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1 Summary16

Human intelligence is characterized by the remarkable ability to solve complex problems by planning a17

sequence of actions that take us from an initial state to a desired goal state. Quantifying and comparing18

problem-solving capabilities across species and finding their evolutionary roots are critical for understanding19

how the brain carries out this intricate process. We introduce the Language of Problem-Solving (LoPS)20

model as a novel quantitative framework that investigates the structure of problem-solving behavior through21

a language model. We applied the model to an adapted classic Pac-Man game as a cross-species behavioral22

paradigm to test both humans and macaque monkeys. The LoPS model extracted the latent structure, or23

grammar, embedded in the agents’ gameplay, revealing the non-Markovian temporal dependency structure24

of their problem-solving behavior and the hierarchical structures of problem-solving in both species. The25

complexity of LoPS grammar correlated with individuals’ game performance and reflected the difference in26

problem-solving capacity between humans and monkeys. Both species evolved their LoPS grammars during27

learning, progressing from simpler to more complex ones, suggesting that the structure of problem-solving28

is not fixed but evolves to support more sophisticated and efficient problem-solving. Our study provides29

insights into how humans and monkeys break down problem-solving into compositional units and navigate30

complex tasks, deepening our understanding of human intelligence and its evolution, and establishing a31

foundation for future investigations of the neural mechanisms of problem-solving.32

2 Introduction33

Advanced problem-solving is a hallmark of human intelligence, enabling us to navigate complex tasks to34

reap greater rewards and avoid risks more effectively1. It has its roots in our primate ancestry and is likely35

shared by living nonhuman primates to varying degrees. Although many studies have investigated problem-36

solving capabilities in humans2–5, quantifying and comparing these capabilities and their learning process37

across species remain a significant challenge. This is critical for us to understand the evolution of human38

intelligence and the underlying neural circuitry.39

Problem-solving can be conceptualized as the process of establishing a sequence of operators or actions40

that link an initial state to a desired goal state. We hypothesize that this process, at its core, involves41

1



a systematic and structured process akin to a language. This language encapsulates the rules and prin-42

ciples governing the composition and abstraction laws that construct the solution sequence6–8 and guide43

our problem-solving efforts. The language may evolve to be more complex to support more sophisticated44

and more efficient problem-solving, both during evolution at the species level and during learning at the45

individual level.46

To study this language of problem-solving quantitatively, we face two challenges. First, we need appro-47

priate cross-species behavioral paradigms that can elicit problem-solving behavior with rich structures9–11.48

Second, we must develop methods to extract the structure of problem-solving from agents’ behavior with-49

out relying on self-reports. This is critical, as subjective reports are impossible in animals and may be50

inconsistent with actual problem-solving processes in human subjects12,13.51

To address these challenges, we adapted the classic Pac-Man game as a cross-species behavior paradigm52

to test both humans and macaque monkeys. We developed a framework named the Language of Problem53

Solving (LoPS), using a grammar induction algorithm to extract the underlying grammars — the non-54

Markovian temporal dependency structure14 — from the agents’ gameplay. The complexity of the resultant55

structures offers a quantifiable and interpretable metric of players’ problem-solving capacity15.56

Our results reveal notable differences in the complexity and hierarchical organization of problem-solving57

behavior between humans and monkeys, as well as among individuals. Grammar complexity positively58

correlated with players’ performance. Human players, especially the expert players, exhibited more complex59

LoPS grammars with deeper hierarchies, reflected in a larger and more interconnected game state space.60

Furthermore, both humans and monkeys demonstrated an evolution in problem-solving capabilities during61

learning, as their grammars progressed from simpler to more complex structures.62

Through the lens of a language model, our study offers a structured and systematic framework for63

understanding the complex cognitive process underlying problem-solving. It reveals how both humans and64

monkeys break down complex decision-making into compositional units, providing insights into how they65

navigate problem-solving16–18. This deepens our understanding of human intelligence and its evolution.66

Moreover, the quantitative nature of our study lays the foundation for future investigations of the neural67

mechanism of problem-solving.68

3 Results69

3.1 Pac-Man task70

We adapted the classic Pac-Man game for a cross-species study involving humans and monkeys. The game is71

sufficiently complex to elicit rich and varied strategies, yet its core concepts – foraging, hunting, and escape72

– are intuitive even for monkeys to grasp.73

In this game, players guide Pac-Man in a maze to eat pellets while avoiding and, at times, hunting74

ghosts. Two ghosts are programmed into the game. If caught by a ghost, players receive a time-out penalty,75

after which all characters are reset to their starting locations. However, Pac-Man may eat a special pellet,76

called an energizer, to temporarily turn the ghosts into a scared mode, allowing Pac-Man to eat them for77

extra rewards. Each game begins with randomly placed pellets and energizers. Players complete a game by78

clearing all the pellets in the maze.79

We tested humans and monkeys using comparable game settings (See Methods 5.4.1), but with two80

notable differences. First, monkeys received real-time juice rewards corresponding to their in-game points,81

while humans were only shown a real-time cumulative tally of their current game points on the screen. Sec-82

ond, the game speed for the human version was set to be twice as fast as that for monkeys. These differences83

did not change the basic game mechanism but were necessary to maintain motivation and engagement for84

each species.85

Throughout the game, we recorded all the game states and players’ actions. Further details are available86

in Methods and our previous work19. In total, we collected behavioral data from a total of 34 humans and87

2 monkeys.88

3.2 Language of Problem-Solving89

The Pac-Man game can be played at different levels. A player can react to immediate game states with-90

out doing any advanced planning. This requires either sufficient computational power to process all game91

information rapidly for a good performance or a compromise in decision quality due to limited process-92

ing capacity. Alternatively, with plenty of experience and a good understanding of the game, the player93

can plan their moves in advance. In this scenario, the player lays out a sequence of actions based on the94

anticipated game developments, thereby reducing the cognitive load of real-time decision-making. This sce-95

nario implies dependencies among the elements in the behavior sequence to play the game. Drawing on96

dependency grammar theory from linguistics20, we employed a language model to investigate whether such97
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Figure 1: Language of Problem-Solving model. (a) The LoPS model conceptualizes problem-solving as
a hierarchical structure of sequences that transform an initial state into a desired goal state. At the top
of this hierarchy is a sequence of grammar rules, which describes game plans and governs how words
(strategies) are concatenated. At the bottom level, these strategies are implemented by actual actions of
joystick movements. Strategy abbreviations are lo: local, gl: global, ev: evade, st: stay, ap: approach, en:
energizer. Detailed definitions of strategies can be found in Supplementary Table S4 and in our previous
work19. (b) The LoPS is described by a probabilistic graphical model, where nodes represent variables and
edges denote temporal dependencies between them. Upstream game states evolve according to the game
mechanics and the strategies applied (grey arrows). Strong dependencies exist between strategies and game
states (dotted arrows), whereas LoPS grammar rules describe temporal dependencies between strategies
(dashed arrows) in addition to the upstream game states.

dependency structures were present in the player’s problem-solving behavior and analyzed them for insights98

into the problem-solving process.99

To achieve this goal, we first need to determine at which level we should build the language model.100

Although the Pac-Man game is eventually solved by a sequence of actions (e.g., ‘↑←↓→’ clears a square maze101

counterclockwise), the basic components of the language model should be at a higher level of abstraction.102

Motor actions depend too much on specific game details, such as maze types and Pac-Man’s exact location.103

Cognitively similar solutions may be associated with a wide variety of action sequences. Building the mode at104

the level of motor actions prevents us from understanding the cognitive principles of players’ problem-solving.105

Our previous work19 offers a better alternative. In that study, we demonstrate that a set of heuristic106

strategies may explain monkeys’ behavior in the Pac-Man game. Each strategy focuses on a subset of107

the game elements and a corresponding sub-goal, and the monkeys employed Take-The-Best heuristics,108

dynamically choosing a dominant strategy at any moment. We repeated the same analyses for human109

players and found that their gameplay can be captured similarly (Supplementary Figure S1). In addition,110

we identified two new strategies unique to human gameplay: stay (keeping Pac-Man near a specific location)111

and save (keeping Pac-Man away from the energizer). These two strategies allowed the human players to112

better exploit energizers and hunt ghosts more efficiently. With these seven strategies (Supplementary Table113

S4), we were able to accurately predict joystick actions for both the human and monkey players, achieving an114

average prediction accuracy of 90.6± 3.0% for human players and 93.9± 2.2% for monkey players. Thereby,115

we converted both humans’ and monkeys’ gameplay into sequences of dominant strategies.116

3.3 Grammar Induction117

At the level strategies, we developed the Language of Problem-Solving (LoPS) framework. In LoPS, the118

‘words’ are strategies, while the ‘grammar’ consists of a set of dependency rules dictating how strategies are119

concatenated into problem-solving sequences (Figure 1a). A key aspect of LoPS is that its words, i.e., the120

strategies, depend on an upstream variable, the game states, which themselves have a temporal structure121
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(Figure 1b). The null hypothesis is that the strategy sequences exhibit no additional structures beyond what122

can be expected from game states alone, implying no higher-level planning beyond individual strategies.123

At the core of the LoPS framework is a grammar induction algorithm that extracts the set of dependency124

grammar rules from an agent’s behavior sequences. The algorithm begins with a set of basis strategies and125

computes all concatenations of the strategies that show significant dependency in the agent’s gameplay,126

which measures whether the co-occurrence of two strategies can be attributed solely to the game states.127

Each valid concatenation forms a dependency rule. A 1st-order rule indicates that the strategy depends128

only on the current game states, whereas a 2nd-order rule signifies that the strategy depends not only on129

the game states but also on the previous strategy. This process continues recursively for higher-order rules.130

We also allow for the possibility of ”skip-order” dependencies, where one or more strategies may intervene131

between two linked strategies. The procedure ends when no further significant dependencies are found. The132

result is a set of dependency rules of varying orders, which together constitute the agent’s LoPS grammar.133

When applied to synthetic data, our grammar induction algorithm successfully recovers the grammar used134

to generate the data (See Methods 5.4.3 and Algorithm 1).135

3.4 Players exhibit different levels of grammar complexity136

The induced LoPS grammar provides insights into individual players’ problem-solving structures. Both mon-137

keys developed several 2nd-order rules, such as local -global and global -local, suggesting a divide-and-conquer138

scheme, and energizer -approach, indicating planning ahead for ghost-hunting. Evade was not combined with139

any other strategies, suggesting its impromptu nature. Other than evade, the monkeys’ grammar rules can140

be divided into two categories: pellet-collection rules and ghost-hunting rules, connected by a sole 3rd-order141

rule, local -energizer -approach, signifying the emergence of higher-order hierarchical structures (Figure 2a).142

Human players exhibited more sophisticated hierarchical structures (Figure 2). Example player 1 added143

a save strategy, leading to the skip-order rule save...energizer-approach, a more strategic approach. However,144

the grammar remained relatively modest (Figure 2b, left). In contrast, example player 2 developed a signifi-145

cantly more sophisticated grammar with many 3rd and 4th-order rules, many specifically for ghost-hunting,146

such as stay-energizer-approach. In addition, a large number of high-order rules, such as energizer-approach-147

local-global, string together pellet-collection and ghost-hunting rules, demonstrating a high level of planning148

that combines the two most important aspects of the game(Figure 2b, right).149

The two example human players illustrate the marked diversity in LoPS grammar among human play-150

ers, ranging from relatively simple, monkey-like grammars to highly sophisticated ones. In Figure 2c, we151

plotted the usage ratios of rules of different orders for all human players in a 3D space. Agglomerative clus-152

tering reveals two distinct clusters. Example human player 1 belongs to the first cluster, characterized by a153

preference for simpler 1st-order and 2nd-order rules (1st-order: 55.0 ± 3.8%, 2nd-order: 41.5 ± 4.5%, order154

> 2: 3.5± 1.9%), while the second cluster, including example human player 2, demonstrated a much higher155

usage ratio for higher-order rules (1st-order: 53.7± 5.5%, 2nd-order: 26.2± 5.2%, order > 2: 20.1± 4.0%).156

We refer to the players in the two clusters as novice and expert players, respectively (see also Figure S2).157

Interestingly, the two monkeys, when plotted in the same 3-D space (monkey O, 1st-order: 50.7± 3.7%,158

2nd-order: 44.1 ± 3.5%, order > 2: 5.2 ± 1.1%; monkey P, 1st-order: 50.6 ± 6.5%, 2nd-order: 44.4 ± 6.1%,159

order > 2: 5.0 ± 1.5%), fall into the cluster of novice human players, suggesting that they share similar160

problem-solving structures. Notably, however, both monkeys had been playing the game for three years,161

while some novice human players were experiencing the game for the first time. Exemplar gameplay videos162

from different groups of humans and monkeys can be found in Supplementary Videos 1-3.163

To further quantify the players’ grammar complexity, we developed a summary statistic termed LoPS164

complexity, defined as the average rule order. The expert human players exhibited higher LoPS complexity165

compared to the novices (Figure 2d) and the monkeys (p ¡ 0.001, Mann-Whitney U test). No significant166

differences were observed between the novice human players and the monkeys in terms of LoPS complexity167

(all p ¿ 0.05, Mann-Whitney U tests).168

3.5 Complex grammar, good performance169

Complex grammars come at a computational cost, and their existence can only be justified if they provide170

tangible behavioral advantages. Indeed, we found a strong positive correlation between LoPS grammar171

complexity and problem-solving performance at the individual level among human subjects (Figure 3a).172

Leveraging more complex rules, the expert human players significantly outperformed the novice players173

(U = 0.00, p < 0.001, Mann-Whitney U test). When plotted on the same graph, the two monkeys were174

positioned at the lower end of both grammar complexity and performance, suggesting a continuum between175

humans’ and monkeys’ problem-solving capacities. Regression analysis revealed that LoPS complexity alone176

provides sufficient predictive power for game performance (Method 5.4.4).177
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Figure 2: Participants’ LoPS grammars. (a) LoPS grammars of the two monkeys. Left: monkey O; right:
monkey P. Each block represents a basis strategy (lo: local, gl: global, ev: evade, ap: approach, en: energizer).
High-order dependency rules are constructed by concatenating two sub-units. For clarity, only a single
connection line is shown for each rule, linking either to the longer sub-unit or, in the case of equal-length
sub-units, the first sub-unit. Green and blue shadings indicate pellet-collecting and ghost-hunting rules,
respectively, and the overlapping region reflects rules that combine both objectives. (b) LoPS grammars
of two example human players. Left: example player 1 (novice); right: example player 2 (expert). Same
convention as (a). Two additional basis strategies were used by the human players (sv: save, st: stay). (c)
Rule usage ratio. Each subject’s usage ratio of rules of order 1, 2, and higher (n > 2) is plotted in 3-D space.
Using agglomerative clustering, we identified two distinct clusters among the human subjects: experts (red,
N = 27) and novices (green, N = 7). The monkeys are also plotted in the same space: yellow (monkey O)
and purple (monkey P). Example gameplay videos can be found in Supplementary Videos 1-3. (d) LoPS
complexity for experts, novices, and monkeys. Each data point represents the average LoPS complexity in
a completed Pac-Man game. *** p < 0.001, NS p > 0.05 (Mann-Whitney U tests). Analyses were based on
the monkeys’ behavior in the final year of the three-year study and the human participants’ behavior in the
second session. We did not report the statistical comparison on experts and novices, because their LoPS
complexities are expected to be different from the clustering analysis.

In addition to game scores, we examined how fast an agent responded to strategy switches. Our hypothe-178

sis was that agents with more complex LoPS grammars could offload real-time decision making by planning179

strategy switches in advance, leading to faster reaction times. While it is difficult to measure the reaction180

times for strategy switches in general, we observed that the agents often changed Pac-Man’s direction shortly181

after eating an energizer or a ghost due to a strategy switch. We measured the onset of these direction changes182

as reaction times, quantified as the number of tiles that Pac-Man travels, and examined whether they were183

correlated with grammar complexity. Consistent with this hypothesis, we found a significant negative corre-184

lation between LoPS complexity and reaction time (Figure 3b). A Kruskal-Wallis test comparing two human185

groups and two monkeys indicated a significant difference among the four (H(3, 6212) = 517.62, p < 0.001,186

Kruskal-Wallis test). Additional comparisons showed that expert humans exhibited shorter reaction times187

than novice humans and both monkeys (all ps < 0.001, Mann-Whitney U test, Bonferroni corrected).188

These results suggest that complex LoPS grammars provide both performance and efficiency benefits in189

problem-solving.190
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Figure 3: Grammar complexity correlates with performance. (a) Performance score. A significant positive
correlation is observed between LoPS complexity and total score (Pearson’s r = 0.68, bootstrap 95% CI
(0.55, 0.77), excluding the monkeys). The total score is the cumulative points earned by completing one
game (detailed in Supplementary Table S1). Each data point represents an individual subject. (b) Reaction
time. A significant negative correlation is observed between LoPS complexity and reaction time (Pearson’s
r = −0.39, bootstrap 95% CI (−0.54,−0.21), excluding the monkeys; Pearson’s r = −0.24, bootstrap 95%
CI (−0.43,−0.05)), excluding the outlier human player (hollow circle). Reaction time (RT) is defined as
the number of tiles between the occurrence of a specific event (eg. energizer or ghost consumption) and the
subject’s first Pac-Man direction change. The lines are from linear regressions using the human data. Red:
expert players, green: novice players, yellow: monkey O, purple: monkey P.
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Figure 4: Evolving LoPS grammars with learning in monkeys. (a) Monkey O. Left: LoPS grammars
extracted from the monkey O’s gameplay. Different shades of gray indicate the addition of new rules each
year. Middle: Progression of grammar complexity each year. Right: Progression of game scores each year.
Each data point represents the mean in a complete Pac-Man game trial. The yellow dots represent the annual
means. (b) Monkey P. Same convention as in (a). *** p < 0.001, ** p < 0.01, NS p > 0.05 (Mann-Whitney
U tests).

3.6 Evolving grammar with learning191

Both monkeys and humans became better at the game with experience. By employing the LoPS induction192

algorithm at different stages of the experiment, we can assess whether these performance improvements193

were reflected in their LoPS grammars.194

The monkeys were tested continuously over a span of three years. Through years of gaming, the monkeys195

gradually built their grammar set, incorporating more complex rules (Figure 4 left). The new rules, such196

as energizer-approach and local-energizer-approach, were primarily related to ghost-hunting. They helped197

monkeys take better advantage of energizers and made their gameplay more human-like. Consistently, their198

LoPS complexity also had a significant increase across the years (Figure 4 middle). This increase in grammar199

complexity was mirrored in their improved game performance (Figure 4 right).200
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Figure 5: Evolving LoPS grammars with learning in human participants. (a) LoPS complexity for all
human subjects and for the expert and novice groups separately across two sessions. Complexity increased
significantly in both the overall group and the expert group, but not in the novice group. (b) Correlation
between complexity difference and game score difference across sessions (Pearson’s r = 0.44, p = 0.011).
Experts: red; novices: green. (c) Evolution of LoPS grammar in experts. The newly developed rules were
hybrid rules that combined pellet collecting and ghost hunting. (d) The grammar structure of novices did
not change significantly between the two sessions. Different gray shadings indicate the two sessions. ***
p < 0.001, NS p > 0.05 (paired sample t-test).

The human participants were tested in two sessions. We assessed the LoPS complexity for all subjects in201

both sessions and found a significant increase in LoPS complexity (p < 0.001, paired sample t-test, Figure202

5a). At the group level, the increase was significant for the expert group (p < 0.001, paired sample t-test),203

but not for the novice group. In addition, a significant positive correlation was found between the complexity204

increase and the game score improvement between the sessions (Figure 5b), supporting the notion that205

greater grammar complexity enhances performance.206

The new rules developed in the second session, such as energizer-approach-global-local and stay-energizer-207

approach, are hybrid rules that combine the objectives of pellet-collecting and ghost-hunting (Figure 5c). To208

reveal the effect of these new rules on game performance, we regressed the experts’ performance improve-209

ment against two predictor variables: the difference in the frequency of using existing rules and the LoPS210

complexity increase caused by the three rules newly formed in the second session. Only the new rules had211

a significant effect on the performance improvement (regression weights: existing rules w1 = −3.25, CI 95%212

(−7.31, 0.83), new rules w2 = 5.38, CI 95% (1.33, 9.44)). Therefore, the adoption of new rules was the pri-213

mary driver of performance improvement in the second session for expert players. In contrast, the LoPS214

grammar of the novices did not change (Figure 5d).215

Together, these results reveal the expansion of LoPS grammar in both monkeys and the expert humans216

during learning, indicating their problem-solving capacities evolved with experience. However, new grammar217

rules emerged in monkeys only after years of practice, and their LoPS grammars remained far less sophisti-218

cated than those of expert humans. There appears to be a performance ceiling that separates monkeys from219

humans, reflected in the complexity of their respective LoPS grammars.220

3.7 State variable covariation graph221

The game states in Pac-Man can be condensed into a few key game variables. We focused on six variables222

that are most critical to gameplay: the distance from Pac-Man to each ghost (g1, g2), the modes of the ghosts223

(m1,m2), Pac-Man’s distance to the nearest energizer (e), and the count of local pellets (b) (See definitions224

in Supplementary Table S3). The basis strategies typically only deal with single variables. For example,225

strategy local mainly affects the number of local pellets, and strategy approach triggers a ghost mode change.226

7



In contrast, higher-order rules often take into account multiple game variables. Therefore, examining how227

state variables co-varied can provide valuable insights into how grammars at different complexity levels228

influence gameplay.229

Therefore, we computed the joint probabilities of these six key state variables, denoted as P (s). Using230

the PC algorithm21,22, we inferred the Markov network that depicts the correlational structure among these231

variables in the three groups of players —experts, novices, and monkeys— each characterized by distinct232

grammar complexities (See Methods 5.4.5). The resulting graph describes the inter-dependencies between233

these state variables as shaped by the execution of the players’ strategies.234

EXPERT HUMAN NOVICE HUMAN MONKEY

Figure 6: Markov networks of game state variables for experts (left), novices (mid), and monkeys (right).
Nodes represent six key state variables: distances from Pac-Man to each ghost (g1, g2), modes of the ghosts
(m1,m2), Pac-Man’s distance to the energizer (e), and counts of local pellets (b). Edges between the nodes
indicate conditional dependencies. The graphs were inferred with PC algorithm21,22 (Methods 5.4.8).

We observed a key difference in the graph between the group of expert humans and the other two player235

groups (Figure 6). Both the novices and the monkeys formed two separate covariation clusters (Figure 6,236

middle and right). One cluster sg consists of four ghost-related variables: each ghost’s mode (m1,m2) and237

Pac-Man’s distance to each ghost (g1, g2). It is disconnected from the second cluster, which consisted of e,238

the distance to the energizer, and b, the count of local pellets. In the expert group, however, the two clusters239

are linked via e, the distance-to-energizer (Figure 6, left), forming an integrated structure.240

The structural differences in the covariation graphs indicate the players’ distinct approaches of breaking241

down the task. Novice humans and monkeys treated the ghost-related and reward-related variables as242

independent, simplifying their decision-making by focusing on one component and disregarding the other.243

This reduction in state space may make it easier for them to navigate in state space, but it comes at the244

cost of game performance. In contrast, experts tracked all state variables simultaneously, allowing them to245

achieve superior performance, which indicates their superior problem-solving capacity.246

3.8 State transition map247

To further investigate the game state transition patterns driven by different LoPS grammars, we constructed248

transition maps between successor states caused by the grammar rules for each player group (Figure 7;249

see Methods 5.4.6 for more details). These transition maps can be viewed as cognitive maps23 that help250

different subjects to navigate the game space, potentially explaining the exploratory advantages associated251

with more complex grammars.252

Immediately, we can see that the number of effective states in the expert humans’ gameplay greatly253

outnumbers that of the novices and monkeys (experts: 14 ± 0.1, novices: 7 ± 0.4, monkeys: 6 ± 0.6 (group254

mean ± standard error)), leading to a much more intricate transition map.255

Upon closer inspection, state 9 stands out as a pivotal hub state for expert players. With two normal256

ghosts far away, an energizer and local pellets nearby available, Pac-Man can forage local pellets safely in257

this state. It serves as a strategic retreat state from many other states, including those with threatening258

ghosts (states 1-3) and those lacking local food or energizers (states 7, 8, 10, 13, 14). Expert players use259

a diverse set of grammar rules to navigate back to this safe state. Moreover, state 9 is involved in a state260

loop: 9 → 12 → 13 → 9. This loop reflects a clever game scheme in which the player hunts ghosts while261

staying close to an energizer (9→ 12), saves this energizer (12→ 13) and grazes until the ghosts return to262

their normal state (13→ 9).263

For novice players, state 9 is also a hub state, but with fewer connections and transitions using only264

lower-order rules. This leads to another interesting feature of the novices’ effective states: in four states265

(states 15-18), the scared ghosts are too far from Pac-Man to be effectively hunted, limiting their ability to266

earn bonus points. In contrast, expert players avoided such situations with high-order rules that coordinate267

energizer consumption and ghost hunting.268

State 9 is no longer a hub state for the monkeys. Their only 3rd-order rule (local -energizer -approach)269

takes the game from state 9 to state 13. Interestingly, experts used the same rule to navigate to state 12,270
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Figure 7: State transition maps for the experts, novices, and monkeys. Nodes represent effective game states,
defined by six state variables (two ghosts’ modes, their distances from Pac-Man, energizer distance, and
local pellets availability). The effective states were selected such that their cumulative probability accounts
for more than 70% of the total state space encountered by each group. Each state node is illustrated with
four icons: two for the ghosts (three modes: normal, scared, or dead; dim: far, bright: close), one for energizer
distance (dim: far, bright: close), and one for pellet availability (pellet: available, cross: NA). Directed edges
denote the predominant rules that lead to statistically significant state transitions. The rules are grouped
based on their purposes and complexity: pellet-collecting (p1: 1st-order, p2: 2nd-order); ghost-hunting (h1:
1st-order, h2: 2nd-order); hybrid rules combining pellet-collecting and ghost-hunting (hp); evasion (e); and
skip-order rule (skip).

which differs from state 13 only in having a close-by energizer, reflecting better advanced planning. This271

suggests that the monkeys did not learn to proactively plan their hunting to end with nearby energizers,272

preventing them from forming efficient foraging-hunting loops like the experts. Instead, they often returned273

to state 8, which contains only local pellets, indicating their tendency to reduce the game to simple foraging.274

Together, the state transition maps highlight key differences in how each player group navigates the275

game space. By adopting more sophisticated grammars, expert players accessed a larger set of advantageous276

game states that were unexplored by novices or monkeys. The high-order rules in experts’ LoPS grammar277

enabled them to maneuver through their complex network of states, utilizing a central hub state (state 9)278

to efficiently alternate between collecting pellets, hunting ghosts, and evading threats, while the monkeys’279

simpler grammar reduced their game to mostly foraging. The complexity of a player’s LoPS grammar reflects280

their capability to navigate the game space.281

4 Discussion282

Our investigation into the cognitive processes underpinning problem-solving through a language model has283

yielded intriguing insights into the differences between human and non-human primate intelligence. The284

adaptation of a classic video game like Pac-Man into a cross-species behavior paradigm allows us to explore285

these dynamic processes in a quantifiable manner. The model’s ability to capture the temporal structure286

and complexity of problem-solving brings us closer to understanding the compositional nature of cognition,287

both in humans and macaque monkeys.288

4.1 Language of Thought289

The LoPS model provides a framework to analyze the ‘grammar’ of problem-solving and offers a novel290

approach to measuring and comparing compositional thought processes across species. It draws inspira-291

tion from the hypothesis of the language of thought (LoT), which conceptualizes mental representations292

using symbolic primitives and composition laws6 and captures core principles of various human cognitive293

abilities15,24,25.294

Our grammar induction differs from previous program induction procedures that have been employed295

to capture the underlying structure or generative process of the data in LoT models24,26–32. It takes into296

account the temporal structure of upper stream states33. The dynamic environment in the Pac-Man game297

has a rich temporal structure, and our approach is essential for identifying the true temporal dependencies298
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between strategies, improving previous methods that focused primarily on action sequences while ignor-299

ing the temporal structure of the internal and external variables leading to the actions34. Neglecting the300

upstream variables and their temporal structures would result in false identifications of solution structures.301

In addition, Pac-Man’s strategy transitions are probabilistic, requiring involve complex decision-making in302

a dynamic environment. This complexity necessitates modeling the grammar as probabilistic dependencies303

not only among strategies but also between strategies and game states, extending the previous definition of304

grammar in LoT.305

Our algorithm has certain limitations. One key constraint is that it only factors in limited types of306

dependencies. In addition, the algorithm can suffer from data sparsity, as some rules might have relatively307

low frequency in the training datasets. One potential solution is to incorporate other higher-level properties308

of language models, such as role-filler independence, predicate-argument structures, logic operations35, and309

And-Or graph36,37. State-of-the-art language models based on RNNs and transformers38 present another310

avenue, as they allow for richer primitives and more adaptable compositional rules39.311

4.2 Human vs Monkey312

Although the intelligence gap between humans and other animals, including monkeys, is evident, the extent313

and underlying causes of this separation remain an active area of research40. Our results clearly demonstrate314

that human players exhibit more complex problem-solving behaviors compared to monkeys. The hierarchical315

nature of human cognition41–44 is reflected in their LoPS grammars, which are more intricate and possess316

deeper hierarchies. This aligns with the view that human intelligence is distinguished by its ability to use317

abstract thought processes and to construct and navigate complex state spaces — capabilities that are318

less developed in macaque monkeys. Moreover, humans display a capacity to quickly develop new and319

complex rules through experience, which cannot be compensated by extended training in monkeys. While320

there may be a shared ancestral cognitive language used for problem-solving, our findings suggest that the321

depth and complexity of these mental languages have evolved significantly in humans45, giving rise to their322

sophisticated problem-solving abilities.323

4.3 Neural substrate of LoPS324

The LoPS reveals a hierarchical structure in the problem-solving of humans and monkeys. A rostrocaudal325

axis of the PFC has been proposed to underlie hierarchical cognitive control, with which the brain implements326

deeply structured, tree-like policies through nested corticostriatal gating loops, arranged from back to front327

within the frontal lobe46,47. Consistent with this idea, patients with lesions in the rostral PFC often exhibit328

impairments in problem-solving tasks that require planning and abstract reasoning48. In addition, the human329

brain’s language circuitry and its counterparts in the monkey brain may also play an important role in LoPS.330

The quantitative nature of the LoPS model opens up possibilities for future investigation into its underly-331

ing neural mechanisms, particularly in animal models. By recording and manipulating single-unit activities332

across the prefrontal cortex, we may explore how neurons in different PFC subregions are involved in depen-333

dency rules of different orders and how they coordinate to activate downstream motor regions to generate334

appropriate responses based on higher-order cognitive representations49.335
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5 STAR Methods356

5.1 Key Resources Table357

REAGENT or RESOURCE SOURCE IDENTIFIER
Deposited data
Monkey data (Year 2) Previous Work https://elifesciences.org/articles/

74500
Monkey data (Year 1 and 3) This Paper https://github.com/

lab-decision-making-mechanism/
Language-of-Problem-Solving

Human data This Paper https://github.com/
lab-decision-making-mechanism/
Language-of-Problem-Solving

Software and Algorithms
Python version 3.8 Python Software Foundation https://www.python.org

358

5.2 Resource availability359

5.2.1 Lead contact360

Further information and requests for resources should be directed to and will be fulfilled by the lead contact,361

Tianming Yang (tyang@ion.ac.cn).362

5.2.2 Materials availability363

This study did not generate new unique reagents.364

5.2.3 Data and code availability365

The data and codes that support the findings of this study are provided at:366

https://github.com/lab-decision-making-mechanism/Language-of-Problem-Solving.367

5.3 Experimental model and subject details368

This study recruited 34 healthy participants (19 female, 14 male, and 1 undisclosed). The participants were369

aged from 18 to 40 with an average age of 24.79± 5.45. None of the participants had a previous history of370

neurological or psychiatric disorders. All participants gave written informed consent for the sessions they371

attended and received monetary compensation. The study was approved by the Cardiff University School372

of Psychology Research Ethics Committee.373

Two male rhesus monkeys (Macaca mulatta) were used in the study (O and P). They weighed on374

average 6-7 kg during the experiments. All procedures followed the protocol approved by the Animal Care375

Committee of Shanghai Institutes for Biological Sciences, Chinese Academy of Sciences (CEBSIT-2021004).376

5.4 Method details377

5.4.1 Pac-Man task378

The Pac-Man game for the monkey experiment has been described previously19. Briefly, monkeys control379

Pac-Man with a joystick through a maze to collect pellets. Each pellet consumed yields a juice reward.380

Completing the maze yields additional juice. Two ghosts roam the maze. If Pac-Man is caught, there is381

a time-out penalty. Eating special pellets, called energizers, switches ghosts to a temporary scared mode382

during which they can be eaten for extra juice rewards.383

For the human task version, the human controls Pac-Man with a keyboard. The maze is sized 725× 900384

pixels and displayed at the resolution of 1920× 1080. Same as the monkey task version, the maze is divided385

into square tiles of 25×25 pixels. The human game contains no fruits to simplify the game. Nine unconnected386
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pellet patches are defined in the maze. Each patch has 9 to 13 tiles, and in each game, only 7 randomly387

selected patches are filled. In total, there are 76 to 83 pellets in the maze, of which four randomly selected388

pellets are replaced in the upper left, upper right, lower left, and lower right areas of the maze with an389

energizer. Collecting a pellet and an energizer will gain 2 and 4 score points, respectively. In addition,390

humans get an extra 10 points for catching a scared ghost. A real-time cumulative point of the current game391

tally is shown on the screen. If caught by a ghost, humans receive a deduction of points. For better data392

collection, humans are allowed maximally two attempts to complete a game. Finally, the game speed for the393

human version is set to be twice as fast as that of the monkey version. The rest of the settings are identical394

between the human and the monkey versions. The human-specific settings aim to encourage more evenly395

distributed strategies used by human subjects to facilitate behavior analyzes with a limited amount of data.396

The monkeys’ behavioral data were collected over three years. During three years, monkeys played 820397

(year 1), 3240 (year 2), and 571 (Year 3) game trials. The analyses presented here are based on the behavior398

in Year 3 unless otherwise mentioned. On average, monkeys completed 33± 9 games per session, with each399

game requiring 4.9± 1.8 attempts. Human participants were involved in two separate sessions. We used the400

behavior data in the second session to do the analyses in the paper unless otherwise mentioned. On average,401

each human participant completed 36± 6 games per session, with each game taking an average of 1.2± 0.4402

attempts.403

5.4.2 Language of Problem-Solving404

The Language of Problem-Solving (LoPS) model employs a language model to analyze and describe the405

structure of an agent’s problem-solving behavior.406

Primitive words in LoPS are a set of decision-making schemes which are a selection of basis strategies407

in the context of the Pac-Man game. The grammars in LoPS describe the temporal dependencies between408

the sequences of strategies, in accordance with the dependency grammar formalism in natural language409

processing20.410

Mathematically, it can be formulated in the framework of Probabilistic Graphical Models (PGMs).411

A PGM G = {V, E} contains nodes V representing random variables and edges E indicating conditional412

dependencies. The edges can be directed (Vk → Vl) or undirected (Vk −Vl), used in Bayesian networks and413

Markov networks, respectively. A dependency grammar in LoPS can be described by a Bayesian network G:414

G = {Gg1 , Gg2 , Gg3 , ..., Ggskip
} (1)

where Gg1 (1st-order), Gg2 (2nd-order), Gg3 (3rd-order), ..., and Ggskip
(skip-order) denote different types415

of dependency grammar rules. The naming convention is similar to that used in Markov chains: The order416

of the dependency grammar rule refers to the number of previous strategies considered when determining417

the probability of transitioning to the next strategy, in addition to the upstream variables, i.e., the game418

states. Mathematically, they can be defined as419

Gg1 = {st → πt}
Gg2 = {(πt−1, st)→ πt}
Gg3 = {(πt−2, πt−1, st)→ πt}
...

Ggskip
= {(πt−t′ , st)→ πt}

(2)

where st represents the game state at time t, πt represents the strategy at time t, and t′ > 1 denotes the420

temporal dependency of non-consecutive preceding strategies.421

All concepts in the LoPS model are summarized in Supplementary Table S2.422

5.4.3 LoPS gammar induction423

Grammar induction is an inverse problem in which we commence with a subject’s gameplay and deduce the424

LoPS grammar. Below, we describe the entire procedure in details. There are three steps: feature extraction,425

strategy fitting, and grammar induction. The pseudocode can be found in Algorithm 1.426

Feature extraction427

We first extract location information about each game element from the visual input time series. From428

each frame of the Pac-Man game, we obtain the location of Pac-Man l, the locations of the two ghosts429

lg1, lg2, the locations of the energizers le, and the locations of the pellets lp.430

We compute the utility values for all directions (A = left, right,up,down) under each of the seven431

strategies included in LoPS. Note that not all directions are always available. For unavailable directions,432

12



utility values are set to negative infinity. The moving direction is computed according to the largest average433

utility value for each strategy.434

We then determine the utility associated with each direction and its possible trajectories. Let l represent435

Pac-Man’s position and τ(l, a) represent a path starting from l and moving in the direction of a with a436

length of 10. We compute the utility of the path τ(l, a) under each strategy as follows (for simplicity, τ(l, a)437

is denoted as τ):438

• local strategy: ulo(τ) =
∑

x∈τ∩lp
Reward(x)439

• energizer strategy: uen(τ) =
∑

x∈τ∩le
Reward(x)440

• save strategy: usv(τ) =
∑

x∈τ∩le
Penalty(x)441

• approach strategy: uap(τ) =
∑

x∈τ∩lg1 ,lg2
Reward(x)442

• evade strategy: uev(τ) =
∑

x∈τ∩lg1 ,lg2
Penalty(x), if g1, g2 are normal, else 0.443

The rewards and penalty utilities for each element of the game in the model can be found in Table S1.444

For each direction a ∈ A, its utility Uπ(l, a) is obtained by averaging all the path utilities uπ(τ) in that445

direction:446

Uπ(l, a) =


1

|T |
∑
τ∈T

uπ(τ), if a is available

−∞, otherwise

(3)

Two strategies, global and stay, do not depend on utilities associated with Pac-Man location l. The utility447

of the global strategy Ugl counts the total number of pellets throughout the maze at a specific direction,448

excluding those within 10 steps of the current location. The utility of the stay strategy U st is infinitely449

negative in all directions, causing Pac-Man to stay in place.450

Another set of features includes a series of relational-based state variables, which capture the necessary451

information for strategy initiation and arbitration. These variables include se (Dijkstra distance from Pac-452

Man to the closest energizer), sg1 (Dijkstra distance from Pac-Man to Blinky), and sg2 (Dijkstra distance453

from Pac-Man to Clyde), sb (Local pellet number within 10 steps away from Pac-Man), sm1 (Blinky’s mode),454

and sm2 (Clyde’s mode). To simplify calculations, we binarize the distance and the pellet number variables.455

More information on state variables can be found in Table S3.456

The pseudocode for feature extraction can be found in Algorithm 2.457

Strategy fitting458

The strategy fitting follows the same procedure described in our previous work19. The strategy fitting459

process is based on the assumption that the strategy weights remain stable for a period of time. This period460

is defined by fine-grained time windows ∆ = δ1, δ2, ..., δk, separated by essential game events, including461

changes in Pac-Man’s direction, ghost consumption, energizer consumption, and ghost mode change.462

Within each time segment, a softmax policy is employed to linearly combine utilities under each basis463

strategy, with the strategy weights as model parameters. The probability of choosing a certain action a is464

defined as:465

P (a|wπ,U) =
exp(

∑
π wπU

t
π(l, a))∑

a′∈A exp(
∑

π wπU t
π(l, a′))

(4)

where wπ ∈ R7 represents the strategy weight.466

Given the utility and action time series in each time segment, Dδ
u, and Dδ

a, the likelihood function can467

be formulated as:468

L(Dδ
u, D

δ
a | wπ) =

∏
t∈δ

P (at|wπ,U t) (5)

A genetic algorithm (GA) is then used to estimate the weights by maximizing the likelihood function.469

This implementation of the GA algorithm uses the GA class from the scikit-opt library in Python with470

the following parameters –– Population size: 100, mutation probability: 0.1, crossover probability: 0.8, and471

maximum iteration number: 500.472

The strategy with the highest weight is used to create a strategy time series Dπ = {πt}Tt=1, where πt ∈ Z7
473

represents the dominant strategy at time t. More details about this procedure can be found in Algorithm 3.474

Grammar induction475

Given the time series of strategy Dπ and state Ds, we induce the dependency grammar G using the476

structure learning method. The process begins with a grammar graph that only contains 1st-order rules,477

Gg1 = {st → πt}. We apply a hybrid network learning algorithm (session 5.4.10 and Algorithm 8) to infer478

an initial graph containing all 1st-order rules.479

With this initial graph G1 = Gg1 , we compute the likelihood score of an alternative graph by concate-480

nating one pair of strategies, G2. If the likelihood score for the alternative graph is higher than that for the481

initial graph, we accept the alternative graph as the hypothetical graph. Upon each update of the hypo-482

thetical graph, we parsed the strategy time series again to generate a new rule time series Dg based on the483
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updated graph. This new time series is used to compute the likelihood score in the subsequent iteration.484

This iterative process continues until the likelihood score for the hypothetical graph reaches a maximum.485

At this point, the induced graph structure is defined as the subject’s LoPS grammar G = maxGg P (D | Gg).486

This pseudocode for this procedure can be found in Algorithm 4.487

The parsing algorithm used in the grammar induction follows the principle of Minimum Description488

Length (MDL). Given a specific strategy time series Dπ, we parse it into a rule time series Dg that uses489

the minimal number of grammar rules according to a set of rules defined by the grammar Gg. Thus, we490

compress the original strategy time series into the shortest possible description. The pseudocode for the491

parsing algorithm can be found in Algorithm 5.492

Validation of LoPS grammar493

To validate the LoPS induction algorithm, we construct artificial agents with flexible ground-truth494

grammar, varying in their grammar complexity (G1: 1st-order; G2: 2nd-order; G3: 3rd-order). For an agent495

with a defined grammar complexity, their grammar rules are randomly selected from the library we induced496

from human and monkey subjects. The artificial agent then interacts with the Pac-Man game environment.497

We collecte data on the game of M = 500 different artificial agents. We then apply the LoPS induction498

algorithm (Algorithm 1) to infer each agent’s LoPS grammar. In Supplementary Figure S3, we plot the499

accuracy of the estimated agent type and grammar complexity, along with the increasing sample size of the500

strategy sequences (Dπ). Both estimates can reach high accuracy below the quantity of experimental data501

we collected in humans (∼ 4000) and monkeys (∼ 20000).502

5.4.4 LoPS analyses503

Although we define the grammar with a set of dependency rules, we can organize them according to their504

generative process hierarchically, ranked vertically based on their orders (Figure 2a). Each higher-order rule505

node is built from two simpler rule nodes. For better visualization, only one link is shown. If a complex506

rule is created from daughter nodes of equal complexity, only the edge to the first node is shown. For cases507

where a complex rule breaks down into two daughter nodes of differing complexity, we retain the edge to508

the more complex rule node. This approach provides a clear and concise visual representation, emphasizing509

the inherent hierarchical and compositional nature of the grammar rules.510

Given each subject’s grammar book, we apply the parsing algorithm (Algorithm 5) to each individual’s511

sequence of strategies to obtain their respective rule sequences. Based on these rule sequences, we can512

compute the probability of each rule, denoted as P (gn). The ratio of all participants’ 1st-order rule, 2nd-order513

rule, and 3rd-order rule usage can be computed accordingly. Employing the agglomerative clustering method514

on these three statistical measures across 34 human subjects leads to the identification of two clusters,515

named experts and novices according to their grammar rule usage preference. The clustering algorithm uses516

the Euclidean distance metric and ‘ward’ linkage criterion to minimize the variance of the clusters being517

merged.518

We define the complexity of each dependency grammar rule gn as its order n. The complexity of a skip-519

order corresponds to the length of the subsequent rule sequence up to the targeted rule element. The LoPS520

complexity can then be computed as the average of n with respect to the probability of the rules, represented521

as CG = ⟨n⟩P (gn). This measure provides a concise summary statistic to quantify grammar complexity.522

To investigate the relationship between LoPS complexity and game performance, we regress total game523

score against LoPS complexity along with two confounding variables, total number of actions, and total524

game time, all normalized to their respective maximum (excluding monkeys). The regression weight of LoPS525

complexity (wc = 93.20, 95% CI (87.35, 98.74)) is significantly higher than the two confounders (number of526

actions: wa = 0.0022, 95% CI (0.0003, 0.0051); game time: wt = −0.0006, 95% CI (−0.0013,−0.0001)). This527

result demonstrates that LoPS complexity alone provides sufficient predictive power for game performance.528

5.4.5 State variable covariation graph529

We use a Markov network to illustrate the correlational structure among the game state variables (Figure 6).530

The nodes on the network graph are the six game state variables, denoted as s = (sm1, sm2, sg1, sg2, se, sb),531

and the undirected edges indicate conditional dependencies between the nodes. The definition of these532

states can be found in Supplementary Table S3. To learn the graph structure, we use the PC algorithm533

(Algorithm 6,21,22), which is a constraint-based structure learning approach. The PC algorithm starts with534

a fully connected undirected graph and iteratively removes edges based on conditional independence tests.535

It tests the conditional independence of each pair of variables given the set of all other variables using a536

Bayesian approach. If two variables are found to be conditionally independent, the edge between them is537

removed from the graph. This process is repeated until no more edges can be removed, resulting in the final538

Markov network structure that represents the conditional dependencies among the game state variables.539

More details about the PC algorithm can be found in Methods 5.4.8.540
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5.4.6 State transition map541

The game state is defined as the ensemble of the six state variables described above. The distance and542

pellet count variables are binarized for simplicity. Effective states are defined as the set of most commonly543

encountered states at grammar rule transitions whose cumulative probability accounts for more than 70%544

of the total state space encountered by each group. This approach ensures that the selected effective states545

capture the most representative and frequently visited states during gameplay.546

To simplify the map, we reduce all grammar rules into seven types, ϕ ∈ {e, p1, p2, h1, h2, hp, skip}, based547

on their purpose (pellet-collecting, ghost-hunting, or evade) and complexity. The rule types are as follows: e:548

evading rules; p1: 1st-order pellet-collecting rules; p2: 2nd-order pellet-collecting rules; h1: 1st-order ghost-549

hunting rules; h2: 2nd-order ghost-hunting rules; hp: rules involving both pellet-collecting and ghost-hunting;550

skip: skip-order rules (Listed in the legend of Figure 7).551

We select statistically significant transitions that navigate the player from the current state S to the552

successor state S′ according to the criterion that the transition probability is above the chance level,553

P (S′|S) > 1/|S′|. We label these transitions according to the most frequently used grammar type.554

In Figure 7, we visualize the state space of each group as a map, with the effective states as the nodes and555

the predominant grammar rule type as the edges linking the nodes. Each node can be identified with four556

icons: two ghosts with three modes (normal, scared, or dead) and two distance statuses (dim: far, bright:557

close), energizer distance (dim: far, bright: close), and food availability (pellet: available, cross: NA).558

5.4.7 Structure learning in Probabilistic graphical model559

To compute the marginal likelihood of a dataset D given a hypothetical graph structure G = {V, E}, we560

integrate over all possible parameter configurations Θ under the given graph structure:561

P (D | G) =

∫
P (D | G,Θ)P (Θ | G)dΘ, (6)

where P (D | G,Θ) is the likelihood of the data given the graph structure and a specific parameter config-562

uration, and P (Θ | G) is the prior probability of the parameter given the graph structure. The integration563

over Θ is necessary to avoid favoring more complex models which are characterized by larger parameter sets.564

To identify the best network structure given the data, we use a scoring method that seeks to maximize565

this marginal likelihood over all possible graph structures:566

G = max
G

P (D | G) (7)

In this setup, G denotes the optimal graph structure, which is the one that maximizes the likelihood of the567

data.568

5.4.8 PC algorithm for learning a Markov network569

For a Markov network with n variables V = {V1, ...Vn}, the joint probability is defined as a product of570

potentials on the subsets of variables (clique) Vc ∈ V:571

P (V1, ...,Vn) =
1

Z

C∏
c=1

ϕc(Vc) (8)

where Z is the normalization constant, ϕc is potential function for the clique Vc.572

The PC algorithm is a constraint-based structure learning approach21,22. It starts with a fully connected573

undirected graph and iteratively removes edges based on conditional independence tests. Here is a brief574

summary of the method:575

1. Start with a fully connected graph.576

2. For each pair of variables Vk and Vl, test the conditional independence of Vk and Vl given the set of all577

other variables V−k,−l.578

3. If Vk and Vl are conditionally independent given V−k,−l, remove the edge between Vk and Vl.579

4. Repeat 2-3 until no more edges can be removed, and output the structure of the resulting graph.580

The conditional independence test used in the PC algorithm is performed using a Bayesian approach,581

where the likelihoods under the independence and dependence hypotheses are evaluated with the data. The582

independence hypothesis assumes that the joint distribution of Vk and Vl can be factored into separate583
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distributions conditioned on V−k,−l:584

P (Vk,Vl,V−k,−l | Hindep) = P (Vk | V−k,−l, θVk|V)P (Vl | V−k,−l, θVl|V−k,−l
)P (V−k,−l | θV−k,−l

), (9)

whereas the joint distribution in the dependence hypothesis cannot be factorized:585

P (Vk,Vl,V−k,−l | Hdep) = P (Vk,Vl,V−k,−l | θVk,Vl,V−k,−l
). (10)

By treating variables as categorical and assuming Dirichlet priors for all parameters, we can compute586

the marginal likelihood with the dataset D = {Vm
k ,Vm

l ,Vm
−i,−j}m=M

m=1 for the independent hypothesis and587

the dependent hypothesis as588

P (D | Hindep) =
B(NV−k,−l

+ αV−k,−l
)

B(αV−k,−l
)

∏ B(NVk|V−k,−l
+ αVk|V−k,−l

)

B(αVk|V−k,−l
)

B(NVl|V−k,−l
+ αVl|V−k,−l

)

B(αVl|V−k,−l
)

(11)

P (D | Hdep) =
B(NVk,Vl,V−k,−l

+ αVk,Vl,V−k,−l
)

B(αVk,Vl,V−k,−l
)

, (12)

where B is beta function, Nx is the number of times that event x is presented in the data, αx is the589

corresponding hyperparameter for each event x21,22.590

The pseudocode for the conditional independence test and PC algorithm can be found in Algorithm 10591

and Algorithm 6.592

To validate the PC algorithm, we first randomly generate Markov graph structures and specifiy the593

parameters for their local pairwise potentials. However, it does not mean that the joint distribution fulfills594

the Markov property that the probability of each variable is dependent only on its immediate neighbors.595

We compute the following two distributions: P (Vi|V−i) and P (Vi|ne(Vi)) according to the joint probability596

of the specified local structures and parameters and ensured that they were equal for all variables. In this597

way, we generate M Markov networks that fulfill local Markov properties, each characterized by its unique598

structure and parameters, to serve as the ground truth to validate the PC algorithm.599

For each generated Markov network, we create N samples under the marginal distributions of each600

variable, computed according to the defined joint distributions. We then recover the ground-truth network601

structure by applying the PC algorithm to the synthetic data. Without loss of generality, we set n = 3,602

M = 50000, and varied the sample size from N = 20 to N = 2000. The average accuracy of the PC algorithm603

was shown in Supplementary Figure S4, where the accuracy is based on the congruence between the edge604

sets specified by the ground truth network and the induced network. The validation results indicate that605

the PC algorithm may recover the network structure well even with a small sample.606

5.4.9 Network scoring algorithm for learning a Bayesian network607

For a Bayesian network with n variables V = {V1, ...Vn}, the joint probability is defined as608

P (V1, ...,Vn) =
∏
k

P (Vk | Vpa(k))
∏
k′

P (Vk′) (13)

where Vpa(k) represents the parents of Vk in the network, Vk′ are the most upstream variables in the network609

who have no parents.610

The method for learning the structure of a Bayesian network involves using network scoring techniques.611

Calculating marginal likelihood (Eq. 6) generally involves an intractable integration. However, by treat-612

ing variables as categorical and assuming Dirichlet priors for parameters, the marginal likelihood can be613

analytically calculated21,22.614

Specifically, these factorized local distributions can be expressed as615

P (Vk = i | Vpa(k) = j) = Cat(θki|j) (14)

616

P (Vk′ = i) = Cat(θk′i) (15)

where Cat represents the probability density function of a categorical distribution, θki|j indicates the prob-617

ability of Vk being in state i given its parents are in state j, and θk′i specifies the probability of Vk′ being618

in state i.619

Given data D = {Vm
1 , ...,Vm

n }Mm=1, the likelihood of these local distributions can be expressed as:620

P (D | {Vk ← Vpa(k)},ΘVk|Vpa(k)
) =

∏
j

∏
i

θ
Nki|j
ki|j (16)
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P (D | {Vk},ΘVk
) =

∏
i

θNki

k′i , (17)

where Nki|j is the number of times that Vk is in state i and its parents in state j in the data, Nk′i is the621

number of times that Vk is in state i, ΘVk|Vpa(k)
and ΘVk′ are parameter sets.622

We apply the Bayesian Dirichlet likelihood equivalent uniform (BDeu) prior for the parameters:623

P (θki|j) = Dir(αki|j)P (θk′i) = Dir(αk′i), (18)

where αki|j = α
dim(Vk)dim(Vpa(k))

, αk′i = α
dim(Vk′ )

, α > 0. We can compute the marginal local likelihood as624

P (D | {Vk ← Vpa(k)}) = score(Vk,Vpa(k)) =
∏
j

∏
i

B(Nki|j + αki|j)

B(αki|j)
(19)

P (D | {Vk′}) = score(Vk′) =
∏
i

B(Nk′i + αk′i)

B(αk′i)
, (20)

where B is the beta function.625

Based on these marginal local likelihoods, we can then combine them to compute the likelihood of the626

whole graph as627

score(G) = P (D | G) =
∏
k

score(Vk,Vpa(k))
∏
k′

score(Vk′). (21)

Based on this likelihood score, we can search for graph structures that yield the highest scores. This628

network scoring approach can be more efficient than the PC algorithm, as it allows for the comparison629

of differences in local structures between two networks, thanks to the score function’s compositionality630

into local likelihoods. Therefore, search heuristics that involve local addition or removal of edges can be631

particularly effective22.632

The pseudocode for the network scoring algorithm can be found in Algorithm 7.633

To validate the network scoring algorithm, we generate Bayesian networks with n upstream variables634

and m downstream variables. For each of the downstream nodes, we independently choose one of the 2n635

possible combinations of the upstream nodes as its parent nodes. We parameterize the conditional probability636

distribution underlying this local structure as a categorical distribution. Parameters are randomly generated637

from a uniform distribution with support between 0 and 1. In this way, we generate M Bayesian networks,638

each characterized by its unique structure and parameters, to serve as the ground truth for the network639

scoring algorithm.640

For each Bayesian network, we generate N samples under defined conditional probability distributions.641

We then attempt to recover the structure of the ground-truth network by applying the network scoring642

algorithm to these synthetic data. Without loss of generality, we set n = 3, m = 2, M = 50000, and vary643

the sample size from N = 20 to N = 2000. The average accuracy of the network scoring algorithm is shown644

in the Supplementary Figure S5, where the accuracy is calculated according to the congruence between the645

edge sets specified by the ground-truth network and the induced network.646

5.4.10 Hybrid network learning647

Here, we explore a special case in which upstream variables (states) are modeled through a Markov network,648

which is an undirected network, while the interconnections between the upstream and the downstream649

(strategies) variables are captured by a Bayesian network, which is directed. To tackle the challenge of650

structure learning in such a setting, we developed a hybrid network learning algorithm, described as follows.651

First, we apply the PC algorithm to induce the structure of the Markov network (Gm) amongst the652

upstream variables. This structure allows for the identification of neighboring nodes, ne(V ′
l), for any given653

upstream node V ′
l . These neighbors form the Markov blanket: the smallest set of nodes that make V ′

l654

conditionally independent to all other nodes.655

Subsequently, we apply the network scoring algorithm to induce the structure of the Bayesian network656

(Gb). The computation of the marginal likelihood entails a directed edge from upstream node V ′
l to a657

downstream node Vk, necessitates the additional conditioning on the neighboring nodes ne(V ′
l):658

P (D | Vk ← V ′
l) = score(Vk, {V ′

l , ne(V ′
l)}) (22)

This score function is computed according to Eq 19. Consequently, the revised likelihood score function is:659

score(Gb) =
∏
k

score(Vk, {V ′
l , ne(V ′

l)})
∏
k′

score(Vk′) (23)
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With this likelihood score, we search for the graph structure that yields the highest score.660

The hybrid network learning algorithm exploits the conditional independence properties of the Markov661

network to reduce computational complexity, transitioning from conditioning on all upstream state variables662

to conditioning solely on the Markov blanket.663

The pseudocode for the hybrid network learning algorithm can be found in Algorithm 8.664

To validate the hybrid network learning algorithm, we generate synthetic data similar to the scenario in665

the Bayesian network validation. However, here, the upstream variables are not independent. Instead, they666

are generated from the Markov network defined in Session 5.4.8. Without loss of generality, we set n = 3,667

m = 2, M = 50000, and vary the sample size from N = 20 to N = 2000. The average accuracy of the hybrid668

network learning algorithm is depicted in the Supplementary Figure S6, where the accuracy is computed669

according to the congruence between the edge sets specified by the ground truth network and the induced670

network. Our hybrid network learning algorithm can accurately capture the true network structure used to671

create the simulated data.672

5.5 Quantification and statistical analysis673

Statistical analyses in the Results focuses mainly on LoPS grammar complexity and game performance.674

Due to the large discrepancy in the total number of games played by the two human groups and the two675

monkeys, non-parametric statistics (Kruskal-Wallis test) were used to test the differences among the four676

groups. If a significant difference was detected, Mann-Whitney U tests were employed for further pairwise677

comparisons. When comparing the learning effect between groups using summarized statistics from each678

session, paired-sample t-tests were utilized (Figure 5a). Pearson’s correlation coefficient was calculated to679

assess the relationship between two summarized statistics. The significance level for all statistical tests was680

set at p < 0.05.681

6 Video Legends682

Video 1: example game video from example human 1 (novice).683

Video 2: example game video from example human 2 (expert).684

Video 3: example game video from Monkey P.685

Video 4: example game video for a skip-order grammar rule from example human 2686

Video 5: example game video for a 3rd-order rule Stay-Energizer-Approach from example human 2.687
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Supplemental Information

Supplemental Figures
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Figure S1: Take-The-Best strategy heuristic. The distribution of the weight difference between the most
and the second dominating strategies. We assumed that decisions for Pac-Man’s moving directions were
based on a linear combination of the basis strategies. We estimated the strategy weights using time windows
of flexible length, by assuming that the relative strategy weights are stable for a period. The strategies were
ranked according to their fitted weights at each time segment. The weight difference between the first and
the second most dominating strategies was heavily skewed toward one. The result is consistent with our
previous findings19, indicating that both the humans and the monkeys adopted Take-The-Best heuristics in
which action decisions were formed with a single strategy that was heuristically and dynamically chosen.
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Figure S2: Rule usage ratio. Each subject’s usage ratio of rules at order 1, order 2, and higher (n > 2) is
plotted in three 2-D spaces. By applying the Agglomerative clustering method, we could identify two distinct
clusters among the human subjects: experts (red, N = 27) and novices (green, N = 7). The monkeys are
indicated by the yellow (monkey O) and the purple dot (monkey P).
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Figure S3: Validation of the LoPS induction algorithm. Three sets of simulated data are generated with
different complexity levels, indicated with different colors. The solid line denotes the average estimate. The
shade denotes the standard error. The accuracies of estimated agent type (left) and grammar complexity
(right) reach high accuracy with sample sizes well below that of the experiment data we used for humans
(∼ 4000) and monkeys (∼ 20000).
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Figure S4: Validation of the PC algorithm on synthetic data generated from the ground-truth Markov
network. The solid line denotes the average accuracy. The shade denotes the standard error.
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Figure S5: Validation of the network scoring algorithm on synthetic data generated from the ground-truth
Bayesian network. The solid line denotes the average accuracy. The shade denotes the standard error.
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Figure S6: Validation of the hybrid network learning algorithm on synthetic data generated from the
ground-truth hybrid network. The solid line denotes the average accuracy. The shade denotes the standard
error.
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Supplemental Tables

Table S1: Rewards and penalties in the Pac-Man game

Reward (pellet) Reward (energizer) Reward (scared ghost) Penalty (death) Penalty (save energizer)
2 4 10 −10 −4
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Table S2: Concepts in Language of Problem-Solving

I Visual inputs
a Joystick movement actions, a = {up, down, left, right}
U Utilities associated with each action under a specific strategy
s Game states, s = {se, sb, sg1, sg2, sm1, sm2}, categorical variable denoting the condition of the current game

states. Detailed definitions can be found in Table S3
π Strategy, selected from a set of seven strategies. Detailed definitions can be found in Table S4
G Grammar, specifies a set of probabilistic concatenation rules, with each rule defining a temporal dependency

between the strategies. {g1, g2, g3, ..., gskip} ∈ G, where g1 is the 1st-order rules, g2 is the 2nd-order rules, g3
is the 3rd-order rules, etc. gskip is the skip-order rules. The order of the dependency grammar rule refers to
the number of previous strategies considered when determining the probability of transitioning to the next
strategy, in addition to the upstream variables, i.e., the game states.

CG LoPS Complexity, defined as average rule order, CG = ⟨n⟩P (gn), where P (gn) is the probability of each rule
based on the parsed rule sequence according to the subjects’ grammar G
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Table S3: Game state variables

sb Local pellet number within 5 steps, binarized (1 if > 0, 0: if=0)
se Dijkstra distance to the closest energizer, binarized (1 if > 10; 0 if ≤10)
sg1 Dijkstra distance to Blinky, binarized (1 if > 10; 0 if ≤ 10)
sg2 Dijkstra distance to Clyde, binarized (1 if > 10; 0 if ≤ 10)
sm1 Blinky ghost’s mode, sm1 ∈ {normal, dead, scared}
sm2 Clyde ghost’s mode, sm2 ∈ {normal, dead, scared}
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Table S4: Strategies

πlo local strategy moves Pac-Man in the direction that offers the largest reward within a 10-tile radius
πgl global strategy moves Pac-Man in the direction that has the largest total number of pellets in the whole

maze, excluding those within a 10-tile radius
πen energizer strategy moves Pac-Man toward the closest energizer
πap approach strategy moves Pac-Man toward the ghosts, regardless of the ghosts’ mode
πev evade strategy directs Pac-Man away from the nearest ghost
πst stay strategy keeps Pac-Man near a specific location
πsv save strategy keeps Pac-Man away from the energizer
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Table S5: Probabilistic Graphical Model

G a graph including nodes and edges, G = {V, E}.
V Nodes in a graph, indexed by k, l. The states of a node is indexed by i, j
E Edges in a graph, categorized into directed (Vk → Vl) or undirected (Vk − Vl)
V−k,−l the subset of variable nodes except for Vk and Vl

pa, ch Parent, child nodes in a Bayesian network
nb Neighboring nodes in a Markov network
Θ Parameter set for a graph
D Data, D = {Vm

1 , ...,Vm
K }Mm=1 contains M samples of K variables in a graph

Nx the number of times that some event x is presented in the data
αx hyperparameter for each event x when using the Dirichlet priors
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Supplemental Texts

Psudocodes for algorithms

Algorithm 1 LoPS induction algorithm

Require: Visual input image time series DI = {It}Tt=1, joystick action time series Da = {at}Tt=1

Ensure: LoPS Grammar G
1: Feature extraction (Algorithm 2): Extract state Ds and utility Du from DI .
2: Strategy fitting (Algorithm 3): Generate strategy time series Dπ from Du and Da

3: Grammar induction (Algorithm 4): Induce LoPS grammar G from Ds and Dπ

4: return G

Algorithm 2 Feature extraction algorithm

Require: Visual input image time series DI = {It}Tt=1

Ensure: State time series Ds, Utility time series DU

1: Ds ← {}
2: DU ← {}
3: for t = 1 to T do
4: Extract the location of the Pac-Man l, two ghosts (lg1, lg2), energizers le, and pellets lp from Image It

5: Compute all possible trajectories from Pac-Man’s current location in four moving actions.
6: Compute the utility for each strategy U t = (Ugl,U lo,U en,Uap,U ev1

,U ev2
,Une)

7: Compute sb, se, sg1 , sg2 with all locational variables
8: Identify the mode variables sm1

, sm2
according to the ghosts’ color

9: Discretinize state variables st = (sb, se, sg1 , sg2 , sm1
, sm2

) according to Table S3
10: Add st to Ds

11: Add U t to DU

12: end for
13: return Ds, DU

Algorithm 3 Strategy fitting algorithm

Require: Visual input image time series DI = {It}Tt=1, Utility time series DU = {U t}Tt=1, joystick action
time series Da = {at}Tt=1

Ensure: Strategy time series Dπ = {πt}Tt=1(πt ∈ Z7)
1: Dπ ← {}
2: Formulate fine-grained time windows ∆ = δ1, δ2, ...δK according to events get from DI

3: for k = 1 to K do
4: Get the utility u corresponding to δk from DU

5: Get the action a∗ corresponding to δk from Da

6: Get the strategy weight wπ and prediction error Error by minimizing Eq 5
7: if all a∗t is empty then
8: πk ← stay
9: else

10: πk ← argmax(wπ)
11: end if
12: If πk ̸= πk−1, Add πk to Dπ

13: end for
14: return Dπ
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Algorithm 4 Grammar induction algorithm

Require: State time series Ds = {st}Tt=1(st ∈ Z|s|), strategy time series Dπ = {πt}Tt=1(πt ∈ Z|π|)
Ensure: LoPS grammar G
1: G1 = Hybrid network learning(Ds, Dπ)
2: initialize Gg and G′

g with all 1st-order rules given by Gg1

3: repeat
4: Gg ← G′

g

5: Dg ← Parse(Dπ, Gg)
6: for all gi, gj such that gi, gj ∈ Gg and gi ̸= gj do
7: Dsi , Dsj ← extract strategy-related states data from Dg according to Gg1

8: score(gj)← BDS(Dπj
, Dsj )

9: score(gi, gj)← BDS(Dπj
, {Dπi

, Dsj})
10: if score(gi, gj) > score(gj) then
11: construct a new rule g′ = {gi → gj}
12: Add rule g′ into Gg as a new graph G′

g

13: end if
14: end for
15: until Gg = G′

g

16: G ← Gg

17: return G

Algorithm 5 Parsing algorithm Parse

Require: Strategy time series Dπ = {πt}Tt=1, Grammar G
Ensure: Parsed rule time series Dg

1: t← 0
2: Dg ← {}
3: while t < T do
4: lmax ← 0
5: gt ← πt

6: for all gi ∈ G do
7: calculate the depth of a rule l← len(gi)
8: if πt:t+l = gi and l > lmax then
9: gt ← gi

10: lmax ← l
11: end if
12: end for
13: Add gt to Dg

14: t← t + lmax

15: end while
16: return Dg

Algorithm 6 PC Algorithm

Require: Data for K nodes with M samples, D = {Vm
1 ,Vm

2 , ...,Vm
K }Mm=1

Ensure: Markov graph G
1: Initialize undirected graph G with edges between all pairs of variables
2: i← 0
3: while all nodes have > i neighbours do
4: for Vk ∈ V do
5: for Vl ∈ nb(Vk) do
6: for all subset V−k,−l of size i of the neighbours of Vk do
7: if CDT ({Vm

1 ,Vm
2 ,Vm

−k,−l}m=M
m=1 ) is False then

8: Remove the edge between Vk and Vl from G
9: end if

10: end for
11: end for
12: end for
13: i← i + 1
14: end while
15: return G
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Algorithm 7 Bayesian network learning

Require: Upstream nodes data D′ = {V ′m
1 ,V ′m

2 , ...,V ′m
L }Mm=1, downstream nodes data D =

{Vm
1 ,Vm

2 , ...,Vm
K }Mm=1, upstream nodes graph G′

Ensure: Bayesian network G
1: V ← {V ′

1, ...,V
′

L,V1, ...,VK}
2: E ← {}
3: G← {V, E}
4: for Vk ∈ V do
5: for V ′

l ∈ V
′
do

6: score(Vk,V
′

nb(l))← BDS({Vm
k }Mm=1, {V

′m
nb(l)}

M
m=1)

7: score(Vk, {V
′

l ,V
′

nb(l)})← BDS({Vm
k }Mm=1, {V

′m
l ,V ′m

nb(l)}
M
m=1)

8: if score(Vk, {V
′

l ,V
′

nb(l)}) > score(Vk,V
′

nb(l)) then

9: Update graph G by Adding a directed edge from node V ′

l to node Vk
10: end if
11: end for
12: end for
13: return G

Algorithm 8 Hybrid network learning

Require: Upstream nodes data D′ = {V ′m
1 ,V ′m

2 , ...,V ′m
L }Mm=1, downstream nodes data D =

{Vm
1 ,Vm

2 , ...,Vm
K }Mm=1

Ensure: Bayesian network G
1: G′ ←MarkovNetworkLearning(D′)
2: G← BayesianNetworkLearning(D′, D,G′)
3: return G

Algorithm 9 Bayesian Dirichlet Score BDS

Require: Child nodes data DVk
= {Vm

k }m=M
m=1 , parent nodes data DVpa(k)

= {Vm
pa(k)}

m=M
m=1 , BDeu prior α

Ensure: Bayesian Dirichlet Score
1: Get the number of times that Vk is in state i and its parents in state j, Nki|j , from the data
2: if DVpa(k)

is empty then
3: Compute score(Vk) according to Eq 20
4: else
5: Compute score(Vk,Vpa(k)) according to Eq 19
6: end if
7: return score

Algorithm 10 Conditional dependence test CDT

Require: D = {Vm
k ,Vm

l ,Vm
−k,−l}m=M

m=1

Ensure: If node Vk and node Vl are independent conditioned on all other variables V−k,−l

1: Compute P (D | Hindep) accroding to Eq 11
2: Compute P (D | Hdep) accroding to Eq 12

3: return
P (D|Hdep)

P (D|Hindep)
> 1
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