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ABSTRACT. Geometrically continuous splines are piecewise polynomial
functions defined on a collection of patches which are stitched together
through transition maps. They are called G"-splines if, after composi-
tion with the transition maps, they are continuously differentiable func-
tions to order r on each pair of patches with stitched boundaries. This
type of spline has been used to represent smooth shapes with complex
topology for which (parametric) spline functions on fixed partitions are
not sufficient. In this article, we develop new algebraic tools to analyze
G"-spline spaces. We define G"-domains and transition maps using an
algebraic approach, and establish an algebraic criterion to determine
whether a piecewise function is G"-continuous on the given domain. In
the proposed framework, we construct a chain complex whose top ho-
mology is isomorphic to the G"-spline space. This complex generalizes
Billera-Schenck-Stillman homological complex used to study parametric
splines. Additionally, we show how previous constructions of G"-splines
fit into this new algebraic framework, and present an algorithm to con-
struct a bases for G"-spline spaces. We illustrate how our algebraic
approach works with concrete examples and prove a dimension formula
for the G"-spline space in terms of invariants to the chain complex. In
some special cases, explicit dimension formulas in terms of the degree of
splines are also given.
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1. INTRODUCTION

Spline functions are mathematical representations built upon simpler
pieces (usually defined by low-degree polynomials) which are glued together
forming a smooth curve, surface or volume. Splines constitute an appealing
tool for shape representation not only for the simplicity of their construction
[24, 51], but because they are a fundamental component of the approxima-
tion of solutions of partial differential equations by the finite element method
[63]. They play a central role in geometric modeling [25], in approximation
theory [39], and in novel fields such as isogeometric analysis [17, 35].

Splines have been traditionally studied within the realm of numerical anal-
ysis and computational mathematics [19, 39]. They are defined as piecewise
polynomial functions defined on a partition of a real domain which are con-
tinuously differentiable up to some order r > 0 on the whole domain. These
splines are called C"-splines, or parametric C"-continuous splines. If the
polynomial degree is bounded then the set of C"-splines on a given domain
is a finite dimensional real vector space. In the areas where splines are ap-
plied, it is important to be able to construct a basis, often with prescribed
properties, for the space of C"-splines on a given partitioned domain and
fixed maximal polynomial degree. A more basic task which aids in the con-
struction of a basis is simply to compute the dimension of the spline space.
A formula for the dimension of C''-spline spaces defined on triangulations of
planar domains was first proposed by Strang [62] and proved for polynomial
degree d > 2 for generic vertex positions by Billera in [8]. The seminal
work in [8] unveiled fascinating connections between the study of splines
and homological algebra techniques, putting spline theory at the interface
between commutative algebra, geometric modeling, and numerical analy-
sis. The problem of computing the dimension of spline spaces on planar
triangulations has received considerable attention using a wide variety of
techniques. Early works using Bernstein-Bézier methods from approxima-
tion theory include [1, 2, 34, 60], see also [39] and the references therein.
Some extensions of the algebraic approach introduced in [8] to compute the
dimension of bivariate spline spaces include [10, 46, 56, 57]. One important
feature of C"-splines on triangulations is that the formula of the dimension
of the space of splines of degree less than or equal to d for d > 3r + 2 is
a lower bound on the dimension of the space for any degree d > 0 [59]. If
r+1<d<3r+1, to find an explicit formula for the dimension of bivariate
spline spaces remains an open problem. In this direction, some remarkable
results have been proved using tools from rigidity theory [66], and homolog-
ical and commutative algebra [55, 58, 64, 68]. The literature on computing
the dimension of trivariate splines on tetrahedral partitions is much less con-
clusive. The dimension has been computed if » = 0 (see [4] or [9]), and also
if r =1, d > 8, and the partition is generic [5]. For r > 1, bounds on the
dimension of trivariate spline spaces have been proved in [3, 22, 23, 40, 47].
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The main concept that we investigate in this paper is the geometric con-
tinuity of functions. Classically, spline functions are defined in terms of
parametric continuity. Given a collection of functions on a cell partition of
a planar domain, it defines a C* continuous spline, if for each edge shared
by two cells of the partition, there exists an affine change of coordinates in
one of the two cells, such that after this change of coordinates the Taylor
expansions of the function on both sides of the common edge coincide up
to order k. We generalize this notion by considering more general changes
of coordinates or transition maps (not necessarily affine). In this case, the
derivatives up to order k on each side of the edge are linearly dependent,
which explains why we call these functions G* geometrically continuous
splines. If such functions are used to parametrize surfaces, the geometric
continuity of the functions implies the continuity of the tangent planes along
the edges, which is also known as geometric continuity of the surface.

Geometric continuity for surfaces is essential for Computer-Aided De-
sign (CAD), where typically a sophisticated design is obtained as a smooth
surface described by many patches joined together. Indeed, the concept
originated in the automobile and aviation industry, see e.g. the early re-
port [54]. Parametric continuity (of first order) is instead the condition that
the parametrization of the patches matches with continuity of the first order
derivatives in parametric coordinates (corresponding to identity transition
maps in our setting). Since parametric continuity is not a necessary nor a
sufficient condition for the smoothness of the represented surface, the study
of geometrically continuous representations emerged as a tool for flexible
representations of CAD models. Geometrically, G'-splines are defined by
the property that the tangent planes of each patch match at that inter-
face. These conditions involve the derivatives of the parametric coordinates
composed with the transition map assigned to each interface.

The concept of geometric continuity builds on the theory of differential
manifolds. The first general definition of splines based on transition maps
or reparametrizations was presented in [21], where it was used for building
smooth surfaces from a collection of 2-dimensional patches. Subsequently,
the construction of geometrically continuous splines received considerable at-
tention using a wide variety of techniques, here we list only a few representa-
tive references. Some early works include [27, 31], see also the survey [49] and
the references therein. The construction of G'- and G?-spline surfaces has
received considerable attention; see for instance [15, 43, 45, 48, 50, 52, 53].
In particular, G'-splines have been used for surface fitting and surface recon-
struction in geometric modeling; see [42, 61]. Manifold-based constructions
of G"-splines have been studied in [20, 28, 29, 30, 33, 65, 67]. See [6], where
rational geometrically continuous spline are considered.

Research on geometrically continuous splines has been revived during the
last decade due to its importance for solving partial differential equations by
means of isogeometric analysis, see for instance [16, 35], and the references
therein. In particular, smooth splines are used for the discretization of
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partial differential equations and yield outstanding benefits compared to
piecewise CY polynomial approximations: superior approximation properties
and numerical stability, as well as the possibility to directly discretize high-
order differential equations, such as the ones arising in thin-shell theory,
in fracture models, in phase-field based multiphase flows, and in geometric
flows on surfaces [35].

The computation of the dimension and construction of basis functions
has been considered mainly for G'-continuous splines. The Bernstein-Bézier
techniques for the construction of smooth surfaces on planar unstructured
quad-meshes with linear transition maps are developed in [7]. For linear
transition maps computed from the parametrizations of quad-meshes of pla-
nar domains, the space of G'-smooth isogeometric spline functions is studied
(dimension, basis) in [36, 37, 38]. An analogous definition of transition maps
is used in [11] to construct G'-splines on volumetric two-patch domains. In
[44], a construction of G'-surfaces approximating Catmull-Clark subdivision
surfaces using quadratic transition maps is proposed. Algebraic properties
of piecewise polynomials and transition maps are used in [45] to construct
G'-splines for sufficiently large polynomial degree. In [45], the authors define
a topological surface in the context of geometric continuity as a collection
of polygons along with an identification between pairs of edges of these
polygons. The splines on a topological surface are defined as piecewise poly-
nomial functions which are differentiable after composition with transition
maps associated to pairs of identified edges. The analysis of the dimen-
sion of G'l-splines in [45] leads to the construction of basis functions when
the topological surface is composed of quadrangular and triangular patches.
The construction of topological surfaces was extended to G'-splines on quad
meshes with 4-split macro patches in [13]. A second basis construction for
G'l-splines on topological surfaces is introduced in [14] where it is used for
fitting of points clouds in isogeometric analysis for the solution of diffusion
equations.

The main contribution in this paper is to develop an algebraic framework
to study spline functions which are defined on a collection of patches instead
of fixed partitions of real domains. The collection of patches are stitched
together through transition maps, and the continuity conditions are imposed
after composition of the piecewise functions with the transition maps. The
splines defined on this collection of patches are called geometric continuous
splines or G-splines. If r > 0 is an integer, the set of G-splines which (after
the composition with the transition maps) are continuously differentiable
functions to order r on each pair of patches with stitched boundaries, are
called G"-continuous, or simply G"-splines.

We provide an algebraic framework for geometrically continuous G”-
splines for any order of continuity r > 0. This method extends the results on
G'-splines in [45], and generalizes the algebraic approach for (parametric)
splines pioneered in [8].
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We begin with a characterization of the domains over which the piece-
wise polynomials are defined. We define them as a couple (A, ®) and call
them G"-domains. They consist of a cell complex A with a coordinate
system associated to each maximal face, and a collection ® of algebraic
transition maps between adjacent patches. Unlike transition maps in differ-
ential geometry, which are diffeomorphisms between open sets, an algebraic
transition map is a homomorphism between quotients of polynomial rings.
It is a “stitch” rather than “gluing”. We define G"-splines as geometrically
continuous piecewise polynomial functions on G"-domains.

This algebraic setting for G"-splines has several benefits. On one hand,
it allows the use of algebraic tools to study the dimension and to construct
a basis for G"-spline spaces. Namely, we construct a chain complex of vec-
tor spaces whose top homology is isomorphic to the G"-spline space. This
chain complex allows us to analyze the dimension of G"-spline spaces, as
we illustrate for some special cases in Section 6. More importantly, the
algebraic framework enables us to present an algorithm (Algorithm 1) to
construct a basis for G"-spline spaces over any given G"-domain. Algorithm
1 is insensitive to the shape of patches, as it admits arbitrary shapes as
well as triangles and rectangular patches, making the choice of domain very
flexible. On the other hand, we do not lose the perspective gained from the
framework in [45]. More precisely, we prove in Theorem 3.8 that if a G-
domain is obtained from a topological surface, then the G'-spline space in
this paper and the space of differentiable functions on the topological space
in [45] are the same. Hence, the dimension formulas obtained in [45] still
apply in the new context. As a result, G"-splines can be defined and stud-
ied in a pure algebraic setting. In particular, when the transition maps are
algebraic, the criterion for a function to be G"-continuous is algebraic. We
formulate concrete examples of algebraic transition maps. As a byproduct
of exploring the relation between the concept of geometrically continuous
splines in different frameworks, we establish a way of obtaining transition
maps from certain kinds of differential manifolds.

This article is organized as follows. In Section 2, we introduce the alge-
braic language to define G"-splines. We define G"-domains and G"-continuity
in Section 2.1. We construct a chain complex whose top homology is isomor-
phic to the G"-spline space in Section 2.2, and consider the bounded degree
case of this chain complex in Section 2.3. We show that our construction
yields the celebrated Billera-Schenck-Stillman complex as a special case in
Appendix A. The main result in Section 2.4 is Lemma 2.21, which not only
leads us to the construction of a basis for G"-spline spaces over any given
G"-domain in Algorithm 1, but also serves as a general technique in com-
puting generators for certain subspaces of a quotient ring. In Section 3, we
explain how to obtain a G'-spline space from a geometrically continuous
spline space as defined in [45]. The main result in this section is Theo-
rem 3.8, where we prove that these two notions of geometrically continuous
splines can be identified. Hence, results in [45] and [13] apply in the new
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algebraic framework. We describe some interesting families of transition
maps in Section 4, including concrete examples of transition maps obtained
from manifolds. Section 5 and 6 are devoted to the two dimensional case.
In Section 5, we obtain a formula for the Euler characteristic of the chain
complex constructed in Section 2.3 for G'-splines of bounded polynomial
degree. These computations are also an application of Lemma 2.21. We
analyze the homology terms of the chain complex in Section 6. The formula
for the Euler characteristic together with explicit computations of the di-
mension of the homology terms yield a dimension formula for the dimension
of G'-spline spaces defined on two-adjacent patches, or on a star of vertex
and continuity conditions given by symmetric gluing data. We conclude this
section with Example 6.10, where using Algorithm 1 and Macaulay?2 [26],
we compute the exact dimension of a G'-spline space defined on the surface
of a cube for certain polynomial degrees. Finally, we give some concluding
remarks in Section 7.

2. THE SPACE OF (G"—SPLINES

In this section we introduce G"-continuity and geometrically continuous
G"-spline functions. We present a chain complex for G"-splines, which can
be seen as a generalization of the Billera-Schenck-Stillman chain complex for
(parametric) splines introduced in [8] and refined in [57]. First, we introduce
the domain of definition of the G"-spline functions which we call G"-domains.

2.1. The G"-domains and G"-continuity conditions. Recall that a cell
complex A is n-dimensional, or an n-complex, if the largest dimension of
any face in A is n (see [32] for basics on cell complexes). An n-dimensional
cell complex is called pure if all its maximal faces (with respect to inclusion)
are of dimension n. If i > 0, a face of a cell complex A of dimension i is
called an i-face. We denote by A; the collection of all i-faces of A, and say
that two n-faces o1 and o9 are adjacent if they share an (n — 1)-face.

Throughout this paper we assume that A is a pure n-dimensional cell
complex. To each n-face o of A we assign a system of coordinates (that is,
a vector space isomorphic to R™) denoted X (o). More precisely, for each
o € A, we have a map ¢,: 0 — X (o) such that ¢, is a homeomorphism
between ¢ and its image Im v,. We refer to X (o) as the coordinates of o,
and write R(o) for the corresponding coordinate ring, which is isomorphic
to a polynomial ring in n-variables with real coefficients.

Definition 2.1. Let A be an n-dimensional cell complex with coordinates
X (o) for each n-face 0 € A. If S C X (o), we define I,(S) as the set of all
polynomials in R(¢) which vanish at p for every p € S. Namely,

I,(S) ={f € R(c): f(p) = 0 for each point p € S}.
Notice that I,(S) is an ideal of R(o) for every o € A, and S C X(o).

If « C o is a k-face of an n-face ¢ € A, then I,(a) C R(o) is the ideal of
all polynomials in R (o) vanishing at ¢, (o) € X (o). In the case, S = {p}
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consists only of one point p € X (o), we simply write I,(p) for the ideal
1,(S). In particular, if the point p € a C o with a € Ay, then I, () C I,(p).

Note that we do not require any face o C ¢ to lie on an algebraic subset
of X(0). If a C o is a k-face that lies on an algebraic subset of X (o), then
I,(a) # {0}, otherwise I,(«) = {0}.

Definition 2.2 (Locally algebraic faces). If A is an n-dimensional cell com-
plex with coordinates X (o) for each n-face o € A, we say that an (n—1)-face
T € Ap_q is locally algebraic if for each n-face o containing 7 the ideal I,(7)
is generated by an irreducible polynomial f € R(o). Notice that this prop-
erty depends on the homeomorphism 1, and the choice of the coordinate
system X (o).

If all the (n — 1)-faces of A are locally algebraic, and & C 0 € A, is a
k-face for 0 < k < n — 2, then

In(a)= Y Is(7).

aCtCo

Remark 2.3. If 7 = o1 N oy is the common (n — 1)-face of two n-faces o1
and o9 of a cell complex A, by Definition 2.1, there are two ideals I, (7) C
R(o1) and I,(7) € R(o2) associated to the face 7, one for each n-face
containing 7. The subindices of the ideals indicate the local coordinates at
the corresponding n-face. (These ideals should not be confused with the
ideal Z"(7) which we introduce later in Section 2.2. The latter is a unique
ideal associated to 7, which depends on both coordinate rings R(o1) and
R(o1) and on the ideals I, () and I,,(7), see Definition 2.13.)

Definition 2.4 (G"-algebraic transition maps). Let r > 0 be an integer, and
take two n-faces o1 and o3 of a cell complex A such that o1 Nogs = a # (.
An R-algebra homomorphism

$12: R(01)/ I, () 1 = R(02) /Iy ()" (2.1)
is called a G"-algebraic transition map from oy to o9, if
qbl_Ql (Iaz (p)) = I, (p), for each point p € a.

A ring homomorphism gz~512: R(o1) — R(o2) is called a lift of ¢ if the
following diagram commutes:

R(o1) o R(02)

| |

R(01) /I, (@)1 225 R(09) /L, ()L,

Here, the vertical arrows are the natural quotient maps.

Definition 2.5 (Compatibility conditions). Let A be a pure n-dimensional
cell complex. A collection ® of G"-algebraic transition maps is compatible
on A if the following conditions hold:
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(C1) For each n-face o; € A, the only algebraic transition map ¢;; in ®
from o; to itself is the identity map on R(o;).

(C2) If the intersection of two n-faces o1,09 € A, is a non-empty face
a = 01N oy, then either ¢12 or ¢o7 is in ®. If both of them are in @,
then ¢10 = gb;ll. If ¢12, ¢}, € ® are transition maps from oy to og,
then ¢12 = ﬁb/m

(C3) For any triple of n-faces 01,092,035 € A,, if their intersection is a
non-empty face 8 = o1 NoyNog, and ¢, Ppog € P, then ¢13 € ® and
each of the three maps has a natural restriction

bij: R(03) /15, (B)' = R(0j)/ 1o, (8)+,
where (i,7) = (1,2),(2,3), (1,3) such that ¢o3 0 12 = ¢13.

Remark 2.6. Notice that in Definition 2.5, we do not assume that the tran-
sition maps ¢;; in the collection ® are invertible, so we do not always have
¢ij € P = ¢j € ®. However, if both ¢;; and ¢j; are in @, then they are
invertible, and they satisfy ¢;; = gbj_il, which is in (C2). The reason, as we
show in the next example, is that a G"-algebraic transition map may not be
invertible.

Example 2.7. Let A be a 2-dimensional polyhedral complex composed of
two square faces o1 and oy sharing a common edge 7. Let (u;,v;) be the
coordinates in X (o;) for the 2-dimensional faces o;, i = 1,2. Up to a change
of coordinates, we may assume that the ideals I, (7) vanishing at 1., (7) are
given by I, (1) = (u;) € R(0;) = Rlu;,v;], as shown in Figure 1 of Section
4. Then, the map ¢12 defined by

$12: Rlug, v1]/(uf) — Rlug, va]/(v3),
uy — U2,

Up—)u%

is a non-invertible G'-algebraic transition map from oy to oo. The map
@12, together with the identity maps on o1 and o9, form a collection ® of
compatible G'-algebraic transition maps on A. o

We now introduce the domains where the geometrically continuous splines
are defined. Recall that an n-dimensional manifold is a second-countable
Hausdorff space in which every point has neighborhood homeomorphic either
to an open subset of R™ or to an open subset of the closed n-dimensional
upper half-space for points on the boundary [41].

Definition 2.8 (G"-domains). A G"-domain (A, ®) is an n-dimensional cell
complex A which is homeomorphic to an n-dimensional manifold, together
with a compatible collection of G"-algebraic transition maps .

In Section 4 we collect several examples of G"-domains.

Remark 2.9. Notice that in a G"-domain (A, ®) in Definition 2.8, the collec-
tion of transition maps ® satisfies the compatibility conditions (C1)—(C3),
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hence ® is determined by the transition maps for each pair of adjacent n-
faces of A. In the examples below we describe ® by giving this subset of
transition maps.

Next, we construct the space of G"-spline functions, which will be piece-
wise polynomial functions over G"-domains that satisfy certain continuity
conditions.

We restrict the definition of G"-splines to G"-domains. Hereafter, they
are the only domains we consider in this paper.

Definition 2.10 (G"-continuity along a face). Let A be an n-dimensional
cell complex, and 01,09 € A,, two n-faces such that &« = o1 N o9 is a non-
empty face of A. Suppose ¢15 is a G -algebraic transition map from o; to
o2 (as in Definition 2.4). We say that f € R(o1) and g € R(o2) join with
G"-continuity along o with respect to ¢1o if

P12 (f) =9,

where f = f + I,,(a)"™! and § = g + I,,(a)"*! are the images of f and g
in the quotient rings R(c1)/Iy, ()" and R(02) /Iy, (a) L, respectively.

Definition 2.11 (G"-splines). Let (A, ®) be a G"-domain for some integer
r > 0. The space G"(A, ®) of G"-splines on (A, ®) is the set of all piecewise
polynomial functions f = (fo)oea, € D,en, R(0) such that f;, and fo,
join along the (n — 1)-face 7 = 0; N o; with G"-continuity with respect to @
for every pair of adjacent n-faces o;,0; € A,,.

Remark 2.12. The notion of geometrically continuous splines was originally
defined within differential geometry framework. The relation between this
notion in these two frameworks is explained in Section 3.

2.2. Chain complex for G"-splines. In this section we assume that A is
an n-dimensional polyhedral complex. We write Co(A, A) = Co(A)/Ce(0A)
for the chain complex of A relative to its boundary JA. For readers who
are not familiar with the notion, we recall in Appendix A the construction
of this chain complex for a simplicial complex. The chain complex associ-
ated with an arbitrary polyhedral complex can be considered as a natural
generalization of the simplicial case.

By an abuse of notation, we denote the k-faces of A relative to its bound-
ary by (A,0A), = A, and (A,0A), = A}, for 0 <k <n —1. We call the
faces in A}, the interior k-faces of A. Recall that to each n-face o; € A,,, we
associate a system of coordinates X (¢;) = R™ and denote by R(c;) the poly-
nomial ring in the coordinates (u;1,...,un) of X(o;). In the following we
extend this construction and associate a ring to each face of the polyhedral
complex A.

IfO<k<n-—1,and a € Ay is a k-face, we take R(«a) as the tensor
product

R(e) = Q) R(0). (2.2)

oo
O'EAn
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For simplicity, we write R(o1,...,0m) = R(01) ® -+ ® R(om, ), for n-faces
o; € A,

For each pair «, 8 € A such that 8 C «, we have a natural inclusion map:

p5: R(a) = R(B) - (2.3)

These inclusion maps pg are algebra homomorphisms that preserve the

structure of the ambient rings. For notational convenience, we often apply

these maps implicitly when the context is clear. For instance, given an ideal
I C R(a) and B C «, the expression I - R(f) should be interpreted as

p(I) - R(B)-
Definition 2.13. Let (A, ®) be a G"-domain and assume th coordinates
X (0;) of o; are (u;1,...,up). If 01,09 € A, are two adjacent n-faces such

that o1 Noy =7 € A,_1 and ¢12 € ® is a algebraic transition map from oy
to o2, we define Z"(7) C R(7) as the ideal

n
T'(7) = Y (wj — dr2(ury)) + (Loy (1) R(7) + Loy (1) - R(7)) 5 (24)
j=1
where (;512 is a lift of ¢15 in ( 1). If « € Ag for 0 < k < n— 2, we define

> T'(r) Rle). (2.5)

TOw
TEAn 1

For0<k<n-—1,and a € A, we put

F'(a) =R(a)/T" (). (2.6)
For o € A, put F" (o) = R(0).
Remark 2.14. Notice that for an (n — 1)-face 7 = 01 N o2 € A,_1, the ideal

Z"(7) in Definition 2.13 does not depend on the choice of the lift of the
algebraic transition map ¢1s.

For each pair (a,3) € A x Ag_1 such that 8 C «, we have the inclu-
sion map p3 as defined in (2.3), for every k = 1,...,n. Suppose the k-th
boundary map of the chain complex Co(A,0A) is given by

O = Z Aa,p€8 @ €, (2.7)
(a,B)E(AOA) . X (A OA) 1

where {e,} and {eg} are generators of C(A,0A) and Ci_1(A, 0A), respec-
tively, and a, g € Z. We denote by ¢ the R-linear map

Oy EB R(er) — @ R(B) (2.8)
€(A,0A) BE(A,OA)
defined as

o = Z Ua,BP5E8 @ €y
(a,B)E(A0A) . X (A OA) 1

We first check that (R, de) is a chain complex.
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Lemma 2.15. If A is an n-dimensional polyhedral complex, and oy, is the
linear map in (2.8), then

Ok+1 © 02 =0,
for k = 0,...,n — 2, and hence (Re,0s) s a chain complex of R-vector
spaces.

Proof. Note that for faces v € Ap and o € Ag,o, if there are two faces
B,8" € Agy1 such that v C 8 C o and v C ' C «, then

pEop%=p op%,
for the homomorphisms in (2.3). Furthermore, for any £k = 0,...,n — 2 we

have

al~:+1 © 8k+2 =0.
Equivalently, this means if Oy12 = > aq €0 ® e/’é and Op41 = > bgreg ®e3,
then for faces a and A, such that v C o we have

Z aa’gbg’)\ =0.

aCpfy
Therefore,
(Ok+100k42)qn = D aapbprpyopf = ( > aa,ﬁ@#) 05 0pf =0,
aCBCy aCBSy
where 8’ is a (k 4+ 1)-face between e and \. Since
O41 0 Op42 = > (Ok41 © Opt2)a,na ® €,
(a,\)E(A,0A) 2 X (A0A)
then (5k+1 ©) 5k-+2 =0. O

Note that the restriction of pg in (2.3) to Z"(a) gives us a map Z" (o) —
Z7(B). Therefore, 0, restricts to @ae(a,0a), L (@) = Dpea,on), L' (8) and
it induces a natural map @ae(a,0n),F (@) = Dgeaon),_F (8). Thus,
Lemma 2.15 implies that both (Z,de) and (F,,ds) are chain complexes,
and we have the following immediate consequence of our construction.

Theorem 2.16. The space G" (A, ®) of G"-splines on a G"-domain (A, ®)
is the top homology H, (FJ) of the chain complex (F,Je).

Proof. By definition, a tuple of polynomials (fs)sca, € G" (A, ®) if
¢’Lj(f01) = fdja (29)

for each pair of adjacent n-faces 04,05 € A,,. Let 7 =0;No; € Ap—1. We
only need to show that (2.9) holds if and only if

fUi - fgj E IT(T).
We know that
Gii(9) =9, & gi—gj € <Uzk — ij(uir): k=1,... ,n> ; (2.10)
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for any pair of polynomials (g;, g;) € R(0;) X R(0;), where @j is a lifting of
¢ij. For | =14, 7, denote by f,, the quotient image of f,, in R(o;)/L,,(7) 1.
If (2.9) holds, then there exists f; and f; which are liftings of f,, and

fgj, respectively, such that qNﬁz](j?Z) = ]?J Hence, (2.10) implies ﬁ — fj €
<uik — ggzj(uzk) k=1,... ,n>. Since ﬁ is a lifting of f,,, then ﬁ — fo; €
I,,(r)"*!. The same applies for f; and fo;, hence fi - fo, € Lo, (7)™
Putting these together, we have fo, — fo, € Z"(7).

Conversely, if f,, — fo; € Z"(7), then there exist f;, and f; such that

for = fi € Lo,(T)"tY, fo, — ]?] € I, (r)"*, and the difference f; — f; €
<uik — ¢ij(un): k=1,... ,n>. Again, by (2.10), we have ¢;;(f;) = f;j, which
implies (2.9). O

The chain complex (F,,ds) specializes to the Billera-Schenck-Stillman
spline chain complex when all transition maps are identities. This is a
technical result which for completeness we have included in Appendix A.

2.3. Chain complex for G"-splines of bounded polynomial degree.
In the following we consider the subspace of G"-splines over a given G'-
domain (A, ®) which are of degree less than or equal to a fixed d > 0. For
each d, we associate a chain complex to the subspace of G" (A, ®) of splines
of degree at most d and relate it to the chain complex (F},de) defined in
Section 2.2.

Definition 2.17. Let d > 0 be an integer. The set of G"-spline of degree at
most d over a G"-domain (A, ®), denoted GJ;(A, ®), is the subset of splines
f € G"(A, ®) whose restriction to each n-face is a polynomial of degree less
than or equal to d. Namely,

Gy(A, @) ={f € G"(A,®): deg(f,) < d for every o € Ay},
where f = (fU)crEAn> and f|<7 = fo-

It is clear that GJ;(A, ®) is a finite dimensional R-vector space. To find
the dimension of this vector space, we construct a chain complex of finite
dimensional vector spaces as follows.

If o € A, denote by Ry(0) = R(0)<q the vector space of polynomials of
degree at most d in the coordinates X (o) = R™. For a k-face a € Ay, for
0<k<n,let

Ta(a) = { Z foi fo € Rd(U)} (2.11)

aCoceA,

be the image of the inclusion

@Rd(gi) — R<Jla R US) - R(OJ),
i=1
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where o1,...,05 € A, are the n-faces in A containing «. Notice that the
set Tg(«) is a subspace of the tensor product polynomial ring R(«) defined
in (2.2). The polynomials in T3(«) do not contain mixed terms i.e., each
term is a monomial in one of the rings R (o) for some n-face 0 2 a. If ¢ is
an n-face, then 74(c) = Rq(o).

Additionally, for each o € Ay, for 0 < k < n — 1, we define

Jq(a) =Ta(a) NI (), (2.12)
and
Q) = Ta(a)/Tg (@), (2.13)

where Z" () is the ideal defined in (2.4) and (2.5) for k =n—1and 0 < k <
n — 2, respectively. If o € Ay, we take Q);(c) = Tq(o).
Since the differential map ¢ in the chain complex (R., 5) restricts to

S P Ta@) = P TuB),

aE BEAL_1

then (7q,,0) is a chain complex, and hence so are (J7,,d) and (Qg,,0).
As a corollary of Theorem 2.16, we have the following proposition.

Proposition 2.18. Let (A, <I>) be a G"-domain and d > 0 an integer, then
where Hn(QZ;,.) 18 the top homology of the chain complex ( e’ 5).

Proof. By definition, G(A,®) = G"(A,®) N @gen,Ta(o). By Theorem
2.16, G"(A, @) is the kernel of 6, : ©yen,R(0) = ©reae  F'(7). Hence,
Gl (A, ®) is the kernel of 6, restricted to @gen,Tq(0), which is exactly
Hn(Qg,o) D

With Proposition 2.18, we estimate dim G7(A, ®) by comparing it to the
Euler characteristic x(Q};,) of QJ,, which is defined as

X(Qha) =D (FDF- Y dimQy(a).

k=0 € (AN,

The dimension of G"-spline spaces and Euler characteristic X(QZ,.) are re-
lated by the following corollary:

Corollary 2.19. For any integer d > 0, and any G"-domain (A, ®), we
have

n—1

dim GH(A, @) = (=1)"x(Qg) + Y _(~1)" ! dim Hy(Q7,).  (2.15)
k=0
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Proof. For any chain complex C, of finite dimensional vector spaces such
that C, =0 if k > n or k < 0, we have

X(Co) =) (-1)Fdim Cp, = > (—1)" dim Hy,(Cs).
k=0 k=0
In particular, this holds for Co = Q. Hence, (2.14) implies (2.15). O

Specializing to the n = 2 case, the construction and results in this section
can easily be adapted to the bidegree case.

More precisely, if A is a two dimensional complex, and ¢ € As with
coordinates (u,v), then a polynomial f(u,v) € R(o) is of bidegree (d,d) if
f(u,v) € Rigay(c), where

R(a,a)(0) = spang {u'v? : 0 <4, < d}.
The space of bidegree (d,d) splines is the set
sz,d)(A, ) = {f € G"(A,D): deg(f,) € R(4,a)(0) for every o € Ag},

where f = (f5)oen,, and fls = fo.

Similarly, we can adapt (2.11), (2.12), and (2.13) and define 74 q)(c),
\7(7;1@)(04), and Q("d’d) (), respectively, for a € Ay for any 0 < k < n. We
refer to GJ(A, @), Tq., Jde Que as total degree spaces, and sz,d)(A’(I))’
T(d,d),e0 j&d),., Qfd,d),- as bidegree spaces (or bigrading).

We study the terms of the splines dimension formula (2.15) in Sections
5 and 6, where we restrict the study to G"-splines on 2-dimensional cell
complexes A. The results will be presented for both dim G7(A,®) and
dim GZd,d)(A’ D).

2.4. Constructing a basis for geometrically continuous spline spaces.
This section is devoted to develop a general method to generate a certain
subspace of a quotient ring. In particular, it gives an algorithm to construct
a basis for a G"-spline space. The main result in this section is Lemma 2.21,
which describes the method on generating certain subspaces of a quotient
ring. The algorithm for the G"-spline basis will be an immediate conse-
quence of this result. Later in Section 5, Lemma 2.21 will also play an
important role for computing the dimension of the terms in (2.15). Lemma
2.21 does not depend on our setting so we state it in general for a finitely gen-
erated real polynomial ring. We introduce the following notation that will
be helpful to define the subspaces of the quotient ring we want to describe.

Definition 2.20. Let f € S be polynomial in a finitely generated polyno-
mial ring S over R, and let I C S be an ideal. We define the remainder
of f with respect to I to be the remainder of f by performing the division
algorithm to f with respect to the reduced Grébner basis of I for a fixed
monomial order > on S. We denote this by t(f, ), or simply v(f) if I is
clear from the context.
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For the reader not familiar with these concepts, we refer to [18] for an
introduction to monomial orderings and Groner bases.

Lemma 2.21. Let S be a finitely generated polynomial ring over R, with a
fixzed monomial order >, and let W C S be a finite dimensional R-vector
space with basis B. Assume I C S is an ideal. Then, the linear span
span{t(b): b € B} = W/(W N I), where t(b) is the remainder of b € B with
respect to I.

Proof. Let V' = span{t(b): b € B} C S. Then we can define a map v: W —
V given by f — ¢(f). Y W — W/(W N 1I) is the quotient map f +— f,
then there exists a map h: V — W/(WNI) for which the following diagram

comimutes
w
}
Vv

Indeed, for any g € V, we may take ¢ € W such that t(¢’) = g and
define h(g) = ¢’. This map is well-defined, because if t(g}) = t(g}) = g for
g4, g5 € W, then g} — gh € I, which implies that ¢/ = g5,. It is easy to verify
this map is linear, injective and surjective. Hence, h is an isomorphism of
vector spaces. O

By Proposition 2.18 we know that GJ;(A,®) is the kernel of the map
On,: ngn — ngfl, where Qg’k is the k-th term in the chain complex
(Qfe>0e). Recall that by definition we take Qp, = Tap, see (2.11) and
(2.13). By construction, for each 7 € AP _;, the set Ty(7) is a linear sub-
space of the ring R4(7), and I = Z"(7) is an ideal of R4(7). Hence, Lemma
2.21 implies t(74(7)) = Q5(7).

This allows to see G(A,®) as the kernel of the map to d0,: Tg, —
t(T4n—1), where (by an abuse of notation) we write 6,: 7q, — Tgn—1 for
the restriction of the differential map in (Re,de) to T p-

We start the algorithm to compute a basis of G7;(A, ®) by fixing a maximal
polynomial degree d. Taking k = n in (2.7), the boundary map 9, can be

written as a rectangular matrix (a,, ) reA° - oeA,,» Whose rows are labeled by
n—1 n

the interior (n — 1)-faces and the columns by the maximal n-faces of A. We
compute the reduced Grébner basis of the ideal Z7(7), for each 7 € Ay _;.
Then, for every n-face o O 7, if B(o) is the monomial basis of T4(o), we use
the division algorithm to find the remainder of each polynomial in B(o) with
respect to the Grobner basis of Z"(7). By Lemma 2.21, we know that the
collection of those remainders generate ng_l. Next we construct a matrix
A which will encode the map 6, : T, — anfl, Explicitly, if

tod, = Z ( Z CU,T,m,q(qu) X (m60>*> )

oEA,, TEAS

meB(o) th(éL(?;)B
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where ¢4 7 m,q is the product of a, - in the boundary map and the coefficient
of ¢ in t(m). The entries of A in the row labeled by (7, ¢) and the column
labeled by (o,m) is s m,rq. Notice that by Proposition 2.18, the kernel
of A is precisely the space G}j(A, ®). Therefore, a basis of this kernel give
us a basis for the vector space GJ(A,®), which is the list LB of tuples
(f(o): o € Ay) of functions f(o) € R(0)<q in Algorithm 1.

Algorithm 1 Basis computation of the space G (A, @)

Fix a graded reverse lexicographic order > for the polynomial ring
®UEAnR(U);
Compute the reduced Grobner basis GB(7) of Z7(7) for each 7 € A _;
for (o,7) in A, x A?_; with 7 C 0 do
sign(o, 7) < sign of 9, from o to T;
for m in the list of all the monomials in R(0)<4 do
t(m) < remainder of m with respect to GB(7);
for ¢ in the list of all monomials in R(7)<4 do
c(o,7,m,q) + coefficient of ¢ in t(m) multiplied by sign(c, 7);
Define a matrix A by letting the entry of A in row (7, ¢) and column (o, m)
to be ¢(o,7,m,q);
Calculate a list of basis LB of kernel of A, which is a basis of GJ(A, ®);

Remark 2.22. Algorithm 1, which is based on symbolic computation, has
been implemented in Macaulay?2 [26]. The source code for computing bases
of the G"-spline spaces discussed in this paper is freely available online at
https://github.com/yuanbeihuiO5/demos/tree/GCDemos. We use this
implementation in Section 6 to obtain computational results, such as de-
termining the dimension of a G'-spline space on a cube and generating the
data presented in Table 1.

3. TOPOLOGICAL SURFACES AND G"-DOMAINS

The notion of geometric continuity was originally defined by differential-
geometric methods, see for example [31] and [49]. In [45], the space of G-
spline functions is defined over a collection of 2-dimensional patches glued
together by transition maps. In this section, we explain how the notion of
G'l-geometric continuity in our framework and that in [45] are related.

First, recall from [45, Definition 2.1], a topological surface M is a collection
My of polygons together with a set of homeomorphisms between pairs of
polygonal edges with the condition that each polygonal edge can be paired
with at most one other edge, and it cannot be glued with itself. Each polygon
is assumed to be embedded in R%. By an abuse of notation, two polygons are
said to share an edge if there is such a homeomorphism between two edges
one in each of the two polygons. From this, it is clear that the collection
of polygons and homeomorphisms between pairs of polygonal edges of a
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topological surface M define a 2-dimensional cell complex A such that the
set of 2-faces Ay = Ms. The coordinates X (o) associated to each polygon
o € Ay are given by the embedding of ¢ in R%. As in Section 2.1, we denote
the corresponding homeomorphism by 1,: 0 — X (o). Notice that these
embeddings of the faces o € Ay as polygons in R? mean that every edge of
o is locally algebraic (see Definition 2.2).

Suppose A is such a 2-dimensional cell complex obtained from a topo-
logical surface M, with coordinates {X(0): ¢ € Ag}. The (geometric)
transition maps associated to pairs of polygons in M as introduced in [45,
Definition 2.2] can be interpreted in our setting as follows.

Definition 3.1 (Geometric transition maps). Let o1 and o9 two faces in
Ay, such that o1 Nogy =7 € A1. A (geometric) transition map associated
to 7 consists of the following:

m for each face o; € Ay containing 7, an open set U, ,, C X(0;) con-
taining 1y, (7);
m a C'-diffeomorphism between the open sets
21+ UT,Jl — UT,O'Q (31)
such that ©a1ly, (r) = Yo, © ¢;11|¢01 () -

Remark 3.2. The map ¢ is called transition map in [45], we call it here
a geometric transition map to distinguish it from the algebraic transition
maps from Definition 2.4. Notice that the notion of geometric transition
maps can be generalized to an n-dimensional cell complex A, for this we
can simply replace Ay with A, and Ay with A, _1 in Definition 3.1.

Our aim is to obtain a G"-domain from a given topological surface and
a given collection of geometric transition maps. However, a geometric tran-
sition map associated to an edge 7, which is C"-continuous along 7, is not
necessarily polynomial and therefore it does not necessarily correspond to
an algebraic transition map. To describe the type of geometric transition
maps from which we are able to obtain algebraic ones, we introduce the
property of being almost algebraic. We need some preparations before we
can state such a notion in Definition 3.4.

Let U C R™ with coordinates (z1,...,2y), and take p € U. If j =
(J1,---,Jn) € N™ is a multiindex, henceforth we follow the convention that
=2 ol and 5] =30, i

Recall that if s < 7, then the s-th order jet J;(f) of a function f which is
C"-continuous at the point p is defined as the truncated Taylor expansion
of f at p of degree s. Explicitly, if the coordinates of p are (aq,...,a,) = a,
then

Jy: Cp = Rz, . .. , ) /I(p)* !

o ;
=3 oL@ ap, (82
7l<s
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where C} is the set of all functions that are C*-continuous at p, and

I(p):<:v1—a1,...,xn—an> (3.3)

is the ideal of R[zy,...,x,] generated by the polynomials z; — a;.
Denote by C*(U) the set of all functions f: U — R which are continuously
differentiable functions on U C R™.

Definition 3.3. If f € CY(U), we say that f vanishes to order s at a point
p e U if f is C*®-continuous at p and

J3(f) = 0.
If § C U, then we say f vanishes to order s on S if f vanishes to order s at

p for each p € S.

Since a geometric transition map 9 is a Cl-diffeomorphism, then it
induces a homomorphism

¥31: O (Uray) = C'(Ura,) (3-4)
[ fopa.
Definition 3.4 (Almost algebraic property). Let @21 be a geometric tran-

sition map across 7 as introduced in (3.1). We say 21 is almost algebraic
(up to order r) if there exist a homomorphism

212 R(02) /Loy (1) = R(01) /I, ()" (3-5)

such that (gggl —9031) (f) vanishes to order r along 1y, (7), for any f € R(o2),
where 3, is the homomorphism in (3.4), and ¢2;1: R(02) — R(o1) is a lift of
¢o1. If this is the case, we call ¢o1 the G"-algebraic transition map associated
to pa1.

The following example shows that not all geometric transition maps are
almost algebraic.

Example 3.5. Let A be the 2-dimensional polyhedral complex considered
in Example 2.7, which is composed of two square faces o1 and oo sharing
a common edge 7. Assume that the coordinates X (o;) for o1 and oy are
chosen as shown in Figure 1 in Section 4. Let U, ,, be an open neighborhood
of 1y, (1) in X (0y), for i =1,2. Define @91 as the C!-diffeomorphism:
$21: U‘r,01 — UT,O'Q)
(Ul,’Ul) — (’U1 + 291, —’LL1).

Then (91 is a geometric transition map associated to the edge 7. If o1 were
almost algebraic, then there would exist a polynomial f(u1,v1), such that

v + 2% — f(ug,v1) € o(up), for all v; € [0,1].

However, no such polynomial f exists. Therefore, @91 is not almost alge-
braic. o
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It is clear that Definition 3.4 does not depend on the choice of the lift
¢21. In Lemma 3.6 we prove that if there exists a G"-algebraic transition
map associated to a geometric transition map 91, then it is unique.

Lemma 3.6. Let 7 = o1 Nog € AY, for 01,00 € Ay, If @21 is an al-
most algebraic transition map up to order v across T, then the G"-algebraic
transition map ¢o1 associated to p21 s unique.

Proof. Suppose both ¢91 and ¢}, are algebraic transition maps induced by
1. If f € R(02), then

(521 - 5’21)(]0) = (521 — 31+ P51 — %1)(]0)
= (b1 — ¢51) (f) + (251 — D) (f)-

Both (521 —¢3)(f) and (gp§1~— 5’212(]“) vanishes to order r along 7. Hence

so does their sum. Because ¢o1 — @), is algebraic, then (521 - 5’21)(]0) €
I, (7)"*1. This holds for any f € R(02), so this implies o1 = ¢h;. 0

It follows from Lemma 3.6 that given a collection @4 of geometric transi-
tion maps, which are almost algebraic up to order r, we obtain a collection
of G"-algebraic transition maps ®4 associated to ®g. The compatibility
conditions (C1)—(C3) in Definition 2.5 applied to ®4 lead to a collection
of algebraic transition maps ® O ®4 which (besides the transition maps
between adjacent faces) contains all the algebraic transition maps between
pairs of n-faces whose intersection is nonempty, see Remark 2.9. In this case,
we say that @ is associated to P and the G"-domain (A, ®) is obtained from
the topological surface M with geometric transition maps ®¢.

In fact, for 2-dimensional cell complexes and r = 1, if the collection ®
of G'-algebraic transition maps is compatible on A (i.e., it satisfies the
compatibility conditions in Definition 2.5), then the maps in ®¢ satisfy the
G'-compatibility conditions at the vertices of A given in [45, Section 2.3].
In Section 4, we given several examples of ®4 such that its associated ®
satisfies compatibility conditions, and thus defines a G"-domain.

We now relate the definition of geometric continuity introduced in [45]
and the one in our setting given in Section 2, Definition 2.10.

Definition 3.7. Let M be a topological surface and A the cell complex
obtained from M. The space of differentiable functions S'(M) over M is
defined as the subset of @,en,R(0) such that f = (f,) € SY(M) if for every
pair 01,09 € As of adjacent faces, we have

J]} (fol 0 (pa1) = J;(fcm)v for each p € o1 N oy,

where J) is the l-st order jet of f, as defined in (3.2). The set of all

differentiable functions f € S'(M) such that deg f, < d for each o € Ay is
denoted S}(M).

For a topological surface M, let

i = {p21: 01,02 € My share a common edge},
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be a collection of geometric transition maps. The relation to the notation
of geometric continuity is the following.

Theorem 3.8. If the G'-domain (A, ®) is obtained from a topological sur-
face M with geometric transition maps ®g, then

GHA,®) = SY M), and GLHA,®) = S)(M).
In particular, dim G}(A, ®) = dim S} (M).

We prepare the proof of Proposition 3.8 with the following two lem-
mas. Similarly as before, we denote by * = (z1,...,2,) € R, and j =
(j1s---,7n) € N® a multiindex, where 2 = 27 .- /" and || = Y. ji.
Lemma 3.9. Let p € R" and f,0 € Rxy,..., x|, with € irreducible.  As-
sume that ¢ = 0 defines a hypersurface in R™. Then the following two
conditions on f are equivalent:

(a) the jet J)(f) =0 whenever {(p) = 0,
(b) f e ().

Proof. Since the ideal (¢7*1) C I(p)**! for all s < r whenever {(p) = 0,
where I(p) is the ideal in (3.3), then clearly (b) implies (a). It remains to
prove the converse. We prove this by induction on the order of smoothness
r. Note that condition (a) is equivalent to saying that 99 f /07 (p) = 0 for
all |j] < r whenever ¢(p) = 0, which in turn, is equivalent to saying that
I f)oxI € (¢) for all |5] < 7.

We first prove that for any s > 1, if f,0f/0x1,..., 0f/0x, € (£%), then
f € (¢5th). Indeed, if f = g¢* for some g € Rzy,...,z,)], then Of/0z; =
(89/8:@) A5+ g sés_l(af/(%zj) for j = 1,...,n. Since ¢ is non-constant,
then there exists at least one variable x; such that 0¢/0x; # 0, so we
have 0¢/0x; ¢ (¢). Note that (¢) is a prime ideal since ¢ is irreducible, so
Of J0x; € (£%) implies g € (¢). Hence f = g- ¢5 € (¢*F1). If follows that for
r = 1, condition (a) implies (b).

Now assume that (a) implies (b) for any r = 1,...,s. For j = 1,...,n,
put hj = 0f/0x;. Note that for any point p € R", if J;“(f) = 0 then
Jy(hj) = 0. Hence by the induction hypothesis, h; € (¢?), for j =1,...,n.
Since J5T1(f) = 0 implies J5(f) = 0, then applying (a) to f and r = s + 1
yields f € (¢¢). Thus, we have f, 0f/0x1,..., 0f/0x, € (£*). Therefore,
f € (¢**1) which completes the proof. O

Lemma 3.10. Let A be a cell complex obtained from a topological surface
M, with 01,09 € Ay two adjacent faces such that T = o1 N oy. Assume the
transition map @21 across T is almost algebraic, with associated algebraic
transition map ¢12, as given in (3.5). Then, for polynomials f € R(o1) and
g € R(o2), the following conditions are equivalent:

(a) J3(f o on) = Jyg) for each p € 7;

(b) ¢12(f) = g, where f and g are the classes of f and g in the quotient

rings R(o1) /Iy, (7)™ and R(02)/1,, (7)™, respectively.
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Proof. Let 512: R(o1) — R(o2) be a lift of ¢12. Then (b) holds if and only
if
G12(f) — g € Ly (T)" . (3.6)

Since the edge 7 is locally algebraic, then by Lemma 3.9, a polynomial
h € R(o2) vanishes along 7 up to order r if and only if h € I,,(r) L.

Therefore, equation (3.6) is equivalent to saying thatN 512( f) — g vanishes
along 7 up to order r. Because Jl’f (qblg(f) — g) = J;f (gf)lg(f)) — J;f(g), then
(3.6) is also equivalent to

J; (512(]”)) = J;(g), for each p € 7. (3.7)
Since J,, (512(1")) =J, (f o 9021) for any p € 7, then (3.7) holds if and only
if condition (a) holds. O

We are now ready to prove Theorem 3.8.

Proof to Theorem 3.8. If (f,) € G'(A,®), then for any pair of adjacent
faces 01,09 € Ag, the polynomials f,, € R(o1) and f,, € R(o2) satisfy
condition (b) in Lemma 3.10, and hence also condition (a). This implies
(fs) € SY(M). Conversely, a similar argument implies S'(M) C G (A, @),
and so we have GL(A, ®) = S}(M). O

4. EXAMPLES OF G"-DOMAINS

This section is devoted to examples of G"-domains (A, ®). Recall from
Remark 2.9 in Section 2 that to describe a collection of algebraic transition
maps ® we only need to give the set of transition maps in ® associated to
each pair of adjacent n-faces in A.

Example 4.1. Let A be an n-dimensional polyhedral complex composed of
any two adjacent n-faces 01,09 sharing a common (n — 1)-face 7, for some
n > 2. We may assume up to a change of coordinates that the ideals I, (7)
of 7 in R(o;) are given by

R(Ul) :R[un,...,uln], R(O—Q):R[u21,...,u2n]7
Iy (1) = (u11), Loy (7) = (u2n)-

From this, we see that 7 is a locally algebraic face of A. A G"-algebraic
transition map is of the form

¢)12: R[ull, e ,uln]/(u§T1> — R[UQl, ceey UQH]/<UE7—:1>
r i ) e
Pr2(u1;) = 2 j=1 P . ifi=1,
Ug(i—1) T Z;Zl ud, qoj  otherwise,

where ga5, p; are polynomials in Rluai, . . ., ug(s—1)]- o
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4.1. Algebraic transition maps associated to a topological surface.
In the following examples we obtain G'-domains from a topological surface
and geometric transition maps as described in Section 3.

Example 4.2. Let M be the topological surface in Figure 1 which is com-
posed of two square patches o1 and o9 together with a homeomorphism
between the identified edges 7; C oy, for i = 1,2. This example was studied
in [13], and we can considered it in our setting as follows. As we described
in Section 3, a 2-dimensional polyhedral complex A is naturally defined by
M, it consists of two square faces o1 and o2 joining along a common edge
7 which arises from the homeomorphism ™ — 7.

02 01

- ¢ @ >
(0,1) Y2 (0,0) (0 !

s
S

(1,0)

FiGure 1. Topological surface M composed of the two
squares together and a homeomorphism between the edges
79 C 09 and 71 C o;1. In Example 4.2, the edge 7, and the
vertex 7y, denote the identification via this homeomorphism
between the edges 7; and vertices ~y;, respectively.

Up to a change of coordinates, we may assume that the ideals I, of poly-
nomials vanishing at the edge 7 in the coordinate rings R(o;) (in Definition
2.1) are given by:

R(Ul) = R[Ul, 'Ul], R(O’Q) = R[UQ, 1)2],

Iy (1) = (), Ioy(7) = (v2)-
In particular, because both ideals I, are generated by an irreducible poly-
nomials in R(o;) then 7 is locally algebraic, see Definition 2.2. Following

Definition 2.4, a G'-algebraic transition map is an R-algebra homomorphism
which in this case can be written as

¢12: Rlur, v1]/(ui) = Rluz, va] /(v3)
u1 = vab(uz) (4.1)
U1 = ug + vaa(ug),
where a(uz) and b(ug) are univariate polynomials. o

Remark 4.3. In Section 3 we described how to obtain a G"-domain from a
topological surface. If (A, ®) is the G'-domain obtained from the topological
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surface M in Example 4.2, then the polynomials from (4.1) define the couple
[a, b] which in [45] is called the gluing data at the vertex v along the edge
7. In this case, we say that an algebraic transition map ¢12 on A is defined
from the gluing data.

Definition 4.4 (G!-gluing data). Let A be a 2-dimensional polyhedral com-
plex, and let 01, 02 be two adjacent 2-faces in A such that o1 Noy =7 € AfJ.
We write (u;,v;) for the coordinates of o; as in Figure 1. If the algebraic
transition map ¢i2 is of the form in (4.1), then we say that ¢ is defined
by the gluing data [a],, b7y, where a]y, b7, € Rlug]. We refer to [a,, b],], or
simply [a12, b12], as the gluing data from o1 to o9, or associated to 7 if the
order of the n-faces is clear from the context.

Remark 4.5. In Definition 4.4, for simplicity, we use (u1,v1) and (ug,vs) as
relative coordinates to define the gluing data associated to an edge. This
choice of coordinates are related to Figure 1 and they are independent of
the notation X (o1) and X (02) when A has more than one interior edge. In
the cases we consider in this paper, the gluing data associated to different
edges of a given partition A is given by the same formula once it is written
in the relative coordinates (u1,v1), (ug,vs) for each 7 € AJ. If that is the
case, we simply write [a, b], and by an abuse of notation, we say that the
collection of G'-algebraic transition map @ is given by the gluing data [a, b].

For the next example, recall that the valence of a vertex v in a 2-dimensional
polyhedral cell complex A is the number of edges (or 1-faces) in A which
contain v as one of their vertices.

Example 4.6 (Symmetric gluing data). Here is an example of transition
maps for G'-splines between two adjacent faces of a surface using the so-
called symmetric gluing data proposed in [31, §8.2], see also [45, Example
2.5] where this example is studied in the setting of a topological surface and
(geometric) transition maps.

Let 7 be the edge in A with vertices v and 4/ which is shared by the
two adjacent 2-faces 01,02 € A. As in Example 4.2, we denote by ¢12 the
transition map from oy to o9, which is given by (4.1). Take

a(uz) = 2 cos <2u7;> h(us) — 2 cos <i”> ¢(uz), and
b(us) = —1,

where w and w’ are the valences of the vertices v and ', respectively, and
h and ¢ are univariate polynomials. Then, the algebraic transition map
b12: Rlug, v1]/(v?) — Rluz,vo]/(u3) with G'-gluing data [a, b] from o7 to o9
is given by

(4.2)

P12(u1) = —va,

ra(v1) = up + 205 <cos (i:) h(us) — cos (Zﬁ) q(uQ)).
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Assume without loss of generality that v and ~/ as vertices of o2 have co-
ordinates us = 0, v9 = 0, and to uo = 1, vo = 0, respectively. To satisfy
the compatibility conditions required in Definition 2.5, we will additionally
require that the functions h and ¢ interpolate 0 and 1. Namely, we require
h(0) =1,h(1) =0,¢(0) =0 and ¢(1) = 1. A possible solution is to take
a(ug) = 2 cos <2;T> (1 —ug)* — 2cos (f;) ui, and b= —1. (4.3)

Then, if ¢12 is given by [a,b] as in (4.3), a good property of this kind of
transition maps is that the gluing data of the inverse map ¢9; from o9 to o
of ¢12 is of the same form (4.3). Explicitly, let

/ / / /
uy =1—wy, v] =up, Uy =v2, V3 =1 —ug,

and
’ 27T I\2 27r 12
a(uy) = 2cos " (1 —wuy)® —2cos ” uy, and b = —1.

Then the map ¢o1: Rluz, va]/(v3) — Rluy,v1]/(u?) given by
uh) = vib,
¢21(v5) = uy + via(uy)

is the algebraic transition map from oy to o1 which is the inverse of ¢19. ©

-
(V)
—
—

(—9/2,41/8)
Y (4,4)
op!
o1
ug 1
|
(=5,1) U1 x
(0,0)

FIGURE 2. Two bilinearly parameterized patches considered
in Example 4.7. We embed the polyhedral complex A con-
sisting of these two patches 01,09 in the (z,y)-plane, and
write (u;, v;) for the coordinate system associated to o;.

Example 4.7 (Bilinearly parametrized patches). In this example we look
at the case of two quadrilateral patches, embedded in the (z,y)-plane (cf.
Figure 2). The location of the patches in the (x,y)-plane is given by bilin-
ear parametrizations, which means that the inverse of each map v¥;: 0, —
X(0;) = R?, defined by (z,y) ~ (u;,v;) is described by two polynomials
in R[u;, vi]<(1,1)- Since in this case we always assume the image of v; is a
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unit square, we shall refer to v;” 1.10,1]? — o; as the parametrization of the
face o;. It is uniquely determined by four corner points ;" 1(0,0), (o L0,1),
¥ 1(1,0), 5 1(1,1) of 0. Explicitly, assume 4, and 95 are defined by
¥ (ur, v1) = (a11u101 4 atoy + ao1v1 + ago, briuivr + biour + bo1v1 + boo),
and

1/151(U27 vg) = (e11u2v2 + c10U2 + Co1V2 + Coo, €11U2V2 + €10U2 + €01V2 + €00)-

Then

-1 _ _
a1 b1 cnn en 0001 Yy 1(07 0) 1(07 0)
ao b cio e | _ |0 1 0 1 Yy (L,0) ¢y (1,0)
aopr bor co1 eor 0011 P 0,1) ¥y, (0,1)
aoo boo coo €00 111 (L) Wyt (1,1)
By choosing coordinates, we may always assume that in the (z,y)-plane,

the edge 7 shared by the two faces lies on the line defined by
that 1, 1(0,0) = ¢5(0,0) = (0,0). We may also assume I, (1)
I,,(7) = (v2). This choice of coordinates implies

I =
Il
=
o
jm)
Q.

ap1 = agp = boo = c10 = coo = egp = 0.
Hence, 11 defines a map

m: Rz, y]/(x?) = R(o1)/(ui),
T — a11u1v1 + ajoul,
y — biiuivy + biouy + borvs.

Similarly, 12 defines a map

ne: Rlz,y]/(x*) — R(o2)/(v3)
T — C11U2V2 + Co1v2,

Y = e11U2V2 + e10U2 + €p1v2.

If there is a map ¢12 defined from gluing data a(uz) and b(ug) as in (4.1),
and such that ¢12 o 1 = 12, then we say the gluing data is determined by
the parametrization of o1 and os. Explicitly, ¢12 0 71 = 12 means that the
system of equations

{ (a11u2 + a10)b(ug) = criug + cor

4.4
(br1uz + b10)b(u2) + bora(uz) = erug + o1 (4.4)

holds. Hence, the existence of such a ¢2 is equivalent to say that (4.4)
has a polynomial solution for both a(uz) and b(uz). In this case, it forces
aj; = by = 0.

Using this gluing data, the parametric spline functions defined over these
specific quadrilaterals on the (x,y)-plane are geometrically continuous over
the G'-domain (A, ®), where A is the cell complex composed of the two
patches sharing an edge and ® is determined by ¢12.
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This construction of gluing data has been extensively studied for G'-
splines and isogeometric applications on planar domains [36, 37, 38], and
volumetric two-patch domains [11, 12]. There, the gluing data is defined
using the determinants of the minors of the following 2 x 3 matrix

(Ot Burt Butiy ).

Explicitly,

a(uz) = (det(Du ¥y, Doyt ')/det Vi) ormus, wi=rp=0, and

buz) = (~det(9u,¥1 ", Doyt )/det VT ) oy =us, wr=up=0
and two polynomials g; and go are said to join with G'-continuity if and
only if

(a(u2) vy g1 + b(uz) Ouy g1 — (91,292) o1 =uz,ur =va=0 = 0.

One may check that this construction of gluing data is equivalent to solve
the system of equations (4.4).

As a particular example, we consider the planar patches on the (z,y)-
plane where o has vertices (0,0), (0,4), (4,0), and (4,4). The parametriza-
tion ] 1'is given by the equation

wl_l(ul,vl) = (4duq, 4vy).
The patch oy is a quadrilateral with vertices (0,0), (0,4), (=5,1), and
(—=9/2,41/8) on the (x,y)-plane. The parametrization 15 is given by the
bilinear map

_ 1 1
Py 1(”2, V) = (2162112 — dvg, §U21}2 + duo + v2) .

The common edge between the two patches has vertices (0,0) and (0,4).
The gluing data take the form

1 1 1 5

a(ug) = —ﬁuQ T and  b(ug) = _§u2 + T
and the corresponding transition map is given by ¢12(u1) = v2b(ug), and
p12(v1) = uz + voa(uy). .

4.2. G"-domains obtained from differential manifolds with cellula-
tion. We denote by M a differential n-manifold with a given atlas. A cel-
lulation of M is given by a homeomorphism CEL: A — M, such that A is a
cell complex. Assume A is such a cell complex, and suppose for each o € A,
there is a unique chart U(c) in the given atlas such that CEL(c) C U(o).
Then a system of coordinates X (o) on each o € A, is determined by the
atlas in a natural way, and for every (n — 1)-face 7 of A which is common to
two n-faces, a geometric transition map across 7 is defined by the atlas. We
denote this collection of geometric transition maps by ®g. We assume that
every such (n—1)-face 7 of A is locally algebraic (i.e., the ideal I,(7) is gen-
erated by an irreducible polynomial for every n-face o O 7, see Definition
2.2), and each map in ®¢ is almost algebraic (see Definition 3.4). Then,
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from ®¢, we can construct a set of compatible algebraic transition maps ®
which lead us to a G"-domain over A. In this case, we simply say that ® is
obtained from the atlas of the manifold M, and that the G"-domain (A, @)
is obtained from the cellulation of M.

In this section we give some examples in which we start with a differential
manifold and construct a G"-domain. In the first example, we consider
an affine manifold i.e., a differential manifold admitting an atlas where all
transition maps are affine [30].

Example 4.8. Let A be a 1-dimensional simplicial complex given by

A geometric realization of A is homeomorphic to a circle, as illustrated
in Figure 3a. We denote the vertices by [i] = 7;, for i = 1,2,3, and the
maximal faces are given by 71 = [12], 7o = [23], and 73 = [13]. We choose
coordinates 1;: 7; — X (7;) = R!, where each point p ~ u;(p) and such that
¥i(r) =10,1] on X (7;), for i = 1,2,3. Then, the maps

120 Rlur]/((ur —1)%) — Rluz]/{u3)

up — ug + 1,

231 Rlua]/((uz — 1)?) — Rlua]/(u3) (4.5)
U — uz + 1,

¢31: Rlug]/{(uz — 1)) = Rlua]/(uf)
uz — uy + 1.

together with the identification map ¢;; on each 7; form a collection ® of al-
gebraic transition maps satisfying the compatibility conditions in Definition
2.5. Thus we get a G'-domain (A, ®).

We can see this G'-domain (A, ®) as obtained from a cellulation of a
differential 1-fold as follows. On X(r;), at each end point v(y;) of the
interval 1;(7;), we take U,, -, to be a neighborhood of (v;) of radius 1/4.
If Vi = ¢i(7) Uy,cry Uyyry Then {(Vi,405): @ = 1,2,3} is an atlas of the
circle, with transition maps ¢12: Uy, ry — Uyy ryy 9230 Uyy iy — Uy 1y, and
w31: Uy, 7y — Uy, 7y, all defined by a — a — 1. Each of these maps ¢;; is
affine and therefore they are almost algebraic. Thus, the maps in (4.5) can
be viewed as obtained from the atlas {(VZ-, vi)ii=1,2, 3}. o

Since a torus is also an affine manifold, a construction similar to that in
Example 4.8 applies to a torus. Next, we present an example in which the
manifold is not affine.

Example 4.9. Let M be a unit sphere in R?. We denote the north and south
poles of M by N = (0,0,1) and S = (0,0, —1), respectively, and consider
the atlas consisting of two charts M \ {N}, and M \ {S}. The coordinate
system on each of these charts is given by the stereographic projection from
N and S, respectively. We consider a cell complex A given by this sphere
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Y2 g

T2

T3
V3

(a) Cellulation of a circle by divid-
ing it with three vertices. In Example
4.8, we use this cellulation to obtain a
collection of algebraic transition maps
and a G'-domain over the circle.

ON

gs

(b) Cellulation of a sphere by divid-
ing it with its equator. In Example
4.9, we use this cellulation to obtain a
collection of algebraic transition maps
and a G"-domain over the sphere.

Ficure 3. Examples of differential manifolds with cellula-
tion.

divided by the 1-cell 7 corresponding to the points in the plane z = 0, as in
Figure 3b. Let og and o be the 2-faces of A which correspond to the points
of M with z < 0 (the south hemisphere) and z > 0 (the north hemisphere),
respectively. Notice that each of these two 2-faces falls on only one of the
charts of the atlas. Explicitly, we may consider og and oy in the coordinates
X(on) =2 R? and X(0g) = R? via the maps

Vs: o5 — X (o)

€z Yy
—> =
(IE,y,Z) (US,Us) <1—Z71—Z>’

and

wN: ON —>X(O‘N)

€ Y
) 9 '_> Y = Y *
(@) v = (1 )

The 1-face 7 shared by og and oy is locally algebraic (see Definition 2.2),
because if wg = 1 —u% — v and wy = 1 — ud — v, then I (1) = (wg)
and I, (1) = (wy), respectively. Then, the map
¢sn: R(os)/(wg™) = Rlow)/(wi™)
ug = un(l+wy + -+ wy),
vg = oN(1+wn + -+ why)

is an algebraic transition map, which can be viewed as obtained from the
given atlas of M. The map ¢gp, its inverse and the two identity maps on
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os and oy form a collection of compatible algebraic transition maps ®, and
so we obtain a G"-domain (A, <I>) from a cellulation of a sphere covered by
the stereographic charts. o

5. SPLINES ON 2-DIMENSIONAL G"-DOMAINS

Throughout this section we assume A is a 2-dimensional cell complex,
and we take a collection ® of compatible G"-algebraic transition maps on
A, for some r > 0. We will use the chain complex ( e’ 9) introduced in
(2.13) in Section 2.3 to study the dimension and construction of bases of the
space Glj(A, ®) of splines on a G"-domain (A, ®), for a given degree d > 0.

Recall that by Proposition 2.18 we have that Gj(A, @) = H»(Qy,). Thus,
if A is a 2-dimensional cell complex, we have

dim G3(A, ) = x(Qq.) + dim Hi(Qg,) — dim Ho(Qg,),  (5.1)

where

X(Qpe) = Y dim Qo) — D dimQy(r) + Y dimQy(y),  (5.2)

o€, TEAY YEA]

is the Euler characteristic of the complex (Qg,, 5).

A first estimate of dim Gj(A, @) arises from considering x(Qg,) in (5.2).
In the following, we compute the terms of X(QZ,.) when r = 1 and the alge-
braic transition maps on A are defined from some gluing data (see Remark
4.3). The homology terms dim Hl(QQ’.) and dim Ho(Qyp,) in (5.1) are not
necessarily zero, we consider them in Section 6.

Similarly as above, we write (u;,v;) for the coordinates of X (o), for a
maximal face of A, in this case a 2-face 0; € Ay. If 61 Noy =7 € A7 is
an edge shared by two faces 01,09 € Ag, the tensor product ring in (2.2) is
simply R(7) = R(01) ®R(02), and the subset of polynomials without mixed
terms (2.11) can be written as

Ta(r) = {fi+ f2 € R(7): fi € Ra(0:)}.
The quotient (2.13) is in this case Q}(7) = Ta(7)/J] (1), where Jj (1) =
Z" (1) N Tg(7) and
I'(r) = <U1 - 512(“1)7 vl — 512(7)1)> + Iy (7)™ R(7) + Iy (7)™ - R(7),

for a lift 512 is of the G"-algebraic transition map ¢12 from o; to 9. (See
(2.4) and (2.12) for the general definition of Z"(7) and J; (), respectively.)
Notice that to obtain a basis for J. 0 (1), one needs to compute the kernel of
a natural map of vector spaces

Ta(T)®Z" (1) = R(7).

Lemma 5.1. Let 7 = 01 Nog € A1 be an edge shared by two faces 01,09 €
Ay, and let ¢p1o be a G'-algebraic transition map on A given by symmetric
gluing data [a,b] as in (4.2). If dy = dega > 1, then
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(a) in the total degree case, if d > dq + 1, we have
dim QY(7) = 2d +dy + 1, and dim Jj (1) = d* +d — dq;
a basis of J1(7) is given by

ubv], udvl, for2<i<dandi+j<d,
uvh + ubv, for0<i<d—1, (5.3)
vi — (ub+iub o a(us)), for 1 <i<d-— ds.

(b) For bidegree (d,d) with d > dy, we have
dim Q/y (1) = 2d + dg + 1, and dim Jy 4 (1) = 2d° + 2d — dy;

a basis of j(ld d) (1) is given by

(5.4)

{ u’lv{, u%vé, ulv{ + uévg, for 2
7

1<dand0<j<d,
v{ — (u’Q + iuéﬁlvga(w)), for1 <

<
<i<d+1—d,.

Proof. Let >~ be the elimination order u; > v > us = vo. If we take a
monomial basis B of 74(7), then Lemma 2.21 implies that the space V =
span{t(b): b € B} is isomorphic to Q}(7). Note that

N 0, it i>2
t(ujv]) = < upva, if 1=1,
uh +ju]2_1v2a(u2), it i =0,

and,

o 0, for j > 2,
w(uged) =4 0
uyvy, for j =0,1.

Therefore, by an induction on dg, one may verify that either for total degree
d > dq + 1, or for bidegree (d,d) with d > dg, a basis for V' is given by

{uh:i=0,....,d} U{ubvo:i=0,....,d —1+dg}.

Hence dim V' = 2d+d,+1, and this proves the dimension formulas for Q}(7)
and Q%dd)(T) in (a) and (b), respectively. Since QL(7) = Ty(7)/T; (), then
the formulas for dim 7} (7) in (a) can be deduced from that of dim Q}(r).
It is easy to verify that every element in (5.3) is in JJ(7). Because they
have distinct leading terms with respect to the monomial order, so they
are linearly independent. Hence, they form a basis for (7} (7). The same
reasoning can be applied to the bidegree (d,d) case. O

We still have to deal with the case where a is a constant. If the transition
map is given by symmetric gluing data, this is equivalent to saying that the
transition map can be lifted to an invertible affine map. The intuition is,
if the transition map is affine, then the domain is “locally planar”, in the
sense of the following lemma.
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Lemma 5.2. For adjacent faces o1 and o, if the G"-algebraic transi-
tion map ¢z is invertible and can be lifted to an invertible affine map
¢12: R(o1) = R(02), then its restriction to Rq(o1) is ¢p12: Rg(o1) — R(o2)
which makes the following diagram commute:

Ra(01) ® Ra(01) — 2 Ra(01)/ I, (1)1 N Ry(o)
\Lid@(;'lZ ln (5'5)
Ra(01) & Ra(02) &

where 9y = [1 —1] andn is induced by the natural inclusion R(o1) — R(7).
Moreover, 1 is an isomorphism and ker Js = ker 5.

Proof. First of all, since I, (7)""! = Z"(7) N R(01), then 7 is well-defined
and injective. To check that 7 is also surjective, note that ¢5 is invert-
ible and its inverse ¢o; is also affine. If h(uy,vi,u2,v2) € Tg(7), then
h(ur, vi, d21(u2), ¢21(v2)) € Ra(o1) gives a preimage of h(uy,vi,uz,vs).
Thus, 7 is surjective.

Assume (f,g) € Rq(o1) @ Rg(o1). Denote by f the image of f in the
quotient ring R(c1)/I, (7)™, Then & o (id @ ¢12)(f,9) = f — ¢12(9) =
no da(f,g). Hence, diagram (5.5) commutes.

Both 95 and d5 in (5.5) are surjective and all vertical maps are isomor-
phisms. Therefore, we conclude that ker d» = ker ds. O

A dimension formula for Q(7), and hence for dim 7} (7), when dega < 1
follows as a corollary of Lemma 5.2.

Corollary 5.3. Assume the transition map ¢1o from oy to oo is given by
symmetric gluing data [a,b] as in (4.2). If a is constant, and d > 0, then

(a) in the total degree case we have,
dim QY (1) = 2d + 1, and dim J} (1) = d* +d.
A basis of T} (1) is given by

V1 — U2,
urvlh + ubvy, for0<i<d—1,
u’iv% uévé, vi—ub, for2<i<dandi+j<d,

(b) For bidegree (d,d) case, we have
dim Q5 (7) = 2d +2, and dim Ty 4 (1) = 2d* +2d — 1.

A basis of ‘7(1d,d) (1) is given by

U1 — U2,
ubv], uhvl, vl —ub, uv] + udve, for2<i<dand0<j<d
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Proof. The total degree case is an immediate consequence of Lemma 5.2. For
the bidegree case, note that for symmetric gluing data, the only case where
a(u) =0 or dega(u) = 0 is that (ng,n1) = (4,4), which gives ¢12(u1) = —vo
and ¢12(v1) = wug. Hence, ¢12 preserves bigrading and Lemma 5.2 can
be applied. This proves the dimension formulas in both cases, (a) and
(b). Since the transition maps are explicit, we can easily verify that the
given polynomials constitute a basis for J(7) and *7(%1 d) (1) in (a) and (b),
respectively. O

Next, we calculate dim Q}j('y) for an interior vertex -, when & is given by
symmetric gluing data. Let o1,...,0s € As be the 2-faces with a common
vertex +, for some s > 3. We assume o; Nojp1 =7 € A, fori=1,...,s,
where we identify o511 = 07.

For each edge 7, let ¢;i11: R(0:)/1y,(1:)"™ — R(0i41)/1r, (i)™ be
the G"-algebraic transition map from o; to g;41, and write ggi,ijq: R(oi) —
R(oi41) for a lift of ¢; ;1. From (2.2), we have that in this case

R(7;) = Rlug, vi, wit1,vi41), and R(y) = Rlug, v1,. .., us, vs),
and (2.4) gives the ideals
" (m) =
(us — 5@',2’-&-1(“2’)7 v — 5i,i+l(vi)> + L, (1) R(T) A+ Loy (1) T R(T),

and

I'(y) =
> (ui = i1 (), vi—Giig1(i))+ D (Lo, (1) + Iy, (1)) - R().
i=1 i=1

Lemma 5.4. Let ® be a collection of compatible G'-algebraic transition
maps given by symmetric gluing data [a,b] as in (4.2). If v € Af is an
interior vertex which is common to s = 3 faces o; € Ay and s # 4, then
T(v) is generated by

2 2.
{uz‘ + Vitl, Vi — Uipl — QOVi+1, U, UL, Vil =1,... ,8}7 (5.6)

where ag s the constant term in a(u) = ZZ“‘:O apu®. Additionally, if in this
case d > 1, then

dim QJ(v) = dim Q%dd) (v) =3. (5.7)
Proof. We first show that every element in (5.6) is in Z'(v). It is clear

that u?, vl-Q and u; + viy1 are in Z'(y). To see u; 1v;41 € Z'(Y), note that
v? € T1(v) and that

07 = 2a0Ui+1vip1 € (v — Uir1 — Vigra(uis1), Uiy, vig) S ZH().
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Moreover, s # 4 implies ag # 0. Therefore, u; 1v;11 € Z'(7). Now note
that since uizH, Uj+1Vi+1, and U?H are polynomials in Z'(v), then

(Uz‘ = Uil — Ui+1a(uz‘+1)) - (Uz‘ = Ui+l — aovi+1) S <u§+1, Uit+1Vit+1, Uz‘2+1>
CZ'(y).

This implies v; — Uij+1 — AQVi+1 € ! (’y)

Next we prove that (5.6) generates Z'(v). Let I be the ideal generated
by (5.6). Then I C Z'(y). Suppose there exists f € Z'(v) such that f ¢ I.
Let > be the elimination order u; > v1 > --- > ug = vs on the polynomial
ring R(y). Then the leading term of the remainder v(f) with respect to I is
less than v2, i.e., v(f) = c1us + covs + c3 for some constants c1, c2, and cs.
Hence, v(f) € Z'(7), and this implies ¢; = ¢ = ¢3 = 0, which means f € I,
which is a contradiction.

Note that for any subspace W C R(y) such that {us,vs,1} C W, the set
of remainders t(W) with respect to Z'(v) is the subspace of R(v) spanned
by {us,vs, 1}. Since for d > 1, in the total degree case we have {ug,vs,1} C
Ta(7), and in the bidegree case {us, vs, 1} € T(4,4)(7), then (5.7) holds, which
concludes the proof. O

Lemma 5.5. Let ® be a collection of compatible G'-algebraic transition
maps given by gluing data [a,b] as in (4.2). If v € Af is an interior vertex
which is common to 4 faces o; € Ao, then I'(v) is generated by

{ui + Vi1, Vi — Uit1, u?, 1}?: 1= 1,2,3,4}. (5.8)

Additionally, if d > 1 then dim Q%d,d) (v) =4, and if d > 2 then dim Q}(y) =
4.

Proof. Tt is clear that u?, v2, u; + viy1 € Z'(y). Not that if the number
of faces around 7 is 4, then a(u;) = agu?. Thus v; — U1 = V; — Uip1 —
Vip1a(Uit1) — a2vi+1u?+1 € T'(v). It is easy to verify by an explicit compu-
tation that (5.8) generate Z'(7y).

Let > be the elimination order u; > v1 > --- > ugq > v4 on the polynomial
ring R (). Note that for any subspace W C R(7) such that {uqvg, ug,v4,1} C
W, the set t(W) of reminders of W with respect to Z'(7y) is the subspace of
R(7) spanned by {U4’U4,U4,’U4, 1}. Since {U4U4,U4,’U4, 1} C Ta(7) for total
degree d > 2 and for bidegree d > 1 we have {uqvy,uq,v4, 1} C T(ga)(7),
then the dimension of Q}(v) and Q% d. d)(’y) is 4 for the correspondent values

of d, which proves the statement. O

6. EXPLICIT COMPUTATIONS OF THE DIMENSION OF (G"-SPLINE SPACES

Following the notation in Section 5, in this section we also assume A is
a 2-dimensional cell complex. We take a collection ® of compatible G"-
algebraic transition maps on A, for some r > 0. We will focus on the
homology terms Hi(Q;,) and Ho(Qjp,), which appear in the dimension
formula for dim G(A, ®) given in (5.1). We compute dim H1(Qj,) and
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dim HO(QQ’.) in two particular cases of G'-domains (A, ®), namely when
A consists of two faces in Section 6.1 and when A is a star of vertex in
Section 6.2. The dimension formulas for the homology terms together with
the Euler characteristic X<Q2,o) computed in Section 5 lead us to to explicit
dimension formulas of G'-spline spaces in these two cases in Proposition 6.3
and Theorem 6.8, respectively.

First, notice that when A is a 2-dimensional cell complex, the following
diagram commutes

0

Tie 0 @TeAf Ti (1) —— @»yeAg Ti()
\! \!
Too:  @oen, Tl0) 2 Bporreng Tal0) 2> Doy yeng Talo) (6:1)
} 5 1 5 1
2,.: @UEAQ QZ(O_) *2> ®TEA(1) QZ(T) *1> ®’Y€A8 QZ(’Y)?
where

IR @ R(o) — EB R(vy), and dy: EB R(o) — @ R(T)

TEAS YEAG o€ TEAY

are the differential maps defined in (2.8). By an abuse of notation, we write
9; for its restriction to the subspaces in 74, and J,, and for the map it
induces on the quotient spaces Q7 ,. 7

The short exact sequence of chain complexes of vector spaces

0= TJie— Tae — Que — 0

leads us to the long exact sequence

0— HQ(de,o) - HQ(E,O) - HQ(QZZ,Q) - Hl(j(;,o) - Hl(%,') -
H1(Qg.e) = Ho(Jge) = Ho(Tae) = Ho(Qge) = 0. (6.2)

Thus, we can study dim Hy(9Qj,) and dim Ho(Qy,) by analyzing the terms
in the sequence (6.2). We start with the homologies of 7 .

Remark 6.1. Notice that the commutativity of the diagram (6.1) and the
exactness of the long sequence (6.2) hold if we replace the chain complexes
Td,e; Jde» Que by their bidegree counterparts T(d,d),e; j(’;l’d)’., and Q’(”d’d%.,
for any d > 0. To simplify the exposition, we only introduce the notation in
terms of the total degree case G;(A, @), but we apply the construction and
give explicit formulas for each case G}j(A, ®) and Gly, d)(A, ®) in the results
and examples below.

For an integer £ > 0 and a 2-face 0 € Ay, we denote by R(o)j the set
of homogeneous polynomials in R(o) of degree k. We write (Re); for the
chain complex of the k-graded pieces of R,, and take (Tg.e)r = Ta.e N (Re)k-
Using this notation we can rewrite 746 = @ocpca(Td0)k-
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Lemma 6.2. If A is a 2-dimensional polyhedral complex with only one
connected component and the number of 2-faces of A is strictly greater than
1, then

HZ’(%,O)O - Hl (Av aA) R)7

fori=0,1,2. Moreover, for any k > 1, we have

Ho(Tae)k = @ R(o)x,

o€
Hi(Tae= @ RO, and Hy(Taw)r =0,
UEAQ\A,Q
where Ay = {0 € Ay: 0 NOA =0}, and m(c) is the number of connected
components of 0ANao for any o € Ag. (We always assume that a 2-face o €

A contains its edges and vertices.) In the bidegree case, the corresponding
formulas for H; (ﬁd,d),-)k hold.

Proof. We only prove the formulas in the total degree case, the bidegree case
follows by a similar reasoning. It is clear that

(Ta,e)o0: @ R 2 @ R 2% @ R,
o€A, TEAS YEAS

and hence H;(7g4)0 = Hi(A,0A;R), for i = 0,1, 2.

If k > 1, then we can rewrite 74, as a direct sum (74(7))r = B,~, R(0)xk
for every edge 7 € A7, and (74(7))r = D, R(0) for every vertex v € AS.
Thus, if (0;); denotes the boundary map in the chain complex (725’.) ., then,
we can rewrite it as the direct sum

Gk = B (5i(e)),,
o€EAs

where for each 2-face o € Ay, the map (6;(0))y is the boundary map in the
chain complex Re(0); given by

Re(0)r: R(0)k RGN @ R(o)k RGN EB R(o)-
T7Co TEAY vCo, vEA]
Therefore, we can write the chain complex (7ge)r = @D, cn, Re(0)k. Since
Re(0)r = R(0)r ® Co(0,0A N o),

where Co(0,0A N o) is the quotient complex Co(0)/Ce(OA N o) of the
chain complexes of o and JA N o, respectively. In particular, H;(7ge)r =
Doeca, R(0)r @ Hi(0,0A N o). Thus, to compute H;(Tge)k, We first con-
sider H;(o,0A N o). Notice that the sequence 0 — Co(OAN0) — Co(0) —
Ce(0,0A No) — 0 yields the long exact sequence of homologies

0 — Hy(0ANo) — Hy(o) = Ha(0,0AN0o) = Hi(OAN0o) —
Hi(0) = Hi(0,0ANo) — Hy(OANo) — Ho(o) - Ho(o,0AN0c) — 0.
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By hypothesis 0 # A, so
Hy(o) = Hi(0) =0, Hy(o) =Z,
Hy(OANo) = H (AN o) =0, Ho(0A N o) = 2™).

From this we see that Ha(o,0A N o) = 0, which implies Ha(7ge)r = O.
Furthermore, we can rewrite the last part of the sequence as

0 — Hy(o,0ANo) — Z™) — 7 — Hy(o,0ANo) — 0.

Note that o € A} if and only if m(o) = 0, in which case Hi(0,0ANo) =0
and Hy(o,0A No) = Z. On the other hand, if o ¢ A’, or equivalently
if m(o) > 1, then the map Z"™%) — Z (defined by multiplication with
(1,...,1) € Z™9) is surjective. Hence, for o ¢ A’ we have Hy(0,0AN0) =
7™l and Hy(o,dA N o) = 0. Putting these two cases together leads to
the formulas for H;(744)s for ¢ = 0,1, which concludes the proof. O

6.1. G"-splines on a cell complex composed of two patches. If A is
a 2-dimensional cell complex, and 7 € A7 is an interior edge of A, then we
define A, C A as the subcomplex composed of the two 2-faces 01,09 € A
containing 7. As before, we write ¢12: R(01)/Iy, (7)1 = R(02) /L5, (7)™
for the algebraic transition map of 7 from o7 to o3. The cell complex and
¢12 define a 2-dimensional G"-domain, which we denote by (AT, <I>). Since
A, does not have interior vertices, the term associated to the 0-faces in (6.1)
is zero i.e.,

7-d70 = ‘7(;,0 = QZ,O = 07

and Hy(74.) = 0. By Lemma 6.2, we have H1(7g34)0 = H1 (AT, 0A;; ]R) =0,
and since the number of connected components m(o;) of 0A; No; is 1 for
i =1,2, then Hi(Tg.)r = 0 for every degree k > 0. Thus,

Hy(Tae) = @ Hi(Ta )k =0,

k=0

and the long exact sequence (6.2) reduces to
Hl(QZ,o) - Ho(jz;,o) = H(](QQ’.) =0.

Therefore the dimension formula (5.1) of the G"-spline space on A, reduces
to

dim G (A-, @) = dim Tg(o1) + dim T(o2) — dim Q}(7). (6.3)
Notice that a similar reasoning yields the corresponding formulas in the
bidegree case.

Proposition 6.3. Let A, be as above, and suppose the algebraic transition
map $12 is given by symmetric gluing data [a,b] asin (4.2). Ifdy = dega > 1
then

dim Gy(A;, @) =d®* +d+1—dy, ifd>da+1,
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and
dim G%d’d) (A, @) =2d° +2d+1—da, ifd>dq.
If a is constant, and d > 0, then

dim Gy(Ar, @) =d* +d+1, and dim G, (Ar, @) = 2d° + 2d.

Proof. The case dega > 1 follows by replacing dim chl(T) obtained in Lemma
5.1 in the dimension formula for G}(A;,®) in (6.3). If a is constant, the
dimension formulas follow from Corollary 5.3. U

Remark 6.4. Tt is worth mentioning that the dimension formulas in Propo-
sition 6.3 for G% d. d)(AT, ®) coincide with those in [45], where it was proved
that

dim G%d,d) (A, ®) = 2d(d+ 1) — max{degb,dega — 1}.
In this paper, we only consider the case of symmetric gluing data [a, b],
where b is a constant polynomial as in Example 4.6.

Example 6.5 (G'-splines on A;). Let A be a 2-dimensional cell complex,
and take A, C A a subcomplex composed of only two adjacent 2-faces
01,09 € A as above. Suppose the edge 7 = o1 N o9 has vertices 7,7 €
A with valencies s = 3 and s = 4, respectively. We define an algebraic
transition map ¢12 from the symmetric gluing data [a, b] associated to the
vertex valences at 7 following the construction (4.2) in Example 4.6. We get

$12: Rlur, v1]/(uf) — Rluz, va]/(v3)
Uy — —va,
v1 > U9 + vg(—ug + 2ug — 1).
Therefore, Z'(7) = <u1 + vo, v — ug + vo(ud — 2ug + 1), ui, v%> Hence,
we take a(ug) = —u3 + 2uz — 1, and in particular d; = 2. By Lemma
5.1(a), replacing a(uz) in (5.3) we get a basis for 7] (), and for d > 3, the

dimension of the quotient space is dim Q}() = 2d + 3. If we replace Q}(7)
in (6.3), we get that for any d > 3, the dimension

d+2
2
In the bidegree (d,d) case, by Lemma 5.1(b), a basis of ‘7(b,d) (1) can be
obtained by replacing a(ug) into the polynomials in (5.4), and if d > 2 we
have dim Q% dd) (7) = 2d+3. Hence, the dimension formula for the G'-spline
space is
dim G%d,d) (AT, @) = dim 7(4,q)(01) + dim T4 q)(02) — dim Q%dd) (1)
=2(d+1)* - (2d+3) =2d* +2d — 1,

dim G(A,, ®) :2( > —(2d+3)=d*+d—1.

whenever d > 2. o
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6.2. G"-splines on the star of a vertex. If A is a 2-dimensional cell
complex, and v € Af is an interior vertex of A, then we define A, C A as
the subcomplex composed of all the faces of A containing . Recall that we
always assume that a face of A contains all its faces. We assume that the
number of 2-faces 0y in A, is s > 3, and that oy Noy11 =74 € (Av); is an
edge for every t =1,...,s, where we take o511 = 07.

Lemma 6.6. If (Aﬂ,, <I>) is a G"-domain for some r = 0, then the homol-
ogy terms of the chain complexes Tie and QZ,- of (Av,@) in (6.1) satisfy
Hy(Qy,) = 0 and H1(Qg,) = Ho(Jj,), for both total degree and bidegree
case, for any degree d = 0.

Proof. Since A, has only one component, then A’, = A, \ A, = () and by
Lemma 6.2, we have that Hy(7ge) = H1(74e) = 0 and H2(74e) = R. Then,
by the long exact sequence of homologies (6.2) we deduce that Ho(Qp,) = 0,
and H,(Q5,) = Ho(J],)- 0

Recall that taking r = 1 in (2.12), we have that Jj (v) = Ta(v) N Z (%),
where Tg(v) = {31_1 fi: [t = for, for o € (A),} as defined in (2.11).

Lemma 6.7. Following the notation above, let (A, ®) be a G'-domain,

where ® is a collection of G'-algebraic transition maps given by symmetric
gluing data [a,b] (as in (4.2) in Example 4.6). If j(i. and ‘Y(Id d),e 0T€ the
chain complexes of A, in total and bidegree, respectively, then H (jdl’.) =0
ford >4, and Ho(j({id) .) =0 ford=>3.

Proof. Takingr = 1and A, in (6.1), we have that Ho(ji.) = J}(7)/Im (61).
If s is the number of edges 7; containing v as above, then we need to show
that 07 is surjective, where

S
or: P i (m) = Ti ().
t=1
From Lemma 5.1(a) we know that if dy = dega > 1 then
uivf, u{Jrlvi_i_l, for2<i<dand i+ j <d,
jdl(Tt) = span utvi + Ui+1'l)t+]_, for 0 <i<d—1, (6.4a)
vf = (Uppy +iui v 6(ugsr)), for 1<i < d—dg. (6.4D)

On the other hand, 7 (v) = Ta(v)NZ' () and we have two cases depending
on the number s of edges at v. If s # 4, by Lemma 5.4 we have that

1 2 2.4 _
T (v) = span{ut + Uty U — Ul — QQUE41, Up, Uly, Uy 1t = 1)"'75}7

where ag is the constant term in a(u) = Zﬁ“zo apuf. If s = 4, Lemma 5.5
implies

TH(y) = span{ut + V1, Vf — Ugyr, ul, v2:t=1,2, 3,4}.
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Notice the generators of Z'(v) are polynomials in 74(7), hence they generate
J1(7), and it is enough to check that they all are in Im (d7).

Notice that uiv] € Im (d1), for every t = 1,..., s whenever i > 2 or j > 2;
taking i = 0 in (6.4a), we see that u; + vi11 € Im (7).

By hypothesis d > 4 > dq + 2, hence d — dq > 2. Thus, if s # 4, we have
that v — (ut2+1 + 2ut+1vt+1a(ut+1)) € Im (61). But v?, U?_H € Im (41), so
24101 0(Up41) = 2up1ve41 (a0 + arupr1 + CLQU?+1) € Im (d1). Since d > 4,
then u?v;, ujvy € Im (61). This implies uv; € Im (1), and taking i = 1 in
(6.4b) we see that also vy — usy1 — agve1 € Im (91). It remains to verify
that vy — uz1 € Im (6y) if s = 4. But in that case a(us41) = agu? ;. Hence,
uw? € Tm (1) implies v; — ugy1 € Im (61). This proves that Hy (jd{.) =0.

By using Lemma 5.1(b) and the corresponding results for the bidegree case
(d,d) in Lemma 5.4 and 5.5, an analogous argument implies Hy (‘7(5,11),-) =0
for any d > 3. U

Theorem 6.8. For a G"-domain (A% <I>), the dimension of the G" spline
space is given by
dim G(A,, ®) = x(Qy.) + dim H,(Q5,). (6.5)
In particular, x(Qy,) s a lower bound of dim G((A, ®)). The correspond-
ing formula follows for sz d)(Aw,CI)) in the bidegree case. If in addition
r =1 and ® is given by symmetric gluing data [a,b], then
dim Gy(A,, @) = x(Qy,.), ford>4 and, (6.6)
dim Gy ) (Ay, @) = X(Qga)0), for d > 3.
If dy = dega, then
s(3%) —s(2d+do+1)+3, ifs#4, andd>da+1, (6.7a)
X(Qhe) =8 2(d®—d—2), ifs=4,a#0, andd > 2, (6.7b)
2(d*—d+2), ifs=4,a=0, andd>2, (6.7¢)

and

s(d+1)2 —s(2d+dy+1)+3, ifs#4, andd > d,
X(Qluge) = 4d®—1), ifs=4,a#0, andd > 1,

4d%, ifs=4,a=0,andd>1,

where s is the number of 2-faces in A .

Proof. From (5.1) we know that dim Gj(A, @) = x(Qp,) + dim H1(Qq,) —
dim Ho(Qyp,). By Lemma 6.6, dim Ho(Qp,) = 0. This implies (6.5). In
addition, if » = 1 and ® is given by gluing data, then by Lemma 6.7 in
the total degree case gives dim H 1(Q27.) = 0 for every d > 4, which implies
(6.6). The bidegree case follows similarly.

The explicit formulas for X(Qtli,-) follow from (5.2). In the case of a vertex
star with s faces o; € (A,)2 and s interior edges 74, (5.2) can be rewritten
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as

X(Qha) = dim Qj(oy) — Y dim Q}(m) + dim Q}(7).
t=1 t=1

By construction, dim Q}(a;) (d'f) for each t =1,...,s. By Lemma 5.1,
ifd > dy;+1 > 2 then dim Q}i(T) = 2d+dq+1 for each interior edge 7 in A,
and therefore > ;_; Ql(7;) = s(2d+ dq +1). Furthermore, from Lemma 5.4,
if s # 4 and d > 1, then by (5.7) we have dim QL(y) = dim Q%d,d)(w = 3.
Note that s # 4 implies that dq > 1. This proves (6.7a).

Assume now s = 4. If d > 2, Lemma 5.5 implies dim Q}(y) = 4. Addi-
tionally, for any edge 7, = o, N o1 € (A,)], we can write the gluing data

as in (4.3), and we get a(us+1) = —2cos (i—f;) u?, , where s} is the valence

of the vertex v # v of 7 in A.

Then we have two cases, either s’ # 4 and d, = 2, or s’ = 4 and a = 0.
If dy = 2, then Lemma 5.1 implies dim Q}i(n) = 2d + 3 for every d > 3. In
the second case a = 0, by Corollary 5.3 we know that dim Q}(r) = 2d + 1
for every d > 0. These two cases imply (6.7b) and (6.7c), respectively.
The corresponding results in the bidegree case lead to the formulas for

X(Q%d,d)’ o). O

Example 6.9. Take A, as the 2-dimensional cell complex in Figure 4, which
is composed of s = 3 quadrilaterals o; sharing a common vertex . Let ®
be the collection of algebraic transition maps obtain from taking symmetric
gluing data along each of the edges 7; = [v,0;] of A,. In this case, the
valence of the vertex v is 3, and we will assume the valence at each vertex
d; is 4. If we take the gluing data a as the gluing data in (4.3), we see that
a # 0 and it is a polynomial of degree dq = 2. Then, Theorem 6.8 implies

dim Gj(A,, @) = g(d2 —d—2),

for every d > 4, and in the bidegree case
dim Gy g (A, @) = 3d* - 3,
for every d > 3. o

6.3. A general 2-dimensional G"-domain. For a general 2-dimensional
cell complex A, we can use (5.1) and the formulas for the Euler characteristic
equations from Theorem 6.8 to estimate the dimension of a GJj(A, ®) spline
space. Using formula (5.1), we may estimate the dimension of GJ(A, )
by the Euler characteristic x(Qj,). Controlling the homology terms in
(5.1) is not straightforward, as shown by the following example where the
G"-domain cannot be topologically embedded into the plane. We call it a
cube, because the polyhedral cell complex A we consider is homeomorphic
to the boundary of a cube: it has 6 square faces, 12 edges and 8 vertices.
The formula (5.1) still works in this case. However, it is not necessary that
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Y2

FIGURE 4. 2-dimensional cell complex considered in Exam-
ple 6.9, which is the star of the vertex . The valence of ~ is
3, and we consider valence 4 at each vertex ~;, for i = 1,2, 3.

FIGURE 5. A surface parametrized by degree (2,2) G'-
splines over the cube for the gluing data a(u) = 2u —1,b =
—1. See Example 6.10. The surface is interpolating the
points (+1,0,0), (0,41,0), (0,0, £1) at the center of 6 faces.

dim GJ(A, ®) = x(9QJ;,), even for r = 1 and ® given by symmetric gluing
data.

Example 6.10. We take A as a cell complex homeomorphic to the surface
of a cube, so A is composed of six 2-dimensional faces, 12 interior edges,
and 8 vertices, each of valence s = 3. Following the notation in (4.3), the
G'-symmetric gluing data at every edge of A is given by

a(u) = —-2u+1, b=-1.

In particular, the degree of a is dy = 1. From (5.1) we know that the dimen-
sion of the space is dim GL(A, @) = X(Q}L.) + dim Hl(chl,O) — dim HO(Q}L.),
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and (5.2) gives

X(Que) = Y dim Qo) — Y dim Qy(r) + Y dim Qj().

€Ay TEAS YEAS

By Lemma 5.1, for each 7 € A we have

dim QL(7) = 2d + 2, for d > 2,
dim Q%dd)(T) =2d+2, ford>1

and for each vertex v € Aj,Lemma 5.4 implies

dim Q}(v) = 3, for
dim Q%d,d) (v) =3, for

Hence,

X(Ql,) =3(d® —5d+2), ford>3,
X(Qlugys) =6(d—1)?  ford>2

In Table 1, we present the exact dimension of the space Gé(A, ®), which
we independently compute using two methods: the implementation of Al-
gorithm 1! in Macaulay2 [26], and the JULIA package G1Splines.j1% The
computations in Macaulay2 [26] follow the basis construction described
in Algorithm 1, while G1Splines.jl uses the Bernstein representation of
splines and the linear relations deduced from sample points on the edges of
the partition.

These computations show that the difference between the exact dimension
of the spline space and the Euler characteristic remains constant. In the total
degree case we have

dim Gy(A, ®) — x(Qg,) =12, for 4 <d < 10,
and in the bidegree case
dim Gy (A, @) = X(Qga)0)s for 2 < d < 10.

This dimension formula in the bidegree case was proved in [45, Theorem 6.3]
for any d > 1.

We include a parametric surface of degree (2,2) on the cube in Figure 5.
The coordinate functions are in the spline space G%M)(A, ®) of dimension
6. They are computed so that the parametric surface interpolates the points
(+1,0,0), (0,41,0), (0,0,41) at the center of the faces of the cube. o

1https ://github.com/yuanbeihui05/demos/tree/GCDemos
*http://github.com/AlgebraicGeometricModeling/GSplines. jl
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d 123456 7]8]9]10
dimGY(A,®) [[1] 1 [ 1 [6]18]36]60] 9 |126]168
x(Q5.) 6[-12|-12]-6[ 6|24 | 48| 78 |114] 156
dim G}, (A, ®) | 1] 6 | 24 |54[ 096|150 | 216 | 294 | 384 | 486
X(Qluge) | 0] 6 | 24]54[96] 150|216 | 294 | 384 | 486

TABLE 1. Dimension of the G'-spline spaces from Example
6.10, where the 2-dimensional cell complex A is homeomor-
phic to the surface of a cube, and the collection ® of G-
algebraic transition maps is defined from symmetric gluing
data. For a given d, the space GL(A, ®) is the linear space
of G'-splines on A of total degree < d, and G%dd)(A,(I)) is
the space of splines of bidegree < (d,d). For small d, the
Euler characteristics X(Q}i’.) and X(Q% d. d)’.) are computed

in Macaulay?2 [26].

7. CONCLUDING REMARKS

We have made a theoretical and algorithmic contribution to the study of
geometrically continuous splines by developing an algebraic framework that
extends Billera’s algebraic methods for parametric splines. This framework
has two advantages. First, we can use algebraic tools to study geometrically
continuous splines. In fact, in this paper, we demonstrate this by applying
chain complexes and the division algorithm to construct bases and compute
dimensions for G"-spline spaces. Second, G"-spline spaces have rich algebraic
structures that can be further explored using this framework. Thus, this
framework makes it easy for algebraists to explore the exciting research
topic of geometrically continuous splines.

Extending the study from parametric splines to geometrically continuous
splines enables us to construct shapes with more complex topology. For
example, Example 6.10 in Section 6.3 is one such shape that cannot be
constructed within the scope of parametric splines. However, this flexibility
comes at a cost: we need a more complicated algebraic model to describe
the spline space. While parametric spline spaces have only one coordinate
system for the whole domain, G"-spline require several coordinate systems,
one for each face. As a result, transition maps are needed to define the
smoothness condition between different coordinate systems. In Section 4,
we have several examples of G"-domains having non-trivial transition maps
which fit in our framework. Hence, unlike in the case of parametric splines,
the G"-spline space G"(A, ®) is not always a finitely generated module over
a known polynomial ring. In fact, it is not even clear if G"(A, ®) is finitely
generated as an R-algebra in general. This will be of interest for future
research.
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We have obtained explicit dimension formulas for G"-spline spaces over
a two-patches configuration and a star of vertex in Section 6. To obtain
these formulas, we have written the dimension of G;(A, ®) into the sum of
Euler characteristic X(Q&.) and homologies of the chain complex Q&., as
defined in Section 2.3. Because the transition map does not always preserve
degrees between polynomial rings, finding X(QZL.) and homologies of Q&.
is difficult. In fact, the whole Section 5 is devoted in computing X(QZ,)
for certain kinds of transition maps, where the division algorithm plays an
important role in the computation. It may be of interest for future studies
to find dimension formulas which work more generally.

The method used for the construction of the G”-basis in Section 2.4,
particularly Lemma 2.21, applies to a more general setting and provides a
general method to generate certain subspaces of a quotient ring. We have
implemented Algorithm 1 in Macaulay2 [26] computation in Example 6.10.
It is of our interest to develop a software package based on this Algorithm
1, which computes a basis for G"-spline spaces over any given G"-domain.

One issue that remains to be solved is the gluing data in this paper are as-
sumed to be polynomials, while they may be in the form of rational functions
as defined in the context of topological surfaces in [45]. We are confident
that our framework can be extended in the future to cover those cases where
transition maps are given by rational gluing data.

APPENDIX A. THE CHAIN COMPLEX FOR (G"-SPLINES

For the reader’s convenience, we begin by recalling some key concepts
from algebraic topology, which can be found in [32, Chapter 2|. By a chain
complex, we mean a sequence of homomorphisms of Abelian groups:

0; 2
Ch: "'_>Ci+1 —JLL)CZ E—)Cifl — ...
such that 9; 0 9;4+1 = 0 for each i € Z. The group homomorphisms 9; of C,
are called the boundary maps, or differentials, of the chain complex C,. The
homologies of the chain complex C4 are the quotient groups

HZ(C.) = ker al/Im 8i+1.

If A is an n-dimensional simplicial complex, we can define a chain complex
as follows. For ¢ = 0,...,n, we define C;(A) as the free Abelian group
generated by the i-dimensional faces o € A;. We take C;(A) = 0, for any
other index i. If o € A; is a simplex with vertices vg,...,v;, we write
a = [vg, ..., v, and define
1
81(04) = Z(—l)][vo, cee ,ﬁj, ‘e ,’Ui}.
j=0

We extend the map 0; linearly to C;(A), which gives us the boundary map
0i: Ci(A) — Ci—1(A). One may check that the sequence of boundary maps
satisfies 9; 0 9;41 = 0, for 4 = 0,...,n — 1, and therefore, the collection
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Ci(A) together with the maps 0; forms a chain complex, which we denote
by Ce(A). Clearly, the maps 9; can be restricted to the boundary dA of A,
and so Ce(0A) is also a chain complex, and a subcomplex of Ce(A). The
quotient Co(A)/Ce(0A) is called the complex of A relative to its boundary,
and it is denoted Co(A, 0A).

We now define a chain complex associated to a spline space over a sim-
plicial complex. This complex was introduced by Billera in [8] and refined
by Schenck and Stillman [57]. We call it the Billera-Schenck-Stillman spline
complex. We follow the notation in Section 2.2. Let A be an n-dimensional
simplicial complex, take S = R|z1,...,z,], and write

Se = Cu(A,0A) @ S,

where Co(A,0A) is the chain complex of A relative to its boundary OA.
For each interior face 7 € A} _;, we denote by ¢, € S a choice of a degree
one polynomial vanishing on 7.

We define J(7) = ({-F1) C S, the ideal generated by £7 1. If B € Ay, for

k=0,...,n—2, we define
J(B)=) Jr) = (.
728 728

If o € A, we take J(o) = 0. The ideals J(f) define a sub-complex I, of S,,
where the boundary maps 0; are the restriction of the differentials of S,:

L0 P I @ Jm 2 5 P In) —o.
o€A, TEA? YEA]

n—1

The Billera-Schenck-Stillman spline complex is the quotient S, /I,, namely

S/l 0= @ S0) 2 @ s/ 2= 2 @ /Iy — o,
ceA, TEAZ,1 ’YEA(O)

where S(8) = S for each face 5 € A.
Given a G"-domain (A, ®), for n-faces 01,09 € A,, such that 7 = o1Nog €
A,,_1, a transition map ¢12 € ® from o to o9 as defined in (2.1) is an identity

if u1j > ug; for every j =1,...,n, where X (0;) is the system of coordinates
of o; and R(o;) is the polynomial ring in the coordinates (w1, ..., u;,) of
X(O'Z)

Proposition A.1. Let (A, ®) be a G"-domain, where A is an n-dimensional
stmplicial complex and all transition maps in ® are identities, then the chain
complex (Fy,de) defined by (2.6) and (2.8) in Section 2.2 is isomorphic to
the Billera-Schenck-Stillman spline complex Se/I,.

Proof. If for all interior faces 7 € A _; the transition maps in the (A, @)
are identities, then the polynomial ring

R(o) = S,



46 AN ALGEBRAIC FRAMEWORK FOR GEOMETRICALLY CONTINUOUS SPLINES

for every o € A,,. In particular, if 7 = o1 N oy for o; € A, then (2.2) takes
the form

R(T) = S®R S,

and (2.4) can be rewritten as
I"(r) = <u11 —UDL, ..., Ulp — U2n> + I, (7‘)TJrl -R(T) + I, (T)T—H - R(1),

where I, (1) = <ET(ui1,...,um)> C R(oy), for i = 1,2. Take J(1) =
(lr(z1,...,2y) ") C 5. It is clear that the homomorphism R(r) — S
given by u;; — xj, for i = 1,2 and j = 1,...,n, induces an isomorphism
F7(r) = S/J(1). It is also easy to check that the diagram

)

@UeAn Frti(o) — GareAg_l Fril(r)

- -

On
Doca, S — GBTeAgfls/J(T)

commutes. Similarly, for every oo € A7, for k = 0,...,n — 2, the homomor-
phism R(a) — S, given by uy; — x; where (us1,...,us,) are the coordi-
nates of X (o) for every o O a, induces an isomorphism F"(«a) = S/J(«).
Hence, also in this case the diagram

1
@ﬁeAO ]'—Hl(ﬁ) 1 @aeA; ]:T—H(a)

k+1

- !

0
Dscas S —— Baeas 5/J()

k+1

commutes. It follows that F, = S,/I, as chain complexes. O
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