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Abstract
The paper extends the analysis of the entropies of the Poisson distributionwith parameter λ. It
demonstrates that the Tsallis and Sharma–Mittal entropies exhibit monotonic behavior with
respect to λ, whereas two generalized forms of the Rényi entropy may exhibit “anomalous”
(non-monotonic) behavior.Additionally,we examine the asymptotic behavior of the entropies
as λ → ∞ and provide both lower and upper bounds for them.

Keywords Shannon entropy · Rényi entropy · Tsallis entropy · Sharma–Mittal entropy ·
Poisson distribution
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1 Introduction

Entropy is one of the most debated and paradoxical concepts in science. It is generally linked
to the disorder and uncertainty of dynamical systems. At equilibrium, a system’s entropy
is maximized, obscuring initial conditions. Nowadays, entropy is a fundamental concept
across a wide range of disciplines: statistical mechanics (Pathria 2011), information theory
(Cover and Thomas 2006), quantum computation (Nielsen and Chuang 2000), cryptography
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(Schneier 2015), biology (Xu et al. 2020), neuroscience (Fagerholm et al. 2023), ecological
modeling (Roach et al. 2019), financial market analysis and portfolio optimization (Zhou
et al. 2013; Giunta et al. 2024; Mishura et al. 2024), decision tree construction (Aning
and Przybyła-Kasperek 2022), machine learning (Barbiero et al. 2022), and others. In these
contexts, entropy serves as a metric to quantify information, predictability, complexity, and
other relevant characteristics.

Initially, the concept of entropy was developed within the framework of thermodynamics
and statistical physics. Then, Claude Shannon, in the seminal paper (Shannon 1948), studied
the concept of entropy in the context of information theory. He defined entropy for a discrete
probability distribution {pi } as ∑

pi log2 pi , establishing it as a limit for data compression
and transmission efficiency. Shannon’s work laid the foundation for modern cryptography,
artificial intelligence, and communication theory.

Since then, several alternative definitions of entropy have emerged in the literature. These
definitions have become increasingly complex and generalized by incorporating additional
parameters. Despite their diversity, many of these entropies share fundamental properties
originally proposed by Rényi (1960). Today, Rényi entropy (Rényi 1960), which depends on
an additional parameter α, is widely used in quantum information theory and quantum sta-
tistical mechanics. One- and two-parameter generalized Rényi entropies were introduced by
Aczél andDaróczy (1963). Another notable extension is Tsallis entropy, introduced byTsallis
(1988) (see also Tsallis 2009, 2011), which incorporates a nonextensive parameter to model
systems that deviate from the principles of classical statistical mechanics. Sharma–Mittal
entropy (Sharma and Mittal 1975), which generalizes both Shannon and Tsallis entropies,
depends on two parameters, α and β. It provides a refined approach to controlling the balance
between order and disorder within a system. The precise definitions of these entropies are
provided below; see Definition 2.1. For other examples of entropies, see, for instance, (Ari-
moto 1971; Belis and Guiasu 1968; Havrda and Charvát 1967; Kapur 1967, 1988; Picard
1979; Rathie 1970; Sharma and Taneja 1975, 1977; Varma 1966). These examples propose
various methodologies for quantifying information content, complexity, and uncertainty in a
wide range of physical systems. For a unified approach to various entropies and their applica-
tions in information transmission and statistical concepts, we refer to the book (Taneja 2001).
Comparisons of different entropies for probability distributions can be found in Dey et al.
(2016), Mahdy and Eltelbany (2017), Majumdar and Sood (2012), Malyarenko et al. (2023),
and Maszczyk and Duch (2008). For more recent definitions and results, see, for example,
Basit and Iqbal (2020), Basit et al. (2021), and Trandafir et al. (2018) and the references
therein.

In Malyarenko et al. (2023), six types of entropy measures for the Gaussian distribution
were analyzed, focusing on their interrelationships and properties as functions of their param-
eters. The findings indicated that, for the normal distribution, all entropies exhibited logical,
consistent, and predictable behavior. In particular, each entropy increased with an increase
in variance.

In Braiman et al. (2024), it was shown that similar properties hold true for the Shannon
and Rényi entropies of the Poisson distribution. In particular, both entropies were found to
increase as functions of the Poisson parameter, λ.

In this paper, we extend the study of entropies for the Poisson distribution, establishing,
in particular, that the Tsallis and Sharma–Mittal entropies also exhibit “normal” behavior,
specifically monotonicity with respect to λ. In contrast, we demonstrate that two generalized
forms of Rényi entropy for the Poisson distribution may exhibit “anomalous” behavior. This
does not imply that these entropies should be disregarded; rather, it serves as a caution to
researchers that their interpretation and behavior, when applied to different distributions, may
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not always be intuitive or predictable. We analyze the asymptotic behavior of the entropies
for the Poisson distribution as λ → ∞: we find leading terms of the asymptotic for the Rényi
entropy, one of the generalized Rényi entropies, and the Tsallis and Sharma–Mittal entropies
(the asymptotic for the Shannon entropy is known in the literature, see Boersma 1988). We
derive upper and lower bounds for the entropies. In particular, for the Shannon entropy,
we obtain two-side bounds (for λ > 1) which are agreed with its asymptotic behavior (as
λ → ∞); for the Rényi entropy, we estimate it through the Mittag-Leffler function.

The paper is organized as follows. In Section 2, we recall the definitions of six types
of entropy for discrete probability distributions, namely: Shannon, Rényi, Tsallis, Sharma–
Mittal, and two generalized forms of Rényi entropy. We also show that all these entropy
measures are strictly positive. Section 3 provides explicit formulas for the various entropies
of a Poisson distribution, and we also study their limiting behavior as λ → ∞. Section 4
demonstrates upper and lower bounds for the entropies. In Section 5, we present results on the
monotonicity and non-monotonicity of the entropies. In particular, we explore the “normal”
behavior of the Tsallis and Sharma–Mittal entropies, contrasted with the “anomalous” behav-
ior of the two generalized Rényi entropies. These theoretical results are complemented by
graphical illustrations. Finally, some technical results and proofs are included in Appendix.

2 Preliminaries

Consider a discrete probability distribution with probabilities {pi , i ≥ 0}. From now on we
assume that all discrete distributions are non-degenerate in the sense that

pi ∈ (0, 1), i ≥ 0,
∞∑

i=0

pi = 1. (2.1)

Of course, in general, the number of probabilities can be both finite and countable. Let us
introduce six types of entropies that will be considered in this paper (we call them by their
common names). To simplify the calculations and following the modern tradition, we will
use everywhere log = loge.

Definition 2.1 Let p := {pi , i ≥ 0} be a non-degenerate discrete probability distribution.

1. The Shannon entropy of p is given by the formula

HSH (p) = −
∞∑

i=0

pi log pi =
∞∑

i=0

pi log

(
1

pi

)

. (2.2)

2. The Rényi entropy with parameter α > 0, α �= 1 of p is given by the formula

HR(α,p) = 1

1 − α
log

( ∞∑

i=0

pα
i

)

. (2.3)

3. The generalized Rényi entropy with parameter α > 0 of p is given by the formula

HG R(α,p) = −
∑∞

i=0 pα
i log pi

∑∞
i=0 pα

i

=
∑∞

i=0 pα
i log 1

pi∑∞
i=0 pα

i

. (2.4)
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4. The generalized Rényi entropy with parameters α > 0, β > 0, α �= β of p is given by
the formula

HG R(α, β,p) = 1

β − α
log

(∑∞
i=0 pα

i
∑∞

i=0 pβ
i

)

. (2.5)

5. The Tsallis entropy with parameter α > 0, α �= 1 of p is given by the formula

HT (α,p) = 1

1 − α

( ∞∑

i=0

pα
i − 1

)

. (2.6)

6. The Sharma–Mittal entropy with parameters α > 0, β > 0, α �= 1, β �= 1 of p is given
by the formula

HSM (α, β,p) = 1

1 − β

⎛

⎝

( ∞∑

i=0

pα
i

) 1−β
1−α

− 1

⎞

⎠ . (2.7)

Remark 2.2 Note that, by Eq. 2.1,

HG R(1,p) = HSH (p), (2.8)

and also
HG R(α, 1,p) = HG R(α,p).

Proposition 2.3 All entropies (2.2)–(2.7) take strictly positive values for all admissible values
of the parameters. More precisely, let

μ(p) := max
i≥0

pi ∈ (0, 1),

then

HSH (pi , i ≥ 0) ≥ − logμ(p) > 0, (2.9)

HR(α,p) ≥ − logμ(p) > 0, (2.10)

HG R(α,p) ≥ − logμ(p) > 0, (2.11)

HG R(α, β,p) ≥ − logμ(p) > 0, (2.12)

HT (α,p) ≥ 1

1 − α

(
μ(p)α−1 − 1

)
> 0, (2.13)

HSM (α, β,p) ≥ 1

1 − β

(
μ(p)β−1 − 1

)
> 0. (2.14)

Proof 1. First, we note that

HSH (pi , i ≥ 0) = −
∑

i≥0

pi log pi ≥ −
∑

i≥0

pi logμ(p) = − logμ(p) > 0,

and similarly,

HG R(α,p) = −
∑∞

i=0 pα
i log pi

∑∞
i=0 pα

i

≥ −
∑∞

i=0 pα
i logμ(p)

∑∞
i=0 pα

i

= − logμ(p) > 0.

2. Next, we consider the function

ψ(α,p) :=
∞∑

i=0

pα
i > 0. (2.15)
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For α > 1, we have that

ψ(α,p) =
∞∑

i=0

pi pα−1
i ≤ (max

i≥0
pi )

α−1
∞∑

i=0

pi = μ(p)α−1. (2.16)

If α ∈ (0, 1), then the sign of the inequality is reversed (as now α − 1 < 0):

ψ(α,p) =
∞∑

i=0

pi pα−1
i ≥ (max

i≥0
pi )

α−1
∞∑

i=0

pi = μ(p)α−1. (2.17)

Combining Eqs. 2.16–2.17, we will get that, for all α > 0, α �= 1,

HR(α,p) = 1

1 − α
logψ(α,p) ≥ 1

1 − α
logμ(p)α−1 = − logμ(p),

and

HT (α,p) = 1

1 − α

(
ψ(α,p) − 1

) ≥ 1

1 − α
(μ(p)α−1 − 1) > 0,

as the signs of 1 − α and μ(p)α−1 − 1 coincide. Also, combining Eqs. 2.16–2.17, we will
get that, for all α > 0, α �= 1,

(
ψ(α,p)

) 1
1−α ≥ μ(p)−1, (2.18)

and therefore,

HSM (α, β,p) = 1

1 − β

(
(ψ(α,p))

1−β
1−α − 1

)
≥ 1

1 − β

(
μ(p)β−1 − 1

)
> 0.

3. Finally, we have

HG R(α, β,p) = 1

β − α
log

⎛

⎜
⎜
⎝

∑

i≥0
pβ

i pα−β
i

∑

i≥0
pβ

i

⎞

⎟
⎟
⎠ .

For α > β, we have pα−β
i ≤ pα−β , and since β − α < 0, we will get

HG R(α, β,p) ≥ 1

β − α
log

⎛

⎜
⎜
⎝

∑

i≥0
pβ

i μ(p)α−β

∑

i≥0
pβ

i

⎞

⎟
⎟
⎠ = μ(p).

For α < β, pα−β
i ≥ μ(p)α−β and β − α > 0, hence, we will get the same estimate. �	

Remark 2.4 Note that ψ(α,p) is strictly decreasing in α, as pi ∈ (0, 1). Then, for α > 1,
ψ(α,p) < ψ(1,p) = 1, and hence,

HT (α,p) = 1

α − 1

(
1 − ψ(α,p)

)
<

1

α − 1
. (2.19)

Next, for β > 1, we get from Eq. 2.18 that

(
ψ(α,p)

) 1−β
1−α ≤ μ(p)β−1 < 1,

and hence,

HSM (α, β,p) = 1

β − 1

(
1 − (ψ(α,p))

1−β
1−α

)
<

1

β − 1
. (2.20)
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3 Entropies of the Poisson Distribution

We are going to consider properties of the six types of entropies introduced above for Poisson
distribution; for other results in this direction, see e.g. Braiman et al. (2024), Buryak and
Mishura (2021), and Malyarenko et al. (2023).

Recall that a random variable Xλ has the Poisson distribution with parameter λ > 0 if

pi (λ) := P(Xλ = i) = λi e−λ

i ! , i ≥ 0.

Note that for a Poisson distribution with parameter λ, themean and variance are both equal
to λ. In the sequel, we denote by HSH (λ), HR(α, λ), HG R(α, λ), HG R(α, β, λ), HT (α, λ),
HSM (α, β, λ) the entropies (2.2)–(2.7), respectively, for the Poisson distribution with param-
eter λ.

Proposition 3.1 (i) The Shannon entropy for a Poisson distribution with parameter λ > 0
equals

HSH (λ) = −λ log

(
λ

e

)

+ e−λ
∞∑

i=2

λi log(i !)
i ! . (3.1)

(ii) The Rényi entropy with parameter α > 0, α �= 1 for a Poisson distribution with parameter
λ > 0 equals

HR(α, λ) = 1

1 − α
log

(

e−αλ
∞∑

i=0

λiα

(i !)α
)

.

(iii) The generalized Rényi entropy with parameter α > 0 for the Poisson distribution with
parameter λ > 0 equals

HG R(α, λ) =
∑∞

i=1
λiα

(i !)α (log i ! − i log λ)
∑∞

i=0
λiα

(i !)α
+ λ.

(iv) The generalized Rényi entropy with parameters α �= β, α > 0, β > 0 for the Poisson
distribution with parameter λ > 0 equals

HG R(α, β, λ) = λ + 1

β − α
log

⎛

⎝

∑∞
i=0

λiα

(i !)α
∑∞

i=0
λiβ

(i !)β

⎞

⎠ .

(v) The Tsallis entropy with parameter α > 0, α �= 1 for the Poisson distribution with
parameter λ > 0 equals

HT (α, λ) = 1

1 − α

(

e−λα
∞∑

i=0

λiα

(i !)α − 1

)

.

(vi) The Sharm–Mittal entropy with parameters α > 0, β > 0, α �= 1, β �= 1 for the Poisson
distribution with parameter λ > 0 equals

HSM (α, β, λ) = 1

1 − β

⎛

⎝e
−λα(1−β)

1−α

( ∞∑

i=0

λiα

(i !)α
) 1−β

1−α

− 1

⎞

⎠ .
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The proof of this proposition is straightforward, however, we provide it in Appendix, for
the reader’s convenience.

Let us introduce the function, cf. Eq. 2.15,

ψ(α, λ) =
∞∑

i=0

(
pi (λ)

)α = e−λα
∞∑

i=0

λiα

(i !)α , λ > 0, α > 0. (3.2)

By Lemma A.4 in Appendix, function ψ(α, λ) is well-defined and continuously differen-
tiable in both variables λ > 0 and α > 0.

Corollary 3.2 All considered entropies for the Poisson distribution can be then expressed in
the terms of function ψ:

HR(α, λ) = 1

1 − α
logψ(α, λ); (3.3)

HT (α, λ) = 1

1 − α

(
ψ(α, λ) − 1

); (3.4)

HG R(α, β, λ) = 1

β − α
log

ψ(α, λ)

ψ(β, λ)
; (3.5)

HSM (α, β, λ) = 1

1 − β

(
(
ψ(α, λ)

) 1−β
1−α − 1

)

; (3.6)

HG R(α, λ) = − ∂

∂α
logψ(α, λ); (3.7)

HSH (λ) = − ∂

∂α
logψ(α, λ)

∣
∣
∣
∣
α=1

. (3.8)

Proof Formulas (3.3)–(3.6) follow directly fromDefinition 2.1, Proposition 3.1, and formula

(3.2). To prove Eq. 3.7, we note that, by Eq. A.11 fromAppendix, we get, for pi (λ) = e−λ λi

i ! ,

∂

∂α
logψ(α, λ) =

∂
∂α

ψ(α, λ)

ψ(α, λ)
=

∑∞
i=0(pi (λ))α log pi (λ)

∑∞
i=0(pi (λ))α

= −HG R(α, λ),

by the definition of HG R . Finally, Eq. 3.8 follows from Eqs. 3.7 and 2.8. �	
The following proposition combines the monotonicity property of ψ(α, λ), established

previously in Braiman et al. (2024), with one-side estimates and the asymptotic behavior in
λ → ∞.

Proposition 3.3

(i) For every 0 < α < 1, the function ψ(α, λ) strictly increases as a function of λ on (0,∞),
and

ψ(α, λ) ≥ (
2π
λ�) 1−α

2 , λ ≥ 1.

(ii) For every α > 1, the function ψ(α, λ) strictly decreases as a function of λ on (0,∞),
and

ψ(α, λ) ≤ (
2π
λ�)− α−1

2 , λ ≥ 1.

(iii) For all α > 0,

ψ(α, λ) ∼ 1√
α

(2πλ)
1−α
2 , λ → ∞. (3.9)
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Proof The monotonicity of ψ was proved in Braiman et al. (2024, Theorem 2). Next, by
Lemma A.2, for p = {pi (λ), i ≥ 0},

μ(p) = max
i≥0

pi (λ) ≤ 1√
2π
λ� , λ ≥ 1. (3.10)

Then the one-side bounds forψ(α, λ) follow from Eqs. 2.16–2.17. Finally, the asymptotic
relation (3.9) is proven in Lemma A.7. �	
Theorem 3.4 (a) The Shannon, Rényi and both generalised Rényi entropies of the Poisson

distribution, for all admissible values of the parameters, converge to infinity as λ tends
to infinity. Moreover, for λ → ∞,

HSH (λ) ∼ 1

2
log(2πλ) + 1

2
; (3.11)

HR(α, λ) ∼ 1

2
log(2πλ) + logα

2(α − 1)
; (3.12)

HG R(α, β, λ) ∼ 1

2
log(2πλ) + logβ − logα

2(β − α)
. (3.13)

(b) The Tsallis entropy of the Poisson distribution converges to infinity, as λ tends to infinity,
only for α ∈ (0, 1), more precisely,

HT (α, λ) ∼ 1√
α(1 − α)

(2πλ)
1−α
2 , λ → ∞, α ∈ (0, 1),

and

lim
λ→∞HT (α, λ) = 1

α − 1
, α > 1.

(c) The Sharma–Mittal entropy of the Poisson distribution converges to infinity, as λ tends
to infinity, only for β ∈ (0, 1), more precisely,

HSM (α, β, λ) ∼ 1

(1 − β)α
1−β

2(1−α)

(2πλ)
1−β
2 , λ → ∞, β ∈ (0, 1),

and

lim
λ→∞HSM (α, β, λ) = 1

β − 1
, β > 1.

Proof (a) By Eq. 3.10, − logμ(p) ≥ 1
2 log

(
2π
λ�) → ∞, as λ → ∞. Therefore, by Eqs.

2.9–2.12,

H(λ) ≥ 1

2
log

(
2π
λ�) → ∞, λ → ∞,

where H(λ) is either of HSH (λ), HR(α, λ), HG R(α, λ), HG R(α, β, λ). The asymptotic
relation (3.11) was shown e.g. in Boersma (1988). The asymptotic equivalence (3.12)
follows immediately from Eqs. 3.3 and 3.9; note that logα

2(α−1) > 0 for each α > 0, α �= 1.
Finally, by Eqs. 3.5 and 3.9,

HG R(α, β, λ) = 1

β − α
log

ψ(α, λ)

ψ(β, λ)
∼ 1

β − α
log

(√
β

α
(2πλ)

β−α
2

)

,

that yields Eq. 3.13; note that logβ−logα
2(β−α)

> 0 for all α, β > 0, α �= β.
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(b) For α ∈ (0, 1), the statement follows from Eqs. 2.13 and 3.10, as then

HT (α, λ) ≥ 1

1 − α

((
2π
λ�) 1−α

2 − 1
)

→ ∞, λ → ∞. (3.14)

The asymptotic relation follows immediately from Eqs. 3.4 and 3.9.
For α > 1, we get from Eqs. 2.13, 2.19, and 3.10, that

1

α − 1
> HT (α, λ) ≥ 1

α − 1

(
1 − (

2π
λ�) 1−α
2

)
→ 1

α − 1
, λ → ∞, (3.15)

that implies the statement.
(c) Similarly to (b), by using Eq. 2.14 and, for β > 1, Eq. 2.20, we will get that, for any

α > 0, α �= 1,

HSM (α, β, λ) ≥ 1

1 − β

((
2π
λ�) 1−β

2 − 1
)

→ ∞, λ → ∞, β ∈ (0, 1), (3.16)

with the asymptotic behavior coming from Eqs. 3.6 and 3.9; and

1

β − 1
> HSM (α, β, λ) ≥ 1

β − 1

(
1 − (

2π
λ�) 1−β
2

)
→ 1

β − 1
, λ → ∞, β > 1,

(3.17)
that proves the statement.

�	

4 Lower and Upper Bounds for Entropies of the Poisson Distribution

Theorem 3.4 shows that the Shannon, Rényi and both generalised Rényi entropies of the
Poisson distribution grow logarithmically at infinity, whereas, the Tsallis entropy HT (α, λ)

(for 0 < α < 1) and the Sharma–Mittal entropy HSM (α, β, λ) (for 0 < β < 1) have the
power growth to infinity. In this section we discuss double-side estimates for the entropies.

Theorem 4.1 1. For any λ > 1,

H(λ) ≥ 1

2
log(2πλ) − h(λ) =: L(λ), (4.1)

where H(λ) is either of HSH (λ), HR(α, λ), HG R(α, λ), HG R(α, β, λ) for all admissible
values of the parameters and

h(λ) := 1

2
log

(

1 + 1

(λ − 1) ∨ 1

)

− 1

12λ + 1
> 0, λ > 0. (4.2)

2. For the Shannon entropy, the following upper bound holds

HSH (λ) ≤ 1

2
log (2πλ) + 1 + 1

6λ
=: USH (λ), λ > 1. (4.3)

3. For the Rényi entropy, we define γ∗ := exp
(
−π

e

(
e
1
6 − 1

)) ≈ 0.811, and pick any

γ ∈ [γ∗, 1). Then HR(α, λ) < UR(α, λ, γ ) for all λ > 1 and α > 0, α �= 1, where:
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(a) for α ∈ (0, 1) and λ > 1,

UR(α, λ, γ ) := 1

1 − α

(

log Eα

((α

γ
λ
)α

)

− αλ

)

+ 1

2
log

π

−e log γ

+ α

2(1 − α)
logα + 1

12α(1 − α)
+ 1

2
log(1 − α). (4.4)

(b) for α > 1 and λ > 1,

UR(α, λ, γ ) : = 1

α − 1

(

αλ − log Eα

(
(αγ λ)α

)
)

+ 1

2
log

π

−e log γ

− α

2(α − 1)
logα + α

12(α − 1)
+ 1

2
log(α − 1). (4.5)

Here Eα denotes the Mittag-Leffler function.

4. For the Tsallis entropy, the estimates (3.14) and (3.15) hold true with
(
2π
λ�) 1−α

2

replaced by (2πλ)
1−α
2 e−h(λ).

5. For the Sharma–Mittal entropy, the estimates (3.16)and (3.17)hold true with
(
2π
λ�) 1−β

2

replaced by (2πλ)
1−β
2 e−h(λ).

Proof 1) The lower bounds for HSH (λ), HR(α, λ), HG R(α, λ), HG R(α, β, λ) follow imme-
diately from the general estimates (2.9)–(2.12) and the upper bound (A.3) for μ(p) = μ(λ)

which reads as follows:

μ(λ) <
1√
2πλ

eh(λ), λ > 1, (4.6)

where h(λ) > 0 is given by Eq. 4.2.
2) For the upper bound for HSH (λ), we note that Eq. 3.1 trivially implies

HSH (λ) ≤ −λ log
λ

e
+

∞∑

k=1

(

e−λ λk

k!
)

log k! (4.7)

According to the second inequality in Eq. A.5, for any k ≥ 1,

log k! ≤ 1

2
log (2πk) + k log

k

e
+ 1

12k
.

Recall that Xλ denotes a random variable having Poisson distribution with parameter λ.
Then, by Jensen’s inequality,

1

2

∞∑

k=1

(

e−λ λk

k!
)

log (2πk) = 1

2
E log

(
2π Xλ1Xλ≥1

)

≤ 1

2
logE

(
2π Xλ1Xλ≥1

) ≤ 1

2
logE(2π Xλ) = 1

2
log (2πλ)

Similarly,

∞∑

k=1

(

e−λ λk

k!
)

k log
k

e
=

∞∑

k=0

(

e−λ λk+1

k!
)

log
k + 1

e

= λE log
Xλ + 1

e
≤ λ logE

Xλ + 1

e
= λ log

λ + 1

e
;
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and finally,

∞∑

k=1

(

e−λ λk

k!
)

1

12k
<

1

6

∞∑

k=1

(

e−λ λk

k!
)

1

k + 1
= 1

6

e−λ

λ

∞∑

k=2

λk

k! <
1

6λ
.

Combining these estimates altogether, we get from Eq. 4.7:

HSH (λ) < −λ log
λ

e
+ 1

2
log(2πλ) + λ log

λ + 1

e
+ 1

6λ

= 1

2
log(2πλ) + log

(

1 + 1

λ

)λ

+ 1

6λ

<
1

2
log (2πλ) + 1 + 1

6λ
,

that fulfills the proof.
3) The upper bound for HR(λ) follows immediately from Eq. 3.3 and Lemma A.6.
4) The statement follows from Eqs. 2.13 and 4.6.
5) The statement follows Eq. 2.14 and 4.6. �	

Remark 4.2 We are going to illustrate the obtained estimates.

1. The lower and upper bounds (4.1) and (4.3) for the Shannon entropy are agreed with the
leading term 1

2 log(2πλ) of the asymptotic (3.11). Surprisingly, the asymptotic function
ASH (λ) defined by the right hand side of Eq. 3.11 provides a perfect approximation for
the Shannon entropy for all λ > 1, see Fig. 1.

2. The upper estimate (4.4) for the Rényi entropy is not asymptotically exact. Indeed, for

e.g. α ∈ (0, 1), Eα(x) ∼ 1
α
exp

(
x

1
α

)
, x → ∞, therefore, the function UR(α, λ, γ ) given

Fig. 1 A comparison of the Shannon entropy HSH (λ) with the lower estimate L(λ) given by Eq. 4.1, the
upper estimate USH (λ) given by Eq. 4.3, and the asymptotic function ASH (λ) defined by the right hand side
of Eq. 3.11
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by Eq. 4.4 has the following asymptotic as λ → ∞
α

1 − α

(
1

γ
− 1

)

λ + C(α, γ ),

that grows faster than the asymptotic function AR(λ) defined by the right hand side of
Eq. 3.12. Note also that C(α, γ ) grows for α becoming close either to 0 or to 1. It can
be shown numerically, that for each α and for each finite interval [1, λ1[ there exists
an optimal γ1 ∈ [γ∗, 1) which minimizes supλ∈[1,λ1]

(
UR(α, λ, γ1) − HR(α, λ)

)
. Again,

surprisingly, the asymptotic function AR(α, λ) provides a perfect approximation for the
Rényi entropy for all λ > 1, see Fig. 2. As expected, the upper bound is getting worth

Fig. 2 A comparison of the Rényi entropyHR(α, λ) with the lower estimate L(λ) given by Eq. 4.1, the upper
estimate UR(α, λ, γ ) given by Eqs. 4.4–4.5 (with optimal values of γ for λ ∈ [1, 20]), and the asymptotic
function AR(α, λ) defined by the right hand side of Eq. 3.12
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for α close to 0 and 1. Also, in contrast to the upper bound for the Shannon entropy, it
will become less reliable with the growth of λ.

5 Monotonicity of Entropies of the Poisson Distribution as the Function
of Intensity Parameter �

As it was explained in Introduction, it is reasonable to expect that the entropy of the Poisson
distribution increases with intensity λ. It is natural to characterize such behavior as “normal”.
However, the most interesting cases are those where “normal” behavior is violated and
entropies behave in strange ways. Such behavior can be naturally called “anomalous”.

A summary of this Section is that Shannon, Rényi, Tsallis, and Sharma–Mittal entropies
always behave “normally”, while both generalized Rényi entropies exhibit “anomalous”
behavior for some values of their parameters.

5.1 “Normal“ Behavior

Proposition 5.1 For the Poisson distribution with parameter λ > 0:

(i) (Braiman et al. 2024, Theorem 1) The Shannon entropy HSH (λ) is strictly increasing
and concave as a function of λ ∈ (0,∞).

(ii) (Braiman et al. 2024, Corollary 1) For any α ∈ (0, 1) ∪ (1,∞), the Rényi entropy
HR(α, λ) strictly increases as a function of λ ∈ (0,∞).

(iii) For any α ∈ (0, 1)∪(1,∞), the Tsallis entropyHT (α, λ) strictly increases as a function
of λ ∈ (0,∞).

(iv) For any α, β ∈ (0, 1) ∪ (1,∞), the Sharma–Mittal entropy HSM (α, β, λ) strictly
increases as a function of λ ∈ (0,∞).

Proof For (i), see the proof of Braiman et al. (2024, Theorem 1).
Both (i i) and (i i i) follow immediately from Proposition 3.3. Indeed, for 0 < α < 1, both

functions logψ(α, λ) and ψ(α, λ) − 1 increase in λ > 0 and since then 1 − α > 0, both
entropies HR and HT increase. Similarly, for α > 1, both these functions decrease in λ > 0
but then in 1 − α < 0, so the corresponding entropies increase anyway.

To prove (iv), we notice that, by Proposition 3.3, the function λ �→ (ψ(α, λ))
1

1−α strictly
increases in both cases 0 < α < 1 and α > 1. Now consider two cases:

- If 0 < β < 1, then (ψ(α, λ))
1−β
1−α increases in λ, and since 1 − β > 0, the entropy

HSM (α, β, λ) also increases in λ.

- If β > 1, then (ψ(α, λ))
1−β
1−α decreases in λ, but then 1 − β < 0, hence, the entropy

HSM (α, β, λ) increases in λ anyway.

�	
Remark 5.2 Figure 3 illustrates the graph of Tsallis entropy as a function of variables α and
λ. The graph confirms that the Tsallis entropy is a positive function, increasing with respect
to λ for any α > 0 and α �= 1, which is consistent with our theoretical findings. Furthermore,
the entropy decreases with respect to α for any λ > 0, aligning with theoretical expectations.
This behavior is explained by the sum

∑∞
i=0 pα

i in the definition (2.6), which decreases as
α increases. Note also that for α > 1, the entropy is bounded by/increases to 1

1−α
, see Eq.

3.15.
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Fig. 3 The Tsallis entropy HT (α, λ)

Remark 5.3 Figures 4–5 present the behavior of Sharma–Mittal entropy for the Poisson dis-
tribution under various parameter settings (α > 0, β > 0, α �= β). In all presented cases, the
entropy HSM (α, β, λ) increases as a function of λ.

Furthermore, we can see that the Sharma–Mittal entropy decreases with respect to α for
any fixed β and λ, and similarly decreases with respect to β for any fixed α and λ in line with
the theoretical prediction. Indeed, such monotonic behavior in α and β can be generalized to
any discrete distribution, not just the Poisson distribution, by considering the sum

∑∞
i=0 pα

i
in the definition (2.7), which decreases with increasing α.

Finally, on Fig. 4, we can see that the functions HSM (2, β, λ) grow to different finite
values when β > 1 (specifically, to 1

β−1 , see Eq. 3.17). In contrast, on Fig. 5, we can see that
all the functions HSM (α, 2, λ) have the same limiting behavior (and apparently converge to
1 = 1

β−1

∣
∣
β=2) for different α. This is not the case when β ∈ (0, 1) (see Theorem 3.4(c)) as

then HSM (α, β, λ) grows as c(α, β)λ
1−β
2 for all α that is reflected in Fig. 6.

Fig. 4 The Sharma–Mittal entropy for α = 2
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Fig. 5 The Sharma–Mittal entropy for β = 2

5.2 “Anomalous“ Behavior of Generalized Rényi Entropies

We now turn to the study of two generalized Rényi entropies, which exhibit “anomalous”
behavior for certain values of the parameters.

5.2.1 The Generalized Rényi Entropy HGR(˛,�)

Let us first consider the generalized Rényi entropy with one parameter α > 0. By Eq. 2.8
and Proposition 5.1 (i), ∂

∂λ
HG R(1, λ) = ∂

∂λ
HSH (λ) > 0 for all λ > 0. The next statement

shows that the positivity of ∂
∂λ
HG R(α, λ) may fail for α in a neighborhood of 0.

Proposition 5.4 There exists an interval J ⊂ (0, 1) (in a neighborhood of 0) such that, for
each α ∈ J , HG R(α, λ) is decreasing as a function of λ in the neighborhood of λ = 1.

Proof By Eq. 3.7,
∂

∂λ
HG R(α, λ) = − ∂2

∂α∂λ
logψ(α, λ). (5.1)

Fig. 6 The Sharma–Mittal entropy for β = 0.5

123



   45 Page 16 of 32 Methodology and Computing in Applied Probability            (2025) 27:45 

We are going to prove that, for some J ⊂ (0, 1),

∂

∂λ
HG R(α, λ)

∣
∣
∣
λ=1

< 0, α ∈ J . (5.2)

By the continuity of ∂2

∂α∂λ
logψ(α, λ) (see Remark A.5), Eq. 5.2 would imply that, for

each such α ∈ J , ∂
∂λ
HG R(α, λ) for all λ from a neighborhood of 1 (the neighborhood may

depend on α) that would prove the statement.
We define

ρ(α) := ∂

∂λ
logψ(α, λ)

∣
∣
∣
λ=1

,

so that, by Eq. 5.1,
∂

∂λ
HG R(α, λ)

∣
∣
∣
λ=1

= −ρ′(α). (5.3)

Using formula (A.12), we get

∂

∂λ
logψ(α, λ) =

∂
∂λ

ψ(α, λ)

ψ(α, λ)
= α

∑∞
i=0(i − λ)λαi−1

(i !)α
∑∞

i=0
λiα

(i !)α
,

Fig. 7 Graphs of the function ρ(α) and its derivative ρ′(α)
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and therefore,

ρ(α) = α

(∑∞
i=1

i
(i !)α

∑∞
i=0

1
(i !)α

− 1

)

.

Note that by Proposition 3.3 (i), logψ(α, λ) strictly increases as a function of λ for any
α ∈ (0, 1). Then ρ(α) > 0 for any α ∈ (0, 1), and for α = 1 we have

ρ(1) =
(∑∞

i=1
1

(i−1)!
∑∞

i=0
1
i !

− 1

)

= 0.

Moreover, by to Lemma A.3, ρ(α) → 0 as α → 0. Note also that both ρ(α) and ρ′(α)

are continuous functions (by Lemma A.4 and Remark A.5). Therefore, ρ is a strictly positive
continuously differentiable function on (0, 1) which converges to 0 as α → 0. As a result,
ρ must be increasing at a point, and hence, on an interval J , in a neighborhood of 0. Then
ρ′(α) > 0 for α ∈ J , that, by Eq. 5.3, proves Eq. 5.2. The statement is proven. �	

Remark 5.5 The graphs of ρ(α) := ∂
∂λ

logψ(α, λ)|λ=1 and ρ′(α) = ∂2

∂α∂λ
logψ(α, λ)|λ=1

for α ∈ (0, 1) are shown in Figs. 7 (a) and (b), respectively. Figures 7 (c) and (d) present the
graphs of ρ(α) and ρ′(α) on an expanded scale near zero. It can be observed that there is
indeed an interval where ρ(α) increases, as it was proven in Proposition 5.4. Additionally,

Fig. 8 The generalized Rényi entropyHG R(α, λ): (a) as a function of (α, λ), (b) as a function of λ for α = 0.1,
(c) as a function of λ for α = 0.14
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Fig. 9 The non-monotone behavior of HG R(α, λ) in λ for large α

the graphs suggest that this interval is of the form (0, α0), with α0 ≈ 0.15. Beyond this point,
ρ(α) decreases for α ∈ (α0, 1], eventually reaching ρ(1) = 0.

Remark 5.6 Figure 8(a) displays the surface of the generalized Rényi entropy HG R(α, λ)

within the region 0.05 ≤ α ≤ 0.15 and 0 < λ ≤ 20. Figures 8(b) and (c) present the graphs
of HG R(α, λ) as a function of λ for α = 0.1 and α = 0.14, respectively. For these small
values of α, the entropy exhibits what we term as “anomalous” behavior, characterized by a
decrease in λ over an interval. After reaching a local minimum at the end of this interval, the
entropy HG R(α, λ) subsequently increases.
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Remark 5.7 We can also observe numerically that the generalized Rényi entropyHG R(α, λ)

demonstrates “anomalous” behavior for large values of α as well, see Fig. 9.
Namely, on Fig. 9(a), we can see that (for α = 25, 50, 100) the steepness of HG R(α, λ)

changes close to the integer values of λ. Zooming the graphs, one can see, nevertheless, that
HG R(25, λ) is indeed non-monotone inλ ∈ [1, 1.15], however, it is increasing inλ ∈ [2, 2.5],
see Fig. 9(b). Next,HG R(50, λ) is non-monotone in λ ∈ [1, 1.15] and λ ∈ [2, 2.15], however,
it is increasing in λ ∈ [3.05, 3.25], see Fig. 9(c). Finally, HG R(100, λ) is non-monotone in
λ ∈ [1, 1.15], λ ∈ [2, 2.15], and λ ∈ [3, 3.15], see Fig. 9(d).

Such irregular behavior of HG R(α, λ) is evidently determined by the behavior of
∂
∂λ
HG R(α, λ). Figure 10 shows that the derivative has damping oscillations in λ starting

from 1 for λ = 0. However, the amplitude of the oscillations, for e.g. α = 15, is not large
enough to reach 0, i.e. ∂

∂λ
HG R(15, λ) > 0 for all (observed) λ. When α grows, the amplitude

increases, and hence the number of roots to ∂
∂λ
HG R(α, λ) = 0 increases.

5.2.2 The Generalized Rényi Entropy HGR(˛,ˇ,�)

Now we consider the generalized Rényi entropy with two parameters α and β.

Fig. 10 Damping oscillations of ∂
∂λ

HG R(α, λ) in λ for different values of α
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Proposition 5.8 1. Let α ≤ 1 < β or α > 1 ≥ β. Then HG R(α, β, λ) increases as a
function of λ ∈ (0,∞).

2. Let J be a subset of (0, 1) (as in Proposition 5.4) or a subset of (1,∞) (see Remark 5.7)
such that, for each α ∈ J , the entropy HG R(α, λ) is decreasing in λ on some interval
(dependent on α). Then, for each α ∈ J and for each β in a neighborhood of α, the
entropy HG R(α, β, λ) is also decreasing in λ on some interval (dependent on α, β).

Proof First, we note that, by Eq. 3.5, for any α, β > 0, α �= β,

HG R(α, β, λ) = HG R(β, α, λ).

Hence, without loss of generality, we assume that β > α. We rewrite then Eq. 3.5 as
follows

HG R(α, β, λ) = 1

β − α

(
logψ(α, λ) − logψ(β, λ)

)
, (5.4)

where, recall, ψ is defined through Eq. 3.2.
1. If β > 1 > α, then β − α > 0, and, by Proposition 3.3, logψ(α, λ) is increasing in λ,

and logψ(β, λ) is decreasing in λ. Therefore, by Eq. 5.4, HG R(α, β, λ) is increasing in λ.
Similarly, if β > 1 = α, then logψ(1, λ) ≡ 0, and the same arguments work.

2. Let α < β < 1 or 1 < α < β. By Eq. 5.4, the condition ∂
∂λ
HG R(α, β, λ)|λ=λ0 < 0 for

some λ0 > 0 is equivalent to

∂

∂λ
logψ(α, λ)

∣
∣
∣
λ=λ0

<
∂

∂λ
logψ(β, λ)

∣
∣
∣
λ=λ0

. (5.5)

A sufficient condition to have Eq. 5.5 for all α, β ∈ I with α < β, for some I ⊂ J , would
be to have that the function

I � α �→ ∂

∂λ
logψ(α, λ)

∣
∣
∣
λ=λ0

is strictly increasing on I , that is equivalent to

0 <
∂

∂α

(
∂

∂λ
logψ(α, λ)

∣
∣
∣
λ=λ0

)

=
( ∂2

∂α∂λ
logψ(α, λ)

)∣
∣
∣
∣
λ=λ0

= ∂

∂λ

( ∂

∂α
logψ(α, λ)

)∣
∣
∣
∣
λ=λ0

= − ∂

∂λ
HG R(α, λ)

∣
∣
∣
λ=λ0

, (5.6)

where the equalities between partial derivatives of logψ hold by Lemma A.4 and Remark
A.5, and we also used Eq. 3.7.

As a result, if, for some α0 ∈ J , HG R(α0, λ) is decreasing in λ0 from a neighborhood of

some λ0 > 0, then the inequality ∂
∂λ
HG R(α, λ)

∣
∣
∣
λ=λ0

< 0 holds for all α from a neighborhood

I of α0. Then, by Eq. 5.6, the inequality (5.5) holds for all α, β ∈ I , and thus for them,
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Fig. 11 The generalized Rényi entropyHG R(α, β, λ): (a) as a function of (α, λ) for β = 0.01, (b) as a function
of λ for α = 0.02 and β = 0.01

∂
∂λ
HG R(α, β, λ)|λ=λ0 < 0. Since the functions in Eq. 5.4 are continuously differentiable, we

will get the statement. �	

Remark 5.9 Figure 11(a) presents the surface plot of HG R(α, β, λ) as a function of α and λ,
with fixed β = 0.01, within the region 0.01 ≤ α ≤ 0.03 and 0 < λ ≤ 150. In Fig. 11(b), the
dependence of HG R(α, β, λ) on λ is shown for fixed values of α = 0.02 and β = 0.01. The
results indicate an “anomalous” behavior of the generalized Rényi entropy for these values of
α and β: initially, the entropy decreases with increasing λ, followed by a subsequent increase.
This supports the second statement of Proposition 5.8 in view of the similar results observed
in Fig. 8.

The proof of the second statement of Proposition 5.8 implies that the behavior of
HG R(α, β, λ) for large α and β should be similar to the one observed in Fig. 9. Indeed
Fig. 12 supports this statement.

Fig. 12 The generalized Rényi entropy HG R(α, β, λ) for large α and β
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A: Appendix

A.1: Auxiliary Results

Lemma A.1 For any λ > 0,

lim
λ→∞ e−λ

∞∑

i=1

λi

i ! log(i + 1) = ∞.

Proof Obviously, for any N > 1

∞∑

i=1

λi

i ! log(i + 1) ≥ log(N + 1)
∞∑

i=N

λi

i ! .

Furthermore,

lim
λ→∞ e−λ

N−1∑

i=0

λi

i ! = 0.

Therefore,

lim
λ→∞ e−λ

∞∑

i=1

λi

i ! log(i +1) ≥ log(N +1) lim
λ→∞ e−λ

∞∑

i=N

λi

i ! = log(N +1) lim
λ→∞ e−λ

∞∑

i=0

λi

i ! = log(N +1).

Since N > 1 is arbitrary, we get the statement. �	
Lemma A.2 For any λ > 0,

μ(λ) := max
i≥0

pi (λ) = λ
λ�


λ�!e−λ, (A.1)

and, for λ ≥ 1,

μ(λ) <
1√

2π
λ� . (A.2)

In particular, the maximal probability of the Poisson distribution with parameter λ > 0
tends to zero as λ → ∞. Moreover, the following modification of the estimate (A.2) holds
true:

μ(λ) <
1√
2πλ

(

1 + 1

(λ − 1) ∨ 1

) 1
2

exp

(

− 1

12λ + 1

)

, λ > 1. (A.3)

Proof To prove Eq. A.1, consider the indices i for which the sequence pi (λ) is increasing.
Solving the inequality pi−1(λ) ≤ pi (λ), that is,

λi−1e−λ

(i − 1)! ≤ λi e−λ

i ! ,

we get i ≤ λ. Hence, {
pi−1(λ) ≤ pi (λ) for i ≤ λ,

pi+1(λ) ≤ pi (λ) for i ≥ λ − 1.

This means that the maximum value of pi is reached at i ∈ [λ − 1, λ].
Let us consider two cases: λ /∈ N and λ ∈ N.
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Case 1: λ /∈ N. Since i ∈ N∪{0}, the only i ∈ [λ−1, λ] is i = 
λ�. That is, the maximum
value of pi (λ) in the case λ /∈ N is reached at i = 
λ�, i.e.,

max
i≥0

pi (λ) = p
λ�(λ) = λ
λ�


λ�!e−λ. (A.4)

Case 2: λ ∈ N. Since i ∈ N ∪ {0}, the possible values of i ∈ [λ − 1, λ] are i = λ − 1
and i = λ. That is, the maximum value of pi (λ) in the case λ ∈ N is reached at i = λ − 1 or
i = λ. Let us compute the values of pi (λ) for i = λ − 1 and i = λ:

pλ−1(λ) = λλ−1

(λ − 1)!e−λ = λλ

λ! e−λ = pλ(λ).

Thus, for λ ∈ N the relation (A.4) also holds.
To estimate μ(λ), we start with the well-known inequality

√
2πn

(n

e

)n
e

1
12n+1 < n! <

√
2πn

(n

e

)n
e

1
12n , n ≥ 1. (A.5)

Then, by the first inequality in Eq. A.5,

λ
λ�


λ�!e−λ <
1√

2π
λ�
( λ


λ�
)
λ�

e
λ�e−λ exp

(

− 1

12
λ� + 1

)

, λ ≥ 1. (A.6)

We consider, for a fixed λ ≥ 1, the function f (x) = ( λ
x )x ex , x ∈ (λ− 1, λ]. Its logarithm

equals
g(x) = log f (x) = x log λ − x log x + x,

and g′(x) = log λ − log x ≥ 0. Therefore, the highest value of f (x) is achieved at x = λ

and equals f (λ) = eλ. As a result,

(
λ


λ�
)
λ�

e
λ�e−λ ≤ 1, λ ≥ 1,

and hence, Eq. A.6 reads

λ
λ�


λ�!e−λ <
1√

2π
λ� exp

(

− 1

12
λ� + 1

)

, λ ≥ 1, (A.7)

that implies Eq. A.2.
To get Eq. A.3, we note that, in Eq. A.7,

exp

(

− 1

12
λ� + 1

)

< exp

(

− 1

12λ + 1

)

;

and

1√
2π
λ� = 1√

2πλ

(
λ


λ�
) 1

2

<
1√
2πλ

(
λ� + 1


λ�
) 1

2 = 1√
2πλ

(

1 + 1


λ�
) 1

2

<
1√
2πλ

(

1 + 1

(λ − 1) ∨ 1

) 1
2

<
1√
2πλ

exp

(
1

2((λ − 1) ∨ 1)

)

,

where we used the inequality 1 + x < ex for x > 0. �	
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Lemma A.3

lim
α↓0

α
∑∞

i=1
i

(i !)α
∑∞

i=0
1

(i !)α
= 0. (A.8)

Proof Fix ε > 0. We decompose the sum in the numerator into two terms as follows

∞∑

i=1

i

(i !)α =
∑

1≤i≤ε/α

i

(i !)α +
∑

i>ε/α

i

(i !)α , α < ε.

The first term admits the bound:

α
∑

1≤i≤ε/α

i

(i !)α ≤ ε
∑

1≤i≤ε/α

1

(i !)α ≤ ε

∞∑

i=0

1

(i !)α ,

whence
α

∑
1≤i≤ε/α

i
(i !)α

∑∞
i=0

1
(i !)α

≤ ε. (A.9)

Now, let us consider the second term. By the first inequality in Eq. A.5, i ! > i i+ 1
2 e−i , and

therefore,

α
∑

i>ε/α

i

(i !)α ≤ α

∞∑

i=
ε/α�+1

i1−αi− α
2 eiα

= α

∞∑

k=1

(
k +

⌊ ε

α

⌋)1−αk−α
ε/α�− α
2
exp

{
αk + α

⌊ ε

α

⌋}

≤ α

∞∑

k=1

k + ⌊
ε
α

⌋

(
k + ⌊

ε
α

⌋)αk+α
ε/α�+ α
2

eαk+ε ≤ α

∞∑

k=1

k + ε
α

(
ε
α

)αk+α
ε/α�+ α
2

eαk+ε

=
(α

ε

)α
 ε
α �+ α

2
eε

∞∑

k=1

(αk + ε)
(αe

ε

)αk
.

For α < ε
e the series can be computed using the following relations:

∞∑

k=1

xk = x

1 − x
,

∞∑

k=1

kxk = x

( ∞∑

k=0

xk

)′
= x

(
1

1 − x

)′
= x

(1 − x)2
, |x | < 1.

We obtain

α
∑

i>ε/α

i

(i !)α ≤
(α

ε

)α
 ε
α �+ α

2
eε

(αe

ε

)α
(

α
(
1 − (

αe
ε

)α)2 + ε

1 − (
αe
ε

)α

)

. (A.10)

Observe that

1 −
(αe

ε

)α = 1 − exp
{
α log

αe

ε

}
∼ −α log

αe

ε
∼ −α logα, as α ↓ 0.

Therefore, the right-hand side of Eq. A.10 is asymptotically equivalent to

(αe

ε

)ε
(

1

α log2 α
− ε

α logα

)

∼ − eεε1−ε

α1−ε logα
, as α ↓ 0.
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Now let us study the denominator of Eq. A.8. By the second inequality in Eq. A.5, we
may write for any N ≥ 1,

∞∑

i=0

1

(i !)α ≥
N∑

i=1

(2π i)−
α
2 i−αi e

α
(

i− 1
12i

)

≥ (2π)−
α
2

N∑

i=1

i−
α
2 −αi ≥ (2π)−

α
2

N∑

i=1

N− α
2 −αi

Taking N = 
 1
α
� < 1

α
, we get

∞∑

i=0

1

(i !)α ≥ (2π)−
α
2


 1
α
�∑

i=1

α
α
2 +αi = (2π)−

α
2 α

3α
2
1 − αα
 1

α
�

1 − αα
∼ − 1

α logα
, as α ↓ 0.

Combining the results above we see that the ratio α
∑

i>ε/α
i

(i !)α /
∑∞

i=0
1

(i !)α is bounded

from above by the function, asymptotically equivalent to eεε1−εαε → 0, as α ↓ 0. Together
with Eq. A.9 this implies that

lim
α↓0

α
∑∞

i=1
i

(i !)α
∑∞

i=0
1

(i !)α
≤ ε,

for any ε > 0. Hence Eq. A.8 holds. �	

A.2: Some Properties of the FunctionÃ(˛,�)

Lemma A.4 For all α > 0 and λ > 0, the function ψ(α, λ) introduced by Eq. 3.2 is well
defined and continuously differentiable in two variables, moreover, the partial derivatives
can be computed as follows:

∂
∂α

ψ(α, λ) =
∞∑

i=0
(pi (λ))α log pi (λ), (A.11)

∂
∂λ

ψ(α, λ) = αe−αλ
∞∑

i=0
(i − λ)λαi−1

(i !)α , (A.12)

where pi (λ) = e−λ λi

i ! .

Proof It is well known (see, for example, Zorich 2016, Section 16.3.5) that to verify the
term-by-term differentiability of a series with differentiable terms, it suffices to establish
that the series converges at least at one point and that the corresponding series of derivatives
converges uniformly.

Note that the convergence of the series (3.2) (as well as the series (A.12)) for all positive
values of α and λ follows from, for instance, the root test, using the bound (A.5).

Next, we prove the uniform convergence of the series of derivatives, i.e., the series (A.11)
and (A.12). Consider an arbitrary rectangle R = [α∗, α∗] × [λ∗, λ∗] ⊂ (0,∞)2. For any
δ > 0, there exists a constant Cδ > 0 such that |log x | ≤ Cδx−δ for all x ∈ (0, 1). Therefore,
choosing δ ∈ (0, α∗), we can estimate

(pi (λ))α |log pi (λ)| ≤ Cδ(pi (λ))α∗−δ ≤
(

e−λ∗ (λ∗)i

i !
)α∗−δ

= e(α∗−δ)(λ∗−λ∗)(pi (λ
∗))α∗−δ,

for all (α, λ) ∈ R. Thus, by the Weierstrass M-test, the series (A.11) converges uniformly on
R because the series

∑
i≥0(pi (λ

∗))α∗−δ converges to ψ(α∗ − δ, λ∗).

123



   45 Page 26 of 32 Methodology and Computing in Applied Probability            (2025) 27:45 

The uniform convergence of the series (A.12) on R can be established similarly. Specifi-
cally, the i th term can be bounded as follows:

∣
∣
∣
∣αe−αλ(i − λ)

λαi−1

(i !)α
∣
∣
∣
∣ ≤ α

(
i

λ
+ 1

)

(pi (λ))α ≤ α∗
(

i

λ∗
+ 1

)

e(α∗−δ)(λ∗−λ∗)(pi (λ
∗))α∗−δ =: Mi ,

and the convergence of the series
∑

i Mi follows from the root test similarly to the series
(3.2).

The uniform convergence results imply that the series ψ(α, λ) can be differentiated term-
by-term with respect to both α and λ, and the formulas (A.11) and (A.12) hold for any
(α, λ) ∈ R. Furthermore, ∂

∂α
ψ(α, λ) and ∂

∂λ
ψ(α, λ) are continuous on R. Sinceα∗ > α∗ > 0

and λ∗ > λ∗ > 0 are chosen arbitrarily, we conclude that the result holds for all α > 0 and
λ > 0. �	
Remark A.5 1. Arguing as above, one can show that the mixed derivative ∂2

∂λ∂α
ψ(α, λ) is also

continuous in two variables and it can be found using term-by-term differentiation of the
series ψ(α, λ).

2. The term-by-term differentiability of ψ(α, λ) with respect to λ can be also deduced
from the fact that it is a power series in terms of λα , and any power series can be differentiated
term-by-term within its region of convergence.

Lemma A.6 Let γ∗ := exp
(
−π

e

(
e
1
6 − 1

)) ≈ 0.811. For each α > 0, α �= 1 and each

γ ∈ (γ∗, 1), we define

D(α, γ ) :=
(

π |α − 1|
−eα log γ

) |α−1|
2

.

Then

1) for α ∈ (0, 1),

ψ(α, λ) < C1(α, γ )e−αλEα

((α

γ
λ
)α

)

, λ > 0,

where
C1(α, γ ) := √

αe
1

12α D(α, γ );
2) for α > 1,

ψ(α, λ) > C2(α, γ )e−αλEα

((
αγλ

)α)
,

where

C2(α, γ ) := √
αe− α

12
1

D(α, γ )
.

Proof It is well known that, for x > 0,
√
2πx

( x

e

)x
e

1
12x+1 < �(x + 1) <

√
2πx

( x

e

)x
e

1
12x .

Therefore, for α > 0
√
2παx

(αx

e

)αx
e

1
12αx+1 < �(αx + 1) <

√
2παx

(αx

e

)αx
e

1
12αx ,

and

(
√
2πx)−α

( x

e

)−αx
e− α

12x <
1

(
�(x + 1)

)α < (
√
2πx)−α

( x

e

)−αx
e− α

12x+1 ;
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hence,

√
α(

√
2πx)1−α

(
αα

)x
e

1
12αx+1− α

12x <
�(αx + 1)

(
�(x + 1)

)α <
√

α(
√
2πx)1−α

(
αα

)x
e

1
12αx − α

12x+1 .

(A.13)
For each α > 0, α �= 1, and each γ ∈ (0, 1), we set b := |α−1|

2 > 0, and consider
the function fα,γ (x) := xbγ αx , x ≥ 0, then gα,γ (x) := log fα,γ (x) = b log x + xα log γ ,
and g′

α,γ (x) = b
x + α log γ , and hence, fα,γ attains its maximum on [0,∞) at b

−α log γ
=

|α−1|
−2α log γ

> 0 and hence, for x > 0,

x
|α−1|
2 γ αx ≤

( |α − 1|
−2eα log γ

) |α−1|
2 := C0(α, γ ).

1. Let 0 < α < 1. For any γ ∈ (α, 1), we have from the second inequality in Eq. A.13
that, for x ≥ 1,

�(αx + 1)
(
�(x + 1)

)α <
√

α(
√
2π)1−αx

1−α
2 γ αx

(α

γ

)αx
e

1
12α

≤ √
αe

1
12α

(√
2π

)1−α
C0(α, γ )

(α

γ

)αx = C1(α, γ )
(α

γ

)αx
,

since
(√

2π
)1−α

C0(α, γ ) = D(α, γ ) for α ∈ (0, 1). Note that C0(α, γ ) → ∞ as γ ↗ 1,
hence, we can assume that γ is close enough to 1 to ensure that C1(α, γ ) ≥ 1 (for the given
α). Then

ψ(α, λ) = e−αλ + e−αλ
∞∑

i=1

λαi

(i !)α ≤ e−αλ + e−αλ
∞∑

i=1

λαi

�(αi + 1)
C1(α, γ )

(α

γ

)αi

≤ C1(α, γ )Eα

((α

γ
λ
)α

)

,

where Eα is the Mittag-Leffler function.
2. Let α > 1. For any γ ∈ (0, 1), we have from the second inequality in Eq. A.13 that,

for x ≥ 1,

�(αx + 1)
(
�(x + 1)

)α >
√

α(
√
2π)1−αx

1−α
2 ααx e− α

12 = √
α(

√
2π)1−α

(
x

α−1
2 γ αx

)−1
(γ α)αx e− α

12

≥ √
αe− α

12
1

(
√
2π)α−1C0(α, γ )

(γ α)αx = C2(α, γ )(γ α)αx ,

since
(√

2π
)α−1

C0(α, γ ) = D(α, γ ) forα > 1. Similarly to the above, sinceC0(α, γ ) → ∞
as γ ↗ 1, we can assume that γ is close enough to 1 to ensure that C2(α, γ ) ≤ 1 (for the
given α). Then

ψ(α, λ) = e−αλ + e−αλ
∞∑

i=1

λαi

(i !)α ≥ e−αλ + e−αλ
∞∑

i=1

λαi

�(αi + 1)
C2(α, γ )(αγ )αi

> C2(α, γ )e−αλEα

((
αγλ

)α)
.

We are going to show now that γ can be chosen uniformly in α.
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For 0 < α < 1, C1(α, γ ) ≥ 1 iff

1

2
logα + 1

12α
+ 1 − α

2

(

log

(
π(1 − α)

eα

)

− log(− log γ )

)

≥ 0,

or equivalently,

log(− log γ ) ≤ α

2
logα + 1

6α(1 − α)
+ log(1 − α) + log

π

e
=: r1(α). (A.14)

For α > 1, C2(α, γ ) ≤ 1 iff

1

2
logα − α

12
− α − 1

2

(

log

(
π(α − 1)

eα

)

− log(− log γ )

)

≤ 0.

Denoting ᾱ := 1
α

∈ (0, 1), we can rewrite this as follows

− 1
2 log ᾱ − 1

12ᾱ − 1−ᾱ
2ᾱ

(
log

(
π(1−ᾱ)

e

)
− log(− log γ )

)
≤ 0;

log(− log γ ) ≤ ᾱ
1−ᾱ

log ᾱ + 1
6(1−ᾱ)

+ log(1 − ᾱ) + log π
e =: r2(ᾱ). (A.15)

Since log ᾱ < 0, we have ᾱ
1−ᾱ

log ᾱ < ᾱ
2 log ᾱ; also, 1

6(1−ᾱ)
< 1

6ᾱ(1−ᾱ)
. Therefore,

inf
0<ᾱ<1

r2(ᾱ) ≤ inf
0<α<1

r1(α).

To find the smaller infimum, note that

r ′
2(ᾱ) = 1

(1 − ᾱ)2
log ᾱ + 1

1 − ᾱ
+ 1

6(1 − ᾱ)2
− 1

1 − ᾱ
= 1

(1 − ᾱ)2

(

log ᾱ + 1

6

)

.

Hence r2 attains its (global) minimum at ᾱ∗ = exp
(− 1

6

) ∈ (0, 1), and it is equal to

r2(ᾱ∗) = − ᾱ∗
6(1 − ᾱ∗)

+ 1

6(1 − ᾱ∗)
+ log(1 − ᾱ∗) + log

π

e

= log
(
1 − e− 1

6
) + log

π

e
+ 1

6
= log

(π

e

(
e
1
6 − 1

))
.

Therefore, the assumption

log(− log γ ) ≤ log
(π

e

(
e
1
6 − 1

))
,

log γ ≥ −π

e

(
e
1
6 − 1

)
,

γ ≥ exp
(
−π

e

(
e
1
6 − 1

)) = γ∗.

implies that both Eqs. A.14 and A.15 hold for all α, ᾱ ∈ (0, 1), and hence, then C1(α, γ ) ≥ 1
for 0 < α < 1, and C2(α, γ ) ≤ 1 for α > 1.

The statement is proven. �	

Lemma A.7 For any α > 0,

ψ(α, λ) ∼ 1√
α

(2πλ)
1−α
2 , λ → ∞.

123



Methodology and Computing in Applied Probability            (2025) 27:45 Page 29 of 32    45 

Proof We are going to use the saddle point method. We have that

∞∑

n=0

λαn

(n!)α ∼
∫ ∞

0

λαx

(
�(x + 1)

)α dx, λ → ∞.

Next,
λαx

(
�(x + 1)

)α = exp
(
α
(
x log λ − log�(x + 1)

))
,

and by Stirling’s formula,

x log λ − log�(x + 1) ∼ x log λ − x log x + x − 1

2
log(2πx) =: fλ(x), x → ∞.

Since

f ′
λ(x) = log λ − log x − 1

2x
,

the function fλ attains its maximum value at x ≈ λ, as we can neglect 1
2x for x ≈ λ → ∞,

so that f ′
λ(λ) ≈ 0. Since f ′′

λ (x) = − 1
x + 1

2x2
, we get that, for x ≈ λ,

fλ(x) ≈ fλ(λ) + 1

2
f ′′
λ (λ)(x − λ)2 = λ − 1

2
log(2πλ) − 1

2λ

(
1 − 1

2λ

)
(x − λ)2.

Therefore, for λ → ∞,
∫ ∞

0

λαx

(
�(x + 1)

)α dx ∼
∫ ∞

0
eα

(
fλ(λ)+ 1

2 f ′′
λ (λ)(x−λ)2

)

dx

= eαλ

(2πλ)
α
2

∫ ∞

−λ

e− α
2λ

(
1− 1

2λ

)
x2dx

= eαλ

(2πλ)
α
2

√
2λ

α
(
1 − 1

2λ

)

∫ ∞

−
√

αλ
2

(
1− 1

2λ

) e−y2dy

∼ eαλ

(2πλ)
α
2

√
2λ

α

∫ ∞

−∞
e−y2dy = (2πλ)

1−α
2√

α
eαλ.

By the definition (3.2) of the function ψ(α, λ), this implies the statement. �	

A.3: Proof of Proposition 3.1

The claims (i) and (i i) are proved in Braiman et al. (2024).
(i i i) By Eq. 2.4,

HG R(α, λ) = −
∑∞

i=0 pα
i log pi

∑∞
i=0 pα

i

= −
∑∞

i=0
λiαe−λα

(i !)α log λi e−λ

i !
∑∞

i=0
λiαe−λα

(i !)α

= −
∑∞

i=0
λiα

(i !)α (i log λ − λ − log i !)
∑∞

i=0
λiα

(i !)α
=

∑∞
i=0

λiα

(i !)α (log i ! − i log λ)
∑∞

i=0
λiα

(i !)α
+ λ.
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(iv) By Eq. 2.5,

HG R(α, β, λ) = 1

β − α
log

(∑∞
i=0 pα

i
∑∞

i=0 pβ
i

)

= 1

β − α
log

⎛

⎝

∑∞
i=0

λiαe−λα

(i !)α
∑∞

i=0
λiβe−λβ

(i !)β

⎞

⎠

= 1

β − α
log

⎛

⎝eλ(β−α)

∑∞
i=0

λiα

(i !)α
∑∞

i=0
λiβ

(i !)β

⎞

⎠ = λ + 1

β − α
log

⎛

⎝

∑∞
i=0

λiα

(i !)α
∑∞

i=0
λiβ

(i !)β

⎞

⎠ .

(v) By Eq. 2.6,

HT (α, λ) = 1

1 − α

( ∞∑

i=0

pα
i − 1

)

= 1

1 − α

( ∞∑

i=0

λiαe−λα

(i !)α − 1

)

= 1

1 − α

(

e−λα
∞∑

i=0

λiα

(i !)α − 1

)

.

(vi) By Eq. 2.7,

HSM (α, β, λ) = 1

1 − β

⎛

⎝

( ∞∑

i=0

pα
i

) 1−β
1−α

− 1

⎞

⎠ = 1

1 − β

⎛

⎝

( ∞∑

i=0

λiαe−λα

(i !)α
) 1−β

1−α

− 1

⎞

⎠

= 1

1 − β

⎛

⎝e
−λα(1−β)

1−α

( ∞∑

i=0

λiα

(i !)α
) 1−β

1−α

− 1

⎞

⎠ .
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