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Abstract. We note that Weihrauch problems can be regarded as con-
tainers over the category of projective represented spaces and that Weihrauch
reductions correspond exactly to container morphisms. We also show
that Bauer’s extended Weihrauch degrees and the posetal reflection of
containers over partition assemblies are equivalent. Using this charac-
terization, we show how a number of operators over Weihrauch degrees,
such as the composition product, also arise naturally from the abstract
theory of polynomial functors.
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1 Introduction

Weihrauch reducibility allows to compare the computational strength of par-
tial multi-valued functions over Baire space, which are thus called Weihrauch
problems. Much like Reverse Mathematics, this can be used as a framework to
gauge the relative power of certain 15 statements such as “for every sequence in
{0,1}N, we can produce a cluster point” [7].

Concretely, a partial multi-valued function f :C X = Y isamap f: X —
P(Y). Its domain dom(f) C X is the set of elements such that f(x) # 0. When
X =Y =NV, we call such f Weihrauch problems and define reduction between
those as follows.

Definition 1 ([IBED If f and g are two Weihrauch problems, f is said to be
Weihrauch reducible to g if there exists a pair of partial type 2 computable maps
(p, ) such that ¢ is a map dom(f) — dom(g) and for every i € dom(f) and
J € g(e(i)), ¥(i,j) is defined and belongs to f(i).

We write f <w g when a reduction from f to g exists. Since Weihrauch
reductions compose as depicted in Figure[l, Weihrauch problems and reductions
form a preorder. Equivalence classes of problems are called Weihrauch degrees.

! Note that the official definition in other papers in the literature may differ in two
ways: problems may allowed to range over arbitrary represented spaces and the
definition of “being a reduction” might involve quantifying over sections of the target
multi-valued function. The latter aspect does not matter in presence of 2%°-choice
(otherwise it captures less reductions than the other definition) [8, Proposition 3.2].
For the former, the usage of arbitrary represented spaces comes with the allowance
for (¢,%) to be multi-valued, which means a problem P is equivalent to its version
defined on codes (which are assumed to be elements of Baire space).
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i € dom(P) k € dom(R)

_ F?)
_‘_1/1,/'9 0 9

rep s€Q; teRy rep,

t € Ry

Fig. 1. String diagram representing the composition of Weihrauch reductions from P
to @ and @ to R.

Ezample 1. We can encode the following as Weihrauch problems:
— LPO (“given a bit sequence, tell me if it has a 1”), defined by
LPO(p) = {0 | p = 0} U {1¥ | p € {0,1}",p # 0¥}
— LPQO’ (“given a bit sequence, tell me if it has infinitely many 1s”), defined by
LPO'(p) = {0“ | p € {0, 1}",V*®n. p, = 0} U {1¥ | p € {0,1}",3%n. p, = 1}

— KL: “given an infinite finitely branching tree ¢, give me an infinite path
through t” can also be encoded as a Weihrauch problem, modulo a stan-
dard embedding oN= <y NN,

WKL is the restriction of KL to trees containing only binary words.

We have LPO <w LPO’, LPO <w KL and WKL <w KL. KL and LPO’ are
incomparable, as well as LPO and WKL.

The Weihrauch degrees actually form a distributive lattice, where meets and
joins can be regarded as natural operators on problems: the join P LI @ allows
to ask a question either to P or @) and get the relevant answer, while P M @
requires to ask one question to each and get only one answer. Many other natural
operators have been introduced on the Weihrauch lattice, including a parallel
product P x @ (ask questions to both P and @, get both answers), a composition
operator Px (@ (ask a question to ) and then, depending on the answer you got,
a question to P) and many others, including residuals and fixpoints of other
operators [8, Definition 1.2].

The definition of a number these operators often does not seem to depend
much on the specifics of type 2 computability. They also tend to satisfy nice
equational theories whose soundness can solely be established through abstract
nonsense. [t has also been remarked that Weihrauch reducibility shares a likeness
with Godel’s Dialectica interpretation [8I34] resp. §1.9 and 6]. This hints that
“the category of Weihrauch reductions” should be constructible by applying a
functorial construction Cat — Cat (where Cat is the category of all locally small
categories) to a somewhat canonical category of spaces and type 2 computable
functions between them.
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In this paper, we observe that this construction has been known as the cat-
egory of containers [1]E| over projective represented spaces (that is, the full sub-
category of represented spaces containing all subspaces of NV).

Theorem 1. The Weihrauch degrees are isomorphic to the posetal reflection of
the category of answemblﬁﬂ containers over the category of projective represented
spaces and (type 2) computable functions.

The proof consists mostly of unpacking definitions; let us try to give a rough
idea of its content. Containers over a category C with pullbacks are bundles, that
is, morphisms in C. A morphism from the container P: X - U toQ:Y —V
consists of a forward map from the base U of P to the base V of @ and a
backward map Y xy U — X involving the total spaces X and Y. El One can
turn multi-valued functions f into the bundle F : {(z,%) | v € f(2)} = dom(f)
to get half of the correspondence we want and check that this extends to a
functor: Weihrauch reductions are morphisms between the containers built this
way.

Ezxample 2. One can check that the container corresponding to LPO is

{(09,0°)} U{(p,1°) [ p € {0,137\ {0“}} — {0, 1}"

It is equivalent (in the sense that there are morphisms both ways) to the surjec-
tive bundle [ : N — N, C 2" defined by [(0) = 0~ and [(n + 1) = 0"10~.

This correspondence applies not only to Weihrauch reducibility, but also to
some closely connected variants. One is continuous Weihrauch reducibility, the
notion obtained by replacing “computable” by “continuous” in Definition [T} for
which the theorem can be adapted straightforwardly as follows.

Theorem 2. The continuous Weihrauch degrees are isomorphic to the posetal
reflection of the category of answerable containers over projective represented
spaces and continuous functions.

Another closely related notion are the extended Weihrauch degrees intro-
duced in [6] by means of a more general notion of reduction between predicates
in a topos. Again a correspondence can be made with containers over a relatively
natural category of projectives, although this requires a bit of massaging.

Theorem 3. Assuming the axiom of choice, the extended Weihrauch degrees
over a filtered PCA (A’, A) are isomorphic to the posetal reflection of the category
of containers over partitioned assemblies pAsm(A’, A).

2 While the name container comes from research on generic programming, they some-
times also are known under different names in other communities. They may be
called polynomials due to their correspondence with polynomial functors over lo-
cally cartesian closed categories [13].

3 Meaning those that can be represented by surjections between carriers, or equiva-
lently, those pullback-stable epimorphisms; see Definition

1Y xy U is the domain of the pullback of Q along the forward map; see Section
for a fully formal definition.
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In making those folklore correspondences explicit, we hope among other
things to link the literature on Weihrauch reducibility and containers. After
providing the necessary background definitions (Section |2)) and proving the the-
orems stated thus far (Section , we discuss some of the algebraic operators
of the Weihrauch lattice in the context of the theory of containers (Section [d).
We will only focus on the two lattice operations, the parallel product and the
composition product. While we will obtain clean correspondences to known func-
torial constructions for the first three, we will hit a snag when it comes to the
composition product. This is due to the fact that the categories of spaces we
are taking containers over are only weakly locally cartesian closed. This means
that the composition product will only be a quasi-functor, which complexifies
its systematic study; we leave that for further work.

Related work The idea of regarding a bundle as a problem to be solved by
finding one of its section is old one that predates the “container” terminology.
For instance, Hirsch [I5], Definition 3.4] defines an equivalent category to study
the topological complexity of problems and reductions between those. This per-
spective also already appeared in the literature on Weihrauch problems (see for
instance [19, Remark 2.8]), although most of the recent efforts we are aware of
to “categorify” Weihrauch reducibility and operators on problems tend to use
other tools instead.

One such natural categorical construction that captured Weihrauch degrees
is the restriction of Bauer’s extended Weihrauch problems [6] to objects that are
actually Weihrauch problems, which are characterized as the ——-dense predi-
cates over modest sets. Interestingly, Ahman and Bauer also linked generalized
Weihrauch reducibility to containers [2], but by way of the more general notion
of instance reducibility that works over families of truth values. They get back to
generalized Weihrauch predicated by specializing their constructions to assem-
blies which do have a natural truth value object which is not partitioned while
here we work directly with bundles of partitioned assemblies.

Trotta et. al. also formally linked (extended) Weihrauch reducibility with the
Dialectica interpretation [34], which can be regarded bicompletions of fibrations
by simple products and sums [16]. Aside from the fact that they work in a posetal
setting throughout, it is interesting to note that the category of containers over
C can be recovered by completing the terminal fibration over C by arbitrary
products and then sums and taking the fiber over 1.

Pauly also studied a generic notion of reducibility that encompass Weihrauch
reducibility, starting from categories of multivalued functions [30], in which he
derived the lattice operators as well as finite parallelizations in a generic way. In
contrast, we try to stay as far away as possible from multi-valued functions as a
notion of morphism in this paper.

2 Categories for computable analysis

We review briefly some standard terminology from category theory and realiz-
ability that we will use in this paper. In the rest of this paper we will favor
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terminology from realizability rather than computable analysis for convenience
as it allows us to state Theorem [3] Aside from the use of partial combinatory
algebras, the main terminological differences are summarized in Figure[2] We as-
sume that the reader is familiar with the notion of what are categories, functors,
natural transformations, finite (co)limits and what is type-2 computability.

2.1 Categories for type-2 computability

Since we are going to be borrowing notions from realizability, we are going to use
definition based on the notion of partial combinatory algebras (PCAs). Without
going into details (which the interested reader can find in e.g. [36]), a PCA is
given by a set A (its carrier) and a partial binary operation - : A2 — A. The
intuition is that elements of A are to be regarded as codes for programs and
that - denotes function application; as such we simply call it application in the
sequel. In addition to having this operation, a PCA A is required to have certain
distinguished elements s and k satisfying certain equations, essentially so that
the untyped A-calculus is interpretable in A.

Ezample 3. The PCA K; (Kleene’s first algebra) has carrier N and the applica-
tion n - m is defined to be the output of running the nth Turing machine on m,
otherwise is undefined.

One of the PCAs we will be concerned with will be Ky (Kleene’s second
algebra). The carrier of Ko is NV, and the intuition is that we can regard elements
of Baire space as partial functions NN — N as follows: up to squinting, we can
regard elements of NN as countably branching trees whose leaves are labelled by
natural numbers. One can then define the partial function represented by such
a tree t as mapping p € N to n € N if and only if following the path p in ¢ leads
to a leaf labelled by n (if p is an infinite branch of ¢, the function is undefined).
The obtained partial function is continuous and it can be shown that all partial
continuous functions can be defined this way. The application of the PCA, which
is meant to regard elements of ¢ as maps N — NN can be defined on this basis
using NN = NN x N,

For the purpose of computable analysis, we need to use computable contin-
uous functions in a setting where all elements of N¥ are in the background. For
this we need the notion of a filtered PCA (A’, A) [29] Definition 1.5], which is
a pair where A is a PCA and A’ is a subPCA of A (i.e. it is stable by - and
contains the distinguished k and s, i.e., the interpretation of untyped A-calculus
with parameters in A’ using the structure of A lands in A').

The one filtered PCA we shall use in this paper is (K5, Ky) where KC5¢
consists of the set of computable elements of NN, It can be checked that they
correspond, through applications, to functions computable by type-2 Turing
machines. When defining a category C(A’, A) parameterized by a filtered PCA
(A, A), we may write C(A) for C(A, A) for brevity’s sake.

With this machinery in place, we can start to define categories of sets rep-
resented by codes in PCAs. We begin with the more general notion we will
encounter in this paper and decline the useful subcategories we will discuss.
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Realizability modest sets assemblies partitioned modest sets
(Mod) (Asm) (pMod)

Computable || represented | multi-represented | represented subspaces of NV

analysis spaces spaces (projective represented spaces)

Fig. 2. Categories used in realizability and their counterpart, once they are specialized
to the filtered PCA (K5, K2), in computable analysis.

Definition 2. An assembly over a PCA A is a pair (X,IFx) where X is a set
called the carrier and IFxC A x X s a relation whose image is X.
A map f between the carriers of the assemblies (X,IFx) and (Y,lFy) is
tracked by a code [f] € A if, whenever e lkx x, we have [f] -elky f(x).
Assuming (A, A) is a filtered PCA, the category Asm(A’, A) has assemblies
over A as objects and maps tracked by codes in A’ as morphisms.

Given an assembly A, write |A| for its carrier.

Remark 1. An object of Asm(KCE®, K2) is essentially the same thing as a multi-
rec

represented space [17, Remark 5.2] and the morphisms of Asm(K5°, K2) (respec-
tively Asm(K2)) are the computable maps between them.

Definition 3. Given a filtered PCA (A’ A), the category of modest sets Mod(A', A)
is the full subcategory of assemblies (X, x) such that any element of A realizes
at most one element (i.e., elbx x and elFx o’ imply x = 2').

Remark 2. The objects of Mod(KC2) are essentially represented spaces.

Definition 4. Call an assembly partitioned when every of its element have at
most one realizer. We write pMod(A’, A) and pAsm(A’, A) for the respective full
subcategories of partitioned modest sets Mod(A’, A) and assemblies Asm(A’, A).

Remark 3. The objects of pMod(K3) are essentially represented subspaces of NV,
which can also be characterized as the regular projective objects of Mod(K2)
(Lemma [2)).

2.2 Notations for category-theoretical notions

We assume familiarity with the notion of cartesian products and coproducts.
We write (f1, fa) : Z — A; X Ag for the pairing of f; : Z — A; (i € {1,2})
and g : Z — Ag and m; : Ay X Ay — A; (i € {1,2}. Dually we write [f1, f2] :
Ay + Ay — Z and in; : A; — A1 + As for the copairing and coprojections.

We will heavily use the notion of pullbacks throughout this paper as well as
standard notation that involves them. A pullback square is a commuting square
as found in the diagram below satisfying the following universal property: if there
are morphisms «, 8 as depicted such that f o8 = g o a, then there is a unique
v such that « =koyand 8 =ho~.
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In this diagram A x ¢ B (together with the projections h and k) is a pullback
of f and g. We use the notation around the top-left corner of the commuting
square to indicate we intend this to be a pullback in a diagram. Pullbacks are only
determined up to unique isomorphisms. Concretely, pullbacks in all categories
we are interested in here can be built by taking the cartesian products of the
domains of the maps f and g and restricting to the sets of pairs (a,b) with
f(a) = g(b). When we fix a choice of pullbacks for each pair of morphisms, we
write f*(g) for the morphism corresponding to h (read “the pullback of g along
f7); f* actually extends to a functor /o — €/ where C/ 4 (“the slice over
A”) is the category whose objects are morphisms of C with codomain A and
morphisms are maps between domains of objects that make the obvious triangle
diagram commute.

We recall that an epimorphism is a morphism f : A — B such that, whenever
we have h,k: B — Z with ho f = ko f, we actually know that h = k.

Definition 5. An epimorphism e : X — I is called pullback-stable if for every
pullback square

— X
A0k
— 1

e’ is also an epimorphism.

In topological spaces (and a fortiori in represented spaces), the pullback-
stable epimorphisms can be characterized as the maps that are surjective in Set.
This does not cover all epimorphisms.

Ezample 4. Q C R gives rise to an epimorphism due to the fact that all maps
are continuous, but that epimorphism is not pullback-stable.

Finally, let us recall that preorders (and a fortiori posets) can be regarded
as categories whose objects are elements of the preorder and with a unique
morphism between two objects x and y if and only if x < y. Posets form a
reflective subcategory of the category of small categories Cat, which means that
the inclusion of posets into categories has a left adjoint functor C — C /- ¢ /<
is the quotient of C where objects X and Y are equivalent when there exists
morphisms X — Y and Y — X.
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3 Reducibility as container morphisms

3.1 A container is an internal family

At the intuitive level, a container in a category C is a family of objects of C
indexed by an object of C. Since objects of C are not necessarily sets, to make
this formal, one needs to define what is a family internal to a category. This is
done by regarding objects of C/ as I-indexed families. The basic idea is that in
Set, given a family (A;)icr, we can form the disjoint union ), ; A; and encode
the family in this formalism by taking the projection ), ; A; — I. Conversely,
to show that the categorical point of view captures something equivalent to the
usual notion in Set, we can perform an inverse operation turning any set-theoretic
map f: X — I into the family (f~1(4))ser-

A fundamental operation one may perform on families is reindezing: given a
map of index sets f : I — J and a family over J, one may produce a family over
I. Then the fundamental operation of reindexing families along a map f: I — J
is given by taking a pullback.

Families of sets Families internal to C
Cly— C/r
Families over J — Families over I B B —— B
(Bj)jeJ = (Bf(i))iel lo‘ - f*o‘l l"
J I —J

For any choic of pullbacks, this yield functors f* : C /J = C/r which we
call reindexing along f. Those functor always have a left adjoint X : Clj —
C'/ J given by precomposition that corresponds to sums along f. In Set, this
corresponds to being able to take set-indexed disjoint unions: given a family
(A;)ier, f allows us to consider it as a family of families over J we may define the
family of families, ((A4i);cf-1(j))jes and then perform the set-theoretic disjoint
union component-wise.

Families of sets Families internal to C
C/r =€y
A
Families over I — Families over J la

A
(Ai)ieI '_>< > Ai) lﬂ =T
ief=1(5) jeJ )

The existence of right adjoints 7 to reindexing functors f* is however not
always guaranteed for every category with pullbacks. It is the case if and only

5 Only unique up to unique isomorphism in C/J.
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if all slice categories of C are cartesian closed, in which case we call C locally

cartesian closed. In such a case, Il corresponds to products and is right adjoint
to f*.

Families of sets ‘ Families internal to C

Families over I — Families over J

C/r— C/y
(Ai)ier '—>< [1 Az‘)
jed

a = (foa)
ief=1(j)

Having access to the functors Xy - f* - IIy means that we can interpret
closed type theoretic-expressions that involve equalities, sums and products over
specified objects of C as objects of C; open expressions containing variables are
interpreted as families whose indexing objects correspond to the variables.

3.2 The category of containers: morphisms

As said previously, the objects of the category Cont(C) of containers over C will
be morphisms in C. Following terminology from [28§], for such a container P :
X — U, we will call U the object of positions and X the object of directions. Now
the important thing with containers is the notion of morphism that comes with
them. In sufficiently structured categories, they correspond to strong natural
transformations between functors induced by the containers [I3, Theorem 2.12],
but they also admit a more general low-level characterization that is easily seen to
correspond to notions of reducibilityﬁ With sets, assuming we have Q : Y — V|
P, = P~Y(u) and Q, = Q@ *(v), a morphism of container from P to Q is given
by a pair of maps

p:U—V  and  ye []Vow = Xu)
uelU
Note that the backward map 1 is here typed using dependent products, which
only exist internally in locally cartesian closed categories. We adopt the more
elementary equivalent definition which works in all categories with pullbacks.

Definition 6 ([13, (4)]). A morphism representative from a container P :
X =UtoQ:Y =V isa pair (p,9) making the following diagram commute,
the Tightmost square being a pullbac@:

X S Yy ———— Y

uel )
/| | §
U—U e \%4

5 And was also independently defined for such purposes, see e.g. [I5, Definition 3.4].

" While we give a suggestive type-theoretic name for the relevant object, it is de-
termined up to unique isomorphism. This is why we need to quotient morphism
representatives; with chosen pullbacks, we could have dispensed with this step.
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Two morphisms representatives (p, 1) and (¢', ") from P to Q are defined to
be equivalent if and only if ¢ = ¢ and ¥ o 6 = ' when 0 is the canonical
isomorphism between the domain of ¢ to the domain of 1’ that witnesses that
they both are pullbacks of QQ and ¢. A morphism of containers P — Q is an
equivalence class of morphism representatives.

Given a morphism (representative) (¢, 1), we will call ¢ the forward map and
1) the backward map. Composition is defined essentially as suggested in Figure|l}
more formally, it is determined as per the categorical diagram in Figure [3] We
will call (¢,%) horizontal when v is the identity and wertical when ¢ is the
identity.

XkX\-—>»*>Z
'\lJ lﬁJ
)
P -ﬁ Y R
[l
U—U——V — W

Fig. 3. We say that (0,x) : P — R is a composition of the morphism representatives
(p,9) : P — Q and (o, 8) : Q@ — R. Implicit in Lemma is that pairs of equivalent
representative admit the same compositions.

Lemma 1. Assume C is a category with pullbacks. Then we can form a category
C where the objects are maps in C, morphisms are given as in Definition [0,
identities over P : X — U are represented by (idy,idx) and the composition is
gien as Figure[3

Proof. Tt can be checked by unpacking the definitions that Cont(C) is exactly the
total category of the fibration cod®® over C, which is obtained by taking opposite
of the codomain fibration over C (which exists because of pullbacks); see [33] §1
& §5] for details. O

3.3 Weihrauch problems are containers over partitioned modest
sets

We are now almost ready to detail how to prove the main theorem, except for one
thing: some of the containers in Cont(pMod(K5¢, K3)) may represent families of
subsets of NN that may have the empty set as a member. Weihrauch problems
do not allow that, so we need to restrict the class of objects to rule out those
containers.
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Definition 7. We call a container answerable if the underlying map is a pullback-
stable epimorphism.

As previously mentioned, in Asm and a fortiori pMod, the pullback-stable
epimorphisms are surjections over the relevant carriers; this ensures each fiber
is non-empty. It will be sometimes interesting in the sequel to also consider

containers of Cont(KC5°°, IC3) which are not answerable - so when needed we will

rec

refer to objects of (the posetal reflection of) Cont(K5, K2) as slightly extended
Weihrauch problems (degrees).

Theorem 1. The Weihrauch degrees are isomorphic to the posetal reflection of
the category of answembleﬁ containers over the category of projective represented
spaces and (type 2) computable functions.

Proof. Recall that the category of projective represented spaces is isomorphic to
pMod(KC5¢, ICz). To each answerable container P : X — U over pMod (K5, KCg),
we can map the P to the Weihrauch problem w(P) :C NY¥ = NN with w(P)(p) =
{g e NN | 3z € |X|. P(z) Iy p Az lFx g}. For any other Q : Y — V and a
reduction representative (p,v¢) : P — @, we can find an equivalent one (g, ")
where the domain of ¢’ is actually the set of pairs (u,y) with Q(y) = ¢(u) as
it is a pullback. Then (¢, ') is literally a Weihrauch reduction from w(P) to
w(Q).

In the other direction, given a Weihrauch problem f:CNN = NN, we have a
map c(f): Y f(u) = dom(f); we can regard its domain and codomain

uedom( f

as carriers of part(itioned modest sets by taking the trivial realizability relations
(e,€') Fdom(c(s)) (e,€’) and e lFqom(s) €. By definition, if a reduction f <w g is
represented by a pair of computable maps (i, 1), we have ¢ : dom(f) — dom(g)

and ¥ : > glp(w) = U f(u). Since 9(u,y) is meant to give an
)

uedom(f) u€dom(f
answer to u, by combining ¢ with the projection > = g(p(u)) — dom(f),
uedom(f)
we can form a map ¥ : Y. gle(w) = Y f(u) so that (p,7) is a
u€dom(f) uedom(f)

morphism representative c(f) — c(g).

Now, to conclude is suffices to show that c(w(P)) = P and w(c(f)) =w f for
all P and f.

For the first part, for P : X — U, because P is answerable, we do also
have dom(w(P)) = {p € NV | Ju € |U|. p Iy u}; this is enough to derive an
isomorphism 6 : dom(w(P)) = U in pMod(K5°, K2) which is tracked by the code
for the identity. Then we can easily check that c(w(P)) is a pullback of P along
6, hence (0,id) and (01, id) represent an isomorphism c(w(P)) = P as expected.

For the second part we have that w(c(f))(p) = {(p,z) | z € f(p)} for every
p € NN, So the forward component of both reductions we want can be taken
to be the identity, the backward component of the reduction f <w w(c(f)) can

8 Meaning those that can be represented by surjections between carriers, or equiva-
lently, those pullback-stable epimorphisms; see Definition m
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project away the first component of the output of w(c(f)) while the backward
part of the converse can be the identity. a

We can note that in the proof above did not use computability aside from
the fact type-2 computable maps correspond to morphisms in the category in
question. As partial continuous maps are all representable in o, Theorem [2] can
be proven in the same way.

3.4 Extended Weihrauch degrees and containers over partitioned
assemblies

The notion of extended Weihrauch predicates defined by Bauer [6] is a spe-
cialization of his notion of instance reducibility to realizability toposes built
from filter-PCAs. The rationale is that, in the Kleene-Vesley topos [36] §4.5], a
Weihrauch problem P can be translated to predicates P’(i) (over some object of
the topos, which corresponds to the inputs of P) such that Vi.35.Q'(j) = P'(4)
holds if and only if P is Weihrauch-reducible to Q). This is essentially because,
since we are in a realizability topos, the truth of this statement is necessarily
witnessed by a program which encodes the forward part of a reduction due to
the V3 and a backwards part due to the = part.

By unwinding the definition, the notion can be stated elementarily from the
definition of a filter-PCA, so let us do that, assuming an arbitrary filter-PCA
(A, A) is fixed for the rest of the subsection.

Definition 8 ([6, Definition 3.7], see also |20, Definition 5.7]). An ex-
tended Weihrauch predicate is a map p : A — P(P(A)). Its support is the set
lIpll = {r € A | p(r) # 0}. p is said to be reducible to another extended Weihrauch
predicate g when there exists codes efwd, €bwd € A such that, for every r € ||p||:

1. egwq - T is defined and belongs to ||q||
2. for every 0 € p(r) there is & € q(egwa - ) such that enywa - 7 - s is defined and
belongs to 0 for any s € &.

For the sequel, let us restate [2] using the axiom of choice, as follows:

2F we have a function f, : p(r) — q(egwa - 7) such that epywq - 7 - s is defined and
belongs to 6 for any s € f(0).

With this version, it is helpful to think of (efwa, (f+)re|p||) as a code for a forward
reduction and eyq as a code for a backward reduction. In the case of extended
Weihrauch predicate p coming from Weihrauch problems (or slightly extended
Weihrauch problems), p(r) will be always a (sub)singleton. In the general case,
p corresponds to a binary partial multivalued function A x A = A where the
first input corresponds to r, the second to an element of p(r) and the forward
part of the reduction is allowed to be an arbitrary set-theoretic map while the
backward reduction cannot compute at all with the second input.
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Ezample 5 (See [6]). An example of an extended Weihrauch predicate which
does not match any Weihrauch degree is WLEM which is formally defined as the
constant function mapping any r € A to {{0},{1}}, where i is the canonical
code for the number ¢ in A'.

Assuming the axiom of choice, it is maximal for reducibility among all ex-
tended Weihrauch predicates p with (Jp(r) € {0, 1}; clearly there is no such
maximal Weihrauch problem.

With this definition, let us show the following theorem, which will justify
calling objects of pAsm(A’, A) extended Weihrauch problems.

Theorem 3. Assuming the azxiom of choice, the extended Weihrauch degrees
over a filtered PCA (A’, A) are isomorphic to the posetal reflection of the category
of containers over partitioned assemblies pAsm(A’, A).

Note that the proof, as well as the rest of the section, uses liberally the axiom
of choice.

Proof. First let us explain how to turn an extended Weihrauch predicate p into a
container p. We first define the assemblies I, and X, of positions and directions
of p by taking

| X, ={(r,0,s) € AxP(A) x A|re|pl,0€p(r),seb} (r,s) IFx, (r,0,s)
(| ={(r,0) € AxP(A)[r€llpll,0 € p(r)} rlkr, (r,6)

It is obvious those assemblies are partitioned. p is then defined by the projec-
tion (r,6,s) — (r,0), which is tracked by code of the first projection in A’.
Furthermore, a reduction ((efwa, f), €bwa) between extended Weihrauch predi-
cates p and ¢ induce a map p — ¢ in ContpAsm(A’, A): the forward map (r,0) —
(efwa-r, f(0)) is tracked by efyq and the backwards map (r, 0), (egya -7, f(6),5) —
(r,0, epwa - 7 - 8) is tracked by \(r, (¢, $)). epwd - T - S-

Conversely, given a container P : X — I in Cont(pAsm(A’, A)), define the
extended Weihrauch predicate

¢p(r) ={@p(i) | rIFr i}
where @p(i) ={e € A |Is € P71(i). elFx s}

Using the axiom of choice, let us fix a section (p, of the restriction of @p to the
i € I with rlF; .

If we have a map (¢,v) from P to Q : Y — J in Cont(pAsm(A’, A)), with
e, -7 ¢ and ey tracks v, we can turn this into a reduction between extended
predicates by taking the forward part to be (e, (¢).)re|¢p|), Where o (X) is
defined by taking

&+ orll (1) — lsalle, - 7)
X e Bolp(Cra(X)

Assuming without loss of generality that the domain of 1) is the assembly where
codes are pairs of codes for I and Y, we can take the code Az.)\y. ey - (x,y) as
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the code for the backwards part and check that this gives us a reduction from
¢p to 9q.

Now let us show that ¢5 is always equivalent to p by exhibiting reductions
both ways. First, note that |¢p]| = {r | 30 € p(r). v IF;, (r,0)} = ||p| and that
D5(r,0) = {(r,s) € A | s € 8}. For the reduction from ¢5 to p, we can take the
code for the identity together with the map & — {ma - e | e € £} and the code
Ar.As.(r, s) for the backward part. For the other direction, the forward part is
obtained by taking the code for the identity together with the r-indexed family
of maps s — (r, s), and the backward part by A\x.\y. w2 y.

Finally, we can ¢ also show that there exists morphisms both ways between
P: X — I and ¢p in Cont(pAsm(A’, A)). First, note that the carrier of the
object I’ of positions of q/51\> is the set of all pairs (r,®p(i)) with r IF; 7. There is
an obvious (surjective) map I — I’ taking ¢ to the unique pair (r,®p(i)) such
that r IF; 4, which is tracked by Az. x. Thanks to the axiom of choice, this map
has a section s : I’ — I which is also tracked by Az. z. These two maps will be
the forward part of the reductions we want.

For the backward part, first note the carrier X’ of the object of directions of
p is the set of all triples (r,@p(i),e) with r Iy ¢ and e € &p(i), that is those e
tracking some element of z € X such P(z) = 4, and such a triple is tracked by
the pair (r,e). Since P is a map in pAsm(A’, A), we have that e determines the
value of all such triples. Further, P is tracked by some ep € A’, so we have that
ep-e=r for every (r,®p(i),e) € | X’|. So A\x. (ep - x, x) tracks (and determines)
a map X — X’ which can be used to complete the reduction from ggl\: to P.

In the other direction, let us appeal to the axiom of choice to get functions
€p,r; such that e lFx ep, ;(e) and P(z) = i for every (r,Pp(i),e) € |X'|. We can
use that to define the map

X' — X
(Ta 97 6) — €Pr,s(r,0) (6)

which is a morphism X’ — X in pAsm(A’, A) tracked by Az. z and can similarly
be used to complete the reduction from P to ¢p. a

FEzample 6. The Weihrauch predicate WLEM translates to a container isomor-
phic to 2 — V(2), where V : Set — pAsm(A’, A) is the right adjoint to the
forgetful functor pAsm(A’, A) — Set sending a partitioned assembly to its car-
rier. It sends a set X to the partitioned assembly with carrier X and realizability
relation induced by 0 IFy(x) # (so all elements share the same code). The un-
derlying map 2 — V(2) between carriers is the identity and is tracked by Az. 0.

Remark 4. One may note that the definition of extended Weihrauch predicates
and reduction between those comports a certain asymmetry, where the input as
well as the forward reduction is split between a computable and non-computable
part while the output and backward reduction do not contain any non-computable
component. This contrasts the notion of extended Weihrauch problem, where in-
puts and outputs are treated more uniformly as partitioned assemblies. In this
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setting, the computational part consist of valid codes for the partitioned assem-
blies, while the non-computational part consists of the elements of the carrier
tracked by the codes, so in principle we could have extended Weihrauch problems
with “non-computational outputs”.

This does not contradict Theorem [3] because we can essentially turn any
extended Weihrauch problem P : X — U into an equivalent (but not isomor-
phic!) one where the non-computational is suppressed, assuming the axiom of
choice: one can quotient the carrier of X by taking x and z’ to be equivalent if
P(z) = P(2) and they are tracked by the same code. Then we obtain a par-
titioned assembly X’ and a problem X’ — U which turns out to be equivalent
provided that we have a section to the quotient map X — X’; this section always
exists if we assume the axiom of choice.

4 Operators on containers and Weihrauch problems

In this section, we list a few classical algebraic operators that appear naturally
under some form both in the literature on the Weihrauch lattice [9] and con-
tainers [28]. Those operators will typically correspond to (quasi-)functors over
containers, implying in particular that they are monotonous over degrees. Those
functors can also be generically defined without reference to the specifics of
type-2 computability; thus we will define them over Cont(C), making minimal
assumptions about C while staying consistent with pMod(A’, A) and pAsm(A’, A).

4.1 The commutative tensor products

One basic fact about Weihrauch degrees is that they form a distributive lattice.
This is reflects the fact that under some mild assumptions, Cont(C) has products
and coproducts that distribute over one another.

Definition 9 ([I1]). A category with finite sums and products is called ex-
tensive when the canonical functor + : C/4 xC/p — C/(A+ B) is an iso-

morphism. We say a category is lextensive if it has all finite limits, all finite
coproducts and is extensive.

Proposition 1 (See also [32], (3), (6) and (7)] for a particular case). If
C is lextensive, Cont(C) has finite products, coproducts and they distribute.

Proof. Tt is easy to check that the maps idg : 0 — 0 and !y : 0 — 1 in C are
respectively initial and terminal objects in Cont(C); for the latter, this is because
any pullback along any map 0 — U has an initial object as domain.

Given two containers P, : X1 — U; and P, : X9 — Us, a coproduct P; +
P, : X1+ Xy — Uy + Uy is obtained by functoriality of + : C2 — C. The
coprojections are horizontal morphisms represented (in;,idx,); note that X; is
only a valid domain for the backward map because of extensivity. The copairing
[W1,%] : X1 + X2 — U of two reductions, ¥; = (¢1,v¢1) : X1 — U and ¥, =
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(p2,12) : X1 — U, is represented by ([¢1, 2], 11 +1)2). This backwards map has
the correct domain since, in an extensive category, the pullback of a coproduct
is the coproduct of the respective pullbacks along the same morphism.

A product of P; and P, can be defined as the map [P, x idy,,idy, x P] :
X1 x Uy + Uy x X9 — Uy x Uy. The ith projection P; x P, — P; in Cont(C)
is represented by (m;,in;); again this is only a valid morphism because C is
lextensive. The pairing (¥, %) : X — Uy x Us of two reductions ¥ = (¢1,41) :
X — Uy and Wy = (¢g,19) : X — Us, is represented by ({¢1, p2), [d1, P2]). To
see that the domain of the backwards map works, we first note if you pull a map
Py back along ¢, the same object (with different projections) is a pullback of
Py xidy, along (41, ¢2). We can then invoke lextensivity to handle the coproduct
of pullbacks.

To see that Cont(C) is distributive, it is enough to notice that the canonical
morphism (P} x Q) + (P2 x Q) — (P; + P3) x Q is represented by a horizontal
morphism (¢,id) where ¢ is the canonical isomorphism in C witnessing distribu-
tivity for the base. O

Proposition 2. Assuming C is lextensive, answerable containers of Cont(C) are
stable under binary products and coproducts. The initial object is an answerable
container but not the terminal object.

Proof. For binary products, we first note that P; x P, in Cont(C) is obtained
by copairing two pullback-stable epimorphisms: we can show that P; X idy, is a
pullback-stable epimorphism since it is the pullback of P; along the projection
m : Uy x Us — Uy, and similarly for idy, x P». Now, in extensive categories, the
pullback of a copairing of the pullbacks is the copairing of the pullbacks, and
a copairing is epimorphic as long as one of its component is an epi, so we can
conclude.

P, + P; being represented by a pullback-stable epi follows from the fact that
coproducts are disjoint in an extensive category. Extensivity also ensures that if
we have a map X — 0 in C, X is initial; hence, idg : 0 — 0 is a pullback-stable
epimorphism. a

Containers also admit another natural monoidal product, which is sometimes
called the parallel product. The parallel product of P, : X; — U; and Ps :
Xy — Us, which we write P; ® P», is represented by the morphism P; x P; :
X1 x X9 — Uy x Uy obtained by the functoriality of x in C (assuming C has
cartesian products)[28], Definition 3.65]. Regarded as a Weihrauch problem, this
means we may ask a question to both P, and P, and get back answers for both
questions.

It is straightforward to check that ® is a symmetric monoidal product in
C (see |24, Chapter VII]) and that answerable containers are stable under ®.
If we further assume that C is lextensive, we can show that there are further
distributive laws.

Proposition 3 (See also [32], (6) and (28)] for a particular case). IfC is
lextensive, then we have natural transformations PRQ+ PR = P®(Q+R)
and (PR Q) x R— P® (Q x R) in Cont(C).
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Proof. The proof that ® distributes over + is essentially the same as the proof
that x distributes, so we omit it.

For the second claim, assuming that we have P : X - U, Q : Y — V
and R : Z — W, the natural transformation is represented by the vertical map
(id,C) with ¢ = idXXYXZ + (P X idVXZ) : (X XY x W) + (X x V x Z) —
(X XY x W)+ (U xV x Z). Note that it is a valid morphism representative
only because the domain of ¢ is isomorphic to X x (Y x W4V x Z); this is true
because C is distributive. a

Note that with this and the functoriality of x, when moving to Cont(C) [
we recover all of the axioms listed in [27] pertaining to binary joins, meets and
parallel products.

4.2 The composition product in nicer categories of containers

Another monoidal product which appears in the literature on containers is the
composition product. The most natural way to introduce this is maybe by making
the link between containers and polynomial functors [13, Theorem 2.12]. In short,
assuming that C is locally cartesian closed, we map any container P : X — U
to the endofunctor over C defined by X, o IIp o l% : C/1 — C/1 and the iso-
morphism dom : C/1 = C. Regarding P as an internal family (X,).cp to C,
on objects this functor maps A to > AX«. Those endofunctors are called
polynomial endofunctors over C, and one important fact is that strong natural
transformations between those correspond exactly to container morphisms. One
important theorem is that polynomial endofunctors are stable under composi-
tion, which induces a monoidal product on polynomials sometimes called the
substitution or sequential product [13] (9) Proposition 1.12].

In the spirit of Weihrauch reducibility, the sequential product P x @ can be
regarded as the problem whose inputs are composed of an input v for @ together
with a function f turning a solution for said input into an input for P. A solution
for P*@ then consists of a solution for v and a solution for f(v). In sets, assuming
we have Q: Y =V, X, = P~(u) and Y, = Q~}(v) for every u,v, P Q is the

family (Eerv Xf(”)(u B whose indexing set is > (Y, — X). This can be

veV

internalized in any locally cartesian closed category (see Figure {)).

In short, reducing to P x ) is the ability to make an oracle call to @ and
then P. The sequential product of Weihrauch degrees is designed to capture this
intuition and is thus defined this way [37, Definition SEI, but for a small wrinkle:
pMod(KC5¢, ICg) is not locally cartesian closed!

Proposition 4. pMod(Ks), pAsm(Ks), pMod(K5€, o) and pAsm (K5, Ky) are
not cartesian closed.

Proof. Let us focus on pAsm(K3) (proofs along the same lines work for the
other categories). We are going to show there is no exponential object for ZNN;

9 The original definition in [9] actually has a slightly different flavour, but they corre-
spond to the same Weihrauch degree.
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PxQ
SYex Y Xpwy —— L YuxU — S Y, xUY —35 U™
veV feEUYv veV veV veV
| J [ J
Xxy — 2% s Uuxy g (m2)
wll - lwl X
X U Y

—_
o |4

Fig. 4. Diagrammatic definition of the composition product P x @) of two containers
P and @ (simplified version of [I3] (9)]). To ease reading, we name objects in the top
row according to their definition in type theory; the definition is determined (up to
isomorphism) by P, @, the projections out of U x Y, IIg(m2), the denoted pullback
squares and £r, being to the counit of the adjunction Q" - IIg at m2. P x @, when
regarded as a polynomial functor [P % QJ, corresponds to the reverse composition
[Q] o [P] of functors.

let us call ¥ such an exponential object, which comes with an evaluation map
E x NN — 2 and a universal property. First, because of the uniqueness part of
the universal property, we must have that E is modest. We can consider the
partitioned modest set T of well-founded trees with countable branching whose
leaves are labeled in 2. There is a computable map 7" x NY — 2 that assigns
each pair (¢,p) to the unique boolean that the path p traverses in ¢, so, using
the exponential structure, we have a fortiori a surjective map r : T — E in
pMod(K5). Using the evaluation map, we can continuously map a code of E into
a code tracking the underlying function f : N¥ — 2, and from such a code is up
to encoding details an element of T encoding f. Hence we have a section s of 7.

Now consider some t which is in the image of s, and replace one of its leaf [
by an infinite well-founded tree whose leaves are labelled the same way to obtain
t'. We have s(r(t')) = t. But since s o r is continuous, it must only inspect a
finite part of ¢’ to determine the label of /. Then considering t” obtained from
t' by flipping one of the unexamined leaves that did not belong to ¢ leads to a
contradiction. O

The failure of cartesian closure is essentially due to a lack of quotients rather
than a lack of power: it is not that we cannot build modest sets of codes for
function spaces, it is that we cannot guarantee that a function has a unique
code. It means in particular that we still have a weak version of local cartesian
closure for pMod, which is enough to talk about spaces of codes for functions;
this is why the same intuition can be used to build the sequential product of
Weihrauch problems. But a disadvantage is that we then need to reconstruct
from scratch certain proofs, for instance that the sequential product on the left
distributes over coproducts. In the next two subsections, we rather present a
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strategy to derive those results by observing that pMod is the full subcategory
of regular projective objects of the locally-cartesian closed category Mod and
that Mod has enough projectives.

4.3 Weak structure, projectives and quasi-functors

The definition of various canonically determined structures like cartesian closure
comes from the characterizations of adjoint functors. One of the shortest defini-
tion states that a functor L : C — D is a left adjoint to the functor R : D — C
if we have isomorphisms

[L(X),Alp = [X,R(A)]. natural in A and B

To characterize weak structure, one can take a similar approach. However, this
requires weakening the notion of what is a right adjoint.

Definition 10 ([18, 8§1]). A weak right adjoint of the functor F : C — D
consists of

— a map G from objects of D to objects of C
— and natural surjections [—, G(A)]. — [F(—), A]p.

Ezample 7. For any small category C, the category C — C/ s has an obvious
weak right adjoint if we assume the axiom of choice.

Analogously to the definition of locally-cartesian closed categories, we say
that a category is weakly locally cartesian closed when all functors f* have weak
right adjoints [I0, Remark 3.2|.

Definition 11. A regular epimorphism is an epimorphism which is a coequal-
izer of some pair of morphisms.

Ezample 8. In topological spaces, and a fortiori most of the subcategories of
those that we consider in this paper, the monomorphisms 2 »— S are epimorphic,
pullback-stable but not regular.

A characterization of regular epimorphisms in (multi)-represented spaces is
that they have a multi-valued inverse. In the language of assemblies, this trans-
lates to the following lemma.

Proposition 5 ([36, Proof of Theorem 1.5.2]). Both in Mod(A’,A) and
Asm(A’ A), a morphism f: X —Y tracked by e € A’ is a reqular epimorphism
if and only if there is € € A’ such that

— there exists © such that €' - e" |- x x for every y and e’ IFy y
— A\z.e- (€ - x) tracks the identity on'Y
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Definition 12. An object X is called (regular) projective when it has the left
lifting property against regular epimorphisms, that is, whenever we have a reqular
epimorphism e : Z —'Y and a map f : X =Y, there exists some g : X — Z

such that f =eog.
A
R l
e
Y

X I
For a category C, we call pC its full subcategory consisting of reqular projective
objects. B
A (regular) projective cover of an object X is a projective object X together

with a reqular epimorphism X — X

Turning back to the specific categories of interest here, for an assembly X
of pAsm(A’,A), a projective cover X can be defined as follows: the carrier is
|X| =lFxC A x X, ie. the set of all pairs (e,z) such that e realizes z, and
realizability relation is e IF¢ (e,z). The same construction works for modest
sets, where we can simplify things further by simply restricting the carrier to
its first component, since modesty means that a code uniquely determines the
elements we want to code. So all in all, we have the following.

Lemma 2. The projective objects of modest sets (assemblies) are, up to isomor-
phism, the partitioned modest sets (assemblies). Furthermore, the categories of
modest sets and assemblies always have enough projectives.

Proof. For modest sets, this is [5, Theorem 3.1]. For assemblies, we can deduce
that from the characterization of partitioned assemblies as the projectives of the
realizability topos RT(A’, A) [36, Proposition 3.2.7] by noting that coequalizers
are preserved by the embedding Asm(A’; A) — RT(A’, A). O

Categories C with enough projectives almost have a coreflection on their
projectives, which we can characterize via a weak right adjoint.

Lemma 3. If C has enough regular projectives, the full and faithful embedding
induced by the inclusion pC C C has a weak right adjoint X — X with X = X
for any object X of pC.

Proof. For any object X, fix a regular projective cover ex : X - X, taking the
identity when X was already regular projective. This gives a counit for our weak
adjoint, whose morphism part is then the postcomposition

Ex 0 —: [A,;(Lc - [A, X].

It is obviously natural in A. It is easily seen to be surjective since A is regular
projective and €x is a regular epimorphism. a
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Remark 5. At this stage, one can use that functor to prove that pC is weakly
locally cartesian closed from the fact that C is locally cartesian closed and has
enough projectives. In fact this can be strengthened to an equivalence [10, The-
orem 3.3].

Something to be noted is that weak right adjoints need not be functors;
however they are still quasi-functors in the following sense.

Definition 13 ([18, §0]). A quasi-functor F : C ~ D maps objects of C to
objects of D and morphisms X — Y of C to non-empty sets of morphisms
F(X) = F(Y) such that

— idpx) € F(idx) for every object X of C
—if f' € F(f) and ¢’ € F(g) for composable arrows f and g, then ' og €
F(fog).

While quasi-functors are weaker than functors, we can note that the two
notions coincide when the codomain is a preorder. Quasi-functors over C, much
like functors, also induce monotonous operations over the poset C/ .

4.4 The composition product for containers on projectives

Now we will define a sequential product %, on Cont(pC) in terms of the sequential
product * on Cont(C). First, we will use the following definition to introduce a
nice full subcategory of Cont(C).

Definition 14. Say that a morphism f : X — U is fibrewise projective if, for
every g : V. — U with V regular projective, then the domain of the pullback g*(f)
s also reqular projective.

Fibrewise projective morphisms are easily seen to be closed under composi-
tion and arbitrary pullbacks. Let us call Contg,(C) the full subcategory of Cont(C)
whose objects are those containers that are fibrewise projective when regarded
as morphisms of C.

Lemma 4. IfC has pullbacks and enough regular projectives, the functor induced
by the inclusion Contg,(C) C Cont(C) has a weak right adjoint P — P with P = P
for any object P of Contg,(C).

Proof. For any P : X — U, we can obtain P by pulling back along a regular
projective cover U — Uj; since we assume P was fibrewise projective, this ensures
P belongs to Contg,. The pullback itself gives us an horizontal morphism ep :
P> Pin Cont; much like in the proof of Lemma [3| this gives us a counit for
a weak right adjoint and its morphism part is obtained by postcomposing cp.
This is surjective because, given a morphism (¢, ) from @ to P, we can obtain
a morphism (@, 1) 06) from Q to P as shown in the commuting diagram below. A
morphism @ such that ey o ¢ = ¢ exists because V' is projective and 6 is defined
using the universal property of the pullback of P along ¢.
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a

Now, assuming C is locally cartesian closed and pC is stable under pullback,
the sequential product x actually restricts to a functor Cont(pC) x Cont(pC) —
Contg,(C); this is because the map representing P * ) is the composition of two
maps obtained by pullback from P and @ (see Figure [4]). Hence we can define a
quasi-functor — x, — : Cont(pC) x Cont(pC) ~» Cont(pC) by postcomposing with
the weak right adjoint Conte,(C) — Cont(pC) we just defined.

Remark 6. While the precise definition of — %, — up to isomorphisrﬂ does
depend on the choice of projective covers, the operator on the posetal reflection
Cont(pC) /., does not depend on that.

Furthermore, when C has enough projectives, the weak right adjoint I ¢ to
f* actually yields projective covers of IIy; this means that P x, () may coincide
exactly with the construction obtained by mimicking the definition of P x @ by
replacing all instances of IIg with its weak version.

Remark 7. The fact that x, is defined via a weak right adjoint ensures that for
any objects P and @ of Cont(pC), there is always a map P %, @ — P *Q in
Contg,(C). However we conjecture that for C = Mod(IC5°°, Ky), there are P and
@ such that there are no maps P+ Q — P %, Q.

We can now use this to transfer some easy results about x to results about
*, (and a fortiori the sequential product in the (extended) Weihrauch degrees)
in a generic way. By way of example, let us rederive some known inequalities in
the Weihrauch degrees.

Lemma 5 (See e.g. [32, (26)]). If C is locally cartesian closed and extensive,
then in Cont(C) we have maps (P*xQ) x R — (P x R) x Q.

Proof. Calling [P] the polynomial functor corresponding to P, going though the
equivalence of categories with polynomial functors alluded to before, it suffices
to provide a strong natural transformation

[(Px@Q)xR] = [(PxR)*x{]

10 Up to equality, it depends also on a choice of pullbacks.
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Since we have an equivalence of categories, that the cartesian product of (polyno-
mial) functors are computed pointwise in functor categories and that sequential
product corresponds to (reverse) composition of polynomial functors, it thus
suffices to provide a strong natural transformation

([QIo[P]) x[R] = [Q]° ([P] x [R])
For this, it is sufficient to provide a transformation which is natural in A and B

[QI(A)x B —  [QI(Ax B)

But this amounts to showing that [Q] is a strong functor, which is the case as
it is a polynomial functor [13} §1.2]. O

Corollary 1. (axb)Me < (aMe)*b is valid in the (extended) Weihrauch degrees.

Proof. First note that if we have that C is lextensive, has enough projectives and
that its projectives are closed under coproduct and pullbacks, then x is preserved
by the embedding Cont(pC) C Contg,(C) preserves the cartesian product and
coproducts built in Cont(pC). As a result, assuming now that C is also locally
cartesian closed, we have that (P*, Q) x R is obtained by applying the weak right
adjoint to Cont(pC) C Contg, (C) to (PxQ) x R; by definition, it is also the case for
(P x R)*, Q. Hence we can map the morphism (PxQ)x R — (P x R)*(Q through
the weak right adjoint and obtain a morphism that witnesses the validity of the
inequality in Cont(pC) /., . The corollary can then be derived since Asm(K5¢, Ky)
and Mod (K5, K2) are extensive and locally cartesian closed. O

While this approach can probably also help derive further distributive laws
and similar results on other operators that also rely on the weak local cartesian
closure to be defined, such as various closures on slightly extended Weihrauch
degreeﬁ it is not yet clear to us if it is powerful enough to allow to derive all
trivial inequalities without introspecting the definitions further. For instance, it
is not clear to us how to derive that x is associative in the Weihrauch degrees just
using that x is a monoidal product in Contg, (Asm (K5, K3)) and that x, is * post-
composed with a quasi-functor Conte, (Asm(K5, Ka)) ~» Cont(pAsm (K5, ICa)).

5 Conclusion

We hope that making the connection explicit between Weihrauch reducibility and
containers will allow to connect more tightly the literature on the two topics.

11 In the literature on Weihrauch degrees, the monoidal closure, that is the right adjoint
to @ — Q ® P, has recently been studied in e.g. [A2T25]. The cartesian closure has
been shown not to exist on the Weihrauch degrees [14, Theorem 4.9]; but it does
exist in the slightly extended degrees [3]. The left adjoint to @ — P % @ has been
studied a bit more systematically and was introduced formally in [9] §3.3]. All of
those operators appear in the extended literature on containers - see e.g. [32] for
their definition in Cont(Set).
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For instance, it would be nice to relate formally universal equational theories of
the Weihrauch lattice with operators, like the ones studied in [2731], to similar
theories interpreted in categories of containers over toposes with W/ M-types.
Also, since we have shown that Weihrauch problems are a definable subclasses of
containers in assemblies over (KC5°¢, Ks), it might be a way to formalize the theory
of Weihrauch reducibility in in proof assistants in a synthetic style (see e.g. [12]
for similar work for Turing-reducibility in Rocq and [22] for a development in a
synthetic style in Asm(K5¢, Ks)).

Another area which might be worth investigating is the connections between
Weihrauch reducibility and proof theory, as one can naturally interpret linear
type theories in fibrations that are closely linked to categories of containers [26].
Could this be exploited to characterize Weihrauch reducibility in a type theory, a
bit in the spirit of [35I38]? One difficulty with a naive attempt is that interpreting
types directly in Fam(Fam® (idpasm(kiee,k,))) (see [16] for a definition) seems
somewhat counter-intuitive, since I <y P —o @ holds iff P reduces to (“is less
powerful than”) Q.
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