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Chapter 1

Introduction

General relativity tells us that, quite generically, compact objects, such as heavy stars,
can and will undergo gravitational collapse to form black holes [1]. Black holes are
characterised by an event horizon, a surface which divides spacetime into two parts:
the exterior of the black hole and the interior of the black hole, a region from which
nothing, not even light, can escape. As a consequence, for an observer in the exterior
region, there is apparently no way to get a signal from and learn anything about the
interior.

This peculiar feature of black holes led Bekenstein [2] to assign a black hole an
entropy proportional to its horizon area in an attempt to save the second law of ther-
modynamics, which could otherwise be violated by throwing matter into a black hole.
This proposal has an obvious flaw: if black holes have entropy then they must gener-
ically have a nonzero temperature. Yet, by definition, classical black holes have zero
temperature since they cannot emit anything. This dilemma was later resolved by
Hawking [3], who considered the behaviour of quantum fields on a black hole spacetime
and showed that black holes do in fact emit radiation with a perfect thermal spectrum.
By the first law of thermodynamics, we can then associate a classical thermodynamic
entropy to the black hole, known as the Bekenstein-Hawking entropy,

Spn = %, (1.0.1)
where A is the horizon area. This entropy is remarkably large. For instance, a solar
mass black hole has Sgy ~ 1077. Although black holes, in some respects, seem to
behave like ordinary objects that obey the laws of the thermodynamics, Hawking [4]
discovered that they seem to differ in a fundamental way. The radiation emitted by
a black hole is noisy; it has a perfect thermal spectrum and is seemingly unrelated to
the state of the matter that formed the black hole. This is in tension with unitarity
evolution in quantum mechanics if the radiation remains in a perfect thermal state,
even after the black hole has entirely evaporated. Information would then be truly
lost.
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A sharp formulation of this puzzle is due to Page [5], who used the entropy of the
radiation as a diagnostic for information loss. Hawking’s calculation suggests that the
entropy of the radiation keeps rising as the black hole evaporates and emits radiation’.
This follows because the emission of Hawking radiation is dominated by the s-wave
sector of massless fields which can be approximated by a 14 1-dimensional gas of bosons
or fermions. This reasoning leads to an entropy which increases linearly in time. The
intuitive reason behind this growing entropy is the stretching of space behind the
horizon which can be understood using the “nice slice” picture of [6, 7]. Eventually,
we run into a contradiction at the Page time, the point at which the entropy becomes
larger than the Bekenstein-Hawking entropy. If we believe that the Bekenstein-Hawking
entropy has a statistical mechanical underpinning, then at this point, there are simply
not enough states to purify all the radiation?. At this point, the entropy must begin
to decrease, following what is known as the Page curve. This sharpens the argument
because the puzzle now shows up a lot sooner, when the black hole is roughly half its
initial size. This argument reveals a fundamental tension between the evaporation of
black holes in semiclassical gravity and the unitarity of quantum mechanics.

Recent developments [9, 10] in the black hole information problem have pointed to
a solution requiring only the semiclassical toolkit. The approach relies on the inclusion
of spacetime wormholes in the gravitational path integral when computing the entropy
using the replica trick [11, 12]. After the Page time, the dominant saddle point for com-
puting the entropy involves a wormhole connecting the replicas. In fact, the calculation
is conceptually similar to the derivation of the Bekenstein-Hawking entropy from the
gravitational path integral by Gibbons and Hawking [13]. The basic role of wormhole
contributions is to provide nonperturbatively small corrections to the naive bulk inner
product for the modes inside the horizon with which the radiation is entangled. These
small corrections gradually build up over time and eventually have a dramatic effect
at the Page time. This resonates with the widely held belief that information is not
really lost but instead ends up being encoded in subtle correlations in the radiation.

These developments grew out of ideas in the context of the AdS/CFT correspon-
dence [14-16], starting with the work of Ryu and Takayanagi [17], who showed that the
Bekenstein-Hawking entropy formula (1.0.1) is a special case of a more general formula
for computing the entropy of boundary subregions B in the CFT,

A(s)
S(B) = 1.0.2
()=~ 2, (102)
where A(7p) is the area of a minimal surface vp in the bulk which ends on the boundary

of the subregion. The formula was soon revised to include time dependence [18] and

!Mathur’s “small corrections theorem” [6] demonstrates that small corrections to the state of the
Hawking radiation cannot change this result. However, recent work has shown how this result can
change once certain nonperturbative effects are taken into account.

2This idea—that a black hole, when viewed from the outside, can be described in terms of a
quantum system with e 21 states—is sometimes called the central dogma [8].



quantum corrections [19, 20],

S(B) = Alrs) + Shuk(0), (1.0.3)
4G

where the surface yg, known as the quantum extremal surface (QES), is determined
by extremising the quantity on the RHS and Spuk(b) is the entropy of bulk quantum
fields on a partial Cauchy surface b in the bulk such that 0b = yg U B. In fact, the
QES prescription turns out to be a signature of a deeper relation between the bulk
and boundary known as entanglement wedge reconstruction® [19, 24-29], which states
that the boundary subregion B has access to all the information in the bulk contained
within its entanglement wedge b. The idea of entanglement wedge reconstruction is
perhaps most naturally understood in the language of quantum error correction, where
the linear map from the semiclassical bulk Hilbert space to the Hilbert space of the
CFT is the error correcting code [30, 31].

Extending these ideas to evaporating black holes provides a window into how infor-
mation eventually gets encoded in the radiation. The initial breakthrough was driven
by the discovery of novel QESs which can contribute to entropy of Hawking radiation
and give rise to the Page curve [9, 10]. More generally, the QES prescription allows one
to understand correlations between subsets of the Hawking radiation. There are also
ongoing developments into understanding how measures of multipartite entanglement
[32, 33] can give further insight into the entanglement structure of the radiation.

More generally, spacetime wormholes have been crucial in understanding how the
discrete nature of black hole microstates can be analysed using the semiclassical toolkit.
Beyond the Page curve, they also explain some aspects of the spectral form factor [34,
35], and the behaviour of late-time correlation functions [36-39]. The latter lies at the
heart of a version of the information problem for an eternal black hole in AdS due
to Maldacena [40]. In gravity, the two-point function of quantum fields outside the
horizon of an eternal black hole appears to decay to zero as the fields are separated
further and further in time. On the boundary, the two-point function is just that of a
quantum mechanical system with a discrete spectrum in a thermal state,

1 S 2 —BEn—it(Em—Ey)
(0005 = 75 mgl O e . (1.0.4)
The discreteness of the spectrum forbids the correlator from decaying in time indef-
initely, instead the phases cause the correlator to rattle around a small but nonzero
value. This conflict is often referred to as Maldacena’s version of the information prob-
lem [40] and is particularly sharp since it can be phrased entirely within the context
of the AdS/CFT correspondence.

3For a discussion on the subtleties and the scope of validity of entanglement wedge reconstruction,
see [21-23].
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The two-point function at late times is an erratic function which depends strongly
on the details of the energy spectrum. However, by studying a coarse-grained version
of this quantity—such as by taking a running time average—and assuming that the
Hamiltonian exhibits random matrix universality and that the matrix elements of the
operators obey the eigenstate thermalization hypothesis [41, 42], a universal structure
emerges. After decaying for a while, the mean signal of the two-point function follows
a linear ramp before saturating on a plateau.

Contributions of spacetime wormholes to the gravitational path integral are best
understood in simple models, most notably Jackiw-Teitelboim (JT) gravity [43, 44].
This two-dimensional model of gravity came into the spotlight when Kitaev [45] showed
that it emerges as the effective low-energy description of a disordered quantum mechan-
ical system known as the Sachdev-Ye-Kitaev (SYK) model [45, 46]. This is a version
of holographic duality with a crucial difference: JT gravity is dual to an ensemble of
quantum systems, not to a specific quantum system. In this duality, the role of the
gravitational path integral gains clarity: it explains statistical aspects of black hole
microstates. For instance, its explains some aspects of the mean value of the correlator
(1.0.4) and the statistics of the late-time noise, but not the noise itself.

The plan of this thesis is as follows. We start in chapter 2 by discussing some aspects
of JT gravity coupled to a matter quantum field theory. We review how evaporating
black holes can be formed in JT gravity by coupling to an auxiliary system. The aim
of this chapter is to introduce some background material and notation which will be
used throughout chapters 3-5.

In chapter 3 we analyse the entropy of subsets of Hawking radiation for an evap-
orating black hole in JT gravity. We identify a simple class of QESs and show how
the entropy is determined by a nontrivial competition between multiple QESs. We
also extend this analysis to the case with an interface between the gravitational region
and the auxiliary system, which serves as a toy model for a black hole with greybody
factors. We compare these findings with a microscopic toy model that accounts for
thermodynamic irreversibility of evaporation due to greybody factors.

In chapter 4 we examine when information which has been thrown into an evaporat-
ing black hole can be recovered in the radiation, a problem first studied by Hayden and
Preskill [47]. We solve exactly for backreaction of the infalling object on the geometry
within the JT model and examine how the dimension of the infalling system affects the
time scale for the information to be recoverable in the radiation. We compare these
results with a microscopic toy model in which we study reconstruction of the ingoing
modes using the Petz map.

From a holographic perspective, JT gravity coupled to an auxiliary system has a
dual description as a quantum mechanical system coupled the auxiliary system. In an
appropriate infrared limit, boundary conformal field theory (BCFT) offers a powerful
framework to examine this setup, which we explore in section 5. At high temperatures,



the dynamics of entropies in BCFT are controlled by certain OPE limits of twist
operator correlation functions used to compute the Rényi entropy. We show how this
behaviour is connected to the behaviour of certain OPE limits of twist operators in the
bulk matter theory, which can involve contributions from non-trivial QESs.

In chapter 6 we study some aspects of the spectral form factor in the SYK model.
Like the correlator (1.0.4), the spectral form factor is a noisy function at late times.
We show how the statistics of this noise can be understood as arising from a pattern
of replica symmetry breaking in the collective field variables of SYK.
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Chapter 2
JT gravity

In this chapter we review some aspects of JT gravity and its coupling to a matter
quantum field theory. We also discuss how evaporating black holes can be formed
in JT gravity by coupling to an auxiliary system. The aim of this chapter is not to
give a comprehensive introduction to this subject but rather to introduce the some
background material and notation which will be used throughout chapters 3-5 of this
thesis. See [48] for a recent review on this subject.

JT gravity is a simple model of gravity in two dimensions with action [43, 44]

1 2
zJT:m[/de_—g(p(mz)w/wdw_—w(x_m | (2.0.1)

where g is the bulk metric with Ricci scalar R, 7y is the induced metric on the boundary,
and K is the extrinsic curvature of the boundary. Since the scalar field ¢, the dilaton,
appears linearly in the action its equation of motion sets R+ 2 = 0, which implies that
the spacetime M is locally isometric to a portion of AdSs. The last term in the action
includes a Gibbons-Hawking-York boundary term and a counterterm (the —1) which
is needed to cancel the divergent part of the action near an AdS, boundary.

Usually one also adds an Einstein-Hilbert action and Gibbons-Hawking-York bound-
ary term

o
= {/Mde\/—_gRJrZ/aMdt\/—_ny], (2.02)

which, in Euclidean signature, is a topological invariant proportional to the Euler
characteristic of the spacetime. The role of this term in this model will be to pro-
vide an extremal (or zero-temperature) entropy for the black hole. Remarkably, this
simple model arises as the universal description of the near-horizon physics of near-
extremal black holes in higher dimensions which have an approximately AdSs throat
with a slowly varying transverse space [49]. The simplest realisation is the Reiss-
ner—Nordstrom black hole in four dimensions which, in the near-extremal limit, has an

7



8 JT gravity

approximately AdS, x S? near-horizon geometry. From this perspective, the area A of
the transverse space is given by the dilaton

A= ¢y + ¢, (2.0.3)

where ¢ is the constant part of the dilaton which comes from the Einstein-Hilbert term
(2.0.2). From this perspective, one requires |¢| < ¢y to remain in the near-extremal
limit.

2.1 Classical solutions

For a matter quantum field theory which does not couple directly to the dilaton ¢, the
model retains its simplicity, and the variation with respect to the dilaton and metric
give the equations of motions

R+2=0, (—=ViVi+ 9uV? = gup) ¢ = 87G (Typ). (2.1.1)

We work in the limit where the gravitational sector may be treated semiclassically
and matter quantum mechanically, so have replaced the stress tensor T, with its
expectation value (T,;). For simplicity we will restrict to the case that the matter is a
conformal field theory (CFT). Classically, the trace of the stress tensor vanishes for a
CFT. Quantum mechanically, this is only true in a flat spacetime; due to the conformal
anomaly, the trace of the stress tensor is constrained to be

C
TT=—R 2.1.2
T ot (2.1.2)

where ¢ is the central charge of the CFT. It will be useful to add a counterterm to
cancel the source from the trace of the stress tensor. This can be achieved by adding
a cosmological constant term which amounts to a redefinition of the extremal value of
the dilaton ¢g — ¢¢ + % [50]. Henceforth, we will assume TrT = 0. Taking the trace
of the metric equation of motion (2.1.1) we then find V2¢ = 2¢. This can be used to
simplify the equations of motion

R+2=0, (—Vavb + gab) ¢ =8rG <Tab>- (2.1.3)

2.1.1 Metric solution
Writing the metric in conformal gauge
ds* = —e*V) dudo, (2.1.4)

where u and v are lightcone coordinates, the equation of motion for the metric becomes
the hyperbolic Liouville equation

40,0pw + €2 = 0. (2.1.5)
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The general solution is
e AWV
(U(u) = V(v))*’

for some functions U(u) and V(v) of the lightcone coordinates v and v. This corresponds
to the Poincaré patch of AdSs where the metric is

(2.1.6)

2 _ _4U/(U)V'(v)dudv _ 4duav
a5 = (U(u) — V(v))2 U—V)2 (2.1.7)

The geometry has a conformal boundary at U = V where the metric diverges and
horizons where U — V = oco. The isometries of AdSy act as Mobius or fractional linear
transformations on the Poincaré lightcone coordinates

aU+b vV aV+b

U_>CU—|—d’ _>cV+d’

ad —bc =1, (2.1.8)

and form a group isomorphic to PSL(2, R). In section (2.3) we will learn how the bound-
ary conditions of JT gravity distinguish certain coordinate frames of AdS,, making it
useful to study several important frames of AdS,. The first frame we have encoun-
tered is the Poincaré patch (2.1.7) which only covers a subset of AdS,;. Applying the
transformation

U(t) = V(1) = tan%, (2.1.9)

takes us to the global patch of AdSs where the metric is

dudv B —dr? + do?

2 u—v
S1n 3

ds? = —

— (2.1.10)
SN~ o

with u = 7 — 0 and v = 7 + 0. The global patch makes it apparent that, unlike its
higher dimensional cousins, AdS; has a pair of conformal boundaries at ¢ = 0, 7. The
Weyl factor 1/sin? o doesn’t change the causal structure of the spacetime so it’s the
same as that of the strip R x (0,7) in Minkowski spacetime, which is depicted in the
Penrose diagram in figure 2.1.

Another useful patch of AdSs is the right black hole or Rindler patch, which can
be found using the transformation

6] 7
U(t) = V(t) = —tanh =t 2.1.11
(1) = V(1) = = tanh 5t (21.11)
with parameter 5. This leads to the metric
472 dudv

ds? = —

T i) (2.1.12)
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Figure 2.1: The Penrose diagram of AdS;. The Penrose diagram on the left shows how the
right black hole patch, shown in purple, is contained in the Poincaré patch, shown in pink. The
Penrose diagram on the right shows how the left and right black hole patches, shown in purple,
are contained in the Kruskal patch, shown in green.

The conformal boundary is at © = v and there are horizons where u — v = oo. This
metric appears in the near-horizon limit of near-extremal black holes in higher dimen-
sions, where the parameter 5 corresponds to the inverse temperature of the black hole.
This becomes apparent if we introduce the coordinates

U+ v Th

t = = 2.1.13
2 " tanh §(u —v)’ ( )
with r, = 27/ as the metric then takes the form
ds? = —(r2 — r2)dt? + dr® (2.1.14)
s = i R 1.

The identification r;, = 27/ ensures the absence of a conical singularity at the horizon
when Euclidean time is made periodic with period . For finite § the black hole patch
is contained within the Poincaré patch, as shown in the left panel of figure 2.1. In the
zero temperature limit 5 — oo, we recover the Poincaré patch, as limg_, gtanh %t =1,
which appears in the near-horizon limit of extremal black holes in higher dimensions.

Since the coordinates u and v do not extend to the horizons, it is often convenient
to use the Kruskal coordinates

U=—e2™/B 7 =¢2mv/b, (2.1.15)

The Kruskal coordinates extend beyond the horizon and also contain a left black hole
patch, related to the right patch by the isometry (U, V') — (—=U, —V'). This is depicted
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in the right panel of figure 2.1. The left patch can be parameterised by null coordinates
w and © such that

U=e /B 7 = _20/8 (2.1.16)
In Kruskal coordinates the metric is
4dUdV
2 _

Each of the Kruskal coordinates are related to the Poincaré coordinates by a Mobius
transformation,
BU+1 V= gV —1

= ——— _— 2.1.1
U U -1’ TV +1 ( 8)

2.2 Hawking radiation from conformal anomaly

To solve the equation of motion for the dilaton (2.1.3) we need to specify the state of the
matter quantum field theory. To understand which states are sensible, it is instructive
to restrict the matter quantum field theory to be a CFT, where the dynamics of energy-
momentum are particularly simple. For a CFT in two dimensions the trace of the stress
tensor is fixed by the conformal anomaly to be proportional to the Ricci scalar (2.1.2).
In lightcone coordinates, this means

C
Ty =—— . 2.2.1
uv 127T8uavw ( )

Together with conservation of energy-momentum V,7% = 0, this is sufficient to de-
termine T, up to a function of u and a function of v

T, = —— (0% — (0,w)?) + tu(u),
127 ) , (2.2.2)
T, = Tor (02w — (Oyw)?) + tu(v).

In the asymptotic region of an asymptotically AdS or flat spacetime the anomalous
term vanishes and so t,(u) and t,(v) can be interpreted as the outgoing and ingoing
energy flux at infinity, respectively. Specifying t,(u) and t,(v) then determines T,
everywhere. Near the horizon of a static black hole w ~ %(U — u), where ( is a
parameter related to the surface gravity k = 27/8. For the outgoing component of the

stress tensor this implies
e

T ~ —— + t,(u). 2.2.3
The coordinate u does not extend to the future horizon, where u — o0, so it is conve-
nient to use the Kruskal coordinate U = —e2™%/#_ The Jacobian from the change of

coordinates implies
— 157 T tu(u)

Tyy ~ (2.2.4)
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So for any state where T, is nonsingular on the horizon U = 0, we must have [51]

e

tu(u) ~ 1272 +O(e /8 as u — oo. (2.2.5)

This is nothing but the energy density of a thermal state in a CFT if we identify S as the
inverse temperature. Hence, we learn that any sensible state, with finite energy density
on the horizon, necessarily has a constant thermal energy flux at inverse temperature
£ at late times, which is nothing but Hawking radiation. For black holes in higher
dimensions the spectrum of Hawking radiation is not thermal due to the presence of
greybody factors.

We also learn that any sensible state for the outgoing modes is extremely well
approximated by vacuum associated to the Kruskal frame. For an evaporating black
hole there is no past horizon so there is no analogous constraint for the state of the
ingoing modes. For example, if there is no ingoing flux of energy from infinity ¢, = 0,
then there must be a negative flux of energy T,, = —1%2 across the horizon which
causes the area of the black hole to decrease. This state, where the outgoing modes
are in the vacuum associated to the Kruskal frame and the ingoing modes are in the
vacuum associated to the frame of an asymptotic observer, is known as the Unruh
state. For example, for a massless scalar or fermion field the state for the outgoing

modes in the Unruh state is

1 or oo

1 —npw w w
® N Z e e © ey (2.2.6)
w “ n=0

where Z,, is a normalisation, and |n); . and |n). . denote a states of definite Rindler
frequency w in the interior and exterior, respectively. The sum goes up to 1 for a
fermion and oo for a scalar. Tracing over interior modes gives a thermal state for the
exterior outgoing modes

1 or co

®Zi S e, (2.2.7)
w “ n=0

Alternatively, the black hole can be kept in equilibrium by providing a compensating
ingoing energy flux t, = % This state, where both the ingoing and outgoing modes
are in the vacuum associated to the Kruskal frame, is known as the Hartle-Hawking

state [52].

2.3 Boundary conditions

Let us parametrise the metric in JT gravity using Poincaré coordinates

4dUdV —dF?+dZz?
ds? — — - 2.3.1
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where U = F' — Z and V = F' 4+ Z. In studies of JT gravity the spacetime M is
usually cut off near the conformal boundary U =V or Z = 0, so, M is “nearly all”
of AdS,. The physical boundary dM is a timelike curve (F(t), Z(t)) in AdSy, which
is assumed to be parameterised by a distinguished time coordinate t. To get a nearly
AdS, spacetime one further imposes the boundary conditions

dt? _ ¢

ds?|,,, = - b (2.3.2)

€

where ¢, is a constant and € is a small parameter. For small € the boundary condition
for the metric implies Z(t) = —e F'(t) + O(e®). This means that, for small €, the
function F' entirely determines how the physical boundary OM is embedded in AdS,.
After imposing the negative curvature condition the action reduces to a boundary term

L[ wv=er -, (2.3.3)

T 87TG OM

For small ¢, a short calculation reveals that the trace of the extrinsic curvature is given
by (see appendix A)
K=1-¢{Ft}+ 0O(e), (2.3.4)

where {F,t} is the Schwarzian derivative

F"(t) 3 (F"(t)\
Py =Ty ~ 3 ( = (t)> . (2.3.5)

Hence, the dynamics of JT gravity is encoded in a boundary action for the function F'
which relates the boundary time coordinate ¢ and the Poincaré time coordinate F',

Iy = _8;?(} / dt {F,1}. (2.3.6)

This action is known as the Schwarzian action. Actually, one gets a pair of Schwarzian
actions, one for each boundary of AdS,. The Schwarzian derivative, and hence the
action, is invariant under Mobius transformations of the function F'. This PSL(2,R)
symmetry should thought of as a gauge symmetry which arises since not every function
F gives rise to a different metric.

The equation of motion for F', found by varying the Schwarzian action, is simply
energy conservation, that is, the change in energy is equal to the net influx of energy

Or
&G

dE
@ = (Tl = (Tult)), B =~

(F ¢}, (2.3.7)

The energy E is simply as defined the Noether charge associated to boundary time
translations. In this expression u and v are null coordinates adapted to the boundary
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region, defined by U = F(u) and V = F(v). For a given energy there is a simple
method to solve

(Ft) = —8;GE, (2.3.8)

for the reparameterisation function F. If f, and f_ are two linearly independent
solutions to the linear second order ODE
d?f  AnG
dt? ¢,
then F' = f, /f_ solves (2.3.8). The general solution is related to this one by a Mdbius

transformation, since two functions can only have equal Schwarzian derivative if they
are related by a Mobius transformation.

Ef, (2.3.9)

2.4 Eternal black holes

A simple class of solutions correspond to equilibrium solutions, where the ingoing and
outgoing energy flux are balanced. For these solutions, the equation of motion (2.3.7)
imply that the energy F is a constant. The solution for F' with parameter 3 is

B ™ T,
F(t) = & tanh — E = ) 2.4.1
The metric and dilaton profile are [50]
4 1
g2 — _m dudv b= 2w, (2.4.2)

B2 sinh2%(u—v)’ A tanh g (u—v)

For E > 0 this solution corresponds to a black hole with inverse temperature 3. The
identification of § with the inverse temperature can be seen by requiring the Euclidean
section of the spacetime to be regular at the horizon, as discussed at the end of section
2.1.1. This suggests that the vacuum state should look thermal to an asymptotic
observer. Since physics happens in real time, a more satisfying argument is the one
given in section (2.2) which showed that the conformal anomaly together with the
condition of a regular state at the horizon imply that there must be a flux of thermal
radiation at late times. Since this argument was quite general, it’s instructive to see
how this works for a real, massless scalar field ¢. The expectation value of the right-
moving component of the stress tensor

Tuuw = Oup Oup, (2.4.3)

can be extracted from the two-point function of ¢. Expanding ¢ in modes f,, f, of
positive and negative frequency with respect to the Poincaré vacuum
efin(u) _ efin(v)

o(u,v) = /0 dw (awfw + alfw) , fo = , (2.4.4)

4w
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such that the Dirichlet boundary condition ¢ = 0 is satisfied at the boundary v = v,
we find

(o, 0)p (') = = log (2.45)

A7

This just usual two-point function of a real, massless scalar field with an image term
which gives rise to the denominator. Using the explicit form of the function F' (2.4.1)
the correlation function reads

o, o)l ) 1 sinh §(u — ') sinh 3 (v — v') (2.4.6)
u,v)p(u',v)) = —— A.
PRI TIPS 4 sinh §(u — ¢’) sinh 5 (v — u/)

Notice that this is periodic in imaginary time with period . This is the KMS condition
[53, 54] that must hold for any thermal correlation function and follows simply from
cyclicity of the trace and that the logarithm of the thermal density matrix is the
Hamiltonian.

Classically, for the scalar field ¢ the right-moving component of the stress tensor
is given by (2.4.3), but as a composite operator in the quantum theory this operator
requires renormalisation due to the universal short distance behaviour in the operator
product expansion

1
5 + reg, (2.4.7)

Dupdup 2 L L _
L A (u — u')

where reg denotes terms which are regular as v — u’. The divergence is universal in the
sense that it is present for any state. The renormalised or normal ordered stress tensor
‘Twp: in the quantum theory can be defined by point-splitting. For the right-moving
component this is defined as

1 1
Tuw: = lim |0, Oy —_—
u’Lnu v (10_‘_ 41 (u—u’)2

(2.4.8)
There is a similar expression for the left-moving component. Notice that this defini-
tion refers to a specific frame as it is defined by subtracting the singular part of the
composite operator 0, J,/¢ in the frame associated to an asymptotic observer, that
is, an observer who defines positive frequency with respect to boundary time ¢. Using
(2.4.5) and the explicit form of the function F' (2.4.1) it is straightforward to compute

1 T

Tw) =——1{F,u} = —
(Twi) = =g AP = 155

(2.4.9)

which implies thermal flux of radiation at inverse temperature §. This is precisely
(2.2.5) with ¢ = 1 for real, massless scalar field. Notice that the normal ordered stress
tensor transforms inhomogeneously.
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Since we have identified § as the inverse temperature of the black hole we can
associate a classical thermodynamic entropy to the black hole by integrating the first
law of thermodynamics

2w ¢,/ 3
AG

S = /dE B(E) =Sy + (2.4.10)
with Sy = ¢o/4G. This is just A/4G with A the value of the dilaton ¢y + ¢ on the
horizon. Notice that Sgy — S is linear in the temperature, as expected for a near-
extremal black hole in higher dimensions.

Although we will primarily be interested in nonequilibrium solutions, which corre-
spond to evaporating black holes, we will find that over short time scales compared
with the time scale for evaporation the solution is well approximated by the equilibrium
solution. This follows since black holes evaporate very slowly in the semiclassical limit
so are effectively in equilibrium with their Hawking radiation over sufficiently short
time scales.

2.5 Evaporating black holes

To model evaporation we couple the matter CFT to an auxiliary reservoir system
which is taken to be the same matter CF'T defined on half of Minkowski space with
metric ds? = —e%dudv. In coupling these systems, we identify the boundary time with
Minkowski time and impose transparent boundary conditions for the matter fields so
that energy and momentum flows freely across the interface. We can think of this
as a toy model describing the s-wave sector of a near-extremal black hole in higher
dimensions but where the near-horizon region of the black hole (sometimes called the
“zone” ), which corresponds to the nearly AdS, factor, has been glued to the asymptotic
region, which corresponds to the half Minkowski space.

In this setup we can form an evaporating black hole by heating up a zero-temperature
black hole and letting it evaporate into the reservoir [55]. In more detail, we start with
the extremal black hole in JT gravity with matter in the Hartle-Hawking state (or
Poincaré vacuum). At time ¢ = 0, we throw in a pulse of energy from the right bound-
ary. Such a pulse of energy can be created by a “local quench” in the matter CFT,
created by inserting a scalar primary operator with conformal dimension A at a point
on the boundary at ¢t = ie. The shift in imaginary time by parameter € acts a regulator,
ensuring that the state has finite norm. The parameter € should not be confused with
the parameter € which enters in the boundary conditions for JT gravity. The expec-
tation value of the stress tensor in this state is determined by the conformal Ward
identity,

2
A« _ = Eyo(v). (2.5.1)

(o) = T or s o
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The RHS holds in the limit ¢ — 0 with £y = A/2¢ held fixed and describes a shockwave
incident on the black hole (see figure 2.2). As shown in section 2.2 any sensible state
for the outgoing modes will be extremely well approximated by the Kruskal vacuum
for which (Tyy) = 0.

2.5.1 Solving for F

In the presence of a local quench the energy balance equation (2.3.7) reads

dE cG
— = Ey(t) — kE k= .
ar ~ oot ’ 3¢,
The parameter 1/k will turn out to set the time scale for evaporation. To the past of
the shockwave we have the extremal black hole solution which has F(t) =t and £ = 0.
To the future of the shockwave F' solves

G
Or

By considering the associated linear second order ODE (2.3.9) one finds an exact
solution in terms of modified Bessel functions

ﬁ(t) _ 6220 Ko(Z) 27TTO

(2.5.2)

{Ft} = ———Fpe ™,  t<O. (2.5.3)

—kt/2 2.5.4

where zg = z(t = 0). The parameter Tj defined through the relation

TO,
Ey = —1T¢ 2.5.5
0 4G 0> ( )
will later be shown to represent the initial temperature of the heated up black hole. In
the presence of a delta function shockwave F' cannot be a smooth function. The best

we can do is ensure it is continuous up to its second derivative. Writing

aﬁ+b

F=— (2.5.6)
cF +d
and imposing continuity F'(0) =0, F'(0) = 1, and F”(0) = 0 fixes
27 —2z 2 —2z
a=—€ 0[0(20) , b= ——Ko(Zo) , C=me 0[1(2’0) s d= Kl(Zo), (257)
kzo k2o

up to an irrelevant positive scalar, and hence determines F' in terms of F'.

In the semiclassical limit the time scale for evaporation 1/k is very large and there
is simple yet excellent approximation to the exact solution (2.5.4) which is valid until
very late times. The approximate formula can be derived from the asymptotic formula
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for the modified Bessel functions. A more intuitive approach is to note that the linear
second order ODE associated to (2.5.3) is of WKB form

E2f" =e"f, (2.5.8)

with dimensionless parameters ¢ = k/nTy, © = kt, and ' = %. For ¢ < 1 with = = kt
fixed we find two solutions

1 [* /
fa(t) ~ et exp <j:—/ dz'e™™ /2) : (2.5.9)
0

€
Taking the ratio gives

F(t) ~ exp (27r /Ot dt’T(t’)) . T(t) = Tpe /2, (2.5.10)

The function 7'(t) will later be shown to represent the instantaneous temperature
of the black hole. The approximate solution for F' is found by applying a Mobius
transformation

F(t) ~ iTtanh (n /Ot dt’T(t’)) . (2.5.11)

Lo
Notice that over time scales ¢ < 1/k the temperature is effectively constant and so
the solution is the approximately the equilibrium solution (2.4.1). We can understand
when the approximation breaks down by going to higher order in the WKB expansion.
Including the first correction gives

47TTO

log F(t) ~ (1—e ™2 4 —

- (1—eM?). (2.5.12)

For the RHS to be an asymptotic series in k/7T, we require the first term to be much
larger than second term. This indeed holds for k/Ty < 1 with kt held fixed. However,
for late times t ~ %log % the second term becomes larger which signifies a breakdown
of the WKB approximation.

Indeed, for late times the black hole eventually cools back down to zero temperature.
This follows simply because for late times (2.5.8) is approximately solved by a function
which is linear in time, which corresponds to the solution for the extremal black hole.
The transition between these regimes can be understood from the exact solution, given
in terms of a ratio of modified Bessel functions (2.5.4). For example, the exact solution
determines the location of the horizon. In Kruskal coordinates,

Unorizon = — lim 1/F(u) = 0. (2.5.13)
U—00

The late time behaviour will not be important for us. For instance, the Page time
occurs when Sy — Sp is an order one fraction of its initial size, which happens at a
time scale of order 1/G. More specifically, in JT gravity the Page time occurs at a
time scale of order 1/k which is well within the regime described by the approximate
solution (2.5.10).
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2.5.2 Entropy of Hawking radiation

In Kruskal coordinates, the metric and dilaton profile for the evaporating black hole
are [50, 55]

_ 4dudv | F'v) 1UF(v)
ds? — ATV b= ¢, (ﬁ/(v) 21+UV> , (2.5.14)

The Kruskal coordinates are related to the Minkowski lightcone coordinates u and v,
adapted to an asymptotic observer, by

U=—1/F(u), V=F(_), (2.5.15)

where the solution for F' is given in (2.5.10). Notice that this looks like a simple
generalisation of (2.1.15) which accounts for the fact that the temperature of the black
hole varies slowly with time. It follows from the argument in section (2.2) that there
is an outgoing flux of thermal Hawking radiation

(:Tot) = ﬁ{u ul ~ %T(U)Q. (2.5.16)

By integrating the first law we can associate a classical thermodynamic entropy to the
black hole
270, T (v)
4G
This is a simple generalisation of the formula (2.4.10) for the eternal black hole which
accounts for the fact that for an evaporating black hole the temperature is slowly
varying with time. These formulas also confirm the fact that over short time scales
compared with the time scale 1/k for evaporation, where the temperature of the black
hole is effectively constant, the solution is well approximated by the equilibrium solu-
tion.

SBH(U) ~ SO —+ (2517)

The Hawking radiation also has an entropy. The entropy of all the radiation emitted
since the formation of the black hole at ¢ = 0 up to some time ¢, taken to be much
larger than the thermal scale, is given by the thermodynamic formula

e

Srad(t) = 0 /Ot T(t)dt'. (2.5.18)

The entropy grows monotonically with time and eventually we run into a puzzle when
it becomes larger than the Bekenstein-Hawking entropy Sgp. As discussed in the
introduction, the entropy cannot continue to grow forever. By the Page time, it must
turn over and eventually decrease to zero. As we will see in the next section, a resolution
to this puzzle is provided by the QES prescription, which shows that the entropy of the
Hawking radiation is only given by (2.5.18) before the Page time. The Page time is the
point at which S,.,q = Spy. After the Page time, the entropy of the radiation begins
to decrease. In particular, there does not appear to be any obvious obstruction to the
entropy not eventually decreasing to zero at the endpoint of evaporation. However,
near the endpoint of evaporation, we are well outside the semiclassical regime.



20 JT gravity

2.5.3 Page curve

To compute the entropy all the radiation emitted since the formation of the black
hole up to some time ¢ we consider an interval in the reservoir with one endpoint
on the boundary v = v = t and one endpoint at spatial infinity. We will consider
the possibility of a nontrivial QES which lies somewhere in the AdSs region. The
generalised entropy is

Sgen({ UR) = % + Sqrr({ U R), (2.5.19)
where [ is a spatial interval (or more precisely the domain of dependence of the inter-
val), called the island, which ends on the QES and extends to spatial infinity in the
other direction. The term island arises because in certain cases [ is spatially discon-
nected from R. A more fitting name in this context might be peninsula as I extends
out from the other spatial infinity [56].

In JT gravity the area term corresponds to the dilaton, that is, A = ¢g + ¢. The
second term is the entropy of quantum fields in / U R in the Unruh state. For a CFT
the formula for this entropy is universal and only depends on the central charge ¢ of

the CFT

—(U — UaR>(U — UaR)
Qo1€%r ’
where U and v are coordinates of the QES and Uyr = —l/ﬁ’(t) and vyr = t are the
coordinates of JR. In this expression 25; and Qsr are Weyl factors, associated to

the endpoints 01 and OR, which arise from rescaling the AdSs; and Minkowski metric,
respectively, to the metric —dUdwv. Explicitly,
1

_ 21T (v)V -
P, Q= —e— 2.5.21
o+ UV o 2T (uw)U (2521)

Sorr(IUR) = % log (2.5.20)

The contribution from the Weyl factors in (2.5.20) can be understood as arising from
the Weyl anomaly, which constrains the difference between the entropy computed in
two different frames to be

Saz, — S, = g Y logQ (2.5.22)

endpoints

where the sum is over the endpoints of the interval that we are computing the entropy
of. This follows from the fact that the entropy in a CFT is related to a correlation
function of primary fields called twist and antitwist fields which have conformal weights
proportional to the central charge ¢, as we explain in section 5.3.1.

The location of the QES is determined by extremising the generalised entropy.

Assuming the QES lies close to the horizon, we can approximate the area term as

A
ekt So + (Spu(v) — Sp) (1 —2UV). (2.5.23)
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ES 7 or

AdS, Minkowski

Figure 2.2: The entanglement wedge of the radiation of an old evaporating black hole contains
a portion of the interior (shaded green) of the black hole. The wiggly lilac line represents the
ingoing shockwave which formed the black hole.

Extremising the generalised entropy with respect to v then gives

ai?z—mﬂmwmwyﬁmUv+@&mm+%#@) (2.5.24)

The negative flux of energy across the horizon together with the first law imply the
middle term is equal to

TC
avSBH(’U) = —ET(U) (2525)

This leads to ¢
UV =~ (2.5.26)

48 (SBH(U) - So)
In the semiclassical limit the RHS is very small and so the QES lie inside and very
near to the horizon. Extremising the generalised entropy with respect to U gives

OSgen c 1
—— =~ —-2(5 —S)V 4+ . 2.5.27
ETi (Seu(v) — So)V + 6U — Unn ( )
Using (2.5.26), the solution is
1
U=- . 2.5.28
3Uom ( )
This means that, to leading order, the location of the QES is
B 1 SBH(t) — So
=t =t— 1 2.5.2
=t v o T(t) 8 ¢ (2.5.29)

where we have dropped correction of order the thermal scale. Here @ is defined in a
similar way to (2.1.16) by the relation U = 1/F(@). Since the QES lies near the horizon,
the area term is approximately given by the Bekenstein-Hawking entropy evaluated at
time ¢, that is, A/4G ~ Spu(t). Also, since the island lies behind the horizon, it
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contains the modes which are entangled with the outgoing Hawking radiation in the
Unruh state (2.2.6) and so Sqpr(I U R) ~ 0. This will be explained in more detail in
the next section. Hence, the generalised entropy is

Sgen(I U R) ~ SBH(t) (2530)
From the QES prescription, the entropy of the radiation subsystem R is given by
S(R) ~ min {Srad(t), SBH(t)} , (2531)

which is the Page curve. Notice that the ingoing coordinate v (2.5.29) of the QES lags
behind by a scrambling time
1 Sgu(t) — So

tser = 1
o T(t) ° ¢

(2.5.32)

This means that any information thrown into the black hole after the Page time and
at least a scrambling time in the past will lie in the island. According to entanglement
wedge reconstruction, this information can be recovered from the radiation after only
a scrambling time, as predicted by Hayden and Preskill [47]. In section 4 we will
investigate aspects of this problem in more detail.

There is a subtlety that we have brushed over here. The entropy S;.q(t) does not
arise from an empty QES, that is, it is not true that Sqrr(R) ~ Spa(t). Instead,
Sqrr(R) is infrared divergent. This itself is a version of the information problem. It
turns out that the resolution to this puzzle is also to include a nontrivial QES [55, 56].
This QES has generalised entropy

Syen(Io U R) & So + Sraa (t). (2.5.33)

So the entropy as stated in (2.5.31) is really only correct if the extremal entropy is
small, otherwise we should add the extremal entropy to the term which contributes as
Sraa(t). An alternative way to get around the issue is to cutoff the infrared divergence
by not taking R to extend all the way to spatial infinity.



Chapter 3

Islands, irreversibility, and
greybody factors

This chapter primarily consists of two papers [57, 58] written in collaboration with
Timothy J. Hollowood, S. Prem Kumar, and Andrea Legramandi. Some results in
section 3.7.4 rely on appendix B.3 which is adapted from a paper [59] coauthored
additionally with Zsolt Gyongyosi.

3.1 Introduction

Inspired by earlier arguments by Bekenstein [2], Hawking famously showed that black
holes are not completely black but instead have a temperature [3]. By the first law

of thermodynamics one can then associate a classical thermodynamic entropy to the
black hole

(3.1.1)

where A is the horizon area of the black hole. Hawking’s calculation showed that, from
the perspective of perturbative semiclassical gravity, the radiation emitted by a black
hole is in a mixed thermal state (up to greybody factors) at the Hawking temperature,
regardless of how the black hole was formed. This leads to an apparent tension with
unitarity if the radiation continues to remain in a mixed state even after the black
hole has entirely evaporated [4]. This traditional version of the information problem is
naive since it relies on extrapolating Hawking’s semiclassical calculation to arbitrarily
late times, when the black hole has almost entirely evaporated.

A sharper formulation of the information problem hinges on viewing the black hole,
B, and its radiation, R, as a bipartite quantum system and the following bound on the

23
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von Neumann entropy S(R) of the radiation subsystem
S(R) S min{Srad, SBH}a (312)

which follows if one believes that the entropy of the black hole Sgy has a statistical
mechanical origin. In this expression S;.q is the thermal entropy of the radiation
which follows from Hawking’s calculation. Since the thermal entropy S;.q increases
monotonically with time we run into a contradiction when it becomes larger than Sgy.
The time at which this occurs is known as the Page time. This sharpens the original
argument because at the Page time, which requires an O(1/G) time evolution, the black
hole is still an O(1) fraction of its initial size. Actually, by modelling the microscopic
dynamics of the black hole as a random unitary transformation, Don Page [5] went
further and argued that the upper bound is approximately saturated

S(R) ~ min{Srad, SBH} (313)

This result is known as the Page curve. Recent work [9-12] has shown how to obtain
the Page curve using the quantum extremal surface (QES) prescription, as was briefly
reviewed in section 2.5.31. The QES (or island) prescription says that the entropy of
the radiation R is given by!

A(DI)
AG

S(R) = min ext Sgen(I U R) = min ext + Sqrr(I UR)| . (3.1.4)

The generalised entropy Sgen(I U R) splits into a piece proportional to the area A(9I)
of the codimension two surface I (known as the QES) of the region I (known as
the island) and the von Neumann entropy Sqrr(/ U R) of quantum fields in I U R as
computed in pure QFT with no gravity. Hawking’s calculation corresponds to only
considering the empty QES and contributes as Sqpr(R) & Syaqa. In two dimensions the
QES 01 is a point or a collection of points and in JT gravity the area A is replaced by
the dilaton ¢g + ¢.

The QES prescription also applies when R is any subset of the radiation, however,
in general it’s a daunting task to analytically determine the extrema of the generalised
entropy for an arbitrary subset. The first aim of this work is to show how this problem
greatly simplifies in the semiclassical limit where black holes evaporate very slowly. In
this “adiabatic” limit it is meaningful to associate a slowly varying temperature T'(¢)
to the black hole and the entropy carried away by a subset R = | |, Ry of the radiation
is simply given by the thermodynamic formula

™

SQFT(R) ~ Srad(R), Srad(R) = TN /RT(u)du, (315)

Various aspects of islands have been explored in [56, 60-71]. For an alternative perspective, a
discussion on the subtleties of separating the black hole and radiation subsystems, and critiques, see
[72-78].
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where N counts the number of massless fields. The thermodynamic formula (3.1.5)
for the entropy applies when the subsets of R and the spaces between them are large
compared with the thermal scale, that is, measured with respect to 7'(u)du or %.
Throughout this chapter we assume that R is of this form and simply refer to this
assumption as the thermodynamic limit. In (3.1.5) the integral over R denotes an
integral over the range of the outgoing null coordinates which span R. That is, if the

range of outgoing null coordinates u over the interval Ry is [uy, u], then

Seaa(Re) = % / * P(u)du. (3.1.6)

By combining the adiabatic and thermodynamic limit with the QES formula we find
a very simple recipe for determining a class of islands / which can contribute to the
entropy of a subset R of the radiation:

1. Choose a subset I C OR. Here I (the “island in the stream”) is the image of
the island I under the involution U — —U, where U denotes the outgoing null

Kruskal coordinate, which exchanges the interior and exterior region of the black
hole.

2. The generalised entropy of I U R is given by

SeenTUR) = > Spu(uyr,) + Swaa(I © R), (3.1.7)

disconnected
components

aI,, of O

where & denotes the symmetric difference, I © R = I UR — I N R. Finally the
von Neumann entropy S(R) = min; Seen(/ UR) of R is determined by minimising
over possible islands.

A few clarifications are necessary. First, although we have stated the formula in
general terms, its derivation is based on a simple model of JT gravity coupled to an
auxiliary reservoir, with the matter sector consisting of N massless Dirac fermions.?
The choice of matter sector is dictated by the fact that Dirac fermions are the only
CFT for which the multi-interval von Neumann entropy is known analytically [79].
Second, we cannot exclude the possibility of additional islands which could have lower
generalised entropy and hence contribute to the entropy of R. However, in section 3.4
we verify that various entropy inequalities, including strong subadditivity, are obeyed
providing a nontrivial consistency check on the class of islands we find.

The island in the stream recipe, as described above, is only valid under the sim-
plifying assumption of a trivial greybody factor. A feature of a black holes in higher

2Each Dirac fermion has central charge 1 so the total central charge is ¢ = N.
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Figure 3.1: An example where R consists of three intervals with an island I behind the horizon
shown in red and its reflection across the horizon I also shown in red. The coloured bands represent
different subsets of outgoing modes and their entangled partner modes behind the horizon in the
same colour. The blue modes do not contribute to Sqrt(/ U R) since both the outgoing modes
and their entangled partners are contained in / U R. On the other hand, the green and orange
modes do contribute since only one of the outgoing modes or their partners are contained in TUR.

dimensions, as opposed to the simple model of JT gravity, is the fact that Hawking
radiation must tunnel through an effective potential barrier around the black hole.
This means that only some of the radiation escapes out to infinity and the spectrum
of Hawking radiation gets modified from a blackbody to a greybody [80]

(w)

Ty _

(3.1.8)
The greybody factor I'(w) is the transmission probability for a mode with definite
frequency w to tunnel through the potential barrier and (N]) denotes the expectation
value of the number operator associated to the transmitted mode T. For certain black
holes, like Schwarzschild, the greybody factor leads to simple multiplicative relation
between the entropy flux dST ,/du of the transmitted radiation and the entropy flux

ra

of the Bekenstein-Hawking entropy

dsT,  dSem d . S
W - S aw = Tu (Sr + Spa) = (1) | (3.1.9)

Here the parameter 1 < & < 2 is the “greybody coefficient”. For example, for
Schwarzschild ¢ = 1.91 in the s-wave approximation. The limit ¢ — 1 is the re-
versible limit where all the radiation is reflected back into the black hole while £ = 2
is the case with a trivial greybody factor [' = 1 where all the radiation escapes out to
infinity. Note that Sgg + ST, is nondecreasing since ¢ > 1. This is the statement of

the generalised second law [2, 81].
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The aim of section 3.6 is to understand the effect of a greybody factor on the entropy
of a subset R of radiation, and in particular how it affects the Page curve and the
structure of correlations in the radiation. Working in the adiabatic and thermodynamic
limit® we find that the formula for the entropy given by a simple extension of the island
in the stream formula (3.1.7)

SeenTUR) = > Spi(uy;,) + Sha(l©R). (3.1.10)

disconnected
components

8jk of ai

As compared with (3.1.7) the second term now involves the entropy S1.

g Of the radiation
which is transmitted through the potential barrier and has a deformed Planck spectrum
(3.1.8). The greybody factors are of higher dimensional black holes are absent in the
simple model of JT gravity. However, we mimic the effect of a greybody factor by
picking certain boundary conditions at the AdS-Minkowski reservoir interface so that

modes are only partly transmitted.

A feature which becomes apparent from the islands in the stream formula is that
in contrast to the Page curve calculation where one considers the entropy of all the
radiation, for subsets of the radiation there can be a nontrivial competition between
multiple islands. Naively this is at odds with Page’s calculation which says that the
entropy of R should be given by minimising the thermodynamic entropies of the sub-
system R and the complementary subsystem B U R’, where R’ is the complement of R
in the radiation, that is,

S(R) ~ min{ ST

rad

(R), Spu + STq(R)}. (3.1.11)
The resolution to this potential puzzle is that Page’s toy model assumes the process of
black hole evaporation is thermodynamically reversible. In section 3.7 we consider a
generalisation of Page’s model [82] which accounts for irreversibility and demonstrate
how the entropies perfectly match with the island in the stream formula (3.1.10). In
particular, viewing the greybody coefficient £ as a free parameter allows us to inves-
tigate the effect of irreversibility on the entropy of the radiation. A key result is that
irreversibility of evaporation leads to the possibility of multiple islands which can con-
tribute to the entropy of a generic subset R of radiation. This is in sharp contrast to
the reversible limit £ — 1 where only one nonempty island can contribute.

The plan of this chapter is as follows. We start in section 3.2 by reviewing some
aspects of evaporating black holes in JT gravity and the entanglement structure of
quantum fields across the horizon. In section 3.3 we derive the islands in the stream

3Actually we require a more stringent limit where the subsets of radiation and spaces between
them are not only much larger than the thermal scale but also much larger than the scrambling time
tser = ﬁ log £ BI}V_SU. This additional requirement is not entirely necessary but relaxing it leads to a

more complicated formula for the entropy.
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formula (3.1.7), deferring some technical details to appendix B.1. In section 3.4 we
discuss some applications of the islands in the stream formula and show that various
constraints from unitarity and entropy inequalities are obeyed. The role of greybody
factors on evaporation and entropies is discussed in section 3.5 and the generalisation
(3.1.10) of the island in the stream formula to account for greybody factors is derived
in section 3.6. In section 3.7 we review Page’s model before discussing a generalisation
of the model which accounts for irreversibility. We investigate the role of irreversibility
on the entropy and compare the results with the island in the stream formula. Finally,
in section 3.8 we end with some conclusions.

3.2 Evaporating black holes and entanglement

In this section we review some aspects of evaporating black holes in JT gravity and
the entanglement structure of quantum fields across the horizon.

3.2.1 Evaporating black holes

JT gravity captures the dynamics of the two-dimensional effective theory governing
the s-wave sector of the near-horizon limit of near-extremal black holes in higher di-
mensions. To study evaporating black holes, JT gravity can be coupled to an auxiliary
reservoir. One scenario involves heating up a zero-temperature black hole and letting
it evaporate into the reservoir, as described in section 2.5. However, the specific details
of the black hole’s formation will not be relevant for this work.

The spacetime in JT gravity is fixed to be a portion of AdSs, which we can param-
eterise in Kruskal coordinates

4dUdV
ds®? = ———. 3.2.1
° 1+ 0UV)? (82.1)
The future event horizon is the surface U = 0. Near the conformal boundary UV = —1

the geometry is glued to an auxiliary reservoir which is taken to be a copy of half of
Minkowski space. These coordinates are related to the Minkowski lightcone coordinates
u and v, adapted to an asymptotic observer, by*

U=—-1/F(u), V=F(@). (3.2.2)

The dynamics of JT gravity is encoded a boundary action for the function F' which
relates the Kruskal and Minkowski frames. In particular, the dilaton is determined in

terms of this function Fio) 1 '(v)
v UF'(v
1 ‘ 2.
¢ = ¢T<F’(U) 21—|—UV) (3.2.3)

4In chapter 2, the functions F and F related the Poincaré and Kruskal frames, respectively, to
the frame of an asymptotic observer. But since the Poincare frame won’t play a role in any of the
remaining chapters we will instead write F' for F', that is, Fthapters 3,4,5 = Fchapter 2-
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The exact solution for the function F' can be expressed in terms of modified Bessel
functions (2.5.4), however, there is an simple yet excellent WKB like solution (2.5.10)
which is valid until very late times,

F(t) ~ exp (27r /0 t dt’T(t’)) : T(t) = Tye */2, (3.2.4)

In the semiclassical limit £ = ¢G/3¢, < 1 and the slowly varying function 7" can be
interpreted as the instantaneous temperature of the black hole. Notice that the relation
between the Kruskal and Minkowski frame is a simple generalisation of usual relation
(2.1.15) between the coordinates for an eternal black hole.

3.2.2 The quantum state

For an evaporating black hole the relevant state for quantum fields is the Unruh state.
This is the state where the outgoing modes are in the vacuum associated to the Kruskal
frame and the ingoing modes are in the vacuum associated to the frame of an asymptotic
observer. Hawking showed that the spectrum of the radiation which tunnels through
the effective potential barrier around the black hole in the Unruh state is determined
by

I'(w)

Ty _

(3.2.5)
In this expression (V) denotes the expectation value of the number operator associated
to the transmitted mode T with definite frequency w and the greybody factor I'(w) is
the transmission probability for a mode to tunnel through the potential barrier. For
simplicity, we will initially ignore mixing of ingoing and outgoing modes caused by the
potential barrier and set I'(w) = 1. With this simplification the spectrum of Hawking
radiation is thermal. This can also be seen from the conformal anomaly. Since the
outgoing modes are in the vacuum associated to the Kruskal frame, we find

C

- %{U, uy ~ —T(u)?. (3.2.6)

(:Tuu:) 5

This is nothing but an outgoing flux of thermal Hawking radiation. In JT gravity,
ignoring the mixing between the ingoing and outgoing modes caused by the potential
barrier amounts to choosing transparent boundary conditions for quantum fields along
the AdS-Minkowski interface. We will address the mixing of the modes and a nontrivial
greybody in section 3.5.

3.2.3 Thermal entropy

During an outgoing null time du which is small, but much larger than the thermal
scale, the black hole emits thermal radiation which fills a shell of thickness du, in units
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where the speed of light is one. The entropy 6S;.q of this the shell of radiation is given
by the thermodynamic formula

0Srad = N/OOO (;—: [(1+ (N,))log(1+ (N,)) — (N,)log(N,)] ou

NT
_ ou,

6

(3.2.7)

where N is the number of fields which make up the radiation. The thermal entropy
of all the radiation emitted since the formation of the black hole at v = 0 and a later

time w is therefore N
Sead = % / T(u)du. (3.2.8)
0

This also follows from an exact CFT calculation. The entropy of an interval of radiation
collected in an interval with coordinates (Uy,v;) and (Us, vs), is

N~ —(U—-U -
Sapr = — log (U1 2) (V1 — )

3.2.9
6 210, ’ ( )

where
=/ 27T (u)U, (3.2.10)

is the contribution from the Weyl associated to the endpoints which arises from rescal-
ing the Minkowski metric to the metric —dUdwv. This formula is valid for any CFT but
for simplicity we can take it to be a theory of N massless Dirac fermions. Ignoring the
ultraviolet cutoff and the subleading contribution from the ingoing modes, one finds

— log (3.2.11)

g N smh7rf T(u WN/
YT /T )T (us)

Up to the terms that we are ignoring, the first equality is only approximate because we
have used the approximate solution (3.2.4) for the function F'. The limit on the RHS
is the thermodynamic limit where interval is large compared with the thermal scale.

3.2.4 Entanglement across the horizon

The state of the outgoing modes in the Unruh state |U), expressed in terms of the
vacuum of the outgoing modes in the vacuum state |0) associated to an asymptotic
observer, is a two-mode squeezed state,

exp [e’w/QTa(fw)T ® a(f) 10), (3.2.12)

1
=z

where Z,, is a normalisation. In this expression f, is a mode with positive frequency,
with respect to the frame of an asymptotic observer, with support outside the black
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hole, that is, for U < 0, and f,(U) = f,(—U) is partner mode with support inside
the black hole, that is, for U > 0. These two modes are thermally entangled in Unurh
state.

Since the modes f,, have definite frequency, they are completely delocalised in the
outgoing null coordinate u. However, we can construct localised wavepackets by con-
structed by taking superpositions of positive frequency modes. Since the characteristic
frequency is O(1/T'), we should be able to define a basis of wavepackets which are lo-
calised over the scale Au = O(1/T). This intuition tells us that the Hawking radiation
collected in a null interval R = [uq, us],which is large compared to the thermal scale,
will be thermally entangled with a set modes collected in a null interval behind the
horizon and related to R by reflection across the horizon U — —U.

U N
'«'\9"’
A e
4 ..." ‘e\x
< &
53
Q
4 %
N
P
. 7

Figure 3.2: The interval R = [Uy, Us] collects a subset of the outgoing Hawking radiation whilst
the interval I = [Us, Uy] behind the horizon collects a subset of the modes which are entangled
with the Hawking radiation.

To make this intuition more precise, consider the intervals R = [Uy, Us], which col-
lects a subset of the outgoing Hawking radiation, and I = [Us, U], which collects a
subset of the modes behind the horizon which are entangled with the Hawking radi-
ation, as show in figure 3.2. Suppose that the interval I lies near the horizon, in the
sense that both UsV3 and U,V, are much less than one. Now suppose that

’U1| > Uy > |U2’ > Us. (3.2.13)

In this limit the entropies of each of the individual intervals I and R will be well
approximated by the thermodynamic formula, as seen in the previous section. We
then ask: what is their combined entropy? That is, what is Sqpr( U R)?

For simplicity, we will restrict to the case that the matter sector consists of N
massless Dirac fermions, as this is the only CF'T for which the multi-interval entropy is
known analytically [79]. Ignoring the ultraviolet cutoff and the contribution from the



32 Islands, irreversibility, and greybody factors

ingoing modes, we find®

N, Uy—U N U -—U Uy — U (Us — Us)

&
Sqpr(I UR) = —log ~2——L + —log —+——2 4+ "o . (3.2.14
arr(T U F) = GlogJmr + T o8 “ms + Vo8 (0 0, 1y G2
Using (3.2.13), we find
N -U, N._ -U
S, IUR)~ —1 —1
arr(lUR) ~ 15 log 7= + 5 loe 77 (3.2.15)

= Srad([t1, U4]) + Sraa([u2, Us)).

Here we used the coordinate u to label the points behind the horizon, which is defined
by ~

U =exp (—2%/ da’ T(ﬂ’)) : (3.2.16)

0

We can also think of @ as the outgoing null coordinate associated to the endpoints of
I after being reflected across the horizon under U — U or © — u = %. Notice that we
also get (3.2.15) for a general CFT since the relative magnitudes (3.2.13) is similar to
being in the OPE limit U; — Uy, Uy — Us, in the sense that the cross ratio

(Us — Uh)(Uy — Us)
(Us = Uz)(Us — Uh)

1, (3.2.17)

and the form of the entropy is fixed universally by conformal symmetry. Related ideas
will play an important role in chapter 5.

The intuition behind (3.2.15) is that the subset of modes in [y, us] in R are entan-
gled with modes in I so do not contribute to the entropy of 7 U R. On the other hand,
the subset of modes in [ug, u3] add to the entropy. The result (3.2.15) can be neatly
packaged in terms of the symmetric difference /&6 R=1TUR - INR,

Sqrr(I UR) = Swa(I © R). (3.2.18)

Here I is the image of I under the reflection U — —U across the horizon. We can
visualise the overlapping sets of modes using the diagram:

Uy U
JB  ooooon: o eeo00000000
= ’l~t4 /l~1»3
]’ .............. P

SThere is a subtlety that we are sweeping under the rug here. The Weyl anomaly associated to the
endpoints of R arise from the rescaling —dudv — —dUdv so contribute as v/—U. On the other hand,
the Weyl anomaly associated to the endpoints of I, which are assumed to lie near the horizon, arise
from the rescaling —4dUdV — —dUdwv so contribute as 1/ VV, not VU. Serendipitously, however, it
turns out that the endpoints of I, when determined by extremising the generalised entropy, will have
Kruskal coordinates related by U ~ 1/V.
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Note that for I = R, SQFT(R U R) ~ 0. That is, the state on RU R is approximately
pure.

3.3 Islands in the stream

In this section we infer the existence of a class of extrema of the generalised entropy
using intuitive arguments. The detailed proof is relegated to appendix B.1.

The first assumption is that the putative QESs lie close to the horizon. This can
be shown to be self consistent by the following argument. Since the ingoing modes are
in the vacuum associated to the frame of an asymptotic observer (that is, an observer
who defines positive frequency with respect to boundary time ¢), at leading order, they
contribute to the QFT entropy only through the Weyl factor in the AdS region. Hence,
the dependence of the generalised entropy on each of the ingoing null coordinates V,
of the QESs, labelled by the index a, is particularly simple

N
Sgen = (SBH(Ua) — So)(l — QUQVQ) + E logVa —+ .- (331)

Here the first term is the area term evaluated near the horizon U = 0, the second term
arises from the Weyl factor associated to the outgoing null coordinates of the QES,
and the ... denote terms which do not depend on V, or are subleading. The negative
flux of energy across the horizon®

dFE c TN
— = —{F it~ ——T(t)? 3.2

together with the first law imply

1 N

Extremising the generalised with respect to V, then gives

N 1

UVo=co—F~c>
48 SBH<Ua) — S()

(3.3.4)

and so when k is much smaller than the thermal scale, U,V, < 1 and so the QES does
indeed lie close to the horizon.

A subtle point regarding (3.3.4) is that the leading behaviour of U, and V, cancel
in the combination U,V,, so (3.3.4) is actually a subleading effect. We will see that

6In the Unruh state (Tyy) = 0 and (:T,,:) = 0, as discussed in section 2.2. Hence, the only
contribution to the energy balance equation (2.3.7) comes from the negative flux of energy across the
horizon (T, ), which is determined by the conformal anomaly.
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this subleading term is responsible for the scrambling time, while at leading order we
have 1, = v,. This means that the area contribution to the generalised entropy can
be written as the Bekenstein-Hawking entropy evaluated at the ingoing time v, = .
Notice that @, is the outgoing null coordinate of the “mirror” 91, which is related to
the QES 0I by a reflection across the horizon. This gives

SeenTUR) = > Spu(uyr,) + Swaa( © R). (3.3.5)

disconnected
components

8l of oI

The remaining task is to extremise the generalised entropy with respect to the outgoing
null coordinates U, of the QESs. Consider the variation of the generalised entropy
as one of the endpoints [ varies in a neighbourhood of an endpoint of OR. A key
assumption being made here is the subsets of radiation and spaces between them are
large compared with the thermal scale so that the thermodynamic formula for the
entropy (3.1.6) holds. There are four possible scenarios, the first two with @, increasing
through wu;, where the index i labels the endpoints of OR, from left to right, are:

Ug
R ................. R .................
Ug—>
I _. .................... I —. .............
R@I .............. @@ eeaeenann R@I ................. O eeeeann
Ug < Uj Ug > U
JR  asconosossascnno: N JB  avscoonsooonsasss
f ............. o— f .................... o—
R@f .............. @@ e R@I ................. P

The QES contributes 8, = Spu(,) to the entropy whilst the contribution to Sqpr
comes from the blue region as is given by Sy.qa(I S R) = 2|8, —8;|. Hence as @, increases

Zgen 3.3.6
o -8/ for g > u;, ( )

OSgen {35; for w1, < u;,

for either of the two scenarios. Here ' denotes a derivative with respect to t,. Since
the area of the evaporating black hole decreases 8’ < 0, the generalised entropy has a
minimum at u, = u;.

The other two possible scenarios are:
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R = —— ) R —
f ............. o IN .................... o—
Rel Rol
Uq < U Ugq > U
12— )1 B —
j —————"ooooo000a0000a0000a I~ ————— Yoaooooaooooac
Rel Rol

For these cases, as 1, increases, we have

OSgen {—S; for @, < w;,

—gen 3.3.7
Ot 38, for w, > u;. ( )
So for these cases the generalised entropy has a maximum at @, = u;. In the detailed
analysis, presented in appendix B.1, we find that the generalised entropy behaves

smoothly as 4, moves across u;, in contrast to the discontinuous behaviour seen here.

There exists a class of extrema where each element of dI is mapped to a unique
element of R with 4, ~ u;. As we have seen, only a subset of the extrema will actually
be minima of the generalised entropy and so have a chance at contributing to S(R).
In appendix B.1 we prove this in detail and also compute the leading order corrections
to the coordinates of the QESs:

= — ————log A
ua ul QWT(UZ) Og ay
(3.3.8)
v — s — 1 10 48>\a(SBH(ul) — SU)
@ T () B N ’

1

with A, equal to 3

The difference

or 3 for the for minimum or maximum cases above, respectively.

1 48)\a(SBH(uZ) - So)
= 1 3.3.9
o () ° N ’ (3:3.9)
is identified with the scrambling time, which is a subleading effect in the adiabatic
limit.

lser = Ui — Vq

3.4 Entropy inequalities

In this section we describe some applications of the islands in the stream formula (3.1.7)
and show that constraints from unitarity and various entropy inequalities, including the
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Figure 3.3: The relationship between a point in OR, shown in black, and a QES 91, shown in red.
At leading order in the adiabatic limit, the outgoing null coordinate U of the QES is determined
by the reflection across the horizon U — —U of the outgoing null coordinate of the point in OR.
The ingoing null coordinate v of the QES is equal to the u — ts, where u is the outgoing null
coordinate of the point in OR.

Araki-Lieb inequality, subadditivity, and strong subadditivity, are obeyed. For simplic-
ity, in this section we will assume that the extremal entropy Sy is negligible and ignore
its contribution. This restriction is not necessary and its effect can straightforwardly
be reintroduced.

3.4.1 Page curve

To derive the Page curve, we consider an interval R = [0,u] which captures all the
Hawking radiation emitted by the black hole from the time of formation v = 0 up
to time u. There are two possible islands. The first is the empty island I = (), the
analogue of Hawking’s result, which has generalised entropy”’

Syen(R) = Seaa(R) = 2(So — 8.). (3.4.1)

The second island is I = R, or equivalently I = R, with one of the QESs located at
the point just before the black hole was formed by an infalling shockwave:

Since I © R = ), the generalised entropy with this island is
Sgen([ U R) = SBH(U) = Su (342)

"The parameter 89 = Sgy(0) should not be confused with the extremal entropy Sp.
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The entropy of R is then given by

S(R) = min{2(8y — 8.), 8, }.

(3.4.3)
For early times the empty island dominates but at the Page time
2
UPage - 5807 (344)

there is a transition from the empty island to the nonempty island I = R

3.4.2 Single interval

Consider a single interval R = [uy, us]. Again, there is an empty island with generalised
entropy

Sgen(R) = 2(84, — Suy)- (3.4.5)
For this case there are two possible nonempty islands:
B .......... C——— 00000000 B .......... C———y00a0ac0ay
{1 .......... (———Yoo0o0000l, {2 [ Y R |
-[1 9 R ............................... _[2 e R f—e

(Sgen =51+ 82 (Sgen = 82 +2(80 - 81)|

There is a competition between the three islands

S(R) = m1n{2(81 — 82),81 + 82,82 + 2(80 -3 )}

(3.4.6)
The final island can only contribute if u; is less than the Page time, that is,

If uy is greater than the Page time then the empty island contributes only when the
interval R = [uq, us] is sufficiently small, specifically

AR =385 — 8 > 0. (3.4.8)
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3.4.3 Unitarity

Consider the single interval R = [uj, us]| studied in the previous section and let R’
denote the complementary region:

R, = [O, Ul] U [UQ, tevap]' (349)
Here tevap denotes the timescale for evaporation, which for the black hole in JT gravity
is equal to co. There are various islands which can contribute to the entropy of the
complementary region R’. Firstly, there is the empty island with generalised entropy

Syen(R') = 2(Sy — 81 + 8). (3.4.10)

There are four possible islands:

R R

I{ .................... o — Ié (N anaancannanaanol,
I{ (= R D PR [é o R .................... —_—
(Sgen = 85+ 2(S0 — 81)| (Sgen = 81+ 285

B e L

IN;’; P —1b [4/1 Y /4
Ié [N = RTINS, fA/L OR ) —— ooocoo00;
[Sgen = 81 I 82} [Sgen - 2(81 - 82)}

The empty island can never contribute since Sgen(R’) > Sgen(I] U R'). In addition, the
island I} can never contribute since Sgen(l5 U R') > Sgen(I3 U R'). If the total state
of the system is pure, which must be the case if the system evolved unitarily from an
initial pure state, we must have S(R) = S(R’). Indeed, we find that this is the case
since there is a perfect matching of the islands that can contribute:

Sgen(R) = Sgen([LJUR'), Sgen([1TUR) = Sgen(I5UR'), Sgen(I2UR) = Sgen([{UR').

(3.4.11)
This provides a nontrivial test of unitarity in the sense described above. It is interesting
to note that for all these cases the reflections of the islands are complementary, e.g.
LN I =0 whilst I, U T} = [0, tevap)-
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3.4.4 Mutual information of two intervals

Consider two disjoint intervals Ry and Ry and let R = R;UR5. The mutual information
I(Ry : Ry) = S(Ry) + S(R2) — S(Ry U Ry) will only be nonvanishing when there is an
island that stretches between R; and Rs:

In order to compute the mutual information we need to know whether there is an
island contributing to R; or R,. For simplicity, let us assume that u; is greater than
the Page time, that is, the inequality (3.4.7) is not satisfied. The final result remains
unchanged if we relax this condition. The condition for the empty island to contribute
to the entropy of R; and R is determined by the conditions Ag, > 0 and Ag, > 0,
respectively, where A was defined in (3.4.8). Let P denote the interval between R; and
R, then there are four possible cases:

1. L =0and I, = 0: I(Ry : Ry) = max(0, Ap — Ap, — Ag,).
2. INl :(Dand jQZRQ: I(Rl ZRQ) :maX(O,AP—ARI).
3. fl = R1 and fg = @I I(Rl . RQ) = maX(O, AP - AR2).

4. fl = R1 and jg = RQZ I(Rl . R2> = max((), AP)

Remarkably we can combine all these separate cases into a single expression which
automatically incorporates the effect of which island contributes to R; and Rs on their
own:

[(Rl . Rg) = HlaX<0, Ap — max(ARl + ARZ, ARU ARQ,O)). (3412)

Notice that that the mutual information is manifestly positive. This property is also
known as subadditivity of entropy.

3.4.5 Araki-Lieb inequality

The Araki-Lieb inequality S(R; U Ry) > |S(R;) — S(R2)| [83] can be rephrased as an
upper bound on the mutual information
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We will prove this bound using the setup of the previous section.® From (3.4.12) we see
that to compute the mutual information we need to take minus the maximum among
several possibilities. Assuming the mutual information is non vanishing, I(R; : Ry) #
0, it is enough to prove that 2S(R; ) is larger than one of these quantities to prove
that the Araki-Lieb inequality is satisfied.

First consider the subsystem R;. Since the entropy of an interval is always larger
than half of the generalised entropy with an empty island, S(R;) > %Sgen(Rl), we have
the following chain of inequalities:

2S(R1) Z Sgen(Rl) 2 Ap — ARl Z [(Rl . RQ) (3414)
For R, it is more convenient to consider the various generalised entropies separately:

QSgen(Rg) > Ap — ARQ, 2Sgen(_[2 U RQ) > Ap = QS(RQ) > I(Rl, RQ)
(3.4.15)
This proves that the islands in the stream formula (3.1.7) is consistent with the Araki-
Lieb inequality.

3.4.6 Monogamy of mutual information

Given a tripartite system with subsystems R;, Ry, and Rj3, the conditional mutual
information

I(Rl : RQ‘R:}) = S(Rl U Rg) -+ S(RQ U Rg) - S(Rg) - S(Rl U R2 U Rg), (3416)

is meant to quantify the correlations between R; and R, from the point of view of R3.
Strong subadditivity of entropy may be rephrases as the nonnegativity of conditional
mutual information. We will prove a more stringent inequality, known as monogamy
of mutual information (MMI):*

Whilst strong subadditivity holds for any quantum system, MMI need not hold. If it
does hold, it suggests that the correlations between R; and Ry are mostly quantum.
This follows from two facts. Firstly, minimising I(R; : Rs|R3) over all possible Rj
provides a measure of entanglement between R; and R [85]. On the other hand, the
mutual information I(R; : Rs) provides an upper bound on the correlations, both
classical and quantum, between R and Ry. Hence, MMI is telling us that there is no
room for classical correlations.

8In particular, we assume u; is greater than the Page time. Again, this condition can be relaxed
at the expense of complicating the analysis although without changing the conclusion.

9A more general argument of strong subadditivity is given in [84]. The authors also investigate
MMI and argue that it is obeyed if the bulk QFT obeys MMI. This is the case for the entropy of
thermal radiation.
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In order to prove (3.4.17), it is convenient to rewrite the inequality in a way that
is totally symmetric in Ry, Ry, and Rs:

S(R1)+S(R2)+S(R3)+S(R1URsURs) < S(R1URy)+S(R1UR3)+S(RsUR3). (3.4.18)

We assume that the first subset R; is subject to the constraint §; < %So. As usual,
this condition can be relaxed at the expense of complicating the analysis although
without changing the conclusion. We now divide the proof into cases depending on
how S(R; U Ry U R3) factorises as governed by which island contributes to the entropy.
There are four possible cases:

where the dashed segments underneath a subsystem R; indicate an empty island or
one with a component ;.

(i) In this case, St = S(Ry) + S(Ry) + S(Rs) and S(R; U R;) = S(R;) + S(R;).
Hence (3.4.18) is trivially satisfied as an equality.

(i) In this case S = S(R1) + S(Ro U R3) and it follows that S(R;URy) = S(Ry) +
S(Ry) and S(R1UR3) = S(Ry)+S(R3). Hence (3.4.18) is satisfied as an equality.

(iii) The proof for this case is analogous to the proof for case (ii).

(iv) This is the trickiest case since Sg;) does not factorise and we have to consider
the various subcases where an island contributes to S(R; U R;). Let U the set
of pairs that receive a contribution from an island. Of the eight sets of pairs
U = {Ry; U Ry, Ry U R3} cannot actually occur as this would imply S(R; U R3)
also receives a contribution from an island. Pairs {R;, R;} that are not in U
satisfy S(R;UR;) = S(R;)+ S(R;). Consider now the remaining seven subcases:

(iv.1) For U =0, (3.4.18) reads

SW < S(Ry) + S(Ry) + S(Rs) = SY

gen gen?

(3.4.19)

which is satisfied since we are assuming Ség;) has minimum generalised en-
tropy.
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(iv.2) For U = {R; U Ry}, (3.4.18) reads

SW) < S(Ry U Ry) + S(Rg) = S (3.4.20)

gen gen

which is satisfied since we are assuming Sélezl) has minimum generalised en-
tropy.

(iv.3) The proof for the case that U = { Ry U R3} is analogous to the proof for case
(ii.2).
(iv.4) For U = {R; U R3}, (3.4.18) reads

?
S(iv) < S(Rg) + S(Rl U Rg). (3.4.21)
When S(R; U R3) receives a contribution from an island, a useful identity is

S(Ry U Rs) = SW) 4 S, (Ry). (3.4.22)

gen

Using this relation (3.4.21) becomes

0 < S(Ry) 4 Sgen(R2), (3.4.23)

which is clearly satisfied since the RHS is a sum of nonnegative quantities.

(iv.5) For U = {R; U Ry, Ry U R3}, using the relation (3.4.22), (3.4.18) reads

2

S(R1) — Sgen(R2) < S(Ry U Ry). (3.4.24)
The Araki-Lieb inequality and the fact that S(Rs) < Sgen(R2) then lead to
S(R1 U Rs) > S(Ry) — S(Ry) > S(Ry) — Sgen(R2), (3.4.25)

which implies that (3.4.24) holds.
(iv.6) The proof for the case that U = { Ry U R3, RoU R3} is analogous to the proof
for case (ii.5).

(iv.7) For U = {R; U R3, Ry U R3, R3 U Ry}, using the relation (3.4.22), (3.4.18)

reads

?
0 < [S(R1U Ry) — S(I1) + S(Ry)] (3.4.26)

+ [S(R2 U R3) — S(R2) + S(Rs3)] + [Sgen(R2) — S(R2)] .
Each of the three terms in the parentheses are nonnegative: the first two as

a consequence of the Araki-Lieb inequality, and the last by definition of a
QES.
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3.5 Adding a greybody factor

In this section we consider the possibility of a nontrivial greybody factor. Greybody
factors are a generic feature of black holes in higher dimensions which arise from the
fact that Hawking radiation must tunnel through an effective potential barrier around
the black hole. This means that some of the modes will be reflected back into the black
hole and so there is a mixing of ingoing and outgoing modes. In particular, only some
of the radiation escapes out to infinity and the spectrum of Hawking radiation gets
modified from a blackbody to a greybody,

I'(w)

Ty

(3.5.1)
In JT gravity we can mimic the effect of the potential barrier by picking certain bound-
ary conditions for the matter quantum field theory along the AdS-Minkowski interface
so that modes are only partly transmitted. We can think of this as a toy model describ-
ing the two-dimensional effective theory of black hole in higher dimensions but where
the near-horizon region of the black hole, the zone, which corresponds to the nearly
AdS, factor, has been glued to the asymptotic region, which corresponds to the half
Minkowski space. Since this is a toy model we can basically engineer any greybody
factor we like. For example, for a free scalar field which satisfies the wave equation, we
can pick boundary conditions so that an incoming mode with frequency w is partially
transmitted at the boundary u = v:

e W + R(w)e ™ for u < v,
wlU, V) = ) 3.9.2
Pulu;v) {T(w)e““’“ for u > v. ( )
The greybody factor is then defined as the transmission probability
M(w) = |T(W)|* =1—|Rw)|*. (3.5.3)

Since the transmitted radiation carries energy away from the black hole, its energy

decreases as
dE N *dw wl'(w)
dt /0 21 ew/T — 17
The dependence of the temperature 7" on time then follows from the relation between
the energy E of the black hole and its temperature T'. The first law also implies that
the Bekenstein-Hawking entropy decreases since

dSga 1 dFE

at T dt’

In the presence of a nontrivial greybody factor the radiation which escapes out to
infinity is no longer thermal. However, in the zone, the outgoing modes are still in the

Unruh state

(3.5.4)

(3.5.5)

1 or oo

1 —nw w w
’U> = ® \/Z_ Z € /2T |n>int ® |n>ext . (356)

n=0
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As before, Z,, a normalisation, and |n); . and |n); . denote a state of definite frequency
w in the interior and exterior, respectively. The sum goes up to 1 for a fermion and oo
for a scalar. In the exterior, the modes can be split into a sum of transmitted T and

reflected R modes. This gives

1 or oo

"-® = S ey (1)@= T bl I = k7 0 1.

=0
(3.5.7)
The reduced state for the transmitted modes is obtained by tracing out both the
reflected modes and the interior modes

1 or oo

=@ 2 > ()@t a-retn - w1y 658)

So the eigenvalues plw of the density matrix for a single transmitted mode with fre-
quency w is

o= 7 () S () 0= rne’
1 [F(w)e—w/_T]n | (3.5.9)
Z [1 — (1 _ F(w))e*w/T]n"'l

From this, we can deduce the expectation value of the occupation number (3.5.1). We
can also express the entropy flux dS] ,/du of the transmitted radiation in terms of the
expectation value of the occupation number

ds?t

S =N [ S [0 (NI)logt+ (VD) - (NDogtVD)]. (35.10)

There is a similar formula for the entropy flux dSR,/du of the reflected radiation.

A simplification occurs in the case that the greybody factor I'(w) only depends on
the frequency w and the temperature T'. This is the case for a Schwarzschild black
hole where there is only a single scale in the problem, the Schwarzschild radius r,, or
equivalently the temperature 7' = 1/47rs. Such greybody factors can can only depend
on w and T through the dimensionless combination w/T, that is,

I'(w) = T(w/T). (3.5.11)

This follows because the greybody factor is dimensionless since it’s a probability. In
this case we can write (3.5.4) as

dE_ TNT?
a1

(3.5.12)
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where 7 is the dimensionless parameter

(3.5.13)

In a similar way, the entropy flux of the transmitted modes (3.5.10) can be expressed
as

dst, TNT
— = ,
du 6
where ot is the dimensionless parameter

<1 + M) log <1+ L) ) _ L) log L(z) ] . (3.5.15)

(3.5.14)

3 o
2 Jo

dz

ar = et —1 et —1 et —1 et —1

There is a similar formula for entropy flux of the reflected modes in terms of a parameter
ar which is given by replacing I with 1 — T' in at. Notice that for this choice of
greybody factor the effect is merely to rescale the energy and entropy fluxes. The
greybody coefficient ¢ (3.7.18), which measures the ratio of the entropy fluxes of the
transmitted radiation and the black hole, is given by the ratio

B 2011'

¢ = o (3.5.16)

For example, for a Schwarzschild black hole and in the s-wave sector:
n = 0.86, at = 0.82, ar = 0.31, &=191. (3.5.17)

The upper bound ¢ = 2 for the greybody coefficient corresponds to transparent bound-
ary conditions, that is, [' = 1. In this case n = a1 = 1 and ag = 0. The lower bound
& =1 can only be approached as a limit. For example, by taking the greybody factor
to only switch on at some high frequency,

Iw) =0(w/T — zy), (3.5.18)

with x¢ > 1. In this case

N~ %(1 + xp)e 0, aT ~ %(2 +xp)e ™ = E~1+4 xio' (3.5.19)
So in the limit of large z(, evaporation becomes very slow and the rate at which the
entropy of the black hole is lost is the same as entropy carried away by the transmitted
radiation. In this limit, the process of black hole evaporation is thermodynamically
reversible, in the sense that the total thermodynamic entropy of the system remains
constant, that is,

d
p (S + Shq) — 0. (3.5.20)
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3.5.1 Entanglement across the horizon

As we have seen in section 3.2.4, in the thermodynamic limit, the entropy of I U R,
where [ is an interval in the interior of the black hole and R is an interval in the
exterior which collects the Hawking radiation, is given by

Sarr(I UR) = Swa(I © R). (3.5.21)

The result is simply stated in terms of the symmetric difference as a consequence of the
entanglement structure of modes across the horizon. In this section we will understand
how this formula generalises in the presence of a nontrivial greybody factor.

U U

~n
~

Figure 3.4: On the left: the outgoing modes inside the horizon which pass through I are mapped
onto ZT by a reflection U — —U followed by a projection. On the right: the ingoing modes
inside the horizon which pass through I are mapped onto Z™ by v — u followed by a projection.

Since the interval I lies behind the horizon, it now also collects modes which are
reflected off the potential barrier at the AdS-Minkowski interface. The contribution of
these modes to the entropy can be determined by mapping the reflected modes that
pass through I to Z+ by v — w. That is, if the range of the ingoing null coordinates v
over the interval I is [vy, vy], then we define I = [vy,v5] C ZF, as shown in figure 3.4.

In the thermodynamic limit, the entropy Sqer(/ U R) depends on the interplay
between three sets of modes, as characterised by the subsets R, I, and I. The contri-
butions depend on the tripartite structure of these three sets of modes, as shown in
figure 3.5. Explicitly,

Sarr(IUR) & Saa ((i RN 6 f)) 45T ((i cRN{o R))

i L (3.5.22)
+8% (FemnieD),

with the formulas for ST ; and SR, given in the previous section. However, if we work

in the limit where the intervals are large compared with the scrambling time, we will
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see that in section 3.6 that the endpoints of I, when determined by extremising the
generalised entropy, have ingoing and outgoing null coordinates related by

i~ (3.5.23)

There are important subleading corrections which don’t affect the entropy to leading
order. The upshot is that to leading order I = I and so (3.5.22) simplifies to

Sarr(IUR) ~ ST (I ©R). (3.5.24)
‘ Srad
". SrTad
Sfud

Figure 3.5: An illustration of the tripartite structure of the three sets of modes.

There is a subtlety that we have swept under the rug here. In two-dimensions, the
von Neumann entropy has a logarithmic ultraviolet divergence

N
3 log e, (3.5.25)

associated to each of the endpoints of the intervals. The formulas in this section assume
the cutoffs £ are measured with respect to the proper distance in the Minkowski metric.
This is correct for the endpoints of R, but not for I. The cutoffs associated to the
endpoints of I should instead be measured with respect to the AdS; metric. Assuming
the endpoints of I lie near the horizon, where the metric is ds? ~ —4dUdV, we need
to rescale the cutoff by an amount proportional to

‘%% x /|UV]. (3.5.26)
The upshot is that Sqrr(/ U R) is instead given by
Sqer(I U R) ~ SL4(I © R) + Swen (D), (3.5.27)
where N
Swen(I) = 33 ;log UaVal . (3.5.28)

with the sum running over the endpoints of /. The gradient of this term will play an
important role when we solve for the QESs in the next section, despite the fact that it
turns out to give a subleading contribution to the entropy itself.
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3.6 Islands and greybody factors

In this section we extend the proof of the island in the stream formula, given in section
3.3, to the case with a greybody factor. Specifically, we prove the following:

1. The outgoing null coordinate i, of a point in 97 is related to the outgoing null
coordinate u; of a point in OR by

e = ui + O(1/T). (3.6.1)

The one exception is that there can also be a QES located at the point just before
the black hole was formed.

2. The ingoing and outgoing null coordinates, v, and u,, of a QES are related by
Vg = Ug — E. (3.6.2)

Here e = O(T!logs™!) is a subleading correction of the order of the scrambling
time and we have defined

N
=< 1. 3.6.3
iy SBH<U) — SO ( )

Although e is large since s < 1 it is still considered subleading as we are working
in the limit where the subsets of the radiation and spaces between them are large
compared to the scrambling time. Since the temperate of the black hole is slowly
varying

UaVi = exp (‘Qﬁ/ T(u>d“) o e e s, (3.6.4)

for some positive number #. Since s < 1 this means that the QESs lie close to
the horizon.

The generalised entropy Sgen(/ U R) can then be evaluated at leading order as
follows. Since the QESs lie near the horizon, the area term is just the Bekenstein-
Hawking entropy Spn(var) evaluated at each of the QESs. But due to (3.6.2), we can
write this as Spu(var) =~ Spu(uy;). The second term in the generalised entropy can
be computed using the arguments in section 3.5.1. But due to (3.6.2), the formula
simplifies to (3.5.24), that is Sqpr(I U R) =~ ST (I © R).

In order to verify the existance of such QESs and the leading order formula for
the generalised entropy (3.1.10) we need to show that the variation of the generalised
entropy around the putative extrema vanish.
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The fact that 91 C R means that there is a one-to-one map of the QESs I to
the endpoints OR of of R such that

Ug = Ui, Vg = Uj. (3.6.5)

Here i denotes the image of a under the one-to-one map dI — OR. Let us write the
leading order correction as

Uy = U; + Olg, Vg = U + 0V, (3.6.6)

The corrections du, and dv, are not “infinitesimal” but are small compared with the
spacing between the points in 0R. We will see that the shift dv, in the ingoing null
coordinate of the QES is negative and equal to —t.., where %, is the scrambling time.

The aim will be to prove the existence of a solution for du, and dv,, although the
actual values will not be needed to determine the generalised entropy. We can rewrite
(3.6.6) in Kruskal coordinates as

U, = =AU Vo = —pa/Us, (3.6.7)
where ]

)\a _ eQﬂTdua’ o = 627rT6va‘ (368)
Here the temperature is evaluated at u;.

To proceed we make the ansatz that
ta = O(s), Ao = O(1). (3.6.9)

We will then show that there exists a solution consistent with this ansatz. The ansatz
implies that U,V, = O(s) < 1 which means that the QESs lie close to the horizon.
The ansatz for u, also implies that to leading order

1 N

— 1 = tger .6.1
27TT(U,1) Og SBH(“Z) - S() ® (3 6 0)

OV &

The generalised entropy consists of two parts and we consider the variation of each
term separately. Since the QESs lie close to the horizon we can use the near-horizon
approximation for the area term

01
A
== \a[|50+;(SBH(va) — So)(1 = 2U,V,) + ... (3.6.11)

Varying with respect to u, gives

1 0A  4AnT A,
= +

PTeh o A— L (3.6.12)
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whilst varying with respect to v, gives
1 0A  ArTApa | dSpm
Eﬁva - s + dv,
To leading order we can replace u, and v, with u; in the arguments of the Bekenstein-
Hawking entropy Sy and the temperature 7', as these are slowly varying in the adi-

abatic limit. In the following, any slowly varying function, such T, Sgy, Siaq, €tc, is
implicitly evaluated at wu;, unless stated otherwise.

T (3.6.13)

The second contribution to the variation of the generalised entropy comes from the
QFT entropy term Sqpr(/ U R). We first consider the variation with respect to .
The effect on the modes collected in I U R can be understood visually:

Vq U
tSCI'
R ..........
S
7 Ya

This variation leaves [ unchanged and effectively converts modes originally contained
only in R to modes contained in I U R, which leads to the gradient

dsT, dsR
—ﬁ + Wd (3.6.14)

Hence
8Swey1(1') B dsT . dSR

rad rad

0, du, du,
aNT dST, dSR,
"6 o, | i

where the quantity Sweyi(/) was defined in (3.5.28). Whilst this quantity provides a

subleading contribution to the generalised entropy, its gradient is not. Since the first

term in second line is just the gradient of the thermal entropy (3.1.5) we have
T R
a(za Sqer(IUR) — _d(‘f;zd B d(i;zd n dciijzd’

For the case that u, > u;:

0
I —
9. Sqrr(I UR)

(3.6.15)

for @, < u;. (3.6.16)

=y

l

~n
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Following the same reasoning, the variation is

aSVVeyl(]’) + dSrad
Ot du,

8?1aSQFT(I UR) =
This analysis appears to imply that Sqrr(/ U R) is discontinuous as we vary @, across
u;. This is an artefact of relying on the thermodynamic formulas for entropies which
are not valid when 4, and wu; are separated by less than the thermal scale. However,
we do not need the explicit expression describing this smooth crossover in order to
establish the existence of extrema. It is sufficient to write

=0, for u, > u;. (3.6.17)

) dSpa  dST, dSR,
I — | — ra ra 6.1
aaaSQFT( UR) ST T (), (3.6.18)

for some smooth function f which varies between 0 and 1 as its argument varies between
1 and oo, that is, f is a sort of smooth version of the Heaviside function.

As a useful consistency check, in the case with a trivial greybody factor I' = 1,
where there are no reflected modes and the variation of Sqrr(/ U R) can be computed
using exact QFT techniques, we have (B.1.11)

0 —mNT U, _QdSrad Aa

1 = = . 6.1
aaaSQFT( ) 3 U,—U dilg Ag + 1 (36.19)
This precisely matches (3.6.18) when SR =0 and ST ; = S,.q if we identify
e p— (3.6.20)
a/) — )\a . 1 . V.

=y

~n

]

In this case the variation leaves I unchanged and effectively converts modes originally
contained only in /N R to modes contained in /U7 U R. This doesn’t lead to a change
in which leads to the gradient

——=< 3.6.21
dv, ( )
since the overstate for the three sets of modes is pure. Hence
0 OSwent(I)  dSR dSiq  dSR
Sorr(I UR) = oo —rad — —rad 3.6.22
v, ar( ) v, dv, dv, dv, ( )
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Putting everything together gives us a pair of equation for \, and u,:

AT Aajta dSma  dSLy | dSE
e M + = S~ d . Sj"ad + ‘S%ad f()\a) — O’
s du, du, du,
(3.6.23)
_47TT)\a,lLa i dSBH + dSrad . dSI‘Rad =0
S d’Ua dva dva B '

The second equation determines the product A\, .. Taking the sum of the two equations
then determines A, as the solution of

dSpaa _ 45K dSpn

d drad + d
A\ = _dva Va Va_ .6.24
f( a) dSrad _ ds?ad dSITad (36 )
dag diig diiq

To leading order all the quantities on the RHS are evaluated at u;. A solution exists so
long as the RHS is valued between 0 and 1. The denominator is positive by the Araki-
Lieb inequality'” and the fact that combined state of the transmitted and reflected
modes is in a mixed state. Since dST,/dt, > 0 whilst dSpu/dv, < 0, a solution will
exist so long as the numerator is nonnegative,

d.S;,, dSR ds
d d | BH

ra

dv, dv, dv,

This inequality is always satisfied, as we show in appendix B.2. The inequality is
saturated in the limit where I' — 0 which corresponds to the limit where all the
radiation is reflected back into the black hole. Notice that since all the quantities in
(3.6.24) are evaluated at wu;, the parameter s does not appear. This means that the
solution for A, is O(1), which is consistent with the ansatz (3.6.9). This completes the
proof.

> 0. (3.6.25)

3.7 Page’s model and irreversibility

In this section we investigate the effect of thermodynamic irreversibility on the entropy
of subsets of radiation. Generically there is a nontrivial competition between multiple
islands, a feature that naively appears to be at odds with Page’s model. In this
section we review Page’s random unitary model and then discuss a generalisation of the
model which involves a nested sequence of random isometries, in order to incorporate
thermodynamic irreversibility, and resolve the potential puzzle.

For simplicity, in this section we will assume that the extremal entropy Sy is neg-
ligible and ignore its contribution. This restriction is not necessary and its effect can
straightforwardly be reintroduced.

10This can also be proved directly for this case using the formula for the entropy flux in terms of
the expectation value of the number operator (3.5.10) and the greybody factor I' which takes values
in the interval [0, 1].
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3.7.1 Page curve

To derive the Page curve, we consider an interval R = [0, u] which captures all the
Hawking radiation emitted by the black hole from the time of formation v = 0 up to
time u. There are two possible islands:

The first is the empty island I = (), the analogue of Hawking’s result, which has
generalised entropy

Sgen(R) Srad([ ]) = 5(80 - Su)7 (371)

where 8, = Spu(u) and £ is the greybody coefficient (3.7.18) which measures the ratio
of the entropy fluxes of the transmitted radiation and the black hole. The second island
has I = R, or equivalently I = R. Since I & R = (), the generalised entropy with this
island is

Seen(I UR) = Sgn(u) = 8, (3.7.2)
The entropy of R is then given by
S(R) = min{S54([0,u]), Spr(u)}, (3.7.3)
which is the Page curve. The Page time upage occurs when
§

Supae = S 3.7.4
Page 1 _|_ 5 0 ( )
In the reversible limit ¢ — 1, the Page time occurs when the black hole has lost exactly
half its entropy. Irreversibility means that the Page time occurs significantly before
the black hole has lost exactly half its entropy.

3.7.2 Page’s model

In a chaotic quantum system the time evolution operator is a complicated unitary
matrix for late times. It is sometimes useful to model it as a random unitary matrix,
drawn from the Haar measure on the unitary group. Page’s model is based on this
idea. The state |¥) of the black hole, B, and its radiation, R, viewed as a bipartite
quantum system with Hilbert space Hp®H g, is modelled as a Haar random state, that
is, |U) = U |¥y), where U is a Haar random unitary and |Wy) is a fixed reference state
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R

Figure 3.6: Page’s model

(which can be thought of as the initial state of the black hole). Actually, for Page’s
model we won’t need the full machinery of Haar random unitaries since |¥) just picks
out a column of U which is equivalent to drawing a random vector uniformly from the
unit sphere in Hilbert space. Equivalently, |W) = |¢) /|||¢)]|, where |[¢) is a vector
whose components v; are independent standard complex Gaussian random variables.

We will be interested in the (average) von Neumann entropy of the radiation subsys-
tem. The von Neumann entropy —Trplog p can be extracted from the Rényi entropies,
ﬁ log Trp™, by analytic continuation to n = 1. The key idea of the replica trick is the
observation that the n'" moment of pgr, the reduced state on the radiation subsystem,
can be written as

Trp} = Trrr p%"], (3.7.5)

where on the RHS the trace is taken over the Hilbert space H%" and 7x denotes the
cyclic permutation operator on H%" which acts by cyclically permuting the n copies of
Hpr.'' The other crucial observation we will need is that for Gaussian random vectors'?

E[p®] = > (3.7.6)

TESR

This follows from applying Wick’s theorem to E[t;, .. -%ﬁﬁ .
we can pair the 1; with their complex conjugates 1, are determined by permutations
7 € S,. For our choice of Gaussian |¢), the norm |||¢)|| is independent of the normalised
vector [¢) / |||¥)]], so E[¥®"] = E[¢®"]/E[(|¢))"]. We may then compute the average

moments

.Ejn] since the ways

ETrp}, = ETr[1r p&"]
= ETr[(idp ® 75) U®"]
B > res, 1r[(idp ® Tr)7BR]
B > _res, 1X[TBR]
Sres, g dETT
ZﬂeSn d# ()

UFor any permutation © € S,, we define the operator m (denoted by the same symbol) on H®"
by its action on product states 7 [i1) @ - ® |n) = [thr-1(1)) @ -+ @ [thr-1()) and then extend by
linearity. Notice that it follows from the definition that 7 is unitary =¥ = 7—1.

12We adopt the convention that a vector |¢p) without the | ) refers to the density matrix ¢ = 1) (1|

(3.7.7)
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Here dx = dimHx and #(m) counts the number of disjoint cycles (including trivial
cycles) in w. The term in the denominator can be computed exactly

d d* =d(d+1)...(d+n-1). (3.7.8)

TES,
In the limit of large d, this may be approximated by d”. This approximation may
alternatively be derived by noting that #(7) is maximised for the identity permutation
which consists of a product of trivial cycles, #(id) = n. Using the same logic, it
is simple to determine the behaviour of the sum in the numerator when one of the
subsystems is much larger than the other. The sum is dominated by the term 7 = id
when dgr < dg and by the term m = 7 when dg > dp,

diy ™ for dgp < dp,

R (3.7.9)
A for dp > dp.

ETrpy = {
Analytically continuing the Rényi entropy to n = 1 gives the Page curve (3.7.3), if we

identify the dimension of the Hilbert space of the radiation and black hole subsystems
as

logdr = ST 4([0,u]), logdp = Spu(u). (3.7.10)
3.7.8 Single interval

Now consider the case that R no longer begins at u = 0 but rather R = [uy, us] with
uy > 0. There are three possible islands:

]N% .......... S @ .......... S B .......... S
I G I, e ——0........ I e ...
jl O R} — ~oooooaso! f2 O R o jg O Ry
[Sgen §(8uy Suz)J [Sgen =3y, + Sm] [Sgen = Su, +&(S0 — Sul)J

The entropy is given by
S(R) = min {(S;;d([ul, U,Q]), SBH(UI) + SBH(UQ), SLd([O, Ul]) —+ SBH<U2)} . (3711)

The second island I, can only contribute if ST ([0,u1]) < Spu(u1) or equivalently if
& > 1, that is, if evaporation is irreversible. In the reversible limit, & — 1, there is only
a competition between the empty island I; = () and the island I3, and the relation to
Page’s result is immediate. In fact, for a generic subset R, one can show that there
will only ever be two competing islands in the reversible limit: the first is the empty
island, and the second is the island with [ = RU R/, where R’ is the complement of R
in the radiation. In this case the entropy is given by

S(R) = min {S}4(R), Seu(vw) + SLq(R)}, (3.7.12)

in line with Page’s result.
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3.7.4 Random isometry model

The reason Page’s result doesn’t always apply is because the model misses the fact
that as the number of qubits describing the black hole (the Bekenstein-Hawking en-
tropy) decreases over time, the total number of qubits describing the black hole and
its radiation (the total thermodynamic entropy) increases. Only in the reversible limit
does the total number of qubits remain constant. To account for this we can add some
ancilla qubits. The simplest example of the model is:

Ry
By —— U, B
Ry
Us
A —— By

In this model the time evolution is modelled as a nested sequence of Haar random uni-
taries with some ancilla qubits A, in some fixed state, added to model thermodynamic
irreversibility. Equivalently, we can think of the random unitary U, acting on the fixed
ancilla qubits A as defining a random isometry Hp, — Hpg, ® Hp,. Shortly, we will
connect this model to the example of a single interval studied in the previous section.

In contrast to Page’s model, we will need to work with the full machinery of Haar
random unitaries. We will explain this shortly; for now we simply state the result for
the model above. When the dimensions of the subsystems are large, averaging over the
unitaries U; and U, gives a double sum over the permutation group:

ETI‘p?{ ~ Z d—d (m1,id) —d 7r1,71'2)d—d(71'27 )d;j(wz,id)’ (3713)

m1,T2€Sn

where d(7y, 72) = n— # (7] '72) is the Cayley distance function on S, which counts the
minimal of transpositions needed to go from m; to m5. In the limit where the dimensions
of the subsystems are large, only the identity permutation id and cyclic permutation
7 contribute to the sum (see appendix B.3). The dominant contributions are:

ETrpp D dp," + (dp,dp,)" " + (dpdg,)' ", (3.7.14)

which correspond to the terms where (7, m) is equal to (id,id), (id, ), and (7, 7).
Analytically continuing the Rényi entropy to n = 1 gives the entropy

ES(R) = min{logdg,,logdp, +logdg,,logdp, + logdg,}. (3.7.15)
To connect this with the example of a single interval studied in the previous section

we identify the radiation subsystems R; with R’ = [0, u1] and Ry with R = [uy, us| as
well as

log de = Srad([O Ul]) 10g dR2 = SLd([Ul,Ug]), log d32 = SBH(UQ). (3716)
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With this identification (3.7.15) agrees perfectly with the competition between the
three islands (3.7.11). Notice that the role of the ancilla qubits is simply to allow
d32d32 > dBl, that iS,

S;;d([ula us]) > Spu(u1) — Spu(uz). (3.7.17)

In particular we can make the identification

log d 4
— > 1. 3.7.18
1Ogd31/d32 - ( )

The inequality is saturated in the reversible limit when d4 — 1 and the isometry
Hp, — Hr, ® Hp, is unitary.

£ =

In general the random isometry model with K time steps, each chosen to be at
least a scrambling time, is:

Ry
By ——— U, By
U e
B
A, 2 2
Br_1 R
K
Uk
Ar_1 — Bk

Let R denote a subset of Ry U... Rx U Bx and R denote its complement. Using the
Replica trick the n'® moment of the pp can be written as

ETrp} = ETr[7r p%"] = ETr[(idj ® Tr) U®"]. (3.7.19)

Here |U) = .. Vi |Wo), where Vj, = Uy [0) , _ and [0),  is some fixed state on the
anicilla. It’s convement to use cyclicity of the trace to write

ETr[(idg ® 1) U®"] = ETe[(V, ... V)" (idg @ 1) (Vi ... V)2 U2 (3.7.20)

The average can be computed in the following way. Let U : Hxy — Hy be a Haar
random unitary and Y an operator on H$". Since the Haar measure is right-invariant,

E[(UN®"YU®"] (3.7.21)

commutes with the diagonal action of the unitary group. A consequence of Schur-
Weyl duality is that any such operator must be a linear combination of permutation
operators. Hence,

E[(UN®"YU®"] = > Wr(Y)my, (3.7.22)

TESn
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for some linear functionals W,.. The exact formula for W, can be expressed in terms
of the Weingarten function for the unitary group and will not be important for us. For
our purposes, the asymptotic formula,

1
Wa(Y) = d—nTr[ Y], (3.7.23)
which is valid when the dimension of Hilbert is large, will suffice. Notice that if Y = «’
is a permutation operator then this becomes

Wi (') ~ dy ™™, (3.7.24)

Using these facts, we find that the n'" moment of pg is given by a nested sum over K
copies of the symmetric group S,

ETrp ~ H S dlmemen) gthens), (3.7.25)

k=1 m €Sy

where o is the cyclic permutation 7 if Ry C R, and as the identity permutation id
otherwise. Similarly, mx 1 is the cyclic permutation 7 if Bx C R, and the identity
permutation id otherwise. In the limit where the dimensions of the subsystems are
large, only the identity permutation id and cyclic permutation 7 contribute to each of
the K sums (see appendix B.3). In fact, not all of the 25 combinations can contribute,
as we saw in (3.7.14) in the example of the model with two time steps. There are
effectively selection rules between an adjacent pair of permutations (g, mgy1): if Ry C
R then (7,id) will not contribute, whilst if B, ¢ R then (id,7) will not contribute.
These selection rules equivalent are equivalent to the claim that in the island in the
stream formula the points in 91 must correspond to the points in JR.

Ry, Ry Rs Ry Rs Rg¢ R; Rsg Ry

JB | Jeooscooomsnd s——t———baccancdbaene é o
f ............... ® o
i OR et P S S PR
Tk id id 7.7 7T T T T T
Bz np, NRs MR np,

Figure 3.7: An example illustrating the connection between certain permutations m; which
contribute to the average Rényi entropy and island. Here we adopted the shorthand np, =
logdp, = Seu(ui) and ng, = logdr, = Srad([uk_l,uk]). For this example, Sgen(/ U R) =
npB, + MRy, + NRs + NBy-
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To illustrate this, it is instructive to consider the example shown in figure 3.7
where the relation between the permutations which can dominate the sum and the
corresponding island contribution is clear, namely,

[=|] B (3.7.26)

wk£7'

3.7.5 Decoupling

Another simple application of the island in the stream recipe is to study when there
are no correlations between two subsets of radiation R; and R,. This happens when
the mutual information I(R; : Ry) vanishes, or equivalently, when the reduced state
on Ry U Ry factorises, that is pr,r, = pr, ® pr,. 1o investigate this, consider the setup
of section 3.7.3 and let R denote the complement of R. The relevant contributions to
the entropy of R are:

B p I —_— B ........ R .........

]~1 ¢ s [~2 P —% ]~3 .................... —b
Il o R .......... g e [2 =) R ............................... 13 o R MR,
[Sgen - §(SU1 - SM)} [Sgen - 8u1 + Su2} [Sgen - SU2 + 5(80 - Sm)}

By comparing with the discussion in section 3.7.3 we can see that S(R) = S(R),
as required by unitarity. Turning to the issue of decoupling, notice that when the
island I or I3 contribute, the entropy of R factorises: S(R) = S(B) + S(R') and
hence I(B : R') = 0. Here R’ denotes the complement of R in the radiation, that is
R = R’ U B. When this is the case, R also receives a contribution from a nonempty
island. This motivates the following rule: there is no correlation between two subsets
of radiation R; and R, which are separated by a large enough region R such that R
receives a contribution from a nonempty island.™

3.8 Conclusion and outlook

We have see how combining the fact that black holes evaporate very slowly in the
semiclassical limit and thermodynamic limit with the QES prescription leads to a
simple recipe for determining a class of islands I which can contribute to an arbitrary
subset R = | |, Ry of the radiation. The characteristic feature of this class of islands

13This is related to theorem IV.2 in [36].
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was that their mirror endpoints corresponded to endpoints of the Rj. This feature,
together with the entanglement structure of modes across the horizon allowed us to give
a simple visual way of computing the generalised entropy which involved the symmetric
difference I © R.

These formulas were derived under the assumption that the matter sector consisted
of N massless Dirac fermions. This choice was due to the fact that Dirac fermions are
the only CFT for which the multi-interval von Neumann entropy is known analytically.
It would be interested to try to extend these arguments to a generic CFT. This might
be possible in the thermodynamic limit by making an ansatz that the QFT entropy
term can be approximated by the leading term in OPE expansion for the twist fields
in the replica geometry, as mentioned briefly in 3.2.4. This suspicion arises from its
apparent success in a slightly different setup described in chapter 5.

We also showed how the islands in the stream formula could be generalised to
account, for a greybody factor, which in the JT model was implemented by changing
the boundary conditions for matter fields along the AdS-Minkowski interface. In the
limit where the scales of interest were much larger than the scrambling time, the
generalisation was straightforward: the thermal entropy S;.q(/©R) was simply replaced
by the entropy SI,(I © R) of the transmitted radiation. For simplicity, we worked
under the assumption that the greybody factor I'(w) only depended on the frequency
w and the temperature T. With this assumption the effect of the greybody factor was
simply to rescale the energy and entropy fluxes by a constant. It would be interesting
to understand to what extent the islands in the stream formula holds if we relax the

condition on the greybody factor.

The parameter £, which measured the ratio of the entropy fluxes of the transmitted
radiation and the black hole, played an important role. Whilst generically there can
be multiple possible islands which contribute to the entropy of the radiation, in the
reversible limit £ — 1 we found that there were only two possible islands. Remarkably,
this behaviour was captured by a generalisation of Page’s model, where time evolution
was implemented by a nested sequences of random unitary transformations. Calcu-
lations in this model were facilitated by averaging over the unitary group. Actually,
since the Rényi entropies are self averaging, the Rényi entropy of a random state is,
with extremely high probability, given by its average. Though, the fact that averaging
appears is also not completely surprising since there are arguments that the gravita-
tional path integral is actually computing a coarse grained quantity, where we average
over some microscopic information [87]. This is motivated partly by the fact that pure
JT gravity is genuinely dual to an ensemble of random Hamiltonians [35].

Although our results enable one to study the correlation between subsets of the
radiation in the form of mutual information, they do not provide insight into the mul-
tipartite entanglement structure of the radiation. Exploring measures of multipartite
entanglement, like negativity, which already exhibits a rich structure in random tensor
networks [88], could provide valuable intuition in understanding this problem.
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Another natural question to ask is how the islands in the stream formalism can be
used to study the problem of information recovery for an object which has been thrown
into a black hole. This the problem is the focus of the next chapter.
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Chapter 4

Information recovery

This chapter primarily consists of a paper [59] written in collaboration with Zsolt
Gyongyosi, Timothy J. Hollowood, S. Prem Kumar, and Andrea Legramandi. Section
4.5 contains unpublished work.

4.1 Introduction

In the previous chapters we have seen how the QES prescription provides the necessary
accounting trick to obtain the Page curve. In this chapter we focus on a different aspect
of the information problem, first studied by Hayden and Preskill [47]. Namely, suppose
we throw a diary, that is, some quantum information, into a black hole. When can the
information in the diary be recovered in the radiation?"

Using a similar random unitary model to Page [5], Hayden and Preskill showed that
an old black hole behaves as a mirror, effectively reflecting back information thrown
into it after the Page time. An understanding of how this result follows directly from
a bulk argument was first given in [9, 10], using entanglement wedge reconstruction
(EWR). The result follows because for an old black hole, that is, past the Page time,
the entanglement wedge of the radiation R includes an island I which lies inside the
horizon. The endpoint of the island, that is, the QES, lags behind the endpoint of R
by a scrambling time, as shown in figure 4.1. Hence, by EWR, any information thrown
into the black hole at least a scrambling time in the past is recoverable in the radiation.

The Hayden-Preskill decoding criterion was later refined by Hayden and Penington
[82] who showed that the dimension of the code space, that is, the diary, affects the
time scale for the information to be recoverable in the radiation. In particular, even

'More specially Hayden and Preskill asked when the recovery operation becomes information-
theoretically possible. A related but distinct question is how difficult the recovery operation actually
is [89]—a topic that will be discussed in section 4.4.

63
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Figure 4.1: The relationship between the QES, shown in green, for an old black hole and the
endpoint of R, shown in black. The entanglement wedge of the radiation includes a portion of the
interior of the black hole (shaded green). The ingoing null coordinate v of the QES lags behind
the outgoing null coordinate u of the endpoint of R by a scrambling time.

long after the Page time information recovery is only possible for sufficiently small
code spaces. This is in stark contrast with the naive conclusion one would reach
by assuming EWR to be exact, where being able to decode all small code subspaces
automatically implies the ability to decode arbitrary subspaces. The result of Hayden
and Penington is thus inextricably tied to the fact that EWR is merely approximate,
rather than exact?. To decode larger code spaces one needs the entanglement wedge
of the radiation to contain the diary for all states in the codes space, including mixed
states. It turns out that this refined decoding criterion also follows directly from a
bulk argument [10]. A mixed state on the code space essentially corresponds to diaries
which carry entropy. By Bekenstein’s bound [90], or rather its refinement due to
Casini [91], a diary carrying entropy into the black hole necessarily carries energy and
so backreacts on the geometry. Understanding the effect of this backreaction is crucial
for understanding this refined version of the decoding criterion.

The aim of this work is to consider this problem in a model of JT gravity coupled to
an auxiliary reservoir with the matter sector taken to be a CFT. In this setup we model
the diary as an ingoing shockwave created by a local quench in the CFT, as described
in section 2.5. This model is rich enough to capture the dynamics of the s-wave sector
of the near-horizon limit of a near-extremal black hole in higher dimensions, yet simple
enough that the backreaction of the diary can be solved exactly. This is because in
JT gravity the metric is fixed to be a portion of AdS, and the dynamics is entirely
encoded in the boundary action

Iyp = —8;’:7"(; /dt{F,t}, (4.1.1)

for the function F' which relates the boundary time coordinate ¢, which is the natural
time coordinate for an asymptotic observer, and the Poincaré time coordinate.

2The errors in reconstruction will be discussed explicitly in a simple example in section 4.5.
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For a diary thrown into an old black hole one finds that the QES which is responsible
for the downward portion of the Page curve gets stuck to the past of the diary, as shown
in figure 4.2. At later times, a new QES which lies close to the horizon and to the future
of the diary becomes relevant. When this new QES has minimal generalised entropy
the diary lies in the entanglement wedge of the radiation. The delay in the transition
to this new QES is what is responsible for reproducing the refined decoding criterion.
Aspects of this problem for black holes in general dimensions were first considered in
[10]. By working in a simple model, and with a concrete model for the diary, we are able
to solve the backreaction problem exactly, in contrast to [10], where the backreaction
problem could only be solved approximately, however, we reach the same conclusions.

4
e AdS, reservoir

Figure 4.2: When a diary is thrown in from the boundary after the Page time, QES;, which is
responsible for the downward portion of the Page curve, gets stuck behind the diary. At later
times, when QESs is the minimal QES, the diary lies in the entanglement wedge of the radiation.

One of the main contributions of this work is to study a variant of the decoding
problem where we only have access to a subset of the radiation. In particular, we
investigate whether the information in the diary can be recovered if we only have
access to the late radiation, collected after the diary was thrown in. This variant of the
decoding problem can be understood as testing the robustness of the encoding of the
diary in the radiation against erasures, that is, loosing access to part of the radiation.

The argument for information recovery based on EWR is somewhat indirect, it
involves taking entropies, which can computed directly from the gravitational path in-
tegral using the replica trick, and then applying the machinery of quantum information
to it. A more direct argument in a toy model of JT gravity, the PSSY model, was given
[11] using the Petz map. They asked whether an operator behind the horizon could be
reconstructed as an operator on the radiation alone. This is nothing but the problem
of information recovery stated in the Heisenberg picture rather than the Schrodinger
picture. A theorem by Dénes Petz [92] in the theory of recovery channels provides
a reconstruction which works whenever reconstruction is possible. The authors [11]
then showed how the matrix elements of this reconstruction, the Petz map, could be
computed directly from the gravitational path integral using the replica trick. Another
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aim of this chapter is to consider a variant of this calculation to a different toy model,
closely related to the random isometry model introduced in section 3.7.4. In this set-
ting, we will show how to recover the refined decoding criterion of [82] as well as to
understand salient features of irreversibility which are present in the JT model.

The plan of this chapter is as follows. We begin section 4.2 by reviewing some
relevant aspects of the islands in the stream formula before discussing its generalisation
to the case with a diary, with the detailed derivation deferred to appendix C.1. In
section 4.3 carry out a more refined analysis where we solve exactly for the backreaction
of the diary on the geometry. In section 4.4 we estimate the complexity of decoding a
diary based on the Python’s lunch conjecture [93]. In section 4.5 we show how to obtain
the decoding criterion more directly in a toy model by considering reconstruction using
the Petz map.

4.2 Islands in the stream with diaries

In this section we show how the island in the stream recipe generalises to the case
where a diary is thrown into a black hole.

4.2.1 Review of islands in the stream without diaries

We begin by reviewing some of the relevant aspects of the usual island in the stream
recipe before generalising to the case with a diary. In the semiclassical limit black
holes evaporate very slowly. This corresponds to a sort of adiabatic limit where it
is meaningful to associate a slowly varying temperature T'(¢) to the black hole. In
this limit, the QFT entropy of a subset R = | |, Ry of the radiation is given by the

thermodynamic formula
e

Sa(R) =T /R T(u)du, (4.2.1)

when each of the intervals R, and the spaces between them are much larger® than the
thermal scale. Here the integral over R denotes integral over the range of the outgoing
null coordinates which span R. That is, if the range of outgoing null coordinates u
over the interval Ry is [uy, u}], then

Sraa(Re) = % / " T(w)du. (4.2.2)
Uk

Combining the adiabatic and thermodynamic limit with the QES formula leads to a
very simple recipe for determining a class of islands I which can contribute to the
entropy of a subset R of the radiation:

3With respect to the measure T'(u)du or ‘dTUl.
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1. Under the reflection across the horizon U +— —U the outgoing null coordinates
ligy of the QESs are in one-to-one correspondence with points in R. The ingoing
null coordinate vy; of the QESs lag behind by a scrambling time,

. 1 S — So
= — tsers toor = 1 . 4.2.3
Var = Upr onT og - ( )
2. The generalised entropy of I U R is given by

SeenTUR) = > Seu(uyy,) + Swaa(l © R), (4.2.4)

disconnected

components

aI}, of &

where T is the reflection of I across the horizon. Here © denotes the symmetric
difference, I © R = I U R — I N R. Finally the von Neumann entropy S(R) =
min; Sgen(/ U R) of R is determined by minimising over possible islands.

In this section we will assume that the scrambling time % is a subleading time scale.
In section 4.3 we will keep track of its effect.

A feature of black holes in higher dimensions is that the spectrum of Hawking
radiation is not actually thermal. Instead, it is modified by greybody factors. In the
JT model one can mimic the effect of a greybody factor by modifying the boundary
conditions along the AdS-Minkowski interface. For the case that the greybody factor
['(w) is only a function of the frequency w and the temperature 7', the greybody factor
leads to a simple multiplicative relation between entropy flux dST/du of the transmitted
radiation ST and the entropy flux of the Bekenstein-Hawking entropy,

AT a5
du du -

(4.2.5)

The greybody coefficient 1 < ¢ < 2 characterises the irreversibility of the evaporation,
with the limit & — 1 corresponding to the reversible case. The generalisation of the
islands in the stream formula (4.2.4) to the case with such a greybody mimicked in the
JT model is particularly simple,

SeenTUR) = > Spu(uy;,) + Sha(l©R). (4.2.6)

disconnected
components

8l of 81

The only difference, as compared with (4.2.4), is that we have replace the thermal
entropy Spaq of the radiation with the entropy of the transmitted radiation ST

rad*
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4.2.2 Adding a diary

It’s possible to generalise the islands in the stream recipe to the case where we throw
in a diary. We assume the diary is modelled as an ingoing shockwave which carries a
constant energy Ep and entropy Sp. This will be explained in more detail in section
4.3.2.

A diary which carries entropy necessarily caries energy, and so backreacts on the
geometry. This is simply a consequence of Bekenstein’s bound[90, 91]. Alternatively,
this follows from the first law of thermodynamics together with the generalised second
law (GSL) [2] which requires

ASgu > Sp. (4.2.7)

Here ASgy is the jump in the Bekenstein-Hawking entropy as the diary is thrown in
at time tp. For simplicity, we will restrict to the case that the jump in the Bekenstein-
Hawking entropy is small compared to the initial Bekenstein-Hawking entropy, that
is,

ASpr < SBH(tD)a (4.2.8)

yet large enough to have an interesting effect. Large enough turns out to mean larger
than the entropy of radiation emitted in a thermal time scale, that is, ASgy 2 c.

We now describe how the islands in the stream recipe generalises to account for a
diary. The detailed proof is relegated to appendix C.1. Without a diary, the outgoing
null coordinates u of the QESs are in one-to-one correspondence with points in JR.
With a diary, the Bekenstein-Hawking entropy must now include the backreaction of
the diary, in particular, it jumps discontinuously across v = tp. In addition, we find a
new QES which lies just to the past of the diary and, to leading order, has ingoing and
outgoing null coordinates v and u equal to tp. A more refined analysis in section 4.3
pins down the location of this QES more precisely. The upshot is that in the presence
of a diary is that outgoing null coordinates % are now in one-to-one correspondence
with ORU {tp}, where {tp} represents the possibility of the new QES.

4.2.83 Information recovery in the early radiation

The first scenario we consider is the one considered by Hayden and Preskill [47], where
the all the radiation emitted up to time u since the formation of the black hole at u = 0
is collected, that is, R = [0,u|. The question is: what is the minimum time needed to
recover the information of the diary in R?

Note that we must have at least u > t3. Consequently it’s convenient to split R into
two subsets: the early radiation, Ry = [0, ¢p], and the late radiation, Ry = [tp,u]. The
entropy of R involves a competition between three islands, of which two are nonempty:
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Ry Ry :

R ( """""""" R . ...............

[1 .—.@ ....... ................ 172 ._@_. ...............

]1@R ----------------------- ._. ............... ]2@R e
0 to  u

In these diagrams the red dot on the left represents a QESs which lies at the point just
before the black hole was formed by an infalling shockwave and contributes entropy
Sp, which we are assuming is negligible. The green dot represents the diary. From the
diagrams, it’s straightforward to read off entropy

S(R) = min {Srad(R), SBH(tD) + Srad<R2), SBH(U) + SD} . (429)

By EWR, the diary is recoverable in R when I, has minimal generalised entropy, that
is,

SBH(U) + S(D) < min {Srad(R), SBH(tD) + Srad(Rg)} . (4210)

This means that if the diary is thrown in before the Page time then there is a direct
transition between the empty island () and Iy, so the diary is recoverable after an Sp’s
worth of additional radiation has been emitted after the Page time. On the other hand,
if the diary is thrown in after the Page time there are two transitions: ) — I; — Is.
In this case, the diary is recoverable when

Suaa(Ra) — 5% (ASei + Sp). (4.2.11)

In obtaining this formula we have used (4.2.5). This delay between the time when the
diary is thrown in and recovery time can be interpreted as the time it takes for the
black hole to “process” the diary and return its information though Hawking radiation.
In the reversible limit ASgy = Sp and £ — 1, so the diary is recoverable when

Srad(RQ) = SD- (4212)

Hence, even long after the Page time reconstruction is only possible for sufficiently
small diaries or code spaces. This state dependence is in line with expectations [47, 82,
94]. Notice that even though the early radiation never actually interacts with the diary,
it can be useful to decoding. This is a characteristic feature of quantum error correcting
codes, decoding is aided by having access to subsystems that never interacted with the
encoded subsystem but which are entangled with subsystems that did.

4.2.4 Information recovery in the late radiation



70 Information recovery

In this section we consider the possibility of information recovery in the late radiation,
assuming we don’t have access to the early radiation. For an interval of late radiation
R = [u1,us] with wy > tp, recovery is possible the island I with I= [tp,us] has
minimal generalised entropy:

. t AR

R .. ....... ‘_‘ .......
[ E— .@_. .......
FO R o P SN T

It follows that recovery is always possible for a suitably small A and large enough R.
For example, if R = [tp,u| is all the late radiation, then recovery is possible when

Srad(R) 2 SBH(U> 4+ SBH<tB) + SD. (4213)

This is sort of similar to the scenario in the previous section where we considered the
possibility of a diary thrown in before the Page time. In this scenario we see that there
is a further delay by Spu(t;) due to the fact that we didn’t have access to the early
radiation.

4.3 Refined decoding criterion in JT gravity

In this section we carry out a more refined analysis where we solve for the backreaction
of the diary on the geometry as it falls in. In JT gravity, where the metric is fixed
to be a potion of AdS,, this amount to solving for the function F' which relates the
boundary time coordinate ¢, which is the natural time coordinate for an asymptotic
observer, and the Poincaré time coordinate. We begin by reviewing the setup without
a diary. After adding a diary we solve for the new QES.

4.3.1 Review

The metric and dilaton profile can be written in Kruskal coordinates as

,  4dUdv _(F'(v) 1UF(v)
& =—arove =% (F’(v) 21+UV) ’

(4.3.1)

where the function F' which relates the Kruskal null coordinates U and V to the null
coordinates v and v adapted to an asymptotic observer,

U=—-1/F(u), V=ZF(). (4.3.2)
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An evaporating black hole can be formed by heating an zero-temperature black hole
and then letting it evaporate into the reservoir, as described in section 2.5. The exact
solution for the function F' can be expressed in terms of modified Bessel functions
(2.5.4), however, there is an simple yet excellent WKB like solution (2.5.10) which is
valid until very late times,

F(t) ~ exp (271' /0 t dt’T(t’)) : T(t) = Tye */2. (4.3.3)

In this expression the slowly varying function 7" can be interpreted as the instantaneous
temperature of the black hole. Indeed, from the conformal anomaly (see section 2.2),
one finds an outgoing flux of quasithermal Hawking radiation

(Tt ~ < (). (4.3.4)
12
By integrating the first law one finds

26, T(v)

SBH(’U) ~ S() + e s

(4.3.5)

which is linear in the temperature, as expected for a near-extremal black hole.

4.3.2 Backreaction

Now consider the effect of diary, modelled as an ingoing shockwave created a local
quench in the matter sector, thrown in at time tp. This leads to the profile for the
left-moving component of the stress tensor (see section 2.5)

AD 52

(Typ:) = T (v —tp)? + €2

= = Epé(v—tp). (4.3.6)

In this section we focus on the shockwave limit which arises in the limit where the
regulator parameter ¢ — 0 with the energy of the diary Ep = Ap/2¢e held fixed. In
section 4.4 we numerically study some aspects of finite width local quenches, that is,
with € small but finite. The diary also carries an entropy Sp = log dp, where dp is the
quantum dimension of the operator which created the shockwave [95-97].

In the presence of the shockwave the energy balance equation (2.3.7) reads

e, _ &
T = (Twt) —RE, B = -2 {F ] (4.3.7)

This is precisely the same equation for the function F' that we had to solve in section
2.5 for the evaporating black hole solution. The only difference lies in the boundary
conditions. Firstly, we have to account for the fact that the energy jumps by Ep as the
diary is thrown in at ¢ = tp, and secondly, we have to match the solution at t = tp,
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by a Mobius transformation, onto the solution for the evaporating black hole (4.3.3)
rather than the solution for the extremal black hole. As before, the exact solution can
be expressed in terms of modified Bessel functions, however, there is simple WKB like
solution which is valid until very late times

A+ exp [27? fttD dt’T(t’)]
F(t) = . : for t > tp, (4.3.8)
1+ Xexp [27r I dt'T(t')}

where the temperature 7T'(¢) is defined through the relation

o,

EM) =15

T(t). (4.3.9)

Importantly, since F jumps discontinuously by Ep as the diary is thrown in, so does
the temperature. This discontinuity in the temperature enters in the parameter

T+ —T-
A= — T+ = lim T(t), 4.3.10
G bt (t) ( )

of the Mébius transformation (4.3.8) which matches the two solutions across the shock-
wave. The solution for the function F'(t) (4.3.8) in the presence of the diary suggests
that we should introduce a new function

F(t) = exp <27r /t dt’T(t’)) : (4.3.11)

tp
and a new set of Kruskal coordinates U and V defined by
U=—1/F(u), V=F(®). (4.3.12)

Each of these new Kruskal coordinates are related to the old ones by a Mobius trans-
formations

~ V- ~ U+ A
V=———Ho U= )
1=V’ 1+ XU
This transformation is an isometry of AdSs, so the metric has the same form (4.3.1)
when written in terms of the new Kruskal coordinates.

(4.3.13)

The significance of these new coordinates is that they are adapted to the true event
horizon of the black hole U = 0, or U = —\, and not the surface U = 0 which would
have been the horizon if we hadn’t thrown in the diary. It’s tempting to say the diary
causes the horizon to jump out as it is thrown into the black hole, however, this doesn’t
make sense since the event horizon is a teleological concept. In contrast, the apparent
horizon does jump out after the diary is thrown in.
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Using (4.3.5) we can compute the jump in the Bekenstein-Hawking entropy as the
diary is thrown in

ASpr(v) = Spu(th) — Spu(ts) = Spu(t )(?-1) (4.3.14)

We can also rewrite the parameter A (4.3.10) in terms of the Bekenstein-Hawking

entropy
AS
A= maLi . (4.3.15)
2SBH(tD> + ASBH
For simplicity, we will restrict to the case that the jump in the Bekenstein-Hawking en-
tropy is much smaller than the original Bekenstein-Hawking entropy, that is, ASgy <

Spu(tp), which implies A < 1, yet still large enough to have an interesting effect.

4.3.3 Islands

Consider the entropy of all the radiation collected up to time ¢, that is, we take the
endpoint of R to lie on the boundary u = v = t. Assuming the black hole was formed
by a heating up a zero-temperature black hole at ¢t = 0, for early times, the entropy of
R is given by [55]
t
S(R) = Saa(R) = % / T(t)dt. (4.3.16)
0
Since the thermal entropy of the radiation grows monotonically with time and eventu-
ally it becomes favourable to have an island. To determine the location of the QES,
we have to extremise the generalised entropy

. [ 1 UF’ \/F’ F’ U U
Spen(I UR) = ¢ () _ + < 2 O 1 Sp(w).
AG\Fo) 21+ UV 6 U2, 1+ 0V

(4.3.17)
The first term is the dilaton (4.3.1) evaluated at the QES, which we have parameterised
in terms of Kruskal coordinates U,V as well as an ingoing coordinate v. The second
term is the entropy of quantum fields on /U R in the Unruh state. For simplicity, we’'ve
dropped the contribution to the entropy from the ingoing modes as these turn out not
to play a role. We have also adopted the notation Usr = —1/F(t) for the location of
the endpoint of R. The term

F'(v)F'(t) 1

4.3.18
0%, 140V (43.18)

is the contribution from the Weyl anomaly, associated to the endpoints of I and R,
which comes from rescaling the Minkowski metric in the reservoir and the AdS,; metric
to —dUdv. The final term in the generalised entropy (4.3.17) is the contribution from
the entropy of the diary,

SD(U) = SD@(U — tD), (4319)
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which only contributes if the diary lies in the island. Before the diary is thrown in, the
generalised simplifies to

F'(v)F'(t
Sgen(U, ’U) ~ SBH(’U)(l — QUV) + glog % (U — U@R) + SD(U). (4320)
OR
Here we have assumed that the QES lies close to the horizon in the sense that UV < 1.

This will be checked ex-post facto. Extremising the generalised entropy determines the
location of the QES

_U(‘)R C 1

U pr— - _—_—————
3 ’ 16SBH(’U) U8R7

(4.3.21)

from which it is simple to see that the QES lies close to the horizon, as initially assumed.

We now turn to the entropy at the extremum. In the first instance, in addition to
the leading order contributions that are of order Sy, we will keep track of logarithmic
terms that are of order clog(Sgu/c) and clog(Spu/ASpn). These contributions are
associated to time scales of order the scrambling time. Note that in the logarithmic
terms it doesn’t matter whether the entropy and temperature are evaluated either at
tp or t, since the difference is beyond the order to which we are working. Henceforth,
we will drop the arguments for these functions. Keeping only these terms, we find

& SBH(t)
~ —1
SBH(U) SBH(t> + 24 og - y
Elo F’(U)F’(t) (U U ) N _ilo SBH(t> (4.3.22)
6 g U32R OR ~ 12 g c )
and so the generalised entropy is
t
Sgen(I1 UR) = Spu(t) — i log SB%() (4.3.23)

Now suppose that ¢ increases beyond the time tp where the diary is thrown in. The
solution (4.3.21) remains valid as long as v < tp. For v > tp the solution for the
function F' jumps by a Mobius transformation, so we can no longer use the original
solution (4.3.3).

_ For the following analysis, it will be important to note that for u > ¢p, that is,
|Usr| < 1, and small A\, we have

Upr ~ Usr — M. (4.3.24)

This means that time scales where ¢ — tp is much larger than the thermal scale, the
logarithm of the RHS has a sharp crossover

~ — t
log(A — Usg) =~ — min {bg SZHT(;?)’ 27T/ T(t’)dt’} : (4.3.25)
to
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It then follows that the ingoing null coordinate v of the QES is approximately given
by

S (t) ! ASBH} . (4.3.26)

1
v=minqt— lo Jtp — lo
{ o T(t) 2 ¢ P 2ar- 8T ¢
This means that as time ¢ increases, the ingoing null coordinate v of the QES eventually
freezes to the past of the diary, so that v < tp, with

1 ASBH ASBH
—tp — 1 U— ————. 4.3.27
v b 2nT— 08 C ’ GSBH (tz)) ( )

This is the same result as equation (92) in [10]. Notice that to have v < tp we need
ASgy > ¢, otherwise the QES never freezes to the past of the diary. This corresponds
to the fact that for smaller diaries the effect of the backreaction is essentially negligible.
Using this, we have

Sgen(I1 U R) = max {SBH(t) _ i log SBI;(t)’
4.3.28
ASBH C ( )

C
SBH(tE)) + é log

Seu(ts
-5 log y + Sradmg)} .

Here we have split the radiation R as Ry U Ry, where R; is the radiation collected
in the time interval [—oo, tp] before the diary was thrown in and Rj is the remaining
radiation collected in the time interval [tp, t]. In (4.3.28), the second term is eventually
maximum and so the QES indeed freezes as described. If this was the only island then
we would eventually run into a puzzle since S,,q(R2) increases monotonically with time.

The resolution to this potential puzzle is that for later times ¢t > tp, after the diary
has been thrown in, a new island I, with a QES that lies to the future of the diary
appears (see figure 4.3). This solution for the new QES is simply (4.3.21) but written
in the other set of Kruskal coordinates (4.3.13). Since the generalised entropy has the
same functional form when written in terms of either set of Kruskal coordaintes, the
only difference to (4.3.23) is that we need to include the entropy of the diary,

SBH(t)

Sgen<12 U R) = SBH(t) — i IOg

o + Sp. (4.3.29)

4.3.4 Information recovery

We are now in a position to understand when the information in the diary is recoverable
in the radiation. By EWR, this happens when I, has minimal generalised entropy. For
a diary thrown in past the Page time, this means

Syen(Iz U R) < Syen(I1 U R). (4.3.30)
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4
e AdS, reservoir

Figure 4.3: When a diary is thrown in from the boundary after the Page time, QES1, which is
responsible for the downward portion of the Page curve, gets stuck behind the diary. At later
times, when QES, is the minimal QES, the diary lies in the entanglement wedge of the radiation.

Or, equivalently,
SBH
ASpH

Srad(R2) Z (4331)

[GVRI

(ASBH + SD) + é log

The delay between the time when the diary is thrown in and recovery time can be
interpreted as the time it takes for the black hole to “process” the diary and return its
information though Hawking radiation. The logarithmic terms correspond to a delay
related to the scrambling time. Up to this logarithmic correction, this is precisely what
we found from the islands in the stream recipe (4.2.11) with £ = 2, which corresponds
to the case of a trivial greybody factor or transparent boundary conditions.

4.4 Python’s lunch

The analysis in the previous section of the generalised entropy in the shockwave limit
shows that there are two competing minima of the generalised entropy See, which
lie either side of v = ¢p. In between the two minima there must be a maxima of
Sgen- Since this maxima does not appear as a solution when we extremise the Sgey,
we infer that the maxima must lie at the point where Sge, is discontinuous, that is,
at v = tp. The discontinuity in 0,Sgen arises from the fact that the energy jumps
discontinuously as the diary is thrown in. More specifically, the discontinuity in 0, Sgen
arises from a discontinuity in d,¢ which can be seen from the solution (4.3.1). Whilst we
demanded that the function F'is continuous up to its second derivative when solving the
Schwarzian equation, the third derivative of F'is determined by the energy according
to

¢T’

E=-
G

{F.t}. (4.4.1)
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Since E has a discontinuity across ¢ = tp this implies F' must also have a discontinuity
here. Away from the shockwave limit, that is, for finite e, the generalised entropy is
smooth and the maxima can be seen by extremising the generalised entropy. In this
section we show how this works numerically.

Whilst maxima of the generalised entropy do not play any role as far as the entropy
is concerned, they do play a role in another quantity: complexity. In the previous
section we have seen how EWR allows us to understand when decoding task is theo-
retically possible, that is, when there exists a unitary operator on the radiation which
recovers the state of the diary. However, it doesn’t tell us anything about how complex

this operator is. We can estimate the complexity using the Python’s lunch conjecture
[93]

C ~ exp (@) . (4.4.2)

Here Spax is the generalised entropy of the QES which is a maxima of Sge,, Whilst Spin
is the generalised entropy of the neighbouring QES which is a minima of the generalised
entropy.

In this section, we apply the Python’s lunch conjecture to understand when it is
possible to decode the diary alone. More specifically, while Harlow and Hayden [89]
argued that it’s exponentially hard to convert an old black hole and its radiation into
a simple state, the question we ask is: assuming we’re given this state, what is the
complexity of decoding the diary?

4.4.1 Finding the maxima

We have already argued for the existence of a maxima of the generalised entropy in
the shockwave limit. In particular, we found that it must lie along v = tp. We now
work away from the shockwave limit where left-moving component of the stress tensor
is given by
A D 82

7 ((v—tp)?+¢e2)?’
with & small but finite. Although we do not have the analytic solution for the function

F in this case, it turns out to be possible to obtain the exact solution for the outgoing
null Kruskal coordinate U of the QES. We find

(:Tyy:) = (4.4.3)

k+ kUyrV + UaRF,<U)
U=- . 444
KV + kUpnV2 — F/(0) (44.4)

Using this we can then numerically study the “off shell”’* generalised entropy as a
function of the ingoing null coordinate v for various times ¢. This is shown in figure

4We use the term “off shell” since the generalised entropy is being evaluated on a surface which,
for generic v, is not quantum extremal.
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4.4 where we have also smoothed out the Heaviside function in Sp(v) (4.3.19). The
extremal points correspond to configurations which are extremal i.e. QESs. Initially
there is only one minimal QES which lies to the past of the diary. However, for later
times, a second QES appears which lies to the future of the diary. For sufficiently late
times it is the latter QES which minimal generalised entropy and when this transition
occurs the information in the diary is recoverable in the radiation. There must also
be a QES which is maxima of the generalised entropy which lies in between, more
specifically, it must lie in, or on the boundary of, the interval where the diary is
localised. From numerics we find that it lies at the far edge of the region where the
diary is localised.

= / =
g g /
’ ’ \//
v v

Figure 4.4: The off shell generalised entropy Sgen for R (left) and R U D (right), where D is
a purification of D, for a finite width quench as a function of the ingoing null coordinate v of
the QES for several values of ¢, with t increasing from red to blue. The energy density of the
diary is localised in the region shaded in yellow. Here the parameters are: £k =0.1,¢ =10,Ap =
10,hp = 1,6 = 0.5,tg = 2/k.

It’s simple to understand why the maxima lies at the far edge of the interval where
the diary is localised. The important terms in the generalised entropy which determine
the ingoing null coordinate v of the QES, assuming it lies in the interval where the
diary is localised, are

Sgen D) SBH(U) + SD(U). (445)

Here Sgy and Sp are monotonically increasing functions of v, due to the backreaction.
Hence, for R the maximum will lie at the edge of the interval. The approximate
coordinates of the QES at the recovery time are given by v = tp + dv, with jv = O(g),

and U given by
c

12Spy’

which follows from (4.4.4). Hence, at the maximum, the generalised entropy is

U = Upp + (4.4.6)

Stax = Seu(tp +06v) +S(D) + Sraa(R2) = Spu(tp) + ASpa + S(D) + Srada(R2). (4.4.7)
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Using the Python’s lunch conjecture (4.4.2) this gives

C ~ exp <w> : (4.4.8)

In the reversible limit, that is, when the GSL ASgy > Sp is saturated, the decoding
complexity is simply determined by the dimension of the code space, that is, e°?. In
this limit the result is in agreement with arguments based on random unitary models
[98]. Notice that the irreversibility of the process of the black hole absorbing the diary
increases the complexity of decoding.

4.4.2 Islands in the stream and Python’s lunch

We now discuss a simplified way of deriving the complexity of decoding using the island
in the stream recipe, which was discussed in section 4.2. The idea is to consider an
off shell sweep of the generalised entropy Sgen(los U R), that is, where 01,5 are not
necessarily QESs [93]. In the results of the islands in the stream recipe, there is a
natural way to define the off shell generalised entropy: simply take the islands in the
stream formula but do not insist that the endpoints of 81 correspond to points in IR.
Varying the one of the endpoints oI gives rise to a sweep.

For a diary is thrown into a black hole let’s consider the sweep of the generalised
entropy with an off-shell island 7,5 = [0, u,_s]:

(%
R : L
jO—S
Ios SR e O S VRS

The off shell island has one endpoint located at the point just before the black
hole was formed by an infalling shockwave. The sweep is shown in figure 4.5. The
generalised entropy jumps by Spu(0) as . crosses 0. It then decreases until the diary
is thrown in at u,s = tp. Here, the generalised entropy has another minimum, which
corresponds to the QES which gets stuck to the past of the diary. For late enough
times, a QES which lies to the future of the diary has minimal generalised entropy.
Between these two minima, there is a maxima located at the point just after the diary
was thrown in.
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Sgen(Los U R)
Srad<R)
S I S(D) 4+ ASgy
I L
: ao—s
0 tD u

Figure 4.5: An off shell sweep of the generalised entropy with I, = [0, uos]. The blue dots
correspond to the extrema of the generalised entropy. The sweep reveals a local maxima which
determines the complexity of decoding the diary.

4.5 Petz map

In this section we study the problem of information recovery in a toy model, which
is closely related to the random isometry model introduced in section 3.7.4, using the
Petz map. For clarity we begin by working in a simpler, coarse-grained version of the
model.

4.5.1 A simple model

In this section we consider a simple toy model of a black hole in a holographic setup,
defined by a linear map
V =d, (MAX]|, U Wo>f , (4.5.1)

from the Hilbert space H; ® H, of left-moving and right-moving interior modes to the
Hilbert space Hp of black hole microstates. Here [tp) ; is a fixed state in some ancillary
system Hy, [MAX), . denotes the maximally entangled state on #H,» ® H,, where #,
is an auxiliary Hilbert space isomorphic to H,, and U : H, @ H; — Hp @ H, is a Haar
random unitary. The map V' is shown in figure 4.6 as the part enclosed by blue dashed
lines. This is a coarse-grained version of the dynamical model introduced in section 7
of [99]. Some aspects of this model have been studied in [100].

To model an evaporating black hole we entangle the right-moving interior modes
with an auxiliary reference system Hpg, which models the reservoir into which the black
hole evaporates. The overall state of the system is

V) = (V®idg) |¢¥), (4.5.2)
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where [¢) is a pure bulk state on H, ® H, ® Hg. To understand the motivation for
this model, consider taking the bulk state |1)) to be maximally entangled on H, ® Hg,
as shown in figure 4.6. The maximally entangled state is the analogue of the Unruh
state (2.2.6) in this toy model. By bending around the green line in figure 4.6 we see
that this precisely coincides with Page’s model (figure 3.6).

B R

l Vo) 4 T\/

Figure 4.6: A coarse-grained version of the model in [99].

4.5.2 Reconstruction in the simple model

In this section we consider the problem of information recovery for the left-moving
modes which can naturally be identified as the diary system. To this end, consider the
code subspace Heode = H¢ @ C|MAX), . The image of Heoqe under V ®@idp is spanned
by the states

dr
1 .
W,) = N > tai)p @ i), a=1,2,... deodc, (4.5.3)
=1

where [¢q;) 5 = V' |a), ®|i), is a black hole microstate corresponding to the left-moving
and right-moving interior modes being in the product state |a), ® |i),. Notice that
the encoding Heoge — Hp ® Hr happens to be an isometry. For generic code spaces
Heode € He @ H, ® Hp this won’t be the case. Let us denote the encoding ¢ : Heoge —
Hp ® Hi and define

dcode

OBRr = t Ocode LT = Z Oab’qja><\pb‘7 (454)

a,b=1

where O, are the matrix elements of Oyq.. The operator Ogg provides an exact global
reconstruction of Ogge. It is exact because the encoding is an isometry and global
because it acts jointly on B and R. The question we are interested in is: does there
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Q

code  [%o)y T\/

code

exist a reconstruction Ogyq which only acts on R? That is, does there exist an operator
Opg on R such that:

By a slight abuse of notation, in this diagram, we are identifying H.oq. With H,, since
they are isomorphic. This problem is nothing but the problem of information recovery
stated in the Heisenberg picture, where we talk about reconstructing operators, rather
than the Schrédinger picture, where we talk about recovering the state of the diary.

There is a theorem by Dénes Petz [92] in the theory of recovery channels which says
that when reconstruction is possible we can take the reconstruction to be given by®

1 _ —
OR = 0'R1/2 TI'B(OBR) O'R1/2, (455)

which is known as the Petz map. Here or = Trp(it')/deoge. Strictly speaking, this
theorem applies in the exact setting, that is, where exact quantum error correction is
possible. In the approximate setting, the Petz map does not work perfectly, however,
it has an average error which is almost as small as the average error of the optimal
reconstruction [101].

Actually, due to the simplicity of the model considered here, the simpler Petz lite
[11],
OR = C()TI'BOBR, (456)

is expected to work. Here ¢ is a constant chosen so that the map preserves the identity
element. More specifically, the Petz lite map is supposed to work if the model has fixed

To see why this works, suppose that ¢ forms an exact subsystem code for R. Harlow’s structure
theorem (theorem 4.1 in [31]) implies that there exists an isomorphism Wg : Hr — Hg, ® Hg,, with
Heode isomorphic to a subspace of Hg,, such that (idp ® Wgr)t|4) 0qe = X)gr, @ [¥)g,, for some
fixed state |x)pp, - A short calculation reveals that (4.5.5) provides a reconstruction.
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area in the sense of [102, 103]. It’s now straightforward to check when Op provides a
good reconstruction by calculating the matrix elements

code

<\Ij | OR |\Ilb Z Ocd Z w(uhbb] wdj|wcz> . (457)

cdl 2,7=1

The average of the matrix elements can be computed using the formula

Vi

1
E U#1V1 U#2V2UT' 4 UT ] = m |:5u1y’1(5u2u/25u11/{5u21/§ + 5H1M 5u2y’16ulu25y2y

: (4.5.8)

- N (6#“1' 6#2#'25V11/§5V2V{ + 5#1#' 6#2//1 51/1!/{ 61/2V§) )

where the average is taken over the Haar measure on the unitary group U(N). We find

E <\Ill1| OR |\Ijb> = ClOab + CZTr Ocodcéab; (459)

with 1 1A dpd
- — AN \ ny BTcode 4.5.10
CTIEN T Ll N dn ( )

That ¢; and ¢y are determined by a single parameter A\ follows from the constraint
¢1 + deogeC2 = 1, which ensures that the map preserves the identity element. We see
that the reconstruction works on average when dg > dpdcoqe, rather than after the
Page time. Hence, even long after the Page time, reconstruction is only possible for
sufficiently small code spaces. This is essentially the decoding criterion for the case
that the diary was thrown into a young black hole, that is, a black hole before the Page
time. The delay related to the dimension of the code space is in line with expectations
[47, 82, 94] and is related to the fact that entanglement wedge reconstruction is state
dependent. For simplicity, we dropped corrections to A which are suppressed when the
dimensions of the subsystems are large. The exact expression

Ao (1~ ) o (4.5.11)
2

is only necessary for very early or very late times when dg — 1 or dg — 1.

One way to generalise this calculation is to include some of the right-moving interior
modes in the code subspace. To this end, we split H, = H,, ® H,, and consider the
code subspace Heode = He ® Hyy ® CIMAX), . Whilst the encoding is no longer an
isometry, on average we find
E <\IJA| OR |\I]B> - ClloAB + C/2 (Trrl Ocode)ab 5z'1j1 + Cé (Tl"g Ocode) 6ab + CZTI" Ocode(SABa

(4.5.12)

11J1
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with
1

—~ / 1 )\, / dBdcode
1+ N\

Ch3 :O(d;#), G4~ TS A= 1 (4.5.13)

/
C

In (4.5.12) we introduced the composite indices A = (a,i;) and B = (b,j;). For
simplicity, we dropped corrections which are suppressed when the dimensions of the
subsystems are large and have not written the formula for ¢, and ¢ as they are expo-
nentially suppressed in logdp. As a simple consistency check, for d,, — 1 we recover
(4.5.9) with ¢; = ¢} + ¢, and ¢3 = ¢ + ¢.

4.5.8 A dynamical model

In this section we will consider the dynamical model defined in section 7 of [99]. The
map Vi : Hy, ® Hr, — Hp, is defined recursively, starting with

Vo = Us [to), (4.5.14)

and then at each time step acting with a unitary Uy followed by post-selecting on the
maximally entangled state

Vi = dr (MAX],,, UxUk1 ... U [th0) ;- (4.5.15)

As before, |ig); is a fixed state in some ancillary system H;, H,, is an auxiliary
Hilbert space isomorphic to H,, and Uj : Hey,y, @ Hp,, = Hp, ® Hr/{k} is a Haar
random unitary, for each k. When acting on input bulk states which are maximally
entangled on M, ,, ® Hg,,,, up to notation, this model precisely corresponds to the
random isometry model introduced in section 3.7.4. To clarify the notation used here,
we denote by MRy, the Hilbert space of the radiation emitted at the £™ time step
and use the shorthand Hpg, = Hry, 1y = Heyy © - @ Hey, for the Hilbert space
of the radiation emitted in the first k& time steps. We adopt a similar notation for the
left-moving and right-moving interior modes.

4.5.4 Recursion relations

In this section we describe a method to recursively compute averages involving products
of Vi. In the following section we apply this method compute the matrix elements of
the Petz Lite map. Let 7 € S,, and consider the average

P=E [ (4.5.16)

A closely related quantity was considered in section 3.7.4. It follows from the recursive
definition of V}, that X} satisfies the recursion relation

Xpt =Y My(my, m)Xp2, (4.5.17)

T2ESh
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where My (my,m2) may be written explicitly in terms of the Weingarten function for the
unitary group. It’s convenient to define the vector

Xi) =) Xp@|m), (4.5.18)

TESy

where, to keep track of the permutation, we tensor in |r) which belongs to a Hilbert
space with an orthonormal basis consisting of vectors |7) with 7 € S,,. It’s then natural
to view the operator My (my,m2) as the matrix elements of an operator

My = Y My(m,m)|m)(ml, (4.5.19)

T1,T2E€SK

which acts on a bigger Hilbert space. Equipped with this notation, the recursion
relation (4.5.17) reads
Xk) = My, [Xg-1), (4.5.20)

which implies |[Xg) = MMy ... M;|Xp). In the following section we will be interested
in the case that n = 2 since the Petz lite map involves the product of two matrix
elements, that is, it involves two V’s and two V’s. For this case, the matrix elements
of M, are:

dBk dR{k}

: 1.
dQBde 1 (dBde{k}ld — d—Bkld®T> N

Ry
T—T® id) ,

My(id,id) =

dp,dr
M(id, 7) = ——%  (dp
Bl — 7 (dr

4.5.21
s (4.5.21)

dp, id—id ® 7) ,
- ( ")

My(7,id) =

dBde{k} 1
——7 | dpd - — id | .
oy (= .7 )

Ry
In this expression, the first factor acts on Hogy @ Hegy and the second factor acts on
’Hr{k} ® Hr{k}, so, for example id ® 7 is the identity on Hg{k} ® Hg{k} and the cyclic
permutation (or SWAP) operator on H,.,,, @ H

My (1, 7) =

T{k} T{k}"

4.5.5 Reconstruction in the dynamical model

In this section we consider the problem of information recovery for diary, which is
identified with the left-moving interior modes ¢, thrown in at the 4™ time step. To
this end, consider the subspace spanned by the states

> Wairein) gy, @ lin- i) g, a=12. dedge,  (4.5.22)

\Z RK U1yl
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which describes a code subspace of a subset of the left-moving interior modes at the Jth
time step labelled by the index a, with the rest fixed. In particular, we take the state
on the rest of the left-moving interior modes to be some fixed product state, whose
role is only make the process of evaporation thermodynamically irreversible. Notice
that the encoding happens to be an isometry, as was the case for the first example

considered in section 4.5.2.

We can check when the Petz Lite map (4.5.6) works on average by computing

code

E (U] Ok [ W) = o~ > OCdZE (Vail ) (Do) (4.5.23)
RK c,d=1
where we introduced the composite indices i = (iy,...,ix) and j = (ji, ..., Jk). Using
(4.5.16), the average of the matrix elements in this expression can be written as
E (Vailvoys) (Vas|vva) = (ail @ (dj| X5 |b) @ |ei) - (4.5.24)

Because of the sum over i and j in the Petz lite map, we are actually interested in
computing

> " E (Wil ) (ailtbe) = (al ® (d] Tr,, [Xid] [b) @ |c) . (4.5.25)

[N

Using the recursion (4.5.20) we can write Xi¢ = (id|Xx) as
X = (id| My ... M, ... My |Xo). (4.5.26)

It’s then useful to think of the partial trace Tr,, over the right-moving interior modes
in the first K time steps in (4.5.25) as a product of partial traces at each time step,
that is,

Tr,, = Q) Try,, (4.5.27)
k

This allows use to rewrite (4.5.25) as

ZE Vi Uyg) (V| te) = (d| Mg .. {a| @ (d|M, D) @|c) ... My |Xo), (4.5.28)

d, T

where My, is proportional to the partial trace of M over 7y, that is,

1

T{k}

As long as the diary was not thrown in at the 0" time step, we have [X,) = > res, IT)
0 (4.5.28) can be written as

—ZE (Vail ) (Vaj|tei) = Z (id|Mg ... {a| @ (d|M_ |b) @ |c)...My|m). (4.5.30)

RK i TES2
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To compute this we just need to do the matrix multiplication of all the M;’s and then
sandwich them between the bra (id| and kets [id) and |7). The matrix elements of My
can be straightforwardly be obtained from (4.5.21). For k # k we find:

dp,dr 1
My(id,id) = ———" _dp (1 - —) ,
R &,

dp,dr 1
M(id, 7) = -—— —dp 1— ,
B —1 e\ T

Riky Rk (4.5.31)
Mk(Tv ld) = 07
dp,dRy, 1
Mi(r,7) = -t B0 g g (1 — ).
d%kd%«z{k} 1 7FTHE dQBkd%{k}
For k = if', we instead have
L dpdr,; 1
(a| ® (d]| M, (id,id) |b) @ |¢) = W{Iild&“ (1 — d7> OabOcds
B %R, B;
(a] @ (d| M (id, 7) |b) @ |c) ST (1 ! )55
a p(id, 7 €)= 5 rgy (1= 25— | aadie
U,y g, (4.5.32)

(al @ {dIM(7,id) [b) ® |e) =

&, & a3, d3,

dp,dr,, 1
ol M) 1) 1) = e (1= gy ) e
{k} {k}

We see that for each k, My, is an upper triangular matrix. This makes (4.5.30) partic-
ularly straightforward to evaluate. For the purpose of this calculation, it is convenient
to write

(A By o ) ~ (Abarbd B Baalne
Mk_(() ck) k#k, <a|®<d|l\/lz<>|b>®|c>—< 0 Coudh . (4.5.33)

The two terms appearing in the sum on the RHS of (4.5.30) are given by

(id| Mg ... My [id) HAk SabOcds (4.5.34)
and
(id| Mg .. My |7) =" H A By, H C Oated + Y H A By, H Clrr GO
k<l I=k+1 m=k—1 k>k I=k+1 m=k—1

(4.5.35)
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This means that, as in the simple model, we can write

E <\I’a| OR |\I/b> = ClOab + CQTI Ocodeéab, (4536)
with ¢; and ¢, parameterised as
1 1 A
= — = — . 4.5.37
TTTEN T dage LA (4.5.37)
A little algebra reveals that the parameter A may be written exactly as
A 1+ . d
Lt aat O (4.5.38)
dcode Zkzﬁ qk dBk
with o s
1—dR{k} - 1_dBldR{l}
G = 2 T2 (4.5.39)
T %Br =1 T UB

which, up to the factor of 1 — d;{fk}, is equal to one plus exponentially small corrections
in logdp,. In the limit where the dimension of the black hole system is large, we can
approximate the sums in (4.5.38) as

dr, d
Z Q= a_——*, Z Qe = a2 (4.5.40)
- dp, . dpy
k<k k-1 >k
where the constants a are give by
dBA dR dB dR
a_~1+ — ay ~ 1+ Kk 4.5.41
kZ dp, dr, | * Z dp, dr, ( )
<h—1 k>h+1

To keep things simple we have ignored the term 1 — d;?k} in (, although it is simple
to put this back. Up to this unimportant point, ~ means up to exponentially small
corrections in min{log dp, ,,logdp, } which corresponds to min{Spac™ 4% Spyl. We
can place a simple upper bound on the parameters a4

o ST+ (k=227 7y S (K — k4 1)285mc 85 (4.5.42)

where we have defined
ASBk = log dBk — log dBk_N ASRk = log de — log de—1 . (4543)

The parameters ASp, and ASpk, correspond to the change in thermal entropy across
the k" time step. This means that, for each k # /Ac, the parameters ax are some O(1)
numbers related to the thermodynamic irreversibility of evaporation. The upshot of
all this is that we can approximate the parameter A (4.5.38) as

dR.
A dch—l
7~ T (4.5.44)
code Q+E

It is instructive to consider this formula in two different limits:
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1. If £, fell in before the Page time

1 dBK dcode

A~
a+ dRK

(4.5.45)

This matches the result we got in the simple model (4.5.10), up to an unimportant
O(1) constant. Let Seoge = 108 deode, then, with the usual identifications of
parameters, this means that reconstruction works when

Srad Z SBH + Scode' (4546>

2. If ¢; fell in after the Page time

A = . (4.5.47)

With the usual identifications of parameters, this means that reconstruction
works when

Safter diary > Spi + Seode — S]gvla{fore diary' (4548)

rad

These twin results are known as the Hayden-Preskill decoding criterion [47]. The delay
for reconstructing operators on large code spaces in line with expectations [47, 82, 94].
The conditions for reconstruction (4.5.46) and (4.5.48) also match precisely with what
we found in JT gravity using the QES prescription, in section 4.2.3. To consider the
effect that thermodynamic irreversibility has on reconstruction in the case that ¢; fell
in after the Page time, it’s useful to rewrite the condition for reconstruction to work
(4.5.48) as

S ™ > S — S U™ + ASr + Seode: (4.5.49)
From the GSL, .
SBH - nglt{er diary Z 07 SBH 2 Scode~ (4550)

In the reversible limit, both inequalities are saturated and the condition for reconstruc-

tion to work (4.5.49) reduces to Sf;ger B2y > G e, as expected.

4.5.6 An example

Consider a simple example where at each time step the black hole decreases in size by
one qubit, except for the 4™ time step where it also increases in size by ASpn qubits,
and & qubits are emitted in the radiation, that is,

2"’5*1%_1_7“ for k < k
dp, = { dg, = 2%, g, = 2%, (4.5.51)

oni+K—k for k >k
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where n; = log dp, is the number of black hole qubits at the k" time step. The point of
considering this simple example is that we can actually compute the sums in (4.5.40),
up to exponentially small corrections. We find

A 14ay 280D

~ , 4.5.52
dcode aK7]%+12£K7nK ( )
with "
1—2-
_ —(1+8&)k
In this model, the Page time is
k1= % (4.5.54)

where ny is the initial number of black hole qubits. If ¢; fell in after the Page time,
the condition for reconstruction to work is

ASBH + Scode

K—k+1>
= 14¢

(4.5.55)

4.6 Conclusion and outlook

We have considered how information is recovered in a model of an evaporating black
hole in JT gravity, where the backreaction problem for an infalling object is exactly
solvable. In the case that we have access to all the Hawking radiation since the for-
mation of the black hole, as discussed in section 4.2.3, we have seen how the QES pre-
scription leads to information recovery in the way anticipated by Hayden and Preskill
in their pioneering work [47]. The islands in the stream picture that we developed
allowed us to show that we can also recover the information from the radiation emitted
after the diary falls in, as discussed in section 4.2.4. The fact that the information in
the diary can be recovered in different subsets of the Hawking radiation can be seen
as a consequence of the relationship between entanglement wedge reconstruction and
quantum error correction [30, 31].

In addition, we have also considered corrections to the entropy which are logarithmic
in Sy and the jump ASsy in the entropy as the diary is thrown in. These terms are
related to the scrambling time. In addition to the scrambling time delay, we have seen
how there is an additional delay due to thermodynamic irreversibility (4.2.11) and
also the entropy of the diary, which means the black hole doesn’t quite behave as a
mirror anymore. Using the Python’s lunch conjecture in section 4.4 we have seen how
irreversibility is also responsible for increasing the complexity of decoding.

In section 4.5 we studied the problem of information recovery in a simple toy model.
More specifically, we considered the problem of reconstructing operators acting on the
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left-moving ingoing modes. We were able to reproduce the results we found in JT
gravity including the salient features of irreversibility and the delay related to the
size of the code subspace. For simplicity, we considered a code subspace where the
right-moving interior modes r and the right-moving exterior modes R, that is, the
Hawking radiation, were maximally entangled. It would be interesting to understand
how changing this state affects reconstruction. A simple case study to consider could
be a state that is a mixture of the maximally mixed state and some pure state. For
this case we expect there to be a more subtle condition for reconstruction to work due
to the incompressibility of the state, as discussed in [104, 105].
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Chapter 5

Ephemeral islands and BCFT
channels

This chapter primarily consists of a paper [106] written in collaboration with Timothy J.
Hollowood, S. Prem Kumar, and Andrea Legramandi. Section 5.6 contains unpublished
work.

5.1 Introduction

From a holographic perspective, JT gravity coupled to an auxiliary reservoir with con-
formal matter has a dual description as a quantum mechanical (QM) system coupled to
an auxiliary reservoir with the same conformal matter. In an appropriate infrared limit,
boundary conformal field theory (BCFT) offers a powerful and tractable framework to
examine the microscopic dual of the JT model. In particular, it can offer insight into
how entropies in the microscopic dual are captured by the quantum extremal surface
prescription in the bulk semiclassical picture.

In this work, the setup involves two copies of the dual QM system coupled to a
reservoir, labelled left L and right R, in the thermofield double (TFD) state

1 _
|Wrrp) = NG ZefﬁE”/Q |En) @ | En) g, (5.1.1)

where | E,) is an energy eigenstate of the right system with energy E,, |E,) is its time-
reversal conjugate in the left system, and Z is the partition function of the left or right
system at inverse temperature 3. This is expected to be dual to an eternal black hole
in the JT model with matter in the Hartle-Hawking state [40].! There is a version of

1See [107] for another perspective.
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the black hole information problem in this setup [56].” The thermofield double state
is invariant if we evolve forwards on one side and backwards on the other, that is if
we evolve with Hr — Hy, where H;, and Hgr denote the Hamiltonians of the left and
right systems, respectively. In the bulk, this corresponds to the fact that the eternal
black hole geometry has a boost isometry. However, the thermofield double state is not
invariant if evolve forwards on both sides. Tracking the time evolution of the entropy
S(AL U Ag) of the left and right reservoirs, Ay and Ag, leads to a potential puzzle.
For early times the entropy of quantum fields in A, U Ag on the eternal black hole
background grows linearly with time,*

Sno island =~ —t (512)

where c is the central charge of the matter quantum field theory which is assumed to
be conformal. This leads to a potential puzzle since the entropy of Ay U Ag should
be bounded above by the thermal entropy of the two QM systems, which is given by
twice the Bekenstein-Hawking entropy. However, the island formula indicates that the
potential puzzle is resolved by an island (see figure 5.1), which happens to lie just
outside the horizon, and has generalised entropy

Sisland & 2.5BH. (5.1.3)

island

Figure 5.1: A version of the information problem for the eternal black hole. For early times
the no island contribution gives an entropy which grows linearly in time. For late times an
island configuration, with endpoints just outside the horizon, gives an entropy which is twice the
Bekenstein-Hawking entropy.

In this work we study a variant of this setup, where the subregions A; and Ar are
take to be subsets of the left and right reservoirs (see figure 5.2). More specifically, we
will be interested in a certain infrared limit, where the two copies of the QM coupled
to a reservoir can be replaced by two copies of a BCFT on a half space. The main
aims of this work are to use the two complementary descriptions to demonstrate the
following:

2This differs from Maldacena’s version of the information problem for the eternal black hole [40],
which considers the late time behaviour of correlation functions and doesn’t involve coupling to an
auxiliary reservoir. In the next chapter we discuss a problem closely related to this version of the
problem.

3This formula is valid for times ¢ much larger than the thermal scale.
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Figure 5.2: The setup considered in this paper. The entropy S(Ar U AR) of the union of two
subregions Ay, and Ag in the reservoir can receive contributions from an island which, over time,
can emerge from behind the horizon and then disappear again behind it.

1. In the high temperature limit, entropies of subregions in BCFT exhibit a non-
trivial but universal time evolution across distinct temporal regimes. A caveat
here is that this behaviour is really only universal amongst BCFTs which admit
an effective quasiparticle description. We comment more on this below.

2. The same behaviour emerges in JT gravity through a nontrivial competition
between an empty island an nonempty island. In particular it is possible for a
nonempty island to be ephemeral, appearing for intermediate times but eventually
giving way to the empty island at late times.

3. The distinct temporal regimes in the evolution of the entropy are governed by
certain singularities, either singularities in the operator product expansion (OPE)
or lightcone singularities®, in twist operator correlation functions used to com-
pute the Rényi entropy. Singularities in BCF'T twist correlators which give rise
to disconnected contributions, that is, involving the one point functions of twist
operators, get identified with corresponding singularities in the bulk twist corre-
lators which involve island contributions. The island configurations can emerge
from behind the horizon and then disappear again behind it.

An example of the time evolution of the entropy, for a symmetric choice of Ay and
Ag, is shown in figure 5.3. For early times the entropy increases linearly as modes
enter (exit) the interval in one copy of the reservoir and their respective purifiers
simultaneously exit (enter) the interval in the second copy of the reservoir. The linear
growth then slows and eventually dips before rising again and reaches a plateau at late
times. The dip is controlled by a lightcone singularity in the BCFT and an evolving
island contribution in the JT model. In the quasiparticle picture it is due to modes
reflecting off the boundary in either copy of the reservoirs and entering Ay U Ag along
with their respective purifiers. In the JT model the dip appears when modes in the
reservoir Ay U Ar and their purifiers enter the island.

4These singularities are intrinsically Lorentzian as they involve an operator hitting the lightcone
of two other operators.
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X /L S

Figure 5.3: BCFT channels for the entropy S(ALUAR) with A, = Ar = [a,bl and a = 3, b = 12
and 8 = 0.1. Only the channels shown in blue actually compete, the ones in grey are always
subdominant. In the JT model the red portion of the curve corresponds to an island configuration.

A quantitative match between the JT model and BCFT occurs when the charac-
teristic length and time scales are taken to be much larger than not only the thermal
scale 8 but also the scrambling time

B . Seu— So

tser = — log

5.14
2T c ( )

The scrambling time governs how long one has to wait to recover information which
has been thrown into an old black hole. But in the limit where the characteristic scales
are taken to sufficiently large, the scrambling time scale is effectively washed away and
the black hole behaves like an information mirror, in a similar way to the boundary in
BCFT. In this limit we can identify the boundary entropy log g, with the Bekenstein-
Hawking entropy of the black hole. If we further impose the characteristic scales to be
much larger than k then the system matches the behaviour of the free fermion BCF'T
which has vanishing boundary entropy.

While we use the term information mirror, it’s crucial to note that unlike a bound-
ary in BCFT, which reflects information coherently, a black hole does not—even when
the scrambling time is negligible. However, for small amounts of information, a black
hole can act like a mirror if one is just interested in the time scale for recovery. To
recover larger amounts of information there will be a delay, unlike for a mirror, due to
state dependence, as discussed in chapter 4. Generally, understanding when informa-
tion is recoverable from a partially evaporated black hole is subtle and perhaps best
understood through the framework of quantum error correction.

It’s important to emphasise that we focus on CF'Ts with an effective quasiparticle
description [108]. This includes free CFTs, rational CFTs, and in general CFTs whose
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high energy density of states is dominated by conserved currents. It’s only for these
theories where the dip in the entropy, caused by a lightcone singularity, is actually
present. In section 5.6 we verify the absence of the dip in large ¢ holographic BCFTs
using Takayanagi’s formula for computing the entropy holographically [109]. Also,
while this work was in preparation the paper [110] appeared which has some overlap
with the questions addressed in this paper. In contrast to our setup, where the bulk
matter theory is taken be a collection of free fermions, they assume the bulk matter
theory is itself holographic and find no dip in the entropy.

The plan of this chapter is as follows. We start by very briefly reviewing the setup
and some notation in section 5.2. In section 5.3 we show how the high-temperature
limit of the entropy of two intervals in BCF'T is controlled by certain singularities in
the correlation function of twist fields. In section 5.4 we show how this behaviour is
reproduced in the JT model, highlighting the connection between bulk and boundary
channels. In section 5.5 we explain how the entropy in BCF'T follows from a quasi-
particle picture while the entropy in the JT model follows from tracing modes and
the basic entanglement structure across the horizon. In section 5.6 we compute the
entropy of two intervals in a holographic BCF'T using Takayanagi’s formula and verify
the absence of the dip. We end with some conclusions and outlook for future work in
section 5.7.

5.2 Preliminaries

We consider two copies of the BCFT on the half space x > 0 in the thermofield
double state, as shown in figure 5.4. The focus will be on tracking the time evolution
of an interval A, U Agr where A; = [a1,b1] is an interval in the left reservoir and
Agr = [ag,bs] is an interval in the right bath. For simplicity we will initially focus
on the symmetric case: a = a; = ay and b := by = by. Left-right correlators in the
thermofield double state can be computed by analytic continuation in ¢; from right-
right thermal correlators.

In semiclassical picture we have JT gravity with a bulk matter conformal field theory
consisting of ¢ massless Dirac fermions in the Hartle-Hawking state. This is the vacuum
associated to the Kruskal frame which has null coordinates w® that cover the entire
spacetime. These are related to null coordinates :BjLE r = tr,r T2 R, defined in left and
right exterior regions, by

wt = e /s (5.2.1)

The endpoints of the intervals A;, and Ag will be indexed by 27,1, 1g, and 2g, ordered
along a Cauchy surface from left to right, as shown in figure (5.5). To evolve forward
in time on both sides by time ¢ we set

tp = —t+ ? tp =t (5.2.2)
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BCFT,, tp =t

I IR
e

tp, =—t+18/2 BCFTjx

Figure 5.4: Two copies of the BCFT on the half space > 0. Correlators in the thermofield double are
related to ordinary thermal correlators by analytic continuation in time.

The metric and dilaton profile are (see section 2.4):

12 4dwtdw™ 5 27, 1 —whw™
S = - = .
(14 wtw=)?’ S 1+whtw-

For this chapter we use a different notation than in the previous chapters. To compare
notation we should identify w™ = U,w™ =V, 2~ = u, and 2+ = v.

(5.2.3)

Figure 5.5: The Penrose diagram of the eternal black hole.

5.3 BCFT

In this section we compute the time evolution of the entropy of the subregion Ay U Ag
in two copies of a BCFT in the thermofield double state. The strategy is to relate the



5.3 BCFT 99

Rényi entropy to a correlation function of twist fields. Using Cardy’s doubling trick
[111] we can then relate correlation functions of twist fields on the half plane to cor-
relation functions on the plane. We begin this section with some background material
on twist fields and Cardy’s doubling trick.

5.8.1 Replica trick and twist fields

For a two-dimensional quantum field theory on the plane, the reduced density matrix
pa of the vacuum state on an interval A = [0, L] can be computed by a path integral
on the plane with a cut along A. Trp’y can then be computed by a path integral Z,
on an n-sheeted Riemann surface, constructed by cyclically gluing n copies of the cut

plane along the cuts. This gives
A

A
where dividing by the path integral Z; on the plane ensures Trps = 1. It is convenient
to view the path integral of the QFT on the n-sheeted Riemann surface as the path
integral of n copies of the QFT on the plane, with the structure of the Riemann surface
implemented through a nontrivial monodromy of the fields around the end points of

the interval. The nontrivial monodromy can be implemented by inserting a twist 7(0)
and antitwist field T (L) at the end points of the interval, so that

Trp = (T(0)T(L)). (5.3.2)

In a CFT the twist and antitwist fields are scalar primary fields with dimension®

A= é <n - %) , (5.3.3)

where ¢ is the central charge of one copy of the CFT. In a similar way, the Rényi
entropy of a union N intervals is determined by a 2N-point function of twist and
antitwist fields. This implies that the Rényi entropy is only universal for the case of a
single interval, as it is determined by the two-point function of primary fields, whose
form is fixed by conformal invariance. For the single interval A,

Trpy = (5.3.1)

1

Trp? = (%)g(n_”), (5.3.4)

where € is a normalisation which can interpreted as a ultraviolet cutoff. Analytically
continuing the Rényi entropy to n = 1 gives the von Neumann entropy

c L
S(A) = =log —.
(4) = g log ~
SUnder the state-operator correspondence a twist field inserted at the origin 7(0) is mapped to a
state |T) of the n copy CFT on a cylinder of circumference 27 with energy F' = A — 75, where A is
the conformal dimension of 7. Instead viewing this as the path integral of one copy of the CFT on
the n-sheeted cover of the cylinder with circumference n times bigger gives F' = —15-. Equating both
c 1

expressions gives A = 15 (n - E) .

(5.3.5)
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Twist field correlators in the thermofield double state can be obtained by analytic con-
tinuation of thermal correlators, which in turn can be obtained from vacuum correlators
by mapping the plane to the thermal cylinder.

5.3.2 Cardy’s doubling trick

The standard model for a CFT on a two dimensional manifold with boundary is the
upper half plane (UHP) Imz > 0. Correlation functions in more general geometries
can be computed by conformally mapping back to the UHP. This section is intended to
be a lightning review focusing on the minimum needed to understand the computations
in following sections. More complete reviews on BCFT are [112-114].

The presence of the boundary breaks conformal symmetry, most obviously trans-
lations perpendicular to the boundary. To preserve some form of conformal symme-
try, conformal transformations which map the UHP to itself and respect the boundary
should remain a symmetry. For an infinitesimal transformation (x,y) — (z,y)+¢€(z,y)
this means €,(x,0) = 0. Now suppose € is conformal in a semi-disc D centred around
a point w € UHP near the real axis but arbitrary elsewhere in a compact region
C' C UHP. Since the action of an arbitrary infinitesimal coordinate transformation is
implemented by the stress tensor,

o(w.0) == [ Bl )T )0l 0

=—/ %MLWWumwmm+/ e, 9)0 T (&, y)b(w, 0).
(C—D)

c-D
(5.3.6)
Since the LHS is independent of the values of € outside D we must have 9,7, which is
just conservation of stress energy, but we also get another constraint from the portion
of the first term which is integrated along a segment [a, b] of the real axis

do(w,w) D —/ €x(x,0)T* (x,0)p(w, w). (5.3.7)

Demanding this be independent of € implies the conformal boundary condition 7., (x,0) =
0, which has the interpretation of the absence of energy flow across the boundary [111].
In complex coordinates

T(z)=T(z) forz=z (5.3.8)

This relation links the holomorphic and antiholomorphic components of the stress
tensor which were independent on the full complex plane. Notice that the constraint
(5.3.8) does not uniquely fix the boundary conditions but merely selects a class of
boundary conditions compatible with conformal invariance. It turns out that there are
a discrete set of compatible boundary conditions which we will label by an index b.

The conformal boundary condition (5.3.8) implies by analytic continuation that

T(z) = T(2) for all z € C. The analytic continuation of 7" from the UHP to the full
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complex plane has the same algebraic properties as one chiral half of the stress tensor
on the full complex plane. To understand the constraints conformal invariance places
on correlation functions on the UHP, consider a correlation function of a collection
of primary fields ¢y (wy,wy,) with weights (hy, hy) together with an insertion of the
holomorphic component of the stress tensor. This leads to the conformal Ward identity
on the UHP,

N ) B N hy Ow,
<T(2)k1_[1¢k(wk7wk)> o kz |:(Z—U)k)2 * 2 — wy
UHP

UHP =1
hi, D, a i
+(2 e o u‘nj <1£[1 ¢k(wk,wk)>
(5.3.9)

This should be compared with the conformal Ward identity on the full complex plane for
which the differential operator in square brackets has no antiholomorphic dependence.
From this observation, it follows that correlation functions in a BCFT on the UHP
are constrained by the conformal Ward identities to have the same functional form as
a correlation function with twice as many chiral fields in a CFT on the full complex
plane,

<H ¢k(wk,u_)k)>

where ¢ (wy) is a chiral field with weights (hy,0) and ¢ (w;,) is a chiral field with
weights (0, hy) placed at an image point w;. This is known as Cardy’s doubling trick.
The simplest consequence of the doubling trick is that one-point functions in a BCFT
can be nonvanishing. In particular, the entropy of an interval A = [0, L] including the
boundary in a BCFT is computed by the one-point function of a twist field, which by
the doubling trick, is determined by a two-point function,

& <H ¢k<wk>Hék<wk>> , (53.10)

UHP C

(€ (R)
(T(L))vnp = g, (—) * . (5.3.11)
2L
Analytically continuing the Rényi entropy to n = 1 gives
2L
S(A) = élog — +log gp. (5.3.12)
€

The quantity log g, is known as the boundary entropy [115], which depends on the
boundary condition b.

5.3.3 Half lines
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As a warm up, we first consider the case that the subregions A; and Ag are the half
lines [ay,00] and [as,00]. This situation was analysed from the perspective of the
eternal black hole in [12, 56], and its higher dimensional realisations in [116]. A variant
of this problem, where the BCFT is taken to live on a strip instead of a half space,
was considered in [117] for a large ¢ holographic BCFT. This example will illustrate
how the exact result at high temperatures is essentially determined by a competition
between different channels for the OPE. We will first focus on free fermion BCF'T, for
which exact results are known, and then argue that at high temperature the features
are universal for BCFTs that admit a quasiparticle description.

For free fermions the formula for the Rényi entropy of a disjoint union of an arbitrary
number of intervals is known [79]. Viewing the free fermion BCFT as a chiral fermion
theory on the full complex plane gives the following expression for the Rényi entropy
of Ap U Ag, which is governed by a four-point function of twist fields,

n c(n+1 R s _
SM(AL U AR) = % <log sinh B(xﬂ — x{ ) sinh 5y, —21,) +log n) , (5.3.13)
where i = (2 ) sinth (27 )
sinh Z(z] — 2y )sinh Z(x] — 27
R (5.3.14)

sinh (27, — #{,)sinh £ (27, — 2
is the cross ratio. Here we have suppressed the additive logarithmic dependence on
the ultraviolet cutoff. For a general BCFT there will also be a contribution from the
boundary entropy log g, but for the free fermion theory it is vanishes. We will focus
primarily on the von Neumann entropy, which is determined by analytically continuing

ton=1.

-

S(AL U AR)

t

Figure 5.6: The entropy for free fermion BCFT with A7 = [a1,00] and Ar = [a2,00]. The
different colour curves correspond to the cases: a; = ag =3, f =1 (blue), a1 = a2 =3, =05
(red), and a1 =1, ag = 3, § = 0.4 (black).

The entropy for the symmetric case a = a; = ay in free fermion BCFT is shown
for two choices of parameters in figure 5.6 as the blue and red curves. As the entropy
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smoothly interpolates between early time linear growth and late time saturation, the
cross ratio 7 interpolates between 1 and 0. The transition between the two regimes
becomes sharper as temperature is increased. The early time linear growth is governed
by a connected channel (see the left panel of figure 5.7) with n = 1 for which the
entropy reduces to single interval entropy for the region between A; and Ag.

The late time saturation is instead due to a disconnected channel with 7 = 0 which
gives the product of one-point functions of the twist and antitwist fields

<T le le >BCFT njO < le > <ﬁ7— le >BCFT (5.3.15)

The behaviour of the correlator closely follows the expectation for large ¢ CFTs where
the two different regimes can be viewed as distinct saddle point approximations to the
large ¢ conformal blocks [118, 119].° A useful lesson from this example is that the
corrections to the two asymptotic behaviours at early and late times are exponentially
small in the thermodynamic limit. For the symmetric situation a = a; = ao,

1 — e Bt _ ~Flatt) _ 267%(1, t <a,

5.3.16
o Ft-a) <1 _ et _ mF ) _ 267%%) ) t>a. ( |

77%

The high temperature thermodynamic limit effectively erases short range correlations
and gives a universal result for entropies, and unitarity makes its appearance through
competition between two channels.

In the high temperature limit, where free fermion and large ¢ BCFT appear to
coincide in this example, the formula for the entropy can be written in terms of the
thermodynamic entropy of the left- and right-moving radiation in an interval of null
coordinate [x7, x7], that is,

Srad (27, 23 ) = g—gl — a3, (5.3.17)

The entropy for the interval A; U Ap is then
S(ApL U Ag) = min {Srad(:ci, :L’fR) + Sraa(T7,, 27,), (5.3.18)
Srad(l’fL, ry, )+ Srad(fo, %}) + 2log Qb} :

Here we have allowed for a nonzero boundary entropy ¢, and implemented the rule that
every one-point function, understood as a contraction between a point and its image,
is accompanied by the boundary entropy log g,. We can also write this as

e .
S(ALU Ag) = @mm{pt — (ag —ar)| + |2t + (a2 — a1)|, (53.19)
2(ar +az2) + 22 log gy } .

6An argument for this follows from modular invariance which suggests that correlators in the
high temperature limit should be determined by the vacuum conformal block. The saddle point
interpretation then arises as a consequence of the thermodynamic limit instead of large c.
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When log g, = 0 this reproduces the curve for free fermion curve BCFT in figure 5.6.
The two channels exchange dominance at the crossover time, which will be identified
with the Page time in the bulk semiclassical picture,

ai + as 3ﬂ

tpage = 5 + — log gy (5.3.20)
‘TTL ITR :U1+L fo
On-encpne- o Q o
®----f---- o ® o
ach fo fo a:fR

Figure 5.7: A schematic representation of the two distinct channels for the OPE of a twist-
antitwist correlator in BCFT. The panel on the left is a connected contribution. The panel on the
right is a disconnected contribution given by the product of one-point function of the twist and
antitwist fields on the half space. Solid and hollow dots distinguish twist and antitwist fields.

5.3.4 Two intervals

We now turn to the case that A; and Ag are the intervals [a1,b;] and [as, bs], as
described in section 5.2. In particular we assume aq, as > 0, that is, the intervals don’t
include the boundary. The Rényi entropy of Ay, U Ag is determined by the analytic
continuation of the four-point function of twist fields on half of the thermal cylinder

S™(AL U AR) = (T (a7, T (22,) T (27T (%3,) ) pepr - (5.3.21)

By the doubling trick this is related to an eight-point function of chiral fields on the
full thermal cylinder. There are now several OPE channels, which correspond to pairs
of twist and antitwist fields approaching each other.

For free fermions the BCFT the Rényi entropy can be determined using [79] together
with the doubling trick. As usual the von Neumann entropy is then determined by
the analytic continuation to n = 1. The result is conveniently written in terms of the
mutual information,

S(ALUAR) = S(AL) + S(ARr) — I(AL : Ag). (5.3.22)
The entropies of Ay, is
shZ(z§ — 7 )shZ(x; — a7 )shZ(z xy )shZ(xy —
S(Ay) = 1og 25 T T NGy, 7 01 NG, 0, PG T ) (s
6 sh(zy, — 7, )shg(zy, —23,)
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where we adopted the shorthand sh = sinh. There is a similar expression for the
entropy of Ar. The mutual information between A; and Apg is

I(AL : AR) = “Slog sh (o, — 2, )sh (w3, — 23, )shf (21, — a7, )sh(vs, — 23,)
6 Sh%(:ﬁﬂ - I;—R)Sh%(l‘i o xTR)Sh%(IlL — Top Sh%(l’% xl_R)

sh%(wlL x;R)sh%(:cQL fo)sh%(fo — SEEL)Sh%(:C;R —x7,)
x m - T — (.t — T ()t - ’
Shﬁ(le le)ShE@% 5U2R)Sh§(x13 - le)ShE(xQR — T3,

(5.3.24)
The entropy of Ay U Ag is shown for two choices of parameters in figure 5.8.

S(AL U AR)

0 16
t
Figure 5.8: The entropy for free fermion BCFT with A; = [a1,b1] and Ar = [ag, ba] with
a1 = 2,b; = 12.5,a9 = 3.5, and by = 15.3. The different colour curves correspond to the cases
that = 0.25 (blue) and 8 = 0.5 (black). The dip in the entropy is clearly present.

5.3.5 OPFE channels

As the temperature is increased, the entropy of A;, U Ag for free fermion BCFT ap-
proaches a piecewise linear function, as seen in figures 5.6 and 5.8. This behaviour at
high temperatures can be understood as a competition between different OPE channels
for the correlation function of twist and antitwist fields. The channels can be charac-
terised by the distinct ways the twist operators can pair with the antitwist operators.
For the case of two intervals there are 4! possible channels. Most of the channels typi-
cally have high entropy and so only a small number of channels can actually compete,
as shown in figures 5.9 and 5.11. We expect this behaviour to be universal for BCFTs
which admit a quasiparticle description. In particular, some of the channels, or more
precisely, singularities, that are seen for the free fermion theory are not expected to
appear for nonrational and large ¢ holographic BCFTs [108].

We first consider the case of two symmetric intervals, that is, Ay is taken to a copy
of Ap with a = a; = a9 and b = b; = by. The four relevant channels are shown in 5.9.
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+ + + +
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®--0 ‘ o -- t"’d—[——'o‘*o
o--e o--e o-..e-1-0_--e
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Figure 5.9: OPE channels for the Rényi entropy of two intervals. The third panel is a disconnected
contribution which involves one-point functions of the twist and antitwist fields. The fourth panel
corresponds to a lightcone singularity. Both the third and fourth panels will be identified with
island contributions in the JT model.

At high temperatures the entropy is determined by the piecewise linear function

2
S(ALUAR):%min{(b—a, 2t,t+a+i—’§loggb,

(5.3.25)
lb—a)+ |t —i(a+b)| + 2 log gy} -

Two of the channels give disconnected contributions which give rise to a boundary
entropy term. For the free fermion theory log g, should be set to zero. From (5.3.25) it
is possible to identify several distinct temporal regimes for the entropy. First consider
the case that b > 3a. The five distinct temporal regimes are shown in figure 5.3. The
early time linear growth (region I) is controlled by a connected channel, shown in panel
(2) of figure 5.9. The linear growth then slows (region II) as there is a transition to a
partially disconnected channel, shown in panel (3) of figure 5.9, at a time

3
tos =a + —ﬁ log gy. (5.3.26)
e

The linear growth then gives way to a dip before rising again (regions III and IV) as
there is a transition to another partially disconnected channel, shown in panel (4) of
figure 5.9, at a time
b—a
2

(5.3.27)

t3—>4 -
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Actually, since the & coordinates are in different channels, this does not correspond
to an OPE limit. Instead it corresponds to an operator hitting the lightcone of two
other operators. For the free fermion theory, the entropy attains a minimal value at
taip = (@ +b)/2 given by the thermal entropy of either Ay or Ag alone, that is,

S(AL U Ag) = S(AL) = S(Ag). (5.3.28)

‘t:tdip

After the dip and rise, the entropy eventually reaches a plateau (region V) where the
entropy is given by the thermal entropy of either A; or Ag alone. This happens when
there is a transition to a connected channel, shown in panel (1) of figure 5.9, at a time

t4_>1 =b-— % log Jp. (5329)
e
/ \ o /

= (4)

D

= e

N

(D (V) (IID) - (IV) = (V)
0 b*?“ a “JQFZ’ b

t

Figure 5.10: The entropy of two small intervals Ay, and Ag, that is, with b < 3a for a = 7 and
b = 8. The labels (1),(2),... refer to the channels in figure 5.9 which contribute. Channel (3)
does not contribute in this scenario. In the JT model the red portion of the curve corresponds to
an island configuration.

For the case that b < 3a there can be different sequence of temporal regimes, as
shown in figure 5.10, provided the boundary entropy log g, is small enough. Referring
to the channel shown in figure 5.9, in this scenario, channel (3) is always subdominant
and there is a direct transition from linear growth to a plateau as there is a transition
from channel (2) to channel (1) at a time

b—a

o =~ (5.3.30)

However, the plateau is disturbed by a dip and rise as there is an exchange of channels
(1) and (4) at a time

3
tisa=a+ 36 log gp. (5.3.31)
e
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For the generic case with two intervals A; and Ag, that is, Ay is not an identical
copy of Ap there are additional channels (figure 5.11) which can contribute. The effect
of these additional channels is shown in figure 5.12. The crossover between channels
(3) and (4) is now flattened out by the appearance of channel (5). Additionally, the dip
from channel (4) is also flattened out. By varying the intervals one can see how various
connected and disconnected channels become dominant at intermediate times while
the early time growth and late time plateau are always controlled by the connected
channels (2) and (1), respectively.

+ + + + + + + +
(5) Lo, 1 Tip Lap (6) Lo, L1 L1, Lo
e-"a | e -0 ®--0 ®--0
~ 1
\\I
|\
1 \\
o--e o o..e-{-0__-e
.132_L xy, T1, xQ_R xQ_L xl_L xl_R Top
+ + + + + + + +
(7) Lo, Tip Tir Tagp (8) Lo, L1, L1, Taop
e O ®--0 & -"Oo-1{-- -0
~
T
AN
1 \\
o-..6 | o_.e o--e o--e
.132_L xl_L xl_R mQ_R xQ_L xl_L xl_R xQ_R

Figure 5.11: Additional OPE channels for the Rényi entropy of two intervals which can contribute
in the generic case where Ay is not an identical copy of Ag.

5.4 JT gravity

In this section we compute the time evolution of the entropy of the subregion Ay U Ag
in JT gravity coupled to free fermions in the Hartle-Hawking state using the QES
prescription

A(0I)
AG

S(R) = min oxt Sgen({ U R) = min oxt + Sqrr(IUR)| . (5.4.1)
In JT gravity the area A is replaced by the dilaton ¢y + ¢. In this section we will
see how entropy in the JT model is related to the entropy in the BCFT model. In
particular, disconnected channels in the BCF'T model which receive contributions from
the boundary entropy log g, will turn out to correspond to configurations with an island.
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Figure 5.12: The entropy of two intervals A;, = [a1,b] and Ar = [ag,be] with a1 = 2,b; =
12.5,a2 = 3.5, and by = 15.3. The competing channels are shown in blue and the labels
(1),(2),... refer to the channels in figure 5.9 and 5.11. In the JT model the red portion of
the curve corresponds to an island configuration.

On the other hand, connected channels in the BCFT model will turn out to correspond
to configurations without an island.

5.4.1 Half lines

As in the previous section, we begin with a warm up, by first considering the case that
the subregions A; and Ap are identical copies of the half line [a,cc]. This situation
has been analysed in [56]. At early times, there is no island, and the entropy grows

linearly
2mc

— 1.
30
Past the Page time, the entropy plateaus as there is a contribution from an island [/
which has generalised entropy

Syen(Ap U Ag) = (5.4.2)

Sgen(l U AL U AR) = 2Sgn. (5.4.3)

At very late times the endpoints of the island, that is, the QESs, lie just outside the
horizon. Interestingly, a careful analysis reveals the QESs begin their life behind the
horizon and then migrate out at an intermediate time scale. The location of the QESs
in Kruskal coordinates are

S S 1
2 + _ 2 -
wr Wi, = wlR(w

+)2 +
— )
1L Wy, S

— oF
1z Wy, = Wig»

(5.4.4)
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where wy, = w{ER = +e27(#+a)/8 are the endpoints of the intervals Ay and Ay in the
reservoir and we have defined

c 1 k3
=—=— <K 1 5.4.5
s 12 SBH — SO 2 < ( )

The QESs always remain close to the horizon, that is, either the left or right future

horizon, which correspond to the surfaces w~ = 0 and wt = 0, respectively. The QESs
begin their life behind the horizon and exit at the time
15} c

toxit = 2a + o log (5.4.6)

12(Sgu — So)
The second term in this expression is the scrambling time which, in the following, will
be taken to be small compared to the length scales of the intervals. For large enough
intervals, this is larger than the Page time

3
tPage =a+ _ﬁSBH (547)
e

The entropy of A, UAg in the JT model is precisely (5.3.19) if we identify the boundary
entropy contribution log g, with the Bekenstein-Hawking entropy Sgg.

5.4.2 Two intervals

We now turn to the main case of interest, where A; and Ag are identical copies of the
interval [a,b]. In particular we assume a > 0, that is, the intervals lie entirely with
the reservoir region. As in the previous section, we begin by analysing the case that
b > 3a, for which it is useful to separate the analysis into the five temporal regimes

() ={0<t<a}, 1) ={a <t <30 —a)},
(1) = {i(b—a) <t < i(a+0)}, IV) = {i(a+b) <t < b}, (5.4.8)
(V) = {b < t}.

The main strategy to solve for the QESs will be to exploit the fact that in the high
temperature limit the distances between the endpoints of the intervals A; and Ar and
the QESs is exponentially large in the Kruskal coordinates w®. We begin by studying
the behaviour of the generalised entropy of the no island contribution. In regions (I)
and (II), that is for ¢ < 3(b— a), the endpoints of the intervals Aj, and Ag are ordered
as

of <axf <ay <y, Ty < Iy, <y < Ty, (5.4.9)

which in regions (III), (IV), and (V), that is for t < $(b— a), they are instead ordered
as
af <y <af <y, Ty < xy, < Ty, < T, (5.4.10)
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Using this, it is straightforward to determine the generalised entropy for the no island
contribution in the high temperature limit. The exact expression for the entropy is [79]

Sart(AL U AR) = =2 3 (=1 log [—(w} —wi)(wy —w;)] = 15 D log |wjfwy .
p<v 1

(5.4.11)
Here p, v = 1, 2, 3,4 correspond to the endpoints of the intervals, labelled 2,1, 15, 25.
The last term on the RHS is the contribution from the Weyl anomaly which comes
from rescaling the flat metric in the reservoir to the flat metric in the Kruskal frame,
that is —doz*dz™ — —dw™dw™. In the high temperature limit it’s useful to observe
that if 3, > 7, then

2m 2m
+ ~ + - ) ~ T~ -
Mty log(w, —w,) ~logw, ~——=z,, (5.4.12)

8

up to corrections which are exponentially suppressed in the high temperature limit.
More precisely, what is meant here by the high temperature limit is the limit where
the lengths of the intervals and their distance from the interface is taken to be much
larger than the thermal scale. In addition, we work in the limit where the effective
gravitational coupling is weak, i.e. s < 1. As this corresponds to moving away from
extremality, it is not clear that one retains the connection between JT gravity and near-
extremal black holes in higher dimensions in this limit. Using this, and the ordering
(5.4.9), we find that in regions (I) and (II) the generalised entropy is given by

log(w;r —w!) ~ logw

14

T e e 4drct
Sgen(Ar U Ap) = 35 [(t+0) + (t +a)] +33 [(t+0) + (t +a)] - %(zaju 2b) = 55
) l(:frt - r;g?lt o Wey?fraLctor ’
(5.4.13)

Notice that the left-moving and right-moving contributions to the entropy are equal
since we focus on the symmetric case where Ay is an identical copy of Ag. With the
ordering (5.4.10), we find that in regions (III), (IV), and (V) the generalised entropy
is given by

Sun(Ar U Ar) = 2 (£48) + ()] - 72 b —0)

As expected, the entropies (5.4.13) and (5.4.14) are equal when ¢t = 1(b — a) which
is the boundary between temporal regimes (II) and (III). Also, this matches precisely
with the first two contribution to the entropy (5.3.25) in the BCFT model which arise
from the connected channels (2) and (1) in figure 5.9.

(2a + 2b) = (5.4.14)

The other two contributions to the entropy (5.3.25) in the BCFT model arise from
partially disconnected channels which involved one-point functions for two out of the
four twist and antitwist fields. This suggests that there should be an island I with two
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QESs, that is, [ is a single interval. The generalised entropy for such a configuration
is

2 \
Sgen(-[UAL UAR) — 28’0 + 7T¢7"/B Z M

4G I+ whw,
p=1q,2q
dilaton
_ = u v + _ 1 -
E log[—(w,, —wy ) (w, —w, )] (5.4.15)
,u<V
C C
. +,,— _ = +,,—
75 E log [w;w, 5 E log(1+w, w,).
n=2r,11,1r,2R p=1g,2¢
reservoir Weyl factor AdS. W‘eryl factor

Here p,v = 1,2,3,4,5,6 correspond to the endpoints of the intervals, labelled 2, 1,
1o, 2¢, 1r, 2r which now involve two QESs. Now there is also a contribution from
the Weyl anomaly which comes from rescaling the AdS metric to the flat metric in the
Kruskal frame.

In general solving for the extrema of the generalised entropy would only be possible
numerically. However, there are two key simplifications which emerge in the high
temperature limit. Firstly, the QESs remain close to the horizon in the semiclassical
limit, that is wiw, | for ¢ = 1, 2¢. This allows us to simplify the dilaton term and
write the equations for the QESs as

= —SZ wi’ (5.4.16)

u#o

where s < 1 was defined in (5.4.5). The second simplification is that in the high tem-
perature limit the behaviour of the solution can separated into three temporal regimes
(IT), (III), and (IV), mirroring the BCFT calculation. In each of these regimes only
one of the terms on the RHS of (5.4.16) dominate. Subleading terms are responsible
for determining whether the QESs lie just behind or just outside the horizon.

Regime (IIa): We first consider the case that 2a < (b—a)/2, so that ¢, defined
n (5.4.6), lies in temporal regime (II). Then regime (II) can be split into two sub-
regimes:

() = o<t <2}, (Ib) = {20 <1< (b—a). (5.4.17)

The early time period (I1a) turns out to be captured by the same QESs locations (5.4.4)
as in the problem where A; and Ar were half lines. In this regime, keeping only the
dominant terms, and assuming [w;,| > 1, |waw1_Q\ < 1, the equation for the QES
(5.4.16) reads

S 1 1 1 1

a = — - - =
wy, —wy, s wy,  wy, Wy, —wp,
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Because of the symmetry of the problem wiz = wy " Explicitly, the solution for the
QES is
1
erQ — _86*27"(t+a)/5 + _6*67"('5*‘1)/[3, w;@ = 5@27r(t7a)/ﬂ, (5419)

S

In each of the remaining temporal regimes, the solutions are dominated by only one
term on the right-hand side of (5.4.16), say u = pu(o),

S

wF ~ (5.4.20)

+ _ .,
Wo = Wy(o)

The terms that have been dropped are either subleading in the high temperature limit
or cancel out in pairs. The simpler equations (5.4.20) are quadratic, with only one of
the solutions consistent with the ansatz that the QESs lie close to the horizon,

+
w 4
wE = M2 (1 — \/1 + +—5_) : (5.4.21)
2 wow
(@) V(o)

In the high temperature limit this solutions has a sharp crossover between two distinct
regimes. Firstly, when x:(a) > T the solution becomes

S
wE —— (5.4.22)
w(o)

According to (5.4.22), in this regime, a QES corresponds to the following pattern of
coordinates:

...<x;' < x:(a)<...

o (5.4.23)

For these solutions it follows from (5.4.22) that £z takes values in the set {—t —
b,—t—a,t—b,t—a}. The second regime is where x:(a) < T for which the solution
becomes

(5.4.24)

In this case, the pattern is:

(5.4.25)
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Regime (IIb): In this regime the solution is of the type (5.4.22) with

S us —a S U —a
wliQ = v — Fse2r(Fi-al/B inQ = BT — tse2r(H-a)/B, (5.4.26)
L R

The QESs lie outside the horizon as show in figure 5.13 and the orderings of the z*
coordinates are

ITQ < fo < :L’;Q < fo < x;L < x%, Ty, < Tgp <y, <Xy, < Ty, < Ty,
(5.4.27)
where the coordinates of the left and right QESs are shown in red and blue, respectively.
One can also check that solution for the QESs is consistent with the ansatz that they
lie close to the horizon since

wi wi, | = [wi,wy, | = sPem4m/P < 1, (5.4.28)

and the QES come in the pattern (5.4.23).

Figure 5.13: In region (Il) the QESs, shown in red and blue, move from inside the horizon to
outside if 2a < (b —a). If 2a > (b — a), they remain inside the horizon.

Evaluating the generalised entropy in temporal region (1) we find

2
Sgen({ UAL U AR) = 2Sgn + 3%6 (t+0)+ (t+a)+ (—t+a)] — g—;@a + 2b)
2me
= 2SBH + ﬁ(t + (l).

(5.4.29)
Since the QESs lie close to the horizon, each contribution from the dilaton is simply
the Bekenstein-Hawking entropy. This precisely matches with the contribution (5.3.25)
in the BCFT model which comes from the partially disconnected channel (3) in figure
5.9. Even though the functional form of the solution for the QESs in regimes (Ila)
and (IIb) were different, up to exponentially small corrections, they lead to the same
contribution for the generalised entropy.

This suggests an identification between the boundary entropy log ¢, and the Bekenstein-

Hawking entropy Sgu:
log gy SBH.- (5430)
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The Bekenstein-Hawking entropy can be viewed as a sort of temperature dependent
boundary entropy. Moreover, the free fermion theory which has vanishing boundary
entropy can be thought of as an infrared limit in which typical length and time scales,
measured in units of the inverse temperature, are taken to be much larger than the
Bekenstein-Hawking entropy.

When there is an island, the QFT entropy term which contributes to the generalised
entropy (5.4.15) is determined by a six-point function of twist and antitwist fields in the
bulk matter CFT. Given a configuration of QESs we can then ask what the dominant
channel for the OPE is. Within region (II) we can identify how the dominant bulk OPE
channel is related to the dominant OPE channel in the BCFT model. Even though the
function form for the solution in region (IT) changes over time, the entropy is always
determined by the OPE limit

- - - - + -
wy, = wi,, Wy, — Wy, Wy, — Wy, (5.4.31)

In this limit the correlator of twist and antitwist fields factorise into a product of
two-point functions which leads to the contribution

c _ _ -
Sgen(I U AL U AR) D G log |wTL,1Qw1L,1Qw;Q,1Rw2Q,1Rw§LL,2Rw2L,2R|a (5.4.32)
where w;fy = wff — wE. Including the contribution from the dilaton and the Weyl

anomaly gives (5.4.29). Notice how a contraction between a twist (or antitwist) field in
the reservoir and antitwist (or twist) field in the AdS, region reproduces the contraction
between a point and its image in the BCFT model (see panel (3) of figure 5.9).

Regime (III): The solution in region (III) can be found by understanding how
the ordering (5.4.27) changes as we move into region (III) and then using this new
ordering as an ansatz to solve (5.4.16) for the QESs. We find that the solution is of
type (5.4.22) with

. se2m(t=a)/B wh =——2 = se2m(t=b)/8
1Q + 1Q
e V2 (5.4.33)
S S . .
w2—Q _ _w_+ — ge2m(t=b)/B 7 w;@ — _w__ — ge2r(t—a)/B
2L 1r

We see that as we move from region (II) to (III) the QESs move from outside the
horizon to inside the horizon, as shown in figure 5.14, if 2a < %(b — a), or simply
remain inside if 2a < %(b — a). Later we will see more precisely how this happens.

The ordering of the 2% coordinates in region (III) are

o + + + + + — — - e - —
5.4.3
and the QESs remain close to the horizon,

wi wi, | = |ws,w,, | = s 2at/B (5.4.35)
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Ar AR
2L L —_ o R 2R

Figure 5.14: In regions (II1) and (IV) the QESs, shown in red and blue, lie inside the horizon.

since ¢ < 1(a + b) in region (III). The entropy in regime (III) is

2
Sgen(I U AL U AR) = 2Sgn + 3%0 [(t+b)+ (—t+b)+ (—t+a)] — g—;(Qa + 2b)
2me
= 25pH + ﬁ(—t +b).

(5.4.36)
With the identification between the boundary entropy and Bekenstein-Hawking en-
tropy, this matches precisely with the BCFT result (5.3.25). In the BCFT model this
contribution arises from a contraction between a twist (and antitwist) field in the left
copy and an antitwist (and twist) field in the right copy. As mentioned earlier, these
are lightcone singularities. In the bulk, this contribution arises from the limits

+ + ~ — + + — - + + — -
(5.4.37)
Notice that the w* coordinates are in different channels, so this does not correspond

to an OPE limit. Instead, it corresponds to a lightcone singularity in the bulk. The
leads to the contribution

c _ _ _
Seen(I UALUAR) D 8 log |wa71Qw1Q72Rw;L’QQw2Q’1RwTR72Rw2L71L|. (5.4.38)

Including the contribution from the dilaton and the Weyl anomaly gives (5.4.29).

Regime (IV): Finally, the solution for the QESs in region (III) transitions into
region (IV) as a solution of type (5.4.24),

wliQ — JseTro-a)/8, w;@ = \/setT0-a)/B, (5.4.39)

The QESs remain inside the horizon as shown in figure 5.14. Again, the QESs remain
close to the horizon since

|wi wi, | = ws,wy, | =5 < 1, (5.4.40)
The ordering of the 2% coordinates are

- - + oot - - — - — — -
xy, <wy, <@y, <xy, <Y, <Xy, Ty, <y <z, <Oy, < Iy, <y, (5.4.41)
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and the come in the pattern (5.4.25). The entropy in regime (IV) is

2
Seen(I U AL U AR) = 2Sgn + 3%0 [(t+b)+4(b—a)+i(a—b)] - g—;(éla + 4b)
2mce
= QSBH + ﬁ(t — a),
(5.4.42)

which matches with the rising portion of the contribution from channel (4) in figure
5.3.25 in the BCFT model. As in the BCFT model, both the dip and rise of regions (III)
and (IV) are governed by the same limits 5.4.37, despite the fact that the functional
form of the solutions for the QESs change.

The entropy S(Ar U Ag) is then given by minimising over the no island and island
contributions, which reproduces the BCFT result 5.3.25. The final curve is shown in
figure 5.3, with the no island contribution shown in black and the island contribution
shown in red, for the case that the Bekenstein-Hawking entropy is negligible.

Regions (Ila) and (IIb) show no qualitative difference insofar as the entropy is
concerned. When 2a > (b — a), the two regions merge into one and the QESs remain
inside the horizon at all times. Hence, in this case regime (IIb) is eliminated and the
analysis of regions (III) and (IV) remains largely unchanged, except for the transient
position of the QES in regime (III) which receives a correction, whilst remaining inside
the horizon.

What our approximation (5.4.20) to the equations for the QESs (5.4.16) obscures is
that the island contributions in regions (II), (IIT) and (IV) are in fact smoothly related
across the different regions in a way that becomes sharper as the temperature increases.
We can do better by working with a refinement of the approximation (5.4.20) which
includes all the relevant terms for describing the island across regions (II), (III) and
(IV):

— S + S S S S
Wy, = —F 1 Wy, = — — — — + — — - —,
(5.4.43)
+ S _ S S I S
Wy = —— Wy = — — .
2q - _ = 2q - + _ .+ + _ +

In the last terms, we have used the fact that [wy,| < |wy, |, |w;Q| < Jwf |, |wf’Q| <
lwi,, |, and |w; | < |wy ,|» respectively. Remarkably, each pair of equations simply
results in a quadratic equation for wa and wy:

1 1 1 1
+ —
— - — ( — + gwlL) — 0,
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The solutions to these equations smoothly interpolate between the asymptotic solutions
in regions (II), (IIT), and (IV). For example, at high temperatures, the solution for the
w~ coordinate of the right QES can be written as

wy, = 2s <\/482€27r(b—3a)/5 1 dse2n(b—a)/B 1 oAn(b—1)/B _ gp2n(bra—20)/B

(5.4.45)
_p2mla—t)/B _ e2ﬂ(b—t)/6)’1 _ o 2m(t-a)/B

The solutions is valid through the regions (II)—(III)—(IV) with transitions between

the different asymptotic solutions at t = %(b + a) as t increases. In particular, for the
case that 2a < %(b — a), the QES moves out from inside the horizon at ¢ = 2a and

as region (II) transitions into region (IIT) at ¢ = (b — a), the QES moves smoothly
from outside to inside the horizon, as shown in figure 5.15. The left QES behaves in a
similar way.

ws, T (II) (IV) (II) (I11) (IV)
inside : :
0
outside

inside

Figure 5.15: The solution for the w™ coordinate of the right QES determined numerically for
large but finite temperature. When 2a < %(b —a) (left), the QES starts inside the horizon, exits
at t = 2a at the onset of region (Il), and plunges back in at ¢ = (b — a) and remains inside
through regions (I11) and (IV). For 2a > (b — a) (right) the QES remains inside the horizon at
all times.

5.4.8 Small intervals

For b < 3a there is a different pattern for the behaviour of the entropy

(H={0<t<30-a)}, (V) ={3(b—a) <t <a},
(IIl) ={a <t < 3(a+b)}, (IV) = {3(a+b) <t < b}, (5.4.46)
(V) ={b<t}

Here the labelling matches the labelling of the temporal regions in the previous section.
In this case, the entropy plateaus early at t = %(b—a) and dips later on before returning
to a plateau. For this case, the QESs remain inside the horizon since region (II) does
not occur. The entropy is shown in figure 5.10.
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5.4.4 Generic case

For the generic case with two intervals Ay and Ag, that is, Ay is not an identical copy of
Apr, we have seen that there are additional channels which can contribute and give rise
to the facet-like structure of (5.12). In particular, the crossover between regions (II)
and (IIT) gets replaced by a new region which is governed by a new disconnected BCFT
channel, shown in panel (5) of 5.11. Based on our observations in the symmetric case,
we expect channel (5) to correspond to island with two QESs with the QFT entropy
term governed by the bulk limits:

+
1r

+
1r

+ — - + + — -
_>w2Q, U)2Q _>w1R, w2L —>U)2R, w2L _>w1L.

(5.4.47)
A quick calculation confirms that this is indeed the case. The equations for the QESs
are still (5.4.43) and the solution for the w™ coordinate of the right QES can be obtained
in an analogous to (5.4.45).

+ — —

5.5 Geodesic approximation

In the high temperature limit the entanglement structure can be visualised in terms
of the positions of localised wave packets, as modes with characteristic energy 1/3
can be localised over distance scales of order 3, which is small for high temperatures.
A left-moving wave packet on the left, localised around the geodesic, or ray, z+ = \
is entangled with a localised wave packet on the right with the reflected coordinates
T = \. There is a similar entanglement structure for the right-moving modes. In this
section we can analyse the entropy of A; U Ag by a simple method of ray tracing.

5.5.1 BCFT

Consider left-moving modes in the BCFT that pass through Ag at time ¢ (see figure
5.16). There are two distinct sets of modes: the left-moving modes in the interval
xt e A%) = [a + t,b + t] that pass through Ag as left-moving modes, and the left-
moving modes in interval T € Ag? = [max(t — b,0), max(t — a,0)] that reflect off
the boundary and pass through Ag as right-moving modes. On the left, there are no
reflected modes to consider and the left-moving modes that pass through A at time
tare zt € A(If) = [max(a — t,0), max(b —t,0)]. The three subsets of modes are shown
in figure 5.16. There is a similar story for the right-moving modes.

The modes on the left are entangled with modes on the right under the reflection
T — —zT, which we define as

rt € Aﬁ) = [max(a —t,0), max(b — t,0)]. (5.5.1)
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Ap Ar

@)
Ag) Ag

AY
X Xz

Figure 5.16: The left-moving modes that pass through A; U AR at time ¢ are split into the three
subsets as indicated. Here, ¢ is in the temporal region (IV).
The entropy of A;, U Ap is then
Secrr(AL U Ag) = Seaa (AY & (AN U ADY) + Spa (AD & (4D U 4D 5.5.2
BOFT(AL U AR) = Sraa (A © (Ag UAR) ) + Sha (A © (A" UALY) ), (5.5.2)

where we have added a similar contribution from the right-moving modes. The entropy
of a null interval of radiation is defined in (5.3.17). The entropy can be read off from
5.17 which illustrates the effect of the symmetric difference.

Figure 5.17: The different sets of modes: A%) bordered in black, the reflected modes fl%) in red,

and flg) in green. The entropy is determined by the symmetric difference A%) S fl%) (blue).
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5.5.2 JT gravity

In this section we use a similar geometrical approach to visualise the entanglement
structure and calculate the entropy in the JT model. This visualisation of the entan-
glement structure is related to the island in the stream recipe [57, 58], discussed in
chapter 3.

We denote the projection of the right-moving modes that pass through Agr onto
right null infinity Z; as Ag), as shown in figure 5.18. In the high temperature limit,
the entropy of these modes is given by the thermodynamic formula (5.3.17). However,
the interval Ay U I contains some right-moving which are entangled with the modes in
Ag) and so the contribution of these modes to the entropy effectively cancels out. The
entangled modes are related by the reflection w™ — —w™. Denoting the reflected right
moving modes A as A™ we can map the right-moving modes that pass through
Ap U I onto modes flg) U I™ on right null infinity Z* by a combined reflection and
projection. Note that the reflection preserves the values of the coordinates = and so
it is simple to find the images of I and A;, on Zj, they are simply given by the labelled
by the locations of their = coordinates.

Q
p 4
777777777777777777777777777 N
S
X
A A
/\/\) ./Lo s .\R. gx

Figure 5.18: The right-moving modes that pass through Ar can be projected onto right null
infinity IE. The right-moving modes that pass through Ay U I can be mapped to IE by a
combined reflection and projection.

There is a slight subtlety for the islands. If a QES is inside the horizon with

w; = e~ 2™ /8 the reflection w™ — —w™ maps it to —e~?"*/# and projects onto I},
as a point with null coordinate z,. However, if a QES is outside the horizon with
w; = —e ?™ /8 then the state of the modes in null interval [—w} ,w;] is pure and so

doesn’t contribute to the entropy. So, as far as far as the entropy is concerned, we can
replace the coordinate of the QES by e~2™< /8 which lies inside the horizon.

The net contribution from the right-moving modes is determined by the thermody-
namic formula (5.3.17) for the interval Ag) o (fl(LT) U I). The symmetric difference
accounts for the right-moving modes in Ay U I which purify the right-moving modes in
Apg. Applying the same reasoning to the right-moving modes leads to the generalised
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entropy

Syen(AL U AR) = 251 + Srad (Aﬁ? o (A U ﬂ”)) + Srad (Aﬁ’ o (AY u ﬂ’))) + Sweyt,
(5.5.3)

where

C _
Syt = 75 > log lwiw, ], (5.5.4)

0=10,20
accounts for the fact that the QFT entropy is not purely given by the thermodynamic
formula as the geometry is not flat everywhere due to curvature of the AdS, region.
The set of modes Ag) o (A(LT) U T™) is illustrated in figure 5.19. For example, consider
region (IIT), where the entropy dips. Here the projections on Zj; in terms of the 2~
coordinates are

AP =[t—bt—a, AP =[-t—b—t—a], I} =[-t+a—t+b. (555)
Hence,

AV S (A UIMYy = [t —b,—t—a)U[t —b,—~t+a]U[t —a,—t +b]  (5.5.6)
and so the entropy is

r A(r T(r ™
Seaa(A & (AT U TM)) = =
60
The left-moving modes give an identical contribution. Note that the size of the second
and third intervals decreases as time increases, which corresponds to the dip in the
entropy. Here Sy, is given by

[(b—a)+(b+a—2t)+(b+a—20].  (557)

e
65
Adding all the contributions gives the result (5.4.36).

SWeyl(lQ) = SWeyl(lQ) = (2t —a— b) (558)

5.6 Holographic BCFTs

In both the BCFT and JT model we have seen that the entropy experiences a dip
at intermediate times. The mechanism for the dip can be understood as arising from
a lightcone singularity in the correlator of twist and antiwtist fields which computes
the entropy S(Ar U Ag) in the BCFT model or the entropy Sqer({ U AL U Ag) in
the JT model. These singularities are not fixed by the OPE and so do not exist for
all CFTs. In this section, we show that the dip, and hence the lightcone singularity,
is absent in holographic BCFTs using Takayanagi’s formula [109] for computing the
entropy holographically. Although Takayanagi’s proposal is valid in any dimension, we
restrict to the case of interest, where the BCFT is two-dimensional and so the bulk is
three-dimensional.
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—b

Figure 5.19: The different sets of modes: Ag) (black), /Nl(Lr) (green), and I(") (red). The latter
two sets of modes purify the former, hence, the net contribution to the entropy is determined by

the symmetric difference Ag) o (/ng) U I (blue). In region (lIl), the blue regions shrink due
a collision between fl({) and 1) as time increases. This accounts for the dip in the entropy.

5.6.1 Bulk geometry

For a holographic CF'T on a manifold M with boundary 0M, Takayanagi proposed that
the dual bulk geometry should contain an end of the world (EOW) brane which ends on
OM [109]. That is, in addition to the conformal boundary of AdS, the bulk geometry
should contain an additional boundary, the EOW brane, where one imposes Neumann
boundary conditions for the metric. In the simplest setting, where the action is taken
to be the Einstein-Hilbert action together with the Gibbons-Hawking-York boundary
term, there is now an additional contribution from the portion of the boundary term
integrated along the EOW brane

1
— eV —h(K - T 5.6.1
oG | VR =), (561)
where h is the induced metric on the EOW brane and 7' is the tension of the brane.
The Neumann boundary condition implies that K = 27. From this equation, the
location of the EOW can often be determined from symmetry alone. For example, for
the vacuum state of a BCF'T on the half space z > 0 the bulk geometry is the Poincaré
patch of AdS; where the metric is
—dt? + da? + dz?
ds? = rdrm v d (5.6.2)

22

We expect that the EOW brane can be parameterised as a curve in the (z, z)-plane
times R, which represents the time direction. The trace of the extrinsic curvature can
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be written as

1
K= §h“b£nhab, (5.6.3)

where L is the Lie derivative along the outward pointing unit normal vector n to the
brane. Since h{ is a projector onto tensors tangent to the brane, if X* = (0,%, 2)
denotes the tangent to the curve and Y* = (1,0,0) denotes the tangent to the time
direction, we can write hy, as

XXy | VoY
(X, X)  (V,Y)

hap = (5.6.4)
Locally, the curve can be described by a graph x = f(z). The form of f is fixed by
scale transformations to be f(z) = az for some o € R. It’s convenient to parameterise
this constant as o = tan 6, with —7 <6 < 7, so the EOW brane lies along

r = ztand. (5.6.5)
If the spacetime is the region x — ztan 6 < 0, the outward pointing normal is
N 0 0
n=-—-m-, N=_— —tanf—. (5.6.6)
(N,N)2 ox 0z
We then find
K =2sin#, (5.6.7)

so that T = sin 6.

5.6.2 Takayanagi’s formula

Takayanagi’s formula generalises Ryu and Takayanagi’s formula which says that the

entropy S(A) of a subregion A in a CFT is given by the area of a minimal, or RT,
surface homologous to A, A()
. g

S(A) = min — == (5.6.8)

The main feature of Takayanagi’s proposal is that for a BCFT, the minimal surface can

end on the EOW brane. More specifically, when considering the homology constraint,

one should view the brane as the bulk geometry, rather than an additional boundary.

The simplest example is to compute the entropy of an interval A = [0, L] in BCFT
on the half space x > 0. This is computed by a minimal surface with one endpoint on
the conformal boundary at x = L and one endpoint on the brane,

1 L 1
A)=-—log =+ — tanh ' T. .6.
S(A) 4G0g6+4G an (5.6.9)
Using the formula G = 3/2¢ of Brown and Henneaux [120] this is precisely what we

found in BCFT (5.3.12) if we identify

1
log g» = yre tanh ™ 7. (5.6.10)
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5.6.3 Thermofield double

We begin by finding the dual geometry and EOW brane for the case where we have
two copies of a BCFT in the thermofield double state. Recall that correlators in the
thermofield double can be obtained from thermal correlators by analytic continuation.
In turn, thermal correlators can be obtained from vacuum correlators using conformal
transformations. It’s useful to think of the mapping between the UHP and half of the
thermal cylinder in two steps: first we map from the UHP to the disk, and then we
map from the disk to half of the thermal cylinder. We now apply this logic to obtain
the EOW brane for the thermofield double, starting from the EOW brane (5.6.5) for
the vacuum state of a BCFT on a half space.

Working in complex coordinates w = 7+ix on the UHP, where 7 is Euclidean time,
a general fractional linear transformation

aw + b

Dw , 5.6.11
L +d ( )
may be decomposed as ¢ = @, 0 w3 0 Yy 0 7 where
d 1 ad — be a
Qpl(w) :w+z7 <)02(11}) = _57 ¢3(w) = 2 w, 904(w) :U)—FE
(5.6.12)

Each of these transformations ; extends to an (orientation preserving) isometry v; of
AdS;

wwmdz(w+%%, ¢de—< W z )7

B |w|? 4+ 227 |w|? + 22
ad — be ad — be a
¢3(w,z) = ( 2 2 Z> ) ¢4(w72) = <w + E:Z) .

w,

C C

(5.6.13)
The composition 1) = 14 0 13 0 by 01y is

¢0mZ)=:<ahU+ (Jw?| +22)] +b (1 + 2@) |ad — be

c2

1o ao

c¢lw+S(lw?|+22)] +d(1+Sw)’

- ).(56M)

|w + 4| + 22
The transformation which maps the UHP Im(w) > 0 to the unit disk is

w—1

w -,
w41

(5.6.15)

so the corresponding isometry is

w+w+i(Jw]?+ 2% —1) 2z
— SR ; A T
w—w+i(jw2+22+1) lw +1i|” 4 22

w (5.6.16)
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This isometry maps the EOW brane z = ztan 6 to
|w* + (2 + tan 0)? = sec? 6. (5.6.17)

To summarise, for two copies of a BCF'T in the thermofield double, the dual geometry
has metric

o —dt* +da® +d2?

ds g : (5.6.18)
where we use the portion of the geometry with
—t? + 2% + (2 + tan 0)? > sec? 0. (5.6.19)

The boundary of this region is the EOW brane. The relation between the Poincaré
coordinates and the physical coordinates (ug,yr) in the R BCFT is

2 2
t = e*™r/P ginh W;R, x = e2™r/P cosh W;R. (5.6.20)

Similarly, for the coordinates (ur,yr) in the L BCEFT we have

2mug,

x = —e?™L/8 cosh (5.6.21)

To compare with the notation of the previous sections we should identify :EjLE R =
UL R =+ YL,R-

Figure 5.20: The Penrose diagram of the (¢, z)-plane at z = 0. The blue dashed lines indicate
where the EOW brane, which extends into the z-plane, intersects the boundary.
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5.6.4 Endpoints on the boundary

First consider the case that the two endpoints p; and ps of the geodesic lie on the
boundary. Let p; be the point (¢,x,z) = (t1,21,0) and ps be the point (¢,z,2) =
(t2,z2,0). There is an isometry which maps p; and p, to the points (¢, z, z) = (0, —r,0)
and (t,x,z) = (0,7,0). This isometry maps the geodesic to the semicircle centred at

the origin
t=0, z2=Vr?—a? (5.6.22)
The length of the geodesic is

D
2
((pr,ps) = 2tanh ™" (/1 — 8 —210g = 4 O(e2). (5.6.23)
r €0
Since the map is an isometry (2r)? = —(t; — t2)*> + (71 — x2)%. So, we have
V=t — 1) + (21 — 22)?

+O(€}). (5.6.24)

{(p1,p2) = 2log
€0
In this calculation we put a cutoff at z = €. To express (5.6.24) in terms of the
ultraviolet cutoff € in the BCFT we should instead place the cut-off at z = exe™. In
the BCFT, this rescaling of the cutoff is related to the Weyl anomaly.

Consider the subregion on the boundary A, U Ag, where Ay, and Ag are identical
copies of the interval [a, b] in the L and R BCFTs. There is some overlap in this section
with [121], where they considered the case that A, and Ag are instead identical copies
of the half line [a, oo]. There are two RT surfaces for the region A;UAg which have both
endpoints on the boundary. The first RT surface is a geodesic between (up,yr,z) =
(—u,b,0) and (ur,yr,2) = (—u,a,0) and a geodesic v; between (ug, yr, z) = (u,a,0)
and (ug,Yr,z) = (u,b,0) which gives

Alp) _ 2c log (ﬁ sinh %(b - a))

4G 3 T e (5.6.25)
2T (b — a)
30

In going to the second line we used the asymptotic formula for high temperatures and
dropped the dependence on cutoff e. The second RT surface is a geodesic between
(urn,yr,z) = (—u,b,0) and (ug,yr, 2) = (u,b,0) and a geodesic between (ur,yr,z) =
(—u,a,0) and (ug,yr,z) = (u,a,0) which gives

Aly) _ 2c s 21
e :glog —coshgu
e
47rcu (5.6.26)
36

These RT surfaces precisely reproduce the contributions to the entropy (5.3.25) in
BCFT which arise from the connected channels (1) and (2) in figure 5.9.
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5.6.5 Endpoint on the brane

Now consider the possibility that one of the endpoints of the geodesic lies on the EOW
brane. The length of the curve is

B ! \/—75(5)2 + 2(s)? + 2(s)? .
L_/O o ds. (5.6.27)

where s is a parameter along the curve. The variation is

—t(s)0t + @(s)dx + 2(s)dz
2(s)v/—i(5)2 + @(5)2 + 2(s)?|,,

The bulk contribution is the equation of motion (eom) for the curve and simply tells us
that the curve is a spacelike geodesic, so is given by semicircle. The plane in which it
lies depends on where the endpoint of the geodesic intersects the brane. To determine
this we need to look at the boundary term. For the endpoint on the EOW brane we
impose the Neumann boundary condition”

(5.6.28)

1
oL :/ eomds +
0

dt dz dz

On the EOW brane the variation of ¢, x and z are not all independent since
—tdt + xox + (2 + tan )z = 0. (5.6.30)

Hence, the boundary condition (5.6.29) can be written as

dt dx dz dt

Y (P A e 62 =o0. 6.31
<x t )5a:+<tds (z+tan9)d8) d0z=0 (5.6.31)

We then require the term proportional to dx and dz to vanish independently. The term
proportional to dx is a conserved quantity along the geodesic associated to boosts in
the (¢, x) plane which are generated by the Killing vector field

0 0
K = — 4+t . .6.32
/{(xat—i—tam) (5.6.32)
This implies
dt dx
— =t— 5.6.33
Tds ds ( )

holds along the geodesic, not just on the EOW brane. The solution to this equation,
t(s) o< x(s), implies that the endpoint on the brane must lie outside the horizon. This

"For the endpoint on the boundary z = 0 we impose a Dirichlet boundary condition so that
boundary term vanishes.
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equation is equivalent to the condition that the endpoint on the brane lies on the same
surface of constant u as the endpoint on the boundary.

Requiring the term proportional to §z in (5.6.31) vanishes implies that the geodesic
is orthogonal to the EOW brane where they intersect. This is simplest to see in (u,y)
coordinates, where the EOW brane is the surface

e* VR 4 (z + tan 6)* = sec? 6. (5.6.34)

We can write the two tangent vectors 17 and T to the this surface as

0 ) ke*Y 0

T = — Th= — — —————. 6.
YT o 2 Jdy z+tanf 0z (56.35)
In terms of (u,y) coordinates the boundary conditions are
d d d
0, (—Z — k(2 + tan 9)—‘”) = 0. (5.6.36)
ds ds ds ) lgow
We then have
ke dz dy
(X, Tl) = O, (X, Tg) = —m (@ - KJ(Z + tan 6)&) y (5637)

where X is the tangent to the geodesic. Hence, it follows from the boundary conditions
(5.6.36) that X is orthogonal to 7} and T on the EOW brane.

Let p be the endpoint (ug,yr, z) = (u,y,0) of the geodesic on the boundary and ¢
be the endpoint (ug, yr, z) = (u, Yp, 25) on the brane. The boost isometry maps p and
q to the points (ug, yr,2) = (0,y,0) and (ug, yr,z) = (0, ys, z5) on the t = 0 surface,
where the geodesic is

t=0, z2=+/r2—(z—x0+7)2, (5.6.38)
where zy = . Using basic geometry we find®
r = sinh ky, (5.6.39)

and also
cos

— . 5.6.40
“ coth ky + sin 0 ( )

The length of the geodesic is

2r . 22 )
l(p,q) = log — + tanh 1— = +0(ep)
€0 " (5.6.41)

2e™ sinh
= log 20 SRy +tanh™ ' T.
€0

8This is explained in figure 5 of [121] where they consider the case that A and A are identical
copies of the half line.
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The second term is related to the boundary entropy in the BCFT (see (5.6.10)). There
is only one relevant RT surface which involves geodesics ending on the brane. It

is a geodesic between (ur,yr,z) = (—u,b,0) and (ug,yr,z) = (u,b,0), a geodesic
between (ur,yr,z) = (—u,a,0) and a point on the brane and a geodesic between
(ugr, YR, 2) = (u,a,0) and a point on the brane. The entropy is

Alvs)

2 2
=2log gy + 3 log (ﬁe cosh %u) 3 log (ﬁ sinh %a)

e

4G (5.6.42)

2
~ 2log g, + Siﬁc(u + a).
This RT surface precisely reproduces the contributions to the entropy (5.3.25) in BCFT
which arise from the disconnected channel (3) in figure 5.9. Using Takayangi’s formula,
the entropy of Ay U Ag is given by

2
350 2los g+ %m +a), 3”;(1) - a)} . (5.6.43)

Here we wrote the formula for the entropy in the high temperature limit. Notably,
according to Takayangi’s formula, the dip is absent for large ¢ holographic BCFTs.

S(Ap U Ag) ~ min {

5.7 Conclusion and outlook

In BCFT, the boundary acts as a mirror that reflects incoming modes. For spatial
intervals of characteristic length L, the thermodynamic limit /8 > 1 uncovers be-
haviour that is captured by competing OPE channels, and correlations on short scales
of order g are invisible. The only effect of the boundary degrees of freedom is to con-
tribute an additive boundary entropy log g, in the relevant OPE channels. The free
fermion theory is particularly simple given that log g, = 0. Despite the simplicity of
this limit, the time evolution of measures of entanglement can be nontrivial.

These generic features are reproduced by an eternal black hole in AdS2 with matter
in the Hartle-Hawking state, in the limit of large intervals such that the scrambling
time scale can be neglected, L > 5 —log SBH Sen=5 If we also take L >> k, we recover
the free fermion results with Vamshlng boundary entropy. In this limit, we expect that
the conditions for information recovery to be simple. Since its entropy is much smaller
than the thermodynamic entropy of the intervals and the effects of scrambling being
negligible, the black hole behaves like an information mirror. The reflected modes on
either side of the thermofield double play the role of the Hawking radiation, and the
BCFT images on the left and right play the role of the interior of the black hole.

It’s remarkable to see the nontrivial dynamical entanglement structure being repro-
duced by a single island and the qualitative features continuing to apply away from the
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strict BCFT limits. A noteworthy outcome of the precise comparison between BCFT
and gravity is the identification of different disconnected BCFT channels, correspond-
ing to singularities in the Lorentzian correlator, with bulk channels in JT gravity in
the presence of QESs inside or outside the horizon. From the examples studied in this
paper, and in the limit of large intervals and small scrambling times, we infer that
the QESs serve to reproduce contractions involving BCF'T image points in either copy
of the TFD state. It would be interesting to perform a more exhaustive study of all
possible singularity channels in the BCFT picture (for our two interval problem there
are 24 such channels) and the precise characterisation of their associated QESs. It’s
interesting to note that the purification of modes and consequent dip in entanglement
entropy always involves QES behind the horizon. This is similar to the nonequilib-
rium situation with evaporating black holes [55] where the QES remains inside the
horizon while the entropy relaxes after Page time and only pops out of the horizon at
parametrically late times when the system is approaching equilibrium.

An interesting aspect of our analysis is that the QESs evolve smoothly across the
different regimes which we have identified, including when they plunge into the horizon,
the boundaries between the regimes becoming sharp only in the limit of large intervals.
In this sense, the JT model appears different to large ¢ holographic BCFTs where the
distinct OPE channels are captured by distinct RT surfaces, as we saw in section 5.6.
Also important here is that the JT gravity analysis in this paper captures the physics
of CFTs with a free quasiparticle description which is distinct from large ¢ holographic
BCFTs that are maximally scrambling and are not expected to exhibit a dip in the
entanglement entropy. However, the JT gravity plus free fermion setup also allows
the exploration of the strong scrambling regime, where it is the black hole that does
the scrambling instead of the matter CFT. In particular, it would be interesting to
relax the limit of high temperatures and small scrambling times to understand both
the deviations from the BCFT picture and the effects of black hole scrambling on the
entanglement evolution.
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Chapter 6

Moments of the spectral form
factor in SYK

This chapter consists of work in progress with S. Prem Kumar and A. Legramandi.

6.1 Introduction

Random matrix universality asserts that correlations between nearby energy levels in
chaotic quantum systems are statistically equivalent to those of a random matrix drawn
from a Gaussian ensemble [122]. A useful diagnostic of quantum chaos is the spectral
form factor (SFF)

Z(iT)Z(—iT) Z e T (Bm—En), (6.1.1)

mmn=1
After decaying for a while, the correlations between nearby energy levels shine through
at late times: the mean signal follows a linear ramp before saturating on a plateau, with
erratic oscillations around the mean of the same order as the signal. Though random
matrix universality doesn’t describe the noise itself, it does describe the statistics of
the noise, as measured by quantities like the variance and higher moments of the SFF.

The aim of this chapter is to study the statistics of the late time noise in the SFF in
the SYK model [45, 46]. The SYK model is quantum mechanical model of N Majorana
fermions with random all-to-all interactions. The Hamiltonian is given by

H=i" 3" Tyt vy, {tni} =0 (6.1.2)

1<y <--<ig<N

where the independent couplings J;, . ;, are drawn from a Gaussian distribution. After
averaging over the couplings, the model can be studied using bilocal collective fields

133



134 Moments of the spectral form factor in SYK

G(t,t') and X(t,t'). The field X(t,¢') is a Lagrange multiplier enforcing the relation
G(t,t) = + Zf\il ;i (t);(t). The SYK model came into the spotlight when it was
shown that the infrared, the collective field descriptions is governed by the Schwarzian
theory, which describes JT gravity [45, 123]. However, in the large N limit, the model
is tractable even away from the infrared. The path integral is dominated by the saddle
points of the action for the collective fields and small fluctuations around them.

We are now in a position to state the aim of this work more precisely: to understand
the statistics of the late time noise in the SFF using the collective field variables. These
variables are most closely related to the bulk gravitational variables. In this work we
will primarily focus on the ramp region. To study the noise, we consider the moments
of the spectral form factor (|Z(iT)|?*), where the angled brackets denote an average
over the random couplings. To study this quantity in SYK we require a matrix of
collective fields G (t,t') and X4(t, '), where a and b label the 2k replicas. Saddle point
configurations with nonzero off-diagonal elements represent correlations between the
replicas. These saddle points are the collective field analogue of a spacetime wormhole.
The case that k = 1 was considered in [34].

As a consequence of large D factorisation, random matrix theory (RMT) has a
particularly simple prediction for the moments during the ramp region

(| ZGT) %) ~ k| Z(1T)[?)". (6.1.3)

We trace this behaviour in the collective field variables to a pattern of replica symmetry
breaking. More precisely, (6.1.3) is the prediction for systems whose spectra does not
have a mirror symmetry E — —FE. This is the case for the SYK model with ¢ = 0
mod 4. For systems with a mirror symmetry, like the SYK model with ¢ = 2 mod 4,
RMT instead predicts a (2k — 1)!! in place of the kl. This is reflected in a ¢ mod 4
dependence of the symmetry breaking pattern.

Though the SFF in SYK is not self averaging in the ramp region, in the strict large
N limit, its probability distribution is only governed by its mean value: for ¢ = 0
mod 4 the distribution is that of the modulus squared of a complex Gaussian variable
with zero mean, while for ¢ = 2 mod 4 the distribution is that of the square of a real
Gaussian variable with zero mean. On the other hand, by including 1/N corrections
from perturbative fluctuations around the saddle point we find

JZGD)1%) gl (EMT*
<|Z(1T)|2>k~k;! 1+ k(k 1)Nq_2( . ) +] (6.1.4)

for some function F(T") which we do not evaluate exactly. This indicates that for any
large but finite NV, the distribution of the SFF is no longer so simple. The deviation of
the moments becomes significant for sufficiently large k, that is, when k approaches a
fixed fraction of N/271.

The formula (6.1.4) also hints that the ¢ = 2 model is qualitatively different since
the 1/N correction becomes of order one. This makes sense because the ¢ = 2 model
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is argued to be integrable unlike its ¢ > 2 cousins which are chaotic. By using an
analogue of the collective field variables for the ¢ = 2 model we show that the pattern
of replica symmetry breaking is again the mechanism which explains the noise in the
SFF. In contrast to chaotic systems, where the noise in the SFF is typically the same
order as the signal, for the ¢ = 2 model, the magnitude of the noise is incredibly larger,
around N#T times larger for some number #. The case that k = 1 with ¢ = 2 was
considered in [124].

The plan of this chapter is as follows. We begin with a warm up in section 6.2 by
considering a zero-dimensional version of the SYK model called SYK with one time
point [125]. Section 6.3 starts with a review of calculation of the SFF in the SYK model
[34]. We then proceed to discuss the saddle point configurations for the moments and
compute some 1/N corrections around the saddle point. In section 6.4 we study the
g = 2 SYK model which has to be treated separately and highlight the stark difference
between the behaviour of the moments in the two models. The first correction to (6.1.4)
is inversely proportional to the number of independent random variables in the model.
We investigate to what extent this is a generic feature in section 6.5 by considering
sparse SYK, where we can tune this variable. Finally, in section 6.6 we end with some
conclusions and discuss some directions for further work.

6.2 SYK with one time point

As a warm up to the SYK model, in this section, we consider the finite-dimensional
path integral over N Grassmann variables

zZ = /de exXp iq/2 Z Ji1...’iq7v/}’i1 c wiq s (621)

i< <ig

where the independent components of the completely antisymmetric tensor of couplings

Ji,..i, are drawn from a Gaussian distribution with zero mean and variance
(¢ — 1)
(it oigjrgy) = W(siljl e Oigy- (6.2.2)

Naturally this model was called SYK with one time point in [125] as it can be thought
of as a zero-dimensional version of the SYK model, where the time contour has been
shrunk down to a single instant of time. We assume that ¢ is an even integer and N is
divisible by ¢, otherwise z vanishes.

6.2.1 (2?)
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Since the average of z vanishes, the simplest nontrivial quantity is (2?). Doing the
Gaussian integral over the couplings and anticommuting the Grassmann variables past

each other we find
N {1 !
<Z2> = /d2N1/; exp {E <N ;wh/}ﬁ) } . (6.2.3)

This quantity can be represented as an integral over collective fields

(%) = /RdG /iR 27‘3]\[ exp {N <1og(2) -G+ %Gq> } . (6.2.4)

Here ¥ is a Lagrange multiplier enforcing the relation

| X
L L R
G = N ;:1 (TS (6.2.5)

In contrast to the regular SYK model, where one requires a matrix of collective fields,
in this simple model only Gpr, which we denote simply by G, is necessary. As we
review in the next section, the integral (6.2.4) can be computed exactly [125]. The
result is

NI (N/q)™

(%) = NN (Nl (6.2.6)

For large N the integral can also be computed using the saddle point approximation.
The saddle point equation is

1
G=5 ¥ =Gt (6.2.7)

There are ¢ solutions, each corresponding to a ¢'* root of unity and contributing as

ie—(l—%)NGQWimN/q

NG :

Summing over the g saddle points gives

m=0,...,q— 1. (6.2.8)

(%) ~ ge (DY, (6.2.9)

which reproduces the large N asymptotic form of the exact result (6.2.6). We will
occasionally refer to these saddle points as wormholes as they represent a nonzero
correlation between the L and R replicas.
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6.2.2 (z?F)

Repeating the G, ¥ trick for (2?*) we find!

dy 1
2k ab . el
/ dGy / = /N exp{NZ( SapGlap + anb)}, (6.2.10)

a<b

where Pf is the Pfaffian, and G4, and X, are 2k x 2k antisymmetric matrices. Using
the integral representation of the delta function and the definition of the Pfaffian, the
integral over Y, can be evaluated exactly

A% N B o N
/iR 2mi/N PHZ) eXp{ N;EabGab} = N7""Pi(9a)"6(G). (6.2.11)

This leaves us with

(2%%) = NTFNPF(9g)N exp {N > ng}

a<b

(6.2.12)

Gap=0
Using the fact that the Pfaffian can be written as a sum over pairings we find

oDl (5) T e P 2

TEPyy,:
TEPoy, (a,b)ET

where Py denotes the set of pairings of 2k elements. In this expression the first sum is
over integers n, > 0 such that both Zﬂep% n, = N and my, is an integer. For k = 2
this formula simplifies: there are 3 parameters ni, no, and n3 which correspond to the
3 pairings,

. R v m L B L B L R I R
A B S R S S O R

and 6 parameters myg,,

qmrr = qMmpr =N, qMry = MRr = Na, qmrp = qmpr = nz.  (6.2.14)
Since the n; must be divisible by ¢ we can rescale n; — qn; so that the sum is instead
over integers n; > 0 such that ny + ny + ng = N/q. This gives

2N

4 N! N\ ¢ ny ! %) ! N3 !
Aew () T e 0209

ni+na2+n3=N/q:
n; >0

IThe odd moments of z vanish as the Pfaffian of odd dimensional matrix vanishes.



138 Moments of the spectral form factor in SYK

In the large N limit and when ¢ > 2

(=) _

(2?2
The leading term arises from terms in the sum where one of the n; are equal to N/q
and the other n; vanish. The first correction arises from terms in the sum where one
of the n; are equal to N/q — 1, another n; is equal to 1, and the third n; vanishes. The
factors 3 and 6 count the multiplicity of such terms. For general k, in the large N limit
and when ¢ > 2

q!

3+6 X ?NQ*Q

+... (6.2.16)

<Z2k>:(2k—1)” {1+k5(k:—1)><q—! ! + } (6.2.17)
o) I ANzt 2.
The leading term is determined by maximising the number of pairs (a,b) for which
mgp, takes its maximal value, which is N/q. The maximum number of such pairs is k.
This occurs when one of the n; are equal to N and the other n; vanish. Since there are
| Poy| = (2k — 1)!! such terms this leads to the contribution

N!(N/qw} *
NN(N/g)!] -

The first correction arises from a subset of the terms in the sum where one of the n;
are equal to N — ¢, another n; is equal to ¢, and the remaining n; vanish. Let ¢ denote
the number of pairs in common between the pairing with n; equal to N — ¢ and the
pairing with n; equal to ¢. Then ¢ of the parameters my, are equal to N/q, k — ¢ of
parameters mg, are equal to N/q — 1, another k — ¢ of parameters mg, are equal to
1, and the remaining parameters vanish. The dominant contribution comes from the
terms with ¢ = k — 2,

(") D (2k — )N { (6.2.18)

(N/g)"aNIE1(N — g)l¢!
NN (N/q)k=2(N/q —1)1?’

The combinatorial factor (2k — 1)!! x k(k — 1) can be understood as follows. For a
fixed pairing we need to sum over the number of ways to pick another pairing such
that the two pairings have k — 2 pairs in common. There are k(k — 1) ways to do this.

Summing over the number of ways of picking the first pairing that we fixed gives the
factor |Py| = (2k — 1)1

(%) D (2k — DI x k(k — 1)

(6.2.19)

We learn from (6.2.17) that, in the strict large N limit, z approaches a Gaussian
variable with zero mean and variance given by (6.2.9), since (2k — 1)!! are the moments
of the Gaussian distribution. On the other hand, for any large but finite N, the
structure of the 1/N corrections in (6.2.17) indicate that the distribution of z is no
longer Gaussian. The deviation of the moments becomes significant for sufficiently
large k, that is, when k approaches a fixed fraction of N%2~!. The formula (6.2.17)
also hints that the ¢ = 2 model is qualitatively different since the 1/N correction
becomes of order one. This is indeed the case and the ¢ = 2 model needs to be treated
separately. We will not discuss this model here as it’s discussed in detail in [125].
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6.2.3 (2?*) from saddle points

As before, the leading behaviour (6.2.18) of (22*) for large N can also be obtained from
the saddle point approximation. There are (2k — 1)!! x ¢* particularly simple saddle
points which represent pairings between the 2k replicas. Concretely, to each pairing
m € Py of the 2k replicas set Gop = Loy = 0 if (a,b) ¢ m. The saddle point equations
then reduce to k£ decoupled equations

1

Ga = )
’ Ea,b

Yap = G4 (6.2.20)

ab

for the remaining variables G, and ¥, with (a,b) € m. This is nothing but & copies of
the saddle point equation (6.2.7) for (22). For each pair (a,b) € 7 there are ¢ solutions.
Therefore, for each pairing ™ € Py, there are ¢* solutions. Since there are (2k — 1)!!
possible pairings, the total number of saddle points is (2k — 1)!! x ¢*. Summing over
the saddle points reproduces the large N asymptotic form (6.2.18) of the exact result.
Actually, to claim that we get (6.2.18) we need to do a one loop computation. We will
explain how this works shortly.

Another way to understand the factor (2k — 1)!! is the following. The collective
field representation (6.2.10) of (2*) has a discrete symmetry Sa;/S5 which acts by
permuting the 2k replicas. The quotient by S5 ensures that we get an action on the
collective fields, which are constrained to be antisymmetric. The factor (2k — 1)!! then
corresponds to the size of the orbit of a single wormhole pairing under the action of
Sor/S%. This space is the quotient So./(Sk x S§), where S, is the subgroup of Sy
which leaves the wormhole pairing fixed.

It turns out the first correction (6.2.19) to (2%*)/(2?)*¥ can be computed by consid-
ering perturbative fluctuations around the wormhole pairing saddle points. To see this,
we expand in small fluctuations around one of the (2k—1)!! saddle points configurations
Gab and Zaba

Gab = Gab + (SGab, Zab = Zab + 6Eab. (6221)
The action decomposes as I = I, + 01, where I, is the classical action, and
q

1
5Zab5Gab - E Z (g) ng_néGZb

n=2

(6.2.22)

1o =D n
01 = > 5, TH(GoR)"] + >

n>2 a<b

In obtaining this expression we used the saddle point equations (6.2.20). Let’s begin
by computing the one loop contribution, for which we only keep the quadratic part of
the action

1 1 ~1
~01 2 ZTr[(GéZ)Q] +) [52ab50ab - qTGg;?dGZb] : (6.2.23)

a<b
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Any 2k x 2k antisymmetric matrix M can be decomposed as M = My + M, , where
M) lies in the subspace spanned by 2k x 2k antisymmetric matrices of the form

Li Ri Ly Ry ... Ly Ry
0 = Ly
x 0 Ry
0 = Lo

* 0 Ry (6.2.24)
0 x | L,
* 0/ Ry

and M, lies in its orthocomplement. If G and ¥ represent the saddle point which
takes the block diagonal form (6.2.24) then G = Gy and ¥ = ¥ . Equipped with this
notation, the quadratic part of the action may be written as

TG+ 8 Y [ (3506 ) + (EL)a(0G s — 562663
a<b

(6.2.25)
Notice that 0G| appears linearly and so integrating it out gives a delta function which
sets 021 = 0. This leaves us with an integral over the remaining variables 0G| and
0% with quadratic action

TG + N Y [(52)@(@”)@ - %63;2(50,)3,)} , (6.2.26)

a<b

which factorises into a sum over the k blocks in (6.2.24). This implies that the one
loop contribution from expanding in fluctuations around one of the (2k — 1)!! saddle
points for (%) is given by the k'™ power of the one loop contribution for (z2). This
proves that the leading behaviour for large N

ézz;z = (2k — 1)l (6.2.27)

Although an excellent approximation for large NV, we will see that this simple relation
eventually breaks down for large enough k after including 1/N corrections. These cor-
rections can be computed using Feynman diagrams together with the free propagators

<5Gabéch> = Gachd - GadGbc - (1 - 1/Q)G(21b5acébda
<5Gabdzcd> =1~ (1 — 1/Q)7Tab,cd7 (6228)
<6Eab526d> = _<1 - 1/Q)GZ;25ac(5bd7
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obtained from the quadratic part of the action (6.2.23). In this expression the angular
brackets represent an average weighted by the quadratic action (6.2.25) and 7 is the
projector onto the subspace of 2k x 2k antisymmetric matrices of the form (6.2.24).
Notice that the only interaction term in 0/ which involves dG is proportional to
dGY,. We can then split the Feynman diagrams we encounter into two types: diagrams
with no dG% vertices and diagrams with at least one 6G“ vertex. For the first type of
diagrams we can repeat the argument given above and integrate out 0G| giving a delta
function which sets ¥, = 0. Summing up these terms precisely gives the perturbative
contribution of (z2)*. It’s clear then that corrections to the leading order behaviour of
the ratio (2%%)/(2%)* come from Feynman diagrams with at least one G interaction
vertex.

The simplest Feynman diagram to write down involves just one 0GY vertex. How-
ever, using (6.2.28), we find these contributions vanish

%Z((é@)g,) =0. (6.2.29)

a<b

Another simple diagram to write down involves one 0GY and one 0GY vertex. One
might think that there could be a diagram with one 0GY vertex and one dG™ vertex
with n < ¢, however, by similar a similar calculation to the one above, this term
necessarily vanishes too. Summing up diagrams with one 0GY vertex and one dG?
vertex gives

N2 q )

3 ((0G1)%,6G2). (6.2.30)

a<b
c<d

This can be computed using Wick’s theorem and the free propagator (6.2.28). The
only nonzero Wick contractions are where a (0G| )4, is contracted with a dG.q. Since
there are ¢! such contractions,

N 5G 1) 5GN — (ke — 1)L L 6.2.31
q.Q—qQ;« DardGea)” = k(k = 1) 5 7. (6.2.31)
c<d

Since this contribution comes from Feynman diagrams with two vertices and g propa-
gators we get an overall contribution of 1/N%2. Notice that this precisely reproduces
the first correction obtained from the exact formula (6.2.17). A proof of that any other
diagrams either vanish or are subleading will be given in the upcoming work.

6.3 The SYK model

In this section we consider the moments of the spectral form factor in the SYK model.
The SYK model is a quantum mechanical model of N Majorana fermions ¢, ..., ¥N
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with random couplings. The Hamiltonian is given by

H=1i7 3" Jyathy i, {vnd) =6y (6.3.1)

1<ir < <ig<N

The independent components of the antisymmetric tensor of couplings J;, . ;, are drawn
from a Gaussian distribution with zero mean and variance

200 — 1))
J4(q 1).5‘

)

(Jirig s jg) = taa- (6.3.2)
Throughout we assume both N and q are even. Since N is even, the fermion algebra

(6.3.1) has an irreducible representation in a Hilbert space of dimension D = 2V/2,

6.3.1 Collective fields

The spectral form factor may be represented as a path integral

:/D¢exp{i/0 [ Vo — Jiy (igqﬂi...wi—(—i)% H 5)]},

(6.3.3)

with antiperiodic boundary conditions for the fermions, ¥¢(7T") = —¢(0), around the

real time circle parameterised by ¢ € [0,7]. In this expression a € {L, R} is a replica

index and the integral over ¢ computes Tr[e 77| whilst the integral over ® computes

Tr[eT#]. The kinetic term involves an implicit sum over both i and a whilst the
interaction term involves an implicit sum over 7; < --- < .

The k" moment of the spectral form factor may be represented as a path integral
over collective fields

(|Z(T)PF) = / DGDY, e 167

1 J?
- I[G, Z] - log det 6t / / dtdt |: ab t t)Gab(t t) - _SabGab<t t)
SL#L# - SR#R# = _]-7 SL#R# - SR#L# -
(6.3.4)
Here Y,(t,t') is a Lagrange multiplier enforcing the relation
LN
Gap(t, 1) NZ YU, (6.3.5)

The indices a,b € {Li, Ry,... Lk, Ry} label the L and R replicas, which were each
introduced to represent the factors of Tr[e 7] and Tr[e'T#] in the spectral form factor.
The collective fields G, ¥ are antiperiodic with period T in each argument, a property
inherited from the antiperiodic boundary conditions on the fermions. Also, not all
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components of G and ¥ are independent since Gu(t,t') = —Gpo(t', 1) and (1, 1) =
—Ype(t', ), which follows from the Grassmann nature of the fermions. Finally, in the
action (6.3.4), the determinant represents the ordinary determinant in replica space as
well as the functional determinant.

The action (6.3.4) has a U(1)% time translation symmetry which acts independently
on each of the L and R systems. In addition, there is a discrete replica symmetry

Gap — Gw(a)w(b% Yap — Z7r(a)7r(b)~ (636>

For ¢ = 0 mod 4, m € SE x SE permutes the L and R replicas separately, whereas,
for ¢ = 2 mod 4, m € Sy /S5 can also permute the L and R replicas amongst each
other. The dependence of the replica symmetry on ¢ mod 4 stems from the fact that
exchanging an L and R replica is only a symmetry if Z(iT') and Z(—iT) are the same
variables. In other words, it is a symmetry if the spectrum has a mirror symmetry
E < —F, which is the case for model with ¢ = 2 mod 4. The signature of this
symmetry in the collective field description (6.3.4) lies in the dependence of s, on ¢
mod 4.

Assuming the relevant saddle point configurations preserve U(1)%.. C U(1)%* sym-
metry, that is, the saddle point configurations only depend on the difference of times,

the saddle point equations can written as

G n) — — I n b)) n - )

(en) = (i + 5(e0) 657

Zab(t) = SabJ Gab<t>q .

In the first equation G(w,) and ¥(w,) are the Fourier modes of the collective fields

and frequencies are fermionic Matsubara frequencies due to the antiperiodic boundary
conditions.

6.3.2 The spectral form factor

In this section we review the calculation of the spectral form factor, that is, the case
that k£ = 1, which was analysed by Saad, Shenker, and Stanford in [34]. If we assume
the off-diagonal components of the collective fields vanish, that is, Grg = Y.r = 0,
then the saddle points equations (6.3.7) decouple into separate equations for the L
and R systems. These saddle points give rise to the disconnected contribution of the
spectral form factor

(Z2GDT)") > KZ(T)[ (6.3.8)

This describes the slope of the spectral form factor and it decays to zero for late times.
SSS showed that there also exist saddle points where the off-diagonal components of the
collective fields do not vanish. A consequence is that these configurations spontaneously
break the relative time translation symmetry. This means that there is a continuous
family of saddle points which can be generated by acting on this solution with the
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generator of the broken symmetry. Concretely, this symmetry acts on the saddle points
by leaving G, and Gpr unchanged but shifting Grr(t) — Grr(t — A). There is a
similar action on Y. Since the collective fields are antiperiodic with period T, the
relative time shift parameter A is valued on a circle of circumference 27'. The volume
of the orbit generated by the broken symmetry is simply 27 which gives rise to the
linear ramp in the spectral form factor.

As argued by SSS, there is also another zero mode for these saddle point configu-
rations which can be understood by considering an auxiliary problem. The idea is to
think of computing the thermal partition function

Z(ﬁaux) = Tr[e_ﬁa%He_iTHe_ﬁa%HeiTH], (639)

by a path integral on an elaborate Schwinger-Keldysh contour. In this problem the
field configurations on the two Lorentzian parts of the contour are joined to each
other along the Euclidean parts of the contour. In contrast, the original problem
of computing Tr[e TH]Tr[eiTH#] requires separately periodically identifying the two
Lorentzian contours. However, for large 7', the saddle point configurations for the
Lorentzian parts of the contour of the auxiliary problem are approximately same as
that for the original problem. This suggests we can construct an approximate solution
for the original problem by taking fermion correlators in the thermofield double state?,

N
1

G (1) = Z (Wrppp | 02 ()0 (0) [Wrpp) (6.3.10)
1:1

and summing over images
Gap(t) = G2 (1) — GU (¢ — 1), (6.3.11)

More precisely, SSS showed numerically that for large T" there exists an exact solution
to the saddle point equation which lies nearby this approximate solution. These con-
figurations cannot be written down analytically. However, in the infrared limit where
the SYK model becomes nearly conformal, we can be more explicit. In this case [34]

aux aux ﬂaux . Tt 7% .
G (1) = G <>—b[ h(ﬁ )] sign(t),

G (1) = b {Baux - (M)}%?

™ Baux

(6.3.12)

where b is a constant determined by J2b%7 cot w/q = 1/2—1/q. The upshot of studying
this auxiliary problem is that it makes it clear that there is another zero mode, namely

2As usual, left-right correlators in the thermofield double state can be obtained from right-right
thermal correlators by analytic continuation in ¢.
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Baux- Also, since the classical action for the two Lorentzian parts of the contour in the
auxiliary problem ought to cancel out it suggests the action for these saddle points
should be zero. SSS gave a more careful argument and showed the action is zero, up
to exponentially small corrections in 7. Hence, these saddle points contribute as

o0

(1ZGT)2) > / Bt Bus) / an, (6.3.13)

0
where the function p(faux) is determined by a one loop computation. For large T, it
turns out that the measure df,ux/i(Saux) becomes a flat measure in terms of the energy.
This gives

dBue  [2 for ¢ =0 mod 4,
au x{ or g =0mo (6.3.14)

Z(iT)|? 32T/
(126DF) 2T 1 for ¢ =2 mod 4.

The model with ¢ = 0 mod 4 has a time reversal symmetry which leads to an extra
factor of two since we need to sum over the saddle point and its time reversal conjugate.

6.3.3 General k

There is a simple class of saddle points which contribute to the k*" moment of the
spectral form factor. To understand them, consider a configuration where the collective
fields G’ and X are block diagonal:

Ly Ry Ly Ry ... Ly Ry
* % Ly
* % R,
* % Lo
*ox Ity (6.3.15)
* * L
* x | Ry

On these configurations, the saddle point equations (6.3.7) reduce to k decoupled equa-
tions for the blocks. This is nothing but &k copies of the saddle point equations for the
spectral form factor. For each block there are two simple solutions: a disconnected
solution and a connected solution. The disconnected solution refers to the saddle point
where the replicas are uncorrelated, that is, Grr = Xr = 0, whilst the connected so-
lution refers to the saddle points found by SSS where where the replicas are correlated,
that is, G r = Y1r # 0. For the block diagonal configuration there are 2% saddle
points which correspond to taking k& — ¢ of the blocks of the disconnected solution and
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k blocks of the connected solution with ¢ running from 0 to k. Taking all the blocks to
be the disconnected solution, that is, £ = 0, gives rise to the disconnected contribution

(| ZGT) Y > (Z([{T))[*. (6.3.16)

In general, the disconnected solutions give rise to a contribution which decays as a
power law T~#* =0 for late times. However, since the solution spontaneously breaks
¢ of the relative time translation symmetries, for nonzero ¢, this decay is balanced by
the volume of the orbit generated by the broken symmetry which is proportional to
T*. For late times, the dominant contribution arises from taking all the blocks to be
the disconnected solution, that is, £ = k. This gives rise to the contribution

k! for ¢ = 0 mod 4,

6.3.17
(2k — D!! for ¢ = 2 mod 4. ( )

(ZGT)P*) > (|Z(GT)P)" x {
The combinatorial factors represent the noise around the mean value of the spectral
form factor and follow from the pattern of replica symmetry breaking. More specifically,
the collective field representation of the k' moment of the spectral form factor has a
discrete replica symmetry (6.3.6). The combinatorial factors then arise as the size of
the orbit of a single block diagonal solution under the action of the discrete symmetry
group. The quotient space is (Sy, X Si)/Sk for ¢ = 0 mod 4 and Say,/(S), x S¥) for ¢ = 2
mod 4. In both cases, Sy is the subgroup which leaves the block diagonal solution
fixed. Though the spectral form factor is not self averaging in the ramp region, its
probability distribution is only governed by its mean value: for ¢ = 0 mod 4, it follows
an exponential distribution, while for ¢ = 2 mod 4, it follows a chi-squared distribution.

In principle, there could be contributions from other saddle points. In figure 6.1, we
compute the ratio (|Z(1T)|**)/(|Z(T)[*)* numerically for the SYK model with ¢ = 4
and ¢ = 6. These results seem to support the idea that other saddle points do not
contribute in a relevant way.

6.3.4 1/N corrections

In this section we try to understand the leading correction to the formula (6.3.17)
from perturbative fluctuations around the saddle point. The calculation is similar in
spirit to the one in section 6.2.3 for SYK with one time point. We expand in small
fluctuations around one of the block diagonal saddle point configurations G, and ¥,
where all the blocks are taken to be the connected solution,

Gay = Gap + 0G gp, Yab = Zap + 0200 (6318)

The action decomposes as I = Iy + 01, where [, is the classical action, which is
exponentially small in T for large T', and

1 6= 1 T[(G5E)"]+1/T/Tdtdt’ $S 0 Gy — - zq: 7\ grngam
N B 2n g 2 0 0 ab® T ab qsabn:2 n ab ab

n>2
(6.3.19)
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24

(12GT)?)

(1ZGT)PY) /(| ZGT) P

10 275 10* 10 275 10*
JT Jr

(1ZGT)P?)

(1ZGT) ) {1 2GT) )"

25 755 10* 25 755 10t
JT JT

Figure 6.1: The top and bottom panels are for the SYK model with ¢ = 4 and ¢ = 6, re-
spectively, N = 20, and averaged over 2 x 10* realisations. The slope, ramp, and plateau
regions are represented as the shaded green, blue, and pink regions, respectively. On the right
(|Z(T)1?%) /(| Z(iT)|?)* is plotted for k = 2 (red), k = 3 (orange), and k = 4 (green). In this
figure, g denotes the spectral form factor and we use the abbreviation SFFo;, = (|Z(iT)|?).
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Here we dropped the time arguments but in all cases the fluctuations always depend
on a pair of times. Let’s begin by computing the one loop contribution, for which we
only keep the quadratic part of the action

L G4 %0G2, | . (6.3.20)

—5[ D leTr GoX)? / / dedt/ {6Zab(5Gab— J?

As before, the fluctuation 0G can be decomposed as dG' = 0G| + 0G 1, where 0G|
lies in the subspace spanned by matrices of the form (6.3.15) and 0G| lies in its
orthocomplement. There is a similar decomposition for 3. Since 0G| appears linearly
in the action, integrating it out gives a delta function which sets 62, = 0. It’s then
straightforward to see that the one loop contribution factorises over the k blocks. This
means that the formula (6.3.17) is indeed correct to leading order in the limit of large
N. As explained in section 6.2.3, the 1/N corrections to this formula come from
Feynman diagrams with at least one 0GY interaction vertex. In this case, things are
trickier since we can’t find the free propagator exactly as we could in SYK with one
time point. However, it turns out that one can understand quite a bit just by studying
the structure of the propagator in replica space. The details of this will be explained
in upcoming work. For instance, these these arguments can be used to show that the
simplest diagram, involving just one 0GY , vanishes

2

J
N / dtdt’ (5G. (¢, ¢)%,) =0, (6.3.21)

where the angular brackets represent an average weighted by the quadratic action
(6.3.20). As in SYK with one time point, the leading correction for large N comes
from summing diagrams one G vertex and one 0GY vertex

N2 J4

2 1 QSabScd/dtldtht3dt4 <(5GJ_(t1,t2)2b5ch(t3,t4)q>. (6322)
This term contributes at order 1/N?"2 since it computes a Feynman diagram with
two vertices and ¢ propagators. As before, the only nonzero Wick contractions in-
volve a contraction between (§G )4 and 0G4, which can be computed using the free
propagator

(0G L (t1,t2)ap0Gea(ts, ta)) = W(fb,a/b/ (Gare(ta, t3)Gpalta, ta) — Gaa(ts, ta)Gye(ta, t3)]
(6.3.23)
where 7+ is the projector onto the orthocomplement of the subspace spanned by ma-
trices of the form (6.2.24). Using the fact that SupScq = SadSee, We can rewrite the
contribution (6.3.22) as

q J*
Na— 24(]2 (i??a/blsa/dsb/d/dtldtzdt3dt4 Ga/d(tl,t4)qu/C(t2,t3)q. (6.3.24)
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By writing 7+ = 1 — 7, it’s not too difficult to see that the first term leads to a
contribution proportional to the square of

2TE
whilst the second term is smaller by a factor of £ due to the projection. Altogether,
(6.3.22) becomes
¢! [(ET\”
k(k — l)Nq_2 (T) . (6.3.26)
This means that the total contribution from these saddle points and the fluctuations
around them is
Z(T)|* ! (ET\® k! for ¢ = 0 mod 4
NZOD) 1y 4 g — 1) C—) ] x or ¢ =0mod 4,
(|Z(T)[*)*F Na=2 \ ¢ (2k — 1! for ¢ =2 mod 4.
(6.3.27)

The leading correction has the same dependence on k£ and N as in SYK with one time
point, however, there is a potentially nontrivial dependence on time 7' contained in
the quantity ET. More precisely, F is a function of the variable (.., so we really we
ought to replace

E%Ad%w%wﬂ%j. (6.3.28)

It would be interesting to understand how this quantity depends on 7. We leave this
for further work.

6.4 ¢=2SYK

For ¢ = 2 the discrete Sy, replica symmetry of the problem is enhanced to a continuous
symmetry. After integrating out the Gaussian fields G we can write the result as

qﬂﬁﬁ%z/Dmﬁm

1 1 1.
i I¥X] = ) log det(0; — X) + 4—J2Tr2 .

In the infrared limit, the derivative operator 0; can self-consistently be dropped from
the action, resulting in an effective theory with equation of motion 32 = .J2, or, more
explicitly

(6.4.1)

T
/‘dszwﬁﬁﬂkd&f%:J%@&t—ﬂ) (6.4.2)
0

This equation is invariant under the transformation

T T
N(t,t) — XY (L,t) = / / dsds’ U(t, s)%(s, s Ut )™, (6.4.3)
o Jo
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with U(t,t') a matrix valued distribution which is antiperiodic with period 7" in each
argument and satisfies

/ L As U U, 8)" = 6(t— ), (6.4.4)

where U(¢,¢')™ is its transpose. It’s useful to define U™ to be the operator with ma-
trix elements given by transposing both the replica indices and time labels of U, i.e.
(U™)(t,t") = U(t',t)" where on the RHS tr is the ordinary transpose. The transforma-
tion can then be concisely written as

¥ — XV =UxU", UU"™ =1. (6.4.5)

This corresponds to an infinite enhancement of the emergent diff(S') symmetry for
each replica of the ¢ > 2 model.?> The symmetries of the single replica theory in the
infrared were considered in [126] alongside its potential connection to an SL(N,R) BF
theory. Away from the strict infrared limit of the theory, this symmetry is explicitly
broken by the presence of the derivative operator 0; in the action. Indeed, the full
equation of motion is

oY —¥? = —J? (6.4.6)
and so for U to be a symmetry of the full theory it must commute with the derivative
operator

UtrﬁtU — (9t. (647)
It is simple to check that this can be solved by a U(t,t') which only depends on the
difference of times, i.e. U(t,t") = U(t —t'), since

/0 dsU(s —t)"0U(s —t') = =0y /0 dsU(s —1)"U(s — ') (6.4.8)

- —3t/5(t - t,)

In going to the second line we used the constraint UU" = 1. Since U is antiperiodic
it’s Fourier series may be written as

U(t) = L D Ulwn)e™, w, = w (6.4.9)

In order to preserve the reality condition on X, we require U to be real valued and so
U(wy,) = U(—wy)*. Tt is then straightforward to verify that the constraint UU™ = 1
implies that the Fourier modes U, = U(w,) satisfy U, U} =1, i.e. U, € U(2k). The
action of this symmetry on the Fourier modes of ¥ is given by

Yo = () n = U o UL (6.4.10)

To summarise, the U(1)% x Sy, symmetry of the problem for ¢ = 2 mod 4 is infinitely
enhanced for the special case that ¢ = 2 to [[,-, U(2k).

3Indeed, for the ¢ = 2 model, there is a diff(S') subgroup given by setting U (t,t') = ¢'(t)25(p(t) —
t') for ¢ € diff(S'). The constraint U"U = 1 then fixes A = 1.
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6.4.1 Saddle points

To simplify the saddle point equation
oY -2 = —J% (6.4.11)

we make an ansatz that 3 only depends on the difference of times, i.e. X(t,t) =
Y (t —t'). With this ansatz, configurations which are not invariant under this diagonal
time translation symmetry only contribute as fluctuations in the one-loop determinant
in the saddle point approximation. As such, it is useful to warm up to the full problem
by studying a slightly simpler path integral defined similarly to (6.4.1) but where we
only integrate over time translation invariant configurations. Writing the Fourier series

of ¥ as ( 1)
. 2r(n + =

Et: E " —iwnt y = 2

(1) = Y S(wge ™, = T2,

neZ

(6.4.12)

the path integral decomposes into an infinite product of decoupled hermitian matrix
integrals

0o 2k2
(1ZGT)P*) =2 ] N / A%, exp{ NTrlog ( 1+ 2n ) _ N s :
o \2mJ? R(2k)2 iwy, 2J2 "

(6.4.13)

where

A%, = [Jd(En)ea [[ V2 dRe (£0)ap V2 dIm () as, (6.4.14)

a<b

is the standard measure on the space of 2k x 2k hermitian matrices, which is a copy of
R’ That ¥, = %(w,) is hermitian follows from imposing the constraint X,,(¢, ') =
—Ypa(t', 1) as well as requiring X,,(¢,t") to be purely imaginary, which is required for
convergence of the path integral. The factor 2¥/2 for each replica is the contribution
of the free determinant [~ ,(n + 1/2) which, after zeta function regularisation, gives
V2. Since Z(iT) can only depend on the dimensionful variables J and T through the
combination JT', it’s value at J = 0 simply computes the dimension of the Hilbert
space Z(iT)|j—o = 2¥/2. The normalisation chosen in (6.4.13) thus ensures that the
spectral form factor is normalised on average.

Since the path integral (6.4.13) decomposes as product of decoupled matrix integral
for each mode, we can focus our attention on the contribution of a single mode

N\ 5 N
Z, = ax, NTrl 1+ 2 ) — —Trx2 b, 6.4.15
(27TJ2) /R(2k)2 exp{ : Og < + iwn) 2J2 ' n} ( )

The matrix integral over each mode ¥,, (6.4.13) is invariant under conjugation by a
unitary matrix ¥, — U,3, Ul with U, € U(2k). This symmetry is simply the restric-
tion of the symmetry (6.4.10) mentioned in the previous section to time translation
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invariant configurations. Using this symmetry to “gauge fix” each X, to be a diagonal
matrix gives

N 2k2 o
= | | _ =N3>, V(Aa)
o (277<]2> vl ( )2k Szk:) /R2k d/\ (Ao = o) , (6.4.16)

a<b
where \ .
A IRV
V(A) = —log (1 + 1wn) + 2J2)\ ) (6.4.17)
With our normalisation
(2m) =)

1U(x) = —4—— 6.4.18
olU(r) = G (6.4.15)

where G is the Barnes-G function. For large N, the integral (6.4.16) is dominated by
it’s saddle points and small fluctuations around them. For k& < N, we can neglect
the contribution of the Vandermonde determinant A({A}) = [],.,|Xa — As| when
determining the saddle points. The saddle points are then determined by extremising
V(A) which gives a quadratic equation

M+ iwp Ay — J2 = 0. (6.4.19)
The two possible solutions for each eigenvalue are

i, 4 /AT — o2
Ay = 2 ; Wi (6.4.20)

For w, < 2J, the contour of integration for each eigenvalue may be deformed to pass
through both saddle points Ay, whilst for w, > 2J it is only possible to deform the
contour to pass through the saddle point A,. First consider the simpler case that
wy, > 2J. Expanding around the saddle point A\, = Ay + p, we get

N\ U (2k)
7, = 2NVOy) (2 (YR
¢ org2) VO \UD) x Sa

/ HduaH )26_2%(1+ﬁ) ek
R2k

a<b

(6.4.21)

The one-loop contribution is most easily computed by interpreting the integral over pu,
as the integral over eigenvalues of a 2k x 2k hermitian matrix X. We then have

2k?
" R(2k)2

27 J?

)\2 —2k?
— e—QkNV()\+) (1 + ) )

(6.4.22)

J2
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For w,, < 2J each eigenvalue integral is given by a sum of over two saddle points. Since
the integral is invariant under permutations of eigenvalues there are 2k + 1 distinct
contributions

2k
Zn=> 7, (6.4.23)
=0

where Z" is the contribution where eigenvalues are expanded around the A\_ saddle

point and the remaining 2k — ¢ eigenvalues are expanded around the A, saddle point.
Expanding around the saddle points A\, = A_ + p, fora=1,...,0 and \, = Ay + u
fora=0+4+1,...,2k — { we get

N\ U(2k)
(0 _ ~ENVO)—(2h—ONV () N
n =€ o) A=) YO\ U@ % S

. /Re H dug [ [ — ﬂ;)ze_;jz(”f%) e )?

a<b

2
- / H apit T[ ot — e ™ (1+35) Za?,

a<b

(6.4.24)
As before, the one-loop contributions are most easily computed by interpreting the
integral over p, as the integral over eigenvalues of an ¢ x ¢ hermitian matrix and the
integral over uf as the integral over eigenvalues of a (2k — ¢) x (2k — ¢) hermitian
matrix. This leads to the following result

2k

N £(2k—0) U(Qk)
7 _ —AINV(A_)—(2k—ONV(Ay) [ -V P 2 1
n ;_;6 pr M A U0 < Uk -0

2 (2k—

)\2 _% /\3_ T2
1+ — 1+ —=
(05) (%)
(6.4.25)

This formula has a simple interpretation in terms of the original matrix integral
(6.4.15). Due to the U(2k) invariance of the matrix integral the extremums of TrV (%,,)
are highly degenerate. In general they are not saddle points, rather they are saddle
manifolds. Let A(¢) = diag(A_,...,A_,A4,..., A1), where ¢ denotes the multiplicity
of A_. Then, each of the terms in sum above has the interpretation as the result of the
integral along the orbits of the diagonal saddle points A(¢) under the action of U(2k)
together with the one-loop contribution in the directions orthogonal to the orbit. The
orbit space is the quotient U(2k)/G where G is the subgroup of U(2k) which leaves
the diagonal saddle point fixed. For A(¢), G = U(¢) x U(2k — {) so the orbit space
is the Grassmannian Gr(¢,2k) = U(2k)/U(¢) x U(2k — {), the space of ¢-dimensional
linear subspaces of C?*. The measure on the orbit comes from commuting g* with
A(f), where gt is the orthocomplement to the Lie algebra g of G. Concretely, g is the

)2
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20(2k — ¢)-dimensional vector space spanned by 2k x 2k antihermitian matrices that
have vanishing entries in the top-left ¢ x ¢ block and bottom-right (2k — ¢) x (2k — /)
block. The commutator of any matrix in gt with A(¢) is proportional to A\, — A_, so
the volume of the orbit is proportional to (A — A_)?*=9_ This gives rise to the last
two terms in the first line of (6.4.25).

Since ReV(A;) = ReV(A_) the dominant contribution in the sum over saddles
(6.4.25) is the term with ¢ = k as it maximises the volume of the orbit space, which
scales as N/@*=0_ Only keeping this contribution gives

k
N ® o U2k) A2\ A2\
_ Vool (Y = At
Zn=¢e (27“]2(/\4r A) ) vol <U(k)2> ( + J2> <1—|— J2>

Using the formula (6.4.20) for AL we get

Z = < uj_Jn )%N S (sh1) (% _ ‘;—é)k vol (g((il;)) . (6.4.27)

Taking k> 1 but k < N we find

k2
7\ 26N A ) (N 5
7, ~ (—) Gy () (N [ e , (6.4.28)

Wn

indicating a change of behaviour as k approaches a fixed fraction of N.

For early times such that J7T' < 7, all the frequencies w, > 2.J, so using (6.4.22)
the spectral form factor is given by the infinite product

(|Z(iT)[**) = 2k ﬁ e~ 2PNV (A) (1 + ﬁ) : (6.4.29)

n=0 J2
To leading order for small J7T' this gives
(|Z(T)[?F) = 2FNe= "5 T, (6.4.30)

For later times there will be a contribution from the frequencies w,, with w,, < 2J. Using
(6.4.22) and (6.4.26), the spectral form factor is then given by the infinite product

(| Z(T)|?*) QkNH( ) . kN(QJz 1> (N 4—w—2>k vol (U(Qk)>
W, 2 J? U(k)?
\2 —2k2
% H o—2ENV(Ap) (1_|_J_J2r) ’

n=nr+1
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where np = LJTT — %J is the number of frequencies w,, with w,, < 2.J. For large JT', the
frequencies are very closely spaced so we can approximate the discrete variable w,, by

a continuous variable. This gives

(| Z(T)[*) = 2=V [(?fg)kQ vol (%)] N : (6.4.32)

The contribution of the classical action vanishes to leading order in J7' as there is no
exponential in N contribution (expect for the 28V), leaving only the contribution from
the zero mode volume. Taking £ > 1 but £ < N we find

16 N\¥F
) . (6.4.33)

(260 ~ 2 (35

This indicates a significant change in behaviour of the moments as k approaches a
fixed fraction of N. In particular, naively extrapolating to k& > N suggests that the
moments begin to decrease. We will return to this problem in section 6.4.2.

In these formulas we have only considered the one loop contribution from con-
figurations which are invariant under a diagonal time translation. The full one loop
contribution can be understood analytically for late times 7T'. In this limit the dominant
contribution is from the soft modes, which corresponds to making the zero mode con-
figurations depend slightly on ¢+t'. The calculation is a straightforward generalisation
of the one in [124], so we defer the details to appendix D.1. The result is

JT

(|Z(T)|**) = 2k [(MSQJXT)H vol (ZEZ;))] N : (6.4.34)

The main effect is that NV dependence has been rescaled, N — N/JT', but still the that
the moments grow very quickly with k& in sharp contrast to what we found in the g > 2
model. Notably, this formula indicates a breakdown of the saddle point approximation
as JT approaches a fixed fraction of N, which corresponds to the beginning of plateau
region. Whilst we don’t have an understanding of how to study the plateau using
the collective field variables we can understand what the result should be based on a
long-time average argument. By doing the Gaussian integral over the fermions, the
unaveraged spectral form factor is

N/2
|Z(T)|? = 2V [ ] cos®

i=1

TN

— 6.4.35
2 ) ( )

where +i); are the eigenvalues of J;;. A long-time average implies the moments are

N/2
izan = () (6.436)
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6.4.2 Large k from duality

For k > N it is no longer possible to neglect the contribution of the Vandermonde
determinant in (6.4.16) when determining the saddle points. However, there is a simple
way to rewrite the original 2k x 2k matrix integral (6.4.15)

N 2k
Z, = (2 JQ) / dnie 22 ™™ det (iw, + 1) (6.4.37)
m R(2k)

as an N x N matrix integral where the saddle point analysis is simple for £ > N. For
sake of notation we have added back the contribution from the free determinant in this
expression. We will subtract it’s contribution in the final expression. This duality is a
special case of a duality found by Hikami and Brézin [127]. We start by introducing
complex Grassmann variables x¢ and ¢ withi=1,..., N and a = 1,..., 2k to rewrite
the determinant as

det (iw, + %)V = / dydye rBlwnt®) (6.4.38)

where dxdy = []; , dx{dx{ and B is the 2k x 2k matrix
B =>"xix!. (6.4.39)

With the Grassmann integral representation of the determinant (6.4.38) the original
matrix integral (6.4.37) becomes Gaussian. Integrating out ¥ gives

. 2. .
Z, = / dydye“nTBin T8, (6.4.40)

By anticommuting the Grassmann variables we may write

TeB? =) Y XixiN

a,b i,
e p— Z Z X?X?X?Xf (6441)
ab i,
= —Tréz,
where B is the N x N matrix N
By =Y XX (6.4.42)

Noting that also TrB = TtB, we may rewrite (6.4.40) as

Zy = /dxdxei“"TrE_ijN“EQ. (6.4.43)



64 ¢=2SYK 157

By introducing an N x N matrix 3 we may write

,LQTrEQ . N z <« —Q%TrEQ—HTrEi
e 2N = (—27rj2) /RN2 d¥e 27 . (6.4.44)

Plugging this expression into (6.4.43) and integrating over the Grassmann variables

gives
2

N \ 2 ~ S ~ 12k
7, = ( ) / dSe 22 ™ et [i(wn + 2)} . (6.4.45)
RN?

27 J?

The duality exchanges the original integral over a 2k x 2k hermitian matrix with a
determinant insertion raised to the N*® power with an integral over an N x N hermitian
matrix with a determinant insertion raised to the 2k* power.* Finally, subtracting the
contribution from the free determinant gives

N2 ~ 2k
N 2 ~ _ _N TI‘EQ E
— J2 -
Z, <27TJ2> /RN2 ASe 57T et <1 + wﬂ) . (6.4.46)

The matrix integral over 3 is invariant under conjugation by a unitary matrix 2
UXUT with U € U(N). Using this symmetry to gauge fix ¥ to be a diagonal matrix
gives

2

N
_( N \* U(N) y N O
n = (27TJ2> vol (U(l)N x SN) /RN HdAzH [Ai = Ay . (6.447)

i<j

V() = —% log (1 + O%) + L (6.4.48)
For infinite £ the saddle points for integral over eigenvalues are pushed to +oo. For
large but finite k& the quadratic term in the potential provides a small stabilisation
which pulls the saddle points from 400 to a finite distance.” The advantage of the dual
description of the original matrix integral is that for k£ > N we can self-consistently
neglect the contribution from the Vandermonde determinant when determining the
saddle points. The extremums of V() are

_ —wni\/%ﬂqu%
Ay = ) (6.4.49)

- 2

4Performing this duality at the level of the full path integral basically undoes the G, trick, see
Appendix D.2.

5 A similar mechanism it at play when determining the asymptotic behaviour of the gamma function
using its integral representation.
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The saddle point L_ dominates for all w,, and so

oG NAZ\ T
7, = NV O <1 + __+> . (6.4.50)

For large JT', the frequencies are very closely spaced so we can approximate the discrete
variable w, by a continuous variable. This gives

4 -2 T
(|1 Z(T)[*F) = 25N exp {5\/%1\7 (k - 3(7T1—6)N) J—} . (6.4.51)
™
This implies that the moments continue to grow as k increases beyond N, in contrast
to the naive extrapolation of (6.4.33).

6.5 Sparse SYK

In section 6.3.4 we saw the first correction to (|Z(iT)|**)/{|Z(iT)|*)* scales as k? /N92,
so indicates a change in the behaviour of the large moments, where k ~ N%/271,
Interestingly, N7 is proportional to the number of independent random variables in
the SYK model. In this section we try to understand in what sense this is the correct
interpretation by considering a variant of the SYK model where we can tune the number
of independent random variables.

The sparse SYK model [128] has gained a lot of attention recently because it reduces
the computational complexity of the simulation. The sparse SYK model is defined as

H = iq/2 Z Jil...iqxh...’iqw’h C.e wiq, (651)

1<) <--<iq<N

where x;,. ;, is a Bernoulli random variable which takes the value 1 with probability p
and the value 0 with probability 1 — p. The variance of the couplings are also slightly
changed to account for the fact that many interactions are suppressed

_1J%(g—1)!

<Jz‘1...z‘q=7j1...jq>—p a1 Oindr -+ Qi (6.5.2)

It has been shown numerically that the SFF doesn’t show significant deviation during
the ramp regime so long as the sparsification probability p is greater than 1/N971.

In figure 6.2 we plot the higher moments of the SFF for various sparsification
probabilities p, restricting to the case that p is larger than 1/N9 ! so that a linear
ramp is still visible, even if it starts at later times. We see that the deviation is
larger than RMT prediction, even for small values of k. In particular, the deviation
increases as p decreases. This is inline with the expectation that the first correction
to (|Z(T)|[**) /{|Z({T)|*)* is inversely related to the number of independent random
variables.
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Figure 6.2: The ¢ = 4 SYK model with N = 20 averaged over 2 x 10° samples with sparsification
probability p = 1 (green), p = 0.02 (blue), p = 0.015 (purple), and p = 0.01 (red). The black
dashed line is k!

6.6 Conclusion and outlook

For a chaotic system, the SFF is not a self averaging quantity at late times, instead it
has erratic oscillations around its mean signal. In this chapter, we focused on studying
the statistics of this noise during the ramp region in the SYK model. This was achieved
by studying the moments (|Z(iT)|**) of the SFF. In the large N limit this quantity can
be studied using the collective field variables G and Y. We found that the saddle points
for (|Z(iT)|**) could be simply constructed from the saddle points of (|Z(iT)|?), which
was studied by [34]. These saddle points broke the 2k independent time translation
symmetries U(1)%* down to k diagonal time translation symmetries U(1)*. This lead
to a power law T ramp for the moments. In addition, these saddle points broke replica
symmetry, for ¢ = 0 mod 4: Sy, — Si. This latter fact was responsible for the non self
averaging behaviour of the SFF.

Including 1/N corrections around the saddle point we found that this simple be-
haviour of the moments eventually breaks down, for sufficiently large k. More specif-
ically, for k ~ N927'. By studying a sparse version of SYK in section 6.5 we saw
numerically how this correction increases as we make the model more sparse. This
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behaviour is inline with the intuition that the correction scales inversely with the num-
ber of random variables ~ N for large N. It would be interesting to understand this
behaviour analytically.

For ¢ = 2 SYK we found that the behaviour of the moments is drastically different.
In particular the fluctuations around the mean were much, much larger. This was
related to the infinitely enlarged symmetry of the model, there was a U(2k) symmetry
associated to each Fourier mode of . We were also able to understand the large k
behaviour of the moments in this model using Hikami and Brézin duality.

We have studied the ¢ = 2 and ¢ > 2 models separately. It would also be interesting
to study a model like Hy = AH,—o + (1 — A\)H~2, where X € [0,1]. This Hamiltonian
interpolates between the chaotic ¢ > 2 model for A = 0 and the integrable ¢ = 2 model
for A = 1. It would be interesting to study the SFF and its moments in this model as a
way to understand the transition from integrable and chaotic dynamics. Some aspects
of this problem have been studied numerically in [129].

Another interesting problem would be to understand Maldacena’s version of the
information problem [40], as was briefly introduced in chapter 1, in the SYK model.
More precisely, it would be interesting to understand the saddle point configurations
for the collective fields variables which govern the two-point functions of operators like

O(t) = « 22 ¢i(t) 07 u(t).



Chapter 7

Conclusions

This thesis explored aspects of the black hole information problem, focusing primarily
on the simple two-dimensional model of JT gravity reviewed in chapter 2. A central
tool in this analysis was the QES prescription, a generalisation of the Ryu-Takayanagi
proposal in the context of the AdS/CFT correspondence. Notably, this prescription
turns out to be a signature of a deeper relation known as a EWR. Equipped with these
ideas, this thesis explored aspects such as the behaviour of entropy in subsets of the
Hawking radiation and information recovery from black holes, aiming to understand
how the results compare with expectations based on random unitary models, like Page’s
model. These results provide nontrivial checks that, according to the QES prescription,
black holes do indeed behave like a strongly chaotic quantum system with an effective
Hilbert space dimension determined by the Bekenstein-Hawking entropy.

Below, we summarise the main findings of this thesis and propose some directions
for future research.

In chapter 3 we saw how the entropy of disjoint subsets of the Hawking radiation
is governed by a nontrivial competition between multiple QESs and captured by the
islands in the stream formula (3.1.10). This is in sharp contrast to the Page curve calcu-
lation which involves the entropy of all the radiation and is governed by a competition
between just two QESs. We studied this problem in a model of JT gravity coupled to a
non-gravitational bath, examining cases with both a transparent and semi-transparent
interface between the systems. The latter serves a toy model for a black hole with
greybody factors. To understand the origin of multiple competing QESs, we studied
a generalisation of Page’s model where the dynamics of the black hole is modelled by
a nested sequence of random isometries. This allowed for the process of evaporation
to be thermodynamically irreversible. In this model we were able to precisely trace
the origin of multiple QESs for disjoint subsets to irreversibility, recovering the case of
only two QESs in the reversible limit.

Although these results enable one to study the correlation between subsets of the
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radiation in the form of mutual information, they do not provide insight into the mul-
tipartite entanglement structure of the radiation. Exploring measures of multipartite
entanglement, like entanglement negativity, which already exhibits a rich structure in
random tensor networks [88], could provide valuable intuition in understanding this
problem.

In chapter 4, we studied the Hayden-Preskill decoding criterion in detail in JT
gravity coupled to a bath with conformal matter, by modelling the infalling system
as a shockwave created by a local quench in the CFT. This model is rich enough to
capture the near-horizon dynamics of the s-wave sector of a near-extremal black hole
in higher dimensions, yet simple enough that the backreaction of the infalling system
could be solved exactly. We explicitly verified the decoding criterion of Hayden and
Preskill and its refinement, due to Hayden and Penington, for which understanding the
effect of the backreaction was essential, and discovered additional effects caused by the
irreversibility of evaporation and the backreaction of the infalling system.

From a holographic perspective, JT gravity coupled to a bath with conformal matter
has a dual description as a quantum mechanical system coupled to a bath with the same
conformal matter. In an appropriate infrared limit, BCF'T offers a powerful framework
to examine this setup. This motivated the work in chapter 5 where we considered two
related models: an eternal black hole in JT gravity coupled to baths, and free fermion
BCFT in the thermofield double state. At high temperatures, the dynamics of entropies
in the BCF'T are controlled by certain OPE limits of twist operator correlation functions
used to compute the Rényi entropy. We demonstrated how this could be connected to
the behaviour of certain OPE limits of twist operators in the bulk matter CFT, which
can involve contributions from non-trivial QESs. This revealed how memory effects in
the entropy of the bulk matter CFT impact the entropy of the radiation, an aspect
not present in doubly holographic setups, where the bulk matter CF'T is assumed to
be holographic. It would be interesting to see how these memory effects are impacted
by relaxing the limit of high temperatures and small scrambling times.

For chaotic quantum systems, the SFF is expected to exhibit noisy behaviour at
late times. In systems described by ensembles, like SYK, ensemble averaging largely
removes this noise. Nevertheless, one can study the statistics of these noisy fluctuations
through the moments of the SFF. In chapter 6, we studied the moments of the SFF
in SYK through the collective field description, which is closely related to the dual
gravitational description. We saw how for large N the result agrees with expectations
from RMT, whilst for any large but finite IV, the connection breaks down for the very
high moments of the SFF. We also studied the SFF in the ¢ = 2 SYK model, an
example of an integrable system. It would be interesting to extend our results to a
system which interpolates between the ¢ = 2 model and a ¢ > 2 model, as a way to
better understand the transition from integrability to chaos. Another obvious aspect
to investigate would be the saddle points in the SYK model with fixed couplings and
their interpretation in terms of half-wormholes [125].
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Appendix for Chapter 2

Al K

The extrinsic curvature of a surface X is defined as
Kab = hZVCnb, (All)

where hj is a projector onto tensors on X and n, is the outward-pointing unit normal
to 2. In two dimensions and when X is a timelike curve we can write the projector as

hy = —vuy, (A.1.2)

where v is the unit tangent to >. The trace of the extrinsic curvature may then be
written as

K =v"V,n, (A.1.3)

For the curve t — (F(t), Z(t)), written in Poincaré coordinates, the tangent v and
outward-pointing unit normal n are

—Z(t) (F'(t )8F + Z’( )0z) . _ _—Z(dF + F'(t)dZ (AL4)

VF ()= Z'(t ’ —ZWF ()2 = Z'(t)% .
We assume the curve is future-directed so that F'(t) > 0. After a small calculation we
find

F/(F/Z _ Z/2 _ ZZ//) + VA4S B

K = (72— 7272 , (A.1.5)
where we have used that the nonvanishing Christoffel symbols are
F?Z—FZFzrngrgz— _%- (A.1.6)
Using the relation Z(t) = —eF'(t) + O(¢®) and expanding for small € gives
K =1-{F t}+ O(e"). (A.1.7)
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Appendix B

Appendix for Chapter 3

B.1 Solving for the QESs

In this section we find a class of island that extremise the generalised entropy for
a subset R of radiation with endpoints labelled by outgoing null coordinates u; and
ordered such that u; > uy > --- > u,. For a given subset R we cannot claim to find
all the possible islands which may contribute. For example, in appendix C of [93] an
extremum is found which is not in the class considered here, however, this extremum
is a maximum of the generalised entropy.

Consider a QES 01 consisting of a collection of p points with Kruskal coordinates
(Ua, V). Note that n and p must be even. The points I and JR are ordered so that

U,>U,, a>b, ’Uly < |Uj‘, 1<, (B.l.l)

with U, > 0 (that is, behind the horizon) and U, < 0 (that is, outside the horizon).
The condition above means that the subsets of radiation and spaces between them are
large! compared with the thermal scale so that the thermodynamic formula for the
entropy holds (3.1.6).

We now turn to the generalised entropy. We make the ansatz that the QES are
close to the horizon in the sense that U,V, < 1. This will be verified ex post facto.
The contribution from the QES can then be written using the universal near-horizon
expression for the area term (2.5.23). The second term in the QES formula is the

'With respect to the measure T'(u)du or ‘dTUl.
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entropy of quantum fields in the Unruh vacuum

N N ,
SQFT(] U R) = —E Z(—l)a_b log Oab + g Z(_1>a—z log Oqi
a<b a,i

N - N N (B.1.2)
-5 > (=1 logoy; — = Za:log Q== Zi:log Q..

1<J

Here 04, = —(U, — Uyp) (v, — vp) etec, and the last two terms in (B.1.2), associated to the
endpoints of I and JR, are the contributions from the Weyl anomaly. For a point in
OR this arises from rescaling the flat metric —dudv — —dUdv which gives rise to the
Weyl factor

1

R — (B.1.3)

du
077 = —
27T (u;)U;

LU

For a point in 01, that is, a QES, rescaling the AdS,; metric to —dUdv gives rise to
the Weyl factor

U=U;

02 = —1 ﬂ
“ (14 UV, dv

where we have assumed the near-horizon approximation U,V, < 1.

~ 27T (v,) Ve, (B.1.4)
V=V,

We first extremise the generalised entropy with respect to V. The terms log(v, —vy)
will be subleading in the adiabatic limit so, henceforth, we drop their contribution. The
negative flux of energy across the horizon (3.3.2) together with the first law imply

1 N
dSpn = dE = 5 =dV. (B.1.5)

Extremising the generalised entropy with respect to V, then implies

N N N
24V, 12V,

—2(Spu(va) — So)U, 0. (B.1.6)

Here the second term comes from (B.1.5) whilst the third term comes from the Weyl

factor (B.1.4). This condition is precisely (3.3.4) and so U,V, < 1 as anticipated.

Extremising the generalised entropy with respect to U, yields the coupled equations

N G N G~ (D)
2(SBu(va) — S0)Va + — — = — —— =0. B.1.7
(Sa(va) = S)Vat T D 7 6ZUa—Uj (B.1.7)
b(#a) J
In order to solve the equations we can make use of the assumption (B.1.1) which says
that the endpoints of OR are well separated with respect to the thermal scale in the
sense that |U;| < |U;| for i < j. To proceed we make an ansatz that to leading order

Ug = ug(a) + ..., (B.1.8)
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for a one-to-one map « : I — OR that preserves the order, that is, a(a) > «(b)
for a > b. This ansatz means that the reflection of the QESs 01 across the horizon
0l C OR. We now write the leading order correction as

Uy = —AUa(a), (B.1.9)

as solve for \,. The key insight is to notice the relative magnitudes of the outgoing
Kruskal coordinates U of the QESs and OR:

1] € -+ & U] € -+ < WUagy] < - < |U

v

LU < s LUK (B.1.10)

for a > b, where the dotted arrows indicate terms of the same order. Using this, (B.1.7)
becomes tractable

N Ua_Uaa -t a+ ala E2Z,
{( (@) (a) (B.L11)

2(SBu(va) — So)Va = —
6 U — (U= Un))™ a+ala) €2Z+1.

Using (B.1.9) together with the near-horizon condition (3.3.4) it follows that

\ = 3 a+oafa) €22, (B.1.12)
‘13 a+ala)€2Z+1. o

This is the solution for the QES, including the leading order correction, which is pre-
cisely (3.3.8) if we identify the index ¢ with a(a). Notice that at this order we can
replace v, in T'(v,) and Spu(ve) With ua(q).

We separate the contributions to the generalised entropy into four parts:

1. The contribution to Sqrr(/ U R) is simply S,.a(R) in the thermodynamic limit.

2. The contribution to Sqrr(R U I) from the island is, to leading order,
N a—b N
Sgen(I UR) D _EZ<_1) log(Uy — U,) + Ezajlogva

a— N T
A <_1) blog(Ua(a) - Ua(b)) - E Zlog(_Ua(a)) = Srad(j)~

(B.1.13)
Notice that the infalling modes provides a contribution that looks like a Weyl
factor because of the condition near-horizon condition (3.3.4), log U, ~ —logV,
at leading order.
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3. The cross terms between the points in 91 and points in OR are

N . N .
Sgen(IUR) S = > (=1)* 7 log(Uy — Uy) = r > (=17 10g [Unax(a(@.)|
a.j

a,j
= —2S,.4(INR).
(B.1.14)
4. Finally the area term gives the contribution

SeenTUR)D > Seu(uyy,). (B.1.15)

disconnected

components

dly, of I

The result (3.1.7) then follows since the sum of the Sqpr contributions can be written

as
SQFT([ U R) ~ Srad(j> + Srad(R) — Srad(j M R) = Srad(j &) R) <B116)

B.2 Entropy flux inequality

We would like to show that

d
dt

(Siad — SRy + Spn) = mng <1 —aR— g) > 0. (B.2.1)

Using the explicit expressions for aR ((3.5.15) with I' — 1 —T") and 7 (3.5.13), we have

R, 1N _ 3 [T R R 1+ (N%(z)) T
' tg = =, dz {log[l + (N7 (2))] + (N"(z)) logW + (N (x)) ¢ .
(B.2.2)
For the first term in (B.2.2) we have
1
log [1 + (NR(z))] < (1 + o 1) : (B.2.3)
with equality if and only if I' = 0. For the second term in (B.2.2) we have
(NR(z))
log ———— < B.24
BT (VR@)y =" (B.24)
with equality if and only if I' = 0. Hence
rR,n_1 3 [% R T
a+g <zt dzz [(N¥(z) + NT(z))] = 1. (B.2.5)
0

Hence the bound (B.2.1) holds with equality if and only if ' = 0.
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B.3 Average Rényi entropy

In the random isometry model the n'" moment of pp for K time steps is given by a
sum over K copies of the symmetric group S,, (3.7.25). This motivates analysing the
building blocks:

7, = Z dl—d(mm)d2—d(ﬂ702)d;d(m01)’ (B.3.1)

TI’GSn

where dy > 1, op € S,, and d(m,m2) is the Cayley distance function on S,. When
at least one of the parameters dy is large, the dominant contributions to the sum are
determined by minimising the “free energy”

F(m) = x1d(m, 01) + x2d(7, 02) 4+ x3d(7, 03), (B.3.2)

where z; = log dj. We first consider the permutations which minimise the free energy
at the following special regions in the phase diagram (see figure B.1), which we may
parameterise by 1 /z3 and xo/x3:

e for z1/x3 — 0 and x9/x35 — 0: F(7) — x3d(m, 03) is minimised for o = o3.

o for x1/x3+ xo/x3 = 1. F(m) = x1 (d(oy,7) + d(7,03)) + x2 (d(o2, ) 4+ d(7, 03))
is minimised for 7 € I'(0y, 03) N (09, 03). Here I'(oy, 04) denotes the set of per-
mutations 7 which saturate the triangle inequality d(oy, ) +d(m, 0¢) > d(ok, 0¢).

There are four more regions in the phase diagram where the permutations which min-
imise the free energy can be determined by cyclically permuting the labels in the above.
Most of the rest of the phase diagram can then be filled in using convexity of the free
energy. That is, since F' is a linear function of the xy, if 7 minimises F' at two points
in the phase diagram, then 7 also minimises F' along the segment joining these two
points. This argument can only be used to fill in the whole phase diagram if the set
of permutations I'(0y, 09, 03) = (01, 09) N T'(02,03) N T'(03,01) which simultaneously
saturate the three triangle inequalities

d(oy, ) + d(m,00) > d(ok, o) for k # ¢, (B.3.3)

is not empty. The argument we have used to find the minima of F' by considering
special regions in the phase diagram and then using convexity to fill in the rest is due
to [130]. This argument implies:

e for .%'1/33'3 +CC2/$3 < 1:
Z, e dy ) gy o) (B.3.4)

The behaviour of the sum in two other regions may be obtained by cyclically
permuting the labels in the above.
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e assuming ['(03,09,03) is not empty, for z1/x3 + xa/x3 > 1, x9/21 + 23/21 > 1
and x3/xe + 1 /19 > 1:

d1d2> d(01,02)/2 <d2d ) d(02,03)/ <d3d1) d(o3,01)/2
Zy, = |I'(03,09,0 ,
s, 00)] (42 . <

(B.3.5)

$1/$3

1

Figure B.1: Phase diagram for the sum (B.3.1) when I'(01, 02, 03) is not empty. Along the blue
lines there are more permutations which can contribute e.g. along z;/x3 + z2/x3 = 1 the sum
is dominated by the set of permuations which lie in I'(01,03) N (02, 03).

We now turn to the proof that when the 7y, and the o, are each either equal to
the identity permutation id or the cyclic permutation 7, the sum

M (msr) = ETrpl ~ H S dpgltmemen) gy, (B.3.6)

k=1 7ESn

is dominated by the terms where each of the 7, are themselves equal to the identity
permutation id or the cyclic permutation 7. First, notice that M (7w, ) satisfies the
recursion relation

M(rge) = dgi ™) g dmesO (o) M(m) = 1. (B.3.7)

WKESn

First consider
m) = Y dpl ™), (B.3.8)

T1ESn

This sum is of the form (B.3.1) so, by the above arguments, is dominated by the terms
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with m € {01, m} C {id, 7, mo}. Using this fact we see that

Z d—d T2,m3) —d Wg,az)M(ﬂ_z)

T2ES

d(7r2,7T3 d(m2,02) d(m2,01)
E dy dp, min{dp,,dgr, }~ ,

T ESh

(B.3.9)

is also of the form (B.3.1) so is dominated by the terms with m € {0y, 09,73} U
[(o1,09,m3) C {id, 7,3} U I'(id, 7, m3). Here we have assumed that ['(id, 7, 73) is
nonempty. Our strategy is to take this as an ansatz and then verify that this is
consistent later. Using this, (B.3.4), and (B.3.5) it is simple to show that M (m4) is also
of the form (B.3.1) so is dominated by the terms with 73 € {id, 7,7} UT'(id, 7, 7y).
Again the strategy is to make the ansatz that I'(id, 7, 74) is nonempty and then verify
that this is consistent later. It is not too difficult to see that this pattern continues
and proceeding with the argument we find that, provided I'(id, 7, 741 1) is not empty,

7, € {id, 7, T F UL (id, 7, mg11), (B.3.10)
for each k. However, since 7x4; € {id, 7}, by assumption, we have
T, € {id, 7}, (B.3.11)

for each k. In particular, each I'(id, 7, ;1) is nonempty, which is consistent with our
assumption. Note that we have ignored the factors |['(...)| which appear in (B.3.5).
These terms depend on n but not on the dimensions of the subsystems dp, or dg, so
do not play a role in determining which terms dominate the sum in the limit where
the dimensions of the subsystems are large.
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C.1 Solving for the QESs with a diary

In this section, we derive the generalisation of the island in the stream formula for a
subset R = | |, Ry of the Hawking radiation in the presence of a diary modelled as an
infalling shockwave, as described in section 4.2. In this section we assume the matter
sector consists of ¢ massless Dirac fermions, as this is the only CF'T for which the
formula for the entropy of multiple intervals is known [79].

We label the QESs by a, b, . .., the endpoints of R by 7, j,... and « to refer to both.
The expression for the generalised entropy simplifies if we assume the QESs lie close to
the apparent horizon. That is, the QESs lie close to U = 0 if V, < 1 or close to U = 0,
that is, the event horizon, if V, > 1. More specifically,

UV,<1 for Vo<1, UV,<1 for V,>1. (C.1.1)

The strategy is to assume that this holds and then show that the solutions for the QESs
are consistent with this assumption. In the adiabatic approximation, and assuming
that the QESs lie close to the appropriate horizon, the area term contributes to the
generalised entropy as

A -
e D Seu(va)(1=2UVa) + > Sea(va)(1 = 20,V,). (C.1.2)
a:Vy<1 a:Vg>1
The QFT entropy contributes to the generalised entropy as
/U/
=— )* 71 log U! 1 1.
Sqpr = ; 0g(Un—Ups) — ZogU +12Zog AR (C.1.3)

Here V] = V'(v,) and U, = U'(u,), where the coordinate u, (what we call 4, in the
main text) is defined for the QES by U, = —U(u,). In these expression we are viewing
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U and V as the functions ¢t — —1/F(t) and t — F'(t), respectively. The above can also
be expressed in terms of the U and V coordinates in an identical way. Moreover, each
term in the third sum is invariant under a Mdobius transformation. We now apply the
assumption (C.1.1) that the QESs lie close to the apparent horizon to simplify (C.1.4).
We find

_£ ya—b U - =
SqFr = jg: log(Us — Us) — 4 > log|Us
a<5 a:|Ua|>1
) . . o (C.1.4)
f@E:bNM+§§:MW%+§§:MW%
a:|Uq|<1 a:Va<1 a:Va>1
To obtain this expression it is useful to use the following formulas:
V! U’ f// U/
V(t) = _F(t) =2nT(t) fort <tp, v(t) = _E( )=2nT(t) fort>tp.
(C.1.5)

In obtaining (C.1.4) we have dropped subleading terms of order clogT" and have used
the approximation U = U — A so that U’ ~ U’, which is valid when |U| < 1.

Varying the generalised entropy with respect to V, for a QES with V, < 1 and V,
for a QES with V, > 1, we find
c c

—° <« U, =— <1, 1.
Vil = gy <LVl = g < (C.1.6)

Since Sgyg > c¢ in the adiabatic approximation, this is consistent with our earlier
assumption (C.1.1). These equations have the approximate solution

1 SBH<UCL)
ST (i) log pa— (C.1.7)

Vg = Ug —

where the second term is assumed to be small compared with the size of the intervals
which means for any interval Ry C R, we have S;.q(Ry) > clog Sgu/c.

We now turn to extremising the generalised entropy with respect to U,. It’s useful
to consider the case that the QES lies to the past of D, that is, v, < tp, into two cases,
depending whether u, < tp. First consider the case that u, < tp. Extremising the
generalised entropy with respect to U, and using (C.1.6) we get

Vg < to : 1 + Z S — (C.1.8)

Ua 5 to aFa

which is familiar form the analysis in appendix B.1.

Solutions to this equation are simple because there is a hierarchy of scales amongst
the coordinates due to the fact that endpoint of R are well separated compared to the
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thermal scale. That is, if u; > u;, then |U;| < |U;|.! This implies that each QES lies
close to a point in R, in the sense that U, = k|U;| for some x = O(1). The sum is
then well approximated by

Ve < 1o 1 U, 1
ug < to 4 U, -U; §J| ( )

There is a slight subtlety here. If we order the coordinates {U,} = {U;} U {U,} in
terms of their magnitude |U,|, then the number of coordinates that have |U,| < |Uj]
must be even. There are solutions for the case that the number is odd, however these
correspond to maxima of the generalised entropy and so don’t play any role as far as
the entropy is concerned.

Consider the case that v, < tp but now with u, > tp. We still have (C.1.8), but
the presence of the diary complicates the discussion since all the points in R with
u; > to have coordinates U; ~ —\ and we expect U, = O(X). We will now consider an
ansatz of the form U, = k. In this case we can neglect all the terms in (C.1.8) with
|U;| > A. All the other terms have an identical contribution. If we consider the case
that there is an even number of coordinates with A\ ~ |U,| < 1, then we find that all
these terms exactly cancel out, leaving us with

’Ua<tD' 1 U,

Gy > tp 4 U, + N

1
0 = U.=3\ (C.1.10)

Finally, we consider the case that the QES lies to the future of the diary, that is,
v, > tp. Extremising the generalised entropy with respect to U, leads to:

1 U,
Vy > 1tp: Z + Z(—l)aiaﬁ =0. (Clll)
ata a a

Again, the presence of diary affects the discussion. However, the key point is that it
does not change the hierarchy of scales amongst the coordinates, in the sense that, for
Ui > Uy,

—U; <t
U—Uj~{ M5 (C.1.12)
—Uj u; > tp.
Here we have used U; = —\ + 0]- for u; > tp. So, the hierarchy of scales amongst the

U, coordinates can still be exploited to give a solution

1
V, > 1tp: Ua:§|Uj|. (C113)

'Notice that since the diary is assumed to be small, in the sense that A < 1, the hierarchy between
the Kruskal coordinates also holds when u, ~ tp, as indicated in equation (C.1.8), that is, until
|Ua| > A
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It is noteworthy that when u; > tp there are two QESs that have v, 2 tp. When the
QES lies to the past of D, we have U, = A\/3 and, approximately,

1 ASp

W =1tp — 1 ) C.1.14

Ve =D T o T (tp) ° 24c ( )
The other solution has

= Ui — ] 22> tp. C.1.15

Va =4 27T (u;) @ P ( )

Using (C.1.14) and (C.1.15), we can also compute the logarithmic corrections to the
generalised entropy. Each QES gives rise to a logarithmic correction correction which
gives

c Ser(uyz,) ~
Sgen = (SBH%fk) — 5 log %) + Sa(I © R). (C.1.16)
disconnected
components
aI}, of &

Actually for the case that one of the QESs is the one that gets stuck to the past of the
diary we have to replace one of the logarithmic corrections

S = A
—ﬁlog BH(U@I’“) — 3log S

—_— —_—. d.1
24 C SBH(tD) (C 7)

This is a refinement of the islands in the stream formula (4.2.6).
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D.1 One loop contribution for ¢ =2

In section 6.4 we only considered the one loop contribution from configurations which
are invariant under a diagonal time translation. In this section we consider the full one
loop contribution. Expanding in fluctuations around the saddle points, ¥ = ¥ + §3,
the quadratic action is

N
(5[ = 4—(]2 Zb / dtl e dt452ab(t1, tg)Kab<t1, . ,t4)52ba(t4, tg), (Dll)

where

Kap(ti,to, t3,t4) = Kap(ts —ts, to—t4) = 6(t1 —t3)0(ta —t4) + J Lotz — 1) Top(ta —t4).

(D.1.2)
In Fourier space, this reads
N
o1 = {7 Z; D 1680w, wo) [P Ko (—wa, —w1), (D.1.3)
a, w1 ,w?2
where
Kab(—w2, —wl) = 1 —|— J_2Zaa<wl)zbb(—w2). (D14)

In order to regularise the one loop determinant, we impose that the determinant goes
to 1 as J — 0. In this limit, ¥ ~ J?/w which leads to the following normalisation

det (2= K) 1
det EJ_2§2 )‘1/2 =Py Z Z log Kap(w2,w1) | = Zone 1oop- (D.1.5)
17272 a,b wi,w2

The kernel K yp(ws, —w1) is zero in the range —2.J < w; = wy < 2J with a, b indexing the
off-diagonal blocks. These are the zero modes, whose contribution has be accounted for

177



178 Appendix for Chapter 6

in the previous section. In the previous section only configurations under the diagonal
time translation symmetry were considered. Soft modes correspond to moving a little
bit away from these zero modes, that is we consider wy = w, w; = w+e€ with e = 2rm /T,
where m is an integer and |¢| < 2J. Notice that this only makes sense at late times.
In the off-diagonal blocks we have

€

S D.1.6
VI =2 (D-16)

Kap(w,—w —¢€) =1

so we can rewrite the one loop contribution as

M
1 9 2mm 1
108 Zone 100p = 5 4.k E E log ( T T w2> ) (D.1.7)

m=10<w<2J

where the factor of 4 comes from having restricted the sums on m, w to just the positive
values, while the sum over a, b gave the factor k2. M is a positive integer counting the
number of soft modes, M < JT'. The presence of M is quite unpleasing since there is
not a natural value for it. We can proceed as in [124] by using the analytical properties
of the kernel K and its behaviour at infinity. In particular, we have

/dwldwg log K yp(w1, we) = 0. (D.1.8)

The idea now is to subtract this integral to regulate the sum as

9 M M+3 2mm 1
108 Zone toop = 2k% > Z—/O dm log( 0 m). (D.1.9)

O<w<2J \m=1

Using Stirling’s approximation, we have

(i:l - /OM+5 dm> log(ma) = log(M1a™) — (M + %) <1og (a (M i %)) _ 1)

1 | a
=75 0g o
(D.1.10)
SO we can write
108 Zone loop = 3 k*log (T\/4J2 - w2> . (D.1.11)
O<w<2J

The next step is to perform the sum over w ~ 27n/T

1 J*T? syt (2JT
2 2 2 2
10g Zone 100p =K B E log [(2#) ( 2 n )] = k" log [(QW) G (T) !}

n<JT /7

T kQ% log (4§T> ‘

(D.1.12)
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Notice that for k& = 1 this result matches [124, eq. (31)]. The ramp region, corrected
with the soft modes contribution therefore reads:

(| ZT) 28y = kN [(ngYQ V01<(U]EZ)“3)] - (D.1.13)

D.2 More on g =2

A similar trick to the one used in section 6.4.2 can be applied to the full path integral
(6.4.1)

N
2

(|ZGT) %) = /Dze—ﬁfﬂ*y det (9, — %) (D.2.1)

The analogue of the matrix B is

Gap(t, 1) Zw (D.2.2)

whilst the analogue of B is the antisymmetric matrix

Gy =3 [ i) (D.2.3)

Going through the steps basically undoes the G, ¥ trick and gives back

1260 = (577 )

N(N

1<j 0

(D.2.4)

In this expression there is an implicit sum over both ¢ and a in the action. Of course,
since the ¢ = 2 model is quadratic in the fermions we could have integrated them out
in the first step. This is simplest if we work in Fourier space. After decomposing the
fermions into Fourier modes

2r(n+ 1)

¢a _ Zwa Wn —1wnt W, = 2/ (D25)
\/— nezZ T
we get an infinite product of decoupled Grassmann integrals for each mode. This gives
N/2
H det(iw,d;; + Jl] — QkN Hcos (D.2.6)

n=0

H / dJi e 277 / Dwexp{—% / dt (Vo] — Jybfs)

i
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In this expression 2*V is the contribution of the free determinant. By an orthogonal
transformation, the antisymmetric matrix J;; can be brought into block diagonal form
with blocks

0 A
(5 %), ase w7

Expressing the determinant in terms of the A\;, ¢ = 1,..., N/2, and doing the infinite
product over the modes give the second term in (D.2.6). Writing the matrix integral
over J;; as an integral over the \; gives

vol o) 1T / A [T(7 = A2)2e V2V,
S0(2)* xSy ) 5o i
(D.2.8)

N(N—1)

(| Z(T) 2y = 28V (2711]2) :

where

1,k , TA
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