2sin2 θdη

]
∧dβ

]
,

ωA=−2κ
√
f2

V̇

(
σV̇ e−3ρd(V ′)∧d(e3ρ sinθeiϕ)+∆̃

(
1− 3

2f2
)
eiϕ sinθdσ∧dη

+ie−3ρ d(σV̇ e3ρeiϕ sinθ)∧dβ
)
. (A.19)
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IIB forms. Performing an ATD of (3.2) along β leads to the N =1 IIB solution given
in (4.28). To then verify the preservation of supersymmetry, we note from (A.17)

ΨB
−= 1

8e
ΦB−ΦA

((
1+1

2z
A
⊥∧z̄A⊥

)
∧
(
eCA

ωA
|| +ωA

⊥∧(dy−BA
1 )
)
+1
2e

CA(zA⊥∧z̄A|| −z
A
|| ∧z̄

A
⊥)
)
,

ΨB
+ = i

8
(
1−ijA⊥− 1

2j
A
⊥∧jA⊥

)
∧
(
eCA

zA|| +zA⊥∧(dy−BA
1 )+ieCA

jA|| ∧z
A
⊥

)
,

(A.20)
with

ReΨB
+ = 1

8

[
jA⊥∧

(
eCA

uA|| +uA⊥∧(dy−BA
1 )−eCA

jA|| ∧v
A
⊥

)
−
(
eCA

vA|| +eCA
jA|| ∧u

A
⊥+vA⊥∧(dy−BA

1 )
)

+1
2j

A
⊥∧jA⊥∧

(
eCA

vA|| +vA⊥∧(dy−BA
1 )+eCA

jA|| ∧u
A
⊥

)]
,

ImΨB
+ = 1

8

[
jA⊥∧

(
eCA

vA|| +vA⊥∧(dy−BA
1 )+eCA

jA|| ∧u
A
⊥

)
+
(
eCA

uA|| −e
CA
jA|| ∧v

A
⊥+uA⊥∧(dy−BA

1 )
)

− 1
2j

A
⊥∧jA⊥∧

(
eCA

uA|| +uA⊥∧(dy−BA
1 )−eCA

jA|| ∧v
A
⊥

)]
.

(A.21)

For our present discussion, we have dy≡ dβ, with (uA,vA, jA,ωA) given in (A.19) and
the decompositions given in (A.13). One can immediately see by observation that uA|| = vA|| =0
and uA⊥ =uA, vA⊥ = vA.23

Recall the following relations (see (C.11) with ϕ1 =β,ϕ2 =ϕ)

Eβ
A= eCA(dβ+AA

1 ), AA
1 = 1

2
hβϕ

hβ
dϕ= f2f6 sin2 θ

f3+f2 sin2 θ
dϕ, (A.22)

using (B.9) as appropriate. Then to derive the remaining elements we re-write the forms
given in (A.19), as follows

jA= jA1 ∧dβ+jA2 ∧dϕ= e−CA
jA1 ∧Eβ

A+
(
jA2 − 1

2
hβϕ

hβ
jA1

)
∧dϕ,

ωA=ωA
1 ∧dβ+ωA

2 = e−CA
ωA

1 ∧Eβ
A+

(
ωA

2 − 1
2
hβϕ

hβ
ωA

1 ∧dϕ
)
,

(A.23)

23Hence, now we note

ΨB
− = 1

8e
ΦB−ΦA

(
1+ 1

2z
A
⊥∧z̄A⊥

)
∧ω̃B = 1

8e
ΦB−ΦA

(
1−iuA

⊥∧vA⊥
)
∧ω̃B,

with
ω̃B = eCA

ωA
|| +ωA

⊥∧(dy−BA
1 ).
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leading to

jA|| =
e−CA

κf
1
2

2

2
(
1+ f2

4 (sin2 θ−4)
) 1

2

[
f5f6

(
e−3ρd(sin2 θe3ρV̇ )− 1

2d(sin
2 θV̇ )+sin2 θd(V̇ )

)

−Λf3

V̇
d(V ′)−2sin2 θdη

]
,

jA⊥ = κf
1
2

2

2
(
1+ f2

4 (sin2 θ−4)
) 1

2

[(
(1−f2)

(
d(2V̇ sin2 θ)+e−6ρ sin2 θd(2e6ρV̇ )

)
−2f2 sin2 θd(V̇ )

)

− f2f6 sin2 θ

f3+f2 sin2 θ

[
f5f6

(
e−3ρd(sin2 θe3ρV̇ )− 1

2d(sin
2 θV̇ )+sin2 θd(V̇ )

)
−Λf3

V̇
d(V ′)−2sin2 θdη

]]
∧dϕ,

ωA
|| =−2ie−CA

κ

√
f2

V̇
e−3ρ d(σV̇ e3ρeiϕ sinθ),

ωA
⊥ =−2κ

√
f2

V̇

(
σV̇ e−3ρd(V ′)∧d(e3ρ sinθeiϕ)+∆̃

(
1− 3

2f2
)
eiϕ sinθdσ∧dη

−i f2f6 sin2 θ

f3+f2 sin2 θ
e−3ρ d(σV̇ e3ρeiϕ sinθ)∧dϕ

)
,

and we note (dy−BA
1 )= (dβ−f8 sinθdθ). Notice that the CA dependence drops out of the

expressions.

A.3.2 One-parameter Type IIB

We now present the G-Structures corresponding to the one-parameter family of N =1 Type
IIB backgrounds given in (4.25). We first present the 11D and IIA results (where for clarity,
we have left γ general — deriving the forms presented in [2] when γ=0). In the case of
the IIB results, we must fix γ=−1 as outlined throughout the paper. It is worth noting
that in the case of the 11D and IIA forms themselves, the extra γ plays only a trivial role,
and one can use the forms presented in [2]. This γ is only necessary when deriving the IIB
G-Structures, so must be included in each step.
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11D forms.

K =−κe
−2ρ

f1
d(e2ρV̇ cosθ),

E1 =−
√
f1f3
ΞΣ1

[ 1
σ
dσ+dρ+i

(
Σ1 dχ+Σ2 sin2 θdϕ

)
+ξ d(V ′)− γξ

2σ2 V̇ sin2 θdη

+ e−2ρ

2V̇

(
Σ2 d(e2ρV̇ sin2 θ)+

(
Σ2+ξ

f2
f3

(
γf6−4ξ(1+γ)f2

f5

))
sin2 θd(e2ρV̇ )

+ 4ξ2(1+γ)f2
f3f5

sin2 θ V̇ d(e2ρ)
)]
,

E2 =
ei(ϕ+γχ)
√
Σ1

[
κ

f1

[
e−2ρd(e2ρV̇ sinθ)−V̇ sinθ

(
ξ(γ+1)d(V ′)+γ

( 1
σ
dσ+dρ

))]
+i
√
f1f2 sinθdϕ

]
,

E3 =−eiχΞ
1
2
√
f1f5

[ 1
Ξ

(
−f3V̇

′

4σ dσ−V ′′dη+f6dρ+
ξ

f5

(κ2e−4ρ

2f3
1

d(e4ρV̇ 2(cos2 θ−3))+4dρ
))

+i
(
dβ+C1

)]
,

Σ1 =1+ f2
f3

((
γ+ξ(1+γ)f6

)2+ξ2(1+γ)2 f3
f5

)
sin2 θ≡ hχ

f3f5
,

Σ2 =
f2
f3

(
(1+ξf6)

(
γ+ξ(1+γ)f6

)
+ξ2(1+γ)f3

f5

)
≡ hχϕ

2f3f5 sin2 θ
,

Ξ=(1+ξf6)2+ξ2 f3
f5

+ξ2 f2
f5

sin2 θ,

C1 =
1
Ξ

[(
f6+ξ

(
f2

6 +
f3
f5

−γ f2
f5

sin2 θ
))
dχ−ξ f2

f5
sin2 θdϕ

]
. (A.24)

Notice that in the case of E3, γ only appears in the dχ term of C1.

IIA forms. The easiest way to derive the IIA forms here is to simply replace ϕ→ϕ+γχ
in the forms given in [2], as follows

v=κe−2ρf
1
4

5 f
− 3

4
1 Ξ

1
4d
(
e2ρV̇ cosθ

)
,

u=(f1f5)
3
4Ξ− 1

4

(
f3V̇

′

4σ dσ+V ′′dη−f6dρ−
ξ

f5

(κ2e−4ρ

2f3
1

d(e4ρV̇ 2(cos2 θ−3))+4dρ
))

,

ω=−2κ2f
− 3

2
1 e−3ρd

(
e2ρV̇ e−ξV ′

ei(ϕ+γχ) sinθd(eiχeρeξV ′
σ)
)
,

j= 1√
Ξ

[
f

3
2

1 f
1
2

5 f3
σ

e−ρe−ξV ′
d
(
eρσeξV ′)∧dχ+κf2f

1
2

3 X1∧
(
(γ+1)dχ+dϕ

)
+X2∧(dϕ+γ dχ)

]
,

(A.25)
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X1 = ξ
V̇ ′e−4ρ

2V̇ V ′′σ
d(e4ρ sin2 θV̇ 2)+ξ2 (−V ′′V̈ +(V̇ ′)2)e−6ρ

2σV̇ V ′′ d(e6ρ sin2 θV̇ 2)

+ξ2V̇ sin2 θ
(
V ′′dσ− V̇ ′

σ
dη
)
,

X2 =κ

(
σf2e

−4ρ

f
1
2

3 V̇
2

(1+ξf6)d(e4ρ sin2 θV̇ 2)− ξ

2f2f
1
2

3 sin2 θ

(
V̇ ′
(
dσ− 2V̇

σV ′′dρ

)
+ dη

σ

(
2V̇ −V̈

)))
.

(A.26)

Noting that v and u are independent of ϕ, so independent of γ. To derive the IIB G-
Structures, we must now fix γ=−1 in ω and j, giving

ω=−2κ2f
− 3

2
1 e−3ρd

(
e2ρV̇ e−ξV ′

ei(ϕ−χ) sinθd(eiχeρeξV ′
σ)
)

=−2κ2f
− 3

2
1 e−3ρ

[
d
(
e2ρV̇ e−ξV ′

eiϕ sinθd(eρeξV ′
σ)
)
+id(e3ρV̇ eiϕσ sinθ)∧dχ

]
,

j= 1√
Ξ

[(
f

3
2

1 f
1
2

5 f3
σ

e−ρe−ξV ′
d
(
eρσeξV ′)−X2

)
∧dχ+

(
κf2f

1
2

3 X1+X2
)
∧dϕ

]
. (A.27)

IIB forms. We now perform an ATD along χ, meaning dy≡ dχ, with uA,vA given in (A.25)
and ωA, jA given in (A.27). Once again, we have uA|| = vA|| =0 and uA⊥ =uA, vA⊥ = vA. Recall
again the following relations (see (C.11) with ϕ1 =χ,ϕ2 =ϕ)

Eχ
A= eCA(dχ+AA

1 ), AA
1 = 1

2
hχϕ

hχ
dϕ=− f2(1+ξf6)

f3+f2 sin2 θ
sin2 θdϕ, (A.28)

now using (B.4) to calculate AA
1 .24 Then to derive the remaining elements we re-write the

forms given in (A.19), as follows

jA= jA1 ∧dχ+jA2 ∧dϕ= e−CA
jA1 ∧Eχ

A+
(
jA2 − 1

2
hχϕ

hχ
jA1

)
∧dϕ,

ωA=ωA
1 ∧dχ+ωA

2 = e−CA
ωA

1 ∧Eχ
A+

(
ωA

2 − 1
2
hχϕ

hχ
ωA

1 ∧dϕ
)
,

(A.29)

leading to

jA|| =
e−CA

√
Ξ

(
f

3
2

1 f
1
2

5 f3
σ

e−ρe−ξV ′
d
(
eρσeξV ′)−X2

)
,

jA⊥ = 1√
Ξ

[(
κf2f

1
2

3 X1+X2
)
+ f2(1+ξf6)
f3+f2 sin2 θ

(
f

3
2

1 f
1
2

5 f3
σ

e−ρe−ξV ′
d
(
eρσeξV ′)−X2

)
sin2 θ

]
∧dϕ

ωA
|| =−2iκ2e−CA

f
− 3

2
1 e−3ρd(e3ρV̇ eiϕσ sinθ),

ωA
⊥ =−2κ2f

− 3
2

1 e−3ρ
[
d
(
e2ρV̇ e−ξV ′

eiϕ sinθd(eρeξV ′
σ)
)

+if2(1+ξf6)sin2 θ

f3+f2 sin2 θ
d(e3ρV̇ eiϕσ sinθ)∧dϕ

]
.

(A.30)
24With (p,b,u) = 1,(a,c,m) = 0, q=−v= ξ,s= γ=−1.
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B Dimensional reductions

In this appendix, we present in some detail the various dimensional reductions which were
performed following the SL(3,R) transformation of the three U(1) directions of Gaiotto-
Maldacena (β,χ,ϕ), given in (2.49). The U(1)r component of the SU(2)R×U(1)r R-Symmetry
is now transformed as follows

U(1)r =χ+ϕ→ (p+s)χ+(q+v)β+(m+u)ϕ, (B.1)

and plays a central role in determining whether supersymmetry is preserved under each
reduction. In addition, the C3 given in (2.2) now transforms to

C3 =sinθ
[
(up−sm)f7+(ua−sc)f8

]
dχ∧dθ∧dϕ

+sinθ
[(

(vp−sq)f7+(va−sb)f8
)
dχ+

(
(vm−uq)f7+(vc−ub)f8

)
dϕ

]
∧dθ.∧dβ.

(B.2)

The following subsections will correspond to a dimensional reduction along each of
the three U(1) directions in turn, beginning with an initial form which includes all nine
transformation parameters, namely (B.4), (B.9), (B.20). These results are of course too
general because one can eliminate many of the parameters without loss of generality, leaving
the three free parameters in each case (corresponding to the three U(1) directions being mixed).
However, these general forms prove very useful, allowing one to simply plug in the desired
values of the parameters for each unique example, with all of the calculation already in place.

The remaining three free parameters will be labelled (ξ,ζ,γ), in which ζ will keep track of
the SUSY under dimensional reduction to Type IIA, and γ will keep track of the SUSY under
an Abelian T-duality to Type IIB. They provide us with the option to preserve N =1 SUSY
under reduction to Type IIA and under a subsequent abelian T-Duality to Type IIB. The
remaining parameter, ξ, will be left over as a free parameter in the resulting backgrounds.

We first present the β reduction case, repeating the derivation of the results given in [2].
We will then turn to the χ and ϕ reductions in turn, where the analysis will be largely
analogous to the β reduction. In each case, we use the reduction formula given in (2.36), and
we will fix (p,b,u)= 1 to trivially absorb them into the definitions of (χ,β,ϕ), respectively
(see (2.49)). The U(1)r R-Symmetry component given in (B.1) then reduces to

U(1)r =(1+s)χ+(q+v)β+(m+1)ϕ. (B.3)

Each reduction must preserve this component in order to preserve supersymmetry, giving
N =1 Type IIA solutions (with a U(1) R-Symmetry) when the SU(2)R component is broken.
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β reduction. The general form following a dimensional reduction along β (before eliminating
the nine transformation parameters to three free parameters) reads

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

e
4
3 Φ = f1

[
q2(f3+f5f

2
6 )+b2f5+2bqf5f6+v2 sin2 θf2

]
, B2 =

(
B2,χdχ+B2,ϕdϕ

)
∧dθ,

C1 =
(
C1,χdχ+C1,ϕdϕ

)
, C3 =C3,χϕdχ∧dθ∧dϕ,

B2,χ =sinθ
(
(vp−sq)f7+(va−sb)f8

)
, B2,ϕ =sinθ

(
(vm−uq)f7+(vc−ub)f8

)
,

C1,χ = f1e
− 4

3 Φ
(
bf5(a+pf6)+pqf3+qf5f6(a+pf6)+sv sin2 θf2

)
,

C1,ϕ = f1e
− 4

3 Φ
(
bf5(c+mf6)+mqf3+qf5f6(c+mf6)+uv sin2 θf2

)
,

C3,χϕ =sinθ
[
u(pf7+af8)−s(mf7+cf8)

]
,

ds2
2 =hχ(η,σ,θ)dχ2+hϕ(η,σ,θ)dϕ2+hχϕ(η,σ,θ)dχdϕ

hχ(η,σ,θ)= f3f5(bp−aq)2+sin2 θf2
[
b2s2f5+(pv−qs)2f3−2bsf5

(
(pv−qs)f6+av

)
+f5

(
(pv−qs)f6+av

)2]
,

hϕ(η,σ,θ)= f3f5(bm−cq)2+sin2 θf2
[
c2v2f5+(qu−mv)2f3−2cvf5

(
(qu−mv)f6+bu

)
+f5

(
(qu−mv)f6+bu

)2]
,

hχϕ(η,σ,θ)= 2
[
f3f5(bp−aq)(bm−cq)+sin2 θf2h4(η,σ)

]
,

h4(η,σ)= cvf5
(
(pv−qs)f6+av

)
+b2suf5−(qu−mv)

[
(pv−qs)f3+f5f6

(
(pv−qs)f6+av

)]
−bf5

(
sv(c+mf6)+u

(
av+(pv−2qs)f6

))
. (B.4)

In this case, one is motivated to keep (q,v) free, allowing one to preserve the U(1)r

component given in (B.1). This is the first case which we will now consider.

• Keeping (q,v) free
From the determinant in (2.49), this requires (a,c)= 0. The determinant then becomes

pu−ms=1, (B.5)

which in turn becomes ms=0 after fixing (p,b,u)= 1. This gives the third free parameter
(which we label as γ). One then derives the two-parameter family of solutions given
in (2.52) (with q≡ ξ,v≡ ζ). We have eliminated this third free parameter from the Type
IIA backgrounds by setting γ=0 without loss of generality. More specifically, when
(s≡ γ,m=0) one derives (2.52) with ϕ=ϕ+γχ. Alternatively, when (s=0,m≡ γ), we
derive (2.52) but with χ→χ+γϕ. So γ is carried through the calculation trivially,
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and can be fixed to zero without loss of generality.25 We can then preserve the U(1)r

component under a β reduction by fixing ζ =−ξ. When ζ ̸=0 however, the SU(2)R

R-Symmetry component is broken. So the 2-parameter family of solutions contains
within it the N =2 solution of [7] (with ζ =−ξ=0), an N =1 solution (with ζ =−ξ ̸=0),
and N =0 solutions otherwise. This solution is presented in [2].

• Alternative parameters
We now relax the condition that both q and v are free, and demonstrate that all roads
lead back to the two-parameter family given in (2.52) (presented in [2]).

– Keeping (q,c) free
With (p,b,u)= 1, to keep q as a free parameter, one can alternatively fix (a,s)= 0.
The determinant now becomes vc=0. To avoid the previous case, we fix v=0
with (q≡ ξ,m≡ γ). The solution derived can be mapped to the ζ =0 solution
of (2.52), via

C1 →C1+cdϕ, χ→χ+(γ−cξ)ϕ. (B.6)

– Keeping (v,s) free
The other possibility to keep v a free parameter is to fix (c,m)= 0, leaving the
determinant qa=0. We of course should fix q=0 with (v≡ ζ, s≡ γ). This now
derives the ξ=0 solution of (2.52), following

C1 →C1+adχ, C3 →C3+adχ∧B2, ϕ→ϕ+(γ−aζ)ϕ. (B.7)

– Keeping (a,c) free
The final possibility is to enforce that neither q or v are free parameters by fixing
both to zero. This then makes (a,c) free, with the determinant becoming ms=0.
This solution re-derives the N =2 background ((2.52) with (ξ,ζ)= 0), with the
gauge transformations

C1 →C1+(adχ+cdϕ), C3 →C3+(adχ+cdϕ)∧B2, (B.8)

and ϕ→ϕ+sχ or χ→χ+mϕ (depending on which choice of parameter is made).

This completes the discussion on the β reduction, we now turn to the χ reduction.

25Alternatively, we can satisfy (B.5) with pu= 0 and ms=−1. One still derives the solution given in (2.52)
but now we have trivially re-defined the U(1) directions amongst themselves. This is clear from the SL(3,R)
transformation. Specifically, when (p= 0,u≡ γ,s=−1,m= 1) we require (χ→ϕ, ϕ→−χ+γϕ) to map
to (2.52), and when (p≡ γ,u= 0,s=−1,m= 1) we require the mapping (χ→ϕ+γχ, ϕ→χ).
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χ reduction. Now we consider a dimensional reduction along χ. The general background
in this case is given by

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

e
4
3 Φ = f1

[
p2(f3+f5f

2
6 )+a2f5+2apf5f6+s2 sin2 θf2

]
, B2 =(B2,βdβ+B2,ϕdϕ)∧dθ,

C1 =C1,βdβ+C1,ϕdϕ, C3 =C3,βϕdβ∧dθ∧dϕ,

B2,β =sinθ
(
(sq−vp)f7+(sb−va)f8

)
, B2,ϕ =sinθ

(
(sm−up)f7+(sc−ua)f8

)
,

C1,β = f1e
− 4

3 Φ
(
bf5(a+pf6)+pqf3+qf5f6(a+pf6)+sv sin2 θf2

)
,

C1,ϕ = f1e
− 4

3 Φ
(
af5(c+mf6)+mpf3+pf5f6(c+mf6)+ussin2 θf2

)
,

C3,βϕ =sinθ
[
u(qf7+bf8)−v(mf7+cf8)

]
,

ds2
2 =hβ(η,σ,θ)dβ2+hϕ(η,σ,θ)dϕ2+hβϕ(η,σ,θ)dβdϕ

hβ(η,σ,θ)= f3f5(bp−aq)2+sin2 θf2
[
b2s2f5+(pv−qs)2f3−2bsf5

(
(pv−qs)f6+av

)
+f5

(
(pv−qs)f6+av

)2]
,

hϕ(η,σ,θ)= f3f5(pc−am)2+sin2 θf2
[
c2s2f5+(pu−ms)2f3−2csf5

(
(pu−ms)f6+au

)
+f5

(
(pu−ms)f6+au

)2]
,

hβϕ(η,σ,θ)= 2
[
f3f5(bp−aq)(pc−am)+sin2 θf2h4(η,σ)

]
,

h4(η,σ)=−sbf5
(
(pu−ms)f6−cs

)
+a2vuf5

+(pv−qs)
[
(pu−ms)f3+f5f6

(
(pu−ms)f6−cs

)]
−af5

(
sv(c+mf6)+u

(
bs+(qs−2pv)f6

))
. (B.9)

After fixing (p,b,u)= 1, the U(1)r component reduces to (B.3). Now that we are reducing
along χ, we must fix s=−1 in order to preserve this component under reduction. Notice
that this SUSY preserving condition takes a slightly different form to the β reduction case,
where the condition was v=−q. The same will be true for the ϕ reduction (where the
condition will be m=−1). This is a consequence of the U(1)r component being χ+ϕ prior
to the SL(3,R) transformation, and why the only N =2 preserving reduction is along β.
That is, in fixing s=−1 (or m=−1 in the ϕ reduction case), the S2 (and hence the SU(2)R

R-Symmetry component) is broken due to the mixing of ϕ. See (2.49). Hence, the maximum
supersymmetry which can be achieved under a χ or ϕ reduction is N =1, because the very
condition required to preserve the U(1)r component is what breaks the SU(2)R component.
We will now choose s to be one of our three free parameters, allowing us to turn on/off
the N =1 at will.

• Keeping s free
With s a free parameter, from the determinant given in (2.49), we must fix m=0, with
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ζ N U(1)r SU(2)R

−1 1 ✓ ×
0 0 × ✓

Z/{0,−1} 0 × ×

Table 1. χ Reduction

either q=0 (where a is free) or c=0 (where v is free). We will now investigate both
options in turn.

– (m,q)= 0 with (s,a) free parameters
In this case, the determinant in (2.49) leads to the condition vc=0. Hence,
the third free parameter will be v (with c=0) or c (with v=0).26 This leads
to the following 11D transformation (re-labelling s≡ ζ,a≡ ξ,v≡ γ for notational
consistency)

dβ= dβ+ξ dχ, dχ= dχ, dϕ= dϕ+ζ dχ+γdβ,
U(1)r =(1+ζ)χ+γβ+ϕ,

(B.10)

which, following a χ reduction, gives the following two-parameter background

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

(
f3f5+ζ2 sin2 θf2f5

)
dβ2+sin2 θf2

(
f3+f5(f6+ξ)2)dϕ2

−2ζf2f5(f6+ξ)sin2 θdβdϕ,

e
4
3 Φ = f1

[
f3+f5(f6+ξ)2+ζ2 sin2 θf2

]
,

B2 =sinθ
[
ζf8dβ−

(
f7+ξf8

)
dϕ

]
∧ dθ,

C1 = f1e
− 4

3 Φ
[
f5(f6+ξ)dβ+ζ sin2 θf2dϕ

]
,

C3 = f8 sinθdβ∧ dθ∧dϕ, (B.11)

where ϕ=ϕ+γβ, allowing one to set γ to zero without loss of generality. In
addition, from the U(1)r component given in (B.10), fixing γ=0 will allow for a
SUSY preserving T-Duality along β — we will return to this discussion later.
The Type IIA solutions here are summarised in table 1.
To map to (2.52), one requires the following transformations

gMN → k1gMN , H3 → k1H3, Fn → k
n
2
1 Fn, e−Φ → k

1
2
1 e

−Φ,

Fn → k2Fn, e−Φ → k2e
−Φ,

(B.12)

26In keeping c free, one gets (B.11) with β=β+cϕ. Alternatively, when keeping v free, one gets (B.11) with
ϕ=ϕ+vβ. Hence, one can set both parameters to zero without loss of generality. To investigate whether this
parameter becomes important when considering SUSY preserving abelian T-Duality, we must revisit (B.3),
hence we momentarily keep v free.
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with k1 = ξ−1, k2 = ξ2, giving

gMN → 1
ξ
gMN , B2 →

1
ξ
B2, C1 → ξC1, C3 →C3, e

4
3 Φ → 1

ξ2 e
4
3 Φ,

(B.13)
followed by (in order)

C1 →C1− dβ, C3 →C3− dβ∧B2,

ζ→ ξ ζ, ϕ→ϕ−ζ ξχ, β→−ξχ,

ξ→ 1
ξ
,

(B.14)

Notice that we require ξ→ 1/ξ, despite ξ ∈Z. This is somewhat non-trivial, fixing
ξ=0 gives a unique solution — given in (3.1).

We now turn to the first N =1 background explicitly presented in this section,
derived by fixing ζ =−1 in (B.11). This preserves a U(1)r R-Symmetry under
a χ reduction, breaking the SU(2)R component (as detailed in table 1). The
background reads

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

[
f3f5+sin2 θf2f5

]
dβ2+sin2 θf2

[
f3+f5(f6+ξ)2]dϕ2

+2sin2 θf2f5(f6+ξ)dβdϕ,

e
4
3 Φ = f1

[
f3+f5(f6+ξ)2+sin2 θf2

]
, B2 =−sinθ

[
f8dβ+(f7+ξf8)dϕ

]
∧ dθ,

C1 = f1e
− 4

3 Φ
[
f5(f6+ξ)dβ−sin2 θf2dϕ

]
, C3 = f8 sinθdβ∧ dθ∧dϕ. (B.15)

Thus, we must fix ζ =−1 to dimensionally reduce to an N =1 Type IIA theory, and
set γ=0 to perform a SUSY preserving abelian T-duality along β. Notice that, for
the parameters chosen here, no SUSY preserving ATD along ϕ can be performed.
The IIA backgrounds given in (B.11) are summarised in table 1, deriving the N =1
solution given in (B.15) when ζ =−1. One can map this solution to the N =1
background derived from (2.52) (with ζ =−ξ), given in [2].27 We therefore leave
out the explicit G-Structure forms for this solution.

– (m,c)= 0 with (s,v) free parameters
The determinant given in (2.49) now reduces to qa=0. To avoid repeating the
previous case, we must fix a=0 with q free. After re-labelling (s≡ ζ,q≡ ξ,v≡ γ),
we derive a solution which maps to the ξ=0 solution of (B.11), with

C1 →C1+ξdβ, C3 →C3+ξdβ∧B2, ϕ→ϕ−ζξβ. (B.16)
27Specifically, one requires the transformation outlined in (B.13), followed by

C1 →C1− dβ, C3 →C3− dβ∧B2,

ϕ→ϕ+χ, β→−ξχ, ξ→ 1
ξ
.
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We now investigate the case where s is not a free parameter (which will of course break
supersymmetry in all cases).

• Fixing s=0 (with m free)
The other possibility is to ensure s is not a free parameter by fixing it to zero. In these
cases, m is now the free parameter.

– (s,a)= 0 with (m,q) free parameters
Here the determinant reduces to vc=0. We now look at each case in turn.
These cases can be derived from the (ξ,ζ)= 0 solution of (B.11), by the following
transformations.

∗ c=0 (with v free): re-defining ϕ→ϕ+vβ followed by

C1 →C1+q dβ+mdϕ, C3 →C3+(q dβ+mdϕ)∧B2. (B.17)

∗ v=0 (with c free): re-defining β→β+cϕ followed by

C1 →C1+q dβ+mdϕ, C3 →C3+(q dβ+mdϕ)∧B2. (B.18)

– (s,v,q)= 0 with (m,c,a) free parameters
The remaining case can be derived from the ζ =0 solution of (B.11) by re-defining
ξ≡ a then β→β+(c−am)ϕ, followed by

C1 →C1+mdϕ, C3 →C3+mdϕ∧B2. (B.19)
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ϕ reduction. We now finally consider a dimensional reduction along ϕ, with the following
general background

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

e
4
3 Φ = f1

[
m2(f3+f5f

2
6 )+c2f5+2cmf5f6+u2 sin2 θf2

]
, B2 =(B2,χdχ+B2,βdβ)∧dθ,

C1 =C1,χdχ+C1,βdβ, C3 =C3,χβdχ∧dθ∧dβ,

B2,χ =sinθ
(
(up−sm)f7+(ua−sc)f8

)
, B2,β =sinθ

(
(uq−vm)f7+(ub−vc)f8

)
,

C1,χ = f1e
− 4

3 Φ
(
af5(c+mf6)+pmf3+pf5f6(c+mf6)+susin2 θf2

)
,

C1,β = f1e
− 4

3 Φ
(
bf5(c+mf6)+mqf3+qf5f6(c+mf6)+uv sin2 θf2

)
,

C3,χβ =sinθ
[
v(pf7+af8)−s(qf7+bf8)

]
,

ds2
2 =hχ(η,σ,θ)dχ2+hβ(η,σ,θ)dβ2+hχβ(η,σ,θ)dχdβ,

hχ(η,σ,θ)= f3f5(am−pc)2+sin2 θf2
[
c2s2f5+(pu−ms)2f3−2csf5

(
(pu−ms)f6+au

)
+f5

(
(pu−ms)f6+au

)2]
,

hβ(η,σ,θ)= f3f5(bm−cq)2+sin2 θf2
[
c2v2f5+(qu−mv)2f3−2cvf5

(
(qu−mv)f6+bu

)
+f5

(
(qu−mv)f6+bu

)2]
,

hχβ(η,σ,θ)= 2
[
f3f5(am−pc)(bm−cq)+sin2 θf2h4(η,σ)

]
,

h4(η,σ)=ubf5
(
(pu−ms)f6+au

)
+c2svf5

+(qu−mv)
[
(pu−ms)f3+f5f6

(
(pu−ms)f6+au

)]
−cf5

(
uv(a+pf6)+s

(
ub+(qu−2mv)f6

))
. (B.20)

Here we follow the same steps as in the χ reduction case. Fixing (p,b,u)= 1 leads to (B.3)
for the U(1)r component, and to preserve SUSY under reduction, one must now set m=−1.
We begin by keeping m a free parameter.

• Keeping m free
From the determinant given in (2.49), we now must fix s=0, with either a=0 or v=0.
We now investigate both options in turn.

– (s,a)= 0 with (m,q) free parameters
The determinant in (2.49) reduces to vc=0, meaning the three free parameters
are now (m,q,v or c). In the following IIA backgrounds, one can set q=0 without
loss of generality, where χ=χ+qβ for either v or c free. For now however, we
leave it free.
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∗ v=0 (with c free)
Here we apply the following 11D transformations (with m≡ ζ,c≡ ξ,q≡ γ)

dβ= dβ+ξ dϕ, dχ= dχ+γ dβ+ζ dϕ, dϕ= dϕ,

U(1)r =χ+γβ+(ζ+1)ϕ.
(B.21)

Hence, one would need to fix γ=0 to T-Dualise in a SUSY preserving manner.
Indeed, as already discussed, we can fix γ=0 without loss of generality in the
IIA background,

ds2
10,st = e

2
3 Φf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
+f2

1 e
− 2

3 Φds2
2,

ds2
2 =

(
ξ2f3f5+sin2 θf2(f3+f5f

2
6 )
)
dχ2+

(
ζ2f3f5+sin2 θf2f5

)
dβ2

−2f5
(
ξζf3−sin2 θf2f6

)
dχdβ,

e
4
3 Φ = f1

[
f5(ξ+ζf6)2+ζ2f3+sin2 θf2

]
, B2 =sinθ

(
f7dχ+f8dβ

)
∧dθ,

C1 = f1e
− 4

3 Φ
[(
ζf3+f5f6(ξ+ζf6)

)
dχ+f5(ξ+ζf6)dβ

]
, C3 =0

(B.22)

with χ=χ+γβ, allowing γ=0 without loss of generality. Once again, this is
the condition which is required to preserve the U(1)r R-Symmetry component
under an ATD.
To map to (2.52), one requires the transformations of (B.12) with k1 =
ξ−1, k2 = ξ2, giving

gMN → 1
ξ
gMN , B2 →

1
ξ
B2, C1 → ξC1, C3 →C3, e

4
3 Φ → 1

ξ2 e
4
3 Φ,

(B.23)
followed by (in order)

C1 →C1+ξ dϕ, C3 →C3+ξ dϕ∧B2,

ζ→ ζ̃

ζ
, ξ→ 1

ζ
,

ζ̃→ ξ, χ→χ− ξ

ζ
ϕ, β→−1

ζ
ϕ.

(B.24)

To map to (B.11), one requires

gMN → gMN , B2 →B2, C1 → ζ2C1, e
4
3 Φ → 1

ζ2 e
4
3 Φ,

C1 →C1−ζdχ, C3 →C3−ζdχ∧B2,

ζ→ 1
ζ
, ξ→ ξ

ζ
, χ→−ϕ, β→ ζβ−ξϕ,

(B.25)

which does not appear to fit into the conditions of (B.12). The mapping
to (2.52) requires both 1/ξ and 1/ζ. Hence, fixing ζ =0 and ξ=0 derives the
new and unique solutions given in (3.3) and (3.4), respectively.
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By fixing ζ =−1, one derives an N =1 background which re-derives (B.15)
via an appropriate set of gauge and coordinate transformations, which read

C1 →−(C1+dχ), B2 →−B2, C3 →C3−dχ∧B2,

β→β−ξϕ, χ→ϕ, ξ→−ξ.
(B.26)

∗ c=0 (with v free)
In this case, we now make the following re-definitions (m≡ ζ,v≡ ξ,q≡ γ),
which re-derives the ξ=0 solution of (B.22) with

C1 →C1+ξdβ, C3 →C3+ξdβ∧B2, χ→χ−ζξβ. (B.27)

– (s,v)= 0 with (m,c) free parameters
The determinant in (2.49) now becomes qa=0. Of course, fixing a=0 corresponds
to the case just studied, and taking q=0 with a free re-derives (B.22) as well
(with β=β+aχ, i.e. one can set a=0 without loss of generality).

We now investigate the case where m is not a free parameter (which will of course break
supersymmetry in all cases).

• Fixing m=0 (with s free)
The other possibility is to ensure m is not a free parameter by fixing it to zero. In these
cases, s is now the free parameter.

– (m,c)= 0 with (s,v) free parameters
Here the determinant reduces to qa=0. These cases can be derived from the
(ξ,ζ)= 0 solution of (B.22) by the following transformations

∗ a=0 (with q free): re-defining χ→χ+qβ followed by

C1 →C1+vdβ+sdχ, C3 →C3+(vdβ+sdχ)∧B2. (B.28)

∗ q=0 (with a free): re-defining β→β+aχ followed by

C1 →C1+vdβ+sdχ, C3 →C3+(vdβ+sdχ)∧B2. (B.29)

– (m,q,v)= 0 with (s,a,c) free parameters
The remaining case can be derived from the ζ =0 solution of (B.22) after re-defining
ξ≡ c and β→β+(a−sc)χ, followed by

C1 →C1+sdχ, C3 →C3+sdχ∧B2. (B.30)

C Abelian T-Duality

We will now outline the Abelian T-Duality (ATD) calculations performed in this work.
Throughout this section, we will use T-Dual rules presented in [23] and given in (2.42)
(re-written here for convenience). Begin by making the following decomposition in Type IIA

ds2
10 = ds2

9,A+e2C(dy+A1)2, B=B2+B1∧dy, F =F⊥+F||∧Ey, (C.1)
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with Ey = eC(dy+A1). Then the Type IIB T-dual theory is defined as follows

ds2
9,B = ds2

9,A, ΦB =ΦA−CA, CB =−CA,

BB
2 =BA

2 +AA
1 ∧BA

1 , AB
1 =−BA

1 , BB
1 =−AA

1 ,

FB
⊥ = eCA

FA
|| , FB

|| = eCA
FA
⊥ .

(C.2)

We will begin by looking at the most general results for backgrounds with the make-up
of the Gaiotto-Maldacena solutions.

General forms. We will first use the following general form for the IIA backgrounds
presented in this work

IIA
ds2

10,st = ds2
7+ ds2

3, ΦA,

ds2
3 =hϕ1(η,σ,θ)dϕ2

1+hϕ2(η,σ,θ)dϕ2
2+hθ(η,σ,θ)dθ2+hϕ1ϕ2(η,σ,θ)dϕ1dϕ2

+hϕ1θ(η,σ,θ)dϕ1dθ+hϕ2θ(η,σ,θ)dϕ2dθ,

B2 =B2,ϕ1θdϕ1∧dθ+B2,ϕ2θdϕ2∧dθ+Bϕ1,ϕ2dϕ1∧dϕ2,

C1 =C1,ϕ1dϕ1+C1,ϕ2dϕ2+C1,θdθ, C3 =C3,ϕ1θϕ2dϕ1∧dθ∧dϕ2.

(C.3)

In fact, this is a little too general for the GM backgrounds themselves (where for example
hϕ1θ =hϕ2θ =0).28

The first step to T-Dualise will be to re-write the metric in the following form (for
an ATD along ϕ1)

ds2
3 =hϕ1

(
dϕ1+

1
2hϕ1

(hϕ1ϕ2dϕ2+hϕ1θdθ)
)2

+
4hθhϕ1−h2

ϕ1θ

4hϕ1

dθ2

+
4hϕ1hϕ2−h2

ϕ1ϕ2

4hϕ1

dϕ2
2+

2hϕ1hϕ2θ−hϕ1θhϕ1ϕ2

2hϕ1

dθdϕ2,

(C.4)

noting

F2 = dC1 = dC1,ϕ1∧dϕ1+dC1,ϕ2∧dϕ2+dC1,θ∧dθ,
F4 = dC3−H3∧C1

=
(
dC3,ϕ1θϕ2+C1,ϕ1dB2,ϕ2θ+C1,θdB2,ϕ1ϕ2−C1,ϕ2dB2,ϕ1θ

)
∧dϕ1∧dθ∧dϕ2.

(C.5)

28This more general form is needed for a second TST along ϕ2 (following one conducted along ϕ1) — which
turns out to be a trivial re-definition of the TST parameter.
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We then use the rules in (C.1) and (C.2) to derive the following IIB general solution

IIB (ATD along ϕ1)

ds2
10,B = ds2

9+
1
hϕ1

(
dϕ1+B2,ϕ1θdθ+B2,ϕ1ϕ2dϕ2

)2
,

ds2
9 = ds2

7+
(4hθhϕ1−h2

ϕ1θ

4hϕ1

)
dθ2+

(4hϕ1hϕ2−h2
ϕ1ϕ2

4hϕ1

)
dϕ2

2+
(2hϕ1hϕ2θ−hϕ1θhϕ1ϕ2

2hϕ1

)
dθdϕ2,

e
4
3 ΦB =

( 1
hϕ1

) 2
3
e

4
3 ΦA , C0 =C1,ϕ1 , (C.6)

B2 =
(
B2,ϕ2θ+

1
2hϕ1

(hϕ1θB2,ϕ1ϕ2−hϕ1ϕ2B2,ϕ1θ)
)
dϕ2∧dθ−

1
2hϕ1

(hϕ1ϕ2dϕ2+hϕ1θdθ)∧dϕ1,

C2 =
[
C3,ϕ1θϕ2+B2,ϕ1ϕ2

(
C1,θ−

1
2
hϕ1θ

hϕ1

C1,ϕ1

)
−B2,ϕ1θ

(
C1,ϕ2−

1
2
hϕ1ϕ2

hϕ1

C1,ϕ1

)]
dθ∧dϕ2

+
(
C1,ϕ2−

1
2
hϕ1ϕ2

hϕ1

C1,ϕ1

)
dϕ2∧dϕ1+

(
C1,θ−

1
2
hϕ1θ

hϕ1

C1,ϕ1

)
dθ∧dϕ1.

The idea here is that one need only plug in the functions corresponding to the specific IIA
example in question, and get out the IIB ATD without needing to perform the calculation
each time. In addition, we now write the TST transformation by making the coordinate
transformation ϕ2 →ϕ2+γ1ϕ1 in (C.6), before performing the ATD along ϕ1 for a second
time (to return to a IIA theory)

TST

ds2
10,A = ds2

9+
hϕ1(1−γ1α1)
1+γ1B2,ϕ1ϕ2

[
dϕ1+

hϕ1ϕ2

2hϕ1

dϕ2+
hϕ1θ

2hϕ1

dθ

+γ1

(
B2,ϕ2θ+

1
2hϕ1

(hϕ1θB2ϕ1ϕ2−hϕ1ϕ2B2,ϕ1θ)
)
dθ

]2

ds2
9 = ds2

7+
1
hϕ1

(
B2

2,ϕ1θ+hθhϕ1−
1
4h

2
ϕ1θ−α3α

2
2

)
dθ2+

(hϕ1hϕ2− 1
4h

2
ϕ1ϕ2

hϕ1α3

)
dϕ2

2

+ 1
hϕ1α3

[
(1+γ1B2,ϕ1ϕ2)

(
hϕ1hϕ2θ−

1
2hϕ1θhϕ1ϕ2

)
−2γ1B2,ϕ1θ

(
hϕ1hϕ2−

1
4h

2
ϕ1ϕ2

)]
dθdϕ2,

e
4
3 ΦT ST

A =
( 1−γ1α1
1+γ1B2,ϕ1ϕ2

) 2
3
e

4
3 ΦA ,

B2 =
[
B2,ϕ2θ+

(1−γ1α1)
2hϕ1

(
hϕ1θB2,ϕ1ϕ2−hϕ1ϕ2B2,ϕ1θ

)
+α2

hϕ1ϕ2

2hϕ1

−α1

(
hϕ1θ

2hϕ1

+γ1B2,ϕ2θ

)]
dϕ2∧dθ−(α1dϕ2+α2dθ)∧dϕ1,

C1 =C1,ϕ2dϕ2+C1,ϕ1dϕ1+C1,θdθ+γ1
(
C3,ϕ1θϕ2+C1,θB2,ϕ1ϕ2+C1,ϕ1B2,ϕ2θ−C1,ϕ2B2,ϕ1θ

)
dθ,

C3 =
[
(1−γ1α1)

(
C3,ϕ1θϕ2+C1,θB2,ϕ1ϕ2−C1,ϕ2B2,ϕ1θ+

C1,ϕ1

2hϕ1

(
hϕ1ϕ2B2,ϕ1θ−hϕ1θB2,ϕ1ϕ2

))
+α1

(
C1,ϕ1

hϕ1θ

2hϕ1

−C1,θ

)
−α2

(
C1,ϕ1

hϕ1ϕ2

2hϕ1

−C1,ϕ2

)]
dθ∧dϕ2∧dϕ1,
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α1 =
1
α3

[
B2,ϕ1ϕ2(1+γ1B2,ϕ1ϕ2)+γ1

(
hϕ1hϕ2−

1
4h

2
ϕ1ϕ2

)]
,

α2 =
1
α3

[
B2,ϕ1θ(1+γ1B2,ϕ1ϕ2)+

γ1
2
(
hϕ1hϕ2θ−

1
2hϕ1θhϕ1ϕ2

)]
,

α3 =(1+γ1B2,ϕ1ϕ2)2+γ2
1

(
hϕ1hϕ2−

1
4h

2
ϕ1ϕ2

)
. (C.7)

Less general forms. For the calculations performed in this section, the previous results are a
little too general and so are unnecessarily cumbersome. The Type IIA backgrounds presented
throughout this paper all fit into the following form, where (ϕ1,ϕ2) are the two U(1) directions

IIA
ds2

10,st = ds2
8+Γds2

2, ΦA,

ds2
2 =hϕ1(η,σ,θ)dϕ2

1+hϕ2(η,σ,θ)dϕ2
2+hϕ1ϕ2(η,σ,θ)dϕ1dϕ2,

B2 =
(
B2,ϕ1dϕ1+B2,ϕ2dϕ2

)
∧dθ, C1 =C1,ϕ1dϕ1+C1,ϕ2dϕ2,

C3 =C3,ϕ1ϕ2dϕ1∧dθ∧dϕ2,

(C.8)

where for the backgrounds in question,

ds2
8 = ds2

7+fθdθ
2, ds2

7 = e
2
3 ΦAf1

[
4ds2(AdS5)+f4(dσ2+dη2)

]
,

Γ= f2
1 e

− 2
3 ΦA , fθ = e

2
3 ΦAf1f2,

(C.9)

noting that in this case,

F2 = dC1 = dC1,ϕ1∧dϕ1+dC1,ϕ2∧dϕ2,

F4 = dC3−H3∧C1 =
(
dC3,ϕ1ϕ2+C1,ϕ1dB2,ϕ2−C1,ϕ2dB2,ϕ1

)
∧dϕ1∧dθ∧dϕ2.

(C.10)

We play the same game as before, re-writing the metric as follows

ds2
2 =hϕ1dϕ

2
1+hϕ2dϕ

2
2+hϕ1ϕ2dϕ1dϕ2 =hϕ1

(
dϕ1+

1
2
hϕ1ϕ2

hϕ1

dϕ2

)2
+
(
hϕ2−

1
4
h2

ϕ1ϕ2

hϕ1

)
dϕ2

2,

(C.11)
before using the ATD rules given in (C.1) and (C.2). Of course, one could instead use
the more general forms in the previous subsection. Now, performing a T-Duality along
ϕ1 on (C.8), one gets

IIB (ATD along ϕ1)

ds2
10,B = ds2

8+δ1 dϕ
2
2+δ2

(
dϕ1+B2,ϕ1dθ

)2
, δ1 =Γ

(
hϕ2−

1
4
h2

ϕ1ϕ2

hϕ1

)
, δ2 =

1
hϕ1Γ

,

e
4
3 ΦB = δ

2
3
2 e

4
3 ΦA , B2 =

(
B2,ϕ2−

1
2
hϕ1ϕ2

hϕ1

B2,ϕ1

)
dϕ2∧dθ−

1
2
hϕ1ϕ2

hϕ1

dϕ2∧dϕ1, C0 =C1,ϕ1 ,

C2 =
(
C3,ϕ1ϕ2−B2,ϕ1

(
C1,ϕ2−

1
2
hϕ1ϕ2

hϕ1

C1,ϕ1

))
dθ∧dϕ2+

(
C1,ϕ2−

1
2
hϕ1ϕ2

hϕ1

C1,ϕ1

)
dϕ2∧dϕ1.

(C.12)
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Once again, we now write the TST solution by making the coordinate transformation
ϕ2 →ϕ2+γ1ϕ1 in (C.12), before performing the ATD along ϕ1 for a second time (to return
to a IIA theory)

TST

ds2
10,A = ds2

8+
1

δ2+γ2
1δ1

[
δ1δ2(dϕ2−γ1B2,ϕ1dθ)2

+
(
dϕ1+

1
2
hϕ1ϕ2

hϕ1

dϕ2+γ1
(
B2,ϕ2−

1
2
hϕ1ϕ2

hϕ1

B2,ϕ1

)
dθ

)2 ]
,

e
4
3 ΦT ST

A =
(

δ2
δ2+γ2

1δ1

) 2
3
e

4
3 ΦA ,

B2 =
δ2

δ2+γ2
1δ1

(B2,ϕ2dϕ2+B2,ϕ1dϕ1)∧dθ−
γ1δ1

δ2+γ2
1δ1

dϕ2∧dϕ1,

C1 =C1,ϕ2dϕ2+C1,ϕ1dϕ1+γ1(C3,ϕ1ϕ2+C1,ϕ1B2,ϕ2−C1,ϕ2B2,ϕ1)dθ,

C3 =
δ2

δ2+γ2
1δ1

C3,ϕ1ϕ2dθ∧dϕ2∧dϕ1, δ1 =Γ
(
hϕ2−

1
4
h2

ϕ1ϕ2

hϕ1

)
, δ2 =

1
hϕ1Γ

.

(C.13)

In doing such a calculation, one picks up the parameter γ1. One can indeed see by observation
that setting γ1 =0 in (C.13) gives (C.8).

In what follows, we will utilise (C.12) to derive Type IIB theories, keeping track of
the supersymmetry along the way. We will see that one can indeed get N =1 IIB theories
using this method, but one must be careful in order to preserve the U(1)r R-Symmetry
component. We do not calculate Type IIA TST solutions of our backgrounds, this is left
for future investigations. We will however utilise (C.13) to find a TST deformation of the
GM background following an uplift. See appendix D.

We split this section into three, with the seed IIA theories corresponding to the β, χ
and ϕ dimensional reduction, respectively. This will make things cleaner, as in each of the
three cases, our definitions of (ϕ1,ϕ2) will differ.

T-dualising the β reduction. Recall that the most general 11D G-structure forms must
preserve the U(1)r R-Symmetry component given in (2.50) under dimensional reduction,
in order to preserve supersymmetry. In the case of the β reduction, this corresponds to
the condition ζ =−ξ (with c= a=0 and q≡ ξ, v≡ ζ). This derives N =1 solutions for
ξ ̸=0, promoting to N =2 for ξ=0 (where the SU(2)R component is recovered). The U(1)r

component now becomes in general (p+s)χ+(m+u)ϕ, which in turn must be preserved
under T-Duality to preserve the supersymmetry in Type IIB. Thus, for a T-duality along
χ, we must fix p+s=0; for a T-duality along ϕ, we must fix m+u=0. Recalling that the
determinant given in (2.49) becomes pu−ms=1, so we must either have (pu=1, ms=0)
or (pu=0, ms=−1).

We look first at the case where pu=1 and ms=0 (where m or s is a free parameter and
can be set to zero in the IIA case without loss of generality — see appendix B). Following the
conventions we have been using throughout this paper, we will use γ for this free parameter.
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Hence, we now have the following possibilities (using the SL(3,R) transformation given
in (2.49))

1. (p=1, s= γ, u=1, m=0) with a T-duality along χ

dχ= dχ+ξ dβ, dϕ= dϕ+γ dχ+ζ dβ, (C.14)

with γ=−1, ζ =−ξ for N =1 (noting p=−1, γ=1 corresponds to the same background
after χ→−χ and ϕ→−ϕ).

2. (u=1, m= γ, p=1, s=0) with a T-duality along ϕ

dχ= dχ+γdϕ+ξ dβ, dϕ= dϕ+ζ dβ, (C.15)

with γ=−1, ζ =−ξ for N =1 (noting as above, u=−1, γ=1 corresponds to the same
background after χ→−χ and ϕ→−ϕ).

We now instead fix pu=0 and ms=−1 (where in this case γ=1 corresponds to supersymmetry
preservation), giving

3. (s=1,m=−1,p=0,u= γ) with a T-duality along ϕ

dχ=−dϕ+ξ dβ, dϕ= dχ+γdϕ+ζdβ. (C.16)

4. (m=1,s=−1,u=0,p= γ) with a T-duality along χ

dχ= dϕ+γdχ+ξ dβ, dϕ=−dχ+ζ dβ. (C.17)

We now see that (C.16) maps to (C.14) by γ→−γ, ϕ→−χ, χ→ϕ and (C.17) maps
to (C.15) by γ→−γ, χ→−ϕ, ϕ→χ. The consequence of this is that the coordinate
transformations of (C.15) followed by a T-duality along ϕ is equivalent to the coordinate
transformations of (C.17) followed by a T-duality along χ. Thus, calculating the most general
form for a T-duality along χ will automatically contain within it the T-duality along ϕ, and
vice versa. Analogous arguments should of course hold for the χ and ϕ reductions, with
ATDs along (β,ϕ) and (β,χ), respectively.

We will now perform an ATD on the two-parameter family of solutions given in (2.52)
(and derived in [2]), where we have already fixed (p,u)= 1. For this discussion it will be
instructive to switch on the SUSY parameter γ (which plays a trivial role in the Type IIA
background and set to zero) as it could become vital in the following analysis. Of course,
there are many N =0 solutions contained within the mathematics, but we will focus here
on deriving an N =1 background. The type IIA background in question now have the
following U(1)r component

U(1)r =(1+s)χ+(1+m)ϕ, ms=0. (C.18)

Hence, to preserve the R-Symmetry under ATD, one must either fix (s≡ γ=−1,m=0) and T-
dualise along χ, or fix (m≡ γ=−1,s=0) and T-Dualise along ϕ. We will see in fact that both
approaches lead to the same N =1 IIB background, following appropriate transformations.
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• s≡ γ

We begin with fixing s≡ γ (with m=0). We will start with the ATD which will give
rise to an N =1 background, which in this case is along χ. We then T-dualise along
the other U(1) direction, which is of course along ϕ in this case. The parameters are
now (p,b,u)= 1, (a,c,m)= 0, q≡ ξ,v≡ ζ,s≡ γ.

– Performing an ATD along χ

Using (C.12), we now derive the three-parameter family of solutions given in (4.2).
As we’ve explained, we derive the N =1 background by fixing ζ =−ξ and setting
γ=−1 (noting that γξ−ζ =0). One then derives the solution given in (4.25).

– Performing an ATD along ϕ

Performing the ATD along ϕ leads to a two parameter N =0 family of solutions.
This background will be re-derived as the γ=0 solution of (C.19) (up to appropriate
gauge transformation).

• m≡ γ

We now investigate the solutions with m≡ γ (and s=0). Once again, we begin with
the case which will derive a SUSY background, which is now an ATD along ϕ. We then
once again T-Dualise along the other U(1) in question, now χ. The parameters now
read (p,b,u)= 1, (a,c,s)= 0, q≡ ξ,v≡ ζ,m≡ γ.

– Performing an ATD along ϕ
One now gets (noting C3,ϕχ =−C3,χϕ)29

ds2
10,B = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dϕ−

(
f8+(ξ−ζγ)f7

)
sinθdθ

)2
)]

,

Ξ̂ = γ2f3f5+f2

(
(ξ−γζ)2f3+f5

(
1+(ξ−γζ)f6

)2
)
sin2 θ,

e2ΦB = 1
Ξ̂

[
f5(1+ξf6)2+ξ2f3+ζ2f2 sin2 θ

]2
,

e
4
3 ΦA = f1

[
f5(1+ξf6)2+ξ2f3+ζ2f2 sin2 θ

]
,

C0 = f1e
− 4

3 ΦA
(
γf5f6(1+ξf6)+γξf3+ζf2 sin2 θ

)
,

B2 =
(
ζf7+

1
Ξ̂
(
f8+(ξ−γζ)f7

)(
γf3f5

−ζf2
(
f5f6(1+(ξ−γζ)f6)+(ξ−γζ)f3

)
sin2 θ

))
sinθdχ∧dθ

− 1
Ξ̂

(
γf3f5−ζf2

(
f5f6(1+(ξ−γζ)f6)+(ξ−γζ)f3

)
sin2 θ

)
dχ∧dϕ,

C2 =− 1
Ξ̂

(
γ2f3f5f7+f2 sin2 θ

[
f5(f7−f6f8)

(
1+(ξ−γζ)f6

)
−(ξ−γζ)f3f8

])
sinθdθ∧dχ

+ 1
Ξ̂
f2
(
f5f6(1+(ξ−γζ)f6)+(ξ−γζ)f3

)
sin2 θdχ∧dϕ. (C.19)

29By the discussion at the start of this subsection, one can derive this result by fixing p= γ,u= 0,m= 1,s=
−1, b= 1, c= a= 0, q= ξ,v= ζ, performing an ATD along χ and then redefining γ=−γ with ϕ→χ,χ→−ϕ.
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One can map this solution to (4.2) via the transformations given in (B.12) (with
k1 =1,k2 = 1

γ )30

e2ΦB → γ2e2ΦB , C0 →
1
γ
C0, C2 →

1
γ
C2, B2 →B2−

1
γ
dϕ∧dχ,

ϕ→ γχ, χ→−γϕ, γ→ 1
γ
.

(C.20)

One can now say that the γ=0 case is a new and unique family of N =0 solutions,

ds2
10,B = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dϕ−

(
f8+ξf7

)
sinθdθ

)2)]
,

Ξ̂ = f2
(
ξ2f3+f5

(
1+ξf6

)2)sin2 θ, C0 = ζf1f2e
− 4

3 ΦA sin2 θ,

e2ΦB = 1
Ξ̂

[
f5(1+ξf6)2+ξ2f3+ζ2f2 sin2 θ

]2
,

e
4
3 ΦA = f1

[
f5(1+ξf6)2+ξ2f3+ζ2f2 sin2 θ

]
,

B2 = ζ

(
f7−

f2

Ξ̂
(
f8+ξf7

)(
f5f6(1+ξf6)+ξf3

)
sin2 θ

)
sinθdχ∧dθ

+ζ f2

Ξ̂
(
f5f6(1+ξf6)+ξf3

)
sin2 θdχ∧dϕ,

C2 =
−f2

Ξ̂

[(
f5(f7−f6f8)

(
1+ξf6

)
−ξf3f8

)
sin3 θdθ∧dχ

−
(
f5f6(1+ξf6)+ξf3

)
sin2 θdχ∧dϕ

]
(C.21)

Typically, performing an analogous T-Duality along the U(1) of the S2 generates
singularities in the dual description. Because of this, we refrain from including
this solution in the main body of the paper, but include it here for completeness.

– Performing an ATD along χ

Now, by T-dualising along χ, one derives a background which corresponds to the
γ=0 solution of (4.2) (up to a gauge transformation in B2).

C.1 Deriving the TST of NRSZ

Let us now fix ζ =−ξ in (4.2), recalling that this is the first of the two necessary conditions to
preserve N =1 in the IIB theory (along with γ=−1). This of course derives a two parameter

30As before, when γ=−1 and ζ =−ξ (where ξ−γζ = 0), one derives an N = 1 background. This solution
re-derives (4.25) via the following transformations

C0 →−C0, C2 →−C2, B2 →B2+dϕ∧dχ,
ϕ→−χ, χ→ϕ.
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family of N =0 backgrounds, promoting to the N =1 solution in (4.25) for γ=−1. However,
let us for the moment keep γ free and instead fix ξ=0, one then gets

ds2
10,st = f

3
2

1 f
1
2

5

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ f2f3
f3+γ2f2 sin2 θ

sin2 θdϕ2

+ (dχ−γf8 sinθdθ)2

f3
1 (f3f5+γ2 sin2 θf2f5)

]
,

e2ΦB = f5
f3+γ2f2 sin2 θ

, B2 =
f3f8

f3+γ2f2 sin2 θ
sinθdθ∧dϕ+ γf2

f3+γ2 sin2 θf2
sin2 θdχ∧dϕ,

C0 = f6, C2 =
f3f7+γ2f2(f7−f6f8)sin2 θ

f3+γ2f2 sin2 θ
dθ∧dϕ+ γf2f6

f3+γ2f2 sin2 θ
sin2 θdχ∧dϕ.

(C.22)

As we will now demonstrate, we have re-derived the TST background presented in [7].
Rewriting the GM warp factors in terms of the definitions used in [7] (which we label with
a bar for clarity)

f3 =
f̄4

f̄1
, f2 =

f̄3

f̄1
, f5 =

f̄8

f̄1
, f4 =

f̄2

f̄1
, f8 = f̄5,

f6 = f̄6, f7 = f̄7, f
3
2

1 f
1
2

5 =κ2Λ
1
2 =κ2f̄1,

(C.23)

one arrives at

ds2
10,B =κ2

[
4f̄1ds

2(AdS5)+f̄3dθ
2+f̄2(dσ2+dη2)

+ 1
f̄4+γ2f̄3 sin2 θ

(
f̄3f̄4 sin2 θdϕ2+ 1

κ4 (dχ−γ f̄5 sinθdθ)2
)]
,

e2ΦB = f̄8

f̄4+γ2f̄3 sin2 θ
, BB = γf̄3 sin2 θ

f̄4+γ2f̄3 sin2 θ
(dχ−γf̄5 sinθdθ)∧dϕ+f̄5 sinθdθ∧dϕ,

C0 = f̄6, C2 = f̄7 sinθdθ∧dϕ+
γf̄6f̄3 sin2 θ

f̄4+γ2f̄3 sin2 θ
(dχ−γf̄5 sinθdθ)∧dϕ (C.24)

with (θ= χ̄, χ= β̄, ϕ= ξ̄). Here, we have jumped in at the ‘S’ stage of their TST transfor-
mation, making a coordinate transformation in IIA before T-Dualising to IIB. We can now
say that the TST solution of [7] is in fact an N =1 background when γ=−1, and SUSY
broken otherwise. It is also a specific example of the three parameter family of solutions
given in (4.2) (with ζ =−ξ=0). The G-Structure conditions for the γ=−1 solution are
thus given in (A.30) (with ξ=0).

T-dualising the χ reduction. In the χ reduction case, we will follow the same procedure
as the previous subsection. Once again, in order to preserve supersymmetry under T-Duality,
we must leave the U(1)r component intact. As we will see, only an ATD along β (with
ζ =−1 and γ=0) will lead to a SUSY preserved solution. This is a little different to the β
reduction case, where one could perform an ATD along both χ and ϕ to derive an N =1
background. This is a remnant of the GM U(1)r component being χ+ϕ prior to the SL(3,R)
transformation. We now effectively pick up where appendix B left off, and investigate the
ATD for the χ reduction with a≡ ξ and q≡ ξ, in turn.
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• a≡ ξ

In this case, we have (from (2.50))

U(1)r =(1+ζ)χ+γβ+ϕ, (C.25)

with (p,b,u)= 1, (q,c,m)= 0, a≡ ξ,s≡ ζ,v≡ γ.

Using (C.12), we now investigate an ATD along β and ϕ in turn.

– Performing an ATD long β

Now performing an ATD along β, we get the following three-parameter family of
solutions

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ 1
Ξ̂

(
f2f3f5 sin2 θdϕ2

+ 1
f3

1

(
dβ+

(
(ζ−γξ)f8−γf7

)
sinθdθ

)2)]
,

e2ΦB = 1
Ξ̂
(
f5(f6+ξ)2+f3+ζ2f2 sin2 θ

)2
,

e
4
3 ΦA = f1

[
f5(f6+ξ)2+f3+ζ2f2 sin2 θ

]
,

B2 =sinθ 1
Ξ̂

[
f2
(
γf3+f5(f6+ξ)(γf6+γξ−ζ)

)
sinθdβ

+
[
f3f5(f7+ξf8)+ζf2

(
γf3f8+f5(f6f8−f7)(γf6+γξ−ζ)

)
sin2 θ

]
dθ

]
∧dϕ,

C2 =sinθ 1
Ξ̂

[
f2f5(γf6+γξ−ζ)sinθdβ

+
[
f3f5f8+γf2

(
γf3f8+f5(f6f8−f7)(γf6+γξ−ζ)

)
sin2 θ

]
dθ

]
∧dϕ,

C0 = f1e
− 4

3 ΦA
(
f5(f6+ξ)+γζf2 sin2 θ

)
,

Ξ̂ = f3f5+f2
(
γ2f3+f5(γf6+γξ−ζ)2)sin2 θ. (C.26)

Once again we find that one can map this solution to (4.2) via the transformations
given in (B.12) (with k1 = 1

ξ ,k2 = ξ
5
2 )

gMN → 1
ξ
gMN , e2ΦB → 1

ξ4 e
2ΦB , C0 → ξ2C0, C2 → ξC2, B2 →

1
ξ
B2,

B2 →−B2, C0 →−C0+ξ, C2 →C2−ξB2,

ϕ→−ϕ, β→−χ, ζ→ ζξ, γ→ ζ− γ

ξ
, ξ→ 1

ξ
.

(C.27)
It does not appear possible to map this to (C.19). We therefore argue that the
ξ=0 solution is new and unique — given in (4.27).
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After fixing (ζ =−1,γ=0), one derives the following N =1 solution

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)+ f2f3
f3+f2 sin2 θ

sin2 θdϕ2

+ (dβ−f8 sinθdθ)2

f3
1 (f3f5+sin2 θf2f5)

]
, e

4
3 ΦA = f1

[
f5(f6+ξ)2+f3+f2 sin2 θ

]
,

e2ΦB =
(
f5(f6+ξ)2+f3+sin2 θf2

)2
f3f5+sin2 θf2f5

, C0 =
f5(f6+ξ)

f5(f6+ξ)2+f3+sin2 θf2
,

B2 =
sinθ

f3+f2 sin2 θ

(
f2(f6+ξ)sinθdβ+

(
f3(f7+ξf8)+f2(f7−f6f8)sin2 θ

)
dθ

)
∧dϕ,

C2 =
sinθ

f3+f2 sin2 θ

(
f2 sinθdβ+f3f8dθ

)
∧dϕ. (C.28)

Using the transformations given in (B.12), with k1 = ξ−1, k2 = ξ
5
2

gMN → 1
ξ
gMN , B2 →

1
ξ
B2 C0 → ξ2C0, C2 → ξC2 e2Φ → 1

ξ4 e
2Φ,

(C.29)
followed by

C0 →−C0+ξ, C2 →−C2+ξB2, ξ→ 1
ξ
, β→−χ, (C.30)

one maps to (4.25). Again, we argue that the ξ=0 case here is new and unique —
given in (4.28).

– Performing an ATD long ϕ

Performing an ATD along ϕ leads to the following N =0 family of solutions

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdβ2+ 1

f3
1

(
dϕ−(f7+ξf8)sinθdθ

)2)]
, (C.31)

e2ΦB = 1
Ξ̂
(
f5(f6+ξ)2+f3+ζ2f2 sin2 θ

)2
,

e
4
3 ΦA = f1

[
f5(f6+ξ)2+f3+ζ2f2 sin2 θ

]
,

B2 =− ζ

Ξ̂
f2 sin2 θ

[
f5(f6+ξ)dϕ+

(
f3f8+f5(f6f8−f7)(f6+ξ)

)
sinθdθ

]
∧dβ

+γdϕ∧dβ,

C2 =−γ
ζ
dϕ∧dβ, C0 = ζf1f2e

− 4
3 ΦA sin2 θ− 1

ζ
,

Ξ̂ = f2
(
f5(f6+ξ)2+f3

)
sin2 θ,

where we can see that γ only emerges as a large gauge transformation of B2. We
have introduced a gauge transformation into C0 to simplify C2. Once again, we
refrain from including this in the main body because typically, analogous T-Duals
along a U(1) of an S2 lead to singularities in the dual description.
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• q≡ ξ

We now have (from (2.50))

U(1)r =(1+ζ)χ+(ξ+γ)β+ϕ, (C.32)

with (p,b,u)= 1, (a,c,m)= 0, q≡ ξ,s≡ ζ,v≡ γ.
Using (C.12), we once again investigate an ATD along β and ϕ in turn.

– Performing an ATD long β

Performing an ATD along β calculates a background which is derived from (C.26)
by fixing ξ→ 0,γ→ γ−ζξ, before applying the following gauge transformations

C0 →C0+ξ, C2 →C2+ξB2. (C.33)

One then re-derives the existing N =1 solution.
– Performing an ATD long ϕ

Here one derives a solution which matches (C.31) with ξ=0, followed by the
following gauge transformations

C2 →C2−ξdϕ∧dβ, B2 →B2−ζξdϕ∧dβ. (C.34)

T-dualising the ϕ reduction. This subsection will largely mirror the previous one, following
the same logic. Once again, one must perform the ATD along β in order to preserve SUSY.

• c≡ ξ

We now have
U(1)r =χ+γβ+(ζ+1)ϕ, (C.35)

with (p,b,u)= 1, (s,a,v)= 0, c≡ ξ,m≡ ζ,q≡ γ.

– Performing an ATD along β

One now derives the following three parameter family of solutions 31

ds2
10,st = e

2
3 ΦAf1

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ̂

(
f2f3f5 sin2 θdχ2+ 1

f3
1

(
dβ+(f8+γf7)sinθdθ

)2)]
,

Ξ̂ = (ζ−γξ)2f3f5+f2
(
γ2f3+f5(1+γf6)2

)
sin2 θ,

e2ΦB = 1
Ξ̂
(
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

)2
,

e
4
3 ΦA = f1

[
f5(ζf6+ξ)2+ζ2f3+f2 sin2 θ

]
,

31Fixing (γ= 0, ζ =−1) derives an N = 1 solution which re-derives (C.28) via the following transformations

C2 →C2−dβ∧dχ, B2 →−B2+ξdβ∧dχ, C0 →−C0,

χ→ϕ, β→−β, ξ→−ξ.
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B2 =
1
Ξ̂

[(
ξ(γξ−ζ)f3f5+f2(γf3+f5f6(1+γf6))sin2 θ

)
dβ

+sinθ
(
(γξ−ζ)f3f5(ζf7+ξf8)

−f2
(
−γf3f8+f5(f7−f6f8)(1+γf6)

)
sin2 θ

)
dθ

]
∧dχ,

C0 = f1e
− 4

3 ΦA
(
γζf3+f5(1+γf6)(ζf6+ξ)

)
,

C2 =
(γξ−ζ)

Ξ̂
f3f5

(
dβ+(f8+γf7)sinθdθ

)
∧dχ. (C.36)

Once again we find that one can map this solution to (4.2) via the transformations
given in (B.12) (with k1 = 1

ξ ,k2 = ξ
5
2

ζ−γξ )

gMN → 1
ξ
gMN , e2ΦB → (ζ−γξ)2

ξ4 e2ΦB , C0 →
ξ2

ζ−γξ
C0,

C2 →
ξ

ζ−γξ
C2, B2 →

1
ξ
B2,

C0 →−C0+
ξ

ζ−γξ
, C2 →−C2+

ξ

ζ−γξ
B2,

χ→−(ζ−γξ)ϕ, β→−(ζ−γξ)χ, ζ→ ξ̄

ζ̄
, ξ→ 1

ζ̄
,

γ→−1
γ̄
(ζ̄−γ̄ξ̄).

(C.37)
Here we see that 1/ξ,1/ζ,1/γ,1/(ζ−γξ) are required. We therefore argue that
fixing each of these to zero in turn derives new and unique solutions, given
in (4.29), (4.30), (4.31) and (4.32), respectively. It does not appear possible to
map this solution to (C.19) or (C.26).

– Performing an ATD long χ

Here we have the N =0 solution given in (4.33).

• v≡ ξ

We now have (from (2.50))

U(1)r =χ+(γ+ξ)β+(ζ+1)ϕ, (C.38)

with (p,b,u)= 1, (s,a,c)= 0, v≡ ξ,m≡ ζ,q≡ γ.

– Performing an ATD along β

Here one computes a background which is derived via (C.36) by fixing ξ→ 0,γ→
γ−ζξ, before applying the following gauge transformations

C0 →C0+ξ, C2 →C2+ξB2. (C.39)
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GM

ϕ3

IIA
T

ATD ϕ1

IIB
S

ϕ2 →ϕ2+γϕ1

IIB
T

ATD ϕ1

IIA

TST deformed GM

ϕ3

Figure 2. Dimensionally reducing along ϕ3, performing a TST along ϕ1, before uplifting along ϕ3.

Then, fixing (γ=−ξ, ζ =−1) we derive another N =1 solution which once again
maps to the solutions already given.32

– Performing an ATD along χ

Performing an ATD along χ derives a solution where γ and ξ are carried through the
calculation as gauge transformations of B2 and C2. The background can be derived
from (4.33) by fixing ξ=0 before applying the following gauge transformations

B2 →B2−ζξdχ∧dβ, C2 →C2+ξdβ∧dχ. (C.41)

D TST deformations of Gaiotto-Maldacena

Using the TST formulas given in (C.7) and (C.13), one can simply uplift along ϕ3 to get
deformations of the GM background up in 11 dimensions, see figure 2. Using the reduction
formula given in (2.36) (with ψ≡ϕ3), we uplift (C.13) as follows

ds2 =
(
δ2+γ2

1δ1
δ2

) 1
3
e−

2
3 ΦA

[
ds2

8+
1

δ2+γ2
1δ1

[
δ1δ2(dϕ2−γ1B2,ϕ1dθ)2

+
(
dϕ1+

1
2
hϕ1ϕ2

hϕ1

dϕ2+γ1
(
B2,ϕ2−

1
2
hϕ1ϕ2

hϕ1

B2,ϕ1

)
dθ

)2 ]]

+
(

δ2
δ2+γ2

1δ1

) 2
3
e

4
3 ΦA

(
dϕ3+C1,ϕ2dϕ2+C1,ϕ1dϕ1+γ1(C3,ϕ1ϕ2+C1,ϕ1B2,ϕ2−C1,ϕ2B2,ϕ1)dθ

)2
,

C3 =
δ2

δ2+γ2
1δ1

C3,ϕ1ϕ2dθ∧dϕ2∧dϕ1+
δ2

δ2+γ2
1δ1

(B2,ϕ2dϕ2+B2,ϕ1dϕ1)∧dθ∧dϕ3

− γ1δ1
δ2+γ2

1δ1
dϕ2∧dϕ1∧dϕ3, δ1 =Γ

(
hϕ2−

1
4
h2

ϕ1ϕ2

hϕ1

)
, δ2 =

1
hϕ1Γ

,

which is sufficient for our purposes, of course the more general form given in (C.7) follows
in the same manner.

32Via
C2 →C2−dβ∧dχ, B2 →−B2, C0 →−C0,

ϕ→χ, χ→ϕ, β→−β, ξ→−ξ.
(C.40)
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For the GM background, we have six iterations corresponding to (ϕ1,ϕ2,ϕ3)= (χ,ϕ,β) etc.
This is the choice which we will use in the following analysis. In fact, this will be sufficient, as it
seems each of the six alternatives will lead to the same background (up to relabelling γ→−γ).

Explicitly, we have

ds2
8 = f1e

2
3 ΦA

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)
]
,

e
4
3 ΦA = f1f5, Γ= f1e

2
3 ΦA , C1,ϕ1 =C1,χ = f6, C1,ϕ2 =C1,ϕ =0,

B2,ϕ1 =B2,χ =0, B2,ϕ2 =B2,ϕ =−f8 sinθ, C3,ϕ1ϕ2 =C3,χϕ = f7 sinθ,
hϕ1 =hχ = f3, hϕ2 =hϕ = f2 sin2 θ, hϕ1ϕ2 =hχϕ =0, (D.1)

giving

ds2 = f1(1+γ2f3
1 f2f3f5 sin2 θ)

1
3

[
4ds2(AdS5)+f2dθ

2+f4(dσ2+dη2)

+ 1
1+γ2f3

1 f2f3f5 sin2 θ

[
f2 sin2 θdϕ2+f3(dχ−γf8 sinθdθ)2

+f5
(
dβ+f6dχ+γ(f7−f6f8)sinθdθ

)2]]
,

C3 =
1

1+γ2f3
1 f2f3f5 sin2 θ

[
f7 sinθdθ∧dϕ∧dχ+f8 sinθdθ∧dϕ∧dβ

−γf3
1 f2f3f5 sin2 θdϕ∧dχ∧dβ

]
. (D.2)

Following the U(1)r component through such a calculation shows that, at best, it is necessarily
broken by the TST transformation prior to the uplift. Hence, γ ̸=0 breaks the N =2 solution
to N =0.

E Brane rotation interpretation

A possible interpretation of broken quantization in the absence of an orbifold singularity
is now presented. For the sake of this appendix, we assume the first gauge transformation
of the D5 branes is chosen, leading to the charge given in (4.19) and (4.24). First define
the ‘true charges’ for ξ=0 in each interval

QT
D5,k =Nk, QT

D7,k+1 =2Nk+1−Nk−Nk+2. (E.1)

We can then interpret the charges (4.19) as a projected value of the true charges following
a rotation of the branes in each interval — with the magnitude of rotation depending on
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k k+1
ξ→−ϵ∞

ξ→ ϵ∞

QD5

QT
D5

φk

cosφk = 1
1+ξ(Nk+1−Nk)

ϵ= sign(Nk+1−Nk)

ξ=0 ⇒
⊗

F1 D7

⊗
F2 D7

⊗
FP−1 D7

1 2 3 P−1P

. . .

N1 D5 N2 D5 NP−1 D5

φ1
φ2 φP−1

Figure 3. The D5 branes still have a charge QT
D5 but are rotated as a function of ξ. Hence, when

calculating the charge along the usual cycle, this value is distorted due to the rotation — meaning,
the charge calculated, QD5, is just the quantity of charge projected onto this cycle.

ξ. For the D5s, we then get33

QD5,k =QT
D5,k cosφk, cosφk = 1

lk
, lk =1+ξ(Nk+1−Nk). (E.3)

In the case of the D7s, they are rotated by the same amount as the D5 in each interval
(namely, φk in some direction) plus an additional rotation in a plane perpendicular (φk+1), i.e.

QD7,k+1 =QT
D7,k+1 cosφk cosφk+1. (E.4)

It is worth noting that the NS5 branes are untouched. Notice from (E.3) that when
cosφk =−1, the D5 charge flips in sign, equivalent to a π rotation — this is consistent
with the flipping of orientation we’re used to. The same is true in the D7 case when
cosφk cosφk+1 =−1. In order to avoid divergences, the choice of Rank Function naturally
constrains the possible choices of ξ. In each interval, each brane is rotated by a unique
amount, dictated by Nk+1−Nk and Nk+2−Nk+1. A Hannany-Witten diagram showing a
schematic of D5 brane rotations is given in figure 3. The magnitude of rotation in each
interval is highly constrained by the fact (ξ, Nk)∈Z, and cannot be arbitrarily small. In
the ξ→∞ limit, the D5 branes are rotated by π

2 .

33Using the charges given in (4.26), the magnitude of rotation in each interval is given by the following ratio

C0

C0ξ=0

∣∣∣∣
σ→0

=
f6(1+ξf6)+ξ f3

f5

f6

(
(1+ξf6)2+ξ2 f3

f5

)∣∣∣∣
σ→0

= 1
1+ξR′(η) . (E.2)

Note also, e
Φ
2 ξ=0

e
Φ
2

∣∣∣∣
σ→0

leads to the same result.
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F Holographic central charge for Type IIB

The general Holographic Central Charge, chol, is given by (see [4, 29–31] for further details)

ds2 =α(ρ, #»

θ )
(
dx2

1,d+β(ρ)dρ2
)
+gij(ρ,

#»

θ )dθidθj ,

chol =
dd

GN
βd/2H

2d+1
2

(H ′)d
, H =V 2

int, Vint =
∫
d

#»

θ
√

det[gij ]e−4Φαd,
(F.1)

with GN =8π6α′4g2
s =8π6, and d=3 for the present discussion.

We now calculate this quantity for the form of the IIB metrics given throughout this
paper, which read in general

ds2
10,B =4ρ2e

2
3 ΦAf1

(
dx2

1,3+
1
ρ4dρ

2
)
+e

2
3 ΦAf1

[
f2dθ

2+f4(dσ2+dη2)

+ 1
Ξ

(
f2f3f5 sin2 θdϕ2

1+
1
f3

1

[
dϕ2+g(η,σ)sinθdθ

]2)]
, e2ΦB = 1

Ξf2
1
e

8
3 ΦA ,

(F.2)

where for the three parameter family of solutions given in (4.2) we have ϕ1 =ϕ, ϕ2 =χ,

g(η,σ)=−
(
(γξ−ζ)f7+γf8

)
. We now calculate the following quantities

det[gij ] =
e

10
3 ΦA

Ξ2 f2
1 f

2
4 f

2
2 f3f5 sin2 θ, α=4ρ2e

2
3 ΦAf1,

⇒
√

det[gij ]e−4ΦBα3 =8ρ3f
9
2

1 f
1
2

3 f
1
2

5 f4f2Vol(S1)Vol(S2),
(F.3)

with all dilaton and Ξ dependence dropping out neatly. This matches exactly the IIA
Holographic Central charges discussed in [2], and is independent of all transformation
parameters. We hence simply quote the result derived in [2],

chol =
κ3

π4

∞∑
k=1

PR2
k. (F.4)

This is unsurprising given the arguments presented in section 4.3 of [4].

G Values of fi at the boundaries

Here we simply quote the results given in [2] of fi at each boundary in turn.

At σ → ∞. To leading order

V =−R1e
− π

P
σ

√
P

2σ sin
(2π
P
η

)
+. . . , (G.1)
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with

f1 =
(
π3R2

1κ
2σ2

4P 2 e−
2π
P

σ

) 1
3

, f2 =
2P
πσ

sin2
(
πη

P

)
, f3 =4,

f4 =
2π
Pσ

, f5 =
4P 2

π3R2
1
e

2π
P

σ (G.2)

f6 =
√

2
Pσ

πR1e
− π

P
σ cos

(
πη

P

)
, f7 =−2κR1

√
2P
σ
e−

π
P

σ sin3
(
πη

P

)
,

f8 =κ

(
−2η+P

π
sin
(2πη
P

))
.

At η = 0 with σ ̸= 0.

V̇ ′= f, V̇ = fη, V ′′=− η

σ2 ḟ , V̈ = ηḟ ,

f(σ)= π2

P 2

∞∑
n=1

Rnσn
2K1

(nπ
P
σ
)
,

f1 =
(
κ2σ2f3

−2ḟ

) 1
3

, f2 =
−2η2ḟ

σ2f
, f3 =

−4ḟ
2f−ḟ

,

f4 =− 2ḟ
fσ2 , f5 =

2(2f−ḟ)
f3 , (G.3)

f6 =
2f2

2f−ḟ
, f7 =

4κηḟ
σ2 , f8 =2κ

(
−η+ η

f

)
, where |ḟ |=−ḟ .

At η=P the behaviour is qualitatively equivalent.

At σ = 0, η ∈ (k,k+1). Along the σ=0 boundary, V̈ =0 to leading order, hence (using
the boundary condition given in (2.5) in the final step), we first note

f2
f5

∣∣∣
σ→0

= V̇ 2V ′′

2V̇ −V̈

∣∣∣
σ→0

= 1
2 V̇ V

′′= 1
2R(η)V ′′, (G.4)

and using (2.9), in this limit

V ′′=Pk (G.5)

Pk =
P∑

j=k+1

bj

j−η
+ 1
2P

P∑
j=1

bj

(
ψ

(
η+j
2P

)
−ψ

(
η−j
2P

)
+π

2

(
cot
(
π(η+j)
2P

)
−cot

(
π(η−j)
2P

)))
,

with ψ the digamma function. This doesn’t vanish or blow up between these bounds. One finds

f1 =
(
κ2R(2RPk+(R′)2)

2Pk

) 1
3

, f2 =
2RPk

2RPk+(R′)2 , f3 =
2σ2Pk

R
, f4 =

2Pk

R
, (G.6)

f5 =
4

2RPk+(R′)2 , f6 =R′, f7 =− 4κR2Pk

2RPk+(R′)2 , f8 =2κ
(
−η+ RR′

2RPk+(R′)2

)
,

recalling R=Nk+(Nk+1−Nk)(η−k).
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At σ = 0, η = 0. To approach this boundary, adopt the coordinate change (η= r cosα, σ=
r sinα), expanding about r=0. To leading order

V̇ =N1r cosα, V̇ ′=N1, V ′′= 1
4P 2 r cosα

P∑
j=1

bk

(
2ψ1

(
j

2P

)
−π2 csc2

(
jπ

2P

))
, ,

f1 =
(
κ2N3

1
2Q

) 1
3

, f2 =
2r2Qcos2α

N1
, f3 =

2r2Qsin2α

N1
, f4 =

2Q
N1

, (G.7)

f5 =
4
N2

1
, f6 =N1, f7 =−4κQr3 cos3α, f8 =0,

where Q is extracted via V ′′= rQ cosα. Notice that f5,f6 remain finite whereas f3 and
f2 vanish.

At σ = 0, η = k. Now one should make the following coordinate change (η= k−r cosα, σ=
r sinα) (where 0<k<P and k∈Z). To leading order

f1 =(κNk)
2
3 , f2 =1, f3 =

r2 sin2α

Nk

bk

r
, f4 =

1
Nk

bk

r
, f5 =

4
Nk

r

bk
,

f7 =−2κNk, f8 =−2κk.

f6 =
bk

2 (1+cosα)+Nk+1−Nk =cos2
(α
2
)
(Nk−Nk−1)+sin2

(α
2
)
(Nk+1−Nk)≡ g(α). (G.8)

noting the use of bk =2Nk−Nk+1−Nk−1 to re-write f6.
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