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A simple yet highly effective band structure model of germanium (Ge) for electron and hole transport in bulk semiconductor is
developed for Monte Carlo (MC) simulations at 300 K. The simulated electron and hole drift velocities versus the applied electric
field are compared with experimental data, serving as a reference for model accuracy. The comparison between the experimental
and simulation results, up to an electric field of 700 kV cm™' for electrons and up to 10 kV cm™! for holes in the Ge (100)
crystallographic orientation, demonstrates exceptionally good agreement, especially for holes, when compared to previous works.
We have found that electron/hole effective masses in the lowest valley (the L-valley)/band (the heavy-band) are highly anisotropic
with longitudinal and transverse masses of 1.588/1.64 and 0.082/0.052, respectively. The electron and hole mobilities as a function
of ionised impurity concentration are also obtained using a static screening model in carrier scattering with ionised impurities.
Finally, the relaxation times and the occupation of valleys in the conduction and valence bands are shown as a function of the

applied electric field.
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A simple band structure model for highly effective ensemble
Monte Carlo (MC) simulations is presented for electron and hole
transport in bulk germanium (Ge). The accuracy of the model is
tested against experimental data' for the electron and hole drift
velocities (v,), respectively, in high-purity Ge as a function of the
applied electric field parallel to the (100) crystallographic orienta-
tion at 300 K. Although MC simulations of electron and hole
transport in bulk Ge have been reported a few times before,” we
have developed a band structure model that is both simple and
highly accurate in reproducing the drift velocity at 300 K, making it
particularly suitable for use in time-demanding 3D finite element
MC device simulations of electron and hole transport in n-type and
p-type nanoscale multigate field-effect transistors (FETs) such as
FinFETs, nanowire FETSs, and nanosheet FETs.>® Our analytical
model improves the accuracy of reproducing electron drift velocity
at high electric fields (around 40-50 kV cm ™) compared to previous
full-band simulations.” It also enhances the accuracy of reproducing
hole drift velocitgf from around 3 kV cm™' when compared to k.p
MC simulations.” Simulations of electron and hole transport in Ge
are essential to advance the performance of nanoscale Si FETs
because the performance of p-FETs often lags behind the perfor-
mance of n-FETs in complementary metal-oxide-semiconductor
(CMOS) technology aimed at logic applications.'®'' While such
MC simulations often treat electrons and holes separately in unipolar
devices, the multiparticle MC technique can be readily extended to
simulate electron and hole transport in bipolar devices, such as
bipolar transistors'> or solar cells,'”> where superparticles repre-
senting electrons and holes undergo free flights and scattering events
simultaneously.

Ge exhibits excellent bulk hole mobility of 1900 cm*Vs
compared to silicon (Si),'*'® while its electron mobility of 3900
cm?/Vs is equally competitive. Moreover, Ge is being studied for
heterostructure designs that combine Ge with Si in transistor
channels to enhance carrier mobility,'” or for use in critical regions
(such as quantum wells) to reduce resistance. This is due to Ge
compatibility with existing Si fabrication processes.'™'? The

“E-mail: k. kalna@swansea.ac.uk

potential of Ge in n-channel and p-channel MOSFETs has been
hindered by a low interface quality with dielectric layers and the
inability to activate sufficiently high doping in the source/drain
regions despite some recent encouraging results.'” Recently, Ge and
high-Ge-content channel nanosheet and nanowire FETs have been
reported, demonstrating excellent performance as tunnel FETs,*
reconfigurable FETs,*' nanosheet ferromagnetic FETs,** and nano-
wire FETs.****

The hole bulk MC simulations were pioneered by simulations of
the hole drift velocity as a function of applied electric field and
mobility versus lattice temperature for Si (100), (110), and (111)
crystallographic orientations.”> These hole MC simulations of Si
considered two different analytical bandstructures of the valence
band: (i) a two-band model consisting of a spherical non-parabolic
heavy hole (HH) band and a spherical parabolic light hole (LH) band
and (ii) a one-band model consisting of a warped parabolic HH band
only. The hole bulk simulations of Ge were followed by simulating
the hole drift velocity up to large electric fields of 10 V/cm while
accounting for the anisotropy in Ge crystals.”® These MC simula-
tions considered a single warped parabolic HH band model, which
neglects transport contributions from the LH band. Later, more
advanced MC simulations reported drift velocity, mobility, and
average kinetic energy.’ This MC simulations considered a single
warped non-parabolic HH band model neglecting again light-hole
band contribution. Finally, the contribution of the spin-orbit band to
the hole transport has been neglected or approximated in all previous
MC simulations of hole transport in Si and Ge. Later, the hole bulk
MC simulations advanced into full band MC simulations in which
the semiconductor bandstructure is fully numerically calculated for
conduction and valence bands in the Brillouin zone. The bandstruc-
ture calculations may use a k.p method®*” or non-local empirical
pseudopotentials®®*? approach. However, the full band MC simula-
tions are time consuming and can make device simulations ex-
tremely long, especially when performed in the 3D real device
domain.?

Bandstructure Model of Electrons and Holes for Germanium

The band structure of a semiconductor, which is of interest in
transport problems, is centred around the energy gap, Eg. This
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energy region for the face-centred cubic lattice structure will have
several energy points of significance in the conduction and valence
bands. These energy points, called valleys, are typically located at
the I'-valley [k = (0, 0, 0)], at the L-valley [k = (7/ag, 7/ag, 7lag), ag
being the lattice parameter], and along the A-valley
[k = (27/ay, 0, 0); (0, 27/ayp, 0); and (0, 0, 27/ay)]. When the signifi-
cant energy points or valleys are determined, a description of energy
dispersion relation, which determines the relation between wave-
vector k and energy E, around these valleys is needed. Efficient
ensemble MC simulations require an analytical description of the
energy dispersion relation to significantly speed up simulation time,
particularly when simulating carrier transport in nanoscale semi-
conductor devices.

Carriers may be treated in a parabolic band approximation as
long as they do not have a very large kinetic energy. In other words,
we assume that the holes behave as free particles having a single
effective mass regardless of a wavevector component or a crystal
orientation. Their energy dispersion is approximated by a parabolic
dispersion so that the kinetic energy close to conduction band
minimum is a quadratic function of k. The parabolic spherical band
model (an isotropic model) represents the relationship between the
carrier energy Ej and the crystal momentum k.>' When the band
minimum occurs at k = 0, the energy dispersion relation E; can be
written as:>

p2 _ h2k2

Ek =2 "%
&) 2m* 2m*

(1]

and the connection to classical kinetics through the particle
momentum p is brought to mind. In Eq. 1, m" is the effective
carrier mass defined at the band edge, and 7% is the Planck constant
divided by 27. The parabolic isotropic bandstructure model at the
significant energy point in Brillouin zone (I, L, or X, etc.) describes
a band whose constant energy surfaces in the k-space are spheres,
and whose effective masses in each crystallographic orientation are
equal. Equation 1 represents a band with spherical equi-energetic
surfaces with a single scalar effective mass m", appropriate for the
energy minimum of the conduction band (conduction band
minimum) and for the energy minimum of the valence band (valence
band minimum). Note that the energy minimum of valence band is
reverse with respect to the energy of conduction band.

A band with ellipsoidal equi-energetic surfaces is illustrated in
Fig. 1. The conduction band energy description uses a tensor
effective mass with the effective longitudinal electron mass

(me*long) and with the transverse components of effective electron

mass (m.,,,) given by:

P2 King | ki
E(k) = 7( + m:: Iaran ’ [2]

* long
me

where K is the longitudinal wave vector and Ky, is the transverse
wave vector. The same expression can be written for valence band
energy and holes using effective hole mass (longitudinal and
transverse). The ellipsoids have a rotational symmetry around the
crystallographic directions which contain the centre of the valleys.
This case is often also appropriate for the minima of the conduction
band at the L point and along the A-valley, but could be used
sometimes even at the [-valley (in a Si analytical bandstructure®?).
This approximation is often called a parabolic anisotropic band-
structure model.

The energy Ej and the crystal momentum k for heavy holes in the
I"-valley are treated within the parabolic anisotropic bandstructure
model where the constant energy surfaces in k-space are assumed to

be ellipsoidal. Consequently, the effective mass m" becomes a tensor

characterised by the longitudinal heavy hole effective mass (")

and the transverse heavy hole effective mass (m;\"™"). This allows us

to express the parabolic anisotropic energy dispersion relation as:

n? klzong k2
Ek) =7 ( sy | [3]
My M

The energy dispersion relation for light holes (lh) in the I"-valley
are treated within the parabolic isotropic bandstructure model given
by:

n’k?
2m;:

Ek) = (4]

where my; is the effective LH mass.

The both previous analytical bandstructure models, isotropic and
anisotropic, assume the parabolic dispersion energy approximation
which is valid for carrier kinetic energy close to the band or the
valley minimum. The parabolic dispersion energy approximation
might be extended to larger carrier kinetic energies by using a non-
parabolic dispersion energy approximation by modifying the relation
(4) as:

212
EXI[1 + aEK)] = L k* [5]
2m

i

where, for i = e, m} is the effective electron mass, for i = hh, m}, is
the effective HH mass when the hole is in the HH band, and, for i =
Ih, mj; is the effective LH mass when the hole is in the LH band.
Non-parabolic bandstructure model is frequently used for electrons
in III-V semiconductors, Si, and Ge due to their generally lighter
effective masses. However, this approach has less applicability for
holes because of their generally heavier effective masses.

In Ge, the conduction band minimum is at L-valley and the
valence band minimum is at k = 0 called I-valley** as illustrated
in Fig. 2. The absolute minima of the conduction band in Ge lies
along the (111) directions at the L-valleys, so there are four
equivalent ellipsoidal valleys. Owing to their proximity in
energy, the upper six equivalent ellipsoidal X-valleys along the
(100) directions and subsequent one spherical I'-valley at the
centre of the Brillouin zone can be populated by electrons at high
electric fields. The two (the HH band and the LH band) of the
valence bands located at the I'-valley are degenerate,>> while the
third one is split off by the spin-orbit interaction. The split-off
band is separated from the valence band minimum at I"-valley by
the split off energy Ego, as shown in Fig. 2. The split-off band is
usually neglected due to its separation of energy and small
density of states which play a negligible role in hole transport
within semiconductors.>® Therefore, we consider, for further
simplification, only the remaining heavy and LH bands.*
A bandgap of Ge is Eg = 0.66 eV at 300 K. All essential material
parameters for electron and hole transport in bulk germanium in
our MC simulations, including band structure coefficients, energy
gap, density and mobility parameters, etc.., are summarized in
Table I.

Transition Probability

The transition probability of a carrier between its states in the
scattering theory can be derived from the first order time-dependent
perturbation theory.’ The transition probability between two
eigenstates is the solution of Schrodinger wave equation for the
perturbation potential ¢’ with the unperturbed Hamiltonian operator
Heo. In order to obtain the transition probability S(k, k'), the
Schrodinger equation to be solved assumes that carriers (electrons
or holes) interact with a perturbation potential ' and that the
perturbation of the order of A is small (A < 1). The transition
probability of an electron/hole from its initial state Kk into a final state
Kk’ caused by a potential due to the perturbation Hamiltonian H’ is
then given by Fermi Golden Rule as®
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Figure 1. Spherical and ellipsoidal shapes of the surfaces of constant energy for electrons and holes in a cubic semiconductor close to the energy minima.*
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Figure 2. Bandstructure of a cubic-lattice semiconductor.

Sk, k) = 2;”|<1</|H’|k>|25<E<k’> CEM T ho).  [6]

Equation 6 is a basic result of scattering theory, which we will apply to
the scattering calculation of carriers in semiconductors. The probability
S(k, k') is derived to the first order of perturbation theory and is
energy-dependent. In the particular case of a carrier-phonon interaction,
when the upper sign is selected then Ey = Eyx — hw; an energy Aw of a
phonon is emitted. If the lower sign is selected, then Ey = Ex + hw; an

l

e}

c

©

0

I E.=066ev g
Er=080eV %

Ex| Ex=149¢eV 3
E, = 0.29 eV §

k - wave vector

Heavy holes
Light holes

Valence band

energy /w of a phonon is absorbed. After integrating S(k, k'), given by
Eq. 6 with respect to a final state k', we obtain the scattering rate I'(k)
as a function of the initial state k'

Q ! !
Mo =05 /S(k, K)dK, 7]

When we substitute Fermi Golden Rule 6 into Eq. 7, the scattering
rate for the initial state k is given by:*’
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Table 1. Material parameters of germanium for the analytical
calculation of its conduction and valence bands as used within the
MC simulations. The subscript r in m/* 1% = m*°"¢/;, denotes the
relative effective mass of a carrier ¢, where ¢ = e for an electron,
¢ = hh for a heavy hole, and ¢ = /h for a LH, and m, is the mass of
electron in vacuum. The MC simulation was performed at 300 K
(room temperature).

0.664%7

Energy gap [eV]
163738

Relative permittivity
3900 (electron); 1900 (hole)**4°

Mobility [cm?/V-s]
5.3267*7

Density [g/cm’]

Velocity of sound [m/s] v, = 5130, v, = 5360 +¥7

Conduction band
electron valleys energy separation

L-to-T" valley [eV] Ap_r 0.135%4!
L-to-X valley [eV] Ap_x 0.83*4!
I'-to-X valley [eV] Ar_x 0.695*1

Valence band
hole bands energy separation

heavy hole-to-LH band [eV]

Ahhflh 0.1 [thiS WOrk]

Conduction band (non-parabolic anisotropic)
electron effective mass

L-valley (anisotropic): ¥ long 1.588 [this work]
mer* tran 0.08240

I'-valley (isotropic): mr* 0.037%

X-valley (anisotropic): m.* long 13534043
% ran 0.2884043

Conduction band (non-parabolic anisotropic)
non-parabolicity coefficient

L-valley (isotropic): a 0.3*
X-valley (isotropic): e 0.3*
I'-valley (isotropic): o 0.3*

Valence band (parabolic anisotropic/isotropic)
hole effective mass

Heavy hole (hh) (anisotropic): mhr;‘ long 1.64 [this work]
myy 0.052 [this work]
Light hole (Ih) (isotropic): mi¥ 0.044%0:4

Note. Note: References are mentioned in the Table.

2 Q
r =

[t PsE®R) - B = Aok, (3]

Scattering Processes

MC simulations of carrier transport in semiconductors include
carrier scattering mechanisms with acoustic phonons, non-polar
optical phonons, and ionised impurities. The electron scattering
with acoustic phonons and non-polar optical phonons might include
intra-valley, where both the initial state and final state of the electron
are in the same valley, or inter-valley transitions, where the final
state lies in a valley different from that of the initial state.*® The hole
scattering with phonons might include intra-band transitions, where
both the initial state and final state of the hole lie in the same band,

or inter-band transitions, where the final state is in a band different
from that of the initial state.**

The ensemble MC simulations will largely benefit from the
scattering rates being prepared as a function of initial kinetic energy.
These initial energy-dependent scattering rates can be quickly used
to obtain the required probabilities of scattering events, as the kinetic
energy of each of the particles is readily available. Therefore, in
what follows, we derive this type of scattering rates.*”

The major electron and hole scattering processes in Ge involves
interactions with acoustic and non-polar optical phonons.* We
therefore review approximations involved in the calculations of
scattering rates of electrons and holes with phonons in general and
then focus on the interactions with acoustic and non-polar optical
phonons.* These electron and hole scattering rates are needed to be
expressed as a function of hole initial kinetic energy to calculate the
total electron and hole scattering rates including the self-scattering®
for the ensemble MC simulations.*® The total scattering rate serves
as a principal quantity to select a scattering mechanism after the end
of free flight of an electron or a hole.

Electron intra-valley and hole intra-band scattering: acoustic
phonons.—The carrier scattering with phonons will be briefly
overviewed in the following sections. At the end of each overview
section, the generalised scattering of a carrier will be separated into
the electron scattering and the hole scattering to clearly distinguish
the two separate charge carriers, which might have different relevant
scattering mechanisms and will inevitably have different material
scattering parameters.

The probability of a carrier to scatter from an initial state |k) to a
final state |k’) by an acoustic phonon can be further simplified by an
equi-partition approximation, assuming that this scattering is elastic.*
The elastic scattering approximation of the phonon interaction means
that the carrier energy dissipated by acoustic phonon emission is equal
to the carrier energy immersed by acoustic phonon absorption.

The scattering probability of a carrier to scatter from an initial state
Kk to a final state K’ in the equi-partition approximation is given by:>°

2
P(K, k):%/f G2k, )
4rnpv;

x S[E(K) — EK)]k?dk'd cos(0)dg. [9]

where D4 is the deformation potential for acoustic phonons, kg is the
Boltzmann constant, p is the crystal density, vy is the sound velocity,
and T} is the lattice temperature. The scattering probability per unit
time, I'[E(k)], for absorption and emission processes in the equi-
partition approximation can be obtained after integrating over all
possible final states. The term G (k’, k) is called the overlap integral,
which consist of the k and k’ states involved in carrier transport. The
overlap integral depends on the symmetry of the electron/valence
band wavefunctions (s-type or p-type) and on the specific atomic
orbitals and their spatial arrangement, but simple wavefunction
approximations give G(k’, k) = 1/2 for electron intra-valley and
intra-valley, as well as for hole intra-band and inter-band transitions.
If a non-parabolic energy dispersion relation (5) is required for
electrons with a lighter effective mass, an electron scattering rate for
its interaction with the acoustic potential of phonons is given by:

V2 DickpTy, (m})*?
mp vy

x JEK)(1 + aE(K)) (1 + 2aE(K)). [10]

where m is the electron effective mass, « is the electron non-
parabolicity coefficient (see Table I), and # is the reduced Planck
constant.

If we use the parabolic energy dispersion relation 1 in the
expression for the scattering rate (8), we can write a hole acoustic
scattering rate as:*>'

NEMX]=
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2 *\3/2
TIE®)] = ﬁDA‘; kT [11]
Tt

v2at

where the hole effective mass will be for a LH band if i = /A, and for
a HH band if i = hh.>?

Electron intra-valley/inter-valley and hole intra-band/inter-
band scattering—non-polar optical phonons.—Carrier scattering
due to non-polar optical phonons can be treated similarly to the
acoustic deformation potential scattering as described in Eq. 9. We
consider the non-polar optical scattering of carriers by a combination
of longitudinal optical (LO) and transverse optical (70) modes,
assuming common frequency for both. Therefore. one can use a
deformation potential constant D(,p, which represents an average
over optical strains in all directions.’ ? As in the case of the acoustic
scattering, the only angular dependence in the non-polar optical
scattering rate is that due to the overlap integral G(k'k), which
reduces the total rate for both intra- and inter-band scattering by a
factor of 2. Hence, the electron scattering rate for the non-polar
optical phonons for intra-valley transitions with the consideration of
non-parabolic energy dispersion relation 5 reads:

2 *y3/2
F(E) Dop 1—>i(me ) Nq
V27 wep 1P N, + 1

x JE'( + aE) (1 + 2aE), [12]

where Z is the number of equivalent valleys. The terms N, and
N, + 1 are the occupation numbers of the lattice state |N,) given by
the Bose-Einstein distribution, which represent absorption (the upper
symbol N,) and emission (the lower symbol N, + 1) of a single
phonon of energy #w,,. The Bose-Einstein phonon distribution
function (N,) is defined as:

N=— [13]

exp (T?) -1
The final energy E’ in the electron scattering rate (12) is given by:

E' = E + haw,. [14]

The electron scattering rate for the non-polar optical phonons for
inter-valley transitions with the consideration of non-parabolic
energy dispersion relation 5 is:

2 *3/2
F(E) D()pl—)} e) Nq
V27p w; 1 N, + 1
X JE(1 + af) (1 + 2aE"), [15]

where Z; is the number of equivalent valleys and w;; is the non-polar
optical frequency for inter-valley phonons. The final energy E’ in the
electron scattering rate (15) is now given as:

The hole scattering rate for the non-polar optical phonons
considering intra-band transitions (transition occurred between the
HH band to the HH band, and also between the LH band to the LH
band), in the spherical and isotropic band approximation model, is
given by:

2

3
D()p l‘)l(m 1)5 Nq
FlEdor= f wp Wgp [(Nq + 1)

VE'(K), (17]

where i = hh stands for the HH band and i = /A stands for the LH
band. The deformation potential constant D?

op,i—i

transitions between two identical bands, either the HH (i = hh) or the
LH (i = [h). The final energy E’ in the hole scattering rate (17) is
given by the expression (14), where w,, is the non-polar optical
frequency for holes interacting with intra-band phonons.

The hole scattering rate in the spherical and isotropic band
approximation model for inter-band transitions (transition occurred
between the HH band to the LH band, and also between the LH band
to the HH band) due to the non-polar optical phonons considering is
given by:

is for intra-band

D2 (m *)% ]
T[E®K)] = —2= 7070 \/—E’(k (18]
fﬂh P Wjj N + 1

where the suffix of the effective mass term i = hh stands for the HH
band and i = /h stands for the LH band. The deformation potential

constant Dop i—;j 1s for inter-band transitions between two different

bands, from the HH band (i = hh) to the LH band (j = [h) or from
the LH band (i = [h) to the HH band (j = hh). wj; is the non-polar
optical frequency for holes interacting with inter-band phonons.
Deformation potentials and phonon energies for the interactions
of electrons and holes with acoustic and non-optical phonons in Ge
are listed in Table II for intra-band and inter-band transitions,
respectively. Finally, the hole intra-band and inter-band optical
transitions between HH and LH are summarised in Table III.

Ionized impurity scattering.—In a doped semiconductor, an
electron or a hole interacts with the Coulomb potential of a ionized
impurity atom, which is the source of scattering charge. In general,
the carrier (electron or hole) scattering on ionized impurities is an
elastic scattering process. Since the carrier is not alone in the
semiconductor but is surrounded by many other carriers in a many-
body system, the carrier interaction via Coloumb potential is
affected by these other carriers.>~°

In what follows, we summarise the most frequently used models
for carrier scattering with ionised impurities which are
Conwell-Weisskopf®” ionised impurity scattering model and
Brooks-Herring®® ionised impurity scattering model. These two
models will be briefly overviewed, and the notorious divergence
present in the Brooks-Herring model will be resolved by the Third
Body Exclusion model.**°

Conwell-Weisskopf ionised impurity scattering model.—The
Conwell-Weisskopf ionised impurity scattering model (CW) does
not need to consider a screening of Coulomb interaction among
charg%s 6()frf:e or fixed) and assumes a bare Coulomb potential in the
form:

e2

[19]

V=
drkr

However, the formula for calculating the carrier relaxation time for
scattering with ionised impurities would diverge for q=0.
Therefore, the model excludes scattering at very small angles, which
is physically justified assuming that a carrier would always scatter
with the closest ionised impurity if the concentration of ionised
impurities is N;. A minimum angle of scattering («) is obtained using
Rutherford theory of impact parameter (b) given by:*’

2
e

b= coth(a/2). 20

8nkE (@/2) [20]

The maximum of the impact parameter (b,.) when the impact
ionisation scattering becomes operative is approximated by a half
distance between ionised impurity scattering centres as:
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Table II. Phonon deformation potentials and energies used in the electron and hole MC simulations of Ge. HH stands for heavy hole, and LH for
light hole. Note: References to material parameters from literature are also included while parameters exclusive to this work are marked with a

symbol “[a]”.

Electron intra-valley

scattering: L-Valley I'-Valley X-Valley
Deformation potential:

Acoustic phonons [eV] 9.0 [a] 5.0* 9.0*
Deformation potential:

Optical non-polar phonons [eV/cm] 2.7 x 108 [a] — —
Phonon energy:

Optical non-polar phonons [eV] 0.03704° — —

Electron inter-valley
scattering:

L-to-L-Valley

L-to-I"-Valley L-to-X-Valley

Deformation potential:

Optical non-polar phonons [eV/cm] 3.0 x 108 ¢ 2.0 x 10** 4.06 x 1084
Phonon energy:
Optical non-polar phonons [eV] 0.03704*3 0.0276* 0.0276*

Electron inter-valley
scattering:

I'-to-X-Valley

X-to-X-Valley _

Deformation potential:

Optical non-polar phonons [eV/cm] 1.0 x 10°* 8.0 x 108 * —

Phonon energy:

Optical non-polar phonons [eV] 0.0276* 0.025* —

Hole intra-band

scattering: HH Band LH Band —

Deformation potential:

Acoustic phonons [eV] 6.0 [a] 4.6 [a] —

Deformation potential:

Optical non-polar phonons [eV/cm] 9.0 x 10®>* 9.0 x 10®>* —

Phonon energy:

Optical non-polar phonons [eV] 0.037*+° 0.037%° —

Hole inter-band

scattering: HH-to-LH LH-to-HH

Deformation potential:

Optical non-polar phonons [eV/cm] 9.0 x 10®>* 9.0 x 10®>* —

Phonon energy:

Optical non-polar phonons [eV] 0.037*° 0.037%° —
Booax = 1 NS [21] The hole scattering with ionised impurities uses a simpler

2! parabolic energy dispersion (1). Therefore, the hole Conwell-

The electron scattering with ionised impurities uses the non-
parabolic energy dispersion (5). The electron Conwell-Weisskopf
scattering rate for ionised impurities in the non-parabolic approx-
imation is therefore given in its energy form by:*

V2Nbiax  EX(1 + aE)
(mom'? [E(1 + aE)IY?

I'™(E) = [22]

where m. for the effective electron mass given by average of the
effective longitudinal electron mass (m.' long) and the effective

transverse mass (m:f tran) @S:

* _ * * 291/3
m, = [me, long X (me, tran) ]

Weisskopf scattering rate for ionised impurities in the parabolic
approximation is just:

12
V() = V2 Nb ey E'2 [23]
(mom)'"?

where i = hh is again m}}; for the effective HH mass when the hole is
in the HH band, and i = [h is m}, is the effective LH mass when the
hole is in the LH band.

Brooks-Herring ionised impurity scattering model.—The Brooks-
Herring model for ionised impurity scattering assumes an interaction
of a carrier via screened Coulomb potential with single scattering
centre.®’ As mentioned before, the scattering rate used in MC
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Table III. Summary of transitions of holes within the heavy hole
band, the light hole band, and between the heavy hole band and the
light hole band in Ge.

Intra-band transitions Inter-band transitions

Initial state Final state Initial state Final state

Heavy Hole
Light Hole

Heavy Hole
Light Hole

Heavy Hole
Light Hole

Light Hole
Heavy Hole

simulations for this depends on type of carrier, electron or hole,
because the bandstructure model for transport of these two carriers is
different. The electron scattering rate as a function of the electron
initial energy E for its a non-parabolic anisotropic bandstructure
model is given by:*

Nie*
I'HE) = L JE(1 + aE)
21\ 2mom* k2 (ﬁg)2
1 + 2aFE

, 24
1 +4E(1 + aE)IB} [24]

where the Debye—Hiickel inverse screening length (g in an energy
form is given by:

n? e2N;
i = '

= . 25
2mom) k kgT [23]

Note that the dielectric permittivity s can also be expressed as
K = €o€s, Where € is the permittivity of vacuum and ey is the relative
static permittivity of the material. This expression for a scattering
rate uses the overlap integral equal to unity.

The hole scattering rate as a function of the hole initial energy £
for its parabolic anisotropic (heavy-hole band) and isotropic (light-
hole band) bandstructure model is given by:

N;e* VE
2 2mom K2 (B2? 1+ 4EIf;

where the hole effective mass m,;* again distinguishes between the
HH band (i = hh) and the LH (i = lh) band, and [ is the inverse
screening length. Furthermore, the derivation of the inverse
screening length can be approached usin§ the Debye—Hiickel and
Thomas—Fermi (TF) screening models.®>**

The MC simulations here adopt a static screening in the random
phase approximation.”> The random phase approximation® con-
siders carrier-carrier interactions but neglects effects of correlation
and exchange.®® The inverse screening length in the static screening
mode]##60¢ containing the Fermi half integrals (F_,/,, Fj/2) may be
expressed in an energy form as:

(E) = [26]

N, F. !
e 1/2('1)’ n=———(Er — Ec — 8Ey), [27]
F12() kpT

ﬁEz —

2mom;* K

where Ef is Fermi energy level, Ec is the conduction or the valence
band edge, and OE;; is the electron energy valley separation or the
hole energy heavy-band to light-band separation if applicable. The
index i in the carrier effective mass stands for the electron effective
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mass when i = e, for the hole heavy-band effective mass when
i = hh, and for the hole light-band effective mass when i = /h.

Our MC simulations calculate the Fermi energy level (Ef) self-
consistently and, instead of the lattice temperature 7, also calculate
an electron temperature (7,) from the carrier concentration (given by
the ionised impurity concentration N;) and the average kinetic energy
of the carrier at each time step.®® Therefore, the argument 7 of the
Fermi half integrals reads:

n=——(Er — Ec — OE).
kB e

Third-body exclusion.—Our MC simulations use a carrier scat-
tering rate for the ionised impurities based on Ridley’s model (third-
body exclusion) to eliminate divergence in Brooks-Herring
formula.**>°

Ridley model assumes that since the carrier scattering with
individual ionised impurity has to be truly two-body nearest
scattering process, we have to make sure that any interaction with
another neighbour scattering centre is excluded.*®**%* Therefore,
Brooks-Herring scattering rate I'gy is substituted into the following

expression:
FBH(E)
a_lv(E))], [28]

I'(E) = a~V(E) [1 - exp(—

where a is the mean length between impurity centres and can be
found via the relation:

a = (2zN)~'5. [29]

V(E) is the carrier drift velocity given by:

W) = Joim® JEQ +aB) [E(l + aE) .

1 + 2aE

The carrier drift velocity is simplified to:

v(E) = (2/m}* JE

where i is index of a carrier. When i = e, m* is the electron effective
mass, when i = hh, m;'< is the hole heavy-band effective mass, and i
= lh is the hole light-band effective mass.

Drift Velocity, Mobility, and Other Quantities from Ensemble
Monte Carlo Simulations

The ensemble MC technique is employed to validate the
bandstructure model and scattering mechanisms identified as essen-
tial in Ge against available experimental data and previous simula-
tions. We would like to stress once more that the aim of this work is
not to develop a highly universal transport model for all transport
conditions (crystallographic orientations, temperature, strain, etc..)
but to develop a fast and reliable simple transport simulation model
for Ge only in the (100) crystallographic orientation at room
temperature of T = 300 K. The validation starts with a comparison
of the average electron and hole drift velocity as a function of the
electric field (v — E) as shown in Figs. 3 and 4, respectively. The
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electric field is varied from 0.1 to 1000 kV cm™" for electrons on a
logarithmic scale and from 0.1 to 10 kV cm ™" for holes on a linear
scale. The orientation of the electric field is chosen to be parallel to
the (100) crystallographic orientation. The electron transport simu-
lations assume anisotropic and non-parabolic L-valleys, which are
the lowest valleys in the conduction band, an isotropic and non-
parabolic I'-valley, which is the second valley, and anisotropic and
non-parabolic X-valleys, which are the third valleys. The hole
transport simulations assume the anisotropy and parabolicity at the
I-valley of the valence band for the heavy-hole band and the
anisotropy and parabolicity at I'-valley for the light-hole band. The
MC simulated electron and hole drift velocity versus applied electric
field are in very good agreement with the experimental results for
electrons' and for holes.>®® Figure 3 shows that the electron drift
velocity steadily increases at relatively low applied electric fields
when the increasing field progressively accelerates electrons. The
electrons at these low electric fields will interact mostly with
acoustic phonons. As the applied electric field increases, the
electrons will acquire larger kinetic energies and start to interact
with non-polar optical phonons. With further increase of electron
kinetic energy, the electrons might undergo transitions from the
lowest conduction L-valley to upper X- and I'-valleys. Our MC
simulated electron drift velocity is nearly identical to experimental
data and agrees well with the previous full-band MC simulations up
to electric field of 40 kV cm™" at which point our simulations start to
slightly overestimate previous full-band MC simulations. However,
since no experimental data are available for these high electric fields,
a definitive conclusion is not possible at the moment. Our simulated
results of hole v — E characteristics are in excellent agreement, if not
better than, the previous k.p MC simulation® as demonstrated in
Fig. 4.

At low electric fields, the hole velocity increases linearly with the
increase of electric field as the holes are accelerated by the field and
because the holes in an chiefly elastic scattering system are not

losing significant amounts of energy. At high electric field, electrons
lose more energy due to the increased inelastic scattering with non-
polar optical phonons. Hence, the hole velocity at high electric field
will start to saturate. At very high electric fields, the full band k.p
MC simulations start to underestimate the experimental data while
our MC simulations are closely following the trend of the experi-
mental data. This excellent agreement with experiments is attributed
to the use of significantly anisotropic hole effective mass in the
heavy band. The longitudinal HH effective mass is quite heavy
(1.64mg) while the transverse HH effective mass is relatively low
(0.052myg). The low transverse HH effective mass helps holes move
faster as one would expect from the large longitudinal HH effective
mass keeping this excellent agreement with experiment. The
transitions of holes from the HH band to the LH band with an
isotropic, single LH effective mass (0.044my) also assist the hole at
the very high electric fields to achieve a larger average hole drift
velocity.

Figure 5 presents the electron mobility as a function of the
ionised impurity concentration in bulk Ge at a very low electric field
of 0.1 kV cm™'. The impurities concentrations vary from 1 x 10'
ecm ™ to 1 x 10?! cm™>. The mobility is the largest at a low doping
concentration and begins to decline as the doping concentration
increases because of increasing interactions of carriers with ionised
impurities. Note that the scattering with ionised impurities is elastic
and thus will not reduce the kinetic energy of carriers but will
randomise their movement (drift) under applied electric field.
Electron mobility decreases with increasing doping concentration
but tends to saturate at very high doping levels due to the enhanced
screening effect. This will be explained in detail for hole mobility in
the following paragraph. Finally, the apparent shift of the simulated
electron mobility when compared to experimental data'* is caused
by the fact that the reported n-type doping concentration in the
experiment assumes that all the dopants are activated, with the
dopant activation at 100%. However, not all n-type dopants are
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activated. Therefore, for example, the simulation results for the

electron mobility at a doping concentration of 1 x 10'' cm™ are
equivalent to the active dopant concentration at 1 x 10" cm™.

Figure 6 shows the hole mobility, again, as a function of the
ionised impurity concentration in bulk Ge at the same, very low
electric field of 0.1 kV ecm™'. The impurities concentrations vary
from 1 x 10" cm™ to 1 x 10*° cm ™. Similarly to the experimental
data for holes, there is apparent shift of the simulated hole mobility
compared to the experimental data.'* This shift is also caused by the
fact that the reported p-type doping in the experiment assumes that
all the dopants are activated. Therefore, for example, the results for
the hole mobility at a doping concentration of 2 x 10'® cm™ are
equivalent to the active dopant concentration at 8 x 10'> cm™.

We observe from Fig. 6 that the hole mobility is modestly
reduced at very low ionized impurity concentrations, as expected,
because of a weak hole screening at these low hole concentrations.
When the low hole concentration increases above 2 x 10'° cm™>
then the mobility starts to significantly decline as the concentration
increases. According to Eq. 25, the inverse screening length
decreases with the increased impurity concentration. With the
decreasing of screening length, the scattering rate increases until
the ionised impurity concentration becomes high (1 x 10'? cm™), at
which it starts to decrease. The MC simulation trend of mobility of
holes in Ge is in a good agreement with the experimental result at
300K as shown in Fig. 6.

Figures 7 and 8 show the momentum relaxation time for electrons
and holes, respectively, as a function of the electric field in bulk Ge
at lattice temperature 7 = 300 K. We observe that the carrier
relaxation time is large at a low electric field, and then exponentially
decreases with the increasing electric field corresponding to a field
higher than 50 x 10> V/cm, which is a negative differential
resistance (NDR) region due to intervalley scattering to higher I
and L valleys. Moreover, the decrease in the momentum relaxation
time is caused by loss of momentum due to interactions with
acoustic and non-polar optical phonons (electrons or holes scatter

more frequently and relax more momentum). However, the mo-
mentum relaxation mechanisms are acoustic phonon scattering at
lower electric field, but non-polar optical phonon and inter-valley
scatterings are the dominant momentum relaxation mechanisms
when the electric field becomes higher.

At an electric field of 7 kV cmfl, negative differential resistance
(NDR) occurs in the electron drift velocity due to an increase in
phonon emission. While electrons still remain in the L-valley,
increased scattering with non-polar optical phonons results in a
decline in the drift velocity despite acquiring greater kinetic energy
from the increasing electric field. As shown in Fig. 9, L-valley
occupation remains near 100% at and beyond this field. When the
field reaches 30 kV cm™', electrons begin transitioning to the I'-
valley, where their lower effective mass leads to a renewed increase
in drift velocity. Transitions to the X-valley remain negligible and do
not contribute significantly to drift velocity.

The occupation of three lowest valleys in the conduction band
considered for the transport simulations of electrons is plotted in
Fig. 9 as a function of applied electric field at room temperature (7T =
300 K). The lowest L-valley will be substantially occupied until
about an electric field of 20 kVem™', when more frequent
transitions of electrons from the L-valley to the I'-valley will
increase its occupation up to 18%. While there will be electrons
with large kinetic energies reaching the X-valley, its occupation will
remain quite low, at about 2%.

Figure 10 shows the occupation for the HH and LH bands as a
function of the electric field in MC simulations of hole transport in
germanium at room temperature. At the beginning of an MC
simulation, all holes are assumed to occupy the HH band, resulting
in 100% occupation. This is because, at thermal equilibrium and low
electric fields, the HH band lies lower in energy (and has a higher
effective density of states) compared to the LH band, making it the
energetically favourable state for hole occupation. As the electric
field increases beyond approximately 0.5 kV cm™', the holes gain
sufficient kinetic energy, and the non-equilibrium carrier distribution
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leads to band repopulation. This results in the transfer of holes from
the HH band to the LH band due to interband non-polar phonon
scattering.

In other words, high energy carriers can overcome the band
splitting, leading to interband non-polar phonon scattering. This is
evident in the band occupations shown in the figure, where the LH
band population increases. However, despite the increase in phonon-
mediated interband scattering, hole transport remains dominated by
holes in the HH band with a larger hole effective mass and hole
density of states.

Conclusions

We have developed a highly efficient and fast transport model for
electrons and holes in Ge using ensemble MC simulations. While
this transport model is valid only for Ge electron and hole transport
in the (100) crystallographic orientation at room temperature (7' =
300 K), it accurately reproduces experimental data. The electron
transport model employs an analytical bandstructure with highly
anisotropic (ellipsoidal) non-parabolic L- and X-valleys. The long-
itudinal electron effective mass of the L-valley is 1.588my, and the
transverse electron effective mass is 0.082my. For the X-valley, the
longitudinal electron effective mass is 1.353m,, and the transverse
effective mass is 0.288my. The I'-valley is described by an isotropic
non-parabolic model using an effective electron mass of 0.037my.
The hole transport model also uses an analytical bandstructure with a
highly anisotropic (ellipsoidal) parabolic HH band. The longitudinal
HH effective mass is large at 1.64m,, while the transverse HH
effective mass is small at 0.052m,. The LH band is assumed to be
isotropic and parabolic, with a single LH effective mass of 0.044my,
which is sufficiently accurate for modeling the occupancy of the
band under high electric fields.

We have also simulated the electron and hole mobility as a
function of n-type and p-type doping concentrations, respectively,
achieving very good agreement with the experimental data trends.
The electron (hole) relaxation time decreases significantly from 0.44
ps (0.18 ps) to 0.001 ps (0.06 ps) at the highest electric fields of 700
kVem ™! (for electrons) and 10 kV ecm ™! (for holes), reflecting the
substantial increase in electron and hole velocity, which is desirable
for nanoscale multigate transistors. This large electron and hole
velocity is a result of the highly anisotropic electron L-valley and the
HH band, with a nearly 19-fold and 32-fold difference, respectively,
between the longitudinal and transverse effective masses. At higher
electric fields of 20 kV ecm™! (for electrons) and 2 kV em ™! (for
holes), the increase in the occupancy of the subsequent valley or
band—namely, the I"-valley for electrons and the LH band for holes
—affects the electron and hole drift velocities. Additionally, at high
electric fields, the hole transitions from the HH band to the LH band,
increasing the occupancy of the LH band with its smaller effective
mass, which further enhances the average hole velocity. The high
carrier velocity in Ge makes it an extremely promising channel
material for future n-type and p-type CMOS transistor generations,
as previously recognized.””’' While the present MC simulations
treat electrons and holes separately in unipolar devices, the approach
can be adapted into a multiparticle framework to enable simulta-
neous carrier transport in bipolar devices.
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