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1 Introduction

Since it’s inception by Maldacena in 1997 [1], the AdS/CFT correspondence has proved very

fruitful in the study of Supergravity backgrounds (with an AdS,;y; factor) and their dual

CFTs (of d spatial dimensions). In this paper, we focus our attention on AdSs backgrounds
of both Type ITA and Type I1IB.



The work presented in this paper is complementary to the recent work of [2], where
a new two-parameter family of Type ITA solutions were derived via dimensional reduction
of the Gaiotto-Maldacena backgrounds [3], following an SL(3,R) transformation amongst
its three U(1) directions. In [2], it was shown that these solutions give rise to N =(2,1,0)
backgrounds, depending on the choice of the parameters. Central to this analysis was
the method of G-Structures, which we employ again in this work. In the cases of the
SU(2)xU(1) preserving N'=0, and U(1)xU(1) preserving N =1 solutions, it was found
that these additional parameters change the quantization of D brane charge from integer to
rational. Following careful study of the boundaries, this was nicely interpreted as branes
back-reacted onto a Spindle and it’s higher dimensional analogue, in the two cases respectively.
The Holographic central charge demonstrated that these transformation parameters drop
out neatly, suggesting that such deformations are in fact marginal in the dual CFT. Some
stability analysis of the backgrounds was then presented.

In this work, we begin with the boundary analysis given in [2], but for the full two-
parameter family of solutions. We will show that both NS5 and D6 branes are present in all
backgrounds, but D4 branes only appear for a preserved S?. In addition, by introducing a
new term to the large gauge transformation of Bs, we are able to eliminate the effect of the
Spindle on the D4 charge, restoring an integer quantization. This is of course not possible for
the D6 branes. However, as we will show in this paper, the D6 charge has the same rational
form for all of the solutions — becoming integer when one of the parameters, &, is fixed to
zero. See figure 1(a) for a plot of the two parameters, summarising these solutions nicely.

We then move on to investigate Type ITA backgrounds which are derived via dimensional
reductions along the other two U(1) directions with respect to the case of [2], and see that
this gives rise to a few new and unique solutions. Amongst these is a one-parameter family
of N'=0 solutions which enhances to a new and unique zero-parameter A/ =1 solution, when
the parameter is fixed to zero. The G-Structure description of this background is also given.

The main focus of this work then follows, investigating the Abelian T-Duality (ATD) of
the two-parameter family of Type ITA solutions given in [2]. This derives a three-parameter
family of Type IIB solutions, picking up the additional non-trivial parameter in the T-
Duality. This three-parameter solution contains within it a new one-parameter family of
N =1 Type IIB backgrounds. Throughout this analysis, the supersymmetry is kept track of
by G-Structures. The transformation generating new backgrounds involved performing an
ATD of the G-Structure forms and conditions. This derived new expressions for the Pure
Spinors in Type IIB, playing a central role in the analysis of the A'=1 solutions (presented in
detail in appendix A). It is worth noting here that this infinite family of solutions have zero
five-form flux, which is an interesting result given that very few supersymmetric solutions
are known with this property. The first two examples of such backgrounds were found in [4],
evading the prior classification of AdSs solutions considered in [5] (which had a non-vanishing
five-form flux). This led to the work of [6], where the classification was completed.

We go on to investigate the boundaries of the three parameter family, and see the
presence of certain orbifold singularities. However, as a consequence of the ATD from type
ITA, they do not appear to be as straightforward as the Spindles found in [2]. It would be
interesting to study this topology further in the future. In analogy with the ITA analysis, we
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Figure 1. In (a), for arbitrary values of (£,() represented in green, all SUSY is broken. In this
generic situation, there are NS5 and D6 branes present, with rational D6 charge. Along the £ =0
axis, given in dark green, this rational D6 charge becomes integer. The point (£,¢) = (0,0), in purple,
recovers the infinite family of N'=2 solutions (with an SU(2)g xU(1), R-symmetry). When (= —¢,
along the blue line, N'=1 SUSY is preserved (with a U(1)g R-symmetry). Along the ( =0 axis (given
in red), the SUSY is still broken, however one recovers the SU(2) isometry (S2). Only along this axis
are D4 branes present, recovering an integer charge via a gauge transformation!

In (b), following an ATD to IIB, an additional parameter, v, is picked up. For arbitrary values of
(&,¢,7), given in green, the SUSY is still broken. Now there are NS5 and D7 branes, with rational D7
charge (now becoming integer along the £ =0 plane). There are no N =2 solutions present here. The
N =1 SUSY solutions, along the blue line, require the additional condition v= —1 and so is now offset
from the v=0 plane. The SU(2) isometry is preserved only along the (¢,v)=(0,0) axis, in red, with
SUSY still broken. The D5 branes exist only along the ¢ =0 plane in red (so do not require a preserved
S?), and have an integer charge recovered by a gauge transformation. Only where the red plane and
blue line intersect do we have N'=1 solutions with D5 branes, namely when v=—1, (£,¢) =(0,0).

find the presence of NS5 and D7 branes in all backgrounds. In the case of the D5 branes,
they only exist in the T-Dual solutions of the S? preserved IIA backgrounds. However, if the
S? is broken under the ATD itself, the D5 branes still remain. Once again, by including an
additional term in the gauge transformation of Bs, one can recover integer quantization of D5
charge. See figure 1(b) for a plot of the three parameters, summarising the above discussion.

Finally, some additional Type IIB backgrounds are presented corresponding to ATDs of
different dimensional reductions. Amongst these we find a new and unique zero-parameter
family of /=1 solutions (corresponding to the ATD of the unique A/ =1 Type ITA mentioned
above). We again note that this background is another supersymmetric example with zero
five-form flux. The G-Structure forms are again included. Some topics are left for future
study, including the stability analysis conducted in [2]. By deriving the Holographic central
charge, we note that the deformations presented throughout this paper are again marginal in
the dual CFT, but do not recover the N'=2 solution in Supergravity.

The content of this paper is as follows:

e In section 2 we review the N =2 Gaiotto-Maldacena solutions in M-Theory. We
include a brief summary of some relevant G-Structure theory, setting up a discussion of



the G-Structures specific to the Gaiotto-Maldacena solutions, it’s IIA reductions and
subsequent IIB ATD. The new material here is the 11D G-Structure forms corresponding
to a simple dimensional reduction along the other two U(1) directions to [2] (namely, x
and ¢), and the IIB G-Structure Pure Spinors and conditions derived in appendix A. We
conclude the section with a brief review of the SL(3,R) transformation being performed
in M-Theory, along with the two-parameter family presented in [2]. We then perform
the boundary analysis for the full two-parameter family, finding the presence of NS5
and D6 branes in all cases, with the D4 branes only appearing for a preserved S2.

e In section 3 we present some more IIA results, derived via dimensional reductions along
the alternative U(1) directions. Most notable is the zero-parameter N'=1 background.
These results are largely just presented, further analysis is left to future study. However,
the G-Structure forms are included for the N'=1 solution. The full calculations are
given in appendix B.

e In section 4, we present the three-parameter family of Type IIB solutions. We then
study the boundary of the (o,n) space, following the analysis which gave rise to the
Spindle interpretation given in [2]. We again find the presence of orbifold singularities,
the topology of which would be nice to study further. We find analogous behaviour
with the ITA backgrounds, with the existence of NS5 and D7 branes in all solutions.
The D5 branes are only present for descendants of the S? preserved IIA solutions,
but do not require a preserved S? themselves. We then present the one-parameter
family of A =1 solutions and zone in on a one-parameter family of S? preserved N =0
backgrounds. In these examples, the charge quantization is broken without the presence
of an orbifold singularity in the metric, a possible physical interpretation of this is
suggested in appendix E — corresponding to rotated D-branes. Following this, some
additional IIB solutions are given, including a zero-parameter A/ =1 background. The
G-structure forms and conditions are derived and presented at length in appendix A.
Once again, further analysis is needed for these backgrounds, this is left for future
work. The full ATD calculations are given at length in appendix C, and along the way,
the TST solution of [7] is re-derived (and argued to be N'=0 in general, promoting to
N =1 when v=—1). Finally in appendix D, a one-parameter M-Theory deformation
of the Gaiotto-Maldacena solution is given, and believed to break the supersymmetry
completely. This is derived by reducing to ITA, performing a TST transformation and
uplifting. It proved highly useful to perform an ATD and TST once for a general form,
allowing one to easily derive the ATD solutions of many backgrounds at once. These
forms are derived and presented in appendix C.

¢ Finally, section 5 gives some conclusions and an outline of future analysis required.
This work is complimented by lengthy appendices which will hopefully be of use.
2 Review of Type IIA reductions of Gaiotto-Maldacena

We begin with a brief review of the A'=2 AdSj5 class of solutions found by Gaiotto-Maldacena
(GM) in d =11 [3], along with it’s G-Structure description. The method of G-Structures allows



one to easily keep track of the supersymmetry under reduction, a feature which will be further
exploited throughout this paper. We then proceed to review the SL(3,R) transformations and
the corresponding two parameter family of dimensional reductions discussed in [2], finishing
the section by investigating the boundary.

2.1 Gaiotto-Maldacena background

If one begins with the more general AdS; N =2 solutions of Lin-Lunin-Maldacena (LLM) [8],
with bosonic isometry group SO(4,2) xSU(2)g x U(1),.! and magnetic four-form, G4 = dCs,
one can derive the following Electrostatic form of the Gaiotto-Maldacena Background via
the Bécklund transformation.? See [2] for a more in depth review. The resulting metric
and four form are then defined as follows

Y
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where the warp factors f; = fi(n,0) depend on a constant x and the function V(n,0), with
V =00,V, V'=9,V. (2.3)

The above class of solutions are defined by the following cylindrically symmetric Laplace
equation for V(n,o)

1 .
;80(080‘/)—}—83 =V+402V" =0, (2.4)
along with the Boundary Conditions [7] (where 0 <o < oo and 0 <n < P, with P finite)
/ = /| =R(n). 2.
VLﬂp 0, V| =R (2.5)

One now has an Electrostatic description of the background (2.2), where a line of charge
is extended along 7. The charge density is defined by the “Rank Function” of the dual
quiver, R(n), with Fourier decomposition

R(n) :ni::ansin (Zjn), (2.6)

"Where SU(2)g xU(1),- is the N’ =2 R-Symmetry. B
2Noting that the GM U(1) directions (x,3) and the LLM U(1) directions (%, ) are related as follows

(x.8) = (X+B. —h). (2.1)

This is discussed in [9-11] and shown in detail in [2].



which for quantized fluxes, must be a continuous, linear-by-pieces and convex function. Hence,
in general, it takes the form

Nﬂ] 776 [031]
R(n) =1 Np+(Ngs1—Ni)(n—k) nelkk+1] (2.7)
Np_1(P—n) ne[P-1,P]

where R(0) =R(P)=0. One can find an appropriate solution to (2.4) using the separation
of variables,

> . (nT nmw 1 [P . (nm
V(o,n)= _;Rn sin (Pn) Ko <P0> o Ra=p /_PR(TI) sin (Pn> dn,  (2.8)

which indeed satisfies the boundary conditions (2.5). Here, Ky is a modified Bessel function
of the second kind.

It proves useful when investigating the boundary to introduce an alternative form for
V, following the arguments of [2], and shown to be equivalent in [12]

N . (nm s
V:F;Rnasm (Pn> K, <P0>, (2.9)

1 > P
=3 > Zbk<\/02+(77—2mP+k)2—\/a2+(77—2mP—k)2>,

m=—oo k=1

where by = 2Ny — Np11—Ni—1 (see [2] for a more in depth discussion).
We now summarise some key material on the method of G-Structures.

2.2 G-Structure description and review

In order to easily keep track of the supersymmetry when dimensionally reducing N =2
Gaiotto-Maldacena to Type ITA, it proves highly useful to use the method of G-Structures.
We now provide a brief review, with a focus on the GM description used throughout this
paper. This will set up the next section, where we discuss the G-Structure formalism for the
Gaiotto-Maldacena background, it’s ITA reduction and subsequent IIB T-Dual solution.

Supersymmetric solutions of M-Theory or Type II Supergravity must satisfy the necessary
supersymmetry conditions, usually given in terms of a spinor and metric, as well as the
Bianchi identities?

Oy =0, O A=0,

(2.10)
dgF =0 dH;=0,

where 1, are the Gravitinos, A the Dilatini and €¢* are two 11D Majorana-Weyl spinors
(with a=(1,2)).

3Where we follow the convention that dg is defined with a minus, as follows

dg=d—HA.



The technique of G-structures allows one to recast the above supersymmetry equations
(involving a spinor and metric) in terms of non-spinorial and geometrical objects (forms). For
our purposes, we will focus on the supersymmetry conditions for Gaiotto-Maldacena and
it’s daughter Supergravity solutions, namely Minky x M7 and Minky x Mg backgrounds. The
interested reader is directed to [13-20] for more detailed and insightful discussions on the topic.

In this discussion, we are interested in the internal space, writing the metric as a Warp
product. In the Minky x M7 M-Theory case, we have

ds?, = e?Ads? Minky)+ds?(Mz), 2.11
11

where A is a function of the internal space, My, coordinates. We decompose the spinors
on the external/internal parts of the space, as e =1 ®0;+1¢_®60_ (following the notation
of [16]) where 0 are 7 dimensional spinors, with 6, =6*.

In the case of Minky x Mg Supergravity, we have

ds?, = e*Ads*(Minky) +ds?(Mg), 2.12
10

where A is a function of the Mg coordinates. In addition, the fields depend only on the
internal space coordinates, with the Poly-form

F = g+e*Vol(Minky) Ax6A(g),

5
Type IIA:  Fioe =Y Faj,  A(9)=go—9g2+94— 96
= (2.13)
4
Type IIB:  Fiot =Y _ Fhjt1, Alg)=g1—g3+0s.
j=0

Decomposing the spinor yields* (adopting the notation given in [13])

Type ITA: 61:C+®77_1i_+4_®77£, 62:C+®nz+C—®ni,

. . . (2.14)
Type IIB: €' =y @0, +(_®n",

where 7 lives on Mg. Plugging these decompositions back into the SUSY conditions given
in (2.10), allows one to factor out ¢ — leading to six fairly ugly equations in terms of n'?.
One can however re-write such conditions in a more elegant manner in the language of
generalized complex geometry and differential forms.

The supersymmetry conditions can be split into 2 parts (see for example [13] for a
nice discussion)

« Algebraic part: this is a topological requirement on the manifold,® and implies the
existence of two nowhere vanishing, globally defined Clifford(6,6) pure spinors, ¥, W_

vo=nlen],  v_=plen’ (2.15)

These are sums of even or odd forms, respectively.

4In IIA, €' has + chirality and €? has — chirality. In IIB, they are both + chirality.
5That T®T* must have an SU(3) xSU(3) structure.



¢ Differential part: The preservation of supersymmetry then imposes differential
conditions on the metric, saying that the two pure spinors should satisfy

e—2A+<DdH(62A—<I>\I,1) —0, e—2A+<I>dH(e2A—¢’\p2) = dANTU9+F, (2.16)

with an additional normalization requirement. The more supersymmetry, the more
structure is required on the manifold. These conditions contain the same information as
the supersymmetry variations from (2.10), and must be supplemented with the Bianchi
identities and equations of motion for the fluxes.

Writing this more schematically as in [21], we have
A, U1 =0,  dp,Us= Frp, (2.17)
with
Type IIA: Wy =W,, Wo=W0_,  TypellB: W =U_, Uy=0,, (2.18)

given that Frpr has an even form in ITA and an odd form in IIB. Clearly the pure
spinors must transform in essentially the same manner under T-Duality as the Ramond
fields, this will become important to us later.

Example structures. We now summarise some key (and relevant) examples. See [13, 18, 19]
for further details.

Having two spinors, 72, describes an SU(3)xSU(3) structure. When 7' and 7? are
parallel, they describe an SU(3) structure — now defined by a single nowhere vanishing
spinor 1 (which is covariantly constant in the case of a Calabi-Yau 3-fold). When they are
nowhere parallel, they define what is called a static SU(2) structure.

« SU(3) Structure
An SU(3) structure on an Mg can be defined in three ways: via a metric and spinor
(9,m); a metric and a complex, decomposable and non-degenerate 3-form (g,2); or a
real 2-form and the complex 3-form (J,€). Hence there is a bijection between the
descriptions, notably (g,1) < (J,9).% The following conditions are necessary

3 _
JAQ=0,  JAIAT=TiQAD, (2.19)

with the positive definite metric defined as g=—JIg.”

5Using the Fierz identities, one gets the following mapping

Qonnp = =0 YmnpT,  1-=01) T =—inL Ymn -

"Where I, is an Almost Complex Structure — a tensor I;* with 1?2 = —1. This allows one to embed the
GL(d/2,C) € GL(d,R). The stabilizer group is given as follows

Staberar) (1) =GL(d/2,C),  Stab(I)=0(d) N GL(d/2,C) = U(d/2)

so adding a metric on Mg means the stabilizer group of I is U(3). One then defines J = gl, or alternatively,
g=—JI. To move to an SU(3) one requires a nowhere vanishing holomorphic 3-form Q, with Q — det(U)Q
and det(U)=1. See [18] for further details.



One can then build the normalized pure spinors, as follows

\I/+:n+®n1:§e 7, \Il_:n+®77T_=—§Q. (2.20)

To generalize this to an SU(3) structure on an My, one must add a real one-form, K,
where
ds? =dsg+K?, (2.21)

so an SU(3) structure on an M7 is described by (J,€, K). This is the case for Gaiotto-
Maldacena, we will return to this case in the next section.

SU(d) in d= even Structure
More generally, this is extended to SU(d/2) in d = even dimensions. Here the structure
is specified by a real 2-form J and a complex d/2 form,

. d/2
Q=E'A...NE?, J:%ZE“/\E“, (2.22)
a=1

where E% is a holomorphic vielbein E% = e¢®+ie®t%/2 and the metric is defined by
/2
g=> E“E“ (2.23)
a=1

As a noteworthy example, an SU(2) structure on My is defined by a real 2-form, j, and
complex 2-form, w. The following conditions must then be met

JAw=wAw=0, WAL =2jNj. (2.24)

To generalize to an SU(2) structure on an Mg, one must now add a complex one-form,
z, with
dst = dsi+2%, Z=u+iv. (2.25)

The pure spinors are then constructed as follows

1 - Y
U, = geézm/\w, VU_ = %e_” Nz. (2.26)

This description will become relevant when dimensionally reducing Gaiotto-Maldacena,
once again, we return to this in the next section.

SU(3)xSU(3) Structure
In general, having two spinors, n'2, describing an SU(3) x SU(3) structure, we have

1 i, . 1 ..
\IJ+ = 7]_1i_®77_2,j = geéw\z/\(ée_” —iw), v_ = 77_1,'_@7]?[ = —g(e_” +z’cw)/\z. (2.27)
Hence, for static SU(2), one derives (2.26). For SU(3), one gets (2.20) with

J:j—l—%z/\é, Q=wAz. (2.28)



2.3 Gaiotto-Maldacena G-Structures

We will now discuss the G-Structure formalism for the Gaiotto-Maldacena background, which
describes an SU(3) structure on an M7. The N =1 G-Structure conditions for the Minky
solutions of the form given in (2.11) were derived in [16]. They are defined by a real 2-form, J,
a holomorphic 3-form, Q, (giving an SU(3) structure on d =6), with an additional (orthogonal
and unit normed) real one-form, K (to move to d="7). The G-Structure conditions then read

0, d(e*A ) = e 57 Gy,
A ) ) (2.29)
d(e*1Q) =0, d(TNT) = —2eAGNK,

where e/ and Gy live on M7, with the condition given in (2.19). One must then impose
the Bianchi identities separately. These conditions allow (/,{2) to be written in the manner
outlined in (2.22), written here explicitly for clarity

Q=FE'NE2AE?, J:%(El/\E1+E2/\E2+E3/\E3), (2.30)

where the complex vielbein, E?, is orthogonal to K (with a=1,2,3). Hence, for the GM
background, using

ds®(AdSs) = e*’ds® (Minky) +dp?, (2.31)
we have (recalling (2.11), (2.21) and (2.23))

ds? = 24 (s> (Minky)+ds?, e2A = 4f1e%,

3 __ 2.32
dsi=) E'E"+K*=f 4dp2+f2d52<52>+f3dx2+f4<d02+dn2>+f5<d5+f6dx>ﬂ. (232

a=1

For the § reduction frame, one derives the following results (given in [2])®

8 reduction frame

—2p )
K= “ef d(cosfeV)), Ei=—fifs (1d0—|—dp+idx),
1 g
Ey=¢" {;e_%d(sin 0e2°V)+i+/f1 fasin 9d¢] , (2.33)
1

Y

: 1.V ,
Ey=—eX/fif; [— 3 do=V"dn+ fodpi(d5+fodx)

where K and Es are independent of (f,x), so remain constant under a rotation to the
x reduction frame. The (E,E3) vielbeins in this frame then read (now labelled with a

8Where the reduction frame can be read off directly from E3 using the reduction formula
efg(b’IAds%A :dSQfe%q)”A (d1p+Cl)2.

In the case of (2.33), ¥ =8, C1 = fedx and e3¥11a =fifs.

,10,



tilde for clarity)

x reduction frame

o J1fs n_
B\ i (d(V) zcw), (2.34)
E3=—6ix\/f1f5(fg+£) d(V)+i (dX+ fof?) dﬁ)],

67 f5

where, from the conditions in (2.30) and (2.32), one can check that the following relations
indeed hold

P (V/)2_VV//

FE /\E1 +E3AE3 = El/\E:'1 +E3/\E:‘3,
Ey\NE3=FE|N\FEs3, (2.35)
E\E\+E3Es = By By + B3 E.

For a final rotation to the ¢ reduction frame, K is independent of ¢, so once again remains
untouched. The Ey given in (2.33) does however depend on ¢, and has the appropriate form
for a ¢ reduction F3 (with C; =0). Hence, performing a trivial relabelling of the vielbeins,
this Fo now becomes the E3 for the ¢-reduction frame. The Fq and Es are then simply either
(Ey, E3) from (2.33) or (Ey, E3) from (2.34). See appendix A.1 for further details.

It is worth noting, using (2.30), (2.33) and (2.34), we can read off the U(1), component of
the SU(2)gxU(1), R-Symmetry directly from the overall phase of £, namely y+¢. Hence, as
it stands, the only KK reduction which will preserve any supersymmetry is a 8 reduction. This
in fact leads to the Type ITA solution given in [12] (see also [7]), and is the only background
which preserves the full A'=2 supersymmetry. However, as discussed in [2], by performing
an SL(3,R) transformation prior to reduction, further possibilities emerge (including the
additional N'=1 Type ITA and Type IIB solutions which we uncover in this paper).

Before reviewing this SL(3,R) transformation, we must first discuss the G-Structure
analysis of the Type IIA and Type IIB daughter backgrounds.

ITA reduction. Now we turn to the G-Structure description of the daughter Type ITA
backgrounds. By performing a dimensional reduction along a U(1) which lies strictly outside
K, the resulting theory has an SU(2) structure on an Mg. In this case, the G-structure analysis
will be defined by a real two-form, j, a holomorphic two-form, w, (defining an SU(2) structure
on d=4), with an additional complex one-form, z (to move to d=6). Hence, the G-structure
analysis of the supersymmetric background outlined here will be defined by (j,w, z).?

These forms can easily be calculated from the results of the previous section using the

standard reduction formula!?

d5226_%¢d8%1A+€%¢(dw+C1)2, (2.36)

°Tf the dimensional reduction was performed along K, the background would define an SU(3) on Mg,
described by (J,Q) from (2.20) — namely, a real 2-form and holomorphic 3-form, respectively.
00ne could of course use the generalised reduction formula (for reductions along n, with n € Z),

2 1 a
~29 2 2 EY 2
e 3T Ads  p =ds" — —e3T A (ndy+nCh)”,
n
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and the following relations given in [22]

Q=wA (e Puti(dy+C J= 'efgcb—l—e%q’u/\ dy+Ch), K:ve*%q),
( (dp+Ch)) J=j (dyp+Ch) o)

z=u4+1v.

The G-structure conditions for type II Mink, solutions of the form given in (2.12)
and (2.13)! were derived in [13], with (A4,®, H3,g) living on Mg. We note the following
relation with the GM Warp factor

et = eAT3?, (2.38)

with @ the dilaton. The differential conditions on the metric, equivalent to (2.16) from before,
are expressed in terms of the SU(2) Pure Spinors W4 given in (2.26) and read!?

dp, (34720 ) =0, (2.39a)

dpp, (*4~PReW_) =0, (2.39b)
64A

dpg, (e~ PIm¥ _) = —*6A9), (2.39¢)

with ¢ the total internal RR flux, and with the conditions given in (2.24), where (j,w) are
orthogonal to z. These conditions are equivalent to a set of equations written explicitly in
terms of (j,w, z), as outlined in appendix D of [22].

From (2.13) we have e*4Voly Axg\(g) = Fg+ Fg+ F10, which allows one to re-write (2.39¢) as

1
Voly Adp, (¢4~ ®ImW_) = 5 (Fo+Fs+Fio) (2.40)

We will utilise this form in the derivation of the Type IIB G-Structure conditions, which

we now summarise. See appendix A.2 for the full calculations.

IIB Abelian T-Dual. Finally, we investigate the G-Structure description of the Abelian
T-Dual solution. As mentioned at the beginning of this section, and made more explicit
in (2.40), the pure spinors will transform under T-Duality in the same manner as the Ramond
fields. In the G-Structure conditions, the roles of ¥ switch when moving from Type ITA to
Type IIB. This is because Ramond fields are even in Type IIA and odd in Type IIB.

where one can easily see

P

4 1
3<I) (& s BQ%EBQ,

L1
’I’L2

[0S

Cl —>’rLC'17 e

however, this serves no obvious purpose. We thus fix n=1.
UWith Aan) = (—1)% " Ya,, ensuring the condition F, = (—1)% ™ Vx4 Fi_,, still holds.
2Where the Pure spinors can be re-written here in a more convenient form

‘1/+ = é <1+%Z/\2) Aw,

v e (1i5-hins) = fonsoon (1-2ing) | 2 fon (1 Lins) 4on
73 J2JJ—8 J 2]] 3 2]] J|s

with the real and imaginary parts of ¥_ made clear.
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Using the rules given in [23] (see also [24]), first make the following decomposition
in Type ITA

dsiy=ds3 4+€*“(dy+A1)*,  B=By+BiAdy, F=F +FAEY, (2.41)

with EY =e%(dy+A;). Then the Type IIB T-dual theory is defined as follows

ds3 g =ds 4, PB=pA_CA CB=—_CA,
BS =B\ + AfABY, AB=_B{, BE = —Af, (2.42)
FB =" B, FP :eCAFL.

These rules then justify the following decompositions

V=g 0 AEY,

wh =wit —{—wH NEY, jA:jf%—j‘T‘/\Ey, zA:zf—i—z‘Tl/\Ey, (2.43)
zf:uL—l—wf, zﬁzuﬁ%—ivn“.

One can then use the rules in (2.42) to transform the G-Structure conditions and Pure
Spinors. After switching the roles of Wy, we get

e P ul = =4 CMug 1w A(dy—BYY), (2.44)
where the factors of ® 4 and &5 were introduced to derive the following forms for the IIB
G-Structure conditions (solely in terms of IIB quantities)

s (P2 0) =0
ng-i (62A_¢BR6\P§) :0, (245)

- oA
dps (e AP ImPE ) = e k6 A(g).

Working through the calculation, one gets the following forms

Al
(ZL /\ZH —ZH /\ZL)/\WL

1 _
\I/lj — 76‘:1)8_(1)«4 |:€ézf/\2'f/\ <€ WH +WL /\(dy )> —|—€ 2

8

‘1,53_ _ L e®s=Pua it \ {(ecAzT‘Jrzf/\(dnyl))ﬁLific ]|| /\ZL

8
(2.46)
which for our purposes, in which z|“|4 |“|4 , reduces tol3
1 —
qfézgeés_@Ae%ZfAZfA( wll +CL)J_/\(dy ))7
i B} B (2.48)
W = Zets AT IE A AN ((dy— B —ie™ ).

See appendix A.2 for more details.

3 Comparing these results with (2.26) (and (2.27) more generally), from the form of U5 this would suggest
the following relations for an SU(2) structure (noting 125 Az% =iv® Au®)

A
vEAB = 1, WB=iePBa zﬁ‘/\<(dy—Bf‘)—z'eC j,’“‘). (2.47)

The U2 comparison is less clear but the dimensions of the Polyform match as they should.
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2.4 SL(3,R) transformations

Now that we have reviewed the Gaiotto-Maldacena background and the necessary G-Structure
analysis, we should introduce the SL(3,R) transformations which generate the various solutions
presented in this paper (along with the results of [2]).

Given that there are three U(1) directions in the GM background (3,x,¢), one can
make the following SL(3,R) transformation

df =adx+bdB+cde, dx =pdx+qdB+mde, dp=sdx+vdB+udp,

pqm (2.49)
ab c |=plbu—vc)—q(au—sc)+m(av—sb)=1.

SV U

The utility of this transformation becomes clear under dimensional reductions to Type
ITA, with the B reduction case already considered in [2]. In that case, one can derive
N =(2,1,0) Type IIA backgrounds. However, as we will investigate in this paper, the
x and ¢ reduction cases lead only to N'=1 and AN =0 solutions. Using the forms given
in (2.33), one can see that the U(1) component of the SU(2)rxU(1), R-symmetry of the
Gaiotto-Maldacena background now becomes

U(l),=x+o

(2.50)
— (p+s8)x+(q+v) B+ (m+u)e.

This immediately provides more possibilities to preserve supersymmetry under dimensional
reduction, i.e. in the case of a  reduction, one can now preserve this U(1), component by
fixing v=—¢q. Throughout this paper we use the reduction formula given in (2.36). We
now review the [ reduction case.

The B reduction case. As outlined in [2], by performing the following 11D transformations
(with ¢=¢, v=()

dg—dg, dx —dx+£dg, d¢ — do+(dp, (2.51)

14T hese nine parameters must reduce to three free parameters (corresponding to the three U(1) directions
being mixed). For our purposes, we fix (p,b,u) =1 by trivially absorbing them into the definitions of (x, 3,%),
respectively. This avoids re-defining the three U(1) directions amongst themselves and immediately eliminates
three of the nine parameters. However, as we note where appropriate, there can be some utility in choosing
different values for these parameters.
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before dimensionally reducing along (3, one gets the following two parameter family of solutions
(re-written below in a form which will be useful for investigating the boundary)!®

3 1
dsy = 2 f2VE [4ds2(AdS5) + f4(d02+dn2)+dSQ(M3)} ,

ds*(M3) = f, (d92+§ sin? 9D¢2) +%dx2 = fy <d02+1}1 sin? 9d¢2> +gf3Dx2,
Bo=sind |Cfrdx~ (fs+€7)do] A, = fifsE.
Cr=1 ((f6(1+§f6)+5ﬁ)dx+ghsm2 9d¢> C3 = frdx AVol(S?)
= f5 5 ’ ’
2
cHNRCEENY) A:(1+§f6)2+§2@, m=1+2 0006 G2
f5 5 fafs
_do- S fs _ay o2 3 gin?
Do=do— (fol1+6f)+e3 Jax,  Dx=dv—g 2 (fs1efi) +652 )sintods

(2.52)

leading to the backgrounds given in table 1 of [2]. The metric has the nice property that
all dependence on the transformation parameters drops out neatly when calculating the
Holographic Central charge. Hence, one derives the following (parameter independent) result

3 oo
K
Chot = — > PRE. (2.53)
k=1

This means that the two parameters correspond to marginal deformations of the d =4 N =2
long linear quiver dual CFTs, see [2] for a detailed calculation.

In [2] the SU(2) x U(1) preserved A =0 background (with ¢ =0) and the A'=1 case (with
¢ =—¢) were investigated in further detail. Studying the boundary of the (o,7n) coordinates,
one can show that these two backgrounds contain branes which are backreacted on a Spindle
and it’s higher dimensional analogue, respectively. In the next subsection we will review this
analysis by following the same procedure for the general two-parameter family.

Investigations at the boundary. We now follow the procedure of [2] for the more general
two-parameter solution, using the limits of the Warp factors which are quoted for convenience
in appendix G. This analysis will follow closely that of the N'=1 case, with the parameter
¢ left general.

First, for general values of (n,0,0), we see that (Z,1I) are non-zero and finite. The
deformed S? given by (6,¢) has II—1 at the poles, which given the expression for M3
in (2.52), means it still behaves topologically as an S?. This follows the argument given
in [2], where Dx — dx up to leading order at the poles. We now turn to the behaviour at
the boundaries. In the following analysis, to be consistent with [2] we will use the following
large gauge transformation

By — By42rkVol(S?), (2.54)

but we will note a potential alternative which leads to quantized D4 charges in the ( =0 case.

5the A here should not be confused with A from (2.2).
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e At the 0 — oo boundary, all parameters drop out, so the behaviour remains the same
as the cases studied in [2]. We summarise the presentation for completeness. One finds

ds* =k [40’ (dsQ(AdS5) +dx2> + % <d(ga>2+d(;n>2+sin2 <7;7) dsQ(SQ))] ,

_%27;;; 5~ )‘%, H3:—4/:TP sin® (5n)d(5m) AVol(S?), (2.55)

where we see that (1,52) span a unit-radius 3-sphere. Hence, at this boundary the
)16

e

PO’

N =2 case is recovered, giving a stack of P NS5 branes (after fixing 2k =1
Qns = —— / Hy=P (2.56)

e At n=0 with 0 #0, using (G.3), one finds using the second form for M3 that (n,0,¢)
vanish as R? in polar coordinates, namely

fadn?+ fo (d92 Hsm 9dq§2) |f’ (dn +n2ds? (Sz)) (2.57)

this once again matches the specific cases studied in [2].

e At =0, ne (k,k+1) we have that along the ¢ =0 boundary, V =0 to leading order.
Using (G.6) we find

1 N
E={+5CRV sin®0, A1, Do= g e =Ne)

Ui (2.58)
U, =1+&(Nk+1—Ng),
giving an R?/Z,;, orbifold singularity in (o, ), as follows
2V
fado +f3d - (da +— 2 dx ) (2.59)

e At 0=0, n=0, to approach this boundary one makes the following coordinate change
(n=rcosa, o=rsina), expanding about r=0. Using (G.7) we find

N
E-A=E lg=14+EN, ng:dqs—%dx, (2.60)
0
2Q 2 2 2 2 dx?
fa(do?+dn?)+ds* (M3)%F dr? +r2da® 412 cos® a( d9? +sin®0 D¢? | +r?sin al—Q ,
1

where we say that the internal space vanishes as R?/ Zy,.

16The Page Charges are calculated using the following relations

1 I Page ax — B¢ — ax
Qpp/Nss = W/ Fs—p, FrPage _ pMax  ,—B2 =d(CAhe BQ)7 F;]\fl,'_z =dCpt1—H3NCp_1.
Xg—p
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e At 0 =0, n=k, using the coordinate change (n=k—rcosa, o =rsina) and (G.8), we
see that the term fs/f5 dominates, unless we are at a pole of the deformed S?. We first
assume we are away from a pole, finding

E%M, A— Ay, Akzlggbisin2a+(l+§g(a)>2,

4r 4
Ap(a=0)=1_1, Apla=n)=10. (2.61)

2 we get a very similar result to the AN'=1 case studied in [2],

Using r==z2
ds® = (ksinf {Nk (4ds2(AdS5) +d02) +4by, (dz2+z2d82(183))} . e =k2ONZsin®0,
sin?

Ay

1
ds*(Bs) = | (da2—|-

A = —ACk [g(a) (1 +§g(a)> + fbk sin a} dy,

o)+ G AL’

1
By =—2kN} sin@((dx—§d¢> Adf, Ci=-=dp, Cs=-—-2kNisin@ddNdpNdx.

¢
(2.62)
Now
I ((Ne—Ni—1) )
ds?(B da? +—d ke 1(d _ kRl g ) ,
(Bs) an0 ( R X> ¢ ¢ lk—1 X
1 (m—a)? C(Npg1—Np) - \?
2 _ 2 2 +
ds?(B3) CM_Z(da M dx?)+ C2b2 (d¢— . dx> ,
1 b
7/ dA= 0 be =2N,— Nis1— Ni_1. (2.63)
2T JWCPy, 4 lg—1ly

So we see that the general case doesn’t differ too much from the N'=1 case in [2].
Hence, we interpret B3 as U(1) fibration over W(DIP[Zk AL

Notice here that C's—Cy A By =0, meaning that there is no D4 branes present (for ¢ #0),
as Fy = d(C3ne~B2). However, in the S? preserved case presented in [2] (with ¢ =0),
D4 branes are in fact recovered.

— (=0: we now make an aside and quote the ( =0 case given in [2] (keeping the
parameter r). We first present the By with no gauge transformation

ds? 1 \ i sin? o
—_=/A 4ds*(AdS d282) d d dx?
VAT & ﬁ< s%( 5)+ds“(S%) N, r2+r? | doa?+—— A X ,

® ( Nib; >4 ;%7 Cy = 4§k2bksm a+g(a )(1+§9(04))dx7 (2.64)

2642y3 Ay
C3 = —2kNy,dx AVol(S?), By = —2k(k+EN;)Vol(5?). (2.65)
Now, using the large gauge transformation of [2], we have (with 2k =)

By — Ba+-2kkVol(S?), By =—2kEN,Vol(S?),

1 . N N
= F, . 2.66
Q@ps (2m)? /52 XWCPl T (2:66)
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However, if we add an additional term to the gauge transformation, noting

(§7Nk) € Z7
By — Bo+2k(k+£N;,)Vol(S?), By =0,
1 R
Qoi=—75 [ Fy=Ne—Ne_1, (2.67)
(2m)? Js2 XWCPL

we recover the N'=2 quantization. This is a potential oddity given that we are
integrating over the («,x) Spindle. It would be interesting to investigate this
further in future.

We now return to our general analysis and study this limit when approaching the pole
(0 =0, n=k,sinf =0). Following [2], we use

[b
n=k—pcosasin’y, o=psinasin?y, sinf=2 Nchos,u, (2.68)
k
noting that r = psin? j1, and expanding about p=0. Now,
~ Ak k 2
sin? p= — 2 = Apsin® p+C%b2 cos’n, By — BpL%dp/\dqb, (2.69)
k
giving
[bi 1
ds® ~ 4 ) b3Nk 1
— =4/E ds*(AdS ”<d2 4p*ds*(B ) —¢:(k~)
A k[ %S( 5)+Nk p~+4p~ds*(Byg) ||, e Pon?El)
Ve
1 (2 2 2., A
ds*(By) = dp*+ =~ sin2,u<doz2+smadx2) +W(d¢+¢¢lk)2,
By = 4kby, cos? M(ﬁd(b—(dx) Adp, Cs=—A4rbycos® pdpAddAdy,
1 1
C1== {bi(cos?udgb—l— (g(a) (1 +£g(a)) +1§bz sin? oz) sin2,udx] . (2.70)
=k

We now find that we simply re-derive the By of [2] with all ¢ dependence given in Ay, Zj
and Aj. Hence, following the arguments given there, we say that By is topologically a CIP?,
but with additional orbifold singularities. Calculating the Euler Characteristic, using

1

XE= 3272

/ (Rapea R — 4R R™ + R*)Vol(By), (2.71)
By
from the Chern-Gauss-Bonnet theorem, leads to

R+ El b —ClE 1 ¢ 1 .
A (AT _3_(1_E>_(1_611%1—1;@)_(1_5)' (2.72)

where ((l_1—11)/é=(b, €Z. For a round CP? yp=3 — hence, By is the weighted
2

[lkfl’llmg(lkfl_lk)]
all ¢ dependence drops out of the calculation, re-deriving the D6 charge given in [2]

1 1 (x=2m ja=r  2Np—Npi1—Nj_
QD6:_7/ Fy,= / Cl‘ L (2.73)
wepl

o Cor ) - Ll
L1 03] x=0 a=0 klk—1

projective space WCIP . Now calculating the charge at = 7, we notice that
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This rational charge is a consequence of the Spindle, see for example [25]. We now see that
for all values of (£,() we have NS5 and D6 branes, with the respective charges given above.
The case of the D4 branes is special, they are only present when (=0 — that is, when
there is a preserved S2. Picturing the (¢,¢) plot given in [2], the D4 branes are only present
along the ( =0 axis — see figure 1(a) for an updated version of this plot, and a pictorial
summary of this discussion. Strangely, the rational charge quantization of the D4 branes,
which derives from integrating over the spindle, can be eliminated by an additional term
in the gauge transformation of Bs.

3 More Type ITA solutions

In this section we present some noteworthy solutions derived from dimensionally reducing
Gaiotto-Maldacena along the y and ¢ directions. The reader is referred to appendix B for a
more in-depth derivation and discussion of the backgrounds presented in this section.

The form of the metrics presented here match (2.52), with all parameter dependence
in the dilaton and ds3. By the same calculation, the Holographic Central charge remains
the same, given in (2.53). These solutions then correspond to marginal deformations in the
dual CFT. However, in the following cases, fixing all parameters to zero does not recover
the N =2 solution in Supergravity.

3.1 x reduction

One can derive a two-parameter family of solutions by dimensionally reducing along x. This
solution can be mapped to (2.52) by the transformations given in (B.13) and (B.14). Under
this mapping, one requires £ — 1/¢. Hence, by fixing £ =0 we derive a unique background,
which reads

dsio,s = e5® fy {4d82(AdS5)+f2d02+f4(d02+d772)] + 252482,

ds3 = (f3f5+(*sin® 0 fo f5)dB> +sin’ 0 fo ( f3+ f5 f3 ) dd* —2( (sin? 0 fo f f6) dBd,

i = fi(fs+ f5 fE+CPsin?05), By =sin0(C fsdB— frdo) A do,
Clzfle*%(b (f5f6dﬁ+gsin29f2dd)>, Cs = fgsin@dpBAdONde. (3.1)
This is a one-parameter family of A =0 solutions, promoting to N =1 for (=—1 (see

appendix B for further details).
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3.1.1 Unique N =1 IIA solution

One now derives the following (unique) N =1 solution (corresponding to the £ =0 case of
the one-parameter family of A'=1 solutions given in (B.15))7

dsio 5 = eg(}fl [4d82(AdS5) +f2d92+f4(da2+d772)} —|—f126*%¢’ds§,

ds3 = (f3fs+sin®0 faf5)dB> +sin® 0 fo(f3+ f5 f3)do* +2sin? 0 fa f5 fodBdo,

e3® = fifs (f62+é+ésin2 9), By = —sinf(fsdB+ frd¢) A db,
s fs
e :fle—§¢<f5f6d5—f2 sin? 9d¢), Cs = fssinfdBA dINds. (3.2)

See appendix A.3.1 for the G-Structure description.

3.2 ¢ reduction

As one would expect, dimensionally reducing along ¢ again leads to a two-parameter family
of solutions (given in (B.22)). Once again, this solution can be mapped to (2.52) using
the transformations outlined in (B.23) and (B.24). In this case, the mapping involves
transformations with both 1/ and 1/¢. We therefore derive the following backgrounds.

When ¢ =0, one gets the following one-parameter family of A'=0 solutions
ds3y =52 fi [4ds2(Ads5)+ f2d6?+ f4(d02+dn2)} +fe5%ds3,
dsy = (& fs f5+sin> 0 fo(F5+ f13) )+ fo fy sin® 0d3* +2fs f fosin® 0dxdB,
es® = fi (§2f5+sin2 9f2), Cy=¢fifse 5% (deX+d5),
By :Sin0( frdx+ fgdﬂ) Adb, C5=0. (3.3)

When £ =0, one now derives

ds3y =52 fi [4ds2(Ads5>+ f2d0?+ f4(da2+dn2)} + [ 5%ds3,
ds3 = fo(fs+f5[5)sin® 0 dx*+ <C2f3f5+81n2 9f2f5>d52+2f2f5f6 sin” dxd,
4 . _4
e3® = fi [C(f3 13+ f5) +sin0 )], Ci=Cfre™3® | (fo+ f552)dx+ Fs fodB)
By =sin0( frdx+ fsdf ) A0, C5 =0. (3.4)
This is a one-parameter family of N'=0 solutions which enhances to the /=1 background

given in (3.2) when (=—1 (following appropriate gauge transformations — see (B.26)
with £=0).

"Here (p,b,u) =1,(m,q,c) =0,v=y=0,a=£(=0,s=(=—1.
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4 Type I1IB T-Duals

We now present 1IB solutions derived from Abelian T-Dualising the ITA reductions. In
all backgrounds presented throughout this paper, the transformation parameters drop out
exactly when calculating the Holographic Central Charge (see appendix F), matching the
ITA result in (2.53). This is not particularly surprising given the arguments presented in
section 4.3 of [4]. Hence, the transformation parameters once again correspond to marginal
deformations in a dual CFT. We now present a three-parameter family of solutions.

4.1 Three parameter family

From the U(1), component given in (2.50), fixing (p,b,u)=1, (a,c,m)=0, ¢=¢&, v=(,
s=+, we have

U1)r = 1+y)x+(+C)B+9. (4.1)

Performing a dimensional reduction along 3, followed by an Abelian T-Duality along x, one
gets the following three-parameter family of Type IIB solutions'®

3 1
dsio p=f2 12 NE l4dsQ(AdS5) + f4(da2+dn2)+d52(M3)] ,

2 _ 2 l 2 2 2 2‘:1)8:&5
ds (Mg)—f2<d9 +Hsm 9d¢)+ff’f3f5HDX , e LI
Co=2 (folrefo) +72 +a¢ 2 sin?0),
Dx =dx—((v§ =) fr+fs) sinbdo, (4.2)
Ba= = (Ferelr=CR (060 o= = fofe) -+ (06~ f) ) sin?0 ) sin 0 ol
(0= OR e (- (6 -0) o)) sin Bdona.
Ca= g (Fr=2 2 (6= O R et (fosim 1) 0+ (6= 0) 1)) s 0 ) s
G (06-0R 4o+ (6=t sin?0dsnd,
=142 (2 0g-0P+ (4 (600 sn
== (14652 + €222 1 2 2 g, (43)
s fs

We can preserve the U(1), component given in (4.1) by first fixing ( = —¢ (as in the IIA case),
followed by fixing v = —1 under the T-Duality. These conditions together mean v¢—(=0.
Due to the transformation given in (2.49), such conditions break the SU(2)r component of
the R-Symmetry — leading to an N =1 background. All other solutions are of course N’ =0
backgrounds. One can recover the S? by enforcing v= ¢ =0, giving a one-parameter family

183ee also the 3-parameter families given in (C.19), (C.26) and (C.36), which can all be mapped to (4.2) as
outlined there.

— 21 —



of S? preserved solutions (corresponding to the ATD of the S? preserved A/ =0 solution
studied in [2]). Unlike in the ITA case however, this is N'=0 for all values of £ (including
¢€=0). This is still a noteworthy example, so we present it explicitly in a later subsection.
We also present the /=1 solution explicitly. One could split (4.2) into two categories of

2-parameter families, each promoting to the N =1 solution in a different manner!?

o Case 1: with (=—¢ (or ( =~¢€) and v € Z (promoting to N’ =1 for y=—1),
e Case 2: with y=—1 and (¢,£) € Z (promoting to N'=1 for { =—¢).

We will however focus on a more general discussion of the full three parameter family,
investigating the boundary by the same procedure as the ITA solutions.

Investigations at the boundary. We first note, for general values of (1,0,6), (£,1I) are
non-zero and finite. The deformed S? given by (6,¢) has IT— 1 at the poles, which given
the expression for M3 in (4.2), means it still behaves topologically as an S2. This follows
the argument given in [2]. We now turn to the behaviour at the boundaries, keeping all
three parameters non-zero. We will now use the large gauge transformation which includes
the additional term introduced in the ITA discussion

By — By+2k(k+£N;)Vol(S?). (4.4)

o At 0 — 00, we use utilise (G.1) and (G.2) to find

2P T \2 T \2 ™ .
ds%QB:H 4ad32(AdS5)+7T<d(PU) —i—d(ﬁn) +sin? (P) (d92+sm29dq§2))
1 kP 2m 21 N 2
+4/<;20 (dx—i—”yﬂ (Fn—sm (Pn>)sm9d9> ],
P2 2o 4/{/P 7T s
M= e, Hy=———sin®(5n)sinfd(5n)AdoAds.
A= g Ham e () sm0d(pn) ndondo

(4.5)

It is immediately clear that v plays a special role here, the only parameter of the three
which remains in this limit — when =0, the S? is recovered. So too is the S spanned
by (n,5?). This makes sense given that the A= 1 solution (with a broken SU(2)) is
derived when v = —1. The background tends to a stack of NS5 branes. The S' shrinks
in this limit, in contrast to the ITA cases where it grows alongside the AdS; — this
makes intuitive sense following the T-Duality. Again we find P NS5 branes, as follows
(with 2k =)
1

= = H = P. 4.6
QNss @) /(nﬂ,aﬁ) 3 (4.6)

19Tt may prove useful to relabel v =4—1 such that the A’ =1 solution is recovered for 4 =0, however given

that v=0 can lead to a recovered S?, we leave as is.
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e At n=0 with o #0, using the Warp factor limits in (G.3), gives

fa(do® +dn?)+ds*(Ms) = 02{ |J;f| (d +dn? +n?(d6? +sin? 0d¢2)> 412DX2},
szdx+2m7l (v¢— C)|f| (1—})1 sind6. (4.7)

In this limit we notice that the R3 of (1, 5?) is recovered only when all three parameters

are zero.

e At =0, ne(k,k+1), recall that along the 0 =0 boundary, V =0 to leading order. We
now see
1 I R
E— P4+ =C*RV"sin%0, — — —— l sin?#,
3¢ fo 202V (4.8)
I = 14+E(Ngy1—Ni), I =7+ (7€ =) (N1 —Ni) =71k —C(Nis1— Ni),

where

2 2y, J2 2_, 2v” 2 2,0°

fa(do*+dn~)+ sm 20dp? — = dn”+| do +l§d¢ . (4.9)

k
So there is a R?/ Z;, orbifold singularity in (o,¢), with [ Recall, in the IIA case, this
orbifold singularity was over (o,Y), with [ — see (2.59). So in moving from ITA to
IIB, x has been replaced by ¢, and the orbifold singularity made a little more general
(l;C — lk) It is worth noting that the case of (vy,() =0 must be treated separately because
I = 0 (this is the S? preserving condition). Now we turn to the remaining internal

metric component
1 9 2RV

2RV"+(R')? 1
d®+————D —____d6? Dy?
J2d6™+ Ffafsd X _>2RV"+(R')2 TTeRe [2sin26 X

(2@5—@7@1/”—%’)) sin fdf.

(4.10)
prosiran(ons g
XX T RV - (R
Notice that for the A'=1 condition, v —( =0, we have Ik =y=-—1.
e At 0=0, n=0, we again adopt the coordinate change (G.7), where
212, M—1+2cot?asin®f, lo=1+ENy,  lo=~lo—CNi. (4.11)

We note in general

20 sin? 0 d¢?
do?+dn?)+ds? (M. —>(dr2+r2da2+r2 COS2Oé(d92+ >>
Ja( n°) (Ms3) N, 1—|—l%cot2asin29

DX2

4rk2r2sin? a (1413 cot2asin2 )

, Dy = dx+4k(vE—C)Qr3 cos® asin 8d.
(4.12)

So we see, as one would expect following a T-Duality, the internal space no longer
vanishes as R®/Z;,. The orbifold singularity here is also less clean. Note that for the
N =1 case, Dy — dy and again, [y = —
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e At 0=0, n=k, we use (G.8) as in the IIA case, recalling that in this limit, the term
f2/f5 term dominates away from the pole. We first assume then that we are indeed
away from the pole, finding

. bp¢?Nysin?6 Nj.sin?6
B —— M 200
4r ’ —>bkrsin2a k@),
2 9 2
= (-0 Esinact (74 (- Q)gl0)
My (a=0)=17_,, My (a=m) =1} (4.13)

We make the same coordinate transformation as the IIA case, r = 22, giving
ds3y 5 = (K Ny sing (4d52(AdS5) +ds? (IB5))

4by, sin? 1 (dxy+Ag)?
ds*(Bs) = df*+ (d do d¢p* )
s*(Bs) = Ny + ( R I ¢ ) 22sin%6 16200, )’

205 _ ¢t Nibysin? 0

_ _ . _
120, A = 26((v€—C) Ny, +vk) sinfdf, Cy :

Bo= - ((1+69(@) (v+ (6 Ogla))+ e (€~ sina)
x (2&(7k+(7§—C)Nk> sinedeAd¢—d¢AdX>,
sznlk(((v&—C)1bisinza+g(a)(7+(v£—€)g(a)))dxAdd> (4.14)

+209((6 =) Bsin - (kg(e)~Ne) (r+ (€ ~C)g() ) sin0dOd ).

We note that Bs corresponds to the ATD of the (6, z, Bs) components of (2.62) (using
the appropriate gauge transformation for Bs). Now, we find

4by, 1 (dx+Ak)2
ds*(B = dp? (d do —d 2 ) 4.1
s2( 5)\%0 A +Z ( +z - <z>) Zen?0 1652 ) (4.15)

m (1—a)? 1 (dX+Ak)2)
2 24 2y dg?
ds*(Bs)|_ =do*+ (d +4(d R W)+ g 1652 /)

Note the presence of a sinf out the front of the whole metric! We observe that («,¢)
form a WCP with Euler characteristic?’

le—1,ix)’

| ()~ (=0)
XE= o8 fwept 2 1| x| (4.16)

([—1.0k]

2OWhere we have taken \/Z%E |ix], such that in the N'=1 case (where Iy =l =—1), we find yz =2
— which recovers the necessary S2 (or C]Pl). Without taking the absolute value here, one would instead
(incorrectly) find either xg =0 or xg = —2, describing a genus 1 or genus 2-torus, respectively. This subtlety
arises because it is only lz which shows up in the metric, not [ itself. Alternatively, one could define
I = |1k —C(Nig+1—Ng)| from the outset.
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Now we see that Co—CyBy = %d(b/\dx, meaning that there are no D5 branes present

for ¢ #0, noting Fy = d(CyNe™P2). Before we approach the pole, let’s make an aside
and look at the ( =0 case in this limit.

— ¢(=0: when v # 0 we have II;, = ~2A}, hence

o Nisin?6

=LA, T Ar, Ap=e82sin? ’
= Ky =7 5—Ag, k—4§ psina+(1+&g(a) ) , (4.17)

byrsin® o

we then see (with the same Aj as above and skipping the gauge transformation in
Bsy for the moment)

N 422\,
d 9 _ 2 Ni A 4d 2 Ad d 2 ]B 2{)3 = —_
s “\/gﬁz{ s”(AdSs)+ds™( 5)}’ © 72bg Ny sin? 6’

4by, 1 sin? 1 (dx+Ag)?
ds?(Bs) = db? <d22d2 do?) +— )
5" (Bs) +Nk N +4Z ( @ +72Ak ¢ >+22 1672k2A,sin%6 )’
! 1 1,
By=——dondy,  Co=7-(g(a)(1+&9(e))+ phigsina),

Co= Alk {2&((14—59(@)) (kg(a) —Nk) —l—%b%{k sin? a) sinf0dO \do
—i(g(a)(l—l—ﬁg(a)) —|—ibi§sin2 a) dqb/\dx}. (4.18)

Note, similar to the ITA case, the S? has been replaced by a Spindle here. Now we
again impose the two gauge transformations separately. Using (2.54), we have

1
By — By+2kkVol(S?), By = —;dd)/\dx—%%aksin@d&/\dd),
1 R 1 ¢p=2m rl=m a=r N Np_;
= F3=— / C3—Ci1A\B =—— )
Qs (2m)? /(a,e,qb) ST em)? Jo=0 Jo=o { o QL=0 el

(4.19)

Alternatively, as in the ITA case, we can include an additional term in the gauge
transformation

By — By+2k(k+EN,)Vol(S?),

1
By = ——dpAdx+2k(k+ENy,) sin0dO Ado,
Y

1 ,
QD5:——/ Fy=Ny—Nj_1. (4.20)
(0r0.9)

(2m)?

So this additional term in the gauge transformation recovers the quantization of
D5 charge, eliminating the effect of the orbifold singularity present. The same
result is true in the v =0 case (with (=0). In the ITA background, D4 branes
were only present when ( =0. Here we see the same behaviour with the D5 branes,
but now the S? preserved condition is (,() =0. Therefore, in the IIB case, we
can have D5 branes without the requirement of a preserved S? (as long as the 52
is broken under the ATD itself).
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We now return to the general case at this boundary. As in the ITA case, we approach

the pole (6 =0,n=k,sinf =0) using

[b
n=k—pcosasin®y, o=psinasin?y, sinf =2 Nchosu, (4.21)
k

recalling that r = psin? ;1, and expanding about p=0. Now

2 asin? pII — sin? asin® p+4 cos? Iy,

sin
sin? n=— =i = Ay sin? u—i—CQbi cos? Lt

1 2

A= Zf%i sin® o+ (1+§g(a)) )

4kby, cos?

By = By~ = (k+-ENy)dpAdg, (4.22)
k
giving
b
ds? ~ 4 Yars
=\/Ey | ——=ds*(AdSs)+L-ds*(B
@B o 2é]€
€ - b
by sin py/sin? acsin? p+4 cos? Iy,
d2(]B) d2+4 2|:d 2+1S-2 (d 2+ Sin204 d¢2):|
s = —sin a
> P Pr| Ty K Hk—l—%sinQatanzu
LI N (dx+Ap)?
p 4k2bysin? pu (sin? asin? p+4 cos? pI1y,)’
4kby, cos .
AkzT('ykJr('yf—C)Nk)(cosudp—stmudu),
B, — 4cos?
> sinZasin? p+4cos? plly,
1 .
x ((1 +69(@)) (v (6= Og(@) + ;R (6~ ()sin® a)
4kb
(St cos u (k4 (16~ UL ) dpdg—dondy ).
k
1 1
Co== (g(a) (1 +§g(a)) sin2u—|—1bi (47C cos? p+Esin? asin® ,u))
=k
- B2 k(€ —
C sinzasin2u+4cos2,uﬂk[ Ny, (7 Kk(h€—C)cos” psin"a

+4vk(v£— ) g(@)? cos® p

— Nj(sin? asin? ji+472 cos? ) +47 g(a) cos? u(yk— (vﬁ—C)Nk))dp/\dgb
—cos o Jsint are—0) +g(a) (1+ (06~ Clgl)) )dondx| . 429

So again, we see that the S? has inherited orbifold singularities. On first sight, these
appear more complicated than the Spindle found in ITA (in the general case at least).
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This is because Bj in (4.23) is the ATD of the (p, B4) components of (2.70) (using the
appropriate gauge transformation in Bs). One can then conclude that z and p, in (4.14)
and (4.23) respectively, aren’t a part of the orbifolds themselves but the cones over
them. It would be nice to understand this further topologically in the future. Now we
calculate the charge of the D7 branes at u= 7 on one of the components of the ‘Spindle
like’ space, a, as follows

a=m  2Ng—Ngy1—Np_
a=0 N lklk,1 .

QD?Z_/QFIZCO‘ (4.24)

This is the result for all values of (v,¢) — including the N'=1 background. See figure 1(b)
for a pictorial representation of the solutions, summarising the above analysis. It is
important to note that this broken quantization of charge is due to the = (and hence
Aj) in the denominator of Cj, and not II; which is what gives rise to singularities in
the internal manifold. It appears then that this breaking of quantization is simply a
remnant of the ITA orbifold singularity. As a result of this, one can find situations where
the background has the above rational charge without having orbifold singularities in
it’s metric. In other words, by T-dualising within the Spindle like orbifold in Type ITA,
we can break the orbifold structure completely in Type IIB whilst still inheriting the
rational charge. The A'=1 and S? preserved N =0 cases are two such example, which
we now write explicitly.

4.1.1 N =1 Type IIB — Background

Let’s now present the one-parameter N/ =1 family as promised, where y=—1,{ =—¢

faf3

9,2
_— 0d
ot fosinZf ¢

ds?y = 5% fy {4d52(Ad35)+ Fod6?+ fo(do?+dn®) +

(dx+ fgsin0df)? }
f2(fafs+sin?0fafs)]’

e3P = i[5 (1+Ef)+€ fo+E fasin®0),

(205 (fs(1+Ef6)2+E2f3+E25in20 f) _ f5fe(1+Ef6)+E f3+E fasin?0

- fafs+sin®0fafs ’ Co= fs(1+E€ f6)? 42 f3+&2 fosin® 0’
_ f2f8(1+§f6)5in29 . f2(1+§f6)sin29

By = ( Fat fasin?0 —(fs+£f7)) sinfdoNdf+ ot fouinZ0 doNdy,
 fafr+fo(fr— fofs)sin?6 fofesin?@

2= f3+ fasin?6 51n9d9/\d<;5+md¢/\dx. (4.25)

See appendix A.3.2 for the G-Structure description. As already discussed, this background
has NS5 branes and D7 branes (with charge given in (4.24)). There are only D5 branes
present when £ =0 — namely, where the red plane and blue line in figure 1(b) intersect.
As previously mentioned, there is no orbifold singularity present in this metric, but the D7
branes still inherit the broken quantization of charge from its type IIA ancestor.
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4.1.2 S? preserved N =0 solutions

In this case, fixing (v, () = 0 preserves the S? whilst breaking the supersymmetry. Of course, to
get the non-deformed solution, we fix £ =0 in the following discussion. The background reads

1
dstop=e5%4 fi [4d32(AdS5)+ fods2(S2)+ fa(do?+dn?) + dy>

fifsfs 7
2 = [+ ] 3% = 11 [ f5(L+Ef0)* +€15)
_ fsfe(1+Ef6)+E S5 B 2 _ 2
BN AT = (fs+&fr)Vol(S7), Cy = f7Vol(S7). (4.26)

We can see from the metric in this case that there are no orbifold singularities present
here. However, from the boundary analysis just presented, we know that the charges have
the same broken quantization as backgrounds containing spindles — in both the D7 branes
and (depending on the gauge transformation chosen) in the D5 branes. Therefore, perhaps
a different interpretation may be required, one possible proposal is the idea of rotating the
D branes — see appendix E.

4.2 More solutions

In a similar vein to the ITA discussion, the three-parameter family of solutions given in (4.2) is
not the only one which can be derived. We have in addition (C.19), (C.26) and (C.36) which
all map to (4.2) under the transformations given in (C.20), (C.27) and (C.37), respectively. As
in the ITA section, one can still derive unique solutions from these backgrounds because of the
nature of the required mappings. We refrain from including ATDs along ¢ here, as typically
performing a T-Duality along the U(1) of an S? can lead to singularities in the dual description.
Perhaps the same is true in the Spindle case (see (C.21) and (C.31) for the solutions).

ATD along 8 of the x reduction. Performing an ATD along S of the x reduction, one
derives (C.26), which requires £ — 1/£ to map to (4.2). Hence, by fixing £ =0, we derive
another unique solution

dsw &= — 3 Cag {4(15 (AdS5)—|-f2dc92—l-f4(da +dn? )+ <f2f3f5 sin? 0dg?

+ = (A8+ (¢ fs—fr) sin 0t 2)]

62@5**(f5f6 + f3 4+ fasin?0)?, 34 = fy {f5f62+f3+42f25m29 ;

[I]>

Bo=sintz | fa(1a+ fs oS ~C) ) sinbds

+(afs ot Cha (vt fo(fofs 1) fa=0)) sin?0) 6] Ado,
Cy= Sin@é l:fgfg,(’yfg—() sinfdf

(fafstorrfa(vhasot fo(Fofs ) 0 fo= ) sin0)db | ndo,

Co = fre™3%4( fs fo+7C fasin?0), == fafs+ (v fs+ f5(7fo—C)?) sin® 6.
(4.27)
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This time, the background is a two-parameter family of N'=0 solutions which enhances to
N =1 for (=-1, y=0. We now turn to this solution.
4.2.1 Unique N =1 IIB solution

We now derive a new and unique A =1 background (corresponding to the £ =0 case
of (C.28)21).

%= A7 1 10525+ o8+ aldo® )
n (dB— fgsin0df)? }
3 (fsfs+sin?0fafs)
%CI)A _ 2 . 92 2B (f5fg+f3+sin2 9f2)2
S [f5f6+f3+f28m 9}7 © - fsfs+sin26fafs
2= j%jLsfl:l:mgg <f2f6 sin0d+ (f3f7+f2(f7—f6f8)sin2 «9) d@) Ado,
L . - f5f6
2- f:H—fzsimQG(fQSmecw—i_fgj%dg)/\dqj Co= f5f2+ f3+sin?0fy (4.28)

This solution corresponds to the SUSY preserving abelian T-Duality along 5 of the unique
ITA N =1 solution given in (3.2).

ATD along B of the ¢ reduction. Performing an ATD along S of the ¢ reduction,
one derives (C.36). To map this solution to (4.2) we require transformations involving

1/€, 1/¢,1/v and 1/(¢—7€) (see (C.37)).
Fixing £ =0, we get

ds?y oy = 3% fy {4d52(AdS5)+ 262+ fa(do® +di?)

<f2f3f5S111 QdX +—= L (dﬁ-}- f8+7f7)81n9d9) >:|
9)

ei 4 = f1 (C(fs 13+ f3)+ fosin
&2 = 2 (CX(fsf2+Fo)+ fasin?0), 2=Cfafs+f2 (v Fat Fs(147f5)?) sin®,

By==

[1] — [I]>

[f2< S5+ fafs(14+7fe)) sin? 03

—sind(Cfafs ot fo(~ bt Fa(F fo ) (147 fe)) sin 6)ds | nd.

éfz&fs (dﬁ+ (fs+7f7)sin 9d6) Adx.

(4.29)

Co=(fre” 34 (’Yf3+f5f6(1+’Yf6)), Co=—

2INotice that the transformations given in (C.29) and (C.30) also demonstrate that the £ =0 solution is
unique. Here (p,b,u) =1, (¢,¢,m)=0, a=£=0, s=(=-1, v=v=0.
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Fixing (=0, we find

dsiy = e3®af [4ds2(Adss)+ f2d6? + f1(do® +dn?)

(f2f3f5 sin? B>+

e3%4 _f1(§ f5+ f2sin?6),

5 - (48+(fs f7)sin 00 )}

e*?r = E(& Js+ fasin®0)”, E=72 fafs+f2(7 fat F5(1475)?) sin” 6
Bo=z| (12 afs + folofort Fafo(L40)sin? 6)
wsind(1€2 ot o fa(~ afit ol Fofo) (14 fe)) sin6)db | nd,
Co=E fufs(1+7fe)e 5%, C’gz§f3f5(dﬁ+(f8+7f7)sin9d0)Adx, (4.30)

Fixing v=0, we get

ds3y g =e3%Afy [4d82(AdS5)+fzd02+f4(d02+dn2)

( fafs fssin?0dx>+ — 7 (dﬁ+ fysin0do) )}

—_

8 = 2 (f5(Cfo+ )7+ ot fosin®0)’,
€34 = fi[F5(C fo+8)?+C fat fosin0),
Bo= 2| 5(~€0 u+ fofosin®0)ds
bsind(~Cafa(CrHER) ~ fafs( e o) sin0) d6] Ad,

= [if5(Cfat€) e3P, Co= =2 fsf5(dB+ fysin0d0) Adx,
= fafs+ fafssin®0. (4.31)

[I]>\</\

Co=
A
Y
=

Then, by setting ( =—1 in this background, one re-derives the N'=1 solution in (C.28)
(following the transformations given in footnote 31).
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Finally, fixing ( =+v¢, we find

ds2y = 3% fy [4d52(AdS5) + fod0+ fo(do+di?)

+é (f2f3f5 sin? 0dx? + flf) (d/3+(fs +7.f7)sin ede)w

€205 = L (€2 (1 fot 1)+ €292 it fosin?0)’,

[1p>

o
IS
&
IS
I
=~

L€ /(1 fe+1+E272 fat fasin 6]
1

By = {(f2(’7f3+f5f6(1+7f6))Sin2 G)dﬁ

[1>

+Sin9(f2 (’stfs—f5(f7—f6f8)(1+7f6)) sin? Q)de} Adx,
Co=¢&fie 34 (72f3+f5(1+’)’f6)2)7 Cy =0,
2= (V2 fs+ f5(147fs)?) sin0. (4.32)
ATD along x of the ¢ reduction. Performing an ATD along x of the ¢ reduction leads
to the following N =0 family of solutions
ds?y = 3% fy [4d52(Ads5)+ F2d6?+ f1(do®+di?)

€
b
2 = L(f5(Cfot P4+ C it fosin?0), 3= i [f5(Cfot &) C ot fasin®d)],

—_
—
—

+ 2 (Fafafssin 045+ 5 (dx+ frsimoas)? )|
Co= fre™ 3% (fs fo(CFo+€)+C i), E=Efsfs+ folfa+5f5)sin6,
Ba= 2| (o fafusin® )i

+ [EFs 5(C et efs)+ o (Fafs+ s fo(fofs— fr)) sin6)] sinede] AdB+ydx AdB,

—

Dl

Cs fsfs (dx+ frsin 0d«9) AdB. (4.33)

— ~
—
—

5 Conclusions and future study
We now briefly summarize the new results presented throughout this paper.

e After reviewing the Gaiotto-Maldacena solutions in M-Theory and some relevant
material on the method of G-Structures, we included the M-Theory G-Structure forms
corresponding to a reduction along y and ¢. We then presented the new IIB G-Structure
conditions in terms of the Pure Spinors W, derived in detail in appendix A.

o Investigations at the boundary were then conducted for the general two-parameter
family of Type ITA solutions presented in [2], following the analysis of the N'=1 solution.
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We show that the space orthogonal to the branes is in general a higher dimensional
analogue of the spindle. We find NS5 and D6 branes in all backgrounds, with the D4
branes only present for S? preserved solutions. Introducing an additional parameter
into the gauge transformation of Bs, we find the integer quantization of D4 charge is
recovered, negating the effect of the Spindle. This is not possible for the D6 branes,
but the rational charge has the same form for all backgrounds.

o Following an SL(3,R) transformation in M-Theory, by performing a dimensional re-
duction along x and ¢ in turn, some new ITA solutions are presented (including a new
N =1 solution). An in-depth derivation is given in appendix B.

e We then present a three-parameter family of type IIB backgrounds, derived by per-
forming an ATD of the two-parameter IIA background. This solution contains within
it a one-parameter family of A’ =1 solutions, as well as a one-parameter family of 52
preserved N =0 solutions. Investigations at the boundary were conducted in the same
manner as the ITA case, finding the presence of orbifold singularities. In analogy with
the ITA solutions, NS5 and D7 branes are present in all cases. However, D5 branes
only appear in backgrounds which descend from the S? preserved IIA solutions. In
studying the ATD for multiple cases, with full calculations given in appendix C, the
TST solution of [7] is re-derived — now implying this is an A/ =0 solution in general,
enhancing to N'=1 for y=—1.

e This then motivated the uplifting of a TST solution, deriving a deformation of the
M-Theory Gaiotto-Maldacena solution (believed to be supersymmetry breaking, and
given in appendix D). It proved useful to perform an ATD and TST for a general form,
deriving the ATD solutions for many backgrounds at once. These forms are presented
in appendix C. The breaking of quantization seems to occur without the presence of an
orbifold singularity in some solutions, a proposal for the possible interpretation of this
is given in appendix E- involving rotated D-branes.

o Some additional IIB backgrounds are presented, including a zero-parameter N =1
solution. Both families of A/ =1 IIB solutions presented in this work have the interesting
property of a zero five-form flux. See [6] for some context.

o The Holographic Central charge was derived for the general metric, showing as in [2],
the deformations are marginal in the dual CFT. See appendix F. The G-Structure forms
for all /=1 solutions are derived, and presented in appendix A.3.

As outlined throughout this paper, there is still analysis which could and should be conducted
in future work. In addition to the list presented in [2],

¢ Investigate more thoroughly the backgrounds presented in this paper, including the
charge quantization, behaviour at the boundaries and stability analysis, where required.

e Use the T'ST formula presented in appendix C to check whether performing a TST
transformation on these multi-parameter backgrounds leads to an additional (non-trivial)
parameter.
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o It would be interesting to take a closer look at the deformed Gaiotto-Maldacena solution
in M-Theory.

e It would be nice to investigate specific Rank Function examples for these backgrounds,
including the Triangular, Trapezium and Sfetsos-Thompson cases.

o It would be interesting to use the multi-parameter solutions presented here within the
context of Black Holes. Notably, the presence of Spindles in these solutions.

o It would be nice to investigate whether something can be done along the lines of [26, 27],
in the context of 5D Minimal Gauged Supergravity.

Hopefully, further work related to these topics will follow in the near future.
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A G-Structure calculations

In order to validate the supersymmetry preservation of the Type ITA and Type IIB theories
presented throughout the paper, our goal is to study the G-Structure analysis in each case.
We must first calculate the Gaiotto-Maldacena G-Structures for each A/ =1 reduction frame
in turn, allowing one to derive the corresponding ITA and IIB G-Structures as required.

A.1 Gaiotto-Maldacena

One can use the Béacklund transformation to calculate the GM G-Structure forms from the
LLM G-Structure analysis presented in appendix D of [28]. This calculation derives the
G-Structures corresponding to the y reduction frame, given in (2.33) and (2.34). We now
wish to rotate these forms in a general fashion to a reduction frame which accounts for
the SL(3,R) transformations performed in this paper. One can then easily restrict to the
N =1 reduction frames of interest.

Following the SL(3,R) transformation given in (2.49), one needs to re-write the metric
in the following form (for a dimensional reduction along ¢3)

ds?, = f1 [4d32(AdS5)+ f2d6®+ f4(d02+dn2)} 4 f2e5%1r4 52

+€%q>”f4 (d(;53 +Cl7¢,1 do +Cl,¢2 d¢2)2
dss = hg, (0,0,0)deT +he, (1,0,0)dds+hg, ¢, (n,0,0)dd1dds

1 h¢1¢>2 (777070) )2 ( 1 h¢>1¢>2 (777070)2) 2
- = 10162119, 7) _ D121, 9: ) Al
h¢1 (?77 0—7 9) (d¢1 + 2 h¢l (777 O', 0) d¢2 + h¢2 (7]7 U? 9) 4 h¢1 (7]7 O', 9) d¢27 ( )
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with (¢1,¢2,¢3) representing any arrangement of (8,x,¢) as required. The general G-
Structure forms for the GM background then read

ke 2P

fi
El = f16_§¢ \/ h1(7770a 9) |:b1 (naaae)da+b2(nva’ 9)d17+b3(77,0’,0)dp—|—b4(’l’],O',H)de

. 1 hg,g,(n,0,0)
i d¢1+12d¢2>},
( 2 hg,(n,0,0)

By = i [b5<n,a,9>da+bﬁ<n,a,9>dn+b7<n,a,0>dp+b8<n,a,e>d0

K= d(coshe*V),

e 20 1 hgy4,(n,0,0)* }
h 0)———2 "~
+i fre” 3 \/ ¢2(77agv ) 4 h¢1(77,0',9) ®2|,
Ey=—/fie'X [59(777079)d0+510(77,0,9)d77+511(U,U,H)dp-i-bm(??,m@)d@
2p

.e3

+Zﬁ(d¢3+017¢1d¢1+617¢2d¢2) s

$=sx+vB+ug, X=px+qB+me,
where (b1,..., bj2) are functions which must be derived in each case.

Notice here that K remains intact under the rotation of frames because it is independent
of (B,x,¢). Hence, in order to still satisfy all four G-Structure equations in (2.29), J must
also remain intact under a frame rotation. After enforcing this requirement, expressions
for (b1,..., bi2) are easily derived by performing the SL(3,R) transformation (2.49) on the
original forms for the x reduction frame, given in (2.33) and (2.34). This process must be
repeated for each arrangement of (¢1,¢2,¢3) in (A.2a), giving a separate set of functions for
each. These functions, in their most general form, depend on the nine SL(3,R) parameters
and the derivatives of V' (n,0). These results are too cumbersome to justify including here,
but one can easily derive them using Mathematica and the method just outlined.

To derive these functions for the § reduction frame, we could choose (¢1,d2,¢3) = (X, b, 5).
One must then specify the relevant values of the nine SL(3,R) parameters. For the N'=2
B reduction frame presented in (2.33) (and given in [2]), we fix (p,b,u) =1 with all other
parameters set to zero. Analogously, for the y reduction forms, we pick (¢1, ¢2,¢3) = (5,0, X),
re-deriving (2.34) with (p,b,u) =1 and all other parameters set to zero.?? In the ¢ reduction
case, we can simply cycle the roles of E; such that (Fy, Es, E3) — (Fs, E3, E1), meaning we

22 Alternatively, one can derive the x reduction forms (up to Es — —F») from the § reduction case just
discussed by utilising the SL(3,R) transformation, with a=1,¢g=1,u=—1 and all others set to zero (noting
that from the determinant in (2.49), we now require gau= —1). Hence, in this case, we have made the
transformations S —x, x — 8, ¢ — —¢.
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get the following two alternative forms (from (2.34) and (2.33), respectively)

¢ reduction frame

Ke 2P

N1

K= d(cos9e*V), E3=¢' {;e_QPd(sin 0e*’V)+i\/f1fa sin quﬁ] ) (A.2a)

1
with

E;= —€iX\/f1f5 (f62+§§) [dp—(v/);/_vvﬂd(f/)%—i (dX+f2J_cEf3d5>], (A.2b)
61 fs
| Afs N
B=| 2k (a)-ids).

or

By =—eX\/fifs [— lefg‘;do—V”dn—i—fgdp—i—i(dﬁ—i—fﬁdx)l , (A.2¢)

1
By = —V/Fifs (S do-+dpid ).

where (E1E1+E2Es), (B ANE1+FEyA\E,) and E;AE5 for (A.2b) and (A.2¢) are equivalent (as
required). Alternatively, (A.2b) and (A.2c) are derived directly from (A.2a) with (¢1, p2, ¢3) =
(x,8,¢) and (¢1,02,¢3) = (B, X, d), respectively (with (p,b,u)=1 and all other parameters
set to zero).

The forms presented in (2.33), (2.34) and (A.2) correspond to naive dimensional reductions
along f,x and ¢ respectively, with no SL(3,R) transformations taking place. Of course,
as we've discussed throughout this paper, in order to derive N'=1 Type IIA and Type
IIB backgrounds, one must include an appropriate transformation prior to reduction. The
framework just outlined is now general enough to easily derive the G-Structure forms for all
such solutions, allowing for the verification of the preservation of SUSY in each case. One
could use the G-Structure reductions given in (2.37) to find analogous general ITA forms in
terms of these 12 functions. Supersymmetry will only be preserved in a special set of cases,
so in general, such general forms would be largely redundant.

To then derive the ITA forms, we simply use (2.36) and (2.37).

A.2 G-Structure rules for Abelian T-Duality

Here we present the Abelian T-Duality of the G-Structure conditions. Note that in this
calculation the convention dg, =d+HsA is required — in order to use the minus sign
convention (used throughout the rest of the paper) we would need to appropriately flip the
sign of the B field in the T-Dual rules given in (2.42) (such that E} = e 0" (dy+B7Y)).
Motivated by the Type ITA G-Structure condition given in (2.40), quoted here for

convenience 1
V014/\dH§4(64A7¢AIm‘IJf) = g(F6+F8+F10)7

one can use the T-Dual rules of (2.42) to make the decomposition

A
Ui =04 +04 AEY, WE = W A(dy—Bi),
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with BY = e (dy+Af) and B} = e (dy+APF) = e~ (dy—B{'). The above form of U2 is
an initial ansatz — the final form will be derived at the end of the following subsection.

G-Structure conditions. We begin by transforming the G-Structure condition under
Abelian T-Duality from IIA to IIB. For convenience, we will summarise the left-hand side of
the following ITA G-Structure conditions simply as d HA (eA=2ap,

dHf(e?)A_q)A‘I’f) =

dpa (24~ PAReUA) =

0,
0,

(dA
dp (e PA M) = = 6 Alg)-

with the choice of « € (2,3,4) depending on the specific condition. Now, the condition which
will transform in the same manner as the Ramond fields is

Voly Ad gra (e 4~ AWE) = Volg A [d(eaA—‘I’A T +dBANeAPA qfﬂ . (A.3)
From the T-Dual rules (2.42), we have
dBA =dBs'+dB{* Ady
= dBf +e " dBAN (dy+ AP) —dBAN AL (A.4)
= (dB{—dBAAAN +e~ O dBANEY,
and using the decomposition for \Il“j:‘, we get
dBA/\eaA_{)A\IVj:‘
= [(dBg' —dB{ A AT +e O dBANEY At AP AwL e APawd ABY]
= (dBg'—dB{' NA{ ) Ne* AP AT

_ _ _ (A
+[(dBs' —dB{ AAf) Ao AP awg —eod=Pawd nemClaBH| ABY,

(A.5)

In addition,
d(e* =P Awg)
=d(e™ AV e AT PATE AEY)
= d(e = PAUE ) d(e* A PATL YA e A PATE A (e Ndy+d(eCTAL)) (4 g)
= (e \I'“j:‘LH—eaA_(DA \I/j:‘H /\ecAd(Af‘)
+ [d(eO‘A*q’A \Pﬁu )4 eAPa \I/i‘H /\e*CAd(eCA)] NEY.
Hence, we have
Voly Ada (e~ *4T4) = Voly (T 4T AEY),
T4 =d(e4=PAu ) e d=Paud A (A +(dBs —dBf A A neo AP Aw
F‘“|4 = d(e?A~%A \I’i‘H )+eAPA Wﬁl\ /\echd(ecA)

+(dBs' —dB{ A A net AP Au —eoA=Paud A= apit,

(A7)
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Now, applying the T-Dual rules, one gets for the IIB equations
Vol A (7 T4 T4 A (dy - BfY)). (A.8)
Before proceeding, from the transformation rules
BB = BB+ BB Ady = Bs'— A A (dy—B{Y), (A.9)
the following result will be required
dBg'—dB{ ANAR = dBB+dA{ A (dy— BiY), (A.10)
which we substitute directly into (A.7), giving
T =d(e* A= 4w ) +dBENeA=Paud peod=Paud AeC (AL
—dA{ N PAu A(dy—BiY), o
11
I—\ﬁ — d(eaA_CDA\IjﬁH )+€aA_q)A \Ij,/:é“ /\C_CA d(eCA) ( )
_ _ _CA
+(dBP+dAf A (dy— BfY) ) AeA=Pawf —eoA-Pawd AUt
hence
S T+ T A (dy— Bi)
:QCAd(eaA_CDA\I’éH)+€aA_(DA\I/éH /\d(ecA)—|—eCAdBB/\€aA_q>A\I/i‘H
— O AL N AT PAT A (dy— B — e PAu AdBY!
+ [d(eaA—‘I’A Wi )+dBEAAPawg e A=Pawd AeChd(AL) | A(dy— BiY)

N . (A.12)
:d(eo‘Af(I)AeC \Il“él‘)—l—dBBAeaA*q)AeC \I’i\H

+d(e 474w A(dy—Bi)) +dBEne A aw A (dy— BiY)
_ A
=dpys [eaA P (ec \I’ﬁu —l—‘l’“jéL A (dy—Bf‘)ﬂ
The IIB G-Structure equations now read
s (448

dys (247 PAReW?)

=0,
=0,

4A
dpp (e4A7(DAIm\IIE) = % k6 A(g).

Of course, by adjusting the transformation as follows
_ _ A
e ‘I)B\I/f::e ®a [ec \IIﬁH—I—\Ifﬁl/\(dy—Bf)},
one can re-write the above G-Structure conditions in terms of @z,
3A—Dpq By _
dH?’B (6 \I/_) — O,

dyys (24~ PERewE) =0,
4A—D B et4
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G-Structure forms. Now we wish to calculate the IIB pure spinors which we need for
the G-Structure conditions just derived. The SU(2) pure spinors for ITA are given in (2.26),
and re-written here for clarity

1 1,4,54 T A
\I’“fr‘:§e2z N AW, \I’f‘:§e T A,

In what follows, it will prove useful to make the following decompositions

FrHIAEY, 2=t AEY,

w? :wf—i-w““/\Ey . gA

(A.13)
zf:uj‘_l—i-ivf, zn‘l:uﬁl—i-ivn‘l.
We then note
ez? N 1+12A/\§A
21 . (A.14)
_ <1+§zf/\§f) +5 Gz = Az ABY,
as (2ANZA)A(2ANZA) =0, and
eI =1 (i) 4 5 (i YA ) g (S A A (=i )+
:1—2]“4—5]“4/\]“4—#5]“4/\]“4/\]“4—1—...
= 1=i( i ABR) — 5 G AT 202 NG A EY)
+§(jf/\jf/\jf—k?)jf/\jf/\jﬁ“/\Ei)—i—... (A.15)
= (1=t it gt gt ait g+
+(—ljf—jf/\jf-l-i]f/\jf/\]ﬂ‘l-i-...)/\EE/L‘
=e LA (1-ij AEY).
Hence, we get
A A A
1 1 _
‘liflzg(1+§zf/\zf> /\wf, g
1 1 1 .16
A 1 D oavoay, A, boa,_a a,_ay, A
v =3 {(1+22l/\zL)/\w| +5 LAz =2 Az At
\Iffll = ée_ijf/\zf, \Ifle = ée_ijf/\(zﬁ—i—ij“‘l/\zf).
Now, recalling
B - cA
WE =P Ot pwdt A(dy—BiY),
we finally arrive at
1 = 1
oh = ge%_q}““ [eézf/\zi\/\ (ecAw‘“ﬁ—i-wf/\(dy—BiA)) +€CA§<Zf/\§|“\4—Z\“|4/\§f)/\Wf
\I’S”_ = %e‘bg_@f‘e—ijf/\ |:(€CAZ|J4+Zf/\(dy_Bfl))“l_ieCAjA/\zf .
(A.17)

— 38 —



A.3 N =1 G-Structures

We will now present the G-Structure results for the ITA and IIB N =1 solutions given in
the main body of the paper, beginning with the 11D forms in each case.

A.3.1 Unique solutions

11D forms.
—2p ]
K= —%d(e”‘/cosﬂ)
2f_gf 1
2K - . 1
Ey = L V fasin® 0d 22<1 '26)d’
1 @m[ Josin 0207\ 1 g fosid V)
—%fg,fﬁ(e—ﬁf’d(eGPVSmQ9)+sin2ed(V))
i w26 (s fefosin’®
5,2 /1 f5(f3+ fasin®0) <d6+f3+f2sin20d¢ :
Ey=e" [ n <6_3pd(e3pV sinf)+ v siana)
f1\/i(1+a2if4)fgsin20+1 o

| Nfefs
+1 f3+fgsin298m0d¢]’

1
Vi ¥)"a 1 2 .
Ey=— Shlfs2) 1 - [dp+f2 (d(sinQO)—.e_de(eng(sin29+2))>}
(1+ L2 (sin20—4)) 7 8 14
+iv f1fsE(dx+Ch) |,
f3 o o 1 f2 . o
Y= fg+"+"sin®0, C =< dB— == sin”6d ) A18
6 [ 1Effiﬁf5 ¢ (A.18)
ITA forms. The G-Structure forms for the ITA N =1 solution given in (3.2) then read
3
uA 2v2ff

— <1+h(Sin20_4))i [dp+;f2 (d(sin29)—?/e2pd(e2pv(sin29+2)))},
4

3 1 .
v =—kV2f ° (1+%(Sin2 6—4)) 1e2Pd(e2PV cosh),

A= nfs [((1— f2) (d(zvsm2 0)+e % sin’ ed(zeGPV)) —2fysin” 9d(V)> Ad

2(1+ £ (sin20- 1))

D[

)

+ [f5f6 (e_‘gpd(sin2 0e3F V) — %d(sin2 OV)+sin? 6d(V)> — Avﬁ)’d(V’) —2sin? Gdn] AdfS

wh = —2n\/f (aVe_3pd(V’) Ad(e* sinfe’®)+ A (1 — ;fg) '?sinfdo Ndn

+ie™F d(aVe3pei¢sin9)/\dﬁ>. (A.19)
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IIB forms. Performing an ATD of (3.2) along (3 leads to the N'=1 IIB solution given
n (4.28). To then verify the preservation of supersymmetry, we note from (A.17)

1 1 1
W8 — Lt ta( (14 Dot st At bt nldy—BR) +5e (Rt - tazd)),

i o4 Loa
\I/izf(l—z]f—ijf/\]ﬂ (C zﬁ“—i—zl/\(dy BA)+zeC 7 Azf),

8
(A.20)
with
1 AL
Rows = £ A (et utt n(dy— Bt~ not
A
(ec ’UH +e¢ ]H AAut 4ot A (dy— BA)>
1 A
+§ AT ( vﬁ‘%—vf/\(dy—Bf‘)%—eC jﬂ“/\uf) ,
(A.21)
A
T8 = £ [52 (¢ aftotn dy B+t )
A
+( —eC ]ﬂ“/\vf—ku“f_‘/\(dy—Bf‘))
1 A A
—5 FRAAGRA (C uﬁ‘—i—uf/\(dy—Bf‘)—eC j““/\uj‘_‘)].

For our present discussion, we have dy = dg, with (u?,v4, j4,w*) given in (A.19) and

the decompositions given in (A.13). One can immediately see by observation that un“ = v‘““‘ =0
and uj‘_‘ =uA, vj‘_‘ = A2
Recall the following relations (see (C.11) with ¢ =/3,¢2 =)
1h in® 6
B =% (dp+ A, A= Lthse gy afosin®6 (A.22)

_275 _f3+fgsin20
using (B.9) as appropriate. Then to derive the remaining elements we re-write the forms
given in (A.19), as follows
A cA B (A 1 hﬁdv A
A =it AdB+ s N = AEA+(32 — =22t ndg,

wh = wit AdB+ws' = =e W

28Hence, now we note
1 _ 1 1 _ . -
vB :§eq>5 ®a (1+§zf/\2f) /\LDB:§6(I>B ®a (1—zuf/\vf) A,

with

A
@B =ef wﬁ‘—i—wf/\(dy—B{A).
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leading to

—CA,_ 3 . . .
j\“|4 _ e ks n [fsfﬁ (e’Spd(sin2 063PV)—%d(Sin2 OV)+sin? Hd(V))
2(1+ L (sin20-4))”
- %d(v/) —2sin? edn} :
%
%
gt = a2k T [((1—f2)(d(2Vsin2 0)+e~ 5 sin? Hd(QeGPV)) —2fosin? Gd(V))
2(1+ L (sin20- 1))’
_ f2f6Si1’12(9 |: —3p - 2, 3py _} - 27 .2 y
Ry e fofe (e~ d(sin 0e>V) 5 d(sin V) +sin 0d(V))
—Af?’d(V’)—Qsin%dn} Ado,

= 9 e_CA/{\/fe_gp d(oVe3Pe?sing),

“if=
wit = —2/£\/‘./f72 < Ve 3Pd(V')Ad(e3 sin 0e'®) + (1 - gfg) €' sin fdo Ndn

_ fafesin?6

A
—ZW 6_3’0 d(UV€3p€i¢ sin 0) /\dgb) s
3 2

and we note (dy— Bif') = (dB— fgsinfdf). Notice that the C* dependence drops out of the

expressions.

A.3.2 One-parameter Type IIB

We now present the G-Structures corresponding to the one-parameter family of N’ =1 Type
IIB backgrounds given in (4.25). We first present the 11D and ITA results (where for clarity,
we have left v general — deriving the forms presented in [2] when v=0). In the case of
the IIB results, we must fix v=—1 as outlined throughout the paper. It is worth noting
that in the case of the 11D and ITA forms themselves, the extra v plays only a trivial role,
and one can use the forms presented in [2]. This «y is only necessary when deriving the 1IB
G-Structures, so must be included in each step.
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11D forms.

K—— Ke_jpd(e%"/cos@),
Bl =— féﬂ do+dp+i(S1dx+3s sin0dg ) +€d(V )—%Vsinzﬁdn
+6; <2Qd( 2017 sin? )+ (22+§£(’yf6—4§(1+’y)§§))sin20d(62pV)
A0S, (;;}:)f 2 sin20 Vd(e%)ﬂ ,
By = e(j;f) % [e_zpd(ezpf/sine) _Vsing (g(fyﬂ)d(v’)ﬂ(idﬁdp)ﬂ rivila sin0d¢] ,
= —¢' Eém[l (_f:an —V”dn—i-fedp—i—;(“?}}pd(e4pV2(00529—3))+4dp)>
+i(d5+cl)},
S ;2((7+§(1+7)f6) +€2(1+7)2§Z’>sm G—foS
Sa= 2 (e (60 )+ T ) = 20
== (g fo + 12+ sins,
o =2 [<f6+§(f6+§3—7“}):2s1n 6’)>dx 5:;281n edgz)} (A.24)

Notice that in the case of Fj3, v only appears in the dx term of Cj.

ITA forms. The easiest way to derive the IIA forms here is to simply replace ¢ — ¢+~ x
in the forms given in [2], as follows

1 _3 4 .
v= /<;e_2”f54 fi *=21d (e2ch089) ,
£V

£ ( whe d(e**V?(cos?6—-3)) +4dp>> ,

N 2f
_3 . ;o : /
w=—2x%f e %d (erVe_év 9t sinfd(eXeP etV U)),

:(f1f5)25—i<

1
1 2 £2 , , 1
j=— [flfﬁ’e—%—fv d (epaer )/\dx—i-h;fgfgz XiA ((~y+1)dx+d¢) +XoA(dp+vdx) |,

—

—
—

(A.25)
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"/16—4;)
WV
) \v
1+€2Vsin%0 (V”da— 7d77),

ag

X2:,€<Uﬁ‘;2 (1+&fe)d (4psin291'/2)—§f2f§sm29<f/’ (da—jvvﬂd) L (2v - V)))

) . —V”V—l— V/ 2 e—Gp ) .
X1=¢ d(e*sin? OV ?) +£2 ( 20‘5‘/3 ) d(e5sin? 9V ?)

(A.26)

Noting that v and u are independent of ¢, so independent of . To derive the IIB G-
Structures, we must now fix y=—1 in w and j, giving

_3 ) ;o
= 72/£2f1 26_3pd(62pVe_5V ellé—x )sm@d( XepelV! ))
_3 ) ;o , o
= —2K%f 273 [d(erVe_EV ' sinfd(efet” U)) +id(e*Velo sin@)/\dx] ,

1
VE

IIB forms. We now perform an ATD along y, meaning dy = dy, with u?, v given in (A.25)

[(ﬁfﬁ”eﬂewld (epaegvf) —Xg) Ndx+ (Iif2f3%X1 +X2> Ndo|. (A.27)

and w#, 54 given in (A.27). Once again, we have u‘““‘ :vn“ =0 and w7 =uA, vj‘_‘ =vA. Recall
again the following relations (see (C.11) with ¢ = x,d2 =¢)

A _1h _ (1+L&Ss)

now using (B.4) to calculate A'.2* Then to derive the remaining elements we re-write the
forms given in (A.19), as follows

1h
A=t Adx+ i ndd = e i /\E§‘+( X¢ A)/\d¢,

72 N
2 hoy
1A (A.29)
wh = wit Adx+ws! CAwaEﬁ+(w§4—§hi¢ A/\dd))

leading to

—_CA

3 1
o fﬁfﬁf
J|| (1 > ¢ ( ¢ ) 2)7
g

—
—
—

3 1
. 1 i Lo(W+Efe) (fLfSf3 —, _ev
A_ _— 2 1J5 p, —EV p
]L—\El(ﬁfzfg X1+X2)+f3+fgsin29< > e Pe d(e oet ) XQ)SIH 0| ANdo
_3 L
wn“ =2 /-;26_CAf1 2e73d (e Ve asinb),
_3 . ;. /
wf = —2/<;2f1 20730 [d (eZpVefgv e sin Od(epefv O’))
fo(14Ef6)sin0 | 5 iy }
d(e**Ve®osinf) Ado)|.
+i Fot fysinZf (e°PVe'Posinf)ANdg
(A.30)

HWith (p,b,u) =1,(a,c,m)=0,g=—v=¢&s=y=—1.
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B Dimensional reductions

In this appendix, we present in some detail the various dimensional reductions which were
performed following the SL(3,R) transformation of the three U(1) directions of Gaiotto-
Maldacena (3, x, ¢), given in (2.49). The U(1), component of the SU(2)r x U(1), R-Symmetry

is now transformed as follows
U(1), =x+9¢— (pts)x+(g+v)B+(m+u)d, (B.1)

and plays a central role in determining whether supersymmetry is preserved under each
reduction. In addition, the C3 given in (2.2) now transforms to

C3=sinf [(up—sm)ﬁ—i—(ua—sc)fg} dxNdONdp
(B.2)
+sinf [((vp—sq)ﬁ—{—(va—sb)fg)dx+ ((Um—uq)ﬁ—l—(vc—ub)fg)dd)} AdO.NdS.

The following subsections will correspond to a dimensional reduction along each of
the three U(1) directions in turn, beginning with an initial form which includes all nine
transformation parameters, namely (B.4), (B.9), (B.20). These results are of course too
general because one can eliminate many of the parameters without loss of generality, leaving
the three free parameters in each case (corresponding to the three U(1) directions being mixed).
However, these general forms prove very useful, allowing one to simply plug in the desired
values of the parameters for each unique example, with all of the calculation already in place.

The remaining three free parameters will be labelled (&,¢,~), in which ¢ will keep track of
the SUSY under dimensional reduction to Type ITA, and v will keep track of the SUSY under
an Abelian T-duality to Type IIB. They provide us with the option to preserve N’ =1 SUSY
under reduction to Type ITA and under a subsequent abelian T-Duality to Type IIB. The
remaining parameter, £, will be left over as a free parameter in the resulting backgrounds.

We first present the 8 reduction case, repeating the derivation of the results given in [2].
We will then turn to the x and ¢ reductions in turn, where the analysis will be largely
analogous to the 5 reduction. In each case, we use the reduction formula given in (2.36), and
we will fix (p,b,u) =1 to trivially absorb them into the definitions of (x,[,¢), respectively
(see (2.49)). The U(1), R-Symmetry component given in (B.1) then reduces to

U(1), =(1+s)x+(g+v)B+(m+1)é. (B.3)

Each reduction must preserve this component in order to preserve supersymmetry, giving
N =1 Type IIA solutions (with a U(1) R-Symmetry) when the SU(2)r component is broken.
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B reduction. The general form following a dimensional reduction along 3 (before eliminating
the nine transformation parameters to three free parameters) reads

dsio 5 = 3y [4d82(AdS5)+ f2d6? + f4(d02+dn2)} +f2em3%ds2,
€3 = i@ (fs+ f5 [+ V25 +2bafs fo+v?sin® 0fs, By=(Baydx+Bagdo) Ado,
Ci= (Cl,de+C1,¢d¢) : O3 = C3 ypdx NdONd,
By = sin9((vp—sq)f7+(va—sb) fg), Boy= sine((vm—uq) fo+(ve—ub) fg),
Ci = fre™ 3% (bfs(a+pfo) +pafs+afs folatpfo) +svsin®0fs ),
Cro=fre 3 (bf5(6+mf6)+mqj"3+qf5f6(c+mf6)+uvsin2 efQ),
Coo=sind [ulpfi-+afs) —s(mr+cf)|.
dsy = hy(1,0,0)dx" +hg (1, 0,0)dd” +hys(1,0,0)dxdd
hy(n,0,0) = f3f5(bp—aq)*+sin® 6 f {b252f5+(pv*q5)2f3 —2bs f5((pv—gs) fo+av)
+f5((pv—gs) fo+av)?|
ho(7,0,0) = f (b —cq)* +sin? 0 fo [ 2% s+ (qu—mv)? f3 — 20 f5 (qu—rmw) fo+ bu)
((

+ f5 (qu—mw) fo+bu)’],
Ino7:0,6) =2 fu a(bp—ag) (b —ca) 5 o 1)
ha(n,0) = cvfs ((pv—gs) fo-+ av) +b%sufs — (qu—mv) | (pv—qs) fs + f5.fo ((pv—a5) fo +av)
s (sv(c+mf6)+u(av+(pv—2qs) f6)>. (B.4)

In this case, one is motivated to keep (gq,v) free, allowing one to preserve the U(1),
component given in (B.1). This is the first case which we will now consider.

o Keeping (q,v) free
From the determinant in (2.49), this requires (a,c) =0. The determinant then becomes

pu—ms=1, (B.5)

which in turn becomes ms = 0 after fixing (p,b,u) = 1. This gives the third free parameter
(which we label as ). One then derives the two-parameter family of solutions given
n (2.52) (with ¢ =¢,v=(). We have eliminated this third free parameter from the Type
ITA backgrounds by setting v=0 without loss of generality. More specifically, when
(s=~,m=0) one derives (2.52) with ¢ =¢+~x. Alternatively, when (s=0,m=r), we
derive (2.52) but with xy — x+7y¢. So 7 is carried through the calculation trivially,

,45,



and can be fixed to zero without loss of generality.?> We can then preserve the U(1),
component under a /3 reduction by fixing ( =—¢. When ¢ # 0 however, the SU(2)g
R-Symmetry component is broken. So the 2-parameter family of solutions contains
within it the N'=2 solution of [7] (with ( = —£ =0), an N =1 solution (with ( =—£ #0),
and N =0 solutions otherwise. This solution is presented in [2].

¢ Alternative parameters
We now relax the condition that both ¢ and v are free, and demonstrate that all roads
lead back to the two-parameter family given in (2.52) (presented in [2]).

— Keeping (q,c) free
With (p,b,u) =1, to keep q as a free parameter, one can alternatively fix (a,s)=0.
The determinant now becomes ve=0. To avoid the previous case, we fix v=0
with (¢=&,m=+). The solution derived can be mapped to the ( =0 solution
of (2.52), via

C1— Ci+cdp, x—x+(y—c&)o. (B.6)
— Keeping (v,s) free
The other possibility to keep v a free parameter is to fix (¢,m) =0, leaving the

determinant ga =0. We of course should fix ¢=0 with (v=(, s=+). This now
derives the £ =0 solution of (2.52), following

Cl_>Cl+adX7 CS_>C3+adX/\327 ¢_>¢+(fy_a<)¢ (B7>

— Keeping (a,c) free
The final possibility is to enforce that neither ¢ or v are free parameters by fixing
both to zero. This then makes (a,c) free, with the determinant becoming ms=0.
This solution re-derives the N'=2 background ((2.52) with (£,{) =0), with the
gauge transformations

C1 — C1+(adx+cdg), C3 — C3+(adx+cdp) A\ Ba, (B.8)
and ¢ — ¢+sx or x — x+m¢ (depending on which choice of parameter is made).

This completes the discussion on the 8 reduction, we now turn to the y reduction.

25 Alternatively, we can satisfy (B.5) with pu=0 and ms= —1. One still derives the solution given in (2.52)
but now we have trivially re-defined the U(1) directions amongst themselves. This is clear from the SL(3,R)
transformation. Specifically, when (p=0,u=~,s=—-1,m=1) we require (x = ¢, ¢ ——x+7¢) to map
to (2.52), and when (p=+v,u=0,s=—1,m=1) we require the mapping (x = ¢+vx, ¢ — Xx)-
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x reduction. Now we consider a dimensional reduction along x. The general background
in this case is given by

s = 3" i 152 (AdSo) + Fadd™ + oo™+ feF¥ash

ei® = fi[p*(fat f5 f3)+a fs+2apfs fo+s2sin20fo|,  Bo=(BasdB+Bsgd) Ado,
Ch= Cl,gdﬂ—irC’wdd), C3= 03,3¢d5Ad9Ad¢,
By g =sinf ((sq—vp)f7—|—(sb—va)fg), By g= sin0((sm—up)f7—|—(sc—ua)fg),

C1,B=flefgtp(bf5(a+pf6)+pr3+Qf5f6(a+pf6)+SUSiH29f2)7
Cr=fre™3% (afs(ctmfe)+mpfs+pfs folc-+mfs) +ussin’0fs),
Cs 96 =sinb[u(qfr+bfs) —v(m fr+cfs)]
ds} = hg(n,0,0)dB+hy(n,0,0)d6* +he(1,0,0)dBde
h(1,0,0) = fa f5 (bp—aq)?+sin® 05 b5 fi+ (p—gs)* f3— 2bs f5 (pv—gs) fo+av)
+f5((pv—qs) fotav)],
ho(n,0,0) = fa f5(pe—am)’+sin 0 fo | *5” fs+ (pu—ms)® fy—2es fs (pu—ms) fo+au)
+f5((pu—ms) fo+au)?],
o (1.0,) =2 fos(bp—aq) (pe—am)-+in 6 faha(n, )
ha(n, o) = —sbfs((pu—ms) fs—cs ) +a*vufs
+(pv—qs) | (pu—ms) fs-+ f5 fo ((pu—ms) fo—cs) |

—afs (sv(c—i—mﬂ;)—i—u(bs—i—(qs—va)fﬁ)). (B.9)

After fixing (p,b,u) =1, the U(1), component reduces to (B.3). Now that we are reducing
along x, we must fix s=—1 in order to preserve this component under reduction. Notice
that this SUSY preserving condition takes a slightly different form to the £ reduction case,
where the condition was v=—¢q. The same will be true for the ¢ reduction (where the
condition will be m = —1). This is a consequence of the U(1), component being x+¢ prior
to the SL(3,R) transformation, and why the only A'=2 preserving reduction is along f.
That is, in fixing s=—1 (or m = —1 in the ¢ reduction case), the S? (and hence the SU(2)g
R-Symmetry component) is broken due to the mixing of ¢. See (2.49). Hence, the maximum
supersymmetry which can be achieved under a x or ¢ reduction is N'=1, because the very
condition required to preserve the U(1), component is what breaks the SU(2)z component.
We will now choose s to be one of our three free parameters, allowing us to turn on/off
the N'=1 at will.

« Keeping s free
With s a free parameter, from the determinant given in (2.49), we must fix m =0, with
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¢ [~V U@, Su@s

-1 1 v X

0 0 X v
z/{0,—1} | O X X

Table 1. x Reduction

either g =0 (where a is free) or c=0 (where v is free). We will now investigate both

options in turn.

— (m,q) =0 with (s,a) free parameters
In this case, the determinant in (2.49) leads to the condition ve=0. Hence,
the third free parameter will be v (with ¢=0) or ¢ (with v=0).20 This leads
to the following 11D transformation (re-labelling s =(,a =¢,v = for notational
consistency)
df = dp+&dy, dx = dx, d¢ = dp+Cdx+~dp,
UMW)y = (A+Ox+758+0,
(B.10)

which, following a x reduction, gives the following two-parameter background
ds3o.=e3® fi {4d82(Ads5)+ f2d6?+ f4(d02+dn2)] + e 3%ds3,
dsy = (f3f5+(sin® 0 f2 f5)dB>+sin® 0 f2(fs+ f5(f6+€)*) dg”

—2( fof5(fo+&)sin’ 0dfdg,
ei® = fi| fat f5 (fo+€)?+CPsin0 ),

By =sind | fud— (fr-+¢/s)do| n b,

Ci=fre3® [f5<f6+5>dﬁ+<sm2 9f2d<z>] ,
C3= fgsinOdB A dONd, (B.11)

where ¢ =¢-+~3, allowing one to set v to zero without loss of generality. In
addition, from the U(1), component given in (B.10), fixing v =0 will allow for a
SUSY preserving T-Duality along 8 — we will return to this discussion later.
The Type IIA solutions here are summarised in table 1.

To map to (2.52), one requires the following transformations

n 1
gMN—>k19MN7 H3_>'I€1H37 Fn_>k12Fn7 67®_>k1267¢7

(B.12)
F,—koF,, e ® ke ®,

26Tn keeping c free, one gets (B.11) with 8= 8+c¢. Alternatively, when keeping v free, one gets (B.11) with
¢ =¢+v 3. Hence, one can set both parameters to zero without loss of generality. To investigate whether this
parameter becomes important when considering SUSY preserving abelian T-Duality, we must revisit (B.3),
hence we momentarily keep v free.
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with k1 =¢71, ko = €2, giving

1 1 1% 1 1p
gMN%ggMN, Bz—>EB27 C1— &0y, C3 — Cs, e3 —>£*26‘3 ;
B.13)
followed by (in order)
Cl—>Cl—dﬁ, Cg%Cg—dﬂ/\BQ,
==
57

Notice that we require £ — 1/¢, despite & € Z. This is somewhat non-trivial, fixing
& =0 gives a unique solution — given in (3.1).

We now turn to the first N'=1 background explicitly presented in this section,
derived by fixing (=—1 in (B.11). This preserves a U(1), R-Symmetry under
a x reduction, breaking the SU(2)r component (as detailed in table 1). The
background reads

sty =H® 11457 (AQS5) + o6+ fu(do®+ )| + S0}

ds3 = [fafs+sin O fa f5]dB* +sin® 0 fo[ f5+ f5(fs+€)?]do?
+2sin® 0 fo f5( fo+&)dBdo,

A= fi[fat St P 4snOR]. Bam —sind| fudB+ (- fu)ds | ndb,

Ch = fie 3® {fg,(fg—i—&)dﬁ—sinz 9f2d¢], Cs = fssin@dBA dOAdD. (B.15)

Thus, we must fix ( = —1 to dimensionally reduce to an N'=1 Type ITA theory, and
set v=0 to perform a SUSY preserving abelian T-duality along . Notice that, for
the parameters chosen here, no SUSY preserving ATD along ¢ can be performed.
The ITA backgrounds given in (B.11) are summarised in table 1, deriving the A =1
solution given in (B.15) when ( =—1. One can map this solution to the N =1
background derived from (2.52) (with ¢ = —¢), given in [2].2” We therefore leave
out the explicit G-Structure forms for this solution.
— (m,c)=0 with (s,v) free parameters

The determinant given in (2.49) now reduces to ga =0. To avoid repeating the
previous case, we must fix a =0 with ¢ free. After re-labelling (s=(,q=¢&v="),
we derive a solution which maps to the £ =0 solution of (B.11), with

Cy—C1+&dp,  C3—C3+E&dBABy,  ¢— ¢p—C(EB. (B.16)

2"Specifically, one requires the transformation outlined in (B.13), followed by

Cy— C1—dpg, Cs3 — C3—dBABa,

b dtx,  Bo—Ex, saé
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We now investigate the case where s is not a free parameter (which will of course break
supersymmetry in all cases).

o Fixing s=0 (with m free)
The other possibility is to ensure s is not a free parameter by fixing it to zero. In these
cases, m is now the free parameter.

— (s,a) =0 with (m,q) free parameters
Here the determinant reduces to ve=0. We now look at each case in turn.
These cases can be derived from the (§,{) =0 solution of (B.11), by the following
transformations.

* ¢=0 (with v free): re-defining ¢ — ¢+v3 followed by

C1 — C1+qdp+mdoe, C3 — C3+(qdp+mdp) A\ Bs. (B.17)

x v=0 (with c free): re-defining § — +c¢ followed by

C1— Cr1+qdB+mdo, C3 — C5+(qdB+mdp) A\ Bs. (B.18)

— (s,v,q) =0 with (m,c,a) free parameters
The remaining case can be derived from the { =0 solution of (B.11) by re-defining
¢=a then f— B+ (c—am)¢, followed by

C1— Ci1+mdo, C3— C3+mdpABs. (B.19)
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¢ reduction. We now finally consider a dimensional reduction along ¢, with the following
general background

dstou =52 fi [4d32(Ads5)+ f2d®+ f4(d02+dn2)] +fle3%ds3,
3 = fi[m2(fy-+ fo SR+ fyt2em s fte’sin? 6], Bo=(Baydx-+ B sdB) Adb,
C1 = C ydx+Ch gdp, C3=C3pgdxNdONdS,
By, =sinf ((up—sm)f7+ (ua—sc)fg) , By g = sin@((uq—vm)ﬁ—i— (ub—vc)fg) ,
Cip = fre”3® (afs(c+mfs)+pmfs+pfsfolctmfs)+susin’ofs ),

Cip= fle_%é(bf5(0+mf6)+mqf3+qf5f6(c+mf6)+uvsin2 0f2),

Cs,xﬁ_Sin9{U(pf7+af8)—S(Qf7+bf8)],
ds3 = hy(n,0,0)dx"+hg(1,0,0)d3*+hys(n,0,0)dxds,
hx("%ffv@)=f3f5(am—p0)2+sin29f2{6282f5+(pu—m8)2f3—208f5((pu—mS)f6+au)
R |
hg(1,0,0) = f fs(bm—cq)®+sin 9f2[ v? fs+(qu—mw)? f3—2cv f5 ((qu—mo) fo+bu)
((

+ f5((qu—mv) fo+bu) },
hw(n,aﬁ):2[f3f5<am—pc><bm—cq>+sm2ef2h4<n,a>},

hy(n,0) =ubfs ((pu—ms)f6+au) +c2svfs

+(qu—mw) [(pu—mS)f3+f5f6((pu—ms)f6+a’uﬂ

—cfs (uv(a+pf6)—|—s(ub+(qu—2mv)f6)). (B.20)

Here we follow the same steps as in the x reduction case. Fixing (p,b,u) =1 leads to (B.3)
for the U(1), component, and to preserve SUSY under reduction, one must now set m = —1.
We begin by keeping m a free parameter.

o Keeping m free
From the determinant given in (2.49), we now must fix s =0, with either a =0 or v=0.
We now investigate both options in turn.

— (s,a) =0 with (m,q) free parameters
The determinant in (2.49) reduces to vec =0, meaning the three free parameters
are now (m,q,v or ¢). In the following ITA backgrounds, one can set ¢ =0 without
loss of generality, where x =x+qf for either v or ¢ free. For now however, we
leave it free.
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*x v=0 (with ¢ free)
Here we apply the following 11D transformations (with m=(,c=¢&,q=7)
df=dp+&do,  dx=dx+ydf+(Cdo,  dp=do,
U(D)r =x+78+(C+1)¢.

Hence, one would need to fix v =0 to T-Dualise in a SUSY preserving manner.

(B.21)

Indeed, as already discussed, we can fix v =0 without loss of generality in the
ITA background,

dS%O,st = e%bfl [4d52(AdS5) +f2d92+f4(d02+d772)} +f12€_§(1)d533

dsy = (& fa fs+sin 0 fo(fo-+ f5.13) )+ (P fa fo+sin 0 fo f5 ) 2
—2f5(§¢fs—sin®0fafs ) dxds,

e3® = fi f(E+Cfo)+C fatsin0 o), By =sinf( frdx+fsdB) ndo,
Cr= fre™5® [ (Cfot fofol€+CFo) )dx+Fs(E+C fo)dB) C3=0
(B.22)

with x = x+78, allowing v=0 without loss of generality. Once again, this is
the condition which is required to preserve the U(1), R-Symmetry component
under an ATD.

To map to (2.52), one requires the transformations of (B.12) with k=

7Y ky=¢2, giving

1 1 ip 1 ip
gMN—>EgMN, Bz—>532, C1— &0, C3 — Cs, e3 —>§63 ;
(B.23)
followed by (in order)
C1— Ci1+€dg, C3— C3+EdpNDBo,
¢ 1
i i (B.24)
- f 1
¢—¢&, X—+X— =0, B——=.
¢ ¢
To map to (B.11), one requires
IgMN —~7 gMN, BQ_>BQ) Cl_><-2017 eg(b_><-126§q>)
Cl—>Cl—Cdx, Cg—)Cg—CdX/\BQ, (B.25)
1
(2 £, x— -6  BoCB-£d,

which does not appear to fit into the conditions of (B.12). The mapping
to (2.52) requires both 1/¢ and 1/{. Hence, fixing ( =0 and £ =0 derives the
new and unique solutions given in (3.3) and (3.4), respectively.
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By fixing ( = —1, one derives an N/ =1 background which re-derives (B.15)
via an appropriate set of gauge and coordinate transformations, which read
Cy— —(Ci1+dx), By——By, (C3—Cs3—dxABay,
B— -89, X, §— ¢
x ¢=0 (with v free)

In this case, we now make the following re-definitions (m=_,v=¢,q=7),
which re-derives the £ =0 solution of (B.22) with

(B.26)

C1 — C1+&dB, C3 — C3+EdB A Ba, X — X —CEB. (B.27)

— (s,v) =0 with (m,c) free parameters
The determinant in (2.49) now becomes ga =0. Of course, fixing a =0 corresponds
to the case just studied, and taking ¢=0 with a free re-derives (B.22) as well
(with 8= fp+ay, i.e. one can set a =0 without loss of generality).

We now investigate the case where m is not a free parameter (which will of course break
supersymmetry in all cases).

o Fixing m=0 (with s free)
The other possibility is to ensure m is not a free parameter by fixing it to zero. In these
cases, s is now the free parameter.

— (m,c)=0 with (s,v) free parameters
Here the determinant reduces to gqa=0. These cases can be derived from the
(&,¢) =0 solution of (B.22) by the following transformations

x a=0 (with ¢ free): re-defining xy — x+¢0 followed by

C1— C1+vdfB+sdy, C3— C3+(vdfB+sdx)A\Bs. (B.28)
x ¢q=0 (with a free): re-defining 5 — S+ayx followed by

C1 — C1+vdB+sdy, C3— C3+(vdB+sdy)ABa. (B.29)

— (m,q,v) =0 with (s,a,c) free parameters
The remaining case can be derived from the ¢ = 0 solution of (B.22) after re-defining
¢=cand f— [+ (a—sc)y, followed by

Cy— Ci+sdy, C3— C3+sdyNBs. (B.30)

C Abelian T-Duality

We will now outline the Abelian T-Duality (ATD) calculations performed in this work.
Throughout this section, we will use T-Dual rules presented in [23] and given in (2.42)
(re-written here for convenience). Begin by making the following decomposition in Type ITA

dsiy = dsg 4 +e2C (dy+A;)?, B = By+ By Ady, F=F, +F\E, (C.1)
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with EY = e®(dy+ A1). Then the Type IIB T-dual theory is defined as follows

ds g =ds 4, PP =oA-cA CcP=-C4,
FB =, FP =" Fft

We will begin by looking at the most general results for backgrounds with the make-up
of the Gaiotto-Maldacena solutions.

General forms. We will first use the following general form for the ITA backgrounds
presented in this work

ITA
ds%(),st = ds2+ ds3, Dy,
ds3 = hg, (1,0,0)ddT+hg, (1,0,0)dd5+hg(n,0,0)d6 +hg, 4, (n,0,0)dd1dds
+heo(n,0,0)dp1d0+hg,e(n,0,0)dp2do,
By = By ,9d¢1 NdO+ Ba 4,0da AdO+ By, ,ddn Adea,
C1 = C1,4,dp1+C1 g, dpo+C1 odo), O3 = C3 4,00, dp1 AdONdp2.

(C.3)

In fact, this is a little too general for the GM backgrounds themselves (where for example
hyo = hgyp =0).28

The first step to T-Dualise will be to re-write the metric in the following form (for
an ATD along ¢;)

4hghg, — hilo

1 2
ds3 = h, (dp1+ 52— (hgy 5, d62+hs,0d0)) + d6>
2hg, 4hyg, ©4)
hg ho, —h3, 4, 25, higyo—hes ol '
d 2 172 01009102 dod
1hy, o2t 2, 92,

noting

Fy=dCy = dC) y, Ay +dC) g, Ady+dC) g Ad),
Fy=dCs5—H3sNCq (05)

= (dC3.9,00, +C1.6,dBa g0+ C1 9dBs 5,0, — C1 6,0 Bs g0 ) At AdI N,

28This more general form is needed for a second TST along ¢2 (following one conducted along ¢1) — which
turns out to be a trivial re-definition of the TST parameter.
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We then use the rules in (C.1) and (C.2) to derive the following IIB general solution

IIB (ATD along ¢1)

o g 1 2
d3107B—d59+ d¢1+BQ,¢19d9+B27¢1¢2d¢2 ,

he,
4hghy, —h2 4hy, he, —h? 2he h he. oh
dsgzds$+<w>d02+< e ¢1¢2)d¢%+< 2a0 - n? ¢1¢2)d9d¢2,
4h¢1 4h¢1 2h¢1
2
io, _ 1 \E 1, _
es3 (h¢1> es3 y CO Cl,q517 (06)

1 1
By = <32¢29+2h¢ (hg10B2,6,65— h¢1¢232,¢>10)>d¢2/\d9—h(h¢1¢2d¢2+h¢19d9)/\d¢1,

1hgo
2 hg,

1h
Cy= {C3¢16¢2+Bz¢1¢2(019 Z42Cy 4, )= Baguo (Cron - ¢1¢2017¢1)}d9Ad¢2

2 h

1h 1h
+(01,¢2 3 Zl‘”c )d¢2Ad¢1+(019—2h¢196’17¢1>d0/\d¢1.

The idea here is that one need only plug in the functions corresponding to the specific ITA
example in question, and get out the IIB ATD without needing to perform the calculation
each time. In addition, we now write the TST transformation by making the coordinate
transformation ¢ — ¢go+v1¢1 in (C.6), before performing the ATD along ¢ for a second
time (to return to a ITA theory)

TST

he, (1—7y1011) hey g heo
ds? :d32+¢1[d + 2122 g o+ 227 40
A 51 By g0 P 2hg, & 2hg,

1 2
+7 <B2,¢29+%(h¢1032¢1¢2 —h¢1¢>232,¢19)> d9]

1

1 P, b ip?
dsg = d87+ hy <B2 ¢10+hohg, — hc22519 —04304%) d6+ < 1 h2¢1043 - >d¢2

1 1.,
+ hq51 s |:(1 +71 B2,¢>1¢>2) (hdn h¢20 - §h¢19h¢1 ¢>2) —271 B2,¢10 <h¢1 h¢>2 — 4h¢1¢2)] d9d¢27
30557 _ (1’Wl> T das
1+71 82,1,
BQ: |:Bz e+w<h 932 —h B2 9)_1_0[2%
No 2h é1 102 p1922,01 2hy,
he
™M (Zh )}d¢2/\d9—(a1d¢2+a2d6)/\d¢1,

C1 = C1,p,dP2+C1 6, dd1+Ch pdb+71 (03,¢19¢2+01,032,¢1¢2+CL¢>1B2,¢29 —Cl wa) do,

Ci6
03:[(1—7101)<C3,¢19¢2+01,9B2,¢1¢2 Clps Bagrot 57— 2, (h¢1¢2B2¢>10 h¢1632¢1¢2)>

h h
+aq (Cl M—C&ﬁ) —Q9 (01#)1 2(21@ —017¢2>:| dONdpa Ndor,
¢ 1
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) 1
= {Bz,qﬁm(l +71B2,6165) <h¢’1 g _Zh‘?“@)} ’
1 " 1
2=~ [Bz,¢19(1+7132,¢1¢2)+5 (hdn heso— §h¢19h¢1¢2)] ’
1
az= (1471 Bagy,) > +71 (hmhm*ghim)- (©1)

Less general forms. For the calculations performed in this section, the previous results are a
little too general and so are unnecessarily cumbersome. The Type ITA backgrounds presented
throughout this paper all fit into the following form, where (¢1,¢2) are the two U(1) directions

ITIA
dsy o =dsg+1ds3, Dy,
ds3 = hg, (n,0,0)ddT +hg, (1,0,0)d$3+he, 6, (1,0,0)dd1dds, (C.8)
By = (Bz,¢>1 do1+Ba, ¢, d¢2) AdB, C1=C1,4,dp1+C1 ¢, d 2,

C3= 037¢1¢2d¢1 ANdONdpo,

where for the backgrounds in question,

dsg = ds3+ fod6*, ds7 = €34 fy [4d52(AdSS)+f4(d02+d772) ’

(C.9)
2 2
D=fle 3%, fy=e3®4f1fy,
noting that in this case,
Fy=dCi = dCngl Adpq +d017¢2 Adopa,
(C.10)

Fy=dC3—H3NCq = (d037¢1¢2 —1—01@1 dB27¢2 —Cl7¢2d327¢1) ANdpr ANdONdpo.

We play the same game as before, re-writing the metric as follows

1h 2 173
ds3 = hg, d¢T+hg, A5 +hg, g, ddrdda = hy, <d¢1 +§7§;¢2 d¢2) + <h¢2 - *Lj? ) dg3,
1
(C.11)
before using the ATD rules given in (C.1) and (C.2). Of course, one could instead use
the more general forms in the previous subsection. Now, performing a T-Duality along
¢1 on (C.8), one gets

IIB (ATD along ¢;)

2 2
1h 1
sty 5 = st +51 035 (don-+ o db) =r (- tloe) g L
' 4 h¢>1 h(z)lr

2 1h 1h
e3%5 =43¢3%,  By= (Bm o B2,¢1>d¢2/\d9—¢1¢’2 dpandpy,  Co=Clg,,
2 hg, 2 hg,

1h 1h
02 = (03,(151(752 —BQ7¢1 (Cl,¢2 — 5 ;:;(’bz Cl7¢l)>d0/\d¢2+ <017¢2 —5 ;:(1572 Cl,¢1>d¢2/\d¢1‘
1 1
(C.12)
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Once again, we now write the TST solution by making the coordinate transformation
2 — p2+v1¢1 in (C.12), before performing the ATD along ¢; for a second time (to return
to a ITA theory)

TST

dS%O,A = dS§+ 5 {5152(d¢2 —’71Bg,¢1 d0)2

do+

1 hggs 1hg g ?
(d¢ +2 o, d¢2+71(32,¢2 2 e, By, )d9> },
2
e3 A% = <522 >3€§®A’
(52"—’)/151
09
B 73 d Bo 4. dd1)NdO— 761 Ad
2= o+ 25 ( 2,02 P2+ 2,61 le) 52_1_7%51 paNdr,
C1=C1,4,d2+C1,6,dP1+71(C3,6,65 +C1,6, Ba,g, —C1,6, Ba,g, )0,
09 1h¢ 1
C Cs 6, d0ONdPa Ad s1=T(h 1‘”) by =
3= 52+ 25 3,¢102 ¢2 ¢17 1 < b2 1 h(bl R 2 h¢lr
(C.13)

In doing such a calculation, one picks up the parameter ;. One can indeed see by observation
that setting 71 =0 in (C.13) gives (C.8).

In what follows, we will utilise (C.12) to derive Type IIB theories, keeping track of
the supersymmetry along the way. We will see that one can indeed get N'=1 IIB theories
using this method, but one must be careful in order to preserve the U(1), R-Symmetry
component. We do not calculate Type ITA TST solutions of our backgrounds, this is left
for future investigations. We will however utilise (C.13) to find a TST deformation of the
GM background following an uplift. See appendix D.

We split this section into three, with the seed ITA theories corresponding to the 3, x
and ¢ dimensional reduction, respectively. This will make things cleaner, as in each of the
three cases, our definitions of (¢1,¢2) will differ.

T-dualising the 8 reduction. Recall that the most general 11D G-structure forms must
preserve the U(1), R-Symmetry component given in (2.50) under dimensional reduction,
in order to preserve supersymmetry. In the case of the 8 reduction, this corresponds to
the condition (= —¢ (with c=a=0 and ¢=¢&, v=(). This derives N'=1 solutions for
€ #0, promoting to N'=2 for £ =0 (where the SU(2)r component is recovered). The U(1),
component now becomes in general (p+s)x+(m+u)¢, which in turn must be preserved
under T-Duality to preserve the supersymmetry in Type IIB. Thus, for a T-duality along
X, we must fix p+s=0; for a T-duality along ¢, we must fix m~+u =0. Recalling that the
determinant given in (2.49) becomes pu—ms=1, so we must either have (pu=1, ms=0)
or (pu=0, ms=—1).

We look first at the case where pu=1 and ms=0 (where m or s is a free parameter and
can be set to zero in the ITA case without loss of generality — see appendix B). Following the
conventions we have been using throughout this paper, we will use « for this free parameter.
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Hence, we now have the following possibilities (using the SL(3,R) transformation given
in (2.49))

1. (p=1, s=7, u=1, m=0) with a T-duality along x
dx =dx+£€dp, dp=dp+~ydx+¢dp, (C.14)

withy=—1, (=—¢ for N =1 (noting p=—1, v =1 corresponds to the same background
after y — —x and ¢ — —¢).

2. (u=1, m=~, p=1, s=0) with a T-duality along ¢

dx = dx+~ydo+£dp, d¢p=dop+(dp, (C.15)

with y=—1, ( =—¢ for N =1 (noting as above, u=—1, v=1 corresponds to the same
background after x — —x and ¢ — —¢).

We now instead fix pu =0 and ms = —1 (where in this case v =1 corresponds to supersymmetry
preservation), giving

3. (s=1,m=—1,p=0,u=-) with a T-duality along ¢
dx =—d¢p+£dp, d¢ = dx+~ydo+(dp. (C.16)
4. (m=1,s=—-1,u=0,p=r) with a T-duality along x

dx =do+r~dx+&dp, d¢=—dx+¢dp. (C.17)

We now see that (C.16) maps to (C.14) by v— —v, ¢ — —x, x — ¢ and (C.17) maps
to (C.15) by y— —v, x——¢, ¢—x. The consequence of this is that the coordinate
transformations of (C.15) followed by a T-duality along ¢ is equivalent to the coordinate
transformations of (C.17) followed by a T-duality along x. Thus, calculating the most general
form for a T-duality along y will automatically contain within it the T-duality along ¢, and
vice versa. Analogous arguments should of course hold for the x and ¢ reductions, with
ATDs along (3,¢) and (53,x), respectively.

We will now perform an ATD on the two-parameter family of solutions given in (2.52)
(and derived in [2]), where we have already fixed (p,u)=1. For this discussion it will be
instructive to switch on the SUSY parameter v (which plays a trivial role in the Type IIA
background and set to zero) as it could become vital in the following analysis. Of course,
there are many N =0 solutions contained within the mathematics, but we will focus here
on deriving an A =1 background. The type IIA background in question now have the
following U(1), component

U), = (1+8)x+(1+m)o, ms=0. (C.18)

Hence, to preserve the R-Symmetry under ATD, one must either fix (s=v=—1,m=0) and T-
dualise along , or fix (m=+=—1,s=0) and T-Dualise along ¢. We will see in fact that both
approaches lead to the same N =1 IIB background, following appropriate transformations.
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o S=7
We begin with fixing s =+ (with m =0). We will start with the ATD which will give

rise to an N =1 background, which in this case is along y. We then T-dualise along
the other U(1) direction, which is of course along ¢ in this case. The parameters are

now (p,b,u)=1, (a,c,m)=0, =& v=_,s=7.

— Performing an ATD along x
Using (C.12), we now derive the three-parameter family of solutions given in (4.2).
As we’ve explained, we derive the N'=1 background by fixing ( = —¢ and setting
v=—1 (noting that v —( =0). One then derives the solution given in (4.25).

— Performing an ATD along ¢
Performing the ATD along ¢ leads to a two parameter A/ =0 family of solutions.
This background will be re-derived as the v = 0 solution of (C.19) (up to appropriate
gauge transformation).

e m=v
We now investigate the solutions with m =+ (and s=0). Once again, we begin with
the case which will derive a SUSY background, which is now an ATD along ¢. We then
once again T-Dualise along the other U(1) in question, now y. The parameters now

read (p7b7u):17 (a7c78):07 qu,UE(,mEV.

— Performing an ATD along ¢
One now gets (noting Cs gy = —C3 1)

ds3y p = e5%4 1 | 4ds? (AdSs) + f2d6% + fu(do +dip?)

1
i

&= ffst Fo (€0 fst f5 (1410 fs)” ) sin?6,

P8 = é {f5(1+§f6)2+€2f3+€2f2 sin? 9}27

—&-é (f2f3f5 sin® 0 dx*+ (d¢— (fa+(E=¢n)f7) Sin9d9) 2)1 ;

3T i f5(14 1)+ € ot fasin ),
Co=fre™ 3% (s fo(L4+Efo) +1EfatC fosin0)
Ba= (Gr+ 2 (fa+(€101) (2
G o1+ (€10 o) +(E70) o) sin6) ) simiy s
2 (Vs T = (s Fo L+ (670 fo) (€ =) f3) sin® 0 ) d A,
(42 a5 o Fosin® 8 f5(Fr = fo ) (1 (§=1C) fo) — (6=7) ] ) sinBdfAdx

+

[1p| = [1p| = 1D

F2(f5£6(1+(=7C) fo) +(§=7C) f3) sin® Odx Adop. (C.19)

29By the discussion at the start of this subsection, one can derive this result by fixing p=~,u=0,m=1,s=
—1,b=1,c=a=0,g=¢,v=_, performing an ATD along x and then redefining 7= —v with ¢ — x,x = —¢.
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One can map this solution to (4.2) via the transformations given in (B.12) (with
ki =1,ky=2)%

1 1 1

24>B_>,Y2 2<I>B7 Co—>*007 C’2_>f02, B2—>BQ—*d¢/\dX7
v g v (C.20)

b= VX, X— =79, ’Y_>;'

One can now say that the =0 case is a new and unique family of A/ =0 solutions,

dsiy p= e32Af l4d52(AdS5)+ f2d6? + f4(do® +dn?)

(fg Fafssin20dx>+ f3( —(fs+Ef7)sin0do) >]
== fo(€ fat f5(1+¢f5)° ) sin?, Co=Cfrfae™i%45in20,
00— 2 [+ Eh P+ ok hosin®0]
e5%4 = fi | f5(1+E5)*+62f+C fosin®0),
¢

Ba = fr= 22 (o) (s So1+€0)+€85) s 0 ) sinOdx s
(o fo1+€00) ) sinP 0o,
Cy= éf?[(fs,(ﬁ o) (1+6f0) ~& fafi ) sin® Bd0 Ay
~ (s fall+€ o) + €12 sin B ndo) (c21)

Typically, performing an analogous T-Duality along the U(1) of the S? generates
singularities in the dual description. Because of this, we refrain from including
this solution in the main body of the paper, but include it here for completeness.

— Performing an ATD along x
Now, by T-dualising along x, one derives a background which corresponds to the
~v=0 solution of (4.2) (up to a gauge transformation in Bs).

C.1 Deriving the TST of NRSZ

Let us now fix ( = —¢ in (4.2), recalling that this is the first of the two necessary conditions to
preserve A’ =1 in the IIB theory (along with v = —1). This of course derives a two parameter

30As before, when y=—1 and ( = —¢ (where £ —~( =0), one derives an AN/ =1 background. This solution
re-derives (4.25) via the following transformations

Co — —Ch, Cy — —C4, B2—>Bz+d¢/\dx,
¢— =X, X — ¢
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family of //=0 backgrounds, promoting to the A'=1 solution in (4.25) for v = —1. However,
let us for the moment keep v free and instead fix £ =0, one then gets

3 1
dsio ¢ = f£ 2 |Ads*(AdS5)+ f2d6*+ f4(da2+dn2)+]%ﬂf22f"?sim sin? 0dp?
(dx—" fssinfdh)?
fi(fsfs+2sin?0 fafs) |’
208 f5 f3fs . vf2 9
e By—_ J3J8
‘ fat2 fasin?@’ > 3412 fasin?0 sin6dnd+ f3+72sin20 f, sin” fdx ndo,
_ _ fsfr 72 fa(fr— fofs)sin*6 Vfafs . 9
Co= fe, Co= a2 fosin?0 dONdp+ o fysin?0 sin” @dx Ade.
(C.22)

As we will now demonstrate, we have re-derived the TST background presented in [7].
Rewriting the GM warp factors in terms of the definitions used in [7] (which we label with
a bar for clarity)

_fa _ _fs
fi’ fi’ i’
fo=TJe, fr=F  FRFE=RPAT=KF,

one arrives at

fa== fs=fs.

Js 2 f (C.23)

fs

dsty p =K’ [4f1d52(AdS5) + f3d6”+ fo(do® +dn?)

1 ) 2 1 Foo 2
—i—m(fghsm Od¢ +E(dx—fyf5sm9d0) ) ,
L | S BB S0 040 AdG+ o sindONds,
fa+~2f3sin?6 fa+~2f3sin?6
- —_ f f. i 2 -
Co = fe, Cg:f7Sin9d9/\d¢+M(dx—'yf5sianQ)/\dqb (C.24)
faA2 fasin? @

with (0=x, x=8, ¢=¢&). Here, we have jumped in at the ‘S’ stage of their TST transfor-
mation, making a coordinate transformation in ITA before T-Dualising to IIB. We can now
say that the TST solution of [7] is in fact an N =1 background when v=—1, and SUSY
broken otherwise. It is also a specific example of the three parameter family of solutions
given in (4.2) (with (=—-¢=0). The G-Structure conditions for the v = —1 solution are
thus given in (A.30) (with £=0).

T-dualising the x reduction. In the x reduction case, we will follow the same procedure
as the previous subsection. Once again, in order to preserve supersymmetry under T-Duality,
we must leave the U(1), component intact. As we will see, only an ATD along § (with
¢(=—1and v=0) will lead to a SUSY preserved solution. This is a little different to the g
reduction case, where one could perform an ATD along both x and ¢ to derive an N =1
background. This is a remnant of the GM U(1), component being x+¢ prior to the SL(3,R)
transformation. We now effectively pick up where appendix B left off, and investigate the
ATD for the x reduction with a=¢ and ¢=¢, in turn.
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a=¢

In this case, we have (from (2.50))

U(1)r =(1+x+78+¢, (C.25)

with (p,b,u) =1, (¢g,¢,m)=0, a=¢{,s=(,v=".
Using (C.12), we now investigate an ATD along  and ¢ in turn.

— Performing an ATD long j
Now performing an ATD along 3, we get the following three-parameter family of

solutions

! (f2 fa fssin? 0

[1p>

ds?y = 3P4 fy [4d52(Ads5)+ Fod6%+ fu(do?+di?) +

75 (48 (€70 fo=p) simoas) ).

€295 = L (f5(fo+E)2+ fo+C2 frsin?0)°,
€54 = fi [ f5(fo+€)*+ fs+ P fasin? 0]
By =sinbz | (1t S5+ 2 fo+16~0) sindds

+ [ a5 (o€ 0)+Cha (v fs fst Fs o fs— F) (o +7E—C) ) sin?6)] de} Adg,

Ca=sinbz | fafs(1fo+16~C)sinbds
+fafafstrta (v fafst folfofsmF)Orfotag ) ) sin? 6] a8 ndo,

= h1e75 % (f5(fo+€)+1C fosin? ),
(C.26)

C
f3fs+f2 (72f3+f5(’7f6+’y£—02) sinZ0.

b o

— —
—_—

Once again we find that one can map this solution to (4.2) via the transformations
given in (B.12) (with k; = %,kﬁg :53)

1
(:nl — {S(:327 ‘[32 — E§AE327

1 1
JMN = ZIMN €2¢B—>§j€2@3, Co— &2Co,
By — —By, Co——Co+§, Co— Ca—EBy,
1
6——0, B —x, =8, 190 Eog
(C.27)

It does not appear possible to map this to (C.19). We therefore argue that the

¢ =0 solution is new and unique — given in (4.27).
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After fixing (( =—1,7=0), one derives the following N'=1 solution
fafs

ds3y = e3P fi [4ds2(AdS5) + f2d0*+ fo(do? +dn?)+ R~ sin 0d >
(dﬁ—fgsinGdH)Q 3Pa _ 2 )
ool 324 = i [fs(fo+€)* + o+ fasin®)],
208 _ (f5(fo+&)2+ f3+sin26 ) oo f5(fe+€)
fsfs+sinZ6 fofs ’ O Fs(for &2+ fs+sin20fy’

Bam oy (Aot €503 4 (€104 ol foso) s 6) do)ndos
sin 6 )

Co = m( fosinOdB+ f4 fgd@) Ado. (C.28)

Using the transformations given in (B.12), with ky =&, ko :Eg

1 1 1
IMN — = gMN By — - By Co— £2Cy, Oy — £y 2 — 2%

£ § ¢t

followed by

1
Co— —Ch+¢, Cy— —Cy+EBy, §—>g,

one maps to (4.25). Again, we argue that the £ =0 case here is new and unique —

88— —x, (C.30)

given in (4.28).
— Performing an ATD long ¢
Performing an ATD along ¢ leads to the following N'=0 family of solutions

ds3y o = e3%a g [4d32(AdS5)+ f2d0+ fu(do® +dn?)

+é <f2f3f5 sin? 9d52+f113(d¢(f7+5f8) sin ede)w , (C.31)
" = é(f5(f6+§)2+f3+<2f2 sin?6)”,
e8P = f1 [ f5(fo+ )7+ f3HC fasin’ 6]
Ba=— £ fasin®0| s fo+ ot (Fadt Fofafs— 1) (fo+©)) sinbds | A3
+ydoANdp,
Co=—¢dondp, Co=Cfrfre™3% sin29—z,

E= fo(f5(fo+€)*+ f3) sin?6),

where we can see that v only emerges as a large gauge transformation of By. We
have introduced a gauge transformation into Cy to simplify Cy. Once again, we
refrain from including this in the main body because typically, analogous T-Duals
along a U(1) of an S? lead to singularities in the dual description.
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¢ ¢=¢
We now have (from (2.50))

U(L)y = (1+x+(§+7) 8+, (C.32)
With <p7b7u):17 (a7c7m):07 qu’SE<7UEPy.
Using (C.12), we once again investigate an ATD along 5 and ¢ in turn.

— Performing an ATD long f
Performing an ATD along /3 calculates a background which is derived from (C.26)
by fixing & — 0,7 — v— (&, before applying the following gauge transformations

Co— Cy+¢, Cy— Co+£Bs. (C.33)

One then re-derives the existing A/ =1 solution.

— Performing an ATD long ¢

Here one derives a solution which matches (C.31) with £ =0, followed by the
following gauge transformations

Cy— Cy—E&dopNdp, By — By—(&dopAdp. (C.34)

T-dualising the ¢ reduction. This subsection will largely mirror the previous one, following
the same logic. Once again, one must perform the ATD along 3 in order to preserve SUSY.

© c=¢
We now have
U(1), =x+v8+(C+1)o, (C.35)

with (p,b,u) =1, (s,a,v)=0, c={,m=(,q=7.

— Performing an ATD along 3

One now derives the following three parameter family of solutions 3!
ds3y =e3%Afy [4dsz<AdS5) + f2d6% + fo(do®+dn?)
1 9,59 1 . 2
+= | f2f3 /580" Odx —I—F(dﬁ—l-(fs%—vﬁ)sm@de) ,
= 1
E= () fafs+ 1o (72f3+f5(1+'yf6)2) sin2#,
1 .
€5 = = (f5(Cfo+€)*+C fs+ fasin® 0)°,
4
e84 = fi[ f5(C S+ +C fat fasin®0),
31Pixing (y=0,¢{ = —1) derives an A/ =1 solution which re-derives (C.28) via the following transformations

Cy— Co—dBAdyx, B2——Ba+E&dBAdyx, Co— —Co,
X— o, B——B, £——¢.
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Ba= 2| (606=O) s+ falofor Fs o142 fs) s 6) 3
+Sin9((7§_<)f3f5(<f7+§f8)
= fa =i S (e fof) (1) sin ) db |

Co= fe™ 3% (¢ fs+ fs (147 f5) (Cfo+6)),

Cyp— (75 ()

faf5(dAB-+(fa+~f7)sin0d0) Adx. (C.36)

Once again we find that one can map this solution to (4.2) via the transformations

given in (B.12) (with k; = €,k2 - 76)
2
JMN = CIMN, 2 ng) B, Co— C57500,
CQ—><_§’_}/€CQ, B2—>2_B2,
-Gt GGt _
(100 po-(mOn ok £
1 - -
W—>—§(C—’?§)-

(C.37)

Here we see that 1/£,1/(,1/7,1/((—~&) are required. We therefore argue that
fixing each of these to zero in turn derives new and unique solutions, given
n (4.29), (4.30), (4.31) and (4.32), respectively. It does not appear possible to
map this solution to (C.19) or (C.26).

— Performing an ATD long y
Here we have the N'=0 solution given in (4.33).

o« V=E
We now have (from (2.50))

U)r =x+(y+8)B+(C+1)9, (C.38)
with (p,b,u) =1, (s,a,¢)=0, v=E{m=(,q=7.
— Performing an ATD along 3
Here one computes a background which is derived via (C.36) by fixing £ — 0,7 —

~v—C&, before applying the following gauge transformations

Co—>00+f, CQ—>CQ+§B2. (0.39>
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Figure 2. Dimensionally reducing along ¢3, performing a TST along ¢, before uplifting along ¢3.

Then, fixing (y=—&, (=—1) we derive another A'=1 solution which once again

maps to the solutions already given.3?

— Performing an ATD along x
Performing an ATD along x derives a solution where v and £ are carried through the
calculation as gauge transformations of By and Cy. The background can be derived
from (4.33) by fixing £ =0 before applying the following gauge transformations

Bs — By—CEdy Adp, Ch — Co+EdBAdY. (C.41)

D TST deformations of Gaiotto-Maldacena

Using the TST formulas given in (C.7) and (C.13), one can simply uplift along ¢3 to get
deformations of the GM background up in 11 dimensions, see figure 2. Using the reduction
formula given in (2.36) (with ¥ =¢3), we uplift (C.13) as follows

ds3+

1
541301
st = (2T e 5182 —11 B g, d6)°

02

1
Sa+301 {

1heyo 1heo 2
~D¢1d2 By, - 192 p
+<d¢1+2 o, d¢2+71( 2627 5 o, 2,¢1)d9> ”

2

2
1) B
+(52+’2Y251> e324 <d¢3+01,¢2d¢2+01,¢1d¢1 +71(C3,¢1¢2+01,¢IB2,¢2—Cl,¢2B2,¢1)d9> :
1

52 62
C3= 7{524_7%51 03’¢1¢2d9/\d¢2/\dd)1 +752+’}’%(51 (Bg7¢2d¢2+327¢1 d¢1)/\d9/\d¢3
2
7101 < 1h¢1¢2> 1
——————dpaNdd1 Ndops, o1 =T hgy,———F=1, 0y =—%,
52+~20, P2 Ndp1 Ndeps3 1 627 o, 2 Fo T

which is sufficient for our purposes, of course the more general form given in (C.7) follows
in the same manner.

32Via
Cy— Cy—dBAdx, Bs——Bs, Cy— —Co,

(C.40)
d)_)Xv X_>¢7 5_>_B7 £_>_§
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For the GM background, we have six iterations corresponding to (41, P2, ®3) = (X, ¢, ) etc.
This is the choice which we will use in the following analysis. In fact, this will be sufficient, as it
seems each of the six alternatives will lead to the same background (up to relabelling v — —7).

Explicitly, we have

053 = f165%4 [4ds>(AdS5) + fad6®+ fa(do” + )],

4 2
es®A=ffs, I'=f1e3®4, Cr,4, =C1,x = fo, Cl,p, =C1,6=0,
Bogy =Bax=0, Bag,=DBagp=—fssin0, Cj4,p,=Csx¢= [rsind,
h¢1 ZhX=f3, h¢2 =h¢=f28in20, h¢1¢2 th¢:0, (D.l)
giving

ds® = fL(1+~2f2 fo f3 f5sin? 9)% [4ds2(AdS5) + fodb®+ f4(do®+dn?)

1
+ -
1+~2f3 fo f3 f5sin% @

2
+ /5 (d/3+f6dx+7(f7—f6f8)Sin9d9) }

1
T 1492 fE fafs frsin? 0

1 fafafssin® bdgndxnds|. (D.2)

{fg sin? 0d¢? + f3(dx — fssin0dh)>

I

Cs

[f7 sin@doAdp Adx+ fssin0dOAdpAdB

Following the U(1), component through such a calculation shows that, at best, it is necessarily
broken by the TST transformation prior to the uplift. Hence, v 0 breaks the A/ =2 solution
to N =0.

E Brane rotation interpretation

A possible interpretation of broken quantization in the absence of an orbifold singularity
is now presented. For the sake of this appendix, we assume the first gauge transformation
of the D5 branes is chosen, leading to the charge given in (4.19) and (4.24). First define
the ‘true charges’ for £ =0 in each interval

Qbs.x = Nk, Qb7ri1 =2Nji1—Ni—Nypo. (E.1)

We can then interpret the charges (4.19) as a projected value of the true charges following
a rotation of the branes in each interval — with the magnitude of rotation depending on
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e = sign(Nys1 — Ni)

Figure 3. The D5 branes still have a charge QL. but are rotated as a function of £. Hence, when
calculating the charge along the usual cycle, this value is distorted due to the rotation — meaning,
the charge calculated, @ ps, is just the quantity of charge projected onto this cycle.

€. For the D5s, we then get®?

1
Qps k= Qs cosg”, cospt = = b =14&{(Nkt1—Ng).  (E3)

In the case of the DT7s, they are rotated by the same amount as the D5 in each interval
(namely, ¢* in some direction) plus an additional rotation in a plane perpendicular (**1), i.e.

QD741 = QD7 1 cosp” cos " (E.4)

It is worth noting that the NS5 branes are untouched. Notice from (E.3) that when
cospk =—1, the D5 charge flips in sign, equivalent to a 7 rotation — this is consistent
with the flipping of orientation we’re used to. The same is true in the D7 case when

cos ok cos k! =

—1. In order to avoid divergences, the choice of Rank Function naturally
constrains the possible choices of £. In each interval, each brane is rotated by a unique
amount, dictated by Ngy1—Ni and Nijo—Nii1. A Hannany-Witten diagram showing a
schematic of D5 brane rotations is given in figure 3. The magnitude of rotation in each
interval is highly constrained by the fact (§, Ni) €Z, and cannot be arbitrarily small. In

the £ — oo limit, the D5 branes are rotated by 7.

33Using the charges given in (4.26), the magnitude of rotation in each interval is given by the following ratio

_ fe(lefo)+ed 1

Co _ ’ _ 1
o—0 f6((1+£f6)2+§2%) o—0 1+£R/(77)

005:0

(E.2)

D

2 €=0
k)

e2

leads to the same result.
o—0

Note also,
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F  Holographic central charge for Type 11B

The general Holographic Central Charge, cpo, is given by (see [4, 29-31] for further details)

ds* = a(p, 0)(da3 g+ Blp)dp*) +gi;(p, 0 )do' e,
2d+1 (Fl)

ol _ Vo= [ 47 e
ol GN (H/)d ) int» J ’

with Gy =87%a"¢2 =875 and d=3 for the present discussion.

We now calculate this quantity for the form of the IIB metrics given throughout this
paper, which read in general

1
ds%QB = 4p2€%¢“4f1 (dazig—i—gdpQ) —|—e%¢f‘f1 [f2d92+f4(d02+d172)

1

1
i1 <f2f3f5 sin? 0o+
— 1

1
[doa+g(n,o) Sin«9d9}2>] , 0225 _ ?fQG%DA’
=J1
(F.2)
where for the three parameter family of solutions given in (4.2) we have ¢1=¢, pa=1x,

g(n,0)=—=((v6—¢) fr+~fs). We now calculate the following quantities

g
es A ] 2
det[gij]:?flszf%fi%fSSanH, Oz:lezesq)Afl7

s (F.3)
= \/det [gijle4%8a3 =8p> f2 f2 2 fafaVol(S1)Vol(S?),

with all dilaton and Z dependence dropping out neatly. This matches exactly the IIA
Holographic Central charges discussed in [2], and is independent of all transformation
parameters. We hence simply quote the result derived in [2],

3 oo
K
Chol = — Z PR% (F4)
k=1

This is unsurprising given the arguments presented in section 4.3 of [4].

G Values of f; at the boundaries

Here we simply quote the results given in [2] of f; at each boundary in turn.

At o0 — oco. To leading order
_xy | P . (2w
V——Rle P 20_SID<P77>+..., (Gl)
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with

1
RIE20% 2 \? 2P 5 (™
ﬁ:<4P2€PU ; h:waml(P)’ f3=4,
27 4P? am,
f4—ﬁ7 f5_7T3R%eP (Gz)

Po
fs=k (—277+Psin <27r77)> .
T P

At n=0 with o #0.

v =/, V=, V'=-Lf, V=nf,

flo)= ;ZiRnan2K1 (o)
=12, =220 (G3)
fGZQ;f_zf, f7:4';2f, f8:2/<<—17+?), where [f|=—F.

At n= P the behaviour is qualitatively equivalent.

At 0 =0, 1€ (k,k+1). Along the 0 =0 boundary, V' =0 to leading order, hence (using
the boundary condition given in (2.5) in the final step), we first note

f2 VQV” 1. " 1 "
2 = =-VV"=-R(n)V G.4
f5 ‘(7*)0 2V—Vie—so 2 2 (77) ’ ( )
and using (2.9), in this limit
V" =P, (G.5)
A SN Y (w <n+j>_¢ (n—j)+ﬂ (cot <7r(n+j)) ot (W(n—j))»
FT oL o T op £a 2P 2P ) "2 2P 2P ’
j=k+1 j=1
with 1) the digamma function. This doesn’t vanish or blow up between these bounds. One finds
1
K*R(2RP,+(R)?)\ ? 2R P, 202 P, 2P,
fl ( 2Pk ) f2 2RP]€+(R,)2, f3 R f4 R’ ( )
4 4kR2P, RR/
= =R = " =26 Nt
f5 2RPk+(R/)27 fﬁ ) f7 2RP]€+(R/)27 fS H( 77+2RP]€+(R/)2>’

recalling R = Ni+ (Ng41—Ni)(n—k).
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At 0 =0, n=0. To approach this boundary, adopt the coordinate change (n=rcosa, o=
rsina), expanding about r=0. To leading order

: . 1 P : ,
V=Nircosa, V'=Ni, V”:zu'ﬂr(:osajz:lbk <2¢1 (2JP>_7F20302 (;]7;)>7,
1
KANT ) ? 2r2Qcos’ a 2r2Qsin® 20
fl—( 20 ) f2—T7 fs—T, f4_ﬁ17 (G.7)
4
f5:ﬁ7 fe =N, fr=—4rQr3cos® a, fs=0,
1

where @ is extracted via V" =rQ cosa. Notice that f5,fs remain finite whereas f3 and
fo vanish.

At o0 =0, n=k. Now one should make the following coordinate change (n=k—rcosa, o=
rsina) (where 0 <k <P and k€Z). To leading order

2 i 2

2 r“sin® « by, 1 by 4 r

= 3 :1 = — — R ——. _
f1=(kNg)3, fo=1, /3 N, Ja N I5 Ny

f7:—2/<aNk, fgz—zlﬁk.

b « . o
fo= Ek(l+cosoz)—|—Nk+1 — N, = cos? <§> (N — Nj_1)+sin? (5) (Nky1—Ni)=g(a). (G.8)
noting the use of by =2N;— Np+1—Ni_1 to re-write fg.
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