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Abstract — We investigate theoretically the critical role of thermal fluctuations in maintaining a
narrow gap between a very narrow capillary tube and a highly confined enclosed membrane vesicle.
We quantitatively find that the size of the slender gap between a tightly fitting incompressible
vesicle and an enclosing cylindrical tube depends on a subtle interplay between membrane area
dilation and vesicle fluctuations. This work is therefore likely to be of crucial importance for in-
vestigating the paradigmatic properties of highly confined membrane vesicles inside a very narrow
capillary tube. Additionally, fluid flow can also occur in this gap, giving rise to a finite vesicle
mobility along a narrow capillary tube. Typically, for most (small to moderate) fluid velocities, we
find that (in the vesicle fluctuation dominated regime) the gap size remains essentially insensitive
to fluid flow. However, for relatively large fluid velocities, it is approximately found (in the fluid
flow dominated regime) that the gap size grows with increasing fluid velocity as a power law, and
we are able to evaluate the extra hydrodynamic pressure drop due to the presence of the vesicle,
as well as the vesicle’s relative mobility. This work is thus also likely to be highly relevant for con-
siderations of the stalling and dynamic arrest of tightly confined vesicles in narrow constrictions.
Possible applications of this work might thus also include biological transport, microfluidics, and
drug delivery.
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Introduction. — The properties of membrane vesicles
in narrow constrictions are of great importance in various
contexts, such as biology [1,2], microfluidics [3], and drug
delivery [4,5]. In this letter we consider the behaviour
of tight-fitting vesicles in very narrow, and highly confin-
ing cylindrical tubes, or microcapillaries. This will ne-
cessitate detailed consideration of the interplay between
membrane elasticity, thermal fluctuations, and also low-
Reynolds-number hydrodynamics.

Vesicles are typically very flexible, with a relatively low
resistance to bending deformations [6,7]. However, due to
incompressibility, vesicle configurations tend to conserve
volume (V) [6-8]. On typical experimental timescales, a
vesicle can therefore be considered as effectively imper-
meable, leading to a constant, fixed vesicle volume. Ad-
ditionally, in the highly confined regime considered here,
vesicles strongly resist changes in surface area (A) due to
membrane stretching [9,10], governed by the elastic mod-
ulus K4. In a highly confining capillary tube of narrow

(3)E-mail: d.r.daniels@swansea.ac.uk (corresponding author)

radius, therefore, the vesicle necessarily assumes a mean
shape close to that of a spherocylinder [9-21], with a long
cylindrical main portion accompanied by two hemispheri-
cal endcaps [15,20].

Conceptually, we therefore take as our starting point a
vesicle of spherocylindrical shape that fits snugly (with no
gap) inside a confining tube. Note that experimentally
vesicles are often deflated somewhat before insertion into
narrow capillaries in order to avoid any potential issues
concerning vesicle rupture due to membrane lysis [18,22].
We can then calculate a new vesicle mean shape by turn-
ing on vesicle thermal fluctuations, and additionally an
externally imposed fluid flow within the confining tube.
This new mean spherocylindrical shape for the vesicle will
necessary display a gap between the vesicle and the enclos-
ing tube. For a tight fitting vesicle enclosed in a narrow
cylindrical tube, the gap available for, e.g., fluid flow is
necessarily small. However, at non-zero temperature an
entropic, steric repulsion operates between the membrane
and the sphere due to the presence of vesicle membrane
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fluctuations [23-29]. These thermal fluctuations maintain
a finite average gap size between the vesicle and the enclos-
ing tube. Equally, an externally imposed flow field within
the confining tube can also contribute to the production of
a small gap, or lubricating layer, between the vesicle and
the confining capillary tube. The existence of such a gap
therefore enables fluid to flow around the vesicle and hence
endows the vesicle with a finite mobility. In this work we
estimate the size of this membrane gap self-consistently,
and then use this result to calculate vesicle mobility using
low-Reynolds-number hydrodynamics.

We will find that in the ultra-high confinement regime
considered here, our analysis for the mean vesicle shape
simplifies considerably. With a conserved volume con-
straint (and assuming no lysis), the dominant energetic
contribution is given by area dilation (with curvature neg-
ligible), which must be balanced by vesicle fluctuations
(around the mean shape) and imposed fluid flow (where
applicable). We therefore study the crucial role of vesicle
fluctuations, and also fluid flow, in maintaining a narrow
gap between a vesicle and a confining capillary tube. Some
of the fluid trapped in the tube between the vesicle and
the enclosing capillary wall must flow past the vesicle if it
is to move relative to the tube.

Despite associated experimental work on this topic be-
ing relatively sparse [22], related recent theoretical work
can be found in [15,16], for example. Moreover, for
stronger vesicle confinement in capillaries, it is typically
found that the spherocylinder approximation for the mean
vesicle shape agrees rather well with more complicated and
involved theoretical treatments [12]. In what follows, we
ignore any (necessarily sub-leading) effects of the vesicle’s
hemispherical endcaps, and only consider the dominant
long cylindrical main body of our strongly confined vesicle.

Theory. —

Calculation of the wvesicle gap size due to membrane
thermal fluctuations.  We now briefly outline our self-
consistent mean-field theory of the radial vesicle fluctu-
ations. The average radial extent of the fluctuations are
controlled by the presence of the enclosing cylindrical con-
striction, or tube. This approach is analogous to Helfrich’s
steric theory for planar membranes [6,23], as well as pre-
vious work on a rod enclosing membrane [27]. Unless oth-
erwise stated, we will work in units in which kg7 = 1.

In order to describe the energetics of the cylindrically
confined portion of our vesicle, we use the following Hamil-
tonian H = Hy +H+Hc+Hg with area A = [ |/gd¢dz:

Ky )
Hy = —2(V -V
\% 2V0( 0) )
_ Ka 2
HA - 2A0 (A AO) 3
He = g / ?\/gdedz,

C

Hg = 5/(r(qb, 2) —7)?\/gdgdz. (1)

Hy imposes an energetic penalty for changes in vesicle
volume (incompressibility), while H4 penalises membrane
area stretching or dilation, with associated moduli Ky and
K 4, respectively. Hg is the canonical Helfrich curvature
Hamiltonian [6,7], containing a rigidity (k) term involving
the mean curvature (c), and g is the determinant of the
metric tensor det(gqy). The steric Hamiltonian Hg con-
tains a harmonic potential (with strength C) that regulates
the magnitude of the vesicle fluctuations to a narrow re-
gion about the average tube radius, 7. As we are dealing
in this work with high confinement in a capillary tube, we
can approximate the energy by computing the membrane
Hamiltonian over the entire length of the long cylindri-
cal main body of the vesicle, and can safely ignore the
contribution of the vesicle endcaps.

We now write r(¢,2) = 7 + 0r(¢,z) and expand the
energy H, given by eq. (1), to quadratic order [8] in the
radial perturbation r(¢, z) about the average tube radius
7. The first-order perturbative contribution in §r must
vanish so that 7 truly represents the mean vesicle shape,
which naturally requires that we impose [ drd¢dz = 0.

Perturbatively, we can write for the vesicle volume V:

V = 7L + % / oridedz

= ‘/0 —+ WT%(IJ — Lo) —|— QﬁToLo(f — T‘o)

1
+5 / Sr?dgdz 2)

with Vo = 7rLg, and we have additionally expanded L
around Lg and 7 in the vicinity of rq. Similarly, with Ag =
27nrgLg, we can write the vesicle area A perturbatively as

A = 277 L + % / [72(9,07)% 4 (9567)?|dgd 2
T

= Ap+ 27T’I“0(Z/ — Lo) + 27TLO(’F - ’I“())

+ Zi / [7%(0,67)? + (9407)?]dopd . (3)

g

We can thus see, by inspection of eq. (2) and eq. (3), that
vesicle fluctuations dr do not contribute to leading order
in the Hamiltonians Hy and H,4 given by eq. (1) above.
Additionally, and for reasons of simplicity, we impose in
this work a “hard” incompressibilty constraint in what
follows by effectively taking the Ky — oo limit in Hy .
This will prove useful in enabling us to eliminate L from
our analysis a bit later on.

Using a convenient Fourier
the radial fluctuations as or(¢,z) =

parameterisation of
Zn,m 5rnm x
exp (im¢ + 27”%), with ¢ = %, thus gives the pertur-
bative expansion of the energy to quadratic order as

L KL
gL mRalo
T To
12nkL
S E 0T pm T —p—m K, (4)

n,m
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Fig. 1: Sketch of a tightly fitting fluctuating vesicle, of mean cylindrical radius ¥ and average cylindrical length L, enclosed

in a narrow, highly confining, capillary tube of radius ro.

Additionally, under the effect of an externally imposed fluid flow,

the vesicle moves with a steady velocity uo along the capillary tube axis. Note that the gap size between the vesicle and the
enclosing tube has been exaggerated somewhat for purposes of illustration.

involving a Fourier mode kernel: K,,,, = (nzq2 + m2)2 —

n’q® % +1+ C—EB The mean squared amplitude of the
radial fluctuations, (§r2), depends on the parameter C, as
can be seen from §?H in eq. (4). The presence of the con-
striction sterically constrains the vesicle radius, (¢, z), to
always remain less than or equal to the constriction radius
ro, as shown in fig. 1. Enforcing this constraint, via tun-
ing the strength C of our harmonic potential as outlined
below, is necessarily an approximate, phenomenological,
treatment of the steric interaction. Thus, as is common to
all theories that follow the spirit of the Helfrich approach,
one should be cautious in relying too heavily on the nu-
merical prefactors that appear in our final results. After
integrating out the radial vesicle fluctuations we obtain
the free energy F as follows:

" Zlog( nm|c 0>' ©)

In writing down eq. (5), we have chosen to normalise
our free energy as follows. Physically, we wish to calculate
the free-energy difference between the case when the con-
striction is present and when it is absent (and the vesicle
is therefore unconstrained). For the unconstrained case
the terms involving C that appear in K,,, must vanish
(C — 0). Thus, for consistency, we choose our normalisa-
tion such that in the unconstrained limit, the fluctuation
contribution to the free energy F' from the steric potential
vanishes.

Approximating the summations required in eq. (5) by
integrals, we find that we can write our final expression for
the confined vesicle free energy in the following suggestive
form:

o WKE+7TKALO

T To

WKALO
To

ef I/
=Tl (ro — 7)2, (6)

where the “effective” bending modulus .y¢ is given as

1 [ .
Keff ~ K+ 7/ dplog(1 + C7®/(kp?))
4 0

1 /Cr3
Ve "

1

involving the variable p = n2¢?+m?2. Note that ultimately
therefore, using this approach, all of the effects of the steric

interaction between the vesicle and the constriction may
be incorporated into an “effective” bending modulus k.

The physically self-consistent condition for the strength
of the harmonic potential C required in order to de-
scribe the steric influence of the constriction can be quan-
tltatlvely stated as T 4+ /(dr2) o, where (3r%) =

oL 2nm Kom L. For the physlcal situation considered
here, we have strong vesicle confinement. Thus, the aver-
age radius of the vesicle is almost equal to the radius of
the enclosing constriction (7/rg ~ 1) . The steric effects
in this case should therefore also be very strong, with the
strength of the self-consistent, confining, harmonic poten-
tial becoming very large (C73/k > 1) in this limit. By
again converting the required summations into integrals
and changing variables, we can approximate the above
consistency condition for C as follows:

—7)2 1 [ 1
M = s
5 drk Jo P2 +Cr3/k

~ L1
= 8\ KkCrd

Rearranging eq (8 )7 we obtain in this strong confine-
ment limit C = By substituting this obtained

(®)

64n (ro— 7‘)4
value of C into eq. (7) for k.ss, we obtain to leading order
in the gap size

=140 1 o)
K K= —_—
eff 32k2 (rg — 7)?

In the strong confinement limit studied here, we can
see from eq. (9) that the steric interaction contribution to
kefs typically dominates the effective rigidity. Moreover,
substituting this dominant value of k.s; into eq. (6) for
the vesicle free energy, we obtain (to leading order in the

gap size)

F =

K aLg (ro — )2 + mroLo 1

. 52k (-7 V)

Note that a similar fluctuation contribution to the free
energy that scales as the inverse squared gap distance,
is well known for parallel flat membranes at small inter-
membrane separation [23-26]. In order to calculate the
average radius 7 for the confined vesicle, we minimise
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the free energy F' by using %—? = 0, such that we find

for the gap size due to fluctuations

ro — T - 1
o \32xKar?

Notice the r~1/4, K21/4, and ré/2 dependence of the

gap size ro—7, as displayed in eq. (11). Indeed, eq. (11) for
the gap size, including the small (but crucially non-zero)
correction due to vesicle membrane fluctuations, repre-
sents one of the primary testable predictions of this work.
Moreover, one can evidently see that this result remains
consistent as long as ~ kKK Ar% > 1. Furthermore, and as
an important application of this work, we can utilise this
result in order to calculate the mobility of a vesicle in a
close-fitting tube, for example.

e

(11)

Application to fluid hydrodynamics, gap size and vesicle
transport.  In this section we apply ourselves to analysing
the fluid hydrodynamics around a moving vesicle enclosed
within a tightly fitting cylindrical constriction. In the limit
of extreme vesicle confinement, as considered exclusively
in this work, we find that a relatively crude hydrodynami-
cal theory proves sufficient for our purposes. Moreover,
a similarly modest hydrodynamic approach to the one
taken in this work was found to be successful in describing
the complimentary situation of the transport of solid bod-
ies along tubular membrane tethers [29]. For a broader,
and more comprehensive approach to modelling the hy-
drodynamics of vesicles in tubes, the reader should con-
sult [11-17]. Our approximate hydrodynamical approach
will allow us to calculate the transport properties of the
highly constrained vesicle, such as its relative mobility, for
example. In the “ultra-narrow gap” approximation of in-
terest here, we can safely assume that the fluid flow in the
gap can be described by the axial component u, alone. In
cylindrical coordinates, the low-Reynolds-number hydro-
dynamics of the fluid within the constriction, governed by
Stokes’ equation, along with the constraint of incompress-
ibility, is as follows [30,31]):

Op w0 Ouy\
52t () =0
Ou,,
o =0 (12)

with fluid velocity u,, hydrodynamic pressure p, and vis-
cosity . The incompressibility condition in eq. (12) can
be satisfied straightforwardly by defining u, = u.(r).
Using the method of separation of variables, the most
general solution to eq. (12) can easily be shown to be
uy(r) = ﬁrZ + clogr + d, and p(z) = b+ az, where a,
b, ¢, and d are constants to be determined by the appro-
priate boundary conditions on the fluid. For convenience,
we choose to work in the lab frame with respect to which
the enclosed vesicle is moving. The boundary conditions
satisfied by the fluid are thus as follows:

= Uo,

u (1) = 0. (13)

r=ro

The presence of fluid inside the confining tube necessi-
tates the addition of (z-dependent) pressure (p) and sur-
face tension (o) terms to the free energy in eq. (10) via
Hp as follows:

Hp = /p(z)dV+/a(z)dA. (14)

Such fluid-induced z-dependent p and o terms in Hg
produce a further coupling to the first-order perturba-
tion dr normal to the vesicle surface that goes like ~
[ (pr+0)drd¢dz. Within the context of our self-consistent
(albeit approximate) calculational scheme (and given that
we already impose [ drd¢dz = 0), we can see that in order
for stability of our assumed mean spherocylindrical vesicle
shape (around 7), we must take the combination p7+ o to
be a constant (independent of z and ¢). Concomitantly,
and for the purpose of our approximate model, we can
therefore simply write

g(pf—kcr) = 0.

0z (15)

Ultimately, this necessary for self-consistency condition
in our model can be seen to be equivalent to the usual
force/stress balance considerations perpendicular to the
vesicle surface, and will thus allow us to effectively fix the
constant parameter a given above (in terms of the pressure
gradient 9,p).

Stability to first-order perturbations tangentially, along
the long cylindrical axis of our vesicle, requires the follow-
ing balance between the surface tension o and the fluid
shear stress tensor T, [15,16]:

(16)

where T, = pdu,/0r [30,31].

By utilising all of the above boundary conditions, we
can find all the integration constants required in order
to completely describe the fluid flow around the confined
vesicle:

logr/rg Op/0z 9 9 B
z - - 1
us(7) uOlogF/ro 4dplogT /1o <(T 7o) log /o
+ (rg —72) logr/ro)7
Op 4pug

0z 2 —r+2r2logT/ry’ (17)
In the narrow gap approximation, as ¥ — 79, we
find from eq. (17) that the additional pressure drop
Ap across the vesicle due to fluid flow is given by
Ap =~ Jftelos [15,16).
We additionally require that the volumetric flow rate
(Q) of the fluid in the gap between the vesicle and the

constriction must balance the volumetric flow rate of the
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fluid in the adjoining, cylindrical portions of the constric-
tion, given by Q = mr3u (with some average fluid velocity
@). Thus, volumetric flow balance leads to
T0
Trat = Trtug + 271'/ uy (r)rdr. (18)
T

As 7 — rg, in the narrow gap approximation, we can
obtain from eq. (18) that the relative mobility ug/@ of the
vesicle is given by “ ~ 1 + (TOT;F) [15,16].

Now that we know p(z) and o(z) from the above, we
can use them to calculate Hp from eq. (14). By adding
the ug-dependent fluid flow contribution, Hp, to our pre-
existing free energy F given above by eq. (10) we get (to
leading order in the gap size)

KL L 1 3 L?

F= T ALg (7'0 _ ,F)Q Trolo — OT HUoTo _0.
o 32k (ro —7) 2 (ro—7)

(19)

Note that the pressure and surface tension terms in Hpg
do not contribute to leading order in the calculation of
the vesicle gap size due to thermal membrane fluctuations,
essentially because the steric term C ~ 1/(rg — 7)* dom-
inates the governing fluctuation kernel K,,,, given above.
For large enough velocities ug, if the fluid flow term in
eq. (19) dominates over the term in the free energy due
to vesicle thermal fluctuations, then the gap size obtained
by minimising the free energy F with respect to 7 now

becomes .
To — T _ 3ILLU0L0 3
To N 4KA7"0
For lower velocities ug, the expression for the gap size

reverts to that given by eq. (11) above, due to vesicle mem-
brane fluctuations.

(20)

Discussion. — In this letter, we have investigated theo-
retically the role of thermal fluctuations, and imposed fluid
flow also, on the properties of a highly confined membrane
vesicle inside a very narrow microcapillary tube. In the
vesicle fluctuation dominated regime, and assuming values
of K4 ~ 1071 Jm™2, k ~ 10kgT, and a capillary diame-
ter of ~ 1 ym [1,6,9,18], we get from eq. (11) % ~ 1%,
which gives a gap size of ~ 5nm. Despite necessarily be-
ing relatively small, due to the ultra-strong vesicle con-
finement considered in this work, we should note that
the calculated gap size is crucially non-zero, and, more-
over, is comfortably sizeable enough to allow for the trans-
port of large protein molecules [1,2], for example. In the
fluid flow dominated case, and further assuming values of
p~ 1073 Pas, and Lo /ro ~ 5 [1,9,18], we get from eq. (20)
TOT—’F ~ 1%-3% for uy ~ 10 ums~*-1mms~!, for exam-
ple. We can thus see that for vesicle velocities less than
~ 10 ums™!, the mean gap size is dominated by vesicle
membrane fluctuations alone. We also find that a typical
additional pressure drop Ap across the vesicle due to fluid
flow corresponds to Ap ~ 10-10% Pa [16,32,33], while the
relative mobility ug/@ of the vesicle can invariably be well

ug

approximated by *¢ ~ 1 in the high confinement limit.

U

The work presented here differs from most previous
studies in that we focus exclusively on the ultra-strong
confinement phase of a vesicle in a narrow capillary, while
also including the effects of thermal vesicle fluctuations.
Moreover, we find that in this highly confined approxima-
tion, the underlying physics, and our concomitant theoret-
ical treatment, simplifies matters considerably compared
to many previous, albeit more comprehensive, approaches.
Furthermore, one of the main objectives of this work is
the inclusion of thermal vesicle fluctuations, which leads
to the presence of a thin lubricating layer between the
vesicle and the confining tube wall, even in the absence of
any externally tmposed fluid flow. Indeed, the results pre-
sented here imply that the analogous ug — 0 limit of all
previous corresponding studies must be amended due to
the presence of a fluctuation-induced gap, or lubricating
layer. The novel calculation of the fluctuation gap pre-
sented here represents one of the central outcomes of this
work, with the new result that the gap size 4 0 as the fluid
velocity ug — 0, unlike associated previous work [17,18],
which ignore vesicle fluctuations and found that the gap
size varied as ~ ug/ 3 for small Ug.

We ignore any endcap effects in this work, which pre-
sumably represents a good approximation for the high con-
finement phase considered here, leading ultimately to a
dominant free-energy contribution extensive in the length
of the long cylindrical main portion of our vesicle (Lg). We
also naturally assume that the deformations considered in
this work lead to any possible induced surface tensions suf-
ficiently below that required for vesicle rupture via mem-
brane lysis. Indeed, using o ~ Ka(A — Ag)/Ao [1], we
get an effective vesicle tension of ~ 1073 Jm~2, well be-
low typical lysis tensions of ~ 1072 Jm~2 [1,2,18]. More-
over, we find that the hydrodynamically induced contri-
bution Ao to the vesicle tension is typically in the range
~1075-1073 Jm~2 [32,33].

Our approximate model free energy, given by eq. (19),
represents one of the principal results of this work, and
brings out the essential physics of the problem. Assuming
volume conservation, or incompressibility, the mean shape
of a highly confined vesicle in a narrow cylindrical tube, or
microcapillary, is given by the competition between mem-
brane stretch (or area dilation), steric vesicle fluctuations,
and any imposed fluid flow also present. Moreover, our
final approximate expression for the free energy should
prove to be a useful reference point for future work in
this area of study, with the additional advantage of being
relatively easy to use.

Furthermore, our work is likely to be of importance,
and highly relevant, for considering the stalling, clog-
ging, jamming, and dynamic arrest of tightly confined
vesicles in narrow constrictions. Possible wider applica-
tions of this work could hence potentially include bio-
logical transport [1,2], microfluidics [3], and drug deliv-
ery [4,5]. Finally, despite being presumably challenging,
it would naturally be very interesting to see if future ex-
perimental work would be able to physically measure the
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gap size properties (and concomitant hydrodynamic mo-
bility dependence) of highly confined vesicles in capillary
tubes, as considered theoretically in this work.

To date, and to the best of our knowledge, the only
experimental study of vesicle motion in capillary flow is
due to [22]. In their study, the authors measured the effect
of capillary confinement on the relative velocity. They
showed that capillary confinement reduces the mobility,
but did not measure the extra pressure drop.

In the strong confinement regime considered in this
work, the steric effects on membrane fluctuations typically
dominate over those due to fluid flow. The work of [34], for
example, crucially relies on the extreme sensitivity of the
nonlinear dynamics considered close to the TT-TB tran-
sition point, such that small perturbations due to thermal
noise become correspondingly amplified.

We choose throughout this work to characterise the is-
sue of relative vesicle size, and its concomitant ability to
traverse the capillary tube, in terms of the lysis tension.
An equivalent such characterisation of the vesicle could be
given in terms of the reduced volume v (or area-to-volume
ratio), defined as v = Q/(47R3/3), where Ry = \/A/4r,
for a vesicle of surface area A and enclosed volume €.

The work of [35] suggests that membrane viscosity could
potentially play an important role in describing red blood
cells in microfluidic flows. They find that membrane vis-
cosity effects could potentially become comparable with
those due to bulk fluid viscosity at smaller length scales,
and are hence likely to become more important for smaller
vesicles. We leave detailed consideration of this interesting
problem to future work.

Finally, we include via Supplementary Material
Supplementarymaterial.pdf (SM) a few illustration
plots, where dependences of different quantities as a func-
tion of basic parameters can be presented. Also included
in the SM is a comparison to previous hydrodynamic stud-
ies via the plotting of quantities from different models to-
gether, along with a brief discussion. Thus, the efficacy of
our simple lubrication-type approximate model for the hy-
drodynamics can be illustrated through comparison with
existing models.
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