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Abstract

Serial (i.e., non-parallel) algorithms have historically been superseded by parallel
equivalents which keep up with the evolution of CPUs, specifically, from single-core to
the modern-day multi-core. This is a non-trivial transition, typically involving complex
analysis and adjustment of code to exploit the architecture. Furthermore, the need for
such development has increased due to the emergence and widespread availability of
massively parallel manycore (co)processors over recent years that have offered access
to increased computational performance relative to conventional processors (CPUs).
However, this has come with the cost of developing bespoke algorithms which exploit
the specialities and requirements of such hardware.

Graphics Processing Units (GPUs) are a prime example of commercially available
massively parallel co-processors that have been shown to offer significant performance
gains when approached in an appropriate manner. At the same time, a plethora of
‘hard’ constraint satisfaction problems exist which, when approached carefully, ben-
efit from the computational power of these devices, such as the Boolean Satisfiability
(SAT) and the N-Queens problems.

In this work, we explore the applicability of current GPU technology to the SAT and
N-Queens problems. We present our design of a hybrid solver for SAT, which utilises a
fast implementation of a scalable, loosely coupled GPU-based checker. Furthermore,
we present a fully GPU-based, and fully scalable N-Queens solver that is state-of-
the-art, built around our DoubleSweep-Light algorithm, which surpasses results of
other solvers. Beyond algorithms and approaches for these specific problems, our
exploration yields lessons and identifies general optimisations that can be applied to a
broad range of problems, both for memory- and compute-bound kernels.
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Chapter 1

Introduction

Contents
1.1  Main Contributions . . . . . . . . ... ... . 3
1.2 Structureof Thesis . . . . . . .. .. ... ... . ... 4
1.3 Publicationsand Talks . . . . . ... ... ... .. ........ 6

In early times, a Graphics Processing Unit (GPU) had a sole purpose: to perform
graphics-related operations (e.g., shading, scaling, etc.) and perhaps display output
onto a screen. A GPU is a special purpose, manycore processor, designed to excel
in the logic and arithmetic operations often required by graphics workloads. More
recently, the concept of a General Purpose Graphics Processing Unit (GPGPU) has
emerged which in essence is a GPU with a programming interface that exposes its
capabilities and can be used for non-graphics workloads as well. GPGPUs have seen
an unprecedented evolution, broadening their potential areas of application by natively
supporting more operations, some less useful to graphics workloads, under the over-
arching massively parallel model of computation they employ. GPGPUs have been
adopted in areas benefiting from their capabilities such as cryptography [5], graph
analytics [133], Boolean Satisfiability (SAT) [99] as well as machine learning and
artificial intelligence [113, 130, 50]. Adoption of GPGPUs in machine learning appli-
cations in particular appears to have shaped the evolution of NVIDIA GPGPUs, which
introduced Tensor Cores [95] to efficiently perform Matrix Multiply and Accumulate
(MMA) operations over fixed matrix types, to better suit these applications that heavily
depend on them.

Problems such as Boolean Satisfiability are deemed ‘hard’ as they require (near) full
exploration of the search space in the worse case. The algorithms for some hard prob-
lems are relatively ‘light’ in that they are not complex to reason about or implement.
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Typically algorithms exploring the majority or the full search space in these problems
are backtracking-based [140, 32, 101, 21, 61, 4]. Such algorithms are typically better
suited or perhaps ‘moulded around’ the model of computation employed by CPUs. For
instance, the CDCL procedure for SAT is expressed in a serial manner that does not
easily fall in line with parallel (or worse, massively parallel) computation. Adapting
algorithms for parallel/concurrent implementations is actively explored [17, 104] with
a range of techniques being identified.

In this work, we hypothesise that appropriating such ‘conventional’ algorithms, how-
ever light, for implementation on the GPGPU requires a great deal of adaptation on
the algorithmic level, beyond just parallelising them efficiently. For instance, one must
consider which memory type is being used for what data and for how long, what ac-
cess patterns are being performed, to what degree can each thread be agnostic of others,
and how is work balanced between the thousands of concurrently executing threads,
to name a few. Despite its difficulty we believe this is a worth-while effort consider-
ing the run-time performance that can be gained by using special-purpose hardware in
an appropriate manner [99, 50, 111, 102, 100]. This is a primary motivation that is
multidimensional; the definition of ‘performance’ here may take different forms, but
ultimately any savings in time, energy, computational cost, and so forth are welcome.

This work uses the N-Queens and Boolean Satisfiability problems, both computation-
ally ‘hard’, as proxies to explore different approaches in algorithmic appropriation for
GPGPUs. These approaches are used against the problems in question to evaluate them
and gain an understanding of their effectiveness under different workloads. After our
first-hand exploration of those, we present our observations and suggestions for others
aiming to port ‘hard’ workloads on the GPGPU, and especially those solved through
backtracking search.

Although GPGPUs are special-purpose manycore processors, certain abstractions in
the programming model incur costs known as “Turing Tax”*. We hypothesise that
implementations can reduce this Turing Tax [67] significantly if optimised iteratively,
feeding back from the impact of previous optimisations and the hardware utilisation
statistics. Our aim is to develop techniques and isolated examples of implementation-
level optimisations applicable to a range of backtracking-based applications or beyond.
Premature optimisation however is a hindrance; a methodical approach is taken to
evaluate the applicability of each optimisation on the implementation level and the
situations under which it would be better suited.

*To describe this phenomenon we borrow the term Turing Tax from Prof. Paul Kelly [67]



1.1. Main Contributions

1.1 Main Contributions

The main contributions of the work presented in this thesis are outlined below.

Exploration of the applicability of GPGPUs leveraging the current state-of-the-art
Jor solving SAT: In Chapter 3, we present a hybrid CPU-GPGPU SAT solver design
with two alternative designs for the GPGPU-side component. For one design, we
draw inspiration from an approach documented in literature, and explore the limita-
tions surrounding this memory-bound approach, which are largely the same for other
memory bound kernels with small compute components. The other design presented
is a novel SAT checking approach (published in [100]), designed with minimal mem-
ory requirements and emphasis on kernel latency reduction. Results obtained from
the latter approach are presented which show the potential of this approach, and more
broadly, the use of GPGPU assistance in SAT solving as well as the open scalability of
the approach across multiple devices. Techniques presented as part of the aforemen-
tioned chapter are primarily relevant to memory bound kernels, as well as those with
high dependence on specific SM pipes.

Investigation of the conversion of conventional algorithms for hard combinatorial
problems for the GPGPU: Both problems investigated as part of this work are in-
stances of hard combinatorial problems and act as mediums for exploration of tech-
niques to convert what we refer to as “conventional” algorithms (i.e., those designed
with CPU implementation in mind), to highly parallel ones. Importantly, we demon-
strate instances where algorithmic design choices, normally deemed poor, are neces-
sary to meet the requirements of GPGPU computing and produce an efficient imple-
mentation. To aid future algorithmic development and conversion we present a set of
considerations in the form of an alternative model for algorithmic design, for targeting
massively parallel platforms, in particular GPGPUs.

Development of a state-of-the-art N-Queens solver: In Chapter 4, we present
our state-of-the-art, fully on-GPGPU N-Queens solver based around the novel
DoubleSweep-Light procedure (published in [101] and [102]). The procedure itself
is centred around the Unit Clause Propagation component of the DPLL procedure for
SAT. We explore means of adapting a CPU-oriented algorithm into a massively parallel
variant that overcomes the barriers of GPGPU parallelisation. We explore two differ-
ent implementations for DoubleSweep-Light on the GPGPU, each targeting devices
with different capabilities. We then explore the effects of a number of surface-level
and lower-level optimisations to our implementation alongside results showing their
effectiveness. Most such optimisations are general and can be applied to other ker-
nels (and particularly compute-bound ones) as summarised in Chapter 5. The overall
performance of our N-Queens solver is competitive, surpassing the performance of
previous GPU-based N-Queens solvers in literature.



1.2. Structure of Thesis

Identification of general optimisation techniques targeting combinatorial problems
on the GPGPU: Efficient use of GPGPU resources and the efforts associated with
achieving it form a running theme through this work. In our pursuit of performant
solutions to the problems considered, we encounter the need for hand-tuning optimi-
sation, beyond what current compiler tooling offers. The two problems we exam-
ine, namely N-Queens and SAT allow us to explore memory-bound (Chapter 3) and
compute-bound (Chapter 4) kernels and develop optimisation strategies for each, that
are applicable to other backtracking-based approaches for combinatorial problems. For
both types of kernels, we consider multi-kernel decomposition and pipelining based on
our experience and that of others. We contrast this approach to the respective full on-
GPGPU approaches and summarise hand-tuning optimisations involved alongside our
recommendations stemming from them, in Chapter 5.

1.2 Structure of Thesis

In Chapter 2, we lay out the fundamentals necessary for the reader’s understanding of
the topics addressed in this work. We begin with an exploration of ‘hard’ problems
and the main problem types considered in this work which include decision and count-
ing problems, and offer examples of each, zoning in on the Boolean Satisfiability and
N-Queens problems respectively. We explore the literature for each of these areas,
which broadly converges on the use of flavours of backtracking search. We continue
by laying out some graphics processor (GPU) preliminaries that are crucial for our
work, particularly visiting the model of computation employed by General Purpose
Graphics Processing Unit (GPGPU) devices, as well as the mapping of computation
to hardware resources and the intricacies of those. Our work (and consequently, ex-
ploration) is based on a range of NVIDIA hardware architectures and implementations
thereof, specific details of which are presented and discussed in the context of potential
optimisations. Lastly, we present barriers to GPU optimisation and issues with repro-
ducibility of work in the field arising from the intricacies of GPUs. We factor these
difficulties in our presentation of techniques to appropriate algorithms for the GPU
environment.

Following on from the preliminaries, Chapter 3 presents our work on 3-SAT accelera-
tion using GPGPUs. We introduce GPU-specific work on the field of SAT and the two
parallelisation strategies employed widely, namely portfolio and search-space splitting
solvers. We subsequently explore two designs for SAT acceleration on the GPU, one
where all solving takes place on-device using a backtracking algorithm and one where
GPUs act as search assistants on a CPU-coordinated search brute-forcing the last few
unassigned variables in each branch of the CPU search, based on the observation that
those are the variables solvers spend the most time deciding [138]. The latter approach
presents an openly scalable SAT checker producing good results both on commercial-
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1.2. Structure of Thesis

and data-centre- oriented devices, which is published in [100]. We explore kernel op-
timisations and techniques effective for memory-bound kernels such as this as well as
offering insight on elastic scaling on any number of devices. We conclude this chap-
ter with our ongoing and future work and with several opportunities for optimisation,
which we explore in detail.

We continue with Chapter 4 where we detail our work to produce a loosely coupled
N-Queens counting solver which enumerates (and can in principle also output) all so-
lutions on the device. We once again explore existing GPU-related work and identify
the shift in focus in this field, first to distributed systems and then to massively par-
allel special-purpose hardware (i.e., manycore processors) being used in the search
for solutions. This appears to have historically been the trajectory leading up to the
largest known solution to date, N = 27. Our exploration here is two-pronged; we
draw inspiration from multi-kernel pipelines [83] for the parallelisation of other such
irregular problems and delve in the design of a device-side multi-kernel N-Queens
solver coordinated by the host system. Preliminary analysis highlights the draw-
backs of such approach, which in turn leads us to a full on-device approach using
the novel DoubleSweep-Light algorithm along a range of implementation optimisa-
tions, to achieve a performant N-Queens solver. The algorithm employs a procedure
like Unit Clause Propagation in SAT as previously discussed. This work was initially
published in [101] and following promising results, invited for an extended journal
publication [102]. Finally, we conclude the chapter by outlining ongoing work and
other work in the pipeline to be done in due course.

The two hard problems explored in this work nicely encapsulate the two types of
performance bottlenecks that bound GPU kernels; memory (SAT) and compute (N-
Queens). The implementations shown have been optimised extensively to make as
much use of available resources as possible, without compromising on the scalability
of the approach. Techniques employed and developed are not coupled to our specific
applications and can thus be employed in other kernels. In Chapter 5 we review and re-
flect on the main learning points arising from this work. We envisage that our journey
through the appropriation of algorithms for hard problems and their respective imple-
mentations will prove of value for others on a similar path. In this chapter we curate
optimisation and algorithmic techniques as well as our recommendations on the use of
GPUs in such applications.

Finally, we conclude this work with Chapter 6 with a reflection on the work that has
been carried out, and our aims.
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1.3 Publications and Talks

Parts of the work presented in this thesis have been published and/or presented in
academic conferences. These and additional contributions forming part of the funda-
mentals for this work are presented in this section.

1.3.1 Publications Arising from This Work

Optimised Massively Parallel Solving of N-Queens on GPGPUs [102] (by F. Pan-
tekis, P. James, O. Kullmann, and L. O’Reilly) This work is the continuation of our
earlier work [101] following an invitation to the Concurrency and Computation: Prac-
tice and Experience (CCPE) journal. This publication is an extended version of our
earlier work presenting our approach in more depth, and placing the spotlight on im-
plementation details that result in performance gains. We introduce a number of new
hand-tuning optimisations as well as a register-based kernel implementation, which
eliminates the need for shared memory almost entirely, and results in higher perfor-
mance on more recent hardware. We explain our rationale behind each algorithmic
and implementation change and we provide experimental data showcasing the impact
these changes had to the overall runtime and the main lessons learned from this ex-
ploration. The contents of this contribution are discussed in more detail throughout
Chapter 4.

Scalable N-Queens Solving on GPGPUs via Interwarp Collaborations [101] (by F.
Pantekis, P. James, and O. Kullmann) This paper presents a novel algorithm for the
counting variant of the N-Queens problem called DoubleSweep, as well as the adap-
tations made to better-suit the algorithm for implementation on the GPU which result
in DoubleSweep-Light. The paper details the reasoning for morphing the algorithm
around the characteristics of hardware used to run its implementation, and provides
implementation details along with an overview of specific optimisations applied to
the implementation in places where compiler tooling produced a sub-optimal output.
Product of combining DoubleSweep-Light with a performant, tuned implementa-
tion is a state-of-the-art solver for counting N-Queens solutions, for which the paper
presents initial results that place it above other GPU-based solvers in literature. The
contents of this paper form the fundamentals discussed in Chapter 4.

Towards Massively Parallel GPU Assisted SAT [100] (by F. Pantekis and P. James)
This paper presents a GPU-based assistant for SAT solving intended to be used in a
hybrid solver to aid the host-side with solving the target expression. The basis of this
work is a simple brute force algorithm with an optimised thread-isolated implementa-
tion, used to explore techniques for memory requirement reduction and efficient use.
The paper identifies some potential applications for such hybrid approaches, particu-
larly in variants of SAT such as ALL-SAT, but highlights the challenges presented in
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implementing ‘conventional’ state-of-the-art algorithms onto the constrained environ-
ment of GPUs. This paper covers work presented in Chapter 3.

1.3.2 Conference and Workshop Presentations

A number of talks concerning mostly work detailed in this thesis have been given, as
summarised below.

* Presentation of [103] in the Seventh International Workshop on Formal Tech-
niques for Safety-Critical Systems (FTSCS) in Shenzhen, China (2019).

* Talk presenting the initial algorithmic design for the work detailed in Chapter 3,
in the Doctoral Program for the Twenty-seventh International Conference on
Principles and Practice of Constraint Programming (CP-DP) delivered remotely
(2021).

» Talk presenting preliminary results for the work detailed in Chapter 3 and co-
organisation of the Thirty-eighth British Colloquium for Theoretical Computer
Science (BCTCS) in Swansea (2021).

* Presentation of the work in [103] in the Seventh Model-Driven Engineering Net-
work Research Demonstration Workshop (MDEnet) delivered remotely (2022).

* Presentation of [100] in the Seventh International Workshop on GPU Computing
and Al (GCA’22) in Himeji, Japan (2022).

» Talk presenting preliminary results for the work detailed in Chapter 4 in the
Thirty-ninth British Colloquium for Theoretical Computer Science (BCTCS) in
Glasgow (2022).

* Presentation of [101] in the Tenth International Symposium on Computing and
Networking (CANDARD’22) in Himeji, Japan (2022).

1.3.3 Contributions Beyond the Scope of This Thesis

Visualising Railway Safety Verification [103] (by F. Pantekis and P. James) This paper
presents a method to lay out railway track plans on the OnTrack railway verification
toolset [60] in-line with the expectations of railway engineers, and visualise counter-
example traces onto them. The layout of track plans is achieved using a simulated
annealing algorithm to achieve results that require few or no changes to conform with
layout rules. The work presented in this publication is not strictly a part of this thesis,
but contributes to the fundamentals for the load distribution approach mentioned in
Section 4.5.1.
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OnTrack: Reflecting on Domain Specific Formal Methods for Railway Designs [59]
(by P. James, F. Moller and F. Pantekis) In this paper, the development of the OnTrack
railway verification toolset [60] is presented as a case study for the use of model-
driven engineering frameworks. The applicability of the model-driven paradigm to the
various components of the toolset is examined and the challenges faced in the process
are discussed. Challenges include that of scheme plan importation and the subsequent
visualisation in an appropriate layout which were explored in our earlier work [103].



Chapter 2

Background

Contents
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2.3 Computation on Graphics Processors . . . . . .. ... ... ... 20

In this chapter we lay the fundamentals upon which our work is built, which are crucial
for the readers understanding. We define what a ‘hard’ computational problem is, with
specific focus to the problems we explore later on and others akin to them. We continue
with an overview of work in parallelisation of backtracking algorithms, which are at the
core of our work, followed by an overview of how computation on NVIDIA GPUs is
performed. This overview covers the model of computation, hardware implementation,
as well as specific capabilities of and changes between GPU versions that have an
impact on our work. Lastly, we discuss the steps involved in adapting an algorithm for
implementation on the GPU, as well as the barriers and other issues often faced in the
process.

This chapter covers sufficient information for the reader to proceed to subsequent chap-
ters, including some related work. Subsequent chapters provide further information
and related work, specific to each of them.

2.1 Hard Problems

Several types of computational problems exist in the field of Computer Science. A
computational problem can be viewed as a function p : I — Z?(S) which maps a prob-
lem instance from the set / to a set of solutions from the set S. More specifically, an
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instance of a problem i € / is a list of input parameters to the function p which will be
mapped to a set of solutions s € Z(S), which may be empty if no solutions exist for
the given instance.

Computational problems come in different types. These types include Decision,
Counting, and Optimisation problems amongst others.

Decision problems have exactly one solution which is either true or false. For exam-
ple, deciding whether an integer x is a multiple of some integer y: multiple_of ([x,y]) =
{(x mod y) = 0}.

Counting problems involve identifying the number of solutions for a given prob-
lem instance. For example, counting the number of prime divisors of some y € N:
count_prime_divs([y]) = {|{x|x € NAprime(x) Ay mod x = 0}|} where the function
prime : N — {T, L} is used to decide if a natural number x is prime.

Optimisation problems aim to find the single ‘best’ solution for a given problem
instance, where ‘best’ is a problem-specific metric, typically by minimising or max-
imising an objective function. For example, finding the shortest path in a directed
graph [42].

A defining characteristic of the aforementioned problem types, is that they all yield
up to one solution. Problems, irrespective of their type and solution set cardinally,
may be more difficult (harder) than others in terms of practical difficulty in finding
their solution set. The difficulty of solving a problem is typically measured in terms of
algorithmic complexity [55] for each known algorithm capable of solving the given
problem, or in other words, an algebraic function relating the size of input to the
amount of work needed to reach a solution set. Problems are categorised into sets
along with other problems with similar solving time or memory requirements known
as complexity classes, including P, NP and #P.

The complexity classes P and NP (P C NP) contain decision problems.

In P are problems that are solvable in polynomial time meaning that the time com-
plexity of the algorithm is polynomial with respect to the size of the input. In NP, are
problems for which a proposed solution can be verified in polynomial time. Unlike
P, NP includes problems that may lack efficient solutions (i.e., those computable in
polynomial time), yet if a potential solution is provided, its correctness can be veri-
fied efficiently. The #P class consists of counting problems which have an associated
decision problem in NP. By solving a counting problem, one is implicitly solving its
associated decision problem as well.

For a complexity class € from the aforementioned, a corresponding € —Complete class
exists. This class is such that for a problem p in €—Complete, a polynomial-time
reduction is possible to p from all other problems in €. Accurately determining the
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complexity of an algorithm and modelling its behaviour under the best, worst and
average cases as well as proving its existence in a complexity class can be challenging
and forms the basis of the field of Computational Complexity.

Slight variations in the formulation of a problem can have a profound effect in algo-
rithmic complexity. Confusingly, it is often the case in literature that slightly different
definitions of a problem are placed under the same umbrella name. A notable example
is that of the “N-Queens” problem as explained in Section 2.1.2 where “the N-Queens
problem” may refer to at least 3 different variants of problem with different complex-
ity.

The N-Queens problem as presented in Section 2.1.2, is a typical example of a hard
counting problem for which, to the best of our knowledge, no definitive complexity
proof exists. We do conjecture however that the problem will be at least as hard as #P
problems. This is since the completion counting variant has been shown [43] to belong
in this class and the N-Queens problem can be seen as an instance of counting comple-
tions for an empty board. Further discussion on this point is made under Section 2.1.2.
Recent work [117], has provided insight into the super-exponential growth of solu-
tions to the N-Queens problem, which highlights the difficulty of solving it using a
deterministic search algorithm (i.e., the only known way for exact enumeration [43]).

Another prominent example of a hard problem is the Boolean Satisfiability (SAT) prob-
lem presented in Section 2.1.1. SAT is a decision problem, where the goal is to deter-
mine whether a given Boolean formula is satisfiable (i.e., there exists an assignment
of truth values to variables that makes the formula true). The SAT problem was fa-
mously proven [28] by Stephen Cook and Leonid Levin as the first to belong in the
NP — Complete class. The theoretical fundamentals of the problem are extensive, but
stretch beyond the scope of this work, however, for further reading we refer the reader
to [16]. SAT is studied widely and from a plethora of angles due to its large range of
applications [80]. As such, a number of variants of the decision problem have been for-
mulated, which include 2-SAT and 3-SAT. These are sub-variants of the k-SAT [31]
variant where formulae are a conjunction of clauses comprised of the disjunction of
two and three literals respectively. The distinction is made however, as 2-SAT is solv-
able in polynomial time [11] as opposed to the family of k-SAT variants for k > 3,
which belong in the NP — Complete class [31, 65].

Variants of the SAT problem have been formulated in different ways for applications
that demand it. For instance, MAX-SAT [76] is an optimisation problem, variant of
SAT, where the objective is to maximise the satisfied clauses (i.e., find the assignment
satisfying the most clauses of a formula). #SAT [48] is a counting problem variant,
with the objective of identifying the number of assignments that satisfy a given for-
mula, which is not too dissimilar to ALL-SAT where the objective is to enumerate
(and output) all satisfying assignments. Empirically, and as discussed in Section 2.1.2,
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problems requiring the enumeration of all solutions, such as ALL-SAT and N-Queens,
can perhaps be harder to solve in terms of practical difficulty compared to the respec-
tive problem of counting solutions. This is because heuristics capable of calculating
solutions on a sub-problem level without explicitly exploring them may exist for the
latter which are of no use to the former.

From a theoretical perspective, both enumeration and counting problems are viewed as
similarly complex under traditional computational complexity frameworks. Efforts to
differentiate and better express the hardness of enumeration problems are documented
in literature [29]. Complexity classes, specific to enumeration problems, do exist, such
as DelayP. In this instance, the DelayP class comprises enumeration problems for
which a polynomial delay algorithm exists. These are algorithms under which the
time to find the first solution, a successive solution, and to verify the absence of further
solutions is bounded polynomially.

For hard problems such as the aforementioned, a well-informed algorithmic choice is
important to solve them effectively and in sensible time frames in the general case,
even if some hard problem instances persist. Such algorithms must however be met
with fast and efficient implementations exploiting all potential of hardware to have
a tangible effect. The focus of this work is not on the theoretical bounds of these
algorithms but an investigation on the optimisation of practical implementations of
those particularly for massively parallel environments.

2.1.1 The Boolean Satisfiability Problem

The Boolean Satisfiability problem (SAT) [16] is to decide if, for a given propositional
formula ¢, there exists an assignment p of truth values such that ¢ is “satisfied”,
i.e., ¢ evaluates to true. A formula ¢ is defined as a set of literals connected using
propositional connectives (i.e., A,V, = ,<=>). In this context, a literal is either a
variable v or its negation —v.

Algorithmic design is complicated by having to account for all aforementioned propo-
sitional connectives and their properties, that may appear in a formula. To simplify
this task, it is common to require formulae to conform to some encoding with fewer
connectives, such as the Conjunctive Normal Form (CNF). Formulae in CNF are com-
prised by a conjunction of clauses, which in turn are comprised of a disjunction of
literals. For instance, the formula ¢.,r = (I; VI,V I4) A (2 V [3) is in CNF. Arbitrary
formulae can be converted to equisatisfiable CNF formulae in linear time using the
Tseytin transformation [127]. Such transformation is not required for problems with
reductions to SAT which may naturally be expressed in CNF. This encoding is widely
used in the SAT community with some of the most prominent solving algorithms be-
ing built around it [32, 140]. The representation of CNF formulae in textual form is
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straight forward and is known as the DIMACS format. DIMACS encodes each vari-
able as a signed integer which is negative to indicate a negated variable. DIMACS files
are plain text files that consist of a header line followed by lines that each represent
a clause. Each line lists one or more literals separated by spaces, which are part of
that clause. For the sake of simplicity we will use the format seen in Example 1 to
represent CNF formulae in this work.

The k-SAT variant [110] of the SAT problem restricts formulae to kK many literals per
clause, encoded in CNF*. Here, the value of k € (N'\ {0}) can have a profound impact
on the difficulty in solving the problem as for values of k < 2, the problem is trivially
solvable [11] (i.e., in polynomial time) by treating the clauses as implications between
literals which in turn represent edges between literals (nodes) in a graph. Upon such
a graph, a strongly connected component finding algorithm can be applied to identify
strongly connected literals in linear time, and checking for the absence of contradic-
tions in these sub-graphs. This however, is not the case for instances of k-SAT where
k > 3 as no polynomial time algorithm is known [31] and a polynomial time reduction
exists from SAT to 3-SAT [65] which itself is the first problem in the NP — Complete
class [28]. These ‘hard’ instances are typically tackled (deterministically) using back-
tracking search algorithms.

Example 1 The CNF formula:
(mAV-BVI)N(AIV—IVAR)A---N(-IVAKV P)
can be represented in DIMACS format as:

(—1,-2,9)
(32,-9,44)

(—9,34,16)

One of the first deterministic algorithms for solving SAT instances was the Davis Put-
nam Logemann Loveland (DPLL) procedure [32] which was named after its authors.
This procedure is product of an exhaustive backtracking search over the possible truth
assignments of each variable in the formula and effective heuristics to evade fruitless
paths. The procedure can be summarised as the high level algorithm shown in List-
ing 2.1. The function dpl1_sat that can be applied over a formula ¢ and a set of tuples
w=A{(1,T),(v2,L),...} of truth assignments to corresponding variables. At its core,
the algorithm is a backtracking search enumerating assignments, yet the strength of this
procedure stems from two subroutines: Unit Clause Propagation and Pure Literal Elim-
ination (shown in Listing 2.1 as the high-level functions find_unit and find_pure
respectively).

*Such formulae may be referred to as formulae in k-CNF.
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Unit clause propagation is a form of resolution, inferring the truth assignments of
variables in clauses with exactly one unbounded literal. Assuming the input formula is
in CNF, at least one literal in every clause must somehow be satisfiable for the formula
to stand a chance of being satisfiable. Pure literal elimination examines the literals of
clauses remaining unsatisfied in the formula, and derives a truth value for literals which
are pure between them. A literal is pure if it appears only negated or only un-negated,
meaning the value of its corresponding variable can be inferred. Both these procedures
are repeated until they yield no result (i.e., they make no new assignments).

Following the application of unit clause propagation and pure literal elimination, the
formula may have been proven satisfiable, or a contradiction may have been identi-
fied, terminating the search in either case. If a proof hasn’t been completed yet, the
algorithm selects one of the remaining unbounded variables, and continues exploring
the two new search paths (i.e., those with the selected variable assigned to either truth
value). The choice of a variable shown as the function assign_variable in List-
ing 2.1, can be made arbitrarily, but a ‘good’ choice may lead to a conclusion sooner,
therefore a number of heuristic approaches have been developed [52, 84].

1 fn dpll_sat(¢, u):

2 let u' < u

3 let uc «+ nil

4 while (uc + find_unit(¢,u’)) # nil do:
5 ' <« propagate (¢ ,u’ ,uc)

6 let pl « nil

7 while (pl + find_pure(¢,u’)) # nil do:
8 u «+ assign_literal (¢,u’,pl)

9 if sat(¢, u') then:

10 return T

11 if unsat(¢, u’) then:

12 return |

13 let v < unassigned_variable (u’)

14 u <« assign_variable (¢ ,u’,v);

15 if dpll_sat(¢, u') = T then:

16 return T

17 u « assign_variable (¢ ,u’,—v);

18 return dpll_sat(¢, u')

Listing 2.1: Overview of the DPLL [32] procedure.
The DPLL procedure is effective, but can be improved upon. Following the explo-
ration of an unsuccessful path, the search backtracks and follows a different search

path which may ultimately be unsuccessful for the same reasons as its predecessors.
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To counteract this, the Conflict Driven Clause Learning (CDCL) procedure [140], an
extension of DPLL, was developed. The two main improvements CDCL introduces
are the ability to backtrack non-chronologically (i.e., backtracking more than one as-
signment back), and conflict memorisation (i.e., adding new clauses to the formula
upon reaching a conflict state to avoid reaching it again). Here, a conflict state is one
where a variable must be assigned to both truth values simultaneously for the formula
to potentially be satisfiable. These improvements to the original algorithm guide the
search for a satisfying assignment more precisely and avoid the repeated exploration
of search paths that proved fruitless.

Modern SAT solvers can solve complicated formulae quickly, as a result of their algo-
rithmic capabilities paired with efficient implementations. Parallelisation of SAT algo-
rithms is also explored [82] with two main approaches, namely search-space splitting
solvers which divide the search space into sub-spaces [49] to be explored in parallel
by the same search algorithm and portfolio solvers [41] which perform a number of
independent searches over the same search space using different search algorithms in
parallel. Attempts to utilise GPUs in parallelisation efforts exist [30, 100, 99, 83] and
are discussed further in Section 3.1.

2.1.2 The N-Queens Problem

The N-Queens problem asks how many non-attacking configurations exist when plac-
ing N queens on an N x N chessboard. A non-attacking configuration is one in which
no queen can attack any other queen on the chessboard. Two queens can attack one
another if they are both occupying the same row, column or diagonal. The problem
owes its roots to Max Bezzel who in 1848 asked how many possible placements of
eight queens exist on a conventional (8 x 8) chessboard [20]. Figure 2.1 illustrates an
example of a non-attacking configuration, which is one of the 92 non-attacking config-
urations for N = 8. This problem was later generalised [20] to the N-Queens problem
as known today.

Like the Boolean Satisfiability problem discussed in Section 2.1.1, the N-Queens prob-
lem comes in a variety of ‘flavours’ and a distinction should be made on the alternative
formulations that are sometimes used. Many pieces of work in literature exist [136,
64, 120, 128] which quote the variant of discovering a single non-attacking configura-
tion of N queens for an N x N board, with further literature [46, 43] available, on the
sub-variant of completing a partial N-Queens board. These alternative formulations of
the problem vary significantly in solving difficulty. Namely, finding a single solution
can be achieved in a number of ways including a reduction to an instance of SAT [18],
simple search [120], randomised search through simulated annealing [116], or as an
elementary solution from emerging patterns [136], whereas completing a partial N-
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Figure 2.1: A non-attacking configuration of 8 queens on an 8 x 8 board shown with
the per-queen attack indicators.

Queens board requires complete exploration [43] and is thus more computationally
demanding.

For the rest of this work, we refer to the original variant of the generalised N-Queens
problem, namely that of enumerating all solutions for a given value of N (and in prin-
ciple even outputting each non-attacking configuration). The problem is computation-
ally difficult to solve as the instance solutions known to date (OEIS [118] sequence
A000170) exhibit super-exponential growth w.r.t. N (in line with the work of [117]).
Whilst, to the best of our knowledge, there is no definitive work on the complexity of
the N-Queens enumeration problem to date®, the earlier discussed N-Queens comple-
tion variant has been proven [43] to belong in the NP — Complete complexity class and
its corresponding counting problem (i.e., finding in how many ways a partial board can
be completed in) in the #P—Complete class. This, paired with the fact the N-Queens
problem can be seen as an instance of the N-Queens completion counting problem
(i.e., completion of a board with no queens placed on it) leads to the conclusion that
the N-Queens enumeration problem will be at least as difficult in terms of solving
difficulty.

The term ‘solution’ must be disambiguated for the N-Queens problem, as it may refer
to either the total number of non-attacking configurations possible for some value of
N (i.e., solution to the N-Queens problem for some input of N), or an individual non-
attacking configuration (i.e., a board of size N x N with N queens placed in a non-
attacking configuration). For this work, we will use the latter definition of a solution

*Some literature [108] claims the decision problem belongs in the NP — Hard class, however we
have been unable to verify this claim.
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and will refer to the total number of solutions for an instance of the problem (i.e., some
input value N) as an ‘instance solution’.

In practical terms, the N-Queens problem has long served as a challenge for mathe-
maticians, programmers and machine learning models alike. Discovering solutions for
smaller values of N, even up to 22, is relatively ‘cheap’ computationally with mod-
ern hardware, even using naive solving approaches, due to the relatively small search
space. For larger values of N however, the number of possible solutions to be enumer-
ated is vast and requires a combination of ‘smart’ search algorithms and their efficient
implementations. To the best of our knowledge, exhaustive search is the only known
way [43] to obtain instance solutions for the N-Queens problem to date and solving ef-
forts have stretched as far as collaborative crowd-backed computer grids [38]. Besides
being used as a testbed, there are real-world applications for the N-Queens problem
documented in literature [15], such as Very Large Scale Integration (VLSI) testing,
deadlock prevention, conflict free parallel memory access schemes [36], and more. It
must also be noted that algorithms for constraint satisfaction problems such as this and
their respective implementations, have a lot of lessons to teach and can be adapted and
applied to problems similar in nature.

Work by Jeff Somers [119] led to the computation of instance solutions for instances
up to and including N = 21 in the early 2000’s. Somers used an optimised backtracking
search algorithm implemented in C and run serially on the CPU, which forms the basis
of more recent examples of algorithms [37, 142, 108], including providing inspiration
to our work presented in Chapter 4. As of yet, instance solutions are known for all N €
[1,27], with the latest addition being that of N =27 [111], discovered in 2016 following
a year-long parallel computation effort involving several Field Programmable Gate
Arrays (FPGAs). The authors of [111] were also the first to identify the solution to
N =26 [112] using a similar setup of parallel FPGAs. Beginning from these two
examples, it is noteworthy that for all values of N > 24, solutions were first discovered
using parallel algorithms on distributed systems. More specifically, the instance N =
24 was solved using a 34-node cluster of CPUs [69], and later N = 25 was solved on
a grid of 260 machines [106]. Whilst instance solutions for N < 26 have been verified
through an independent repetition of the computation, to the best of our knowledge,
the result for N = 27 remains unverified.

Estimating the number of instance solutions for any N was recently proven possi-
ble [117] which also gives insight to the magnitude of search space in need of enumer-
ation and its super-exponential nature, namely through the limit

1/N
lim 20V

~0.14
N—roo N 0.143

where Q(N) is the number of non-attacking configurations for some N. Note that this
is the minimum complexity and heuristics are needed to eliminate fruitless paths dur-
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ing an enumeration attempt. The performance of implementations for such algorithms
and respective heuristics, is of paramount importance which calls for optimisation and
parallelisation. Parallelisation of backtracking algorithms is further discussed in Sec-
tion 2.2.

2.2 Parallelisation of Backtracking Algorithms

An algorithm is said to be ‘backtracking’ if it can retrace its steps and follow a dif-
ferent search path upon encountering a dead-end during it’s exploration of the search
space. The backtracking paradigm is well established in a plethora of domains and
applications, often combinatorial in nature [66], which include graph traversal [4],
SAT solving [32, 56], N-Queens solving [119, 15, 3], Al [73] and many more. In
such applications, the search space is often too large to feasibly explore fully even for
smaller instances of the problem, and heuristic approaches have to be taken to identify
and eliminate fruitless paths in the search before they are explored. In the domain of
SAT for instance, the Conflict Driven Clause Learning (CDCL) [140] algorithm is an
evolution of the Davis Putnam Logemann Loveland (DPLL) [32] algorithm with the
addition of heuristics to ‘learn’ what caused a dead-end state to be reached so that the
same dead-end can’t be reached from a different search path. These algorithms are
described in detail in Section 2.1.1.

Backtracking algorithms can generally be viewed as a depth-first traversal of a tree of
search states, where at each state of the search, a set of branching paths emerges onto
different search states. This tree analogy is somewhat simplistic as it does not account
for backtracking searches which converge, yet it is used here as a proxy to explain why
parallelisation of such non-converging algorithms is trivially possible. Starting from
an initial state (the root of the search tree) and advancing the search onto neighbouring
states, it is possible to create some number of new (distinct) starting points for parallel
searches to begin branching from. Given that the search paths are not converging
from that point onwards, result integrity is maintained as long as no parallel search
backtracks beyond its starting point in the tree. This idea is not new and has been
examined in depth in [66]. This approach has several benefits including the trivial
nature of generating the initial (‘frontier’) search states for the parallel searches to
branch off of.

Backtracking algorithms are easily implementable recursively, using the call stack to
store search states and the recursive mechanism to return to them in turn. On one
hand, these implementations are elegant and much less error prone when implemented
in lower-level languages such as C as recursion requires no explicit memory alloca-
tion, ‘housekeeping’, nor release, abstracting (to a large degree) the code movement
logic (jumps, etc.) and enabling compilers to perform optimisations [124]. On the
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other hand, the abstracted implementation factors may come at a cost in such imple-
mentations, which can lead to inefficient resource utilisation. Side-effects stem from
the absence of control of data that is preserved in stack frames which can result in
unnecessary or unchanging data ‘clogging’ the call stack, the size of which in turn
may be difficult to accurately control. These side-effects only magnify when parallel
independent searches are performed.

Iterative implementations of backtracking algorithms in essence pass all responsibility
for memory management and logic to the programmer leaving more room for error, but
giving finer control over these parameters. Generally, a stack-like data structure can be
used to store pieces of required data for each search state, and a loop to pop/push this
data as required to simulate backtracking. In special processing environments such
as that offered by GPGPUs, recursive implementations are (as of yet) discouraged or
even impossible as a result of the severely limited default stack space available to each
thread [89] which resides in off-chip memory, and the effects of raising this limit to
memory utilisation and performance. Iterative implementations can be designed to use
the minimum amount of memory necessary and make use of on-chip alternatives as
we present later in Chapters 3 and 4. Facilities capable of simulating parallel recursive
computations in the GPGPU environment do exist however, and have been explored in
literature [21, 141, 108] with mixed results and a hefty list of special considerations.

The seemingly embarrassingly parallel nature of backtracking algorithms can give the
false impression that parallelisation of these algorithms is trivial as a whole which is
not the case [61]. When parallelising a backtracking algorithm, one has to take into
account the characteristics of its implementation, and particularly in terms of mem-
ory requirements (i.e., communication requirements between parallel searches, output
size, search space size and generation, and memory access patterns) as well as parallel
search work balancing. More specifically, in algorithms where data exchange (com-
munication) between parallel searches is required over some medium (e.g., common
memory), safe concurrent access has to be ensured at whatever cost this comes with.

Algorithms with unpredictable memory requirements (either for each search state or
for their output) pose a further challenge in ensuring sufficient resources are available.
CDCL (discussed further in Section 2.1.1), is an example of an algorithm with com-
munication requirements when parallelised and an unpredictable amount of clauses
memorised during the search. Memorised clauses can be pruned heuristically to halt
the potentially exponential memory growth, yet that requires further communication
between parallel searches. Parallelisation of this algorithm and heuristic approaches to
efficiently overcoming such issues have been explored widely [30, 115, 53, 14].

The aforementioned factors complicate implementation but most crucially, can have
significant performance implications in specialist hardware in particular. In the case
of General Purpose Graphics Processing Units (GPGPUs) (discussed in detail under
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Section 2.3.1), workloads with unbalanced memory or computation requirements are
often refereed to as ‘irregular’ tasks [108, 142]. On such hardware, ideally, parallel
workers (i.e., units each executing a one search in parallel to the rest) should perform
the same amount of work in their groups to fully utilise available resources, In practice,
this means that the search paths explored by collaborating workers would have to be
of approximately the same length and require approximately the same number of steps
to explore. Workload balancing and redistribution is an active research area [19], and
heuristics can be used to better distribute work in these environments, as we present in
Section 4.5.1. Furthermore, the nature of backtracking introduces the requirement for
memorisation of earlier search states in order to eventually return to them, which can
require significant memory for problem instances with deep search paths [61].

2.3 Computation on Graphics Processors

The need for graphical interfaces on computer hardware dates back to the early days
of computing. The first display attached to a machine is attributed to the University
of Manchester’s Small Scale Experimental Machine (called “The Baby™) in 1948 [1],
which displayed basic alphanumeric text in a dot matrix display. Graphical displays
and graphics continued to evolve through the years, becoming more widely available,
until the demanding nature of such processing overwhelmed the available hardware.
In 1980’s, the first graphics-dedicated processor was created by the Nippon Electric
Company in the form of a Very Large Scale Integration (VLSI) chip, with NVIDIA
releasing the first single-chip Graphics Processing Units (GPUs), closer to what we
know as a GPU nowadays, in the late 1990’s [105].

The term GPU has been given different meanings over the years. In more recent times,
and perhaps as a result of the widespread adoption of GPUs anywhere from scientific
cluster computers to laptops and the associated marketing campaigns, the term is com-
monly found being used interchangeably with the term “Graphics Card”, which refers
to computer add-in boards (cards). In principle, a GPU is a specialist coprocessor
which can exist in various environments and forms, beyond add-in boards, and should
be treated as such.

GPUs are designed to excel in certain operations including matrix multiplication, float-
ing point arithmetic, some trigonometric functions and importantly, parallel computa-
tion — all qualities of great importance to graphics-related tasks. Operations needed
for graphics-related tasks however are not unique to that domain. Over the course of
evolution of GPUs, efforts have been made to map a plethora of non-graphics related
tasks to an appropriate format to leverage the capabilities of GPUs and benefit from
the superior performance it can offer [107, 68, 132, 134, 22, 5, 142, 100, 102, 104, 64,
98].
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The use of GPUs for tasks beyond the graphics domain has given birth to the term
GPGPUs in an attempt to better describe the function of these coprocessors. To one,
the line between CPUs and GPUs may begin to blur with this in mind, as it appears we
are now talking about two different types of generic processors each suited better for
some tasks than others. This is not the case however, as calling a GPUs fit for ‘general
purpose’ applications is an exaggeration. As Section 2.3.1 makes it apparent, GPUs are
still specialised coprocessors with limited scope and stringent workload requirements
which have a broadened area of application beyond what they were initially designed
for. With this distinction in mind, throughout the rest of this work, the terms GPU and
GPGPU will be used interchangeably unless otherwise indicated by the surrounding
context.

The widespread availability of GPGPUs together with the benefits of work sharing be-
tween them and CPUs motivates acceleration efforts. Ever since NVIDIA created the
first single-chip GPU, they remain a pioneer in the field, developing state-of-the-art
hardware and relevant software resources as well as supporting research using their
products. Due to prevalence of NVIDIA hardware and resources this work is based
on the NVIDIA ecosystem and targets specific hardware and tooling, discussed further
in Section 2.3.1 and thereafter in Chapters 3 and 4. In terms of computation model,
NVIDIA GPUs are manycore processors and like others, classify as Single Instruction
Multiple Data (SIMD) vector processors. SIMD is part of Flynn’s taxonomy [40] of
architectures and describes those architectures which can execute the same instruc-
tion for different data simultaneously. In actuality, the NVIDIA documentation [89]
places their GPUs in a somewhat more specific (to GPUs) variant of SIMD which more
closely models their architecture, namely Single Instruction Multiple Threads (SIMT).
The difference lies in the fact NVIDIA GPUs allow different threads (i.e., the smallest
unit of computation) to diverge during computation which is not in conformance with
SIMD. Section 2.3.1 presents this model of computation and NVIDIA GPU specifics
in more detail.

2.3.1 The CUDA Model

NVIDIA’s Compute Unified Device Architecture (CUDA) [89] brings support for
general-purpose computation on supported NVIDIA GPUs through a programming
interface, drivers, and various tools.

CUDA operates on the principle that one or more devices (GPUs) are connected to and
share resources with a host system, which is responsible for sharing data and coordi-
nating computation on the device(s). The host system launches kernels of work on each
of the devices associated with it, which are in turn executed by a number of threads.
The threads involved in each kernel launch are logically partitioned into blocks, each
of which can be mono-, bi- or tri-dimensional. In turn, blocks are logically grouped
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Figure 2.2: Illustration of a kernel with a mono-dimensional grid, comprised of three
bi-dimensional 8 x 8 blocks of threads.

into a grid which can also be either mono-, bi- or tri-dimensional. For instance, a
mono-dimensional grid of bi-dimensional blocks is illustrated in Figure 2.2. The di-
mensionality of the blocks and grid is important for tasks exhibiting spatial locality
that can benefit from this structure, however, for other tasks this geometry is of little
significance and comes without penalty.

In hardware, GPUs are made up of multiple Streaming Multiprocessors (SMs) each of
which is allocated a number of blocks which reside® and execute on it. The number of
blocks allocated to an SM depends on the requirements of each block in terms of shared
memory, register space, block size, etc. An illustration of the structure of each SM in
the Ampere microarchitecture, as presented in the relevant whitepaper [91], is shown
in Figure 2.3. This figure serves to highlight the fact SMs operate in isolation (w.r.t.
one another) as well as the mapping between the earlier discussed logical structure of
the kernel and hardware.

In the SM, a resident block is further partitioned into batches of (currently) 32 threads,
called warps. All threads in a warp execute in lockstep and should ideally not diverge
in their execution. Whilst SMs do not support speculative execution [89] (i.e., branch
prediction [114]) nor thread level speculation [89] (i.e., speculative mulithreading) the
main problem with branch divergence stems from the fact no two different instruc-
tions can be executed simultaneously in a warp. Therefore, due to the SIMT nature
of the processor, threads executing divergent code will have to do so at different times
(i.e., the execution of the different code segments is serialised) and consequently com-
putation time increases as resource utilisation decreases. In the most degenerated case,
all threads in the warp may diverge and each intend to execute different instructions to
the rest.

*A block is resident when its threads are initialised and ready to execute.

22



2.3. Computation on Graphics Processors

J8ljo100 Alowsaly

Mem

Jalioxuod Alousan

Memory Controller

Jljo100 Alowaly

Memory Controller

Jal10100 Alowal

8
g
5
]

Jlj03100 Alowaly

Memory Controller

Jaljo00 Alowal

Memory Controller

NVLink - Four x4 Links

Figure 2.3: Composition of a full chip implementing the Ampere microarchitecture
which comprises of seven GPU Processing Clusters (GPCs), each in turn comprising
of twelve SMs. Figure courtesy of [89].

In hardware, the SM is itself partitioned into four partitions as shown in Figure 2.4,
which illustrates the structure of each SM in the Ampere microarchitecture, as pre-
sented in the relevant whitepaper [91]. Each partition consists of a number of cores,
some capable of processing 32-bit floating point instructions only, and others process-
ing 32-bit integer instructions as well. Instructions concerning wider types (i.e., 64-bit
types) are not natively supported and are thus emulated. Each SM partition also houses
a number of load/store units, an instruction cache, a warp scheduler, a register file, and
a number of special function units. During execution, each partition is assigned a
number of warps, which remain resident until they conclude. At each cycle, the warp
scheduler of each partition selects one of its assigned warps that is ready to execute,
and issues either one or two independent instructions from that warp. In some cases,
an instruction may need to be re-issued several times (i.e., over several clock cycles)
to satisfy all threads in one warp, which is the case for 64-bit instructions for instance.
In compute-bound kernels in particular this has to be taken into consideration. The
structure of SMs may differ across Compute Capabilitys (CCs) which in turn has im-
plications to efficient utilisation of resources. These implications are detailed in the
NVIDIA documentation [89] alongside recommendations for each major CC version.
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Figure 2.4: Structure of an SM in the Ampere microarchitecture, comprising of four
partitions, each containing a number of arithmetic cores, registers, and other function
units. Figure courtesy of [89].

Recent changes in hardware mean that the effect of warp divergence is less detrimen-
tal [9] in newer microarchitectures. In particular, the Volta microarchitecture [95]
introduces Independent Thread Scheduling whereby each thread in a warp has its own
program counter and stack space, unlike previous architectures where a common pro-
gram counter and stack were maintained for all threads in a warp. This enables the
execution of code from divergent branches to be interleaved, thus enabling finer-grain
scheduling, but inline with the Single Instruction Multiple Threads (SIMT) paradigm,
different threads in the same warp still do not execute different instructions in parallel.
Independent Thread Scheduling introduces more benefits, especially for starvation-
free algorithms [51], however, it does not come free of cost; an additional register
is used per thread to facilitate Independent Thread Scheduling, which we found is a
relatively high price to pay for kernels with high register demands, as we detail in
Section 4.3.4.

Another special consideration of GPGPUs is the handling of memory. There are sev-
eral types of memory with different access costs, scope, and sizes. Global memory
is the largest memory type on the GPU in terms of capacity, which is visible to all
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Figure 2.5: Diagrammatic depiction of CUDA memory types, their scope, and inter-
actions with threads.

threads across all blocks. This type of memory is the most costly to access (in terms of
clock cycles) but acts in a manner similar to main memory in relation to a CPU. Global
memory is a means of communicating data between host and device, as it is memory
both sides can manipulate. Shared memory is an on-chip memory region available per
SM which has block-scope and is relatively limited in size, albeit being significantly
faster than global memory when its access requirements are fulfilled. In addition, each
SM has a number of registers available for resident blocks. This number is typically
high (i.e., 65,535 from CC 5.0 to date) however these registers must be shared between
resident threads. Blocks requiring more registers per thread than their share may bar
other blocks from becoming resident on the SM (for SMs that support multi-block res-
idency) or result in spillage to local memory — a logical, thread-local, cached memory
backed by global memory.

Figure 2.5 depicts diagrammatically the relation between different memory types and
caches along with the interactions threads may have with each memory type. Mem-
ory types in bold (i.e., global memory, constants memory, local memory) are off-chip
whereas the rest are on-chip. L1 cache and shared memory occupy the same portion of
on-SM memory. The carve-out for the two is configurable by the host system before
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launching a kernel. L2 cache is a distinct on-chip region residing outside any of the
SMs and acting as a global cache.

Using warp-level primitives, it is possible for threads within the same warp to ef-
ficiently perform collective operations involving communication by sharing register
contents between them, without the need for intermediate stores to some randomly
accessible memory. Such collaborations can take the form of warp ballots (where
threads each cast a vote by evaluating a condition, with the results visible to all) or
warp shuffling (where threads exchange data with one another in some pre-defined
pattern). These operations are synchronous, meaning threads within the warp that may
have diverged by that point, will have to re-converge before the operation takes place.
Warp synchronisation in that regard can be performed independently and comes with
no notable overhead, but in the case of divergent execution, may result in unnecessary
waiting. In a similar fashion, synchronisation barriers may be used on the block level*
as well, as typically required by collective memory transfers (e.g., global to shared).

Shared memory is divided across a number of banks. While requests by threads to
different banks are serviced simultaneously, access to the same bank by threads from
different warps may result in a bank conflict. When a bank conflict occurs, the re-
quests are serialised, reducing the overall throughput of shared memory. However,
read access by multiple threads within the same 32-bit word causes a single read op-
eration which is subsequently broadcast to all threads involved. Bank conflicts should
be avoided whenever possible as they may degrade performance.

As units, threads are ‘weak’ in terms of computational power, but power is leveraged
from the large number of concurrent threads at any given moment in a massively par-
allel environment such as this. Threads can compute independently of each-other”,
but should not be thought about as individual workers. Instead, the hierarchical par-
titioning of threads into blocks and warps must be taken into consideration. Threads
in a warp should execute the same instruction in lockstep ideally, which would mean
that certain computationally expensive operations such as memory input/output will
need to take place simultaneously by the threads. Whilst a warp of threads is stalled
(e.g., waiting for the latency of a memory operation to elapse), the warp schedulers
hide this latency by swapping the waiting warp out for one which is ready to compute.
Unlike CPUs where context switching is typically an expensive operation, in GPUs it
is performed cost-free.

Latencies may be caused for reasons other than memory operations, such as instruction
latency or pipe utilisation. Instructions take a certain number of clock cycles to execute

*In current architectures. Pre-Volta architectures did not support this but mimicked similar func-
tionality. See Section 5.9 for more discussion on this point.

"This applies to threads in different warps. Threads within the same warp cannot simultaneously
execute different instructions at present.
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all the while the respective threads await the results. Warp schedulers may elect to
switch to other threads that are ready to execute. Likewise, over-utilised SM pipes may
introduce additional latencies by disqualifying some warps from the next scheduling
cycle. Warp schedulers are hardware components with the job of scheduling warps
as efficiently as possible given the state of the SM partition they control®. The order
or heuristics involved in warp scheduling remain largely undocumented, thus there
should be no expectations on their behaviour for correct or efficient execution.

Besides hiding latency by warp switching, the cost of memory interactions, and partic-
ularly that of reading from global memory, can be reduced through carefully designed
access patterns [9]. Specifically, when a thread requests some data from global mem-
ory, amemory transaction’ will take place which will contain the requested data along-
side some adjacent data. When multiple threads from within the same warp perform
a memory read for adjacent data in global memory, these reads are combined into
a minimal set of memory transactions needed to fulfil them, essentially minimising
the associated read latency. Furthermore, since the Maxwell microarchitecture [89],
these transactions pass through and may be cached in L2 cache which is common
for all SMs. As expected, global memory transactions pass through and may be re-
solved by L1 and L2 before the expensive global memory interaction is performed.
It should be noted that data alignment must be considered with care as, besides re-
sulting in erroneous results when done improperly*, they can also result in unneces-
sary instructions and poor cache behaviour. Namely, access to any word of ‘standard’
size s € {1,2,4,8,16} at a naturally aligned memory address m® will be performed
using a single instruction.

Typically, communication between host and device happens through memory transfers
over a shared bus, specifically to the global memory of the GPU [7]. The speed of data
transfers on the bus paired with the overheads of such transfers mean that continuous
communication between host and device can act as a bottleneck. On multi-GPU sys-
tems the host can individually transfer data to each device as necessary, however, it
is possible for data to be transferred directly between devices. The latter may benefit
from superior transfer speeds if the devices are linked via a GPU-to-GPU bus such as
NVLink [93].

Implementation choices must be made cautiously in terms of communication. Com-
monly, GPUs are either used to assist/accelerate the computational effort of software
running on the host system (hybrid mode) [132], or themselves perform the compu-
tation with optional interventions by the host system (complete mode) [83], in which

*Currently, SMs are partitioned into four partitions.

"The transaction window size is predefined and architecture-dependent.

#The documentation [89] notes that incorrect data will be read if an 8 or 16 bit word is read from a
unaligned address.

$ A memory address m is aligned up to some size s when m mod s = 0.
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case the host’s task is to coordinate the start of the computation, and perhaps assist
in data sharing and workload balancing, whilst the actual solving of the given prob-
lem takes place in the GPUs. In a hybrid application, the cost of memory exchanges
between host and device, along with initial kernel costs, should be weighed against
the speedup the GPUs offer to the overall computation. In the case of complete ap-
plications such costs are usually irrelevant considering the overall solving effort, but
a bigger challenge that arises is that of mapping conventional algorithms to an im-
plementation suitable and optimised for the GPU environment. Consequently, new
techniques and adaptations to the algorithm(s) are likely necessary to achieve a good

mapping.

2.3.2 Barriers to Optimisation

The nature of GPUs is such, where minute computational savings for each thread can
result in great time savings overall, especially in frequently repeated operations across
all scheduled threads. Such optimisations can be achieved either through standard
language and tooling functionality, or by lower-level adjustments to manually take
optimisation opportunities compilation tooling missed.

Lower-level optimisations typically come in the form of assembly-level ‘tweaks’ em-
bedded in code written in a higher-level language such as C. The translation from the
high-level programming language to GPU machine instructions however is a complex
multi-step process that may hinder such efforts as it introduces tight coupling to spe-
cific hardware and tooling versions.

The conversion process starts when high-level C code is compiled into instructions of
the intermediate assembly-like Parallel Thread Execution (PTX) language®. The in-
struction set of PTX is restricted, but contains complex/high level instructions that do
not necessarily map to hardware instructions directly. The PTX Instruction Set Archi-
tecture (ISA) is hardware agnostic, meaning that the same PTX code can be translated
into machine code for a range of different hardware, regardless of their specifics, as
long as they are capable of performing the operations at hand. This is determined
through the Compute Capability (CC) of the device which is a version number, that
identifies the features supported by the device alongside some of its characteristics.
A device of a certain CC version, is capable of performing all operations of that CC,
along with operations of all previous CC versions. As is to be expected, PTX has no
knowledge of the register space available on each device, therefore, register variables
are used instead. These variables don’t reflect the final register usage which ultimately
depends on the machine instructions used and assembler configuration, which makes
it impossible to gauge register pressure at this stage.

*A brief summary of the main PTX instructions used through the rest of this work can be found in
Appendix A.1.
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The next stage in the conversion of high-level code to GPU machine instructions is
the translation of PTX to SASS*. SASS is another assembly-like language which, un-
like PTX, is tightly coupled to specific hardware. Hardware register allocation takes
place during the conversion from PTX to SASS, and optimisations are applied mean-
ing that the input PTX code will likely not map one-to-one to the output SASS code.
SASS code is designed to not be interfered with unlike PTX and NVIDIA does not
officially provide documentation for the ISA, nor disclose any instruction performance
data (i.e., instructions per clock cycle per SM or clock cycles per instruction) related to
it. Ultimately, analysis of SASS code is important when investigating performance im-
provements. As a result, performance information of SASS instructions for different
NVIDIA hardware has been found through micro-benchmarks and is documented in
literature alongside a wealth of other measured performance data [2, 143, 121, 77, 97,
62], which proves invaluable in optimisation tasks such as that presented in Chapter 4.

An essential component of achieving good theoretical occupancy' and thus standing a
chance at achieving peak resource utilisation, is the careful allocation of the ‘precious’
resources in an SM. Resources such as registers and shared memory are considered
‘precious’ as they are limited and reside on-chip, whilst having significantly lower
access costs than off-chip options discussed further in Section 2.3.1. While shared
memory usage is largely controlled by the programmer, register usage (often refereed
to as ‘pressure’) is dependent on the SASS instructions used, and the ability of the
toolkit to simplify the code and reuse registers. The actual number of resident threads
per SM depends on the resource requirements of these threads and what is available
in the SM. For instance, devices of CC 8.0 can have 2048 resident threads sharing the
65535 available registers (see Table 2.1), allowing each thread to use up to 32 registers.
Should the per-thread register requirements exceed 32 however, for example to 33, the
maximum number of resident threads reduces to 1985. This, paired with the fact thread
blocks cannot be divided across SMs, results in under utilisation of resources in each
SM, whilst thread blocks are left waiting to become resident.

The disconnect between PTX and SASS code presents a further complication for opti-
misation, as we are only able to control hardware-unspecific code. We then anticipate
that any changes made to that code, are well received by the transpiler (in its current
version) when producing the SASS code. There is however no guarantee that this tran-
spilation will persist in future versions of the tooling. Even after confirming that a
hand-crafted optimisation in PTX code has resulted in an appropriate change in SASS
code however, the mysticism surrounding this conversion from PTX to SASS and the
SASS ISA itself means the optimisation is not guaranteed to work as intended with

*The expansion of this acronym is speculated to be ‘Shader ASSembly’ however, to the best of our
knowledge this is ambiguous and not documented officially.

"Theoretical occupancy is the ratio of active warps over the maximum active warps supported by
an Streaming Multiprocessor (SM).
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Maxwell
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(2018)

Ampere
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Hopper
(2022)

50 52 53

6.0 6.1 6.2

70 7.2

7.5

8.0

8.6 8.7

8.9

9.0

Compute
Capability
(CO

Shared
Memory per
SM (KB)
Max Resident
Warps per
SM

Max Shared
Memory per
Block (KB)
Resident
Threads per
SM

32-bit
Register File
Size
Number of
INT32 ALUs
per SM

64 96 64 9% 64 96 64 164 100 164 128 228

64 32 64 48 64

48 9 48 64 163 99 163 99 227

2048 1024 2048 1536 2048

65536

128 64 128 64

Table 2.1: Device features for a range of Compute Capability versions.

future versions of the hardware other than what was targeted in the conversion, mak-
ing the tuning effort very tightly coupled to both hardware and toolkit versions. Of
course, one can expect hardware-specific optimisations to result in specific hardware
dependence, however the intermediate layers of abstraction further complicate these
efforts.

An additional obstacle in performance optimisations relates to the frequent, non-linear
fluctuations in hardware capabilities throughout the evolution of GPUs. Whilst on the
instruction level, successive CC versions are backward compatible (i.e., able to per-
form the same functionality) with one another, assumptions made during development
may be invalidated as a result of these fluctuations. Table 2.1 presents a variety of
device features for different CC versions. Devices of CC 7.0 (Volta microarchitecture)
for instance, feature 96KB of Shared Memory and support up to 2048 threads resident
per SM. The later CC version 8.0 (Turing microarchitecture) however features 64KB of
Shared Memory per SM and support up to 1024 threads resident per SM. This changes
once more for devices of CC 8.6 (Ampere microarchitecture) which feature 100KB of
Shared Memory per SM and support up to 1536 threads resident per SM. To achieve
near optimal performance, the code has to take into consideration the specific char-
acteristics of the architecture in question, which may impact the design choices made
in the process. The necessary coupling of implementation choices to the architecture
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introduces hand-tuning opportunities, but does so in a non-forward and non-backward
compatible manner as has been documented in literature [37].

Regardless of the difficulties however, workload optimisation is a lucrative task which
can have a significant effect on resource utilisation and by extension, runtime, as well
as financial implications especially in modern pay-as-you-use cloud computing envi-
ronments [63]. As observed in [37, 63] compilers and tooling alone produce efficient
machine code, but peak efficiency typically requires intervention through hand-tuning.
More specifically, the authors of [62] have conducted a thorough review of the hard-
ware specifics of the Turing microarchitecture, and in the presentation [63] of their
findings in the NVIDIA GTC2019 conference, state that code generated by NVCC,
NVIDIA’s CUDA compiler toolkit, achieves approximately 80% of the theoretical ef-
ficiency for compute-bound kernel. This efficiency, whilst undismissible, leaves plenty
of room for improvement through hand-tuning. Such efforts can happen at any stage of
the transformation from high-level code to machine instructions, but ultimately require
deep understanding of and a wealth of performance data for the targeted hardware to
achieve.

2.3.3 Issues of Compatibility and Reproducibility

Results in literature can act as a point of reference when establishing new techniques
to achieve the same or a similar effect. Such comparisons often provide insights into
the effectiveness of proposed techniques, their strengths and limitations, and can prove
invaluable in deciding future directions for a body of work.

In the field of GPGPU computing however, several considerations exist which may
sometimes prevent accurate conclusions from being drawn. Unlike the much more
forgiving and general-purpose environment of the CPU, the complexity of GPU hard-
ware means some choices have a significant effect to performance. For one, the tools
and hardware evolve continuously with major (sometimes breaking) changes between
successive versions (as briefly discussed in Section 2.3.2). The authors of [37] note
that optimal performance cannot be achieved purely through libraries and tooling pro-
vided (i.e., without hand-tuning optimisations) and demonstrate through their exper-
iments the lack of portability of performance assumptions (i.e., difficulty of gauging
performance and the effect of optimisations without deep understanding of the specific
hardware targeted) — a view we also echo through our work in Chapters 3 and 4. Our
work in [102] where we present two kernel implementations of the same algorithm,
serves as an attestation to the effects of meticulous optimisation on these platforms. In
our work, the key difference between the two kernels is the (enforced) use of registers
as means of storage in one, versus using on-chip shared memory on the other whilst
the principle of operation is mostly identical. A rather small change like this yields
a consistent improvement in measured results (in newer hardware), as explained in
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Chapter 4. Other work in the field highlights issues of reproducibility of results con-
cerning the use of GPGPUs, such as the authors of [21] who mention in their publica-
tion that in contrast to [141], they have identified important (for result integrity even)
limitations of CUDA’s dynamic parallelism through their work on the parallelisation
of backtracking search algorithms for GPGPUs. Such differences can be attributed to
the complex nature of this hardware, tooling, and the myriad of (sometimes undocu-
mented) considerations to be accounted for when using them.

Another important factor in result reproducibility is the level of detail given of the work
that lead to these results. Oftentimes space limitations imposed to works in literature,
lead to the omission of crucial detail, required to reproduce the results shown. We
ran into this difficulty when attempting to faithfully follow the steps of [83], and had
to make certain design choices in the process which lead to very different results,
as discussed in Chapter 3. The story is similar for [142] where the authors provide
thorough and in-depth walk through of their methods and results, but once again due
to the intricacies of the hardware and small but important details omitted, we are unable
to reproduce these results to test their accuracy and applicability on modern hardware.
This of course is not criticism of the authors of this work nor their intentions, but
merely a remark on difficulties in the field as a result of the hardware and tooling
complexity and to a lesser extent, publishing practices.

A knock-on effect of poor reproducibility of results and methods is the impact to fair
comparison between approaches. Establishing a baseline for the effectiveness of a
technique versus another is non-straight-forward even when the same metrics have
been gathered for both. The task becomes more arduous when concerned with gather-
ing runtime-dependent metrics (e.g., execution time, as is often the case [142, 108, 21,
30]) where the list of factors potentially affecting them grows.

Factors such as the library and compiler version, compile flags, communication bus ca-
pabilities, CPU and GPU models, memory, clock speeds, and many more can impact
runtime-dependent results and must be considered. Furthermore, environmental fac-
tors become an issue considering the (commonly implemented) ‘throttling’ of CPUs
and GPUs when approaching thermal limits, for which ambient temperature and venti-
lation must be considered. The pitfalls of runtime comparison (and other such metrics)
are discussed further in [70]. Strangely, fair comparison of results is not always con-
sidered in the literature. For instance, in [45] the authors propose a search algorithm
for the N-Queens problem (discussed in detail in Section 2.1.2). In their comparison,
the authors argue their approach is definitively better than other work in literature and
compare runtime results, without acknowledging the major differences in systems used
to obtain those results, nor conditions of the experiment, nor providing tests on differ-
ent systems to show a consistent improvement and in places even neglect to convert
time results to the correct time unit.

32



2.3. Computation on Graphics Processors

In this work, when runtime results are gathered and comparison with other literature
is made, it is intended as a reference for the reader. We have, to the best of our ability,
tried to control the effects of external factors and provide as fair and accurate com-
parison as possible. The specifics of such comparisons are described in the relevant
sections. The devices used to gather results for this work are also discussed in the

relevant sections and have been briefly summarised in Table 2.2 for convenience.

GTX 1080ti | RTX 2080ti | RTX 3090ti | Tesla A100 | RTX 4090 Tesla H100
CUDA core count 3584 4352 10752 6912 16384 16896
L2 Cache (KB) 2816 5632 6144 40960 73728 51200
Shared memory (KB) 128 192 128 256
Shared memory / block 48 64 99 163 99 227
(KB)
SM count 28 68 84 108 128 114
Microarchitecture Pascal Turing Ampere Ampere | Ada Lovelace Hopper
Compute Capability 6.1 7.5 8.6 8 8.9 9
Global memory (GB) 11 12 24 40 24 80
Base clock (MHz) 1480 1350 1560 765 2235 1095

Table 2.2: Summary of devices used in this work, alongside their respective character-
istics.

2.3.4 Adaptation of Algorithms for Implementation on GPGPUs

With relatively new technology such as the GPU, the question is raised, how can exist-
ing algorithms be mapped to make use of its resources? On the surface, it is no more
complex to provide an implementation of an existing algorithm on the GPU than it
is on the CPU. Complexity however increases significantly when we want the imple-
mentation to be performant and to make use of the special characteristics of the GPU
coprocessor. This is to say that before a performant implementation can be identified,
the algorithm should be moulded around some requirements and have any necessary
adjustments made. We cover this point in detail later on in our work, under Sections 5.2
and 5.3.

Adapting existing algorithms to map to the GPU can be broken down into two sub-
tasks; preparing the algorithm for a massively parallel environment and preparing it to
conform to the special requirements of the GPU. In some cases, the former is relatively
easy as the algorithm lends itself to massive parallelisation, as the authors of [10,
64, 108] have found in their respective work. This is not the case however for all
algorithms [39] and especially those with large sequential components or common data
dependencies requiring data synchronisation, such as the CDCL procedure for SAT
solving [140]. Algorithmic adjustments to conform to the GPU’s specialities may be
somewhat more tedious to accommodate. In their work, the authors of [83] decompose
a sequential 3-SAT algorithm into a sequential pipeline of parallel components, apt to
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the requirements of the GPU, in an effort to overcome parallelisation difficulties. We
approach this algorithm from a different angle in our work as detailed in Section 3.2
and discuss these difficulties in further detail. The authors in [22] also take a similar
approach to parallelise the quicksort procedure where once again, a sequence of steps
in the form of kernels are used, enforcing global waiting between each.

Steps taken to amend existing algorithms in preparation for a GPU implementation
may on occasion not be enough to achieve good performance which is typically the
objective. In the field of SAT where current algorithms are heavy on logic operations
one would expect GPUs to be prevalent, especially factoring in their high capacity
for such operations versus state of the art CPUs, yet we are not aware of any widely
adopted GPU-based solver for any variant of the problem, despite the wide spread
availability and affordability of these devices. This is attributed by the authors of [13]
to the need for fundamentally different algorithms to those constructed with the CPU’s
model in mind. This is a view our later work in Chapter 3 comes to support. In these
cases inspiration can be drawn by established algorithms to produce alternatives that
are better suited for the GPU, but as discussed in Section 5.3, in doing so one may
need to make some perhaps unconventional algorithmic choices.
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Scalable GPU SAT Checking
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In this chapter we use present our work on the Boolean Satisfiability (SAT) problem.
SAT has historically been a ‘hard’ problem that is commonly solved using backtrack-
ing algorithms [140]. From the perspective of GPU exploration, SAT is an example
of a memory-bound workload that requires careful planning to achieve sensible data
locality.

Our exploration of the problem takes us through two alternative approaches; one as-
sessing the feasibility of a complete in-GPU SAT solver using a bespoke backtracking
algorithm, and one where the GPU is designed to act as a small sub-problem solver un-
der the coordination of the host system. The latter approach is designed to be loosely
coupled and therefore openly scalable. The GPU-side code is created so it makes best
use of available resources whilst mitigating the effects of heavy dependency on global
memory where possible. Emphasis is placed on optimising the implementation, mainly
relating to memory management and manipulation.

We conclude the chapter with an evaluation of the applicability of GPUs in their
present state to SAT as well as some ongoing and future work we wish to undertake.
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3.1 Approaches to SAT Solving

The significance of the Boolean Satisfiability (SAT) problem has lead to the develop-
ment of numerous solvers for each variant of the problem, and the establishment of
SAT competitions [27] during which, solvers are being benchmarked against one an-
other to find the fastest among a range of inputs. Following hardware evolution trends,
focus has nowadays shifted to parallel and distributed solvers, of which numerous suc-
cessful examples exist [79, 104, 109, 86, 41, 82, 49, 75].

Over the years, numerous powerful CPU-based solvers have been developed with no-
table examples including MiniSAT [34], ManySAT [49], and more. Common to state-
of-the-art solvers such as MiniSAT, is the use of some implementation of the Conflict
Driven Clause Learning (CDCL) procedure discussed in Section 2.1.1, which at its
core is an exhaustive search employing a number of powerful heuristics to guide the
search space exploration into one solution. In the context of the decision problem,
a solution is a proof that the formula can or cannot be satisfied, without necessarily
identifying the assignment under which this is the case. In this work we consider the
3-SAT problem specifically (i.e., formulae in 3-CNF), to which the CDCL procedure
can apply the same way it does to general formulae.

The restriction of SAT into 3-SAT presents opportunity for other algorithms besides
CDCL. Notably, the authors of [56] present an algorithm specific to 3-SAT, exploit-
ing the characteristics of the problem. Their divide and conquer algorithm performs
a depth-first search on a given formula, by exploring up to 3 literals per clause. Im-
portantly, at a certain cut-off point, a brute-force search for the remaining literals is
launched. The algorithm is summarised in Listing 3.1 in the function solveDnC which
is supplied with a formula ¢, an (initially empty) partial assignment u, and two con-
stants C,,C. which represent the depth and number of literals before the brute-force
search is started.

In Listing 3.1, the function isSat at Line 7 is used to check if the (partial) assign-
ment U satisfies ¢. The function selectShortestClause returns the clause with
the fewest unsatisfied literals, and the function satisfyLiteral returns a new as-
signment derived by assigning the corresponding variable of some literal / in u, such
that [ is satisfied. This lends itself to a heterogeneous implementation [100], with
CPU solvers being used before the cut-off and massively parallel GPU solvers being
used for brute-force exploration after this cut-off. The variable selection process in
this algorithm is rather naive and could be replaced by a more sophisticated heuristic.
Selecting the variable that satisfies the most clauses from the ones that are currently
unsatisfied would perhaps be a better option as it would have the highest overall im-
pact and may result in a certain subset of variables not being explored at all. Random
variable selection might also be appropriate for formulae in which variables generally
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1|fn solveDnC (¢ ,u,C,,C.):

2 if (lunsetVariables(u)l < C, V

3 unsatisfiedClauses (¢ ,u) < C.) then:
4 return brute_force_solve (¢, u);
5 endIf

6

7 if (isSAT(¢,u)) then:

8 return SAT

9 endIf

10

11 let ¢ «+ selectShortestClause (¢ ,u1);
12 foreach (1 € c¢):

13 let u' «satisfyLiteral (u,1);

14 if (solveDnC (¢ .,u',C,,C.) =SAT):
15 return SAT

16 endIf

17 endLoop

18 return UNSAT

19 |endFn

Listing 3.1: A divide and conquer algorithm for 3-SAT.

affect the same number of clauses (e.g., in randomly generated ones).

Powerful solving algorithms like CDCL supersede the aforementioned algorithm and
others which are brute-force in nature, in terms of algorithmic and practical perfor-
mance in the general case. Special cases and inputs of the problem that hinder the
performance of these powerful algorithms do exist [35, 71, 23]. For instance, the con-
flict clause learning schemes employed by CDCL can, for some inputs (e.g., pebbling
formulas), outnumber the clauses in the original input formula and deteriorate perfor-
mance [71].

For 3-SAT, which is the focus of this chapter, existing work has identified phenomena
that render some inputs harder to solve (and on occasion, substantially so) than others.
In their work, the authors of [23] established that the hardest instances often lie at the
“phase transition” point, where the probability of satisfiability changes sharply. This
transition is characterised by a high density of local minima which traps solvers in
exploring the many near-solutions. Moreover, in [85] the authors provide an analysis
of the behaviour of the DPLL method on 3-SAT (which extends to k-SAT) instances
and the impact the number of variables and clauses has to the number of backtracks
the solver makes when searching for a solution. They show that the hardest instances
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occur near a critical clause-to-variable ratio, approximately 4.25 for large formulas.
This is the “phase transition” region where the probability of satisfiability is close to
50%. The authors distinguish the behaviours exhibited between satisfiable and unsat-
isfiable instances at the transition point. They identify that satisfiable instances are
difficult since satisfying assignments are sparse in that situation, whereas unsatisfi-
able instances require extensive exploration to prove the impossibility of a satisfying
assignment.

Parallelisation of such algorithms is an ongoing challenge discussed further in Sec-
tion 3.1.1, however, often parallelisation efforts are made in the context of multicore
processors such as modern day CPUs. Multicore processor architectures are perhaps
more forgiving than their manycore counterparts since they typically feature a shared
memory space available to all parallel workers that enables effortless communication
between them. Manycore processors on the other hand, similar to distributed systems,
do not normally benefit from such luxuries and require careful algorithmic design. In
these processors, the scalability of an approach combined with loose coupling is core
to achieving good performance.

The drive for faster SAT solvers however has not deterred efforts to integrate many-
core coprocessors such as GPUs [30] and FPGAs [144] to form hybrid* or non-hybrid
(complete) solvers. Yet, to the best of our knowledge, no GPU- or FPGA-based solver
is widely adopted currently for generic SAT solving [13]. This appears to be the case
even in variants of the problem which are perhaps more inviting (for reasons we dis-
cuss in Section 3.1.1) for this type of hardware and type of computation expected,
such as #SAT [122]. Literature [13] identifies this ‘gap’ in GPU and FPGA adoption
in the field of SAT, and suggests that a change in the way the problem is approached
algorithmically is perhaps needed in these environments, a proposition often met with
resistance. Our work underpins this suggestion and suggests some reasons why this is
the case as well as possible mitigations and different algorithmic approaches for SAT,
N-Queens, and by extension, other combinatorial problems.

3.1.1 SAT Parallelisation Strategies

Parallel SAT solvers are generally divided into two categories; search space splitting
and portfolio solvers, which can broadly be visualised as seen in Figures 3.1 and 3.2
respectively.

*A hybrid solver in this instance is running on a main processor and delegating work to one or more
coprocessors during solving.
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Figure 3.1: Visualisation of a search Figure 3.2: Visualisation of a portfo-

space splitting approach, dividing sub-  Jis approach that uses four different, or
search spaces among instances of the same differently configured solvers over the
solver. same search space.

Portfolio solvers [49] operate by running several different searches, each based on a
different algorithm™ over the same input until one succeeds in satisfying or proving
the input unsatisfiable. Workers in a solver such as this are not restricted from inter-
acting with one another and sharing information, for example in the case of CDCL,
a common pool of learnt clauses may be used over differently configured searches.
Likewise the mixture of approaches permits searchers aiming to satisfy the formula to
run concurrently with those aiming to prove the formula unsatisfiable.

Search space splitting solvers [41], as the name suggests, operate by dividing the
search space into discrete sub-regions which are in turn explored by parallel searches,
typically performing the same algorithm. This strategy is perhaps more common [81]
in parallel SAT solving, and revolves around a ‘good’ partitioning of the search space
being made to balance workload among parallel searches.

In terms of GPU utilisation in search efforts, the more prominent approach for full
fledged GPU solvers is search-space splitting, with some examples available in litera-
ture [83, 30]. This is to be expected since, as discussed in Section 2.3.1, GPUs leverage
power from performing the same instruction simultaneously over many threads, in line
with their SIMT nature. This is not to say of course that a portfolio approach is in-
feasible on GPUs, as for instance blocks, resident on different SMs, can perform a
different task between one another without inherent performance penalty. However,
this is an idealistic situation where resources can be shared between the different par-
allel tasks efficiently, and block execution can to some degree be controlled. For rea-
sons discussed in Section 2.3.1, and from our experience described in Section 4.5.1, an
approach such as this will, in the current state of GPU computing, be plagued by obsta-
cles that likely outweigh any benefits. It is therefore to no surprise that such approach

*Or differently configured algorithm relative to the rest.
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has not yet been successfully implemented.

The authors of [83] present an intriguing approach for an exclusively GPU-based
search space splitting solver implementing the algorithm presented in Listing 3.1 of
Section 3.1. The parallelisation strategy employed is dynamic and begins with threads
in the device branching™ to generate partly explored search states as part of a pre-
processing step. Subsequent branching during search will inevitably result in more
formulae being generated during search. Due to the unbounded nature of such ‘loose’
branching, the authors employ a state exchange scheme between host and device to
‘offload’ surplus states to keep within the bounds of the, admittedly limited at the
time, global memory. Following the initial pre-processing kernel, their technique in-
volves a stepped kernel approach comprised of five kernels with each performing a
different function over the set of search states. Their approach is heavy on prefix scan
kernels and reorganisation of global memory before applying the “SAT kernel” which
in turn explodes the search states by exploring them further. Between runs of their
kernel pipeline the authors note that the swapping step takes place during which the
host ‘steals’ some search states from the device to leave room for new states to be
generated.

The results presented by the authors are encouraging, however, no comparison to a
respective CPU-side solver is given, and it is difficult to gauge bottlenecks in perfor-
mance and the accumulated cost of kernel launch/end and state transfer. We attempted
to replicate this approach with the intention of optimising it as described in Section 3.2,
however, due to the absence of detail from the publication we were unable to reproduce
these results. Nevertheless, we do believe stepped kernel pipelines can be efficiently
used in solving problems experiencing state explosion. Perhaps a limiting factor here
is the unbounded nature of state generation during search; in the event of significant
surplus state generation, resources on the host-side are likely to cause performance
degradation (more frequent data transfers) or at worse case, exceed host-side capacity,
something that is not addressed in this work. Likewise, host-device collaborations such
as this couple the two tightly, restricting the scalability of this approach significantly.

Implementing a complete GPU-based SAT solver presents several challenges that hin-
der their current feasibility. SAT algorithms such as CDCL typically require significant
amounts’ of high-throughput randomly accessible memory which on the GPU is cur-
rently only matched by global memory, that incurs significant access costs especially
when accessed in a non-coalesced manner. Furthermore complex control flow within
threads is likely to result in a high degree of warp divergence, as experienced by the
authors of [30] who also present ways of reducing it. Lastly, as previous work high-

*By making assumptions on the truth values of variables based on a given clause, in line with the
implemented algorithm.
TRelative to on-chip memory availability on the GPU.
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lights [142, 37, 63] and as our work demonstrates (see Section 4.3.6) the current state
of GPU development tooling still requires a great amount of hand-tuning optimisations
to achieve higher performance. In the case of such complex algorithms, assessing the
effectiveness of hand-tuning optimisations to the implementation will be arduous.

Existing search space splitting approaches do show promise and may lead to a compet-
itive solver in the future, however, to date they have been competitive only against non-
parallel CPU-based counterparts [13], in part due to the strict computational model that
is not suitable for these algorithms. Heterogeneous approaches on the other hand have
been proposed and to date, have lead to good results. Such approaches are polymor-
phous but fundamentally involve sharing work between CPU and coprocessor(s) such
as GPUs. In recent years, the authors of [99] have successfully employed a heteroge-
neous approach which employs a CDCL search on the CPU side, which interleaves for-
mula simplification during searching, and offloads it to the GPU. This work is of great
interest, as it demonstrates the potential of GPUs to the field, when used appropriately
and comes to complement other work in literature [125] demonstrating performance
gains resulting from coprocessor utilisation in heterogeneous approaches.

3.2 Full In-GPU SAT Solving

Our initial experimentation begun with an attempt to implement a fully GPU-based
3-SAT solver following the steps of existing literature, in an effort to explore opti-
misations on this workload. The work in [83] appeared an ideal candidate as it was
presented a number of years ago, during what time the state of GPU technology has
evolved significantly. In particular we wanted to investigate each of the following:

¢ The effect of modern L1 and L2 caches.

* How to best leverage (implicit or explicit) caching for each kernel through data
control.

* Hand-tuning opportunities arising in the process.

Furthermore, we speculate some kernels in the pipeline can be grouped with no per-
formance penalty to eliminate kernel launch overheads. Lastly, the authors rely on
assumptions on the behaviour of warp schedulers for their work balancing which, al-
though perhaps well informed at the time, is not officially documented and hence leads
to an interesting question of how such assumptions hold in today’s hardware. Due to
the lack of detail at hand however and the inherent intricacy of GPU kernels in which
subtle changes can have profound effect, we were unable to replicate the authors ap-
proach.
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We therefore employed a different implementation of the algorithm presented in List-
ing 3.1 comprising of a single kernel. In the same manner as our later work (Sec-
tion 4.3.1), a number of initial search states is generated on the host-side by exploring
the search tree up to a certain cutoff depth, resulting in enough states to occupy each
thread.

Each state is represented in practice as a fixed-size bit vector comprised of B =
2 x |vars(¢)| bits, composed as an array of &%W 32-bit unsigned integers. Each as-

signment is therefore broken down into two bits used to encode the following three
values: 00 — UNSET, 01 — TRUE, 10 — FALSE. The integer representation for each
of the values was chosen specifically to aid performance and critically reduce the num-
ber of operations required when checking if the assignment satisfies a given literal, as
explained later in Section 3.3.4.

The formula itself is represented as an array of structures (clauses) each comprised of
three 32-bit integers (one for each literal). The formula can vary in size greatly and
therefore resides in global memory throughout computation. We saw little benefit in
a more dense representation as the next sensible choice would be a single 32-bit word
per clause, partitioned into three 10-bit sections. This would not restrict formulae very
much as there can still be up to 512 variables when each 10-bit section is treated as
a signed integer, however, more bitwise instructions would be needed to unpack the
literals and determine their polarity. The emergence of new technologies with vastly
different capabilities however, paves the path to revisit this decision in the future, as
we intend to do, and we discuss this in Section 3.5.1.

3.2.1 Implementation Specifics

Since recursion is not easily possible on the GPU"*, we implement this algorithm itera-
tively and preserve a fixed-size array of ‘frames’ (similar to recursive stack frames) in
shared memory to facilitate backtracking. Each frame holds two pieces of information
encoded as a 32-bit vector: the clause that was branched upon and the literal satis-
fied. The vector is partitioned into 30+2 bits with the 2 most significant representing
an unsigned integer identifying the literal within the chosen clause that was satisfied,
and the remaining representing an unsigned integer corresponding to the chosen clause
from the formula. The number of frames in this array is L = |vars(¢)| — C, where C, is
the number of unassigned variables before a brute force search is initiated. To contex-
tualise, on a device with 64KiB of shared memoryT, each thread within a block may

*Recursion is possible to a small depth. Dynamic parallelism may be used to emulate it, however
results on this approach have not been promising [108].

"This example is based on devices of Compute Capability 7.5. Devices with CC > 2.0 and < 6.2
permit only 48KiB of the available 64KiB to be used by a single block.
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65536
maximally hold a stack of 1%2% = 16 frames. Space diminishes however with the

assignment of each thread which must also reside in shared memory, the size of which
depends on the number of variables in the formula as previously described.

The brute force operation would normally require an assignment buffer separate to
the existing thread’s assignment to not interfere with the state if unsuccessful. In the
interest of space conservation however, this operation re-uses the existing buffer in a
fully reversible manner. The operation does not require the additional bit used per
literal as no distinction is made between unset variables and true/false assignments.
As such, the brute force operation treats unset (00) variables as ‘false’, and utilises the
remaining unused bit pair value (11) as ‘true’ in its own context. If the brute force
operation satisfies the formula, it updates the assignment mapping 00 — 10 and 11 —
01 before exiting such that the assignment is completed and remains well-formed.
Otherwise, it reverts 11 — 00 effectively returning the assignment back to its previous
state (that is, before the brute force search).

Following the brute force operation a check is made using the current assignment
against the formula, to establish if this thread has found a satisfying assignment. If
that is the case a global flag is set atomically (bypassing on-chip cache) to terminate
the search. Each thread reads this flag before each advancement of its search state and
will exit without taking any action if the flag is set.

The branching clause and literal selection heuristic employed by each thread first finds
the shortest clause (i.e., clause with fewest branching candidate literals) and subse-
quently identifies the first (in order) unset literal. Branching occurs by satisfying this
literal (i.e., assigning the corresponding variable in the thread-local assignment). This
variable selection mechanism is not chosen for its efficacy in reducing the search space,
but for their computationally ‘cheap’ nature in a massively parallel environment. A
random choice would also be relatively cheap to implement, but would result in non-
deterministic behaviour which is undesirable. The computation of each thread is bro-
ken down into the following steps, between which warp synchronisation barriers are
interleaved:

Step 1 Check global stop flag. If set, exit.
Step 2 Check brute force conditions and brute force search if necessary.

Step 3 Check satisfiability using current assignment. If UNSAT continue to the next
step, otherwise set global stop flag and exit.

Step 4 Backtrack if necessary, select branching clause and literal.
Step 5 Construct frame, write frame to shared memory stack, satisfy chosen literal.

Step 6 Update shared memory assignment.
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Here, Step 1 performs a global read of a 32-bit ‘flag’ determining if the rest of the
steps will be followed or not. This operation is set to bypass cache, however, since all
threads within the warp request the same address simultaneously only one ‘expensive’
global memory transaction is issued and the result broadcast to all threads. Following
this, Step 2 takes place and naively enumerates truth assignments for each unset vari-
able. This operation is data-dependent and therefore likely to be divergent between
threads in the same warp, with worse divergence for larger values of C,. In Step 3 our
approach checks the current assignment against the formula in the manner described
later in Section 3.3. Following this check the threads branch onto the next state in
Step 4 backtracking® to an appropriate state if required to do so. If a thread clears its
frame stack, it exits. For threads that successfully select a new literal to branch on
they construct and store a stack frame in Step 5, as described earlier and update their
assignment accordingly in Step 6.

3.2.2 Computation Bottlenecks

The steps of our implementation outlined in Section 3.2.1 have been chosen to max-
imise computation happening in lock-step across warps, however certain steps such as
brute force searching inevitably lead to divergence, with re-convergence taking place
at the next warp-level barrier. This approach benefits from reduced latencies compared
to the work in [83] since there is a single continuously running kernel as opposed to
a pipeline which starts and stops. Divergence is also controlled to maximise lockstep
computation where possible. A drawback of this approach is that it suffers from signif-
icant memory constriction leading to low SM occupancy as a result of global memory
operations together with reduced block sizes. In our initial experiments, this kernel
was outperformed by a single threaded CPU implementation of the same algorithm,
using a similar structure, as half-blocks (512 threads) occupied all shared memory
per SM despite our hardware at the time' permitting up to 2048 threads and up to 32
blocks (whichever is lower) per SM. We attribute this to an amalgamation of factors
with varying severity including: poor warp workload balancing leading to tail effects,
global operations, and on-chip resource exhaustion.

The heavy reliance of this type of solver design on shared memory resources makes it
an unlikely candidate for devices of most CCs to date, however, more recent hardware
presents substantial increases on this resource. For instance, devices of CC 9.0, allow
for 227KiB of shared memory to be used by threads of a single thread block, and may
have up to 1024 threads resident per SM (one full block). Devices of this CC such
as the NVIDIA H100 are intended for data centre use, however it is our estimation

*Backtracking simply sets the branching variables back to ‘unset’ (00) and moves the stack pointer
back.
TOne GTX 1080ti GPU which implements the Pascal microarchitecture.
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that through the fast paced evolution, in coming years, such hardware will become

commercially available. Revisiting our earlier calculation, on these devices each thread
232448

in a full block may use a, more realistic, stack of maximally 1024

= 56 frames.

At the time of writing, we are awaiting early access to an NVIDIA H100 node on
Swansea University’s Accelerate Al cluster [12]. Therefore we have set this design and
associated experiments aside for the time being but wish to explore it further once this
hardware becomes available to us, as detailed in Section 3.5. Present restrictions in
hardware capabilities severely limit this approach baring it from handling meaningful
inputs. We therefore chose to investigate a hybrid approach which utilises GPUs to
support CPU-side searches as detailed in Section 3.3.

3.3 GPU SAT Checking for Assisted SAT Solving

Following on from our investigation of complete GPU-side SAT solving, we shifted
focus to an alternative hybrid approach aiming to use GPUs to support search per-
formed on the CPU side. Heterogeneous approaches for SAT are more prevalent in
the literature with recent work [99] presenting good results. In [138], the authors used
MiniSAT [34] with unsatisfiable instances of up to 110 literals, and observed that 45%
of the CPU’s time was spent in deciding or deducing the last 20 variables. Based on
this observation the authors propose an FPGA based hardware brute-force solver to
quickly explore problems with a restricted number of variables. At present, FPGAs
are not widely available in existing systems due to their programming intricacies and
limited scope which perhaps limits the scale of their applicability. In contrast, generi-
cally programmable GPUs are widely available and evolve continuously [95, 91, 96].
We hypothesised that similar search can take place on GPUs, with good results, in
a fully scalable manner. This led to the development of a GPU-based low-tree SAT
checker, designed to work in collaboration with a CPU-side search. Our focus is the
GPU component of this solver, detailed under this section.

3.3.1 GPU Component Design

Our approach is loosely coupled, designed to scale across any number of GPUs with
each device involved holding a copy of the formula in question in its memory through-
out the search effort. Devices await partial assignments from the host system with the
intention of completing them with a quick naive search towards a potentially satisfying
assignment. The device-side computation is launched once the partial assignment in
need of completion is transferred to the respective device’s memory. Following this,
a single-shot kernel is launched with 7" many threads (the geometry of the grid and
blocks is unimportant in this instance).
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We employ a single-shot kernel in which each thread is given an equal amount of
assignments to enumerate. Specifically, on the thread level, for an assignment with V
many unset variables, each thread (of 7’ many) is tasked with checking K = % of them.
Work distribution takes place at no cost, as each thread is assigned a unique sequential
index starting at 0, which is in turn used as an encoding of the assignments that should
be checked by the thread in question in a manner explained in Section 3.3.3. All
threads have access to a /imit representing the number of partial assignments they each
should enumerate and check, as well as the partial assignment (1, which is the partial
assignment generated before the device-side brute-force search is started. In addition, a
thread has knowledge of the total number 7" of threads working on the current problem.
A thread’s objective, is to find a partial assignment (; such that u, U 1; is a complete
satisfying assignment.

Upon block start, threads within the block each transfer part of the input partial as-
signment [1,,, into shared memory. The representation of L, is dense and can easily be
accommodated into shared memory. More specifically, each variable assignment in 1,
is represented as a pair of bits as described in Section 3.3.4, and the collective of these
bit pairs are stored as an array of 32-bit bit vectors. Each vector can therefore hold 16
variable assignments in the space of 4 bytes. Taking for example the Pascal microar-
chitecture where 64KiB of shared memory are available per SM* and two blocks may
reside on the same SM at once, assuming an even partitioning between the blocks, up
to %468 x 16 = 131072 variable assignments can be stored per block. Although L, is
not modified by any thread under any circumstances, each block still needs a separate
copy in its own shared memory as, unfortunately, it is not currently possible for blocks
to share this space.

Within the block, the first W many (where W x 4 is the number of variable assignments
in U,) threads each copy one 32-bit word of ,, into shared memory, accessing global
memory in a sequential pattern. A block-level barrier is placed subsequently, before
the threads each construct their own assignment. The assignment ; of each thread
is a 64-bit bit vector as explained in Section 3.3.3. Each thread initialises its local
assignment by computing (7' x D) + I where T is the number of threads participating
in the effort, D is the identifier of the device in the host system‘h and ! is the thread’s
unique identifier within the grid.

Threads then begin a cycle of checking and local assignment advancement, performed
in lockstep. To check an assignment, threads each explore the input formula clause-by-
clause, deciding if any of the literals within the clause have been satisfied, in the man-

*The 64KiB are by default partitioned into to 48KiB and 16KiB to be used as shared memory and
L1 cache respectively although this can be changed. Each thread block is restricted to using up to
48KiB.

T A sequential identifier beginning from zero which uniquely identifies the device in the host system.
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ner presented in Section 3.3.4. Unavoidably, this operation leads to warp divergence as
threads that reach a contradiction (i.e., unsatisfied clause) stop checking, whilst their
peers continue. We therefore have placed a warp-level barrier following this check to
regroup threads before moving to the next operation (i.e., local assignment advance-
ment). Advancing the local assignment is a trivial process due to its representation.
Specifically, the 64-bit bit vector used by each thread is arithmetically incremented by
T which results in a new assignment for each thread, and guarantees no two threads
can have the same assignment”.

Execution of threads in lockstep during the checking process is important considering
the memory access pattern they exhibit. All threads within a warp will attempt to ac-
cess the same 12 bytes (i.e., clause) at once. For devices with CC > 6.0, global memory
access requests by the threads are grouped in as many 256-bit memory transactions as
necessary to service them all. In this instance a clause fits within a single transaction
which is subsequently broadcast to all threads within the warp. For these devices, the
256-bit transaction passes through L1 cache’ before reaching the threads. The added
benefit in this instance is that two clauses fit in the transaction window hence theoret-
ically every second clause checked would result in a cache hit and require no global
memory transaction.

3.3.2 Scaling over Multiple GPUs

A significant benefit of this approach is trivial scalability across multi-GPU systems. A
host system with multiple devices attached can initialise each of the devices by trans-
ferring a copy of the input formula to each, which remains in the global memory of
each device until explicitly removed by the host. Subsequently, the host can choose
to either distribute partial assignments as they come each on a device in round-robin
fashion, or spread the work of checking a single assignment across devices. The for-
mer benefits from reduced workload on the host-side, as results need no collation, yet
the latter may provide finer control over work balancing as far more threads will be
working on the problem at hand with less workload on each.

Scaling in either case is linear as our results show in Section 3.3.6. Performance from
each device may vary however, especially since our approach can be used on host
systems with different GPU models and CCs. Our implementation can in principle be
used on devices of CC > 2.0 yet we have confirmed the effect of our optimisations
detailed in Section 3.3.4 for all CCs € [5.0,8.9]. We note that our implementation

*At the tail end of the computation, some threads will exit earlier than others, as their new local
assignment contains more variable assignments than there are unset in the formula. This does not lead
to significant divergence.

L1 cache resides in on the same on-chip memory medium as shared memory.
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was designed to target CC 6.2, with some margin for improvement stemming from the
release of later CCs, as detailed in Section 4.5.

On distributed systems, this kernel may still be used and will scale linearly, however
special consideration has to be taken on the work partitioning and distribution scheme.
Whilst a central node can in principle use some message passing scheme (e.g., Mes-
sage Passing Interface (MPI) [26] or simply distributed Non-Uniform Memory Access
(NUMA)) to delegate work to other secondary GPU-equipped nodes, the costs associ-
ated with the coordination and management of devices is likely to nullify performance
gains in that situation. We envisage that in a distributed environment a portfolio ap-
proach (see Section 3.1.1) will be chosen instead, where each of a number of nodes
acts as a self-contained unit with a differently tuned search algorithm to the rest and,
along with its GPUs, ‘competes’ to solve the problem. The specifics of this implemen-
tation do however depend strongly on the setup of the distributed systems concerned,
yet fundamentally a plethora of approaches are enabled due the checker’s agnostic (in
terms of the overall computation) nature which is leveraged to achieve open scalability.

3.3.3 Thread-Level Integer Encoding of Partial Assignments

Each thread uses a local* partial assignment p; specific to itself and has access to the
input partial assignment used at present, [L,. L, is constant (i.e., not changing during
in-GPU search), and y; is a completing assignment (i.e., an assignment to all unset
variables in [1,).

We use a 64-bit bit vector per thread to represent the thread’s partial assignment ;.
Each unset variable in the input partial assignment corresponds to a bit in this vector.
The bit corresponding to a variable v is the vt bit, which allows for the truth value of
the variable to be extracted using simple bitwise operations. This approach does how-
ever require unset variables in the input partial assignment to be ordered sequentially
starting at 17. To enforce this, we have introduced a variable renaming pre-processing
step to rename the literals in the formula appropriately. We use the function presented
in Listing 3.2 that takes a parameter formula ¢ and a partial assignment ¢ and renames
variables in ¢ and u in accordance with the kernel’s expectations.

More specifically, c is the set of unset variables in ( and the counter i holds the variable
last renamed. At first, i = 0 since no renaming has taken place, and upon the first
iteration of the loop (Lines 5—-10), the first unset variable will be renamed to 1 using the
function swapAndUpdate. This function ‘swaps’ the variables v and i in the formula

*Local scope to the thread, not in local memory.

"Here 1 is chosen as the natural choice (0) cannot be negative (i.e., —0 is the same as 0), hence
a literal comprised of the negation of this variable would not be possible to represent. This offset is
compensated for at no penalty.
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and partial assignment, Lines 8 and 9 respectively. Upon renaming a variable, v has to
be updated to the new set of unset variables and the process repeats until there are no
unset variables left to rename.

I |fn renameUnset(¢, u):

2 let i+~ O;

3 RENAME:

4 let ¢ « unsetVariables(¢, u);

5 foreach (v € c¢):

6 if (v > 1):

7 i+ 1+ 1;

8 ¢ <—swapAndUpdate(¢, v, 1);
9 u <—swapAndUpdate(u, v, i);
10 goto RENAME;

11 endIf

12 endLoop

13 [endFn

Listing 3.2: Variable reordering algorithm.

3.3.4 Optimising Formula Satisfaction Testing

Once a thread has computed its current assignment, it checks if the combination of the
input partial assignment and the local partial assignment satisfies the formula. To do
this, it has to iterate over the clauses of the formula, and for each identify if any of the
three literals are satisfied.

Since in our solver the input partial assignment {1, and the local partial assignment L,
reside in different memory, checking if a given literal is satisfied requires a decision to
be made over which of the two partial assignments holds the truth value for the literal.

Listing 3.3 outlines the process of checking if the literal L is satisfied under the current
assignment. An implementation of this check would require nested branches which
in turn present threads with multiple opportunities for divergent execution. Flattening
such branches is possible by constructing an expression (typically comprised of bit
arithmetic and manipulation) that yields the same result without conditional execution.
For instance, considering Lines 6-9 in Listing 3.3, the corresponding check can be
collapsed to the following bitwise expression:

(L>3) v &l

When this check is reached, v is set to either TRUE (i.e., 01) or FALSE (i.e., 10) as
dictated by either u; or u, (Lines 2-4). The expression (L >> 31) operates on the
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fn isLiteralSatisfied (L, p;, Uy):
let v« getValueOfVariable(u,, L);
if (v = UNSET):
v < getValueOfVariable(w;, L);
endIf
if (isNegated(L)):
return — v;
else:
return v;
endIf
endFn

— O 000 IO N R W

Listing 3.3: Description of the satisfiability check performed on the thread level.

literal L in 32-bit signed integer form*, and performs a sign-extending right shift that
copies the sign bit across all 32 bits, in effect setting the least significant bit to the
value of the sign bit. Subsequently, an XOR operation is performed between this value
and the value of v, from the result of which the bit of interest (i.e., the least significant
bit) is extracted by performing an AND operation with 1. This process calculates the
value ¢ based on whether L is negated, and whether v is TRUE or FALSE. For example,
when L is negated and v is TRUE, the left operand would be 1 and the right operand
would also be 1, which would result in 0 indicating that the literal L is not satisfied
under either ; or L.

The process of retrieving assignment values for a variable depends on whether the
value is stored within p; or i, however, and crafting the check to account for this whilst
eliminating branches is more intricate. To retrieve from i, the correct 32-bit word has
to be identified and the relevant 2 bits of this have to be extracted from it which in itself
is a trivial process, discussed in Appendix B.2. Retrieving an assignment from L; is
an even simpler operation, that is, a matter of extracting the relevant bit from the bit
vector.

The discrepancy in representation, a necessary evil, complicates matters in terms of
assignment checking. A possible incarnation of the complete implementation of List-
ing 3.3 may be that shown in Listing 3.4. In this listing, 1 holds the truth value of the
given literal under the input partial assignment (2). If there is no assignment for the
literal, the assignment is extracted from the local partial assignment (alt_bw_assgn).

*We note that bitwise right shift on negative integers is implementation-defined behaviour. Despite,
to the best of our knowledge, there being no official documentation of this behaviour in CUDA, our
tests indicate this is a sign-extending right shift operation. Care must be taken however when applying
this procedure to other platforms.
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Modern compilers and especially those targeting processors with no support for spec-
ulative execution such as GPUs* are advanced enough to anatomise such branches and
produce equisatisfiable branchless predicates comprised of bitwise operations. Com-
piler heuristics may deem the cost of such change outweighs gains and preserve the
branchful approach, or may be unable to determine an equisatisfiable predicate in cases
of complex logic.

__device__ int complete_branchful_check(const uint32_t* const a,
< const int32_t 1lit, const uint64_t alt_bw_assgn) {
const int 1 = get_lit(a, 1lit);
if (1 == LIT_UNSET) {
int agn = (alt_bw_assgn >> FAST_32_BIT_ABS(1l)) & 1;
return 1lit < 0 ? agn == 0 : agn == 1;
} else {
return 1lit < 0 ? 1 == LIT_FALSE : 1 == LIT_TRUE;
X

3

Listing 3.4: Naive branching implementation of device-side literal satisfaction checks
under either 1, or L.

We observed that the aforementioned device function resulted in branchful PTX (and
by extension, SASS) code and concluded this is in all likelihood the result of complex
branching conditions rather than a cost-benefit analysis. This is further reinforced by
compiling the same function specifically for pre-Volta architectures. In those archi-
tectures it could be argued that warp divergence is even costlier due to the absence of
per-thread program counters. Contrasting the results with compilations for Volta or
later architectures, we observed the branchful code was preserved in all cases. Under
certain ‘unsafe’ assumptions, the complexity of a lengthy (perhaps unfavourable) flat-
tened branch can be reduced as explained later. We therefore manually optimised the
branches out and produced the equivalent function shown in Listing 3.5.

Compiling this altered function for both pre- and post-Volta we observe no branching
instructions in the generated PTX (nor SASS) code. The design of this function is such
that no branching instructions are required, however, this is product of both sides of
each branch evaluating at all times. From the perspective of performance, the added
compute workload is not a concern here as the kernel it belongs to is heavy on memory
interaction (i.e., memory-bound) and the additional compute load serves to hide mem-
ory latencies behind meaningful computation. However, a side-effect does exist in this
instance, as words from p, will be read even if the assignment to this literal exists in

*At present NVIDIA GPUs offer no speculative execution pipelines. The nearest feature available
to the programmer is the compiler intrinsic __builtin_expect () that hints to the compiler which way
a branch is more likely to go, but concerns only the generation of code and not its execution.
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< const m_partial, const int32_t 1lit, const uint64_t
< m_local) {
const int 1 = get_lit(m_partial, 1lit);
return ((1 == LIT_UNSET)
& (((1lit < 0) & ("((m_local >> (abs(lit) - 1)) & 1)))
| ((lit > 0) & (((m_local >> (abs(lit) - 1)) & 1)))))
| ((1 '= LIT_UNSET)
& ((1 >> 1) =~ (1 & 1))
& ((1L & 1) =~ (lit < 0)));

__device int is_lit_satisfied_complete(const assignment_tx*

}

Listing 3.5: Complete branch-free check determining satisfaction for a given literal
under either the tread-local partial assignment (; or input partial assigniment L,
incorportating Listing B.6 from Appendix B.2.

the, much faster to query, y;. This is likely a worthy compromise to make given the
impact of warp divergence.

The branchless expression is rather lengthy, but can be divided into two halves split
either side of the OR operator on Line 6. The left-hand expression is asserting that an
assignment for 1it in U, is not set ((1 == LIT_UNSET)) and one of the below holds:

* lit 1s negated ((1it < 0)), and its assignment in t; is false (~((m_local >>
(abs(lit)- 1))& 1)) or

e lit is not negated ((1it > 0)), and its assignment in L; is true (((m_local >>
(1it - 1))& ).

Extracting the truth assignment of 1it from the thread-local assignment m_local is a
trivial right-shift operation by abs (1it)-1 many positions followed by an AND with 1
to isolate the least significant bit of the resulting bit word. When guarded by a branch-
ing statement asserting that 1 is indeed LIT_UNSET, and a subsequent branch asserting
1it i1s indeed negative, an expression such as the aforementioned is safe. In this case
however, all operations will be performed even if the necessary assumptions do not
hold, which results in undefined behaviour. Specifically, m_local >> (abs(1it)- 1))
will result in a right-shift beyond the bit length of the type in question (64-bit in this
case, if 1it < -64 or 1it > 64). Whilst the behaviour of the compiler is not defined,
in our tests across different versions of NVCC using the PTX assembler optimisation
levels 03, 02, and 00, we observed a consistent and direct mapping of the bitwise ex-
pressions to respective integer bit manipulation instructions in PTX. These instructions
have well defined behaviour [90] for such situations; specifically shr and shl clamp the
shift to the bit size of their respective operand, in this case meaning shr.u64 will clamp

52




0 N AN N R W N =

=]

10

W N =

3.3. GPU SAT Checking for Assisted SAT Solving

the right shift to 64 positions. Perhaps a safer approach would be to manually encode
this check in inline assembly either in full or specifically for the parts leading to un-
defined behaviour, however we saw little benefit to this, as it would still be rendered a
routine demanding high-maintenance.

Achieving best performance can sometimes require such risks to be taken, yet the
overarching lesson in branch flattening is not that such code is inherently risky, rather
that gains can be made from it, with careful crafting and analysis of post-compilation
code. This does however hinder maintenance efforts in the future which must ensure
code remains safe. For instance, further analysing our function in Listing 3.5, we note
it can be made fully compliant with C/C++ standards by wrapping the right operand of
the right-shifts within the bit length of the type (i.e., (abs(1it)- 1) % 64). The modulo
operation in this instance does not* transpire to an expensive rem.s32 instruction in
PTX, rather multiple cheaper instructions as shown in Lines 3-7 of Listing 3.6".

abs.s32 %r2, hri;
add.s32 hr3, wr2, -1;
shr.s32 %rd, %hr3, 31;
shr.u32 %rb5, %r4, 26;
add.s32 %r6, hr3, %rb5;
and.b32 %hr7, hr6, -64;
sub.s32 %r8, %r3, %hrT;
shr .u64 %rd2, %rdil, %r8;
cvt.u32.u64 %r9, %rd2;
and .b32 %r10, %r9, 1;

Listing 3.6: PTX output for the operation (abs(1it)- 1) % 64.

The compiler output indicates that the operation (abs(1it)- 1) % 64 can be computed
with plain addition and bitwise operations in the manner shown in high-level C code
in Listing 3.7. Here, the operation a1>>31 assumes the definition of a right shift on a
signed type by the implementation is sign-extending. The variable a holds a mask of
either 0 or 6 set bits if a1 is positive or negative respectively. Subsequently, the variable
b holds the result of the operation obtained by adding the earlier created mask (a) to al
(in essence adding 64 to it if it is negative) and retaining the lower 6 bits of the result,
which are in turn subtracted from al.

int32_t al = abs(lit) -1;
int32_t a = ((uint32_t) (al>>31))>>26;
int32_t b = al-((al+a) & -64);

Listing 3.7: C code equivalent of the compilers output for (abs(1it)- 1) % 64.

“When compiled using the maximum level of PTX optimisations.
TA brief reference of PTX instructions and their intended functionality can be found in Ap-
pendix A.1.
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The computation in Listing 3.7 assumes (rightly) that a1 may be a negative integer
(i.e., when 1it is zero) hence the need for the computation of the mask a. In our
case however, it is safe to assume this will never be the case, in line with our for-
mula representation. With this in mind, the operation can be simplified simply to
(abs(lit)- 1) & 63. We used the intrinsic hint function __builtin_assume() to offer
this safe assumption to the compiler, alongside another more direct assumption that
abs(lit)> 0 anticipating the, substantially simpler, computation to take place instead.
Neither one nor both of these assumptions had any tangible effect to the generated PTX
code however, and we instead opted to manually introduce the bitwise AND operation
in the expression shown in Listing 3.5.

3.3.5 Heuristic Clause Reordering for Memory Pressure
Reduction

In a bid to enhance performance we implemented a sorting heuristic for the input for-
mula that prioritises clauses by their “checking cost”. The checking cost is determined
by the literals of the clause and their position in the input partial assignment. Con-
sidering the representation of the input partial assignment, we hypothesised it may be
the case that some clauses contain literals resident in different (non-adjacent) 32-bit
words, thus possibly requiring more memory fetches than others. For instance, Fig-
ure 3.3 presents the mapping of the literals of a formula to the corresponding “cells” in
the input partial assignment. The assignment for each variable is represented as a pair
of bits; with pairs grouped in sequences of 16 (2-bit) cells. Some clauses such as the
first (left-most) will contain literals that fall within the same 32-bit word in the input
partial assignments, and others, such as the second, will span across multiple 32-bit
words.

Whilst all clauses will potentially be checked under certain assignments, assignments
that lead to a contradiction can be identified whilst checking the, cheap to access,
clauses, in effect reducing memory pressure. To establish the cost of access we use the
number of 32-bit words that need to be fetched in order to check the clause. Subse-
quently, clauses are sorted in descending order based on the number of fetches needed.

Using this sorting we observed small gains in performance likely due to the cheap
access costs of shared memory of GPUs. Whilst such gains still ultimately contribute
to more performant checking, we believe this heuristic will be more effective in other
architectures or in future architectures with different memory performance and caching
schemes, where the input partial assignment may reside in memory types the like of
global memory.
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Figure 3.3: Mapping of literals to their corresponding assignments (as 16-block wide
arrays where each block is the assignment of a given literal) in the input partial assign-
ment.

3.3.6 Performance Evaluation and Results

To gather quantitative data on the performance of our approach, we used random un-
satisfiable 3-CNF instances generated by CNFgen [74] as benchmark inputs. Our data
set consists of problems with 200 and 400 clauses, each with 25, 30, 35 and 40 literals.
We chose unsatisfiable instances in order to measure performance by fully exploring
the search space for each of the problem inputs and gather data that highlights any
performance fluctuations. As the focus of our work is the GPU-side solver assistant
we did not perform initial solving on these instances on the host-side, rather we let the
input partial assignment be blank to ensure that the full 2" cases are explored for each
instance by the GPU.

We profiled our approach on a single NVIDIA RTX 2080Ti (Turing), two NVIDIA
RTX 1080ti* (Pascal) and a single NVIDIA RTX 4090 (Ada Lovelace). The GPUs
were housed in different host systems with the exception of the two RTX 1080ti de-
vices which reside under the same one. We took 10 measurements of execution time
(in milliseconds) per input on each system. Since all inputs are unsatisfiable and a
full search-space exploration was performed, the number of assignments tested can be
computed. Using this information, we derived the average Checks Per Second (CPS)
achieved for each instance by dividing the total number of assignments by the average
solving time for that instance in seconds. This performance allows for easier compari-
son between devices and later, a CPU implementation. Figure 3.4 presents the average
CPS for each benchmark suit.

The results obtained highlight the power potential of GPUs, achieving several billions
of assignment checks per second, even in a non-optimal implementation (discussed
further in Section 3.3.6.2) which our future work aims to address. CPS counts by
the GPUs in question are far from regular and vary sharply between instances, with

*Two sets of performance data were gathered using just one of the two devices, and both devices
simultaneously.
TRaw data is shown in Table B.1 of Appendix B.5.1.
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Figure 3.4: Achieved CPS per benchmarked instance per device.

notable example the input 35-400 for which both the 2080ti and 4090 fall below their
respective averages whilst the single 1080ti remains as performant and the two 1080ti
devices combined perform as well as the 2080ti. Analysis on these instances indicates
this is the result of work imbalance leading to a long tail in computation for 35-400.

Inputs 25-200 and 25-400 have consistently reduced CPS relative to the rest, which
is attributable to the relatively small number of assignment permutations (22° =
33,554,432). The small amount of work does not aid load balancing and latency hid-
ing, whilst the little time needed for the computation to complete magnifies any timing
inaccuracies and startup latencies which in an input this small, affect CPS significantly.

As is to be expected from a brute-force style algorithm such as the one used here, the
effects of phase transition and fixation on local minima described in Section 3.1 do not
affect the results shown here.

We note that the two 1080ti GPUs generally perform approximately twice as well as
the single one as is logical to expect, yet for certain inputs (e.g., 30-400, 35-400) their
performance is more than double that of the single device. This is likely the result
of the characteristics of the two sub-problems when splitting the work between the
devices leading to use of some of the available headway in throughput of the devices.
Whilst not always performing twice as well as their single counterpart, on average
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across all benchmark suits, the two 1080ti GPUs show a linear speedup compared to
the one 1080ti, performing 2.04 times as fast. This illustrates the scalability of this
approach and is expected to carry on scaling linearly across any number of devices
(factoring in setup costs as the number of devices increases).

Our experiments on the 4090 show a significant improvement in performance, averag-
ing ~ 9.25 x 10° CPS, which relates directly to the higher core count (see Table 2.2) in
this device compared to its predecessors, along with the many important architectural
advancements made in that time.

In line with other work [134] for GPU-based implementations it is customary to con-
trast the performance of a GPU approach against an equivalent single-threaded imple-
mentation on the CPU-side. We performed this comparison using a system with one
AMD Ryzen 9 3950x processor running at up to 4200MHz. The CPS for each input
shown in Figure 3.5 were obtained on the CPU in the same way as the GPUs, with
the exception of 35-200, 35-400 40-200 and 40-400. For those inputs the required
solving time made it unfeasible to collect sufficiently many samples in a sensible time
frame. We therefore collected data by reporting an interval average of CPS at 5 second
intervals during checking, and averaging across them.

The choice for a single-threaded implementation on the CPU was to allow full utilisa-
tion of a physical core at the boosted clock speeds stated, paired with the expensive na-
ture of threading (when starting and context switching) and likelihood of thermal throt-
tling affecting results. It is noteworthy however, that even extrapolating results to 16
identically performing threads assuming no overheads, still places the CPU implemen-
tation below that of the 2080ti. We compare specifically to that device purely because
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Figure 3.5: Achieved CPS by an equivalent single-threaded implementation running
on a Ryzen 9 3950x CPU.
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it was released approximately a year before the CPU was* meaning both would have
been representations of the state of the art at around the same time. The 2080ti shows
a speedup of ~ 53.64 compared to the single-threaded CPU version, which would still
remain positive at ~ 3.35 in the ideally extrapolated scenario of all 16 CPU cores being
utilised and performing uniformly. Like the GPU, on the CPU CPS is not consistent
between instances, yet CPS don’t follow the same trend between CPU and GPU either.
We speculate this is the result of a single threaded implementation not experiencing
a tail effect, together with speculative execution for the available branches, neither of
which are supported by the GPU.

We highlight that this comparison is only a crude point of reference and should not be
used to draw conclusions exclusively. The differences between CPU and GPU hard-
ware are vast, and performing fair comparison between these two types of hardware
would require large sets of data collected across many CPUs and GPUs which are not
available to us.

3.3.6.1 Impact of Clause Reordering

Testing the real-life impact of clause reordering on the performance metrics we chose
can be achieved by contrasting CPS before and after sorting in the method described
above. This does not give a concrete picture of the impact of this heuristic however
since the natural order of clauses in the input formulae is arbitrary relative to our
ordering heuristic.

We therefore opted for a best-to-worse case comparison of results between instances.
More specifically, we ordered the clause by memory cost as detailed in Section 3.3.5
and collected data as described earlier in this section using an RTX 2080ti GPU and
a kernel of 136 blocks of 1024 threads each. We subsequently applied the inverse of
our sorting function (i.e., the order of clauses is from worst to best) and contrasted the
two.

Through this comparison we observed an average increase of 20% in CPS when
clauses are ordered versus not. As seen by the data points for each input shown in
Figure 3.6 however, CPS increase is not stable between instances, with some falling
below the CPS of their inversely sorted counterpart. For reasons described earlier the
instances 25-200 and 25-400 are difficult to draw conclusions from as minute dif-
ferences in their (already short) runtime greatly impact their CPS. Besides those two
however, we observe a slight drop in CPS when clauses are ordered for 35-200 ver-
sus their natural order or inverse order. The difference between the three is relatively
small and falls within the margin of error. It is nevertheless important to highlight the

“AMD Ryzen 9 3950x was released in Nov. 2019 whilst the 2080ti was released in Sept. 2018.
TRaw data is shown in Appendix B.5.3.
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Figure 3.6: Achieved CPS on one RTX 2080ti when clauses are ordered normally and
when inversely ordered.

absence of improvement in CPS for this instance, which we attribute to the charac-
teristics of the input being such that the majority of clauses contain literals for which
the assignment is stored in a different bit word in the input partial assignment. This
can also explain the inconsistent increase in CPS for other instances (e.g., 40-200 and
40-400).

As is typically the case with heuristics, we expect this ordering to lead to performance
gains on average with variations in its effectiveness over different inputs of different
characteristics. It is likely to be the case that this heuristic is effective for larger inputs
(expressed in terms of variable and clause counts) as there is more room for varia-
tions in clause composition, yet we do not expect this heuristic to result in notable
performance loss under any circumstances.

3.3.6.2 Analysis of Workload and Balancing

The workload at hand is interesting from the prospective of work balancing, as dis-
cussed earlier in Section 3.3.6. The kernel implementation discussed in previous sec-
tions, although performant, still has room for improvement. In particular, this is a
memory-bound kernel meaning that heavy reliance on memory interactions does at
times limit the performance of the kernel as a whole. Likewise, work re-distribution
mechanisms are not employed resulting in some warps computing for significantly
longer than others, or threads within the warps leading to warp stalls.

Taking for instance the inputs 35-200 and 35-400, with the exception of the bridged
1080ti GPUs, other devices show consistently poorer performance for the latter relative
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Average Active Warps Per Cycle
Total Active Warps Per Cycle

Blocks Launched

SM Active Cycles

Figure 3.7: Composition of warp and block activity throughout the computation of
35-200.

to the former. This is in all likelihood to do with the inputs themselves, yet it is
worth investigating further as the core component of the inputs (i.e., number of unset
variables) is the same, leading us to conclude that the random clauses are to blame.
Looking at the performance counter data timeline on the 4090 (i.e., the device with
the highest drop in CPS) for both inputs 35-200 and 35-400, seen in Figure 3.7 and
Figure 3.8 respectively, we observe a longer tail in computation for the latter than the
former. It is also noteworthy that each block launched appears to consume more time
for 35-400, leading to a more coarse distribution of block launches.

The tail effect in this computation is caused when few active threads remain in each
warp due to unbalanced work between them and their counterparts. On the hardware
level, each SM is partitioned into four processing blocks, each with its own sched-
uler®, that is responsible for a subset of warps arising from the block(s) assigned to
the SM. On each cycle, each scheduler selects an eligible (i.e., non-stalled) warp to
issue instructions, if one exists. The warp is selected as a whole irrespective of how
many threads within it are in a position to issue an instruction. In an ideal scenario, all
warps are ready to issue the same instruction, and will exit (i.e., complete their work)
at the same time. Yet, in unbalanced workloads such as this, some threads may have
more work than others and exit later. Figure 3.9 illustrates how this imbalance leads to
progressively fewer continuing threads in the block, scattered among different warps.
We note that blocks and warps in this figure are depicted as rectangular structures for

Average Active Warps Per Cycle

Total Active Warps Per Cycle
Blocks Launched

SM Active Cycles

Figure 3.8: Composition of warp and block activity throughout the computation of
35-400.

*This is the case for current architectures, but may differ at the time of reading.
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Figure 3.9: Example progression of active threads per warp during computation for an
imbalanced workload, irrespective of geometry.

typographical purposes as their geometry does not influence this effect.

Performance analysis for this workload shows an average of 21.69 threads active per
warp through the computation of 35-400, which is approximately equal to that of the
other inputs. This, paired with the composition of the computation (specifically the
active warps per cycle) shown in Figure 3.8 indicates the tail in this instance results
from a dropout in active threads per warp near the end of the computation.

These factors together lead to the conclusion that for the input 35-400, more clauses
had to be checked on average by each thread before falsifying its assignments. This
is further evidenced by the increase in cumulative memory transfers between the two
inputs with the computation for 35-400 reading 41.19GB from global memory, whilst
its counterpart read 37.62GB*.

With these two inputs, like the rest, we observe a stable and consistent use of the SM
(seen as the active cycles in Figures 3.7 and 3.8) and overall achieve good cache use
with a 52%-58% L2 cache hit rate in line with expectations (i.e., every second clause
requested during checking likely resulting in a hit).

This workload makes heavy use of bit manipulation instructions on integer datatypes,
therefore it’s natural to expect the ALU to be heavily utilised. Looking at the pipe
utilisation for this workload in Figure 3.10 however, it is interesting that high (w.r.t. the
workload at hand) usage of the FMA unit is also reported. This unit (particularly the
so called FMAHeavy pipeline that is part of it) is responsible for handling some integer
instructions including the SASS instruction 1MAD which is used in critical places of our
kernel. This is beneficial here, as high pipe utilisation on the ALU means that warp

*These figures do not account for cached reads.
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Figure 3.10: Pipe utilisation for the SAT checking kernel.

schedulers may be unable to schedule some warps due to the respective pipe being
over-subscribed. Using the FMA unit where possible eases pressure on the ALU. This
does appear to be the case with our kernel, with an average of up to 3* warps per cycle,
stalled due to mathematics pipeline (i.e., ALU) over-subscription, which would have
likely been worse had the ALU also had to handle the work the FMA unit is doing.

A remedy to this problem is adjusting the amount of warps available such that it is
more likely some warp will be ready to perform an instruction in a different pipe when
one is over-subscribed, yet given the degree of over-subscription and heavy reliance
on ALUs we do not think this would be beneficial in practice. An alternative option
with potential however is to adjust the workload to make use of other pipelines where
possible. This is perhaps more intricate but in this case likely a sensible option. We
discuss the potential ways in achieving this throughout Sections 3.5.1 to 3.5.3.

3.3.6.3 Evaluation of Multi-GPU Scalability

As discussed earlier in Section 3.3.2, we anticipate our approach to scale linearly w.r.t.
the number of GPUs involved. Our results presented thus far in the parent section
support our theory, particularly looking at data gathered on one 1080ti versus two
1080ti GPUs. To further reinforce this, we have gathered data for each input instance
being checked on one, two, four, and eight A100 GPUs in the HPC GPU cluster of
Swansea University [12]. Ten measurements of execution time were taken for each
input as part of a job submitted to the cluster in a manner similar to that discussed in
Section 4.4. We note that the host systems used to obtain results in Section 3.3.6 were
all Windows systems’ whereas in this instance the cluster nodes are Linux based*. We
did not expect nor observe any influence on data gathered as a result of this difference,

*Of four resident per SM, each in their respective partition.
TUsing the same version of the MSVC compiler.
#Using the GCC compiler.
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Figure 3.11: CPS achieved by one, two, four, and eight A100 GPUs for a grid com-
prised of 224 blocks.

as minimal processing takes place on the host system, which is discounted from GPU
execution time measurements.

Figure 3.11 graphically” presents the data gathered. Focusing on the last instance
(i.e., 40-400) we observe a speedup consistent with the number of GPUs involved.
More specifically, treating the data from one A100 as our baseline, two A100s result
in a speedup of ~ 2, four A100’s result in a speedup of ~ 4, and so fourth. This is the
case for the majority of instances with a few exceptions, such as input 35-400 where
the eight A100’s offer a disproportionately high speedup of ~ 8.75 (expected ~ 8)
from the baseline. Like before, we attribute this to the characteristics of the input and
their effect on work balancing, discussed in more detail in Section 3.3.6.2.

It is noteworthy that the smaller instances (i.e., 25-200 and 25-400) result in a very
short kernel runtime and highlight the effect of setup costs and initial latencies (which
would have otherwise been hidden behind the computational workload, as is the case
for larger inputs). The case is largely the same for 30-200 where on one hand the
speedup between the baseline and two A100s is ~ 2, as expected, whereas the speedup
achieved using four and eight A100s relative to the baseline is ~ 2.97 and ~ 4.68
respectively. A similar situation is observed for 30-400 albeit with a smaller speedup
deviation from the expected. This happens for the same reason as the two smallest
inputs, where the computational workload is not significant enough to adequately hide

*Raw data available in Table B.2 of Appendix B.5.2.
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Figure 3.12: CPS achieved by one, two, four, and eight A100 GPUs for a grid com-
prised of 1024 blocks.

setup latencies, and the actual computation required by each device involved reduces
even further as the devices increase, highlighting these latencies even more. For input
35-200 or larger, the speedup is as expected.

The effect of these overheads is exacerbated when the number of blocks is increased to
some more favourable (for the A100 GPU) value, namely, 1024. Figure 3.12 shows the
CPS achieved in this instance®. The increase in block count has resulted in consistently
higher CPS to those in Figure 3.11, however the reduction in kernel execution time
responsible for the increase in CPS, also magnifies the latencies, which in the case of
eight A100’s results in the speedup for the first four inputs (25-200, 25-400, 30-200,
30-400) falling short of what is to be expected.

3.4 Reflections on the Applicability of Current GPU
Architectures to SAT

Through our work, and the work of others, it is evident that full on-GPU SAT solvers
are not feasible at the present state of GPU hardware. GPUs remain a promising can-
didate for the time being and based on their evolutionary trajectory, we anticipate that
a full on-GPU solver will be feasible in the future. At the present time however, there

*Raw data available in Table B.3.
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is potential in harnessing their current power to support CPU-side solvers, living up to
their nature as coprocessors.

The ‘traditional’ SAT solvers are typically designed with sequential execution in mind,
relying heavily on branch-and-bound techniques which exhibit irregular (for the GPU)
memory access patterns and requirements. We have hit this roadblock ourselves with
our work on a full GPU-based solver where a choice had to be made between search
depth limitations when using fast on-chip memory, or expensive memory access when
relying on the ample global memory. Such solvers could be parallelised in the GPU us-
ing techniques such as multi-kernel decomposition [83] which, for problems exhibiting
state explosion, we believe may offer sensible speedups.

More promise is shown by approaches offloading part of the solving effort to the GPU
in a heterogeneous solver system. The main reason for this, relates to the isolated tasks
being offloaded having a viable mapping to the hardware requirements. In our case this
takes the form of easily enumerable local assignments alongside cached reads in a fast
exhaustive search implemented with no more branching than necessary.

A large number of factors under the surface must necessarily be considered on the
implementation level to achieve good performance, far greater than modern CPUs
demand. Factors such as pipe utilisation and over-subscription, alternative instruc-
tion use, work balancing within cooperative structures and SM partitions, cache-
appropriate data representation, and so fourth, must be balanced but may not nec-
essarily be optimally tuned all at once. To strike a good balance between them all,
meticulous profiling and optimisation is required even for the simpler tasks.

The future is not bleak however; our observations suggest it will likely not be a long
time before GPUs can be considered in the field. In fact, substantial changes have
recently taken place in the design of GPU, that are already relaxing restrictions. These
relaxations, subject to more investigation (see Section 3.5), may already be sufficient
for some approaches to be implemented efficiently.

Beyond the decision problem however, the field of SAT is vast and other formulations
of the problem exists for which the current state of the art in GPUs is perhaps more
fitting. For instance, Model Counting (commonly referred to as #SAT or ‘sharp’ SAT)
and particularly exact Model Counting [48] has the goal of counting the exact num-
ber of solutions to an input formula. This counting variant is typically approached
with DPLL-based algorithms that do not halt upon identifying suitable assignments
for a (sub)set of variables, but instead continue branching until available paths are ex-
hausted. Whilst not necessarily performing exhaustive search over all possible search
paths (i.e., assignments), substantially more work and in particular, assignment checks,
are required versus the decision problem.

As our work here and later in Chapter 4 serves to show, GPU hardware can be used
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effectively for the ‘strenuous’, repetitive tasks with straight-forward parallelisation
strategies that involve no global communication. We stipulate that techniques and
optimisations such as those shown in this chapter may suit variants such as #SAT due
to their prolonged computation time (i.e., partial if not complete enumeration) and
problem characteristics which already eliminate hard-to-map (on the GPU) heuristics
such as look-aheads and clause learning.

ALL-SAT is another variant of SAT, that is arguably more ‘difficult’. This variant
requires not the count but the full set of all solutions to be produced. Unlike #SAT
where solutions on some branches can be counted without necessarily being visited,
room for such shortcuts is very limited in ALL-SAT [137]. This is because for this
variant each satisfying assignment has to explicitly be computed and output. This
variant is typically approached using the same prevalent backtracking techniques as
others (i.e., DPLL derivatives) with a restriction on the search space limiting heuristics.
For the same reasons as #SAT, the computational environment of GPUs is well suited
for this type of computation with appropriate adjustments as presented in our work.

In all cases, a massively parallel environment such as that of the GPU together with
the physical and computational restrictions associated with it, does require a shift in
the focus of algorithmic design. Some heuristic optimisations may result in more harm
than gain in practical performance even when mapped to this environment in the best
feasible manner. Likewise, design of techniques and tooling for specific flavours of a
problem variant may also be nessesary to utilise GPUs as they evolve. To some outside
the domain of graphics processor optimisation, morphing algorithms around -what
seems- a specific implementation on strict hardware, may appear a counter-intuitive
move and is often met with (fierce on occasion) resistance, yet we firmly support this
is necessary. Although not obvious at first, we wish to underline that non-traditional
algorithmic reasoning is and has been successfully applied in this field, and it takes a
quick stare over the fence into other domains such as computer graphics to realise that
core algorithms have either undergone a transformation in this exact manner, or more
commonly, designed since their infancy to meet the massively parallel model used by
GPUs.

3.5 Future and Ongoing Work

A number of areas of exploration are still ongoing or pending following on from our
current work, mainly revolving around the large and likely beneficial changes made to
hardware since our current work was conducted. Recently obtained access to a device
implementing the Ada Lovelace microarchitecture (CC 8.9) and the upcoming intro-
duction of a node of eight devices implementing the latest, Hopper microarchitecture
(CC 9.0) in the AccelerateAl supercomputer [12], for which we are receiving early
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acCcCess.

The intriguing evolution in hardware and associated architectural changes place spot-
light on our earlier work, particularly on the full in-GPU 3-SAT solver which may
now be efficiently implementable with room for more optimisations to our existing
work leading to general lessons for kernels of this nature. More specifically we wish
to explore the following areas on these devices:

* The effects of increased shared memory capacity to the full in-GPU SAT solver.
232448

The 227KiB of available shared memory could be used to store ”Zi =56
frames per block.

* The feasibility of an off-loading heuristic for full in-GPU SAT whereby frames
from shared memory are off-loaded into global memory and retrieved as and
when necessary. This has been impractical previously, however we hypothesise
that the increase in shared memory capacity together with the high ALU utili-
sation of this kernel is sufficient to hide the infrequent memory transfer costs of
such a scheme.

* The effect of under-subscribed SMs in both approaches we discussed. Given
the integer-heavy nature of our kernel we have strong suspicions that a single
block per SM makes good enough utilisation of resources that increasing this
number will offer no tangible benefit to performance. This will give insight into
the memory/compute trade-off of emerging GPU architectures as we believe the
trend of increased on-chip memory will continue based on historical data.

Beyond exploring the latest hardware we will consider an alternative approach to the
SAT assistant using fast Matrix Multiply and Accumulate (mma) operations on binary
matrices, using Tensor Cores, as detailed in Section 3.5.3. We also wish to examine
the impact of an alternative clause representation to the two kernels explained in Sec-
tion 3.5.1 which may be beneficial when used with new intrinsic functions, ultimately
offering good performance. Finally, we will examine an alternative assignment check-
ing scheme described in Section 3.5.2 on the warp level to balance work better with
warp-level granularity.

Beyond improvements to GPU-side kernels, we will implement a DPLL-based CPU-
side solver that integrates with our SAT assistant kernel to understand the impact
of memory transfers to the overall computation and by extension a memory transfer
scheme involving buffering either end to reduce such transfers and to identify a good
DPLL cutoff point before brute force search is initiated asynchronously.
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3.5.1 Revisit Clause Representation and Caching

In both the full in-GPU and hybrid SAT kernels we opted for an explicit clause rep-
resentation where each literal is a 32-bit signed integer. Given formulae are typically
large and would necessarily reside in global memory, paired with the fact our kernels
would have to unpack any alternative compressed representation that remains well
aligned, (i.e., bit encoded literals) drove us away from such implementations.

In more recent hardware however such as devices with CC 9.0, shared memory (and
by extension, L1 cache) has grown significantly to nearly four times that of devices
at the time our work was conducted. With relatively low shared memory pressure
from our SAT assistant kernel, the remainder can be used as block-level cache holding
significant portions of the formula under test and strongly incentivises a more compact
representation even at the cost of unpacking.

More specifically, we will represent each clause as a densely packed bit word of 2 +
10+ 10+ 10 bits. The 30 LSBs are partitioned equally to represent three variables
as unsigned integers (limiting the maximum number of variables in the formula to
1023*). Since each 10-bit portion should correspond to a literal, the two MSBs will
represent the number of negated variables in this clause (ranging from zero, i.e., 00 to
three, i.e., 11), and those that are negated will be adjacent to each other following the
two MSBs.

For instance, the clause (1 V —12V —3) will have:

The two MSBs set to 10 indicating there are two negated variables,

* followed by ten bits representing the variable 12: 0000001100,

followed by ten bits representing the variable 3: 0000000011,

followed by ten bits for variable 1: 0000000001.

This packed representation makes full use of the available 32 bits, whilst being rela-
tively simple to unpack.

The benefit of such representation is that the expression (now comprised of a sequence
of 32-bit bit words) remains naturally aligned and fits in a single 32-bit register. More
crucially however, now a larger portion of the expression can be read with a single
memory transaction (i.e., 8 literals in a 256 bit window) reducing global memory load
and increasing cache hits instead, with the added benefit of multiple warps hitting the
same cached data after one has spent the time loading.

*Perhaps even 1024 if offsetting is implemented however the cost of such operation will be signifi-
cantly heavier versus the benefit it offers.
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Furthermore, intrinsic SIMD functions such as __vsubus2 which performs per-byte
unsigned, saturated subtraction can be utilised to arithmetically check assignments
against literals.

3.5.2 Examine Lazy Collective Assignment Checking Schemes on
the Warp Level

As explained in Section 3.3.6.2, threads in our SAT assistant kernel will at times di-
verge as they need to check more clauses than their peers in the same warp. A warp-
level barrier does on one hand re-converge threads before performing the next set of
common operations and would be sufficient if data-dependent divergence was a rarity,
however in our case time is spent with threads either stalled waiting for their peers
in the warp to catch up, or having finished and the warp being kept ‘alive’ by a few
remaining threads with work left to do.

To reduce the idle time of threads and minimise divergence we will target assignment
checking and introduce a warp ballot operation in which threads vote whether or not
to continue checking their respective assignments. When some calibrated fixed point
number of threads vote to stop (i.e., have completed their checks), those that voted
against it will ‘stash’ their current assignment and checks (i.e., lazy checking) and
collectively move on to the next assignment. Stashed assignment checks will be re-
visited in a coordinated manner later on, and can be done simply (i.e., each thread
revisits its stash) or globally (threads treat their buffers as part of a larger buffer and
exchange between them using warp shuffling primitives). The former is simpler and
requires less computation to achieve, but can result in divergence. The latter however,
will result in the least divergence albeit costing more in terms of coordination and work
sharing in a warp-synchronous manner. We will profile both schemes to identify the
most suitable.

Each thread will have a pre-allocated shared memory delta buffer structure (stash
buffer) for stashing its assignments. The stash buffer structure can either be empty,
or store one or more stash frames. When non-empty, this data structure will store
the first thread’s local assignment (i.e., 64-bit bit vector) in full, along with a 32-bit
unsigned integer representing the index of the next clause to be checked against this
assignment. Subsequent entries in the stash buffer data structure will comprise of 4
byte long structures (deltas) comprised of a signed and an unsigned 16-bit integer. The
signed 16-bit integer denotes the change in clause position of the current entry from
the base entry, and the unsigned integer represents the change in assignment of the
current entry versus the base entry.

For instance, the structure shown in Figure 3.13 stores four stashed checks. The first
stashed check Sy (leftmost blue node) is a full node storing the full assignment at the
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Ap=01...10110001, [AA =31 AA =52 AA = 9855
I, =49 Al =5 Al=-23 |AI=0

Figure 3.13: Example stash delta buffer storing the base stash (blue node) followed by
three delta stash nodes (orange nodes).

time of stashing and the index of the clause in the input formula to resume checking
from. The following node (orange, second from the left) represents another stash entry
S1, the assignment for which is the 31% increment of the assignment A; in Sy, and
the index of clause to continue checking from is derived by incrementing I, by 5.
The process is identical for subsequent nodes, which also store change in reference to
the base node Sy. For any given delta node, the change in assignment value AA can

trivially be combined with the base assignment A, of Sy to form the current assignment
as A, = A, +AA.

This structure will be used for its comparatively low memory footprint per thread
(12 bytes for the base node plus 4 bytes per subsequent delta node). Assum-
ing 64KiB of shared memory is available to a full block*, each thread can have
w + 1 = 14 stashed checks, which we estimate are more than enough for

work balancing purposes.

Aside from a compact representation, this structure can naturally be aligned without
padding with the base node’s 64-bit bit vector directly followed by the 32-bit index
stored contiguously. Likewise, delta nodes are 32 bits wide and naturally remain 4
byte aligned. Besides, all a thread needs is a pointer to the head of this structure (likely
residing in register space). With this approach however, limits must be taken into
account to ensure correctness. Threads will not be able to represent a change greater
than the type limits, hence no delta node can capture the 65,537 advancement of
the base assignment, or an index offset o ¢ [—32768,32767], which in this context are
relatively generous limits. A thread reaching one of these limits will immediately stash
the state before exceeding the limit, and await the ballot for a stash clean operation.

Beyond being balloted on whether to stash or continue, threads will also hold a ballot
to determine if a stash clean is required. If any thread votes positively in this ballot, all
threads will begin working through their stashes, in one of the ways described earlier.
A thread will vote positively if at least one of the following holds; the thread’s stash
buffer has reached capacity or the last check resulted in a thread reaching the limits of
a delta frame.

*This calculation does not take into consideration the partial assignment residing in shared memory.
It is however based on an older device with CC 6.2, assuming a full block per SM.
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In terms of the global stash conquering effort, coordinating it between threads presents
several difficulties, surrounding efficient work distribution. Our current effort is fo-
cused on establishing fast means of a thread with excess work™ delegating some to
a thread with less work, in an efficient and least-branchful manner as possible. Our
current approach is for threads to first establish the total number C of work items to be
tackled. Each thread then knows the average number of work items per thread in the

warp as A = L%J T and can thus know if it is over- or under-subscribed, meaning it has
K work items where K > A and K < A respectively.

Under-subscribed threads want to exchange no work for some work, whereas their
over-subscribed counterparts want to exchange some work for no work. Threads com-
municate their status to the rest via a ballot. The greatest difficulty, is establishing
an efficient, non-branching stable matching* without the need of pairwise communi-
cation between threads. In other words, a scheme where each thread #; is matched
(bidirectionally) with a thread 7 such that i # k, and there exists no thread #;¢(; i,
which matches ¢#; or #;. The difficulty here stems from the fact each thread must natu-
rally come to this decision on its own, and any two matching threads must do so as a
pair, selecting one another in a deterministic manner.

The current warp-wide scheme we employ is very simple, and has threads vote on
whether or not they are over- or under- subscribed (vote 1 or O respectively). The
ballot results are known to all threads as a 32-bit bit vector » in which a bit at index i
is set iff #; is over-subscribed. Each over-subscribed thread ¢, then selects a thread z,
such that 0 > uA—3(x € N: 0o > xAx > u) based on b. Respectively, under-subscribed
threads pair themselves with the over-subscribed counterpart by applying this matching
criterion in reverse. This approach views matching through the eyes of over-subscribed
threads and leaves under-subscribed ones with no adjacent over-subscribed counterpart
‘unmatched’.

Upon completion of this matching, matched threads use warp shuffling primitives (par-
ticularly __shfl_sync) to swap work between them in the manner described above, and
then all threads proceed to tackle a work item either the one they have been given (if
any), or one from their stash (if any). This round repeats until no thread has work left
(determined once again through a ballot).

Whilst a first step, this approach is far from ideal; in a pathological case where threads
lic[16,31] are over-subscribed whereas the rest sit idle, this mechanism is ineffective with
the worse case being that where #3; is the only over-subscribed thread. Likewise, in

*“In this context, referring to stashed assignment checks.

In all CUDA architectures to date warps comprise of 32 threads. It is possible this number may
change in the future, or reasoning may need to be done with sub-warp granularity.

¥For clarity, this is not an instance of the stable marriage problem, as each thread acts as a unit and
there are no distinct ‘banks’ in need of matching as such.
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cases of a sequence of under-subscribed threads adjoined to an over-subscribed one, all
but the first will remain under-subscribed (i.e., under-utilised) throughout. This brings
us on to a further complication resultant from the capabilities of warp shuffling prim-
itives, which is that only one piece of data can be swapped between a pair of threads
at once. In operations such as parallel reductions (outlined briefly in Section 4.3) with
strictly defined order and step sequences this is ideal, yet in this application it means
multiple shuffles (i.e., synchronisation and exchange points) will have to take place to
achieve this effect. We consider the matching of threads an open problem which we
will address in due course, even making the work balancing exchange step distinct,
followed by the tackling of (now balanced stashes).

Nevertheless, even a far from perfect approach such as this is likely to improve work
balancing in the general case. Exchange of work items will therefore take place at some
point. When a thread delegates a check to another within the warp, it has to transfer its
base assignment (A;) and base index (/), along with the chosen delta frame (i.e., delta
assignment AA and delta index Al). This amounts to a hefty 16 bytes of memory
which is not thought of as a lot in modern day computing, but is not natively supported
by warp shuffling primitives as a single operation. To counter this, threads instead
communicate a pointer (i.e., 32-bit address) to the delta frame they want to surrender,
which may be a null pointer if the thread does not wish to surrender any work. The
receiving thread, knowing the start address of the shared memory pool, the per-thread
delta buffer length (stored contiguously) and the pointer its given, can infer the position
of the base frame for the delta frame, and fetch both. This necessitates shared memory
reads which are inevitably performed in an unorderly manner, and further complicates
efforts to reduce bank conflicts. We have reasons to suspect however that the impact
of such conflicts will not be sever enough to overshadow performance gains through
this work balancing.

3.5.3 Experiment with Matrix Representation of SAT and
mma . m8n8k128 Instructions for Tensor Core Utilisation

Existing work [33] presents a transformation of 3-CNF formulae into a matrix repre-
sentation. A 2V x C boolean matrix is used where V is the number of variables and
C the number of clauses in the input formula, where each clause corresponds to a row
of the matrix, and each column corresponds to a literal (for all possible literals, hence
2V). For each column, the row of the matrix has 1 under the literals that would individ-
ually satisfy this clause, and O for the rest. The input formula matrix is then multiplied
by a boolean matrix of instantiation sets having assignments to each possible literal on
the rows. If the resulting boolean matrix has a column with no zeros, then the input
formula is satisfiable.

Whilst, as the authors state, this is not a viable solution for generic 3-SAT (or even
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simple inputs with few variables) as the matrix size and by extension memory re-
quirements grow exponentially, we wish to explore its applicability in smaller scale,
specifically for the SAT assistant. The intention here is to examine if, instead of ex-
haustive enumeration, a thread can use this representation for a viable subset of unset
variables, and continue enumerating the remaining.

The main motivation is the existence of so called Tensor Cores in recent architec-
tures, specifically designed for performant Matrix Multiply and Accumulate (MMA)
operations, used primarily in Al applications for training models. Use of these cores
is not yet fully and easily exposed on the programming interface since their support
varies heavily by Compute Capability, however specific NVIDIA libraries expose this
functionality for Al applications. PTX instructions do exist and can be used directly.
We wish to focus on the Ampere microarchitecture for initial testing which is docu-
mented [91] as supporting 4,992 TOPS* at peak clock speed on binary matrices. This
architecture permits (maximally) an 8 x 8 binary matrix input to be multiplied with a
binary matrix of up to 128 rows (hence the name of the respective PTX instruction:
mma . m8n8k128).

Our experiments will examine the feasibility of a tiled matrix multiplication operation
on tensor cores, to multiply two larger matrices. We will also gain insight on the po-
tential performance gains of such approach versus the current exhaustive enumeration,
and find a suitable ‘cut-off’ point (i.e., number of literals) for which this technique can
be used efficiently and feasibly (in terms of memory) during enumeration which would
then be focused around any remaining variables.

Whilst the authors of [33] briefly warn of the performance bottlenecks that limit the
feasibility of their approach, CUDA-enabled devices were at their infancy at the time
of their work, with the latest CC being 1.3 (Tesla microarchitecture). The far inferior
architecture (w.r.t. current ones) had substantially stricter memory constrains and no
special support for matrix multiplication operations and limited arithmetic capabilities
unlike current state of the art devices. We are confident the current state of the art has
evolved sufficiently to accommodate the approach described in this section.

*Tera-Operations Per Second, typically referring to integer operations (IOPS) as opposed to Tera-
FLOPS which concerns Floating Point Operations.
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GPU-Based N-Queens Solver

Contents
4.1 Approaches to N-Queens Solving . . . . . ... ... ... .... 76
4.2 Adaptation of Solving Algorithms for GPUs . . . . ... ... .. 79
4.3 Implementation of DoubleSweep-Light onGPUs . . . . . . . .. 86
4.4  Experimental Results and Performance Evaluation . . . ... . .. 108
4.5 Work in Progress and Future Directions . . . . . . ... ... ... 117

The core principles of algorithms used in solving the Boolean Satisfiability problem
that we discussed in Chapter 3, have applications stretching far beyond that problem
itself. In this chapter we present our work on the N-Queens counting problem.

Looking at the SAT decision problem and the N-Queens counting problem it may
be difficult to picture how one can be used to solve the other and especially when
that is to use a decision problem to solve a counting one. The link between the two
lies in the algorithmic techniques used and not so much a reduction from one to the
other. As previously discussed, the DPLL procedure often used to solve SAT features a
propagation step whereby the assignments of lone variables in unit clauses are inferred.
This procedure can be used in the enumeration of N-Queens solutions to help the
search exclude fruitless paths dynamically.

In this chapter, we present the DoubleSweep-Light procedure to enumerate N-
Queens solutions, which is moulded around the computational environment of the
GPU. We provide two implementations of DoubleSweep-Light tailored to devices
of different capabilities. Through these (compute-bound) kernels we explore optimi-
sation techniques both high- and low-level optimisations, aimed primarily at reducing
and redistributing the computational workload. We present results showing the ef-
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fectiveness of our techniques and the open scalability of our approach. Lastly, we
conclude with future directions arising from the work presented in this chapter, as well
as work that is presently underway.

4.1 Approaches to N-Queens Solving

An interesting observation made in Section 2.1.2 is that the latest and more demanding
instance solutions for N-Queens were discovered using highly parallel approaches on
distributed system configurations [69, 106, 112, 111]. Notably, the two most recent ex-
amples (i.e., N € {26,27}) were both discovered using thousands of workers on FPGA
hardware [112, 111]. GPU hardware is a prime example of a widely available mas-
sively parallel coprocessor, nowadays found in mid- to high-end consumer systems as
a standard, with a strong drive for their broader use in workloads beyond the graphics
domain by industry and academic circles alike.

A review of the numerous examples [142, 107, 129, 126, 87, 37] of N-Queens solvers
designed for GPUs reveals a common theme: multi-factor optimisation is paramount to
any successful implementation on this hardware. The factors to consider start from the
algorithmic level and stretch through the implementation, down to manual instruction-
level optimisation.

Our journey in optimisation and the development of a fast, fully GPU-based solver
for N-Queens begins with DoubleSweep, a powerful backtracking algorithm (Sec-
tion 4.1.2) inspired by Somers’ algorithm (Section 4.1.1). An initial attempt at map-
ping DoubleSweep to the GPU environment brought us to make some adaptations that
led to DoubleSweep-Light being developed (Section 4.2.2), to better facilitate use on
GPUs. The journey subsequently takes us through the development of a performant
implementation (Section 4.3) and numerous optimisations (Section 4.3.6), finally ar-
riving at a solver that outperforms previous work form literature (Section 4.4) after
learning valuable lessons on optimisation.

4.1.1 Somers’ Algorithm

In the early 2000’s Jeff Somers developed a backtracking search algorithm [119] for
the N-Queens problem with good results for instance solutions up to and including N =
21. An efficient iterative implementation of the algorithm meant that the hardware of
the time, which differed significantly to CPUs as they are known today, was capable of
finding instance solutions for such values of N in a sensible time frame. The algorithm
today is known as “Somers’ Algorithm”.

The implementation used, represents the state of the board in part using three 32-bit
words; one tracking the columns blocked by queens, viewing them only as rooks, and
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the other two to track blocked diagonals and anti-diagonals in the current state of the
board respectively. At every step of the search (i.e., search state) a copy of each of these
words is preserved in the stack for the given state of the search. During backtracking,
it is sufficient to return to the earlier state and evict from the stack the current state of
the search. It is notable that the notion of a board is not represented as any sort of data
structure directly, as the aforementioned words are sufficient to represent the search
state.

This simple yet effective implementation leverages performance through heavy re-
liance on bit manipulation (i.e., bitwise operations) which are core to the function of
processing hardware, thus typically among the most inexpensive operations in terms of
processing time*. To simulate a recursive stack in an iterative implementation such as
this, a number of parallel arrays are used to store each piece of data required (bit-words,
etc.) that would otherwise be stored in a stack frame. This choice closely simulates
the function of a recursive algorithm, albeit without any potential stack management
overheads, and renders backtracking to an earlier state computationally inexpensive.
Perhaps a drawback of such implementation however, is the amount of data that needs
to be kept (estimated at 20 x N bytes) for a single search, and the reliance of caches
to offer any form of data locality. The effect of such drawbacks are particularly detri-
mental to massively parallel implementations and we address them in our algorithm as
presented in Section 4.2 and its implementations detailed in Sections 4.3.3 and 4.3.4.

4.1.2 The DoubleSweep Algorithm

The DoubleSweep algorithm combines basic word-level parallelism with basic ideas
of look-ahead techniques [52, 72] from the domain of Boolean Satisfiability (SAT)
solving. A key difference to Somers’ algorithm (described in Section 4.1.1), is that
DoubleSweep propagates placements through the whole board in such a manner as
“unit-clause propagation” excludes unsatisfiable branches as part of SAT-solvers (dis-
cussed in more detail in Section 2.1.1). In essence, following each queen placement
this process is initiated which then identifies unit rows, i.e., rows with only one avail-
able cell left, and infers their placements. The process repeats following every success-
ful inference until a fixed-point, or until a row or column with no possible placements
is identified.

Another key difference of DoubleSweep to Somers’ algorithm is that DoubleSweep
begins placements in the central row of the board rather than the first (top-most) row.

*It is noted that specific performance inferences cannot be made without knowledge of the process-
ing hardware in question.

As five 32-bit integers are stored per search state, in a stack with depth N. This calculation is
purely for reference and does not reflect the actual memory requirements of an implementation, but
rather a crude lower-bound estimate.
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This branching heuristic helps make the propagation step more efficient, as central
placements are more influential to the remaining rows. In this context, the influence of
a placement is measured in terms of the cells of the board that become unusable, as this
quantity is inversely proportional to the likelihood unit rows and potentially ‘unsatisfi-
able’ rows (i.e., row with no possible placement) emerge. Furthermore, DoubleSweep
uses N words to represent the full board with current propagations on top of the three
words used by Somers. In addition, the diagonal/anti-diagonal words used are 64-bit
wide so that via a “sliding window” one can slide the bishop-moves over the whole
board (back and forth) via the (word-level) shift-operations as explained in more detail
in Section 4.3.

DoubleSweep is a powerful solving technique, however, special consideration has to
be given when parallelising it, particularly in resource-constrained massively parallel
environments such as that of the GPU, in part due to its branchful nature. Further
discussion on this point can be found in Section 4.2.

4.1.3 Related Work on N-Queens Solving using GPUs

Numerous examples of GPU-based N-Queens solvers are available in literature [142,
129, 126, 87, 37, 108]. These attempts generally rely on single-kernel designs and
place emphasis on heavy optimisation of implementations and the adaptation of con-
ventional algorithms such as the aforementioned Somers’ algorithm, to account for
the specialities of the GPU environment. The need for such bespoke optimisations
arises from the ‘irregularity’ of the computation at hand relative to the expectations of
structure in computation imposed by GPUs [142]. The single-kernel approaches doc-
umented in literature attempt to combat the irregularity of the task at hand in different
ways, providing an in-depth insight into different algorithms in the process.

The authors of [108] employ dynamic parallelism™ to simulate backtracking search
and in part alleviate data dependent divergence using three alternate branching strate-
gies, each leading to new grids being spawned. In their work, the authors highlight
the sensitivity of GPU hardware to data and computation representation, noting that
their experimental results show consistently inferior performance to other GPU-based
solvers, lagging behind even a reference sequential CPU implementation.

In their work, the authors of [129] take an approach, similar to that described in Fig-
ure 4.1, particularly Kern. 1 where workers in the GPU fetch a state from a queue,
and explore the fetched state to produce N new states if it is valid, discarding it oth-
erwise, dynamically pruning the state space. The authors note that despite the expo-
nential growth of the problem which is ill-suited for GPUs, they were able to achieve
a speedup over a threaded CPU implementation.

“The ability of a GPU kernel to launch and control sub-kernels.
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Lastly, the authors of [37] implement Somers’ algorithm opting for a densely packed
representation of data on the GPU memory, and a thread-local stack implicitly stored in
local memory. The authors iteratively improve their solution highlighting how shared
memory can benefit this workload (primarily due to the long running nature of the ker-
nel and the frequent memory transactions it involves), ultimately decomposing shared
memory data into four shared memory arrays in a manner similar to Somers’ imple-
mentation. The authors stop short of applying instruction-level optimisation, but un-
derline the insufficiency of tooling in achieving peak performance for this hardware.

4.2 Adaptation of Solving Algorithms for GPUs

The DoubleSweep algorithm discussed in Section 4.1.2 makes heavy use of arithmetic
and logic operations, while possessing traits that enable it to adapt to parallelisation,
such as chronological backtracking and no look-backs.

A sensible parallelisation strategy in line with SIMT has independent searcher units
to perform the same search procedure (instructions) over disjoint parts of the search
space (data). In a search such as this, generating a number of disjoint search stating
points trivially places parallel searchers on different non-converging search paths. The
process of generating initial search states is itself non-costly, as in essence, it entails
performing the same search algorithm to fixed-point over a number of paths as de-
scribed in Section 4.3.1. In an implementation context of GPUs, the smallest unit of
computation (i.e., thread) would act as the searcher unit. Particular details of such an
implementation are presented in Section 4.3.

Some barriers do however exist in the implementation of ‘conventional” algorithms on
the GPU. Particularly with DoubleSweep, the propagation of queen placements is a
branchful data dependent operation likely to result in severe thread divergence. In a
worse-case scenario, in-sync threads in the same warp may diverge when all but one
infer no placement while the remaining one infers several. In this scenario, placing
a warp-level barrier would on one hand mitigate the divergence but would also re-
sult in the remaining threads idling unnecessarily and drastically reduce throughput.
Likewise, enforcing no synchronisation would result in progressively worse thread di-
vergence in the warp as threads continue to explore their respective portions of the
search space.

The effects of centre branching are similar, as it is another operation introducing data-
dependent branching. In early experiments with a full DoubleSweep implementation,
we examined a potential remedy (or more appropriately, mitigation) to data-dependent
centre row branching, which may be sufficient in preventing divergence for this oper-
ation. For further discussion, we refer the reader to Section 4.5.4.
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We consider two approaches to map DoubleSweep to the GPU, namely that of de-
composing the computation into multiple kernels described in Section 4.2.1 and that
of a single long-running kernel performing the full computation which is detailed in
Section 4.2.2.

4.2.1 Multi-kernel Decomposition of DoubleSweep

To alleviate the effect of the barriers encountered in parallelisation of DoubleSweep,
a design comprised of a four-kernel pipeline is considered, where synchronisation is
enforced globally by the host between every kernel invocation. This approach draws
inspiration from the work of Meyer et al. [83] who use a six-kernel pipeline to simu-
late a divide-and-conquer algorithm for 3-SAT - a variant of the Boolean Satisfiability
(SAT) problem.

In this application, S many initial states would be generated and stored in global mem-
ory on the GPU for S threads to operate on (1:1 mapping) across B many blocks of size
D = S+ B*. The following kernels are then used:

Kern. 1 Propagation: Thread #; propagates queen placements in state s; resulting in
a state s; which replaces s; in global memory. As part of this kernel, for each
state an assessment 1s made and stored alongside the state in global memory,
with one the following possible outcomes:

a) solved: The propagation of zero or more placements resulted in a solved
board).

b) unsolvable: A conflict has been reached where no solution can result
from further exploration.

c) undecided: Further exploration is required to conclude either of the
above.

Kern. 2 Summation: Threads 1,11, ...,7 within block b,c[o ) count collaboratively
the number of states marked as solved in the region of states corresponding
to them (i.e., sg,s1,...,5p) and atomically accumulate the results to a global
counter. In doing so, the number of states with an uncertain assessment is
also determined and stored at location u, in a global array u of B many in-
tegers. Finally, the total number of states A with an uncertain assessment is
accumulated atomically in global memory across all threads.

Kern. 3 Defragmentation: Threads 79,?1,...,75—1 within block b, [0,B) transfer their
respective states from global memory to an array in shared memory, then

It is assumed that D is a whole number. The geometry of blocks is irrelevant to this application.
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collaboratively discard solved, and unsolvable states and re-order those with
an uncertain assessment such that they are packed densely at the beginning
of the array. The threads also perform a parallel reduction operation sub-
sequently, calculating p = ug + u; + --- + u,. The integer p represents the
number of states the blocks bg,b,...,by_1 are expected to accumulate and
store in global memory, thus providing a memory location from which it is
safe to write the states that remain following block b,’s processing.

Kern. 4 Explosion: Threads 1y,?1,...,t4—1 each transfer their respective state
50,51,---,54—1 to shared memory. N = § — A states have been eliminated by
previous kernels that need to be replenished, therefore each thread #; advances
its corresponding state s;, w = (|[N/A|) + [i < N mod A]* times to produce
w new states in global memory. Advancing a state here is performed in the
manner of DoubleSweep and the following rules are adhered to:

a) If w=20, s; is advanced once and the new state sg takes the place of s; in
global memory.

b) If s; is advanced to a solved state s} at any point during this process, s; is
returned to global memory.

c) If w> e where e is the maximum number of advancements possible on s;
before no longer being assessed as undecided, t; produces w — e ‘dummy’
unsolvable states in place of the remaining states it should generate.

The host system launches the kernels in the aforementioned kernel pipeline repeatedly
as shown in Figure 4.1, without parallel kernel execution (as supported by modern
GPU hardware) at any point. The host continues until the integer A, read from the
GPU memory, is zero, at what point the number of solutions can be read from GPU
memory. It is noted that following the initial state generation, data remains resident on
the GPU’s global memory. There are two distinct buffers ry,r;, each with sufficient
room for § states. On each invocation of the aforementioned kernel pipeline, Kern. 1
and Kern. 2 operate on buffer ryc (o 1} whereas Kern. 3 reads data from r, and writes
back to (4 1) mod 2- Likewise, Kern. 4 operates entirely on (g, 1) mod 2 This is done to
prevent a data race whilst defragmenting buffer r,, which may occur in Kern. 3 if some
block by finishes before b, begins, potentially overwriting the region of b, as there
is no defined order of execution of blocks in CUDA. On each subsequent invocation of
the pipeline, r, corresponds to the buffer last operated upon by Kern. 4 of the previous
pipeline.

) oo - 1 if predicate P is true
*Iverson bracket notation is used in this formula. [P] = P ,
0 otherwise

81



4.2. Adaptation of Solving Algorithms for GPUs

Kern. 1 Kern. 2 Kern. 3 Kern. 4
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Figure 4.1: Input and output state buffer of each kernel in a four-kernel pipeline per-
forming the DoubleSweep procedure.

This approach leaves little opportunity for threads to diverge as for most kernels
(e.g., Kern. 2) in their warps and minimises the effects it has when it happens as the
lifetime of each thread is limited. Additionally, this approach is flexible and can scale
to any number of threads provided enough initial states can be generated. The costs
however outweigh the benefits in this case. Preliminary tests yielded unsatisfactory re-
sults, making it unviable even for relatively small instances (e.g., N = 15) which took
more time than a sequential CPU computation.

The failure of this approach is largely attributed to memory interaction forming a sig-
nificant portion of each kernel’s execution time (i.e., memory-bound kernels, bounded
by latency). Thread context-switching is cost-free in the GPU and typically off-chip
memory access latencies are hidden by swapping stalled threads for ones that are ready
to execute. In this case however, the compute component for some kernels (i.e., Kern. 3
and Kern. 4) is insignificant compared to their memory interactions.

Besides the poor performance of the kernels themselves, communication between host
and device is generally a costly operation due to overheads and data transfer speeds
over the shared PCI bus which are difficult to hide behind parallel computation.
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Perhaps the distinction between this unsuccessful attempt and the successful approach
of Meyer et al. [83] is the nature of computation at hand. Solving the N-Queens
problem forms an irregular task for the GPU yet the solving effort, particularly for
DoubleSweep, is comprised of a very large number of small, inexpensive operations.
Decomposing the task into distinct components (kernels), frames the computation in a
favourable (for the GPU) manner however, the components themselves are not suffi-
ciently large to even approach peak computation efficiency. Additionally, this approach
suffers from work starvation at the tail-end of the computation, as Kern. 4 is unable to
advance states the required number of times to produce sufficient candidate states for
all threads of Kern. 1 to operate on, thus being forced to produce dummy unsolvable
states instead.

4.2.2 DoubleSweep-Light: A GPU-centric Approach

As discussed in Section 4.1.2, DoubleSweep contains a number of features which are
powerful, but incur high costs when implemented for GPUs. Perhaps the most signif-
icant cost stems from the branching nature of the algorithm which introduces further
data-dependent branches in an implementation. As such, a number of adaptations have
been made to produce the DoubleSweep-Light algorithm which bridges the divide of
algorithmic performance and feasible optimisations in implementation by amalgamat-
ing elements of DoubleSweep and Somers’ algorithm. Implementation details of this
algorithm for the massively parallel GPU environment are detailed in Section 4.3.

DoubleSweep-Light, like DoubleSweep, works by making a placement of a queen
on the board, followed by a propagation step. The main difference between the two is
the propagation step: DoubleSweep-Light does not perform full propagation through
multiple sweeps over the board, but instead propagates the rows directly following the
row in which the placement was made only once, which reduces the overall degree of
divergence between threads in a warp. More specifically, given a partial configuration
of queens on a chessboard and a backtracking limit (i.e., the index of a row beyond
which backtracking is not permitted), the function advance_state presented in List-
ing 4.1 is applied. This function identifies a column (Lines 4-9) suitable for a queen
placement in the current row (i.e., the row following that of the last placement), mak-
ing the placement and advancing the state (Lines 10-14) if such column is found, or
backtracking (Line 16) and re-trying otherwise. In essence, backtracking is performed
when no queen can be placed in the current row due to conflicts with previously placed
queens. The reasons for limiting backtracking are detailed in Section 4.3.1.

It is worth noting that the form a state (s) takes in Listing 4.1 and subsequent listings
is that of a structure, the contents of which include the current row (current_row)

*In this listing, the notation Jidx, N[ signifies an interval exclusive of bounds (i.e., {a € Nlidx < a <

N
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and a list of structures (row_at) each containing per-row information.

fn advance_state (s, locked_idx):
let cr « s.current_row
while locked_idx < crrow_index <N do:
let idx < cr.current_queen_index
foreach i€lidx,N[ do:
if —has_diagonal(s, i) A —blocked_col(s, i) then:
1dx « i
break

if idx # cr.current_queen_index then:
place_queen(s, cr, idx)
let X « min(cr.row_index+1, N—1)
S.current_row < s.row_at[x]
return T

else:

Cr < s.row_at[cr.row_index—1]
return |

Listing 4.1: State advancement algorithm.

The per-

row structure holds information such as the index of the queen placed on that row
(current_queen_index) and the index of this row in the state (row_index).

— O 0 00 IO\ R W

fn derive_queens(s):
start :
let free < nil
foreach ic[0,N[ do:
if —has_diagonal(s, i) A —blocked_col(s, i) then:
if free # nil then:
return |
free < i
place_queen(s, s.current_row , free)
S.current_row < s.row_at[s.current_row.row_index + 1]
goto start

Listing 4.2: The DoubleSweep-Light algorithm.

Following the advancement of a state by applying advance_state, the propagation
step is performed on the state s by applying the function derive_queens presented
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in Listing 4.2. This function identifies which column (if any) in the current row of
s is free (Lines 3-8) and if such a column exists, places a queen, repeating the same
operation in the following row (Lines 9-11).

(2) Placement of Queen (3) Derivation 1

(6) Derivation 4 (5) Derivation 3 (4) Derivation 2

Figure 4.2: Step-by-step application of DoubleSweep-Light.

The process described in this section is presented visually in Figure 4.2. First,
the initial state (1) is the partly complete non-attacking configuration upon which
DoubleSweep-Light is applied. The red region signifies rows (0 to 3 from the top,
counting from 0) for which modification is forbidden (i.e., backtracking will be lim-
ited to not modifying of any of these rows). Initially, advance_state is applied which
results in the placement of a queen in row 4 in one of the two possible positions seen
in (1) to yield (2). From here, derive_queens is applied starting from the following
row (row 5). This row is ‘unit’ (i.e., only one valid placement can be made in that
row), hence we place the queen there yielding (3). The placement of this queen re-
sults in the following row (row 6) becoming unit which results in another placement
as seen in (4). Once again, the placement of this queen makes the following row (row
7) unit, and this cascade effect continues as seen in (5) and (6) resulting in a com-
plete non-attacking configuration through derivations. If we found we could not place
a queen, then we would backtrack undoing the unit derivations and explore the only
other possible position of the queen in row 4.
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4.3 Implementation of DoubleSweep-Light on GPUs

Enlightened by the observations and results of existing work in the field, we implement
our DoubleSweep-Light algorithm using a single-shot kernel approach to produce
a full-GPU solver. Our focus is solving performance and the regularisation of the
task where possible. This motivates the choice for a single-shot kernel approach, as
opposed to a multi-kernel one, as following our initial experiments (see Section 4.2.1)
we deemed such approach unsuitable for this task.

Unlike existing work [141, 129] which relies on dynamic state generation during solv-
ing, our approach treats the smallest unit of computation, a thread, as a self-contained
individual solver performing DoubleSweep-Light to explore its own sub-tree of the
search space. More specifically, each thread of the kernel is assigned an initial, partly
explored search state from a pool (generated in the manner explained under Sec-
tion 4.3.1) upon which the lifetime of the thread depends.

Initial/partial search states are generated on the host-side, and transferred to the global
memory of the device as a contiguous array of structures (structs). The structure of
each state, visualised in Figure 4.3, is comprised of the following components:

* Per-row projections of conflicting diagonals caused by placed queens (two 64-bit
bit vectors for the diagonal and anti-diagonal respectively, see Section 4.3.2).

* The occupied columns (i.e., placed queens, a single 32-bit bit vector).
* The index of the current row (a single 8-bit integer).

* The indexes of placed queens on the current state (array of N many 8-bit inte-
gers).

The size of the state structure (struct) varies depending on the value of N, as a result
of the placed queen indexes array member. The remaining components of the struct
are 8-byte aligned and laid out as shown in Figure 4.3 with the 8-byte boundaries
highlighted. This structure minimises padding, in an effort to reduce the overall size
of state pools and allow a greater number of states to be stored in the device’s memory.
We note that this layout results in a well-packed struct on tested compiler versions,
however, padding and struct member layout is ultimately determined by the compiler.
Misaligned memory in the device does not, on the one hand, cause unexpected or
erroneous behaviour, however it results in multiple interleaved memory instructions
which disrupt access patterns and degrade memory fetch performance.

*The implementation of this struct is shown in Listing C.3 of Appendix C.1.
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Figure 4.3: Visual representation of an N-Queens state in GPU memory. Red protrud-
ing lines denote eight-byte boundaries and each tick denotes a byte.

Besides well formed memory that minimises transactions, a space-conserving design
such as the one shown is crucial to keeping each thread’s state resident in on-chip
memory. Data locality is of paramount importance for fast access, even in modern
hardware with superior caching capabilities. In this application, cache schemes and
on-chip memory partitioning is unlikely to fully eliminate transactions from reach-
ing global memory and restricts control over the structure of on-chip memory which
must be informed by the expected access patterns. Further discussion on this topic is
presented by each kernel implementation (Sections 4.3.3 and 4.3.4).

It is noted that the value of NV is set and known at compile time, which enables a fixed
array member of N elements to exist in the aforementioned struct. In addition, the
availability of this number at compile time aids the generation of commonly used bit
masks at no run-time cost, as well as pre-computation of bounds by the compiler.

Following the transfer of a pool of states to the device, a kernel is launched comprising
of T many threads mapping one-to-one to the states in the pool. It is desirable for
T =~ C x P where P is an empirical over-subscription factor. Whilst it is often thought
that threads map one-to-one to the number of cores in the SMs of the GPU and there-
fore as many threads as cores are needed, this is not strictly true. This mapping hinders
the ability of warp schedulers to switch between threads to keep hardware resources
occupied while other threads are blocked (i.e., hiding latencies) and the availability of
additional work should a block complete sooner than the rest. Our aim is to have a
surplus of blocks of threads to allow for finer balance of work across SMs. The degree
of over-subscription is empirical, as a multitude of factors relating to the device’s ca-
pabilities (e.g., core count, per-SM block capacity, potential block size, etc.) have to
be taken into consideration.

This workload does not benefit from spatial locality, therefore we have adopted the
simplest grid/block topology using mono-dimensional blocks which in turn are part
of a mono-dimensional grid. This gives us a theoretical limit of threads per device
of 241 — 210 threads based on CUDA limits, which is unlikely to be reached by any
kernel. We have provided two kernel implementations of DoubleSweep-Light each
suited best to devices with different characteristics, namely a shared memory-based
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Figure 4.4: Visualisation of the steps involved in warp down-shuffling.

kernel and a register-based kernel presented in detail in Section 4.3.3 and Section 4.3.4
respectively.

In both kernels, each thread accumulates its number of solutions in a local 64-bit vari-
able throughout its lifetime*. Upon completion, the thread first doubles its solution
count where appropriate to account for vertical reflections (see Section 4.3.1) and then
performs an atomic addition operation, accumulating its solution count in a global
memory location. Each block is granted a separate accumulation point in an effort
to spread atomic operations over different locations and reduce any performance im-
pact they may have. In our earlier work [101] we employed warp down-shuffling as
illustrated by Figure 4.4 to perform a parallel reduction operation within the block and
summarise the block’s total solution count efficiently, as opposed to using an atomic
add operation. Warp-level primitives enable threads within the warp to exchange regis-
ter contents instantaneously yet still in a synchronous manner to preserve data integrity.
The later decision to use an atomic add operation came as optimisations enabled our
solver to reach larger values of N, where per-block results surpassed the limits of a
32-bit unsigned integer - the largest supported in warp primitives. Atomic arithmetic
read-update-write operations between 64-bit unsigned integers to global-memory are
long supported in CUDA, but come at a comparatively higher cost to the previous
approach. The cost of result summation however, is only relevant to the overall com-
putation time of smaller values of N as after a point the computation effort sufficiently
hides them.

Once a kernel completes execution, the host system which has been awaiting, reads the
array of results from the device, and sums them to produce the total count of solutions
identified by that GPU. If multiple devices attached to the host are involved in the

*As 64-bit operations are emulated on the GPU, this can be a relatively costly operation, with room
for optimisation as detailed in Section 4.3.6.
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computation, the host awaits for their completion before accumulating the final result
across all. This result may not be the instance solution, either because the state pool
used contained a subset of states generated (e.g., in a long computation performed in
stages), or multiple other hosts are involved (e.g., in a distributed platform).

The remainder of this section presents the operation of the solver in more detail starting
with the generation of initial states on the host-side (Section 4.3.1) and the scalability
of our approach on multi-GPU platforms (Section 4.3.5) before diving into implemen-
tation details on the device-side starting from the tracking of diagonals (Section 4.3.2)
and leading up to the specifics of each kernel implementation (Sections 4.3.3 and 4.3.4)
and the optimisations employed in these kernels (Section 4.3.6) to produce results sur-
passing existing work in literature (Section 4.4). Finally, the criteria for choosing the
most appropriate implementation per device are presented (Section 4.3.7).

4.3.1 Initial State Pool Generation

To generate a pool of initial states (i.e., a set of partial non-attacking configurations),
a DoubleSweep-Light search is performed up to a certain depth. More specifically,
a range of rows is chosen on an N-Queens board, which are to be populated with
queens. The maximum number of possible (partial) states can easily be calculated
for a given cut-off depth, however such naively generated states often contain a large
number of ‘invalid’ search starting points such as ones which cannot be advanced
further, therefore the number of valid, advanceable states generated is often far smaller.

The state generation process produces partial states, which can be advanced at least
once. These states have a certain number of ‘locked’ rows, meaning that when
DoubleSweep-Light is performed on these states, these rows must not be altered. The
advancement algorithm presented in Listing 4.1 takes into consideration the index of
the last locked row, on or prior to which backtracking must not occur. This approach is
an incarnation of the top-down decomposition procedure for splitting the search space,
presented in [78]. In their work, the authors present the benefits their method offers
to parallel solving of constraint satisfaction problems through the N-Queens problem,
approached using constraint satisfaction heuristics. The authors demonstrate the ef-
fectiveness of this technique in workload balancing which is of great importance to
massively parallel applications such as this.

In practical terms, to generate a pool of approximately S many states for a given value
of N, a ladder-climbing approach is employed, as presented in Listing 4.3. Initially,
arow R = [logn(S)| (Line 2) is chosen, under the assumption that all naively gen-
erated states obtained by populating the first R many rows are valid and advance-
able. A pool of states sq is subsequently generated by applying a modified version of
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1|fn gen_state_pool (N, s, f):
2 let r < |logn(s)]

3 let S« 0, S+ 0

4 do:

5 S=S

6 S+ gen_states(N, r)

7 r<r + 1

8 while [S|<sAr<N—1A|S|> |5
9 if |S|<(sxf) then:

10 return (S,r)

11 else:

12 return (S'r)

Listing 4.3: Ladder-climbing algorithm for initial state pool generation.

DoubleSweep-Light (seen as the function gen_states) which stops placing/deriving
queens after a certain row (Lines 3-8).

If |so| < S, R is incremented and state generation is repeated, until some generated pool
s; satisfies |s;| > R. At that point, a choice is made to either keep s; if |s;| < (R X F)
for some constant factor F' > 1, or to discard s; and keep s;_1. Here, S is treated as
a soft limit, and the constant factor F' serves as means of determining the hard upper
limit. The flexibility in the upper limit is employed as the number of states generated
by ‘locking’ on subsequent rows may vary wildly, however discarding a pool of states
for slightly exceeding the desired number of states in the pool s is undesirable.

If at any point |s;| < |s;—1], state generation will stop and keep the set of states s;, as
the generation is following a downward slope. Generally, this is encountered when a
large number of states is requested for a small value of N, at which point state gener-
ation explores the search paths enough to encounter conflicts and discard more than it
generates, in effect, solving the given instance. For larger values of N, this is unlikely
to be the case as generally, an immense number of states would have to be generated
before the search plateaus and enters the downward slope.

N
It must be noted that, during state generation, only the leftmost [—-‘ cells of the first

row are considered for queen placements. This operation reduces the search space
by approximately half, as any states generated by queen placements on the remaining
cells of the first row would be symmetries of those, on the vertical axis. Consequently,
solution counts obtained by exploring these generated states would have to be doubled.
An exception to this rule applies to solution counts obtained by exploring states with
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N
a queen placed at cell ({EJ ,0) when N mod 2 = 1 where the solution count is not
doubled as their vertical mirroring yields no new state.

In terms of implementation, the state generation process described above can be im-
plemented on the device-side, however, we saw little benefit in doing so considering it
is a relatively inexpensive process computationally, which demands large amounts of
memory that the GPU would not be able to provide. As a result any implementation
would have to transfer large amounts of data through the PCI bus to the host system’s
memory incurring significant costs. For this reason, we perform this process on the
host-side using a threaded implementation which crudely produces a different start-

N
ing point state for each thread by placing one queen in each of the first {3-‘ cells of

the first row, in the fashion explained earlier. More specifically, each host-side thread
t; begins by placing a queen on the i column of the first (0") row in its (initially
empty) state, which remains untouched throughout the state generation process while
the thread explores all valid placements in the remaining rows up to the cut-off depth.

The need for an approximate target number of states in the state generation process
arises from the need for a sufficiently large pool to supply every participating solver in
the computation. This number is dependent upon a variety of factors such as:

* The total number of devices used.
* Memory and compute capabilities of each of these devices.

* The desired over-subscription factor per device.

Additionally, as provision for checkpointing is intentionally not implemented, it may
be necessary (particularly in shared-resource environments such as supercomputer
clusters) for longer computations to be partitioned into smaller sub-computations that
collectively amount to the final instance solution, without having to be performed at
once. This amounts to a requirement for yet more states to be generated.

With our approach, the overarching limitation in the depth of state generation is the
memory available in the host machine. Particularly for large scale computations
(e.g., N =25, in the experimental setup described in Section 4.4) this may easily be
reached even in High Performance Computing (HPC) systems. To compensate, our
implementation makes use of memory-mapped secondary storage in this process. We
opted to manually implement this feature as opposed to rely on swap mechanisms em-
ployed by operating systems to be able to use all available physical storage space as
often swap space is limited. Furthermore, swap mechanisms broadly work on predic-
tion models to determine which memory pages may be written to secondary storage
with the least disruption to the system, which is associated with certain overheads.
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Data is generated in a linear fashion™ during state generation and can avoid these over-
heads by being written directly to secondary storage.

Following the generation of a state pool, the states in it are shuffled randomly us-
ing the Fisher-Yates shuffle algorithm [39]. Although memory transaction-intensive,
this step is important to counter the effects of irregular work distribution which may
result by clusters of ‘difficult’ states accumulating close together in the pool. This
phenomenon is documented in literature [24] where the authors explore its impact on
work distribution among parallel workers. Through our work, we reinforce their find-
ings with an example we encountered during our experiments, shown in Section 4.4.
By shuffling the pool randomly concentrations of computationally ‘demanding’ states
are likely broken and distributed, meaning partitions given to devices are likely to con-
tain a more uniformly balanced workload. This step does not however aid inter-GPU
work distribution as more ‘demanding’ states may be part of warps comprised of less
demanding ones, keeping the warp active for only a handful of states to be completed.
We aim to address this problem in a way described in Section 4.5.1.

Once the state pool is finalised, states are written to either an individual or a number
of files. As these files typically need to be transmitted over network mediums (partic-
ularly between cluster nodes), their size should ideally be kept to a minimum. In the
interest of reproducibility, the format is detailed below.

The format of these files is comprised of a 22-byte header at the start of the file con-
taining in order:
* A 32-bit file version integer which must match the implementation’s value.

* A 64-bit vector of generation flags that may affect how the data in the file is
interpreted. Currently only two bits are in use:

— Bit 0 (LSB) is set if experimental optimisations were enabled during gen-
eration.

— Bit 1 is set if states were generated excluding vertical mirrorings as de-
scribed earlier in this section.

* An 8-bit integer holding the value of N for which the states were generated.

* An 8-bit integer L holding the index of the last locked row (common across all
states).

* A 64-bit integer T of the total number of states contained within this file.

*With respect to each thread’s execution.
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This file header is followed by 7" many blocks each comprised of L many 8-bit integers.
Each block specifies the configuration of a state, and specifically the column indexes
of queen placements for the first L rows. Data typically found in the representation
of a state in memory are stripped away as they can be reconstructed using only this
information.

4.3.2 Tracking of Diagonal Occupation

Two 64-bit bit vectors are used to track occupied diagonals for each N-Queens state, as
previously described in Section 4.3. On first examination, 16 bytes may appear a hefty
sacrifice to make especially considering scalability and the use of size-constrained
memory regions such as shared memory. This however, is an integral component of
the DoubleSweep-Light implementation that allows for the construction of a per-row
projection of diagonal/anti-diagonal occupation.

Initially, the state each thread is assigned contains the pair of bit vectors V; and V4
respectively, with bits set to match the queens currently tracked in the state. Sub-
sequently, following every queen placement by the thread, this pair of values is up-
dated to reflect the change. In essence, each bit in these bit vectors corresponds to
a diagonal/anti-diagonal respectively, therefore for an N x N board, there may be up
to 2 x N — 1 diagonals and as many anti-diagonals to track. For instance, Figure 4.5
depicts the mapping of diagonals to the diagonal tracking bit vector for a given 8 x 8
board, where 0 or 1 represent the absence or presence of a queen in the corresponding
diagonal respectively. This process applies similarly to anti-diagonals.

During solving, and upon placement of a queen on a row r and column ¢, a pair of
bit masks are calculated, one for the diagonal m; = 1 < (¢ + r) and one for the anti-
diagonal m,; = (1 < ¢) < (64 — N —r) which are then used to compute the updated
value of V; = V;|mg and Vg = V4 | myq respectively. When eventually this placement
is undone (during backtracking), the bits set by m; and m,; are simply toggled off as
Vo=V, &m jand V,; =V, &myy.

To determine which columns are non-conflicting for a given row r, we utilise the above
pair of bit vectors along with the bit vector tracking the blocked columns B that each
tread maintains. First, we extract the projections of diagonals for the current row
pa = Vg > r as well as the anti-diagonals p,; = V4 > (64 — N —r), and then derive
a bit word of available columns for this row a = B | p; | paa & X, where X is a bit mask
with N set bits, computed at compile time. Following this, the positions of set bits
in a correspond to the columns where a queen can be placed without conflicting with
existing placements.

Bitwise expressions such as these are quick and involve no branching, rendering the
cost of bit manipulation and mask construction relatively small. This is ideal for a
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Figure 4.5: Mapping of queens on diagonals to the diagonal tracking word.

situation like the above, since the aforementioned computations, and especially the
checking of available columns, are performed very frequently in our implementation.
Newer device architectures (discussed further under Section 4.3.6) introduce hardware
support for bit mask calculations.

It must be noted that, GPUs are (currently) 32-bit devices, with support for 64-bit
instructions resulting from emulation. Whilst official documentation on the perfor-
mance of such emulated instructions is shallow, micro-benchmarks in literature [2, 62,
77] show that simple instructions such as the ones used for diagonal tracking, require
roughly twice as many cycles as their 32-bit counterparts (i.e., are emulated using two
32-bit instructions). We discuss the importance of micro-gains in performance to this
task, and potential optimisations to them in Section 4.3.6.

4.3.3 Shared Memory-based Kernel

Shared memory offers significantly cheaper access costs than global memory. The
shared memory-based implementation of DoubleSweep-Light has each thread in
each block reserve a portion of shared memory for its computation exclusively. At
the beginning, the thread transfers its corresponding state to shared memory follow-
ing the representation presented in Section 4.3. The implementation of this kernel is
shown in Listing C.12 of Appendix C.5.1.

The per-row indexes of each N-Queens state are necessary to facilitate backtracking.
During backtracking, placed queens need to be removed from the state, meaning the
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tracking of diagonals, anti-diagonals and occupied columns needs to be updated, which
can only be done knowing the position of the removed queen. Traditional recursive
implementations would use the call stack for this purpose, but due to limitations in size
and control of data we chose to manually track this data in an iterative implementation
instead.

During computation, each thread in a warp operates on the data in its shared mem-
ory, by performing the DoubleSweep-Light procedure. Warp divergence cannot be
eliminated completely in the implementation of DoubleSweep-Light as the number
of iterations made by each thread is data-dependent. Warp synchronisation barriers
are interleaved between state advancement and propagation in an effort to re-converge
divergent threads where appropriate, mitigating some of the effects of divergence.

Following every successful propagation and derivation, involved threads within a warp
are balloted to determine if all have completed their task. If at least one thread votes
against stopping in the ballot, the warp continues, with completed threads being left
inactive. Performance may degrade if all but a few threads in a warp remain active,
however, generally, we found this to not be a detriment. Additionally, the choice to
store queen indexes as 8-bit integers was driven primarily by the constrained size of
shared memory. This, paired with the data-dependent access patterns exhibited by
the threads renders bank conflicts unavoidable. Due to the high compute load of the
kernel, however, the overall impact of such conflicts does not seem to greatly impact
the kernel.

Each thread uses an unsigned 64-bit integer to count the number of solutions it finds
for its given state. After successfully advancing its state, each thread increments this
counter by either 1 or 0 depending on if the state is a complete non-attacking configu-
ration or not. This is ‘cheap’ to establish computationally purely through the occupied
columns bit vector since having N set bits in this vector guarantees all N columns have
been populated and the configuration is non-attacking. In practice, this is a simple
comparison with a compile-time generated bit mask, which paves the way for further
optimisation discussed in Section 4.3.6.

Reliance on shared memory does in some cases impact the number of threads per
block. Our goal is to maximise the utilisation of SMs and concurrent solver threads.
We calculate the size of the block in a warp-centric manner, taking into account the size
of each struct ¢ in bytes, the maximum shared memory size s in bytes, the maximum
number of warps in a full block w, and the maximum number of threads in a full block
m by first calculating the number of threads per block
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and rounding to the nearest multiple of w, to obtain the number of threads per block 2’

b = min(b— (b mod w),m)

Each piece of information required for this computation is known at compile time
allowing for the above computation to be encoded as a preprocessor-evaluated direc-
tive (see Listing C.5). In turn, information on the launch bounds of the kernel can
aid the device code compiler in more efficiently allocating resources for the kernel.
Such information is provided through the __launch_bounds__() qualifier available in
the CUDA toolkit [89].

The number of blocks in the grid is equally easy to calculate for a pool of p many
states, as {5} . It must be noted that some architectures support multiple blocks re-

siding in the same SM, provided sufficient resources are available for all of them to
co-exist. It may be preferable depending on the architecture’s capabilities for multiple
smaller blocks to be launched versus maximally sized ones. Due to the high degree of
architecture-specificity associated with this decision, we opted to maximise the block
size as means of achieving good performance irrespective of the architecture specifics,
a decision biased in part by the hardware available to us. Additionally, the transfer of
data from global to shared memory forms an insignificant portion of the computation,
therefore global memory access coalescing is not considered in this instance.

4.3.4 Register-based Kernel

As discussed in Section 2.3.1, register space can be seen as the fastest type of ‘mem-
ory’ available. Whilst strictly, hardware registers are a very different component to ad-
dressable memory (either on- or off-chip), as they behave differently and are intended
to be used as (perhaps temporary) storage ‘pockets’ for instruction execution, they are
significantly faster to interact with than any addressable memory in the GPU. This of
course is to be expected, since no explicit fetching or writing instructions need to be
used to interact with them. Register access and register-to-register instructions should
not be thought of as instantaneous however, as register fetch and pipeline latencies are
involved. For more information we refer the reader to [62, 89] and [131].

In compute-intensive workloads such as ours, performance gains can be made simply
by altering the expression of the computation at hand on the high-level program side,
to enable the compiler to better distribute data in the registers available. Similar tech-
niques such as warp caching® are one of many advanced optimisations known to the
domain of high-performance GPU programming.

*For further discussion on this matter, we refer the reader to: https://developer.nvidia.com/
blog/register-cache-warp-cuda/
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In earlier times, C-based programming languages offered an interface for hinting at
the compiler which pieces of data the programmer deemed beneficial to belong in
register space through language constructs such as the register qualifier [S8]. More
recently, such hints are often ignored entirely by compiler tooling in favour of register
allocation heuristics [135]. This renders such optimisations not definitive nor forward-
compatible, with new heuristics or fluctuating register capacity in newer hardware be-
ing factors potentially influencing register allocation.

We present adjustments made to the kernel implementation described in Section 4.3.3
in order to format data such that they are eligible for placement in registers by the
compiler. As part of the process, we confirmed our changes reflected in the resulting
binaries through different compiler versions and hardware capabilities* to exclusive
use of register space as desired. We have applied these changes to form a register-
based kernel implementing DoubleSweep-Light.

Unlike the shared memory implementation of this kernel, at the start of computation,
all but one members of the state struct of each thread are loaded directly into thread-
local variables from global memory. Surrounding code has been adjusted to implement
DoubleSweep-Light using these variables instead of addressable memory, without
significant change to the code flow (see full implementation in Listing C.13 of Ap-
pendix C.5.1). The one member of the struct which remains in shared memory is the
array member as by its nature, it must remain in addressable memory space. We ex-
amined the potential impact of morphing the computation in a way that this data was
encoded in register space (implicitly addressed using conditionals) but concluded it
would most likely prove detrimental to performance and decided against it.

As a result of the aforementioned changes, shared memory requirements are signif-
icantly reduced for this kernel implementation. For a given value of N, each thread
requires N bytes of shared memory. Given the maximum number of threads per block
bmax, number of threads in a warp w, and shared memory size s we calculate the num-
ber of threads per block as

)
wXxX N

b = min(byqy, L J X w)
Like with the shared memory-based implementation, this calculation is performed at
compile time, aiding the compiler in resource allocation.

We note that the register keyword appears prepended to variable declarations in our
implementation more so as means of self-documenting code, and less for its value in
guiding the compilers register allocation heuristics which may or may not consider
it. In our limited, crude examination of its effects, we observed no difference in final

“Platforms used to gather performance results for this kernel as shown in Section 4.4 made full use
of register space as intended.
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register allocation when using register hinting than without doing so*. As a result
of these qualifiers however, we did have to alter code flow and manually inline most
function calls requiring pointer passing, as pointers to register-qualified variables must
not be obtained in C-style languages even if some compilers define the behaviour.

The benefits of the change from shared memory to registers are two-fold:

1. The reduced shared memory requirements allow for full blocks to be allocated
per SM. Typically, a warp is comprised of 32 threads, and there can be up to
1,024 threads per block. Even the earlier architectures featuring 48,000 bytes
of shared memory per block per SM would end up having at least one full block
per SM for all N < 46.

2. Register space is thread-local, significantly faster and with less stringent access
pattern expectations than shared memory".

It must be noted however that high-level code has no direct control over register allo-
cation. Attempts to interfere with the compilation toolchain in register utilisation are
objectionable, as beyond violating programming standards, they often hinder compiler
optimisations and overall result in performance loss. Likewise, exhaustion of register
space has adverse effects on overall performance.

In our experiments, this kernel generally compiled without excess register usage and
resulted in significant performance gains on tested architectures, detailed in Sec-
tion 4.4.

4.3.5 Solving on Multi-GPU Systems

We have designed our solver to scale on any number of parallel GPUs provided enough
initial states can be generated, in the manner described in Section 4.3.1, which renders
it easily horizontally scalable in distributed environments such as clusters. Here, the
idea remains the same as before where the number of required initial states is prod-
uct of the number of GPUs involved in the computation as a whole. The generated
state pool is partitioned upon generation to sub-pools, specific to each GPU involved.
Following the completion of the computation, the results from each GPU can be col-
lated to produce the final sum in the manner described in Section 4.4. The absence
of dependency between solvers (and by extension, GPUs) renders this approach lin-
early scalable w.r.t. the number of solvers in theory, yet practically scaling follows a
quansi-linear trend as discussed in Section 4.4.

*Tested on NVCC version 11.7.64.
TThis is not to say register allocation is guaranteed to be perfect. Refer to Section 4.5.5 for further
detail.
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In practical terms, scaling is limited by resources as catering for an arbitrary number
of GPUs requires a sufficient amount states to be generated. For larger values of N,
the search space is large enough to cater for very large numbers of initial states to be
generated, leaving the availability of sufficient computational resources for the state
generation process as the only limitation thereafter.

Operating this type of solver on distributed computing environments (e.g., cluster
topologies) does in some cases present a disadvantage. Typically, cluster systems are
comprised of any number of nodes, each of which may be of different specifications
to the rest, even at different physical locations. A job is typically submitted through
a ‘login node’ and scheduled automatically to execute in a set of nodes when suffi-
cient resources become available. Jobs hold various parameters for the work that will
eventually be carried out and often come with a limit on the time available to carry
out such work in the interest of fair resource sharing. The specifics of cluster topolo-
gies, available hardware, limits, job scheduling, etc. can vary greatly between cluster
setups.

4.3.5.1 Assessing the Potential Performance Impact of Checkpointing

Overcoming time limits in cluster environments for long running GPU computations
is significantly harder than their CPU counterparts, as the CPU-side can receive and
process interruption signals near the end of the allotted computation time slot, and
take action to save the current state of the computation (i.e., create a checkpoint).
For computations on a co-processor such as the GPU however, this is not as easily
achievable, as any signal would have to be received by the host system which then has
to take action to halt the computation on the GPUs it hosts, in a controlled manner,
collecting and preserving the state of the computation in the process. Stopping the
threads in a massively parallel environment is difficult and further complicated by the
absence of an overarching thread controller as is the design in GPUs.

A controlled stop of threads in the GPU can be achieved, if initiated by each thread
upon a condition being met which triggers the thread to cease further work. In this
scenario, threads individually and periodically poll a shared (with the host) memory
location in anticipation of a termination signal. Upon receipt of such signal, threads
write their search state to a corresponding memory location alongside the number of
solutions they identified up to that point, enabling the host to store this state and resume
it at a later time.

Perhaps the most important consideration in such a design is how to minimise the
performance impact of per-thread logic for periodic checks of the global memory flag.
The most light-weight approach we devised was to base the period of checks on the
number of elapsed clock cycles. Using the special 64-bit register %clocké4, accessible
using a standard mov.u64 instruction, a thread can access an unsigned counter holding
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the number of clock cycles elapsed since the start of the computation™. If the value
of this register is greater than the value was when the last check was performed by
the thread plus a fixed constant, then a check can be performed again. Listing 4.4
shows the relevant CUDA-C code for this check which we considered for our solver.
gmem_stop_flag is a volatile pointer to a 32-bit global memory location flag, controlled
by the host, and 1ast_clock is a local 64-bit variable storing the GPU clock at the time
of completion of the last check. The actions taken to terminate the computation by the
thread are abstracted as a call to the nq_stop_computation() function.

uint64_t clock_ticks;
asm volatile("mov.u64 %0, %%clock64;" : "=1"(clock_ticks));
if (last_clock + CHECK_CLK_THRESHOLD <= clock_ticks) {
if (xgmem_stop_flag) {
ng_stop_computation() ;
}
last_clock = clock_ticks;
}

Listing 4.4: CUDA-C code executed by each thread between processing tasks to check
for a termination signal from the host.

In an application such as ours, threads are explicitly designed to avoid any interaction
with global memory following the initial setup of their on-chip memory at the begin-
ning of the computation, due to the high access cost of such interactions’. Introducing
infrequent non-cached global memory ‘checks’ as described above would perhaps not
result in significant performance impact, yet embedding logic in each thread to decide
when time has come to perform such check would, in all likelihood. This is due to
the work of each thread consisting of a large number of inexpensive tasks between
which such logic is interleaved, in effect repeating this check logic very frequently.
The incurred cost here takes the form of additional frequently repeating work for the
SM.

We deemed the cost of checkpointing logic in the GPU too great and decided against
implementing this functionality. We instead chose to partition the state pool empiri-
cally, for problem sizes likely to surpass time limits of the target cluster and instead
dispatch multiple jobs to tackle each sub-pool without exceeding the limits.

4.3.6 Kernel Optimisations

Reliance on high-level program constructs and compilation tooling alone in CUDA,
will likely achieve good but not peak performance [37, 63, 62]. Some sources [63]

*Or since the last wrap-around of the counter which occurs silently.
T Although not officially documented, it is generally accepted that global memory access is slower
than shared memory by a factor of ~ 10.
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empirically claim the code generated by NVIDIA Cuda Compiler driver (NVCC)
achieves approximately 80% of the theoretical efficiency in compute-bound applica-
tions. Whilst no experimental methods or data are presented to substantiate the claim,
our experiments have also lead us to conclude that hand-tuning optimisations are re-
quired in pursuit of peak performance.

We focus our optimisation efforts to the N-Queens kernels described earlier in this sec-
tion and in the process, identify a number of areas of improvement which can broadly
be classified into two categories: high-level code alterations; and low-level instruction
tinkering. Our optimisations under each are described in Section 4.3.6.1 and Sec-
tion 4.3.6.2 respectively. Unless otherwise stated, our experiments and tests of these
optimisations were carried out using CUDA version 11.7.64. We refer the reader to
the Godbolt Compiler Explorer [47] for ease of replication.

4.3.6.1 Surface Optimisations for N-Queens Kernels

Some degree of optimisation of kernels, like other programs in C-based languages,
can be achieved simply by using language constructs [142, 37] and incorporating be-
haviour information of the compiler and hardware in re-structuring code. We regard
such optimisations as ‘surface-level’ as they can generally be performed safely and in
a forward-compatible manner.

As part of this process, we examined the impact of the pointer aliasing restriction. In
both kernel implementations (Listings C.12 and C.13), pointers are used to refer to data
in global and, importantly, shared memory. Whilst pointers to global memory are only
used a handful of times in the lifetime of the kernel, those to shared memory are used
throughout. We altered our kernel to eliminate pointer aliasing where appropriate, and
used the __restrict__ keyword in CUDA which is the equivalent of restrict in the C
language, introduced in C99*.

Whilst in itself, __restrict__ is merely an offer of a guarantee to the compiler (that the
target pointer will not be aliased in the current context), this permits the compiler to
eliminate load/store instructions in between instructions, necessary to guarantee cor-
rectness when aliasing pointers may be used. As an isolated example, we considered
the kernel shown in Listing 4.5, which has threads subtract a value belonging to a
global memory array ¢ from values in two other global memory arrays a and b. As ex-
pected the PTX produced for this operation (shown in Listing 4.6) requires the values
from a and c to be loaded, subtracted, and stored back before the values from b and ¢

are loaded, subtracted, and stored back.

*The restrict keyword is not natively supported by the C++ language standard. Compilers that
support it provide alternative keywords such as __restrict__ available in CUDA for the device-side,
and __restrict for MSVC and GCC for the host-side. We note that, as the behaviour is implementation-
defined, the exact effect is compiler-specific.
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__global__ void no_restrict_kern(int* a, int* b, int* c) {
const unsigned idx = blockIdx.x * blockDim.x + threadIdx.x;
alidx] -= cl[idx];
blidx] -= c[idx];

}

Listing 4.5: Minimal kernel with no aliasing guarantees on parameter pointers.

ld.param.u64 %rdl, [no_restrict_kern(int*, int*, int*) _param_0];
1d.param.u64 %rd2, [no_restrict_kern(int*, int*, int*) _param_1];
1d.param.u64 %rd3, [no_restrict_kern(int*, int*, int*) _param_2];
cvta.to.global.u64 Y%rdd , %rd2;

cvta.to.global.u64 %rd5, Y%rdil;

cvta.to.global.u64 %rd6, %rd3;

mov.u32 %rl, %ctaid.x;

mov.u32 %r2, %ntid.x;

mov.u32 %r3, %htid.x;

mad.lo.s32 %rd, hrl, %r2, %hr3;

mul .wide.u32 %rd7, %rd, 4;

add.s64 %rd8, %rd6, %rdT7;

ld.global.u32 %r5, [%rd8]; //ld.global.nc.u32 with __restrict__
add.s64 %rd9, %rd5, %rd7;

1d.global.u32 %r6, [%rdol;

sub.s32 %r7, %r6, %r5;

st.global.u32 [%rd9l, %r7;

ld.global.u32 %r8, [%rd8]; //Removed with __restrict__

add.s64 %rd10, %rd4, %rd7;

1d.global.u32 %r9, [%rd10];

sub.s32 %r10, %r9, %r8;

st.global.u32 [%rd10], %ri10;

ret;

Listing 4.6: PTX code emmited from the compilation of the CUDA code in Listing 4.5.

The operation is simplified however, if it is known that pointer ¢ does not alias
any other, as the need for re-loading its value is eliminated. Marking ¢ with the
__restrict__ qualifier results in this effect, by eliminating the global memory load
instruction at Line 18 of Listing 4.6*. Besides this typical behaviour seen across com-
pilers, particularly for CUDA, additional optimisations are permissible. Specifically,
knowing c is a non-aliasing pointer guarantees' its values are not modified throughout
the kernel’s lifetime and thus there is value in caching the transaction® to spare the

*A brief explanation of each PTX instruction can be found in Appendix A.1.

TExternal modification of this value in global memory during kernel execution is not anticipated.

fMemory transactions are typically 32-, 64-, or 128-bytes long. In an access pattern such as this
values are likely in the same cache line, thus the effects of caching stretch beyond this singular read.
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expensive global memory load for some threads in the block. As such, Line 13 is ad-
justed to a non-coherent cached load 1d.global.nc.u32. We note that cache coherency
in CUDA is currently not possible globally (w.r.t. all SMs) but it is between different
cache layers within the SM.

While examining PTX code to establish the impact of __restrict__ in the register-
based kernel, we observed a large number of type conversion instructions (cvt). The
shared memory-based kernel made use of minimally sized types to represent different
data, in an effort to maximise block sizes for the available shared memory. These
types were matched by temporary variables despite offering no benefit to register use.
Undesirably however, their use required repeated conversions between these types to
maintain their respective extension and truncation properties.

Such conversions consume clock cycles, in many cases, unnecessarily. In the latest
compute capability versions as of yet (8.0 < cc < 9.0), only 16 such conversions from
32-bit types to smaller ones can take place per clock cycle per SM [89], resulting in
performance deterioration, even between threads of the same warp.

A simple change of types in some parts of the high-level code eliminated the need for
such instructions and resulted in approximately 20% higher performance for this kernel
overall. Whilst not strictly an optimisation, in compute-bound kernels such as this one,
performance gains can be made through the removal of unnecessary instructions.

Lastly, as outlined in Section 4.3.3, we elected to make data used in computing the
dimensions of blocks and grids in a kernel available at compile time, rendering such
calculations statically commutable. Part of the reasoning for this decision was to make
use of the __launch_bounds__() directive to aid the compiler in resource allocation,
especially in terms of registers. However, we observed no effect in register utilisation
nor in the emitted PTX code when making use of this directive versus when not. This
likely results from an optimal (to the compiler) allocation already having been achieved
without this information, yet we keep this directive in code in case it helps future
iterations of compiler tooling.

The overall effect of these surface-level optimisations in this instance was a reduction
in unnecessary instructions, and gains in performance. Since both kernels in this in-
stance are compute bound with little memory interaction, performance gains can only
result from a reduction in instructions as appropriate, and better utilisation of compute
resources, as is generally the case for such workloads.

4.3.6.2 Low-level Optimisations for N-Queens Kernels

For our register-based and shared memory-based kernels, we examined a number of
hand-tuning opportunities in areas where the output of compiler tooling is perhaps not
optimal. Improving in these areas requires hand-crafting PTX code and injecting it into
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the output at compile time [68, 5, 90]. We regard such optimisation ‘experimental’ and
have implemented them in a manner such that they can be disabled at compile time.
We reiterate that interference with the compiler can result in code tightly coupled to
some tooling and hardware versions and must be done carefully as to not disable or
override optimisations made by the compiler and preserve result integrity. Despite
coupling code to specific hardware and tooling, such optimisations are necessary to
increase performance.

Our exploration of such optimisation begun by analysing PTX code produced by the
compiler for our register-based kernel where curiously, we observed reluctance by the
compiler” in emitting bmsk PTX instructions, even when properly suggested. The bmsk
PTX instruction generates a 32-bit mask (bit vector) with n contiguous set bits starting
from index i and higher, and has two modes: clamp and wrap to cut-off the mask at bit
bounds and wrap around respectively.

Looking further, we presented the compiler with an ideal scenario, namely that of a
kernel the threads of which construct one such mask each, shown in Listing 4.10. We
hypothesised that the rather lengthy set of instructions involved in producing this mask
would be replaced by a single bmsk. clamp.b32 instruction when compiled and provided
the compiler with valid assumptions’ such as i +7 < 32 and that n > 0 in an effort to
encourage the use of bmsk (specifically clamp mode) but it was in vain. Instead, the
PTX output shown in part under Listing 4.7 was produced which in turn compiled to
the SASS instructions shown in Listing 4.8%, without making use of bmsk in either case.

T

2| MOV RO, Oxffffffff

3| UIADD3 UR4, UR4, UR5, URZ

4 S2R R3, SR_TID.X
. 5 SHF.L.U32 R5, RO,
mov.u32 hrd, -1; — c[0x0][0x168], RZ
shl.b32 %5, %r4, %r3; 6| SHF.L.U32 RO, RO, UR4, RZ
shl.b32 %r6, hrd, %hril; 7| ULDC.64 UR4, c[0x0][0x118]
not.b32 %7, hrb5; 8 LOP3.LUT R5, R5, RO, RZ,
and.b32 %r8, hr6, %hr7; — 0x30, !PT

9
Listing 4.7: Part of the PTX code after Listing 4.8: SASS produced when
compining Listing 4.10 for CC 8.0. compiling instructions in Listing 4.10.

*Tested on some NVCC versions up to 12.3.1 with flags including: -Xptxas -03 -arch
compute_80 -code sm_80.

"The __builtin_assume(p) intrinsic guarantees to the compiler that the predicate p holds in the
current scope.

fA brief reference of SASS instructions and their syntactical structure can be found in Ap-
pendix A.2.
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__global__ void make_mask_optim(unsigned* array, unsigned from,
— unsigned many) {
unsigned mask;

asm("bmsk.clamp.b32 %0, %1, %2;" : "=r"(mask) : "r"(from),
— "r"(many));

array [blockIdx.x * blockDim.x + threadIdx.x] = mask;

}

Listing 4.9: Alternative implementation of the kernel in Listing 4.10, hand-tuned to
use bmsk.

We note that the kernel in Listing 4.10 made use of 8 registers when compiled as
opposed to that in Listing 4.9 which required 10. Whilst general conclusions cannot
be drawn from that fact, we speculate the compiler’s reluctance may be product of a
cost-gain analysis on the potential performance gains against factors such as register
preservation. Despite no official performance data being available for instructions
such as bmsk, it is not unreasonable to assume they offer performance benefits or at
worse case, perform identically to the discrete bit operation equivalents. It is noted
that despite requiring additional registers in this isolated implementation, using bmsk
as part of a more complex kernel register reuse may hide such requirements, as was
our experience when forcibly introducing this instruction in our kernels.

Following the aforementioned optimisation, we examined the PTX code aim-
ing to eliminate unnecessary instructions. During the propagation sweep of
DoubleSweep-Light, we traverse unpopulated rows and compute the bit word a of
available columns for that row in the manner described in Section 4.3.2. We then ap-
ply the standard library function __popc on a, to compute the number of set bits. If
only one bit is set, then the row is unit and a placement should be made in the only
available column, which is the index of the set bit. To identify that index, the stan-
dard __ffs function can be used, which finds the index of the first (least significant)

__global__ void make_mask_bitops(unsigned* res, unsigned i,
<~ unsigned n) {

__builtin_assume(i + n < 32);

__builtin_assume(n > 0);

unsigned top_bits = -1 << n + 1ij

unsigned bottom_bits = (-1 << 1i);

unsigned mask = ~“(top_bits | bottom_bits);

res[blockIdx.x * blockDim.x + threadIdx.x] = mask;
}

Listing 4.10: Simple kernel of which all threads compute a 32-bit bit vector with n set
bits starting from bit at index i and higher.
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set bit (one-indexed). The PTX code produced by the compiler for the __ffs function
is shown in Listing 4.11 where a is stored in the register variables %r1. Since there is
no single instruction to find the first set variable in PTX, the process is performed by
first reversing the bits of a from least to most significant (brev.b32), then determin-
ing the number of left-shifts i needed to bring the most significant set bit to the most
significant bit position of the type (bfind.shiftamt.u32), and finally add 1 to i.

brev.b32 %r2, %ril;
bfind.shiftamt.u32 %r3, %r2;

add.s32 %r4, %r3, 1; 1 |bfind.u32 %r2, %ril;

Listing 4.11: PTX instructions from Listing 4.12: Single-instruction

the compilation of the library function equivalent of the instructions shown in
__ffs. Listing 4.11.

In this instance however, we know that there is exactly one set bit, therefore the reversal
of the bits of a can be omitted, along with the offsetting of the resulting index by 1 as
that is not useful in our application either. Such factors simplify the PTX instructions
needed as shown in Listing 4.12, where we use bfind.u32 to identify the natural index
of the most significant (and only) set bit directly. This improvement is especially
important for devices of compute capability 7.0 and currently up to 8.6, where the
throughput of 32-bit bit reversal is relatively low at 16 per clock cycle per SM [89].

Continuing on with the removal of redundant instructions, we shifted our focus to the
solution accumulation code. Following every propagation sweep of the thread’s state,
a check is performed to determine if the state has been solved, and if so, the 64-bit
solution counter s is incremented by one. The check compares the occupied column
tracking bit word e, with a bit mask of N set bits m. If the two are equal, all columns
have been populated with queens, and therefore the state is a valid solution. This
check takes the form of three PTX instructions shown in Listing 4.13 where e, m and
s are stored in the register variable %r1, %r2 and %rd1 respectively. In this instance, the
predicate register variable %p1 is set to the result of e == m (setp.eq.=s32) first, and
subsequently, a 64-bit register variable %rd4 is set to either 1 or 0 depending on if %p1
is true or false respectively (selp.u64). Finally, the value of %rd4 is added to %rdi.
Although details on the performance impact of 64-bit instructions such as selp.u64
and add.s64 is not officially available, it is safe to assume they will be the same or
less performant than the respective 32-bit instruction, an assumption reinforced by
available micro-benchmarks [2].

106



W N =

4.3. Implementation of DoubleSweep-Light on GPUs

setp.eq.s32 %pl, %rl, %r2;
selp.u64 %rd4, 1, 0, %pl;
add.s64 Y%rdl, Y%rdl, Y%rd4d;

%hrl, %hr2;
%d1, 1;

setp.eq.u32 %pl,
@%pl add.u64 Y%rdl,

Listing 4.13: PTX instructions for
per-thread result accumulation.

Listing 4.14: Optimised set of PTX
instructions equivalent to Listing 4.13.

Since incrementation of s occurs only when the predicate register %p1 is set to true,
selp.u64 can be eliminated and replaced by predicating the subsequent add.=64 in-
struction. Predicated instructions do not involve transfer of control but instead, execu-
tion flow continues through them only allowing them to modify the surrounding state
if the associated predicate is true. With this in mind, we have modified the instructions
as shown in Listing 4.14. In tested architectures, this optimisation was reflected in the
SASS translation and offered a reduction of approximately four clock cycles in per-
forming this computation due to the removal of setp.u64. We highlight the frequency
of execution of this optimised sub-routine in the computation, and the significance a
small gain such as this can have in the overall computation.

4.3.7 Kernel Applications and Selection

Earlier in this section, a pair of implementations of DoubleSweep-Light were pre-
sented. Each implementation is better suited for some environments than others, with
the choice between them being made manually. Our criterion for this choice is max-
imising solving performance, achieved by maximising occupancy and minimising any
bottlenecks. Frequent fluctuations in GPU hardware specification and capabilities
makes automating such decisions especially difficult, which is why we decided against
it.

The register-based kernel likely requires higher numbers of registers when compiled
than the respective shared memory-based kernel. Registers are by no means a plentiful
resource in the GPU, rendering this kernel non-ideal for some past, and potentially,
future architectures. Besides the number of available registers one has to consider the
partitioning of the register file between threads, the maximal number of registers avail-
able to each thread, as well as the instructions each device supports, and their register
requirements. For instance, devices with compute capability 6.2 support 2,048 threads
resident on each SM at a time, sharing a register file of 32,000 registers between them.
To achieve maximum thread residency, each thread must use 15 or fewer registers of
which two are reserved for reasons discussed in Section 2.3.1. During compilation of
the register kernel for this Compute Capability (CC), the compiler* reports 25 regis-
ters in use, effectively reducing the number of threads possibly resident on an SM, and
potentially reducing performance.

*NVCC version 11.7.64 on a Windows host system.
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On the other hand, the requirements of the shared memory-based kernel are signifi-
cantly easier to discern as they are based on static information (i.e., shared memory
availability) and not so much on the heuristics of the compiler. Perhaps the only real
limitation of this kernel is the shared memory availability in the SM which should
once again be sufficiently large to accommodate the states of enough threads achieve
maximal tenancy.

4.4 Experimental Results and Performance
Evaluation

In this section we present results for both the register-based and shared memory-based
implementations of DoubleSweep-Light we obtained using Swansea University’s
Accelerate-Al cluster [12]. This cluster is comprised of six identical GPU nodes, each
of which houses eight NVIDIA A100 GPUs (Ampere architecture). For reasons out-
lined in Section 4.3.5, our control over the systems (nodes) involved in this cluster
was limited to the scheduling of jobs and accumulation of results. Therefore, to obtain
results with as little interference from other concurrent jobs, we submitted jobs requir-
ing 8 GPUs, such that they occupy a full node (i.e., no other GPU job can concurrently
reside on the same node).

To evaluate the performance of our DoubleSweep-Light implementations, we tack-
led a range of problem sizes N € [19,25] using data-centre GPUs in a controlled clus-
ter environment. Figure 4.6 presents the solving time in seconds required for each
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Figure 4.6: Solving time in seconds required to tackle each N € [19,24] using both the
register-based and shared memory-based kernels over eight A100 GPUs.
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N || Number of States | Last Locked Row

19 || 80,392,450 8
20 || 22,781,426 7
21 || 39,430,182 7
22 | 60,760,010 7
23 || 9,843,545 7
24 || 13,335,292 6

Table 4.1: Number of states in state pools generated for our experiments.

N € [19,24] using our shared memory-based kernel (Kernel 1) and the register-based
kernel (Kernel 2) implementations. For each value of N, a state pool was generated
which was subsequently shuffled as described in Section 4.3.1, and instances of each
of the two kernels were submitted as separate jobs to the cluster, each tasked with
tackling the same state pool. The sizes of pools generated for each experiment are
shown in Table 4.1, alongside the index of the last row that was ‘locked’ to produce
this number of initial states. For N < 18, the runtimes are sub-second which would not
offer meaningful data for analysis and is why we elected not to include those here.

For each experiment, we aimed to generate 80,000,000 initial states, which would
equate to 10,000,000 per device over eight devices. This large factor of over-
subscription was chosen to allow for finer control of workload per thread in the de-
vices, however, we note that due to the nature of the problem, the time needed to
tackle each, cannot be estimated accurately to employ a better work-balancing heuris-
tic (we refer the reader to Section 4.5.1). Interestingly, in some instances such as
N € {20,23,24} the number of states generated fell well short of that of the desired
state pool size. In these instances, ‘locking’ and exploring a further row exceeded
the limit by a significant amount and the state generator reverted to the earlier pool
as described in Section 4.3.1. However, even in these instances, there were sufficient
states available to supply all devices, and despite potentially worse balancing of work
between and within devices, the overall solving time does not appear to deviate signif-
icantly. The two kernels perform well, showing a consistent difference in performance
between them. As is to be expected, Kernel 1 is consistently slower than Kernel 2 for
the hardware at hand due to the availability of sufficient registers.

Varying the number of devices involved in solving an instance of the problem follows
a quasi-linear improvement in overall solving time, as seen in Figure 4.7 which plots
solving time against the number of A100 GPUs involved in the computation simultane-
ously. The speedup, calculated based on these times, can be seen in Figure 4.8. Here,
speedup is a factor of solving time using one GPU over solving time using n GPUs. In
theory, the speedup should be linear and overlap the ideal speedup line, however, this
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Figure 4.7: Impact to time of varying the number of devices (NVIDIA A100 GPUs)
involved in the computation of N = 22.

is not the case; we attribute the drop-off to factors such as imperfect work balancing
between devices. As explained earlier, it is not possible to accurately determine the
solving time required for each state to balance work evenly, therefore it is often the
case that some devices complete solving earlier than others and remain idle while the
others continue to solve, as was the case in this instance. We aim to investigate this
phenomenon further and address such work imbalance (see Section 4.5.1).

Results presented thus far were collected via a single job submission to the cluster that
carried out all work. The cluster used for our results however imposes a strict 48-hour
limit on jobs to enforce fair resource sharing between users, which was insufficient
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Figure 4.8: Speedup achieved by varying the number of involved devices in the com-
putation of N = 22.
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time to collect results for larger instances such as N = 25. Following the solving time
progression we had observed up to that point, whereby the time needed to solve a
problem instance n with some solver configuration is approximately 8.35 times that
of n — 1 using the same configuration, we estimated the time necessary to carry out
the full computation would be approximately 5.6 days based on the time taken to
solve N = 24 with eight A100 GPUs. Based on this (very crude) approximation, we
generated a large initial state pool of 20,746,561,752 states by ‘locking’ up to row 9,
and partitioned it into 20 sub-pools. Despite the considerable memory requirements
of the state generation process which peaked at 1.75TB of total memory usage®, the
overall state generation process lasted approximately 40 minutes.

Subsequently, to tackle these sub-pools of states, we manually scheduled 20 jobs over
the course of two weeks, each using eight A100 GPUs and solving one sub-pool of
states and completed the computation in a combined 670,747 seconds of run-time
or approximately 1 week and 18 hours. We launched individual jobs in succession
with intervals between them to enable better sharing of resources with other users
(as the job scheduling algorithm in place schedules jobs in a first come first serve
manner with a cap on the number of GPUs each user can utilise). It is worth noting
that the combined solving time here is the result of accumulating the time each job
required and is a reflection of the total solving time necessary for N =25 on eight A100
GPUs'. The time necessary would however be reduced greatly in a scenario where all
20 jobs execute concurrently over 160 GPUs. In such a scenario, the overall time
would be that of the longest-running job, which in this instance was 46,481 seconds
or approximately 13 hours.

Figure 4.9 presents the solving time taken by each job submitted, to solve the respective
sub-pool of states. It is noteworthy that during state generation, we elected to not
shuffle the pool of states but rather shuffle each individual sub-pool, to save on time
and persistent memory input/output operations as it is a resource-demanding process
for such large data sets. We did however shuffle each sub-pool in an effort to distribute
the workload better between the GPUs involved in tackling that pool, but we accepted
that the time each job required to complete would likely not align with other jobs, as is
the case. We observe large discrepancies between job completion times, for instance
between Job 2 and Job 20, which we attribute to the absence of shuffling of states in
the state pool before partitioning into sub-pools, as some initial states will likely have
more candidate solutions to be explored dependent on where the first few queens are
placed.

Our initial work [101] on this problem comprised of just the shared memory-based ker-

*Using RAM and persistent storage as explained inSection 4.3.1.
"Perhaps with some added overheads sourcing from the multiple kernel launches. This however is
an insignificant factor in this instance.
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Figure 4.9: Time taken per job, for a total of 20 jobs submitted to solve N = 25.

nel as described in Section 4.3.3 and lacked elimination of vertically mirrored states
during state generation and the optimisations shown in Section 4.3.6. At the time, we
obtained results in the form of runtimes for N € [14,20] which can be seen in Table 4.2.
These results were collected from two systems housing two GTX 1080ti (Pascal archi-
tecture) and one RTX 3090 (Ampere architecture) GPUs respectively, by performing
ten runs of our solver over the same input for each test case. We recall these results
and contrast them to those presented in this section, as a means of highlighting the ef-
fectiveness of the improvements presented, which stretch beyond what is attributable

to the different™ hardware.

Table 4.2: Solving times in milliseconds from our earlier work [101] for different

\f’\?’«f‘\?’vxi”'&

Y 3

values of N across a number of benchmark configurations.

N 1x1080ti (ms) 2x1080ti (ms) 1x3090 (ms)

14 || 1.95 +£0.296 0.95 £0.122 0.93 +£0.024

15 || 11.49 £1.038 6.53 £0.602 5.44 £0.369

16 || 138.36 £0.678 | 71.17 £5.255 64.3 £1.59

17 || 961 £21.1 477.2 £39.2 421 £2.7

18 || 6887.8 £11.5 3439.2 +£6.6 2998.6 +12.2

19 || 50445.9 £190 25354.7 £196.1 21394.1 £324.8
20 || 437200.7 £1614 | 213023.4 £3163.9 | 176120.9 £2198.2

“Despite the difference between the RTX 3090 and A100 being somewhat significant, the compute
performance of the two for integer operations (which our workload is heavy on) is not as significant as

other areas.
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Favourably, in our earlier work 32-bit result counters were utilised which made the
(frequently repeated) accumulation step in each thread significantly less demanding
than the respective 64-bit implementation used currently in our threads. The impact of
this additional work however appears to have been mitigated sufficiently by optimisa-
tions described in Section 4.3.6.

The N-Queens problem has attracted the attention of the optimisation and parallel pro-
cessing communities, with several contributions in the literature of GPU-based solvers
prior to ours. We highlight that data in literature is collected using different meth-
ods and tooling over different hardware, making it difficult to produce an objective
comparison. Ideally, such a comparison of approaches would be performed on similar
hardware using similar library versions and tooling, and even in a controlled environ-
ment such as this, design choices influenced by the current state of the art on hardware
architectures would have to be considered. We discuss existing contributions in the
field including ours, to highlight existing work and results alongside the potential of
our approach.

Our approach differs significantly from what is available in literature, exceeding the
performance of previous work using GPUs for N-Queens solving [87, 37, 142, 107,
126], in a naive computation time comparison. Notably, our approach does not yet
include complete elimination of transformations of previously found solutions, from
being found in separate search paths. Specifically, we only eliminate symmetries on
the vertical axis in the manner described in Section 4.3.1, yet there are several more
such transformations to consider. For instance, currently, horizontally symmetric so-
lutions are not eliminated, thus discovered on different search paths. This stands in
contrast to work in literature [ 142, 37] which reduces the search space further by elim-
inating more transformations. Despite lacking this, rather substantial, reduction how-
ever, our approach appears to surpass these results in its present state. We anticipate
significant solving performance gains once full symmetry breaking is implemented
(see Section 4.5.3) and wish to explore it ideally as a post-processing step following
state generation as opposed to an in-kernel operation to not compromise on in-GPU
performance.

Beyond GPUs, a number of other computing devices and arrangements have been used
to tackle the N-Queens problem. Notably, Kise et al. [69] solved N = 24 in 2004 using
a cluster of 68 Pentium4 Xeon processors, in approximately 22 days. Similarly, in
2007 Caromel et al. [106] utilised a grid of 260 machines to solve N = 25 over the
course of 185 days. Both approaches utilise large numbers of CPUs to perform the
significant at the time workload associated with each instance of the problem. The
scene however, changes in 2009, when Preul3er et al. [112] utilise Field Programmable
Gate Array (FPGA) devices to design and implement a solver that later solved N = 26
in 270 days; work they later complemented [111] in 2017 by computing the result of
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N =27. As of yet, this is the largest problem instance solved and remains unverified
to date. The fast-paced evolution of alternative computation hardware such as FPGAs
and GPUs paired with the shift to massive parallelism shows significant performance
potential over ‘traditional’ CPUs and paves the way for further advances in this and
many other fields.

In terms of our approach, using the aforementioned trend in solving time required by
our solver for different instances of the N-Queens problem, we estimate crudely that it
would take approximately 8.35% % 670,747 ~ 46,766, 158 seconds, or just over 1 year
and 5 months to verify the solution of N = 27 using eight A100 GPUs. This estimate
is in line with the time taken to solve the same instance in the work of Preufler et
al. [111], who used a total of 14 FPGA boards varying in model for their computation.

4.4.1 Notes on Achieved Kernel Performance

NVIDIA provides tooling to support kernel performance analysis. To gain an un-
derstanding of the interactions of our kernels with hardware resources we used the
NVIDIA Visual Profiler on a GTX 1080ti device and profiled each kernel separately,
when solving the N = 16 instance. Choosing this instance was a forced choice, as
any long-running kernels accumulate very large volumes of data points the tool cannot
handle. Smaller instances (e.g., N = 14, N = 15) showed progressively worse perfor-
mance when profiled, the smaller the instance, the worse performance. N = 16 appears
to have offered sufficient data to allow inferences on kernel performance to be made,
however we speculate that larger instances could perhaps offer slightly better results.

The two kernel implementations make significantly different use of available re-
sources, as the results presented earlier in this section serve to show. In terms of
resource use, both shared memory-based (Kernel 1) and register-based (Kernel 2) ker-
nels achieve high GPU utilisation as seen in Figures 4.10 and 4.11 respectively. Utili-
sation is restricted by factors such as unavoidable divergence between threads and can
rarely reach 100% with the more complex workloads. As is to be expected, Kernel 1
utilises shared memory very highly at 85% of the theoretical limit, which in turn af-
fects the compute component of the kernel due to the volume of memory load/stores
and memory address arithmetic*. In contrast, Kernel 2 halves shared memory utili-
sation and therefore address arithmetic, which frees up compute time to be used for
workload-specific calculations instead.

Better insight in distribution of instruction times can be gathered through the utilisa-
tion of different function units, which for Kernels 1 and 2 is given in Figures 4.12
and 4.13 respectively. Single precision units, deal with integer instructions and are
highly utilised in both kernels due to the nature of the workload. Interestingly, the

*Which is captured by the ‘arithmetic operations’ component as it cannot be distinguished.
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Figure 4.10: Compute and shared memory utilisation by the shared memory-based
DoubleSweep-Light kernel (Kernel 1).
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Figure 4.11: Compute and shared memory utilisation by the register-based
DoubleSweep-Light kernel (Kernel 2).
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Figure 4.12:  Function unit utilisation breakdown for the register-based

DoubleSweep-Light kernel (Kernel 2).

Special function unit in Kernel 2 is utilised nearly twice as much as Kernel 1. It is
unclear exactly which instructions this unit is responsible for beyond transcendental
functions as noted in [89], with the relevant white paper [94] not offering insights. We
presume this unit might be responsible for functions such as bit reversal, bit position
search, and so on, yet we see no reason for the difference in utilisation between kernels
and wish to conduct isolated experiments to identify the reason. This may be a bottle-
neck, especially in architectures with fewer special function units such as Ampere [91].
Lastly, the texture* and control-flow units are utilised equally between kernels, as is to
be expected over the same workload.

Profiling also shows that Kernel 2 makes heavier use of registers using 25 registers per
thread, compared to 23 for Kernel 1. Interestingly, the difference is somewhat small
in this instance even though register spillage did not occur in either compilation. The
device used in this instance is of Compute Capability 6.1 which supports two resident
blocks per SM, enabled by the relatively low register requirements of each full block
(1,024 x 25 = 25,600) placing it well below the half-point (32,768) and leaving room
for another resident block in the SM.

*Although the name eludes to texture memory and computations, this unit is also used to interact
with global and constant memory.

TFor CC features, refer to Table 2.1. The kernel code has also been compiled specifically targeting
this CC.
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Figure 4.13: Function unit utilisation breakdown for the shared memory-based
DoubleSweep-Light kernel (Kernel 1).

High occupancy is achieved for both kernels, which is nearly identical between them.
Kernel 1 achieves 71.5% with an average of 45.73 active warps per SM coming slightly
higher than Kernel 2 with 71.2% and 45.54 active warps on average. We postulate
that achieved occupancy will improve once our ongoing work on workload balancing
within and between warps 1s completed (see Section 4.5.1), by reducing the tail effect
experienced by warps and by extension, blocks.

4.5 Work in Progress and Future Directions

Whilst our work on N-Queens has resulted in a fast solver for the problem and is in
a good stand-alone state, there are a number of areas we have planned and will ex-
plore in due course to further the performance of the solver. Our aim through this
exploration is to assess the effectiveness of such techniques for compute-bound appli-
cations with large amounts of work as, like with most aforementioned optimisations,
their application stretches far beyond the problem of N-Queens.

We begin with an ongoing body of work aimed at achieving better work balancing at
each level of the hierarchy, from the inner-most warp-level all through to node-level
in distributed systems (Section 4.5.1). This is complemented by a secondary work
balancing scheme we aim to explore, introducing work stealing between ‘live’ kernels
during computation (Section 4.5.2). Beyond balancing work, we plan to explore means
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of reducing the amount work through further breaking of symmetries and envision
‘static’ implementations for them, as well as a new version of DoubleSweep-Light to
bringing it closer to DoubleSweep without compromising on solving performance.

4.5.1 Interwarp Workload Balancing via State Difficulty
Surveying

A likely bottleneck of our long running kernels is that of lone threads running longer
than their counterparts in the same warp. This results in a low-throughput warp re-
maining resident and occupying resources from the SM. Whilst we have not found
the pathological case (i.e., that of a thread running significantly longer than the rest)
occurring in our experiments thus far, we recognise that time savings can be made by
equally balancing work within and between warps in a block, and the possibility of
such pathological scenario materialising. We hypothesise that through a computation-
ally inexpensive post-processing step following state generation, we can predict the
difficulty of solving each state in the generated pool.

The initial idea for this approach stems from the need for workload balancing amongst
GPUs in multi-gpu systems, where we observed the run time of some devices was
substantially higher than others. We have conducted initial tests using this approach
for such systems and saw potential in this approach which we aim to extend to blocks
and warps as described.

To counter that, we have devised a post-processing step to run following state genera-
tion, with the aim of surveying the states in the generated state pool and determining
the potential difficulty of solving each, in the form of a ‘score’. More specifically, a
difficulty scoring function d := S — Z will be applied to each element of the set of
states S in the state pool, and subsequently, states will be distributed to balanced (in
difficulty) ‘buckets’ which in turn map to blocks/warps on the GPU when the pool is
tackled.

The function d(x) captures the potential effort required to tackle this state. We intend
on expressing this difficulty based on heuristics (and combinations thereof) including:

1. The number of steps (i.e., advancements and backtracks) involved in finding one
solution.

2. The number of steps required to advance between each pair of contiguous rows
during solving (i.e., the ‘difficulty’ of transitioning from each row to the next
leading up to one solution being found).

3. The ratio of blocked to available cells in unpopulated rows.
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Once the predicted difficulty of solving each state is known, states will be distributed

to b= % buckets of equal or near-equal difficulty. As discussed in Sections 4.3.3
and 4.3.4, these kernels require different resources thus the number of threads per block
and consequently blocks per grid varies. However, the formulae for determining block
sizes are crafted such that we always have full warps (i.e., the number of threads per
warp is a multiple of 32) meaning the aforementioned grouping is guaranteed to match
up with warps irrespective of block size. Secondarily, we would like to equalise the
difficulty between warps in the same block as well, with information on the warps per
block, following a similar approach only this time it is a matter of balancing (already
balanced) buckets such that each block tackles buckets (near-) equal in difficulty.

Balancing the contents of buckets and subsequently the buckets themselves, is an in-
stance of the balanced number partitioning problem which in itself is a variant of the
multi-way number partitioning problem [139]. The decision problem is quoted as
belonging to the NP-complete class which perhaps renders deterministic solutions a
poor choice for the scale of inputs we consider, since our state pools typically consist
of many thousands or millions of states. On the other hand, approximations to the
problem are known [139].

The aforementioned technique has been applied to partition a large state pool into k
buckets of n states, where & is the number of GPUs involved in tackling the pool, with
no particular regard for the inter-warp work balance. At present, we have defined the
function d as the number of steps required to find one solution for the given state. Our
intuition is that this metric determines the difficulty of completion based on the static
restrictions of the state (i.e., diagonals and occupation from fixed placements)*. For
instance, the states shown in Figures 4.14 and 4.15 appear (visually) fairly similar to
one-another, yet the restrictions imposed by existing placements in these states render
the former significantly easier to complete versus the latter. Namely the state shown
in Figure 4.14 requires one queen placement (advancement) to take place (2™ column
of 4™ row) before the propagation step of DoubleSweep-Light is able to derive all
other placements and complete the state. The same cannot be said for the state shown
in Figure 4.15 however, which requires 26 advancements with a total of 15 backtracks
in the process. With larger (more realistically sized) boards, the difference between
‘easy’ and ‘difficult’ states is more pronounced. For such examples we refer the reader
to Appendix C.6.

*That is not to say of course this metric correlates to the number of solutions possible stemming
from the current state.
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Figure 4.14: Incomplete N-Queens Figure 4.15: Incomplete N-Queens
state requiring 1 advancement and no state requiring 26 advancements and
backtracks to complete. 15 backtracks to complete.

Since our metric of choice requires time to compute and in some cases (i.e., states
with no possible solution) may lead to a full exploration of the search sub-tree, we
set a fixed-point limit on the number of steps. The surveying process is performed
on the device-side using a modified implementation of DoubleSweep-Light. As a
welcome side-effect, the survey process is able to labels each state as solvable, un-
solvable, or undecided as part of its assessment. Solvable and unsolvable indicate that
the search found a solution, or a contradiction respectively, before the fixed-point limit
was reached. An undecided assessment occurs when no solution nor contradiction was
identified before the fixed-point limit was reached. With this information, we eliminate
unsolvable states, and focus on bucketing the solvable ones as discussed earlier. States
for which the search limit was reached are considered ‘too difficult’ and are randomly
partitioned into buckets. These buckets will be part of the same block(s) which we
can distribute in the pool as pairs with blocks deemed ‘easier’ to solve. The intuition
for such placement is to target architectures supporting multiple blocks resident on the
same SM, where under-utilisation by the warps of the ‘difficult’ block could perhaps
be hidden behind that of the easier block(s)*.

Simulated annealing is employed currently to balance s many states across k buckets
of n = 7 states each, configured with the following parameters (chosen empirically):

*This is speculation based on the assumption that block allocation happens sequentially from the
grid. Details of the block-to-SM mapping algorithm employed are not documented, and code should be
agnostic of the order of execution and SM allocation for blocks. We make this as an educated guess that
would otherwise have no adverse effect.
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Initial Temperature 7;,;;: 10 X s

* Cooled Temperature #,.,,: tcyrren X 0.985

Modifications per Temperature Point /2: 5000

* Transfer Window Size w: [n x 0.0005]

First, k buckets are randomly populated with n states from the pool. At each temper-
ature point during cooling, a pair of distinct buckets (by,b;) is selected and subse-
quently, a window of size w is slid over each bucket at a random position, effectively
selecting w many states from each bucket. The two windows are swapped between the
buckets. If the swap was beneficial (i.e., if the difference in difficulty between buckets
decreased), the change is preserved. If the swap was not beneficial, and the energy
of the system permits* the swap is reverted. This process repeats m many times at
each temperature point, before the new (cooled) temperature t,,,, takes the place of the
current system temperature.

Since we are working with large buckets in this application, we chose for a number of
states to be swapped between buckets proportional to their size, as opposed to swap-
ping one since that would be an insignificant change to the difficulty of the bucket.
Constants used here are chosen empirically based on crude testing over randomly shuf-
fled state pools varying in size.

Initial testing of this approach balances states between buckets with a high degree of
accuracy, achieving identical or near-identical difficulty scores between them. When
these pools are subsequently solved, we observe a better distribution of work between
GPUs, yet on occasion we observe worse overall performance (measured in terms of
run time) compared to a randomly shuffled pool naively partitioned in k buckets. We
speculate this is the result of uneven work within blocks/warps being exaggerated by
the shuffling of states and inclusion of the comparatively difficult ones in each bucket.
This further motivates this body of future work, aiming to achieve better balancing
in the warp and block level before considering outer layers in the hierarchy, namely
multi-GPU systems and distributed systems.

4.5.2 State Sharing Among Parallel GPU Solvers

Besides the surveying approach presented in Section 4.5.1, we aim to explore a work-
sharing scheme specifically for multi-GPU cluster applications. GPUs in close phys-
ical proximity (generally but not necessarily attached to the same host system) can

*This is a random choice where the probability of the change being accepted is proportional to the
energy of the system. The higher the energy, the more likely the change is accepted.
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typically be interconnected using GPU-to-GPU links such as NVLink [93], and more
recently NVSwitch [92] and benefit from superior data transfer speeds among them.
Using the latter, GPU-to-GPU communication can be established between up to 256
GPUs [92].

A unified virtual address space can be established between devices set to communicate
between them, meaning that one device is able to deference a pointer to the memory
of an other connected device and access its memory transparently. With this in mind,
one possibility we consider is establishing unified memory between multiple devices,
in which live the states the devices (as a whole) must tackle. Each device launches
enough thread blocks to tackle the full pool on its own. The intention is for overlap
to exist, and states to be consumed on a first come first serve manner. Upon a device
beginning to operate on a subset of states on the pool, these states will globally be
marked as ‘reserved’ such that no other device attempts to tackle them. The threads
of the block corresponding to that same subset of states from the other devices will
terminate early upon examining the flag and exiting without performing any solving.

A drawback in this approach stems from the absence of node-wide synchronisation be-
tween devices. To the best of our knowledge, it is currently not possible to employ any
form of locking on GPU-to-GPU unified memory (in line with the lock-free principles
CUDA enforces). As such, a lock-free data structure will have to be implemented over
the unified memory space so that states can be taken by each device without risk of
multiple devices tackling the same state set.

4.5.3 Pre-processing for Full Symmetry Elimination

As described in Section 4.3.1, our current state generator is eliminating horizontally
symmetric solutions by constructing starting points that cannot lead to horizontally
mirrored states (i.e., populating the first (%1 many cells of the first row). This rather
‘cheap’ step reduces the search space size by a factor of ~ 2. This partial symmetry
breaking step is performed as part of state generation (i.e., ‘statically’ w.r.t. the GPU-
side computation). As such, it comes at no cost to the performance of our kernels
which motivates us to investigate symmetry breaking that is static in the same manner
to as high degree as possible.

Dynamically eliminating search paths within the kernel is perhaps more intricate to
balance within high throughput kernels such as ours, albeit a possibility. This type of
symmetry breaking is referred to as ‘dynamic’ as it takes place during search. Full
symmetry breaking is explored in [44] where the authors propose the generation of
constraints (in the form of forbidden cells) during exploration of the search space, such
that further exploration will be guided away from exploring symmetries of already
explored states. This can offer great advantage in the exploration as, following the
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exploration of a state, its symmetric states can be excluded immediately. The main
complications arising from such approach in a massively parallel setting relate mainly
to memory and communication between workers (threads).

In DoubleSweep-Light, where workers independently explore different parts of the
search tree (from the same level), the discovery of constraints by one thread would
have to be communicated to the rest, to avoid the exploration of symmetric states.
Requirements for communication allow for a large array of problems concerning data
races and availability of data at the time of checking. Synchronisation between threads
cannot be achieved globally (without unsafe assumptions), hence a data race would
easily be possible when threads have to be kept up to date with constraints introduced
by their peers. Moreover, a global collection of search constraints that grows during
search would require a dynamic (likely unknown at the start of solving) amount of
memory. This can only be facilitated by global memory, which renders fast checking
against this collection impossible. However, the above are not a concrete deterrent
from an implementation of this technique. Perhaps by re-structuring the computation
and allowing for families of states to be allocated to the same block, we are able to
keep constraints block-local. Provided shared memory (the remaining portion) is suf-
ficient for these constraints to be housed, this would become a viable option. Further
investigation is required to conclude if this can feasibly offer a reduction in solving
time overall.

Partial dynamic state symmetry elimination may also be required as a trade-off be-
tween computational constraints and the increased search space in need of exploration.
An example thereof, focusing on the horizontal axis, may be by considering the first
cell of the lower (%’1 rows ‘blocked’ in the threads (i.e., never eligible for a queen
placement). This can be achieved easily and with minimal impact to the kernel’s per-
formance (i.e., without requirement for additional memory nor a significant increase in
kernel size), since the column tracking mask can have the corresponding bit set once
the branching row reaches or exceeds the mid-point of the board (resp. cleared when
backtracking beyond this point) rendering the column ineligible for queen placements.

4.5.4 Closer Alignment of DoubleSweep-Light to DoubleSweep

Despite our DoubleSweep-Light implementation resulting in performance greater
than earlier work in literature, undeniably, the DoubleSweep procedure is more pow-
erful than DoubleSweep-Light. We wish to continue exploring ways to bring more
features of DoubleSweep into our current, effective approach. Specifically, two im-
portant components that are not fully, or at all implemented, at the moment are centre
row branching and multi-pass propagation.

Our initial multi-kernel implementation of DoubleSweep presented in Section 4.2.1
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Figure 4.16: Zig-zag branching pattern from the centre of an N-Queens board where
N =10.

included branching from the centre row outwards in a zig-zag fashion, as seen in Fig-
ure 4.16. A conventional depth counter was tracked (i.e., count of rows visited at the
current depth of the search), which in turn was mapped to the corresponding row as if
branching from the centre using the below function:

d .
4 ifemod2=1
branching_row(c,d) = ¢ c21 ne rno.
c+5, otherwise

Programmatically, we implemented this using predominately bitwise operations as
shown in Listing 4.15, to eliminate branching and expensive arithmetic where pos-
sible, which in turn compiles to the PTX code shown in Listing 4.16. Whilst per-
haps more optimisable, this code is non-divergent. In the expansion of this macro,
(depth > 1) + (depth & 1) quickly calculates [@] * while (depth & 1) 7 1: — 1 is
a ternary conditional dictating the sign of the earlier calculation by being multiplied
with it. Ultimately the combined result of these two components (offset) is added to
the centre row index achieving the desired zig-zag branching pattern. Multiplication
with arbitrary operands is typically seen as an expensive operation and it appears to
carry through the code to the resulting PTX, as seen in Listing 4.16. However, we note

*Care must be taken with the expansion of this and other such macros with signed and unsigned
types. Right shift on a signed type is implementation defined. To the best of our knowledge, this
behaviour is not explicitly documented for CUDA.
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#define BRANCHING_ROW(centre_row, depth) ((centre_row) +
— (((depth) >> 1) + ((depth) & 1)) * (((depth) & 1) 7 1
— -1))

Listing 4.15: Directive to map search depth to a zig-zag branching pattern from the
board’s centre.

shr.u32 %r3, %hr2, 1;

and.b32 hrd, hr2, 1;

add.s32 hr5, hr3, hréd;
setp.eq.s32 Ypl, %r4, O;
selp.b32 Yr6, -1, 1, %pl;
mad.lo.s32 %r7, %r6, %r5, %ril;

Listing 4.16: Compiler’s output when compiling code from Listing 4.15.

that the multiply-and-add instruction (mad.lo.s32) seen here is exploiting hardware
support to calculate %r6 x %r5 + %r] efficiently (quoted in literature [2] as requiring
just two cycles to compute in the Ampere microarchitecture). Alternative formulations
of this expression that replace multiplication with some other set of operations would
be competitive only if the set of operations used is performed in fewer than 2 clock
cycles, which we conjecture cannot be achieved.

What lead us to discontinue its use in our new implementation and instead branch
from the first locking row, was the implications central branching has to the prop-
agation step. We considered two propagation sweep ‘flavours’, namely directional
sweep and global sweep. The former was the same principle as our current propaga-
tion step, whereby following a placement, propagation applies to the rows below the
one which had a queen placed. In the case of central branching, the direction of the
sweep changed depending on the direction of branching: going from a higher row in-
dex to a lower in branching would perform a sweep toward the zero™ row; branching
from lower to higher would perform a sweep travelling towards the highest row index.
The latter flavour on the other hand performed a sweep from the state’s locked row to
the last row of the board irrespective of the row and direction of the last placement.

We found the directional sweep was on one hand relatively straight-forward to facili-
tate yet due to its restricted nature, propagating just half the board, it offered limited
benefit in contrast to a global sweep. The global sweep however, was much harder to
facilitate whilst maintaining our low per-thread memory requirements. Queen place-
ments derived through a global sweep had to be marked so, as to not disrupt the order
of backtracking. Queen indexes had the most significant bit of their type* used as a flag
to indicate whether or not the queen at that index was a derived placement. Backtrack-

“The type was unsigned char, and the bit at index 7 was used.
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ing from the current depth of the search required any derivations made to be undone
to resume to the previous branching state; that incurred a significant cost compared to
the current strategy.

Resulting of the added complexity of the propagation sweep and additional operations
involved in tracking derivations, we observed consistently poorer performance versus
our DoubleSweep-Light approach as discussed in Section 4.2.2.

Following the optimisation of our current implementation described in Section 4.3
however, we have not re-visited multi-pass sweeps of the uncompleted region of the
board, which constitutes future work. Specifically, we will examine a collaborative,
global multi-sweep propagation, performed k > 1 times in lockstep across all threads
in each warp, with inter-warp balloting determining whether or not all threads have
made no propagations in their latest sweep, in what case they discontinue propaga-
tions before the fixed-point limit is reached. Provided this technique proves at least as
effective as our current propagation strategy, we will subsequently explore heuristics
to determine a suitable value for k based on the problem instance. Like before, queen
placements beyond the natural order of search will have to be tracked as derivations,
cleared upon backtracking. This will require us re-visiting our derivation tracking and
identify an efficient approach to recall derivations during backtracking whilst preserv-
ing a low-memory profile.

4.5.5 Investigate Register Bank Clashes

A lesser known and thus overlooked aspect of GPUs are register bank conflicts. In
their work, the authors of [62] explore the physical register layout of the Volta archi-
tecture which is comprised of 16,384 registers per SM partition (processing block).
The authors highlight that these registers are split among two physical banks, each of
which has two ports, with each port capable of servicing one request per clock cycle.

A register conflict occurs when, an instruction is performed involving data from more
than two registers which happen to be in the same bank. This happens as the two
ports can only service a request for two register values per clock cycle (one each), thus
the third value has to be retrieved in a subsequent cycle. The effect is an increased
latency caused by conflicting registers. The authors report gains in performance of up
to 15% [143], by minimising such conflicts.

We intend to investigate the effect of such conflicts to our workload by first identify-
ing the register bank structure in more recent architectures (targeting Ampere onwards)
and then examining how our workload’s instructions and the respective compiler’s reg-
ister allocation influence performance. This is motivated particularly by the register-
based kernel which relies heavily on register use, while profiling tools do not give a
concrete indication of delays due to register conflicts.
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Over the course of the the previous two chapters (Chapters 3 and 4) we have explored
in detail a range of topics surrounding the use of GPUs to solve hard problems. Ob-
servations made in our work have been, up to this point, presented in a task-specific
manner. Beyond designing tools such as the N-Queens solver and SAT checker, our
aim has been to offer targeted optimisations and recommendations to readers wish-
ing to follow a course similar to ours and use GPUs to solve or accelerate other hard

problems.

Generally, the best place to begin an undertaking such as this, is the documentation of
the tools that will be used. Studying the documentation and having a reasonably deep
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understanding of the tools at hand, such as the hardware, drivers and other utilities
involved, is key. As is inevitable however, intricate and specialised hardware such as
GPUs has more room for corner cases to occur. Those are impractical, if at all possible,
to fully document and offer remedies for in tooling documentation. Discovering and
mitigating their effects requires significant effort and time as we have shown in our
work. Through this chapter we wish to contribute some guidance, recommendations,
and best practices on GPU optimisation to literature.

5.1 Low-Level Tinkering May Appear Scary but is
Necessary

In a number of places, our work delves into the depths of GPU hardware and for-
mulates low-level optimisation techniques that encompass the behaviour of hardware,
whether officially documented by the manufacturer, or determined through investi-
gation. In modern CPU-side applications, our experience suggests that this, rather
pedantic, level of exploration is less necessary. We attribute this to the well matured
and competitive compilers that have been written for the well established (and to a
degree, simpler) model of parallelism used by CPUs. Arguably, CPUs are not a mono-
lith either; a number of ISAs such as x86, MIPs, ARM, etc. exist. For each of those
however, one can find numerous ‘competing’ and in many cases, open-source compil-
ers, such as GCC [123], CLANG [25] and MSVC [57]. This ‘competition’ between
compilers promotes the collective identification of optimisations and patterns. Unlike
programmable GPUs* which are a relatively recent advancement and come with an
intricate environment to work with, CPUs and microprocessors have been the core of
computing for many years, maturing alongside compiler tooling. Whilst a handful of
compilers exist for NVIDIA GPUs, we believe that the fast paced evolution of the
still-young GPGPUs does not allow enough time for these compilers to mature fully,
which leaves more room for hand-tuning [37, 63], which prevails in a range of high
performance applications [5, 68].

Compiler tooling should not be treated as omniscient however. The set of assumptions
a compiler can safely make, is a subset of (sometimes equal to) those the author of
the code can make. This was the case in our work as explained in Section 4.3.6.2
where instructions emitted by the compiler were unnecessary considering the sur-
rounding code logic. One may be compelled to argue in favour of offering the com-
piler assumptions (where supported) and guiding it to the optimised assembly, as op-
posed to taking control and hand-crafting the operation (hence burdening themselves
with maintaining it in the future). In the case of NVCC’s device compiler and opti-
miser, support exists for offering these assumptions through intrinsic functions such

*Specifically GPGPUs as described in Section 5.8, and less so programmable shaders on GPUs.
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as __builtin_assume(predicate). We encourage and promote this approach where it
succeeds, yet we have been unsuccessful in efforts of guiding the compiler optimiser
with suitable, more complex, assumptions.

__global__ void ba_brev(uint32_t* wb, unsigned num){
__builtin_assume (__popc(num) == 1);
*wb = __ffs(num);

3

Listing 5.1: Minimal kernel testing the effect of __builtin_assume on a bit position
finding task.

To illustrate this point we present the kernel shown in Listing 5.1, and the associ-
ated PTX code emitted by the compiler* shown in Listing 5.27. Here, the kernel’s
sole purpose is to write the index of the first set bit of the parameter num in a specific
global memory address. Writing the result is only done to prevent the optimiser from
eliminating a lone call to __ffs with no tangible result. We furnished this kernel with
__builtin_assume(__popc(num)== 1) intended to let the compiler assume there is ex-
actly 1 set bit in num. With or without this assumption offered however, the emitted
code is the same, and uses brev.b32 to reverse num regardless, before finding the first
set bit using bfind.shiftamt.u32%.

brev.b32 22, YUeil g 1 |mov.u32 %rl1, 1073741824;
bfind.shiftamt.u32 %r3, %r2; 2| bfind.shiftamt.u32 Y%r2, %ril;
add.s32 %hrd, %hr3, 1; 3|add.s32 %3, %hr2, 1;
st.global.u32 [%rd2], %r4; 4|st.global.u32 [%rd2], %r3;
Listing 5.2: PTX code emmitted when Listing 5.3: PTX code emmitted when
compiling the code from Listing 5.1. compiling the code from Listing 5.1

with the assumption that num = 2.

Altering the assumption given to the compiler to __builtin_assume(num == 1 || num

== 2) which explicitly bounds num to be either the value 1 or 2 and implicitly bounds
num to have exactly 1 set bit, makes no difference to the generated PTX code. Tak-
ing this one step further, and setting the assumption to __builtin_assume(num == 2)
which guarantees that num will only ever have the value 2, does result in different PTX
code (shown in Listing 5.3), but once again, more is to be desired. Given that num
will only ever be 2, the code could have been optimised to a simple st.global.u32

[%rd2], 2;, however the compiler instead reverses the binary representation of 2 in a

*Compiled using NVCCs version 12.3.1 with flags including: —Xptxas "—03" —arch compute_80
—code sm_80.

A description of the functionality of each PTX instruction used can be found in Appendix A.1.

#The connection between this and the more appropriate sounding c1z instruction is discussed fur-
ther in Appendix A.1.1
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32-bit type which results in the denary value 1073741824 and performs the unneces-
sary bfind.shiftamt.u32 on that constant followed by an add.s32, before storing the
result.

This observation is particularly interesting given that the assumption offered to the
compiler’s optimiser did impact the resultant PTX code, which will now always cal-
culate and store the same value (2), yet it has done so in a way that remains easily
optimisable and has pragmatically resulted in no performance difference to the earlier
discussed general form of this operation. It is also noteworthy that this code translates
to SASS without further optimisation.

It is clear through this example and other aspects of our work (e.g., Section 3.3.4)
that hand-tuning is not a possibility but rather a requirement to achieve better perfor-
mance. Another area of potential improvement stems from alternative formulations
of the same computation. In our work, and specifically Section 4.3.6, we introduce a
predicated instruction to reduce the number of additional instructions (steps) involved
in facilitating the default compiler-emitted computation. On one hand, this may ap-
pear counter-intuitive as predication can affect instruction flow, however in our case it
yields performance gains. The kernel in question is bound by its compute component
which is what we reduce through this change. The compiler has no accurate ‘feel’ of
the kernel’s resource utilisation at compile time, and can therefore not make inferences
leading to these changes.

In some occasions, the compiler will perform an optimisation that is effective, but still
leaves room for further improvement. In the course of our work, we had two 32-bit bit
words a and b for which we had to compute the expression r = a & b, view the bits of r
through a sliding window mask (mask) and count the number of set bits visible through
this mask. The CUDA code for this task is shown in an isolated kernel in Listing 5.4.

__global__ void set_count(unsigned* result, unsigned a, unsigned
— b, unsigned mask) {
*result = __popc((a & “b) & mask);

}

Listing 5.4: Isolated kernel to count the set bits of the result of a bitwise expression.

The PTX code produced for Listing 5.4 shown in Listing 5.5 is in essence a transla-
tion of the bitwise operations to respective PTX instructions, showing no optimisation
has been applied at this stage. What is interesting to observe in this instance, is the
SASS code produced from this PTX input, shown in Listing 5.6, where the bitwise
operations have been ‘stripped away’ and replaced by the ULOP3.LUT instruction. This
instruction has the same purpose as 1op3 in PTX, and runs on the uniform data path.
This is a parallel data path to the floating point data paths on the SM, since the Turing
microarchitecture, intended to maximise arithmetic throughput [62]. It appears that
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priority was given in using the uniform data path in this instance, even though multiple
ULOP3.LUT instructions have been produced, when in fact only one is necessary.

1|ULDC.64 UR4, c[0x0][0x168]

2 |MOV R2, c[0x0][0x160]

3 | ULOP3.LUT UR4, UR5, UR4,

— URZ, Oxc, !'UPT

4 MOV R3, c[0x0][0x164]
cvta.to.global.u64 Y%rd2, %rdl; 5|ULDC UR5, c[0x0][0x170]
not.b32  Y%r4, %r2; 6 |ULOP3.LUT UR4, UR4, URS,
and.b32 %r5, %hrd, %ril; — URZ, O0xcO, !'UPT
and.b32 %r6, %hr5, %r3; 7 | POPC R5, UR4
popc.b32 %r7, %r6; 8 |ULDC.64 UR4, c[0x0][0x118]
st.global.u32 [%rd2], %rT; 9|STG.E [R2.64], R5

Listing 5.5: PTX code emmitted when
compiling the code from Listing 5.4.

Listing 5.6: SASS code from
compiling the PTX in Listing 5.5.

We intervened and manually inserted a 10p3.b32 %0, %1, %2, %3, 0x20; instruction in
place of the bitwise expression of Listing 5.4 where %0, %1, %2, %3 matched a result
holder variable, a, b and mask respectively. This resulted in the PTX and SASS codes
shown in Listings 5.7 and 5.8 respectively being produced. We used the lookup table
constant 0x20 here that encodes the truth table for the expression a & b & mask. We
notice that the uniform data path is no longer used by the produced SASS instructions
and only one LOP3.LUT instruction is used instead. In practical terms, this resulted in
an increase in SM utilisation for our workload (when tested ‘hot’) of ~ 3.1% which
translated to a reduction in runtime of ~ 5%. We speculate the use of the uniform data
path did not offer benefit for our workload that featured no floating point operations,
thus rendering this hand crafted optimisation more effective.

1 {IMAD.MOV.U32 R1, RZ, RZ,
— c[0x0][0x28]
2 | IMAD.MOV.U32 RO, RZ, RZ,

— c[0x0][0x170]
3| MOV R5, c[0x0][0x168]
4| IMAD.MOV.U32 R3, RZ,
— c[0x0] [0x164]

RZ,

5|MOV R2, c[0x0][0x160]
6 |ULDC .64 UR4, c[0x0][0x118]
cvta.to.global.u64 ¥%rd2, %rdl; 7 |LOP3.LUT R5, R5,
lop3.b32 Y%rl, %r2, %r3, %r4, — ¢[0x0][0x16c], RO,
— 0x20; — 0x20, !PT
st.global.u32 [%rd2], %ri; 8| STG.E [R2.64], R5

Listing 5.7: PTX code from compiling
the tweaked code for Listing 5.4.

Listing 5.8: SASS code from
compiling the PTX in Listing 5.7.
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When engaging in the level of manual intervention such as the aforementioned, there
are some rather ‘scary’ aspects to consider. Beyond the effort required in identifying
areas of improvement, the interventions themselves add burden on the shoulders of
their author. GPU hardware evolves fast, and so do compilers for it, meaning that a,
once effective, hand-tune may be superseded by a ‘smarter’ compiler or better yet, na-
tive hardware support introduced at a later version. For instance, pre-Volta, the PTXs
instruction bmsk which can construct 32-bit bit masks, did not exist. As such, hand-
tuned components embedding PTX assembly in higher-level code would be unaware
of this instruction and achieve the same effect using multiple discrete bitwise opera-
tions. Compiled code on the other hand, relies on the compiler’s knowledge of such
instructions in newer architectures and would likely* make use of newer instructions
such as these when compiled for higher targets. A certain degree of device-specificity
is therefore introduced as a result of these hand-crafted assembly blocks, particularly
as the performance of instructions can vary significantly between hardware versions,
which a compiler can account for, specifically in later hardware versions. For instance,
considering the earlier discussed brev instruction, it is documented [89] that devices
of CC 6.1 and 6.2 can perform 64 bit reversals per clock cycle per SM, whereas their
successors of CC 7.0 onwards’ can only perform 16 per clock cycle per SM.

Overall, we believe that accepting the ‘risks’ associated with using such optimisations
is worthwhile for the performance gains there are to be made. We suggest however that
restraint is exercised when using them, since completely overtaking the compiler and
its optimiser is no viable solution either. Thus, we encourage careful thinking of where
it is appropriate to investigate an optimisation of this sort, and consideration not only
to present and past architectures, but the potential supersedence of these optimisations
by future architectures and what this might entail.

5.2 Branch Flattening Beyond Conventional Unrolling
Pays Off

Modern compilers, such as that used by default by NVCC, are generally good at ‘flat-
tening’ branches where appropriate. Speculative execution in the CPU can reduce the
necessity for this optimisation as branch predictors are good at identifying patterns
of execution dynamically [114]. Even the simpler static predictors offer performance
benefits especially for frequent branching (e.g., loops).

GPUs do not feature any kind of branch prediction*, neither static nor dynamic. These

*This is not what our experiments suggest for bmsk in particular, as described in Section 4.3.6.2,
however may well be the case for other instructions.

At the time of writing, this includes the latest CC 9.0.

At present, up to CC 9.0. We believe this is unlikely to change in future versions.
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devices are not general purpose as often portrayed (see discussion in Section 5.9) and
are intended for a certain ‘style’ of computation to be run on them (i.e., data parallel
tasks), which are generally expected to require light branching. With the absence of
predictors, branching can be expensive from the get-go on GPUs and it becomes a lot
more costly when threads within the same warp diverge in the branching paths they
take, as detailed in Section 2.3.1.

The GPU compiler may put more effort in applying some static branch prediction at
compile time, and re-order conditions for branches in their more likely order (e.g., a
loop’s condition is more likely to be true than false, in the general case). On occasion,
the compiler may* flatten branches, or in other words, replace branching code with a
set of instructions resulting in the same change of state without conditional jumps. A
simple example is shown in Listing 5.9 with the respective compiled PTX code shown
in Listing 5.10. In its output, the compiler determines if b is even using a bitwise and
operation and sets the predicate register %p1 accordingly in the process (setp). Based
on the truth value of ’p1, the compiler decides the amount of left shifts required for
either side of the branch. This number is either 1 (to multiply by 2) or 2 (to multiply
by 4) left shifts.

__global__ void tk(intx* a,
<3 int b, int c) { l|cvta.to.global.u64 %rd2, %rdl;
if (b % 2 == 0) 2 |and.b32 %r3, %ri, 1;
¥a = c *x 2; 3|setp.eq.b32 Ypl, %r3, 1;
else 4|selp.b32 Y%r4, 2, 1, %pl;
¥a = c * 4; 5|shl.b32 %r5, hr2, hrd;
} 6|st.global.u32 [%rd2], %r5;
Listing 5.9: Simple example of a branch Listing 5.10: PTX code emmited by
with multiplication operations on either the compiler for the code shown in
side. Listing 5.9.

In the case of Listing 5.9, the branch can also be flattened manually by performing
a similar computation, with the same effect, instead of the branch itself, namely that
shown in Listing 5.11. Here, b & 1 evaluates to 1 if and only if b is even and O other-
wise. The integer 1 is then shifted left 1 or O times depending upon the result of the
previous expression. The result of this shift which is either 1 or 2, is then used as the
number of positions to left-shift c by. This manual flattening operates in a similar man-
ner to the earlier discussed output of the compiler, yet when compiled, produces very
different PTX code as shown in Listing 5.12. In the compilers output, unlike before,
no predicate registers are used. Instead, the bitwise operators have mapped directly to
the respective PTX instructions.

*In our work, we noticed some hesitation from the compiler specifically for more complex branches.
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l|cvta.to.global.u64 %rd2,
— %rdil;
2 |and.b32 »r3, %ri, 1;
__global__ void tk(intx* a, 3 |mov.u32 %hrd, 1;
<~ int b, int c) { 4 |shl.b32 %r5, %hrd, %r3;
*a = ¢ << (1 << (b & 1)); 5|shl.b32 %r6, %hr2, %r5;
} 6|st.global.u3?2 [%rd2], %r6;
Listing 5.11: Manual branch flattening, Listing 5.12: PTX code emmited when
equivalent to Listing 5.9. compiling the code from Listing 5.11.

The difference between Listings 5.9 and 5.11 in terms of performance (i.e., real-time
runtime performance and instruction pipe utilisation) boils down to the impact of setp
and selp, versus a left shift (sh1). Without in-context benchmarks it is therefore diffi-
cult to say which of the two is more performant, however we are inclined to believe that
in general the hand-crafted expression will perform better, by examining individual in-
struction performances. As documented in literature [2] the setp.ne.s32 instruction®
requires 10 clock cycles to return results, whereas arithmetic instructions including bit-
wise shl, shr and and are documented [89] as taking 4. To the best of our knowledge,
no source states the clock cycles required for the data movement instruction mov on
Ampere, however we deduce that it will be less than or equal to the cost of any cheap
arithmetic instruction (e.g., add.u32) which could achieve the same result (i.e., adding
instead of moving a value to the register in question), thus we assume 2 clock cycles.
With this information and some naive calculations, we deduce that the compiler’s flat-
tening of the branch (i.e., Listing 5.10) requires over’ 18 clock cycles whereas the
manually flattened branch (i.e., Listing 5.12) requires 14%.

Whilst a 4 clock cycle difference appears rather small, as discussed earlier in our work
(see Section 4.3.6.2), such small gains can accumulate especially for compute bound
kernels. Clock cycles alone however are not enough to definitively say that manual
flattening is more preferable here, as they do not account for pipe utilisation. We are
unaware of any documentation on the pipe(s)? used for the setp instruction, however
we speculate it is the ALU that handles this instruction, in which case, the two dis-
cussed versions (manually crafted, and compiler generated) are no different in pipe
utilisation either.

Further exploration of branch flattening offers a testament to the expensive nature of

*Rather, its SASS equivalent, ISETP . NE. AND.

"The clock cycles required for selp is also not documented for Ampere, and for the sake of example
was assumed to be O clock cycles.

For both snippets, clock cycles required were calculated for instructions between, and excluding,
address conversion instructions (cvta) and memory store instructions (st).

$Plural, in the event the compiler produces different, equivalent SASS for this instruction running
on different pipes as may be the case [2].
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branching on the GPU and the lengths the compiler will go to avoid it. In some cases,
the compiler opts to explicitly evaluate both sides of the branch, and use selp to discard
one of the computed values whilst keeping the other, based on the value of a predicate
register. Had (dynamic) branch prediction existed, perhaps the trade-off between extra,
unnecessary computation and branching would not have. For instance, the code shown
in Listing 5.13* compiles to the PTX code shown in Listing 5.14. Here, the registers
%r5 and %r4 contain the result of multiplying by 2 and adding 4 to the value of ¢
respectively. Both results are computed, and then register %%r6 is set to either the
value of %r4, if the register %r3 holds an odd integer, or the value of %r5 otherwise.
Whilst branch prediction is not expected to have any serious performance effect in
a 50-50 branch such as this, perhaps the compiler’s efforts on branch flattening and
restructuring might have been less aggressive in this case.

__global__ void tk(int* a, l|cvta.to.global.u64 %rd2, %rdil;
< int b, int c) { 2 |and.b32 %r3, %ri, 1;
if (b % 2 == 0) 3|setp.eq.b32 Ypl, %r3, 1;
¥a = c * 2; 4 |add.s32 %rd, hr2, 4;
else 5|shl.b32 %r5, %hr2, 1;
xa = c + 4; 6 |selp.b32 Y%r6, %r4, %r5, %pl;
} 7|st.global.u32 [%rd2]1, %r6;
Listing 5.13: Simple branch performing Listing 5.14: PTX code emmited
different arithmetic operations on either following the compilation of the code
side. shown in Listing 5.13.

From this analysis it is apparent that compilers are designed very intelligently, but
lack the contextual knowledge the programmer has. Flattening branches wherever
possible can certainly be beneficial, but may step in the way of the compiler. We
therefore suggest that both compiler-generated and manually-crafted alternatives are
considered (if indeed they are different) and the more suitable approach is chosen based
on the workload at hand. This perhaps applies more to compute-bound kernels versus
memory-bound, however the effects of warp divergence can have profound effects
for both, thus we recommend that potential divergent branches and any benefits in
flattening them are examined either way.

*The difference between Listing 5.13 and Listing 5.9 is the change in operation, performed in one
side of the branch, from multiplication to addition.
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5.3 Massively Parallel Algorithmic Reasoning can be
Unconventional

Strictly speaking, the model of parallelism employed by GPUs is data-level parallelism
which is well studied. Likewise, the model often found in CPUs is thread-level par-
allelism which is as well known. From this viewpoint there is nothing unique about
either, and algorithmic design can simply account for one or another (or in many cases,
abstract this detail away all together).

Under this reductionist reasoning, there is no purpose to this (or any) work that offers
algorithm insights on constrained massively parallel environments such as the GPU,
which we believe is shortsighted. For one, a massively parallel environment itself in-
troduces constraints on top of these models, specifically on work distribution and com-
munication, as our work has addressed. Then, additional constraints are introduced by
the device(s) implementing this model under a massively parallel environment such as
the GPU, whereby fundamental operations such as memory access may incur substan-
tial costs in practice, when done in an unorthodox (to the hardware) way. At the same
time, nothing forbids a massively- and data-parallel approach from relying on a ran-
dom memory access pattern on (sequential) memory items, yet in all likelihood, this
will result in poor kernel performance on GPUs. Memory access patterns are not on
the more severe side of ‘problems’ that may be encountered either. As our work has ad-
dressed, factors such as warp work balancing, non-divergent warp-level coordination,
memory region choices, along with different access patterns and constraints for each,
instruction pipe over-subscription, global data structures, host-device interactions and
many others must also be accounted for.

Admittedly, some of the performance bottlenecks encountered on the GPU relate
strictly to and can be addressed by the implementation alone, however, we find it
more robust to consider those in algorithmic design rather than try to compensate for
them after the fact. We came face-to-face with this problem in our work discussed in
Section 3.2, when we tried to implement an existing (admittedly, easily data-parallel)
3-SAT algorithm on the GPU. During this effort, we were faced with the choice of
either using shared or global memory for a per-thread call stack (to mimic recursive
search), neither of which is a viable option. Using global memory would introduce
substantial access costs per thread and, due to the frequency of access, force threads in
a long queue of waiting for data to be fetched, as caching would be rather ineffective in
this scenario. Using shared memory on the other hand, restricted the available space™
enough to make this approach usable only for dummy inputs. Earlier work [83] had
implemented this algorithm using a multi-kernel pipeline. This approach shows some

*On architectures of the time. Newer architectures present new opportunities as explained in Sec-
tion 3.5.
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potential (despite potentially facing a range of utilisation related problems) but was not
strictly implementing the sequence of steps of the original 3-SAT algorithm.

A great deal of adaptation and heuristic choices have to be made to fill the voids of
algorithms designed without consideration of massive data-parallelism, which we be-
lieve should form part of the algorithmic design rather than being an after-thought
portrayed as implementation detail. To revisit the earlier example of our work on a full
on-GPU 3-SAT solver, a heuristic scheme for hybrid use of global and shared mem-
ory (once again, enabled by hardware advancements) is being considered (see Sec-
tion 3.5) which in itself is an algorithm alongside an adapted version of the original
algorithm [56] that we are using.

This does not of course go to say algorithms must be developed with specific hardware
in mind (i.e., a link back from one potential implementation), overriding all abstrac-
tion. What we instead suggest is that more precisely defined algorithms are designed
for these devices. This can be done by constructing a better, more informed model of
data-parallelism, which accounts for typical constraints of massively parallel environ-
ments and specific examples thereof, such as GPUs. The purpose of this kind of model
is to bound choices that can and cannot be made while approaching a problem. For
instance, under this model, communication will have to be restricted to small clusters
of threads (in the case of GPUs, the cluster will likely be of 32 threads or as many as
each block will hold). Likewise memory will have to be treated as a multilayer entity
with costs associated with using each layer, and capturing the interactions between
these layers in order to mandate that any algorithmic choices that have to be made as
such are done so in context, and during the design phase. We also stipulate that such a
model would be beneficial when transposing existing algorithms, to produce scalable,
massively parallel equivalents irrespective of any implementation detail.

We suggest that the following points are included in the formulation of such a model
(perhaps a more GPU-oriented one), which is open to further extension.

Abolishing assumptions on thread scheduling and order. The order of thread™ exe-
cution, simultaneous execution of particular threads, or the state of each thread cannot
be relied upon. This is certainly the case for the GPU where no guarantees are of-
fered on any of these aspects of thread execution. At first glance this appears to be
relevant purely to the implementation of any algorithm, however, the implications this
has, reach far wider. Synchronous or simultaneous global access, waiting, etc. cannot
be guaranteed as a side-effect. This is because context switching may result in some
(blocked) threads becoming inactive whilst waiting for data, dependent upon other in-
active threads resulting in a deadlock, as is the case on the GPU where threads on

*Here, we use the term ‘thread’ to refer to the smallest unit of execution.
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different SMs have no knowledge or guarantee over the state of other threads™ in other
SMs. Other mechanisms of concurrency are also not possible globally, such as locks
and semaphores. The model here should account for this, and led to the creation of
wait- and lock-free algorithms rather than attempting to circumvent these limitations.

Clustering thread communication. Communication between threads can be facili-
tated, however the environment imposes some restrictions. For the same reasons de-
scribed in the earlier point, global communication between threads (particularly bi-
directional, or involving timed data exchange) is not recommended, nor possible some
times. This does not go to say that threads must not communicate. To the contrary,
performance can be leveraged from thread collaboration for instance in a parallel re-
duction operation, but this should be done in localised clusters of threads in accordance
with the surrounding environment. On the GPU this should be done between threads
that are part of same warp or, maybe less preferably, block.

Treating memory as a multi-layer fabric. Often memory is treated as a monolith in
algorithmic design, which we believe abstracts too much detail. Memory is a complex
entity in massively parallel environments as a whole, and particularly the GPU. We
view it as multi-layer fabric’ where each layer has a range of benefits, drawbacks, and
special requirements. Take for example the global memory layer which is plentiful
but costly to access, especially when a non-ideal access pattern is used. Similarly, the
shared memory layer, which is on-chip, is much cheaper to access but beyond size
restrictions, a plethora of access-related constraints exist. For instance, bank conflicts
should be minimised which impacts the order of access by threads and/or the structure
and distribution of data. Paired with strict size limits*, this can introduce memory
management schemes in coordination with threads in the same warp.

Limiting divergent branches. Conditional branching (repeated or not) can be detri-
mental in environments such as the GPU, where lock-step execution requirements are
imposed. Placing restrictions upon conditional branching and iteration in algorithmic
design allows for a more direct implementation later on, without need for ad-hoc ‘hot-
fixes’ to the algorithm. Beyond lockstep execution, one has to consider data availabil-
ity specifically for data involved in the branching condition. Typically, this condition
comes in the form of a predicate encompassing multiple data elements which may or
may not be available (e.g., results from other threads) or easily accessible (e.g., residing
in far-away/costly memory regions with special access requirements). The availabil-
ity and locality of this data must be considered for, perhaps requiring coordination or
access techniques to manage effectively.

* A recent change in the Hopper microarchitecture [92], introduces block clusters with this intention,
but that does not make global synchronisation possible nor desirable.

TThe term “fabric’ here is not intended to alias fabric computing, although in some regards it could.

Relaxed in more recent CCs but nevertheless still quite restrictive.
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Befriending context switching. In ‘conventional’ threading, frequent context switch-
ing is often treated as a costly compromise, particularly for performance-critical appli-
cations. On platforms such as the GPU however, the incarnation of a thread is signifi-
cantly ‘lighter’ (generally speaking) than that on the CPU. This is because on the GPU,
threads are logically grouped into blocks, which in turn ‘reside’ on a Streaming Mul-
tiprocessor. Blocks become resident iff sufficient resources are available for all their
threads on the SM. Residency is no guarantee of simultaneous execution of threads,
as each block is partitioned to warps which in turn are ‘given attention’ by the SM,
through their respective warp schedulers which are responsible for choosing which
warp is next to execute an instruction. Context switching therefore comes at no cost,
as practically, no cache lines are flushed, no program counter and registers are being
stashed/loaded, and so fourth, unlike the typical implementation on the CPU. Instead,
the warp scheduler switches between ready-to-run threads, attempting to maximise
utilisation (i.e., least idling by the partition of warps the scheduler manages). Con-
text switching can therefore be ‘friendly’, particularly in hiding latencies, as threads
left waiting for some resource to become available (e.g., fetching from memory, wait-
ing for results from an instruction etc.) can do so whilst some of their peers in the
block are utilising resources. Algorithmic design should be mindful of this fact in that
memory- and compute-heavy tasks are likely to get in the way of efficient switching
for utilisation maximisation.

5.4 Optimisations on the Implementation May Exist
in Unexpected Ways

In complex environments such as the GPU a multitude of factors affect performance
(especially when that is utilisation and/or execution time). As discussed further in
Section 5.9, these devices are (at present) quite specific about the order and manner in
which things must happen to achieve good speedups and performance, sometimes in
a counter-intuitive fashion. For instance, one might think that the superior read/write
performance of on-chip (i.e., shared) memory, makes it an unequivocal choice over di-
rect fetches/writes to the ‘far away’ global memory. One of our explorations however,
highlighted an instance where this is not the case; direct global memory transactions
performed better (in terms of utilisation and execution time) than shared memory.

Specifically, we had constructed a kernel which, broadly, aimed at detecting the
presence of a specific set of data a among a large set of equally sized sets K =
{ki,kz,k3,...ky_1,k,}. Each block in the kernel has a 1:1 mapping to a set of data
ki, and the purpose of the block is to compare that set to a, and write (to a given lo-
cation in global memory) whether or not the two matched. We had allocated shared
memory to transfer a into, after which point threads within the block would start fetch-
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ing data from their assigned k;, and checking them against a, accessing global and
shared memory with a sequential access pattern. The idea here was that a could be
accessed efficiently at the same time as k; as they resided in different memory regions,
and warps could therefore maintain sequential access patterns for both. To our sur-
prise however, the kernel underutilised the SM and took longer to execute, versus an
identical kernel which does not use shared memory and instead has threads read their
respective elements of a and k; directly from global memory as they check them.

This task is naturally morphed around most GPU requirements, meaning that lockstep
execution, sequential access, etc. are rather simple to achieve, and as such features a
very limited and simple compute component. Reading data into shared memory from
global memory took more time than the cumulative of accessing them at the point
they were required for checking. Since threads are executing in lockstep, sequen-
tial global memory reads within a warp are performed as a single transaction and the
over-subscription of the SM with active warps greatly aids latency hiding. Intuitively,
reading some data to shared memory as a block that would later be accessed by each
warp as and when necessary appears more preferable than each thread (of any warp)
reading its own data from global memory, however as experience shows, this was not
the case here*.

We complemented this implementation with some cache hints to the compiler
(i.e., writing the result through, whilst caching a on both L2 and L1 as all threads
depend on it) which also resulted in performance gains. This example is one of a few
we identified upon which support that what is sometimes intuitive, may in the end, not
behave as expected. The complexity of these devices is high, which makes general
‘catch-all’ statements and techniques hard to justify.

5.5 Define Metrics for Performance First

Throughout our work we have been using the term ‘performance’ to be measured either
as execution time, or instruction/memory throughput for our kernels. These metrics are
commonly used in HPC applications and particularly in the field of GPU computing.
What counts as performance however is relative to the application in question; for
datacentre applications performance may be measured as a product of response time
(i.e., execution time) and energy consumption for instance.

In general, this term encapsulates one or more important (to the application) metrics,
and the relation between them. Gaining performance is achieved by increasing or
decreasing one or more of the chosen metrics, however once again this is relative to the

*Our experimentation on this was performed on an RTX 4090 GPU with data ranging from few
small sets within K, to those reaching the 24GiB device memory limit, either with large sets in a smaller
set K or vise-versa.
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application. To use the datacentre example once more, reducing power consumption
alone may be desirable, even if response time increases slightly, as one may be weighed
heavier than the other.

We treat performance loosely as a scoring function, with our aim to optimise its re-
sult, and recommend that metrics involved in this ‘function’ are clearly defined before
any attempts at optimisation are made. As previously detailed in our work, optimisa-
tions can be costly both in development time and future compatibility, therefore we
strongly recommend that performance metrics are clearly defined before any attempt
to optimise is made. Some metrics intertwine with others and the whole set has to be
considered in performance evaluation, as we found from experience.

In particular, whilst evaluating the performance (measured in execution time and SM
utilisation) of our optimisations discussed in Section 4.3.6.2, we did so under the as-
sumption that SM utilisation loosely correlates to solving performance. We soon came
to the realisation however that SM utilisation relates/is comprised of other metrics such
as active warps per partition, and work distribution across SM partitions which more
accurately captured the impact (or in many cases, lack thereof) of our optimisations.
Some other metrics to consider in this situation (perhaps more applicable to compute-
bound kernels) is SM instruction pipe utilisation and branch divergence which can set
a ceiling to overall SM utilisation.

Regarding our earlier work described in Section 3.3, we explored a different defini-
tion of performance which was initially a problem-specific metric: Checks Per Second
(CPS). This metric is determined by the execution time and the size of the solved prob-
lem, however this captured little meaningful data on the effect of micro-optimisations,
as general, minute time fluctuations due to uncontrolled factors (e.g., system load)
would result in CPS fluctuations anyway. As the kernel is bound by memory interac-
tions, we amended the performance metrics used to assess the effectiveness of optimi-
sations to include L1/L2 cache hit rate, eligible warps and issuing warps per scheduler,
and instruction pipe utilisation. We deemed it unnecessary to include the ‘catch-all’
global memory throughput metric here, as our optimisations were not targeting load/s-
tores from off-chip memory, nor the access patterns involved. However, this metric as
well as others relevant to off-chip memory interactions (e.g., request sizes and transac-
tion count, overall utilisation, etc.) may be useful to other memory-bound applications.
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5.6 Evaluation of Optimisations is Multidimensional
and Domain Specific

In line with the theme that emerges from this chapter and our work, as well as the work
of others [142, 108, 83, 37], a great deal of domain-specificity prevails in the realm
of high performance GPU programming. It is therefore crucial to consider this when
evaluating optimisations.

Optimisations should not be thought of as binary whereby they are either effective
or ineffective, but in a rather more granular, analog way. The effect of optimisations
may be beneficial for all performance metrics chosen, or perhaps benefiting some per-
formance metrics whilst not impacting, or even worsening others. In either case, the
effect of some may be greater than others. It is therefore difficult to produce a definitive
evaluation technique for all cases.

Assessing the effectiveness of an optimisation is relative to the application in question
and should ideally be done ‘hot’, or in other words, as part of the context in which
it is intended to live. In our register-based kernel detailed in Section 4.3.4, we found
that some hand-crafted PTX snippets we tried in pursuit of greater performance, had
adverse effects to register utilisation for instance. Without context, one is unable to
determine how well the compiler will be able to re-use registers for instance, or what
side-effects may be introduced, such as pipe oversubscription, warp stalls, etc. Specif-
ically for hand tuning optimisations, we believe that the compiler and its optimiser(s)
should be treated as assistants rather than the enemy. We initially found ourselves
‘fighting’ the compiler whilst tinkering with manual adjustments to PTX and in partic-
ular those described in Section 4.3.6. We believed the reordering of instructions by the
compiler to be detrimental to performance, only to ultimately come to the realisation
there was nothing inherently ‘bad’ about the way it was done, and in hindsight, the
compiler probably knows more than us on this one.

There is value in testing the effects of an optimisation in isolation as well, to gain
insight on how it is treated by the compiler. In our initial journey through the N-Queens
problem, we isolated components of our implementation of DoubleSweep-Light and
explored their compilation in isolation using the GodBolt Compiler Explorer [47]. This
was what led us to realise that the compiler intrinsic __f£fs compiles to a pair of PTX
instructions, namely brev followed by bfind, as no single instruction can implement
this functionality. That was no cause for concern, however it led to the observation
that one of the instructions, brev, is redundant when it is known that the 32-bit bit
vector provided is comprised of exactly one set bit. We also constructed and most
crucially, tested most hand-crafted optimisations presented in this work in isolation, to
ensure their correct function and even gather some crude performance results versus
alternatives, before examining them in context.
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5.7 There is Future in GPU Acceleration

With all discussion on the necessary efforts for development of optimised software for
GPUs, one may feel dissuaded from using such intricate technology. The intention
of this work is by no means to underline the complexity of the devices and thus the
complexity of making efficient use of them. Our work is aimed as a contribution to the
existing pool of knowledge for efficient use of such devices, and simplify the efforts of
others. We believe that the strong drive for GPU utilisation goes hand-in-hand with the
evolutionary ‘boom’ these devices have seen within the last decade, and we have no
reason to believe this will cease in the foreseeable future, especially given the current
(financial) investment in these devices by cloud providers, and the increasing number
of applications dependent on them.

One may rightly wonder why we chose to focus our efforts on GPUs and not other
specialised processor technology (e.g., FPGAs). We do not believe that a general and
well founded argument can be made in favour of one versus the other, that would be
applicable to most or all cases. We do not offer absolute arguments against either
(GPUs, nor FPGAs) or others, however, we wish to present some food for thought
from our point of view.

Our choice of GPUs was in part driven by the wide availability of these devices, even
for consumers. It appears that almost all mid- to high-end modern desktops and even
laptops are equipped with a GPUs, capable of being programmed to performing non-
graphics tasks. Techniques for optimised utilisation of GPUs are therefore applicable
to a wide audience and set of applications, from large scientific computations, down
to every-day applications such as data processing. Simultaneously, the availability of
these devices has facilitated a rapidly expanding set of applications that support them,
which may have been the reason NVIDIA designed and produced a plethora of data
centre oriented GPUs* since, such as the Tesla and Quadro ranges and more recently,
H100.

At the same time, FPGAs are reconfigurable hardware, or in other words, a set of
building blocks (typically logic gates, but sometimes more complex blocks such as
adders etc.) that can be configured to encode circuits performing certain computations.
FPGAs remain at present quite specialised with support for configuration tools being
provided by each manufacturer. Likewise their area of application is restricted by the
circuits constructable using the available building blocks in each. In the course of
this work we looked into examples [112, 111, 138] of FPGA use for the N-Queens
and SAT problems which we are also exploring. In the case of both problems, the
algorithms being implemented are rather simple, which we speculate is the product of
the capabilities of these devices paired with the difficulty in programming them. This

*And more recently, other hardware.
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of course is not to say that good results (in the case of N-Queens, similar results to
ours, see Section 4.4) are not achieved.

Modern data centre GPUs allow for concurrent kernel execution, even in multi-user en-
vironments with inbuilt data isolation. To the best of our knowledge, FPGA hardware
cannot be used by multiple users simultaneously or switch hardware configuration as
quickly as a GPU can switch between kernels. This may be the reason FPGAs are
not adopted as widely as GPUs in cloud computing platforms. Likewise GPU, and
particularly those intended for data centre use, offer data integrity guarantees and error
correction which would have to be manually implemented on FPGAs.

The investment in and state of GPU technology as well as its continuous (and fast
paced) evolution may drive or be driven by its wide adoption in, presently, significant
applications such as Al and LLMs, HPC, etc. This leads us to believe this is not the
product of ‘temporary enthusiasm’ and in all likelihood will continue to be part of
modern day computing.

5.8 Reducing Turing Tax is Non-Trivial

In the words of Prof. Paul Kelly from his keynote in HeteroPar 2022:

“Turing tax is the price you pay for running on a general-purpose com-
puter rather than a specialised one.”

We believe that the notion of Turing tax accurately captures the “overhead of univer-
sality” as is intended, but we note the applicability of this term on various levels of
abstraction, whether it be on the fundamental computational model level, the hard-
ware, or higher levels. We have come to conclude such overheads (i.e., performance
tax) are very much applicable to General Purpose Graphics Processing Units which
after all are labelled general-purpose devices*, or in other words, attempt to shift from
special-purpose processors to more general coprocessors.

In this work we examine ways to reduce Turing tax for devices (i.e., GPUs) which are
programmable and follow the Von Neumann architecture yet on some operation seem
to get close to the performance of special-purpose hardware. Due to the model of
computation used by these devices, it is therefore not possible to completely alleviate
Turing tax. From the perspective of the computation in need of doing and how this
computation is expressed under this model, we are able to offer a reduction or ‘tax
break’ in this overhead in various places. We argue that the (considerable) effort this
takes is worth-while for a number of reasons listed below.

*Perhaps misleadingly, further discussion on this point follows in Section 5.9.
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For one, better performance is generally not unwelcome in any application, whatever
performance is quantified as in that application (see Section 5.5). For all metrics which
directly or indirectly relate to efficient utilisation of GPU hardware techniques such as
those presented in this work are useful. Such techniques take considerable effort to
identify and trial, often requiring some ‘guesswork’ on the complex and undocumented
behaviour of hardware and tooling. Following their identification however, these tech-
niques remain somewhat low-maintenance for future (hardware) architectures, even
if their effectiveness fades (in relation to the state and capabilities of hardware and
tooling) over time. Furthermore, techniques for optimising certain aspects of perfor-
mance such as those presented in this work are not strictly application-bound. They
instead revolve around certain fundamental operations which can be applied out-of-
the-box in other areas. This is to say that once the effort and time has been invested
into these operations, a wide range of applications may benefit. Lists of documented
application-unspecific optimisations have existed for years and been used extensively
in the domain of graphics processor programming and beyond. As an example we
refer the reader to [6].

5.9 There are Only Few Things General about
General Purpose Graphics Processing Units

Whilst we are not the first to come to this realisation [105], our work contributes in
gaining an understanding of the (often times, unclear and variable) limitations of the so
called General Purpose Graphics Processing Unit. Historically, GPGPUs have made
leaps in broadening their applicability to different domains beyond computer graphics,
whilst still offering superior performance for them compared to the respective state
of the art CPUs. In part, GPUs exploit a very different model of parallelism to con-
ventional CPUs, which is simply better suited for some applications by nature. For
instance, large-scale matrix arithmetic becomes trivial under an uncoupled, massively
parallel model, such as that of the GPU. The model of parallelism itself however is not
to be thought as “simply better” than conventional threading employed by CPUs, as it
bars from existence many constructs of concurrency aimed at global concurrent access
(e.g., locking, semaphores, thread waiting), which are necessary in tasks involving for
example, network client management (which itself is not possible to achieve from the
GPU, as we discuss later in this section).

In our work however, we have been using the terms GPGPU and GPU interchange-
ably, to refer to PCI-connected graphics coprocessors that attach on a host system. A
distinction between the two has to be made and lies in the fact the former refers to
a programmable device with some level of support for such programming and open
to a broader range of tasks, whereas the latter may have no such support. In other
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words, the term GPGPU is a specialised instance of GPU. Modern day GPUs are all
programmable™ and it appears to us that this is the trajectory of their evolution: remain
well suited for graphics tasks, and open to other areas.

Our exploration has visited a wide window of Compute Capability versions of NVIDIA
GPUs both consumer- and datacenter-oriented, that includes the Pascal, Volta, Turing,
Ampere and Ada Lovelace architectures, followed by a review of and steps in prepara-
tion for the latest, Hopper architecture. Through this exploration it has been made clear
to us that successive hardware revisions add new or evolve existing features, typically
highly specialised, which are not seen on current CPUs, and on occasion reduce sup-
port for others. For a device seemingly designed for ‘general purpose’ use, it is rather
odd that such specific and highly specialised features are embedded on the die where
space is constrained and proximity is important. Implementation details (inevitably
influencing design choices) do fluctuate as well, on occasion invalidating assumptions
from one CCs version to the next. This was the case with the introduction of inde-
pendent thread scheduling as briefly discussed in Section 2.3.1, where the assumption
that threads (necessarily) execute in lockstep was invalidated. This was not explicitly
documented as a safe assumption to make, albeit documentation allowed for the in-
ference to be made. Moreover, the effect of the __syncthreads () primitive which has
historically and consistently been documented as imposing a block-wide thread fence,
changes from the Volta microarchitecture onwards. To quote the CUDAs programming
guide [89] directly:

Although __syncthreads () has been consistently documented as synchro-
nizing all threads in the thread block, Pascal and prior architectures could
only enforce synchronization at the warp level. In certain cases, this al-
lowed a barrier to succeed without being executed by every thread as long
as at least some thread in every warp reached the barrier. Starting with
Volta, the CUDA built-in __syncthreads() and PTX instruction bar.sync
(and their derivatives) are enforced per thread and thus will not succeed
until reached by all non-exited threads in the block. Code exploiting the
previous behavior will likely deadlock and must be modified to ensure that
all non-exited threads reach the barrier.

This may result in code written for pre-Volta devices to deadlock in devices imple-
menting Volta or later’, and forms part of a number of such incompatibilities that may
render code non-operational or unsafe for some later hardware.

*Referring to NVIDIA devices, perhaps with the exception of some low-/medium-range embedded
GPUs.
T An interesting and thorough explanation of deadlock situations can be found in [9].
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5.9. There are Only Few Things General about General Purpose Graphics
Processing Units

GPUs typically boast speedups on standard performance metrics such as IOPS or
FLOPS, orders of magnitude higher than top-range CPUs, in part owed to the spe-
cialised arithmetic hardware they feature, targeting these operations. A certain level of
excitement and for lack of a better term, ‘hype’ surrounds naive comparisons circled
around those, which may perhaps be pushing the development of on-GPU applications
on commercial settings. Throughout our investigation of our own applications and
more general optimisation techniques, we encountered a plethora of community posts
requesting help in mapping workloads to the GPU. In many cases, it was evident that
the chosen workload would not map onto the GPU efficiently, or the way a workload
was approached was in violation of the model of parallelism of these devices. In aca-
demic literature however, we have encountered very limited documentation of such
failed attempts, or of otherwise intuitive techniques, and their reasons for the lack of
their success on the GPU. Some examples do however exist, such as [108] where the
authors document, otherwise undocumented, details on dynamic parallelism overheads
and its lack of potential when parallelising a recursive task (which is intuitive for this
type of task). We commend this and other such work for the insights they have offered
to us, and the field.

In reality, and as our work has shown, development of performant techniques and ap-
plications on the GPU, compliant with the model of parallelism at hand, is an arduous
task which involves substantial effort especially when targeting a range of current CCs
or attempting to foresee future ones and any drawbacks they may introduce in the
context of these techniques. The fast evolving hardware and variable support for oper-
ations, which may seize completely from some point onwards, is an unstable bridge to
cross. Optimised code may under-perform in subsequent hardware iterations, or even
fail to operate all together as a result of this instability. Beyond this instability and
unconventionality, GPGPUs have rather restricted scope for being “general purpose”.
They are indeed coprocesors, and depend upon a host system (itself featuring some
form of CPU) to coordinate them and supply/consume all data required. They cannot
interact with peripheral devices, storage, or other host resources (e.g., network) with-
out the intervention of the host system and hence no operating system can run purely
on a GPGPU at present.

Our work and observations presented here are based exclusively on hardware and soft-
ware produced by NVIDIA who lead the field of programmable GPUs and are arguably
the most adopted in this field, if that were to be measured through adoption by large-
scale cloud computing providers (e.g., Google, AWS, OVH, IONOS, etc.)*. Whilst we
have not investigated other such platforms ourselves, we speculate that the majority of
techniques and points made here apply to other massively parallel platforms utilising

*All listed providers own and rent GPU supplied exclusively by NVIDIA. We are unaware of main-
stream providers renting GPUs of other manufacturers.
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the same model of parallelism. Our views presented here are not intended to suggest
inapplicability and discourage the use of GPUs in the scientific sphere, or every day
computing, rather the opposite. As our work has shown, it is possible to put these
coprocessors to good use and benefit from their performance offerings in a wide range
of applications. In a more playful manner, we like to think of the GPU as the “teenager
of (co)processors” that requires special handling to do something within its merit, but
can do it exceptionally well.

We suggest a level headed and methodical approach is used by anyone aiming to har-
ness the power of these devices, to establish what can and cannot be done with these
intricate coprocessors, before significant efforts (as typically required) are invested in
them. This suggestion is not strictly bound to GPUs, as many of these challenges are
applicable to other massively parallel (co)processors (e.g., FPGAs).
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Chapter 6

Summary

The overarching objective of this thesis has been to examine the applicability of GPUs
in tackling computationally demanding (‘hard’) problems and the means by which
this can be achieved. In particular, we have presented the design and implementation
of a GPU-based SAT checker and a full on-GPU N-Queens solver that surpasses the
performance of existing work in literature. Substantial effort was involved in making
the GPU kernels performant, in essence using them as proxies to study optimisation
techniques that can be applied to a broader range of hard problems. To aid future efforts
in the solving of such problems we have presented a list of techniques, observations
and optimisations, that we believe will be of help. We will continue our work in
pursuit of future directions, presented under the respective chapters, for each problem
to explore further opportunities for performance gains.

For both the Boolean Satisfiability and N-Queens problems, we used backtracking
search initially in line with common solving techniques for these particular prob-
lems. For SAT, backtracking search was found unsuitable for implementation on
the GPU, primarily because of the large dependency on memory. On the other hand,
for the N-Queens problem, the search had minimal memory requirements and using
the paradigm proved successful in producing a competitive solver. Work focusing
on the applicability of the backtracking paradigm on GPUs has previously been con-
ducted [61], with which our findings concur. The findings of this work illustrate that
the backtracking paradigm itself can be successfully used on the GPU, but its success
depends strongly on the task at hand and its properties.

Throughout our work we have highlighted the role of optimisation in every stage of
development on the GPU and produced techniques and recommendations for each
stage, for others wishing to follow a course similar to ours. More specifically, start-
ing from the algorithm design stage, the model of computation on the GPU needs to
be factored in to decide which operations can and cannot be efficiently implemented.
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Subsequently, the implementation stage needs to bring the algorithmic optimisations
to fruition, making relevant implementation choices to achieve good performance. Fi-
nally, following a successful implementation, a multi-step optimisation stage should
be performed to identify areas restricting performance and mitigate their effects.

On occasion, algorithmic design choices for massively parallel manycore platforms
may appear counter-intuitive from the viewpoint of serial, or even for mildly* parallel
computation. This may be for instance the avoidance of any concurrent access at the
cost of persistent re-computation. As our work highlights, these choices are necessary
for later performant implementations.

From the perspective of the implementation, intricacies of GPUs may require different
implementations of the same algorithm to better suit different hardware generations.
This was the case for our N-Queens solver, for which the shared memory-based kernel
was better suited for some (earlier) devices in contrast to the register-based kernel. The
degree to which this applies to most or all massively parallel manycore platforms in
general is hard to estimate without a large scale study of many such platforms, hence
we are not in a position to assess its prevalence. Nevertheless, it may be required by
some and therefore should not be ruled out.

Lastly, optimising a working implementation requires a two-pronged approach. On
one hand, the implementation itself can be optimised using high-level programming
constructs to trigger more of the compiler’s optimisations. This can be something
rather small, such as asserting the truth of predicates which are in turn offered as
assumptions to the compiler, or something more substantial such as a manual memory
re-structure. On the other hand, even with optimisations on the high-level code, the
output of the compiler is likely not to approach the performance optimum as much
as possible [63, 37]. To counter that, one has to drop a level lower and tweak the
compiler’s output, manually optimising subroutines in the PTX code generated. These
lower-level tweaks can offer performance increases but must be maintained and tested
thoroughly.

*This is to distinguish parallel computation or relatively small degree, to massive parallelism.
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Appendix A
General Appendix

A.1 PTX Instruction Format and Reference

PTX instructions are documented thoroughly in NVIDIA’s documentation pages [90].
This documentation is in-depth and assumes deeper understanding of GPU hardware
as it is aimed at experienced developers. To aid the reader’s understanding of PTX
listings, Table A.1 presents a quick, minimalist reference containing instructions used
throughout this document and explaining them at a higher-level. PTX instructions are
generally of the form instruction dest, opl, op2, ...; where dest is a desti-
nation register variable, followed by zero or more operands (op1, op2, ...). Operands
may be registers, or constant expressions (e.g., constant values). It is worth noting
that a register variable does not necessarily map one-to-one to a register following
compilation into SASS.

This work makes use primarily of integer, logic, and bitwise operations. Instructions
listed in Table A.1 may support more types than shown, or have different manifesta-
tions to those listed under different types (e.g., floating point types). The types each
instruction is applicable to are given only for reference. The exact behaviour of the
instruction under each type may differ, and in some cases, the operands may be of dif-
ferent types between them, or to the destination register. Types listed are either pred
(i.e., a predicate register variable type) or take the form of a single letter (i.e., b for
bits, u for unsigned or s for signed) followed by the bit width of the type (i.e., 16, 32,
64).

| Instruction | Types | Description |

abs rd, ril s{16,32,64} | Computes the absolute value of r1, storing
the result in rd.
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A.l. PTX Instruction Format and Reference

add rd, r1, r2 s{16,32,64}, | Performs addition between operands r1 and
u{16,32,64} | r2, storing the result in operand rd.
and rd, rl, r2 b{16,32,64}, | Computes the bitwise AND of operands r1
pred and r2, storing the result in operand rd.
bfe rd, ri, r2, r3 u{32,64}, Extracts r3 many bits from ri, starting at
s{32,64} position r2. The resulting bit field is stored
in rd.
bfi rd, ri, r2, r3, rd b{32,64} Inserts into r2 r1 bit field of r4 many bits
from r1, starting at position r3. The result
is stored in rd.
bfind rd, rl u{32,64}, Finds the index of the first bit set in operand
s{32,64} r1, storing the result in operand rd.
bmsk rd, rl, r2 b32 Constructs r1 mask of r2 many bits starting
from position r1, storing the result in rd.
bra t1 N/A* Branches to the instruction labelled by the
PTX label t1, and continue execution from
there.
brev rd, rl b{32,64} Reverses the bits in operand r1, storing the
result in operand rd.
clz rd, r1 b{32,64} Counts leading zeros in operand r1, storing
the result in operand rd.
cvta [...] Omitted’ Converts r1 generic address to r1 typed ad-
dress.
cvt [...] Omitted’ Converts between different data types.
div rd, r1, r2 u{16,32,64}, | Computes the quotient of operands r1 and
s{16,32,64} | r2, storing the result in operand rd.
fns rd, r1, r2, n b32 Finds the n™ set bit in r1 starting from bit
index r2, and stores its index in rd.
ldrd, [...] Omitted" The exact semantics of this instruction are
complex, but broadly, the right hand side
evaluates to either a register or constant ex-
pression indicating a location from where
data can be read. This instruction performs
a load of data into rd from the indicated lo-
cation.

*This is an instruction for flow of control which does not operate on any typed data.

TThis instruction is complex, and the types supported depend on which mode is being used. Types
have been omitted as they are unimportant here.
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lop3 rd, r1, r2, r3, c b32 Performs r1 logical operation between ri,
r2 and r3 based on the look-up values in
the constant value operand c.
mad rd, ri, r2, r3 u{16,32,64}, | Performs a multiply-and-add operation
s{16,32,64} | multiplying r1 with r2 and adding r3, stor-
ing this result in rd.
max rd, rl, r2 u{16,32,64}, | Computes the maximum of operands ri
s{16,32,64} | and r2, storing the result in operand rd.
min rd, rl, r2 u{16,32,64}, | Computes the minimum of operands r1 and
s{16,32,64} | r2, storing the result in operand rd.
mov rd, ril b{16,32,64}, | Moves the value of register r1 into rd. If r1
s{16,32,64}, | is not r1 register, the instruction moves the
u{16,32,64}, | non-generic address of the operand r1 into
pred rd instead.
mul rd, ri, r2 u{16,32,64}, | Computes the product of operands ri1 and
s{16,32,64} | r2, storing the result in operand rd.
neg rd, r1 s{16,32,64} | Computes the arithmetic negation
(i.e., change of sign) of ri, storing
the result in rd.
not rd, ri b{16,32,64}, | Computes the bitwise negation of r1, stor-
pred ing the result in rd.
or rd, rl, r2 b{16,32,64}, | Computes the bitwise OR between
pred operands r1 and r2, storing the result in rd.
popc rd, rl b{32,64} Counts the number of set bits in operand
r2, storing the count in operand rd.
remrd, ri, r2 u{16,32,64}, | Computes the remainder of integer division
s{16,32,64} | between r1 and r2 and stores it in rd.
ret N/A* Transfers control back to caller of a proce-
dure (i.e., return).
sad rd, r1, r2, r3 u{16,32,64}, | Computes the sum of absolute differences
${16,32,64} | between r1 and r2 and r3 as abs(a —b) +c,
storing the result in rd.
selp rd, r1, r2, r3 b{16,32,64}, | Selects operand r2 if predicate operand r1
s{16,32,64}, | is true, otherwise selects operand r3, and
u{16,32,64}, | stores the value of the chosen operand in
pred rd.

*This is an instruction for flow of control which does not operate on any typed data.
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setp pl, ri, r2 b{16,32,64}, | Sets predicate register operand p1 based on
s{16,32,64}, | comparison between operands r2 and r3
u{16,32,64}, | under some logical operation (e.g., equal-
pred ity, less-than, more-than, etc.).

shl rd, rl, r2 b{16,32,64} | Shifts the value in r1 left by r2 many posi-
tions (clamping to the maximum width of
the type) and stores the shifted value in rd.
shr rd, rl, r2 b{16,32,64} | Shifts the value in r1 right by r2 many po-
sitions (clamping to the maximum width of
the type) and stores the shifted value in rd.
st[...], r1 Omitted*” Like 1d, the semantics of this instruc-
tion are complex. Broadly, the instruction
stores the data from r1 to some location in-
dicated by the left hand side operand(s).
sub rd, rl, r2 u{16,32,64}, | Computes the difference between operands
s{16,32,64} | rt and r2, storing the result in operand rd.
Table A.1: Quick reference of basic integer and bitwise PTX instructions, the types
upon which they operate, and their intended functionality.

The 1op3.1ut instruction is described as a logic operation which is somewhat mislead-
ing as one may expect the result to be a truth value, when in fact it is a 32-bit bit word.
The instruction does indeed apply the logic operation at hand, but does so between
each bit on its three inputs, resulting in 32 truth values that are in turn encoded as a
32-bit word. More specifically, for each 0 < i < 32, the logic expression at hand is
applied between bits a;, b; and c; of the input operands a, b and ¢, with the resulting
truth value represented as the bit r; of the resulting 32-bit word.

A.1.1 Clarification on Bitwise Leading Zero Counting

The PTX instruction bfind is seen in this work in two variants. The pure instructon
(i.e., bfind) and the shift-amount calculation variant (i.e., bfind.shiftamt). The latter
performs the same function as bfind, with the difference that the value it produces is no
longer the index of the most significant (non-sign in the case of signed inputs) set bit,
but the number of left shifts required to place said bit at the most significant position
in the bit word.

The purpose of c1z comes into question considering the function of bfind.shiftamt.
This is because, the number of left shifts required to raise the highest set bit to the most

*This instruction is complex, and the types supported depend on which mode is being used. Types
have been omitted as they are unimportant here.
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significant position in an unsigned bit word is also the number of preceeding zeros to
the highest set bit. The two instructions behave differently only in the case where the
input register holds the value of 0. In that case, c1z will produce the value b which
will be 32 or 64 when the input is a 32- or 64-bit type respectively. To the contrary,
bfind.shiftamt will result in the value OxFFFFFFFF in that case.

In terms of the implementation of these instructions, both c1z and bfind.shiftamt
result in some use of the FLO SASS instruction®. Specifically, for 32-bit types,
bfind.shiftamt reslts in a single FL0.U32.sH SASS instruction whereas c1z results in
two SASS instructions, namely FL0.U32 and 1ADD. The exact semantics and differences
between the two FLO instructions are not officially documented, in line with the rest
of the SASS ISA. We speculate that the definitions of the PTX instructions bfind and
bfind.shiftamt map directly to FLO.U32 and FLO.u32.sH respectively, based on our ex-
periments.

Based on observations made in this section, it would appear that c1z acts as an alias of
bfind.shiftamt in the majority of cases, for the intersection of types they both support
(i.e., u32 and u64). Currently, bfind.shiftamt translates to fewer SASS instructions
than its counterpart and should be preferred where possible for the relevant microar-
chitectures. In future microarchitectures, the potential for the introduction of direct
hardware support for c1z or an alternative (perhaps more performant) implementation
should not be dismissed.

*Tested for architectures up to and including Ampere.
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A.2 SASS Instruction Format and Reference

The syntactical structure of SASS instructions is largely the same as that of PTX in-
structions, as detailed in Appendix A.1. Whilst at first it may appear as if a one-to-
one mapping between PTX and SASS instructions exists, this is not always the case.
SASS instructions are architecture-specific whereas PTX acts as an intermediate layer,
agnostic of hardware-specifics. The conversion from PTX to SASS may in some cases
result in one PTX instruction compiling into multiple SASS instructions. The syntax
of SASS instructions is documented, but their operands, side-effects, performance and
other characteristics are kept ‘secret” by NVIDIA [88].

Appendix A.2 presents a handful of instructions used throughout this work, alongside
a brief explanation (or mapping to an earlier discussed PTX instruction) to aid the
reader. This table is intended as a reference to better understand this work and not as
guide to altering SASS code.

| Instruction | Description |
LOP3 See 10p3 in Table A.1.
MOV See mov in Table A.1.
S2R Moves the value of a special-purpose register into a regular reg-
ister. This instruction may result from a PTX mov instruction.
SHF Funnel shift operation. A funnel shift concatenates two 32-bit

operands, shifts them by k bits left/right and produces the 32
most/least significant bits respectively.

UIADD3 Uniform integer addition between three operands. Similar to add
in Table A.1.
ULDC Load data from constants memory* into a uniform register. See

14 in Table A.1.
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Appendix B
SAT Checker

This appendix covers content relevant to Chapter 3. Content presented here (i.e., code
listings, data tables, etc.) is either referenced by the relevant section(s) in the main
body of this work, or additional information for the interested reader.

B.1 General Structures and Definitions

This section collates the definitions of directives and types of/or structures (primarily in
CUDA-C code). These structures appear as-is in the code used to gather experimental
results and, unless otherwise indicated, their padding and memory layout are left in the
hands of the compiler to decide.

The standard type uint32_t defined in the standard header inttypes.h is masked as the
type assignment_t for the purposes of our code (see Listing B.1). The intention is for
this definition to change to an appropriate bit-manipulation-safe type, at least 32-bits
in width if needs be.

typedef uint32_t assignment_t;

Listing B.1: Definition of type assignment_t. A complete or partial assignment is
comprised of zero or more instances of this type.

The type 1itval_t (see Listing B.2) is an enumeration of possible assignments to liter-
als/variables (as appropriate) including two non-binary values representing the absence
of an assignment and an ‘error’ state involving the assignment.

The types clause3_t and expression_t (Listing B.3) are used together to represent a
SAT formula. The type expression_t simplifies a structure comprising of the non-
negative integers varCount and length which represent the number of distinct variables
and the number of clauses in the formula respectively. Furthermore, the expression_t

157




[ Y S

[ N S S

o

[TV N

B.2. Literal Satisfiability Checking

typedef enum {
LIT_UNSET = O,
LIT_TRUE = 1,
LIT_FALSE = 2,
LIT_ERROR = 3
} litval_t;

Listing B.2: Enumeration of possible assignment values with their corresponding
integer representation.

structure refers to a number of clause3_t structures, each of which represents a clause
with three literals.

typedef struct {
int32_t 1lits[3];
} clause3_t;

typedef struct {

uint32_t varCont, length;
clause3d3_t* clauses;
} expression_t;

Listing B.3: Definitions for the structure types clause3_t and expression_t.

The preprocessor definition shown in Listing B.4 expands to a bitwise alternative to
the absolute value of a two’s complement represented integer.

#define FAST_32_BIT_ABS(a) ((((a)>>31)~a)-((a)>>31))

Listing B.4: Definition of preprocessor directive for sign removal of 32-bit integer
types.

B.2 Literal Satisfiability Checking

__device__ __host__ litval_t get_lit(const assignment_tx*
« __restrict__ const a, int32_t 1it) {
lit = FAST_32_BIT_ABS(1lit);
const uint32_t word = ((lit - 1) / LITS_PER_WORD);
const uint32_t indx = (lit - 1) % LITS_PER_WORD;
return (litval_t) ((alword] >> (indx << 2)) & 0x3);

}

Listing B.5: Retrieval of assignment to a given variable from the input partial
assignment, in the form of a 1itval_t.
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The retrieval of an assignment from the data structure defined in Appendix B.1 involves
identifying the 32-bit word containing the assignment and extracting the relevant bit
pair, as shown in Listing B.5. Checking whether or not a literal has been satisfied by an
assignment is trivial considering the numeric representation of truth values (see List-
ing B.2), since the least significant bit of the relevant assignment values (i.e., LIT_TRUE
and LIT_FALSE) is 1 and O respectively. The other pair of possible assignments (namely
the absence of one or an ‘error’) must also be accounted for however. As such, the
result of the check of the truth value against the literal is voided (i.e., zero) if the two
least significant bits of the assignment value put through an XOR between them result
in zero. This way, the outcome of the check is only true if the assignment value is
appropriate for the literal in question, and not LIT_UNSET or LIT_ERROR. The implemen-
tation of this check can be seen in Listing B.6.

__device__ int is_lit_satisfied(const assignment_t* const a,
< const int32_t 1lit) {

int 1 = get_lit(a, 1lit);

return ((1 >> 1) =~ (1 & 1)) & ((1 & 1) - (1lit < 0));

X

Listing B.6: Literal satisfaction check under a given assignment.
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B.3 Host-Side Literal Re-Mapping

void swap(expression_t* e, assignment_t* a, int32_t j, int32_t

— i) A{
if (j == 1)
return;
for (uint32_t o = 0; o < e->length; o++) {
int32_t* cl = e->clauses[o].lits;

for (uint32_t x = 0; x < 3; x++) {
if (cll[x] == 3 || cl[x] == -j)
cl[x] = (cl[x]1<07-1:1) * ij;
else if (cl[x] == 41 || cl[x] == -i)
cl[x] = (cl[x]1<07-1:1) * j;

[

}
}

litval_t s = get_lit(a, j);
set_lit(a, j, get_lit(a, 1));
set_lit(a, i, s);

}

int remap_unsat_lits(expression_t* e, assignment_t* a) {
uint32_t i, j;
for (i = 0, j = 0; j <= e->varCont && i <= 64; j++) {

if (j > i && get_lit(a, j) == LIT_UNSET) {
swap (e, a, j, ++i);
j =03
}
}
return i;

}

Listing B.7: Literal remaping proceedure shifting unset literals in the expression and
corresponding assignment within the range 0 to 64.

As described in Section 3.2, unset variables must be sequential in order (i.e., all unset
variables in the input formula must be represented as sequential integers). This may not
be the case, hence a literal re-mapping process is employed as shown in Listing B.7.
In essence this procedure identifies the unset variables in the formula and if those are
not in the range of unset variables permitted (i.e., break sequence), swaps them with
the corresponding (set) variable. Whilst initially such algorithm may be reminiscent of
sorting, the process is much simpler. For each variable v starting from 1 and iterating
to the maximum number of unset variables supported (64), if an assignment exists
for v, then the first unset variable u > v is identified and swapped with v. The swap
in this instance refers to the names identifying the two variables and not the order or
composition of clauses in the formula.
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B.4 Full GPU-Side SAT Checking

__global__ void bf_solve_kernel (const expression_t* const
— __restrict__ g_e, assignment_t* __restrict__ g_a, volatile
— uint32_t* __restrict__ solution_flag, const uint8_t

— unsetCnt, const uint8_t device_id, const uint8_t devices,
< const uint32_t solvers) {
extern shared assignment_t s_assgnl[];

if (*solution_flag) return;

if (THREAD_INDX_2D_BLOCK < ASSIGNMENT_COUNT(g_e->varCont))
s_assgn [THREAD_INDX_2D_BLOCK] = g_a[THREAD_INDX_2D_BLOCK];
__syncthreads () ;

const uint64_t limit = (uint64_t) ceil ((1LLU << unsetCnt) /
< (((double)solvers) * devices));
uint64_t i, local_assignmen = (solvers * device_id) +
— THREAD_INDX_1D_GRID_2D_BLOCK;
for (i = 0; i < limit; ++1i) {
if (local_assignmen > (1LLU << unsetCnt)) break;
const int check = d_check(g_e, s_assgn, local_assignmen);
__syncwarp () ;
if (check) {
atomicAdd (solution_flag, 1);
break;
}
local_assignmen += solvers;
}
}

Listing B.8: SAT formula checking kernel with per-thread local assignments.

Part of the kernel described in Section 3.2 is shown in Listing B.8. This code is pro-
vided for the interested reader, and relates to the discussion in the relevant section. As
part of this kernel, each thread performs a check of its local assignment together with
the input partial assignment, against the input expression. The check itself is rather
involved as each literal of each clause has to be checked in a manner shown in List-
ing B.9. During this check it is enough to confirm that one literal in each clause is
satisfied, yet in practical terms, this would result in high degrees of divergence. For
this reason, all three literals of each clause are checked against their respective assign-
ments.
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__device__ __forceinline__ int d_check(const expression_t* const
> __restrict__ g_e, assignment_t* const __restrict__ g_a,
— const uint64_t assgn) {

register bool whole = 1;

3

const uint32_t len = g_e->length;
for (uint32_t i = 0; whole & (i < len); ++i) {

const int32_t* __restrict__ const clause =
— g_e->clauses[i].lits;
const int32_t a = clause[0], b = clause[1l], c¢c = clause[2];

whole &= (is_lit_satisfied_complete(g_a, a, assgn)
| is_lit_satisfied_complete(g_a, b, assgn)
| is_1lit_satisfied_complete(g_a, c, assgn));
}

return whole;

Listing B.9: Helper function for Listing B.8, performing a complete formula
satisfaction check using both the thread-local partial assignment t; and input partial
assignment fl,.
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B.S Experimental Results

In Section 3.3.6, a range of experimental setups are discussed, involving different GPU
hardware belonging to different systems. The ‘raw’ data collected is presented in this
section beginning with results from different commercial GPUs in Appendix B.5.1,
followed by results on data centre devices in Appendix B.5.2 and results exploring the
impact of clause re-ordering in Appendix B.5.3.

B.5.1 Raw Data per Tested Device

Three different systems were used to collect the results shown in Table B.1. Specifics
of each system beyond the model of GPU used are largely irrelevant to these results,
as the times shown reflect only the time taken by the GPU to complete the work. To
minimise any timing inconsistencies, it was ensured, where possible, that systems used
were properly cooled (to mitigate potential thermal throttling). The ten runs shown for
each input were made in sequence of one-another.

[ Problem Instance [ Run1  [Run2 [Run3 [Run4 [Run5 [Run6 [Run7 [Run8 [Run9

Run 10 [ Average CPS

GTX1080ti, 136 blocks with 1024 threads
20-200 23 229 229 23.1 24 229 22.9 233 23.5 21 1,462,066,754
20-400 24.5 24.7 25.4 243 22.4 229 234 22.3 222 222 1,432,114,042
30-200 659 591 599 602 595 597 599 598 598 595 1,779,780,912
30-400 661 613 607 612 610 608 605 610 604 609 1,749,050,047
35-200 19442 19791 19473 19701 19765 19784 19614 19748 19826 19743 1,745,150,181
35-400 20525 20428 20552 | 20443 20718 20778 | 20739 20685 20828 20697 1,664,772,467
40-200 682746 | 675096 | 679068 | 680868 | 682389 | 677592 | 683239 | 682012 | 675020 | 687510 1,615,612,615
40-400 682699 | 679557 | 675212 | 684010 | 676601 676690 | 683290 | 678234 | 678291 678794 1,618,505,003
Two GTX1080ti, 136 blocks with 1024 threads
20-200 13.46 13.46 13.46 13.585 13.865 13.235 | 12.735 12.84 12.865 12.79 2,528,143,536
20-400 12.08 12.09 12.115 | 12.38 12.535 12.14 12.11 11485 | 11.22 11.24 2,811,408,970
30-200 348.59 304.1 298.075 | 301.615 | 300.765 | 301.1 300.99 299.58 | 301.245 | 301.15 3,508,240,498
30-400 341.94 287.62 269.465 | 269.055 | 268.125 | 269.94 | 269.295 | 271.26 | 267.785 | 270.215 | 3,849,879,105
35-200 10469.5 | 10439.5 | 10462.5 | 10486.5 | 10490.5 | 10452.5 | 10488 10498.5 | 10526.5 | 10509 3,278,645,227
35-400 8478.5 8397.5 8420.5 | 84225 8369.5 8387 8428 8390 8462.5 8383 4,082,560,663
40-200 325694.5 | 324153.5 | 324123 | 324901.5 | 324191.5 | 324313 | 323029.5 | 326022 | 325321.5 | 323724.5 | 3,387,165,146
40-400 321324 | 321724 | 322771 | 322552 | 321537.5 | 324881 | 323524 | 323748 | 323199 | 322561.5 | 3,405,993,242
RTX2080ti, 136 blocks with 1024 threads
20-200 11 10.9 10.9 10.9 10.9 10.9 10.9 10.9 8.7 8.6 3,207,880,688
20-400 9.8 9.8 9.7 9.8 9.7 9.7 9.7 9.7 9.7 9.7 3,448,554,162
30-200 241 208 209 210 210 210 210 210 210 210 5,045,779,248
30-400 259 205 206 206 205 205 205 205 205 205 5,098,489,193
35-200 7649 7671 7677 7678 7680 7679 7680 7681 7735 7739 4,469,908,333
35-400 8246 8272 8276 8317 8341 8343 8343 8344 8344 8366 4,130,173,378
40-200 239479 | 240867 241225 | 241274 | 241267 | 241007 | 241011 240746 | 239558 | 239507 | 4,569,985,830
40-400 239052 | 240792 | 241042 | 241346 | 241471 241422 | 241383 241380 | 241364 | 241319 | 4,561,208,227
RTX4090, 224 blocks with 1024 threads
20-200 4 4 4 4 4 4 4 4 4 4 8,388,608,000
20-400 4 4 4 4 4 4 5 4 4 4 8,184,007,805
30-200 99 99 98 98 99 99 98 99 929 99 10,878,843,202
30-400 108 107 107 107 107 106 107 105 106 106 10,072,624,991
35-200 3645 3639 3633 3637 3639 3644 3638 3634 3641 3640 9,442,082,541
35-400 4236 4236 4236 4236 4236 4236 4236 4236 4236 4236 8,111,364,110
40-200 116900 116900 116909 | 116904 116912 116888 | 116900 116895 | 116902 116900 | 9,405,493,775
40-400 115201 115199 115296 | 115280 115235 115229 | 115233 115254 | 115253 115310 | 9,540,313,823

Table B.1: Raw execution time measurements (runs) and average CPS per input prob-
lem, for each of the devices tested.
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B.5.2 Raw Data for Concurrently Executing Tesla A100 GPUs

Besides the results shown in Appendix B.5.1, the scalability of this approach was tested
using A100 GPUs as discussed in Section 3.3.2, the results for which can be seen in
Table B.2. Experiments ran in one node* of the AccelerateAl [12] cluster. Each test
suit was run using one, two, four and eight GPUs, in the same fashion as other results
(i.e., ten repeated runs per input). The speedup relative to the baseline (i.e., a single
A100) for each input is also shown.

[ Experiment [Run1 [Run2 [Run3 [Run4 [Run5 [Run6 [Run7 [Run8 [Run9 [Run10 [AverageCPS | Speedup |

1xA100, 224 blocks with 1024 threads

20-200 18.83 13.87 13.86 13.85 13.85 13.84 13.85 13.85 13.84 13.84 2,338,416,746 | N/A (Baseline)

20-400 19.61 14.57 14.58 14.59 14.58 14.57 12.57 11.27 11.27 11.25 2,416,216,270 | N/A (Baseline)

30-200 282.38 192.82 186.89 189.23 189.23 189.65 186.27 186.89 186.89 187.63 | 5,428,769,186 | N/A (Baseline)

30-400 262.23 | 2185 218.5 218.5 218.52 | 2185 218.5 218.53 | 218.51 | 218.49 | 4,817,590,241 | N/A (Baseline)

35-200 7107.42 | 7034.88 | 7035.08 | 7035.07 | 7034.86 | 7034.83 | 7034.8 | 7034.88 | 7034.85 | 7034.81 | 4,879,154,606 | N/A (Baseline)

35-400 5301.12 | 5296.41 | 5296.32 | 5296.1 5296.08 | 5296.11 | 5296.06 | 5296.08 | 5296.05 | 5296.09 | 6,487,079,210 | N/A (Baseline)

40-200 182883 | 182741 | 182736 | 182734 | 182733 | 182737 | 182736 | 182768 | 182737 | 182747 | 6,016,308,409 | N/A (Baseline)

40-400 183060 | 182852 | 182823 | 182826 | 182814 | 182808 | 182804 | 182825 | 182851 | 182830 | 6,013,215,105 | N/A (Baseline)
2xA100, 224 blocks with 1024 threads

20-200 14.76 8.49 8.48 8.49 8.48 8.49 8.49 8.48 8.49 8.48 3,682,252,915 1.57

20-400 13.65 7.41 7.4 7.4 7.4 7.4 74 7.4 7.4 7.4 4,179,911,702 1.73

30-200 187.54 126.23 100.59 | 98.74 98.45 98.66 98.48 98.74 98.45 98.46 9,722,901,169 | 1.79

30-400 200.71 133.15 | 108 107.99 | 107.99 | 108 107.97 | 107.99 | 107.99 | 107.99 | 8,964,440,565 | 1.86

35-200 3433.62 | 3298.93 | 3298.91 | 3298.8 | 3298.91 | 3298.87 | 3304.74 | 3298.94 | 3305.99 | 3298.93 | 10,369,104,212 | 2.13

35-400 2719.98 | 2619.19 | 2619.2 | 2619.2 | 2619.17 | 2619.41 | 2619.45 | 2619.18 | 2619.21 | 2619.17 | 13,067,936,063 | 2.01

40-200 90505.7 | 90672.8 | 90429.7 | 90444 90689.9 | 90494.6 | 90462 90559.3 | 90342.4 | 90350 12,149,966,828 | 2.02

40-400 90741.5 | 90631.5 | 90324.9 | 90329.8 | 90632.3 | 90332.4 | 90327.3 | 90318.1 | 90318.9 | 90315.1 | 12,159,084,017 | 2.02
4xA100, 224 blocks with 1024 threads

20-200 12.78 4.42 4.42 4.42 4.42 4.41 4.42 4.42 4.42 4.42 6,387,150,983 | 2.73

20-400 14.23 3.91 39 3.89 39 39 39 3.89 3.89 3.89 6,807,378,954 | 2.82

30-200 108.39 | 87.12 81.85 64.18 535 53.85 53.83 54.13 54.65 54.68 16,118,027,156 | 2.97

30-400 105.88 | 99.81 89.91 60.47 54.42 54.26 54.25 54.25 54.26 54.42 15,745,448,188 | 3.27

35-200 1853.97 | 1727.07 | 1727.07 | 1727.08 | 1727.07 | 1727.05 | 1727.08 | 1727.07 | 1727.05 | 1727.05 | 19,749,766,159 | 4.05

35-400 1429.92 | 1322.79 | 1323.37 | 1322.52 | 1323.28 | 1323.28 | 1323.35 | 1324.16 | 1323.87 | 1323.47 | 25,756,918,714 | 3.97

40-200 42496.6 | 42267.5 | 42251.9 | 42264 42273.1 | 42263.3 | 42257.8 | 42272.8 | 42295.3 | 42293.3 | 25,997,145,113 | 4.32

40-400 42277.1 | 42149.8 | 42151.3 | 42149.9 | 42150.6 | 42150.7 | 42150.9 | 42156.9 | 42162.4 | 42162.5 | 26,075,662,673 | 4.34
8xA100, 224 blocks with 1024 threads

20-200 21.94 2.33 2.32 2.32 2.32 2.32 2.32 2.32 2.32 2.32 7,837,546,885 | 3.35

20-400 20.45 2.16 2.16 2.15 2.16 2.16 2.15 2.15 2.15 2.16 8,420,187,323 | 3.48

30-200 68.79 49.16 49.14 49.12 49.13 44.32 3248 26.69 26.74 26.75 25,424,092,302 | 4.68

30-400 63.93 46.12 46.11 45.98 41.24 37.84 37.63 25.36 25.22 252 27,208,744,043 | 5.65

35-200 978.63 863.25 | 863.11 863.73 | 864.08 | 863.97 | 864 863.75 | 863.31 863.54 | 39,262,073,088 | 8.05

35-400 722 592.43 | 591.84 | 591.74 | 592.08 |591.73 | 592.16 | 592.08 | 591.6 591.97 | 56,796,427,715 | 8.76

40-200 21301.6 | 21168.2 | 21185.2 | 21137.8 | 21134.9 | 21182.8 | 21121.5 | 21124.2 | 21124.3 | 21117.7 | 51,962,226,898 | 8.64

40-400 21284.6 | 21176.5 | 21144.5 | 21192.7 | 21166.2 | 21140.9 | 21177.5 | 21170.2 | 21183.6 | 21140.7 | 51,918,292,620 | 8.63

Table B.2: Raw execution time measurements (runs) and average CPS per input on 1,
2,4, and 8 A100 GPUs using a grid of 224 blocks.

The kernel configuration for the results shown in Table B.2 involved 224 blocks of
1024 threads each. This figure is suitable for this application on the commercial de-
vices presented in Appendix B.5.1. On the A100’s however, we found that increasing
the over-subscription factor quite significantly, to 1024 blocks of 1024 threads each,
resulted in greater checking performance and more consistent speedups (discussed fur-
ther in Section 3.3.2). This is illustrated by contrasting the results involving 224 blocks
to those involving 1024 shown in Table B.3.

*Each node comprises of eight identical A100 GPUs.
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Experiment [Run1 [Run2 [Run3 [Run4 [Run5 [Run6 [Run7 [Run8 [Run9 [Run10 | Average CPS | Speedup
1xA100, 1024 blocks with 1024 threads
25-200 16.7997 | 11.3408 | 11.3674 | 11.3306 | 11.3152 | 11.39 11.3111 | 11.3326 | 11.3336 | 11.3306 | 2,823,221,283 | N/A (Baseline)
25-400 16.642 12.374 12.3556 | 12.3648 | 12.3914 | 12.373 12.3679 | 12.3699 | 12.3761 | 12.3576 | 2,622,006,351 | N/A (Baseline)
30-200 253.211 | 151.479 | 151.173 | 151.134 | 151.205 | 151.121 | 151.174 | 151.246 | 151.203 | 151.182 | 6,652,147,406 | N/A (Baseline)
30-400 288.119 | 189.511 | 186.053 | 186.331 | 186.313 | 185.931 | 186.37 | 186.173 | 186.372 | 186.67 | 5,456,442,481 N/A (Baseline)
35-200 5689.31 | 5588.19 | 5597.66 | 5595.49 | 5601.13 | 5592.19 | 5585.72 | 5585.57 | 5575.39 | 5581.42 | 6,136,537,205 | N/A (Baseline)
35-400 4273.29 | 4154.21 | 4153.8 | 4153.49 | 4149.98 | 4143.86 | 4157.03 | 4157.72 | 4152.96 | 4147.93 | 8,250,772,063 | N/A (Baseline)
40-200 137696 | 137693 | 137773 | 137636 | 137786 | 137610 | 137600 | 137611 | 137619 | 137599 | 7,987.011,820 | N/A (Baseline)
40-400 137375 | 137358 | 137324 | 137321 | 137324 | 137402 | 137332 | 137322 | 137319 | 137310 | 8,005,837,503 | N/A (Baseline)
2xA100, 1024 blocks with 1024 threads
25-200 8.5504 | 5.78355 | 5.82042 | 5.80403 | 5.77638 | 5.80915 | 5.79277 | 5.81632 | 5.81427 | 5.78662 | 5,523,006,947 1.96
25-400 13.4298 | 6.21466 | 6.15014 | 6.12659 | 6.13888 | 6.13888 | 6.13478 | 6.13888 | 6.1399 | 6.14502 | 4,880,112,023 1.86
30-200 151.815 | 133.073 | 79.2934 | 79.4655 | 79.5156 | 79.2924 | 79.0518 | 79.1951 | 79.3917 | 79.3579 | 11,678,067,356 | 1.76
30-400 165.989 | 126.292 | 89.3419 | 89.4536 | 89.3717 | 89.2836 | 89.4024 | 89.3553 | 89.2559 | 89.5242 | 10,659,921,782 | 1.95
35-200 2748.85 | 2647.25 | 2651.28 | 2654.53 | 2650.61 | 2649.11 | 2648.02 | 2649.98 | 2648.62 | 2649.57 | 12,918,249,880 | 2.11
35-400 2115.29 | 2071.5 | 2072.59 | 2068.9 | 2070.98 | 2072.26 | 2067.83 | 2071.54 | 2072.3 | 2073.14 | 16,553,864,938 | 2.01
40-200 68081.9 | 67987.7 | 68001.6 | 67976.9 | 67958.4 | 67947.2 | 67944.8 | 67960.4 | 67957.6 | 67995.5 | 16,173,759,098 | 2.03
40-400 68146.3 | 68045.3 | 68020.9 | 68089.2 | 68000.9 | 68011.6 | 67995.1 | 68059.7 | 67986.5 | 68007.8 | 16,160,653,352 | 2.02
4xA100, 1024 blocks with 1024 threads
25-200 11.6255 | 3.30342 | 3.25222 | 3.28294 | 3.25939 | 3.25325 | 3.26042 | 3.2512 | 3.25734 | 3.2727 | 8,180,343,031 2.90
25-400 12.4334 | 3.38022 | 3.3792 | 3.3792 | 3.3792 | 3.37613 | 3.37613 | 3.37306 | 3.36589 | 3.37306 | 7,836,984,653 | 2.99
30-200 86.6048 | 78.3432 | 78.3626 | 58.8237 | 46.8337 | 42.5554 | 42.5953 | 42.6148 | 42.6936 | 42.8206 | 19,097,309,977 | 2.87
30-400 88.8586 | 82.2057 | 82.0992 | 61.7011 | 44.7754 | 44.8143 | 44.7457 | 44.7242 | 44.7396 | 44.8276 | 18,402,010,445 | 3.37
35-200 1511.97 | 1392.51 | 1393.42 | 1393.7 1392.84 | 1393.54 | 1393.71 | 1393.75 | 1393.13 | 1393.89 | 24,451,031,554 | 3.98
35-400 1167.87 | 1052.23 | 1054.33 | 1052.99 | 1051 1053.05 | 1052.68 | 1052.35 | 1053.07 | 1052.25 | 32,287,450,051 | 3.91
40-200 32611.1 | 32537.2 | 32498.5 | 32480.9 | 32526.7 | 32513.1 | 32483.4 | 32513.2 | 32480 32506.9 | 33,815,416,455 | 4.23
40-400 32615.1 | 32523.4 | 32510.2 | 32513.6 | 32479.6 | 32482.4 | 32483.4 | 32489 32472.5 | 32496.6 | 33,824,282,267 | 4.22
8xA100, 1024 blocks with 1024 threads
25-200 20.5261 | 1.77357 | 1.76026 | 1.7623 1.76128 | 1.77562 | 1.75616 | 1.76128 | 1.75616 | 1.78278 | 9,214,330,156 | 3.26
25-400 18.645 | 1.74387 | 1.73773 | 1.73773 | 1.7367 | 1.7367 | 1.7367 | 1.73568 | 1.73466 | 1.7367 | 9,787,920,197 | 3.73
30-200 58.0772 | 39.8152 | 39.7916 | 39.7036 | 39.6739 | 39.6943 | 39.6605 | 27.3459 | 24.1551 | 22.2034 | 29,010,585,519 | 4.36
30-400 53.3801 | 38.8413 | 38.827 | 38.8239 | 38.8178 | 38.8321 | 27.7135 | 27.1933 | 27.2148 | 23.0502 | 30,443,982,893 | 5.58
35-200 819.343 | 696.23 | 695.104 | 696.322 | 695.844 | 695.609 | 697.009 | 696.866 | 695.817 | 696.39 | 48,499,640,383 | 7.90
35-400 597.074 | 461.207 | 460.715 | 462.262 | 460.872 | 460.908 | 462.09 | 460.498 | 462.086 | 460.654 | 72,361,201,725 | 8.77
40-200 16442 16299.3 | 16303.3 | 16292.1 | 16303.2 | 16292.5 | 16297 16294.1 | 16300.2 | 16297.7 | 67,404,501,068 | 8.44
40-400 16395.2 | 16286.5 | 16294.6 | 16291.3 | 16289.6 | 16290 16288.8 | 16299.7 | 16289.9 | 16301.4 | 67,443,509,263 | 8.42

Table B.3: Raw execution time measurements (runs) and average CPS per input on 1,
2,4, and 8 A100 GPUs using a grid of 1024 blocks.
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B.5.3 Raw Data on the Impact of Clause Reordering

The impact of sorting is assessed as described in Section 3.3.5. Measurements were
taken with the sorting heuristic applied (Table B.4) and with the sorting heuristic ap-
plied in reverse (Table B.5). No other controlled variables were changed besides the
order of clauses.

| Experiment | Runl [Run2 [Run3 [Run4 [Run5 [Run6 [Run7 [Run8 [Run9 | Run10 [ Average CPS |
25-200 15 15 15 15 15 13 12 12 13 12 2,449,228,613
25-400 13 13 13 13 13 13 13 13 13 13 2,581,110,154
30-200 249 183 183 184 183 182 184 183 182 184 5,660,209,931
30-400 258 216 217 217 217 217 217 217 217 217 4,858,560,290
35-200 8032 7980 7996 7999 8023 8009 8003 8003 8033 8065 4,287,303,741
35-400 5005 4960 4958 4978 4998 4999 4999 5030 5039 5041 6,870,985,736
40-200 153676 | 155248 | 155601 | 155761 | 155852 | 155869 | 155914 | 155957 | 155945 | 155974 | 7,067,192,107
40-400 189766 | 191141 | 191351 | 191389 | 191667 | 191433 | 191441 | 191454 | 191512 | 191002 | 5,750,114,676

Table B.4: Checking time readings in milliseconds and average CPS following clause

reordering, on one RTX2080ti GPU with 136 blocks of 1024 threads each.

Experiment [ Run1 [Run2 [Run3 [Run4 [Run5 [Run6 [Run7 [Run8 [Run9 [Run10 | Average CPS
25-200 13 12 12 12 13 13 12 12 9 9 2,867,900,171
25-400 11 11 11 11 11 11 10 10 10 10 3,165,512,453
30-200 259 225 213 209 222 209 214 213 209 209 4,920,906,618
30-400 290 222 223 223 223 223 223 223 223 223 4,676,575,889
35-200 7864 7818 7852 7855 7860 7858 7912 7916 7922 7919 4,361,701,326
35-400 10179 10210 10215 10212 10213 10277 10287 10288 10294 10329 3,352,038,786
40-200 265294 | 265846 | 265800 | 265224 | 264662 | 264641 | 264628 | 264626 | 264619 | 264590 | 4,149,210,084
40-400 268034 | 268657 | 268689 | 268536 | 267426 | 267406 | 268426 | 268634 | 268642 | 268724 | 4,097,802,184

Table B.5: Checking time readings in milliseconds and average CPS following reverse
clause reordering, on one RTX 2080 GPU with 136 blocks of 1024 threads each.
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Appendix C

N-Queens

This appendix covers content relevant to Chapter 4. Like other appendices, the content
presented is either referenced by the relevant section(s) in the main body of text, or
constitutes additional information for the interested reader.

Code presented here is segments referenced from the main text. The full code is avail-
able with DOI 10.5281/zenodo . 14588371.

C.1 General Structures and Definitions

The below structs and type definitions are used in subsequent sections of this chapter.

The types bitset32_t and bitset64_t are defined in Listing C.1 as a bit-manipulable
type of at least 32 and 64 bits respectively.

typedef uint32_t bitset32_t;
typedef uint64_t bitset64_t;

Listing C.1: Definitions of bitset types.

Tracking diagonals as described in Section 4.3.2 involves two 64-bit words for the
diagonals and antidiagonals respectively. The type diagonals_t (Listing C.2) simplifies
a structure comprised of these two words.

typedef struct {
bitset64_t diagonal, antidiagonal;
} diagonals_t;

Listing C.2: Definition of the diagonals_t type.

During search, each thread maintains a search state represented as a structure (show
in Listing C.3) and simplified by the type nq_state_t. The structure comprises of
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a diagonals_t structure to track the occupation of diagonals, a 32-bit word to track
column occupation, the current branching row of the search (as an 8-bit integer), and
an array of N many 8-bit integers that store the index of a queen for each row. Here,
and in following listings, N is a preprocessor definition which expands to the value of
N being solved (as an integer).

The exact size of nq_state_t 1S known at compile time (i.e., no flexible array member)
however this size will depend on the value of N.

typedef struct {
diagonals_t diagonals;
bitset32_t queens_in_columns;
char curr_row;
char queen_at_index[N];

} ng_state_t;

Listing C.3: Definition of the nq_state_t type representing an N-Queens search state.

During search, each thread accumulates the number of solutions it discovers in a vari-
able of type nq_result_t. This type is defined as shown in Listing C.4, conditional to
whether or not 64-bit result counters are intended to be used (determined by the defini-
tion of USE_64_BIT_RESULT_COUNTERS or absence thereof). Cases where 32-bit counters
may be used are those where it is either guaranteed that no thread can overflow its
counter, or where result integrity is not so important (i.e., benchmarking, testing, etc.).
It must not be assumed that no thread will individually exceed the bounds of a type
when the total number of solution is greater than these bounds, as solution counts per
thread may, from our experience, be vastly different.

#ifndef USE_64_BIT_RESULT_COUNTERS

typedef unsigned nq_result_t
#else

typedef unsigned long long int nq_result_t;
#endif

Listing C.4: Definition of type nq_result_t used for solution accumulation.

Dependent upon the choice of kernel employed to count solutions, the calculation of
shared memory space required will vary and ultimately determine the maximum num-
ber of threads per block. The register-based kernel uses shared memory to host the ar-
ray component of each search state (i.e., queen indexes) for each thread. On the other
hand, the shared memory-based kernel stores one full nq_state_t (see Listing C.3)
for each thread. For each kernel, their shared memory requirements are variable, con-
trolled by N, and thus the maximum number of threads per block needs to be calculated
accordingly. The relevant computations determining these values can be seen in List-
ing C.5, where:
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* WARP_SIZE is an integer constant definition, expanding to the number of threads
per warp (in current architectures, this is always 32).

* SMEM_SIZE is an integer constant definition, expanding to the size (in bytes) of
shared memory in the target device. This value varies between CCs, yet for the
purposes of this calculation an under-approximation is safe and may only lead
to block under-subscription.

* MIN(a,b) is a preprocessor definition, expanding to a simple ternary conditional
operation resulting in the minimum between comparable values a and b.

#ifndef USE_REGISTER_ONLY_KERNEL
// Register -based kernel block calculation
#define COMPLETE_KERNEL_BLOCK_THREAD_COUNT MIN(((SMEM_SIZE -
<~ (WARPS_PER_BLOCK * sizeof (unsigned))) /
< sizeof(nq_state_t)) - (((SMEM_SIZE - (WARPS_PER_BLOCK =*
— sizeof (unsigned))) / sizeof(nq_state_t)) % WARP_SIZE),
— 1024)
#else
// Shared meemory-based kernel block calculation
#define COMPLETE_KERNEL_BLOCK_THREAD_COUNT MIN((SMEM_SIZE /
— ((WARP_SIZE #* N) + (sizeof (unsigned) * WARP_SIZE))) =
— WARP_SIZE, 1024)
#endif

Listing C.5: Preprocessor definitions of calculations determining the size of blocks
depending on the choice of kernel.

C.1.1 Manipulation Functions and Definitions for bitset types

The types bitset32_t and bitset64_t presented in Appendix C.1 define a 32 and 64 bit-
manipulable type. Shorthand expressions shown in Listing C.6 are used to manipulate
bits within these types. As C-based languages default to treating integer literals as
32-bit, 64-bit variants of these macros are also defined where appropriate to ensure
correctness with bitset64_t. These variants can safely be used with smaller types
(i.e., bitset32_t) yet may result in unnecessary 64-bit manipulation instructions if the
compiler cannot safely optimise those away.

#define BS_GET_BIT (bw,idx) (0x01&((bw)>>(idx)))
#define BS_SET_BIT (bw,idx) ((bw)|(1<<(idx)))

#define BS_CLEAR_BIT (bw,idx) ((bw)&~(1<<(idx)))
#define BS64_SET_BIT(bw,idx) ((bw)|(1LLU<<(idx)))
#define BS64_CLEAR_BIT(bw,idx) ((bw)&  (1LLU<<(idx)))

Listing C.6: Preprocessor definitions of bit manipulation on bitset types.

169




O© 00 N N W b~ W

10

19
20
21
22
23

C.1. General Structures and Definitions

The aforementioned preprocessor definitions can be used independently throughout
code. However, on the device it may be preferable (in terms of optimisation) to man-
ually substitute those for PTX binary manipulation instructions, exposed by functions
in Appendix C.2. From our experience, the compiler showed reluctance in using such
instructions over multiple discrete bit manipulation operations. To facilitate this op-
timisation, inline device functions have been created as shown in Listing C.7. These
functions will fall back to the use of the aforementioned definitions if experimental
optimisations are disabled, or if compilation is not done for the device. The latter is a
technicality that may not affect all compilation environments.

__device__ __host__ __forceinline__ bitset32_t
— bs_set_bit(bitset32_t bw, const unsigned idx) A
#if defined(__CUDA_VER__) &&
> defined (NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS)
return intrin_bit_field_insert_b32(1, bw, idx, 1);
#telse
return BS_SET_BIT(bw, idx);
#endif

}

host__ __forceinline__ bitset32_t

__device__ __
— bs_get_bit(bitset32_t bw, const unsigned idx) A
#if defined(__CUDA_VER__) &&
> defined (NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS)
return intrin_bit_field_extract_u32(bw, idx, 1);

#else
return BS_GET_BIT(bw, idx);
#endif
}
__device host forceinline bitset32_t

— bs_clear_bit(bitset32_t bw, const unsigned idx) {
#if defined(__CUDA_VER__) &&
5 defined (NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS)
return intrin_bit_field_insert_b32(0, bw, idx, 1);
#else
return BS_CLEAR_BIT(bw, idx);
#endif
}

Listing C.7: Bit manipulation functions for both host and device code, including GPU
intrinsic optimisations.
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C.2 PTX-level Device Optimisation Functions

On some instances discussed throughout this work, manual intervention during com-
pilation may be required to achieve better performance. To facilitate this, particularly
for bit manipulation functionality, the functions shown in Listing C.8 are used. These
functions compile to the respective PTX instruction(s), and are declared as forcibly
inlined meaning no function call should result in the compiler output®. These instruc-
tions are not volatile and may be moved by the compiler in the final assembly output.

// Functions for SM_20 or newer

__device__ __forceinline__ unsigned int
< intrin_bit_field_extract_u32(unsigned bits, unsigned from,
— unsigned cnt) {
unsigned res;
asm("bfe.u32 %0, %1, %2, %3;" : "=r"(res) : "r"(bits),
— "r"(from), "r"(cnt));
return res;
}
__device__ __forceinline__ unsigned
< intrin_bit_field_insert_b32(unsigned bitfield_from,
< unsigned bitfield_to, unsigned start, unsigned cnt) {
unsigned res;
asm("bfi.b32 %0, %1, %2, %3, %h4d;" : "=r"(res)
— "r"(bitfield_from), "r"(bitfield_to), "r"(start),
— "r"(cnt));
return res;
}
__device__ __forceinline__ int intrin_ffs_nosub(int of) {
unsigned res;
asm("brev.b32 %0, %1;" : "=r"(res) : "r"(of));
asm("bfind.shiftamt.u32 %0, %1;" : "=r"(res) : "r"(res));
return res;
}
__device__ __forceinline__ unsigned
< intrin_find_leading_one_shiftamt_u32(unsigned of) {
unsigned res;
asm("bfind.shiftamt.u32 %0, %1;" : "=r"(res) : "r"(of));
return res;
}
__device__ __forceinline__ int intrin_find_leading_one_u32(int
— of) {

*__forceinline__ is a specifier, documented as forcing the compiler to inline a function. This is
different to inline or __inline__ which may be ignored.
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C.2. PTX-level Device Optimisation Functions

unsigned res;
asm("bfind.u32 %0, %1;" : "=r"(res) : "r"(of));
return res;

3

// Functions for SM_30 or newer

__device forceinline unsigned intrin_find_nth_set (unsigned

— mask, unsigned base, unsigned n) {
unsigned res;
// WARNING: Undefined behaviour for base >31.
asm("fns.b32 %0, %1, %2, %3;" : "=r"(res) : "r"(mask),
— "r"(base), "r"(n));
return res;

3

// Functions for SM_70 or newer

__device__ __forceinline__ unsigned
<~ intrin_bit_mask_32_clamp(unsigned bit_idx_from, unsigned
< how_many) {

unsigned res;

asm("bmsk.clamp.b32 %0, %1, %2;" : "=r"(res)
— "r"(bit_idx_from), "r"(how_many));

return res;

}

Listing C.8: Assembly wrapper functions for device-side optimisations.
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C.3 Diagonal Tracking Implementations

Blocked diagonals are tracked by each thread as part of their search state (see Ap-
pendix C.1). To extract a projection of diagonals onto the current row, update blocked
diagonals based on the placement of a queen, or to clear blocked diagonals when a
queen is removed, the helper functions shown in Listing C.9 are provided.

It is worth noting that, in the register-based kernel, the diagonals_t structure is not used
nor can pointers to register variables be used. Thus, the function dad_extract_explicit
is defined.

__host__ __device__ inline bitset32_t dad_extract(const
— diagonals_t* const from, const unsigned i) {

return dad_extract_explicit (from->diagonal, from->antidiagonal,
— i);

_host__ __device__ __forceinline__ bitset32_t
— dad_extract_explicit(const uint64_t diagonal, const
< uint64_t antidiagonal, const unsigned i) {
return (uint32_t) ((diagonal >> i) | (antidiagonal >> (N -

< i))) & UINT32_MAX;

_host__ __device__ inline void dad_add(diagonals_t* const to,
< const bitset32_t row, const unsigned i) {

to->diagonal |= ((bitset64_t)row) << i;

to->antidiagonal |= ((bitset64_t)row) << (N - i);

}

_host__ __device__ inline void dad_remove(diagonals_t* const
— from, const bitset32_t row, const unsigned i) {

from->diagonal &= ~“(((bitset64_t)row) << i);

from->antidiagonal &= ~(((bitset64_t)row) << (N - i));

3

Listing C.9: Implementation of diagonal tracking operations.
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C.4 Queen Placement and Removal

__host__ __device__ __forceinline__ void
— place_queen_at(nq_state_t* __restrict__ s, const unsigned
— char row, const unsigned char col) {
s->queens_in_columns = bs_set_bit(s->queens_in_columns, col);
s->queen_at_index[row] = col;
dad_add (&s->diagonals, 1U << col, row);
}
_host_ device forceinline__ void

— remove_queen_at(nq_state_t* __restrict__ s, const unsigned
< char row, const unsigned char col) {
s->queens_in_columns = bs_clear_bit(s->queens_in_columns, col);
s->queen_at_index [row] = UNSET_QUEEN_INDEX;
dad_remove (&s->diagonals, 1U << col, row);

}

Listing C.10: Implementation of queen placement and removal functions for a given
nqg_state_t.

The steps performed for a queen placement or removal from an nq_state_t are en-
capsulated in a respective function as presented in Listing C.10. For the register-based
kernel (see Section 4.3.4) such functions were not used to more carefully guide register
allocation at compilation. As such, the respective operations were defined as prepro-
cessor directives, shown in Listing C.11.

#define PLACE_QUEEN_AT(col, row, queens_in_columns,
— queen_indexes, diagonal, antidiagonal) { \

queens_in_columns = bs_set_bit(queens_in_columns, (col)); \
queen_indexes [(row)] = (col); \

diagonal |= (1LLU << (col)) << (row); \

antidiagonal |= (1LLU << (col)) << (N - (row)); \

}

#define REMOVE_QUEEN_AT (col, row, queens_in_columns,
< queen_indexes, diagonal, antidiagonal) { \
queens_in_columns = bs_clear_bit (queens_in_columns, (col));\
queen_indexes [(row)] = UNSET_QUEEN_INDEX;\
diagonal &= ~“((1LLU << (col)) << (row));\
antidiagonal &= ~((1LLU << (col)) << ( N - (row))); \
}

Listing C.11: Expression of the operations in Listing C.10 as preprocessor directives.
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C.5 Kernels Implementing DoubleSweep-Light

As discussed in Chapter 4, two kernels implementing DoubleSweep-Light are used
in this work. The implementations of these two kernels are given under this section,
to be studied in conjunction with the contents of Chapter 4 and offer deeper insight of
the design choices discussed and crucially, their manifestations into code which may
affect surrounding code as well. Functions and definitions shown under this appendix
complement largely the implementations of the kernels shown, but the complete im-
plementation is not shown. The complete code base is available upon request.

C.5.1 Shared Memory Kernel Implementation

The implementation of the shared memory-based kernel discussed in Section 4.3.3 is
shown in Listing C.12.

__global__ wvoid
— launch_bounds__ (COMPLETE_KERNEL_BLOCK_THREAD_COUNT,

<~ MAX_THREADS_PER_SM / (COMPLETE_KERNEL_BLOCK_THREAD_COUNT))

— kern_doitall_v2_smem(const nq_state_t* const __restrict__
—> states, const uint_least32_t state_cnt, nq_result_t* const
— __restrict__ sols) {

const uint_least32_t local_idx = threadIldx.x;

const uint_least32_t global_idx = blockIdx.x * blockDim.x +
— local_idx;

__shared__ nq_state_t smem[COMPLETE_KERNEL_BLOCK_THREAD_COUNT
< + CEILING((sizeof (unsigned int) * WARP_SIZE),
— sizeof(nq_state_t))];

register nq_result_t t_sols = 0;

if (global_idx < state_cnt) {
smem[local_idx].queens_in_columns =
— states[global_idx].queens_in_columns;

smem[local_idx].diagonals = states[global_idx].diagonals;

smem[local_idx].curr_row = states[global_idx].curr_row;
#pragma unroll

for (int i = 0; i < N; ++i) {

smem[local_idx].queen_at_index[i] =
— states[global_idx].queen_at_index[i];

}

__syncthreads () ;

do {
int res = smem[local_idx].curr_row >= locked_row_end;
bool any_alive = __ballot_sync (0xFFFFFFFF, res);
if (tany_alive) // Whole warp finished

break;
if (res) device_advance_nq_state (&smem[local_idx],
< locked_row_end);
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C.5. Kernels Implementing DoubleSweep-Light

_syncwarp(); // Threads made to converge before
— doublesweep_light

if (res) device_doublesweep_light_nq_state(
&smem[local_idx]) ;

#if defined (NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS) &&

— defined(USE_64_BIT_RESULT_COUNTERS)

static_assert(sizeof (smem[0].queens_in_columns) == 4,

— "Experimental optimisation: queens_in_columns

— MUST be a 32 bit type.");

static_assert(sizeof (t_sols) == 8, "Experimental
<~ optimisation: t_sols MUST be a 64 bit type.");
asm (" {\n\t"

".reg .pred %p;\n\t"
"setp.eq.u32 %p, %1, %2;\n\t"
"@%p add.u64 %0, %0, 1;\n"
"}" ¢ "+1"(t_sols) : "r"
— (smem[local_idx].queens_in_columns),
— "r"(N_MASK));
#else
t_sols += (smem[local_idx].queens_in_columns == N_MASK);
#endif
__syncwarp () ;
} while (1);
#ifdef ENABLE_STATIC_HALF_SEARCHSPACE_REFLECTION_ELIMINATION
t_sols <<= (states[global_idx].queen_at_index[0] < N/2);
#endif
}
#ifdef USE_64_BIT_RESULT_COUNTERS
atomicAdd (&sols[blockIdx.x], t_sols);
#else
__syncthreads () ;
t_sols = block_reduce_sum_shfl_variwarp((unsigned)t_sols,
— (unsigned int*)
— &smem [COMPLETE_KERNEL_BLOCK_THREAD_COUNT]) ;

if (!local_idx) {
sols[blockIdx.x] += t_sols;

by
#endif

3

Listing C.12: Shared memory-based kernel implementation of DoubleSweep-Light.
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C.5.2 Register Kernel Implementation

The implementation of the regiser-based kernel discussed in Section 4.3.4 is shown in
Listing C.13.

< __launch_bounds__ (COMPLETE_KERNEL_BLOCK_THREAD_COUNT,
< MAX_THREADS_PER_SM / (COMPLETE_KERNEL_BLOCK_THREAD_COUNT))
— kern_doitall_v2_regld(const nq_state_t* const __restrict__

—> states, const unsigned state_cnt, nq_result_t* const

__global void

— __restrict__ sols) {

const unsigned local_idx = threadIldx.x;

const unsigned global_idx = blockIdx.x * blockDim.x +
— local_idx;

__shared__ unsigned char

— smem [COMPLETE_KERNEL_BLOCK_THREAD_COUNT * N +
— sizeof (unsigned int) * WARP_SIZE];
register nq_result_t t_sols = 0;

if (global_idx < state_cnt) {

unsigned char* const __restrict__ l_smem = smem +
— local_idx * N;

register bitset32_t queens_in_columns =
— states[global_idx].queens_in_columns;

register uint64_t diagonal =
— states[global_idx].diagonals.diagonal, antidiagonal
— = states[global_idx].diagonals.antidiagonal;

register int curr_row = states[global_idx].curr_row;
#pragma unroll
for (int i = 0; i < N; ++i) l_smem[i] =

— states[global_idx].queen_at_index[i];
#ifdef ENABLE_STATIC_HALF_SEARCHSPACE_REFLECTION_ELIMINATION
register int mult_res_2 = 1l_smem[0] < (N >> 1);
#tendif
do {
int res = curr_row >= locked_row_end;
if (!__ballot_sync (OxFFFFFFFF, res)) break;
if (res) {
while (curr_row >= locked_row_end) {
const register int queen_index = l_smem[curr_row];
register bitset32_t free_cols =
— (“(queens_in_columns |
— dad_extract_explicit(diagonal,
< antidiagonal, curr_row)) & N_MASK);
if (queen_index != UNSET_QUEEN_INDEX) {
free_cols &= (N_MASK << (queen_index+1));
REMOVE_QUEEN_AT (queen_index, curr_row,
~— queens_in_columns, 1l_smem, diagonal,
— antidiagonal);
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C.5. Kernels Implementing DoubleSweep-Light

}
if (!free_cols) {
--CUrr_Trow;
}
else {
const int col = intrin_ffs_nosub(free_cols);
PLACE_QUEEN_AT(col, curr_row,
— queens_in_columns, l_smem, diagonal,
<~ antidiagonal) ;
if (curr_row < N - 1)
++curr_row;
done: break;

}
}
}
__syncwarp () ;
if (res) {
while (l_smem[curr_row] == UNSET_QUEEN_INDEX) {
const bitset32_t free_cols = (“(queens_in_columns

— | dad_extract_explicit(diagonal,
— antidiagonal, curr_row)) & N_MASK);
const int POPCNT(free_cols, popcnt);
if (popcnt == 1) {
#ifdef NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS

const int col =

< intrin_find_leading_one_u32(free_cols);

#telse
const unsigned col = __ffs(free_cols) - 1;
#endif
PLACE_QUEEN_AT (col, curr_row,
— queens_in_columns, 1l_smem, diagonal,
— antidiagonal);
if (curr_row < N - 1) ++curr_row;
}
else break;
}
}
__syncwarp () ;
#if defined (NQ_ENABLE_EXPERIMENTAL_OPTIMISATIONS) &&
— defined (USE_64_BIT_RESULT_COUNTERS)
static_assert(sizeof (queens_in_columns) == 4,
<~ "Experimental optimisation: queens_in_columns
<~ MUST be a 32 bit type.");

static_assert(sizeof (t_sols) == 8, "Experimental
— optimisation: t_sols MUST be a 64 bit type.");
asm("{\n\t"

".reg .pred %p;\n\t"
"setp.eq.u32 %p, %1, %2;\n\t"
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"@%p add.u64 %0, %0, 1;\n"
"} o "+1"(t_sols) : "r" (queens_in_columns) ,
— "r"(N_MASK));

#else
t_sols += (queens_in_columns == N_MASK);
#endif
} while (1); //Infinite loop has termination conditions
<~ and modifies global state -- no risk of compiler

<~ elimination.
#ifdef ENABLE_STATIC_HALF_SEARCHSPACE_REFLECTION_ELIMINATION
t_sols <<= mult_res_2;
#endif
}
#ifdef USE_64_BIT_RESULT_COUNTERS
atomicAdd (&sols[blockIdx.x], t_sols);
#else
__syncthreads ();
t_sols = block_reduce_sum_shfl_variwarp((unsigned)t_sols,
< (unsigned intx*)
< &smem [COMPLETE_KERNEL_BLOCK_THREAD_COUNT * NJ) ;

if ('local_idx)
sols[blockIdx.x] += t_sols;
#tendif
}

Listing C.13: Register-based kernel implementation of DoubleSweep-Light.
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C.6 N-Queens State Difficulty Assessment Example

As described in Section 4.5.1, our current approach to obtaining a rough understanding
of the difficulty of a state is based on the number of search steps (i.e., advancements
and backtracks) involved in finding one solution. The range of such difficulty is gen-
erally greater for the more ‘complex’ states (i.e., those generated for larger values of
N, especially those with more pre-completed columns. An alternative example to that
shown in the aforementioned section is that shown in Figures C.1 and C.2. In this
instance the former requires one queen placement (11" column of the 8™ row) fol-
lowed by a propagation by DoubleSweep-Light before requiring another placement
(2" column of the 13™ row) followed by another run of DoubleSweep-Light to de-
rive placements in the remaining five rows. The latter example however, required 844
advancements, backtracking 541 times in the process before reaching a solution.

Figure C.1: Incomplete N-Queens Figure C.2: Incomplete N-Queens
state requiring 2 advancements and no state requiring 844 advancements and
backtracks to complete. 541 backtracks to complete.
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