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Abstract

This thesis is dedicated to the study of two different Thomas—Fermi type variational
problems under optimal assumptions.

The first problem concerns studying the existence and qualitative properties of
the minimizers for a Thomas—Fermi type energy functional with non local repulsion
involving a convolution with the Riesz kernel and an interaction with an external po-
tential. Under mild assumptions, we establish uniqueness and qualitative properties
such as positivity, regularity, and decay at infinity of the global minimizer.

The second problem concerns the study of optimizers of a Gagliardo-Nirenberg
type inequality again involving a convolution with the Riesz kernel. Such a problem
is well understood in connection with Keller—Segel models and appears in the study
of Thomas—Fermi limit regimes for the Choquard equations with local repulsion and
non local attraction. We establish optimal ranges of parameters for the validity of
the inequality, discuss the existence and qualitative properties of the optimizers.
We further prove that optimizers are either positive, smooth, and fully supported
functions or continuous and compactly supported on a ball, or discontinuous and
represented as a linear combination of the characteristic function of a ball and a

nonconstant nonincreasing Holder continuous function supported on the same ball.

v



Summary

We present here an overview of the content of this thesis. The main subjects are
two Thomas—Fermi (TF) integral equations. The thesis is divided into four chapters.
Chapter 1 collects some well known background results. Chapter 2 focuses on Brezis—
Browder type results which will be extensively employed in the subsequent chapters.
Chapters 3 and 4, focusing on Thomas—Fermi type variational problems, are the core

of the thesis. For this reason, we underline below the main features of such problems.

Thomas—Fermi models have recently emerged as a new mathematical paradigm
for analysing the collective behaviour of many—body systems, which is one of the
most difficult problems in modern Science. In general, one of the primary goals of
the analysis of non local problems is to develop a rigorous mathematical component
of physical studies, which will result in a better understanding of the phenomenon.
Thomas—Fermi models turn out to be particularly appropriate in the study of as-
trophysical, relativistic, and quantum mechanical phenomena. The main feature of
TF—equations is the presence of a non local interaction term representing a long—
range attraction/repulsion, a local nonlinear term representing short-range attrac-
tion/repulsion, and the absence of a (regularising) diffusion type term. As a matter
of fact, in some cases, TF—equations arise as limit equations of a more general class
of Choquard equations which are particularly suited for the study of self-gravitating
Bose-Einstein condensates with repulsive short-range interactions. We refer to [90]
and references therein for a survey on such class of equations. Furthermore, we refer
the reader to Chapter 4 for a more in-depth introduction to this topic. Remark-
ably, even though Choquard equations typically admit fully supported and regular
ground state solutions (they can be indeed seen as stationary Nonlinear Schrédinger
(NLS) equations with an attractive long range interaction, represented by the non
local term, coupled with a repulsive short range interaction, represented by the lo-

cal nonlinearity), the corresponding limit TF-equation might admit only compactly
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supported and discontinuous ground state solutions. This lack of regularity is ex-
pected and can be attributed to the absence of a diffusion term. The non local
interaction terms taken into account in this thesis are convolutions with the well
known Riesz kernel defined by

Ao

[a(l'> = W, o€ (O,d),
where A, is a suitable constant to be specified later, while the short range interaction
terms are power type functions.

In Chapter 3, motivated by the Thomas—Fermi type model of charge screening
in graphene [89], we study the existence and qualitative properties of the minimisers

for the following energy functional:

&)= [ ot = [ poViada+ 5 [ (o plplorts, (€

where [, * p, as mentioned above, represents the convolution of p with the Riesz ker-
3
2
and a = 1. The function p(z) here has the meaning of a charge density of fermionic

nel. The graphene case corresponds to the special two—dimensional case d = 2, g =

quasiparticles (electrons and holes) in a two—dimensional graphene layer. In gen-
eral (and unlike in the classical Thomas—Fermi models of atoms and molecules), the
density p is a sign—changing function, with p > 0 representing electrons and p < 0
representing holes. Moreover, because of the nature of the model, we minimise the
energy (E1'T) on its domain without any mass constraint.

The main results address the regularity of the unique minimiser for (/') and its
asymptotic behaviour at infinity, which is proved to depend in a non trivial way on
the parameters. Namely, we prove that if the potential V' is sufficiently regular (e.g.,
continuous or Holder continuous) then the (unique) minimiser for (£{*') inherits the
same regularity. Furthermore, if o € (0,2), we identify three different polynomial
decay regimes and two critical regimes where log—corrections arise. In order to
obtain such asymptotic behaviour, assuming that V is fractional superharmonic, we
link the (unique) minimiser for (£]*) with the (unique) non negative solution u to

the fractional semilinear PDE

1

(=A)2u+ui1 =(=A)V inRY (PDE)
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where by (—A)% we denote the fractional Laplace operator. The decay of solutions
to the local prototype (o = 2) of (PDE) has been widely studied in [105]. In partic-

ular, it has been proved the existence of two critical exponents, being respectively

Qd 2 _ _2d-2 i . _ 2d—a
q = == and ¢ = 2. The non local counterpart of ¢ = == is ¢ = ==

mains cr1tical in the fractional framework as well. On the other hand, when passing

2d+a
d+a?

which re-

from the local to the non local case, the critical exponent ¢ = 2 moves to ¢ =
which is a purely fractional critical exponent. Furthermore, interesting phenomena
arise when analysing the decay rate. That is, in some regimes the local decay can
be formally recovered by simply replacing o = 2 in the non local decay, while in
other regimes the behaviour is completely different. Moreover, we stress that the

2d+a is caused by the different behaviour of the fractional Laplacian

criticality of ¢ =
(—=A)2 when actlng on polynomial decaying functions. As a matter of fact, if we
consider a function v(z) ~ |z|=¢ and ¢ = Qdd:;, the non linear term va T balances
the behaviour of the linear term —Aw at infinity. Note also that with this choice of
¢ we have that 2 (g ql) = d, which is consistent with Figure 1. On the other hand, cf.
Lemma 3.6.1, if o € (0,2) we have that

o 1
(—A)z2v(z) ~ — ](;igd‘ﬂ as || — +oo.

2d+a
d+a

not balance the behav1our of the non linear term va1. Thus, some further work is

Hence, if ¢ = , the function v (and any polynomial behaving function) does
needed to capture the sharp decay rate. See Figure 1 for a complete picture of the
decay rate. In particular, we notice that in the fractional framework the solution is
never compactly supported. This strongly depends on the non local nature of the
fractional Laplacian. Indeed, if u is a sufficiently regular non negative solution of
(PDE) and there exists xy such that u(zg) = 0, its fractional Laplacian at zq (up to
a positive constant) satisfies

0< (—A)3V(20) = (—A)3u(xo) = 1 /Rd u(zo + y|?)J|Jdr+1:(:vo - y)dy <0,

2

leading to a contradiction.
Before moving our attention to a Thomas-Fermi equation with non local at-
traction, we recall that the above repulsive model aims to generalise the one of

charge screening in graphene in dimension 2. Nevertheless, several similar models of
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Figure 1: Comparison between the local and non local case.

Thomas—Fermi type have been studied in the literature. For example, in dimension
3, the energy introduced by Thomas and Fermi, and mathematically studied by
Lieb and Simon (see [17,76,79]), corresponds to ¢ = 2 and a = 2 and V being a

Coulomb—-type potential
Zi

|z — a;|’

V(z) = (Vz)

i=1
where Z; > 0, a; € R® and k € Ns;. Here, the problem is to minimise (%) among
all non negative functions with fixed mass M. In this case, p represents the electronic
density and hence positivity and mass constraint arise naturally from the physical
point of view. It turns out that the relation between the constant Z := Zle Z;
and the total mass M plays a crucial role. Namely, if M < Z there exists a unique
minimiser for (£{%) with prescribed M-mass, while if M > Z the infimum is not
achieved.

In [17] the authors generalise the above model. Namely, the quantity 2 || ol 3 &%)
is replaced by a convex function J defined on [0, +00) such that J(0) =0, J(r) >0
in (0, +00) and J(r) = +o0 if r < 0. Moreover, the potential (V) is replaced with a
generic function V. The approach used by P. Benilan and H. Brezis is fundamental,
and was used for example in the papers [62,97] where the authors replaced J(-) with
J()w(z) for some w : R? — R being a measurable function.

In Chapter 4, motivated by the study of ground state solutions for a Choquard
type equation [82], we study critical points of the following energy functional £5F
defined by

570 =5 [ o@Pde+2 [ @itar= - [ (axlol)lp@Pds. (€57)
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To begin with, we notice that (£7%) is non convex and unbounded from below.
Thus, we minimise the above functional subject to a constraint, i.e., a Pohozaev
type constraint & = {p € (L*(R?) N LY(RY)) \ {0} : P(p) = 0} where P is defined
by

d d d+ «
P@%=—/)wmw+—/\m%x— /(h*wﬁwWw
2 Jra q JRrd 2p Rd

For p = 2 this problem is well understood in connection with Keller-Segel models
(see [29,33,35]) while the case p # 2 appears in the study of Thomas-Fermi limit
regimes for the Choquard equations with local repulsion. Note also that, because
of the lack of convexity of (£]%), uniqueness of a minimiser is a more challenging
problem that has been solved only under strong restrictions on the parameters.
In general, by introducing a constraint, if a minimiser for (£J7) exists it’s not
necessarily a critical point of (£J7) unless the Lagrange multiplier is zero, i.e., the
constraint is a natural constraint. However, the standard methods for proving the
last statement require some a priori regularity on the critical points of (£1F) (e.g.,
some local weak differentiability). Typically, in the Choquard case, the presence of
a diffusion term allows us to achieve such regularity and prove that a Pohozaev type
constraint is natural, see e.g., [82]. Nevertheless, this type of argument can not work
because of the the lack of continuity of critical points in some regimes (for example
if p > 2). To overcome this, we instead study optimisers of the Gagliardo—Nirenberg

type inequality of the form

pe 2?(2*9)
Dullol o) = [ (Tt o) loPds < Gapa( [ 1oPe)”( [ loiae) T
Rd RY Rd
(GN)
where 0 < o < d, 2 < 2L < £ and 6 € (0,1). The optimal constant for (GN)
p +a p

is related to %, that is (up to the constant A,) the best constant for the Hardy-

Littlewood-Sobolev inequality. Namely, we have the trivial upper bound

Cﬁd,mwz < ngvoé'

2d q
d+a < p’

Indeed, if the equality holds we would immediately obtain that every optimiser p,

Furthermore, we can see that 64,4 < €40 for every 0 < a < d, % <

for (GN) is an optimiser for the Hardy—Littlewood—Sobolev inequality. Therefore
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[78, Theorem 4.3] implies that

p() = ¢
Pl —a)F

for some C' € R\ {0}, v € R\ {0} and a € RY. However, by writing the Euler—
Lagrange equation corresponding to (GN), we deduce that such type of function can
not be an optimiser for €y q p.4-

After proving the existence of optimisers for (GN), because of the homogeneity
and scaling invariance of the quotient associated to (GN), one can prove the existence
of an optimiser that is also a ground state solution, i.e., it’s a critical point of the
energy functional (£7%) having minimal energy among all the functions satisfying
the Pohozaev constraint.

The main contribution of Chapter 4 addresses regularity in the case p > 2.
Namely, we prove that in the last regime, non negative radially non increasing
ground state solutions are discontinuous and represented as a linear combination
of the characteristic function of a ball and a nonconstant non increasing Holder
continuous function supported on the same ball.

Next, let us briefly describe the main differences and analogies between the two
Thomas—Fermi problems introduced in previous lines.

Non negative optimisers for the energy functionals E'F, EI'F satisfy the following

equations with repulsive (REP), respectively attractive (ATTR), non local interac-

tion
Pt =V — I,kp in R? (REP)
short range non local repulsion
P p= (I,xpP)pPt  inRL (ATTR)
—— —_———
short range non local attraction

From the above equations, it’s readily seen that in both cases the (regularising) role
of the Riesz potential operator is a key feature to obtain regularity of optimisers.
However, important differences arise. As a matter of fact, in the case (REP), under
regularity assumptions on the external potential V', via a bootstrap argument one
can improve the regularity of the Riesz potential until continuity of the optimiser is
achieved. On the other hand, dealing with (ATTR) is more delicate from the point
of view of gaining regularity. Indeed, dividing both sides of the equation by p?~! we



xi
obtain the following
P TP =1, xpP in {p>0}.

In particular, if p > 2, because of the blow up near the origin of the function
x — 227P it’s easy to see that p must be compactly supported and discontinuous.
Moreover, since in the same regime the function f(z) = z*? + 2977 is not bijective,

we can not in principle reduce to study

p=f"tUy*p") in {p>0}.

For these reasons, a more careful argument is needed to recover continuity in the
set {p > 0}. However, unlike (REP), if p < 2, corresponding to the case when the

optimiser has full support, it is not difficult to obtain the decay rate.

Open problems

e Limit as o — 0 and a — d.

Here, we intend to highlight how the Gagliardo—Nirenberg inequality (GN) can
be seen as the non local intermediate inequality between two different Holder
inequalities. Indeed, because of the choice of the normalization constant A,
in a suitable sense we have that I, — dyp as a« — 0. Furthermore, since

limy—0 €aapq = 1, at least formally, the limit of (GN) as o approaches zero is

q—2p 2(p—1)
q—2 q—2
L (L) ™ (L) (L)

which corresponds to a standard interpolation inequality for the L2’ norm.

Similarly, since as & — d the constant A, — oo and lim, 4 A, Chape = 1,
we take into account a normalized (GN) inequality obtained by dividing by

A,. Again formally, cf. [101, Proposition 2.6], our limit inequality is now

/Rd plP < (/Rd Iplg)g_g (/Rd |p|q>§_§7 (LIM2)

that is another standard interpolation inequality for the LP norm. It’s well
known that in (LIM1) and (LIM2) the equality is achieved by functions satis-
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fying the following relation
Ip|> = ¢c|p|? ae. inRY > 0. (LOC)

A natural question in this case would be whether a sequence of optimisers
(pa)a for (GN) converges as o — 0 (respectively @ — d) to an optimiser for
(LIM1) (respectively (LIM2)). Numerical simulations seem to suggest that
a family (p, ). of radially non increasing optimisers for (GN) converges to a

multiple of a characteristic function of a certain ball, which clearly satisfies

(LOC).

Uniqueness of ground state solutions.

Because of the lack of convexity of (£17), proving uniqueness of ground state
solutions is a challenging problem. Recently, in [35], uniqueness has been
proved for the special case p = 2 and « € (0,2) when the model actually links
to a Keller-Segel one. In an on-going project, uniqueness has been proved
also in the case a = 2, ¢ = 2p and p > 2. However, as far as we know, the

other cases remain open.

As it has been stated in the beginning of this summary, the main content of the

thesis is contained in three chapters, each one corresponding to a paper or a preprint

as follows:

e Chapter 2: D. Greco, Brezis—Browder type results and representation formulae

for s—harmonic functions, arXiv:2407.06442;

e Chapter 3: D. Greco, Optimal decay and reqularity for a Thomas—Fermi type

variational problem, Nonlinear Analysis, Volume 251, 2025;

e Chapter 4: D. Greco, Y. Huang, Z. Liu, V. Moroz, Ground states of a non-

local variational problem and Thomas—Ferma limit for the Choquard equation,
arXiv:2406.18472.
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Chapter 1
Preliminaries

In this chapter we begin by introducing the basic notations used in the whole of
the thesis, and then we proceed by presenting some standard results known in the
literature about the fractional Laplacian and its inverse operator, the Riesz potential.
Although many results concerning these topics are generally well known, it’s not
always easy to find references for them. For this reason, in this thesis we try to be

as self-contained as possible or provide specific references when necessary.

1.1 Notations

First, we start by recalling the standard notation for sets theory. Namely, for every
r € R and R > 0, by Br(x) we understand the set defined as

Br(z) :={yeR?: |z —y| < R}.

We will often write Br := Br(0). As it is customary we denote by w, the measure
of the unit ball in R%. Let Q be a subset of R%. By |Q|, Q¢ and © we understand re-
spectively the d—dimensional Lebesgue measure, the complementary and the closure
of Q. Moreover, we say that (2 is smooth (e.g., continuous) if for every z € 952 there
exists a ball Bg(x) such that the set Br(x) N is, up to an isometry, the hypograph
of a smooth function.

In what follows we focus on the notation about functions and function spaces.

Let © be an open subset of R?. First of all, given u : @ — R, we define the

positive and negative part function by [u]; := max{u,0} and [u]_ := — min {u, 0}.
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Next, as it is customary we have the following:

e By C°(Q2) we denote the space of infinitely many times differentiable functions

having compact support contained in 2;

o If k € N, the space C*(Q) (respectively CF(Q2)) represents the space of func-
tions whose derivatives are continuous up to order k on € (respectively con-

tinuous and bounded);

e By D'(2) we denote the dual space of C°(Q2) endowed with the standard
topology. Moreover, if T € D'(Q2), by the the notation 7" > 0 in D'(2) we

understand the following inequality
(Top) 20, YpeCr(Q), =0, (1.1.1)

where by the symbol (-, -) we denote the action of T against the test function
3

e If v € (0,1] and k € N, we define C*7(Q) (respectively C;7(Q)) by

Co(Q) = {u € Cy(Q): sup Jutz) = uly)] < oo},

syeQ ey [T =yl (1.1.2)
CH1(Q) :={u e C[(Q) : D’u e C*(Q) for all |B| =k}, k> 1,
endowed with the norm
[ullern (o) = Z HDBUHLOO(Q) + Z[DBU]COW(Q)-
|B|<k |Bl=k
Similarly, if v ¢ N we define the space C7(Q) (respectively C} (2) by
C7(Q) == (), (1.1.3)

where [y] ;= max{n € Ny :n <~} and {7} :=~v—[1];

e [P(Q2) with p € [1, 00| denotes the standard Lebesgue space endowed with the
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norm

|l (o) = (/ |u|pdaj) , pE[l,00);
0 (1.1.4)

[ull oo () = ess Sgp lul, p=oc.

o If O =R? Z(R?) denotes the class of Schwartz functions while by .#”(R?) we

denote the space of tempered distributions.

Furthermore, by I'(:),['(-,-) and o Fi(-, -, ;) we denote respectively the Gamma
function, the incomplete Gamma function and the Gaussian Hypergeometric func-

tion. Next, if u € L*(R?) the Fourier transform is defined by the formula
F© =7 i= [ e Sula)da,
Rd

where by z - ¢ we denote the standard inner product in R

In order to conclude this section, we present some asymptotic notation useful in
the study of decay estimates, cf. Chapter 3, Section 3.5.
Let f,g:R% — R. We write

o f(z) S g(x)in Qif there exists C' > 0 such that f(x) < Cg(z) for every z € Q.
e g(x) ~ f(x) in Q if both f(x) < g(x) and g(z) < f(z) in Q.

In particular, by writing f(x) < g(x) as |x| — 400 we mean that there exists C' > 0
such that f(z) < Cg(z) for every z sufficiently large and by writing f(z) ~ g(z)
as |r| — 400 we understand that f(z) < g(x) and g(z) < f(z) as |z| — +o0.

Similarly we write f(z) ~ g(z) as |z| — +o0 if

flx) _

|z|—+o00 g() N

1.2 Fractional Sobolev Spaces

In this section we discuss various definitions and properties of the fractional Sobolev
spaces H*?(R?). In particular, we mainly focus on the case p = 2 whose properties
will play a crucial role for the whole of the thesis. As it is customary, to simplify
the notation we will set H*(R) := H*2(R%).
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1.2.1 Case p=2

Let 0 < s < %l. We define the homogeneous fractional Sobolev space H $(R%) as the

completion of C>°(R?) with respect to the norm

oy = [ ) at P
Equivalently, see [94, eq. 22| or [12, Definition 1.31], the last space can be also
defined as

H*(RY) = {u e L7 (RY) : (2n€])*a(€) € L?(Rd)} .

From its definition one can easily verify that H $(R%) is a Hilbert space, cf. [12,
Proposition 1.34] having C2°(R?) as a dense subspace. Furthermore, it is actually

continuously embedded into L% (RY).

Theorem 1.2.1. Let 0 < s < g. Then there exists a positive constant C such that

lull ., < Cllu

TS d
d=2s (Rd) — Hs(RY) Vu € H <R )

We further recall that, by definition of the H*(R%)-norm, we have that
(100 = [ rIED T TENE, (12,0

the dual space to H*(R?) identifies with 7~¢(R%) and, by the Riesz representation
theorem, for every T' € H—*(R%) there exists a unique element Up € H*(R?) such
that

(T, @)ﬁfs(md),ﬁs(ﬂgd) = <UT790>1f1s(Rd) Vo € HS(Rd)7 (1.2.2)

where by (-, ) jr—s(ra), frsge) We understand the duality between H=*(R%) and H*(R%).
Moreover,
1Ur|

Hs(R4) — ||T||I§*S(]R'1)‘

Note that, when dealing with real valued functions (as it is done in the whole of this

thesis), the inner product defined in (1.2.2) is in fact real. Indeed, by assuming for
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example that u,v € C>°(R?) we have

[ Crie i@ = [ Grid)aen@i+ [ e uonea
- [ erepaene-od+ [ e a-ened

+ RY

= [ (erle™ @em-e) + TG
= / (el Re(@(©)P(~€))d,

+

(1.2.3)

where we denoted by R% (respectively R? ) the upper (respectively lower) half space.

Next, we give an alternative useful formula for the |||

frs(ray~0Orm which is valid
for 0 < s < 1 whose proof is based on a Fourier transform argument, see [12,

Proposition 1.37] or [45, Proposition 3.4].

Lemma 1.2.1. Let 0 < s < 1. If u € H*(R%) then

Ca,2s u(z y)|?
et e ety = /Rd/w |x_ |d+25 o ddy, (1.2.4)

where Cy o5 15 defined by

1—cos(yg) , \
Caos == ——d :
(/ ] y)

In particular, by using Theorem 1.2.1 and Lemma 1.2.1 we deduce that for
0 < s < 1 the space H $(R%) coincide with the space D*?(R?) defined by

D*(R?) := {u € Ld%és(Rd) : %/Rd g %dwdy < oo} (1.2.5)
endowed with the norm defined by the right hand side of (1.2.4). Indeed, cf. [23,
Theorem 3.1], D%%(R?) is a Hilbert space having C®°(R?) as a dense subset. In
particular, assume that v € D*?(R%). Then, by density and Lemma 1.2.1 above,
there exists a smooth sequence (i), converging to u in D*%(R%) which is also a
cauchy sequence in H $(R%). Thus, by completeness we conclude that (¢,,),, converges

to a function v belonging to H $(R%). However, by Theorem 1.2.1 we conclude that



6 CHAPTER 1. PRELIMINARIES

v = u and

||U||ﬁs(Rd) = nl_lﬁloo [enllps2may = [[v]lps2@a)-

In what follows, we show an important result which easily follows from the

Gagliardo representation of the || - [ g gay-norm. We also refer to [92, page 3].

Lemma 1.2.2. Let 0 < s <1 and v € H*(RY). Then, [u]. € H*(R%). Moreover,

<[u]+7 [u]—>]fjs(Rd) S 0.

Proof. From (1.2.5) it’s easy to see that [u]s belong to H*(R?) and [|[u]| fro(rdy <
[[wll 7+ (gay- Moreover we have
Caos ([u(x)]y = [u()]) (u(@)]- = fu(y)]-)
(D =<2 [ [ e dady
()] [uly)]-
— _Cyoe W)Y gy < 0,
" /Rd /]Rd e

concluding the proof. O]

Finally, in order to conclude this subsection, we define the Fractional Sobolev
space on a proper subset of R%. Namely, let Q2 C R? be an open and connected

set and 0 < s < 4. We define the completion of C2°(€2) with respect to the norm

]fls (Rd) . That iS
o= laen — fs(q). (1.2.6)

Note that, for a general domain €, the space H3(Q) defined by (1.2.6) is different
from

If—.};(Q) = {u € H*(RY) : u=0a.e. in R\ Q} . (1.2.7)

Nevertheless, our domains of interest will be either R?, or B_Rc with R > 0, and in
these cases the two spaces coincide. We refer for example to [36, Theorem 3.19] for

counterexamples.

Remark 1.2.1. To be precise, in [36, Lemma 3.15] or [84, Theorem 3.29], it has

been proved that if €2 is a domain (even unbounded) with continuous boundary then

H(Q) = {u € H*R?Y) :u=0ae in R\ Q} = H(Q),
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where H*(R?) denotes the inhomogeneous fractional Sobolev space defined by
H*(RY) = {u e L*(RY) : (2n[¢])*a(¢) € L*(RY)} .

However, the result remains valid in the homogeneous case by a density argument.
Indeed, every u € H $(€2) can be approximated by functions in I?[/S(Q) by simply
multiplying it with a suitable smooth function ¢, (see Lemma 2.3.2 for the precise

statement).

1.2.2 Remarks on the case p # 2

Similarly to what has been done in the previous subsection, if p > 1 and 0 < s < g,
one can define the space H*?(R%) as the completion of C*°(R%) with respect to the

norm

ull e gay = 1Z 2] - 1) G ey

cf. [70, p. 90]. Moreover, H*?(R%) continuously embeds into Ld%ﬂ(Rd). However,
for 0 < s < 1 and p # 2, unlike in (1.2.5) we have

H*?(RY) # {u € LT (RY) - / / Jul@) =W )4 < 0o b . poo(may.
Rd JRd |95 - |d+s

(1.2.8)
The right hand side of (1.2.8) is often denoted by W*?(R%) in the literature. Indeed,
if one wants to follow the proof of Lemma 1.2.1, it’s clear that a fundamental fact is
that the Fourier transform is an isometry from L? to L?. However, this is false for
p # 2. We refer to [23], [45, Remark 3.5] and references therein for a deep analysis
on the topic.

1.3 Fractional Laplacian

Let d > 2 and 0 < s < £. The fractional Laplacian (—A)* of a smooth function
on R? is defined by means of the Fourier transform ([61, eq. (2.6)], [70, eq (1.1)] or
71, eq (25.2), p. 486])

(FA)°u(€) = (2rle)a(e). (1.1

In what follows, we first focus on the pure fractional Laplacian, i.e., when s is smaller

than one. We will recall some standard results such as regularity of such operator
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when acting on smooth functions as well as equivalent integral formulations.

1.3.1 Case 0 < s < 1.

If 0 < s < 1, the fractional Laplace operator arises in a rather natural way in the
study of Lévy processes. The latter essentially generalizes the Brownian motion. In
particular, in view of (1.3.3) below, the fractional Laplacian is the most canonical
and well studied example of elliptic integro—differential operator. We refer the reader
to [61,98] and references therein for an extensive study of this topic.

If u is a smooth function rapidly decaying, we have a pointwise representation

of the operator (—A)® given by

u(z) — u(y) . u(z) — u(y)
~A)u(z ZO,SP.V./ W)~ YY) gy = Oy lim W) =) gy
( ) ( ) 2 R4 |‘T - y|d+2s -2 e=0 {|lz—y|>e} |$ - y|d+25
(1.3.2)

or by the singular integral

(—A)SU(:B) _ 0325 /Rd 2”(33) _ u(Ty;gQ)s_ u(:c _ y) dy, (133)

1 — cos(yaq) -1
Clias = — 7
2 (/Rd s Y

The above statements rely on Proposition 1.3.1, whose proof can be found in [61].

where

Proposition 1.3.1. Let u € .#(R?). Then, the three expressions in (1.3.1), (1.3.2)
and (1.3.3) coincide. Furthermore, (—A)*u belongs to C°(R%) N L*(RY) and

[(=A)u(z)] < |z|7@2)  as |z] = +oo. (1.3.4)

1.3.2 Generic 0 < s < 4.

Assume again that u is a smooth function rapidly decaying and 0 < s < g. Then,

for every m € N and s € (0, m) one can define the operator

C’d,m,s 5mu(xa y)
Ly su(z) := 5 /]Rd WET dy, = €R% (1.3.5)
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where d,,u(x,y) is defined by

m

Imu(z,y) = Z (—1)* (m2Tk) u(xr +ky) Vo,ye R (1.3.6)

for a suitable positive constant Cg,,s, cf. [3, eq. (1.2)]. Note that, for m = 1
we obtain L su(z) = (—A)*u(x) where (—A)*u is now understood via (1.3.3). In
particular, one can prove that L, has |£|** as a Fourier multiplier. Namely, for

every m € N and s € (0,m) it holds that
Lusp=F 7 [@2n]- )" Z¢]] = (=A)p ¥y € CZ(RY), (1.3.7)

(see [3, Theorem 1.9]).
Next, we introduce a useful space. Namely, if s € R we define £1 (RY) by

L5, (RY) = {u € L (RY): /Rd %c@ < +oo} : (1.3.8)

It’s easy to see (from Theorem 1.2.1 and Hélder inequality) that for 0 < s < g we

have iio
S

—aX u -_— X
pa (L4 )2 = a2 @) \ fpa (14 [2])2d ’

which in turn implies

H¥RY) c L1 (R?). (1.3.9)

In general, by an analogous argument we see that LP(RY) C £ (R?) for every p > 1
and s > 0.

Remark 1.3.1. We further recall that (1.3.4) holds in fact for every s € (0, %),
where now (—A)°u is understood via (1.3.1) or equivalently via (1.3.5) (see e.g.,
[3, Lemma 3.9]).

Next, we state the following important result whose proof can be found in [1,

Lemma 1.1].

Proposition 1.3.2. Let u € L1 (R?) N CEFE(RY), s € (0,m), m €N, and e > 0

loc

small. Then the operator L, su can be understood pointwise via the integral (1.3.3).

Moreover, Ly, su = Ly, su for every n € N such that n > m, and Ly, su € C’O’E(Rd).

loc

Furthermore, in view of (1.3.7) and Remark 1.3.1, if u belongs to the space
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L1 (R?) defined by (1.3.8) we can define a distribution on every open set Q C R? by

(=8Fu9) = [ u@lns@ide = [ u@)(-aypla)ds Vee (@)
(1.3.10)
Moreover, see e.g., [3, Lemma 2.5], if  is an open subset of R? and u € C*¢(Q) N
L3, (RY) then Ly, cu is well defined pointwisely in Q and

/Rd Ly, su(x)p(x)de = / w(x) Ly sp(x)de Vo € CZ(Q). (1.3.11)

R4

Remark 1.3.2. Here we point out the notion of weak solution for the fractional
Poisson equation and we recall that any weak solution is a distributional solution
as well. In particular, the function Ur defined by (1.2.2) is called the weak solution

of the equation
(=APu=T in H*RY. (1.3.12)

In what follows, we will often replace the notation Ur with the more explicit one
(—=A)~*T. Furthermore, as we have already anticipated, if Ur solves (1.3.12) then

it also solves
(=A)Ur =T in D'(R?), (1.3.13)

where (1.3.13) is understood in the sense of (1.3.10). Indeed, by the Sobolev em-
bedding Ur € L1 (R?) (see again (1.3.9)). Furthermore, by combining (1.2.1) with
(1.2.2) we have that for every ¢ € C>°(R%)

<T7 QO)I:I—S(Rd),IfIS(Rd) = <UT7¢>ﬁS(Rd) :/Rd UT(x)(_Ang(I)dx?

where the last equality can be easily seen by a density argument as follows.
If p,1) € C2(R?) are real valued, we clearly have that .7 ~1[(27| - |)>*@(-)] € L?(R?)
and, by Plancharel Theorem, we infer

(2 P iy = / (2n €] () FE)de = / ba) F (2] - 2B (x)da

= | d(@)(~A)p(a)dr.
(1.3.14)
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Then, if we consider (¢,,), C H $(R%) converging to Uy we have

(U, Doy = (s ) oy = 1 [ vule) (=) pl@)do. (13.15)

n—4o00o R4

To conclude, by the Sobolev embedding (Theorem 1.2.1) and the fact that (—A)%p €
LY(RY) N L=(R?) we get

lim_ | nla)(~A) (o) - / Ur(a)(~A) plw)dr,

n—-+4o0o

concluding the proof.

1.4 Riesz potential

In this section, we focus on an important operator that is often understood as the
inverse of the fractional Laplacian, i.e., the Riesz potential operator. However, this
relation is valid only under some restrictions on the functions involved. In Lemma
1.4.4, 1.4.5 below we start exploring such a relation. We will carry on this analysis

in Chapter 2.

1.4.1 Definition and regularity

Let f € L (R?) and 0 < s < %. We define the quanity

loc

§ _ f()
(Iys * f)(x) := Agg /Rd - y|d_2sdy, (1.4.1)
where s
Ay = ﬁ (1.4.2)
w2227 (s)

The choice of the normalisation constant A, ensures that the convolution kernel
I, satisfies the semigroup property I,+3 = I, * Iz for each a, 8 € (0,d) such that
a+ [ < d (see for example [103, eq. (6.6), p. 118]).

Formally, by (1.3.1) and the standard properties of Fourier transforms (cf. [12,
Propositions 1.24, 1.29]), we have that

~

(—A) Ly + ) = Z(@2n] - ¥ Ly () f()] = Z1f] = f,



12 CHAPTER 1. PRELIMINARIES

i.e.; the fractional Laplacian is formally the left inverse of the Riesz potential. Such
relation will be better justified later. First, we will prove its validity in the distribu-
tional sense provided the function f is smooth with compact support. Next, already
in Lemma 1.4.5 the same outcome is extended to LP functions. Subsequently, in
Chapter 2 we will further extend its validity to the case of non negative functions

generating a linear and continuous functional on H $(R%), see e.g., Corollary 2.4.2.

loc

the Riesz potential defined as in (1.4.1) is finite a.e. if and only if f € L', (RY).

Lemma 1.4.1. Let f € L (R%) be a non negative function and 0 < s < ‘Q—i. Then

Proof. Assume I, * f < 400 a.e. Then, for x # 0, there exists a positive constant
C such that

—4Ss —48 —48 —48 |y| -
@ =y < C(l2] + [y|™™) = Cla| " <1+ (|x—| = g(z,y)

and clearly,

C(1+ |y|*—2*) if |z <1,
g(z,y) < (1.4.3)
Cla|™2(1 + [y|*2), if |z| > 1

which means that

[ iy < Comae {1, ol (1 ) < 4o

Conversely, if f € £, (R?) , then

f(y) f(y) f(y)
— 2L dy = — 2L —7L
/Rd o — gyl /Mz & — g2 “/Wm o — g2

yl<alel |2 — yl>2lal Y1972

O

Next, it’s useful to recall some well known properties of the Riesz potential
operator when it acts on L? functions. The first coincides with [103, Theorem 1,

Section 5).

Lemma 1.4.2. Let 0 <25 < d, 1 < g < & and } = % — 2. Then I * (+) defined
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by

L * (+) : LY(RY) — LY(RY)
f — IQS * f

18 a bounded linear operator. Namely there exists C' > 0 independent of f such that
[ 15 * f”Lt(Rd) <C HfHLQ(Rd) Vp € LY(R?). (1.4.4)

If ¢ > £ then I, * (-) is in general not well defined on the whole space L(R?).
Indeed, let us consider the space of function of bounded mean oscillation (BMO) as
the subspace of L}, (R?) for which

Flanog = sup / F(x) — foldz < +oo, (1.4.5)
Q JQ

where the supremum is taken among all the cube Q@ C R? and by pg we understand
the mean integral defined by ﬁ fQ p(x)dz. If f € L3s(RY) and Iy, = f is finite for
almost every x € R? then Iy, x f € BMO(RY).

The following classic result gives regularity of the Riesz potential under some

restrictions. See for example [48, Theorem 2] for a proof.

Lemma 1.4.3. If I, x f is almost everywhere finite on R, f € LI(R?) and g <
25 < g + 1 then I, * f € L®(R?) and is Hélder continuous of order 2s — g

We refer also to [75, Theorem 3.1] for a local version providing regularity when
s € (0,1).

We finally mention that in the case ¢ > <

257
well defined as a Lebesgue integral, the quantity Io, * f can be understood in the

even if the Riesz potential is not

distributional sense via the formula

<]28*f7¢>::<f7]2s*f> erq),

where @ is defined as the subspace of Schwarz functions ortogonal to all the poly-
nomials. See [100].

Now, we state the famous Hardy—Littlewood—Sobolev inequality which is a fun-
damental tool for all the subsequent chapters of the thesis. For a proof we refer to
[78, Theorem 4.3].
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Theorem 1.4.1. (Hardy-Littlewood—Sobolev) Let p,r > 1 and 0 < X\ < d with
}D + 3441 =2 Let f € LP(RY) and h € L"(RY). Then there exists a sharp positive
constant C(\, d, p) independent of f and g such that

/ / LMY jriy) < OO d Il bl (146)
Rd JR4 |x—y|
Moreover, if p =1 = 33% the sharp constant is given by
NCONIION.
C(\d) =72 2 2
r (d — 5) I'(d)

and (1.4.6) is an equality.

1.4.2 Relation with the fractional Laplacian
Lemma 1.4.4. Let f € CX(R?) and 0 < s < &. Then

(=AY (Iys % f) = f in D'(RY). (1.4.7)

In particular, (1.4.7) holds also pointwisely.

Proof. In order to prove (1.4.7), we first recall that, cf. [103, Lemma 2, Chapter V],
/ (Iss * f)(z)p(z)dz :/ f(az‘)(27r[x|)’25$(x)d:c for all f, € C°(RY). (1.4.8)
Rd R

In particular, by Remark 1.3.1, for every ¢ € C®(R?%) we have that (—A)%p €
C*>*(RY) N LY(RY). Finally, it remains to prove that

[ Qs D@7 (2] )50)] @) = [ )t for al ¢ € C2(R).

To this aim, since (—A)%p = .F1[(2n| - )23(-)] € L77 (RY) (cf. Remark 1.3.1),
we consider a sequence (p,), C C=(R?) converging to (—A)*p in L#% (RY). In
particular, by the Sobolev embedding we further conclude that {¢,}, converges to
(=A)sp in H=5(R%). Thus, by combining (1.4.4) with (1.4.8) we have that I, x f €
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L7% (RY) and

[ Gax @7 (2] )50)] ) =t [ (e )l

n—-+00 Rd

= lim [ f(2)@rlz))Pu(2)dz = lm (f,n) 5o
]Rd

n—-+o0o n—+o0o

~  —_—
~

= (17 e 1B e = [ F@)F@r = | f@)p(e)ds

where we have also used the definition of the inner product in H—*(R%) (sce e.g.,
[12, definition 3.1], [78, Corollary 5.10]) and the fact that f and ¢ are real valued.
Finally, from (1.4.7) and (1.3.11) we conclude the proof. O

In what follows, we prove a well known result extending the validity of Lemma

1.4.4 to a wider class of functions.
Lemma 1.4.5. Let 0 < s <%, 0<p< £ and f € LP(RY). Then,
(~AY(Iy+ f) = | in D'(RY)

Proof. Let ¢ € C®(R?) and v € C*°(R%). From Lemma 1.4.4 we have that

/R (e x D@ Aoyt = [ dla)pla)d (1.4.9)

From Remark 1.3.1 or [70, Lemma 1.2] we first recall that (—A)*p is a smooth
function such that
(=A) ()] < C(1+ Jaf)~@+*), (1.4.10)

which in particular implies (—=A)*¢p € LY(R?) N L>=(R). Then, by Theorem 1.4.1,
for every g € LP(R?)

| (o (@)= pla)da| < Cliglur e (14.11)

1

where 1 =2 — 1 — 4=25 Next, let {¢;}, C C°(R?) be a sequence converging to f
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in LP(R?). Therefore, (1.4.11) yields

[ (s )=y pta)dn = [ (s )= pla)da

[ s (= @8 (oo

< C@H¢k - f”LP(]Rd) —0 ask— +o0.

(1.4.12)

Taking into account (1.4.9), (1.4.12) and Hoélder inequality

/Rd(fzs * @) (=AY e(r)de = lim | (I« p)(2)(=A)p(x)dx

k—oco Rd

= Jim [ wi)p)r= [ f)p(adr

k—o0

which concludes the proof. O

1.4.3 Local and nonlocal rearrangement inequalities

As a conclusion to this preliminary chapter, we recall some rearrangement inequal-
ities involving local and nonlocal terms. Most of the following results are contained
in [78, Chapter 3]. However, for the sake of completeness, we provide the basic
results that will be heavily used in this thesis.

Let f: RY — R be a measurable function such that
{z eR*: |f(z)| > t}| <oo Vt>0. (1.4.13)

Because of (1.4.13), we have the equality

()] = / e () dt,

cf. [78, Theorem 1.13]. Then, given a measurable set A, we define A* to be the open
ball centred at the origin having the same measure of A. For the sake of clarity we
also set x% = xa-.

In view of the above definitions we further set f* as follows

f(x) = /OOO X1 (@) dt. (1.4.14)
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The function f* defined by (1.4.14) is radially non increasing and preserves the L?

norms, i.e.,
1N e ey = 1 £l o Ry, (1.4.15)

for any 1 < p < o0.
Next, we state two results which will be used respectively in Chapter 3 and 4,

see e.g., Corollary 3.2.3 and Section 4.2.

Theorem 1.4.2 ([78, Theorem 3.7]). Let f,g,h be three non negative functions
satisfying (1.4.13). Then,

/Rd Rdf 9(z = y)hlz dxdy</Rd Rdf 9" (x —y)h*(x)dzedy.  (1.4.16)

In this thesis, Theorem 1.4.2 will be applied to g(z) = |z|~@2% and f = h,
where the non local terms in (1.4.16) are associated to the norms [|f|| s gs) and
| ¥l =5 (gay» See e.g., Lemma 2.4.1. In particular, this shows that such norm increases
under rearrangements.

Next, we recall rearrangements inequalities involving the Sobolev norm H s(R%),
proving that in this case (1.4.16) has the opposite sign, i.e., rearrangements decrease

the H* norm.

Theorem 1.4.3. Let 0 <s<1,0<s< 2. If f € HR?) then

/7]

do ey < |l ey (1.4.17)

Proof. The proof follows the same lines of [78, Lemma 7.17] or [8, Proposition 2.1].
For the sake of completeness we provide a proof here.

If s =1 we directly refer to [78, Lemma 7.17, (1)].

If s € (0,1), by Lemma 1.2.1 and (1.2.5) it’s enough to prove that

// EC dd <// @ |2dd (1.4.18)
R JR4 |$_ |d+28 R JRd |x— |d+2S

To begin with, for f € H $(R%), we define the function f, as follows

£u(2) == min {max{f(x) 0} %} e

In particular, from the inequality |f.(x) — f.(y)| < |f(z) — f(y)| and monotone
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convergence we derive that

. |fe(z / / |[f (@) = fW)P?
1 vy - 1@ =T, 1.4.19
cii%o/ﬂgd /Rd \w—y\d”‘” Rl Y i P

and the same holds when f. and f are replaced by (f.)* and f*. In view of (1.4.19)

and the fact that f. € L%(R?), it’s enough to prove (1.4.18) for functions in L?*(R%).
‘ (d+2s)

In this case, we split the kernel |z — as follows

d+2s

=y ) = K (x—y)+ K_(x—y), K (x—y):=1+z—y[>) "2 . (1.4.20)

Note that K is non negative and radially non increasing. From (1.4.20) we also

split

|f(@) = f) B
/]Rd /Rd W‘lwd@ = Li(f) + L(f). (1.4.21)

By non negativity of f, Fubini and Young’s Theorem we derive

wh =2 [ WP [ Kw-pdyds=2 [ j@ K (1422

Rd

Indeed, since K_ € L'(RY) and f € L?(R?), Young’s Theorem implies that f* K_ €
L*(R?) which in turn implies that f(f* K_) € L'(R?) proving that the second term
in the right hand side of (1.4.22) is finite. Furthermore, the first term in the right
hand side of (1.4.22) coincide (up to a constant) with the L? norm of f. Namely,

R = 2K ool ey +2 [ ) K )@)de. (1429

Hence, by (1.4.15) and Theorem 1.4.2 we conclude that I, (f*) < I;(f).
In order to finish the proof, it remains to prove that Ir(f*) < I5(f). To this aim,

we consider the truncated kernel K < defined as

K¢ (z) := min {K(x),c}.
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Since K¢ € L'(R?), by arguing as before we derive that

[ ] 15@ = kK- gdsdy < [ 1560 - f)PKS @ - y)dody
Rd JRd Rd JRd

(1.4.24)
By monotone convergence, we can pass to the limit as ¢ — +oo in the inequality
(1.4.24) to conclude the proof. O



Chapter 2
Brezis—Browder type results

This chapter is devoted to Brezis—Browder type results for homogeneous fractional
Sobolev spaces H $(R?) and quantitative type estimates for s—harmonic functions.
Such outcomes give sufficient conditions for a linear and continuous functional T
defined on H*(R?) to admit (up to a constant) an integral representation of its

norm in terms of the Coulomb type energy

T(2)T(y)
2 —
TN gy = /R /R 7y

and for distributional solutions of (—A)*u =T on R? to be of the form

T(y)
— [ — gyl leR.
u(x) /Rd PR y+1, le

2.1 Introduction

Historically, if we denote by W™P(R?) the standard Sobolev space where m is an
integer number and p is a real number strictly larger than one, H. Brezis and F.
Browder in [26] proved that if 7 € W=™# (R?) N L} (R?) and u € W™P(R?) are
such that T'(x)u(z) > —|f(z)| a.e. for some integrable function f then Tu € L'(RY)

and

<T’ u>W—maP’(Rd)7Wm,p(Rd) :/ T(x)u(x)dx

R4
The first order case m = 1 was already studied in [25] where the same authors
provide also counterexamples. We further refer to [42] for similar outcomes. The

proof of the above results heavily relies on a truncation procedure introduced by L.

20
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Hedberg (see [6, Theorem 3.4.1] and [67]) stating that for every u € W™P(R?) there

exists a sequence (uy), such that

u, € WmP(RY) N L*(RY), supp(u,) is compact;
[, ()| < |u(z)] and u,(z)u(z) >0 a.e. in R

U, — u in W™P(RY).

Such result has been extended by considering €2 a generic open subset of R? and
T = p+ h for some Radon measure p and h € L}, (). Namely, in [18] the authors

proved that if u(xz) > 0 and h(z)u(z) > —|f(z)| a.e. in Q for some f € L1(Q) then
uw € LYQ,du), hu € L*() and

(T, Wy —mt (), wrr (@) :/Qu(x)du(x)—i-/ﬂh(:c)u(x)dx.
We further mention that the case m = 1, h = 0 and Q an open subset of R?
was studied in [25] and, already in [26] the case m > 1 was analysed under some

restriction on 7', see [26, Theorem 3]. In the latter the authors further required
/ |T(z)|dxr < 00 VR > 0.
QNBg

In Section 2.3 we prove Brezis—Browder type results in the framework of the
fractional homogeneous Sobolev spaces H S(RY) ford >1and 0 < s < g. In general,
if 0 < s <1 such outcomes follow from the fact that the fractional Sobolev spaces
H $(R?) are closed under truncations in such low order regime, cf. Proposition
2.3.1. As a consequence, in Lemma 2.3.1 we provide the fractional counterpart
of [26, Theorem 1]. In the higher order case 1 < s < £ we employ a different
truncation argument. Indeed, by using a result proved in [94], we approximate any
function in H $(R%) by multiplication against a suitable family of smooth functions.
In general, such approximating sequence is not in L>(R%) as in the Hedbger’s case.
However, we overcome this issue by further requiring higher local integrability of

the element T' generating a linear functional on H $(R%). To be precise, if we require
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T e f{—s(Rd> N L?OC(Rd> where ¢ = q(d, s) is defined by

2d : d
2] <5< 4

q(d, s) == . (2.1.1)
1, if0<s<1,

we prove the following:

Theorem 2.1.1. Letd > 1, 0 < s < g and G as in (2.1.1). Assume that T €
H(RY)NLL (RY) and u € H¥(RY) are such that Tu > —|f| for some f € L'(RY).

Then, Tu € L'(RY) and

<T7U>ISI*S(R‘1),I°{S(RUZ) Z/ T(x)u(z)dz.

Rd

As a byproduct, we give sufficient conditions under which an element T &
H~*(R%) N L (R?) has an integral representation of its || - |l 7+ (ay DOTI e,

1T, gy = /R (I 5 T) ()T () = D3y (T, ). (2.1.2)

As it will be pointed out in Section 2.4, the relation (2.1.2) holds when considering
smooth functions 7', or more generally when Dog(|T'|, |T'|) is finite. From the Hardy—
Littlewood—Sobolev inequality [78, Theorem 4.3], the last condition is satisfied for
instance by every function in L#2 (RY),

The link with the Brezis—Browder type results proved in Section 2.3 can be seen
as follows. Under some restrictions, the Riesz potential I, * T belongs to H (RY)

and
||T||12EI—5(Rd) - <T7 ]23 * T>g75(Rd)’gs(Rd), (2.1.3)

see e.g., Corollary 2.4.1. Hence, in view of (2.1.3), asking whether (2.1.2) is valid
or not reduces to ask if the action of the linear operator generated by 7" against the
function Iy x T' can be expressed as a Lebesgue integration. In Lemma 2.4.2 and
Corollary 2.4.2, under different assumptions, we indeed derive that the H —$(R%)-
norm of 7" can be written as the Coulomb type energy Doy (T, T).

One of the ingredients employed to obtain such outcomes involves interior regu-
larity and quantitative type estimates for s—harmonic functions on balls in the spirit
of [83, Lemma 4.2], see Lemma 2.2.1. These type of results are related to [61, The-

orem 12.19] that provides regularity in the context of pseudodifferential operators.
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As a consequence of the above mentioned quantitative estimates, we derive that

s—harmonic functions are polynomials.

Theorem 2.1.2. Let d > 1 and 0 < s < . If u € L3 (R?) solves
(=A)’u=0 inD'(R?Y),

then u is a polynomial of degree strictly smaller than 2s.

We refer to Section 2.2 for the details. As a consequence we derive uniqueness of
the Riesz potential as a distributional (and weak) solution to the fractional Poisson
equation for all 0 < s < 521, cf. Corollary 2.4.1. This result can be seen as the high
order version of [52, Corollary 1.4]. Furthermore, in Theorem 2.1.3 we deduce a
representation formula for distributional solutions to the fractional Poisson equation
in the spirit of [31, Theorem 2.4] where a similar result has been obtained in the
case of the polyharmonic operator (—A)*, k being an integer number strictly larger

than one.

Theorem 2.1.3. Letd > 1,0 <s < %, 0<T ¢ H*RY N L, (RY) and | € R.

The following are equivalent:

(i) ue L1,(RY) satisfies
(=A)Yu=T D'(R?
and

1
liminf — lu(y) —lldy < oo for a.e. x € RY (2.1.4)

R—o0 R<|z—y|<2R

(i7) w can be written as

T
u(zr) = Ags/ %d(y +1 for ae x€R%
re [T — Y|

2.2 Quantitative estimates

We begin this section by proving interior regularity for s—harmonic functions on
balls. This result links with the one in [61, Theorem 12.19]. Regardless, in the

following Lemma we prove a quantitative version in the spirit of [52, Lemma 3.1]
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or [83, Lemma 4.2]. The following result can be refined by further assuming some

Lebesgue integrability as in Corollary 2.2.1.

Lemma 2.2.1. Let u € L3 (R?) and 0 < s < £. Assume that u solves
(=A)Yu=0 inD(Bag). (2.2.1)

Then u € C*(Bg). Moreover, for every multi-index n € N¢,

n o 2s—|n| |u()]
|1D"ul| oo 57y < CR /Rd (Ri+2s 1 |x|d+25>d'r

for some positive constant C independent of R.

Proof. Let n € C=(R) such that n(z) = 1if |z] > 2, n(z) = 0 if |z] < 2 and
0 < n(x) <1 for every z € R. Let now ¢ € C>°(R?) be supported in Bgr. Then, if

we denote by 1 the Riesz potential of ¢ defined by

D) = Ty % o(2) = A / _ oW (2.2.9)

Ra |T — Y|

it satisfies (see Lemma 1.4.4)
(=A)*p = ¢ in D'(RY). (2.2.3)

In particular, ¢ € C°(R?) N L1, (RY). Now, let’s fix m € N, m > s. Then, from
[3, Lemma 1.5] we have that

[ @) LX) = /1R L @)X Y € CF(RY. (2.2.4)

In particular, by combining (2.2.3) with (2.2.4) we obtain that L,, s¢(z) = ¢(z) for
every x € R%. Next, let us consider the function (1 —ng)y where ng(z) := n(|z|/R).
Note that (1 — ng)y € C°(R?) and it is supported in Byg. Hence, we can test
(2.2.1) against (1 — nr)y obtaining

w() Lo s () d — / () L (120 () d

R4

0 :/Rd (@) Lin,s (1 = mr)¥) (x)dx :/Rd
/BR u(z)p(z)d —/ () Ly s (Nrt)) () dr.

Rd

(2.2.5)
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Then, by (1.3.5), (2.2.2), (2.2.5), assuming Fubini’s theorem holds we obtain that

there exists a positive constant Ky, s such that

Kims /R () L) (@)

o (s (B () e o

= Ko [ ([ I0to 2puta)i ) o)tz = K [ rotera,

(2.2.6)

where Kg, s = (2/(A2:Cam.s)) and

AZstms 1 - k 2m 77R(37 + ky)
J = — -1 d
)= G | (Zm( o) e
(2.2.7)

In particular, from (2.2.6) we deduce that for almost every z € Bgr

u(z) = /Rd Jr(x, z)u(x)dx. (2.2.8)

From now on, we focus on proving validity and estimates for (2.2.8). First of all we

notice that the function ig(z, 2) defined by

ir(x,z) = a ()

= 2.29
|z — 2425 ( )

satisfies the following the properties:
o If [2] < R, |z| < 2E then ig(x,2) =0,
e if 2| < R and |z| > 3£ then |z — 2| > £.

In particular, iz(z,2) € C*°(R? x Bg). Moreover, in view of the above analysis, the
function ig(-,2) € C®(Bg) N L3, (RY) and Jg(-, 2) = AgsLp <(ir(+, 2)) from which
(2.2.7) is well defined.
Furthermore, by differentiating, for every n € N¢ multi-index the following in-
equalities hold
|DYig(z, 2)| < C(R 4 |z — 2|)~(nl+d=29) (2.2.10)

|D>™D%ig(x,2)| < CR™*™(R+ |x — z|)~(nl+d=29), (2.2.11)
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where C'is a positive constant not depending on R. For the convenience of reader we

point out that, unless stated, all the constants from now on depend only on d,m, s

and n. Hence, by (2.2.10), (2.2.11) and [3, Lemma 2.4] we obtain that
e 2m "
Z (—1) DZig(z + ky, 2)

1
/Rd [yl+2 | = m—k
1 2m "
= /B [y > (—1>’“(m B k)DzzR(Hky, z)
R k=—m

s
Be y|d+2s

<D )| e | 0y Coll Dl 2 ey | 17y
R o

m

dy

m

dy

m

> () printe )

m—k dy
k——

< R (i),
(2.2.12)

for some positive constant C. Thus, (2.2.12) implies that Jr(z, ) € C>®(Bg) and
|D"Jg(z, 2)| < CR™IMHD (g 2) € RY x Bp. (2.2.13)

Next, we further prove that for every n € N? multi-index there exists a positive
constant C' such that

C
R|n|—2$(Rd+2s + |$|d+25)

|DM Ip(z, 2)| < V(z,z) € R? x Bg. (2.2.14)

Note that (2.2.14) combined with u € £3 (R?) in particular implies that

s u(z)
/Rd Tl 2)|Ju(z)|de < CR? /R RML i |l|d+23dx Vz € Bp, (2.2.15)

that is the right hand side of (2.2.8) is well defined and moreover

/ ([ 1nteNutoide ) oG < o (2.2.16)
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Furthermore, (2.2.12) in particular implies that for every » € R?

L (L
B \ Jra [y|4T%

Taking into account (2.2.7), (2.2.16) and (2.2.17) we can apply Fubini’s theorem

m

> () e k2

f=—

dy) lp(2)|dz < oco.  (2.2.17)

twice to prove (2.2.6). In particular, (2.2.8) holds. Thus, in oder to complete the
proof it remains to prove (2.2.14).
To this aim, we first notice that if |z| < 4mR, the inequality (2.2.14) is easily
obtained from (2.2.12). Then we only need to consider the case |z| > 4mR.
Assume that |z| > 4mR and
(—A)* and the function  — —22- € C°(RY)NLL (RY) if || > 4mR and |z| < R,

|{E—Z|d72‘s

z| < R. Since Iy is the fundamental solution for

by applying again [3, Lemma 1.5] we infer that for every (x,z) € BS, . r X Br

AQstms 1 “ k 2m 1
L —1 dy = 0. 2.2.1
9 /Rd [y|t+2s ( Z (=1) (m _ k:) iz + ky — Z|d—25> y=0. ( 8)

k=—m

Hence, by combining (2.2.7), (2.2.18) with the fact that ng(z) = 1 if |x| > 4mR, we

deduce the equality
AssClims 1 wf 2m \ (nr(x +ky) — 1)
J — , -1 d
R(:U; Z) 9 /Rd |y’d+25 (kzzm( ) (m . k) ‘.T + ky _ Z‘diQs Y

AQstms _ —(d—2s) . k 2m (WR(Z?) B 1) —
2 Rd'y i (=1) m—k) |z + kg|@+2s) Y

=—m,k#0

m

J/

-~

::hR(Jﬁ,?j)

(2.2.19)

Furthermore, for fixed |x| > 4mR, we see that if |y| > 2R then hg(x,y) = 0 while if
|y| < 2R we still have |z + ky| > 2mR. We have therefore proved that,

hr(z,-) € C(RY) Vx| > 4mR.
Furthermore, by differentiating, we have the following estimate

D2 hp(z,5)| < CR™M|2|~@+29) v|z| > 4mR, n € N, (2.2.20)
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for some positive constant C'. Hence, putting together (2.2.19) with (2.2.20) yields

N C djj C

|Dz JR(:E’Z” = R|n||$|d+23 /B2R ‘g_ Z‘d*ZS < R|n|f2s‘x|d+2s' (2221)
In particular, from (2.2.21), if || > 4mR we deduce (2.2.14). Finally, since u €
L1 (R?), from (2.2.8) and (2.2.14) we can differentiate under the sign of the integral
obtaining that for every n € N? there exists C' > 0 such that

n ¢ |u(@)|
|D"u(z)| < Tn—2s /Rd T |$’d+25dx V|z| < R, (2.2.22)

concluding the proof. O

Corollary 2.2.1. Let k € N. Let u = Zle u;, where u; € LPi(R?) and p; € [1,00).
If u solves
(=A)*u=0 in D'(Bagr), (2.2.23)

then u € C*®(Bg) and moreover, for every multi-index n € N% we have

d

k
1Dl oy < €Y RN
=1

uHLPi(Rd)a

for some positive constant C independent of R.

Proof. Clearly u € £} (R?). Hence, Lemma 2.2.1 yields

n 2s—|n |U(I)|
| D" ul| e () < CR* /R s Ty (2.2.24)

Then, if we denote by wg_; the surface area of the unitary ball in R? and p} the

Holder conjugate of p;, we obtain

/ dx — wy_ R (@+2s)5; /oo —Sd_l ds (2.2.25)
e (RIT2s 4 |g|d+25)¥] - o (1 +Sd+25):ﬂ2 ' o

Next, by combining (2.2.24), (2.2.25) and Hoélder inequality, for every multi-index

n € N there exists a positive constant C' independent of R such that

k
_n|—<
D" ull e (py < C Y R =%,

i=1

uHLpi(]Rd) (2226)
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which concludes the proof. O]

Proof of Theorem 2.1.2.

Proof. From Lemma 2.2.1 we obtain that u is smooth and for every multi-index
n € N9,

n o 2s—|n| |u(z)|
|D UHLOO(BR) <CR /]Rd (R*+25 + |x|d+25)dx’

where C is a constant not depending on R. By sending R to infinity (and using again

that u € £3,(R?)) we obtain that D"u = 0 for every n € N¢ such that |n| > 2s. [

2.3 Brezis—Browder type results

In this section we focus on proving some Brezis—Browder type results. To this aim,

we first recall the notion of regular distribution.

Regular distributions

Let 0 < s < 2. We recall that by T € H~5(R%) N L}

2 loc
distribution such that

(R?) we understand a

T.) = [ Tapis e CRRY), (231)
Rd
and there exists a positive constant C' independent of 7" such that

(T, o) < Cllel

asmey Ve € C2(RY). (2.3.2)

From (2.3.2), we get that 7" can be identified as the unique continuous extension with
respect to the H*(R%)-norm of the linear functional defined by (2.3.1). An element
T satisfying (2.3.1) is called a reqular distribution. Note that, if T € L%(Rd),
u € H*(R%) and again by (-,-) f1-s(Ray, i+ (ray We denote the duality evaluation, by
density of C2°(R%) and the Sobolev embedding we infer

Um (T, pn) s (ray, groray = lm T(:E)gpn(x)dx:/ T(x)u(z)dr. (2.3.3)

n—-+o0o n—-+o0o R4 Rd

Since the left hand side of (2.3.3) converges to (T',u) f-sga), fs(ray We conclude that

the action of T on H $(R%) can be represented as an integral.
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Next, we prove the following result:

(R and q > Then

Lemma 2.3.1. Let 0 < s < ¢, T ¢ H~*(R%) N L{

loc d+23

(T,0) - (may, s (mety = /R dT(x)w(:v)d:v vy € H*(RY) N LY (RY).

Proof. Let’s fix ¢ € H*(RY) N L7 (R%). In particular, cf. [12, Proposition 1.55],
Y € H*(R?). Then, if we set K := supp(1)), there exists a compact set K’ D K and
a sequence (1), C C®(K’) converging to ¢ in H*(R%) (see e. g [36, p. 191, eq.
(11)]). Hence, by the Sobolev embedding and the fact that ¢ < 25— we obtain that
Yn — 1p in LY (K"). To conclude, by (2.3.1),

Um (T, ¥n) s (ray, frsgay=_1im T(x)wn(:r;)dx—/ T(x)y(x)de. (2.3.4)

n——+o0o n—+00 [ Rd

Since the left hand side of (2.3.4) converges to (T',1) jy—«(ga jrs(ray We conclude. [

Remark 2.3.1. In view of Lemma 2.3.1, if T € H~(R%) N L4(R%), where such
intersection is understood in the sense of (2.3.1)—(2.3.2), and ¢ > % then T
generates a linear and continuous operator on H*(R%)+L¢ (R?). Indeed, let us fix u €
H5(RY) N LY (RY). By Lemma 2.3.2, there exists a sequence uy € H*(R%) N L7 (RY)

such that

Jun — ull gogay = 0 as A = +o0;

(2.3.5)
Jux — ull o ey = 0 as A — +oo0.

In particular, by combining (2.3.5) with Lemma 2.3.1, for every u € H*(R?)NL? (R%)

iy ey = (T 0 ooy ey = M [ T(@pun(w)de

= / T(x)u(z)dz.
]Rd
Thus, the operator T : H*(R%) + L7 (R%) — R defined by

(T, u) = (T, u1) s (pay, fromay + / T(x)ug(x)dr u = uj + ug,
Rd

is linear and continuous.
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Now, similarly to what has been proved in [26], we give sufficient conditions for

an element T' € H~*(R%) N LL_(R?) and u € H*(R?) to have integrable product. As
_2d_

already mentioned, in the general case 0 < s < ¢ we further require 7' € L;;7>* (R?)

loc

even though such assumption is actually not needed in the case 0 < s < 1 (see
Corollary 2.3.1).

2.3.1 Full regime: 0 < s < %

First of all let’s recall the following technical result from [94, Lemma 5]. In the

whole of this subsection, unless specified, we will assume 0 < s < g.

Lemma 2.3.2. Let u € H*(R%) and o € C(RY). If we define px(z) == o(A'xz)
with X > 0, we have that upy € H*(RY). Moreover, if o = 1 in a neighbourhood of
the origin then upy — u in H3(R%) as A\ — oc.

. _2d_ .
Theorem 2.3.1. Let T € H*(R%) N L > (RY). Assume u € H*(RY) is such that

loc

Tu > —|f| for some f € LY(R?). Then, Tu € L*(RY) and
(T huiy sy = || T(oula)de
Proof. Let’s define
uy(7) := u(x)p(A\tz), A >0,

where p € C®(R%), 0 < p <1, and ¢ = 1 in B;. Lemma 2.3.2 implies that uy — u
in ﬁS(Rd). Moreover, uy € ﬁg(Rd) and, combining Lemma 2.3.1 and 2.3.2 yields

(T, ur) fy-s(ray, fr-s(ret) = /Rd T(z)ux(z)dr = (T, u) j-oa) j-s@e) 88 A —> 00,
Therefore, by Fatou’s Lemma,

/ T(x)u(z)dr < liminf/ T(@)ur(z)dr = (T, u) jr-s(ray, f-+ ray- (2.3.6)
R4 R4 ’

A——+o00

By combining (2.3.6) with the inequality Tu > —|f| € L'(RY) we also get Tu €
LY(RY). Finally, since |Tuy| < |Tu| € L'(R?), by dominated convergence we deduce
that Tuy — Tu in L'(R?), concluding the proof. O



32 CHAPTER 2. BREZIS-BROWDER TYPE RESULTS

2.3.2 Low order regime: 0 <s <1

In the previous subsection it has been requested for a distribution in H—*(R%) to
be more than locally integrable. Here, if s € (0,1] we prove an analogous result
to Theorem 2.3.1 by only requiring 7" to be a regular distribution. The proof is
indeed based on Proposition 2.3.1 where, unlike Lemma 2.3.2, we provide a bounded

approximating sequence for elements of H S(RY).

Proposition 2.3.1. Let 0 < s < 1 and u € ﬁs(Rd) be a non negative function.
Then, there exists a sequence (uy), C H*(RY) N L2(R?) of non negative functions
such that

(1) 0 < un(2) < ulz);

(”) ||Un - UHI:’Is(Rd) — 0 as n — oo.

Proof. Let (pn)n € C°(RY) such that ¢, — u in H*(R%). We define

Up, = min {[@,]+, u}. (2.3.7)
Note that (2.3.7) can be rewritten in the more useful form as

Un = U = [[n] 4 —u]- (2.3.8)

and, by construction, 0 < u,, < u. Recalling that [|[-]+ | gega) < ||| o (gay for every
s € (0,1] (see Lemma 1.2.2) we conclude that u, € H*(R?) N L (RY).

Next, we prove that u, converges to u in H*(R?). First of all we recall again

that [|[ - [|| s« @ay < Il fr(ga)- Then, by the parallelogram law we infer
Hon 1 gay + Nlonll?
s(]Rd) Hs(]Rd)
| [son)+| ?i’[s(Rd) + [|[on]-| ?f[s(Rd) = 9 . (2.3.9)
In particular, we further obtain the inequality
| [on]+] ?f[s(Rd) + [[[en]-| ?fjs(Rd) < el ?ﬁ’]s(Rd)- (2.3.10)

Now, by definition of ¢,, and the fact that « > 0, up to a subsequence, we have

[on]+ = u in fOIS(JRd),
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which combined with the weak lower semicontinuity of || - || ;. ga) yields

||UHﬁ1s(Rd) < I%I_I}j&f H[@n]JrHﬁs(Rd) < lggilop ||[80n]+||ﬁzs(Rd)

(2.3.11)
< limsup [|9nll o ey = 1l ey
n—-4o0
ie., ||[en]] i1 (ma) = ||l s (RY)- Then, by (2.3.10) we also derive ||[p,]—| s (RY) ™ 0

which in turn implies that [|[[pn]+ — ul| o (gay — 0. Then, by (2.3.8) we get

= ull o ay = Npnls = u) N oy < lllenls = ullgoray = 0,

concluding the proof. O

Now, we prove a similar result to Theorem 2.3.1 but using Proposition 2.3.1
rather than Lemma 2.3.2.

Corollary 2.3.1. Let 0 < s < 1, T € H (R N L. (RY), and v € H*(RY). If

Tu > —|f| for some f belonging to L*(R?) then Tu € L'(R?) and

(T, ) sy o) = /R T(e)ur)da (2.3.12)
Proof. Let u € H*(R?). Then, [u]+ € H*(R?) and, by Proposition 2.3.1 there exist
two sequences (u¥), € H*(R?) N LP(RY) converging to [u]y in H*(R%) such that
0 < uF(z) < [u(z)]1 a.e. Then, the function @, := u} —u converges to u in H*(R%).
Furthermore, by a direct computation it’s easy to see that |u,(x)| < |u(x)| and
iy (z)u(z) > 0 a.e. Next, by approximating @, € H*(R?) N L (R?) via convolution

with mollifiers (pg)x (see e.g. [23, Lemma A.1]), we notice that for every fixed n

(T, 0 gty sy = i | T(@) (@, # pp)(2)de

IC—)+OO Rd
= lim (T*pk)(a:)an(x)dx—/ T(x)u,(z)dx.
k—r+o0 supp(@n ) R4

Then, by arguing as in the proof of Theorem 2.3.1 we conclude that

Um (T, tn) s (gay, jr-s(ray=_lim T(x)ﬂn(x)dx:/ T(x)u(z)dz.

n—-+00 n—+00 [pd Rd

The thesis follows since the left hand side converges to (T, u) j—s g jr—s(ra)- O
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Proof of Theorem 2.1.1.
The proof follows by combining Theorem 2.3.1 with Corollary 2.3.1. O

Remark 2.3.2. Note that, as a direct application of Theorem 2.1.1 we can conclude
that the Riesz potential operator is well defined for every 0 < T € H—*(R%) N
L;IOC

function ¢ with compact support. Then, I * p € H $(R%). Moreover, by Lemma
3.5.1 we conclude that

(R%). To see this, let’s take any non negative (and non identically zero) smooth

C

———— VreR% (2.3.13)
(1 +[=)*

(Los * ) (x) =
for some positive constant C'. Then, by Theorem 2.1.1 we infer that T'(Iy * ) €
LY(R%). Thus, by combining (2.3.13) with [73, eq. (1.3.10)] we conclude that Ip,* T
is finite almost everywhere. Note that such result can be improved in the higher

order case 1 < s < g in view of Lemma 2.4.2.

2.4 Applications and final remarks

This section is devoted to some applications of the Brezis—Browder results contained
in Section 2.3 and of the quantitative estimates of Section 2.2. In particular, as we
have already mentioned, an application concerns the question of whether a given
reqular distribution T € H~5(R%) N L}

bo(R%) admits an integral representation of

||| s s(RY) given by
1% . gay = Das(T, T), (2.4.1)

where we recall that by Dag(T,T') we denote the right hand side of (2.1.2). To begin

with, we prove the following result.

Lemma 2.4.1. Let 0 < s < % and T € L}, (R?) satisfying

loc

Dos(|T),|T]) < oo. (2.4.2)

Then T' generates a linear and continuous operator on I;TS(Rd), Ur = Iy xT a.e.

and (2.4.1) holds.

Proof. By combining (2.4.2) with the semigroup property of the Riesz kernel, the
Fubini’s Theorem yields I,*T € L*(R?) and Dy (T, T) = || I;+T|3. (ray- Furthermore,
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for every ¢ € C®(RY), it’s easy to see that I, * ((—A)2¢) = ¢ holds pointwisely.
Indeed, let’s define the function 1 := I, * ((—A)2¢p) — . Clearly,

(=A)2¢) =0 in D'(RY).

On the other hand, since ¢ € C°(R?) N L1(R?), by Theorem 2.1.2 we deduce that
1 = 0. Then, for every ¢ € C>°(R%)

[ 1@gt@s] =| [ 1@ x (-8)i0)@)de| = | [ @)@ -8 pla)da

<M # Tl 2 | (= 2)2 @l 2ay = s * Tl 2 ze) 0]

Hs(R4)>

(2.4.3)

proving that T" € H ~$(R%). Note that we can change the order of integration in the
second equality of (2.4.3) since Fubini’s Theorem and (2.4.2) yield

HS Rd < OO (2.4.4)

= C22N oy < /Dol N
Re JR4 |

Then, since I, * T € L*(R?) and Iy, * T is well defined a.e. because of (2.4.2), we
have that Ios T = I % (Is % T') defines an element of Ld%s(Rd), cf. Lemma 1.4.2.

In particular, by Corollary 2.1.2 and Fubini’s Theorem we obtain

[ T@g@s = [ 1@ (=7 = [ (T T (-a) gl

i.e., Iy x T solves
(=AY (I)s+xT) =T in D'(RY).

Hence, since T € }O[_S(]Rd) we have that Up — Iy x T € Ld%s(Rd) is s—harmonic,
where we recall that Up is defined by (1.2.2) and satisfies (1.3.2) as well. Again
by Corollary 2.1.2 we infer that Up = I, * T for a.e. © € R?. As a consequence,
Ly T € H¥(R%) and

1Ty = 1021y = 25 * Tl gy = s * Tl 72 gay.

s Rd)
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The desired equality (2.4.1) follows by noting again that

Doy (T, T) = || L # T2 g (2.4.5)
O

Lemma 2.4.2 and Remark 2.4.1 below complement Lemma 2.4.1 essentially prov-

ing that, for a non negative element 1" generating a linear and continuous operator
T : H*(R%) — R, the relation (2.4.1) holds if and only if (2.4.2) holds. However, see

Example 2.4.1, it’s easy to find (sign changing) elements T' € H~*(R%) N LL (R%)
such that (2.4.2) does not hold.
Example 2.4.1. Let’s fix d =2, s = %. Then, it’s well known that

Flxp (@) =z Ai(lz]) = T(=), (2.4.6)

where .J; denoted the Bessel function of the first kind (see [61, eq. (4.22)] and
[61, Lemma 4.5]). In particular, from (2.4.6) we deduce that 7" generates a linear
and continuous functional on H S(R%), cf. [12, Proposition 1.36]. On the other hand,
if » > 0 is large enough

Ji(r) = \/g cos (7‘ - %ﬂ) +O(r ), (2.4.7)

(see e.g., [61, Lemma 4.3]). In particular, combining (2.4.6) with (2.4.7) yields for
R > 0 sufficiently large that

that is |T] ¢ £, (RY) or equivalently I, * |T| = oo a.e. (see [73, eq. (1.3.10)]). As

a consequence (2.4.2) does not hold.

dr = o0,

In what follows we recall a result which is essentially contained in [70, Lemma
1.1].

Lemma 2.4.2. Let 0 < s < 4. [f0 < T € H*R) N L}

LARY) then Up = Ipe * T
where Uy is the potential defined by (1.2.2), and

171 o) = De(T.T).
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Proof. Let A € N. We consider the sequence T)(z) := T'(x)px(x) where @, is defined
in Proposition 2.3.2. Then, by combining (2.3.2) wtih [94, Lemma 5, eq. (64)], we
infer that there exists C' > 0 independent of A such that

< C eyl

sy < Clel ey V0 € CR(RY),  (24.8)

[ @i

ie., T\ € H*(R%) and I T\ll -5 (ray is uniformly bounded in A. In particular, up
to a subsequence, we have that T, — T in H ~$(R%). Furthermore, by arguing as
in [70, Lemma 1.1, eq. (1.43)] we infer that Dys(T),T)\) < co. Finally, by Lemma
2.4.1 we also get that

T3 - gty = Das(Th, Th)- (2.4.9)

Then, by Mazur’s Lemma, there exists a function N : N — N and a nonnegative
sequence ay, € [0,1] with k& € [A\, N(\)], such that

N N(N)
Z ary =1, fa= Z ap T — T in H(RY). (2.4.10)
k=X k=X

Note that by combining Lemma 2.4.1 with (2.4.9) we have

Hf/\||12i’1—s(ugd) = Dos(fr, [1)-

Then, if we further assume that 0 < ¢ < 1 is radially non increasing we have that
T, < Tjif k > j. Thus, by (2.4.10) we get
0<T\< fx<Tnp <T, (2.4.11)

In particular, by (2.4.10), (2.4.11), Fatou’s Lemma and the fact that T — T a.e.

we infer that
T oy = Umint Dy (£, fa) 2 liminf Doy(Th, Th) 2 Pos(T, ). (24.12)
Thus, by putting together (2.4.11) with Lemma 2.4.1 we infer

111 gy = Dao(T, T).
(k)
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and Iy, x T = Ug. ]

Remark 2.4.1. Note that, from (2.4.8) and (2.4.9) the conclusion of the proof of
Lemma 2.4.2 can be essentially derived from [49]. Indeed, since Ty converges to T
a.e. and Dqy(T), Ty) is uniformly bounded, we directly conclude that Doy (T, T) < o0,
see e.g., [49, Lemma 3.12-3.13]. Then, the proof of Lemma 2.4.2 follows again by
Lemma 2.4.1.

Next, we present a representation theorem in the spirit of [31, Theorem 2.4] where
the authors find representation formulas in the case of the polyharmonic operator

(—A)*, k € N, as well as related Liouville theorems.

Proof of Theorem 2.1.3.
By combining [70, Lemma 1.1] with Lemma 2.4.1 we deduce that I, « T € H*(R%)

and solves
(=AY (I, +«T) =T in D'(RY).

Hence, by Corollary 2.1.2 we infer that any s—harmonic function v can be written

as

w(z) = (Ips x T)(z) + P(x), P(z)= ‘ P,(z), (2.4.13)

where P; is homogeneous polynomial of degree i, Pigpy Z 0 and by deg(P) we
denote the degree of P. Next, we claim that there exists a positive constant C' such

that

1
— |P(y)|dy > CRY¥®) 1 o(R®)) as R — 4o0. (2.4.14)

d
R R<|z—y|<2R

Proof of (2.4.14). For every i = 0,...,deg(P), by the substitution z := y/(2R) we

obtain

1 )
[ Rl = [ P(2Re) ds = 2 [ IP(2)|dz
ly—z|<2R [2Rz—x|<2R [2Rz—xz|<2R

> Rigt+ / IP(2)]dz,
|2|<1- L2l

R

(2.4.15)
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where we used that by definition P;(2Rz) = (2R)'P;(z). Similarly,

1

LI L TOTS (2.4.16)
y—x|<

\z|<1+%‘
In particular, for every i = 0, ..., deg(P) — 1 we have that

1

_d/ |P,(y)ldy = o(R%®) as R — +oo.
R ly—z|<R

Then, by combining (2.4.15) with (2.4.16) we derive

1 / 1 1
Py)ldy = 53 P(y)ldy — o P(y)|d
Rd R<|x—y\<23‘ ()| Rl |m—y|<2R’ () Rd |gﬁ_y|<R| (y)|dy
> Rdes(P) 2d+deg(P)/ IPdeg(p)(z)|dz/ | Pacg(p) (2)]dz + o(R%&(P))
EISES 2| <1+ L2l

<1

_ Riea(P) <<2d+deg“’> - [ |Pdeg<p><z>|dz) T o(RAsP)).
|z

(2.4.17)

concluding the proof of (2.4.14). Assume now by contradiction that wu satisfies
(2.1.4) and P # [. Then, by (2.4.14) we conclude that deg(P) > 1 and there exists

a positive constant C' such that

1

=d |u(y) — lldy
R4 /R<|yz|<2R

1 1
= Dd |P<y) - l|dy - _d/ (]28 * T)(y)dy (2.4.18)
R<|y—z|<2R

R<|y—z|<2R R
> CRIeP) 1 o(RIeP)) a5 R — 400,

where we have also employed the Sobolev embedding to conclude that

1
= (Ios * T)(y)dy = 0.
R—+o0 R4 R<|y—z|<2R
The inequality (2.4.18) contradicts (2.1.4) completing the proof. O
To conclude the chapter, we formulate two corollaries concerning the Riesz po-
tential operator. Nevertheless, instead of restricting to non negative functions we

impose some standard integrability assumptions in order to have the Riesz potential
well defined, cf. [103, Chapter V, Theorem 1].
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Corollary 2.4.1. Let T € H*(RY) N LI(RY), 0 < s < 2 and 1 < q < £&. Then,
Ur = Iys x T, where Ur is the potential defined by (1.2.2).

Proof. Since T € H—*(R%) N LI(R?), by (1.2.2) and (1.3.2) there exists an element
Ur € H*(R%) such that

(=A)*Ur =T in D'(R%). (2.4.19)
a
2s
Lebesgue integral and solves (2.4.19) as well. Note that, by the Sobolev embedding,

Ur € L**(RY) and I, « T € L% (R?) where, for the convenience of the reader, we set

G = dfgsq and 2, = 224 Hence, Uy — I, * T € L1 (R?) is s-harmonic, i.e.,

On the other hand, since p < the Riesz potential Ir, x T is well defined as a

d—2s”
(=AY (Up — Iy *xT) =0 in D'(R?).

Then, by applying Corollary 2.2.1 to u := Up — Iys * T € L*(R?) + L% (R?) and by
sending R to infinity we derive that Up = Ios x T O

Corollary 2.4.2. Let T € H*RY)NIP(RH)NLL (R, 0<s <1, 1<p< L and

q asin (2.1.1). If T(Iys* T) > —|f| for some f € L'(R?) then,
ITIE, gy = Don(T.T).

Proof. By Corollary 2.4.1 we conclude that Is x T is well defined as a Lebesgue
integral and coincides with the potential Uz defined by (1.2.2). In particular it also
belongs to H*(R%). Then, the condition T(I * T) > —|f| ensures the validity of
Theorem 2.4.2. Namely,

||T”§-[—9(Rd) = <Ta ]25 * T>I°{75(Rd)’]f[s(Rd) = DQS(T, T) (2420)
[



Chapter 3
Repulsive non local interaction

In this chapter, we study existence and qualitative properties such as uniqueness,
regularity and decay estimates of minimizers for a Thomas—Fermi type energy func-
tional with non local repulsion.

In the whole of Chapters 3 and 4, for the convenience of the reader we set 2s := «,
a € (0,d).

3.1 Introduction

We analyse minimizers of a Thomas—Fermi type energy of the form

& (p) = %/Rd |p(x)|*da — /Rd p(z)V (z)dz + % /Rd([“ « p)(2)plx)dr  (3.1.1)

where d > 2, 0 < a < d, p : RY — R is a measurable function V : R? — R is a
potential and I, * p is defined by (1.4.1).

Our study is motivated by the Thomas—Fermi type model of charge screening
in graphene [89] (see also [69,83]) that corresponds to the special two—dimensional
Caseq:%andazl,

E (p) = ; g \p(:c)|%d:v — /R? p(x)V(z)dx + ﬁ /}R2 /]1@2 %dmdy. (3.1.2)

The function p(x) here has a meaning of a charge density of fermionic quasiparticles

(electrons and holes) in a two—dimensional graphene layer. In general (and unlike

in the classical Thomas—Fermi models of atoms and molecules [78]), the density p is

41
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a sign changing function, with p > 0 representing electrons and p < 0 representing
holes. The first term in (3.1.2) is an approximation of the kinetic energy of a uniform
gas of non—interacting particles. The middle term is the interaction with an external
potential V| and the last quantity is a non-local Coulombic interaction between
quasi—particles. In [89], the authors prove the existence, uniqueness, and decay of
the minimizer of the energy (3.1.2). In particular, they establish a log—correction to
the decay rates of the minimizer, previously identified by M. Katsnelson in [69].
The main goal of this chapter is to deduce existence, uniqueness and qualitative

properties of the minimizer in the range

2d
— < g < 0, 3.1.3
d+ « 1 ( )
where di—da is a critical exponent with respect to the Hardy—Littlewood—Sobolev

inequality (see [78, Theorem 4.3, p. 106]). Our main result is Theorem 3.1.7 where
we establish five different asymptotic regimes for the minimizer, depending on the
values of d, o and ¢q. Two of the regimes are entirely new and not visible in the
“local” case o = 2, when the non—local term is the standard Newtonian potential.

Before presenting our results in details, let us emphasise the main differences be-
tween our case and the classical three dimensional TF-theory of atoms and molecules
[14,17,76,79] (see also [62,97] for generalisations of the mentioned three dimensional
models).

Unlike in [14,17,76,79], we are looking at

e global minimizers without a mass constraint since there is no a priori reason

for the density function p(z) to be in L*(R%);

e potentially sign changing profiles p(x), since electrons and holes could co—exist

in a graphene layer;
e general range of a € (0,d), as for istance in (3.1.2) a = 1.

In particular, we mention that several difficulties arise if sign changing profiles p(z)
are allowed and at the same time no further integrability is required. Namely, in all
of the above models, the density p(z) belongs to L4(R%) N L*(R%) for some ¢ > di—da.
As a consequence, by the Hardy—Littlewood—Sobolev inequality [78, Theorem 4.3],
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the non local Coulomb type term is well defined as a Lebesgue integral. Namely,

) 2(1-6
/ / LD < Cuallpll? o < Gaallpl eIl 00
R Jra [T — Y| R<)

where %, is a sharp constant and 6 € (0, 1). However, as it has been already under-
lined above and in [89], requiring a priori the density to be in L'(R?) is not natural
in the graphene case. To overcome this issue, we consider a more general energy
functional which will coincide with the one in (3.1.1) under suitable restrictions. To
this aim, we first introduce the Banach space H~% (R%) which can be defined as the
space of tempered distributions such that p € L} _(R?) and

L NG
]Rd

where p stands for the Fourier transform of p (see [12, Definition 1.31]). it is easy
to see (cf. [103, Lemma 2, Section 5] and [78, Corollary 5.10]) that for functions p
belonging to Ld%(]Rd) we indeed have the equality

o [ [P dady = ol

However, in general D, can not be extended as an integral to the whole of H~% (R9)
without any fast decay or sign restriction. We refer to Chatper 2 and references
therein for a more detailed analysis of the topic. As a consequence, the term D, is

replaced by H-qu_%(Rd in the sequel.

)
To be precise, we consider the energy functional

1
7)== [ @l = (0.V)+ 5 ol (3.1.4)
on the domain H, defined as follows
H, = LY(RY N H~ 5 (RY), (3.1.5)

and endowed with the norm ||-||,, = H'Hﬁ—%(Rd) + [l o(ray- In (3.1.4) the function
V' belongs to the dual space (H,) and (-,-) denotes the duality between H, and
(o). We recall that (H,) identifies with L¢(R%) + H% (R%). More precisely, for
every function V = Vi 4+ Vi € L7 (RY) + H% (R, Vi € H% (R?) and V5 € L7 (RY) we
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define
(V) = (0. i ey + [, P0IVala) (3.1.6)

R4
where again by (-, ") we identify the duality between H2(R?) and
H=5(R%). !

The first result of Section 3.2 establishes existence and uniqueness of a minimizer

for EIT.

H™%(RY), H % (RY)

Theorem 3.1.1. Assume q > di—da. Then, for every V € L7 (RY) + H%(RY), the

functional ELY admits a unique minimizer py € Ho, that satisfies

[ sianto @)@ ola)ds = (V) + (9] g =0 Ve € Mo (317
An equivalent way to read (3.1.7) is by the following relation
sign(py)|pv|" =V — (=A)"2py  in D'(RY), (3.1.8)
where by (—A)~% py we understand the unique element of H 2 (R%) weakly solving
(=A)su=py in H %(RY.

See Section 1 for all the details.

If, e.g., py € LY(R?) with ¢ < g, the Riesz potential of py is well defined (see
[103, Theorem 1, Sect. 5]) and identifies with (—=A)~2 py (cf. Chapter 2, Corollary
2.4.1 and [70, Lemma 1.8]). Moreover, without any restriction on g, if py > 0, the
Riesz potential I, * py can be identified again with the operator (—A)~2py (see
again [58, Example 2.2.1] for the case a € (0, 2] and [70, Lemma 1.1] for the general

case). Thus, in the above cases, (3.1.8) reads also pointwisely as

uy(z) = V() — Aa/ Ly)_dy a.e. in RY, (3.1.9)
re [T —ylime

where uy is defined by

uy = sign(py)|pv|? " (3.1.10)

IWe further recall that the space L9 (R?) 4+ H % (R?) is a Banach space endowed with the norm

IVl ety 1% ety =08 LIVl 3 gy + Vol oy + V = Vi Vo, Va € HE (R, V € L9 (RY) ).
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Such function uy plays an important role for the analysis of the sign and decay at
infinity of the minimizer. As a matter of fact, if V € H?%(R?) we prove that the

Euler-Lagrange equation (3.1.7) is equivalent to the fractional semilinear PDE
(—A)%u + sign(u)|ul7T = (—A)SV  in H%(R%) (3.1.11)

in the sense that uy weakly solves it. We further prove that (3.1.11) satisfies a weak
comparison principle provided a € (0,2]. See for example [24, Lemma 2, (27), p. §]
for some general results in the case o = 2.

Section 3.3 is devoted to the study of the regularity of the minimizer. The way
in which we obtain the regularity is based on a classical bootstrap argument similar
to the one in [33, Theorem 8]. However, some differences occur. The main one is the
presence of the function V' which clearly might be an obstruction for the regularity
of the minimizer. Indeed, from (3.1.8), it is clear that in general the best regularity
that wy can achieve is the same regularity as V. Such regularity is achieved for
example in Corollary 3.3.4. We further summarize below the basic regularity result
for the minimizer py,. We stress that such regularity can be improved and specialised
according to the regularity assumptions we impose on V. In particular, if we denote

by Cy(R?) the space of bounded continuous function the following holds:

Theorem 3.1.2. Assume q > di—da. If Ve H5(RY) N Cy(RY) then py € C(RY).

In Section 3.4 we focus on the relation between unconstrained minimizers and

minimizers of L subject to constraint to non-—negative functions, defined by
HE ={feH.: f>0}. (3.1.12)

Then, we establish existence and uniqueness of a minimizer in H. Namely, denoted

by [z]+ := max{0,z}, we prove the following:

Theorem 3.1.3. Assume q > 2L Then, for everyV € L7 (RY)+HS (RY) the func-
tion ELT admits a unique minimizer py; belonging to HY. Moreover, the minimizer

Pl satisfies

/R D) e =V o sy 20 Vo €A, (3.1.13)
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and
1

oo = [V = (~A)3p]T7  in DR,

Next, we discuss the relation between the non—negative and free minimizer. We
also prove that the equality [pv]; = p{, holds only in the trivial case in which
pv > 0 (see Theorem 3.4.1) while we obtain the inequality [py]; > p{ provided
the potential V' is regular and decays sufficiently fast (see e.g., Remark 3.4.4). We
further highlight that, from now on, most of the statements will be restricted the
case 0 < a < 2. This is related to the fact that such results heavily relies on a
comparison principles for semilinear PDEs involving the fractional Laplacian (—A)2.
Such comparison principles are known not to be valid (in general) in the higher order
regime 2 < a < d, see for example [4] for a discussion on the topic.

We start with the following:

Theorem 3.1.4. Assumed >2,0< o < 2. Let V € H5(RY)NC(R?) be compactly

supported and not identically zero. Then,
[pv]L > o in RY (3.1.14)

the inequality being strict in a set of positive measure.

In Section 3.5 we study decay properties of py in the fractional framework a €
(0,2). First of all we study positivity of py. If ¢ < 2, the total power of w in (3.1.11)
is bigger than 1 and equation (3.1.11) is superlinear. If ¢ > 2 then equation (3.1.11)
is sublinear which implies that studying the positivity of py is more delicate and
strongly relates to the non—local nature of the fractional Laplacian (see Proposition
3.5.2 and Lemma 3.5.10). Indeed, in the local case a = 2 the support of a non—
negative solution of (3.1.11) could be compact (see [96, Theorem 1.1.2] and [46,
Corollary 1.10, Remark 1.5]). As a consequence, if a € (0,2) we can summarise the

information about the sign of py as follows:

Theorem 3.1.5. Let o € (0,2). Assume that V' € (ﬁ%(Rd) NCy(RY))\ {0}. Then,
the following possibilities hold:

(4) If imygstoo |2|**V (2) = 0 then py is sign changing;

(i) If (=A)2V >0 then py > 0. Furthermore, If V € C2F(R?) then py > 0.

loc
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We refer the reader to Proposition 3.2.2, 3.4.1 and 3.5.2 for the precise state-
ments. See also Remark 3.4.3 for examples of potentials satisfying (z) or (ii).

Next, we outline the decay of the minimizer py in the fractional framework.
However, for the convenience of the reader, we state the result by requiring that
V satisfies the stronger decay assumption (3.1.15) and C{*(R?) regularity even
though such assumptions are not sharp and can be weakened in some regimes of ¢
(see eq. (1.1.3) for the definition of the the latter space and Remarks 3.5.1, 3.5.4).
The same considerations apply to Theorem 3.1.8.

Before formulating Theorem 3.1.7 we first recall its local counterpart, i.e., the
case o = 2 that was studied in [105]. Namely, assuming some regularity on py and

that —AV is non negative and compactly supported we have the following:

. 2d 2d—2
(Z) Ifm<q<7then

lim |x\%pv(x) € (0, 00);
|z| =400
(i) If ¢ = 222 then
lim  |z|%(log|z])% pv () € (0, 00);

|z| =400

(iid) If 222 < ¢ < 2 then

lim |x|2%qpv(:v) € (0, 00);

|z| =400
(iv) If ¢ =2 and we let © = |x|e for some fixed € then

lim |22 ellpy () = L(e) € (0, 00);

|z| =400

(v) If ¢ > 2 then py has compact support.

The statement of such local result has been adapted to the notation of this thesis.
Thus, we refer the reader to [105] for the original statement of the result.

As far as concerns the fractional framework, the case d = 2, ¢ = % and o = 1 has
been recently studied in [89, Theorem 2.2, Proposition 4.8] resulting in a particular

istance of Theorem 3.1.7, case (i7). In particular, the authors proved the following:
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Theorem 3.1.6 ([389, Theorem 2.2]). Let d = 2, « = 1, ¢ = 2 and Vy be defined
n (3.1.16). Then, the minimizer py, is Hélder continuous, radially symmetric non—

increasing and satisfies
0<py, <Vy; inR?

and

0 < liminf |2[*(log |z|)?pv, () < limsup |z|*(log |z|)?py. (z) < +oo.

|| =400 || —=+o0

In particular, py, € L'(R?) and ||pv. || 12y = Z.

Following that, we state the general non local counterpart of the local result
described above as well as examine the difference and similarities between the two

outcomes.

Theorem 3.1.7. Assumed > 2,0 < a <2 and q > di—da . IfV is a non—identically
zero element of 5 (RY) N NCEE(RY) and (—A)3V is a non—negative function such
that

limsup |z|4T*(=A)2 V(x) < 400, (3.1.15)

|z| =400

then py € LY(RY). Moreover, the following cases occur:

(i) If 2L < q < 222 then

0 < liminf ]x| a1 py(z) < limsup ]x|izl%?pv(x) < +o0;

|| =400 |z|—=+o0

(it) If g = 252 and, either 1 <a <2 andd>a+1 orq=3, then

0< hmmf z[*(log |2])% py-(z) < limsup |z|*(log [z])& py(z) < +o0;

|z[— |z|—+o0
(i11) If 222 < g < Zdi—tf‘ then

0 < liminf 2|2~ py () < limsup |z 7 py () < +00;

2| =400 || —=+o0

(iv) If ¢ = Qj:; then

0< hmmf |z (log |z]) ™ py (z) < limsup |z|*(log |z|) ™% py(z) < +o00;

|z[— |z|—+o0
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(v) If g > 2d+a then

0 < liminf |z|**py (2) < limsup |z|**py (7) < +oc.

|z| =400 || =400

In particular, if 2L d+a <q< sz_o‘ then

_1
-1

lim |ZE| P 1,0V [ <H VHLl(Rd) - ||pV||L1(Rd)>:| a > 0.

|z =00

First of all, unlike the cases (i)—(ii)—(i7i) of Theorem 3.1.7 where the decay of

the local framework can be formally recovered by substituting o = 2, we underline

2d+a
d+a

at which the decay is not exponential, resulting in a purely fractional phenomenon.

how the critical threshold ¢ = 2 for the local case has been replaced by ¢ =

We also mention that such criticality occurs in correspondence with the value of ¢
where the decay exponent 5 reaches the value d + a. This relates to the different
behaviour, w.r.t. to the classmal Laplace operator, of the fractional Laplacian when

acting on polynomial decaying functions (see Lemma 3.6.1, case (iii)). Finally, if
2d+a

q > , differently from the local case where the solution has compact support, we
have the fastest decay possible as in [53], resulting again in a fractional phenomenon.
Furthermore, we point out that the additional restrictions on the parameters in case
(73) of Theorem 3.1.7 are technical but not structural. In particular, we conjecture
that they can be removed.

Before showing some applications of Theorem 3.1.7, we briefly underline how the
proof develops. We intend to construct positive super and subsolutions of (3.1.11)

in exterior domains of the form Q = Bg . The scenario is the following:

o Ifge (di—da, 2(1‘1—2‘[") \ {MT_O‘}, we employ polynomial-decaying functions as bar-
riers. Namely, we use a linear combination of the functions f and g where
f(x) = (1 +]z|?)~P, for some suitable 8 > 0, and g is defined as the optimizer

for the following problem

Z:= inf { U > }
uef{%(ﬂ{d) || ||H7 Rd) XBI

(see Lemma 3.5.3, eq. (3.5.21)). Decay estimates for such functions were
derived in [55, equation (4.4)] and [22, Proposition 3.6];
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o If ¢ € {2dT—a’ 2;%3‘}, polynomial-behaving barriers are not enough to obtain

sharp estimates. Indeed, we apply [55, Theorem 1.1] to deduce asymptotic

decay for functions with logarithmic behaviour (see Lemma 3.6.2 and 3.6.3);

o If ¢ € (2;?5,00) \ {2}, by applying again [55, Theorem 1.1], we employ

polynomial-behaving functions with fast decay (see Lemma 3.6.1);

e If ¢ =2, the conclusion is essentially a consequence of [53, Lemmas 4.2-4.3].

d+ o ¢ . I Z_f?
_ _a_
2—q
—d+a
d i
+ + + q
2d 2d—a 2d+a 2
d+a d d+o
Figure 3.1: Plot of the decay’s exponent in the range ¢q € (%7 oo) \ {2d;°‘, zjjg}

Recall that log—corrections appear at the critical values MT_C“ and ijo'f.

An important class of potentials satisfying the assumptions of Theorem 3.1.7 is

the following:
_d—a
Vz(z) = ZA, (1+[z]?)” %, (3.1.16)

where A, is the Riesz constant and Z is a positive constant. Then, we can prove

that

(1) Ifdi—da<q<2dT_°‘then

lovll g ey < 2

; 2d—a
(id) If ¢ > =2 then
||sz||L1(Rd) =Z.

For the precise statements we refer to Corollaries 3.5.1 and 3.5.2.

Finally, we study asymptotic decay of sign changing minimizers where we do not
expect the existence of a universal lower bound. Namely, we obtain a similar version
of Theorem 3.1.7 with upper bounds only. Note that, in view of Remark 3.5.3, case

(77) of Theorem 3.1.8 requires less restrictions than case (ii) of Theorem 3.1.7.



3.1. INTRODUCTION 51

Theorem 3.1.8. Assume d > 2, 0 < a < 2 and q > di—da. Assume that V' belongs
to H? (R N Co(RY) and

loc

lim sup | 2|t |(=A) 2 V()| < +oo0. (3.1.17)

|z|—+o0

If |pv] € H5 (RY) N L**(RY) then the following possibilities hold:

(i) Ifdi—da<q<2dT*°‘then

lim sup || 5 |py (2)] < +o0;
|x| =400

(13) If ¢ = 2dd’a and, either 1 < a <2 orq= %, then

: d
lim sup |2[*(log |z]) = | pv ()| < +o0;

|z| =400

(iid) If 222 < g < Qj:j then

lim sup |23 |py ()] < +o0;
|z| =400

() If ¢ = 2;[:5 then

lim sup ||+ (log [2]) =" [ pv- ()] < +o00;
|x| =400
2d+a
(v) If ¢ > T2 then

lim sup |z|*T| py ()| < +oo0.
|z| =400

The proof is essentially based on two facts:

e similarly to the proof of Theorem 3.1.4, we employ a Kato—type inequality of
the form
(—=A)?|u| < sign(u)(—A)2u  in D'(RY),

which allows us to conclude that the function |uy| is a non-—negative weak

subsolution of the semilinear PDE

(—A)5u+ sign(u)|ul7T = |(=A)SV| in H™5(RY); (3.1.18)
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e we employ the same barriers used for the proof of Theorem 3.1.7 as superso-

lutions of (3.1.18) in exterior domains of the form Q = Bg".

3.2 Existence of a minimizer

In the following section, we prove existence and uniqueness of a minimizer for the
Thomas-Fermi energy £, Furthermore, we derive the fractional semilinear PDE
(3.1.7) which will play a key role for the entire chapter and especially for the study
of asymptotic decay of the minimizer (see Sect. 3.5). We also recall that the basic

assumptions throughout all the chapter are

2d
d>2, 0<a<d —<qg<oo,
d+ «

and

Ve (L7(RY) + HE(RY) \ {0}

where as usual ¢’ = 4. We also recall that H, = LI(R?) N H=5(R?), the energy
functional ETT is defined by

1) i= o [ lo@tds = oY)+ 5 ol n sy Vo € P

and by py we denote a minimizer (unique by Theorem 3.1.1) of EIF in H, em-
phasising the dependence on the potential V. Note that we don’t consider V' = 0
since in this case we trivially have py = 0. Further restrictions and notations will
be explicitly written. We refer to [89, Proposition 3.1] for a special case of Theorem
3.1.1.

3.2.1 Proof of Theorem 3.1.1.

Proof. By definition of ETF if V.= V; + Vs € H% (R?) + L7 (R?), then

= —||p||Lq @)~ I1Vell o @y 1Pl Loy +5 IIPIIHT @y~ IVill 78 ey 121 -5 (gays
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that is clearly bounded from below in H,. Namely, infy, E7F(p) > —oco Moreover,

If {pn}, C Ha is a minimizing sequence, then

sup (ol ooy + 10n -3 gy ) < 0
In particular, up to subsequence we can assume that

Pn — PV n Lq<Rd)7
pn — F in H % (R%).

Thus,

\/Rd pn(l')@(l')dl' — pV(x)(P(l')dl' V(p c qu(Rd)7

R
(pmy ) = (F, ) Yo € H2(RY),

from which
/ pv(x)p(z)ds = (F,p) Vpe LT (RY)NH?(RY).
Rd

In particular, the distribution F is D(R%)-regular and we can indentify F' = py
with an element of LI(R?) N H~%(R?) such that p, — py in L4(R%) N H~%(RY).
Finally, from the weak lower semicontinuity of ||-|[,,ga and [|-[ i1~ (may> and the
weak continuity of the linear operator - — (-, V). we obtain

EM (py) < liminf L (p,).

n—-+o00

Uniqueness is a consequence of the strict convexity of EI*". Furthermore, since py

is a critical point for E7F by differentiating the LY and H~% norm we infer

/d sign(pv (2))pv ()" p(2)dz — (@, V) + (pv, ©) -5 gy = 0 Vo € Ha,
R

concluding the proof.
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Remark 3.2.1. Note that Theorem 3.1.1 in particular implies that the map

LY (RY) + H (RY) — LYRY) N H% (RY)

Vi— pv

is a bijection.

3.2.2 Equivalent PDE

As we have pointed out in the introduction, by testing the Euler—Lagrange equation
(3.1.7) against ¢ € C°(R?) we derive that

sign(pv)|pv|"t =V = (=A)"2py  in D'(RY), (3.2.1)

where we recall that (—A)~%py € H2(R?) is the unique solution of (1.3.12).

Let py € Hq be the unique minimizer of EXF. We introduce the function
uy = sign(py)|py |9t (3.2.2)
Then, writing the Euler-Lagrange equation (3.1.7) in terms of uy yields
[ wv@ete)ds = (0.1) + (signun )y |72 s g =0 Vo € Mo (323

As a consequence of (3.2.3), in Proposition 3.2.1 we deduce that the function uy

weakly solves the semilinear PDE defined in (3.1.11).

Proposition 3.2.1 (Equivalent PDE). Let V € H2(R%) and uy defined by (3.2.2).
Then the function uy belongs to [—O[%(Rd) and weakly solves

(—=A)2u + sign(u)]u\q%l = (=A)2V  in H 3 (R%). (3.2.4)

Proof. Let ¢ € C>®°(R?). Then, we recall that the quantity ¢ := (—A)2 belongs
to C*(RY) N L' (R?) and

(=2)20(@)| < |27 as |2] — +oo.
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We can therefore test (3.2.3) against v to get

| @)t = [ Vi) =a)ule)ds + (v, (~A)4) 1 gy =0
(3.2.5)
Note that the inclusion H? (R%) < £1(R?) implies

g ]V(x)(—A)%w(x)]d:c < 400.

Furthermore, by combining (1.2.2) with the fact that T +— (—A)"27 gives an

isometry from H~% to H% we obtain

[N]1)

<pV7 (_A) ¢>f[—%(Rd) = <(_A)_%p‘/7w>f{%(ﬂgd) = <pVaw> = /Rd Pv(x)¢($)d$a
(3.2.6)
where by (-,-) we understand the duality between H2 (R?) and H~ % (R). By com-

bining (3.2.5) with (3.2.6) we obtain that uy solves the equation
(—A)Fuy + sign(uy)uy |77 = (~A)FV  in D'(RY), (3.2.7)

where sign(uy)|uy|7T = py € H-3(R%) and (—A)3V € H-3(RY). Then, from
(3.2.7) we infer that (—A)2uy € H=2(R?) and (cf. Corollary 2.1.2) uy identifies
with Uz, with T := (=A)5V — py. In particular, uy € H%(R%) and weakly solves
(3.2.7). O

In what follows, assuming « € (0, 2], we prove that the PDE defined by (3.2.4)
satisfies a weak comparison principle (Lemma 3.2.1) which will allow us to deduce
information about the minimizer such as asymptotic behaviour and non negativity
(under some suitable assumptions). Note that, avoiding the cases where @ > 2 is
crucial for the following reasons. First, given any element u € H 2 (RY), it’s not
in general true that the quantity [u]; (respectively [u]_) belongs to H# (R%) unless
a € (0,3) (see [92, p.3], [1, p. 12,13] and references therein). On the other hand, if

a € (2,3), it’s not in general true that ([u]y, [u]-) < 0 which is fundamental

% (R4)
for the proofs of Proposition 3.2.2 and Lemma 3.2.1 below.

Proposition 3.2.2 (Non negativity). Let V € H%(R%), o € (0,2]. If (~A)3V >0,
then uy > 0.

Proof. Let o € (0,2). From the decomposition uy = [uy]y — [uy]- and (3.2.4), we
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have
(=A)S ([uy]s — [uv]-) + sign(uy)juy |77 = (~A)SV >0 in H 5(RY). (3.2.8)
Consequently, testing (3.2.8) by [uy]_ (which belongs to % (R?) N LY (R?)) we have

(=2)% ([uv]s = [uv]-). [uv]-) +/ sign(uy )|uv |7 [uy ()] >0, (3.2.9)

R4

where the above integral representation is due to the obvious inclusions
[uy]_ € L7 (RY), sign(uy)|uy|=1 € LI(RY).

Therefore, by combining (3.2.9) with ([uy]s, [uy]-) < 0, we obtain

3 (R)
e oy < O

which implies that [uy]_ = 0. The case o = 2 easily follows as well by combining

the above argument with the equality

(ke v iy = [ Vi) Flan]- =0,

R4

]

Next, we prove that the PDE (3.1.11) satisfies a weak comparison principle on

smooth domains 2. However, such result will be applied on domains of the form
Q= Br', R > 0 (see for example Lemma 3.5.4), or Q = R? (Theorem 3.1.4).

Lemma 3.2.1 (Comparison Principle). Let V € H2(RY), o € (0,2]. Let u,v €
H3 (RY) N L7 (RY), KS’Z'Qcm(u)Wqul,sz’gn(v)]v\q%1 e H 5(R%). Assume that u,v are

respectively super and subsolution of (3.2.4) in a smooth domain @ C R?. Namely
(—A)5u+ sign(u)|u]71 > (=A)SV  in D'(Q), (3.2.10)

(—A)5v + sign(v)|v]7T < (—A)SV  in D/(Q). (3.2.11)

If RN\ Q # 0 we further require that u > v in R\ Q. Then u > v in RY.
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Proof. Assume that o € (0,2). Then, by subtracting (3.2.10) to (3.2.11) we obtain
(—A)S (v —u) + (sign(v)|v|7T —sign(u)|u|77) <0  nD(Q). (3.2.12)
By density of C°(2) in HO%(Q) and (3.2.12) we conclude that

(v =1, 0) 3 (o) + (s1E0(0)|o] T — sign(u)|u[77, ) <0 Vg € H (), 20,

(3.2.13)
where by (-,-) we denoted the duality between H%(R?) and H~%(R%). Note that
(1.2.2) implies that [v — u], € H?(R%). Moreover, since u > v in/]Rid/\ 2 and 0f2
is regular, the function [v — u], (which by definition belongs to H?%(Q)) can be
approximated by smooth functions supported in 2. Namely, [v —u], € HO% () (see
Remark 1.2.1). In particular we can test (3.2.13) against [v — u],. Note also that,
since sign(v)|v|q%1 - sign(u)|u|q%1 e H5(RY) N LYRY) and [v — u], € HO%(Q) N
LY (R?), we have the equality

. 1 . 1
(sign(v) o] — sign(u) 7, o~ uls) 13 o) 18 ey =

= /Rd(sign(v)|v|qil - Sign(u)|u|q%1)[y — .
(3.2.14)

Thus by combining (3.2.13), (3.2.14) with (1.2.2) we infer

. IR 1
0> {(v—u,fv— u]+>ﬁ1%(Rd) + /d(81gn(v)|v|q—1 — sign(u)|u|77)[v — u]; >
R
> (o =t [0 = ) 3 gy = 10— 1+ 1y

from which [v — u]; = 0. This concludes the proof for the case a € (0, 2).

The case a = 2 follows by the same argument. ]

Corollary 3.2.1. Let o € (0,2]. For every f € H™2(RY) there exists a unique
up € L7 (R N H% (RY) weakly solving

(—=A)>u + szgn(u)|u|q%1 = f in H 3(RY). (3.2.15)

Proof. Let u be a solution of (3.2.15). From f € H~%(R%) we further conclude
that Sign(u)|u]ﬁ € H5(R%). Assume now that there exist two solutions uy, us

of (3.2.15). Then, by applying Lemma 3.2.1 to Q = R¢ we conclude that u; = us,.
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Furthermore, let us consider the minimizer py for £F with V := (-=A)~2f. By
Proposition 3.2.1 and the definition of V' we derive that uy solves (3.2.15) as well.

Thus, uy = u by the uniqueness just proved. O

Corollary 3.2.2. Let V € H3(RY) N L7 (RY), o € (0,2]. If Vi1 € H 5 (RY),
V >0 then
uy <V inR%

Proof. Since V' is non negative it clearly satisfies
(—A)SV + Va1 > (—A)SV  in D'(RY).
Then, Lemma 3.2.1 implies
uy <V in R%
O

Next we prove that the minimizer py is non negative and radially non increasing
provided (—A)2V is non negative and radially non increasing as well. In particular
Corollary 3.2.3 below generalises [89, Corollary 4.4] to every a € (0,2] without
requiring the additional decay assumption (—A)2V € LdQTda(]Rd).

Corollary 3.2.3. Let a € (0,2] and V € H2(RY). If (=A)2V is a non nega-
tive, locally integrable, and radially non increasing function then wy s the unique

minimizer for the following problem

J = inf J(u), (3.2.16)

weHF (R)NLY (R)
where J is defined by

1

J(u) = 3

1 /
el oy + 5 [ 1@ = (Vs (3:2.17)

Furthermore, uy 1s non negative and radially non increasing.

Proof. The unique minimizer v in H % (RN LY (R) for the convex energy functional

J is characterised by

(,9) 18 (o) T /Rd sign(u(2))[u(@)| 7T p(@)dr — (¢, V) 45 g =0 (3.2.18)
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for every ¢ € H%(R?) N L7 (RY). Hence, by Proposition 3.2.1, we conclude that
u = uy . In particular, by Proposition 3.2.2, the function uy is the unique minimizer
of J on the set P defined as follows

P o= {u >0:ue H3(RY ﬂLq'(Rd)}.

Thus, by combining (1.2.2) with Corollary 2.3.1 we have that u (—A)2V € L'(R9)
and

(u, V>g%(Rd) = ((=A)3V,u) :/ (=A)2V(x)u(x)dr Yu € P.

Rd

This implies that the functional J restricted on P takes the form of
J(u) = 1 lwll% g v + 1 lu(@)|de — | (=A)2V(2)u(z)dz Yue P. (3.2.19)

We now claim that uj, = wy, where by uj, we denote the radially symmetric re-
arrangement of uy. It holds that (see [7, Theorem 9.2] or [8, Proposition 2.1] and
[78, Lemma 7.17, eq (4) p.81])

ot ey < ol gy 103ty = Ml (3.2.20)
and

/Rd(—A);V(x)uv(x)da: S/ (=A) 2V (x)ul (2)da, (3.2.21)

Rd
where (3.2.21) follows by radial symmetry and monotonicity of (—A)2V. Then,
putting together (3.2.20) and (3.2.21) we deduce that uj, € P and

Juy) < J(uy) =J.

Hence, uj, is also a minimizer and uj, = uy (by uniqueness). O

3.3 Regularity

This section is entirely devoted to prove regularity of the minimizer py,. The idea is

to take advantage of the Euler—Lagrange equation

sign(py)|pv|?t =V — (=A)"2py  in D'(RY), (3.3.1)
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where we recall that by (—A)~% py we denote the unique element of H % (R?) whose
Laplacian is py in the sense of (1.3.12). Indeed, in view of (3.3.1), it’s readily seen
that the regularity of (—A)~2 py implies regularity of py (assuming some regularity
of the potential V'). Thus, in the first two subsections (see 3.3.1 and 3.3.2 below), we
focus our attention on the case ¢ > g where in general the Riesz potential [, * py is
not well defined as a Lebesgue integral and can not be identified with the operator
(—A) "% py.

In the last subsection, we study regularity of the minimizer in the subcritical

regime ¢ < £ (Corollaries 3.3.3 and 3.3.4), where (3.3.1) reads as

sign(py)|py |4 = V(z) — Aa/ Lyd)_dy a.e. in RY, (3.3.2)

Re |7 =y
(see again Corollary 2.4.1). We further point out that, from now on, the basic
assumption on V is to be a non zero element of H 2 (R%) while other assumptions

will be explicitly written when necessary.

Remark 3.3.1. Before presenting the regularity results of py on the subcritical
regime, we emphasise the fact that Corollaries 3.3.1 and 3.3.2 can be improved by
simply requiring more regularity (e.g., Holder regularity) of the potential V' in the
spirit of Corollary 3.3.4.

d

3.3.1 Supercritical cases: ¢ > g, a— ¢ N

In this regime, the Euler-Lagrange equation reads as (3.3.1) and, by a classical
localisation argument that, we can easily see (Proposition 3.3.1) that the function

(—A)~2 py is regular.

Proposition 3.3.1. Let 0 < o < d, 8 be a positive number and u € L1 (RY) be a

function solving
(=A)2u=f inD(Bg),
for some R > 0. The following hold:
d

(i) If f € LY(Bg) for some ¢ > 2, a — g ¢ N then u € C* 4(Bgjs);

(it) If u € L®(RY), f € C°(Bgr) with 8, B +a ¢ N and 0 < a < 2 then
u € Cﬁ+a(BR/2>.
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Proof. We begin by proving case (i). To this aim, let us define the function

wnlz) = A, f(y)xBREy) dy.
re |z =yt

Then, u—ur € L} is a—harmonic in Bg. In particular, from Lemma 2.2.1, the latter
function belongs to Coo(m/g). We mention also the general result [61, Theorem
12.19] providing regularity in a framework of pseudodifferential operators and [102,
Proposition 2.2]. Moreover, since f € L?(Bg), the function fxp, has compact
support and belongs to L*(R?) N L9(RY). Then, since o — g is not an integer, we
infer up € CPHAH(RY) with B = a — g (cf. [2, Remark 5.18] and references therein).
This concludes the proof of (7).

Proof of (ii). We refer to [99, Theorem 1.1-(b), Corollary 3.5] or [33, eq. (3.23)—
(3.25)]. O

In view of Proposition 3.3.1, in Corollary 3.3.1 we prove the regularity of py

d

when o — 1 is not an integer.

Corollary 3.3.1. Assume 0 < a <d, ¢ > < and 04—5 ¢ N. IfV € H? (RY)NC(RY)
then the minimizer py € C(R?).

Proof. By Proposition 3.3.1 we obtain continuity of (—A)~2 py,. Then, if V € C(R?),
the Euler-Lagrange equation (3.3.1) implies continuity of py . O

Next, we prove the regularity of the minimizer py in the cases a — % being an

integer. This completes the study of regularity in the regime ¢ > g.

3.3.2 Critical cases: a — %l e N

In this cases we can reduce the analysis of the regularity to the supercritical case

already analysed above. Namely, we prove the following:

Corollary 3.3.2. Assume 0 < a < d and o — Cé eN. IfV e H:(RY) N C(RY) then
py € C(Rd)

Proof. By the Sobolev embedding, V' and (—A)~2 py belong to L%(Rd). In par-
ticular, from the Euler-Lagrange equation (3.3.1) we obtain that py € LI(R?) N
L@ D(R). Then, py € LI+ (RY) for every ¢ > 0 sufficiently small. Conse-
quently, from Proposition 3.3.1 we infer that (—A)~2py € C’g;#(Rd) for every
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e > 0 small such that o — ﬁ is not an integer. Then, by continuity of V' and the
Euler-Lagrange equation (3.3.1), we deduce the continuity of py. O

3.3.3 Subcritical case: ¢ < g

In this regime, the Riesz potential I, * py is well defined and equation (3.3.1) reads
as

sign(py) ||t =V — I, * py a.e. in R (3.3.3)

We begin the subsection by proving Holder continuity of the Riesz potential provided
that the potential V belongs to LP(R?) for some p sufficiently large.

Lemma 3.3.1. Let py € Ho be the minimizer and q < g. Then, there exists

p > 2L such that if V € HE(RYNLP(RY) then I, = py belongs to COV(RY) for some
v € (0,1].

Proof. By (1.4.4), I, * py € L' (R?) where i = % 4. Assume that V e L' (R%).
(q—1

Then py € L1@~D(RY). Moreover, we set s, := t,(q— 1) > ¢ := 59 and we note that

2d
t1 > Ta"

Let us start now from s; above defined. We split the analysis into three cases:
(Z) S1 > g,

(it) s, =42,

(ii1) 51 < <.

If (i) holds, we have that py € LI(RY) N L*(RY) from which Lemma 1.4.3 implies

Holder continuity of I, * py .

If (i7) holds, we have that py € LI9(R?) N Lg(Rd) which in turn implies that py €
“¢(R%) for every £ > 0 small. Hence, (3.3.3) implies that I, % py € L' (R?) where

t. is defined by
d(d — ae)
te = ———.
a’e
Thus, if we assume that V' € L (R%) we obtain py € L@ V% (R?). Consequently, if
we choose € small enough (i.e. 0 < e < d(‘i—;l)) it holds that (¢ — 1)t. > <. Again

from Lemma 1.4.3 the desired Hélder regularity holds.
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If (4i7) holds the idea is to iterate the process. In general, we consider a recursive

sequence defined as follows:

So ‘= (¢,
L (3.3.4)
S) 1= —d‘isz;l), if s < 2.

Next, we claim the above sequence consists of a finite number of elements, i.e., there
exists k € N such that s;_, < g and s; > g. The proof of the claim goes by
contradiction. Assume that from (3.3.4) we construct a sequence {s;}, such that

Sp < g for every k € N. Then, we notice that the function f : (0, g) — R defined by

dz(q—1)
d— ax

flz) =

is increasing. As a consequence, the inequality s 1 > si is equivalent to the inequal-
ity f(sx) > f(sg—1) that is in turn true by induction since s; > sy = g. Therefore,
the sequence {s;}, is increasing and there exists L := limy_,; S.

Case 1. If L = £ then

d k
—= lim ——(¢—1)=
« ki?ood— Qasy (g ) =+o0

which is a contradiction.

Case 2. If 0 < L < g, passing to the limit on the equation

dSk
=——(¢—1
we obtain the following relation
2 —

On the other hand, since the sequence {s}, is increasing and sy = ¢, we conclude

that L must be strictly bigger than ¢q. However, the assumption g > di_—da ensures

that the right hand side of (3.3.5) is smaller than ¢ leading to a contradiction.

In view of the above analysis, if we further assume that V € m£=1 Lt (R%),

ti = 9, by iterating k-times the argument in the first lines of this proof we
k Sk—1

conclude that py € L% (R?), where sj > g. We also recall that the sequence {tx},,
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k = 1,...,k is increasing and t; > %. Hence, by the Sobolev embedding it is
enough to require V € H%(R?%) N L'*(R%). Now, if s; > 4 from Lemma 1.4.3 we
derive the Hélder regularity. If s; = ¢ by arguing as in (i) we conclude that there
exists ¢, such that if V' € L*(RY) then I, * py is Holder continuous. In particular,
if Ve Hs(RY) N LP(RY), p := max {tj, t.}, we conclude again.

Moreover, I, * py € L®(R%). Indeed, by the previous argument, py € LY(R?) N

L'(R?) for some ¢ < £ < ¢. Thus,

o pr)@l=2a]| [ 2D

1
dy a dy v
<A, (HPVHLq(Rd) (/Rd\Bl |y|(d——oz)q> Hlovilzeme </Bl |y|(d—a>t’) )

< 00,

(3.3.6)

from which there exists v € (0,1] such that |1 * py||corgaey < co. Furthermore,
from the inclusion I * py € LT (R%) N C%7(R?) we conclude that I, * py vanishes

at infinity. O

Next, to simplify the notation, in Corollaries 3.3.3, 3.3.4 below we restrict the
statements to the case 0 < a < 2. The other cases can be obtained by an iterations

of the same arguments in the spirit of [33, Theorem 10].

Corollary 3.3.3. Let 0 < a <2 and q < g. Let py € H,, be the global minimizer.
If Ve H3(RY) N Cy(RY) then py € Co(RY) and the following possibilities hold:

(i) If a <1 then I, * py € C*(RY) for every v < «;
(ii) If a > 1 then I, * py € CYY(RY) for every v < a — 1.
In particular, py(x) — 0 as |x| — +oo provided V(x) — 0 as |x| — +00.

Proof. Assuming V is also bounded continuous we obtain that V' € L*(R?) for every
5> %. Thus, by Lemma 3.3.1, I, % py is Holder continuous of some exponent ~.
Then, from (3.3.3) we obtain py € Cy(RY). This precisely implies the desired regu-
larity of I, % py (see e.g. [102, Proposition 2.9] or [75, Theorem 3.1]). Furthermore,

since I, * py goes to zero, the same holds for py provided V' goes to zero. O
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In what follows, by applying Corollary 3.3.3 and Proposition 3.3.1, we show that
assuming some additional regularity of the potential V' yields more regularity of py.
In particular, Corollary 3.3.4 proves that if V' is bounded locally Holder continuous
of exponent v € (0, 1], and g < ¢, where g, is defined in (3.3.7), then py is locally
Holder continuous of exponent min {ﬁ, 'y}, which is in general the best regularity
achievable. We also notice that if V' is locally Lipschitz continuous then the exponent

¢« coincides with the critical exponent already mentioned in [33, Theorem §|.

Let0<a<d,0<y<1landgq> di—da. We define the quantities q., 7. as follows
2a i o <,
=4 " (3.3.7)

+oo, ifa>7,

e := min {L’y} . (3.3.8)

g—1
Taking into account the above notations, we formulate the main regularity result of

the section requiring low regularity of the potential V.

Corollary 3.3.4 (Hélder regularity). Let 0 < o < 2. Assume V € H%(R%) N
CPY(RHYNL=(RY) for somey € (0,1]. If g < 4 then py is bounded and locally Hélder

continuous. Moreover, if we further assume q < q., then py € CZOO’Z* (RY) N L>*(RY)
where q., v« are defined in (3.3.7)-(3.3.8).

Proof. The first part of the statement is a direct consequence of Lemma 3.3.1 and
Corollary 3.3.3. For the second part, we follow the proof of [33, Theorem 8].

Case o < 1. By Corollary 3.3.3 we have I, * py € C*#(R?) for every 8 € (0, ). Let
us start by assuming g < 2. Then, we define the quantity

Bni=F+(n—1ae(l—a,l), (3.3.9)

where n € N is such that n+r1 <a< % Clearly we can assume that a < . Indeed,

from (3.3.3), if ¥ < a we immediately get sign(py)|py|¢™" € C27(RY).

loc

Assume that a < 7. By the choice of n and the definition of 3, provided in
(3.3.9), it holds that 3, < 1 and (5, + a > 1. Thus, starting from § and applying
(n — 1)-times Proposition 3.3.1 we get I,  py € C2P"(RY). Hence, (3.3.3) yields

loc

sign(py)|pv |7t € CO:bn (R%). Again, if v < 3, we conclude. If not, another iteration

loc

of Proposition 3.3.1 leads to I, x py € Crreltfntelpdy — glfnta=lpd)  Tpe

loc loc
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desired regularity is therefore obtained by (3.3.3).
Assume now 2 < q < q,. As before, I, * py € C%*(R?) for every 3 € (0, ).
Hence if a@ > v we obtain the thesis. If not, we argue as follows. Let us define the

quantities o, v, by

B a N a _a(q—l)
a”_;(q—l)f’ o ;(q—l)J q—2

Note also that a,, > 7 since ¢ < ¢*. In particular, there exists n € N such that
am—1 < v and oz > . Thus, after n — 1 iterations of Proposition 3.3.1 we obtain

that I, * py € Cz (Rd) for every 5 € (0,az—1). As a consequence, (3.3.3) yields

py € Cl 5(RY) for every 8 € (0 ,C:]"*ll) In particular, since by assumption a; =

oA a” L >, another iteration of Proposition 3.3.1 implies that there exists 5 ¢ N
Strlctly larger than « such that I, x py € C o148 (RY). Thus, I, % py € C27(R?) and,

loc loc

from (3.3.3), we conclude the proof of this case.

Case a = 1. By Corollary 3.3.3 we get [, * py € C’l (Rd) for every € (0,1).
Hence, if v < 1 the thesis follows. On the other hand, If v = 1 and ¢ < 2, the
Euler Lagrange equation (3.3.3) implies that py € C27(R?) for every 8 € (0,1).

loc

Thus, Proposition 3.3.1 implies I, * py € Clﬁm] Brelrdy = CL8(RY) for every

loc
B € (0,1). In particular, I, ¥ py € C}(R%) and, by (3 3.3), the same holds for py .

8
If v =1and ¢ > 2, from (3.3.3) we deduce that py € o (Rd) for every B 6 (0,1).

loc

In particular, Proposition 3.3.1 yields I, x py € Cz[ At +a}( R%) = NG = (RY).

loc

The conclusion follows again by (3.3.3).
Case a > 1. This case follows again by Proposition 3.3.1 and by using the same

arguments as in the previous cases. [

Remark 3.3.2. If ¢ > ¢, and a < 1 we can still get information about the Holder
a(g—1)
q—2

> «, we improved the Holder exponent of I, * py from « to

exponent of I, * py. Namely I, * py € C2P(RY) for every 0 < 3 < In

1
particular, since a(q )

a(g—1)
q—2

enough to compute the fractional Laplacian via the singular integral (1.3.3).

. This fact W111 be important for Proposition 3.5.2, where such regularity is
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3.4 Non negative minimizer

We begin the section by minimizing the same energy functional £ over the cone

of non negative functions. To be precise, we minimize the energy £XF over the set
HIZ:{pGHoMPZO}»

where we recall that H,, is defined by (3.1.5). Note also that if V' < 0 in the whole

of R? we clearly obtain the inequality
EIF(p) >0 VpeH,,

and hence p{; = 0 is the unique trivial minimizer of EX* in H}. Then, for the
rest of the section we will always assume V to be an element of H % (R?) 4+ L7 (R9)
which is positive on a set of positive Lebesgue measure. Further restrictions will be
emphasised when needed.

Next, in Theorem 3.1.4 and Theorem 3.4.1, we study the relation between the

free and constrained minimizer

3.4.1 Proof of Theorem 3.1.3.

Proof. Once noticed that H is weakly closed in H,,, the proofs of the existence and
uniqueness follow the same lines as in Theorem 3.1.1. In particular, (3.1.13) follows.
Moreover, by arguing as in [78, Theorem 11.13] or [29, Proposition 3.6], we further
obtain the Euler-Lagrange equation.

Let pi> be the minimizer. Then, we have

(ETY D) = [ (oF )" p(ohds — (V) + (o )ymn 20 Vi € M
(3.4.1)
where by (E17) we understand the Frechét derivative of EI7 and by (-,-) we de-
note the evaluation of the linear functional (EX7)(p{,) against the test function ¢.

Furthermore, inequality (3.4.1) implies

[ (@)™ = V) + (-a) 5 @) plalds 20 Vi€ R, 920
(3.4.2)
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that in turn proves
(P 2V = (=8) %) ae inR (3-4.3)

Let ¢ := pi-p where p € C®(R?), and p. := p, — e where 0 < € < Hgonio(Rd).
Such kind of construction has been used for example in [10, Lemma 2]. Note that
since ¢ > di—da and ) € L%(Rd) C H~%(R%), we have that 1 and p. belong to
H~5(R%). By the choice on ¢ and minimality of Py, we have p. € HI and

0 S lim gg;F(pE) B SgF(p$)
o ; (3.4.4)
= [ (@) Vi) A V) st e

Now, replacing ¢ with —1 we obtain also the opposite inequality which implies that

/R , (@)™ = V(@) + (~A) % pi (@) pl (2)p(w)de = 0. (3.4.5)

Thus, since ¢ is arbitrary we obtain
Py ((p‘JS)q_1 -V+ (—A)‘%oﬁj) =0 a.e. inR% (3.4.6)

Relation (3.1.3) follows combining (3.4.3) with (3.4.6). O

Theorem 3.4.1. Assume q > £%. Let V be a function in L7 (RY) + HS(RY). Let
pv, py be respectively the minimizer of EIT in Ho and in HE. Then, [pv]y = pi if

and only if py > 0.

Proof. 1If py is non negative the conclusion is trivial since py is a minimizer in the
larger set H,, and by uniqueness it has to coincide with p7,. On the contrary, assume

[pv]+ = pi>. By definition py and py; satisfy respectively

[ sEnlov @)lpv @) o(e)de = (V) + (e =0 Ve € Moo (347

/R ()" @)p(a)dr = (o, V) + (pis @) -5 ey 2 0 Vo € Hy. (3.4.8)

In view of (3.4.7), we rewrite the quantity (¢, V) and we replace it into equation
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(3.4.8) to obtain

/d[pV]ilgp"i_ <[pV]+780>]f[*%(]Rd)_ <,0V7<P>g%(Rd)—/dsign(Pvﬂpv‘q1¢ZO VQOEH;,
R R

which implies that

/R[pv] o+ (lpv]- ) s @y 20 Vo € HY (3.4.9)

Hence, if [py], = pi, the function [py]_ belongs to H~2 (R%) N L¢(R%) and satisfies

(3.4.9) that is the Euler-Lagrange equation related to the convex functional

= o o S Ul

Clearly, the unique minimizer of F in H7 is the zero function and so [py]- (which

is the minimizer since it satisfies (3.4.9)) must be the zero function. O

Similarly to what has been in the previous section, we can prove regularity of

pi. We formulate the following:

Corollary 3.4.1. Let pi; € H} be the non negative minimizer. If V € H2(R%) N
Cy(RY) then pir € C(RY).

Proof. First of all let’s notice that - — [-]; is a Lipschitz continuous functions. Thus,
if ¢ < £ the proof follows the same argument as in Corollary 3.3.3 while if ¢ > £,

the continuity is a direct consequence of Corollaries 3.3.1 and 3.3.2. [

Remark 3.4.1. In view of the argument provided in Corollary 3.4.1, it’s easy to see
that we can prove that the analogous version of Corollary 3.3.4 for the constrained
minimizer p;;.

Next, we state a more general version of Lemma 3.2.1 that will be used for the

proof of Theorem 3.1.4.

Lemma 3.4.1. Let u,v € POI%(Rd), a € (0,2, and f : R x R — R such that
t = f(x,t) is non decreasing for a.e. x € R%. Assume that f(z,u(z)), f(z,v(z)) €
L%(Rd) and that there exists a smooth domain € C RY where

(=A)2u+ f(z,u) >0 inD'(Q), (3.4.10)
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(=A)2v+ f(z,0) <0 inD(Q). (3.4.11)

If R\ Q # 0 we further require u > v in R4\ Q. Then, u > v in R%

Proof. The proof is similar to the one of Lemma 3.2.1. m

Remark 3.4.2. Note that, Lemma 3.4.1 applies also when we add g € D'(R?) to
the right hand side of (3.4.10) and of (3.4.11).

Proposition 3.4.1. Let V € (ﬁ%(Rd) N Cy(RY) \ {0}, a € (0,d). Assume that

lim |29V (x) = 0. (3.4.12)

|z|—+o0
Then py is sign changing.

Proof. Assume now that py > 0. From Corollary 2.4.2, 3.3.1, 3.3.2 and 3.3.3 we

infer that py is a continuous solution of
pUt =V —I,xpy inR% (3.4.13)

Moreover, if |z| is sufficiently large, there exist C, R > 0 independent on x such that

Aq
o)) = A [ Py > e [y
R |7 — Y| (2z]) B(z,2|z|) (3.4.14)
o A.
> W/L;? pv (y)dy.
R
In view of (3.4.14) we obtain
lim inf |2|*~*(1, * py)(x) > 0. (3.4.15)

|z| =400

Hence by, (3.4.12), (3.4.13) and (3.4.14)

0 <limsup |z|**p% (z) = lim  |2|**V(z) — limsup |z|*~*(I, * py(z)) < 0,
|z| =400 || =00 |x| =400

(3.4.16)

that is a contradiction. The same contradiction arises assuming py < 0. O]

Remark 3.4.3. In this remark we provide non trivial examples of potentials satisfy-

ing or not satisfying the conditions (i) and (27) of Theorem 3.1.5. First of all, besides
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smooth functions with compact support, if V is C?, non negative and radially non

increasing of the form

|lx|=, if |z] > 1
V(Jal) =
v(lal), if |z <1,

with v € C%(B;) and v > d — «, the assumptions of Theorem 3.1.5-(i) are satisfied.
See e.g., Lemma 3.6.1. As far as concerns (ii), to find examples of bounded super-
harmonic functions belonging to HS (R9), it’s enough to consider a function V of the
form V := I, T for some 0 < T' € H~% (R N LP(RY) N LU(RY), p < 4 < g. Indeed,
by arguing as in Corollary 2.4.1 and Lemma 3.3.1 we have that V € H % (R?)NCy,(RY).

Moreover, by construction
(-=A)2V =T2>0 in D'R?.

Finally, let us consider a sign changing function 7" € L%(R?), for some q > %. Then,
as before, we consider the function V := I,*T € H% (RY)NC,(R?). By construction,
we have that (—A)2V = T is sign changing, i.e., V does not satisfy the assumption
of (4i). Furthermore, if ||[T], | 11ay # |[T]- |12 (®a), by Lemma 3.5.1 we infer

(T () = (La#{T)2) (1) — (Lt (7)) ) = L e — 1N (=)

Ei E

i.e., (1) is not satisfied neither.

In what follows we are going to prove Theorem 3.1.4 by further assuming V'
being a continuous function with compact support. To this aim, we will employ
a fractional Kato-type inequality which essentially comes from [8, Theorem 3.3].
For completeness we provide a proof in Lemma 3.4.2. The proof of the local case
a = 2 follows by a similar argument (see also [24, Lemma A.1]). Note also that, the

condition on V' being compactly supported in particular implies

lim |z|%*V (x) = 0, (3.4.17)

|z| =400
from which py is sign changing (Proposition 3.4.1) and the statement of Theorem
3.1.4 is not trivial. (Note that if py is non negative then Theorem 3.1.4 is trivial

since py = py> by uniqueness.)
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Lemma 3.4.2 (Fractional Kato inequality). Let a € (0,2). Let u € H3%(R?) and
f € L} (RY) such that

o
2

(s oy = [ Fla)ola)ds Vo € (R) (34.18)

Then,
(=A)3|u| < fsign(u) in D'(RY).

Proof. Let 0 < ¢ € C®°(R?) and § > 0. We define the function

where ug(z) = /u(x)? + 02. First, we claim that ws € H?%(R%). Since by the
Sobolev embedding u € L%(Rd), we deduce that

/Rd g7 < HSDHZ%‘W) /Rd % e (”SOHLT““R”) B 5 s, (3.4.19)
Moreover,
) ()
ws(r) — ws(y) = ué(x)@( ) ué(y)w(y)
— [u(e) — u(y)]) 22 (3.4.20)
us ()
| e + et - (]

By (3.4.20) we have that

4
[ws(w) = ws(y)* < =5 |u(@) = u(@)P 1] @y

u(y) |?

+4 s (1) ’ 160170 ety s () — ws (1)|” + Alio() — (y)[?

4 4
< slu(@) —u(y)l 117 o ety + s3llu(@)] = lu)Il [

+ 4p(z) — oy
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which in turn implies that

4
sl g gy < 52||u|| o 191y 1% g Iy + Al g

< Sl g 10wy + A0 gy
(3.4.21)

From (3.4.21), we can test (3.4.18) by ws obtaining that

SOITOECLO P

R4 JRd

Moreover,

ju2)|

us()

(u(z) — u(y))(ws(z) — ws(y)) = (flu(@)] = luly)N(p(@) —¢ly)  (34.22)

and, by combining the definition of ws with Holder inequality and Lemma 1.2.2, we

have
lu(@)| (Ju(@)] — |u(y)])(e(z) — ¢(y)) 2
dedy < —
I - o iy < el e 11 ey
(3.4.23)
In view of (3.4.23) ) — 1 a.e. as 6 — 0, by Fatou’s Lemma
we obtain
. y)(ws(x) — ws(y))
h%fsslf{ Pl
Rd JRd Ué ’ y’dm

C’a u(z)| — —
; / /Rd| ol _)defa D) = 60 4o

Finally, since |fws| < |fo| € L*(R?) and fws — fsign(u)p a.e., dominated conver-
gence theorem implies that fws — fsign(u)p in L*(RY). We have therefore proved
that for every ¢ € C>*(R?), » > 0.

fsign(u)e.
R4

%/ (u@)] = [u@)Dle@) = W) ;0 <

2 |.Z' _ y|d+a
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3.4.2 Proof of Theorem 3.1.4.

Proof. By Corollaries 3.3.1, 3.3.2, 3.3.3 and 3.4.1, the functions py and p;; are
continuous. Moreover, by Proposition 3.4.1, we have that [py], # pi> and they
solve

1

pi(a) = [V(z) = (A)Fpf(x)]{" Vo eR,

) (3.4.25)
sign(pv (2))pv (2)|""" = V(2) = (=A) "2 py(x) vz € RY.

Now, to simplify the notation, we introduce again the functions U,, = (—A)"2py
and U,y = (=A)~3pi.
By applying the positive part function [-]; to the second equation in (3.4.25) and

multiplying by a non negative smooth function with compact support ¢ we infer

[ v < [ pvlpis = [ V@) - U @] elo)

R4

Similarly,

/Rd P;(ﬂﬁ)so(x)dm = / V(x) — (’0¢(Qj)]qjd1‘

Rd

Consequently, from (1.3.13) we obtain

1
127 in D'(RY),
" (3.4.26)

(=A)2U, = [V -Uylf"  inD'(RY).

(AU, <[V -1,

pv

Furthermore, since py € L4(R?) and ¢ > di_dw we can apply Lemma 2.3.1 to conclude
that
(v ity i = | r@ibl@lde o € HE R, (3.4.27)
R

Thus, by combining Lemma 3.4.2 with (3.4.26) we deduce that

1

Unle S Xqu,, o0y v V= [Up1)T7 in DRY. (3.428)

N1

(=4)

On the other hand, the case a = 2 is classical and follows the same lines. Note also

that the assumption on the support of V' combined with its continuity ensures that

1

IV — U, )7 € LYRY) N L2(RY) € Lis (RY),

—+

N 5 (3.4.29)
[V = Uit € LYRY) N L2(RY) C Lawa (RY).
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Moreover, from (3.4.25) and non negativity of U oty We deduce that p{; has compact
support. Thus, by (1.2.2) and the above analysis, the functions [U,
to H%(R?) and satisfy

U ot belong

v]

1

(=A)2[Up )4 <[V = [Up )T in D'(RY),

L (3.4.30)
(=A)2U = [V = U]t in D'(R%).
1
Then, Lemma 3.2.1 applied to Q = R? and f(z,u) = —[V(z) — u|?" implies the
inequality
Uy > [Up ]y inRY (3.4.31)

Hence, from (3.4.25), inside the open set {p{; > 0} we have

sign(pv)|pv]*! = (p0)" = Uye = U,y
> U, —[U,

proving the desired inequality.
To conclude, it remains to prove the existence of a set of positive Lebesgue
measure where the inequality is strict. To this aim we argue by contradiction.
Assume that [py], = p}, in the whole of R%. Then, by Theorem 3.4.1 we deduce
that py is non negative. However, since V' has compact support, Proposition 3.4.1

implies that py must be sign changing leading to a contradiction. O]

Remark 3.4.4. Note that the assumptions on V' to prove the inequality (3.1.14)
can be relaxed. Indeed, the above proof remains the same as long as (3.4.29) is valid

and this is true for example if [V], € L (RY).
As an immediate Corollary we state the following result:

Corollary 3.4.2. Assume that the same conditions of Theorem 3.1.4 hold. If V 1is

non negative function supported in compact set K of R?, then

supp(py,) C supp([pv]y) € K.

In particular, py <0 in K°.
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Proof. By Corollary 3.2.2 and Theorem 3.1.4
0<py <lpv]y <V

from which the thesis follows. O

Next, we move our attention on the study of the asymptotic behaviour of the

minimizer.

3.5 Decay estimates

The main goal of the following section is to study the asymptotic behaviour of the
minimizer py extending the results of [89] concerning the special case d = 2, a = 1
and ¢ = 2. In order to take advantage of the elliptic formulation (3.1.11), we focus
on the case a € (0,2). We further recall that, in the local case a = 2, the asymptotic
behaviour of solutions for (3.1.11) has been widely studied in [96, Theorem 1.1.2]
and [105] where log—corrections in the decay in the spirit of Theorem 3.1.7 have been
proved. Furthermore, except for Theorem 3.1.8 where we study decay properties of
sign changing minimizers, we will always assume that (—A)2V > 0 (which ensures
non negativity of the minimizer by Proposition 3.2.2).

For simplicity’s sake, we summarise below the basic assumptions of this subsec-

tion. We denote by (A) the following set of conditions

(4 e N2 00);
a € (0,2);
(A) = Qg€ (3%, 00);

Ve (H35(RY)NCRHERY) N Le(RY) \ {0} ;
\(—A)%V > 0.

We further recall that in this context, given two non negative functions f and
g, by writing f(x) < g(x) as |x| — +00 we mean that there exists C' > 0 such that
f(z) < Cg(z) for every x sufficiently large and similarly by writing f(x) ~ g(x) as
|z| = 400 we understand that f(x) < g(x) and g(x) < f(x) as |z| = +oo.

Remark 3.5.1. We further notice that, the regularity assumptions on V imposed

above can be weakened according to Proposition 3.5.1.
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We begin by studying the sublinear regime corresponding to g < 2.

3.5.1 Sublinear case: ¢ < 2

Proposition 3.5.1. Let a € (0,2). Let V € H%(RY), V wanishing at infinity and
such that 0 < (—A)2V € LP(RY) for some p > 4. If ¢ < 2 then,

0 <uy(xr) <V(z) forall zeR% (3.5.1)

Proof. The proof is similar to [83, Lemma 7.1]. From Proposition 3.3.1 we derive
continuity of V. This, combined with the fact that V' vanishes at infinity in particular
implies boundedness of V' as well. Thus, from regularity and superharmonicity of V'
we derive regularity and non negativity of uy (see Corollaries 3.3.1, 3.3.2 and 3.3.3
for regularity and Proposition 3.2.2 for non negativity). Moreover, since I, * py is
clearly non negative, the Euler-Lagrange equation (3.1.9) implies that the function

uy is dominated by the bounded function V. In particular, since V vanishes at
2—q

infinity the same happens to uy. Next, if we define ¢ := Huv||§(Rd), the function
uy solves
(A2 +)uy =uy(c—ul ')+ (=A)2V >0 in D'(RY). (3.5.2)

It is known that the operator (—A)2 + ¢ has a positive and radially non increasing

Green function K. behaving as follows

rdte asr — 0,

Ke(r) S

~

(3.5.3)

r‘d_a, as r — +oo

(see [53, Lemma 4.2] or [57, Lemma C.1] for more details). From (3.5.3) we deduce
that K. € L'(R?) N LY(RY) for every t < L.
Let g be the right hand side of (3.5.2). Then g takes the form of

g:gl+g27

where



78 CHAPTER 3. REPULSIVE NON LOCAL INTERACTION

As a consenquence, g; € L7 (R?) N L*(R?) and g € LP(R?), p > 4. Thus, K. * g

defines a bounded uniformly continuous function which solves by construction
(=A)2 +)(Kexg) =g in D'(RY), (3.5.4)

cf. [83, Lemma 7.1, eq. (7.16)]. Note also that by the properties of convolutions we
have that both K. x g; and IC. * g5 vanish at infinity, i.e., K. % g vanishes as well.
Then, by combining (3.5.2) with (3.5.4) we infer that uy can be written as

uy = K. x g+ 1, (3.5.5)

where u solves the eigenvalue problem

2—q

(=A)sa=—cu inD'RY, c= ||uv||§(Rd)

> 0. (3.5.6)

Next, we prove that @ = 0. First of all, from (3.5.5) we conclude that u € L>(R?)
and % — 0 as |x| — oo. Then, by Proposition 3.3.1 we conclude that 4 € C>(R?)
and so (3.5.6) is satisfied pointwisely. Namely,

(—A) () = SL /R 2u(x) — Wz ty) ZUT=Y) g ae) e e R

9 |y|¢+2s
(3.5.7)
Then, we consider three possibilities:
(1) u>0;
(1) u < 0;

(797) w is sign changing.
If (4) holds, since u € C*®(R?) N L>®°(RY), & — 0 as |z| — 400, we deduce that
either © = 0 or there exists a positive global maximum at z. If this is the case, from

(3.5.7) we get
0 < (=A)2u(z) = —cu(z) < 0,

contradiction. Hence, u = 0.
If (47) holds, either @ = 0 or there exists a negative global minimum at z. Then,

again by (3.5.7) we obtain

0 < —cu(z) = (—A4A)

[N]1)
Sl
—~
S
A
=
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contradiction. Hence also in this case we have that u = 0.
Finally, if (#i7) holds we get that there exist a negative global minimum and a positive
global maximum. This leads to a contradiction by arguing as in the previous cases.

We have therefore proved that @ = 0 and so, cf. (3.5.5), uy satisfies

zw@%iéfum—mmwﬂy\m6R¢ (3.5.8)

From (3.5.8), non negativity of g and positivity of K. we derive positivity of uy. O
Lemma 3.5.1. Let f € L*(RY) be non negative and ¢ be a radially non increasing

function defined on Re. If f(x) < o(|z|) for every x € R? and

li 4=,
S o(|z|)|=|

then

A 1(Rd
([a*f)(x):—a||f||L(R)+o( L ) as x| = 4o0.

|z[da |z[d—o
Proof. Let 0 # x € R%. We split R? by the following sets B := {y : |y — z| < |z|/2},
A={y ¢ B:lyl <|z]}, C:={y e B:ly| > |z[}. Then,

1 1
— d
/Aucf (y)(m—yw—a |x|d-a) y‘g e’

If y € A, from |z|/2 < |y — 2| < 2|z|] and the Mean Value theorem, there exists
¢ € (0,1] such that

1 1
[z —yldme ot

dy.

< |Vg((1 =)z +c(z —y))llyl

(d—a)lyl _ (d=a)2 =)y
= o — cyldett = |z|d—ot .

(3.5.9)

1l _ Thus,ifye A

1 1 2d a+1
o700 (s~ s ] < e [ ot =

On the other hand, if y € C, since |y — x| > |z|/2,

1 1
|z —yldme falde

1
= |a]de
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from which,

1 1 1
[10) (=i~ s ) ] < e S0t = 1

Moreover

/ ) _||f||L1<Rd>’<[1+ /&dym
R N B |

e z -y
TV

=:1s

Now we can estimate

Wy d— « 2d—a+1 |z|
ne MR [ ot

=0

and

||
/ o(r)ridr = o(|z]) as |z| — +oo.
r=0

Thus,
1
IL=o (—> as |r| — 4o0.

|x|d—oc

As regards I3, by monotonicity of ¢ we have

d
IzS/ L‘md)_dy§80<m>/ —yd_
|y—x|§% |ZE - y| @ 2 |y—x|§% |ZE - y| ¢

|| el dy Lo (%) i if a# 1,
—wWip\ o e ] ‘ — 0,
r=0 Wap <7> log(|z|) ifa=1

(3.5.10)

where by wy we denoted the surface area of the unitary ball in R?. Finally, since

f € L*(R?) also I3 goes to zero which concludes the proof. O

Remark 3.5.2. Note that Lemma 3.5.1 it’s not in general valid for sign changing
functions where the decay may be faster. To see this, it’s enough to consider a

function f such that |f]| satisfies the assumptions of Lemma 3.5.1 and

[, F@da = 1L lgasy = I7-losesy = O (3.5.11)
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Then, by applying Lemma 3.5.1 to [f]; and [f]_ we obtain that

Aq L1 (R4
(T 1) @) = 2L >+0( ! ) as [z] = +oo,

‘x’dfa ’x‘dfa

Ao |1 (ga
(T (1)) (a) = e I >+0(L) as ] = 400,

|x|d—o¢ |:L‘|d—a

(3.5.12)

Consequently, from (3.5.11) and (3.5.12)

1

(e D)) = (T ¥ 11)) = (< ()0 =0 (s ) bl = o
Now we state two useful results proved in [55]. We also refer to [5] for the definitions
and properties of Hypergeometric and Gamma functions that will be used in the

sequel.

Theorem 3.5.1. Assume d > 2, a € (0,2). Then, for every radial function
u € C*(RY) N LL(RY) the following equality holds

() u(r)=caar™ [ [ulr) = ulrr) + (ulr) — u(r/7)) 7] (e — ) H
T=1
(3.5.13)
where cqq 1S a positive constant and H(T) is a positive continuous function such

that H(T) ~ 7% as T goes to infinity.

Next, we refer again to [55, eq. (4.4)] for Lemma 3.5.2 below, providing the
behaviour at infinity of the fractional Laplacian of polynomial behaving functions.
We further refer to Lemma 3.6.1 for a similar result providing the decay of the

fractional Laplacian a power—type function for a wider range of exponents.

Lemma 3.5.2. Let d > 2,0 < a < 2 and 3 be a positive number. Let gg : R4 — R
be the function defined by gs(x) := (1+ |I|2)_§. Ifd—a < B <d then

atp

(—A)%gg(x) ~ —(1+1z]*)" 2 as|z| = +oo.

Before investigating the first regime corresponding to the interval (di—da, Qd;a) we
recall some well known results.
If a € (0,2) we define the following quantity
T:= inf {||u||g%(w) Lu > XBI} . (3.5.14)

ueH T (R4)
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It can proved that the infimum defined in (3.5.14) is achieved by a positive, contin-

uous, and radially non increasing function u. Moreover, u weakly solves

(3.5.15)

and

as |z| — +o0. (3.5.16)

For the proof we refer for example to [22, Propositions 3.5, 3.6].

We have now all the ingredients to deduce the desired asymptotic decay in the

d  2d d—
tﬁi-_a’zd—:sl)\ 2da :

range q € (

Lemma 3.5.3. Assume that (A) holds and q < sz_O‘. If there exists a non negative,

radially non increasing function g : R* — R such that

| |lim g(|z])|z|* = 0, (3.5.17)
x|—+00
and

(—2)2V(x) < g(|al), (3.5.18)
then,

1
uy (z) ~ e as |x| — +oo.

Proof. By (3.5.17)-(3.5.18) and (A), we have that (—A)zV € LY(R%) N L®°(R%). In

[e3

particular, (I, * (—A)2V)(z) = V(x) for every x € R? and, by Lemma 3.5.1,

—) as |z| — +oo. (3.5.19)

Moreover, in view of Proposition 3.5.1 we obtain positivity of uy . In addition, by
combining the poinwise Euler—Lagrange equation (3.1.9) with (3.5.19) there exists
R > 0 large enough and a positive constant C' depending on R such that

uy(z) < C(1+ |z[)~ % in Bg'. (3.5.20)

Let ¢ be a positive real number satisfying d — o < § < d, and A > 0. We define the
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function
W (x) = A (a<|:cy> T+ |x|2)*%) , (3.5.21)

_ . . . . 2d—
where @ is the solution of (3.5.15). Note that the inequality ¢ < =52

v(z) € L7 (RY) and (vf\)q%l € L#ta (RY) ¢ H3(R?). Moreover, by putting together

[52, Corollary 1.4] with Lemma 3.5.2 we infer v € H% (R%). Furthermore, there exist

implies that

R > 0 large enough, ¢y, ¢y and c3 positive constants such that for all A sufficiently

small

1

(=A)208 + (1)) T — (=A)2V < —e Mz 70+ + 02/\ﬁ|x|_2%cf <0 in Bg,
(3.5.22)

provided ¢ satisfies d — o < 0 < (d — «)/(¢ — 1) — a. Such ¢ exists again by the

2d—«
7

Ao > 0 small such that (3.5.22) holds and

restriction ¢ < Hence, by positivity of uy (Proposition 3.5.1) we can find

sup v}, (z) < inf u(x). (3.5.23)

+cBr r€BR

Finally, choosing A < )¢ satisfying (3.5.22) yields

vS <uy in Bg. (3.5.24)
By Lemma 3.2.1 we infer
0, <uy  inRY (3.5.25)
that combined with (3.5.20) yields the thesis. O
Lemma 3.5.4. Assume that (A) holds and 22 < ¢ < 2;15. If
o 1
(—A)2V(z) < W as |x| — +oo, (3.5.26)
x|
then,
uy () oo 08 || = +oo
o]

a(g=1)
Proof. Let X be a positive constant and vy(z) := A(1 + |z|?)”" 229 . From Lemma
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3.5.2 and [61, Proposition 2.15], (—A)2w, is a continuous function such that
(~2)fur(w) = —|o] 5 € LA (BY)

Again by [52, Corollary 1.4] we therefore have that vy € H?(R%) N L7 (R%). From
Lemma 3.5.2, there exist Ry > 0 large, ¢;,c3 < 0, ¢o > 0 such that for all A > 0

large enough

1

(—A)F oy + bl T = (A)FV = (At + AT T+ ) o] 5 20 in B,
(3.5.27)

Taking into account boundedness of uy, there exists A\; large such that (3.5.27) holds
and

inf vy, (z) > sup uy(z).
IEGBRl IGBiRl

In view of Lemma 3.2.1 applied to 2 = B_RIC, we get
uy(z) < vy, (r) in R

Similarly, again from Lemma 3.5.2, there exist Ry > 0 large such that for all A > 0

sufficiently small

(=A)2vy + bv —(=A)2V <0 in Bg, . (3.5.28)

Then, by Proposition 3.5.1 we can choose Ay > 0 small such that (3.5.28) is valid
and

sup vy, () < inf uy(x).
+€Br, ©€Bn,

From Lemma 3.2.1 we deduce that
uy () > vy, (x)  in RY

This concludes the proof of Lemma 3.5.4. m

2d—a
d

In Lemma 3.5.5 and 3 5.6, we derive the decay of the minimizer py

2d+a

Before investigating the range 5= < ¢ < 2 we study the critical cases ¢q; =

and g = 2d+a

2d+0‘ For the particular case d = 2, a =1

at the crltlcal values ¢ =
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and ¢ = % we refer to [89, Proposition 4.8].

Lemma 3.5.5. Assume that (A) holds and ¢ = 2%, Assume that either o € (1,2)
and d > a +1 orq:%. If

1

(A)2V(2) S Toliiog 2D as |z| = +oo, (3.5.29)
then .
uy (r) =2 ——— = s |z| — +oo. (3.5.30)
||~ (log |z) =

Proof. Let A > 0. We define vy(x) := AU(|z|) where U(|z|) is the barrier function
defined in Lemma 3.6.2, and b := djTa. First of all we notice that (—A)zv, €
Co(RHNLH(RY) ¢ H~% (RY). In particular, vy = Iyx(—A)2vy € H? (R?). Moreover,
it’s easy to see that vy € L7 (R%). Now, we argue like in the proof of Lemma 3.5.4.

Consequently, we can find R > 0 sufficiently large such that for all A > 0 large

enough
-4 a ¢
(=A)2vy + vy —(=A)2V >0 in By,
and
A inf U(|z|) > sup u(z). (3.5.31)
r€BR IE?R

Thus, from Lemma 3.2.1 applied to Q = By we obtain
u(z) < vy, (z) in RE (3.5.32)
On the other hand, there exist Ry > 0 large, such that for all A > 0 sufficiently

small we have

d

(=A)2vy + vy — (=A)2V <0 in Bg,

and
sup vy(z) < inf wu(z). (3.5.33)

:CEBRO xEBRO

Again from Lemma 3.2.1 we have

u(z) > va(x) in RY (3.5.34)
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By putting together inequality (3.5.32) with (3.5.34) we get (3.5.30). O

Remark 3.5.3. Note that, in view of Remark 3.6.1, we still obtain a lower bound
(respectively upper bound) on the decay rate of uy if a € (1,2) (respectively d >

o+ 1). Namely, under the assumptions (A) and ¢ = 222 the following occur:
(i) If either o € (1,2) and d > 2, or ¢ = 2 then

1
uy(z) S — as |z| = +oc; (3.5.35)
||~ (log |x[) "=~

(i) If either v € (0,2) and d > v+ 1, or ¢ = 3 then

1
uy(x) 2 — as |z| = +o0. (3.5.36)
||~ (log |x]) "=

Up to our knowledge, the following asymptotic result is new and was never

observed before.

Lemma 3.5.6. Assume that (A) holds and ¢ = Qd‘i—tf‘. If

s (log(e|z)) “=*

(—A)2V(z) S 2] as |z| — +oo, (3.5.37)

then

(log |])
uy () ~ TR as |x| — +oo.

Proof. The proof uses Lemma 3.6.3 and follows the same lines of Lemma 3.5.5. [

. : 2d+
We now investigate the range 7% < ¢ < 2.

Lemma 3.5.7. Assume v > d. Let U € C*(RY) be a decreasing function of the
form
2|7 i x> 1,
U(lz]) == (3.5.38)
o(lz]) if |z < 1,

where v € C2(By) is positive and radially decreasing. Then,

1
|| d+e

w|R

(—A)2U(x) ~ —

as |x| — +o0.
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Proof. As usual we use Theorem 3.5.1 and we split the integral on the right hand
side of (3.5.13) (up to the constant c4,) into three parts I?, I} and I2° respectively

pe o=/ or=["0 (3.5:39

First of all let’s notice that for every 7 € [1,r]

o(r,r) =U(r) = U(rt) + (U(r) = U(r/7)) 774

_ T*'y(l — Y deJraJr’y + T*dJra).

(3.5.40)

Next, we prove that
o(r,r) <0 Vrellr]. (3.5.41)

By (3.5.40), (3.5.41) is equivalent to

77 < 7_—d+a

— 9

that is true by the assumption on . Thus,
I = 7"”“/ (=747 "1 —77) (1 = 1) *F(r)dr
T=2

~ T—’y—a/ (1 — T + T_d+a(1 _ T'Y)) T_l_ad’]' (3542)
T=2

defa

= - i o(r~%*) asr — +oo,
’Y j—

where by F we denoted the function
F(r):=71(r+1)""*H(r),

and H is defined in [55, Theorem 1.1]. Furthermore, by Taylor’s formula, there
exists &, € [1, 7] such that

2 (1 2 "
It = 7‘70‘/ ¢T)(T — 1) F(r)dr + 7“70‘/ &) é&) (1 —1)>“F(r)dr.
T=1 =1
(3.5.43)
Next, from the fact that

sup |¢"(t)] < oo,
te(l1,2)
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(3.5.43) implies
I =o(r %) asr— 4oo. (3.5.44)

Moreover, by definition of U,

0o __
[ =
00

:T_V_a/io(l — 77 (7 1)_1_O‘F(T)d7—7“_o‘/ Ulr/r)(r — 1) " F(r)dr

=—r ¢ /: Ur/t)(r — 1) F(r)dr + o(r~*®) asr — +oo.
(3.5.45)

As a consequence, since U is decreasing and (7 — 1)717®F(7) is a positive function

such that (7 — 1)"7"*F(7) ~ 771"* as 7 — +00, we deduce the two sided estimate

—U(O)r“"/ 74 dr 4 o(r7) S I < —U(l)r‘o‘/ 7 dr 4 o(r74e).
- - (3.5.46)
The above two sided bound yields
I® ~ —p7 7 L o(r7) as 1 — 400 (3.5.47)
Putting together (3.5.42), (3.5.44) and (3.5.47) we derive the thesis.
[

As a consequence, we formulate the following result. For the sake of simplicity,
we shorten the proof since it follows the same lines of the proof of Lemma 3.5.5 or
3.5.6.

Lemma 3.5.8. Assume that (A) holds and 2dd+—+5 <q<2 If

as x| — +oo, (3.5.48)

then
1

UV([L’) >~ W as \x| — +00.

Proof. First of all we notice that the function U(x) defined in Lemma 3.5.7, with
v := (d + a)(qg — 1), belongs to H%(R?) N L7 (RY). Then, arguing as we did for

example in the proof of Lemma 3.5.5 we obtain the thesis. O
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3.5.2 Linear case: ¢ =2

As we have pointed out in Proposition 3.5.1, it’s easy to deduce positivity of the
minimizer py. Moreover, using some well known results we can prove the precise

asymptotic decay of py.

Lemma 3.5.9. Assume (A) holds. If ¢ =2 and

then

(0) > gz as o >+

T) as |z 00.

pv [z [d+o

Proof. Since by assumption (—A)2V > 0, the function uy (= py) weakly solves
(—A)%UV +uy > 0 in EC.

Now, from [53, Lemma 4.2] there exists a positive, continuous function v belonging

to H*(R?) weakly and pointwisely solving the equation

R

(=A)2v+v=0 in B,

and v(z) 2 Iw\% as |x| — 4o00. In particular, from positivity of uy, for all A > 0

small enough the function vy(z) = \v(z) satisfies
(=A)2vy+vy=0 in By (3.5.49)

and vy < uy in B;. Then, by Lemma 3.2.1 we obtain that

1

|z[d+ Suae) Suy(z) as |z — +oo. (3.5.50)

On the other hand, taking into account the decay assumptions on (—A)zV, the

function uy weakly solves

I
(1+ |af2)™"

(=A)2uy + uy < in Bg* (3.5.51)

for some positive constant C', and R > 0 sufficiently large. Then, by [59, Lemma
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A.1] there exists v € H?2 (R?) such that v = uy in Bg and weakly sastisfying

¢
(1+ |of2)™"

(=A)2v+v = in Bg". (3.5.52)
By combining (3.5.51) with (3.5.52) we obtain that the function Uy := uy —v weakly

solves
~A)2Uy, +Uy <0 in By,
(FA)2 0y +y o (3.5.53)
UV =0 in BR.
Then, by the comparison principle (see e.g. [59, Lemma A.3]) we conclude that
Uy <0 in RY. Finally, (see [59, Lemma 3.5 and A.1]) we recall that v satisfies

lim sup |z|"*v(x) < oo (3.5.54)
|| =400
The thesis follows by putting together (3.5.50) with (3.5.54) O

3.5.3 Swuperlinear case: ¢ > 2

In the following subsection, we first show how to recover positivity of uy (and so of
py) when ¢ € (2,4+00). This result is strongly related to the non local nature of the
fractional Laplace operator (—A)z. Indeed, such result fails in the local case of the
Laplacian —A (see [46, Corollary 1.10, Remark 1.5]). We refer also to [53, Theorem

1.3] for a similar argument.

Proposition 3.5.2. Let a € (0,2) and V € (H%(RY) N CEH(RY) N Lo(RY) \ {0}

loc

be such that (—A)%V > 0. Then, the same conclusion of Proposition 3.5.1 holds.

Proof. The idea is to obtain enough regularity in order to use the singular integral
representation (1.3.3) for the fractional Laplacian. Notice that non negativity of py
implies that I, x py is always a convergent integral (see again Corollary 2.4.2). In
what follows, we prove that uy defined by (3.2.2), belongs to C{:*(R?) for some
e > 0 (see (1.1.3) for the definition of the latter space). In particular, from such
regularity, uy is proved to be not only a weak (and so distributional) solution of
(3.1.11) but also a pointwise solution of the latter. First of all we notice that, from
non negativity of py and boundedness of V', the Euler-Lagrange equation (3.3.2)
implies boundedness of py and I, * py. Hence, by [102, Proposition 2,9] we have

the following
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(i) If a < 1 then I, x py € C%(RY) for every 8 < a;
(ii) If a > 1 then I, * py € CYP(R?) for every 8 < o — 1.

Assume first that ¢ > 2.
Case 0 < a < 1. In this case, by arguing as in Corollary 3.3.4 and Remark 3.3.2, we

can improve (i) up to I, x py € o (R%) for every 3 € (0, 5y), where 3y is defined

loc

as

-1
By := min {1, M} .
q—2
. . alg—1 . .
In particular, since % > o and V is regular, the Euler-Lagrange equation (3.1.9)

implies that uy € C’O’V(Rd) for some a@ < v < 1. Thus, by [61, Proposition 2.15],

loc

formula (1.3.3) holds true and (—A)2uy € C(R?).

Case 1 < a < 2. By [102, Proposition 2, 9] we obtain that I,xpy € CY?(R?) for every
B € (0, —1). Thus, from (3.1.9) and regularity of V we have that u,, € C2%(R%)

loc

for every 8 € (0,a — 1). Now we consider three subcases.

(1) If o + qi—l < 2, we first apply Proposition 3.3.1 obtaining that I, * py €
o (R?) with 8, := o + q_% — 1. Then, putting together (3.1.9) with reg-

loc

ularity of V, we derive that uy € CL™™MPro= e (Rd)  Gince 8, > a — 1,

loc

[61, Proposition 2.15] again implies that formula (1.3.3) holds.

(i7) If o + q_% = 2, we can choose 0 < § < qul obtaining (arguing as in the
above case) that I, * py € CY7"(R?), where v* := a + q_% —1—0. Then

wy € Cl,min{’y*,aflJrs}(Rd).

loc

(1i7) 2 <+ qul < 3, arguing as in case (), we deduce that I, * py € C27(R?)

where [ == o + qfll — 2. Then, taking into account (3.1.9) and regularity of
V', we conclude again validity of (1.3.3) for (—A)2uy.

Note that since ¢ > 2 and « € (1,2), cases (i), (i7) or (iii) are the only admissible

ones.

Case a = 1. This case follows by a similar argument.

Assume now that ¢ < 2. If 0 < a < 1 we have that I, x py € C%(R?) for
every 5 < a. In particular, from (3.1.9) and the regularity of V' we derive that py €
CY5(RY) for every B < a. Then, Proposition 3.3.1 yields I, * py € Cl[fja]’{ma} (R9)

provided 8 4+ a ¢ N. By combining such regularity with the regularity of V' and
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(3.1.9), we conclude that there exists ¢ > 0 small enough such that uy € C¢(R).

loc
The proof of the case 1 < a < 2 can be performed in an analogous way.
As a consequence of the above analysis, all of uy, I, * py and V belong to
Crre(RY) N LL(RY). Assume now by contradiction that there exists zy such that

uy (zg) = 0 and consider a ball B around xy. Then, by [54, Corollary 2.2.29] applied
_1

to f = (—A)2V —ul " € L} (RY), (and continuity of the functions involved) we

have that

(=A)2uy(z) = —ul " (x) + (=A)2V () Vo € B, (3.5.55)

where in (3.5.55) the operator (—A)?2 is understood in the sense of (1.3.3). In

particular, from non negativity of uy, we have that

(—A)%uv(xo) = _Cd’a /Rd uy (o +y) + uy(zo — y)

: e dy < 0. (3.5.56)

On the other hand, by definition of xg, (3.5.55), (3.5.56) and non negativity of
(—=A)2V, we obtain
0 < (=A)2V () <0, (3.5.57)

leading to a contradiction. We have therefore proved that uy (and so py ) is positive.

This concludes the proof. O

Lemma 3.5.10. Assume that (A) holds and g > 2. If

(~A)V(@) £

~ |l.|d+o¢

as |z| = +oo

then
1

’LLv(I) ~ W as |Qf| — +00. (3558)

Proof. Let v := (d+ a)(q — 1) and U be the function defined by

o(lz]) if |zl <1
Uz) == (3.5.59)
2=, i o] > 1,

where v € C?(B;) is such that U is C*(R?) and radially decreasing. By Lemma
3.5.7, there exists ¢ > 0 and R > 0, such that

c
_|x|d+o¢

(-=A)2U(z) < if 2| > R. (3.5.60)
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Next, we claim that there exists R > 0 large, A = A\(R) > 0 such that

o 1 .
(—A)f?})\(R)’R + ('U)\(R),R) —1 <0 if ]x\ > 1,

(3.5.61)
'U)\(R),R(x) S UV<$) if ‘.’I’ S 1.
where vy g is defined by

v r(z) = AU(Rx), (3.5.62)

and U is defined in (3.5.59). It’s well known (cf. [61, Lemma 2.6]) that
(=A)2vy g(x) = ARY((—A)2U)(Rx). (3.5.63)

Then, if R > max {R, 1}, by combining (3.5.60) with (3.5.63) we infer

. o A AT\ 1

(~2)F0rn(@) + (02.0(2)) 7T < (‘ﬁ ! R—> e P s

<0 in EC,

provided A > (c‘lR_O‘)g%. In particular, if we consider A = A(R) := (c_lR_o“)g%é
then the inequality (3.5.64) holds true. Furthermore, if |z| < 1, by monotonicity of
U and Proposition 3.5.2 we have that

oxr.a(0) = MR)U(Rx) < (¢'R™)i20(0) < inf_uy (),
r€EB;
provided R is large enough. Putting together (3.5.64) with the above inequality

we obtain (3.5.61). Next, it’s easy to verify that for all R > 0 the function U(R),R
belongs to H% (R%) N L7 (RY) and vﬁ) » € H3(R%) N LI(R?). Then, by applying
Lemma 3.2.1 to Q := R¢, we obtain that

uy (r) > vam).r(z) Vo € RY (3.5.65)

provided R is large enough. Next, we prove the upper bound. To this aim we

employ again the function vy g defined in (3.5.62) and we claim that there exists
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R >0 small, A = A\(R) > 0 and R = R(R) such that

(A5 ormr + (0™ > (~A)5V if 2] > R(R),

R (3.5.66)
UnR),R(T) > uy () if |z| < R(R).
By Lemma 3.5.7, there exists ¢; > 0 and R; > 0, such that
o 1 .

Furthermore, by the decay assumption on (—A)zV there exists ¢; > 0 and Ry > 0
such that

Co
|z|d+e

w|R

(=4)2V(z) <

if 2] > Ro. (3.5.68)

Hence, by combining (3.5.63), (3.5.67) with (3.5.68), if |z| > max{%, & Ry} we

conclude that

1

o 1 1 Aer AT
<_A) 2UA,R + (UA,R) q—1 — (—A) \% Z ‘x|d+a <_R_dl -+ W — Cz) . (3569)

R

By an explicit computation, if we choose A = A(R) := (cflR’%)g, there exists
R small such that for every R < R the right hand side of (3.5.69) is positive. In

particular, we can assume that R is small enough such that

1 R
max {E’ El7 RQ} = R 'max {Ry,1}.

Furthermore, if |z| < R~! max {R;, 1}, monotonicity of U yields

vamya(e) = MR)U(Re) > (7 B%) ¥ (max {Ra, 1)) >y e,
(3.5.70)
provided R is small enough. We have therefore proved that (3.5.66) holds with
R(R) = R~'max {R;, 1} and R sufficiently small. Hence, again by applying Lemma
3.2.1 we conclude that there exists R > 0 small such that

uy(z) < vzpyr(z) Vo eR (3.5.71)

By combining (3.5.65) with (3.5.71) we derive (3.5.58). O
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3.5.4 Proof of Theorems 3.1.7 and 3.1.8.

Remark 3.5.4. For the sake of clarity, we highlights below all the decay assumptions
on (—A)2V required to prove Lemmas 3.5.3, 3.5.4, 3.5.5, 3.5.6, 3.5.8, 3.5.9 and
3.5.10:

o If di—da <q< QdT_O‘ we require (3.5.17) and (3.5.18);

2d—a
d

o If g = and, either o € (1,2) and d > a+ 1 or g = %, we require

o 1
(—A)2V(x) S ———  as |z| = +o0;
|z|(log |z )=

2d+a .
i We require

If 222 < g <

o 1
(—A)2V(z) < ™ as || — +oo;
T2«
o If g = 222 we require
o (logla)™
(—A)2V(z) < z[+e as |x| — +oo;
o If g > 2dd+—+of‘ we require
o 1
(—A)2V(z) < P as || — +oo.
In particular, if
a 1
(=A)2V(z) S e 2| = +o0, (3.5.72)

all of the above assumptions are satisfied and so, for simplicity, in the statement
of Theorems 3.1.7, 3.1.8 we require (3.5.72) instead of distinguishing between the

different regimes of q.

Proof of Theorem 3.1.7.

Proof. By combining (3.1.15) with Lemma 3.5.1 we deduce that V € L>°(R?). Fur-
thermore, by combining the results of Lemmas 3.5.3, 3.5.4, 3.5.5, 3.5.6, 3.5.8, 3.5.9
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and 3.5.10 we obtain the desired decay estimates (i), (i7), (iii), (iv) and (v). It re-

mains only to prove that

1

tim o] = oy (2) = [ A (J-2)3V ]y~ vl ]

|z| =400

(3.5.73)

provided di—da <q< MT_O‘. To this aim, by the decay assumption (3.5.72), Lemma

3.5.1 implies that

v(x)zA“”(_A)WHD(Rd) ( 1

|x|d—o¢ |x|d—oz

) as |z| — +oo. (3.5.74)

Moreover, (i) ensures that in such regimes of ¢ the minimizer py satisfies the as-

sumption of Lemma 3.5.1. In particular,

Ao llpv 1 ga 1
(L py) (&) = PV IL e (

|x|d—a

W) as |l‘| — +00. (3575)
Combining (3.5.74) and (3.5.75) with the Euler-Lagrange equation (3.4.13) we ob-

tain the following asymptotic expansion for py

1

1

[0 (12 Vg = v lsen)

' 1
ia +o — as |x| — +oo.
ol o5
(3.5.76)

In order to conlude it’s enough to notice that, by positivity of py and validity of
(1), the coefficient of |$|J;%f in the right hand side of (3.5.76) must be positive,

pv(z) =

concluding the proof. O

Next, we apply Theorem 3.1.7 to estimate the L'-norm of the minimizer. As
before, the decay assumption on (—A)zV in Corollary 3.5.1 can be weakened ac-

cordingly to the range of q.

Corollary 3.5.1. Assume that (A) holds. If

then the following possibilities hold:
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(1) [f(ﬁr—da<q<w7_°‘then

ov s ey < [(=2)2 V]| 1 g

(13) If ¢ = 2dd’a and, either 1 < a <2 orq= %, then

HpVHLl(Rd) = H(_A>%V”L1(Rd)a

(i11) If ¢ > 2% then
||PV||L1(Rd) - H(_AﬁvHLl(Rd)‘

Proof. Proceding as in the proof of Theorem 3.1.7, we obtain

1
1

o (| (=2)FV ] 1y gy = vl ) | © |
+o ’ ‘da as || — +oo.
x

pv(r) =

2] = ot

(3.5.77)
Thus, under the assumptions of Lemma 3.5.3, again from positivity of py we con-
clude validity of (i). On the other hand, Theorem 3.1.7—(ii)—(¢ii)—(iv)—(v) and
Remarks 3.6.1-3.5.3 tell us that py decays faster than |x]_% at infinity and so the
coefficient of |:1c|7z%f in the right hand side of (3.5.77) is zero. This completes the

proof. O]
In what follows, before studying the case when the minimizer is sign changing,

we apply Corollary 3.5.1 to an important family of potentials V.

Corollary 3.5.2. Letd > 2,0 < a < d and Vz be the function defined by

ZA,
Vz(r) = —————, (3.5.78)
1+ [z?)=

where Z is positive constant and A, defined in (1.4.2). The following statements
hold:
(1) ]fdi—da<q<2dT_a then

0< ”PVzHLl(JRd) < Z;

(13) If ¢ = 2d;a and, either 1 < a <2 orq = %, then

||szHL1(Rd) = Z;
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(i) If ¢ > 2% then
Hsz”Ll(Rd) =Z.

Proof. By [41, Theorem 1], (see also [43, Theorem 1.1]) we deduce that V defined
by (3.5.78) belongs to H % (R?) and solves

d+a

(—A)%VZ(I) = C<d7 a, Z)‘/ZH (ZE),

where C(d, o, Z) is a suitable normalisation costant. In particular, V satisfies all

the conditions of Corollary 3.5.1. The thesis follows combining

AO‘H(_A)%VZHLl(]Rd) = lim |z|"Vy(z) = ZA,,

|z| =400

with Corollary 3.5.1. ]

Next, we deduce asymptotic upper bounds for the absolute value of the minimizer
(lpv|) without requiring any sign restriction. In particular, notice that the upper

bounds are the same as the one proved in Theorem 3.1.7.
Proof of Theorem 3.1.8.

Proof. By the decay assumption (3.1.17) on (=A)2V and the regularity of V, we

o

conclude that V = I, x ((=A)2V). In particular V(x) < (1 + |z])*¢ (cf. Lemma
3.5.1). Moreover, by Lemma 3.4.2 applied to f := (=A)2V — sign(uv)|uv\ﬁ, we
infer that

(=A)2 |uy| + |uv|q%1 <[(=A)2V] in D'(RY). (3.5.79)
Indeed, by combining the regularity of V with (3.1.17) we have (—A)3V € Lita (RY)
H~%(R%). Thus, by combining (3.1.11) with Lemma 2.3.1 and (2.3.3), the function

uy satisfies

o
2

V(z) = pv(2))p(z)de Vi € HE (RY).

w[R

(u Dty = [ (D)

«@
2

Moreover, since by assumption |py| = |uvqull € H5(RY) and |uy| € H?(RY) (see

(1.2.2)), the function |uy | weakly solves (by density)

(=A)% |uy| + |uy|7T < [(~A)FV| in H™%(RY). (3.5.80)
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Notice that the PDE obtained by taking the equality in (3.5.80) satisfies a weak
comparison principle in the spirit of Lemma 3.2.1. Then, if ¢ # 2 it’s enough to
use the same upper barries provided in Lemmas 3.5.3, 3.5.4, 3.5.6, 3.5.8, 3.5.10 and
Remark 3.5.3. On the other hand, If ¢ = 2 we can argue as in Lemma 3.5.9. O

Remark 3.5.5. As we have already noticed for the proof of Theorem 3.1.7, the
decay assumption (3.1.17) can be replaced with the ones of Lemmas 3.5.3, 3.5.4,
3.5.5, 3.5.6 and 3.5.8 accordingly to the range of q.

3.6 Appendix

In this appendix we first provide the asymptotic decay for the fractional Laplacian
of power—type functions for any negative exponent and of power—type function with

logarithmic corrections.

Lemma 3.6.1. Letd >2 and 0 < a <2, v>0 andy#d—a. Let U € C*(R?) be

a decreasing function of the form

[ if ] 2 1,
U(lel]) = , (3.6.1)
v(ll) i |=f <1,

where v € C2(By) is positive and radially decreasing. Then the following possibilities
hold:

(i) If0 <y <d—a« then

a 1
(—A)2U(x) ~ P as |x| — +oo;
(17) If d — a <y < d then
o 1
(—A)2U(x) ~ — P as x| — +oc;

(=A)2U(z) ~ log(|z]) as |z| — +o0;
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(iv) If v > d then
1
|x|d+a

w|R

(=A)2U(z) =~ —

as |x| — +o0.

In particular, if v > 2 then U € H? (RY).

Proof. If v > d we directly refer to Lemma 3.5.7. If not, we apply Theorem 3.5.1
and we split the integral on the right hand side of (3.5.13) (up to the constant ¢4 ,)

into three terms I7, I3 and I respectively

i | ;<->, B=[ o= [0 (3.6.2)

First of all let’s notice that for every 7 € [1,r]

o(r,r) =U(r) = Urr) + (U(r) = U(r/7)) 7%
=r 7'(1—7"— rodtaty T—d-i—oz)‘ (3.6.3)
From (3.6.3) we see that
(1) Tty >d—athen ¢(r,7) <0 V¥ € [1,7];
(2) Iy < d—athen ¢(r,7) >0 Vr € [1,7].

Thus, by arguing as in the proof of Lemma 3.5.7, if r is sufficiently large we obtain

the following possibilities:
I = r‘”‘a/ (1—77 471 =) (r = 1) *F(r)dr
T=2

~ r"*a/ (1 — 7 (] — TV)) riedr

=2 (3.6.4)
—v—a —a —y—a —d —d —~v—a .
[ e, e
—r~log(r) + o(r~¥log(r)), if v =d.

Furthermore, if we denote by F' the function

F(r):=7(r+1)""*H(r),
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and H is defined in [55, Theorem 1.1], there exists &, € [1, 7] such that

F=r° [/TZl ¢H2<1) (r—1)""*F(r)dr + / gb”’éf,) (1 — 1> “F(r)dr| .
(3.6.5)

T=1

In particular,
Cor=7=2, ify<d
=" ! (3.6.6)
o(r~4=%log(r)), if v=d,
where C, is the coefficient of 7~7~* in (3.6.5). Note that we stressed the dependence
on v since from (1)—(2) we have that C, is negative (respectively positive) if y > d—a
(respectively 7 < d — «). Next, similarly to the proof of Lemma 3.5.7 we obtain
that
o(r=77), if v<d
o U ! (3.6.7)
o(r~>log(r)), ify=d
Putting together (3.6.4), (3.6.6) and (3.6.7) we derive the asymptotic decay.
Finally, if v > d_Ta, from the decay rates just proved and continuity of (—A)2U
“ 2d
(cf. [61, Proposition 2.15]), it’s straightforward to see that (—A)2U € La+a (RY).
Thus, U € H?% (R%) concluding the proof.
0

Next, we provide the proof of two technical results that are used for proving
Lemma 3.5.5 and 3.5.6.

Lemma 3.6.2. Assume that eitherb=1, a € (0,2) andd > «, orb > 1, a € (1,2)
and d > o+ 1. Let U € C*(R?) be a decreasing function of the form

U(|z]) == |z| =@~ (log(e|z])) Zf|m| >,
U(|x|) Zf |[E| <1,

where v € C?(By) is positive and radially decreasing. Then,

1

APV = ~iog T

as x| — +oo. (3.6.8)

Proof. We start proving the lower bound. We split the right hand side of (3.5.13) in
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Theorem 3.5.1 (up to the constant ¢, ,) into three parts I7, I; and I respectively,

pef o=/ or=["0 (36.9)

For the convenience of the reader we also define
O(r,r):=U(r)=U(rr) + (U(r) = U(r/1)) rdte. (3.6.10)

and we recall that for the entire proof r is assumed to be large enough (at least

r > 2). We perform the proof by the following steps:

(1) We prove that there exists M > 0 independent on 7,r such that

B M log(e**2r)
o > (1 — 1) 1,2]; 6.11
r (Ta T) = (log(er))b+2 (T ) VT € [ ) ]7 (3 6 )
(71) We prove that
O(r,r) <0 Vrell,2]; (3.6.12)
(i4i) We prove that
[TN—; I*=o0 __ as r — +o00.  (3.6.13)
2= oy T g e

Let’s start with (i), whose proof is similar to the one of [89, Lemma 4.7].

If we set A :=log(er) and 7 := e”, the inequality (3.6.11) becomes equivalent to

M z 2 1 1 (—d+a)z 1 1 —(1+a)z
—_— — —_— —_—— > 0.
A [Ab (A—ap " ° o Arap)|c 20
(3.6.14)

Inequality (3.6.14) is trivially verified for = 0.
Assume z # 0. In this case (3.6.14) holds if there exists M > 0 such that

Abtl 1 1 1 1
M > o z(a—d) ( - —z(1+a) — F A).
> o (rw))e A
(3.6.15)

Since by definition = € [0,log(2)], we only need to focus on z small. As a matter of
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fact, assume x > ¢ > 0. Then,

o1 A [ -1 ()]

<& ((1 —1%>b o j%)b) <5 F (<1 —1%>b @ +1->)}
~e(3)

Now, it’s convenient to set t := x/A. Then, if A < L for some L > 0 we clearly

[\

obtain boundedness of F'. It remains to show what happens when A goes to infinity

(or equivalently when ¢ goes to zero). In the latter case we have that

lim G(1) = 2108@) _ | (3.6.16)

t—0 52

Consequently, to obtain boundedness of F' we only need to focus on = going to zero.

To this aim, we rewrite F' as
F(:L‘,A) = F1<x>A) + F2($7A)7

where

x? T
A —X
Fy(z, A) = ﬁ(e (D —1) ((1 Ty 1)
A

Since A > 1, we have
1 1

|Fy(z, A)| < (%)2 A—zp "+ B 2‘ =G (%) '

A
Let’s set again t := x/A. Then, if t > ¢ > 0 the function F; defined above is clearly
bounded. On the other hand,

lim Gy(t) = b(b+ 1) < 400,

t—0

proving that Fj is bounded. Next, we notice that the function F5 can be written as
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the product

Fy(z, A) = Ga(z) - Gy (%)

where

and
(-2 (mm)

Thus, it’s enough to deduce boundedness as x goes to zero and A goes to infinity.
In this case, it’s clear that G5 is bounded as = goes to zero and, by setting again
t = x/A, we obtain

lim G3(t) = —b,

t—0
infering boundedness of G5 as well. In view of the above arguments, there exists a
positive costant M satisfying (3.6.11).

Next, we prove (ii) for sufficiently large r, or equivalently

1 1 1 1
d—o —d+a
O(1,r)= — — <0 Vrell2].
" (7.7) log(er)® 10g(er/7)b+(log(er)b log(erT)b) T - rell?]
(3.6.17)
By simple computations, (3.6.17) is equivalent to

b_ b b
log(er)” — log(ert)”\ log(ert) S ot yre[19) (3.6.18)

log(erT)? — log(er)® / log(er/T)b

If we set s := 11(;);((;))7 the left hand side of (3.6.18) becomes

h(s) = (11;(;;5);) Gf‘i)b 14+ (b+1)s+o(s) ass—0".  (3.6.19)

In particular, there exists § > 0 such that h(s) > 1 provided s < 5. Therefore, if we

choose r large enough such that

we infer

<5 Vrell,2. (3.6.20)
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The inequality (3.6.20) implies

log(er)? — log(ert)®\ log(ert)? S 15t yre L)
log(ert)? —log(er)b / log(er/T)b

from which (3.6.12) follows.
Next, we investigate point (#i7). To this aim, we start by estimating the quantity

I5. Assume first b > 1. In the sequel, we denote by F' the function
F(r):=7(r+1)""*H(r),

where H(7) is the function defined in Theorem 3.5.1, eq. (3.5.13). We further recall
that F(7) is continuous, positive and bounded on the whole of RY. Then, if we
further set H(7) := (7 — 1)"1"*F(7) we have

Hence, by Lagrange Theorem,

9(7) =901 < s f Ol = 1) = swp (oot ) =)

te[1,7] te(l,7]
< b(t—1)
= (log(er) — log(7))b+1

(3.6.22)

Then, putting together (3.6.21) with (3.6.22)

dr

[§>—7“_d/r T dT:——r_d /T "
~ =2 (log(er) —log(7))b+ (log(er))*t Jo—y (1 _ log(r) )”“

log(er)

r—d /log(r) el—atl)z

S dz,
(10g(€7"))b+1 z=log(2) (1 x >b+1

" log(er)
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where 7 = e¢®. Then, we claim that

li e el d / * catieg, _ 2"

im T = e T = :

r—>+00 z=log(2) <1 - a(c )>b+1 log(2) a—1 (3623)
og(er

provided o > 1. To this aim, we first prove that there exists C' > 0 such that, for

all r sufficiently large we have

e(faJrl)x

<1 B 10gg(667‘)>

where £ > 0 is small enough. Indeed, if 0 < z < log(2) or z > log(r) (3.6.24) is

T Xllog@.log(r) () < Ce My 000y (x) Vo €R?, (3.6.24)

trivial. It remains only to consider the case x € [log(2),log(r)). In this case we split
the analysis in two subcases:

Case log(”) < x < log(r). In this regime, (3.6.24) is equivalent to the inequality

e < O (1 - log”(“"er)fﬂ V€ [log;e” , log(r)) . (3.6.25)

Because of monotonicity in the xz—variable of left hand side and right hand side of
(3.6.25) we infer

€

£
e <e2rz

<C ( @ )b+1 o (1 i logfw))m o {log;eT)JOg(r)) | (3.6.26)

provided r is large enough.

Case log(2) <z < log °) In this range, again by monotonicity we obtain that

1\ b+ . b+1 log(er)
—ET < < _ < . - 3627
eI <2> <C <1 log(er)) Yz € {log(Q), 5 ) . ( )

provided C' > 271, Hence, by combining (3.6.26) with (3.6.27) we obtain that if
C > 21 for all r sufficiently large (3.6.24) holds. Thus, since the right hand side
of (3.6.24) belongs to L'(R%) and the left hand side of (3.6.24) converges to e(~o+1)2

for almost every € R% Dominated convergence’s theorem yields (3.6.23).
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Then, by taking into account (3.6.23) we infer that

1
I} 2 ———— asr — +o0. (3.6.28)

= log(r)
In what follows we shall prove the converse inequality of (3.6.28). If we define the
functions fi(7,r) := m and fo(7,7) = by Lagrange Theorem, there
exist t,,,t,, € (1,7) such that

(log(er‘r Yoo

1 1 _dta 1
(log(er))?  (logler/m)) ((log(er))” (log(erf))b)
= fl(lvr) - fl(T> T) + de+a (f2(1vr) - f2(T7 T))

ri=d(r,r) =

R (G | R o)
~ tre(log(er) — log(t,,))b+! t-r(log(er) + log(t,,))b*!
M=) gk WD)
7(log(er))b+? (log(er))b+t
(3.6.29)
Then, if d > a+ 1, from (3.6.29) we obtain
T‘da/ O(7,7) (1 — 1)717°‘F(7)d7' <
T=1
Y R Y A —dta
(Tog(er) i1 /T:1(T 1)~ % F(r)dr + (Tog(er))Fl /7_:1(7' 1) “F(r)r dr

_ _(log(el;))b“ [ /T ;(T — 1)t - Td+a)F(T)dT} .

Since by assumption a < 2, d > o + 1 we have that

-1 —d+a
. T =T
lim ———=d—-—a—-1>0
1+ T—1

and 1+e
/ (1 — 1) (r~L — =) P(1)dr < 400, £ 0.

=1

Finally, (from boundedness and positivity of F') we get

o0

o< [ (-1 -t pae < [ - e < e

=1
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We have therefore proved that

) |
[2 S —W as r — +oo (3630)

provided d > « + 1. Then, by combining (3.6.28) with (3.6.30) we obtain

1
e~y . .6.31
5 T (log (1)) as r — +00 (3.6.31)

Now, we further claim that

1

I® =0 (W) as 1 — 400 (3.6.32)

which will complete the proof of (i) — (i) — (i4i). Indeed,

+o0o
Td|]f°| < rd_o‘/ |(I)(T,T)|T_1_ad7' <
T=r

+oo +0oo
< rd_“U(T)/ i dr + Td_o‘/ U(?“T)T_l_adT

| (o) — U dr

=r

Siteu) [

T=r

—+00
rimedr + Td_a/ T <Y as r — 4o0.
T

=r

—+o00

Validity of (3.6.8) is therefore obtained since, by combining (z) — (ii) — (7i1),

1 1
_rd(log(r))b+1 o <Td(10g(7”))b+1) S (3.6.33)

1 1
<SPPI +1I° < — :
SIS e+ ()

Assume now b = 1. In this case, the function ¢(7,7) < 0 for every 7 € [1,r]| and
moreover it can be directly computed the limit

lim (log(r))? / ;Qs(f, Pyl dr = Zd_;d L2 lgg(2) _2°(1+alog(2))

r—>+00

a2

(3.6.34)

See [89, Lemma 4.7] for an explicit computation in the case d = 2 and o = 1. From

(3.6.34) we obtain the thesis. O
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Remark 3.6.1. Note that, if b > 1, a € (1,2), d > 2 we obtained the following

lower bound on the decay given by

1
x| (log a])P+

(—A)2U(jz]) 2 as [z] — +oo,
without the further restriction d > a + 1 stated in Lemma 3.6.2. Similarly, if b > 1,
a € (0,2) and d > o+ 1 we have

1

AP S~ iog

as |x| — +oo,

without the restriction a € (1,2) stated in Lemma 3.6.2. These facts will play a
role (see Remark 3.5.3) in Corollary 3.5.1 where only an upper bound on the decay

rate of the minimizer py is needed.

The following result prove the asymptotic decay for another class of functions

with logarithmic correction. We recall again that the purporse of Lemma 3.6.3 is to

find asymptotic decay of the minimizer py when ¢ = Qdd:(f (see Lemma 3.5.6).

Lemma 3.6.3. Let U € C*(R?) be a decreasing function of the form

ol

e GG CL D R 5655
() il <1

where v € C2(B,) is positive and radially decreasing. Then,
d+a

a log |x|) "=
(—A)2U(x) ~ —% as x| — +oo.

Proof. Similarly to what has been done in Lemma 3.6.2, Theorem 3.5.1 plays a key

role. As a matter of fact, in view of [55, Theorem 1.1}, we can write the following

w[Q

o0
(=A)2U(r) = cd@r_o‘/ O(7,r)G(T)dr, (3.6.36)

=1

where G can be written in terms of the Gaussian hypergeometric function

G(t) = T 1% Fy(a,b,c, 7'_2),
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with parameters

d+ « b 14 Q d
= = -, Cci=—.
2 2’ 2

As we have already done for the proof of Lemma 3.6.2, we define

a :

O(r,r) :=U(r) = U(rr) + (U(r) = U(r/7)) 770,
and we split the integral (3.6.36) into three parts 7, I5 and I respectively
2 r 00
B[ ooge= [ 0o o (3.6.37)
T=1 T=2 T=r
Furthermore, by [93, page 159, eq. (9.03)—(9.04)] we have
5 ab _3
2F1(a,b,e,777) =1+ — +o(17") as T — +o0.
T
Then, for 7 > 2 we decompose the function »F(a,b, ¢, 772) as
oFi(a,b,e,77%) =1+ W(r), (3.6.38)
where W () is a continuous function such that
W(r)=o(r"") asT — +oo. (3.6.39)

Taking into account (3.6.38), the quantity ] in turn splits as

Ir = —(zﬁ)% e /T O(r,r)7 % + (2m)® re /T O(r,r)r W (1) dr
> T(d/2) — ['(d/2) =
= Iy, + Iy,

(3.6.40)

By performing an explicit computation, if we denote again by I'(-, -) the incomplete

Gamma function (see e.g., [93, page 110, eq. (2.02)] for the asymptotic properties
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of the latter function) we have that
/ O(r,r)r 1"%r =

T=2

(d+ a)_(H—Tar_d log(er)®t (—F <d + a, (d+ oz)(log(Zer)) +T (d —; a, (d+ a)(1 4 2log(r

(6
0 b 2 M) L iy )
- 1+1 2 1 4 1
dta (=1 logler/2))" <) + d og(er)a + og(er)
= _d _Td_ a ( 1+ log(er/2)) ) + 0( leg(eT‘)dTTa) as r — +oo.
(3.6.41)

Hence, from (3.6.41) we conclude the following

rd " o
lim —a/ O(r,r)r 1 = — . 3.6.42
rotoo Jog(er)6* Jrms (m.7) d+ o ( )
Furthermore, we claim that
1 o
IL,=o0 (%) as r — +00. (3.6.43)
) r -

To derive (3.6.43), by simple estimates

o0

/ T W ()| dr + 2574 (log(er)) / T W () |dr

=2 =2

Q

r®|I3,| < r7(log(er))

+ 7“_‘1(10g(e7”))g /: N (r)|dr + C’T_d(log(er))g /: W (r)|dr
< r_d(log(er))% =0 (W) as r — +00,

(3.6.44)

where we used continuity of W and (3.6.39). This proves the claim.

Next we focus on 7 € [1,2]. Here, it is useful to write G in the form
G(r)=(r—1)""F(7)

where F(7) is continuous, bounded and never zero in [1,2]. In this way, by Taylor’s

)
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formula there exists & € (1, 7) such that

2
Ty = / B(r,r)(r — 1) F(r)dr
=1

2 92 2 o3
— [ 3l = ) F @ [ ) (- VPP
(3.6.45)
To conclude, by an explicit computation,
GE 1 a
81[11p2] %@(T, | < % as r — 400, (3.6.46)
T€E|l,
and .
a (log(er))«
wq)(ﬂ Mir=t1| S - as 1 — +00. (3.6.47)
From (3.6.46) and (3.6.47) we derive that
1 o
Ly=o0 (%) as r — +00. (3.6.48)
r (0%

Assume now 7 € [r, +00l[. In this case,

d

O(1,1) = r_d(log(er))% + pdte <r_d(10g(e7“))5 — v(r)) — (rT)_d(log(erT))

< 7“_d(log(e7”))g + F(r,7) <U(r).
——

Q.

<0
(3.6.49)

Inequality (3.6.49) leads to

o 1 o 1 ae
(=A):2U(r) < ——< Og(i:l) +o0 (—( Og?(jil) as r — 4o00.
T
In order to conclude, let’s also notice that
ol < e [ Cia log(er))a 1 (log(er))s

1| < r / () £ A BRI (3650)



3.6. APPENDIX 113

Finally, by combining (3.6.42), (3.6.43), (3.6.48) and (3.6.50) we deduce

T.dJra

wlR

as r — +oco.

This concludes the proof. O



Chapter 4
Attractive non local interaction

In this chapter we study a Thomas—Fermi type variational problem with non local

attraction. We start by introducing the model and its physical origin.

4.1 Introduction

Our starting point is the Choquard type equation
—Aw +ew + |w|*w = (I, * |wP)|wP?w in RY, (P.)

where d > 3, p>1,q¢q>2and e > 0. Whend =3, a=2,p=2and g =4 in
(P.), under the name of Gross—Pitaevskii—Poisson (GPP) equation, was proposed in
cosmology as a model to describe the Cold Dark Matter (CDM) made of axions or
bosons in the form of self-gravitating the Bose-Einstein Condensate (BEC) at ab-
solute zero temperatures [20,21,38,51,106]. The non local convolution term on the
right hand side of (P.) represents the Newtonian gravitational attraction between
bosonic particles. The local term |w|? 2w accounts for the repulsive short-range
quantum force self-interaction between bosons. Similar models appear in the liter-
ature under the names Ultralight Axion Dark Matter, and Fuzzy Dark Matter, see
[21,74] for a history survey. More generally, (P.) can be seen as a Hartree type non-
linear Schrodinger equation with an attractive long range interaction, represented
by the non local Coulomb term, and repulsive short range interactions, represented
by the local nonlinearity. While for the most of the relevant physical applications

p = 2, the values p # 2 appear in several relativistic models of the density functional

114
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theory [13,15,16].
By a ground state of (P.) we understand a weak solution w € H(R?) N L9(R?)

which has a minimal energy given by

1 £ 1 1
T(w):= = | |Vw|’d +—/ ’d —/ d ——/ I * |w|P)|wlPd
(w) 2/Rd| wfde+5 | (wfde+ o | ful'de =20 | (Tax]ul >|w(|41x1)

amongst all nontrivial finite energy solutions of (P.). The following was proved in

[82, Theorem 1.1], under optimal or near optimal assumptions on the parameters.

d+a d+a d+a 2d,
Theorem 4.1.1. Let “0* < p < 5 and ¢ > 2, orp > X5 and ¢ > 7Z&. Then

for each € > 0, (P.) admits a positive, radially monotone decreasing ground state
solution w. € HY(R?) N LY*(R?) N C*(RY). Moreover, there exists C. > 0 such that

® ifp>2,
lim wa(x)|$|%eﬁ|“”| =C;
|z| =00
° ifp=2,
_ = Ao e 2
ll‘im w.(z)|z| T exp (/ \/5 — 2 s | = C,
T|—00
where )
f4a”1U5H§g(Rd) do
Pe = - ;
° ifp<2

1

. 4o e
xh_)Il;jwe(xHI"Q—p = <€ 1Aa||w€”1£p(]Rd)) p.

In addition to the existence of ground states for every fixed ¢ > 0, in [82] the
authors have identified and studied several limit regimes for ground states of (F.), as

e — 0 or € = 00. One of the relevant limit regimes is associated with the rescaling

2p—q

u(z) = 574%220(5_ A= ), (4.1.2)

that converts (P.) to the equation

—e"Au+u+ [ult%u = (I * [ul’)|[ulP?u  a.e. in R (4.1.3)



116 CHAPTER 4. ATTRACTIVE NON LOCAL INTERACTION

2(2pta)—=q(2+a)
a(q=2)
tion (P.) is the scenario when ¢ — 0 and v > 0, or ¢ — oo and v < 0. In this

where v := . The Thomas—Fermi limit regime for the Choquard equa-
regime, £’ approaches zero and the formal limit equation for Eq. (4.1.3) is the

Thomas—Fermi type integral equation
w+ |u|iu = (I * [ulP)|u[f%u  a.e. in R% (TF)

When p = 2 and a = 2, equations equivalent to (TF') are well-known in astrophysical
literature, cf. [37, p.92]. Mathematical analysis of (TF') with p = 2 and a = 2 goes
back to [10,80]. More recently (TF') with p = 2 and general « € (0, d) was studied in
[29,33] (existence of solutions), [30,34,35] (uniqueness), in connection with Keller-
Segel models. See also [82, Theorem 2.6] which proves the existence of a ground
state for (TF) with p = 2 for the optimal range ¢ > d‘i—da, extending some of the
existence results in [29, 33].

In [82, Theorems 2.7 and 3.2], for the special case p = 2 and « = 2 the authors
established the convergence of the rescaled ground states u. of (4.1.3) to the ground
state of (TF') in the Thomas-Fermi regimes, thus justifying the formal analysis
of the rescaling (4.1.2). Recall that for p = 2 the limit ground state of (TF) is
compactly supported on a ball, so that the rescaled ground states u. develop a
steep “boundary layer” near the boundary of the support of the limit ground state.
This phenomenon is well-known in astrophysics, where the radius of support of the
limit ground state provides approximate radius of the astrophysical object. In the
context of self-gravitating Bose-Einstein Condensate models, the Thomas-Fermi
limit regime (under the name of Thomas—Fermi approzimations) was used as the
key tool in the astrophysical studies of the GPP-equation (&« =2, p =2, ¢ =4) in
[20, 38, 106].

The main goal of this work is to study the existence and qualitative properties
of ground states for (TF) for p # 2 and « € (0, d), under optimal assumptions on

the parameters. We are going to prove that:

e if p < 2 ground states for (TF) are positive smooth functions supported on
R,

e if p = 2 it is well-known [29,33] that ground states for (TF') are continuous

and compactly supported on a ball,
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e for p > 2 ground states for (7F) are discontinuous and represented as a lin-
ear combination of the characteristic function of a ball, and a nonconstant

nonincreasing Holder continuous function supported on the same ball.

We also establish some qualitative properties of the ground states, including decay
at infinity if p < 2, or regularity near the boundary of the support if p > 2. This
information becomes crucial in the proofs of convergence of the rescaled ground

states of (P.) to the limit profiles of (TF).

4.1.1 Existence of a solution of (F.).

Before presenting the other results contained in this chapter, for the convenience
of the reader we provide a shorten proof (without including all the details) of the
existence of ground state solutions for (P.). Essential tool to control the non local
term in (4.1.1) is the Hardy—Littlewood—Sobolev inequality, see again Theorem 1.4.1.
Namely
/ (Lo * [l do < Caallul™s,  Vu € Li=s(RY),
R4 Ld+a (RY)

which is valid for any p > 1; and the Sobolev inequality

1l gay = 1VullZa@ey = SllullZer gy Yu € H'(RY),

20
H1 (R

where 2* = d2_—d2 is the critical Sobolev exponent HLS and Sobolev inequalities can

be used to control the non local term. In particular the following possibilities hold:
o if o < ) < dto thep Liva (RY) C L2(RY) N LY (RY)
o if p> %2 and ¢ > Lita (RY) then Lita (RY) C L2(RY) N L9(RY).
d+a
d

As a consequence, if ‘HTO‘ <p< ‘(ﬁ%‘ and ¢ > 2 or p > 95 and ¢ > (12% then the

energy functional 7.

1 1 1
T (w) = 5/ |Vw|*dx + %/ \w|*dw + —/ |w|?dx — 2—/ (1o * |w|P)|w|Pdx
Rd R q Jrd D JRrd

is well defined on the space

H, = H' (RY) N L™ (RY), ¢ :=max{q,2"}.
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The space H, endowed with the norm
1 g o= - ey + (@7 = 291 - Nl o ey

is a Banach space and Z. € C'(H,,R). Furthermore, see e.g., Lemma 4.6.1,

(Z.(u), p)u, = Vu-Vedr + 6/d up dr — /d(Ia * [uP)|[ulPPupdr  (4.1.4)
R R

R4

+/ lu|"Pupdr =0, Vo e H,, (4.1.5)
R4

proving that critical points for Z. correspond to weak solutions of (F.). In particular,

by testing (4.1.4) against u, weak solutions u € H, of (F:) satisfy the Nehari identity

/ |Vu]2da:+8/ |u|2dx+/ ]u|qd:c—/ (1o * |u|P)|ulP dz = 0.
Ré Rd Ré Rd

We further remark that by definition H, — L%(Rd) and H, = H'(RY) if 2 < ¢ <
2%,
Next, we show how to construct a groundstate of (P.) by minimizing over the

Pohozaev manifold of (P.). Let us set
P ={ueH,\{0}:P.(u) =0},

where P, : H, — R is defined by

—1-2 dr + 22 dr + & ¢y —
Po(u)=" /Rd]Vu\ x+2/Rd]u\ x—i—q/Rd]u\ o- 22

For each u € H, \ {0}, set

/ (Io * |ulP) |ul?P dz.
Rd

Then,

fult) == T (uy

)
td_2 td td td-‘roz
:—/ \Vu\zd:c—l—g—/ |u|2d:c+—/ lu|?dx —
2 R4 2 Rd q Jrd 2p

/Rd(la i lul?) [ulPda.
(4.1.6)



4.1. INTRODUCTION 119
It’s also easy to see that there exists a unique ¢, > 0 such that
fu(ty) = max{f,(t): t >0}, fl(t.,)t.=0,

which in turn implies that u(xz/t,) € .. Therefore, &. # (). Next, we define
M :H, — R as follows

M(w) i= IVl + el + ey

Moreover, it’s readily seen that M(u) = 0 if and only if u = 0. Furthermore,

from the definition of M and the norm | - [|4,, one can also prove that
A
272 ||ull3, < M(u) < Cllull3,

if either M(u) <1 or |luljy, < 1, where C' > 0 is independent of w.
Next, we state the following technical lemma proved in [82, Lemma 4.2]. In this

thesis we provide only a partial proof.

Lemma 4.1.1. Assume that either d;a <p< ‘Ci;%g and q > 2, or p > ZJFT‘; and
q > (12%. Then there exists C' > 0 such that for all u € H,,
d+o d+a
/ (Lo * |ul?) |ulP doe < C’max{M(u) < M(u) d—2}
R4
STEP 1: 0 ¢ Z..
Proof of Step 1: If u € Z., by using the HLS and Sobolev inequalities,
. (d—2 ed d
0= 2 min (52, 5.2 ) M) - Ol
1 (4.1.7)

> min (52,5, 9) Mtw) - Cor()
q

yielding that there exists C' > 0 such that M (u) > C for all u € Z..
STEP 2: ¢. = inf,co. Z.(u) > 0.
Proof of Step 2: For each u € &,, we have

1 o
L) = gVl + 5 [ (o )P do.
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therefore c. > 0. If ¢ = 0, then there exists a sequence (u,), C . such that
Z.(uy,) — 0, which means that

Ve = 0 [ (s )t d = .

Recall that P.(u,) = 0. Then we conclude that [[u,|%, (ga) — 0 and ||un||%q(R,i) — 0.
This implies that [|u,[|3. ey — 0, which contradicts to 0 ¢ 07..
STEP 3: There exists uy € & such that Z.(ug) = c..
Proof of Step 3: Since c. is well defined, there exists a sequence (uy,), C £, such that
Z.(un) — c-. Then, we infer that (||Vun||iQ(Rd))n and ( [pa(Ia * [un|?)|u, |P dz),, are
bounded. Note that P.(u,) = 0. Then we see that (||Vu,||3, (ra))n and (HunHiq(Rd))n
are bounded, and therefore (u,),, is bounded in H,.

Let u} be the Schwartz spherical rearrangement of |u,|. Then u} € H, qd, the

subspace of H, which consists of all spherically symmetric functions in H,, and

IVl Zegay 2 1Vpllzagay, lunllzomey = lunll ey, [nl e = 16010 ga)

[ G wPunp d < [ (Fe i) do.
R4 R4

Next, for each u}, there exists a unique t,, € (0, 1) such that v, := u} (t,x) € Pe.

Therefore we obtain that
To(up) > L (un(tnx)) > Ze(vy) > co,

which in turn implies that (v,), is also a minimizing sequence for c.. We have
therefore proved that Z.(v,) — c.. Furthermore, the sequence (v,), C Hgraa 18
bounded. Then there exists v € Hqq such that v, — v weakly in H, and v, (z) —
(RY) on
bounded domains. Using Strauss’s L*-bounds with s = 2 and s = ¢*, we conclude
that

v(x) for a.e. z € R by the local compactness of the embedding H, — L

loc

vn(|2]) < U(2) := Cmin {|z|" Y2, |z| ¥} .

Since U € L*(RY) for s € (2,¢*), by the Lebesgue dominated convergence we con-

clude that for s € (2,q%),
lim / U, |* da :/ |v]* dz.
n—00 Jpd Rd
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Note that ¢* > % and hence we can always choose s > ;4% > p such that (v,),
is bounded in L*(R?%). Then by the non local Brezis-Lieb Lemma [85, Proposition

4.7] we further conclude that

Hm [ (I, * |v,|P)|vn]P de = / (I, * [v]P)|v]P dz.
Rd

n—o0 R4

This means that v # 0, since by Lemma 4.2 the sequence {M (v,)}, has a positive
lower bound. Then there exists a unique ¢ty > 0 such that v(z/ty) € &.. By the

weakly lower semi-continuity of the norm, we see that
Z-(v) = Ze(va(z/to)) 2 Ze(v(z/t0)) = c-,

which implies that Z.(v(z/tg)) = c.. For the next step we fix ug(z) := v(z/ty)).
STEP 4: Pl(up) # 0, where ug is obtained in Step 3.
Proof of Step 4: Arguing by contradiction, we assume that P.(uy) = 0. Then ug is

a weak solution of the following equation,
—(d — 2)u+ edu — (d + a)(Iy * [uP)|ulP~>u + d|u|?%u = 0 in R?,

In particular, uy (by applying [82, Corollary 4.1, Proposition 4.2]) satisfies the
Pohozaev identity

(d—2)? 2 (d+a)? 2
5 IV uoll3 + 5;”“(}”3 Ty Rd(I"‘ * [uol?)uo|” d + EHUOHZ =0.

The above equation, together with . (ug) = 0, implies that

d—

2 d+ o)
T2 gl + L2

/ (Lo * [uo]”) Juol” dz = 0,
Rd

which contradict ug # 0.

STEP 5: 7! (ug) = 0, i.e., ug is a weak solution of (P).

Proof of Step 5: By the Lagrange multiplier rule, there exists ;4 € R such that
Tl (ug) = pPL(ug). We claim that = 0. As a matter of fact, since Z.(ug) = uP~L(uo),

then ug satisfies in the weak sense the following equation,

—(p(d—2) =) Au+ (pud—1)euw— (u(d+a) — 1) (Lo * |ulP) |u[P~2u+ (ud — 1) |u)?"2u = 0 in RY.
(4.1.8)
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Then, again by [82, Propositions 4.1-4.2], u, satisfies the Pohozaev identity

(u(d —2) = 1)(d - 2) e(pd —1)d
2

2
(u(d+ @) —1)(d + ) .
- 2p /RdUa* |uo|”)[uol” dz +

IVuoll5 + ol

4.1.9)
(pd —1)d (
[uol|§ = 0.

Finally, by P.(up) = 0 we conclude that

pa(d + o)

(= 2)|Fual}+ 2 [ (1, ool e =0,
D R4

which means that y = 0. Therefore Z/(ug) = 0.

4.1.2 Variational setup for (7F) and main results

Now, having proved the existence of ground state solutions for (P.), we focus on
finding ground states for the limit equation (7F"). Solutions of the Thomas—Fermi

equation (TF') correspond, at least formally, to the critical points of the energy

1 1 1
E(u :—/ u2dx+—/ ul?dr — —D,(|ul?, |u|?), 4.1.10
()szH quH % (lul?, [ul?) ( )

where we recall that D, denotes the Coulomb interaction
Dug) = A [ [ L ey,
R Jra |7 — y|io

Throughout this work, we assume that the following restrictions on the parameters

1 d4+a 1
< < —. 4.1.11
q 2dp 2 ( )

Then using the Hardy-Littlewood-Sobolev (HLS) and Hélder’s inequalities we can

control the Coulomb term, i.e.,

6 2p(1—6
Dal(ul?, [u?) < Gaallul Py < Cullul 2 lul 0. (4.1.12)
Ldta (Rd)
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Here €40 = 2%2(/(;;243 72 (Flgc(l%))a/ % is the sharp constant in the Hardy—Littlewood—

Sobolev inequality [77,78], and 6 € (0, 1) satisfies the condition

d+a 6 1-90 (d+ a)q — 2dp
=—+——, orf= . 4.1.13
2p 2 ¢ dp(q —2) ( )

Therefore, the conditions in (4.1.11) ensure that the energy E is continuous and
Fréchet differentiable on L?*(R?) N L9(RY), and its critical points are solutions of
(TF). Moreover, critical points of E (and solutions of (7TF)) satisfy the Nehari
identity
/ lu|?dx + / |u|?dx = Do (|ul?, |ul?). (4.1.14)
R R

By a ground state of (TF) we understand a function v € L?*(R%) N L4(R?) solving
(TF) which has a minimal energy £ amongst all functions in the Pohozaev manifold
P, defined as

P ={u#0:ue L*(RY)NLY(RY),P(u) =0}, (4.1.15)

where the functional P is given by

d 9 d d+«
== dr + — Idx — Do(|ul?, Jul?).
Plu) = [ JuPda+ S [ fultds = S0l uP)

Since the energy FE is not bounded from below (by replacing u with u(-/A) with A —
+00), constrained minimization techniques are better suited for the construction of
ground states. Moreover, the Pohozaev manifold &2 is preferred over the Nehari
manifold characterised by Eq. (4.1.14), primarily because of simplifications due to
the common expressions 3 [pq [u[*dz+ [o, [u]%dz appearing in both E(u) and P(u),
as demonstrated in Section 4.5.

Another way to construct ground states of (TF) is to look for maximizers of the

Gagliardo—Nirenberg quotient associated to the interpolation inequality (4.1.12),

ie.,
D, (|vlP, |v|P
Cd,opg = SUP M(lU’ ‘Z‘p&_g) cv € PARYNLIRY),v#£0p.  (4.1.16)
||U||L2(Rd)||v||Lq(Rd)

From (4.1.12), it is clear that €y a4 < Guq. Note that the quotient in Eq. (4.1.16)
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is invariant w.r.t. translation, dilation and scaling; every maximizer for €y, (if
it exists) can be rescaled to a ground states solutions of (TF) (see Lemma 4.3.6
below).

Using symmetric rearrangements, Strauss’ radial bounds and Helly’s selection

principle for radial functions, we prove the following result.

Theorem 4.1.2. Letd > 1, a € (0,d), p > dza and q > 2dp Then there exists
a non-negative radial non-increasing marimizer w, € LQ(Rd) m LYRY) for Ciapq

which is also a ground state solution of the Thomas—Fermi equation (TF).

Remark 4.1.1. While the precise value of 6,4, , is not known in general, we prove

below that for fixed admissible values of d, p and ¢,

lim Cuapq = 1, lim A Gy apq = 1,

a—0 a—d

here A, is the Riesz constant (see Proposition 4.2.1). We further refer to [66]
for a specific combination of parameters where we can identify %, ,,, by looking
for optimizers taking the simple ansatz v(x) = A(1 + |z|*/u?)~" for some positive

constants A,y and 7.

Remark 4.1.2. The substitution p = |ul’, m = ¢/p and n = 2/p leads to an
equivalent formulation of the quotient in Eq. (4.1.16), i.e

DOé b
G = SUD (p.p) s 0 < pe LR NL™(RY), p # 0

(Jeapm dx) (fde dx) ™

The corresponding interpolation inequality then takes the form

2(1-0)

20 _
// l@llow dygmmnu |p|ndx>n(/ ) 5
Rd xR |95— |d Y Rd R4

for all p € L"(R*)NL™(R), where 0 < n < 2% < m. This can be seen as a standard

interpolation associated to the Hardy—thtlewood—Sobolev inequality, which however
includes sublinear exponents n < 1. Relevant variational problems with n = 1 can
be found in the early works by P.-L. Lions [80; 81, Section II] and in the context of
diffusion-aggregation models in the recent papers [29,33]. We are not aware of any

works where the case n # 1 was considered.
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Mathematically, the most striking phenomenon related to (7F) is how the be-
haviour of the support of ground states to (TF') depends on the value of p. Our

main result is the following.

Theorem 4.1.3. Let d > 1, a € (0,d), p > CHT"“, q > %' Then every non
negative radial ground state solution u € L*(RY) N LY(RY) of (TF) is C™ in the set

{r € RY: u(z) > 0} and:

(a) if p < 2, then {u >0} = R? and lim, . u(a:)|m|§%; = (Ao fpu upda:)flp,

where A, is the Riesz constant,
(b) if p =2, then u is Hélder continuous and {u > 0} = Bg for some R > 0;

(c) if p> 2, then {u > 0} = Bg for some R > 0 and

u = )‘XBR +¢7

1

where X > (é’%ﬁ)ﬁ and ¢ : Bg — R is a Holder continuous radial non-

increasing function such that $(0) > 0 and limj,,z- ¢(|z[) = 0.
In the case p = 2, some results are known at least since the early paper by P.-L.
Lions [80]. However other results derived here are new even in this classical case.
In the case d = 3, a = 2, p =2 and ¢ = 4 the (unique) non negative radial ground

state of (TF") is known explicitly and is given by the function

w(z) = xp, (x)y/ 22z (4.1.17)

||

This is (up to the physical constants) the Thomas-Fermi approximation solution
for self-gravitating BEC observed in [20, 38, 106] and the support radius R = 7 is
the approximate radius of the BEC star. Note that u & H'(R3). For p > 2 and
general values of d, @ and ¢ the radius of the support of a ground state of (7F) can
be easily estimated. For the sake of completeness, we refer also to Remark 4.2.1 for
a short a proof of the fact that u defined by (4.1.17) solves (TF'). In particular, in
Corollaries 4.4.3 and 4.4.4 we show that for fixed admissible d, p and ¢, the radius
of the support of the ground states diverges to +00 as a — 0, and shrinks to zero
as a — d. In Lemma 4.4.2 and 4.4.3 we obtain quantitative estimates on the Holder

continuity of the ground state near the boundary of the support when p > 2.
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We refer to [66, Figures 2 and 4] for numerical simulations carried out in Mat-
lab. In particular, such numerical experiments suggests that for p > 2 the jump
near the boundary ) is always strictly larger than \, = (%)1/ (@=2) " If established
analytically, this would also rule out the second option in the regularity estimate
(4.4.14) implying that Holder regularity of the ground state near the boundary of
the support is always of order 7 € (0, min {c, 1}).

Note again that, the regularity results concerning the case p # 2 stated in Theo-
rem 4.1.3 are new even in the classical case a = 2. Similarly, as far as concerns the
convergence of rescaled ground states of (4.1.3) to a ground state of (TF), [82, The-
orem 2.7] is the only outcome the author is aware of. In this last result, several
additional restrictions appear in order to establish that ground states for (TF) be-
long to H*(R?), making the proof easier. If p = 2 such a regularity can be deduced
(under some restrictions on the parameters) from Theorem 4.1.3-(b). However, if
p > 2, Theorem 4.1.3—(c) implies that such regularity is never achieved because of

the discontinuity at the boundary of the support.

4.1.3 Thomas—Fermi limit profiles for Choquard equation
(F:)

Next we prove that in the relevant asymptotic regimes, ground states w of (FP.)
described in Theorem 4.1.1 converge, after the rescaling

us(x) = e W, (e ata z)

towards a ground state of the Thomas—Fermi equation (7F'). To identify the asymp-
totic regimes observe that the rescaling (4.1.2) transforms the Choquard energy Z. (u)
in such a way that

q(d+o)—2dp

J-(w) = ¢ =@ T (u.),
where we denoted

1 2@p+a)—q@2+a)

1 1 1
H(w) = =g a2 Vuw|*dr+~ 2da+~ Ydz——Do(|wl?, |JwP).
Je(w) = e /Rdl w| m+2/Rd|w| w+q/Rd|w| o (lw]?, Jw[?)

(4.1.18)
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q,

n q — %
q=2%5
(i) : e = o0
(i1) 1 e = 0

i
2 &
1 dta d+a jig
d d—2
Figure 4.1

Then formally, Jo(u) = E(u) and we note that if ¢ — 0 and ¢ < 2221”;7, or if
2(2pta)—q(2+a)

LS thep ¢ a(-2) — 0. Combined with the existence range

2+a
of the ground state of (F.) in Theorem 4.1.1, this formally identifies the Thomas—

e — oo and q > 2

Fermi limit regimes. In Section 4.5 we prove the following result, that confirms our
reasoning based on formal asymptotics and covers the ranges of a # 2 and p # 2

that were left missing in [82, Theorem 2.7 and 3.2].

Theorem 4.1.4. Let d > 3 and o € (0,d). Assume that either (i) or (ii) holds:

i) —d;a <p< —ng and q > 2227fj, orp > —‘ét‘; and q > —;ﬁ’;;
i7) “Ta<p<% and%<q<22£—+5.

Then there exists a sequence (€x)ren and a sequence of ground states (u.,) of (P,)

such that
ex — oo if (i) holds, or e, — 0 if (i7) holds,

and the rescaled sequence of ground states of (Px)

ue, () := &, 2w, (5k “(q’z)x)
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converges in L*(RY) and LY(RY) to a non negative ground state solution of the
2(2p+a)—q(2+a)

Thomas-Fermi equation (TF). Moreover, g, "7

—+00.

||Vu5k|\L2 (Re) 0 as k —

4.2 Proof of Theorem 4.1.2.

Assume that d > 1, € (0,d) and p > %2 and ¢ > 292 For u € LI(R?) N L*(R?),
denote
Da(ful” [ul”)

( )‘: 0 2p(1—6)
[ e

We are going to show that the best constant
Caoapg = SUD{R(u) 1 u € LY(RY) N L*(RY), u # 0} (4.2.1)

is achieved. We follow with some modifications the arguments in [57, proof of
Proposition 8§].

Let {u,}n be a sequence such that R(u,) = Guape as n — 0o. Let u! denote
the Schwartz spherical rearrangement of |u,|. Then u} is non negative radially

symmetric nonincreasing, and

”unH%Q(Rd ||un||L2(Rd ||un||Lq(Rd) = HUnHLq(Rd) a(|un|pv |un|p) < Da((“fm)pa (u;;)p)

(4.2.2)

Therefore R(u,) < R(u}) and {u}} is also a maximizing sequence of €44 With-
out loss of generality, we can denote u; by u, in the rest of the proof.
By using the scaling invariance and homogeneity of R we can assume that
||un||L2(Rd) = ||Un||Lq(]Rd) = 1, so that
R(un) = Do (vl ul) = Chapg

n» 'n

as n — 0o. Using Strauss” L*~bounds [104] with s = 2 and s = ¢, we conclude that
un(|z|) < U(x) := C min{|z|~Y2, |z|~¥/}.

Since U € L*(RY) for s € (2,q), by Helly’s selection principle there exists 0 < u €
LY(R?Y) N L*(R?) such that u,(r) — u(z) a.e. in RY as n — oo. By the Lebesgue
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dominated convergence, we see that for s € (2,q),

hm/ |un|sd:v:/ lu|*dz.
n—oo Rd R4

Note that ¢ > ;% > p. Then by the non local Brezis-Lieb Lemma [85, Proposition

4.7] we conclude that

lim Da(uﬁ, ufl) = Da(up,up) = ng,a,p,qv
n—oo

which in particular, implies that u # 0. By Fatou’s Lemma, we get that

1= lim/ |un\2d:c2/ lul*dz >0, 1= lim/ ]un|qu2/ |ul?dz > 0.
n—o0 Jpd R4 n—00 Jpd R4

We claim that [o, |ul*dz = [o,|u[%dz = 1. By assuming ||ul|p2ga)l|ullpeme < 1,
then

Ciopq > R(u) > Dy(uP,uf) = lim Dy (ul, ub) = lim R(u,) = Cuapg
n—oo n—oo

a contradiction. Therefore, our claim holds and

lim |un|2dx:/ lu|*dz, lim/ |un|qu:/ |u|?dz,
n—00 R4 R4 n—oo R4 R4

that is, u, — u strongly in L*(R?) for s € [2,q]. Furthermore, we have €y n,, =
R(u). Let u* be the Schwartz spherical rearrangement of u, then by (4.2.2) we
obtain

Capq = R(U") > R(u) = Caapag

which means that «* is also a maximizer of €y 4. ]

Next we briefly discuss the asymptotic behaviours of the optimal constant €. p 4

when « approaches 0 or d.

Proposition 4.2.1. Assume that d > 1, a € (0,d). If p> 1 and q > 2p then

lim Giapq = 1. (4.2.3)
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Furthermore, if p > 2 and q > p then
lim A ' Capg = 1. (4.2.4)
a—d

d+a

Proof. First of all we notice that p > 1 implies p > for every « sufficiently close

to zero, and 2p > 2dp for every o € (0, d). Similarly, the assumption ¢ > p ensures

2dp
d+a

under our assumptions on p and ¢, if « is sufficiently close to zero or N, the optimal

: d+a
that ¢ > for every a sufficiently close to d, and clearly p > 2 > #t%. Thus,

constant 6y q 4 is well defined. Next, we begin by proving that

limsup €g.a,pq < 1.

a—0

By the HLS inequality and standard properties of the Gamma function, we conclude

that

()

where %, is the sharp constant in the HLS inequality (4.1.12).

Cropg < Caa = (2V/m)7° EZ;ZOK; < 1d) >d —1 asa—0, (4.2.5)

On the other hand, we set uw = xp, to estimate the lower bound of 6, ;4. Then,
by the explicit expression for the Riesz potential of a characteristic function give in
Eq. (4.4.19) below,

2006) r'((d—a)/2)
20T(1 4 «/2)['(d/2)

(gdapq > |Bll_p0

/B JFi(—a )2, (d — )/2: d)2: |2 )da
(4.2.6)

where 6 = 0(«) is defined in Eq. (4.1.13). Hence, by noting the following limits
(with fixed p, q),

lim (p@(a) 4 M) .

a—0 q

lirr(l)zFl(—@/Q, (d—a)/2;d/2;|x|*) =1, for every |z| <1,
a—

(4.2.7)

Fatou’s lemma yields

lim inf ey g > |Bl|1/ lim inf » Fy (—a/2, (d — a)/2: d/2 |2?)d = 1,
a—0 B a—0
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concluding the proof of (4.2.3). Note that (4.2.7) holds since for || < 1 the hyper-

geometric function is continuous with respect to the other parameters and so
lim 2 Fy (= /2, (d — @)/2;d/2; |2]*) = 2 F1(0,d/2:d/2; |2]*) = 1
a—

where we used the representation formula,

oFi(-mticlof?) = S0 () 2laf, me NU{0),

n=0 n (C)n

with (-),, denoting the (rising) Pochhammer symbol. Next, for the other limit, we

notice that

lim <p0(a) i M) .

lirr}iQFl(—a/Q, (d—a)/2;d/2;|x|*) =1, for every |z| <1,
a—

with the same 6 = 0(«) defined by Eq. (4.1.13). Hence, by Eq. (4.2.6) and Fatou’s

Lemma we deduce that

d 1
liminf AL Gy 0pq > |Bi| 72 liminf ——— = |B;
a—d a—d

L(1+%)

Finally, similarly to the relation in (4.2.5), the constant from HLS inequality

leads to
lim sup A;lﬁd@,nq < lim sup A;l%d@ <1,
a—d a—d
concluding the proof of (4.2.4). O

Lemma 4.2.1. Let u be a non negative, radially, symmetric and nonincreasing

mazximizer of €y apq With ‘HTO‘ <p<2andq> ;J%, then Supp(u) = R

Proof. Without loss of generality we can assume that ||ul|s = ||ul|, = 1. Arguing by
contradiction, we assume that there exists a set A C RY with AN Supp(u) = 0 and
0 < |A| < 400. Then we test the function v := u+ex4 with £ > 0, where x4 is the
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characteristic function,

R(y) = — Pallvls o) Dao(Ju+exal’, [u+exal’)
(U) o 2p6 2p(1—0) 0 2p(1—0)
||U||L2(Rd) HUHLq(Rd) (fRd (u? 4 €2x a)dz)P (fRd (ul + g9y 4)dx)” a

_ Do(|ul, [ul?) + 262 Do (Jul?, x ) + €*Dalxa, Xa)

o 2p(1-06)

(Jra(u? + 2xa)dz )P ( [ra(u? + e9xa)dz)
< Dallul?, [ul?) + 26" Da(lul”, xa) + £%Dax A, X )
- (1 4 poe?| A)(1 4 ga 20241
< Dallul?, [ul?) + 26" Da(lul”, xa) + £Da(xa, X4)
- 14 Ce?
26" Do (|ul?, xa) + e*Da(xa; xa) — C?
1+ Ce? ’

> %d,a,p,q +

therefore there exists g9 > 0 such that for all € € (0,e), we have R(v) > Guapq =

R(u), which contradicts that v is a maximizer. O

Remark 4.2.1. In what follows, before investigating several equivalent variational
settings for ground state solutions of (TF'), we prove by simple computations that
for d =3, a =2, p =2 and ¢ = 4 the function u defined by (4.1.17) solves (TF).
One way is to directly employ the formula in [66, Section 5, eq. (5.2)]. On the other
hand, one can simply argue as follows.

Since u defined by

sin(|z])

u(z) == xz,(z) TTal

is bounded, the Riesz potential I * u? is continuous and smooth in R?\ 0B, see
e.g. Proposition 3.3.1. Furthermore, by combining Lemma 3.5.1 with Lemma 4.6.2

we infer that I, * u? is a radially non increasing function solving

—A(Iy xu?) =0 in B,
(4.2.8)

i )0 |2] (L2 % u?)(2) = Agl|u?]| 1 (ra).

From (4.2.8) we deduce that

D
(Ixu?)(r) = — if|z] >

]

for some D > 0. Then, we can find D in order to satisfy the condition at infinity.

This leads to D = 7. Similarly, since f := I * u? is a bounded radial solution of
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—~Af =4?in B, we further derive that

7+ 270+ 2 0 i 0.7,
ie., ‘
(I x u?)(z) = C + sin |z in By,

|z]

for some positive constant C'. Finally, by continuity we conclude that

1 4 snlel if |z] <,
(I % u?)(z) = el = (4.2.9)

Tl if |z] > 7.

Hence, from (4.2.9) it’s now straightforward to check that I * u* = 1 + u* in B,
which is equivalent to (7F).

4.3 Equivalent variational settings.

Finding optimizers of the Gagliardo—Nirenberg quotient is only one possible ap-
proach to construct solutions of (7F'). Historically, the most traditional approach

consists in minimizing the nonconvex quantity

1 1
Bufu) = < [ Jultde = 5-Du(uP JuP),

subject to the L?-norm constraint, which leads to the family of problems
M, = inf{Eo(u) Nl 2azay = ¢, uw € L*(RY N Lq(Rd)} (¢>0), (43.1)

where ¢ has the meaning of the mass of the density p := |u[?>. This is exactly the
problem studied in the case p = 2 (in terms of p) by Auchmuty and Beals [11] and
P.-L. Lions [80; 81, Section II] for @ = 2, and in [29,33] for a € (0,d). By the mass

preserving scaling, M, = —oo for all ¢ < ¢, := Q(p — %), that is ¢, is the L2-critical

2dp

Tre» S0 the minimization

exponent for Ey. Note that under our assumptions ¢. >

2dp

Ire qc), which is however covered

problem for M, is not well-posed in the range q € (
by the existence result of Theorem 4.1.2.

Another approach to construct ground states of (7F') is to minimize the convex
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functional

1 1
E(u) := §/Rd ]u\2d:c—|—5/Rd |ul? dx

subject to the non local constraint,
Me =: mf{5<u> : Da([uf?, [ulP) = ¢, u € LA(RY) ng(Rd)} (c>0). (4.3.2)

In [82, Proposition 6.1] it has been proved that a minimizers for m,. exists in the full

2dp

= oo), for every ¢ > 0.

range q < (
One more approach is to minimize the total energy E defined by (4.1.10) to the

Pohozaev constraint,

o= inf {E(u) : ue€ P}, (4.3.3)
where
2 :={0#4ue L*RY)NLI(RY) : P(u) =0}
and ] ] ]
Plu):= 3 /R e+ /R fu|dz — ;“Daqu\p, uf?). (4.3.4)

To show that o > 0 is well defined, we first show that & # ().

Lemma 4.3.1. For each u € L*(RY) N L4(RY) \ {0}, there exists a unique t, > 0
such that u(z/t,) € Z.

Proof. For each v € L*(R?) N L4(R?) \ {0}, let us(z) = u(x/t), then we have

4 1 ) 1 . td+o¢ , ,
B(u) = (Gl ay + Nl gusy) = o Dallul” ).

It is easy to see that there exists a unique ¢, > 0 such that E(u;,) = maxe=o E(u;)
and E(ut)'|;, = 0, which means that u;, € . O

Let us define M : L?>(R?) N L9(R?Y) — R, as
M) = ol + 1l g

Just taking into account the definition of M and the norm || - ||p2nze', we can check

1Recall that L?(R?) N L9(R?) in naturally endowed with the norm

I llz2ane = |- lz2@aey + || - [ Lomay
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that

27 ||u| < M(u) < ||ul|z2npe, if either M(u) <1 or ||ul/z2ne < 1. (4.3.5)

q
L2NL4
Thus we can give the following estimate between M and V.

Lemma 4.3.2. There exists C > 0 such that, for all u € L*(R?) N LY(RY),

d+a

Da(lul?; [ul?) < CM(u) .

Proof. For each u € L? N L4(R?) \ {0}, let u; be defined in Lemma 4.3.1 with
t = M(u)"a, then M(uy) = t“M(u) = 1. Tt follows from the HLS inequality, the
embedding L?(R?) N L4(R?) < Lita (RY), and (4.3.5) that

Do([uf?, [uP)) = ¢~ HID (Jugl?, [ |P) < CE ||,
Lita

d+a

< Ot w750 < OM(u)™0,

which is the desired conclusion. O

Lemma 4.3.3. There exists n > 0 such that Dy (|ul?, |ulP) > n for all u € P.

Moreover, o > 0.
Proof. For each u € &, by Lemma 4.3.2, we see that there exists C' > 0 such that

d+ « d+ «

5 Do([ul?, |ulP) > CD(|ul?, |u|P)d+% _
D

0="P(u) >

Da(|u|p7 |u|p)’

|

which implies that there exists 7 > 0 such that D, (|ul?, |u[?) > 7. Since u € £,

we have E(u) = 53-Da([ul?, [ul?) > FL. Therefore o > L > 0. O

a
2dp

Lemma 4.3.3 shows that o make sense. The next result describes the relation-
ships of m¢, €gapq and o. As a matter of simplicity, we focus on the case ¢ = 1

only.

Lemma 4.3.4. The above three constrained problems (4.2.1), (4.3.2) and (4.3.3)

are equivalent, that is:

d+a

__d
o= @(de)g (dila> « = 0*%(17;;3‘17 (436)
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where 0, is given by

)

d+a
O, \ o 4
( 7 Q) oo (4.3.7)

Proof. First of all, we show that (4.2.1) and (4.3.3) are equivalent up to rescaling.
Indeed, for each u € &2, by Lemma 4.3.3 we see that D, (|ul?, |u[?) > 0. Then, there

exists a unique t, = <+)> % such that

Do ([ulP,|ul?

In particular

ol

o = a(2dp)

Da(fu(-/tu), Ju(-/ta)P) =t Da(|ul?, [ul?) = 1,
which means that u(z/t,) € A; where by A; we denote

Ay = {u € L*(RY) N LYRY) : Dy (Jul, |ul’) = 1}.

On the other hand, for each v € A; there exists a unique t, := (%) * such that
v(x/t,) € . Moreover, let’s notice that the following holds
P — A — 7
(4.3.8)
ur—>u<%> ::v»—>v<%> = u.
As a matter of fact,
(deé'(v)); (dec‘,’(u))clv a
h=\—F7—) =—7"—] ti,
d+ o d+«
from which
1
2dp & o dta 1 _1
e (fof)) t = (Dalul?, Jul?))® - (Da(ful?, [ul?) "> = 1.
Similarly,
Al — Y — Al
(4.3.9)

w—)v(%) :zun—>u<tﬁ>:v
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since

hem (m) N (Dauv(-/tmlp, |v<-/tv>|p>>d+la =t

Thus, for every u € &, we can find a unique v € A; such that v(x/t,) = u(x) and

o= inf E(u) = inf E(v(z/t,)) = inf

ue veA; vEA

_ .o (2dp5(v)) £0)

v€A1d—|-Oé d—|—O[

a ( 2dp )a inf E(U)HTQ

:d+a d+ «
o

2dp \ & die
_d+a<d—|—a> ™

-t ()"

1
d __— gdta
e - it}

Q‘Q-f_/H

This implies that o is achieved if and only if m; is achieved.
Now we show that the minimization problem (4.3. 2) and (4.2.1) are equivalent.
Indeed, given u € Aj, after a rescaling, us(x) = ¢~ o u(7) € Ay for all t > 0.

Minimizing £(u;) with respect ¢ > 0, after a direct computation, we find that
E(uy,) = r?j(r)l E(uy) = Q*R(u)_p(‘z(—1_qe)+q‘e) = Q*R(u)—d%’ (4.3.10)
>

where 6 is given in (4.1.13) and

[ (d+a)g = 2dp)lfully )| T 9‘_(1_e>mq;>+qe< 0 +1>
P aldp = d— o) [ul g RN 21-0) ¢/

Moreover, from (4.3.10) we get

d

_d_ T dta
= Jof mip ) = 0. jnf RO =0, (supR ()

(4.3.11)
= 9*< sup R(u)) 7 =0.%,, o

d,a,p,q’
u€L?NLI(R%)

where we used that R is scaling invariance and so sup 4, R(u) = Sup,e2npaga) R(1).

In particular, €4 in the maximization problem (4.2.1) is achieved if and only if
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my is achieved in the minimization problem (4.3.2).

Finally, (4.3.7) follows simply by combining the relations in (4.3.6). O

4.3.1 Connection with ground states of (7F)

We recall that by a ground state of (TF) we understand a function v € L*(R%) N
L4(R?) solving (TF) which has a minimal energy E defined by (4.1.10) amongst all
functions belonging to the Pohozaev manifold &2.

In this subsection (see Lemma 4.3.6), taking into account Lemma 4.3.4, we ex-
plicitly compute the rescaling which transform any maximizer for ¢4, 4 to a ground
state solution of (TF).

First, we recall that, the Euler-Lagrange equation of the quantity log R(u) for
u € LY(RY) N L?(RY) has the form

Au+ Blu|"*u = O(I, * [uP)|ulP?u  in RY, (4.3.12)
where / ;
2 2p(1 — 2
U () RS N
[ [l Dol [ul?)

In particularly, maximizers of € 4, in Eq. (4.2.1) constructed in the proof of
Theorem 4.1.3 are solutions of Eq. (4.3.12) and, after a rescaling, of (TF). Indeed,
given an optimizer u for €y, 4, let’s consider the function wy , = Au(ux), for some
A > 0,1 > 0. By the definition of § (equation (4.1.13)) we have that R(u) = R(ux ).
Then, we can choose A, i such that A = B = (', the corresponding uy , (which is

still a maximizer of €,,,4) satisfies (TF).

Lemma 4.3.5. Let a € (0,d), d > 1, p > 2 and ¢ > dz%l. If u is a mazimizer

for €yop,q then the function uy, ,, = Au(p.x) with

Lo 0 2o\ 7
. <( P ) (319)
La(R4)

1—0\ D,(lul?, |ulP *
f = < q_2p> ( l AR (4.3.14)
>\* ||u||Lq(Rd)

[

is a solution of (TF).
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Proof. Let u be a maximizer for €y p 4. Then, uy , remains a maximizer for €y q p,q-

Moreover, if we set X := A\, where

2
N2 (1 — 9) [l 72 (ra)

i 0 ||u||qu(Rd)

we obtain that
2pf 2p(1 —6)

Hu)\*,ul‘i2(Rd) Hu/\*,uuiq(ﬂ%d).

Furthermore, if we set u := p, where

«._ (1 - 9) Da([ul”, [ul”)

/’I/* =

A2 Hu”qu(Rd) ’
we get that
2pb 2p(1 -6 2
A=W g OO P . (4.3.15)
HUA*,MHB(Rd) 1w, . La(Rd) Da(Jun, P, [ur, e P)
concluding the proof. O]

Lemma 4.3.6. Let u be a mazimizer of €yapq. Then, the function uy, ,, where
s, [ are defined respectively by (4.3.13) and (4.3.14) is a ground state solution of
(TF).

Proof. For the convenience of the reader let’s set u, = uy, ,,. From Lemma 4.3.5 we
know that wu, is a solution of (7TF'). Then, by definition of ground state, it remains
to prove that P(u,) = 0 and that u, minimizes the energy F on 2.

First of all, from the equality (4.3.15), we deduce the following relations

g 1-46 9 » » Hu*|’%2(Rd)
sl = (2 ) Blmay, Dallua ) = 20 (a.3.16)

Next, taking into account (4.3.16) and (4.1.13), we deduce that

d d1-60) d+a
— 2 -
Plus) = [lusll 72 (5 + ¢ 2pf ) -
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Moreover, by Lemma 4.3.4 we obtain the relation

d+a

. 0, o 4
ulggﬂ E(u) = 0 = a(2dp) (d n a) Corpa (4.3.17)

Qlx

where 6, is defined by

q6
1\ om [ g 1
e = | — - 1. 4.3.1
= (5 (et ) 4318

We claim that wu, satisfies

d+a

( b ) T R(u,)f (4.3.19)

Qe

B(u.) = a(2dp)? (-

which, in view of (4.3.17), proves that u, has minimal energy on .
By (4.3.16) we obtain that

«

E(u*) = WHU*Hi?(Rd)’ (4320)
and ] 9 2dp(1—6) ( i 9)) .
_d d - o 2pp— LU= ) 4

R(U*) a=fa (T) ||u*||L2(Rd) . (4321)

Then, by (4.1.13), we notice that

from which
2dp(1—0)

1—-6 qa
( 0 ) ||u*||%2(Rd)- (4.3.22)
In order to conclude it’s enough to prove the following equality

2dp(1—0) dta

q6
af1—10 qa d dta 1 — 6 20-0)+a0 0 1 o o
o 2dp) a -2 - 4z -
#(50) T eeatera  (150) oy )| 2
(4.3.23)

First we notice that (again by (4.1.13))
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from which (4.3.23) is equivalent to

d+a 2dp(1—-6) _ q¢b(d+o)

by oy 4.3.24
(m =1 (4.3.24)
which is true since (again by (4.1.13))
d+a 2dp(1-0)  ¢0(d+a) d+a 2dp(1-0) dpd
a qo 2a(1 —0) + ¢ « qa a (4.3.25)
= 0.
[

Remark 4.3.1. Note that the proof of Lemma 4.3.6 seems more complicated than
needed because of a technical reason we will explain in this remark. As we have
already proved, from (4.3.16) we immediately conclude that u, € 4. In particular,
if we could say that & is a natural constraint i.e., if u is a critical point for E in &
then E'(u) = 0, we would get the thesis. Indeed, if &2 is a natural constraint and w,
is not a minimizer, by arguing as in Section 4.1.1 we can find a minimizer uy such
that
o= FE(up) < E(uy).

On the other hand, by the assumption on & being a natural constraint, uy solves
(TF) and in particular, it satisfies the Nehari identity (4.1.14). However, by arguing

as in the first part of Lemma 4.3.6 we infer that ug satisfies

d+a
o

(722) " Riw) ¥ < Bu) = atap

0 dta
* & _d
(d+a) R,

but this contradicts the fact that u, maximizes the quotient R. Taking into account

Ol
Qe

E(ug) = a(2dp)

the above argument it remains to prove that & is a natural constraint. Nevertheless,
by looking at the proof of the existence in Section 4.1.1 (see again [82, Corollary 4.1,
Proposition 4.2]) some regularity is needed. While in the previous framework such
regularity is obtained because of the presence of the diffusion term —A, we already
know that we can not expect this regularity to be achieved in our Thomas—Fermi
setting (see for instance Corollary 4.4.2 and Lemma 4.4.3 where we in fact prove

that a solution of (7F) is not even continuous if p > 2).
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Lemma 4.3.7. Let u be a minimizer for E in &2. Then, the function u(z/t,) is a

minimizer for € in Ay, where t, is defined by

( ! )‘H (4.3.26)
tp=(=————) . 3.
Do ([up, [ul?)

Proof. Let u be a minimizer for F in &. It’s easy to see easy that the function
defined by v(z) = u(z/t,) belongs to A;. Moreover, in view of Lemma 4.3.4 we only

need to prove that

Ol

( £@) )H (4.3.27)

E(u) = a(2dp)= (=

To this aim we first note that

E(v) = (W)H E /Rd ul + é /Rd W} (4.3.28)

= Do ([ul?, [ul?).
3 Dollul” [ul’)

Moreover, by combining the equality

(0%

E e = —
(W =0=5p

Da(|ul”, [u]”)

with (4.3.28), we infer

Ew) = (%p) " o) (2)™

which is equivalent to (4.3.27). O

Remark 4.3.2. Note that, by combining Lemma 4.3.6 with (4.3.7), if u is a maxi-

mizer of €y .a.p,q, then function wy ,, defined by

UA,M(x) = /\u(,ux),

with

= %

1-0 ||u||%2 ray \ 7 1-0 ||u||%2 ray | TV )

A‘:<< 0 >|| Toe) 5 ( 7 >|| T (Da(ful. [uf?)) 7
Ul La(ra) ullfo gy

is a minimizer for £ in Aj.
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Remark 4.3.3. We point out that, although the trivial inequality €404 < €a.a, cf
(4.1.12), the equality never holds. This can be easily seen from the Euler—Lagrange
equation (4.3.12). As a matter of fact, assume by contradiction that €y, = Ga.a-

Then, the optimizer u, constructed in the proof of Theorem 4.1.2 satisfies

D, (uf, ul) D, (uf, ul)
ng,a = ng,am,q = H H2p9 || H2p(1—9) S ||u§||2 ) S ng’a, (4329)
Uell L2 (mety [ 1l o (ma) )

i.e., uP is an optimizer for HLS inequality. In particular, since u, is non negative

and radially non increasing we infer (see [78, Theorem 4.3])

A
U(z) = ———— >0, A>0. (4.3.30)

(0 + laf)

Next, we claim that if u, is of the form (4.3.30) then it can not satisfy the Euler—

Lagrange equation (4.3.12). Indeed, if it was true we would obtain the relation

2
2p0u, + 2p(1 — O)ud™! = P

= I % uP)uPl =t 4.3.31
‘fd,a,p,q( ) (4.3.31)

Therefore, by Lemma 3.5.1 and the fact that ¢ > 2 we obtain that

2p0N  2pAs ([l 1r(re 1
B 4ot @D +o| —z= | aslz]— +oo. (4.3.32)

2| % Caona g 2| %

Thus, to have the equality in (4.3.32) we must at least have

1
d+o‘:d—a+<d+o‘;(p ), (4.3.33)
P

which is always false because of the assumption p > ‘”Ta. We have therefore proved

that ng,mp’q < (gd@.

4.4 Regularity, decay and support

In this section we prove some results mainly addressing regularity and support prop-
erties of radially non increasing ground state solutions for (7F'). Furthermore, we
prove that such ground state solutions decay polynomially if p < 2 and are com-

pactly supported if p > 2.
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4.4.1 Decay properties

Recall that if s € (1,£) and =1 — 2, then

is bounded. We first establish the following fact about the far field behaviour of
I, = uP: if the non negative function u decays fast enough, then I, * u? decays

algebraically like the Riesz potential I, itself.

Lemma 4.4.1. Assume that p > 42 and ¢ > 3%:. Let uw € L*(R%) N LY(RY) be a
non negative radial non increasing solution of (TF). Then there exists € > 0 such

that u € LP~¢(RY) and
. I, xuP
lim

— = 4.4.1
|z|—00 Ia(.’lj') fRd uPdx ( )

Proof. We first prove that u € LP~¢(RY) some ¢ > 0, which is trivial if p > 2.
Otherwise if p € (£2,2], we can show that v € L**(RY) for a sequence (s,) of
positive decreasing exponents eventually smaller than p.

First, by Holder inequality, we see that

1

1 1
5 (Lo * uP)uP Y0 dz < ( /R d |(Ia*up)\”tdx>t< /R d u@—l)wdx)ﬂ (4.4.2)

provided that 1/t + 1/r = 1 for positive ¢ and r. We want to find a sequence (s,,)
of positive numbers, so that if u € L**(R?), then v € L+ (R%). By choosing the
parameters o,t and r in Eq. (4.4.2) so that

1 P«

—swre (p=Dori=s, =0
0= Spt1 (p—1Dor:=s pr

The last equation, arising from the HLS inequality, has to be supplied with the
condition a/d < p/s, < 1, or s, € (p,dp/a). Therefore, the sequence (s,,) satisfies

the recursion relation
1 1 1 p a p—1 2p—1

Q
=—+—=——-—=+ —.
Spt1 ot or s, d Sn, S, d

(4.4.3)

With the (unstable) fixed point s, = 2d(p—1)/a > 2 (as p > (d+«a)/d), the general
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term can be written as

l;:@p_nn(£_3>_ki, (4.4.4)

n S0 Sx Sk

If s¢ is chosen to be any number inside the interval (2, s, ), then s, is monotonically
decreasing to zero. Therefore, we can look for the largest integer ng such that
Sng > p- If 5,41 < p, then uw € LP~¢ for any positive € < p — S,,41. Otherwise, if
Sno+1 = P, We can always choose s slightly smaller to get s,,41 < p, since by the
recursion relation Eq. (4.4.4), s,, depends continuously and monotonically
Consequently, by the Strauss’ LP~“~bound we have the following faster decay

estimate for the radially symmetric and non increasing function w:
__d
u(lz]) < Cla| "> (lz| > 0).

Then, by Lemma 3.5.1, we get the desired limit (4.4.1). ]

Corollary 4.4.1. Assume that 4% < p <2 and g > dii’;. Let u € L2(RY) N LI(RY)
be a non negative radial non increasing solution of (TF). Then u satisfies the

following algebraic decay rate

—a Zip
lim u(x)|x|gfp = (Aa/ u? dm) , (4.4.5)
T—00 Rd

where A, > 0 is the Riesz constant. Furthermore, we have that u € L*(R?).
Proof. By Lemma 4.4.1, I, x u? = I,(z) [ uPdz(1+ 0(1)) as |z| — oo. Hence, the

governing equation (7'F) implies that

lim u(2)* Pz (1 +u?2(z)) = lim |2|" L, *uP = Aa/ u? dz.
R4

From the monotonicity of u and the fact that ¢ > 2, we conclude that u?=2(|z|)

vanishes at infinity, and therefore

lim w? P (x)|z|" = A, | WP dx,
|z|—o00 R4
which is equivalent to (4.4.5). From the condition C”TO‘ < p < 2, the power ‘;_Ta is
P

strictly larger than d. That is, u decays faster than |z|~® and hence u € L*(R?). [
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4.4.2 Regularity and support

In the subsequent results we prove up to the boundary regularity of radially non
increasing ground state solutions for (7F'). In particular, we derive smoothness in

the interior of their supports, cf. Lemma 4.4.4.

Lemma 4.4.2. Assume that p > 42 and ¢ > %‘ Let uw € L*(R%) N LY(RY) be a
non negative solution of (TF). Then u € L*(R?) and

I, xu? € C*"(RY)  for every 7 € (0, min{a,1}). (4.4.6)

In particular, if p < 2 the following hold:

(1) If p < 2 then wu is Holder continuous in {u > 0} of order T, for every T €
(0, min{a, 1}).

(1) If p =2 then u is Holder continuous in {u > 0} of order k(q), where k(q) is
defined by

T, ifg <3,
k(q) == . (4.4.7)
= fa>3,
for every 7 € (0,min {«, 1}).

Proof. Assume u € L*(RY) N L2(R?) N LY(RY), where s € (p, %2). Note that u €
L2(RY) N L4(R?) implies that I, * uP is almost everywhere finite on R¢. Moreover,

by the HLS inequality, if s € (p, dp/a) then I, * u? € L™(R?) where

(0%

0. 4.4.8
= (143)

T s
Then (4.4.2) implies that (I, x uP)uP~! € L7(R?) for ¢ > 1 and (I, * uP)uP~t €
L7 (R?) for o € (0,1).2

Next, we split the argument in three cases:

CASE 1: ¢ > %. In this case, u € LI(R?) for some q € (%,q} such that
a— % < 1. Then I, * u? € L*®(R?) and is Holder continuous of order o — %l (cf

Lemma 1.4.3).

2We denote L/(RN) = {f :R" = R : [|f|'dz < oo}, where ¢ € (0,1). Note that £!(R") is no
longer a normed space for ¢ € (0,1) because the triangle inequality does not hold.
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CASE 2: ¢ = %. Since in this case there exists ¢ > 0 small such that u €
276
Lp(o‘ )(Rd), from (4.4.8) we get (I, * u?)uP~! € L°(RY) where

1 2 — 1 a

o pld/a—e d

Thus, recalling that
wl™ <wu4utt = (I, xuP)uP"! ae. in RY,

u € LD (RN) and (¢ — 1)o > % provided 0 < e < & (1 - z%)' Thus, u? €
(¢=Do
S RHYNL P (RY), therefore I, * u? € L®(R%) and is Hélder continuous of

order ~y for some v € (0, 1].

CASE 3: g € (%, %p). Let’s set sy := ¢ > p and

1 1 2 —1 a
= = — . 4.4.9
o @=Dow  (@=Dsn  Ng=1 (4.4.9)

Then w? € L7 and (I, * u?)uP~t € Lo(RY). Thus, u € LD (RY) = L1 (RY).
Note that ¢ > ;% implies s; > sg = ¢. In particular, if s, < i—p, an induction
argument yields s,, < s,.1. This proves that (s,), is monotone increasing, as long
as s, is between ¢ and dp/a.

We claim that, after finite steps, there exists ny € N such that s,, > %p and
$n < % for all n < ng. If not, we can obtain a sequence {s,} satisfying (4.4.9) and
q<sp < % for all n € N. By the monotonicity of this sequence, we also conclude
that s,, converges to the unique fixed point s, := d(2p —q)/a > g, which contradicts
the condition ¢ > 2dp/(d + «).

Then, if s,, > % we conclude that I, * u? € L=(R?) and is Holder continuous of
order o — f. If s,, = % we can argue as in the previous case and we still obtain
boundednessO and Holder regularity of I, % uP.

Next, from I, x u? € L®(R?) and the relation

w4 ut? = I, xuP ae. in {u >0}, (4.4.10)

we conclude that u € L®(R?). Therefore, u € L*(RY) for all s > 2 from which

I, x u? is Holder continuous of order 7 for any 7 € (0, min{1, a}).
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Furthermore, if p < 2, since the function f(t) = t*7? + t77? has a differentiable
inverse on (0,00) and u € L®(R?), it follows from (4.4.10) that u has the same
Holder regularity as I, * u? in {u > 0}.

Similarly, if p = 2, the function f(t) = 1+ t772 has a differentiable inverse on
(0,+00) if ¢ < 3, and a locally Holder inverse of order qu2 if ¢ > 3. Then again
from the boundedness of u and (4.4.10) we obtain (4.4.7). O

Corollary 4.4.2. Assume that p > 2 and q > %. Let w € L*(R?) N LY(RY) be a

non negative radial non increasing solution of (TF'). Then u is compactly supported.

Proof. Since u is radially non increasing, by an abuse of notation we still denote
u(r) = u(|z|) where r = |z|. Now, since u(r) is a non increasing function, it can
have at most a countable number points of discontinuity. Then, without loss of

generality, if 7’ is a discontinuity point, we define

w(r’) == lim u(r). (4.4.11)

r—r/t

Note that the above limit exists by monotonicity of u(r) and, by doing this, we are

only modifying u on a set of measure zero. In fact,

w(r’) = liminf u(r), (4.4.12)

r—r/

which makes u a lower semi-continuous function, and the set {u > 0} is open.
Arguing by contradiction, we assume that {u > 0} = R?. Since u is non negative
and satisfies (TF), we have

1<14+ui™? = (I, xuP)u’? VureR (4.4.13)

On the other hand, I, *u? vanishes at infinity by (4.4.1), and v € L>°(R%) by Lemma
4.4.2. Hence there exist R > 0 such that (I, * u?)uP~? < 1 in B%, a contradiction to
(4.4.13). O

Next we show that when p > 2, non negative solutions of (TF') are discontinuous

at the boundary of the support and Holder continuous inside the support.

Lemma 4.4.3. Assume thatp > 2 and q > ;Jri’;. Let u € L2(RY) N LY(RY) be a non

negative radial non increasing solution of (TF). Then there exists X > 0 such that
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{u >0} ={u> A} and u is Hélder continuous of order k(p,q, \) in {u > 0}, where

oA (22)7
s (4.4.14)

— =
K(py g, A) s A= (p%;>ﬁ7

LS

for every T € (0, min {c, 1}).

Proof. Set Bg, := {u > 0}, where R, < oo in view of Corollary 4.4.2. Assume by
contradiction that there exists a sequence {r,}, C (0, R,) such that r, — R, and
u(ry,) — 0. Then, by (4.4.10),

(I * uP)(rn) = u(ry)* P + u(r,)? — oo. (4.4.15)

However, from Lemma 4.4.2, the left hand side of (4.4.15) is bounded which leads
to a contradiction. We have therefore proved that u is far away from zero inside its
support, or equivalently that there exists A > 0 such that {u > 0} = {u > A}.

In what follows, we prove continuity of u in Bg,. First, we recall that I, x u” is
Holder continuous by Lemma 4.4.2; and is radially non increasing, since u is radially

non increasing. Next, we define the following quantities:

.
Ay 1= (p_) , A= lm u(r), ~v:=u(0). (4.4.16)
q—Dp r—Ry

Note that A, is the unique minimum of the function f defined on (0, +o00) by
ft) =P 777, (4.4.17)

To prove the continuity of u, as we will see shortly, it is enough to prove that A > \,.

To this aim, we split the proof into two steps.

STEP 1: v > A.. Assume by contradiction that v < \,. Since u is radially
non increasing, u(r) < A, for every r € (0, R.). Furthermore, since the function
f(t) = t*7P 4¢P is decreasing in the interval (0, \.], we deduce that f(u(r)) is
non decreasing in (0, R,). Thus, from the equality f(u(r)) = (I, * u?)(r) and

monotonicity of I, *uP, and injectivity of f (or strict monotonicity of f) the function
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v must be constant inside the support. Namely, u(x) = yxp, () and, from (4.4.10),
VP 4 41 = 4P], % xp, in Bg,. (4.4.18)

In fact, I, * xB,, can be written in terms of the Gauss Hypergeometric function as

_ I'((d=a)/2)R¢ o d—a d |z
(Ta X8 )@) = om0 0@ 2 (‘5’ BEIRE) Fz) o (4419)

which is never a constant for a € (0,d). We have therefore proved that v > A,.

STEP 2: A > A,. Assume that A < \,. First of all, we notice that u can not
be continuous in (0, R,). As a matter of fact, if u is continuous, since by Step 1 we
have that A, € (\,7), the value A, is achieved by u. Namely, there exists 7 € (0, R,)
such that u(7) = A.. Arguing as before, since u(r) is non increasing, f is decreasing
in [\, A\, and (Z, *uP)(r) is non increasing. We infer that u(r) is constant for every

r € |7, R.). However, this implies that

A= lim u(r) =u(r) =\,
r—Ry
which is a contradiction.

Next, we show that if 7’ is a discontinuity point of w(r), we must have that
u(r’) € [A A Indeed, by (4.4.12), if u(r’) = L € (A4, 7] then for every € > 0
sufficiently small there exists 0 > 0 such that u(r) > L—e for every r € (r'—9,1'49).
In particular, if we choose € such that L —e > A, we deduce that u((r'—§,r" +9)) C
(A,7]. But in this interval the function f is invertible with continuous inverse.
Then,

u(r) = (Lo xuP)(r)) Vre (' =6, +9),

which in particular implies continuity of u at r’ and this is a contradiction.

Next, in view of monotonicity of u(r), we conclude that u([r’, R.)) C [\, A
Then, since in [\, A.] the function f is decreasing, again monotonicity of u implies
that u(r) = A for every r € [r/, R,]. Finally, it remains to prove that this is not
possible and this will imply that A > A,.

Since we have assumed that «(r) is non increasing and constant in [r’, R,], there
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exists Ay > A\ such that
u? = Nxpy, + ¢+ (N = N)xs,, (4.4.20)

where ¢ is a radially non increasing function such that ¢(r) = 0 if » > #’. Thus, by
combining (4.4.10) with (4.4.20) we obtain the equality

NP NI = N (Lo # X, ) () + (N = ) (Lo X, ) () + (e 0)(r)  Vr € (1, R.).
(4.4.21)
However, again by (4.4.19), the right hand side of (4.4.21) is decreasing in (R, —e¢, R,)

for some € > 0 small enough and this contradicts (4.4.21).

We have therefore proved that A > \.. Then on the set [\,, 00) the function f
has an inverse f~1: [\, 00) — [A,, 00), where we denote A, := f(\.). We conclude
that

u= f1(I,*u") in Bg,. (4.4.22)

To prove that the desired Holder exponent given by (4.4.14) we consider two different
cases.

Case a): A > \,. In this case f is a Lipschitz function with Lipschitz inverse in the
set
uw(Bg,) == {u(x) : x € Bg,}

and by Lemma 4.4.2 we have u = f~1(I,xu?) € C°7(Bg,) for every 7 € (0, min {1, a}).
Case b): A\ = \,. In this case, let’s notice that f”()\,) = p(¢—p)*AIP~2 > 0, which

means that if € > 0 is small enough, the following expansion holds
1
f&)=f() + §f”()\*)(t —A)2H+ 0((t — X)) Vte (M —e A +e). (4.4.23)

Let f~! be the inverse of f on [\, 00). Then, if for s > A, we set ¢t := f~1(s), by
(4.4.23) we obtain

) - ) - N
lim T = lim T = ” ’
s—AT A, — 5|2 t—AT ‘%f”()\*)(t — A2+ ot — )\*)2‘ 3 ()

which proves that f~! is Holder continuous of order 1/2. Then using Lemma 4.4.2
we obtain u = f~1(I, * u?) € C%3(Bg,) for every 7 € (0, min {1, a}). O
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Finally, similarly to [33, Theorem 10] we show that non negative solutions of

(TF') are smooth inside their support.

Lemma 4.4.4. Assume that p > 2 and q > 2dp . Let u € L*(R?Y) N LY(RY) be a non

negative radial non increasing solution of (TF) Then u € C'™ inside its support.

Proof. Assume first that 0 < o < 2. As in Lemma 4.4.3, denote by Bg, = {u > 0}.
Let € By, and B be a ball centred at z, such that B C By, . By Lemma 4.4.2, we
know that I, x u? € C%7(RY) for every 7 € (0, min{a, 1}). Then, as in the proof of
Lemma 4.4.3,

u= (I *uP), (4.4.24)

where f~! is the inverse of f on [A,,00). In particular, since in B the function u
is away from A\ if p > 2 (respectively from 0 if p = 2), then u (and so u”) has the
regularity of I, * u?. Namely, u? € C%7(B) for every 7 € (0,min{a,1}). Then,
Proposition 3.3.1 yields I, x u? € C7T%(Bj3) for every 7 € (0, min{e, 1}), provided
that 7+« is not an integer. Here by B/, we denoted the ball centred at x with half
of the radius of B. Hence, again by (4.4.24), we conclude that u has the regularity
of I, xuP. By iterating the above argument, for every & € N we can find j € N such
that 7+ ja is non integer and bigger than k. This proves that u € C*(B) ). Since
x was arbitrary, this implies that u is smooth inside its support.

If 2 < a < dit’s enough to argue again in a similar way to the proof of [33,
Theorem 10]. O

4.4.3 Support estimates for p > 2
The following two statements follow from Proposition 4.2.1.

Corollary 4.4.3. Letp > 2, ¢ > 2p and R, be the radius of the support of a radially

non increasing ground state solution of (TF'). Then R, — +oo as a — 0.

Proof. By combining the Nehari identity (4.1.14) and Pohozaev identity P(u) = 0,

we get
9 (d+a)g —
||u||L2(Rd) q(dp —d — ) H ||Lq (Rd)*

(4.4.25)

As a result, the minimal energy can also be represented using ||u|q(r4), that is,

. _ __alg=2)
O_JQ;E(U)_E(U) (dp d ) || ||Lq(Rd)

(4.4.26)
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In what follows we will write 0 = o(«a) stressing the dependence on a. Moreover,

by the monotonicity of u(z) in |z|,

[l Fo ey < u?(0)|Br.|- (4.4.27)
Evaluating the governing equation (TF') at 0, we get
u??(0) < u?P(0) + uP(0) = (I, * u”)(0), (4.4.28)

from which

q—p 1

up(y)lyl“‘ddy> < w7 (0) (Aawd 11‘3) "

u(0) < (Lo + uP)(0))77 = (Aa /

R«

where wy is the surface area of the unit sphere in R?. The previous inequality leads
to the bound

u(0) < (Aawd}zf)qu :

This estimate, when combined with (4.4.27), turns the relation (4.4.26) into

q
aq _ _ A )
pih > 2aldp—d “)( ““’d> 7 o) (4.4.29)

B

Next, if we consider 0, = 0,(a) defined as in (4.3.18), we have that

1)\ e _ _
lim 0, () = <M) ' (M + 1) ~ .. (4.4.30)

a—0 q—2p 2q(p—1) ¢

Furthermore, under our assumptions on p and ¢, we have lim,_,o 2pf, () = 2pf, > 1.
Moreover, from (4.4.29) we deduce that

2(a—p) q—2p 9 q—2p
R e (Ul o) (4 T (ol e
. > Wy 5 :

(¢—2) o o
(4.4.31)

Since lim,_,oa 'A, = wgl, it remains to prove that lim,_oa 'o(a) = co. To do

so, from (4.3.7), (4.4.29) and Proposition 4.2.1 we infer

R d
) 0. d 2pO.(a)\ = B
i =g <d Gy ) =0 (4.4.32)
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where in the last equality we used that

. ( d 2pf.(a)
lim
d‘|‘ (0 ng@@q

):2p9_*>1.

a—0
This concludes the proof. O

Corollary 4.4.4. Let p > 2 and R, be the radius of the support of a radially non
increasing ground state solution of (TF). Then, R, — 0 as a — d.

Proof. By combining (4.4.26), Lemma 4.4.3 with the monotonicity of u we obtain
that

|Br

5

g —p\7? 2(dp—d—a)qg
< <p — 2) NP o(a) (4.4.33)

Furthermore, by combining Proposition 4.2.1 with (4.3.7) we conclude that

lim o(a) = 0. (4.4.34)
a—d
In view of (4.4.34) and (4.4.33) we obtain the thesis. O

4.4.4 Gradient estimates for p < 2

In the rest of the section we consider the case dfT"‘ < p < 2. Recall that in this
case non negative radial non increasing solutions u € L?(R%) N L4(R?) of (TF) are
supported on R%. Our aim is to show that Vu € L*(R%; R?).

Note that for a > 1 the gradient VI, % u? is well defined, while for 0 < a < 1 it

becomes a singular integral and is defined via the Cauchy principal value, namely

(VI,) *uP, a>1,

V(I % u?) = » (4.4.35)
Ve —y[*(u@)” — |u(z)P)dy, 0<a<1,
RN

cf. [33, eq. (1.2)]. Recall the following result from [33, Lemma 1].
Lemma 4.4.5. Assume that u > 0 and u? € L*(R?) N L°(R?). Then

(i) If 0 < a < d, then I, x uP € L®(R?).

(i) If 0 < a < 1 and w? € C®Y(RY) with v € (1 —a, 1), or if 1 < a < d then
V(I *uP) € L®(RY), i.e., I, *uP € WHe(R?).
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Using the estimates of Lemma 4.4.5, we first show that positive solutions of (TF)

are globally Lipschitz.

Lemma 4.4.6. Assume that =2 < p < 2 and ¢ > i%. Let u € L*(R%) N LI(R?)
be a positive radial non increasing solution of (TF). Then I, * u? € WH*(R%) and

u € WHe(RY).

Proof. By Lemma 4.2.1 and Lemma 4.4.2, we know that Supp(u) = R¢ and u? €
L>®(RY).
If 1 < a < dwe can apply Lemma 4.4.5 to conclude that I, * u? € W1 (R9).

Next, since Supp(u) = R, u satisfies the equivalent governing equation
u P+ ulP = I, xu” in R% (4.4.36)

Finally, as we have already noticed in the proof of Lemma 4.4.2, the function f(t) =
t27P 4 977 has a differentiable inverse on (0, +00) under our assumptions on p and
q. From (4.4.36) we conclude that u € W1 (R?).

If 0 < @ < 1 then Lemma 4.4.2 yields that I, xu? € C%7(R?) for every 7 € (0, ).
Thus, again from (4.4.36), the differentiability of the inverse f~! on (0,+00) and
the boundedness of u, we infer u € C%7(R?) for every 7 € (0,a). In particular,
if 1/2 < a < 1 we can ensure that 7 > 1 — «, and hence I, * u? € W1*°(R%) by
Lemma 4.4.5. Then, arguing as before, u € WH*(R?Y). For 0 < a < 1/2, on the

other hand, we need to use bootstrapping argument. Let us fix n € N, n > 2 such
1

that n+r1 < a < - and let us choose 7 > 0 small enough such that 7 +na < 1 (note
that this is possible because of the definition of n). Then, we define 7, := 74+(n—1)c.
Then, by Eq. (4.4.36) together with the locally Lipschitz continuity of the inverse
of f, we can apply Proposition 3.3.1 n—times to conclude that I, x u? € C%™+1(R?).
By our choice of n, we have the two sided inequality 1 — a < 7,41 < 1. Hence, by
Eq. (4.4.36) again, we deduce that u (and in particular u?) belongs to C*™+1(R%).
To conclude, by Lemma 4.4.2 we conclude that I, * u? € W1°(R9), and that u has
the same regularity. Finally, if o = % it is sufficient to start the the above iterations

with 7 — €, for some € > 0 small enough such that 1 —a < 7,41 —e < 1. O
Next we show that positive solutions are actually arbitrarily smooth.

Lemma 4.4.7. Assume that % < p < 2 and ¢ > 2. Let u € L*(R?) N LI(R?)

be a positive radial non increasing solution of (TF). Then, u € C*(RY).
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Proof. This follows from Eq. (4.4.36) as in the proof of Lemma 4.4.4. H
Next we establish a gradient estimate on the non negative solutions of (TF).

Lemma 4.4.8. Assume that ¢ < p < 2 and q > %. Let u € L*(R?) N LY(RY)
be a non negative radial non increasing solution of (TF). Then, Vu € L*(R%). In

particular, u € H'(R?).

Proof. Assume first that 1 < a < d. From the expression in Eq. (4.4.35), we deduce
that

V(T s w)@)| < [ [Vle = o)y

uP(y) (d— a)Aal|u||Zzp(Rd) Yo ( 1

< (d—a)A, —— dy = , (4.4.37
< ( a) /Rd |z — y|dot Yy | |d—atT |x|d—a+1) ( )

for |z| sufficiently large. Note also that the inverse f~! is differentiable on (0, +00)
and

p—1

(FH't) =t + o(t%) ast — 07, (4.4.38)

Hence, by using the chain rule in (4.4.36), Lemma 4.4.1, (4.4.37) and (4.4.38), we

infer

V(@) = [(F7) (Lo * w") (2)) V(I + u?) ()] < 1

S as |z| — +o0. (4.4.39)
xX|2—p

Combining Lemma 4.4.6 with (4.4.39) yields Vu € L'(R?)NL>(R?) which concludes
the proof.
Assume now that a € (0,1]. From (4.4.35), arguing as in [29, Lemma 2.2] we

have

|uP(y) — uP ()] uP(y)

V[a*upgd—aAa</ —i—/ —)
( )< ( ) oyl<1 T — yliTott o—yl>1 |7 — Yyt
= [1 + [2.

(4.4.40)
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First we note that, since a € (0, 1], for every € € (0,d), I, can be estimated as

/ uly) / u”(y)
|z—y[>1 ’:E - y’dia+1 N lz—y|>1 ‘l’ - y‘dig

uP(y) HuH]zp(Rd) 1
§/ —dy:mT+0 W ., (4.4.41)

Rd | —y|?e

where for the last equality we used the decay estimate (4.4.1) on u established in
Lemma 4.4.1.

Let us ix 0 < & < %_(ﬁ_l). Since V(I, x u?) € L*(R%), by applying the
gradient operator to both sides of Eq. (4.4.36) we deduce that

, 1
Vu@)] < () (L # ) ()] < —m 8 el = oo, (4.4.42)

]2
where for the last inequality we used Corollary 4.4.1 and Eq. (4.4.38).

Next, we estimate [;. By combining Eq. (4.4.42) with Lemma 4.4.1 we conclude
that

dy
e =
Lee(Bi(x)) wyl<1 [T — Y[
_ 1
S lw? 1VUHL00(31(96)) S —smaey 2 || = 4o, (4.4.43)
2—-p

Then, if 29520=1 < d—&, combining together Eq. (4.4.41) with Eq. (4.4.43) yields

as || — +oo. (4.4.44)

1 1
V({la*u") § —amy + [

2“5

On the other hand, if 2(d+);p_l) > d — &, by the same argument it follows that

1
V(I *xuP) < = as |z| — 400
which in turn implies that
< 1
|Vu(x)| < | |(d*g>(1’*1>+d—g as |x| — +oo.
T —p

Then, by the choice of & we conclude that Vu € L*(RY). However, if Eq. (4.4.44)
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holds, we can improve the inequality (4.4.42) to

1

3d=a)(p=1)
x| %

Vu(z)| < as |z| — +o0. (4.4.45)

Then, we can iterate this argument, until we find the first positive integer k such

that
2k(d — o) (p — 1)

>d—¢.
2—-p
In this way we obtain that
< 1
|vu(x)| ~ (d—a)(p—1) d—& as |x| - +OO7
jaf TS
which again implies Vu € L'(R?) by the choice of &. O

4.5 Limit profiles for the Choquard equation

Throughout this section we assume that dfTo‘ <p< ‘Ci;%g and ¢ >

2dp
d+a

2p—
highlighted in the Introduction, the rescaling u(z) = Efqii?w(s_ ata=5) 1’) converts the

. As already
Choquard problem (P.) into the equation
—e"Au+u+ [u|?u = (I * [u”)|ulP?u  in RY, (4.5.1)

where we denoted

22p+a) —q(2+ «)
alg—2) ‘
Notice that:
. : 2p+o
(i) v>0iff ¢ <2375,

.. . W+t
(i) v <0iff ¢ > 2372

The energy that corresponds to the rescaled equation (4.5.1) is given by

1 1 1 1
J=(u) = 55“ |Vul?dz + 5/ lu|?dx + —/ |ul?dx — 2—Da(|u|p, |ul?), (4.5.2)
Rd Rd q JRrd p
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and the Pohozaev functional is defined by

d—2 , d d d+a
(u) == v dr+ = *dr + — Idx — Do (Jul?, |ulP).
P-(u) 5 € /Rd|Vu| Jz—|—2/Rd [ul x+q/Rd|u| x o (Jul?; |ul?)
(4.5.3)

We note that
q(d+a)—2dp

o) = 5 L (w), (4.5.4)

where Z_(w) is the Choquard energy defined in (4.1.1). Following [82], we consider

the rescaled minimization problem

o. = inf J.(u), (4.5.5)

ue P,

where Pohozaev manifold &2, is defined as
P.={ue H'R)NL(RY),u+#0:P.(u)=0}.

Given € > 0, let w. € HY(R?) N L*(RY) N C%(R?) be a positive, radial, monoton-

ically decreasing ground state solution of (P.)(see Theorem 4.1.1). Define

1 2p—q

u(z) ==e 2w, (e D). (4.5.6)

Then u, € Z. and J.(u.) = o, that is u. is the minimizer of (4.5.5) and a positive
ground state solution of the rescaled equation (4.5.1), see [82].

In this section we shall prove Theorem 4.1.4, which states that u. converges as
e — 400 and v < 0 (respectively as ¢ — 0 and v > 0) to a non negative radial
non increasing ground state solution u, € L*(R%) N LY(R?) of the Thomas—Fermi
equation (TF), constructed in Lemma 4.3.6 from a maximizer in Theorem 4.1.2.

Recall that E(u.) = o, where

0.
d+ o

o= inf E(u) = a(de)% (

ueP

)aiggx (4.5.7)

as described in (4.4.19). The essential step in our proof of convergence is to show

that o, — 0.

In what follows we shall only consider the case ¢ = +o0 and v < 0, i.e., ¢ >

2 2p+a

o - Lhe arguments in the case ¢ — 0 and v > 0 are very similar.
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First we study the easier case when the ground state solution u, € H L(RY),
where we recall that by H'(R?) we denote the completion of C>°(R?) with respect
to the gradient norm ||V 12(ga), assuming d > 3. In particular, this is true if p < 2,

as proved in Lemma 4.4.8.

Lemma 4.5.1. Assume d+—a

<p< g andq> 282 Ifu, € HY(RY) then (1)

o. >0 and (2) 0. converges to o as € — +0o0.

Proof. Let u. € . be the minimizer of the problem inf 7.(u) such that J(u.) =

u€ P
0.. Then,
d—2 v 2
P(Ua) = Pa(ua) “\ o € ||vu8||L2(IR{d) < 0.
Let we () := ue (%), then we obtain
dt? (d + a)ttte
P(wey) = 7Hus\|iz(w H Ue || o qmay — TDa(WEV’, |uel?),  (4.5.8)

and P(w.1) = P(u:) < 0. On the other hand, the dependence of ¢ of various terms
in Eq. (4.5.8) implies that P(w.,) is positive if ¢ > 0 is small. Therefore, by the
continuity of ¢t — P(w.;), there exists ¢t. € (0,1) such that P(w.; ) = 0 and hence
we. € &. Consequently,

athra
2dp
- x75(u5> = Og,

o< E(w.y.) =

81/
Do(uel? ) < 5Dl ) + 55 Ve

(4.5.9)

which proves the first part of the statement.
Now, let u, be the ground state solution for (T'F') obtained in Lemma 4.3.6.
Then, by the assumption u, € H'(R%),

(d—2)e”

P-(us) = 5

IVl 22 gay > 0. (4.5.10)

Define the rescaled function wy(z) := u, (%). Then P.(w;), expressed in term of u,

as

d — 2)e/td2 lucllZomay  Muwliomey\  (d+ a)ette
()2€||VU*||%2(Rd)+dtd< L2 (R4) + 2(1(1&) _( ;‘p) Do (|us|?, [ug|P),
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goes to —oo when t goes to +o0o. This implies the existence of t. > 1, such that

P.(wy.) = 0. In particular, we have t. — 1 because

q

P o P S,
5 + + G V|72 gy

1< (t.)* < —1 ase— +o0.

0D, (Ju P, [ )

Now, from €” — 0 and t. — 1 as ¢ — +00, we conclude that

gv d—2 2 tg 2 q
= ?te ||Vu*||L2([Rd) + 5 <||U*||L2(Rd) + ||u*||Lq(]Rd)> B

— E(u.) =o.

td+a
——Da (|l [u.|?)
2p

(4.5.11)

The assertion about the convergence o. — ¢ now follows by combining (4.5.9) with
(4.5.11). O

Next we show 0. — o as & — +00 without assuming that u, € H*(R?). In fact,

this is expected for the case p > 2 as proved in Theorem 4.1.3.

Lemma 4.5.2. Assume CHT“ < p < % and q > 222ﬁr—+5. Then there exists a

sequence (ex)ken such that e, — oo and 0 < o, — o — 0, as k — oco.
Proof. If p < 2 then the assertion follows by combining Lemma 4.4.8 with Lemma
4.5.1.

Assume that p > 2. Again, if the ground state solution w, of (TF') constructed in
Lemma 4.3.6 belongs to H'(R%) we conclude by Lemma 4.5.1. If not, (for example
for p > 2), we argue as follows.

First note that arguing as in (4.5.9) in the first part of the proof of Lemma 4.5.1,
we conclude that o. > ¢. It remains then to prove that 0. — ¢ by constructing an
sequence of approximate minimizers of 7. from wu,, which is achieved by truncating
us (to avoid the singularity near the boundary) on a length scale s depending on e.

Given s > 0 small, we introduce the cut-off function n, € C*(R?) such that
ns(z) = 1for [z| < R, — 5,0 < ny(x) <1for R, —s < [z| < R, — 3, ns(x) = 0 for
|z| > R. —%. Furthermore, |7,(z)| < 2 and |n}(z)| > & for R, — 2 < |z| < R, — 2.
Set
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By the definition of 7, since u, € L®(R?) and it is supported in Bp,, for every

1 <r < oo we have

L —w@r= [ jw@ra )y

< HU’*| Rd)|AR —3,R«

—0(s), (45.12)

where |Ag, . r.| is the volume of By, \ Bg,_,. Further, by combining the Hardy-
Littlewood-Sobolev inequality with (4.5.12), we obtain

0 < Da(ful?, [ua]”) = Dallths], [9s]7) = Dallual” + [hs]" [ul” = |1s]?)

d+a
< Cllaz + 02l e = 02, = O (%)

To summarise, the following holds:

D&(|¢S|p7 |77b8|p) = Da(|u*|p7 ’u*|p) - O(S@—Ta% (4513)
||1/}SHqu(Rd ||u*||Lq (RY) O(S), (4514)
||¢8||i2(]Rd) = ||u*||%2(Rd) = O(s), (4.5.15)

where here by O(s) denotes a non negative function such that O(s) < C's for every
s > 0 small enough and for a constant C' > 0 independent of s.

Note that by Lemma 4.4.4, the function 1, is smooth and, since u, ¢ ]jll(Rd),
the quantity ||[Vi)]|2, (R4) blow up as s — 0. In particular, there exists a decreasing
sequence (sy),cy converging to zero such that ||V, [|3. (ray diverges monotonically
to infinity. Hence, we can define a piecewise linear, monotonically increasing, con-

tinuous function f : R, — R, such that f(0) =0, lim, o+ f (%) = 400 and

s (L) = |V, 172 g

In what follows we are going to describe a way we can control the rate of blow up
of f(i) in terms of quantities in (4.5.13)—(4.5.15).
Next the parameter s, will be defined as a function of e, so that the function

f(E -) = IV, 12, (rey Plows up at a slower rate than €, and hence the convergence
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of 0., towards o. To do this, we set

Sp = (4.5.16)

where g : R, — R, is a suitable function such that lim.,, g(¢) = 400, to be

chosen later. Then for all sufficiently large k we have
vaﬁﬂian{d) = f(g(er)) / +oo as k — +oc.

For the sake of notation simplicity we further denote

"Lp_l = _1

aCR
Combining together (4.5.13), (4.5.14) with (4.5.15), we have that

Pt = (152 190 e + 20 -0 (525) + 0 ((5) ™).
=0

(4.5.17)

We claim that P, (1.,-1) > 0 for a suitable choice of the function g when k is
sufficiently large. Indeed, if g satisfies the condition

lim g(e)e” f(g(e)) = +o0, (4.5.18)

e—+00

from (4.5.17) we obtain that

d—2
Pak(¢5k1)2< 5 )5k||v¢ 1||L2 (R) _O<g(ik)>

— (457 atstaten - 0 (55) >

provided that £ is large enough. Next, the equality

Pek (77Z)€,;1 (%)) =
d—2 [ 17 111174
_ td—2( 5 )EZ||V¢€I€1||%2(W) + dt? ( L2 Rd) qL (R%)
(d+a)td+a

-~ 7 p p
2p DO&(|¢&I;1| 7|1/}5;1| )

(4.5.19)
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implies that
lim P., (v.1(%)) = —oc. (4.5.20)

t—-o0
Thus, by combining (4.5.19) with (4.5.20), for every k sufficiently large there exists
te, > 1 such that

P., (o () =0, (4.5.21)
In particular, by using (4.5.13), (4.5.14) and (4.5.15), if g satisfies the second con-
dition

Eginoos flg(e)) =0, (4.5.22)

we then can obtain ¢, — 1, since as £ — +00 we have

1< (t )a < ( ||¢ 1||L2 (R9) 1||77ZJ 1||Lq Rd) d225Z||V¢€;1||%2(Rd)
er) = C@—p“Da(WE;lI Nt [P)

—1

(4.5.23)

To summarise, to deduce (4.5.19) and (4.5.23) we need a function g that satisfies:
(Z) hme—H—oo 5Uf(g(5)) = 0;

(1) lim._s 400 g()e” f(g(€)) = +o00.

The existence of such function g is guaranteed by Lemma 4.6.3 in the Appendix.

Moreover,

S T (0 ()
d—2 d+a

t€ v 2 d 1 2 1 q £
= eV, (G B + 51 e ) —

Da(|/lj}g;1 |p7 W)g;l |p)
(4.5.24)

Finally, in view of (4.5.13), (4.5.14), (4.5.15), (4.5.22) and the limit ¢,, — 1, the
right hand side of (4.5.24) converges to o as k — oo. This implies that 0., — o as
k — +o0. u

Once the convergence of 0. towards ¢ is proved, we can show that the term
5”||Vu5||%2(Rd) can also be safely ignored in the same limit.

2p+a
24a ”

Corollary 4.5.1. Assume that d+a <p< d+°‘ and q > 2 Then there exists a

sequence (ex)ren and a sequence of ground states (ue,) of (P.,) such that e — o0
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and

eX|lVue, ||l5 =0 as k — +oo.

Proof. Arguing as in the first part of Lemma 4.5.1, there exists t. € (0, 1) such that
ue(i) € &. Now, let’s consider the sequence (., )x, corresponding ot the same
sequence (gx); in Lemma 4.5.2. We first prove that, up to a subsequence, t., — 1
as k — +o0. Since (t., ) is bounded, up to a subsequence t., — t € [0, 1]. Assume

by contradiction that £y < 1. Then

0 < B (e, (1)) = Ty Dallueel” e )

d d
S te:akjfk (u€k> = te:ao-é‘

(4.5.25)

k

a contradiction. Therefore, we have proved that t., — 1 and furthermore,

ey Q
ka(Uak) = §k||vu€k”%2(Rd) + 55

2dppoz(|u8k|p7 ’ufk’p) — 0.

In particular, (e}||Vue, H%Q(Rd))k, (Da(|tie, P, Jue, |P)), are bounded sequences and the

same holds for (||u., || z2(re)) . and ([Jttey || pogray) .- Therefore, by combining the equa-

tion
dt? dt? (d+ a)ttte
0= 25k H’LI/E’CH%Q(Rd) + %HU&kH%q(Rd) - TEDO‘<|uEk|p’ ’usk’p)
2 q
(d—2)e” e, ||L2(Rd) [tte, [ 7,0 R4)
A L A el ICEED
(d+ «)

- T(t?:" = DDa(fue,[?, [ue, [7),

with boundedness of the above sequences and ¢, — 1, we obtain

: v 2 .
kgrfoo enllVue, ”L?(Rd) =0.

4.5.1 Proof of Theorem 4.1.4

By Lemma 4.5.2 and Corollary 4.5.1, there exists a sequence (e)reny such that

(ue, (z/t:,)) C & is a bounded radially non increasing minimizing sequence for the
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functional E. Then, if we set v, (z) := u., (x/t.,), by arguing as in the proof of
Theorem 4.1.2 there exists o € L?(RY) N L9(R?) such that

v, — 0 in L*(RY), Vs € (2,q),

Ve, — U a.e.in R,

Then, we claim that v € &. As a matter of fact, assume by contradiction that
P(v) # 0. Since v, is a minimizing sequence for o, by the non local Brezis-Lieb
Lemma we derive that

2d
Do(W? 0P ) — Do(i?, o7) = 22

€L TEL

- (4.5.27)

and, by the weak lower semi-continuity of the norms, we clearly have that P(v) < 0.
Furthermore, it’s easy to see that there exists ty € (0,1) such that o(z/ty) € Z.
However this implies that

d+a
T«

o Do @/ t0) Bl t0)) = T

o < B((z/to)) = Do (8P, 77) < %Da(@”,ﬁp) =g,

that is a contradiction. Hence v € &?. Consequently, combining the standard
Brezis—Lieb lemma with (4.5.27) yields

Jvee = ey e = Plfuime
o e N
7 i Pl E<v>+k££ﬂm< I o

proving that E(v) = o and v, converges to v in L?(R%) N LY(RY) i.e., ¥ is a ground
state solution of (7F'). Finally, from ¢.,, — 1 we further conclude that u., converges

to v as well. N

4.6 Appendix

Here we prove some technical results that have been employed in this chapter. We
begin by the differentiability of D, (|ul?, |u|P). Later on, we prove a calculus lemma

that was used in the proof of Lemma 4.5.2.

Lemma 4.6.1. Let u € L*(R?) N LY(RY), p > H2 ¢ > ;4% and o € (0,d).

The function Dy (|ulP,|ul’) defined is Frechet diffentiable and moreover, for every
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p € L2(RY) N LI(RY)

g Dl + tol?, Ju + t0P?) = Daful? [uP)

t—0 t

= 217/ (I * [uP)ulP?up.  (4.6.1)
RN

Proof. To prove (4.6.1) by adding and subtracting the term [, (Io * |u + to[?)|ul?

we derive that

Da(|u + tel?, [u + t@l”) = Da|ul?, [ul)

=7 I
P 1+ 1o

where

tolP — lulP
5L ::/ Ia*|u+t<p|p<|u+ elf — Il )7
R4 t

e [ up (et rtel =t
R4 t

Now, if || < 1, by HLS inequality we have

(4.6.2)

L < 22079 (I [ul + Lo+ [ol?) (Jul” + [ lP) € LY(RY).

Then, by dominated convergence theorem and differentiability of the LP-norm

t—0

lim [4(t) = p/ I * |ul?[ulPup.
Rd
By a similar argument we deduce that
lim I5(t) = p/ Iy * [ulP|ulP~2up.
t—0 R4

Next, to conclude the desired Frechet differentiability it’s enough to notice that the

linear operator generated by (I, * |u|?)|u[P~2u is continuous on L*(R?) N L4(R%). O

Lemma 4.6.2. Let f,g : RY — Ry be two radially non increasing functions. If
f*g € L*(RY) for some s € (1,00) then f * g is radially non increasing. In
particular, if g € LY(R?) for some 1 <t < g then I, * g is radially non increasing.
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Proof. Since f * g is non negative we clearly have

1f*g

pan=| s [ (ro@e@ds = sw [ (7 g)@e

H‘tDHLS/(Rd) ”LPHLS’(Rd)

Ls(R4),

< swp / (g ()de < | f g

HSOHLS/ (Rd):LSOZO

where the first inequality follows from [78, Theorem 3.7]. This shows that the
supremum is achieved by a non negative radially non increasing function ¢* and,

such function satisfies

a(p"(2))” = b((f * 9)(x))*, a,b>0.

In particular, f % g is radially non increasing. The second part of the statement

follows simply by recalling again that I, * g € L= (R%). O

Lemma 4.6.3. For every v < 0, and for every continuous and strictly monotone
increasing function f : Ry — Ry such that f(0) = 0, lim. 1 f(g) = 400, there

exists a continuous function g : Ry — Ry such that

EEIEOOg(é) = 400, (4.6.3)
im_e“1(g(e)) =0 (16.4)
lim g(e)e"f(g(e)) = +oo. (4.6.5)

Proof. Let H be the function defined by

H(e) := min {log(a), f! (logg_(l;)> } , fore>e v, (4.6.6)

where f~1: R, — R is the inverse of f. Clearly,
lim H(e) = +o0. (4.6.7)
e—+o0

Note that such H is continuous and monotone increasing since both of the functions

1 v . . . 1
f 7 and log(e) are continuous and monotone increasing for ¢ > e v.
og(e)
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Hence, we define g as follows:

g—l/

g(e) == (H<€)> fore >e v (4.6.8)

and we extend to a continuous non negative function defined on R,. Note that from

(4.6.6), monotonicity and unboundedness of f~!, we have

ge) > f! (logg(l:;)) — 400 as e — +o0.

Hence, (4.6.3) holds. Furthermore, from (4.6.7) we obtain

. 14 = 1 1
Jim e f(9(e)) = Tm_ 7

=0,
which proves (4.6.4). Finally, again from (4.6.6) and (4.6.8) it holds

w16 =55 (75) 2 (P () ()

>/ ft = — 400, ase — 400,
log(e)

M

which proves (4.6.5). O
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