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Abstract. It is shown that any Lie affgebra, that is an algebraic system
consisting of an affine space together with a bi-affine multiplication sat-
isfying affine versions of the antisymmetry and Jacobi identity, is isomor-
phic to a Lie algebra together with an element and a specific generalized
derivation (in the sense of Leger and Luks in J Algebra 228:165–203,
2000). These Lie algebraic data can be taken for the construction of a
Lie affgebra or, conversely, they can be uniquely derived for any Lie alge-
bra fibre of the Lie affgebra. The close relationship between Lie affgebras
and (enriched by the additional data) Lie algebras can be employed to
attempt a classification of the former by the latter. In particular, up
to isomorphism, a complex Lie affgebra with a simple Lie algebra fi-
bre g is fully determined by a scalar and an element of g fixed up to
an automorphism of g, and it can be universally embedded in a trivial
extension of g by a derivation. The study is illustrated by a number of
examples that include all Lie affgebras with one-dimensional, non-abelian
two-dimensional, sl(2,C) and so(3) Lie algebra fibres. Extensions of Lie
affgebras by cocycles and their relation to cocycle extensions of tangent
Lie algebras is briefly discussed and illustrated by Lie affgebras with the
Witt and Virasoro algebra fibres.
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Keywords. Lie algebra, Lie affgebra, generalized derivation, quasicentroid.

1. Introduction

The study of vector space valued Lie brackets on affine spaces or Lie affgebras
was initiated in [10] and developed and applied to the investigation of differ-
ential geometry of bundles with affine fibres or AV-geometry [11,13] with an
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eye to the frame independent formulation of Lagrangian mechanics [12,21]. A
new point of view and extension of Lie affgebras in which no reference to a
vector space is made or, indeed, no existence of the underlying vector space is
presumed, was proposed in [6]. In this approach a vector space is an artefact
rather than a fundamental ingredient of an affine space in the sense that any
point of an affine space determines a vector space (with the chosen point play-
ing the role of the zero vector), the tangent space or the vector space fibre at
this point. The linearisation of the bi-affine Lie bracket on an affine space, or
the bi-affine multiplication satisfying versions of antisymmetry and the Jacobi
identity, on any vector space fibre determines the Lie algebra structure on this
fibre. Thus a Lie affgebra can be seen as a Lie algebra fibred affine space. The
aim of the present text is to reveal and explore the relationship between Lie
affgebras and the corresponding Lie algebra structures on the vector space
fibres.

The bi-affine map property of the Lie multiplication on an affine space
yields the distributivity of the multiplication over the ternary heap operation
arising from the translation of a point by a vector between two other points.
The results of [1] show that in the associative case there is a very clear connec-
tion between abelian heaps with bi-heap associative operation or trusses and
extensions of rings by integers: trusses are in one-to-one correspondence with
a specific class of extensions of rings by double homotheties of Redei [20] or
self-permutable bimultiplications of MacLane [17]. Due to different natures of
extensions in the associative and Lie cases, one cannot expect such a straight-
forward correspondence between Lie algebra extensions and Lie affgebras save
for exceptional cases (such as derivation Lie affgebras discussed in Sect. 4). On
the other hand one can ask the following three questions. First, does the fact
that a Lie algebra is a Lie algebra fibre of a Lie affgebra yield additional data
on it? Second, are there specific data which make a Lie algebra a fibre of a Lie
affgebra or, in other words, can one construct a unique Lie affgebra from a Lie
algebra with additional structure? Third, do all Lie affgebras arise in that way
from Lie algebras (with additional data)? We give affirmative and constructive
answers to all these questions.

The paper is organized as follows. In Sect. 2 we recall and slightly modify
the definition of a Lie affgebra from [6]. The main difference from [6] is that
the Jacobi identity is now homogenized. Section 3 contains main results. First,
Theorem 3.1 states that any Lie affgebra g determines and is determined by a
Lie algebra (which is isomorphic to the Lie algebra fibre of the Lie affgebra)
together with two linear maps λ and κ, and a constant. There is no restriction
on the constant, while λ is a generalized derivation in the sense of [16] of the
type (δ, λ, λ), with δ = λ − κ. This necessarily means that κ is an element of
the quasicentroid of g, QC(g), the Lie sub-algebra of linear endomorphisms of g
extensively studied in [16]. Second, Theorem 3.4 asserts that a homomorphism
between Lie affgebras is given by a homomorphism between Lie algebra fibres
and a constant. The Lie algebra homomorphism intertwines the respective
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elements of the quasicentroids, while intertwining general derivations up to
the adjoint action by the constant. This allows for the formulation of clear
criteria for isomorphisms between Lie affgebras.

In Sect. 4 we analyze Lie affgebras in which defining linear transforma-
tions λ and κ of g combine into a (no longer generalized) derivation δ = λ−κ.
This happens if and only if κ is an element of the centroid of g, C(g), a Lie
sub-algebra of QC(g) studied in depth in [14, Chapter X]. Consequently, the
combination of results of [14, Chapter X], [16] and [8] yields that over an alge-
braically closed field and up to isomorphism a Lie affgebra with a simple Lie
algebra fibre g is fully determined by a scalar and an element of g, the latter
given up to an automorphism of g. In bigger generality, when κ is a scalar mul-
tiple of the identity, we extend the existence of Lie hulls of [10], i.e. Lie algebras
in which Lie affgebras are universally embedded as cosets of ideals, beyond the
Lie affgebras with idempotent multiplications (which bijectively correspond to
Lie affgebras of Grabowska, Grabowski and Urbański [10]). The construction
of Lie affgebras from Lie algebras described in Sect. 3 is illustrated by a num-
ber of examples in Sect. 5. We classify all Lie affgebras with one-dimensional
vector space fibres, non-abelian two-dimensional Lie algebra fibres and sl(2, C)
and so(3) fibres. In Sect. 5.6 we demonstrate how the correspondence between
Lie affgebras and Lie algebras can be used to conclude non-isomorphism of a
class of matrix Lie affgebras over finite fields, thus justifying the necessity of
the restriction of the characteristic of the field or equivalently the size of the
matrices demanded in [7, Theorem 3.2]. The paper is concluded with Sect. 6
in which we discuss cocycle extensions of Lie affgebras and relate them to cen-
tral extensions of their Lie algebra fibres. We illustrate this discussion by Lie
affgebras with Witt and Virasoro algebra fibres.

Notation and Conventions

We work over a field F of characteristic different from 2. The space of linear
endomorphisms of a vector space V is denoted by Lin(V ).

The adjoint action of a ∈ g on a Lie algebra g is denoted by ada : g → g,
b �→ [a, b], where [−,−] is the multiplication.

2. Lie Multiplications or Brackets on Affine Spaces

By an abelian heap [2,19] we mean an algebraic system consisting of a set
X together with a ternary operation 〈−,−,−〉 : X3 → X such that, for all
xi ∈ X, i = 1, . . . , 5,

〈x1, x2, x3〉 = 〈x3, x2, x1〉, 〈x1, x1, x2〉 = x2, 〈〈x1, x2, x3〉, x4, x5〉
= 〈x1, x2, 〈x3, x4, x5〉〉.

As a consequence of these conditions, the distribution of (angled) brackets
does not matter, and hence we write 〈x1, x2, x3, x4, x5〉 for 〈x1, x2, 〈x3, x4,
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x5〉〉. A homomorphism of heaps is a function f : X → Y preserving the oper-
ations in the sense that, for all xi ∈ X, f(〈x1, x2, x3〉) = 〈f(x1), f(x2), f(x3)〉.
By fixing an element o ∈ X and reducing ternary operation of a non-empty
heap to a binary operation x+y := 〈x, o, y〉, one obtains an abelian group (the
retract of X at o). Conversely, any abelian group determines a unique abelian
heap structure with the operation 〈a, b, c〉 = a − b + c. A heap homomorphism
f : X → Y uniquely defines the homomorphism of abelian groups between the
respective retracts by the assignment x �→ f(x) − f(o).

Definition 2.1. Following [18] (see also [4, Definition 4.8 & Proposition 4.9])
by an affine space over a field F or an F-affine space we mean an algebraic
system consisting of a non-empty set a and two ternary operations

〈−,−,−〉 : a3 → a, (a, b, c) �→ 〈a, b, c〉,
−�−− : F × a2 → a, (α, a, b) �→ α�ab,

such that,
(a) (a, 〈−,−,−〉) is an abelian heap;
(b) for all a, b ∈ a and α ∈ F, α�a− : a → a and −�ab : F → a are homomor-

phisms of heaps, where F is the heap with the operation α − β + γ;
(c) for all a ∈ a, the map −�a− : F × a → a is an action of the multiplicative

monoid of F, that is, for all α, β ∈ F and b ∈ a, (αβ)�ab = α�a(β�ab) and
1�ab = b;

(d) for all a, b ∈ a, 0�ab = a;
(e) the base change property is satisfied, that is, for all α ∈ F and a, b, c ∈ a,

α�ab = 〈α�cb, α�ca, a〉.
For a given a ∈ a, the map −�a− : F × a → a is called an affine action (of F

on a) with the base a.
An affine map f : a → b is a heap homomorphism preserving the actions

in the sense that, for all a, b ∈ a and α ∈ F,

f (α�ab) = α�f(a)f(b).

The set of affine maps from a to b is denoted by Aff(a, b).

Given affine spaces a, b, c, a function f : a× b → c is said to be bi-affine,
if for all a ∈ a and b ∈ b the functions

b → c, b′ �→ f(a, b′), and a → c, a′ �→ f(a′, b),

are affine maps.

Remark 2.2. Given an element o of an F-affine space a, the retract of the heap
a at o, i.e., the abelian group structure on a with addition a+ b = 〈a, o, b〉 and
the neutral element o, together with the operation

F × a → a, (α, a) �→ αa := α �oa, (2.1)
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is a vector space. We call it the tangent space to a at o or the vector space
fibre of a at o and denote it by Toa. Different choices of o lead to isomorphic
tangent spaces. The vector space Toa acts freely and transitively on a by

a × Toa → a, (a, b) �→ 〈a, o, b〉.
Thanks to the base change property (e) in Definition 2.1, the affine action of
a in terms of the linear structure of its vector space fibre at o (2.1) can be
written as

α �ab = (1 − α)a + α b, (2.2)

for all a, b ∈ a and α ∈ F. (This formula is independent of the choice of o.) On
the other hand, any vector space can be understood as an affine space with
the affine action (2.2).

Every f ∈ Aff(a, b) induces the unique linear transformation f̂ : Toa →
Tõa, by f̂ : a �→ f(a) − f(o). Conversely, given any linear transformation
f̂ : Toa → Tõa and an element b ∈ b, the map a → b, a �→ f̂(a) + b is an affine
map. All elements of Aff(a, b) arise in that way. Iterating this correspondence
one obtains a correspondence between bi-affine and bilinear maps.

The preceding discussion clarifies the connection between the traditional
definition of an affine space as a set accompanied with a vector space (of free
vectors) acting on it and Definition 2.1.

Remark 2.3. The conditions of Definition 2.1 imply that, for all α ∈ F and
b ∈ a, the map α�−b : a → a, a �→ α�ab, is a homomorphism of heaps (so there
is no need to state it explicitly as a part of the definition). Furthermore,

α�aa = a, (2.3)

for all α ∈ F and a ∈ a. For the proofs see e.g. [4, Lemma 3.5].

The main object of studies of this paper is given in the following

Definition 2.4. By an affgebra we understand an affine space together with a
bi-affine binary operation, called a multiplication. An affgebra a is called a
Lie affgebra if the multiplication {−,−} : a × a → a satisfies the following
conditions:
(a) affine antisymmetry, that is, for all a, b ∈ a,

〈{a, b}, {a, a}, {b, a}〉 = {b, b}; (2.4)

(b) the affine Jacobi identity, that is, for all a, b, c ∈ a,

〈{a, {b, c}}, {a, {a, a}}, {b, {c, a}}, {b, {b, b}}, {c, {a, b}}〉 = {c, {c, c}}. (2.5)

The multiplication in a Lie affgebra is often referred to as an affine Lie bracket.
A homomorphism of (Lie) affgebras is an affine map that preserves mul-

tiplications. It is straightforward to check that the homomorphic image of a
affgebra (resp. Lie affgebra) is an affgebra (resp. Lie affgebra).
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Remark 2.5. A Lie affgebra of Definition 2.4 is a slight modification of the
notion introduced in [6, Definition 3.1] in so far as the inhomogeneous Jacobi
identity

〈{a, {b, c}}, {a, a}, {b, {c, a}}, {b, b}, {c, {a, b}}〉 = {c, c}. (2.6)

there is now replaced by its homogeneous version (2.5). Note that (2.6) implies
that, for all a ∈ a, necessarily 3{a, a} = 3{a, {a, a}} in any abelian group
retract of the heap (a, 〈−,−,−〉). Thus if the characteristic of the field is
different from three, (2.6) implies (2.5).

Needless to say, as in [6, Definition 3.1], there is a version of (2.5) in
which the nested brackets {−, {−,−}} are replaced by {{−,−},−}, but clearly
results obtained in one convention are easily translated to the other one.

The key fact motivating this paper that can also be considered as a strong
support for Definition 2.4 is an observation made in [6, Theorem 3.15] that
any tangent space to a Lie affgebra inherits a natural Lie algebra structure.
This observation is not affected by the homogenisation of the Jacobi identity.

Theorem 2.6. Let a be a Lie affgebra with multiplication {−,−}. Then, for all
o in a, Toa is a Lie algebra with the multiplication

[a, b] = {a, b} − {a, o} + {o, o} − {o, b}, (2.7)

for all a, b ∈ Toa. We call Toa with this multiplication a Lie algebra tangent
to a at o or simply a tangent Lie algebra or a Lie algebra fibre of a.

Proof. Note that the multiplication (2.7) is the unique bilinear map associated
to the bi-affine map {−,−} by the step by step linearisation that connects
affine maps with the linear ones on the retracts as described in Remark 2.2.
In view of (2.4), for all a ∈ a,

[a, a] = {a, a} − {a, o} + {o, o} − {o, a} = o,

and hence the multiplication (2.7) is antisymmetric by bilinearity. The Jacobi
identity is proven by a straightforward direct calculation that uses the affine
Jacobi identity (2.5) written in Toa,

{a, {b, c}} − {a, {a, a}}+{b, {c, a}} − {b, {b, b}}+{c, {a, b}}−{c, {c, c}} = o,

(2.8)

for all a, b, c ∈ a. �

All tangent Lie algebras to a given Lie affgebra are mutually isomorphic
(as Lie algebras).

Example 2.7. Similarly to vector spaces that can also be seen as affine spaces,
any Lie algebra g is a Lie affgebra with the multiplications, for all a, b, s ∈ g,

{a, b} = [a, b] + b + s. (2.9)
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Any tangent Lie algebra to this Lie affgebra is isomorphic to g. These are not
all Lie affgebra structures with tangent g. For example, given any ζ ∈ F, an
affine space a and χ ∈ Aff(a, a), one can define the Lie affgebra aζ,χ with the
affine action multiplication

{a, b} = 〈ζ�ab, a, χ(a)〉. (2.10)

If the characteristic of a field is different from 3 and ζ �= 0, then one easily
checks that the multiplication (2.10) satisfies the non-homogeneous affine Ja-
cobi identity (2.6) if and only if χ = id in which case the multiplication takes
the form

{a, b} = ζ�ab. (2.11)

As explained in [6], if a has at least two elements, aζ,id
∼= aξ,id if and only

if ζ = ξ. On the other hand, for all ζ ∈ F and o ∈ a, Toaζ,χ is an abelian Lie
algebra, i.e. [a, b] = o, for all a, b ∈ Toaζ,χ.

It is one of the aims of this paper to study in detail the relationship
between Lie affgebras and their tangent Lie algebras.

3. Lie Affgebras with a Prescribed Tangent Lie Algebra

The first main result of this paper reveals close connection between Lie affge-
bras and generalized derivations of Lie algebras in the sense of Leger and Luks
[16].

Theorem 3.1. Let g be a Lie algebra and κ, λ ∈ Lin(g) be such that, for all
a, b ∈ g,

λ ([a, b]) = [λ(a), b] − [a, κ(b)] + [a, λ(b)]. (3.1)

Then, for all s ∈ g, g is a Lie affgebra with the affine space structure

〈a, b, c〉 = a − b + c, α�ab = αb + (1 − α)a, for all a, b, c ∈ g, α ∈ F,

and the multiplication, for all a, b ∈ g,

{a, b} = [a, b] + κ(a) + λ(b − a) + s. (3.2)

We denote this Lie affgebra by a(g;κ, λ, s). Furthermore, for all o ∈ g

Toa(g;κ, λ, s) ∼= g.

Conversely, for any Lie affgebra a and any o ∈ a, there exist κ, λ, s
necessarily satisfying (3.1) and such that a = a(Toa;κ, λ, s).

Proof. Let g be a Lie algebra and κ, λ and s be as in the assumptions of theo-
rem. Due to the fact that the Lie multiplication [−,−] is a bilinear operation
and κ, λ are linear functions, the multiplication (3.2) is a bi-affine map as the
sum of a linear and constant parts. To prove affine antisymmetry let us take
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any a, b ∈ g, then from the antisymmetry of the Lie multiplication and from
the linearity of λ we obtain

〈{a, b}, {a, a}, {b, a}〉 = {a, b} − {a, a} + {b, a}
= [a, b] + κ(a) + λ(b − a) + s

− κ(a) − s + [b, a] + κ(b) + λ(a − b) + s

= κ(b) + s = {b, b}
Thus the affine antisymmetry holds with no restrictions on the data λ, κ and
s.

To show the affine Jacobi identity (2.5) of the multiplication (3.2), let us
first note that

{a, {b, c}} − {a, {a, a}} =[a, [b, c]] + [a, κ(b)] + [a, λ(c)] − [a, λ(b)]

+ λ ([b, c]) + λκ(b − a) + λ2(c − b) − [a, κ(a)].

Hence the multiplication defined by the formula (3.2) satisfies the affine Jacobi
identity (2.5) if and only if

0 =〈{a, {b, c}}, {a, {a, a}}, {b, {c, a}}, {b, {b, b}}, {c, {a, b}}〉 − {c, {c, c}}
= {a, {b, c}} − {a, {a, a}} + {b, {c, a}} − {b, {b, b}} + {c, {a, b}} − {c, {c, c}}
= [a, [b, c]] + [a, κ(b)] + [a, λ(c)] − [a, λ(b)] + λ([b, c]) − [a, κ(a)]

+ [b, [c, a]] + [b, κ(c)] + [b, λ(a)] − [b, λ(c)] + λ([c, a]) − [b, κ(b)]

+ [c, [a, b]] + [c, κ(a)] + [c, λ(b)] − [c, λ(a)] + λ([a, b]) − [c, κ(c)]

= [a, κ(b)] + [a, λ(c)] − [a, λ(b)] + λ([b, c]) − [a, κ(a)] + [b, κ(c)]

+ [b, λ(a)] − [b, λ(c)]

+ λ([c, a]) − [b, κ(b)] + [c, κ(a)] + [c, λ(b)] − [c, λ(a)] + λ([a, b]) − [c, κ(c)].

For b = c the above equality holds if and only if [b − a, κ(b − a)] = 0 or,
equivalently,

[a, κ(a)] = 0, (3.3)

for all a ∈ g. Next, setting c = 0 and in view of (3.3), we deduce the necessity of
(3.1). Since (3.3) follows from (3.1), by setting b = a in (3.1), the multiplication
(3.2) satisfies the affine Jacobi identity.

Writing [−,−]′ for the multiplication in Toa(g;κ, λ, s), in terms of the
vector space structure of g, we have

[a, b]′ = [a, b] − [a, o] − [o, b] + o,

and hence the vector space isomorphism

ϕ : Toa(g;κ, λ, s) → g, a �→ a − o,

is the required isomorphism of Lie algebras.
In the opposite direction, given a Lie affgebra a, we need to indicate for

any element o ∈ a linear functions κ, λ acting on the tangent Lie algebra Toa
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and an element s ∈ a which meet the condition (3.1). Comparing (3.2) with
(2.7), we expect good candidates for these to be the following data:

s = {o, o} ,

λ : Toa → Toa, a �→ {o, a} − {o, o} ,

κ : Toa → Toa, a �→ {a, a} − {o, o}.

Since {o,−} is an affine map, it is clear that λ is a linear transformation.
In view of the affine antisymmetry of {−,−}, the map κ is equivalently given
by

κ(a) = {o, a} − {o, o} + {a, o} − {o, o} = λ(a) + {a, o} − {o, o},

and hence κ is linear as the sum of linear maps.
In view of the affine antisymmetry the relation between the affine Lie

multiplication {−,−} and its tangent Lie multiplication [−,−] at o (2.7) is
expressed in terms of s, λ and κ by the formula (3.2), and the first part of the
proof ensures that the condition (3.1) is fulfilled. �

Following [16] we denote by Δ(g) the set of triples (λ, λ′, λ′′) of linear
endomorphisms of g that satisfy the following condition, for all a, b ∈ g,

[λ(a), b] + [a, λ′(b)] = λ′′ ([a, b]) . (3.4)

Any map λ for which there exist λ′ and λ′′ such that (λ, λ′, λ′′) ∈ Δ(g) is called
a generalized derivation. By slightly bending this terminology, in what follows
we will refer either to λ or the triple (λ, λ′, λ′′) as to a generalized derivation.
Among all generalized derivations one distinguishes several important classes.
First and most standard, λ is a derivation of g if and only if (λ, λ, λ) ∈ Δ(g).
A quasi-centroid of g, denoted by QC(g), is a vector space of all κ ∈ Lin(g),
such that (κ,−κ, 0) ∈ Δ(g). That is, κ ∈ QC(g) if and only if, for all a, b ∈ g,

[κ(a), b] = [a, κ(b)]. (3.5)

Since we assume that charF �= 2, the condition (3.5) is equivalent to (3.3), i.e.

QC(g) = {κ ∈ Lin(g) | [κ(a), a] = 0, for all a ∈ g}. (3.6)

It is easily seen that QC(g) is a Lie algebra with the multiplication given by the
commutator (defined with respect to the composition of endomorphisms). The
structure of QC(g) is studied in detail in [16]. For example, if Z(g) = 0, then
QC(g) is a commutative associative algebra (with respect to composition);
see [16, Theorem 5.12]. Next, the centroid of g, denoted by C(g) is the space
of linear endomorphisms κ such that (0, κ, κ) ∈ Δ(g) or, equivalently by the
antisymmetry of the Lie multiplication, (κ, 0, κ) ∈ Δ(g). That is κ ∈ C(g) if
and only if, for all a, b ∈ g,

κ([a, b]) = [κ(a), b] = [a, κ(b)]. (3.7)

Obviously C(g) ⊆ QC(g) and it is clear that C(g) is an associative unital al-
gebra with respect to composition. Centroids of Lie algebras are studied in
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[14, Chapter X], where it is shown, for instance, that if g is a perfect Lie
algebra (that is, [g, g] = g) then C(g) is a commutative algebra [14, Chap-
ter X, Lemma 1], while if g is simple, then C(g) is a field [14, Chapter X, The-
orem 1].

The interplay between the quasicentroid and the centroid of a Lie algebra
g is studied in [16]. In particular, it is proven there that if Z(g) = 0, then
QC(g) = C(g) ⊕ A, where A2 = 0 [16, Theorem 5.12], Furthermore, if in
addition [g, g] = g, then QC(g) = C(g), [16, Theorem 5.28].

The following very likely well-known lemma (see e.g. references in [15])
is proven by straightforward arguments, hence its proof is omitted.

Lemma 3.2. Let g be a Lie algebra, λ, δ ∈ Lin(g), and set κ := λ − δ.
(1) The following statements are equivalent:

(i) (δ, λ, λ) ∈ Δ(g);
(ii) for all α ∈ C(g), (δ, λ + α, λ + α) ∈ Δ(g);
(iii) for all derivations α of g, (δ + α, λ + α, λ + α) ∈ Δ(g);
(iv) λ and κ satisfy (3.1).

(2) If (δ, λ, λ) ∈ Δ(g), then:
(i) for all positive integers n, κn ∈ QC(g);
(ii) for all a ∈ g, the vector space gκ(a) spanned by {κn(a) | n ∈ N} is

an abelian Lie subalgebra of g;
(iii) δ is a derivation if and only if κ ∈ C(g).

The first assertion of Lemma (3.2) allows one to state Theorem 3.1 in the
following (equivalent) form

Corollary 3.3. There is a one-to-one correspondence between Lie affgebras with
Lie algebra fibre g and generalized derivations (δ, λ, λ) of g supplemented with
an element of g.

We note in passing that in terms of (δ, λ, λ) ∈ Δ(g) and s ∈ g the
multiplication (3.2) comes out as

{a, b} = [a, b] − δ(a) + λ(b) + s. (3.8)

Furthermore, the multiplication

{a, b}′ := [a, b] − δ(b) + λ(a) + s.

satisfies the alternative version of the affine Jacobi identity mentioned in the
last paragraph of Remark 2.5 (i.e. with the nesting of the brackets {{−,−}′,
−}′). So both versions of the Lie affgebra are obtained with exactly the same
sets of data on a Lie algebra, thus confirming the claim made at the end of
Remark 2.5 about the conceptual equivalence of both approaches.

Theorem 3.1 allows one to make a foray into the classification of Lie af-
fgebras with a prescribed tangent Lie algebra (we will illustrate this in Sect. 5).
To make this strategy feasible however, first one needs to determine homomor-
phisms between Lie affgebras a(g;κ, λ, s).
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Theorem 3.4. A function ϕ : a(g;κ, λ, s) → a(g′;κ′, λ′, s′) is a homomorphism
of Lie affgebras if and only if there exist a Lie algebra homomorphism ψ : g →
g′ and q′ ∈ g′, such that

ψκ = κ′ψ, (3.9a)
ψλ = (adq′ + λ′)ψ, (3.9b)

ψ(s) = s′ − q′ + κ′(q′). (3.9c)

Proof. A function ϕ : a(g;κ, λ, s) → a(g′;κ′, λ′, s′) is a homomorphism of affine
spaces if and only if the function

ψ : g → g′, a �→ ϕ(a) − ϕ(0),

is a linear transformation. Set q′ = ϕ(0).
Written explicitly the Lie affgebra homomorphism condition, for all a, b ∈

g,

ϕ ({a, b}) = {ϕ(a), ϕ(b)},

boils down to

ψ ([a, b]) + ψκ(a) + ψλ(b − a) + ψ(s) + q′ = [ψ(a), ψ(b)] + [q′, ψ(b − a)]

+ κ′ψ(a) + κ(q′) + λ′(ψ(b) − ψ(a)) + s′. (3.10)

Setting a = b = 0 we obtain (3.9c), and thus (3.10) reduces to

ψ ([a, b]) + ψκ(a) + ψλ(b − a) = [ψ(a), ψ(b)]

+ [q′, ψ(b − a)] + κ′ψ(a) + λ′(ψ(b) − ψ(a)).
(3.11)

Setting a = b in (3.11) we obtain (3.9a) and thus further simplification of
(3.10),

ψ ([a, b]) + ψλ(b − a) =[ψ(a), ψ(b)] + [q′, ψ(b − a)]

+ λ′(ψ(b) − ψ(a)).
(3.12)

Finally, setting a = 0 yields (3.9b) as well as the fact that ψ is a homomorphism
of Lie algebras.

The converse is straightforward. �

Corollary 3.5. Let a = a(g;κ, λ, s) and a′ = a(g′;κ′, λ′, s′). Then a is isomor-
phic to a′ if and only if there exist a Lie algebra isomorphism Ψ : g → g′ and
an element q ∈ g such that

κ′ = ΨκΨ−1, (3.13a)
λ′ = Ψ(λ − adq)Ψ−1, (3.13b)
s′ = Ψ(s + q − κ(q)). (3.13c)

Proof. This follows immediately from Theorem 3.4 as the affine map Φ : a → a′

is an isomorphism if and only if its linear part Ψ = Φ−Φ(0) : g → g′ is an iso-
morphism of vector spaces. Rearranging equations (3.9), setting q = Ψ−1(q′),
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where q′ = Φ(0) and noting that adq′ = ΨadqΨ−1 we obtain conditions
(3.13). �

We observe in passing that in terms of generalized derivations (δ, λ, λ)
and (δ′, λ′, λ′) (where δ = λ − κ and δ′ = λ′ − κ′) Eqs. (3.9a), (3.13a) take the
forms

ψδ = (adq′ + δ′)ψ, δ′ = Ψ(δ − adq)Ψ−1,

respectively.
As an immediate consequence of Corollary 3.5 we obtain the following

criterion of non-isomorphism of Lie affgebras.

Corollary 3.6. If Lie affgebras a and b have non-isomorphic Lie algebra fibres,
then they are not isomorphic.

Theorem 3.4 allows one also to identify simple Lie affgebras. Following
the universal algebra (or category theory) convention, we say that a (Lie)
affgebra a is simple provided every homomorphism with a as the domain is
either constant or an injective function.

Corollary 3.7. If g is a simple Lie algebra, then a(g;κ, λ, s) is a simple Lie
affgebra.

Proof. Consider a Lie affgebra homomorphism ϕ : a(g;κ, λ, s) → a′. By The-
orem 3.1, for any o ∈ a′, a′ = a(Toa

′;κ′, λ′, s′). In view of Theorem 3.4,
ϕ = ψ + q′, where ψ : g → Toa

′ is a Lie algebra homomorphism satisfying
conditions (3.9). Since g is a simple Lie algebra ψ is either the zero map, in
which case ϕ is constant, or injective, in which case also ϕ is injective. �

Given a vector space V and its subspace U , any coset v + U ⊆ V is an
affine subspace of V in a natural way:

〈v + u, v + u′, v + u′′〉 = v + (u − u′ + u′′),

α�v+u(v + u′) = v + (1 − α)u + αu′,

for all u, u′, u′′ ∈ U . The criterion when a coset of a subspace of a Lie algebra
g yields a Lie subaffgebra of a(g;κ, λ, s) is given in the following

Proposition 3.8. Let a = a(g;κ, λ, s) be a Lie affgebra and let b be an affine
subspace of a. Then b is a Lie subaffgebra of a if and only if there exist a ∈ b
and a Lie subalgebra h of a, such that b = a + h and
(a) κ(a) − a + s ∈ h;
(b) κ(h) ⊆ h;
(c) (λ + ada)(h) ⊆ h.

Furthermore,

b ∼= a(h;κ, λ + ada, κ(a) − a + s),

as Lie affgebras.
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Proof. An affine subspace b is necessarily of the form a+h, where h is a vector
subspace of g. Then b = a + h is a Lie subaffgebra of a if and only if, for all
v, w ∈ V ,

{a + v, a + w} =[v, w] + [a,w] + [v, a] + κ(a)

+ κ(v) + λ(w − v) + s ∈ a + h.
(3.14)

Setting v = w = 0 in (3.14) we obtain property (a). In view of (a), setting
v = w yields (b), while setting w = 0 yields (c). All this then necessarily
implies that [v, w] ∈ h, hence h is a Lie subalgebra of g. Conversely, if h is a
Lie subalgebra of g and (a)–(c) hold, {a + v, a + w} ∈ a + h, so a + h is a Lie
subaffgebra of a.

Properties (a)–(c) imply that, when restricted to h, κ, λ + ada ∈ Lin(h),
while κ(a) − a + s ∈ h. Since λ satisfies (3.1), its restriction to h shifted by
the inner derivation ada also satisfies property (3.1) by Lemma 3.2. Hence
a(h;κ, λ + ada, κ(a) − a + s) is a Lie affgebra. Its isomorphism with a + h is
given by v �→ a + v. �

4. Derivation-Type Lie Affgebras and Lie Algebra Hulls

As explained in [6, Proposition 3.5] there is a bijective correspondence be-
tween idempotent Lie affgebra multiplications on an affine space a and Lie
multiplications valued in the tangent vector space at any given element of a
that satisfy Lie affgebra axioms as stated in [10]. On the other hand [10, The-
orem 10] establishes that the latter can be lifted up to a Lie multiplication on
a vector space hull of a, that is, a universally defined vector space in which a
is a hyperplane of codimension one. The resulting Lie algebra is called the Lie
algebra hull of a. In this section we extend Lie algebra hulls to a wider class
of Lie affgebras and interpret them as extensions of a tangent Lie algebra by
derivation.

Definition 4.1. A Lie affgebra a is said to be derivation-type if a ∼= a(g;κ, λ, s)
such that δ := λ − κ is a derivation of g.

Lemma 3.2 immediately implies that a Lie affgebra a(g;κ, λ, s) is a deriva-
tion-type Lie affgebra if and only if κ ∈ C(g). Thus the study of derivation-type
Lie affgebras in large part boils down to the study of centroids of Lie algebras.

Proposition 4.2.

(1) Any finite dimensional Lie affgebra with a centreless perfect Lie algebra
fibre is a derivation-type Lie affgebra.

(2) If F is an algebraically closed field and g is a simple Lie algebra, then:
(i) Any Lie affgebra with g as the tangent Lie algebra is necessarily iso-

morphic to a(g;κ id, κ id, s), for some s ∈ g and κ ∈ F. In particular,
the multiplication is

{a, b} = [a, b] + κ b + s, (4.1)
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for all a, b ∈ g.
(ii) Furthermore,

a(g;κ id, κ id, s) ∼= a(g;κ′ id, κ′ id, s′), (4.2)

as Lie affgebras if and only if κ′ = κ and s′ = Ψ(s), where Ψ is an
automorphism of g.

Proof. (1) The statement is a straightforward consequence of [16, Theorem 5.28],
which states that if Z(g) = 0 and [g, g] = g, then QC(g) = C(g).

(2)(i) Since a simple Lie algebra satisfies the hypothesis of the first state-
ment, a(g;κ, λ, s) is a derivation-type Lie affgebra. All derivations of a simple
Lie algebra are inner, hence

λ − κ = adq,

for some q ∈ g. Choosing this q in Corollary 3.5 and using (3.13b), we obtain
λ′ = κ′, as required. The formula for the multiplication follows immediately
from (3.2). Furthermore, since κ ∈ C(g), necessarily κ ◦ ada = ada ◦ κ, for all
a ∈ g and by the simplicity of g and Schur’s lemma, κ is a scalar multiple of
the identity (compare [14, Chapter X, Theorem 1] or [8, Corollary 5.5]).

(2)(ii) Since g has the trivial centre, the constant q in Corollary 3.5 is
necessary zero, as any other choice would separate λ from κ. Thus isomor-
phisms (4.2) correspond to Lie algebra automorphisms Ψ of g, which in view
of Corollary 3.5 do not modify κ while changing s to s′ = Ψ(s). �

The automorphisms of simple complex Lie algebras are well-known; see
e.g. [14, Chapter IX]. In particular, in the case of series An, i.e., Lie algebras of
traceless matrices sl(n+1, C), the isomorphisms (4.2) take place if and only if
there is a special linear matrix A ∈ SL(n, C) such that s′ = A−1sA in all cases
or s′ = −A−1sT A if n ≥ 2; see [14, Chapter IX, Theorem 5]. In the case of
the Lie algebra of odd-dimensional antisymmetric matrices (the Bn series) of
dimension at least 5 (i.e., n ≥ 2) and even-dimensional antisymmetric matrices
(the Dn series) of dimension at least 10 (i.e., n ≥ 5), the isomorphisms (4.2)
hold if and only if there is an orthogonal matrix O such that s′ = O−1sO; see
[14, Chapter IX, Theorem 6]. Finally, in the case of the Lie algebras from the
series Cn with n ≥ 3, the correspondence (4.2) is given by symplectic matrices
M , s′ = M−1sM ; see again [14, Chapter IX, Theorem 6]. In Sect. 5.4 we give
an explicit description of isomorphism classes of Lie affgebras with the Lie
algebra fibres sl(2, C).

Recall that if δ is a derivation of a Lie algebra g, then one can define the
semi-direct product Lie algebra g(δ) := {x + αδ | x ∈ g, α ∈ F} ∼= g ⊕ F with
the multiplication

[x + αδ, y + βδ] = [x, y] + αδ(y) − βδ(x), (4.3)

for all x, y ∈ g and scalars α, β ∈ F. It is clear that g is an ideal in the Lie
algebra g(δ).
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Proposition 4.3. Let a be a derivation-type Lie affgebra isomorphic to a(g;κ id,
λ, s), for some scalar κ ∈ F. Set δ = λ − κ id. Then a ∼= g + δ, where g + δ is
the Lie subaffgebra of a(g(δ);κ id, κ id, s + (1 − κ)δ).

Proof. The multiplication in a(g(δ);κ id, κ id, s + (1 − κ)δ) comes out as

{a + αδ, b + βδ} = [a, b] + αδ(b) − βδ(a) + κb + s + (κ(β − 1) + 1)δ.

Since the multiplication in a(g;κ id, λ, s) is

{a, b} = [a, b] + κb + δ(b − a) + s,

we find that

{a + αδ, b + βδ} = {a, b} + (α − 1)δ(b) + (1 − β)δ(a) + (κ(β − 1) + 1)δ.

In particular {a + δ, b + δ} = {a, b} + δ and the required isomorphism of Lie
affgebras is a �→ a + δ. �
Remark 4.4. In view of Proposition 4.2, Proposition 4.3 applies to all Lie af-
fgebras with simple Lie algebra fibres. Proposition 4.2 implies further that,
over an algebraically closed field, up to isomorphism, λ = κ and hence δ = 0.
Thus, over an algebraically closed field, if a is fibred by a simple Lie algebra g,
then the Lie hull of a is isomorphic to the trivial extension of g by δ so that

[a, δ] = 0,

for all a ∈ g.

Proposition 4.5. Let a be a Lie affgebra fibred by a Lie algebra g which does
not contain a non-trivial abelian subalgebra. Then a is a derivation-type Lie
affgebra satisfying the hypothesis of Proposition 4.3.

Proof. Let a ∼= a(g;κ, λ, s). Take any basis {ai} of a and consider vector spaces
gκ(ai) spanned by {κn(ai) | n ∈ N}. In view of Lemma 3.2, each gκ(ai) is an
abelian subalgebra of g. Therefore, by hypothesis, gκ(ai) are one-dimensional
spaces, and there exist κi ∈ F, such that κ(ai) = κiai. Next, since κ ∈ QC(g),
κi[ai, aj ] = κj [ai, aj ]. If i �= j, then again by the hypothesis [ai, aj ] �= 0, and so
κi = κj , for all i, j. This proves that κ is necessarily a multiple of the identity,
and the statement follows. �
Corollary 4.6. Let a be a Lie affgebra. The following statements are equivalent:
(1) The multiplication {−,−} is an idempotent operation, i.e., {a, a} = a,

for all a ∈ a.
(2) There exist a Lie algebra g and a derivation δ of g such that a ∼= a(g; id, δ+

id, 0).
(3) For any o ∈ a, there is a derivation δ of the tangent Lie algebra Toa such

that a ∼= Toa + δ, where Toa + δ is a Lie subaffgebra of a Lie affgebra
a(δ) ∼= a × F with the multiplication

{x, y} = [x, y] + y,

for all x, y ∈ (Toa)(δ).
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Proof. By Theorem 3.1, a ∼= a(g;κ, λ, s). In view of (3.2), {a, a} = a, for all
a ∈ a if and only if

a = κ(a) + s.

Since κ is a linear endomorphism, s = 0 and κ(a) = a, and hence a is a
derivation-type Lie affgebra with derivation δ = λ − id. This establishes the
equivalence of (1) and (2).

Assuming (2), by Theorem 3.1, given any o ∈ a we can choose g = Toa.
Then a(δ) = a(g; id, id, 0) and (3) follows by Proposition 4.3. The implication
(3) =⇒ (1) is immediate. �

Example 4.7. The multiplication (2.11) of the Lie affgebra aζ,id described in
Example 2.7 is an idempotent operation by (2.3), and hence Corollary 4.6 can
be applied. The map λ comes out as λ(a) = ζa, so that δ(a) = (ζ − 1)a and
the multiplication of the hull of aζ,id reads

[a + αδ, b + βδ] = (ζ − 1)(αb − βa),

for all a, b ∈ a and α, β ∈ F.

5. Examples

5.1. One-Dimensional Lie Affgebras

All one-dimensional Lie affgebras must have the unique one-dimensional abelian
Lie algebra as their Lie algebra fibres. Let e be a fixed basis of g. There are
no restrictions on λ and κ, which are both scalar multiples of identity, say
λ(e) = λe and κ(e) = κe, κ, λ ∈ F, and are not affected by an automorphism
Ψ of g, which itself is a non-zero scalar multiple of identity, say Ψ(e) = ψe.
The adjoint action is trivial. Let s = σe and q = ξe. Then s can be transferred
to

s′ = ψ(σ + (1 − κ)ξ)e.

If κ �= 1, ξ can be chosen so that s′ = 0. If κ = 1 then either σ = 0 or it can
be normalized to 1 by choosing ψ. Therefore, there are two families of non-
isomorphic Lie affgebra structures on a one dimensional (affine) space with
corresponding multiplications

{a, b} =

{
(κ − λ)a + λb or
(1 − λ)a + λb + e.

All these are derviation-type Lie affgebras which fulfil the hypothesis of Propo-
sition 4.3. Since the derivations are δ(e) = (λ − κ)e, the Lie hulls are spanned
by e and δ with the multiplication

[e, δ] = (κ − λ)e,

and thus exhaust all non-isomorphic classes of two-dimensional Lie algebras:
either [e, δ] = 0 or [e, δ] = e.
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5.2. Lie Affgebras with Tangent Abelian Lie Algebras

This is more of a non-example rather than an example, but we include this
discussion here as an illustration of the richness of the variety of Lie affgebras
fibred by the same Lie algebra. We take g to be an n-dimensional vector
space with the trivial multiplication [a, b] = 0. The conditions (3.1) and (3.7)
are empty, so any linear endomorphisms κ and λ and a vector s ∈ g give a
derivation-type Lie affgebra a(g;κ, λ, s), with the multiplication

{a, b} = κ(a) + λ(b − a) + s, (5.1)

for all a, b ∈ g.
Any linear automorphism Ψ of g is a Lie algebra homomorphism, the

adjoint action is trivial and hence the equivalence classes of Lie affgebras are
controlled by the general similarity relation between κ and κ′ or λ and λ′, and
depend on the multiplicity of eigenvalue 1 of κ or, equivalently, the rank of
id − κ. If this rank is equal to n, then q can be chosen so that s′ = 0 and thus
the constant term from (5.1) can be removed. If the rank is equal to r, then
the constant term will depend on n − r free parameters.

5.3. Two Dimensional Lie Affgebras with Non-abelian Lie Algebra Fibres

Let b be the Borel subalgebra of sl(2, C), that is, b is the 2-dimensional Lie
algebra with a basis E : e1, e2 and the multiplication [e1, e2] = e1. By Propo-
sition 4.5 κ is necessarily a scalar multiple of identity, so that κ ∈ C(b).
Therefore, δ = λ − κ is a derivation by Lemma 3.2. One easily checks that all
derivations of b are inner, and hence λ = κ + adq, where q ∈ b. In view of this
and Eq. (3.13b) in Corollary 3.5, any Lie affgebra over b is isomorphic to one
with λ = κ = γ id, where γ ∈ C.

Since κ and λ are scalar multiples of identity, they are preserved by any
automorphism Ψ of b. One easily finds that, in the basis E,

Ψ(a, b) =
(

a b
0 1

)
,

where a, b ∈ C, a �= 0. With no loss of generality we can choose q = 0 in
(3.13c), so that s′ = Ψ(s), or in the basis E,(

s′
1

s′
2

)
=

(
a b
0 1

)(
s1
s2

)
=

(
as1 + bs2

s2

)
.

If s2 �= 0, then b can be chosen so that s′
1 = 0. Otherwise, either s1 = 0 and

hence s′ = 0 or a can be chosen in such a way that s′
1 = 1. Put together we

obtain the following two families of non-isomorphic Lie affgebras
a(b; γ id, γ id, σe2) : {x, y} = [x, y] + γy + σe2,

a(b; γ id, γ id, e1) : {x, y} = [x, y] + γy + e1,

where γ, σ ∈ C. As up to isomorphism b is the only non-abelian two-dimensional
Lie algebra, this classifies (up to isomorphism) all two-dimensional Lie affge-
bras with a non-abelian tangent Lie algebra.
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By Proposition 4.5, all these affgebras are derivation-type affgebras that
fulfill hypothesis of Proposition 4.3, and since λ = κ the derivation λ − κ
is trivial. Consequently, the Lie algebra hull is spanned by e1, e2, δ, with the
multiplication

[e1, e2] = e1, [δ, e1] = 0, [δ, e2] = 0.

5.4. Lie Affgebras Fibred by sl(2,C)
Let us write the sl(2, C) algebra in the Chevalley basis C : e, h, f ,

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f. (5.2)

Since sl(2, C) is a simple Lie algebra over an algebraically closed field, by
Proposition 4.2 every Lie affgebra with sl(2, C) as a Lie algebra fibre is iso-
morphic to one with the multiplication

{x, y} = [x, y] + γy + s, γ ∈ C, s ∈ sl(2, C).

Equivalence classes corresponding to different choices of s are controlled by the
automorphisms of sl(2, C) through (3.13c). Any such automorphism is given
by the conjugation with an element of the Lie group SL(2, C), and thus,(

s′
2 s′

1

s′
3 −s′

2

)
∼

(
s2 s1
s3 −s2

)
,

provided there exists u ∈ SL(2, C) such that(
s′
2 s′

1

s′
3 −s′

2

)
= u−1

(
s2 s1
s3 −s2

)
u.

First consider,(
1 a
0 1

)−1 (
s2 s1
s3 −s2

)(
1 a
0 1

)
=

(
s2 − as3 2as2 + s1 − a2s3

s3 −s2 + as3

)
.

If s3 �= 0 diagonal terms can be eliminated by a suitable choice of a. If s3 = 0 we
can obtain a diagonal matrix (as long as s2 �= 0) or a strictly upper triangular
one. Put together we obtain that

s′ =
(

σ 0
0 −σ

)
= σ h or s′ =

(
0 σ1

σ2 0

)
.

The second case can be reduced further by applying(
b 0
0 b−1

)−1 (
0 σ1

σ2 0

)(
b 0
0 b−1

)
=

(
0 b−2σ1

b2σ2 0

)
.

Depending on the nullity of the σi in addition to the zero matrix we obtain
three possibilities(

0 1
0 0

)
= e,

(
0 0
1 0

)
= f,

(
0 1
σ2 0

)
, σ �= 0.
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The last matrix belongs to the diagonal class, since(
σ 0
0 −σ

)
=

(
1 − 1

2σ
σ 1

2

)−1 (
0 1
σ2 0

)(
1 − 1

2σ
σ 1

2

)
.

Therefore isomorphism classes of Lie affgebras with the tangent Lie algebra
sl(2, C) split into three cases

a(sl(2, C); γ id, γ id, e) : {x, y} = [x, y] + γy + e,

a(sl(2, C); γ id, γ id, σh) : {x, y} = [x, y] + γy + σh,

a(sl(2, C); γ id, γ id, f) : {x, y} = [x, y] + γy + f,

where γ, σ ∈ C.

5.5. Lie Affgebras Fibred by so(3)
Let x1, x2, x3 be the standard basis of the real Lie algebra so(3), so that,

[xi, xj ] = εijkxk,

where εijk is the antisymmetric Levi-Civita symbol. Since so(3) has no non-
trivial abelian subalgebras, κ is a multiple of identity by Proposition 4.5. Since
so(3) is a simple Lie algebra, all derivations are inner, which allows one to
choose λ = κ = γid, where γ ∈ R.

The automorphisms of so(3) are given by the conjugation by elements of
the rotation group SO(3). By suitably rotating the axes, one can transform a
general element of so(3) to σx1, with the uniquely determined σ ∈ R. Thus any
real Lie affgebra fibred by so(3) is isomorphic to one with the multiplication,
for all x, y ∈ so(3),

{x, y} = [x, y] + γy + σx1,

where γ, σ ∈ R.

5.6. Normalized Affine Matrices

The Lie affgebras of general and special normalized affine matrices were in-
troduced in [5] as affine subspaces of gl(n + 1, F) and sl(n + 1, F), respectively
given by

gna(n, F) := {X ∈ gl(n + 1, F) | XE = EX = E},

sna(n, F) := {X ∈ sl(n + 1, F) | XE = EX = E},

where E is the matrix in which all entries are equal to 1, that is (the sum of
all (n + 1) × (n + 1) matrix units Eij). In other words gna(n, F) and sna(n, F)
contain matrices normalized so that the sum of all entries in each row and
column is equal to 1. It has been shown in [7] that, in the terminology of the
present text,

gna(n, F) ∼= a(gl0(n, F); id, id, 0), sna(n, F) ∼= a(sl0(n, F); id, id, 0),
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where the Lie algebras are defined as subalgebras of gl(n+1, F) and sl(n+1, F),
respectively, by

gl0(n, F) := {X ∈ gl(n + 1, F) | XE = EX = 0},

sl0(n, F) := {X ∈ sl(n + 1, F) | XE = EX = 0}.

Furthermore, if the characteristic of F does not divide n or n + 1, gna(n, F)
and sna(n, F) fit into Proposition 3.8 with h ∼= gl0(n, F) ∼= gl(n, F) and h ∼=
sl0(n, F) ∼= sl(n, F), respectively. Thus

gna(n, F) ∼= a(gl(n, F); id, id, 0), sna(n, F) ∼= a(sl(n, F); id, id, 0).

The proof of these isomorphisms given in [7, Theorem 3.2] is based on con-
structing explicit similarity transformations whose existence relies on the fact
that n+1 is not a multiple of the characteristic of F. Here we show that indeed
this assumption is necessary.

Assume that charF | n+1. Obviously, gna(n, F) = In+1+gl0(n, F), where
In+1 is the identity matrix, and the conditions of Proposition 3.8 are satisfied
with h ∼= gl0(n, F). Since TrIn+1 = 0, In+1 ∈ sna(n, F), and so sna(n, F) =
In+1 + sl0(n, F). Furthermore, E ∈ sl0(n, F) is a central element. On the other
hand sl(n, F) has a trivial centre, and so sl0(n, F) �∼= sl(n, F) as Lie algebras.
By Corollary 3.6,

sna(n, F) �∼= a(sl(n, F); id, id, 0). (5.3)

Next, consider the matrices

Ai j = Ei j − Ei n+1 − En+1 j + En+1n+1,

i, j = 1, . . . n, which form a basis for gl0(n, F). Since the characteristic of F is
a factor of n + 1, E =

∑
i,j Ai j , and∑

i�=j

[Ai i, Ai j ] =
∑
i�=j

(2Ai j − Ai i) = 2
∑
i,j

Ai j = 2E.

Thus, if char F �= 2, E ∈ [gl0(n, F), gl0(n, F)]. In the case of the even charac-
teristic one finds that

[gl0(n, F), gl0(n, F)] �
∑
i<j

[Ai i, Aj j ] =
∑
i<j

(Ai j + Aj i) = E − In+1.

Therefore, irrespective of the parity of char F, [gl0(n, F), gl0(n, F)] has non-
trivial intersection with the centre of gl0(n, F). Since there are no non-trivial
central elements of gl(n, F) that are also in [gl(n, F), gl(n, F)], we conclude that

gna(n, F) �∼= a(gl(n, F); id, id, 0). (5.4)

We now look at sna(n, F) in case charF | n. Let

A = E12 + E23 + . . . + En n+1 + En+1 1 ∈ sna(n, F).

Since AE − EA = 0, for all X ∈ sl0(n, F), AX − XA ∈ sl0(n, F), and hence

sna(n, F) = A + sl0(n, F) ∼= a(sl0(n, F); id, id + adA, 0),
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by Proposition 3.8. Following [7] we can introduce the (n+1)×(n+1)-matrix

P =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · · 1 1
0 0 0 · · · −1 1

· · · · · · · · · · · · · · · · · ·
0 0 −1 · · · 0 1
0 −1 0 · · · 0 1

−1 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (5.5)

Since char(F) � n + 1, P is invertible with the inverse

P−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · · 1 0
1 1 1 · · · 0 1

· · · · · · · · · · · · · · · · · ·
1 1 0 · · · 1 1
1 0 1 · · · 1 1
1 1 1 · · · 1 1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

As shown in [7], for all X ∈ sl0(n, F),

P−1XP ∈
(
sl(n, F) 0

0 0

)
.

Furthermore,

B := P−1AP =

⎛
⎜⎜⎜⎜⎜⎜⎝

−1 −1 −1 · · · −1 −1 0
1 0 0 · · · 0 0 0
0 1 0 · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 0 0
0 0 0 · · · 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Using the similarity transformation given by P we thus obtain,

sna(n, F) ∼= B +
(
sl(n, F) 0

0 0

)
∼= a

((
sl(n, F) 0

0 0

)
; id, id + adB , 0

)
.

We will now show that

sna(n, F) �∼= a (sl(n, F); id, id, 0) ∼= a

((
sl(n, F) 0

0 0

)
; id, id, 0

)
.

In view of Corollary 3.5 the affgebras are isomorphic if and only if there exists

Q ∈
(
sl(n, F) 0

0 0

)
such that, for all X ∈

(
sl(n, F) 0

0 0

)
, [B + Q,X] = 0. Since

Z(sl(n, F)) = FIn, and B has 1 as the (n + 1, n + 1)-entry, there is no Q such
that

B + Q ∈
(

Z(sl(n, F)) 0
0 0

)
.

Consequently,

sna(n, F) �∼= a (sl(n, F); id, id, 0) .
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6. An Application: Central Extensions of Lie Affgebras

Let g be a Lie algebra. Recall that an antisymmetric bilinear form π : g×g → F

is a 2-cocycle (in the Chevalley-Eilenberg complex [9]) provided

π(a, [b, c]) + π(b, [c, a]) + π(c, [a, b]) = 0, (6.1)

for all a, b, c ∈ g. Given a 2-cocycle π on g one can define the central extension
of g by π as a vector space g⊕ F〈z〉 with the Lie multiplication, for all a, b ∈ g
and α, β ∈ F,

[a + αz, b + βz] = [a, b] + π(a, b)z;

see [9]. The central extension by a 2-cocycle π is denoted by g(π). In this section
we develop central extensions of Lie affgebras, by exploring the structure of
a(g;κ, λ, s).

Lemma 6.1. Let a be a Lie affgebra, and let ω : a × a → F be a bi-affine map
such that, for all a, b, c ∈ a

ω(a, b) − ω(a, a) + ω(b, a) = ω(b, b), (6.2a)
ω(a, {b, c}) − ω(a, {a, a}) + ω(b, {c, a}) − ω(b, {b, b}) + ω(c, {a, b}) = ω(c, {c, c}).

(6.2b)

Then the product affine space a × F is a Lie affgebra with the multiplication

{(a, α), (b, β)} = ({a, b}, ω(a, b)) , (6.3)

for all a, b ∈ a and α, β ∈ F. We denote this Lie affgebra by a(ω) and call it a
cocycle extension of a.

Proof. The statement follows immediately from the observation that equations
(6.2) express the affine antisymmetry and the Jacobi identity of the second
factor in a × F. �

Proposition 6.2. Let a = a(g;κ, λ, s) and δ = λ − κ. Then ω : a × a → F

satisfies conditions (6.2) if and only if there exist a 2-cocycle π on g, linear
forms ρ, σ on g, and τ ∈ F such that

ω(a, b) = π(a, b) + ρ(a) + σ(b) + τ (6.4)

and

σ([a, b]) = π(a, δ(b)) + π(λ(a), b). (6.5)

Furthermore,

a(ω) ∼= a(g(π); κ̂, λ̂, ŝ), (6.6)

where

κ̂(a + αz) = κ(a) + (ρ(a) + σ(a))z, λ̂(a + αz) = λ(a) + σ(a)z,

ŝ = s + τz. (6.7)
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Proof. The proof is analogous to the proof of Theorem 3.1. The maps π, ρ, σ
and the element w are uniquely determined by setting

ρ(a) = ω(a, 0) − ω(0, 0), σ(a) = ω(0, a) − ω(0, 0), τ = ω(0, 0),

and

π(a, b) = ω(a, b) − ω(a, 0) − ω(0, b) + ω(0, 0).

The map π is skew-symmetric if and only if ω satisfies condition (6.2a).
Next,

ω(a, {b, c}) − ω(a, {a, a}) = π(a, [b, c]) − π(a, δ(b)) + π(a, λ(c)) + σ([b, c])

− π(a, λ(a)) + π(a, δ(a)) − σλ(a) + σλ(c)

+ σδ(a) − σδ(b).

Hence (6.2b) is satisfied if and only if
0 = π(a, [b, c]) − π(a, δ(b)) + π(a, λ(c)) + σ([b, c]) − π(a, λ(a)) + π(a, δ(a))

+ π(b, [c, a]) − π(b, δ(c)) + π(b, λ(a)) + σ([c, a]) − π(b, λ(b)) + π(b, δ(b))

+ π(c, [a, b]) − π(c, δ(a)) + π(c, λ(b)) + σ([a, b]) − π(c, λ(c)) + π(c, δ(c)).

By step-by-step elimination, setting first c = 0 and then also b = 0, we arrive
at the necessity of the 2-cocycle condition for π and (6.5). The sufficiency is
clear.

The isomorphism (6.6) and the structure data (6.7) are obtained by com-
paring the expression for the multiplication (6.3) with the form of ω in (6.4)
taken into account and the general formula for the multiplication in a Lie
affgebra with the Lie algebra fibre g(π) in Theorem 3.1. �

Remark 6.3. When evaluated at b = a, the condition (6.5) implies that π(a,
κ(a)) = 0, for all a ∈ g. This puts constraints on the possibility of extending
a with a given cocycle π on g. As an illustration of this consider an extension
of the two-dimensional Lie algebra g generated by q and p by the cocycle
π(q, p) = 1. The resulting Lie algebra g(π) is the Heisenberg algebra, generated
by q, p, z with multiplications

[q, p] = z, [q, z] = [p, z] = 0.

As discussed in Example 5.2, any κ, λ, s give rise to a Lie affgebra a =
a(g;κ, λ, s). On the other hand, only maps δ and λ, and in consequence κ
that are diagonal in the basis {q, p} satisfy (6.5).

Example 6.4. The isomorphisms classes of cocycle extensions of a Lie algebra
g are classified by the second cohomology group of g, [9, Theorem 26.2]. In
case g is a finite-dimensional simple Lie algebra, this group is trivial by [9,
Theorem 21.1], and hence – up to isomorphism – we can choose π = 0. Since
σ in Proposition 6.2 must satisfy (6.5), σ([a, b]) = 0, for all a, b ∈ g. However,
[g, g] = g, and so σ = 0. Thus up to coboundaries in the cohomology of g,

ω(a, b) = ρ(a) + τ.
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Observing that, κ̂(z) = 0, one can eliminate τ from the expression for ŝ in
(6.7) by setting q = −τz in (3.13c). This will not change λ̂ by the centrality of
z in g(π). We conclude that all extensions of Lie affgebras a with simple finite
dimensional Lie algebra fibres g are isomorphic to a(g(0); κ̂, λ̂, ŝ), where

κ̂(a + αz) = κ a + ρ(a)z, λ̂(a + αz) = κ a, ŝ = s, (6.8)

for some κ ∈ F, s ∈ g and a linear functional ρ on g.

Example 6.5. The Witt Lie algebra W1 of holomorphic vector fields on the
Riemann sphere is spanned by the set {Lm | m ∈ Z} with multiplication

[Lm, Ln] = (m − n)Lm+n. (6.9)

Setting κ(Lm) =
∑

n κn
mLn and exploring (3.3) and (6.9) one finds that the

operator κ is diagonal. Next the property (3.5) yields that κ is necessarily
the scalar multiple of identity. We denote this scalar by κ as well. Thus any
Lie affgebra with W1 Lie algebra fibres is of derivation type. As the first
Chevalley-Eilenberg cohomology of W1 with values in W1 is trivial (see e.g.
[22]), all derivations are inner and so, up to isomorphism we can choose λ = κ.
The automorphism group of W1 consists of two families of maps Ψt

+ and Ψt
−,

indexed by non-zero complex numbers t ∈ C
× and given by

Ψt
±(Lm) = ±t±mL±m;

see e.g. [3]. In summary, up to isomorphism all Lie affgebras with W1 Lie
algebra fibres have the multiplications

{Lm, Ln} = (m − n)Lm+n + κLn +
∑

k

skLk, (6.10)

where a(W1;κ id, κ id,
∑

k skLk) ∼= a(W1;κ id, κ id,
∑

k s′
kLk) provided that

there exists t ∈ C
× such that either s′

k = tksk or s′
k = −t−ks−k, for all

k ∈ Z.
The algebra W1 has one-dimensional C-valued second cohomology space,

with the standard choice of the representing 2-cocycle

π(Lm, Ln) =
m3 − m

12
δm,−n. (6.11)

The resulting central extension of W1 is the Virasoro algebra V, generated by
Lm, m ∈ Z and the central element c with the multiplications

[Lm, Ln] = (m − n)Lm+n +
m3 − m

12
δm,−nc. (6.12)

The cocycle extensions of a(W1;κ id, κ id, s) fall into two classes. Then condi-
tion (6.5) yields necessarily

2mσ(L0) = σ([Lm, L−m]) = κπ(Lm, L−m) =
κ(m3 − m)

12
,
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for all m ∈ Z. Hence σ does not exist if κ �= 0, while if κ = 0, σ(L0) = 0. One
then finds furthermore that σ(Lm) = 0, for all m ∈ Z. Thus only a(W1; 0, 0, s)
admits central extensions and these have the multiplications

{Lm, Ln} = (m − n)Lm+n +
(

m3 − m

12
δm,−n + �(Lm) + τ

)
z + s,

{Lm, z} = (�(Lm) + τ) z + s, {z, Ln} = {z, z} = τz + s,

for � ∈ Lin(W1) and τ ∈ C.
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[5] Brzeziński, T., Brzeziński, T.: Special normalised affine matrices: an example
of a Lie affgebra. In: Geometric Methods in Physics XL, pp. 115–125, Trends
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[20] Rédei, L.: Die Verallgemeinerung der Schreierschen Erweiterungstheorie. Acta
Sci. Math. Szeged 14, 252–273 (1952)

[21] Tulczyjew, W.: Frame independence of analytical mechanics. Atti Accad. Sci.
Torino Cl. Sci. Fis. Mat. Natur. 119, 273–279 (1985)

[22] Zhu, L.S., Meng, D.J.: Some infinite-dimensional complete Lie algebras. Chin.
Ann. Math. Ser. A 21, 311–316 (2000)

http://arxiv.org/abs/2403.05142


Lie Affgebras Vis-à-Vis Lie Algebras Page 27 of 27    61 

Ryszard R. Andruszkiewicz and Tomasz Brzeziński
Faculty of Mathematics
University of Bia�lystok
K. Cio�lkowskiego 1M
15-245 Bia�lystok
Poland
e-mail: randrusz@math.uwb.edu.pl

Tomasz Brzeziński
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