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Abstract

Meixner (1934) proved that there exist exactly five classes of orthogonal Sheffer sequences:
Hermite polynomials that are orthogonal with respect to the Gaussian distribution, Char-
lier polynomials orthogonal with respect to Poisson distribution, Laguerre polynomials
orthogonal with respect to gamma distribution, Meixner polynomials of the first kind
orthogonal with respect to negative binomial (Pascal) distribution, and Meixner polyno-
mials of the second kind (or Meixner—Pollaczak polynomials) orthogonal with respect to
Meixner distribution. Bargmann (1961) constructed a Hilbert space of entire functions on
the complex plane, called nowadays Fock or Segal-Bargmann space. In this space, the cre-
ation and annihilation operators act as multiplication by the variable and differentiation,
respectively. These operators generate a Weyl algebra. The Segal-Bargmann transform
provides a unitary isomorphism between the L?-space of the Gaussian distribution and the
Fock space. This construction was later extended to the case of the Poisson distribution.
The present dissertation deals with the latter three sets of orthogonal Sheffer sequences:
Laguerre and Meixner of both the first and the second kind. We discuss generalised Weyl
algebras that are naturally associated with these polynomials. By using a set of nonlinear
coherent states, we construct a generalised Segal-Bargmann transform which is a unitary
isomorphism between the L?-space of the orthogonality measure and a certain Fock space
of entire functions on the complex plane. In a special case, such a Fock space was already

studied by Alpay—Jgrgensen—Seager—Volok (2013) and Alpay—Porat (2018).
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Chapter 1

Introduction

Fock spaces play a fundamental role in quantum mechanics as well as in infinite-
dimensional analysis and probability, both classical and noncommutative (quantum), see
e.g. [47, Chapter II] and [45, Chapter IV]. Roughly speaking, a Fock space is an infinite
orthogonal sum of symmetric or antisymmetric n-particle Hilbert spaces. There exists an
alternative description of a symmetric Fock space as a space of holomorphic functions.
Such a space is usually called the Segal-Bargmann space.

Let us briefly discuss the Segal-Bargmann construction in the one-dimensional case.
In 1961, Bargmann [10] defined a Hilbert space F(C) as the closure of polynomials on
C in the L2-space L?(C,v), where v is the Gaussian measure on C given by v(dz) =
ntexp(—|z|?) dA(z), dA(z) being the Lebesgue measure on C. The monomials (27)°,
form an orthogonal basis for F(C) with (2", 2™)gc) = n! 6,m. The F(C) consists of entire
functions ¢(z) = Y 07 ¢, 2" that satisfy > 7 [¢n]|*n! < 0o. The F(C) is a reproducing
kernel Hilbert space with reproducing kernel K(z, w) = >_>7 (n!)™! (zw)™.

Next, let u be the standard Gaussian distribution on R and let (h,)22, be the se-
quence of monic Hermite polynomials that form an orthogonal basis for L*(R, ). The
Segal-Bargmann transform is the unitary operator S : L?(R,u) — F(C) that satisfies

(Shy)(z) = 2". This operator has a representation through the coherent states:

E(E2) =Y 5 2" hal€) = exp (—%M - 252)) . €€R zeC

n=0



More precisely, for f € L*(R, i), one has

/f u(ds), zeC.

The coherent states E(, z) are eigenfunctions in the £ variable of the lowering operator
in L*(R, p) with eigenvalue z. More exactly, if we define an (unbounded) operator 9~ in
L*(R, ) by 0~ h, = nh,_1, then 0~ E(-,z) = 2E(+, 2). For real z, the S-transform of a

function f € L*(R, i) can also be written in the form

==Af@+®#@®-

Let also 0T denote the raising operator for the Hermite polynomials: 0% h,, = h,y1.
Then, the operator of multiplication by the variable in the L*-space L*(RR, 1) has the form
0" 4+ 0~. Hence, under the Segal-Bargmann transforms S, this operator goes over into
the operator Z + D, where Z is the multiplication by the variable z in F(C), and D is the
differentiation in F(C). In this setting, the operators Z and D are adjoint of each other.
Note that these operators satisfy the commutation relation [D, Z] = 1, hence they are
generators of a Weyl algebra, see e.g. [43, Chapter 5.

The above results admit an immediate extension to the case where p, is the Gaussian
measure on R with mean 0 and variance o > 0, cf. [9]. The corresponding Segal-Bargmann
space F,(C) is defined as the closure of polynomials in L?(C, v, ), where v, is the Gaussian

measure on C given by

o

1 _ P
Vy(dz) = — exp dA(z). (1.1)
o
The monomials (2™)2°, form an orthogonal basis for F,(C) with
(2", 2™)m, ) = Onmnl o™, (1.2)

The F,(C) consists of entire functions ¢(z) = Y 07 ¢, 2" that satisfy > 7 @[> nlo™ <
00. Then F,(C) is a reproducing kernel Hilbert space with reproducing kernel K, (z,w) =
oo o(nle™) "t (zw)™. The corresponding Segal-Bargmann transform S : L*(R, p1,) —
F,(C) has the representation

/f S(€.2) poldz), z€C,



where

69 =3 9 = o (o - 262))

are the corresponding coherent states. Here (h,)52, is the sequence of monic Hermite
polynomials that forms an orthogonal basis for L*(R, ). One has (Sh,,)(z) = 2™. Under
the Segal-Bargmann transform S, the operator of multiplication by the variable goes over
to the operator Z + oD in F,(C).

The Segal-Bargmann transform for the Gaussian measure admits both multivariate
and infinite-dimensional extensions, see [10] and e.g. [46, Section 3.3].

Asai et al. [9] constructed a counterpart of the Segal-Bargmann transform in the case
of the Poisson distribution with parameter o > 0: p,(d€) = e Y 07 (n!)~1 o™ §,(dE).
Let now (c,)>, be the sequence of monic Charlier polynomials on R that form an or-
thogonal basis for L(R, ,). Then, the Segal-Bargmann transform is a unitary operator
S : L*(R, uy) — F,(C) with (Sc¢,)(z) = 2" The corresponding coherent states are
E,(&,2) =e*(1+ g)é One has the property 00~ E, (-, 2) = zE,(+, z), where 0~ is the
lowering operator for the Charlier polynomials (¢,)°,. Note that 00~ is the adjoint of
the raising operator 0% for the polynomials (c,)%.

A key difference with the Gaussian case is that, under the transformation S, the

operator of multiplication by the variable goes over to the operator UV, where
U=Z+0, V=D+1. (1.3)

Note that the operators U and V satisfy the commutation relation [V,U]| = 1, hence U
and )V generate a Weyl algebra.

We refer the reader to Chapters 5 and 6 of Mansour and Schork’s book [43] for an
extensive review of various topics related to normal (Wick) ordering in the Weyl algebra.
In particular, of crucial importance for us is the theorem of Katriel [38], which provides
a normal ordering for the operator (V)" through the powers U* and V* (k =1,...,n)
and Stirling numbers of the second kind, S(n, k).

Meixner [44] proved that there exist exactly five classes of orthogonal Sheffer sequences:
Hermite polynomials that are orthogonal with respect to the Gaussian distribution, Char-

lier polynomials orthogonal with respect to Poisson distribution, Laguerre polynomials
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orthogonal with respect to gamma distribution, Meixner polynomials of the first kind
orthogonal with respect to negative binomial (Pascal) distribution, and Meixner poly-
nomials of the second kind (or Meixner—Pollaczak polynomials) orthogonal with respect
to Meixner distribution. In fact, a monic polynomial sequence (s,)2, is an orthogonal

Sheffer sequence if and only if it satisfies the recurrence relation
250(2) = snt1(2) + (An+1)sp(2) + (on+nn(n — 1)) s,_1(2), (1.4)

where A € R, [ € R, 0 > 0 and n > 0. The constant [ is not essential as it corresponds to
the shift of the orthogonality measure by [. It is also convenient to introduce parameters
a, B € C that satisfy a + 5 =\, af = 1.

In this dissertation, we will be dealing with the case n > 0 (equivalently both a # 0
and 8 # 0), which corresponds to the latter three cases of orthogonal Sheffer sequences:
Laguerre polynomials (v = > 0), Meixner polynomials of the first kind (0 < f < «)
and Meixner polynomials of the second kind (a, 8 € C\ R, @ = ). In the first two cases
(0 < B < a), we choose [ = Z, and in the third case, we choose [ = 0. We denote by
Lo the orthogonality measure for the polynomial sequence (s,(2))5,.

A starting point for our research was the following observation. Consider operators U

and V acting on polynomials of complex variable and given by
o
U=Z+—, V=aDsg+1, (1.5)
o

compare with (1.3). In formula (1.5), we use the so-called h-derivative (see e.g. [35,

Chapter 1]): for h € C,
fz+h) = f(2)
- :

The operators U and V satisfy the commutation relation

(Dnf)(2) =

U, V] = =BV —(a =) (1.6)

Hence, they generate a generalised Weyl algebra, see e.g. [43, Chapter 8] and the references
therein.
We advise the reader to compare the generalised Weyl algebra generated by the oper-

ators U and V with Feinsilver’s finite difference algebra [19].
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Let ((z | £)n)22, denote the generalised factorials of variable z with increment 3 [31],

ie, (2] pB)o=1and
(] Bn=2(z=F) (= (1)), n>1.

The Dg is the lowering operator for these polynomials: Dg(z | 5), = n(z | 8)n—1. Then,
the operator p := UV satisfies

o2 1B = (2| Bus + (4 2) (2] B+ (ot mln = 1))z | Bas, (L)

compare with formula (1.4).

Let us remark that orthogonal Sheffer polynomial sequences with 1 > 0 also appear in
studies related to the square of white noise algebra, see e.g. [1] and the references therein.
It was shown in [2] that the square of white noise algebra contains a subalgebra generated
by elements fulfilling the relations of Feinsilver’s finite difference algebra [19], see also [14]
and [15].

In Chapter 3, in view of formula (1.7), similarly to Katriel’s theorem, we discuss the
normal ordering for the operator p" in terms of U* and V¥, compare with [43, Chapter
8]. This result allows us to derive explicit combinatorial formulas for s,(z) and for a
representation of monomials 2™ through the polynomials si(z). In these formulas, we use
Stirling numbers and Lah’s numbers. As a corollary, we find useful combinatorial formulas
for the moments of the orthogonality measure p, g, see Corollaries 4.19, 4.43 and 4.61.

The main results of the dissertation are in Chapter 4. We first explicitly construct
an open unbounded domain D, g, in C that contains 0. We define a reproducing kernel
Hilbert space F, 5,,(Da. ) of analytic function on D, g, that have representation ¢(z) =
> o n (2| B)n with coefficients p,, € C that satisfy Y oo |¢n|?>nl (o | —n), < co. We
construct a unitary operator S : L3(R, fto.5.0) = Fapo(Dapo) that satisfies (Ss,)(z) =

(z | B)n- The operator S admits a representation

(SF)(2) = / F(E) Eupr(€.2) oo (dE),

where

Eapol(§2) = Z ol —m. °

ot



and we derive an explicit formula for &, 3,(&, 2). For example, in the third (Meixner)
case, the domain D, g, is given by formula (4.214) below and the function &, 5, (&, 2) is
given by (4.227).

Furthermore, we properly extend the definition of the probability distribution st g,
to the definition of a complex-valued measure ji 5 on R where ¢ is a parameter from an

open domain in the complex plane that contains (0, +00). In particular, for each n € N,

CHA@MM%)GC

is an analytic extension of the function

(0, 400) > 0 > /R €t (dE) € R.

In the cases of the gamma distribution and the negative binomial distribution, we derive

the following representation of the transformation S: for f € L*(R, fta5.0),

(SF)(2) = / F(6) foprasso(dE). (18)

A counterpart of this formula in the case of the Meixner distribution takes the form

(&ﬂ@%jéf@+2Mm@wMM®> (1.9)

however the function f is taken from a certain dense subset of L*(R, to5,) such that f
admits a unique extension to an analytic function, and so f(£+z2) is well-defined for z from
a complex domain in C. To prove formulas (1.8), (1.9), we use the obtained combinatorial
formulas for the moments of 114 5.

Next, for n > 0 and o > 0, we define a Hilbert space F, ,(C) as the closure of
polynomials on C in L?-space L*(C,\,,). Here, ), is the random Gaussian measure
ve(dz) (see (1.1)) where £ is a random variable with values in (0, 4o00) that has gamma

distribution g, no. The monomials (2")2, form an orthogonal basis for I, ,(C) with

(Zna Zm)]Fn,g((C) = (Sn,m n! (J | _77>n7 (1'1())

compare with (1.2). The space F, ,(C) consists of entire functions p(z) = > 7, ¢,2"

whose coefficients satisfy > > |on|*nl (0 | =), < oo. The F,,(C) is a reproducing
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kernel Hilbert space with reproducing kernel
K, o (z,w) = i '(EL
=l (o[ —n)
In the limiting case n = 0, we have (o | —1),, = (¢ | 0),, = o™, thus Fy,(C) is the classical
Segal-Bargmann space F,(C). For n =1 and o = 1,

K1,1(2, w) _ Z (zw)n

£ (nl)?
The Hilbert space Fy ;(C) was studied by Alpay et al. [7, Section 9] and Alpay-Porat [8],
see also [36, 37].

Next, we construct a unitary operator

that satisfies (T(- | 8)n)(2) = 2". We prove that this operator has a representation
(Tf)(z) = | f(BE) 7= (dE). (1.11)
No

Here, for ( € C, m¢ = e <> 2 (n!)"1 (™ 4,, the complex-valued Poisson measure with
parameter (.

We define a generalised Segal-Bargmann transform as the unitary operator
S: L*(R, tiapo) — Fpo(C)

that satisfies (Ss,)(z) = 2". Thus, S = TS. Hence, S admits a representation

(Sf)(z) = /R F(6) B (€. 2) prapa(dE),

where

oo

z
Ea,ﬁp(f? Z) = Z() m

— /N ga,ﬁ,a(gaﬁg) ﬂ-% (dC)

n

sn(§) (1.12)

It follows from (1.12) that (E, (-, 2)).ec are nonlinear coherent states corresponding
to the sequence (n! (o | —n)n)22,, see e.g. [6, 24, 55]. For applications of (generalised)
coherent states in physics, see e.g. [23, 48].



Let 07 and O~ be the raising and lowering operators for the orthogonal Sheffer se-
quence (s,)5%,. Then, the adjoint of 9" in L*(R, ptap,,) is the operator A~ = 00~ +
n0T0~0~. The nonlinear coherent state E, 5, (-, z) is an eigenfunction of A~ with eigen-
value z.

In the cases of the gamma distribution and the negative binomial distribution, in view

of (1.8) and (1.11), we get
@) = [ £ dpupo (1.13)
where

Pa,B,oz = / ﬂ-% (dm> Mo, B, nm+o- (114)
No

In particular, for z > 0, pa .. is the random gamma, respectively negative binomial
distributions jiq 8, nc+o Where ¢ is a random variable having Poisson distribution with
parameter 3. Similarly, in view of (1.9), a counterpart of formula (1.13) in the case ofthe

Meixner distribution takes the form

(Sf)(z) = / F(E+2) papionlde),

where p, 3,4, is still defined by (1.14). In particular, for z = r with r > 0, ps 3,0, is the
random Meixner distribution pi, g ,c+s With ¢ being a random variable that has Poisson
distribution with parameter r.

Under the generalised Segal-Bargmann transform S, the operator of multiplication by
variable in L*(R, ya.5,,) goes over to the operator UV for 0 < 8 < « and UV — Z for
o = 8 € C\ R, respectively. Here,

U=TUT ' =Z(1+BD)+2, V=TVI"'=1+aD.
«

We also find explicit analytic formulas for the action of the operators 0%, 9=, U = S™US
and V =S7'VS in L*(R, fta o)

The dissertation is organised as follows. In Chapter 2, we discuss preliminaries. In
Section 2.1, we recall some main results of umbral calculus. Section 2.2 deals with umbral
composition of Sheffer sequences. In Section 2.3, we recall some analytic facts related to

Sheffer homeomorphisms. In Section 2.4, we recall Meixner’s classification of orthogonal



Sheffer sequences. In Section 2.5, we briefly review reproducing kernel Hilbert spaces. In
Sections 2.6 and 2.7, we discuss classical and generalised coherent states and the Segal—
Bargmann transforms for the Gaussian and Poisson distributions. In Sections 2.8 and
2.9, we discuss Stirling numbers and their generalisations. In Sections 2.10 and 2.11, we
review Wick ordering in the (classical) Weyl algebra and in generalised Weyl algebras.

In Chapter 3, we derive some results on Wick ordering in the special class of generalised
Weyl algebras with generators satisfying (1.6).

As stated above, Chapter 4 contains the main results of the dissertation that we
briefly described previously. Since each class of orthogonal Sheffer sequences requires its
own analytic techniques, we discuss each of them separately: Poisson case in Section 4.1,
gamma case (« = [ > 0) in Section 4.2-4.4, the negative binomial case (0 < f < «) in

Section 4.5, and finally the Meixner case (o = 3 € C\ R) in Section 4.6.



Chapter 2

Preliminaries

2.1 Umbral calculus

This section is based on [51] and Chapter IV, Sections 3 and 4 of [40].

Umbral calculus provides a formalism for the systematic derivation and classification
of many classical combinatorial identities for polynomial sequences, along with associated
generating functions, expansions, duplication formulas, recurrence relations, inversions,
Rodrigues representation. The term umbral calculus was coined by Sylvester from the word

umbra (meaning shadow in Latin), and reflects the fact that, for many types of identities

o0

o, shadow’ identities are obtained by replacing

involving sequences of polynomials (p,,)

the usual differentiation (") = nz""! with a ‘shadow’ differentiation (operation)

D Pn = NPn—1.
Let § denote either the field of real numbers, R, or the field of complex numbers, C.
Let P(§) denote field of polynomials on § with coefficients from .

Remark 2.1. Note that, in the literature, P(§) is often denoted by §[z]. However, we
prefer the notation P(§) to keep an analogy with the infinite dimensional case considered

below.

Definition 2.2. A polynomial sequence (pn(z))e, in P(F) is a sequence of polynomials

10



from P(F) such that p,(z) has degree (exactly) n:

pn(z) = Z U 2%, # 0.
k=0

Definition 2.3. A polynomial sequence is called monic if a,, = 1 for all n > 0.

Definition 2.4. We say that a polynomial sequence (p,(2))22, is of binomial type, or just

binomial sequence, if it satisfies the (generalised) binomial identity: for all n € N,

plz ) =Y (Z)pk<z>pnk<y>.

k=0
Definition 2.5. A (linear) operator on polynomials is a linear transformation acting from

P(F) to P(F). We denote by L(P(F)) the vector space of all linear operators in P(F).

Since a polynomial sequence (p,(2))52, gives a basis of P(§), an operator Q € L(P(F))
is determined by the Qp,(z) for n > 0.

Definition 2.6. For a € §, we denote by E* € L(P(F)) the operator of shift by a:
Ep(z) == p(z + a).

Proposition 2.7 (Boole’s formula). For a € §, we have

0 ak
a aD k
Er=eP =) D
k=0

where D is the differentiation, i.e., Dz" = nz"" 1.

Definition 2.8. An operator Q € L(P(F)) is called shift-invariant it QE* = E*Q for any
element a € §.

Definition 2.9. An operator @ € L(P(F)) is called a delta operator if ) is shift-invariant

and )z = ¢, where ¢ is a nonzero constant.
Definition 2.10. For a polynomial sequence (p,,(z))5, its lowering operator Q € L(P(F))

is defined by Qp,(z) = np,_1(2).

Theorem 2.11. Let (p,(2))22, be a monic polynomial sequence and Q € L(P(F)) be the

lowering operator for this sequence. Then the following statements are equivalent:

11



(BT1) The sequence (pn(z))s<, is of binomial type.
(BT2) The operator Q) is a delta operator.
(BT3) The operator @ is of the form:

Q= B(D)= S b0
n=1

where B(t) = > byt" is a formal power series with by = 1.
n=1
(BT4) The polynomial sequence (pn(z))s>, has the (exponential) generating function
of the form

> ule) oy = esp(A(1), 2.1)

where A(t) = > a, t" is a formal power series with a; = 1. Formula (2.1) is understood
n=1
as an equality of formal power series in t.

Remark 2.12. In fact, in Theorem 1.11 (see in [40]) the formal power series A(t) and B(t)

are the compositional inverse of each other, i.e.,

Remark 2.13. For each delta operator ), there exits a unique binomial sequence (p,(z))5,

for which @ is its lowering operator. Then (p,(z))5°, is called a basic sequence for Q.

Theorem 2.14 (The first expansion theorem). Let T be a shift-invariant operator and

Q) be a delta operator with basic sequence (pn(z))sy. Then

T=GQ) =) g.Q" (2.2)
n=0
where G(t) = Y gat™ is a formal power series. Here
n=1
_ ! Tp,)(0

Let us consider two examples of binomial sequences, falling factorials and rising fac-

torials, which are crucial for our work.

12



The falling factorials are defined by (2)o := 1 and for n > 1
(2)n=2(2—1)---(z—n-+1).

This is a polynomial sequence of binomial type with generating function

o tn
> — ()0 = explz log(1 + 1)),
n=0
where log(1+¢) = > (=1)"™ £,
n=1
The rising factorials are defined by () :=1 and for n > 1

()™ =2(z+1) - (z+n—1).

This is a polynomial sequence of binomial type with generating function

o

tn
Z — (2)™ = exp[—2z log(1 — t)].
n=0 n'

Note that ()™ = (=1)" (—2),.

Definition 2.15. Let (pn(2))2, be a monic polynomial sequence and let @) be its lowering
operator (hence a delta operator). A monic polynomial sequence (s,(2))7, is called a

Sheffer sequence for @Q if @Q is a lowering operator for (s,(z))5,, i.e., @s,(2) = ns,_1(2).

Theorem 2.16. Let Q = B(D) be a delta operator with basic sequence (p,(z))2, that
has generating function (2.1). Let (sn(2))5, be a monic polynomial sequence. Then the
following statements are equivalent:

(SS1) The sequence (s,(2))2, is a Sheffer sequence for Q.

(SS52) There exists a (unique, invertible) shift-invariant operator T such that

Pa(2) =Ts,(2) or s,(2) =T 'pu(2).

(SS3) The polynomial sequence (s,(2))>2, has the (exponential) generating function
of the form

n

> sa(z) = = exp(z A(t)) C(1), (2.3)

n=0

13



where A(t) = Y ant™ is as in (2.1) and C(t) = > c,t" is a formal power series with
n=1 n=0
Co = 1.

(SS4) The following modified binomial identity holds: for all n € N,

sl ) = 3 (1) 4(e) sl

k=0
(SS5) There exists a sequence (pp)e, with p, € § with pg =1 such that

n

()= 3 (1) mmate)

k=0
Remark 2.17. In the literature one mostly defines a Sheffer sequence (s,(2))%2, as a

(monic) polynomial sequence with generating function (2.3).

Corollary 2.18. Let (s,(2))22, be a Sheffer sequence. Then (s,(2))5, is of binomial
type if and only if $,(0) =0 for all n € N.

2.2 Umbral composition

This section develops further ideas of the previous section on umbral calculus. It is based
on Section 7 in [51], Chapter IV, Section 5 in [40], and [27].
Let M denote the space of all linear operators A € L(P(F)) such that

./41 = a070,

1 2
A" =2"4+appn12"" Fanp22" "+ +an0, neN

Thus, for each A € M, (Az")>°, is a monic polynomial sequence. Then, A maps any
monic polynomial sequence (p,(z))>2, to the monic polynomial sequence (Ap,(2))32,.
There is a one-to-one correspondence between linear operators A from M and monic
polynomial sequences. Indeed, for any monic polynomial sequence (p,(2))52,, we define

n=0"
A € M by
Az" = pa(2),

and by the same formula A4 € M determines (p,(2))22,. As easily seen, M is a group

under the composition of linear maps.
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Next, we define U C M as the set of all linear operators U € M such that
Uz" = pp(2)

where (p,(2))32, is a polynomial sequence of binomial type. Elements of U are called

umbral operators.

Proposition 2.19. (i) Let U € U. Then, for each binomial sequence (¢, (z))sq, (Uan(2))s,
1s also a binomial sequence.

(i1) U is a subgroup of M, and it is called the umbral group.

(111) Let Uy, Uy € U, and let the generating function of (U; ™), be of the form

Gi(z,t) = exp(z Ai(1)) (i=1,2).
Then the generating function of (UyUs 2™)22 is of the form
G(z,t) = exp(z A1 (Ax(t))).

We define S C€ M as the set of all linear operators S € M such that (Sz™)2, is a

n=0

Sheffer sequence.

Proposition 2.20. (i) Let S € S. Then, for each Sheffer sequence ($,(2))5, (Ssn(2))22,

n=0>

1s also a Sheffer sequence.
(i1) S is a subgroup of M, and it is called the Sheffer group.
(111) Let 81,82 € S. Let the generating function of (S; 2)%, be of the form

Gi(z,t) = exp(z A;(t)) Ci(1).
Then the generating function of (S1Sa 2" is of the form
G(2,t) = exp(z A1 (Aa(t))) Cr(Ax(t)) Calt).
(i) U is a normal subgroup of S.

The above statements allow one to define a group operation on monic polynomial

sequences/ Sheffer sequences/ binomial sequences.
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Definition 2.21. Let p = (pn(2))52, and q = (gn(2))5, be monic polynomial sequences.

Define the monic polynomial sequence r = (r,(z)), by
ro(z) = My My 2",
where M;z" = p,(z) and Myz" = ¢,(z). One writes r = p(q) and call r the umbral

composition of p and q.

Thus, the above groups M, S and U can also be interpreted as groups of monic poly-
nomial sequences, respectively Sheffer sequences, respectively binomial sequences with

group operation defined as the umbral composition.

2.3 Sheffer homeomorphisms in the one-dimensional
case

In this section, we will discuss several result of Grabiner [26], see also [20].

Definition 2.22. Let f : C — C be an entire function. Let 7 > 0. One says that f is of

order at most T and minimal type (when the order is equal to T) if f satisfies the estimate
sup | f(2)| exp(—t|z|") < oo forall t > 0.
zeC

One denotes by E£7. (C), the vector space of all such functions.

For each t > 0,
[fll7e == sup |f(2)] exp(—t|z]") (2.4)
ze

is a norm on &7. (C). Clearly, for any 0 < ¢; < ta,

m

1Al 0, < W F Ly (2.5)

For each t > 0, let B;; denote the Banach space obtained as the completion of £, (C)

min

in the norm |[|-||;+. Due to (2.5), for any 0 < t; < ta,
BT,tl C BT,tQ

and the embedding of B;,, into B, is continuous.

16



Note that, as a set,
Sr:lln(C) = m BT,t'

>0
It follows from Proposition 2.23 below that £7; (C) is not an empty set. In particular,
every polynomial on C belongs to €7, (C).

(C) given by the norms (2.4). This
(C) for which the

One defines the projective limit topology on &£

means that one chooses the coarsest locally convex topology on £

embedding of €7,

(C) into B;; is continuous for each ¢ > 0. Thus,

r
Smin

(C) = projlim B, ;.

t—0

In particular, £7, (C) is a Fréchet space.

min

Note that a sequence (fx)p2, converges to f in 7, (C) if and only if f, — f in each

B. ;. Also note that, for 0 < 7, < 75, we have

T1
Smin

(C) C &5n(©),

and the embedding of £

min

(C) into &£

min

(C) is continuous.

There exists an alternative description of the topology on &7. (C).

min

Proposition 2.23. Let 7 > 0.
(i) An entire function of f belongs to ET

T (C) if and only if
f(Z) = Z fn2",
n=0

where the numbers f, € C satisfy

S P72 <oo forall €N

n=0

(ii) For each | € N, denote by E.; the Hilbert space of all entire functions

F2) =Y far"
n=0
such that

N (f) = (Zm\?(n!)f?ﬂ) < 00. (2.6)

17



(The inner product in E.; is such that N, is the corresponding norm.) Then, as a set,

Enin(C) = [ Era

leN
and the topology on EL, (C) coincides with the projective limit of the space E.; for | € N.
Thus
Emin(C) = projlim £, ;.

l—o0
Theorem 2.24. Let (s,(2))5, be a Sheffer sequence with generating function (2.3) such
that A(t) and C(t) are holomorphic in a neighborhood of zero. Let T € (0,1]. Then the
Sheffer operator S : P(C) — P(C) given by

Sz" = s,(2)

extends by continuity to a linear self-homeomorphism of the space ET. (C). In particular,

min

each function f € EL, (C) admits a unique representation

1) =3 fusal2), (2.7)

where the series on the right-hand side of formula (2.7) converges in ET. (

C).

Corollary 2.25. Let (3%)(z)),‘§<’:1, 1 = 1,2, be two Sheffer sequences which satisfy the
condition of Theorem 2.24. Let T € (0,1]. Then, the Sheffer operator S : P(C) — P(C)
defined by

SsV(2) = 5P (z)

n

extends by continuity to a linear self-homeomorphism of the space E. (C).

min

Corollary 2.26. Let 7 € (0,1]. Let (s,(2))22, be a Sheffer sequence satisfying the con-
dition of Theorem 2.24.
(i) An entire function of f belongs to ET

T (C) if and only if it can be represented on
the form (2.7), where

Z | ful® (n!)% 2" < o0 forall 1 €N. (2.8)
n=0

18



(i1) For each | € N, denote by H.; the completion of E,.(C) in the Hilbertian norm

o0 3
2 5n
AN = (Z [fal® (nh)~ 2 l) : (2.9)
n=0
where f, (n € Ny) are the coefficient from (2.7). Then,

rin(C) = projlim H,. (2.10)

min
=00

2.4 The Meixner class of orthogonal polynomials

This section is based on [44] and Chapter I, Section 4 and Chapter V, Section 4 of [16].
Let B(R) denote the Borel o-algebra on R.

Definition 2.27. Let u be a probability measure on (R, B(R)) such that
/ |2|" u(dz) < oo for all n > 0.
R
A polynomial sequence (p,,(z))5, is called orthogonal with respect to p if
/R D) pa(2) p(dz) = 0 if m £ .

We will say that a probability measure p on (R, B(R)) is concentrated on a finite set
if there exists a finite set {z1,...,2,} C R with u({#,...,2,}) =1L

Theorem 2.28 (Favard). Let (p,(z))5, be a monic polynomial sequence. Then (p,(2))5,
is orthogonal with respect to a probability measure p on (R, B(R)) that is not concentrated
on a finite set if and only if there exist constants a, > 0 and b, € R (n > 0) such that

the sequence (p,(2))22, satisfies the recurrence relation

an(z) = pn-‘rl(Z) + anPn('z) + bnpn—l(z)a n Z 0.
Here p_4(z) :=0.

Meixner [44] found all monic orthogonal Sheffer sequences.

19



Theorem 2.29 (Meixner). Let (s,(2))22, be a monic Sheffer sequence, equivalently
(sn(2))e has generating function (2.3). Then (s,(2))5%, is orthogonal with respect to a
probability measure p on (R, B(R)) that is not concentrated on a finite set if and only if
there exist constants A € R, [ € R, 0 > 0 and n > 0 such that the sequence ($,(2))5,

satisfies the recurrence relation
250(2) = Spt1(2) + (An+1)sn(2) + (on+nn(n — 1)) s,_1(2). (2.11)

The set of all orthogonal monic Sheffer sequences is divided into five classes. Note
that the constant [ corresponds to a shift of the orthogonality measure p by [. Hence,
below we will choose the constant [ depending on which choice is more convenient for us.

Let A and n be as in Theorem 2.29. Define «, 8 € C that satisfy, for all £ € R,
L+ At +nt? = (1+at)(1 + Bt), (2.12)
equivalently
a+p=X af=n. (2.13)
We denote by
G(z,t) := exp(zA(t)) C(t)

the generating function of the orthogonal Sheffer sequence (s, (2))5,. Let also

F(t) := /Remu(dz) = m (2.14)

denote the Fourier transform of the orthogonality measure .

Remark 2.30. There are two ways to understand equality (2.14). First, we state that
F(t) = s for all t € R such that the function C(B(it)) is well-defined. Second, we

C(B(it))
[ = utaz)
R

formally expand

/Remu(dz) =1+ Z (z:b?”

and then we state that

as an equality of formal power series in ¢.
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Below o > 0 is arbitrary.

Case 1 (Gaussian). Let A\ = 0, n = 0, which implies that & = 8 = 0. Choose [ = 0.
Then

A(t) = B(t) =t,
C(t) = exp ( — %Jtz),

Gl2.1) = exp(st — %atQ), (2.15)
F(t) = exp ( - %at2>.

Hence, (s,(2))22, is a sequence of Hermite polynomials and u is N(0,0), the Gaussian

(normal) distribution with mean 0 and variance o:

1 22
du(z) = e 2 dz. (2.16)

2ro

Case 2 (Poisson). Let X # 0, n = 0, which implies « = A # 0 and § = 0. Choose
[ = 2. Then

A(t) = 1 log(1 + ta),

Thus, (s,(2))22, is a sequence of Charlier polynomials. The explicit form of the measure
W is

1(dz) = exp ( _ %) i % <%)n6an(dz), (2.17)

n=0
where d, denotes the Dirac measure with mass at y.

Assume that a random variable X has Poisson distribution with parameter . Then
aX has distribution . In particular, in the case a = 1, p is the usual Poisson distribution

with parameter o.
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Case 8 (Gamma). Let n > 0 and A\* — 4n = 0, which implies « = 3 # 0 and «, 8 € R,
furthermore A\ = 2a # 0, n = a® > 0. Choose [ = 2. Then

t
A(t) =
(*) 1+at’
t
B(t) =
(t) o

C(t) = (14 at)"az,

t
G(z,t) = exp (1 j_ at) (1+at) a2,

F(t) = (1 —iat) a2,

Thus, (s,(2))22, is a sequence of Laguerre polynomials. The explicit form of the measure

i, for a > 0, is

- 1 1 o -1+5% -z
p(dz) = L(o400)(2) 'z (a) 27 TaZ e dz. (2.18)

Recall that the gamma distribution with parameters a, b is defined by

a2

a—1,—bz pe
Gamma(a, b) = 1, +00)(2) % dz.
Therefore p = Gamma(%, <).
Case 4 (Negative binomial). Let n > 0 and A\ — 4n > 0, which corresponds to a # 8

and either a >0, 8> 0 or a <0, # < 0. Suppose that |a| > |3]. Choose [ = Z. Then

A(t) = 1 10g<1+,8t>7

0 —« 1+ at
(B=a)t _q
e
B(t) = P

C(t) = (1+ 6t) =7,

Gz t) = Gifﬁ)“(lwt)fﬂ,

F(t) = ((5 - a)e(ﬁ—a)it) a%.

ﬂ — qe(B—a)it

So (s,(2))22, is a sequence of the Meizner polynomials of the first kind. The explicit form

of the measure p is
u(dz) = (1 _ g) ? Z (g) w (o(j_ﬁ) S(a—pyn(dz). (2.19)
n=0 ’
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where the rising factorial (a)™ :=a(a+1)---(a+n—1),n €N, a € R and (a)® :=1

Thus, p is equal to the distribution of a random variable («— 3) X, where X has a negative
binomial distribution, also called the Pascal distribution.

Case 5 (Meizner). Let n > 0 and A\? — 41 < 0, which implies o = 3, $(a) # 0. We

suppose that I(a) > I(5) and choose | = 0. Then the formulas for A(t) and B(t) have
the same form was in Case 4, and
1+ at)a a7
o= (L)
(1+ At

G(Zt)_(uﬁt)aza((uat)é)ﬁ
o\ 1+ at (1+Bt)%

B—a ¥
66mt — qeift ’

The (s,(2))5, now is a sequence of the Meizner—Pollaczak polynomials, or in other terms,
the Meixner polynomials of the second kind.

@ RI=

F(t)

The explicit form of the measure p can be calculated as follows. According to e.g.
[53, 54], a general Meizner distribution on R is of the form
b

(2cos(5))* b(z —m) i(z—m),|?

—_— —— ) [ (d+ —F)| d 2.20
2a7 IT'(2d) xp a (d+ a )| dz (220)
where a > 0, b € (—m,7),d >0, m € R.

It follows from [44, p.13] that the measure u is the Meixner distribution with param-

eters a = 23(a), b = m — 2 Arg(a) (where Arg(a) € (0,7)), d
Thus, p has the form

_ a __U%(a)
= W and m =

gz -
]

uldz) = € exp ({72 2B ’F (12

2
1o
d 2.21
23(a) 23(a) © Qa%(a)) 5o (22
where C' is the normalising constant
(2cos(2))% bm
O — 2 = 2.22
2am I'(2d) P a )’ (222)
where the constant a, b, d and m are chosen as above.

2.5 Reproducing kernel Hilbert spaces
This section is based on [30, Appendix A.3], [13, Sections 1.2, 1.3].
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Let D be a topological space. Let C(D) denote the space of complex-valued continuous
functions on D. Let F(D) be a complex Hilbert space such that, as a set, F(D) C C(D).
We assume that if ¢ # 0 as an element of F(D), then ¢ # 0 as an element of C(D).

One says that F(D) is a reproducing kernel Hilbert space if, for each z € D, the
functional

F(D)> ¢~ L.p:=¢(z) €C (2.23)
is continuous. Hence, for each z € D, there exists K, € F(D) such that

By (2.23) and (2.24), for each ¢ € F(D) and z € D,

e(2) = (0, Ko)p(p)- (2.25)

Since K, is an element of F(D), we have, for all w € D,

K. (w) = (K, Kw)]F(D) :

Then, the function

K(z,w) == K. (w) = (K, Ku)g(p) (2.26)

is called the reproducing kernel for F(D).
Note that, by (2.25) and (2.26), for each ¢ € F(D) and z € D,

p(2) = (0, K(z, ")) (2.27)

Fxample 2.31. Assume that v is a probability measure on the Borel o-algebra on D and
assume that F(D) is a subspace of L?*(D,v) and is a reproducing kernel Hilbert space.
Let K(z,w) be its reproducing kernel. Then, by (2.27), for each ¢ € F(D) and z € D,

o) = /D o(w) K(z ) v(dw).
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2.6 (Generalised) coherent states and (generalised)
Segal-Bargmann transforms

The material of this section is mostly based on [5, Section 1], see also [4, Section 5.3]. For
applications of coherent states in physics, see e.g. [23, 48]. Nonlinear coherent states are
discussed e.g. in [6, 24, 55].

Let H be a separable complex Hilbert space and let {e,}>°, be a fixed orthonormal
basis for H. Let D be an open domain in C, let v be a measure on D, and let {®,,}7°

be an orthonormal system in L?*(D,v). We assume that each ®,, is a continuous function

on D and
> [®u(2)]f <00 VzeD. (2.28)
n=0

Denote by F(D) the subspace of L?(D, v) constructed as the closed linear span of {®,,}22.
Thus, {®,}32, is an orthonormal basis for F(D).

A generalised coherent state is defined, for each z € D, by

n, = Z(I)n(z) en.
n=0

By (2.28), we have n, € H for each z € D.

If we additionally assume that
> @, (2)P =1 VzeD,
n=0

then ||n,|lm = 1 and the generalised coherent state is called canonical, or normalized.
In many cases, generalised coherent states are constructed as eigenvectors for a certain
annihilation operator A~ in the system. More precisely, for each z € D, 7, is an element

of the domain of A~ and
A" n, = zn,.
A generalised Segal-Bargmann transform is then defined as a unitary operator
S:H — F(D)

satisfying



For each z € D, denote

(2.29)
=0
Then 7, € H and, for each n € Ny,
(€n>77z) = (I)n(z)
Thus, for each f € H,
(SH)(z) = (f;0:)m- (2.30)

For each ¢ € F(D), let f :=S~1 . Then, by (2.30),

p(z) = (S ¢, 0y

= (8", 1)

= (0, 87:)rp

= (¢, )m

where K, := S7,. Thus, F(D) is a reproducing kernel Hilbert space, with the reproducing

kernel

K(z,w) = (KzaKw)]F(D)
=(S ﬁzagﬁw)F(D)
= (ﬁza ﬁw>H

Let us now consider a subclass of generalised coherent states which are called nonlinear

coherent states.

Let {pn}32, be a sequence of positive numbers such that the power series

Z i (2.31)

nOpn

has a non-zero radius of convergence L € (0,00]. Let D := {z € C| |z| < L}. We assume

that there exists a probability measure v on D such that { jﬁ%}j’f:o is an orthonormal

system with respect to v, i.e., for m,n > 0,

/ 2™ 2" v(dz) = Omn Pn-
D
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Assume that the probability measure v has density with respect to the Lebesgue measure
dA(z) = dxdy, where z = z + 1y (z,y € R). Then, the above assumption means that

there exists a probability measure A on [0, L) satisfying

L
/ " d\(r) = py.
0

In the latter case, the measure v on D is of the form
(d2) = - d0 d\(r)

v(dz) = — r
2T ’

where z = re®.

Let {en}r2, be a fixed orthonormal basis in a Hilbert space H. The (normalised)

nonlinear coherent states corresponding to the sequence {p,}5°, are defined by

o0

=N ()Y =

n

En, z€D,

where
‘ |2n

N (") Z

Denote

Z’I’L

®,(2) = N"2(|2[?) (2.32)

w
o D
~— 3

Then {®,,}°°, is an orthonormal system in L?(D, N( dv(z)). Hence, n, are generalised

coherent states. Note that, by (2.29) and (2.32),
Nz = Nz-
Hence, the corresponding Segal-Bargmann transform S : H — F(D) is of the form
(Sh)(2) = (f,n2)m-
The reproducing kernel in the Hilbert space F(D) is of the form

K(Z7w) = (ﬁZv ﬁw)H

:(nivn’lﬂ)
= (zw
NCEIIE
n=0 pn

27



where

oo Pn

For our purposes, we will need non-normalised nonlinear coherent states. Under the

above assumption, these are defined by

so that
d,(2) =

N

(2.33)

(2.34)

Since {®,,}°° is an orthonormal system in L*(D,v), F(D) is defined as the closed linear

2n

N
The corresponding Segal-Bargmann transform S : H — F(D) is of the form

span of {

(SH) = (f:n2)u
and the reproducing kernel of the Hilbert space F(D) is
K(z,w) = E(zw).

Note that

Z?’L

VPn

(Sen)(z) =
and so

(Sy/pmen)(2) = 2"

1o, in L*(D,v), i.e., F(D) is the closure of polynomials P(C) in L*(D,v).

Let us also make the following observation. For each n € Ny, define ¢y = 0 and

n—1

Cp = for n > 1. In particular, p, = ¢i¢q. .. ¢,. Define a (possibly unbounded) linear

operation A~ in H satisfying
A" e, =+/cpen1.

Then, at least heuristically,

A nz:A_ZO \j;_nenzzo\;;_nfl_en

(2.35)



n

. > Z" _ - zZ Pn
B 2% Vo Ve 2 N
= i 7 En—1 = i Zn+1 En = 27);.

n=1 Pn—1 n=0 \/E

Thus, each 7, is an eigenvector for A~ with eigenvalue z.
Let A" denote the adjoint operator of A~ in H. Since {e,}°°, is an orthonormal basis

for H, (2.35) implies that

+ —
A €n = 1/Cn+1€n+1, N E NQ.

Let
A+ =S A+S

Then, for all ¢ € F(D) and z € D,
(ATp)(2) = (SATS19)(2) = (AT S o)y
= (S, A nz)y = (S g, Zms)y

— 2(S7 o, 1) = 2 (S5 9)(2) = 2 (2). (2.36)

Therefore, A¥ acts as the operator of multiplication by z in F(D).

2.7 Coherent states and the Segal-Bargmann trans-
form for the Gaussian and Poisson distributions

We will now discuss the classical Segal-Bargmann transform (in the one-dimensional case)
for the Gaussian distribution and its extension to the Poisson distribution. We mostly

use materials from Section 3.3 in [46] and [9].

2.7.1 Gaussian case

Let 0 > 0. Let v, be the Gaussian measure on C given by

v (d2) = - exp (— @) dA(z). (2.37)

o
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It is known that, for any m,n € Ny,

/ 2" 2" Up(dz) = dpnnlo”, (2.38)
C
ie.
(2™, 2")L2(Cy) = Ommnl O
Let F,(C) denote the Hilbert space of all entire functions u : C — C,

= i 2" (2.39)

n=0

with ¢, € C satisfying
Z o> nl o™ < o0, (2.40)
n=0

o0

and inner product of u(z) = Y7 c,2", v(z) = > 7 d,z" given by

(u,v) :/Cu(z) Vy(dz) chd nlo

Remark 2.32. Note that, under the condition (2.40),

et = (Zte) (2

m=0

[eS) [eS)
S laallel = 3 el
n=0 n=0

m 1/2
Z|
) < 0.
m!om

The space F,(C) is a proper subspace of the Hilbert space L*(C, v,).

Hence, the function u(z) given by (2.39) is indeed entire.

Let p, be the Gaussian measure on R given by

1
2o

,ua(dg) = 6_% dga

i.e., iy is the measure from (2.16).

Let (s,(2))22, be the sequence of Hermite polynomials with generating function

— 5n(&) = t— ot ). 2.41
;ms (§) = exp (5 50 ) (2.41)

Then
(5n7 Sm)L2(R,,uU) = 6m,n n! O_n’ (242)
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hence the polynomials (m $n(2))22, form an orthonormal basis in L*(R, u,). Here
L*(R, u,) is the L%-space of all u,-square-integrable functions f : R — C.
Thus, in the notations of Section 2.6, we choose D = C, v = v,, p, = nlo", F(C) =

F,(C), and H = L*(R, pi,). Then, for each 2 € C, the corresponding coherent state is

given by
E, (&, 2) Z ~2"s,(§) = Z% (g) sn(€), €€R. (2.43)
n=0 ! n=0 "

The corresponding Segal-Bargmann transform (also called the S-transform) is the unitary

operator
S: L*(R, piy) — Fy(C) (2.44)
satisfying
(Ssp)(z) = 2" (2.45)
and
/ f(€ 2) pio(d§). (2.46)

Another way to interpret the S-transform is by looking at the explicit form of E, (¢, z).
By (2.41) and (2.43),

Hence,

[ @B nata) = [ 5@ e (-2 ) e (- )

- [ 10 = exp(—%> d
- [ 10 = ew (- SL) 4 (2.47)

20

_ o (€
—/Rf(§+Z) rmep( 20) d.

Hence, by (2.46), for each z € R,
= [ 5+ 2l
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- /R F(6) pio(—2 + dE). (2.48)

where pu(—z + d€) is the push-forward of the measure p under the transformation
R3¢ —2+€€R.

Recall also that an entire function is completely determined by its values on R.

2.7.2 Poisson case

Let us now discuss an extension of this construction to the case of Poisson distribution [9].

Let now a measure pu, be of the form

o0

o (dE) = exp(— Z i'

n=0
i.e., 1y is the Poisson distribution with parameter o. Let (s,(2))22, be the sequence of

Charlier polynomials with generating function

oo

S i_"' 5u(€) = exp(€ log(1 + ) — ot). (2.49)

Then formula (2.42) also holds in this case. Hence, we can again define a Segal-Bargmann
transform by (2.44) and (2.45) (with different p, and s,). Again, formula (2.46) holds
with the function E, (&, z) defined by (2.43). Using (2.43) and (2.49), one can explicitly
calculate the function E, (&, 2):

2.8 Stirling numbers

In this section, we will present definitions and results on Stirling numbers based on Chap-

ter IX, Section 2, Chapter XII, Section 1 and Chapter XIV, Section 1 of [49].
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We define the falling factorials ((2),)32, as the polynomial sequence of binomial type

with generating function

[e.9]

S22 = explelog(1 )] = (1+ )~ (250

Explicitly, (z)o =1 and (2), =2(2 —1)---(z —=n+1) forn € N.
By (2.50), the lowering operator @ for (z),, i.e., the operator @ satisfying Q(z), =
n(2)n_1, is of the form

Q=e"-1=FE"-1.

We will denote this operator by D;. Thus,

Dip(z) =p(z+1) — p(2).

We define the rising factorials ((2)™)22, as the polynomial sequence of binomial type

with generating function

o0

Z;—n. = exp[—zlog(l —#)] = (1 — )7, (2.51)

Explicitly, (2)® =1 and (2)™ = 2(z +1)(2 +2)--- (¢ +n—1) for n € N.
By (2.51), the lowering operator @ for ()™ is of the form

Q=1-eP=1-F1
Note that (2)™ = (=1)" (—z),. We will denote this operator by D_;. Thus,

D_1p(z) = p(z) —p(z — 1).

Stirling numbers express the coefficients in expansions of falling and rising factorials

as polynomials.

Definition 2.33. The Stirling numbers of the first kind, s(n, k), are the coefficient of the

expansion
n

(2)n = Z s(n, k) 2*

k=1
Remark 2.34. One also defines s(n, k) for all n, k € Ny by setting s(n, k):=0if 1 <k <n

does not hold.
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The (exponential) generating function of s(n, k) is

> s(nk) ;—n' = %(log(l + 1))

n=~k

for k > 1.

Definition 2.35. The unsigned Stirling numbers of the first kind are defined by
c(n, k) = |s(n, k)| = (=1)""s(n, k).

It holds that

n

(2)™ = Z c(n, k) 2",

k=1

The ¢(n, k) is the number of all permutations 7 € &,, with exactly k cycles.

The numbers ¢(n, k) satisfy the recurrence relation ¢(1,1) = 1 and
cn+1,k)=c(n,k—1)+nc(n, k).

Definition 2.36. The Stirling numbers of the second kind, S(n,k), are defined as the

coefficient in the expansion
2" =Y S(nk) ().
k=1
Remark 2.37. Similarly, one defines S(n,k):=0if 1 < k <n does not hold.

The Stirling numbers of the second kind have the (exponential) generating function

as follows:
> o1, .
ZS(n,k)m = (e =1)
n==k

for k > 1.
The S(n,k) is equal to the number of all partitions of a set of n elements into k
unordered non-empty subsets.

The numbers S(n, k) satisfy the recurrence relation S(1,1) = 1 and
S(n+1,k)=kS(n,k)+ Sn,k—1).

It holds that

1
S(n, k) = o Dya"|

z=0"
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The following formula, called the orthogonality property, holds: for all 1 < i < n,

n

Z S(n, k) s(k,i) = s(n, k) S(k,i) = . (2.52)

k=i

Here 0,,; is the Kronecker delta.

One defines the monic polynomial sequence of Touchard (or exponential) polynomials

by

T.(2):=>_S(n k)" (2.53)
k=1
This is a polynomial sequence of binomial type with generating function
oo tn
— To(z) = exp(z(e’ - 1)). (2.54)
n!
n=0

Definition 2.38. One defines the Lah numbers as the coefficients expressing the falling

factorials in terms of the rising factorials and vice versa:

n

()™ =3 Lln,k) () and (2)a = (=" L k) (). (2.55)

k=1

Explicitly,

n—1\n!

The Lah numbers are sometimes called Stirling numbers of the third kind.

The L(n, k) is the number of all partitions of a set of n elements into k& non-empty
ordered sets.

The Lah numbers satisfy the recurrence relation L(1,1) =1 and
Ln+1,k)=(n+k)L(n, k) + L(n,k —1).

Also,

2.9 Generalised Stirling numbers of Hsu and Shiue

The main reference for this section is the paper of Hsu and Shiue [31]. We also refer to
[28, 29, 35] and Chapter IV, Section 2 of [43].

Let o € §, where, as above, § is either R or C.
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Definition 2.39. Denote (z | a)o := 1 and
z|a),:=z2(z—a)(z—2a)---(z— (n—1)a), neN.

Then the sequence ((z | «),)%, is called the generalised factorial of variable z with

mcrement o.

Thus, for a = 1, we get (z | 1), = (2)n, the falling factorial, and for « = —1,
(z | =1), = (2)™, the rising factorial.

Promptly, we have the following relations:

(n)
(z|a), =a" (§>n and (z | —a), =a" <§) for a # 0. (2.56)

By (2.50) and (2.56),
Z — (2| @), = exp [2 log(1 + at)] : (2.57)

Therefore, we conclude that ((z | &),)%2, is a sequence of polynomials of binomial type.
Recall the difference operators Dy and D_;. Then, we unify them into the divided

difference operator, or h-derivative Dy, defined by
Lo
Dy, = E(E - 1), (2.58)

equivalently

(p(z +h) = p(2)).

SIS

Dyp(z) =

Then, for h = a,
Dy(z|a)p=n(z|a)_1, (2.59)

i.e., D, is the lowering operator for (z | a),.
Note also that

DE(2 ] a); = " k! ;.

z=0

Definition 2.40. Let n € Ny and «, 8,7 € § (where § = R or C). Generalised Stirling

numbers, denoted by S(n, k;a, B,1), are defined by

n

(z|a), = S(n,k;o, B,7) (z =1 | B)- (2.60)

k=0
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We also define the Stirling-type pair by

{SW, 5N = {5D(n, k), P (n, k)} == {S(n,k; o, B,7), S(n, k; B, v, —1) }.

Thus, :
(z @)=Y SV(nk)(z =7 B) (2.61)
(z| B)n = % S (n, k) (z+7 | ). (2.62)

Obviously, the (1,0, 0)-pair is the classical Stirling number pair {s(n, k), S(n, k)}. Note

that the binomial coefficients are of the form

S(n, k;0,0,1) = (Z)

In addition, the Lah numbers {L(n,k),(—1)""*L(n,k)} form the (—1,1,0)-pair while
{e(n, k), (=1)""*S(n,k)} form the (—1,0,0)-pair.

The orthogonality relations are of the form

D5 (m, k) SOk, n) =3 5@ m, k) S (k,n) = by
k=n k=n

For convenience, when «, § and r are fixed, we will just write S(n, k) for S(n, k; o, 5, 7).

The definition (2.61) implies the following:
S5(0,0) =1, S(n,n)=1foralln, S(1,0)=r, Sn,0) =], (2.63)
and the following recurrence formula holds, for 1 < k < n,
Sn+1,k)=8n,k—1)+ (kB —na+r)S(n,k).
The (vertical) generating function of S(n, k) has the following form. If a3 # 0, then

S 1 (A +at)s —1\"
;S(n, k)m—ﬂ(ljtat)a(T) . (2.64)
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If 5# 0 and a = 0, one finds the generating function of S(n, k) by taking the limit in
(2.64) as a — 0 and using the fact that

Q=

hr%(l + at)

If « # 0 and 8 = 0, one finds the generating function of S(n, k) by taking the limit in
(2.64) as f — 0 and using the fact that

Remark 2.41. Setting S,(z) = >.,_,S(n, k) z*, the generating function of the monic
polynomial sequence (5, (2))22, is

TL

Z; - 1+at)aexp [((1+Ozt)§—1)% )

Furthermore, for the polynomial sequence (S, (2))2,, the Dobinski-type formula holds:

:(37%2 Z/ﬁ (kB 47| a)p.

k=0

2.10 Wick ordering in the Weyl algebra

In this section, we will discuss elements of Wick ordering in a Weyl algebra. Our presen-

tation is mostly based on Chapter 1, Section 1.2 in [43].
Definition 2.42. Let h € C\ {0}. The Weyl algebra A, is defined as the free complex
algebra in two generators U and V satisfying the commutation relation

UV —VU = h. (2.65)
Here and below we identify the constant A with A -1, where 1 is the identity for multipli-
cation in Ay,

Remark 2.43. In physics literature, the Weyl algebra is also called the Heisenberg algebra
or the Heisenberg—Weyl algebra.
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Note that the commutator of operators U and V is defined by
(U, V]=UV —-VU.
Thus, formula (2.65) can be written as
U, V] = h.
Remark 2.44. Note that if U and V satisfy (2.65), then, for any constants «a, 8 € C,
U+ a,V+p]=h.

In quantum mechanics, one uses the canonical commutation relations (CCR) to de-
scribe boson. In its simplest form, the CCR algebra is generated by two operators, a
creation operator at and an annihilation operator a~ such that a~ is the adjoint of a™
and

aa”—ata” =1.
Thus, the CCR algebra is the Weyl algebra A, with U = a~, V = a*, and we additionally
assume that (a™)* =a".

In the Fock representation of this simplest CCR algebra, the annihilation operator
a~ lowers the number of particles in a given state by one, whereas the creation operator
a™ increases the number of particles in a given state by one, and it is the adjoint of the

annihilation operator.

Definition 2.45. In the Weyl algebra A, a product of operators U and V is said to be
normally ordered, or Wick ordered if all operators V are on the left and all operators U
are on the right. The process of putting a product into a normal order is called normal

ordering, or Wick ordering.

Remark 2.46. An anti-normal ordering is analogously defined, where all operators U are

on the left and all operators V' are on the right.

A simple representation of (2.65) with h = 1 is given by operators U and V acting
in P(C) as follows: U = D is the operator of differentiation, V' = Z is the operator of

multiplication by the variable z, i.e.,



The operator © := ZD is called the Euler operator [3].

Theorem 2.47 (Grunert’s formula). We have

D" =Y S(n k) z"D*

k=1

where S(n, k) is the Stirling numbers of the second kind.
The following theorem is a generalization of Grunert’s formula, see [38].

Theorem 2.48 (Katriel’s formula). Let U and V satisfy (2.65) with h = 1. Then

(VU = i S(n, k) VEU*,

k=1

More generally, for U and V satisfying (2.65) with h € C, we have

(VU = zn: S(n, k) h" R VEUF, (2.66)
k=1

A converse formula to (2.66) is given by

VUt = i s(n, k) h" " (VU)*, (2.67)

k=1
where s(n, k) are Stirling numbers of the first kind. For h = 1, formula (2.67) gives

VUt = zn: s(n, k) (VU)* = (VU),.

k=1

2.11 Generalised Weyl algebra

This section is mostly based on Chapter I, Section 3; Chapter VI, Section 1 and Chap-
ter VIII, Sections 1-3, 5 in [43].

Definition 2.49. Let f € P(C). The generalised Weyl algebra A'Y) is the complex free

algebra in two generators U and V satisfying the commutation relation
v —vU = f(V). (2.68)

In the special case where f(z) = hz®, with s € Ny and h € C, h # 0, the algebra A will
be denoted by Ag,.
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Note that, if s = 0, then Ay becomes the Weyl algebra Ay,.

For s = 1, the commutation relation (2.68) in the algebra A, becomes
UV —VU = hV. (2.69)

Some aspects of normal ordering in A;,; were discussed, from physical point of view in
[17, 18, 39, 59, 60, 61, 62]. From mathematical point of view, the algebra A, was already
studied by Littlewood [42] in 1933. Later on Sack [52] considered the algebra A, in the
context of ‘shift operators’, and an operational interpretation was given by [©, D] = —D,
equivalently [D, Z] = Z, where ® = Z D is the Euler operator. Important ordering results
in A;., were obtained by Viskov in [57].

Note that a simple representation of the algebra A can be constructed by considering

operators U and V acting in P(C) by
U=f(Z)D, V=2
The following proposition was proved by Irving [32], see also Viskov [58].
Proposition 2.50. Let p € P(C). In A one has the Wick ordering result:
Up(V) =p(V)U +p'(V) f(V).
Let 0 be an operator acting on polynomials of the variable V' as follows:
5p(V) = F(V)F(V). (2.70)
In particular,

oV =f(V),
OV = f(V) F'(V),
OV = FV) IV FV)2 (V).

The following proposition is shown in [25].

Proposition 2.51. In AY), one has the Wick ordering result:
" /n
Uy = SRV U,
E (e
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where 0 is the operator acting on polynomials of the variable V' defined by (2.70). Here,

we use the convention &°V =V.

Remark 2.52. In the case where V' appears in higher degree, one has:

n

v =% (Z) (8" Fvmy U,

k=0

In the shift algebra A, , 6V = hV, hence Proposition 2.51 implies:
" /n
UV =V ROk = "
> (k> R UR =V (U + h)
k=0
More generally, if f(V) = hV + g, then §V = hV + g. Hence,
"V =h"" (hV +9),

and so Proposition 2.51 implies:

Uy = Z( )h" =LV + g) U*.

The following proposition was proved in [32], see also [12].

Proposition 2.53. In AY one has

n

VU= Z(—N(Z) Uk (5°V).

k=0

More generally,

Ut =3 (-1)k <Z) Uk (5. (2.71)

k=0
Definition 2.54. Let h € C\ {0} and let s € Ny. Let U and V satisfy UV — VU = hV?,
i.e., they generate A,.;,. The generalised Stirling numbers Sy (n, k) are defined for n, k €
N with 1 < k£ < n as the Wick ordering coefficients of (VU)", that is, by

Wk Zesh n, k) Vel

k=1
By Katriel’s theorem, &.;(n, k) = S(n, k). More generally, So.,(n, k) = h"* S(n, k).
The following proposition is shown by Viskov in [57].
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Proposition 2.55. In A, one has

(VU)" = ic(n, k)vru*
k=1

VU (U +1)...(U+ (n—1))
=V ()™,

More generally, in Ay, one has

(VU)" =Y h"Fe(n, k) vr Ut
k=1

— VU (U +h)(U +2h) - (U + h(n — 1))
= V(U | —h),.

By Proposition 2.55,
Sri(n, k) = c(n, k) = (=1)" " s(n, k),

more generally

Gipn(n, k) = h" *c(n, k) = (—=h)"Fs(n, k). (2.72)

Proposition 2.56. For h € C\ {0} and s € Ny, the generalised Stirling numbers

Gsn(n, k) satisfy the recurrence relation
Gan(n+1,k) = Sap(n, k — 1) + hlk + s(n — k)] Sun(n, k) (2.73)
with the initial condition Ssp(1,1) =1, and Szp(n,0) =0 for all n € Ny.
Remark 2.57. For s = 1, the equation (2.73) reduces to
Sip(n+ 1, k) =6S1p(n, bk —1) + hnSyp(n, k),

which is, for A = 1, precisely the recurrence relation of the signless Stirling numbers of
the first kind, ¢(n, k). For an arbitrary h, the generalised Stirling numbers are rescaled

Stirling numbers of the first kind, see (2.72).
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Theorem 2.58. The generalised Stirling numbers Sy (n, k) are equal to the generalised
Stirling numbers of Hsu and Shiue, S(n, k; o, B,71), with o = —hs, f = h(1—s) andr =0,
that s,

Gsn(n, k) = S(n, k; —hs, h(1 —s),0).
Conversely, if r = 0 and o # 3, then the generalised Stirling numbers S(n, k;«, 3,0) of

Hsu and Shiue correspond to the case s = a;fﬁ and h = 8 — « of the generalised Stirling

numbers Sy (n, k), that is,
S(nak;aaﬁvo):Gﬁ;ﬁ—a(r%k)a &7&6

Finally we mention that Al-Salam and Ismail [52] proved the following result about

anti-normal ordering.

Proposition 2.59. In A,._;, one has:

vy = |

X
I 3
o
N
> 3
~—
= 2
S
ILI
<
3
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Chapter 3

Normal ordering in a special class of

generalised Weyl algebras

3.1 A special class of generalised Stirling numbers of

Hsu and Shiue

Recall the generalised Stirling numbers of Hsu and Shiue, see Definition 2.40. For our
considerations below, we will need these numbers in the special case when § = —a in
(2.60). Below we prove a proposition that provides explicit formulas for the Hsu—-Shiue

numbers in this special case.

Proposition 3.1. Let a € C and r € C. Let the numbers S(n, k;a, —a,r) satisfy

(z4+7|a), ZSnka )z | —a).

Then,
S(n,0;a,—a,r) = (r|a), (3.1)
and fork=1,...,n
S(n, k;a,—a,r)
n—k n
= ( ) (—a)" 7" L(n —3,k) (r | a); (3.2)
=0 \J



> (ZL) (—a)" "' L(n — j, k) s(j,i)> (—r).  (3.3)

j=i

k
= (—a)" " L(n, k) + Z (

i=1
Proof. Recall that ((z | a),)22, is a polynomial sequence of binomial type. Hence, using

(2.55) and (2.56), we get:

= (a3 ()@l a)s
=(rlaa+Y () (2) 0 lahs

-y (,",) ot L=k o)
. (3’) (—a)™* L(n— 4, k) (r | a);

(e smsanl)



prirer iV
k k n
- oy L +z<z ) a4 L= ) >)<—r>a
which proves (3.3). O

3.2 Results on normal ordering in a class of gener-
alised Weyl algebras

In this section, we will present a result on normal ordering in a class of generalised Weyl
algebras.

Recall Definition 2.49. Let a,b € C and consider the generalised Weyl algebras A
with f(V) = —aV — b. Thus, we are interested in the complex free algebras in two

generators U and V satisfying the commutation relation
UV —VU = —aV — b,

equivalently

VU= UV =aV +0, (3.4)

compare with (2.69).

Proposition 3.2. For n € N, we have

_ ib"‘k S(n,k)U(U + a)(U + 2a) -+ (U + (k — 1)a) V*

= " S(n, k) (U | —a), V*, (3.5)

Remark 3.3. Note that, in the existent literature, one would normally consider the normal
ordering of (VU)™ in which all operators V' are to the right of the operators U, while we

have the opposite situation.

Proof of Proposition 3.2. We start with the following
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Lemma 3.4. We have
VU = (U +na) V" +nb V™! (3.6)

Proof. Formula (3.6) is a special case of formula (2.71), which states, in particular, that
VAU = UV" — §(V™) = UV™ + (aV + b)n VL,

Nevertheless, for the reader’s convenience, let us present a complete proof of (3.6) by
induction.

For n = 1, formula (3.6) states
VU= U+a)V +b,

which is just (3.4). Assume that (3.6) holds for n and let us prove it for n + 1.
We have, by (3.4),

VU = V(VrU)
=VI[(U +na)V" +nbV" !
=VUV" +na V" £ nbVm

= UV +aV +b)V" +na V"™ +nb V"

=UV"™ 4+ (n+1)aV" +(n+1)bV" O

Now we prove (3.5) by induction. For n = 1, (3.5) becomes the tautology UV = UV'.
Assume that (3.5) holds for n and let us prove it for n + 1. We have, by Lemma 3.4,

vyt = Uv)" (UV)

— zn: UU+a)(U+2a)- (U+ (k—1)a) VFUV "% S(n, k)

k=1

— zn:bn—k S, k) UU +a)(U +2a)--- (U + (k — 1)a) [(U + ka) V¥ + kbVE1]V
— zn:b”—k S(n,k)UU 4+ a)(U + 2a)--- (U + ka) 7ean!

+ zn: kb S(n, k) UU +a)(U +2a) - (U + (k— 1)a) V* (3.7)
k=1
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Recall that S(n,0) =0 and S(n,n + 1) = 0. Hence, we continue (3.7) as follows:

= is(n, k)b FU(U + a)(U + 2a) - (U + ka) VE*!
+ HZHS(n,k) k0" UU + a)(U + 2a) - (U + (k — 1)a) V*
- HZHS(n,k — D)V"FUU +a)(U +2a) -+ (U + (k= 1)a) V*
+ HZHS(n,k) k6" U(U 4 a)(U + 2a) -+ - (U + (k — 1)a) VE

=> (S k— 1)+ kS(n, k) 0" FUU + a)(U +2a) -+ (U + (k = 1)a) V*

=> " FS(n+ LE)UU +a)(U + 2a) -+ (U + (k= 1)a) V%,

k=1
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Chapter 4

Wick ordering and generalised
Segal-Bargman transforms for the
Meixner class of orthogonal

polynomials

4.1 Poisson case

In this section, we will re-visit the (generalised) Segal-Bargmann transform for the Poisson
distribution, compare with [9].
For s > 0, we denote by ,, the Poisson distribution with parameter s:
o
%n
_ -
=e Z o On(dz
n=0
For a € C\ {0}, we denote by 7, ., the push-forward of 7, under the map z — az. Thus,

o n

»
Ta,(dz) —e”g T dan(dz),

n=0

and 7, ,, is concentrated on the set aNy = {an | n € Ng}. In particular, m ,, = 7.

Let « € R, a # 0 and 0 > 0. Let (s,(2))5%, be the sequence of Charlier polynomials
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with generating function

[e.e]

t" z ot
Z ] Sn(z) = exp (a log(1 + ta) — E) ,

n=0

and let f1,0, be its orthogonality measure given by (2.17), i.e.,

o . 1/c\"
Ha0.0(dz) = exp ( — ?) 2:; ] (§) don (d2).

Thus,

Recall that (s,(2))22, satisfy the recurrence relation

Z&Az):st(@—k(an%—g)sdz)+an&%4@)

We define operators U,V € L(P(F)) by

U=7+72,
(e}
V:aD+1:g@ﬂ+—%
g 0]
where
(Zp)(z) = zp(z), (Dp)(z) =p'(2)
We have

[uup:PD+LZ+g]=pazpqL

Hence, V and U are generators of Weyl algebra A,,.
Let
p=UV=2Z+aZD+Z +oD.
o)

Hence,

o
p2"t = 2" (an + —) 2" +onz" L
o

Consider the Sheffer operator Z € L(P(F)) defined by

I2" = s,(2).
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Then, by (4.3), (4.4) and (4.5),
Ip=271, (4.6)

equivalently

Z=TIpI"

By Katriel’s theorem (formula (2.66)),

Pt = Z S(n, k) " FUFVE.

k=1
Hence,
n n k
pri=73 Snk)a"FU1 =3 S(nk)a"" (z + 5) . (4.7)
k=1 k=1 «
Denote
Ta;n(z) = S(TL, k‘) a/"—k Zk — QNZS(n, ]{3) (a) = ao" T, (a), (48)
k=1 k=1

where (7,(2))32, is the sequence of Touchard polynomials, see (2.53).

Lemma 4.1. (T,.,(2))52, is a polynomial sequence of binomial type with generating func-

tion

X et —1
- Ta'n = .
; Lo (2) = exp (z - )

Proof. By (2.54) and (4.8),

Pl = Th (z + 5). (4.9)
Also, by (4.7), we have

n

"1 =" S(nk)a" " i (’:) 2 <g> a

k=1 =0
n n k k

— S k n—2k _k S k n—2k+i i _k—1
kgﬂ (n, k)" o" + 2 ;:1 (n, k) (i)& 2o
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k=1 i=1 N k=i
= Y S(n, k) a" 2 o* + i i S(n,k+1) bt Ll P (4.10)
= e \er S ‘ . .

We have, by (4.6),
Ip"l=2"T1=2z". (4.11)

Hence, (4.5) and (4.10) imply

o= kz: S(n, k) a2 oF + Zn: (:Z:ésm, k+ i) (k j Z) Q2 ak) si(2). (4.12)

i=1
Remark 4.2. Note that, in formula (4.12), the coefficient by s;(z) is a polynomial of o of

degree n — i.

Next, let T, € L(P(F)) be the umbral operator defined by
To2" = Ton(2).

Define the Sheffer operator S € L(P(F)) by

Sz" =Ty <z + g) ,
o

ie.
S=E:T.. (4.13)
By (4.9) and (4.11)
IThn (z + 5) _
a
and so
ISz" = 2" (4.14)

Since both Z,S € L(P(F)) are bijective, formula (4.14) implies that
I=S" (4.15)
Since 7T, is an umbral operator, it is invertible. Hence, by (4.13),
I=T,'E_-. (4.16)

@
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Lemma 4.3. We have
T2 =Y s(nk)a"*2F (4.17)
=(z | a). (4.18)

Proof. Let R, be the operator defined by

Rao2" = Z s(n, k) o™ 2",

k=1
Let us show that
RoTaz" = 2",

which will imply that R, = 7', and so formula (4.17) will hold.

We have, by using the orthogonality property of Stirling numbers,

RoToz" = Ra Z S(n, k) a7k Sk
k=1

k=1
n k
= Z S(n, k) o™k Z s(k,i) a0 2
k=1 i=1
n k
= Z Z S(n, k) s(k,i)a™" 2"
k=1 i=1
= Z ( Z S(n, k) s(k, z)) a2
i=1 k=1
= Z Opia" "2t = 2"
i=1
Formula (4.18) follows from Definition 2.33 and (2.56). O

Lemma 4.4. We have

n—i

sn(2) = ( - g)n + i (kzzo (Z) s(n — k, i) "2 (—1)’%) 2,

i=1

Proof. By (4.5), (4.16) and (4.17), we have

su(2) =T2" =T, ' E_o 2"

a o
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e ()(-5)

(-8 z @) = Ry
(-5 S () (8) e

-(-2) + Z > stk (1) oy raroa
(5

Theorem 4.5. Let a # 0 and 0 > 0. Let (s,(2))32, be the sequence of Charlier polyno-

mials with generating function

L z ot
Yoo (2) = Zog(1 4+ ta) = 22 | 4.20
> o) exp(a og(1 + ta) a) (4.20)

equivalently satisfying the recurrence relation
o
28,(2) = $pp1(2) + (om + E) Sn(2) + onsp_1(z2).

Then we have

"= i S(n, k) a" 2 ¥ + i (ni S(n, k +1) <k j Z) QA ak> si(z),  (4.21)

i=1 k=0

() = ()(- g)”’b ol (422)

_ < _ g)n n Z (:_o (Z) s(n — k. i) a"=2 (-1)%—’6) x (4.23)

In particular, in the Poisson case, i.e., when o = 1, we have

o kf; S(n, k) o* + En: (:f% S(n, k +1) <’“ j Z) 0k> si(2), (4.24)

=1

and
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and

n) =) (Z) (—o) o)

o (B (s

Proof. We already proved formulas (4.21) and (4.23). Formula (4.22) follows from (4.18)
and (4.19). O

Remark 4.6. Formulas (4.22) and (4.23) are known, see e.g. Section 3.3 in [50]. The reader
is advised to compare formula (4.24) with an expansion of (?) in the Charlier polynomials

discussed in Example 1 on page 479 of [34].

Recall that, by (4.5) and (4.15), the operator S € L(P(F)) satisfies
(Ssp)(z) = 2" (4.25)
Hence, similarly to Subsection 2.7, we can extend S to the unitary operator
S : L*(aNy, fa0,0) — F,(C),

which is a (generalised) Segal-Bargmann transform.
Analogously to (2.43), we consider, for £ € aNy and z € C, the corresponding coherent

state

exp (—g) . (4.26)

Hence, by (2.17) and (2.46), for f € L?(aNy, m4,),

/ f a ,0, a ) ,U/a,O,o(d€>

n=0
s (-3 ) S sen  (% )
a5~ 3) S (722)



Lemma 4.7. For each f € L*(aNy, fia0.), the series

> flom) % <U Zfz) ’ (4.27)

converges absolutely for all z € C.

Proof. We have, using the Cauchy—Schwarz inequality,
= 1 T - 1 [0+ |az|\"
> Ifam) & <> lrtaml o (TR
n=0 n=0
N 1\? /o3 1%a+|az\n0*%
= 2_Iftan) (ﬁ) () X(m) ( 2 ) (=)
} }
= 1 so\" 1 (o +|az))?\"
2
< <n:0\f(om)| ~ (%) ) (Zﬁ (—a20 < 0. O

Let z € R, 2 > —2. By Lemma 4.7, each f € L*(aNy, fta0.0) is integrable with respect

o+ az

to the measure ft4 0+ and we have

- /N f(é) :uoz,O,o-l—az(dg)' (428)

Definition 4.8. For each » € C, we define a complex-valued (or signed for z € (—o0,0))

measure on Ny by
o

(d) = e %ZZ

=0

n

(Note that 7,(Ng) = 1.) Similarly, for each a € C\ {0}, we define a complex-valued

measure on aNy by

Ma(d€) = ¢ 2%};, )
(Again with 7, ,.(aNg) = 1.)
Now, for each z € C, we define
o) = mo s @9) = o0 (= )T (5) oty a29)
n=0

is a complex-valued measure on aNy with p,.(aNg) = 1. Hence, by Lemma 4.7, for-

mula (4.28) holds for all z € C. Thus, we have proved the following

o7



Theorem 4.9. Let (s,(2))22, be the sequence of Charlier polynomials as in Theorem 4.5
and let paoo be its orthogonality measure, given by (4.2). Let, for each z € C, pinp. be
defined by (4.29). Then the Segal-Bargmann transform

S : L*(aNy, fa0.0) — F,(C)
18 a unitary operator given by

(Sf)(z) = / ) o) (4.30)

Jor all z € C. In particular, for 2 € R, 2 > =2, the integration on the right-hand side of
formula (4.30) is with respect to a probability measure.

Particularly, for a« =1 (the Poisson case), we have

(S£)(2) = g f(&) 0,042 (d€) = g f(&) o2 (dE).

Remark 4.10. The reader is advised to compare Theorem 4.9 with formula (2.48) that
holds in the Gaussian case. Note that, in the Gaussian case, for z € R, u,(—z + df) is
the Gaussian distribution with mean z and variance o. On the other hand, in the Poisson

case, for 2 > —2, 14,001a- 18 a distribution that has mean Z + 2 and variance o + az.

Remark 4.11. In the Gaussian case, we may also interpret the S-transform for all z € C\R
as integration with respect to a complex-valued measure. Indeed, for z € C \ R, define

the complex-valued measure

() = —(5_—2)2> .

— ex

V2ro P ( 20
Note that, by (2.47)

fo(R) =S1 = 1.

Next, we note that, for each f € L*(R, ),

15 |exo (—u)] € < oo.

20
Indeed, let z = 21 + i2o with 21, 20 € R. Then

o (52 oo (252

o8




— oxp (_ R izg)z))

— exp (_ (= 21)2 - 2’22)
20
( 52 2521 —zi+ 222)
= exp .

20 20

Hence, by Cauchy—Schwarz inequality,

2
/|f exp( (520,2) )’ de
2 1/2 ) .
<([ureres(-5) «) ( oo (5) e (-5
2 €2 28z — 2% + 22 1/2
(£ 2)

/2
& 28z — 2%+ 297 '
Hf”]ﬂ([&ud) (/]R €xp < 2% + o § oo

Therefore, by (2.47), for all f € L*(R, i1,) and all z € C,

:/Rf(§> MO’,Z(dg)'

Let 0~ denote the lowering operator for the polynomial sequence (s,(2))2,,

9 1/2
df)

i.e.
0 S, = NSp_1.

Let 0 denote the raising operator for the polynomial sequence (s,(z))%, i.e.

n=0’
to
0" Sy = Spi1-

The restriction to P(R) of the adjoint operator of 0" in L?(aNy, fa0,0) is 00~

Hence,
2
||Sn|| L2(OzN0,/J,a’0,U) = n' 9

Thus, a function f : aNy — C belongs to L*(aNy, fta0,) if and only if it can be uniquely

represented in the form

= fusal2), (4.31)

29



where f, € C (n € Ny) satisfy

oo
2
HfH L2(aNo,tta0,0) Z ’fn‘2n| o" < 0.
n=0

By (4.20), the Charlier polynomials (s,(z))s, satisfy the condition of Theorem 2.24.
Hence, by Corollary 2.26, for 7 € (0, 1], each function f € &£

min

(C) admits a unique

representation as in (4.31) with

Z | ful? (n!)% 2" < o0 forall [ €N,

n=0

and furthermore, the topology on &7

min

(C) is given by (2.9), (2.10). For each 7 € (0, 1]
and [ € N there exists C' > 0 such that

Z fn5n<z)

Hence, for each f € &7

min

< O fasn(2)lls-
n=0

L2(aNo,a,0,0)

(C), the restriction of f to aNj determines a function from
L*(aNy, fta0.0), and furthermore, if a restriction of f to aNj is identically equal to zero,
then the function f is identically equal to zero on C. Thus, we obtain an embedding of

gT

min

Thus, Theorem 2.24 and formula (4.25) imply

(C) into L*(aNy, fta.0,) and this embedding is continuous.

Proposition 4.12. Let the conditions of Theorem 4.9 be satisfied. Then, for each T €
(0,1], the Fréchet space E

min

(C) is continuously embedded into L*(aNo, fta0,) (in the
above explained sense). Furthermore, the operator S from Theorem 4.9 restricted to
Ern(C) is a self-homeomorphism of EL,. (C).

Next, denote
U:=1Us, V:=71VS. (4.32)

Since p =UV and Z = ZpS,

Since

ot =778, 0 =IDS,
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we get

U=0"+2, V=ad +1=
(6%

Qe

(007 +2).

Note that the adjoint of 9% 4 2 is 00~ + £.

Proposition 4.13. The operators 0~ and V are closable and let us keep the notation
0~ and V' for their respective closures. Then, for each z € C, the coherent state n,(&)
given by (4.26) belongs to the domain of O~ (which coincides with the domain of V') and

(00™ n:)(§) = 2n:(),
Vn)©) == (:+2) n.(). (4.33)

o

Proof. Since the adjoint of 0~ is densely defined (it coincides with % 0" on the polynomi-
als), 0~ is closable, hence also V' is closable. As easily seen, for each z € C, n,(£) belongs
to the domain of 0.

We then have

(00 1)(€) =00 3 s =D T s (e)
nz_% nlo ; n! !
> on—1 o ~n
= z; e 1) = z; (&) = 21:(9),
which in turn also implies (4.33). O

Let us find the explicit form of U and V. By Theorem 2.11, Remark 2.12 and
Theorem 2.16,
0~ = B(D), (4.34)

where B(t) is the compositional inverse of A(t) = L log(1 + ta). Hence,

Hence,



Next, since

7 =UV =UE®,

by multiplying this equality by £_, on the right, we get
U=ZE""“
Thus, we have proved

Proposition 4.14. Under the condition of Theorem 4.5, we get, for U and V defined
by (4.32),
U=ZE“% V =E°.

Below, we will also need the following results.

Proposition 4.15. For each a € C\ {0} and z € C, we have
| €lan oz @) = [ (@€ |y m () == (4.35)
aNQ NO

Proof. By (4.21) and (2.53),

n

/ £ foo,0(dE) = S(n, k)a" " "
aNg

k=1

=a" Y S(n, k) <%)k
k=1

en(g)

and so

/QNO (§)n Moo (d) = T (Z5)

Hence, by the orthogonality property of Stirling numbers, see (2.52), we get

/aNO (g)n Ha 0.0 (d) = Zn:‘g(”’ k) (2)’“ fia0,0(dS)

aNo p—1
= o
= Zs(n, k) Ty <§>
k=1
n k



I
3
R
3
w
=
N>
0
=
=
N——
VR
QM| Q
~—

From here

and so, for each z > 0
/ (g | a/)n Ha,0,02 (df) = 2" (436)
aNg
As easily seen,

Coz+— /N (5 | a)n Ha,0,0 (dé.)

is entire function. Hence, formula (4.36) holds for all z € C by the uniqueness theorem
for holomorphic functions, see e.g. [33, Theorem 22.12].

Thus, we have proved formula (4.35) for a > 0 and z € C. But, as easily seen, for a
fixed z € C, the left-hand side of formula (4.35) determines a holomorphic functions of
a € C\ {0}. Applying again the uniqueness theorem, we conclude that formula (4.35)
holds for all @ € C\ {0}. O

4.2 Gamma case

Let « = 8> 0 and o > 0. Thus, A = 2a and n = o2 Let also [ =2

Let (s,(2))22, be the sequence of Laguerre polynomials with generating function

oo

t" t
Z ks G(z,t) = exp ( LA % log(1 + at)). (4.37)

1+ ot

n—=

Hence, (s,(2))5°, satisfies the recurrence relation
28p(2) = S$pt1(2) + (An +1) s,(2) + (on +nn(n — 1)) s,—1(2). (4.38)
We define U,V € L(P(F)) by
U=+ —,
a
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V:i=aD,+1=FE", (4.39)

where
p(z +a) = p(2)
- )

D, p(Z) =

Lemma 4.16. The operators U and V generate a generalised Weyl algebra with the
commutation relation

U, V] =—aV.
Proof. We have
UV =2+ g EY = [Z,E% = —aE® = —aV. O
Let p =UYV. Then
p= (Z—i—g) (aDa—l—l)
a
= aZDo+Z+ 0D+~
Lemma 4.17. Define Z € L(P(F)) by
Z(z | @)n = sn(2). (4.40)

Then
Ip=27T,
equivalently
Z=TpI "

Proof. By (2.59),

z(z|a)y=zz2(z —a)(z —2a) -+ (z — (n — 1))
=(z—na+na)z(z—a)(z—2a) -+ (z— (n—1)a)
=z(z—a)(z —2a) - (z—na)+naz(z—a)(z—2a)--- (2 — (n—1)a)

= (2| @)ps1 +no(z | @)p. (4.41)

64



Therefore,

plz|a)y =anz(z| a)p1+2(2 | @)y +on(z | a)p_1 + g (z | @),

o
+2(z ] a)a
~ (2|

= (| Oy + An+1(z [ @) + (o0 +nn(n = 1))(z | @)

Consider p" = (UV)". By Proposition 3.2 with a = @ and b = 0,
pt=U| —a), V"
Hence,

Pl=U|—a) V'l =U]|—a)l

:<Z—|—z|—o¢> 1:<z+z\—a> )
[0 n [0 n

Note that ( (z + 2| —a)n )Zo: is a Sheffer sequence.

0

(z | @)ps1 + <2an + g) (2| &)+ (on+ *n(n — 1)) (2 | @)p_r

an(z | a), +ana(n —1)(z | a)p1 + (2 | @)1 +na(z | @)y +on(z | @)p_1

(4.42)

(4.43)

By the definition of generalised Stirling numbers of Hsu and Shiue, see (2.60), we have

<z+g | —a)n = ZS(n,k‘;—a,a, g) (2] @)
k=0

Note that
Ip"l=27"T1=27"1=2z".

Hence,

Next, we have

(G 1), =5 (G o) (G r2a) - (G n o)

= —o(oc+a®)(c+2a%) (0 + (n—1)a?)

(4.44)

(4.45)

(4.46)



= o]0 = (| ) (.47

Applying Z to (4.44) and using (4.43), (4.47) and Proposition 3.1, we get

n

7" = Z S(na kv -, Q, g) Sk(’Z)

R
B Z [ (M)t 3.0) 50 1 ] s
= (o[ =+ kZ: {:: (?) Q" L(n = 4, k) (o | —77)3} sk(2)-

By the definition of the unsigned Stirling numbers of the first kind, we have

(2| =n); =7 (%) 7 U zj; c(5,7) (%) = ijcu, DEI (4.48)

=1

Therefore, we also have

+ Zf (Z (7;) "M EL(n — j. k) c(j, z’)) o—i] sk(2). (4.49)

Now, let find the explicit form of s,(z).
From (4.44) and the definition of Stirling-type pair, see (2.62), we also have

(2] ), ZSnka )(z+—|—oz)k (4.50)

«

Hence, by (4.40) and (4.46),

(4.51)



Similarly to (4.47), we have

(-21a) =" (@] =% = (=) " (@ | =n)n. (4.52)
By (3.1), (3.2) and (4.52),
S(n, 0; a, —a, —§> - (—% | o) (4.53)
and for k=1,...,n,
S(n, ko, — ,_g) _ n:k (?) (—a)" 7 L(n — j, k) (—% | @);
S () carro—in (1) @l 6
By (4.51), (4.53) and (4.54),
n (= (n n—j—k _ _l ! ol — Sk
)= ()™ | =+ 3 ( (") cara=in (1) @1 -

(4.55)
Also, by (3.3),

o

S(n, k; o, —ar, ——
(na O, —Q Oé)

Let us now sum up the obtained formulas.

Theorem 4.18. Let a« > 0 and 0 > 0. Let (s,(2))32, be the sequence of Laguerre
polynomials with generating function

2t
1+ at

G(z,t) = exp ( . % log(1 + oaf)), (4.57)
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equivalently satisfying the recurrence relation

25,(2) = (An +1) s,(2) + (on +nn(n — 1)) sp,—1(2),

where A =20, n = a? and | = 2. Then we have

2" = S(n, k; —a, a, %) Sn(2)

and
snl(2) = :0 Stn, ko, —a, —2)z"
— 0 (o | —n>n+i {Z (7)-ar+ain =0 o -]

Let fia.ao denote the orthogonality measure for (s,(2))32,, thus

1 1\ o0 _:
/”L(LOC,O'(dZ) = 1(0,+OO)(Z) @ (a> z 1+a2 e « dZ

Corollary 4.19. We have

/000 2" a0 (dz) = (g | —a)n.

Proof. The result follows from (4.52) and (4.59).
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(4.59)

(4.60)

(4.61)
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Z (n) (=) R L = ) s(), z'>> }
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Lemma 4.20. We have, for each n € N

Isnll* 21y oy = 7 (| =)

Proof. 1t follows from the theory of orthogonal polynomials, see e.g.

Section 4] and (4.38) that

Isnl 2oy = L] (0 + 0kl = 1)) = ] [k(o +n(k
k=1

By (4.43),

n az+o
pl:( !—)

Assume z > —Z, equivalently o + az > 0. Then
D) = [ oo ).
Define S =771, i.e., by (4.40),
(Ssn)(2) = (2| @)n.
By (4.45) and (4.66), for z > -2,
S = [ € oasald).
Hence, for each polynomial p € P(§) and 2z > —2,

(Sp)(z) = / " (6t (d9).

Our next aim is to extend formula (4.68) to a set of complex z.

By (4.64) and (4.68), we have, for a polynomial p and z > —2,

octaz

(0%

S0 = [ s (1) T (e de

o2

1 _otaz /OO _1+ 0'+az
= oTQz Q o g g
Cren) 0 ©

We will now define a complex-valued gamma measure.
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(4.67)

(4.68)



Recall that, for z € C with R(z) > 0, the gamma function I'(2) is defined by

['(z) = /OO t*tet dt,
0
and furthermore I'(z) is holomorphic on {z € C | R(z) > 0}. Note that, for all z € C
with R(z) > 0, I'(z) # 0.
In view of (4.64), we define, for each z € C with R(z) > 0, a complex-valued measure

Ha o> O R by

—_

Ho,a,z (df) = 1(0,—}—00) (5) F( ) a_ﬁ £_I+ﬁ 6_5 dé (469)

a2
Theorem 4.21. For each polynomial p € P(F), the function

2o [T s 0= [ 0(6)

a?

a " ¢TI e de (4.70)
is well-defined and holomorphic on {z € C | R(z) > 0}.

Proof. First, we note that

[ e Je
= [Tt | e b g

R(z2)

= [ e et < .

Thus, the function (4.70) is well-defined.

e de

It is sufficient to prove that the function (4.70) is holomorphicon {z € C | § < R(2) < A}

for any 0 < 0 < A.
We have

0

0z

By the theorem on differentiability of an integral depending on parameter, it is sufficient

(p(&) €75 e78) = ple) €7 log(€) ™% = f(&,2)

to prove that there exists a function g(£) such that
(&, 2)] <g(&) forall >0, z€C, §<z<A,

and
/0 g(&) d§¢ < . (4.71)

To this end, we need an estimate on log(&).
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Lemma 4.22. (i) For £ > 1,
log(¢) < &
(i1) For each € > 0, there exists C' > 0 such that, for all & € (0,1],

log(§)] < €&

Proof. These are well-known estimates, but we prefer to present their proof for the reader’s

convenience.
(i) Consider the function f(£) = & — log(&) for & > 1.
Then f(1) =1 and f'(¢) = —% > ( for £ > 1. Hence, f(§) > 0 for all £ > 1.

(ii) Fix € > 0. We have to find C' > 0 such that

—log(§) < C¢™

It is sufficient to prove that the function —¢£°log(€) has a finite limit at zero.
By L’Hopital’s rule,

1

. . —log(&) . G —11
— € = _— = _— = l € —
lim (1) & log(¢) = lim = lim — 1 f lim¢* =0,
which proves the statement. O

Hence, by Lemma 4.22,

R(z) €—E

(& 2)] < C1oy(€) [p(&)] €12
+ L) (€) ()] €7 g
< Oy (8) Ip(e) €71 7=Ha
+ 11,00 (€) [D(E) €22 €5 =1 g(€).

Then (4.71) holds if we choose 0 < & < 5. O

Corollary 4.23. For each z € C, R(z) > 0,

/OOO Pa.o-(dE) = 1. (4.72)
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Proof. Since formula (4.72) holds for all z > 0 and the function z — fooo Heao-(dE) is
holomorphic on {z € C | R(z) > 0}, the statement follows from the identity theorem for
holomorphic functions (see e.g. [22, Theorem I11.3.2]). O

Corollary 4.24. For each polynomial p € P(§) and z € C, R(z) > -2,

(Sp)(z) = / " (6) Honrs (d€).

Proof. By (4.67), or each polynomial p € P(§), (Sp)(z) is an entire function. Hence, the
statement follows from (4.68), Theorem 4.21 and the identity theorem for holomorphic

functions. O

Our next aim it to define (Sf)(z) for each f € L*(pp.a.0)- So let

ansn ) € L(fao),

equivalently
> 1fal?nl (0 | =n)a < oo, (4.73)
n=0

see Lemma 4.20. In view of (4.67), we define

= falz | a)n (4.74)
n=0
for all z € C such that the series on the right-hand side of (4.74) converges.

Theorem 4.25. (i) Let Dyoo = {2 € C | R(2) > —5=}. Let (fu)ply be a sequence
of complex numbers such that (4.73) holds. Then the series Y .~ fu(z | @), converges
uniformly on compact sets in Dy -, hence it is a holomorphic function on Dy g -

(11) Denote by Fo.o0(Daae) the vector space of all holomorphic functions on De. g o

that have the representation
= an (2| @), (4.75)
n=0

with (fn)2, satisfying (4.73). Consider Fu o0.0(Danes) as a Hilbert space, equipped with

inner product

(0, V) Far (Do) = angnn' (0| —a®)n
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for o(2) =307 o fulz ] @ny ¥(2) = D07 0 9n(2 | @)n € Fano(Paaew)- Let
S+ L*(Haa0) = Faao(Pasae)
be the unitary operator defined by
(Ssn)(2) = (2| @)n.

Then, for each z € Dy o0,

= /000 fditaa.amto - (4.76)

(iii) In formula (4.75),
o=~ (D2g)(0) (@.77)
_ (7;2: lno(_1)k(z> ) (4.78)

In particular, the function ¢ is completely determined by its values on the set {ak | k €

No}.

(v) The Fooo(Daas) is a reproducing kernel Hilbert space with reproducing kernel

(w ] a)n
aaa Z 5 Z,W € Da,a,a-
owr n' o \ —a?),
(v) Define
(2] a),
Lol Z nl (o | —a?), sn(§), £ €(0,00), 2 € Dyao- (4.79)

Then, for each z € Dy oy, we have Euno(2) € L*(faao) and

(SH)(2) = (f, Eaao () 12(arare)
/ f(8) Eaao(&:2) Haao(dS). (4.80)

(vi) The function Enao(€,2) defined by (4.79) admits the following explicit formula,
fOT’§ € (0, OO) and z € Da,a,a;

Eoaol€ z) = #"‘%Z a e Ea. (4.81)




Proof. (i) and (ii). First we prove that, for each f € L?*(pia.a0), the integral on the
right-hand side of (4.76) is well-defined. We have

1 a2+0' _ az+o‘ _é
faazto (AE) = 1(0,400) ez @ & = de.
2

Let —5~ <0 < A < +o0. Then, for each z € C, 6 < R(z) < A, we have
/ FOIEHF | emw de
0

:/ PO e % g
0
o0 ?R(z _

:/ FO)€s ez e de
0

et et ) (e Eme s )
g(/ FEOPET e dg) (/5 ) dg)

< O fll 2

(4.82)

Haoza

where the constant C' > 0 depends on § and A and is independent of f.

Next, we have

f(z) = lim pn(z),

n—oo

where p,(2) = Y7, fi si(z) and the convergence is in L*(ftq,0,0). By Corollary 4.24,

Spn Z fz z ‘ Ck / Dn d,ua,a,aeray

and obviously (Sp,)(z) is holomorphic on D, 4,. Formula (4.82) implies that (Sp,)(z)
converges to fooo f dpta.a.02+0 uniformly on compact sets in D, 4. Therefore, formula
(4.76) indeed holds and (Sf)(#) is holomorphic on D, , . This proves statements (i) and
(ii) of the theorem.

(iii) Formula (4.77) is obvious since D, is the lowering operator for (z | a),. Formula
(4.78) is a generalization of Euler’s formula for Stirling numbers of the second kind,
compare with Remark 4.4 in [21]. We will now prove it by induction: we need to prove

that, for a function ¢,




which is equivalent to the formula

(Dip)(2) = (1) ol + ab), (4.83)

For n = 1, formula (4.83) obviously holds.

Assume (4.83) holds for n, and let us prove it for n + 1:

(Dae)(2) = (Da Do) ()

ap)(2)]
) (z+a(k+1) - (_Oéln)n i(—l)k(;;f) 90(2+Oé/€)}

_ anfl[ 3 (k > Z+ak)+:0 () z—l—oz/f)}
S ]2 )+ (e

P e a4 1)
WS 3 +Z (Yot ab) + (-1 ol o+ 1)

-CuT W<—1>’“(”j;1) o(z+ o).

??‘
AA
> 3

k=0
(iv) Since each function from F, 4.5(Da.a0) is holomorphic on D, 4, we have the in-
clusion Fy 0.0(Paae) C C(Daao). Next, we have to prove that if ¢ # 0in Fy a0.0(Paac),
then ¢ # 0 as an element of C(D, ). Assume the contrary: ¢ # 0in F, 4.0(Da.a0) but
¢ =0in C(Dya0). In particular, (ak) = 0 for all k € Ny. But then part (iii) (formula
(4.78)) implies that ¢ = 0 in F, 4.6(Da.a,0), which is a contradiction.
Next, formulas (4.76) and (4.82) imply, for each f € L*(tgn0) and z € Dy 40,

(SN <O (4.84)

Nocao

Since S @ L*(tano) = Fawo(Daaes) is a unitary operator, formula (4.84) implies, for
cach ¢ € Fua0(Dans) and z € Dy g 0,

()] < Clill 7, 0o Daao)
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Hence, for each z € D, o, the functional

fa,a,o(Da,a,U) = 2 = SO(Z) € (C

is continuous. Hence, Fy 4.0(Da.ao) is a reproducing kernel Hilbert space.

Denote by IC, the element of F,, 4 5(Da,as) that satisfies

©(2) = (o, ICZ)]—‘%&,U(DQ’Q,J) Vo € Fa,a,a(Da,a,U)'

Obviously, IC.(w) = >~ gn (w | @), for some g, € C. Since

(-] O‘)?taICZ('))]-‘a,a,(,(Da,a,g) = (2| a)n

and
(] ) KD pn o Doy = Tl (0| —a?),,

we get

o la

"onl(o | —a?),
and so
(Z ] @)n
9n =

Hence, the reproducing kernel is given by

Kooz, w) =K, (w)

o0

I

n=0

(v) By part (iv), for each f € L*(fta.0.0) and 2z € Dy a0,

(SH)(2) = (8, Kaao(2 )z, . y(Dan)
= (f’ 871 ’Ca7a7g(27 '))LQ(,u,a,a,U).

By (4.79),

(4.85)



= Enaol 7). (4.86)

Formulas (4.85) and (4.86) imply statement (v).
(vi) Choose an arbitrary Borel-measurable subset A of (0, +00) and let f = x4 € L*(fia.0.0)
be the indicator function of A. By (4.76) and (4.80),

,ua,oc,az—l—a(A) - / 5&,@,0(57 Z) Ma,a,a(dg)'

A

Hence, for almost all £ € (0, +00),

d o,0,0z+0
Enao(6,2) = % (©). (4.87)

Hence, by (4.69), for almost all £ € (0,+00) and all z € D, ,,, formula (4.81) holds.
But since the function &, ,,(§,2) is continuous in £, the formula (4.81) holds for all

€ € (0,+00) and for all z € Dy 4,0 O

4.3 The space F, ,(C)

For n > 0 and o > 0, we denote by F, ,(C) the vector space of all entire functions

with the coefficients (f,)>2, satisfying (4.73). Consider F, ,(C) as a Hilbert space

equipped with the inner product
(prna angnn' U|_ )

for p(z) =Y 0" fu2™, ¥(2) =3 0" gn2" € F, »(C). This is a reproducing kernel Hilbert
space with reproducing kernel
(zw)"

Koo ) = 2 Sr T

n=0

Remark 4.26. For n =1 and o = 1, the inner product in F, ,(C) = FF, ;(C) becomes

90 ¢ F1,1(C) — angn n'
This Hilbert space was studied in [7, Section 9] and [8], see also [37, Lemma 4] and [36].
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Proposition 4.27. Let n > 0 and o > 0. Consider the gamma distribution

1 (1\7 e =
Mn,n,na(dx) = 1(07+oo)($)ﬁ (7—]> X 5 e 7 dx.
n

Let & be a random variable that has gamma distribution pi, ... Let X\,, denote the

Gaussian measure on C with random variable &:
Apo(dz) = /0 Ve(d2) iy no(d€) = Ay o (2) dA(2).
Here, for ¢ > 0, v. denotes the Gaussian measure as in formula (2.37) and

1 [*1 2
Apo(2) = o ; E exp (_%) fn,n, o (d€)

_ Ly _ﬁ_é) 243
) (e

g
n

Then, for any m,n € Ny,
/ 220 Ny o(dz) = O nl (0| —n)y = (27, Zn)Fn,a((C)‘
C

Thus, F,, ,(C) is the closed subspace of L*(C,\,,) constructed as the closure of polyno-

mials on C.

Proof. By (2.38) and (4.65),

/Zmz_n Ano(dz) = / /zmz_n ve(dz) tinn,no(dE)
C 0 C
= Om,n n! / gn Ho,m, W(df)
0

= O ! <% —77> =0mnn! (o|—-n),- O

Following [8], let us recall some basic facts about the Mellin transform and the Mellin

convolution.
Let f : (0,400) — R be such that, for some interval (a,b) C R, the function f(z) 2!
is integrable on (0, +o0) for all ¢ € (a,b). Then the Mellin transform of f is defined by

M(f)(c) = /0°° 7 f(z) dz, c€ (a,b).
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Obviously, for f(x) =e™%,

More generally, for n > 0 and f(x) = e~ 7, we have
M(f)(c) :/ e da
0

= 7]01/ e ndr=nT(c), c¢>0.
0

The Mellin convolution of functions f and ¢ is the function f * g that satisfies

M(f * g)(ec) = (M(f)(e))(M(g)(c)).

Explicitly, the function f % g is given by

Fra@= [ 1(3) ot d

t t

o0

-/ ft)g (%) % dt, x>0, (4.89)

Proposition 4.28. Assume that o = 1. Then the function A, , given by (4.88) has the
form
1
A o(2) = — 2
1) = = 0(12P),
where

U(z) = (fi* f2)(2)

with f1(2) = e % and fo(z) = e . In particular, foro =n =1,

1
Ava(z) = — (fux (2%
Proof. Tmmediate by formulas (4.88) and (4.89). O

Remark 4.29. In the special case 0 = n = 1, Proposition 4.28 was proved in [7, 8].
Furthermore, by [7, Proposition 9.2],

1 i
Aia(2) =— / e~ F12eosh®) gp 5 > 0.
T Jr
Note that

1
—/exp(—r cosh(t))dt, r>0
R

™

is the modified Bessel function of the second kind of order 0, see e.g. [56, p.419].
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4.4 The gamma case (continued)

In this section, we continue the studies of the gamma case.

Recall Definition 4.8.
Proposition 4.30. Define a unitary operator T : Fy 00(Daae) = Fpo(C) by
(T(- | @)n)(z) = 2"
Then, for each f € Foa0(Daas) and z € C,
(Tf)(2) = . f(ag) m=(d¢). (4.90)

Proof. By Proposition 4.15, formula (4.90) holds for each polynomials f(z).
Let f(2) =Y 0" fa(z | @)n € Faao(Daae). Consider

> =1 [alz| 1 Z|
[BAGEED S C=) MRS 9 SUTATCYAPINE 2= Sy e
0 n=0 k=0 k=0 n=0
Noting that, for all k,n € Ny,
(ak | @), = a" (k), >0,

and using Proposition 4.15, we continue (4.91) as follows:

o0 o k.
=ZZ |fn|a"<k>n%z—L

k=0 n=0
L |2f
= Z |fu] @™ exp (%) /N (f)nﬂ-%(df)
n=0 0
B |2] n 2"
= exp (E) 2 ‘fn’ a™

N & .
=ew (1) 2 151s
N (S e\
< = _ .
< exp ( . ) (Z (o] —m) 1717 0P

It follows that the integral on the right-hand side of formula (4.90) is well-defined and
(4.90) holds. O
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Theorem 4.31. Define a unitary operator S : L*(ta.a0) — Fpo(C) by

(Ssp)(z) = 2"
Then we have:
(i) For each f € L*(fian0),
= /0 f(f) pa,a,o,z(df)7 (4'92)
where
Poocld) 1= [ togmold) 72 (dm). (4.93)
No

In particular, for each z > 0, paae,. @5 the random gamma distribution fia ancto, Where
¢ is a random variable that has Poisson distribution =.
(i) The operator S is a generalised Segal-Bargmann transform constructed through

the nonlinear coherent states

[e.e]

Ea,md(& Z) = Z ol (

n 0 n

=2 oo O (9

n=

z

S5)(z) = waA,»MMM)
/ f a a, a ) MHa,o,0 (dé) (495)

(#i) It holds that
Ea,a,o(&z) = / goz,a,a(gaaC) Tz (dC)7
No

where the function £, is given by formula (4.81).

Proof. (i) We need to note that S = TS and apply Theorem 4.25 (iii) and Proposi-
tion 4.30.

(ii) The statement follows immediately from Section 2.6, the fact that
2
||Sn|| L2 (po,o,0) = nl (O- | _n)'rw
and Proposition 4.27.
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(iii) Similarly to (4.87), we conclude from (4.92) and (4.95) that

dpa,a,o,z
Ea,a,o‘(fv Z) = d,u—(g)

Hence, by (4.87) and (4.93),

Ao mc+o
EwAaﬁz/'——Jﬁ%OW
aNp

=(d
oy = (d¢)

- / Eanol€00) 7 (). m

Remark 4.32. Note that our constructions in this section can be summarised in the fol-

lowing commutative diagram:

L2(,uoz7[3,0) —S) ana((c)
T

Fo,p,0(Da,po) o Fap,0(C)

Remark 4.33. In accordance with the notations of Section 2.6, we use

pu=nl(o | ),

for the construction of nonlinear coherent states in Theorem 4.31. In the special case

where n = 1 and 0 = 2j with j € {1,%,2,%,...},

prn = n! (2j)(n)'

Nonlinear coherent states with such a choice of p,, are called the Barut-Girardello states [11],
see also [6, Section 1.1.3]. Such states appeared in [11] in a study of coherent states asso-

ciated with the Lie algebra of the group SU(1,1).

Similarly to Proposition 4.12, we have

Proposition 4.34. The Fréchet space EL..

(C) is continuously embedded into the follow-
ing spaces: L*(taa0)s Fano(Paao) and Fy,(C). Furthermore, the operators S, S and

T restricted to EL,,(C) (7 € (0,1]) are self-homeomorphisms of EL,.(C).

min
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Proof. By (4.37) and (2.56), the polynomial sequences (s,,(2))5, ((z | a)n)rey and (2")52

n=0
satisfy the condition of Theorem 2.24.
Next, for each f(z) =" ", fusn(2), we have, by (2.6),

Sl nt (o] =n)n <Y 1fal* (0)* (max{n,o})"
n=0 n=0
<Y 1l ()2 = NP (),
n=0

where [ € N is chosen so that 2! > max{n,o}. Hence, £}

(C) is continuously embedded
into L*(fta.a,0) and hence also in Fy 4 5(Daao) and F,,(C). Now, the theorem easily
follows. u

Let 0T and 0~ denote the raising and lowering operators for the polynomials (s,(2))22:
O sy = 541, 0 5, =ns,_1. (4.96)

Denote

U:=1TUs, V:=71VS.

Proposition 4.35. We have

Z =0V
and
U:0++a8+8_+g=8+(1+a8_)+g, (4.97)
V=1+a0". (4.98)
Proof. Immediate by (2.59), (4.39) and (4.41). O
By Theorem 2.16 and (4.37),
D
o= l—aD
Hence,
Vzl—l—ozé?_:l_laD. (4.99)
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Theorem 4.36. The operators Z, D, 9=, 0%, U and V may be extended by continuity

to EL. (C). Furthermore, for each f € EL. (C),
VA = [ 16+ 5) @) = [ (B ) o @), (4100
@ 1)) = [ (4 5) = £5) e () (4.101)
and
U=2(1-aD)f(2), (4.102)
ot = Z(1—aD)? - %(1 —aD). (4.103)

Proof. As easily seen, the operator D acts continuously in each Hilbert space E; ;. Hence

it is continuous in £L. (C), see Proposition 2.23. Similarly, the operator Z acts contin-

min
uously from each Hilbert space E;; into E;;_;, hence it is continuous in &L (C). Next,
d~ acts continuously in each Hilbert space Hy,, hence it is continuous in &}, (C), see

Corollary 2.26 (ii). By (4.98), V is then continuous in £,

(C). Similarly, the operator
0" acts continuously from each Hilbert space H;; into Hj;_1, hence it is continuous in

EL. (C). By (4.97), U is then continuous in &L (C).

min min

By (4.99), for each monomial 2",

|
=3 Tark ot (4.104)
On the another hand, by (4.65),
| ) e (@9
0
=S () [ e a9
k)” ), )

k=0
- Z (Z) 2K amF (n — k)

k=0

"nl
Nk ok
k!

=0

(4.105)
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By (4.104) and (4.105), for each polynomials p(z),

(Vp)(z) = / Dz 4 ) o (d5).

To finish the proof of (4.100), it is sufficient to show that, for each fixed z € C, the
map

Bres o [ 16+ 5) o (@

is well-defined for some ¢ > 0 and continuous. Since

[F < ([ flle exp(t]2]),

see (2.4), we have

[ 18G4 9 e (@) < Wl [ expltlz + 5] o (09
0 0

[ f1l1,0 e”Z'/ €l a0z (ds). (4.106)
0

IN

For t > é, we have
(o ¢]
/ €' faaaz (ds) < oo,
0

and now (4.100) easily follows.
Formula (4.101) follows from (4.98) and (4.100).
By (4.99),
Z=U(l-aD)™"

Multiplying this equality by (1 —aD) on the right, gives (4.102). Similarly, by (4.97) and
(4.99),
o o

Ot —aD)'=U~=-=2Z(1—-aD) - —,
a

(0%

which implies (4.103). O

Since

So~S™'=D, SotST' =27,

we also have, by (4.96)—(4.98), the following
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Proposition 4.37. Define
U:=SUS™' =TuT!, V:=SVvSt=TyT "

Then
U=Z1+aD)+Z, V=1+aD.
(8%

Similarly to Proposition 4.13 we have:

Proposition 4.38. The operator
A" =00 +n0t0" 0"

1s closable and let us keep the notation A~ for its closure. Then, for each z € C, the

coherent state Eq o0 (-, 2) given by (4.94) belongs to the domain of A~ and
A" Epno(52) = 2Eqa0(, 2).
Proof. Similar to the proof of Proposition 4.13. We only need to note that
A”sp=(on+mm(n—1))s,-1 =n(o+n(n —1))sn_1. O

Remark 4.39. Note that 07 is the restriction to P(F) of the adjoint operator of A~, hence
formula SOTS™' = Z agrees with formula (2.36) in Section 2.6.

4.5 Negative-binomial case
Let 0 > 0 and «, 5 € C. Define U,V € L(P(C)) by

Z/{::Z—l—g,
a

V:=aDs+1. (4.107)
Lemma 4.40. U and V generate a generalised Weyl algebra with the commutator relation

U, V)= =BV —(a = B). (4.108)
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Proof. We have
UV =7+ g,apﬁ +1] = [Z,aDg) = a|Z, D).

We have, for each p € P(F),
(ZDsp)(2) = 2 [p(

[(z+ B)p(z + B) — 2p(2)]

N
+
=
|
3
&

(DsZ p)(z) =

Ao RS IR e N e RN

[p(z + B) — p(2)] + p(z + B).

Hence,

U V] p(2) = —a(EPp)(2) = —ap(z + B)
= —ap(z + B8) — p(2)] — ap(z)
= —af Dgp(2) — ap(z)
= —PlaDg+1)p(z) + B p(z) — ap(z)
= =BV p(z) — (a = B)p(2). O

Let p:=UV. By Lemma 4.40 and Proposition 3.2,

n

pr= (o= B S(n k) U | =)k V", (4.109)

k=1
Let now o, € R, a # f and |a| > 3|, and let [ = . Let (s,(2))52, be the sequence
of the Meixner polynomials of the first kind with generating function

iﬁs<z>_ 1+ Bt
nl T 1+ at

)B;(Hm)‘é’ﬁ. (4.110)

n=0

Hence, these polynomials are orthogonal with respect to the negative binomial distri-

bution (2.19). The polynomials (s,(z))5%, satisfy the recurrence relation (4.38) with A

n=0

and 7 given by (2.13).

Lemma 4.41. Define T € L(P(F)) by
Z(z | B)n = su(2). (4.111)

Then,
7 =TIpL " (4.112)
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Proof. We have
p:aZDg—i-Z—l—UDg—l—g.
Q

By (4.41), similarly to (4.42), we get

Pz | B = aznz | Huor +2(z | B +on(z| Buas + = (2 | B

= an(z | B +anB(n—1)(z | Bp1+ (2| Blugr +18(2 | Bn

+on(z| )1+ 2(2 | B)n

= (2| Busa + (nla+8)+ ) (2| B)a + (no + afn(n = D)z | Ba-s
= (2] By + (m + g) (2| B+ (no +n(n —1))(z | B)noi. (4.113)
O

Theorem 4.42. Let o, € R, o #  and |a| > |B|. Let (s.(2))22, be the sequence of
the Meizner polynomials of the first kind with generating function (4.110), equivalently
satisfying the recurrence relation (4.38) with A = a+ 3, n=af andl = 2. Then

= (@ =By S k) (Z | =Bl
k=1

+ il (i(a — B)" " S(n, k) S(k,i: =B, B, §)> si(2) (4.114)
= kﬁ?a — B)"*S(n, k) (g | =Bk
+ i (jio (:Z_;(oz — B)" S (n, k4 9) (k‘ j+ z> B*IL(k+i— j, i)) <2 | _5)j> si(2),
and
ul2) = (=2 B+ Z (Z S(n. ki 8, ~B.~2) (a = ) Zs(lm')) (w115
= (== B o
+ zj; j_o <:Z_; (?) (=BT Ln—jn—k)(a=B)"""s(n—k, Z)) (== | 5)]> e
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Proof. By (4.109), we get

WE

(")) =D (= B)" S, k) (Z + 7 | =B)i (D5 + 1)*1

£
Il
—

NE

(= B)"*S(n, k) (= + g | =Bk (4.116)

=
Il
—

k
(0= B S (n. k) 3 (ki =B, 8, 7)(= | B)

M-

S |l

—_

(0= B)" S, ) S(k, 0 —5, 5, %)

i
L

n

k
£33 (0= By S (k) S(h,i: 6,8, ) (= | B)

k=1 i=1

= (@ =8yt k)(Z | -6,

£ (= B ES (. k) (ki =5, 5. 7) (= | B): (4.117)

i=1 k=i
Applying Z to (4.117) gives (4.114). Using (3.2) and (4.114), we have

n

=D (o= B S k) | B

k=1

+§;(i<a— sy (F) o —j,¢><§|—5>j)si<z>

k=1 7=0

=Y (a— B sm k) | -8

+Z<i(a—5)"’”5(n k1) Z( j >ﬁ’“ TL(k+i—j, @)(—I /6’)]>Sz()

k=0 j=

=) (a-— 5)n_k5(”»k)(a | —B)k

+Z <Z (Z _ B)nfkfiS(n,k—l—Z) (kj‘l) ﬁk JL(k+Z -7, Z)) (% | —ﬁ)j> si(2).

J=0 \k=j

To prove formula (4.115), we proceed as follows. Denote
g n
pu(2) = (2| Blny @u(2) = (24 — | =B)n,  7al2) = (p"1)(2).
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By (4.116),

n

r(2) = (= B)"S(n, k) qu(2).

k=1
By using the orthogonality of Stirling numbers, we conclude, similarly to the proof of

Lemma 4.3, that

n

gn(2) =Y (o= B)"Fs(n, k) ri(2).

k=1
Hence, by the definition of the generalised Stirling numbers of Hsu and Shiue and (2.63),

= Z S(n, k; 5, —8, —g) ar(2)
k=0

k

= S(n,0; 8, -8, —g) +> " 8(n, k; B, -5, —g) (Z(a — B)*"s(k, ) n(?ﬁ)
k=1

=1

=218+ (Z S(n,k: 5,8, = 2) (o — 6)* s(k,n) r(). (4118)

i=1 k=i

Applying Z to (4.118) gives (4.115). By (4.118) and (3.2), we get

From now on assume a > > 0 (the case of & < < 0 is similar).

Corollary 4.43. Let i, p, denote the orthogonality measure for (s,(z))eq:
B o~ (BN 1 o\
waold) = [(1=L ZY 2 (Z2) 6iasn (d2). 4.119
prase@) = (1=2) "2 (5) 5 (5) bt g
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Then we have

n

/( o 2" popo(dz) = (o= B)"* S(n, k) (g | _5)k . (4.120)

k=1

Proof. Immediate by (4.114). O

By (4.116),

(D)) = Y (a =By * S(n.k) (= + = | =B)

k

=
s ||M:
—

— S (= B8)"*S(n, k) (0‘2 Ly —5)k . (4.121)

(0%
k=1

Assume az + o > 0, equivalently z > —Z. Then, by (4.120) and (4.121),
PO = [ € oo ) (4.122)
(a—=B)No
Define §:=Z7! ie. by (4.111),
Ssn(z) = (2| B)n- (4.123)

By (4.112),
(8€")(2) = (p"1)(2).
Therefore, by (4.122),

S = [ & hupanioldd)

Hence, by linearity, for each p € P(F),

(Sp)(2) = /( o P(€) Hapasto(dE), z> —g. (4.124)

Our next aim is to extend (4.124) to the case z € C. In view of (4.119), for each

z € C, we define a complex-valued measure on (o — )Ny by

sty = (1= )7 (O L () @ )

n=0 N
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Proposition 4.44. For each polynomial p € P(F), the function
oo [ p) o) (4.126)
(e—B)No
18 well-defined and entire.

Proof. The following lemma implies that the function in (4.126) is well-defined.

Lemma 4.45. Let z € C. For each k € N, the integral

/ & Jigp..(d€)
(ae—pB)No

N
(=)

converges absolutely, i.e.

>(0)

n=0

((a — B)n)* < 0. (4.127)

Proof. We have

|

I |

IA
|

n
<M+1) (M+2) <|i|—|—(n—1))
n n n n
()
n
Hence, the sum in (4.127) is bounded by
= /B\" 1 2\ ™
> (2) 2 () wammmr <
~\a/ nl \n
because each monomial £ is integreble with respect to the negative binomial distribu-
tion fiq,g,2|- [
Let p € P(F). For each N € N, the function

o= (-2 S () L) v om)

n=0
is entire. By Lemma 4.45 and its proof, the function Fy converges uniformly to

f(a_ﬁ)NO (&) pa,p,-(dE) on compact sets in C. Hence, the function (4.126) is entire. [
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Corollary 4.46. For each z € C,

fa,,2((a — B)Ng) = 1. (4.128)

Proof. Since (4.128) holds for all z > 0, and z — f145,.((cv — 8)Np) is an entire function,
(4.128) holds for all z € C by the identity theorem for holomorphic functions. ]

Proposition 4.47. For all p € P(§) and z € C,

(Sp)(z) = /( . P(§) Hapaz+o(dS). (4.129)

Proof. By (4.124), formula (4.129) holds for all z > —2. By (4.123), (Sp)(2) is an entire
function, and by Proposition 4.44,

Cszm / P(§) Hapazto(dE)
(a—B)No
is entire. Hence, (4.129) holds for all z € C by the identity theorem. O

Our next aim is to define (Sf)(z) for each f € L*(tap.5). So, let

f(z) = Z fasu(z) € L2(/~La,[3,0)7 (4.130)

hence N
Dol nt (o [ =n)n < oo, (4.131)

n=0

compare with Lemma 4.20. In view of (4.123), we define

(SH) =D falz| B)n (4.132)
n=0
for all z € C such that the series on the right-hand side of (4.132) converges.

Theorem 4.48. (i) Let (f,)52, be a sequence of complex numbers such that (4.131) holds.
Then the series Y " fn (2 | B)n converges uniformly on compact sets in C, hence it is
an entire function.

(i1) Denote by F, 5,(C) the space of all entire functions that have the representation

0(2) =D fu (2| B, (4.133)
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with (f)2, satisfying (4.131). Consider Fo5,(C) as a Hilbert space equipped with inner
product

( aﬂa angnn‘ U|_ ) (4134)
for o(2) = 3202 fu (2 [ B)n, ¥(2) = Zn:o n (2| B)n € Fapo(C). Let
S L*(ptap.o) = Fap0(C)

be the unitary operator defined by (Ss,)(2) = (2| B)n. Then, for all z € C,

SNE = it (4.135)
(111) In formula (4.133),
fo= %(DE@(O) (4.136)
_ = - k(T
= alpn ;( 1) (k) ¢(Bk). (4.137)

In particular, the function ¢ is completely determined by its values on the set {fk | k €

No}.
() The Fupo(C) is a reproducing kernel Hilbert space with reproducing kernel

Kaopolz,w) Z z\i‘_w|ﬁ) , z,w e C. (4.138)
n=0 n
(v) Define
Eapa(§,2) = i ,(Zl—ﬁ)” sn(€), €€ (a—PB)Ny, z€C. (4.139)
n=0 n: (0 | _n)n
Then, for each z € C, we have €y 54 (-,2) € L*(tapo) and
(SN (2) = ([, €apo(2) 124, .09
— [ H©)Eupal€2) uaald) (4.140)
(a=p)No

(vi) The function E,5,(&, 2) defined by (4.139) admits the following explicit formula,
for € = (a— p)n withn € Ny and z € C:

@

(OéZ +0 ‘ _n)n

o=, (4.141)

Enpol(a—B)n, z) = (1 - g)
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Proof. (i) and (iii) Let us first prove that the integral on the right-hand side of (4.135) is

well-defined and, for a fixed z € C, it depends continuously on f € L*(jiq.5.0)-
We have, for f € L*(fta5.0),

; F((a— B)n)| <§>% (0 t?azyn)
= g (o= B)n)| (g)”% (o—+nayz‘)<n>
S [(3)'5 ()]

. o . [<U+alz|>(")r ’
<(1-2) Ml | 2 (2) S )

n=0
Lemma 4.49. For any a1 > ay >0 and 0 < g <1,

5o L))’

< 0.
n! (ag)™ >

n=0

Proof. Let (r,)5, be a sequence of positive real numbers such that, for each ¢ € (0,1),

(o @]
Z q"r, < 0.
n=1
We state that, for each C' > 1, there exists a constant p > 0 such that

rn, < pC™ foralln €N,

equivalently, the sequence (Z&)s2; is bounded. Indeed, assume the contrary, i.e., there

exists a sequence (ng)72; of increasing natural numbers such that

r
ks 400 as  k — o0o.
Cm

Hence, without loss of generality, we have

Ty

Cme

>1 forall k €N,
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equivalently

T, > C"
But then, for ¢ = C~! < 1,
> Yo = 3o e
n=1 k=1 k=1

But this contradicts the assumption that Y >°, ¢"r, < oo.
It follows from the definition of a negative binomial distribution that, foreach 0 < ¢ < 1

and a; > 0,
—~ , 1
n __ (n)
ng_oq o (a1)"™ < 0.

Therefore, for each £ > 0,
(al)(")
n!

<p (142", (4.143)

where the constant p; > 0 depends only on a; and . Next, for any ay > 0,

(a2)™ = az(az + 1)(az +2) -+ (a2 + (n — 1))

>al-2---(n—1)=as(n—1)!

a2
= —nl. 4.144
“n (4.144)

Formulas (4.143) and (4.144) imply, for any a; > ay > 0 and € > 0,

(@)™ _ n ()
(az)™ ~ ay n!

< po (14 22)", (4.145)

where ps > 0 depends on aq, as and €.

Hence, for each € > 0, we have, by (4.143) and (4.145),

g2 e §
an % < p1p2 Z [q(1+2)(1+2¢)]" < oo,

n! (as)

if we choose € > 0 so that (1 +¢)(1+2¢) < 1/q. O

By (4.142) and Lemma 4.49, for each K > 0 and z € C, |2| < K,

i’f((a — B)n)| (g)n% (a t?az)(n)
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where the constant C' depends on «, 3,0 and K.

Next, for f(z) = ooy fisi(2) € L*(faps,0), we have

f(z) = lim p,(2),

n—o0

where p,(2) = >.1, fi si(z) and the convergence is in L*(y44,). By Proposition 4.47,

20 = [ 9E) pasansold)

and obviously (Sp,)(z) = Y-, fi (z | B); is an entire function. Formula (4.146) implies
that, as n — oo, (Spn)(z) converges to f(a—,B)No f(&) tapazto(dE) uniformly on compact
sets in C. Therefore, formula (4.135) indeed holds for all z € C, and (Sf)(z) is an entire
function. This proves statements (i) and (ii) of the theorem.

(iii) This statement follows immediately from Theorem 4.25 (iii).

(iv) Similarly to the proof of Theorem 4.25 (iv), we show that F, 5,(C) C C(C) and
if o #£0in Fup,(C) then ¢ #0in C(C).

By formulas (4.135) and (4.146), for each z € C, there exists C' > 0 such that, for all
f € L*(pta,5,0),

SHENE Il (4.147)
Since S : L*(tapo) = Fapo(C) is a unitary operator, formula (4.147) implies, for all
¥ € Fapo(C),

() < Clielz, ..

Hence, F, 5,(C) is a reproducing kernel Hilbert space.
Denote by I, the element of F, 3,(C) that satisfies

p(2) = (¢, ’CZ)]:Q’B’J(C) Vo € Fap0(C).

We have KC,(w) =", gn(w | B), for some g, € C. Since

(( | ﬁ)m’cz<>)]_— 5.0(C) = (Z ‘ ﬁ)n

@

and
(( ’ B)na ICZ())].‘

©) — Gan! (o [ =),
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we have

_ (z | B)n
n= T 4.148
wl(o [~ 4149
equivalently
G
Hence, the reproducing kernel is given by (4.138).
(v) By part (iv), for each f € L*(pto ) and z € C,
(SN(2) = (S Kapolz, ))]—‘a 5.6(C)
= (f» S Ka,ﬁ,a(z7 '>)L2(No¢,ﬁ,o)7 (4'149)
and by (4.139),
S—IICa (2, :S—l (2|5n(|6)n
o) =87 3 G o,
_ i (2| B)nsnl*)
n=0 n! (U | _77>n
= Eupol2). (4.150)

Formulas (4.149) and (4.150) imply the statement.
(vi) Similarly to the proof of Theorem 4.25 (vi), we obtain from formulas (4.135) and
(4.140), for £ € (a — )Ny and z € C,

dﬂfoa B,az+0o
Eap0(&,2) = ———(). (4.151)
’ dfta,5,0
Formula (4.141) follows immediately from (4.125) and (4.151). O

Consider the Hilbert space F,,(C) defined in Section 4.3. By Proposition 4.27,
F, - (C) is the closed subspace of L*(C, ), ) constructed as the closure of polynomials on

C.

Proposition 4.50. Define a unitary operator T : F, g ,(C) = T, ,(C) by
(T | B)a)(z) = 2™ (4.152)
Then, for each f € Fop,(C) and z € C,

(Tf)(z) = g f(BE) m=(dE). (4.153)
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Proof. The operator T defined by (4.152) is obviously unitary, see (4.134). So, we only
need to check that the operator T given by (4.152) satisfies (4.153). Since a > 3, we have

(@[ = = (0| =aB)n> (0 | =5%)a.

Hence, by the definition of F3 3,(Da,a,0) (see Theorem 4.25) and the definition of F, g,(C)
(see Theorem 4.48), we conclude that F, 3,(C) C F355(Da,a0). But now formula (4.153)
follows from Proposition 4.30. O]

Theorem 4.51. Define a unitary operator S : L*(pia p.0) — Fyo(C) by
(Ssp)(z) = 2"

(i) For each f € L*(ttop.0),

SNE = [ O pusealde) (4.151)
(a—B)Ng
where
poasd€) = [ o msalde) m (dm). (4.155)

In particular, for each z > 0, pa g o~ 15 the random negative binomial distribution pia g ncto,
where ¢ 1s a random variable having Poisson distribution T
(i) The operator S is a generalised Segal-Bargmann transform constructed through

the nonlinear coherent state

Eop0(§2) = i Wn—n)n sn(£), (4.156)
ie.,
(S/)(2) = (f, Bapol2)) o, 5.
= /( a_ﬁ)NOf(é“) Ea,5.0(&: 2) oo (dE). (4.157)
(iii) We have
Eapo(€:2) = /N 0 Eap.0(&, HC) 72 (dC), (4.158)

where the function £, s given by formula (4.141).
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Proof. (i) We only need to note that S = TS and apply Theorem 4.48 (iii) and Proposi-
tion 4.50.
(ii) Similar to the proof of statement (ii) of Theorem 4.31.
(iii) By (4.154) and (4.157), we get
dpopo.:
Eaa(€2) = Z025(6)
Hence, by (4.155),

d,uaﬁ (4o
Ea, N 5,2 :/ —RTe 6 Tz d< )
8.0(£,2) sy (&) m=(dC)

which, by (4.151), yields (4.158). O
The proof of the following proposition is similar to the proof of Proposition 4.34.

Proposition 4.52. The Fréchet space &L

1 in(C) is continuously embedded into the follow-
ing spaces: L*(topo), Fapo(C) and F, ,(C). Furthermore, the operators S, S and T

restricted to E7; (C) (T € (0,1]) are self-homeomorphisms of EL, (C).

min

Let 0T and 0~ denote the raising and lowering operators for the polynomials (s,(2))22,,

compare with formula (4.96). Denote
U:=1TUs, V:=1VS. (4.159)
Similarly to Proposition 4.35, we have

Proposition 4.53. We have

Z=UV
and
_ g _ o
U=90"+p0"0 +a:3+(1+53)+a, (4.160)
V=a0 +1. (4.161)
Proposition 4.54. We have
Dgs_,
= 4.162
? 1-— aDg_a ( 0 )
D,
_ ) 4.163
1 - BDafﬁ ( )



Proof. By Theorem 2.11, Remark 2.12 and Theorem 2.16,
0~ = B(D), (4.164)

where B(t) = AV (1), i.e. B(t) is the compositional inverse of A(t).

From Case 4 (Negative binomial) in Section 2.4, we have

(B-a)t _ 1
€
B(t> - /6 — ae(ﬁ_a)t
e(ﬂ_a)t — 1
B —afeB-at —1) —q
. e(/g_a)t — 1
~ (B—a) — (et —1)
e(B—a)t_q
= (4.165)
1 _ et :
B—a

By (4.164), (4.165) and Boole’s formula, this implies (4.162).

Similarly
(B=e)t _ 1
e
B(t) = 5 acan
1 — e(a_ﬁ)t
- ﬁe(a—ﬁ)t —
e(a_ﬁ)t — 1
T A Bl 1) 5
e(a_ﬁ)t — 1
“a 5 e )
ela=B)t_q
= e?o‘*ﬁ)t—l )
1-p —3
which implies (4.163). O

Recall that the operator Z acts continuously in EL; (C), see Theorem 4.36.

min

Theorem 4.55. The operators D, for each ¢ € C, and 0~, 0%, U, V may be extended

by continuity to EL. (C). Furthermore, for each f € EL, (C), we have

min

O NE = [ (C9) = FC) G e (@) (1.1660
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vnE= [ (e =10 0 ) Gt (wae)

and

U=2(1-aDs.) (4.168)
0% = Z(1 — aDs_o)(1 — BDa_g) — g (1 — BDa_s). (4.169)

Proof. The continuity of D, for each ¢ € C in &},,(C) easily follows from Corollary 2.26
applied to the falling factorials ((z | ¢),)%,. The continuity of =, 9%, U, V in &L, (C)
can be shown analogously to the proof of Theorem 4.36.

We start with verifying (4.166). By (4.163), we have

_ D, .
0 —1_@&5 Daﬁzﬁ D"

R W

n=1

Hence,

o

O (2] = B)n = Zﬁ’“*l Dt _ (2] a—B),

k=1

Z ‘ Od_ﬂ)nfk

_Z B" Lz a— B). (4.170)
On the other hand,

[ sl Bl 8] G sa(ds)

[ n

_ S "V la—B(s|a—Bg—(2]a—pB) lua,g,n(ds)
/(a,B)No :k:0 <k) ] B

— nz_i " (zla=P)k(s|a— Pk 1 fho,8,(ds)
/a,B)No | k=0 <k) ] 6

n—1 | 1

nl
Rt (za= B - B(n—Fk) /(a B)NO(S | &= B)nk pra,pn(ds). (4.171)
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Lemma 4.56. We have

g

(n)
[ o= s ) = 7 (—) . (4.172)
(a—B)Ng n

Proof. By (2.52), Definition 2.33 and (4.120), we have

/ (5] 0= B)n o (d3)
(a—pB)Ng

= a— [B)" i o080 (dS
/MNO< 8) (a_ﬁ)num )

k

= st k) (= 8" D (@ = ) S (ki) (=] -5)

k=1 i=1 ¢

- stk = Ay Stk (21 -8)
=1 k=1

== (Z1-8) 3 a(nb) S
=1 k=i

=S (a-ar (Z1-8) b,

By (4.172),
/ (s|a—PB)n papny(ds)=p"nl. (4.173)
(a=B)No

By (4.170), (4.171) and (4.173), we get

Tela=Bu= [l oD (10D G ms(d)

Hence, (4.166) holds for each f € P(C). The extension of this formula to f € &}, (C) is

m

similar to the proof of Theorem 4.36
Next, by (4.161), for f € EL. (C), we have

m

VHE =0 [ (et = 1) Gt @)+ [ 1) sy @9
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— [ ) = ) G (@) [5G o (@)
(a—pB)Np

which is (4.167).
From (4.161) and (4.162), it follows that

Dﬁ_a O./Dg_a + (1 — OéDﬁ_a)
V = _— 1 =
@ 1-— ozDﬁ_a + 1-— OéDg_a
1 -1
= —(1-aDs,)".
—aD,. (1-aDsq)

Since

Z=UV=U(l-aDs,)".

Multiplying this equality by (1 — aDg_,) from the right gives formula (4.168).
Finally, by (4.163),

Do
1+ 60" =1+0 ¢

1 - BDafﬁ
_ (1 — BDQ—B) + ﬁDa—B
N 1 _BDa—,B
_ 1 _ _ -1
] _ﬁDa—B - (1 ﬁDa*ﬁ) :

Hence, by (4.160),
U=0"(1—pBDa )"+ g

By (4.168) and (4.178),
Z(1 = aDs o) = 0" (1 — BDap) ' + g
Multiplying this equality by (1 — fD,—p) from the right gives formula (4.169).

Since

SOS'=D, SISl =27,

we have, by (4.159)—(4.161), the following
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Proposition 4.57. Define
U:=SUS™ ' =TuUT™', V:=SVS*t=TyT"

Then
U:Z(1+5D)+g, V=1+aD.

Similarly to Proposition 4.38, we have
Proposition 4.58. The operator
A" =00 +n0t0 0"

18 closable and let us keep the notation A~ for its closure. Then, for each z € C, the

coherent state E, 5,(-, 2) given by (4.156) belongs to the domain of A~ and

A" Eopo(2) = 2Bapo(-2),

4.6 Meixner case

Let 0 > 0 and o, € C, f = @, () > 0. Define U,V € L(P(C)) by (4.107).
By Lemma 4.40, U and V generate a generalised Weyl algebra with the commutation
relation (4.108). Let as before p = UV. Then p” is given by formula (4.109).

Let (5,(2))22, be a sequence of monic polynomials on C satisfying the recurrence

relation
230(2) = Bapa (2) + (Wn + g) 5.(2) + (on +n(n —1) 3 a(2), neNy,  (4.180)

where 5_1(2) =0, \=a+ 8 =2R(a), n=af = |a]*.
Let also (s,(2))2, be the sequence of Meixner polynomials satisfying the recurrence
relation

25p(2) = Spp1(2) + A s, (2) + (on +nn(n — 1)) s,—1(2). (4.181)

By Section 2.4, (s,(2))22, are orthogonal with respect to the Meixner distribution on R:

o) = Cos s (B i (s s )

N

2
dr,  (4.182)
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where Arg(a) € (0, 7) and the constant C, 3, is given by

(2eos (5~ Argla)))F (Ao

43 (o) F(%) S(a)n

Copo = (4.183)

By (4.180),

<z - g)'gn(z) = 501(2) + AnEa(2) + (on+nn(n — 1)) 5.1 (2),

and so

25, (z + E) = Spi1 (z + 2) + Ans, (z + g) + (on+nn(n —1))s,_1 (z + z).
Q a e o

Hence, by (4.181), we see that, for all z € C,

Sn, (z + —) = s(2), (4.184)
in particular, for all x € R,
g, <x + 3) = s,(a). (4.185)
«
Define

Xavﬁ,gz{z€C|z:x+g, QSGR}:R—Z'
« n

Let fiap,(dz) denote the probability measure on X, s, which is the push-forward of
[t g0 under the map
RS20 2+~ €Xago (4.186)
o'

Note also, that, by (4.185), s5,(z) € P(R) for each z € X, g,.

Proposition 4.59. The measure [iop, 0n X, 5, 15 given by

st = Cusn o (S5O e (555

N)

2

dz, (4.187)

where

e Am)? (5= Al

p (4.188)

Note that dz = dR(z) on X, p,0-
Furthermore, (5,(2))5, is a sequence of monic orthogonal polynomials on X, 5, with

respect to the measure [iop,. More exactly,

J

5m(2)3n(2) ﬁa,ﬁ,o(d'Z) = /Rsm(Z) sn(2) Ma,ﬁ,a(dx) = O ! (@] =1n)n (4.189)

a,B8,0
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Proof. By (4.185) and the definition of ji, ., we have, for all m,n € Ny,

/X 520(2) 5a(2) Frapo(d2)

a,B,0

— /Rgm (a: + g) Sn (96 + g) [ha,8,0(d)
= /Rsm(:lj) sn(x) /La,gyg(dl’) = 5m,n n! (U ‘ —ﬁ)n,

which proves (4.189).

Now, we will derive the explicit form of the measure fi, 5,. The push-forward of the
Lebesgue measure dz under the map (4.186) is the measure dz = dR(z) on X, 3,. By
construction, the density of the measure /i, 5, with respect to dz is the density of the

measure fi, g, at the point z — 2. We calculate:

- (e - 5w ww)

- ‘F (Q%i'(za)) 2 (4.190)
and
exp((gfgg))(:»%)) (5 — Arg(a))
=ew (Mg ) e (s )
= exp (T Y (- Y (4.191)

By (4.182), (4.183), (4.190), and (4.191), formula (4.187) holds with

s B A o (LAt o (L1 )
_ (e é%a; f;g(;))) o (- Aelale(Rlo) - )
oS (=5
_ (e éi} :;%g)))g . (( ~oele)o) s

[]
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Define Z € L(P(C)) by
Z(z | B)n = 3u(2).

Then, a straightforward generalization of Lemma 4.41 gives
Z=TpI . (4.193)

Proposition 4.60. We have

n

=Y (@ =By ESm k) | =B

k=1

+) (Z(a — B)"%S(n, k) S(k,i;—8, B, g)> 5:(2), (4.194)
i=1 \ k

=1

and
~ o
sn(2) = (_a | B)n
+> (Z S(n, k; B, B, —§><a = ) s(k, z’)) (4.195)
=1 \ k=i
Proof. Essentially identical to the proof of Theorem 4.42. O]

Corollary 4.61. We have

/ 2" flopo(dz) =
X

a,B8,0

(x + g)n Hap.0(dT)

s

(=B S(n,k) (2| -5) .

1

i

Proof. Immediate from formulas (4.189) and (4.194). O

Define S € L(P(C)) as S :=Z~'. Then

(§50)(2) = (2] B)n (4.196)
and
Sz8' = p, (4.197)
and so
(SE")(2) = (p"1)(2). (4.198)
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Corollary 4.62. Let z € C be the form z = pr, where r > —%. Then,

(Ep)(z) = ]Q PE) Tiapamso(dE)

= /Rp <§ + 2z + g) Ma,ﬁ,az-‘ra(dS)
for all p € P(C).

Proof. First, we note that, for z as in the lemma, we have az + o =nr + o € (0,0).

It is sufficient to prove that, for each n € N,

SN = [ € uanialdd)

Xa,,@,az+a
But this follows from formulas (4.198), (4.116) (which holds in our case) and Corol-
lary 4.61. 0

Below, we will assume that R(«) > 0, the case R(a) < 0 can be done similarly.

Lemma 4.63. Let go5,(x) denote the density of the measure fi gy, i.€.,

_ (2cos (2 — Arg(a)))% y (5 — Arg(a)) o R(a)
i) = g ()

)
e ((% - %A(rj)(a))w) ‘r ( 2%7;:@) + QQZ(Q))

2

Denote

if R(a) >0, and
Do ={¢ € C[R(C) >0}

if R(a) =0.
Then for each fixred x € R, the function

(0,400) 3 0 Gapo(z) €R
admits a unique analytic extension to a function

Daﬂ > C — ga’ac(l’) e C.
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Eaxplicitly, for ¢ € D, g, we have

(5 — Arg(a)))
43(a) 7 T(5)

o (( S )x> (a5t * mst) (50w 410

(2 Cos

Japc(T) =

Proof. Since Arg(a) € (0,7), we have cos (g — Arg(&)) > 0. Therefore, the function

3

Co(— (2005 (g — Arg(a))) eC

is entire. Next, the function

{§€C|%(C)>O}9C>—>F(%>€C

is analytic and has no zeroes. Therefore, the function

{CE(C|%(§)>O}9§»—>%%)E(C

is analytic. The function

Cagb—>exp<(

1s entire.

Using the property I'(Z) = I'(2) of the complex gamma function, we write, for { > 0,

‘F (2§fa> ! 2a§<a>) - (2§fa> "o §<a>) g (‘2§<Ea> 38 §<a)) |

We note that, for ¢ € D, g, the following inequalities hold:

Hence, the mappings

Dag 3¢ Hzg(a) o S(a)  2%(a)  2nS(a)’

i ZC L 1T o iCQ
Da,ﬁ S (> — 2%(@) o 203 S(a) - QS(CY) 2n %<O‘)
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map the domain D, g into the domain {z € C | R(z) > 0}, on which the gamma function

['(z) is analytic. Hence, the function

s (25@ T2 §<a)) g (‘2%39(6@) G §<a>)

is analytic on D, 3. Now, the lemma follows from the theorem on uniqueness of analytic

function. 0

Below, for each ¢ € D, 3, we will denote by ji4 g ¢(dz) the complex-valued measure on
R that has density g, g¢(z) with respect to the Lebesgue measure dzx.
The following proposition is taken from [41, p.15].

Proposition 4.64. The following asymptotic formula holds, for d,xz € R:
T(d+ia)| = V2r exp (= fal) al"* (1 + E(d, ),
whereas, for each fivred K > 0, E(d,z) — 0 uniformly in the strip {|d| < K} as |x| — oo.

Lemma 4.65. Let K > 1.
(i) There exists a constant C > 0 such that, for all d € [+, K| and € R,

D+ )] < Coxp (~lal) (1+]a]) 2.

(it) For each r < %, there exists a constant C, > 0 such that, for all d € [, K| and
r € R,
IT'(d +ix)| < Crexp (—r|x]).

Proof. (i) The result follows from Proposition 4.64 if we take into account that the function
1 .

[?,K] xR>(d,z) = |I'(d+iz)| e R

is continuous, hence bounded on any set [+, K] x [—L, L] (L > 0), whereas

exp (~Tlal) (14 o) 21, zeR

(ii) Immediate from (i). O
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Lemma 4.66. For each ¢ € D, and n € Ny,

/R|x|" |Gap,c(x)] dz < oo,

Proof. In view of (4.199), we need to prove that

JAER (( 50 am) ‘F (3500 * 5) ‘

r (— Q%ifa) - 2;&?‘&) ‘ dz < 0. (4.200)

X

We have
w icB8 Y\ Z,
(2\9( ) 277\3( ))_F(d1+ (2(\( )+ 1))7
1T iCa B ( .
g <_2%(a) 2 g(@)) =1 (d2 + ( 250t lz)) , (4.201)
where
5 = ROS(@) = S(OR(a)
' 20 () ’
;_ ROR() +3()3(a)
' 203 () ’
.~ ROS(a) + (OR()
: 23 (@) ’
—R(OR() + I()S(e)
h = 21 (a) (4.202)

In Lemma 4.65 (ii), choose K > 0 such that d;,ds € [%, K]. Then we conclude that, for
T — Arg(a) < r < %, the integral in (4.200) is bounded by

2 [t o (= Ao ]

X S bl d
exp | —r 25(0) 1] ] exp 2% o) 2 x
CQ (|l |+z]) /|$|n exp (( |.’L” exp< |l‘|> dx
A
— 2er(llt) /|m|n exp (( rg(a) r |x|> dz < co. (4.203)
R S(a)
0
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Lemma 4.67. For each n € Ny, the map

Dopg> (¢ /a:” Hapc(dr) € C
R

15 analytic.

Proof. Define

Gap¢(x) = exp ((

ot (%wfa) ’ 2n§fa>) g (‘2%% - 2niécfa>> |

It is sufficient to prove that, for each n € Ny, the map

T Arg(a»x)

I(a)

Dy C s / " Gopel(z) da (4.204)
R

is analytic.

Let ¢ € D, be fixed. Let R > 0 be chosen so that
B((,R) ={z€C|[z =(| < R} C Dagp.

To prove the differentiability of the map, it is sufficient to prove that

d
|z|™  sup '—gaﬁyz(x) dr < 0. (4.205)
R 2€B(C R) 62’
By Cauchy’s integral formula,
up | a0 € s [fse(o)] (4.206)
zeB((,B) 107 2€B(0,R)

Indeed, for each z € B(o, &),

9 .. 1 Jap(T)
A Ya z = o —_ d )
20 = 52 ¢ :

271 2 —z

R

where 7 is the circle |2’ — 2| = % oriented counterclockwise. Hence,

< sup  |gap(2)],

o/ =2l =5

0 .
o Gosalo

which implies (4.206).
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By (4.205) and (4.206), it is sufficient to prove that, for each n € N,

JAEREE (< _§<r§>( am) nien ’F (2%% ’ 2ni§fa>) ‘

X ze?Blng,R) r (—2%((1) ~ o %(a)) dx < oo. (4.207)
Similarly to (4.202), denote
_ R()3 (@) = S(:)R(e)
BT s
h(z) = R(2)N(a) + 3(2)3(a)
! 203 () ’
RIS ERORCLT)

|
=
O
=
8
_|._
Q S~—
&
i<
£

[\
3
Z
£

By (4.200) and (4.201),

sup
2€B(C,R)

g (25(6@) y 2ni§fa>>

= sup
2€B(C,R)

sup
2€B(C,R)

= sup
2€B(C,R)

r (dg(z) +i(— 33(a) + lg(z))) ’ (4.208)

Choose K > 0 so that, for all z € B((, R), both di(z) and da(z) belong to [—+, K.
Denote

Ly = max |l1(z)], Lo = max |la(2)].
2€B((,R) 2€B(C,R)

Then, by Lemma 4.65, (ii), for § — Arg(a) <7 < 5 and z € R,

||

r (dl(z) —|—Z(L + ll(Z))) ' < Orerﬁle—rm’

sup

2€B((,R) 23(a)
x sl
e | (d A" gy TR ) 'S Ceb2e @ 4.209
2€B((,R) 2(2) ( 23(a) 2 )) ( )
Now (4.207) follows from (4.208) and (4.209). O
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For a fixed ¢ > 0, we define 25%570 to be the pre-image of D, s under the map

Cosz—az+o,ie,
S _ b
Dopo=32€C|z=—=((—0) where ( € Dy ¢.
U
Lemma 4.68. 15047570 is an open connected subset of C such that
{z € C| z = pBr wherer > —z} C Do po- (4.210)
U

Furthermore, if R(c) =0 then R C Dy gy, and if R(c) >0 then

O' ~
—— Doso- 4.211
(- 5575:¢) € o (1:211)
Proof. We only need to show formulas (4.210) and (4.211).
Let r € R and z = Br. Then

azto=afr+o=nr+o € (0,4+00)

if r > —<. Thus, (4.210) holds.

2.
Next, for r € R,
ar+o=R(a)r+o+iI(a)r

If R(a) =0, then R(ar + o) =0 >0, hence r € 15047570. If R(aw) >0, then R(ar+o0) =

Ra)r+o>0if r > —%. Furthermore, the inequality

(\4
(@) r| < (R() r + o) %
is equivalent to
| <7+ o,
R(a)
which holds if and only if r > —ﬁm). O

Proposition 4.69. Let p € P(C). Then, for each z € 2504,@0,

(Sp)(2) = /R p (5 +z+ g) flaazt0(d). (4.212)
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Proof. By Corollary 4.62, formula (4.212) holds for z = fr with r > —%. Note that
(S€™)(z) is an entire function of z. On the other hand, by Lemma 4.67, the function

,5047,3,0' >z /p <€ + 2+ g) ,ua,,b’,ozz+a'(d£> (4213)
R

is analytic. Hence, by (4.210) and the theorem on uniqueness of analytic function, formula

(4.212) holds for all z € 5a,5,g. O
Next, we define § € L(P(C)) by
(Ssn)(2) = (2| B)n-
Proposition 4.70. Let p € P(C). Then, for each z € 2504,570,

(Sp)(z) = / P(E+2) frop0mso(dE).

Proof. By (4.184) and Proposition 4.69,

[ €+ 2) tapaziatde)
R
- o
= Sn (5 +z+ _> Ma,ﬁ,az+a(d€)
R (6%
- (Z | 6)717
which implies the statement. O

Proposition 4.71. Let p € P(C). Then, for each x € ( Ta) —l—oo)

(Sp)(z) = / P(E) Gorpo (1, €) e,

where
- (2cos (2 — Arg(a))) E (2 — Arg(a))(ax + o) R(a)
Gose®:8) = iy (222) eXp( T S )
(5 — Arg(a))(§ — z) i§ w03 —i ioQ ro
: eXp( s )F (2%<a> ! 2n%<a>) g (2%<a> EZEON 7) |
Proof. Using formula (4.211) and Proposition 4.70, we get, for each z € (—3 ( L , +00)

= —oo if R(a) = 0),

(here and below we denote __Q?R(a) =

(Sp)(z) = / P(E + 1) Gopomso (€) dE
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- /R D(2) Gopransa(€ — ) de.

It remains to note that

ga,ﬁ,o‘(xa E) = ga,ﬁ,aera(f - .1')

Indeed,
(o e
- (ﬁzfa) - 2%) ’ 2772@?04) " 2772;?“))
=T (2 i‘iﬁa) 277ng@)>
and

(5@ 2%2@) "aiﬂn_ : B Qn@g?a))
-1 (50 mﬁ&fﬁ;im o)
(5t m) -
Lemma 4.72. Define
Doy — {z €C|S(2) < % (RE)R() + ) } (4.214)

Then, for each fizred £ € R, the function

o

(_M’ —I—OO) ST ga,67a(x7§) eC

admits a unique analytic extension to a function

,Da’g’g S 2 ga,ﬂ,a<z7£)7
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and

for 2 € Dy
Next, let us show that

1€ o za
R — — — ) >0 f €Dyso 4.216
( (@) @) n> or 2 € Daup, (4.216)

For this, it is sufficient to check that

In fact, we have

for z € Dy g0

Now, the lemma follows from the theorem on uniqueness of analytic function. O

Lemma 4.73. For each n € Ny, the map

Da7ﬁyo’ S Z /5” ga,ﬁ,a(zvf) df
R
18 analytic.
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Proof. The proof of this lemma is similar to the proof of Lemma 4.67, thus we omit it. [J
Proposition 4.74. Let p € P(C). Then, for each z € Dy 3,

(S0 = [ 9O Gunalz.) e,
where Gu po(2,&) is given by (4.215).

Proof. We note that

( M(a)’ +°°) C Pepor

Hence, by Proposition 4.71, Lemma 4.73 and the theorem on uniqueness of analytic

function, the result follows. n

Proposition 4.75. Let 2y € Dy . Let R > 0 be such that the closed ball
B(zp,R) ={2 € C ||z — 2| < R}
is a subset of Do . Then, there exists a constant C' > 0 such that, for all f € L*(R, fia.5.0),

sup / HENGapo(5:6)] d€ < ClIf 2o .

z€B(z0,R)

Proof. We have, by the Cauchy—Schwarz inequality, for each z € B(z, R),

/|f ) 1Gos (2, €)| d = /|f g‘”"z@

Gapo(§)
S(/!f uagad@)Q(/R

ga,ﬂﬂ(Z’g) ?
Gopo(2 O .\
=||f||Lz(R,uaﬁ,(,>< Mdf) : (4.217)

fa,p,0(dS)

1
2

Ga,8,0(€) ' Maﬁﬂ(dé))
R ga,ﬂﬁ(f)

We have, by (4.199) and (4.215),

Gopo(2,6)? _ (2cos (2 — Arg(a))) " | r(2)
9o, (§) A3 () - (az+o>

5 — Arg(a)) R

x exp F

é. . ﬂ 2 (_2(\1'5 -3 i(o;a @)
X F( T ) : Mo W) ) (4.218)
2 r (_ i€ doa >
2S5 () 21 ()



Since I'(§) = T'(§), we have

g (2%) y 27;;?04)) - (‘2§a> - 2ni;?a)> '

Hence, by (4.218),

Go:€)! _ (2c05 (5 — Arg(@)) ™ T()
Ga,5,0 (&) AS(a) 2 <“Zn+“>
% exp {(% — Arg(a)) R(a) (202 +0) | (5 — Arg(a))(§ - zz)]
S(a)n I(a)
o € ioa 2
o ( 2%(a)  2n3(w) * n ) ' (4.219)

Thus, by (4.218) and (4.219), to show (4.217), it is sufficient to prove that
/ {(% - Arg(a))é}
sup exp :
R

z€B(z0,R) %(Oé)

i€ o za
r? (_2%‘(04) BETIS + ?> ‘dg < oo. (4.220)

Using the change of variable ¢ = —-5—~ we see that (4.220) is equivalent to
g ) 23(a)

™
Ay Joow |25 ame)e]

For ¢ € R and z € B(z, R),

. 1oQ 10"
r? (z£ TR + ?) ‘dg <oo. (4.221)

Yoxe’ +za
2nS(a) 7

. oR(a) o (za) , (za)
=1 —1 + —+R|— | +iS|— |,
TR U U

i§

where

za) _ R(E)R(e) —S(2)S(a)

%<n)_ n ’

S (@) _ S(2)R(a) + R(2)S ()
n n

Define
L o oR(a)

"o N TS



Then,

'F (i£ — 277%?&) + ?) ‘ = [T(i(€ + L+ 12(2) + di + da(2))].

Recall (4.216). Choose K > 1 such that

1
di + dy(z) € {E’K} for for all z € B(zy, R).

Hence, by Lemma 4.65, (i), there exists a constant C' > 0 such that, for all £ € R and
zZ e B(Z(), R),

‘F(Z(f + ll + lQ(Z)) + d1 + d2(2)>|
< Cexp (—g|§ Ut 12(Z)|> (1416 +0 +b(2)) 2. (4.222)

This in turn implies that, for a constant C” > 0 and for all £ € R and z € B(z, R),
IT(i(§ 4+ 1y + l2(2)) + di + da(2))|
' m K
< _Z
< Clexp (=3 I¢l) (1+1¢)"
Therefore, for all £ € R and z € B(z, R),
(T e (s _ica_, =
ol aw)e) P (e 5505+ 5)
4 "2 2K
< exp |2( 5 - Aug(a) ) ] - (€ exp (-nleD (14 )

= (C")? exp (— 2 Arg(a)|€]) (1 + [€))*",

which implies (4.221). O

Theorem 4.76. (i) Let (f,)5, be a sequence of complex numbers such that
S 1fal?nl (o | =n)n < oo (4.223)
n=0

Then the series Y~ fu (2| B)n converges uniformly on compact sets in Dy g, and it
is an analytic function on Dy g .
(it) Denote by Fop.o(Dape) the space of all analytic functions on De g, that have

representation

p(z) =D fa(z|B)ns (4.224)
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with (fn)2, satisfying (4.223). Consider Fu po(Dapo) as a Hilbert space equipped with

mner product .
(L) Fo g Papo) = D Sn Tl (0| =) (4.225)
n=0
with 9(2) = 32020 fo (2] B)n, ¥(2) = 32020 9n (2 | B)n € Fapo(Dapo). Let
S L*(R, ptapo) = Fapa(Das,a)

be the unitary operator defined by (Ss,)(2) = (2| B)n. Then, for all z € Dy g,

SHE) = [ £©) Gunolz.)
R
where Gu po(2,€) is given by (4.215).

(111) In formula (4.224),

= L (D}e)(0)

)" ¢ k(T
= -1 k).
ol ;:0( )\ ) (Bk)
In particular, the function ¢ is completely determined by its values on the set {fk | k €

No}.
() The Fopo(Dape) is a reproducing kernel Hilbert space with reproducing kernel

ICa’ﬂ’o'(Z7w) _ Z (2 | O-/)n (w | ﬁ)n7 2w e Da,ﬁ,g-

—~ (o] =N

Ja

(v) Define

Eapo(€2) =) _ (B

sn(§), EER, 2€Dyp,- (4.226)
<l (o [ ~1)n ’

n—

Then, for each z € Dy gy, we have Eupo(-, 2) € L*(R, tto50) and

() = (f:€ap+2) 2@, )
_ /R F(E) En (€. 2) fiapo(dE).

(vi) The function E,p5,(&, 2) defined by (4.226) admits the following explicit formula,

for E€R and z € Dy,
)
+

Eapo(§ 2) = <2cos (E_Arg )CZ ?

)
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i€ lege’

(X — A F (_ S(a S(a + )

X oxp (@(2 rg(@))%) 25( >Ag S (a) | (4.227)
L T (-5t — 55%5)

Proof. The proof is similar to that of Theorem 4.25 and Theorem 4.48, so we only outline

the main new points.

Parts (i) and (ii) follow from Propositions 4.74 and 4.75.

To show part (iii), we note that the proof of part (iii) of Theorem 4.25 admits an im-
mediate extension to the case where 5 € C. In fact, it easily follows from formula (4.214)

that 8 € Dy, for r > hence Bk € D, s, for all k € Ny.

TP
The proof of part (iv) is similar to the proof of Theorem 4.48, (iv). We only need to
note that formula (4.148) implies

Z|a)y,
PRCIT N
(v) Immediate.
(vi) We note that
ga Ja,B,0\5) (5)
Eap.0(8,2) =
’ ga,ﬂ,o(&)
hence the statement follows from (4.199) and (4.215). O

Similarly to Proposition 4.50, we have
Proposition 4.77. Define a unitary operator T : Fy g 5(Dapgo) = Fyo(C) by
(T(- | B)n)(2) = 2" (4.228)

Then, for each f € Fopo(Dapo) and z € C,

(Tf)(=) = . F(BE) w2 (dE). (4.229)
Theorem 4.78. Define a unitary operator S : LA(R, 1o 5.5) — Fpo(C) by
(Ssn)(2) = 2"
(i) For each f € LA(R, jio s.0),
/ f(& (z,€)d¢, z€C, (4.230)
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where
Copo(2:6) = | GapolBC.) m5(d0) (4.231)

where the function Gu g, is given by (4.215).
(i) The operator S is a generalised Segal-Bargmann transform constructed through

the nonlinear coherent state

Ea,ﬁﬂ(&? Z) = Z m 5n<€)7 (4232)
n=0 n
i.e.,
(S1)() = (. Eapo (- pagep
= /R f&) Eapo(§,2) taso(d). (4.233)
Here
Bae(6:2) = [ Eanol€.50) m5(d0), (4.234)

where the function £, is given by formula (4.227).

Proof. Since S = TS, the theorem immediately follows from Theorem 4.76 and Proposi-
tion 4.77. O

Similarly to Propositon 4.52, we have

Proposition 4.79. The Fréchet space EL. (C) is continuously embedded into the follow-
ing spaces: L*(fapo), Fapo(DPapse) and F, o (C). Furthermore, the operators S, S and

T restricted to E7; (C) (7 € (0,1]) are self-homeomorphisms of EI. (C).

Proposition 4.80. (i) Let f € EL. (C). Then, for each z € 150[”3,0,
(SO = [ FE+2) bopaneald) (4.235)
R

(ii) For each f € £, (C),

(S)(2) = / FE+2) PopiasldE),

where

Pap.o=(dE) :/ Mo 8m+o (dE) Uk (dm).

No
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In particular, for each z = Br with r > 0, papge. 15 the random Meixner distribution

Ho,Bnc+o, Where ¢ s a random variable having having Poisson distribution .

Proof. (i) By Proposition 4.70, formula (4.235) holds for each f € P(C).
Let f(2) = 320° fusn(z) € ELL(C). Define pr(z) = 3¢ fusu(z) € P(C). Then,

(
pe — fin EL, (C) as k — oo. Hence, for each z € C, (Spi)(2) = (Sf)(2) as k — oco. By

(2.4), for each t > 0, there exists a constant C; > 0 such that
sup sup |pp(2)] < Cpel?,
keN zeC

Furthermore, for each z € C and £ € R,
&+ 2) = f(E+2) as k— oc.

Hence, by the dominated convergence theorem, to prove that, for each z € ﬁaﬁ,g,

/pﬁf+@AM@MﬂuEw:/pA6+QQMMHA®df
R R
— / fE+2) gapazta(§)dE as k — oo,
R

it is sufficient to show that, for some t > 0,

/ww%mm@ﬂ@<m
R

But this fact follows from the proof of Lemma 4.67, see in particular formula (4.203).

(ii) Immediate by (4.210), Proposition 4.77 and part (i). O

o0

Let 0" and 0~ denote the raising and lowering operators for the polynomials (s,(2))22,

compare with formula (4.96). Denote
U:=1IUs, V:=IVS.
Similarly to Proposition 4.53, we get
Proposition 4.81. We have
U=a++ﬁm0-+§:aw1+ﬁao+g, (4.236)
V=a0 +1, (4.237)
and

v =242
(e}
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Theorem 4.82. The operators 0=, 0%, U, V may be extended by continuity to EL. (C).
Furthermore, for each f € L, (C), we have
1
NG = [ (1(z+5+ L) = 12)) S o), (4.235)
R
2iS(a)\ «
v = [ (#(z s D) =16 200) S onata) (4.239)
R o «Q p
and
U= (Z + g) (1 - OéD_gig(a)) (4240)
o o
ot = (Z —+ a) (1 — OéD,Qig(a))(l — 5D2ig(a)) — a (1 — ﬁDQig(a)). (4.241)

Proof. Let us similarly introduce operators 9% and 9~ for the polynomials (5n(2))5%,
which satisfy
(07 5,)(2) = 5ns1(2), (07 5.)(2) =3, 1(2). (4.242)

Lemma 4.83. We have

o =0, (4.243)

0t =Es 9T Ea. (4.244)
Proof. By (4.184),

sn(2) = (B4 3,)(2). (4.245)

From this and (4.242), formula (4.244) follows.
Similarly,
9 =E:d E .
But 07 is the lowering operator for a Sheffer sequence, hence it is shift-invariant. Thus,

0" =EiE 20 =0, O
Define
U:=1US, V:=1VS.
Similarly to Proposition 4.53, we see that
~ =~ .
U:8+(1+58 )—i—a,
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V=ad +1.
Similarly to Proposition 4.54, we get

Lemma 4.84. We have

5 _ Dgo  _ D _si5(a)
1-— OéDg_a 11—« D_Qig(a)
Da—b’ . DQiS‘r(a)

1= BDa—pg 1= BDys)
Lemma 4.85. The operators 0, 5+, U, V may be extended by continuity to &L (C),
and furthermore, for each f € EL. (C),

T = [ O = 1)) 5 Tu d0) (4.246)
T = [ (#4016 25) S (a0, (4.247)
U=2Z(1-aD_ys), (4.248)

0" = Z(1 — aD_y5()(1 — BDaise) — g (1= BDaism). (4.249)

Proof. The proof is similar to that of Theorem 4.55. Indeed, similarly to (4.170), we have

3
—_

3

!
o (| 0= Bl =3 B (x| a— B (4.250)
k=0
and similarly to (4.171),
1
[ lerla=p=la= 8] 5 )
Xa,ﬁ;n
! 1 ~
=S G la-0 - gr [ €la= By Fusald). (4251
Next, similarly to Lemma 4.56, we have
(n)
/ (€ la=B)n fiape (dC) = B" (g) : (4.252)
Xopim n

Indeed, to show (4.252), one only needs to use Corollary 4.61 instead of (4.120). Now, by
(4.250)—(4.252), formula (4.246) easily follows.

Next, similarly to (4.174), we prove (4.247).

Finally, formulas (4.175)-(4.179) obviously remain true in our case if we replace U, V'

and OF with U, V and 87, respectively. This proves formulas (4.248) and (4.249). [
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Formulas (4.243), (4.246), (4.247) and the definition of 4, imply (4.238) and
(4.239).
By (4.245), we have

S=SE &« I=EFE«T.
Therefore,
U=TUS = EsTUSE « = EaU E =,

Hence, by (4.248),
U=FEsZ(1—aD_yq@) E™ 4.

Since the operator 1 — aD_y;g(q) is shift-invariant, we get

U=E:ZE a(1—aD_gga)- (4.253)
Since
o o o o g
(BF 2575)(2) = B (2(: = 2)) = (2 +2) £(2),
we have
EfZE % =2+72,
o}
and so formula (4.240) follows from (4.253). The proof of (4.241) is similar. O
Since

So~S™t =D, Sots™t = Z,
we have similarly to Proposition 4.57, the following

Proposition 4.86. Define
U=SUS!'=TUT*, v=SVsS*t=TyT "

Then
U=Z(1+8D)+2, V=1+aD.
[0

Similarly to Propositions 4.38 and 4.58, we have
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Proposition 4.87. The operator
A" =00 +n0t0" 0"

1s closable and let us keep the notation A~ for its closure. Then, for each z € C, the

coherent state B, . (+, 2) given by (4.232) belongs to the domain of A~ and

A Eopo(2) =2Eqp8,(:, 2).
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