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Abstract

Magnetic Resonance Imaging (MRI) scanners employ superconducting magnets to produce a strong uniform magnetic field
over the bore of the scanner as part of the imaging process. Superconductors are preferred, as they can generate the required
field strengths without electrical resistance, but, to do this, the materials need to be cooled to very low temperatures, typi-
cally around 4.2 K. However, due to imperfections in the windings, cracks and small air gaps in the epoxy resin between the
wires, heating can occur leading to a process known as magnet quench. During magnet quench, the magnet temperature rises
quickly, and the magnet loses its superconductivity. This work presents an accurate numerical model for predicting magnet
quench for axisymmetric MRI scanners by solving the coupled system of thermal, electromagnetic and circuit equations by
means of a high order/hp-version finite element method where regions of high gradients are resolved with boundary layer

elements. A series of numerical results are included to demonstrate the effectiveness of the approach.

Keywords Magnet quench - Superconductivity - Coupled physics problem - Magnetic Resonance Imaging - Ap-Version

finite element method

1 Introduction

The use of Magnetic Resonance Imaging (MRI) has been
an essential tool in modern medical diagnosis with use
cases ranging from the examination of the brain and spi-
nal cord for tumours to internal organs such as the liver
or the prostate gland. Our group’s previous work involved
the simulation of a coupled 3D magneto mechanical prob-
lem to predict resonance effects associated with vibrations
induced by eddy currents in conducting components (see
[18] and references therein). The present work focuses on
the modelling of superconducting materials used to produce
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the strong static magnetic field and how they transition to
become normal conducting. During normal operation of an
MRI scanner, the coils of superconducting material are kept
cool in a bath of liquid helium so that they conduct elec-
tricity without resistance. However, due to imperfections in
the windings, cracks and small air gaps in the epoxy resin
between the wires, heating of the coil can occur so that the
material becomes normal conducting and resistive. This
process is called magnet quench. The heating of the coil
boils-off the liquid helium (He), which is costly to replace.
To better understand magnet quench, and predict when it is
likely to occur, the solution of a highly non-linear coupled
multi-physics problem involving electromagnetic, thermal
and mechanical effects is required. The purpose of this paper
is to present an accurate numerical scheme for resolving
transient electro-thermal coupling within rotationally sym-
metric scanners, in addition to coupling with a circuit model
to describe other components.

The textbook by Wilson [30] describes a mathematical
model of quench and presents a semi-analytical approach
to predicting quench. More recently, approaches have
focused on solving coupled sets of thermal-electromag-
netic models combined with circuit models for describing
quench behaviour [21]. One of the key challenges is the
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modelling of the wires and strands that make up the super-
conducting magnets. Schops, De Gersem and Weiland [25]
consider the coupling between circuit and electromagnetic
equations through winding functions that can be used for
modelling such stranded conductors.

In the papers by Cortes Garcia, Schops, Maciejewski,
Bertot, Prioli, Auchmann, and Verweij [5, 11] and in the
thesis by Cortes Garcia [7] an approach using the stranded
conductor model and coupling electromagnetic and ther-
mal equations is undertaken. This is simulated by low-
order finite elements coupled with a circuit model and is
applied to quench problems concerning superconducting
magnets within the CERN particle accelerator. Further-
more, Paudel [19], similar to the approach described by
Russenchuck [21], models temperature regimes where part
of the current is shared by the superconducting niobium-
titanium (NbT1i) and the conducting copper in the cable. In
addition, Aird et al. [3], considers the thermal isolation of
the coils due to the existence of liquid Helium at 4.2 K in
the surroundings with thermal conductivities much higher
than that of the superconducting coil. Our work builds on
these important developments, but considers an alterna-
tive finite element discretisation allowing for increased
accuracy of quench simulations and applies it to applica-
tions relevant for quench simulation in MRI magnets. We
choose to directly model the current, rather than use a cur-
rent sharing approach, and consider only the He-I regime
of helium due to the normal operating temperature of the
magnets we will consider.

In particular, we consider higher order/hp-version finite
element approaches applied to axisymmetric quench prob-
lems. This particular dicscretisation offers the possibility
for refinement of both the mesh as well as the polynomial
order of the elements in order to establish accurate solutions
[9, 29] for both smooth solutions and solutions with high
field gradients. Adaptive versions of Ap-version finite ele-
ments (e.g. [8, 9]) use a-posteriori error estimators, (see for
example [1] for a review of approaches) (or error indicators)
to identify regions of highest error and determine whether
to refine to perform a mesh (4-) refinement or a polynomial
(p-) enrichment, an example of which is provided in [2].
Our algorithmic developments are built on the NGSolve
finite element library [22, 23], which uses the particular set
of basis functions proposed by Zaglmayr and Schoberl [24].
In addition, we make use of quadrilateral layers for resolv-
ing the steep solution gradients associated with the thermal
problem and the heating of the coils as well as resolving
the thin skin effects associated with the conducting bodies.

The novelties of the work are as follows:
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e Areview of the key governing equations and presentation
of a mathematical model for modelling quench effects
using the stranded conductor model.

e A new application of hp-version finite elements and thin
quadrilateral elements for resolving boundary layer effects
to the simulation of magnet quench.

e The presentation of a series of numerical results, including
experimental validation, that illustrate the effectiveness of
the scheme.

The material is organised as follows: Sect. 2 is devoted to the
mathematical modelling and introduces the key fields and cir-
cuit variables and the governing equations. This section goes
on to discuss superconducting materials as well as the coils,
cables and wires used in superconducting magnets in addition
to the different relevant loss terms. Sect. 3 presents the trans-
mission problems obtained from the model presented in the
previous section. Sect. 4 presents the weak variational state-
ments at a continuous level that form the basis for finite ele-
ment discretisation in Sect. 5, which also presents the chosen
temporal discretisation and fixed point algorithm for treatment
of the non-linearity in the solution. Section 5 also discusses the
computational approach using the NGSolve finite element
library. Section 6 presents a series of results to demonstrate
the effectiveness of the proposed approach, firstly, for single
physics problems and then, secondly, examples of the fully
coupled quench problem. The paper closes with some con-
cluding remarks.

2 Mathematical modelling
2.1 List of key field and circuit variables

We denote x = xe, + ye, + ze, as the position vector in terms
of Cartesian coordinates and x = re, + ¢e + ze, as the
position vector in terms of Cylindrical coordinates, where
€.e,€e.e,.,e,are the appropriate unit basis vectors and 7 as
the time in seconds. From the electromagnetic perspective,
B(x, 1) is the magnetic flux density, M(x, t) is the magneti-
sation, H(x, r) the magnetic field intensity vector, E(x, ¢) the
electric field intensity vector, J(x, f) volume current density,
which is split as J(x, ) = J*(x, ) + J°(x, 1), where J*(x, 1)
is the external current source, J°(x, ) is the Ohmic (or eddy)
current and A (x, t) is the magnetic vector potential. From the
thermal perspective, T(x, t) is the temperature and P denotes
the sum of thermal sources. From the circuit perspective, I is
the electric current, V is the voltage, L is the inductance and
R is the resistance.

The eddy current model, which is applicable since con-
ductivities of the shields, formers and the coils (when normal
conducting) are high and the frequencies of excitation are low,
is described by
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curlE = — %, (1a)
curl H =] + J°, (1b)
div B =0, (1c)
divE =0, (1d)

where the constitutive laws

J°=yE =1/p°E, (2a)

B = py(H + M), (2b)

apply with y being the (non-linear) electrical con-
ductivity, p¢ the (non-linear) electrical resistivity and
Ho = 41 X 10-7Hm™" is the magnetic permeability of free
space. At interfaces between different materials, the inter-
face conditions [n X E] = 0 and [r X H] = 0 apply where
[1 denotes the jump and nr denotes the unit outward nor-
mal. Initial conditions for the fields E(t = 0) = E; and
H(t = 0) = H are assumed to be known. This system is
reduced by introducing the vector potential A such that
B = curl A and using the gauge condition divA = 0.
The heat equation

or | ..
pe—- + divg =P, 3)

is obtained from an energy balance, where pc is the (non-
linear) volumetric heat capacity (VHC), P is a source term
and the heat flux q is expressed through the constitutive law

q=—xgradT, 4

and x denotes the (non-linear) thermal conductivity. At
interfaces between different materials, the interface con-
ditions [T] = 0 and [n - g] = O apply. The initial condition
T(t = 0) = T, is assumed to be known.

The electrical circuit is described by Kirchhoff’s laws

N, Ny
DY L=0, Y V,=0, )
k=1 k=1

which describe the fact that the sum of N, currents meeting
at a node are zero and the sum of Ny, voltages in a closed
loop are zero. The voltage difference over a resistor being
V = IR and over an inductor being V = —L% and, for a con-

ductor excited by J*' the current flowing in this conduc-
toris I = fs J?" - ndS where S is the cross-sectional surface
area of the conductor. The initial condition /(r = 0) = [ is
assumed to be known.

2.2 Superconducting materials

In ordinary conductors, which we denote by Q_, the total
current which enters at one end of the conductor and
leaves at the other, is linearly related to the voltage drop
between the two ends. In such conductors, the conduction
of electricity leads to the dissipation of energy (known as
Ohmic heating) summing to

/ POMmAQ = / J’ - EdQ, 6)
Q. Q,

which, in turn, is proportional to the conductor’s resistance.

However, if certain materials are cooled to low tem-
peratures T (within a few degrees of absolute zero), for
example by being placed in a bath of liquid helium, they
conduct electricity without resistance. Such materials are
called superconductors. When a current is passed through
a superconductor it produces a magnetic field, but this
magnetic field does not enter the superconductor. When a
material becomes superconducting it expels any magnetic
field inside it through a process called the Meisner effect.
The Meisner effect is one reason for regarding supercon-
ducting materials as magnetic materials. Another reason
for regarding superconductors as magnetic materials is
that superconductors can become normal conducting if
the (tangential) magnetic field exceeds a critical value.
Since the magnetic field, in turn, depends on the current
this gives rise to so called critical surfaces, which describe
the combinations of the triple (|B|, T, 1) (or equivalently
(IB|, T, |J|)) for which the material is superconducting
(below the critical surface) and normal conducting (above
the critical surface). For example, the critical surface for
the NbTi material is shown in Fig. 1.

x10°

Fig. 1 An illustration of the critical surface for NbTi

@ Springer



Engineering with Computers

There are several different mathematical models for
describing the NbTi critical surface with most following the
fitin [6]. The values of these fitting parameters vary between
different data sets and we have chosen to use the values pro-
vided in [12], which produces the results shown in Fig. 1.

2.3 Magnet coils, cables and wire

The main magnet of an MRI scanner is used to produce a
strong magnetic field across the bore of the scanner. Super-
conducting materials are ideal materials for magnets, since
once they have been brought upto field, they conduct elec-
tricity without resistance. In practice, the main magnet itself
is made up of a number of coils with each coil itself being a
winding of stranded wire. To ensure a cost effective and safe
design, the multiple strands are typically made of NbTi fila-
ments embedded in a copper (Cu) matrix with insulators, as
illustrated in Fig. 2, and are bound together. One particular
common construction is known as a Rutherford cable [27],
which can be used to form the coils of accelerator magnets
where extremely high currents are required. We denote the
region of the coils as €.

Each of the materials that form € have non-linear consti-
tutive models, which depend on the field quantities and arise
from curves that have been fitted to data from experiments.
Typical dependence is as follows: For copper, p¢(T, RRR)
where RRR is the residual resistance ratio and given by
RRR := p*(T =273 K)/p*(T = 4 K), pc = (pc)(|B|, T) and
k = k(|B|, T, RRR); For NbTi, p¢ = p°(T), pc = (pc)(|B|, T)
and ¥ = x(T") while for insulating materials pc = (pc)(|B|, T)
and k = x(7T'). Mathematical functions describing these con-
stitutive relationships, which have been obtained from curve

Insulator

Fig.2 An illustration of the cross section of a typical MRI cable with
NbTi filaments, copper filaments and an insulating layer
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Fig.3 General representation of the stranded coil model, illustrating
the stranded coil region Q with y, pc and x given by the non-linear
models (7), the conducting region Q. with homogeneous isotropic
y and the thermal bath €, with y = 0 and homogeneous isotropic
pc and k. An excitation is applied by an external current source J
inside the coils

fitting, along with graphs of the non-linear behaviour of the
materials are presented in [21].

The small scale features of the wire strands are too small
to be resolved within the computational scheme and instead
a homogenised model is typically employed e.g. [5, 11, 21]

p°(x, 1) =f,0° (TCx, 1), RRR)| g,

+ faprip’ (T(x, 1), RRR) |y (7a)
(pc)(x9 t) :fCu(pC)(lB(xs l)ls T(xs t))lCu
+beTi(PC)(|B(x, DI, T(x, t))leTi
(7b)

+ finsur(POIB @, D], T, D) 50
+pr0xy(pc)(|B(x’ t)l’ T(x’ t))lEpgxy’

k(x,1) =fc,x(|B(x,1)|, T(x,1), RRR)|,
+ vtk (T, D) wpri (7¢)
+f1nsulK(T(x’ t))llnsul +proxyK(T(x» t))lEpaxy’

where fe,, fapris finsu @04 fEpoy, denote the volume frac-
tions of Cu, NbTi, insulating material and epoxy resin,
respectively.

As well as homogenising the material properties, it is also
important to consider how the circuit / is distributed over the
coil winding, which is accomplished by the introduction of
a winding function y through

Jext — IX (8)

While different winding functions are possible [25], for a
current flowing in an azimuthal direction and assuming a
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uniform distribution of the current over the cross-section
then y := (N /As)ed, where N is the number of turns and A,
is the cross-sectional area of the coil is the most commonly
used.

If the coil changes from superconducting to normal con-
ducting it will become resistive with resistance given by

R = /Q X - (p° x)dQ. 9)

Furthermore, the presence of resistance will lead to a change
in current described by Kirchhoff’s laws and this can lead
to time—varying electromagnetic fields. This means that the
coils can generate eddy currents, which further perturbs the
electromagnetic fields. Within the homogenised model, the
eddy currents that arise due to the inter-filament coupling are
accounted for through the magnetisation term [7]

__,-1_ OB
M= —Hy Tqu’ (10)
where 7, is an equivalent time constant that depends on

the particular coil winding and configuration, which is
used to quantify the inter-filament coupling loss [, Chapt
3]. In general, ZOTeq is a rank-2 tensor that is assumed to
be positive definite in €, and zero elsewhere [7]. A range
of different models have been proposed to model this time
constant, which depends on the cable parameters (including
the magneto-resistivity of the strand’s copper matrix, the
filament’s diameter and twist pitch [5]), one possible choice
is proposed in [11], [, pg. 26-27] in the form of the positive
scalar20

L\ 2

Ho ( 1

e , (11)
72 <27r> (co + 1B prieq

in € where /; is the filament twist pitch and ¢, and ¢, are
parameters found from experiments [11]. In this expression,
¢y + ¢, |B]| can recognised as a model for the resistivity of
NbTi. In general, fy,z; o is one of two possible cases

L = fyeri L+ fapri
— 0 famey = e, 12
L+ fupri NoTiel = b 12)

beTi,ejf =
with the former expression for low-contact resistance and
the latter for high-contact resistance. A more general and
alternative expression for (11) is proposed by [31] and their
formulation is equivalent to

L\2
Ho (Y 1

t,= 2 L) ———, 13
72 <27f> P NbTi el (13

where the denominator now includes p¢ as the resistivity
of the bulk rather than just NbTi. As our interest lies in

a superconductor with NbTi filaments that exhibit a high-
contact resistance, we use fy,ri o = (1 + fypr) /(1 = fyprs)
and apply (13). Further refinements are possible by addition-
ally considering inter-strand coupling currents and associ-
ated losses [5], however, these require additional information
about the coil winding that may not be available.

The coils are immersed in a non-conducting bath
. of liquid Helium in state of He-I with initial tem-
perature T, = 4.2 K and properties pc = 10 Jm*K~! and
k =0.02 Wm™'K~!. The non-conducting bath is itself
is contained by one or more conducting shields Q,, with
additional conducting formers also making up part of Q..
The shields and formers making up Q. are normal conduct-
ing, typically made of aluminium and have conductivity
typically ranging 1x 107 <y <3.5x 107 Sm™! and are
non-magnetic with permeability y,. The other properties
of aluminium are assumed to be x = 237 Wm™'K~! and
(pc) = 2.422 x 10° Jm*K ™. In the presence of time-varying
fields, Q,, similar to €, can experience eddy currents that
can further perturb the results.

Figure 3 illustrates one possible situation with a domain
Q=Q UQ. UQ, . As illustrated, Q. N, =@ so that
the stranded and conductor domains are disjoint. We assume
throughout that 0Q, N 92, ,,;, = 02, and 0Q; N 02, ., = 0L,
so that Q, has only boundaries with ©,,, and Q has only
boundaries with Q, ...

2.4 Losses and the source terms

The stranded coils Q, are assumed to be initially cooled to
T, = 4.2 K and, according to the critical surface shown in
Fig. 1, are in a superconducting state. In this state, they do not
experience a dissipation of energy unless a trigger is activated
to start the process of a quench. Once a trigger is activated,
this starts the irreversible process of a magnet quench where
by Q experiences a rise in temperature leading to the triple
(IB(x, )|, T(x, 1), |J?"(x, 1)|) moving above the critical sur-
face and the associated locations x € €, becoming normal
conducting at time ¢. Once parts of the coil become normal
conducting, they become resistive and this, in turn, generates
further heat. Hence, during quench, and normal conducting
operation, the source term is of the form

P= PDyn + Ploule + PHysteresis + PHeater + PTrigger’ (14)

for x € Q.. In the above, the dynamic heating loss associated
with magnetisation is given by

0B _ 2
-M - i ,uolreq ) (15)

oB

PP = =
ot

The hysteresis losses [31], defined as

@ Springer
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8a, N
37A

PHysteresis . _

d/ oB
- |im1E+ 1% | (16)
are associated with the magnetisation energy deposited in
the superconductor when exposed to a time varying mag-
netic field. These loss terms are important as they lead to
an increase in temperature of neighbouring coils that have
not yet quenched. This, in turn, makes the triple (|B|, I, T) at
locations in these neighbouring coils move above the critical
surface causing them to quench. Without including PHysteresis
(or additional triggers P88’ see below), a neighbouring
coil would not be able to quench as there would only be
small variations in temperature within the neighbouring coil
in the model and the triple (|B], I, T) would remain below the
critical surface for positions in this coil.
The Joule heating is defined as

PJoule = pe|Jext|2 — peIZU(lZ, A7)

and is associated with the heating effects due to conducting
materials and, for superconductors, this only starts to play
a role once the conductor has started to transition from the
superconducting to normal conducting state.

The additional terms are PHedr which is a source term
associated with user prescribed heating of the coil, and
PTrigser which is a user prescribed source term describing
the trigger of the quench.

Conducting regions (by which we mean massive conduc-
tors and not stranded conductors) do not experience dissipa-
tion of energy prior to quench as the problem is assumed to
be in steady state. Once a quench begins, they experience a
dissipation of energy through an Ohmic heating term

p=po" :=J°.E=y|E|, (18)

in Q.. We assume adiabatic conditions for the helium bath
so that P = 01in Q,,,, which, together with the properties of
Helium, imply that negligible heating of Q,_,, occurs even
if Q  and Q, experience heating. This could be refined by
including additional source terms.

3 Transmission problems
3.1 Initial conditions

To obtain 7,,, we assume that the magnet is initially in a
steady state of superconducting operation where P = () for
all regions. This means that 7}, is the solution to the steady
state problem: Find 7;, € R such that

div(k grad 7)) =0 in Q, (19a)
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[T,]=0 onodQ, Ui, (19b)
[n-(kgradT;)] =0 ono0Q, UIQ,, (19¢)
T,=T,, onoL, (19d)

and the solution to this system (independent of k) is Ty = Tjq
provided that T, is constant.

From the electromagnetic perspective, the following system
is solved: Find A, € R such that

curl p™'curlAg =0 inQ, (20a)
curl ™' curlAy = I(y  inQ,, (20b)
curl ;' curlAg =0 in Q,,,, (20c)
divA; =0 inQ, (20d)
nxXA,=0 onodQ, (20e)
[nxA)] =0 onoQ, uIQ,, (20f)
[n X ! curlAO] =0 onoQ UIQ, (20g)
Note that this will lead to non-zero |B,| = | curl4,]| for

x € Q, which is inconsistent with a superconductor that
has no B field during superconducting operation. However,
as €, is only partly made up of NbTi and also consists of Cu
and insulator parts, this is an approximation that we deem to
be appropriate and follows as a result of treating this region
as homogenised.

3.2 Field-circuit-thermal coupling
Putting together the governing equations and apply-

ing the mathematical modelling treatment discussed
in Sect. 2, we have the system: Find A € R*(0,7,,,],

1(1) € C'(0,1,4,], T € R(O, ,,,,,,] such that

curl ' curlA + y% =0 inQ, (21a)
- 1 0A .

curl u= curlA + curl y " 7, curl i Ity 1inQ,,

(21b)
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curl ;451 culA =0 inQ,,,,

divA =0 inQ, U,
nxA=0 onoQ,
[nXA]=0 onodQ UL,

[nxpu~'curlA] =0 onoQ,,

@21c)

(21d)

(2le)

(21f)

(21g)

[nXu(;'curlA]—anglreqcurI%‘ =0 onoQ,

d/ 0A
L—+4+IR=- -—dQ+IR=0
dr /QSX o1
2
pc%—f—div(KgradT)—y‘% =0 inQ,

pc%—f — div (x grad T) — pTrigser _ pHeater

8a, N dl | |dcurld
- — 1A|— +1
37A, |cur ldt ot H
2
- yalreq curl % —0°Ply)>=0 in Q,

pc% —div(cgradT) =0 inQ,,,,

[T]=0,
T=T,, onoQ,
At=0)=A, inQ,

I(t=0)=1,

[n-(kgradT)] =0 ondQ, UIQ,,

(21h)

21i)

1)

21K)

@211

21m)

(21n)

(210)

(21p)

Tt=0)=T, inQ. 21q)

Note that the above (21i) is presented for the situation of
a single coil model, but can also be extended to multiple
coils. Also note that the choice of gauge in (21d) is appro-
priate given our choice of winding function, but may need
to be changed for a different choice of y. Our interest is in
rotationally symmetric MRI coils where Q can be described
as Q= {(r,¢,2) : (r,2) € Q", ¢ € [0,27x)}, with Q" being
a rotationally invariant meridian plane, A = A, (r,z)e,, and
T = T(r, z) independent of ¢ and in this case (21d) is auto-
matically satisfied. While it is possible to apply these simpli-
fications to (21), it is more instructive to first obtain the weak
formulation of the three-dimensional problem as this will
lead to a more natural treatment and allows us to circum-
vent the 1/r singularities associated with the radial axis that
would otherwise plague the finite element approximation
of the weak form in the axisymmetric setting. Specifically,
in the following, we set out the weak treatment of the initial
conditions in three-dimensions and explain their reduction
to the axisymmetric setting. We follow a similar treatment
of the field-circuit-thermal coupling and also include details
of the temporal, non-linear and spatial discretisation We also
additionally remark on the necessary extensions needed for
a fully three-dimensional computational treatment.

4 Continuous weak forms
4.1 Initial conditions

The weak form for the initial temperature field is: Find
T, € V(T,q) such that

/ k grad T, - grad 67dQ = 0, (22)
Q

for all 6T € V(0) where

@ Springer
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V(T,o) :={T € H(Q) : T = Ty on 0Q}.

The solution to this system (independent of x) is Ty = Tjq
provided that T, is constant. By writing dQ = rdrdzd¢,
constructing a geometry Q" that is independent of ¢, and
for problems where 7|, is independent of ¢, the correspond-
ing axisymmetric problem, when expressed in terms of a
bilinear form, is: Find 7, € V,(T;) such that

m

Agn(Ty,0T) 1= / k grad T, - grad ,6Trdrdz =0, (23)
forall6T € V,(0), where grad , T := (0T /or)e, + (0T /dz)e,
and

V. (Tyo) :={T € H(Q") : T = Ty, on 0Q" \ {r =0}}.
The corresponding weak form for the initial vector potential

is: Find A, € Z such that

/ u ' curlA - curl 64,dQ = 10/ X - 64,dQ, (24)
Q Q,

s

for all 6A, € Z, where
Z:={A€H(curl) : divA=0inQ,n XA = 0on 0Q}.

Following the approach in [14] for axisymmetric problems,
this reduces to: Find A »0 € V,(0) such that

Bon(Ay g, 64,) = fon(6A D), 25)

for all 5A¢, € V,(0) and is expressed in terms of the bilinear
and linear forms

-1
Bou(u,v) 1 = | E—grad, (Pu)- grad,, (*v)drdz,
Qm r
Jon (3D @ = IN vr2drdz,
As Qn

for place holder fields « and v. In the above, A, = rA(p,o
has been introduced to avoid having to solve for fields in
weighted spaces and to resolve the 1/r singularities associ-
ated with r — 0.

4.2 Field-circuit-thermal coupling
Given a set of suitable trial weak solutions

A®), 1), T(®) € (X X C! X V(T,()), the weak residual equa-
tions and associated initial conditions can be established as

@ Springer

R,BAA,D := | p'curlA - curl 6AdQ

5~

- 0A
+ —/Ql‘ uolreq curl i curl 6AdQ2 (262)
+/ 7,%.(sAdQ—I/ x - 6AdQ,
o Ot Q
0A
R,/(A,D) := —/ X d—dQ+IR, (26b)
Q, t

Ry (6T:A, T, 1) :=/pc%5TdQ+/KgradT- grad 6TdQ2
Q Q

-1
_/ Hy Teq
Q

/ 8a,.N
o, 37A;
2
—/ y|% 6TdQ
Q. ot

I’N? ;
_ > / peﬁTdQ _ / (PTrtgger + PHe‘”")(sTdQ,
A7 Jo, Q

S

d(curlA) 2
ot

6TdQ

dat

d/
1A|— +1
| cur ldt

H&TdQ

(26¢)
At=0)=A,inQ, (26¢)
I(t =0) = I,, (26f)
T(t=0)=T,inQ, (26g)

for all 6A € X, 6T € V(0) where
X ={A€H(cul) : divA=0inQ UQ,,,,n XA =0o0n0Q}.

In an axisymmetric setting, given a set of trial solutions
(A¢(t),l(t), () € (V,(0)x C! x V.(Tq)), this reduces to

Ry (64474 1) = Bon (A, 84,)

+ By (0A,/01,6A,) (27a)
+ Cop(04,/01,6A4) = fon (6A4:0),
Ri(Ag, D) = —fgu(0A,/01:1) + IR, (27b)

R;(8T:A,, T,1) = D, (3T /o1, 6T)
+ Agn(T, 8T) — 8ou (8T:1LA 4, 04, /01),

(27¢)
Ayt=0)=A4,,inQ, (27d)
I(t = 0) = I, (27¢)
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Fig.4 Thermally conducting sphere in a uniform temperature gradient: Convergence of a |le(T)ll,,gn and b |le(T)]|;1qn With respect to

h-refinement at p = 1,2,3

T(t=0)=T,inQ, (271)

for all 5A¢ € V,(0) and 6T € V,(0) where the additional
bilinear and linear forms needed are

7
Bg.u(u,v) :=/
! a

Con(u,v) :=/ yuvridrdz,
5 o

-1
0 Teq 2. 2
" gradm(r u) gradm(r v)drdz,

Dgu(u,v) := / pcuvrdrdz,

drs
1A|—
| curl ldl

T A o\ . SascN
gon (vil, Ay, 07, /01) 1= >y

Qr
dcurlA
ot

A
+
/93_1 4y

12 N2
to
AS Q:n

+ / (PTrigger + PHemer)V}’drdZ,
Qn

+I

| |vrdrdz

2
vrdrdz

p°vrdrdz

and we recall that curl A and % can be expressed in terms of

A=Aue, =rAge,

5 Discrete weak forms

5.1 Discrete initial conditions

Introducing a finite element partition of Q™, consisting
of non-overlapping elements of variable size & and order

p elements, the discrete approximation to (23) is: Find
)" € W' 1 V,(T,g) such that

Agn (Té"’ ,6Th1’) =0, (28)
for all sT"" € WP 0 V,(0), where W"? C H'is an appropri-
ate set of H' conforming finite element shape functions. In
a similar way, the discrete approximation to (25) is: Find
Al € W' 0 V,(0) such that

~h ~h “h
B (A7, 58 ) = for (33731, (29)

for all 5A’;P € W nV,(0).

5.2 Discrete field-circuit-thermal coupling

We choose to first discretise in time, then present an algo-
rithm for resolving the non-linearity and finally discretise in
space. For the temporal discretisation, we choose to employ
an un-conditionally stable Euler implicit time integration
scheme. This is motivated by the fact that when quench
propagates over the coil it does so like shock with a steep
temporal gradient. Higher order temporal integration would
be well suited to the integration of fields that are smooth
with ¢ and, while this is the case once the coil has fully
quenched, we choose to use the same temporal integration
throughout for simplicity. In the following, we drop the sub-
script ¢ on fl¢ for simplicity of presentation. This leads to
the residual equations at time level £

RA(6A’AZ—1;AK’If) = Bgm (Af,éA)
+Bou (A, =A,_y) /A1, 5A) + Cou ((A, = A,y ) /A1, 6A)

— fan(GAi1),
(30a)

RiAs_i:Ap 1) = ~for(Ay = A, D/AED + 1R, (30b)

@ Springer



Engineering with Computers

RT((ST*AK—I’ TK—I;AK’ T, 1)
= D (T, = T,_)/ AL ST) + Ag(T,, 6T)—
gQg"(éT;Iﬁ’Af’ (A, —A,_)/An)

(30c)

where At :=1t,,, —t, and, for the solution of the coupled
system, the fixed point strategy stated in Algorithm 1 is
proposed in which the subscripts in square brackets denote
the fixed point iterations. The philosophy of this scheme is
that it contains two nested fixed point iterations with the
inner iteration being focused on solving the coupled system
of electromagnetic and thermal equations for a fixed cur-
rent and then the outer iteration updating the circuit equa-
tion and solution for the current. Instead of the proposed
fixed point strategy, an alternative would be to apply a con-
sistent linearisation of (30) and apply a Newton—Raphson
approach. Given an admissible initial guess, both the fixed
point scheme and Newton—Raphson scheme will converge
to the same solution [4]. However, although the norm of
the residual of the Newton—Raphson algorithm converges
quadratically to zero, and the fixed point offers only lin-
ear convergence, the initial guess of the former must be
much closer to the solution to ensure reliable convergence
of the scheme (which may be harder to ensure in practice
without smaller timesteps). Furthermore, the application
of the Newton—Raphson algorithm would result in a large
monolithic solve at each iteration for the coupled system,
rather than the smaller linear systems that must be solved
for each individual physics in the proposed approach. This

Algorithm 1 Fixed point algorithm

100 ;
e Lg(ﬂ"’)
e Hl (Qm)

llell

10—10 L ]

10—12 L 4

10 -14 1 1 1 1 1 1
0 20 40 60 80 100 120 140
NDOF!/2

Fig.5 Thermally conducting sphere in a uniform temperature gra-
dient: Convergence of ||e(T)||, qn and [le(T)|| 1 gny With respect to
p-refinement in the static thermal sphere

could have considerable resource implications, particularly
if a fully three-dimensional treatment is considered (see
Sect. 5.4). Moreover, in the presented axisymmetric simula-
tions, apart from the time corresponding to when the coil
becomes fully quenched, the gradient of the linear conver-
gence of the residual equations is steep and the scheme in
Algorithm 1 converges to a small tolerance within only a
small number of iterations and, thus, the additional com-
plexity of the Newton—Raphson solver was deemed un-nec-
essary. We provide an example of the convergence behav-
iour in Sect. 6.2.1.

1: Set Ag = A(t =0), Iy = I(t = 0), Ty = T(t = 0)

2: for{=1,2...do

3: m — 0

4 while [I[™ — 1" > 1oL do

5: n—0

6: while [AM-Alt) /1A > ToL and |- 170 > TOL do
7: Solve RA((SA, Ap_y: AE"H], Il[m]) =0 for AE"HJ.

8: Update &, pc, R, p¢ based on critical surface and material models.
9: Solve Rp(6T, To_1, Ap_y, Ip_y; Alm+H it plmly — o gor 1),
10: n—-n+1

11: end while

12: Agn] — Ag7 Te[n] — Ty

13 Solve Ry(Ag_1,Ip_1; Ag, 1) = 0 for 1™+

14: m—-m+1

15: end while

16: Il[m+1] — 1

17: end for
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Fig.6 Thermally conducting sphere in a uniform temperature gradient: Contour plots of the a T field b r-component of g and ¢ the z-component

of q

The spatial discretisation is similar to (28) and (29),
given converged discrete solutions Ai’;p_ S Wt n v, (0)and
T;’il € W NV (T,q) from previous time steps, we pro-
ceed as in Algorithm 1 in a staggered manner and first find
AP e whv o v (0) such that

Ahp Ahp Zln+1Lhp  flm]
Ry (82, A AU ) =, @31

for all 6A" e WP nV,(0) and then we find
T;"“]’hp € W' NV (T,q) such that
-0

(32)

I[m]

h Al
T LAY A

A ln+11Lhp [n+1],hp
[ S At’ ’Tf

RT<5T’”’, L

for all ST € W' 0 V,(0).

5.3 Computational implementation
of the axisymmetric problem

We have developed a python code, which is used to interface
with the NGSo1lve finite element library [22-24] for perform-
ing the underlying finite element computations to implement
Algorithm 1. This includes a user-defined problem file
to define the geometry, sub-domains, boundary conditions,
mesh spacings, element order p, timestep size At and problem
flags for each individual simulation, which uses the NGSolve
geometry primitives, multiple regions, to tag boundaries and
to tag those regions identified for boundary layers. The Net -
gen mesh generator is then called to generate an unstructured
triangular partition of Q" where we choose to introduce quad-
rilateral layers, as defined in the user-defined settings to
model high field gradients at material interfaces.

Once the mesh is established, order p NGSolve H!
conforming finite element spaces are defined correspond-
ing to W 0V (T,q) and W 0 V_(0), in addition a discrete
variant of the L, conforming finite element space is defined.

NGSolve GridFunctions are introduced for the H'

Alnl.hp [n].hp
Af Tf

conforming approximations and while an L,
conforming approximation and appropriate GridFunc-
tions are used to represent the material properties x, pc
and p°. These GridFunctions belonging to the afore-
mentioned discrete finite element spaces and are used to
represent the discrete approximation and, in particular, the
solution coefficients for each field. In an element e,

M
Alnlhp _ Alnle
AP = AL O
m=1
M
[nlhpy  _ [n].e
Tf |e - Z Tf’m Sm’
m=1

o
h, _ e
K ple - E 'ngo’

o=1

o

(po)?], = Y (pe)w,,
o=1
o

Y1, = D (0w,
o=1

In addition, M and O denote the number of H' and L, con-
forming functions in the element, which depend on the order
p, 9, and y, are typical basis functions for the respective
spaces and A%;le, Tt[,'jf, k¢, (pc)¢ and (p°)¢ are the solutions

coefficients in this element. Note that NGSolve employs
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the compatible sets of H' and L, conforming hierarchic basis
functions proposed by Schoberl and Zaglmayr [24, 32].

Prior to the main time integration loop, in Line 1, the
discrete approximations Ag” € W" n Vv (0) (again dropping
subscript ¢) and 7,” € W 0 V,(T,q) to the initial condi-
tions are found by solving finite element problems (28) and
(29) by specifying the bilinear forms A, and B, and the
linear form f,,, assembling the linear system and solve the
system directly for the solution coefficients using similar
steps to those setout in the NGSolve documentation. To
accelerate these computations, the NGSolve shared mem-
ory parallelisation is employed using its built in TaskMan-
ager. This generates threads that collaborate on the code
block that follows and the work intensive NGSolve com-
mands are internally parallelised.

(a) Standard (b) Boundary layer (c) Magnification

Fig.8 Time harmonic conducting sphere in constant amplitude time
varying magnetic field: Illustration of a quasi-uniform mesh with
average spacing 2 = 0.25 m, b the same mesh with the addition of
two boundary layers and ¢ magnification into the boundary layers

The next step is the main time integration loop, which
begins on line Line 2. At each time step, a fixed-point
approach is used to resolve the non-linearity. This is coded
through the set of two nested of two while loops where the
outer loop is used to converge the circuit model and the inner
loop the field equations. We solve (31) for
AU & whe v (0) then (32) for
T;”H]‘hp € W 0 V,(T,q). To do this, the bilinear forms Bg,
Con and Dg,, and the linear form gaon are additionally speci-

and

fied, the linear system is assembled and the system solved
directly for the associated solution coefficients using similar
steps to those setout in the NGSolve documentation and
again accelerated using the TaskManager.

Since Bgn depends on 7,,, Agn on k', Dg. on (pc) and 8o
on p° further complexities arise. The material variables are
replaced by their discrete counterparts ", (pc)* and (p¢)"”
and their values are set according to the constitutive laws.
However, as these laws are highly non-linear (with the rela-
tionship either provided through data points or functions that
have been previously fitted to data [21][p.g 703-714]), they
are unsuitable for directly employing within the finite ele-
ment computations, and, instead, they are first interpolated
using a B-spline function, which is evaluated at the
desired integration point locations for computing the finite
element local matrices. This is achieved using the NGSolve
BSpline CoefficientFunction and then the values of
the GridFunctions functions are set. An investigation
of the effects of order and the knot-vector on the accuracy
of the interpolant (to the available data/fitting function) is
undertaken in thesis by one of the authors [17] and these
have been chosen so that their relative accuracy is 1073, Still
further, the form of the constitutive laws depends on whether
the position in the stranded conductor is normal or super
conducting. To check this, the triple (|BY|, 7", |(J*)!"|)

N
—6—0, =001 N\

NDOF
() llellzym)y

10° 104
NDOF

() llellzr(@m)

Fig.9 Time harmonic conducting sphere in constant amplitude time varying magnetic field: Convergence of a [le(Ay)ll,, @ and b
||e(A¢)|| @ under p-refinement for different O, for w = 2x[500] rad/s and 4 = 0.25 m
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102 T

llell

NDOF!/3

Fig. 10 Time harmonic conducting sphere in constant ampli-
tude time varying magnetic field: Convergence of error envelopes
of lle(Apllz,@n and lle(Ayllz@gm under hp-refinement against

NDOF'/? for @ = 27[500] rad/s and & = 0.25 m choosing the best
performing o, and hp layers

is evaluated to determine whether the coil has become nor-
mal conducting and the form of the constitutive law is
updated accordingly.

5.4 Extension of the implementation
to the three-dimensional case

To allow the treatment of more complex three-dimen-
sional geometries, the approach set out in Sect. 5.3 could
be extended to the full three-dimensional case by instead
using the three-dimensional weak forms of the problem,
written in terms of appropriate bilinear and linear forms.

107!
—6— hp-refinement
10-2 h-refinement: p =1
—>—  h-refinement: p =4
1073
\%
J10*
=
107
1076
1077 T T T
1072 10! 10° 10! 102
Time [s]

(@) lle(p) ] Ly (0m)

Fig. 11 Time harmonic conducting sphere in constant amplitude
time varying magnetic field: Convergence of a |le(Ay)ll;,qn and b
leCA I 1 @m for @ = 22[500] rad/s comparing hp-refinement with

@ Springer

A non-overlapping partition of Q (rather than Q™) would
be required and unstructured tetrahedral elements would
be envisaged due to the availability of automatic unstruc-
tured mesh generators for generating the grid around com-
plex geometrical configurations. Rather than thin layers
of quadrilaterals, prismatic layers can be used to resolve
the high field gradients at material interfaces [10]. Addi-
tionally, rather than solve for fl[;“]’hp e Whrn V.,(0), a
solution should be sought for A[;H]’hp € X" n X, where

X" c H(curl) are an appropriate set of H(curl) conform-
ing basis functions, and for Tb[ﬂ"]’hp € W 0 V(T,,). While
suitable NGSolve GridFunctions are available, and
could be used for this purpose, an additional difficulty
arises due to the Coulomb gauge conditions that appears
in the definitions of Z and X, which are automatically satis-
fied in the axisymmetric setting. One remedy to overcome
this is to circumvent these gauge condition by regularisa-
tion [16, 32], which, for example, would mean that the
weak form provided in (24) should be replaced by: Find
Ay € Zf

/Q;fl curl Af - curl 6A5dQ + ¢ /QAS - 6A5dQ = 10[2 X - 6ALdQ,

(33)

for all 6A( € Z°¢, where € is a small regularisation parameter
and

Z¢ :={A®* € H(curl) : n X A® = 0 on 0Q}.

A similar treatment could also be applied to the residual
equation in (26a). Furthermore, compared to the axisym-
metric setting, in three-dimensions, an efficient solution of
the linear systems resulting from the discretisation of the

1072
1073
=
=)
10~
—&— hp-refinement
h-refinement: p =1
—%—  h-refinement: p =4
107° T T v .
1072 101 10° 10 102
Time [s]

(b) ()] 1 (am)

h=0.25 m and the best performing o, for a mesh with boundary
layer, h-refinement with uniform p = 1 elements on a mesh without
boundary layers and the same h-refinement, but with uniform p =,4
elements
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Fig. 12 Conducting sphere in a constant amplitude time varying magnetic field: Contour plots with logarithmic scaled color bars of the a—c
|j;’hp | and d—f |f£exa°1| field for @ = 2[5, 50, 500] rad/s with the two layers of quadrilaterals and grading factor o, = 0.1

weak forms is essential and direct solution approaches are
expected to be prohibitively expensive due to the high mem-
ory requirements. Instead, following the fixed point strategy,
the NGSolve finite element library would allow the built-
in iterative solvers and preconditioning techniques to be
applied, which would not be possible if a monolithic solution
approach using Newton—Raphson was applied. As before,
L, conforming approximation and appropriate GridFunc—
tions are used to represent the material properties x, pc
and p¢ and the fixed point algorithm specified in Algorithm 1
can easily be adapted and the steps would remain similar.

6 Numerical examples

Before considering the application of Algorithm 1 to the
quench problem, we first consider the validation of each of
the individual physics in Sect. 6.1 and we use these exam-
ples to motivate whether h-, p- or hp-refinement is the best

strategy for different classes of problems. In particular, in
Sect. 6.1.1, we present results for a spherical thermal bench-
mark problem with a smooth solution. Then, in Sect. 6.1.2
we present time harmonic results for a conducting sphere
in a uniform amplitude magnetic field, which has a solution
with a steep field gradient due to a material interface. Then,
in Sect. 6.2 we show a range of challenging quench simu-
lations, which, while more challenging, has both regions
where the field solutions are smooth and have steep field
gradients. This includes a single coil benchmark problem in
Sect. 6.2.1 and a two coil problem with different configura-
tions in Sects. 6.2.2, 6.2.3 and 6.2.4.

6.1 Single physics validation
The following relative error measures will be used to investi-

gate the convergence behaviour of the single physics bench-
mark problems
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(a) Standard

(b) Boundary layer

Fig. 13 Single coil benchmark problem following Wilson [30]:
Showing a an unstructured mesh of 684 triangular elements and b the
same mesh with thin quadrilateral boundary layers included

1/2
el ) = ( / Je(u) Prdrdz / / |um|2rdrdz> ,
Qm m

(34a)

300

CUs W o

N
200

T T T TV TS

easured

T[A]

N\
o\

0 |
0.0 0.5 1.0 15 2.0

t[s]
(a) Standard mesh

el gy = ( / (le@)[ + | grad e(u)|?) rdrdz
Qm

1/2
// (Iuexact|2 + |grad uexact|2)rdrdz> ,

(34b)

where u is a place holder to denote an appropriate scalar
field and e(u) = u®* — 4/ with u’? being the approximate
solution for a mesh of size & and elements of order p.

6.1.1 Thermally conducting sphere in a uniform
temperature gradient

This problem consists of a sphere of radius a = 1 m placed
in a temperature gradient that is uniform far from the object
and at this location is of the form —Gge, with G, = 1. The
sphere is thermally conducting and has a different relative
thermal conductivity x, = 100 compared to the unit back-
ground. For this static decoupled problem, the temperature
transmission problem (21j-1) reduces to a Poisson equation
with associated boundary and transmission conditions and,
by analogy to a dielectric sphere in a uniform static electric
field, this problem has an analytical solution [, p.g 110-116]
in spherical coordinates. This can be expressed in cylindrical
coordinates as13

—( 3 )Goz for \Vr?2 + 72 < a,
Texact — K,+2 o (35)
—Gyz+ 22 S for v+ 2 >a

K+2 (r2422)3/2

Due to the rotationally symmetric nature of this geom-
etry and solution, it can be modelled as an axisym-
metric problem. We consider a truncated domain
Q"={(r,z) : (0<r<2,-2<z7<2)}m*> where the

300

W N

250

T T T

—*— Measured

I[A]
yd

150 \
100 \
" \\
0.0 0.5 1.0 1.5 2.0
t[s]

(b) Boundary layer mesh

Fig. 14 Single coil benchmark problem following Wilson [30]: Showing convergence of I(¢) for a p-refinement on an unstructured mesh of trian-
gular elements and b p-refinement on the same mesh with thin quadrilateral boundary layers included
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Fig. 15 Single coil benchmark problem following Wilson [30]: Showing a the number of fixed point iterations required for convergence from
Algorithm 1 as a function of 7 and b the typical convergence behaviour as a function of number of iterations for several ¢ with TOL = 10~%

boundary condition 7 = T is applied only on three of
the boundaries in this axisymmetric setting and the bound-
ary condition on the radial axis is zero Neumann.

As this problem is smooth, it is expected that [|e(T)|[ qn)
and ||e(T)|| g1 (qn) Will achieve convergence rates of (p + 1)/2
and p/2 with respect to the number of degrees of freedom
(NDOF) under uniform A-refinement for fixed p if shown on
a log-log plot [28]. Plots of example meshes for this example
can be found in [17], which use curved elements to repre-
sent the curved sphere-background interface. Fig. 4 shows
that, after a short pre-asymptotic region, the convergence
behaviour is algebraic and the slope triangles indicate that
the correct rates of convergence are obtained.

Next, applying p-refinement with
p=12,3,4,56,7,8,9,10 and p=4,5,6,7,8,9,10, in
turn, to a mesh with quasi-uniform spacing 2 = 0.25 m, the
resulting convergence of ||e(T) || qn) and [|e(T) || 1 gn) With
respect to NDOF'/2 on a semi-log plot is shown in Fig. 5.
The resulting straight lines on this plot indicate that the con-
vergence is exponential with respect to NDOF'/? and agrees
with the a priori convergence rates [28].

An illustration of the converged solution is shown in
Fig. 6, which shows the solution for T as well as the compo-
nents of the heat flux ¢ = —« grad T obtained using & = 0.05
m and p = 4 elements. This figure illustrates the smooth
solution for 7" and that ¢ is discontinuous at the sphere-back-
ground interface with ¢ being uniform inside the sphere, as
expected.
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(c) t=0.0375 s (d) t=0.05s

Fig. 16 Single coil benchmark problem following Wilson [30]: Illus-
tration of 7(¢) obtained atat = 0.0125s, bt =0.025s, ¢t =0.0375s
anddr=0.05s
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Fig. 17 Single coil benchmark problem following Wilson [30]: Illus-
tration of B_(¢) obtained atat=0.26s, br=0.51s, ¢t =0.76 s and
dr=1s

6.1.2 Time harmonic conducting sphere in uniform
amplitude magnetic field

This problem consists of a conducting magnetic sphere
Q. of radius @ = 1 m with conductivity y. = 1 x 107 S/m
and permeability p, = p, placed in a vacuum with a uni-
form amplitude time varying magnetic field H, far from
the object. Assuming that the magnetic field is sinusoidal
with angular frequency w, then the magnetic field and,
hence the vector potential, can be expressed in terms of
complex amplitudes that are spatially varying. This means
that A(x, 1) = R(Ae’) where A is the complex amplitude

@ Springer

(a) Standard

(c) Magnification

(b) Boundary layer

Fig. 18 Two coil benchmark problem with wire type 1: Showing a
an unstructured mesh of 1424 triangular elements refined towards the
coil, b a coarser mesh with 706 elements, but with two thin quadrilat-
eral boundary layers included and ¢ a magnification into the boundary
layers

of A(x,7),1i:=1v/—1, and we set H; = |By|u;'e, Wb. In
this case, A(x, t) satisfies a simplified version of (21a-21d)
with no thermal or circuit coupling. An analytical solution
in spherical coordinates is given by [, pages 396-399], how-
ever, we can express it in cylindrical coordinates 26(r, ¢, z)
as

—3/4
%y(;IClBOl(r2 +2%) / rley for 2 +22 <a

Aexact _
- 1 _ Dr
5M01|Bol<r+ m)% for \/r2 + 72 > a,
(36)
where C and D are expressed as
3u va’’?
C = < (373)

(He = oIy + (po(1+V2) = )T,

b (Que + oIy = (po(1 +v?) +2u,) 1) d? 37
(e = poWVE + (L +V) = )by

with [} :=4/2x/vsinh(v), I, :=4/2x/vcosh(v),
Iy :=4/2x /v (cosh(v|) — 1)sinh(v|)/v,, Vv :=/iy.ou.a
and v, :=\/iy,opu\/r? + z>. We set the background field
to be such that |By| = 1T.

To model this problem numerically, the unbounded
domain is truncated a finite distance away from Q.
to create the finite computational domain Q. The
boundary 0Q is placed a finite distance from Q_ and
the exact solution is imposed through the bound-
ary condition n X A=nxA“". The problem is
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Fig. 19 Two coil benchmark problem with wire type 1: Showing convergence of I(¢) for a p-refinement on an unstructured mesh of triangles b
p-refinement on the same mesh with thin quadrilateral boundary layers included

rotationally symmetric and will be modelled by con-
sidering it as an axisymmetric problem on a meridian
plane. The resulting truncated domain Q™" is defined as
Q"={(r,z) : (0<r<4,-4<z<4)}m?>. The exact
boundary conditions are applied only on three of the
boundaries in this axisymmetric setting and the boundary
condition on the radial axis is a zero Neumann condition.
A simplified version of the weak form presented (26a) is
solved using hp-finite elements, where we will solve for
,2(¢ = A,/r, where A, is the azimuthal component of A
in cylindrical coordinates in order to avoid the issues of
singularities in 1/r as r — 0.

As w increases, the skin depth 6 = 1/2/(wpu,y,), which
measures the depth to which the Ohmic currents decay to
1/e of their surface value, becomes small and the solution
to the problem transitions from smooth to having steep
gradients just inside the sphere. We illustrate this by plot-
ting [le(Ag) I n and [le(Ay)ll 1 @n against the NDOF on
a log-log plot for A-refinement on quasi-uniform triangular
meshes and consider different element orders p = 1,2,3,4
and the frequencies @ = 2x[5, 50, 500] rad/s in turn. The
results are shown in Fig. 7 where the convergence rates
are seen to reduce from the expected rates of (p + 1)/2 and
p/2, respectively, for a smooth problem [28], and tend to a
limit independent of p as w increases.

To overcome the above issues, we insert quadrilateral
elements as boundary layer elements around the surface
of the sphere, which, when combined with p-refinement,
allows us increase the convergence rate and capture the
smaller skin depths 6 associated with higher frequencies

with less computational effort. In Fig. 8 we show a typi-
cal quasi-uniform mesh, a mesh with the addition of two
quadrilateral boundary layers and an illustration showing
the magnification of the region with boundary layers. By
choosing the number of layers and grading factors care-
fully, the rates of convergence can be further improved.
To illustrate this, we consider two layers and consider
meshes with a fixed number of 15, 984 triangles with
the quadrilateral layers defined according to the different
grading factors o, = 2,1,0.5,0.2,0.1,0.05,0.01 and then
apply p-refinement on each mesh. The results in Fig. 9
show that the best strategy is to combine together p- and
h-refinements corresponding to different orders on differ-
ent meshes. Then, by choosing the smallest error for each
NDOF, and plotting the error envelope against NDOF'/?,
the results shown in Fig. 10 are obtained. After an initial
pre-asymptotic region, the straight line behaviour of this
plot illustrates that using the correct combination of /- and
p-refinements does produce exponential convergence with
respect to NDOF!/3. Additionally, on Fig. 11, we compare
the wall clock times for three refinement strategies on a
workstation comprised of a 12-core Intel Xeon W-2265
Processor with 128GB (8x16GB) RAM and a NVIDIA
Quadro RTX 4000 8GB graphical processing unit, but only
using a maximum RAM use of 5S00MB. The first strat-
egy uses hp-refinement on meshes with boundary layer
elements, the second employs uniform A-refinement on
meshes with uniform p = 1 elements and the third again
employs uniform A-refinement, but now with p =4 ele-
ments. In this figure, we observe the significant benefit
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in reduction in computer time and accuracy obtained by
using the hp-refinement strategy.

Figure 12 shows the magnitude of the eddy currents
|j;;hp | for different frequencies obtained for the converged
solution compared with the same result for the exact solu-
tion. We observe that the thin skin depths are accurately
captured and are seen to decrease significantly with
increasing frequency.

6.2 Multi-physics quench simulations

The previous single physics examples have motivated the
benefits of p-refinement over h-refinement for a single
physics problem with a smooth solution and the benefits
of hp-refinement with boundary layers for a single phys-
ics problem with a steep field gradient due to a material
discontinuity. We now consider coupled transient multi-
physics quench problems, which are more complicated than
the previous single physics benchmarks, but the benefits of
p-refinement for regions where the solutions are smooth and
hp-refinement with boundary layers for regions where solu-
tions have steep field gradients immediately carry over to the
examples presented below.

6.2.1 Single coil

For this benchmark, the coil geometry and proportions of
materials follows the example proposed by Wilson [30].
An idealised situation is considered where the coil sits in
a large bath of liquid helium, whose extent is truncated far
from the coil at a distance of 1 m. The boundary condi-
tions of 7= 4.2 K and A, = 0 are imposed on the truncation
boundary. The initial conditions are I, = 250 A, T, =4.2K
and A,(r=0) = rA¢,(t = 0) with Ad,(t = 0) corresponding

150 A Clip=7

1001 = CLp=10
—— C2: Measurement
C2p=7
— C2:p=38
2 p=9
=6 C2: p=10

Va V]

t[s]

(a) Standard mesh

to the solution of (25). The quench was assumed to origi-
nate from the centre of the coil and start immediately for
t > 0's, which, instead of prescribing the source PTrisger as
achieved by setting a small region of radius 0.0075 m to be
conducting. Results are presented for RRR = 300 and with-
out the PHysteresis and PPY terms as this is a single coil and
cable parameters for these terms are not known.

Two different meshes are considered: The first is a coarse
mesh of 684 unstructured triangular elements, refined
towards the coil, and the second, motivated by the results
in Sect. 6.1.2, additionally has a thin layer of quadrilateral
elements just inside the coil to model the thin skin-depth
effects, resulting in a hybrid mesh with 729 elements in total.
The construction of these meshes is shown on Fig. 13. On
each, Algorithm 1 is applied using a prescribed time step of
At = 2.5 x 1073 s, which has been checked to be sufficiently
small to ensure temporal convergence. On the first mesh,
p-refinement using order p = 1,2,3,4, 5 elements, in turn,
is applied and the resulting behaviour of 1(¢) is shown in
Fig. 14a. Then, on the second mesh we need to only con-
sider order p = 1,2, 3 elements as this is already sufficient
to obtain mesh convergence. The resulting behaviour of
I(?) is shown in Fig. 14b. Also included in Fig. 14 is the
measurement data provided by [30], which agrees well with
our results. The typical maximum number of iterations as a
function of ¢ for the inner and outer loops of Algorithm 1 is
shown in Fig. 15a, where, other than the time correspond-
ing to when the quench becomes fully propagated over the
coil, the number of iterations is small. We remark that this
is peak in the number of inner iterations can be reduced by
using a small Az. In Fig. 15b we highlight the typical conver-
gence behaviour of where we highlight that only a couple of
iterations are required to achieve convergence with a smaller

—— C1: Measurement
1501 Clip=1
— CLp=2
— CL:p=3
] ¢ ClLip=4
100 — C2: Measurement

C2p=1

Vy [V]

(b) Boundary layer mesh

Fig.20 Two coil benchmark problem with wire type 1: Showing convergence of V,(¢) for coils 1 & 2 (C1 & C2) a p-refinement on an unstruc-
tured mesh of triangles b p-refinement on the same mesh with thin quadrilateral boundary layers included
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Fig.21 Two coil benchmark problem with wire type 1: Showing the time evolution of the volume averaged contributions of PP, P/oule and
PHysteresis when integrated over a coil 1 and b coil 2
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Fig. 23 Two coil benchmark problem with wire type 1: Illustration of
T(t) obtained atat =0.02s,br=0.05s,ct=0.07s and d r = 0.09

Fig.22 Two coil benchmark problem with wire type 1: Illustration s in coil 2

of T(r) obtained at a r =0.006 s, b r=0.0ls, c t=0.016 s and d
t=0.02sincoil 1
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Fig. 24 Two coil benchmark problem with wire type 1: Illustration of
B (1) obtained atat = 0.26s,bt =0.51s,¢r=0.76sandd ¢ = 1s

number of inner iterations required once the quench has fully
propagated over the coil.

For the converged solution, contours of 7(¢) at times
t =0.0125, 0.025, 0.0375, 0.05 s are shown in Fig. 16a—d,
respectively. This figure illustrates that, following initia-
tion of the quench at the centre of the coil, the temperature
quickly rises in the form of a shock that propagates outwards
from the centre. The solution for B, (?) at times t = 0.26, 0.51,
0.76 and 1 s are shown in Fig. 17a—d, respectively. This fig-
ure illustrates how the strength of the magnetic flux density
decays in line with the current, once the quench has propa-
gated over the coil, and it has become normal conducting.

@ Springer

Table 1 Two coil benchmark problem with wire types 1, 2 & 3: Wire
types and their parameters

Parameter Type 1 (T1) Type 2 (T2) Type 3 (T3)
Jfeu 0.66 0.6111 0.7058
Fori 0.1588 0.2143 0.1483
Frnsut 0.0437 0.0437 0.0365
Fvoxs 0.1315 0.1309 0.1094

2a,, [m] 1.64 x 1073 1.0x 1073 1.0x 1073
RRR 100 100 100

6.2.2 Two coil problem with wire type 1

Next, we consider a two-coil prob-

lem. The coils 1 and 2 occupy the regions
Q" ={(r,2) 1 025 <r <0.2884,0.135 < 7 < 0.19473} m?
and Q") = {(r.2) : 0.25 < r <0.2884,-0.19473 < z < —0.135)
m?, respectively, on the meridian plane. The coils each
consist of 986 turns, which gives rise to field a strength of
approximately 1.5 T. This can be obtained by re-arrang-
ing the Biot-Savart law for an exciting solenoid on axis
from [15] or using the ratios of coil cross-section to wire
cross-sectional properties. Specifically, wire type 1 is cho-
sen to have the following volume fractions f., = 0.6666,
Jinsur = 0.0437, fypr; = 0.1588 and f,,,,, = 0.1309. The self
and mutual inductances of each coil are L = 0.8440 H and
M = 0.0873 H, respectively and are computed from con-
stants of proportionality that arise when relating the total
magnetic energy to the current squared, this is explicitly
carried out in [17]. The coils are assumed to sit in the
idealised situation of a large bath of liquid helium whose
extent is truncated far from the coil at a distance of 1 m
where the boundary conditions of 7 =42 K and Ay, =0
are imposed. Initial conditions are [, = 550 A, 7, = 4.2 K
and A ,(t=0) = rA¢(t = 0) with Ad,(t = 0) corresponding to
the solution of (25). The quench was assumed to originate
from the location (r, z) = (0.2501, 0.16485) m in the upper
coil and to start immediately for > 0 s, which, rather than
prescribing PT88¢" was achieved by setting a small region
of radius 0.0067 m to be conducting. Note that wire type
1 is additionally chosen to have RRR = 100, lf =0.0375m
and a,, = 0.82 X 1073 m.

Two different meshes are considered: The first is a
coarse mesh of 1424 triangular elements, refined towards
the coils and the second, again motivated by the results in
Sect. 6.1.2, uses a thin layer of quadrilateral elements just
inside the coil to model the thin skin-depth effects and has
706 elements. The construction of these meshes is shown
in Fig. 18. On each, a time step of At = 2.5 X 10™* s is pre-
scribed, which has been checked to be sufficiently small
for temporal convergence. On the first mesh, p-refinement
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Fig. 25 Two coil benchmark problem with wire types 1, 2 & 3 (T1, T2 & T3) and coils 1 & 2 (C1 & C2): Results for a I(z), b R(f) and ¢ Vq,n(t)

obtained with a finite element approach

(a) Boundary layer b) Magnification

Fig.26 Two coil benchmark problem with formers and wire type 1: a
The unstructured mesh of triangular elements with quadrilateral lay-
ers and b magnification of the same mesh

is considered with p = 1,2, 3,4,5,6,7,8,9, 10, in turn, and
while the current /(r) shown in Fig. 19a rapidly converges,
the solution for the quench voltage, which is of the form

Vo) = IOR, @)+ (L, + M),

shown in Fig. 20a converges much more slowly. On the
second mesh, p-refinement with p = 1,2, 3,4 is considered
and the convergence of the solution for both /(#) shown in
Fig. 19b and the corresponding quench voltage shown in
Fig. 20b is rapid. In particular, while the solutions with
p = lare inaccurate, the solutions for p > 2 are seen to con-
verge rapidly and are converged for p = 3.

The volume averaged loss contributions PP, P/o4l¢ and
PpHsteresis a5 a function of time for each of the two coils
are shown in Fig. 21. This figure illustrates that P/ is
the dominant contribution for coil 1, which immediately
begins to quench for # > 0 s and is fully quenched shortly
afterwards. For coil 2, Pf¥sresis provides an important con-
tribution to the heating of the coil and causes it to quench.
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Table2 Two coil benchmark problem with aluminium form-
ers and wire type 1: Former geometry where each is of the form
((r2) i r €r<r,z; <z<z}m?

Q’: subdomain ry [m] ry [m] Z; [m] 2, [m]
QT,A. 0.2925 0.3075 —0.198 —0.16656
QT,m 0.2925 0.3075 —0.16655 —-0.1351
QZB. 0.2925 0.3075 0.1351 0.16655
QZ& 0.2925 0.3075 0.16656 0.198
QZ"F 0.29 0.315 —0.135 0.135
QZ,’F,W 0.24 0.243 —0.198 0.198

Once it quenches, P/ becomes the dominant contribu-
tion. The contribution of PP" is much smaller.

This is further explained by considering contours of
T(¢) in coil 1 at times ¢ = 0.006, 0.01, 0.016, 0.02 s shown
in Fig. 22a—d, respectively. This shows how the quench
quickly propagates in the form of a shock outwards from
its initialisation at (r,z) = (0.2501, 0.16485) m so that the
coil becomes normal conducting. After which, according to
Fig. 21, P/?“¢ becomes the dominant heating mechanism.

Figure 23a—d shows the much slower heating of the coil
2 at times t = 0.02, 0.05, 0.07, 0.09 s, respectively, which
is also much more homogeneous nature and, according to
Fig. 21, occurs due to the PHsresis Joss before it becomes
normal conducting. This coil becomes normal conducting at
approximately ¢ = 0.16 s once the triple (|B|, T, ) lies above
the critical surface at all points in the coil and then P/ou
becomes the dominant heating mechanism for this coil also.
Figure 24a—d shows B_(¢) at times t = (.26, 0.51, 0.76 and 1
s, respectively, and illustrates the decay of the magnetic flux
density once both coils have quenched.

Next, using the aforementioned computer workstation,
we compare the simulation time required to obtain the con-
verged solutions, where the simulation used multithread-
ing to exploit the available cores but only used a maximum
RAM use of 500MB. The wall clock time to obtain the
converged solution with order p = 3 elements and on the
hybrid mesh including the quadrilateral layers was 10 min
and 3 s, whereas, without the addition of the layers and with
order p = 10 elements, the wall clock time was 25 min and
13 s. This shows that including the thin quadrilateral layers
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Fig. 27 Two coil benchmark problem with formers and wire type 1: Results for coils 1 & 2 (C1 & C2) a I(¢), b R(f) and ¢ V@ obtained with a

finite element approach for with and without the formers included
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Fig.28 Two coil benchmark problem with formers and wire type 1:
Illustration of B,(t) obtained at a r=0.25s,br=0.5s,¢ct=0.75s
anddr=1s

gives a significant reduction in computational time required
to capture the converged solution for the two coil problem.

6.2.3 Two coil problem with different wire types

For the next investigation, we consider the performance of
different wire types and present the converged results with
the finite element model. With the exception of the wire
parameters stated in Table 1, the geometry and other details
remain unchanged from those given in Sect. 6.2.2.

By again considering the same hybrid mesh of 706
elements, including a quadrilateral layer, and employing
p-refinement, the converged results for the new wire types
were obtained. The results shown in Fig. 25 depict the var-
iation in /(7), R(7) and V,_ ,(7) for the different wire types.
Also included is the measurement of V, ,(7) for the two coil
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Fig.29 Two coil benchmark problem with formers and wire type 1:
llustration of |J§7(t)| obtained atar=0.5s,bt=1s,ct=1.5sand
dr=2s

problem where the exact wire parameters are not known. It
can be observed that the results for type 1 are the closest to
the measurements among the the wire types 1, 2 and 3 used.

Note that the wire parameters for wire type 1 and 3 are
similar and so the resulting (), R(z) and V, ,(7) obtained for
these wire types are closer to each other compared to the
results for wire type 2.

6.2.4 Two coil problem with wire type 1 and aluminium
formers

A more realistic model of the two coil problem includes a
- 111 m m m m m

set of six aluminium formers QC " QC e QC’BI, QC’BZ, QC! -

and Q’C”F on the meridian plane, these subdomains are all

bore

normal conducting and have been chosen to have material
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Fig.30 Two coil benchmark
problem with formers and wire
type 1: 3D Illustration of |B(%)|
obtained at (a) t = 0.25 s, (b)
t=0.5s,(c)t=0.75s and (d)
r=1s

(c)t=0.75s

properties y = 1 X 10’ S/m and y = y,. The dimensions of
the formers are stated in Table 2. With the exception of
the inclusion of the formers, the geometry and other
details remain unchanged from those given in Sect. 6.2.2.
Again motivated by the results in Sect. 6.1.2, a mesh with
1356 elements, including a layer of quadrilaterals just
inside each of the coils and each of the aluminium formers,
was generated and is illustrated in Fig. 26.

While including aluminium formers is expected to modify
the B(¢) field, the changes to the 7(¢) field and the circuit
quantities R(¢), I(¢) and Vq’n(t) are expected to be small as
they are driven by the quench effects within the coil. The
results provided in Fig. 27 illustrate R(2), () and V() with
and without the formers and it is shown that including the
formers results in a small change in V, (), but not any sig-
nificant differences in the current and resistance.

The differences in the B_(¢) field distribution are illus-
trated by comparing the results shown in Fig. 28a—d, which
include the formers, to those in Figure 24a—d, which do not
include the formers. Here the changes in the B, (¢) field due
to the presence of eddy currents in the formers is clearly
observed. It is also of interest to visualise the Ohmic cur-
rents that arise in conducting components once the quench

@ Springer

0.0e+00
(b)t=0.5s

7.0e+00
6
-5

—4

0.0e+00
(d)t=1s

begins to propagate, and the electromagnetic fields become
time varying. These currents correspond to

dA,

78(’5, (38)

JO=yE=1Jje, =~y
and are showcased in Fig. 29a—d as a function of ¢ for
t=0.25,1=0.5,r=0.75and r = 1 s, respectively.

Finally, to reiterate the three-dimensional nature of the
problem, the solutions for |B(#)| obtained att = 0.25,7 = 0.5,
t=075and t=1s and |J§)(t)| obtained at t = 0.51, 1 =1,
t = 1.5and r = 2 s on the meridian plane, have been rotated
through 2z to produce the contour plots shown in
Figs. 30a—d and 31a—d, respectively. Our axisymmetric for-
mulation assumes the solution is the same independent of
the angular direction ¢, which is also emphasised by this
plots. However, in reality, the quench would propagate out-
wards from a point in the angular direction as well as across
the (r, z) plane, which our current model is not able to rep-
resent. Nonetheless, the propagation in the angular direction
is rapid and our results are in good agreement with the
measurements.
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Fig.31 Two coil benchmark
problem with formers and wire
type 1: 3D Illustration of |J§J(t)|
obtainedatar=0.5s,br=1s,
ct=15sanddr=2s

(a)t=0.51s

_le+7
le+b
100000
10000
1.0e+03

(c)t=1.5s

6.2.5 Two coil with aluminium formers comparison
with internal Siemens Healthineers quench
modelling software

The solutions for I(¢), R(f) and Vq,n(t) obtained with the finite
element model in Sect. 6.2.4 are now compared to an internal
Siemens Healthineers quench modelling software for the two
coil model with formers. Whilst this is a closed software, it uti-
lises a numerical and analytical combined approach employ-
ing a finite difference discretisation. In the Siemens Health-
ineers software, the quenching of coil 2 through the PHysteresis
is not always guaranteed and so the software additionally
activates heating of the second coil using additional PT"sger
terms (or identifying regions to be tagged as conducting at
certain times during the simulation). The comparison of
the converged results obtained by the Siemens Healthineers
software for the two coil problem with, and without, these
additional terms (propagated and unpropagated) is shown
in Fig. 32. We observe that the inclusion of these additional
heating terms does not change the current significantly, but
improves the agreement of the quench voltage to the measured
data for this problem. The resistances generated by the two
Siemens Healthineers software models are also slightly dif-
ferent. Comparing the results obtained using the propagated

o6

1.0e+09

Te+8

Te+7

Te+b

100000

10000

MI‘HIIIII] (AT

1.0e+03

1.0e+09

Te+8

M (LTl

Siemens Healthineers software model and the finite element
model, we see the superior agreement of the latter to the
experimental data for the quench voltage. This illustrates the
importance of accurately capturing the skin depth effects and
high field gradients, which is possible using the high order
hp-version finite element refinements.

7 Conclusions

This paper has first presented a review of the key non-
linear governing equations and coupling effects involved
in MRI magnet quench. The paper has then presented a
mathematical model for modelling quench effects using
the stranded conductor model and then established a new
numerical scheme employing the NGSolve finite element
library and a discretisation using high order hp-version
finite elements including thin quadrilateral elements for
resolving boundary layer effects. This scheme has resulted
in accurate results for a set of single physics benchmark
problems and a set of challenging coupled multi-physics
problems involving quench phenomena. In particular, the
addition of boundary layer elements and p-refinement
results in superior convergence properties and accurate
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Fig. 32 Two coil benchmark problem with formers and wire type 1: Results for coils 1 & 2 (C1 & C2) a I(z), b R(#) and ¢V, ,(¢) obtained with a
finite element (FE) approach and compared against results obtained with an internal Siemens Healthineers quench modelling software

resolution of skin depth effects and high temperature
gradients and leads to numerical results that are in close
agreement with measured data. By including conducting
shields, the agreement of the numerical results for a two
coil quench problem with the measured data is seen to
improve further. The presented computational model has
the potential to be applied to more complex quench sce-
narios and also to include further coupled physics effects,
which, together with its extension to three-dimensional
problems described in Sect. 5.4, will be the subject of
further work. Also, as part of future work, it would be of
interest to investigate the application of alternative time
integrators once the quench has propagated over the con-
ductor or to use automatic adjustment of the timestep size
during the simulations to provide greater computational
efficiencies.
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