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Astrometry meets pulsar timing arrays: Synergies for gravitational
wave detection
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High-precision astrometry offers a promising approach to detect low-frequency gravitational waves,
complementing pulsar timing array (PTA) observations. We explore the response of astrometric
measurements to a stochastic gravitational wave background (SGWB) in synergy with PTA data.
Analytical, covariant expressions for this response are derived, accounting for the presence of a possible
dipolar anisotropy in the SGWB. We identify the optimal estimator for extracting SGWB information from
astrometric observations and examine how sensitivity to SGWB properties varies with the sky positions of
stars and pulsars. Using representative examples of current PTA capabilities and near-future astrometric
sensitivity, we demonstrate that cross-correlating astrometric and PTA data can improve constraints on
SGWRB properties, compared to PTA data alone. The improvement is quantified through Fisher forecasts
for the SGWB amplitude, spectral tilt, and dipolar anisotropy amplitude. In the future, such joint constraints
could play a crucial role in identifying the origin of SGWB signals detected by PTAs.
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I. INTRODUCTION

The detection of a stochastic background of gravitational
waves (SGWB) would represent a major milestone for
gravitational wave astronomy. Recent exciting develop-
ments in the nano-Hertz (nHz) frequency regime suggest
that we may be on the verge of a detection, with several
pulsar timing array (PTA) collaborations reporting strong
evidence for a SGWB in this range [1-10]. Hellings-Downs
(HD) correlations [11], representing the “smoking-gun”
signature of SGWB, have been detected with 2 — 46 of sta-
tistical significance, depending on the dataset. Upcoming
data from PTAs, in particular, the joint analysis from IPTA
Data Release 3, are expected to further increase the
significance of this detection and measure the SGWB
amplitude and spectrum more precisely [9]. The observed
signal may arise from mergers of supermassive black
hole binaries (SMBHB) [12,13] or from early-universe
sources [14] (or a combination of both), and the increasing
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precision offered by future data may help in identifying the
origin of the SGWB. In the longer term, the Square Kilometre
Array (SKA) [15,16], with its unparalleled timing precision
and larger number of observed pulsars, will provide defini-
tive measurements of the SGWB properties.

It is worthwhile to also explore alternative probes that
could complement the PTA observations in the nHz
regime. One such promising probe is astrometry—using
the precise measurements of the positions of a very large
number of distant sources to measure the effects of
gravitational waves [17-35]. GWs present between the
Earth and the source induce deflections in the observed
positions of these sources (hereafter we lump all such
sources under the umbrella term “stars”). Much like the
pulsar timing residuals, which are correlated across
different pulsars as a function of their angular separation,
the astrometric deflections for different stars are also
correlated, albeit with a slightly different form of the
correlation as compared to the PTA HD correlation.

The success of the Gaia mission [36,37], which observes
billions of stars with a precision measurement of their
position of the order of the milli-arcsecond (mas), has
spurred a renewed interest in astrometric detection of
SGWB. Previously, data from very-long baseline interfer-
ometry (VLBI) [38] and, more recently, Gaia have already
been used to set upper limits on the SGWB in the frequency
range 10718 Hz < f < 107° Hz [22,39-43]. The full Gaia
data release 5 (DR5) with the individual time-series
measurements will further extend this frequency range to
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f <4 x 1077 Hz (each star is observed roughly 14 times a
year [36]). The upcoming Roman survey [44]—due to its
much higher observing cadence—may even be able to
push toward higher frequencies (f < 10~ Hz), opening up
an additional observational window for GW [45-47].
Although current astrometric upper limits on the SGWB
lie around the Qgw < 1072 level, the proposed mission
Theia [48,49], with its pas astrometric precision, would
represent a significant upgrade in terms of sensitivity to
SGWB [32,42,50], even being competitive with PTA
sensitivity.

Motivated by these considerations, in this work we
investigate how data from astrometric surveys may be
used to complement existing PTA experiments and
potentially improve upon current SGWB measurements
obtained from PTA data alone. We do this by means of a
Fisher matrix analysis and calculate the improvement in
constraints that can be achieved by cross-correlating
timing residuals of PTAs with the angular deflections
of astrometry, focusing on the parameters corresponding
to the SGWB monopole amplitude, spectral tilt (for a
power-law spectrum), and a possible dipole anisotropy
magnitude. Along the way, we derive for the first time
analytic covariant expressions for the response to dipole
anisotropy in the SGWB, for astrometry as well as its
cross-correlation with PTAs. The anisotropy of the nHz
SGWB is a key observable that may be used to
discriminate between astrophysical and cosmological
origins of the SGWB given their differing predictions,
with the magnitude of intrinsic cosmological SGWB
anisotropies (see e.g., [51-59]) expected to be much
smaller than their astrophysical counterpart [60-68].
Cosmological anisotropies of large magnitude include
kinematic anisotropies due to motion with respect to the
primordial source of SGWB [58,69-74]. For primordial
sources of SGWB, we can expect a dipolar anisotropy
with an amplitude 1000 times smaller than the isotropic
part of the background, as found in cosmic microwave
background (CMB) measurements [75-78]. Given that
kinematic anisotropies of the SGWB are well motivated,
we mainly consider a kinematic dipole as a specific target
for our analysis, although it can be easily extended to
discuss other anisotropies as well. Additional works
discussing detection prospects of the anisotropies of
the SGWB in different contexts are [60,61,79-85], with
PTA specific analyses in [66,86-91]. See e.g., [92] for a
review.

This paper is organized as follows: In Sec. II, we
review the theory of SGWB detection with astrometry
and the corresponding monopole response and overlap
reduction functions. We then derive an analytic expres-
sion for the astrometric response to the kinematic
dipole anisotropy and its autocorrelation. We also
discuss the astrometry-redshift correlation for the
SGWB monopole and derive an analytic expression for

this cross-correlation in the presence of a dipole
anisotropy. In Sec. III, we use these results to forecast
the astrometric sensitivity to the SGWB monopole and
dipole and also estimate the improvement in constraints
that can be obtained by cross-correlating astrometry and
PTA data, over PTA data alone. Finally, in Sec. IV, we
present our conclusions. Two technical appendixes com-
plement our discussion.

II. OVERLAP FUNCTIONS FOR ASTROMETRY
AND PULSAR TIMING ARRAYS

The overlap reduction function (ORF) of a pair of
detectors accounts for how the sensitivity to the SGWB
changes due to the relative positions and orientations of
the detectors. The cross-correlation of the signal across
the two detectors can be written entirely in terms of the
ORF and the underlying SGWB spectral density.
Schematically, one can write

(s1(f)s5(f)) o< v1s (NI(S), (2.1)
where s;; denotes the signal at detector I, J, y;; the
overlap reduction function, and 7(f) the SGWB inten-
sity. In this section, we obtain expressions for the
astrometric ORFs and their cross-correlations with pulsar
timing arrays. We include the possible presence of a
dipolar SGWB anisotropy, which can be instrumental for
distinguishing cosmological from astrophysical back-
grounds. We investigate the crucial role of the position
of the monitored objects for determining the sensitivity of
the system to the SGWB properties. Our covariant,
analytical formulas are convenient and simple to use
for Fisher forecast analysis.

Astrometry aims to measure the position and motion of
stars on the celestial sphere, while PTA are sensitive to
the time of arrival of radio signals from distant pulsar
sources. GW passing between the position of stars,
pulsars, and the Earth modify photon geodesics, leading
to effects which are measurable with both methods. The
presence of a SGWB induces correlations among mea-
surements of GW signals, as detected by observations of
distinct astronomical objects. In most studies, the SGWB
is assumed to be isotropic. However, it develops kin-
ematic anisotropies if the frames of the GW source and
GW detector move with respect to each other [69].
Kinematic anisotropies break the isotropy of the
SGWB, making it direction dependent: They are fully
determined by the properties of the isotropic part of the
background, as well as the direction of the velocity
among frames. For this reason, it is desirable to derive
analytical, covariant expressions for the ORF, which
make it transparent how the sensitivity to SGWB proper-
ties depends on the position of stars in the sky. We do so
in Sec. I A, where we focus specifically on astrometry,
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while in Sec. II B, we analyze its possible synergies with
PTA observations.

A. Astrometry overlap functions

We define GW in terms of spin-2 fluctuations of the flat
metric
ds? = —di* + [5;; + h;;(t,X)]dx'dx/. (2.2)
The transverse-traceless spin-2 tensors /;;(¢,X) can be
decomposed in Fourier modes as

40 ip o .
e =3 [ ar [ @pemionie o rp),
j’ —0
(2.3)

where f is the GW frequency and p the unit vector
indicating its direction, and e;l]-(p) are real polarization
tensors in the basis 4 = (+, x). Notice that we take the flat
space limit of the GW evolution; hence, it satisfies a flat
space d’Alembertian equation. We impose h;(—f,p) =
h;(f.p). A GW passing between a star and the Earth causes
adistortion 6n' on the star direction n at time ¢, given by the
formula (see e.g., [25])

on;(t.m) = Ry (n, p)hy(t,0),

(2.4)

where, as is customary, we focus on the so-called “Earth-

term” contribution only (see e.g., [25,93]). We introduce
(ni + pi)ny

—— =6, 2.5

Ria(n,p) = 2[1+n-p il (2.5)

where recall that the unit vectors n and p indicate the
direction of the star and of GW propagation, respectively.
The three-index quantity R;;; is orthogonal to the unit
vector n; when contracted with its first index.

In order to characterize the stochastic GW signal, we
assume it has a Gaussian distribution with zero mean. Thus,
the SGWB can be entirely characterized by its two-point
function, expressed as

(hy (f1.P1)h, (f2:P2))

:3_1_1(2)Q'GW(f1’pl)
4 f

( Pz)

Sn0(f1 — fz) ——, (2.6)

where the angle brackets denote an ensemble average, over
all possible realizations of the SGWB, and Qgw (f, p) is the
quantity customarily used for characterizing the GW energy
density per log frequency interval (see e.g., [94]). The
spectral energy density parameter Qgy is related to the GW
intensity [ through the relation

47z2f3

Qsw(f.p) = EY72
0

1(f.p). (2.7)

A SGWB can be characterized by anisotropies, which
render Qgw (f,p) explicitly dependent on the GW direc-
tion p. We include here SGWB kinematic anisotropies [69],
induced by the motion of the observer with respect to the
GW background source. They can be a key observable for
distinguishing astrophysical from cosmological back-
grounds [58,69]. Denoting with = |v|/c the size of the
relative velocity among frames with respect to the speed of
light, and v the velocity unit vector, we have [69]

Qaw(f.p) = Qow(f) + B4 — ng)p - vQew (/).

where Qgw(f) = (47)7" [ d®pQgw(f.p) is the angular
averaged GW energy density. The result also depends on
the energy density spectral tilt ng = d1InQgw/d1In f. The
simple form of the SGWB anisotropy of Eq. (2.8) is all that
we need to carry out our calculations. We include only the
kinematic dipole contribution proportional to S, working
under the hypothesis of small relative velocity among
frames—supported by observations of the CMB dipolar
anisotropy of the CMB temperature [75-78]. It is important
to emphasize that kinematic effects are associated with
deterministic—and not statistical—anisotropies. Hence,
formula (2.8) fully characterizes the kinematic dipolar
anisotropy, with no need for ensemble averaging. An
implication is that our analysis of overlap functions can
be conveniently carried out in a fully covariant way.

An alternative method would be to work in the spherical
harmonic basis for the timing residuals and angular
deflections; e.g., see [29,31,95-97]. For a full-sky survey
with a uniform distribution of stars, spherical harmonics
provide a convenient diagonal basis for analyzing the
effects of the SGWB due to the orthogonality of the
spherical harmonics. However, in general, the dataset used
may not have a uniform distribution of sources or be full
sky; e.g., see [42]. To keep our analysis completely general
and applicable to arbitrary distributions of stars, we do not
resort to the spherical harmonic decomposition.

We proceed by considering two-point correlators of star
deflections as induced by GWs passing between stars and
the Earth. Denoting with n and q the unperturbed directions
of the two stars, respectively, we use Egs. (2.4), (2.6), and

(2.8) to find
3H0 / fQGW

xcos[2ﬂf(t—t)}[H(..)(n q)
+ (4= no)H} (n.q.v)].

= P(O)ng)(n, q) + P(l)Hl('j) (n,q,v).
(2.9)

(2.8)

(6n'(m, t)6n/ (q, 1
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The quantities p ;) depend on integrals along the fre-
quency of the SGWB amplitude and its spectral tilt ng. The
tensors H g» and H 1(11) are independent of frequency. They

are formally expressed in terms of the following angular
integrals:

Ht(?)(n7 q) = /dzgp Rikl(nv p)Rjrs((L p)Pklrs’ (210)

HEJI')(H’(LV) = /dQQp(p'V)Rikl(n’p)'R’jrs(q’p)Pklrs»
2.11)

with the projector

n; [(n; + pi)n
Rijk(nap) =1 {w

5 - 5ik] (2.12)

arising from properties of the polarization tensors in this
context [25]. The tensors H ,(»?']) are the analog of the PTA
ORF relative to the monopolar and dipolar kinematic

components of the SGWB. To compute these quantities,
we introduce the projection tensor

Piji = 6ixbj1 + 6y6ji — 6ii6u + PiP PP
- 5ikpjpl - 5jzpipk - 5i1Pij - 5jkPiP1

+6ijpkp1 + Supip; (2.13)

. . . . . . A
associated with combinations of polarization tensors e§j>.

The tensors H g.)’l)(n, q) are orthogonal to n in their first

index and to q in their second index.

The integrals (2.10) and (2.11) can be performed with
a standard method of contour integration used in the
context of PTA physics; see e.g., [98]." For the case of
the monopole, the ORF is associated with the integral in
Eq. (2.10). We consider the combination

_l-mn-q 1-cos¢
22

(2.14)

controlling the angular separation between a pair of stars
on the celestial sphere: This quantity lies in the interval
0 <y < 1. The astrometry ORF relative to the monopolar,
isotropic component of the SGWB is

'In fact, the calculation proceeds exactly as in [98]. We
decompose the angular integration measure as dZQp =
d(cos0)dg and perform the substitution ¢ = e*. In this way,
the resulting integral in the complex plane is expressed as a
contour integral over C, corresponding to the unit circle. The
integrand has poles inside the unit circle, and the integral can be
straightforwardly evaluated using Cauchy’s integral formula and
the residue theorem.

VA
Hf-?)(n,q)=3( 5 (1 =8y +7y* =6y’ Iny)

1-y)
x [(2=2y)d;; —ninj — q;q9; — qin;

+ (1 =2y)q;n;], (2.15)
a result equivalent to what was found in [25], although
expressed slightly more compactly. As mentioned above,
we obtained this expression by evaluating the integral
(2.10) using contour integration. The expression (2.15) is
the astrometry equivalent of the Hellings-Downs function,
the PTA ORF for the SGWB monopole. From the statis-
tical properties of the two-point correlators, one expects
dependence only on the angular separation n - q between
stars in (2.15). This feature is not immediately apparent
in our results because of the tensorial structure introduced
by the projection tensor (2.13), which brings explicit
factors of n; and g; into the expression. A useful way to
reveal this property is through the quantity Tr[HoH,)
which, as expected, depends only on the relative direc-
tions (see Appendix B). Alternative formulations that
make the exclusive dependence on n - q manifest have
also been explored; see e.g., [28,31].

The tensor defined by the integral (2.11) corresponds
instead to the astrometry response function for dipolar
kinematic anisotropies. It can be computed in terms of
appropriate spherical harmonics [31]—but here we provide
a covariant, succinct expression for it. We introduce, as in
[25], a basis of vectors:

A=nxgq, B=nxA, C=-qxA. (2.16)

Computing the integral of Eq. (2.11) by means of contour
integrations, we find

H}j) = a\(AiC;+ BiA;) + ay(BiC; — AiA;),

(2.17)
with a, , scalar coefficients depending on the angles among
the vectors involved. Recalling the definition (2.14) and
denoting

(Av) =v-(nxq), (nv) =m-v, (2.18)
we express the coefficients a;, as
2(Av)(1 — 4y — 220)
a, = (An)( =) (2.19)

6y(1—y)? ’

*This expression also plays an important role in the Fisher
forecasts of Sec. III
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0.0001 1.0000

Tr[HoH,]

—3.06 1.00
TI‘[HlHl]

FIG. 1.

-

-

TI“[H]Hﬂ

0.0032 1.0000

—1.98
TI'[HlHl]

Quantities Tr[HyH) and Tr[H H ], associated with the response to a SGWB depending on stars positions. (See the main text

for our notation.) Motivated by CMB, we choose the kinematic dipole direction v (red star) at (/,b) = (264°,48°) in galactic
coordinates. Each panel shows a different choice of n, while the stars q take the position of each pixel of the map. Upper left panel: n

pointing toward (I, b) =

pointing toward the direction (I, b) = (270.21°,-75.45°).

(0,0). Upper right panel: n pointing toward —v. Lower left panel: n at (, b)

= (0,0). Lower right panel: n

=m0 (1= )y = (A"}

a, =

Our analytical, covariant expression (2.17) for the ORF
demonstrates that the astrometry sensitivity to the SGWB
dipole depends not only on the angle among stars, £, but
also on their position in the sky, and on the velocity vector v
among frames.

The compact expressions (2.15) and (2.17) are particu-
larly suitable to visualize patterns of sensitivity on the
celestial sphere, and to further explore geometrical features
of physically relevant quantities in the context we are
examining. We plot in Fig. 1 the combinations.

Tr[HH,) and Tr[H H,] are representative of the sensi-
tivity of astrometry observations to the monopole (through
the function H\y) and the dipole (through the function H 1).3
(Further theoretical motivations for considering such com-
binations are developed in Sec. III.) We introduce here the
shorthand notation H(; to more compactly express the

3A dipolar anisotropy also induces a correlation between the
electric £ and magnetic B components of the angular deflection
correlation functions. We explore this topic in Appendix A.

zl(y = 12y + 1) = 3yIn(y)][2(n0) (1 — y) + \/4(1
6(1—y)3

m— (2.20)

matrices involved with components H,(-;-)’l). The quantity

Tr[HyH,)] does not depend on the velocity v among frames,
and its magnitude depends only on the angle ¢ between the
stars, as defined in Eq. (2.14). (See also Appendix B for
analytical expressions of the combinations we plot.) In the
upper left panel of Fig. 1, we analyze the quantity Tr[HH)
in the case where one of the star directions n points to the
center of the sky map; the function reaches its local maxima
at{ = 0°and ¢ ~ 105.6°, and has two roots at { = 180° and
¢~ 57.10°. Such features are also represented on the left

(1)

panel of Fig. 2. Next, the quantity H; ' controls the

sensitivity to the kinematic dipole and depends not only
on the angle between the stars but also on the angle between
the velocity v and the stars’ directions; see Eq. (2.17). In the
lower panels of Fig. 1, we present two maps to represent the
properties of this function. Complex patterns for the ORF
sensitivity to GW arise, depending on the direction of star
positions in the sky. Nevertheless, we can consider a simple
scenario where n is parallel to v. This assumption simplifies
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0 25 50 75 100 125 150 175
Angle(¢)

TI"[HlHl]

0 25 50 75 100 125 150 175
Angle()

FIG.2. Overlap functions’ response in terms of the angle between the stars. Left panel: angular dependence for Tr[HH,). Right panel:

Tr[H,H,] when choosing n = —v.

the expression for Tr[HH ] and allows us to appreciate the
system sensitivity to SGWB properties only in terms of the
angle separation ¢ among the stars. In the upper right panel
of Fig. 1, the red band represents the regions of higher
sensitivity. The maximum of the function is reached at
¢~ 119.45° while the blue regions represent the lowest
values of the function, including its three roots at { = 0, z
and ¢ ~ 73.14°. The resulting behavior is also represented
in the right panel of Fig. 2.

B. Cross-correlated overlap functions
of astrometry and PTA

In the future, precise astronomical observations will
improve astrometry measurements, making them more
sensitive to GW. The synergy of astrometry and PTA will
be instrumental for increasing the sensitivity to the proper-
ties of the SGWB. It is therefore important to analytically
compute the overlap functions associated with cross-
correlations between astrometry deflections and pulsar
timings, also including effects of SGWB anisotropies.
These topics have been explored in [28,29,31]. We present
here covariant expressions for the overlap functions of
cross-correlations, which are convenient for numerical
analysis and for the forecasts we carry out in Sec. IIL.

We consider two-point correlation functions of deflec-
tions of star positions and of pulsar time delays z(¢) =
AT(t)/T(t), where T(r) is the total time the radio signal
needs for traveling from the pulsar source to the detector.
We denote with x the unit vector pointing from the Earth
toward the specific pulsar being monitored. The time delay
induced by a GW propagating along the direction p results
(see e.g., [93]) in

1 xin/
z2(t) =5

—_— 2.21
21+x-p ( )

h;;(,0),

where we include the Earth term only [93]. This informa-
tion, together with the results of Sec. Il A, allows us to
compute the correlation functions between star deflection

on'(n,t) and z(z), induced by the presence of a SGWB. It
reads

on(n. 020 = 2 [ apesd)

- 643

x [K” (n,x) + (4 - ng)K\" (n, x,v)].

(2.22)

In analogy with the formulas developed in Sec. I A, the

quantities Kl(.o) and Kl(.l) denote, respectively, the cross-
correlated overlap reduction functions relative to the
SGWB monopole and kinematic dipole. Using the same
notation of the previous section, they are expressed in terms
of the angular integrals

x"x*
K{go) (n,x) = /JZQp Rikl(n’p)Pklrsm7 (2.23)
x"x’
Kz('l)(n’X,V) = /dzgp(p'V)Rikl(n7p)Pk1rsm'
(2.24)

These integrals can be computed straightforwardly through
contour integration in the complex plane. It is convenient to
express the results in terms of the quantity [not to be
confused with the analogous quantity (2.14) of Sec. I1 A]

l1-n-x

> (2.25)

y:

related to the angle between the direction of the monitored
star and pulsar. The ORF of the cross-correlation monopole
reads

167 (1 —2y)n; — x;
=2 "2y —2y? 4+ 3y?In(y)),
3 4(l-y) ( )

(2.26)
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a formula equivalent to the one found in [28], although
expressed in another form.

The overlap function for the kinematic dipole is more
easily expressed in terms of two vectors A , orthogonal to
the star direction n:

A =nxx, (2.27)

Ay =nxv. (2.28)

b, =

Notice the identity Aj-A; =x-v—(n-v)(n-x). We
parametrize the dipolar overlap function as

KV (n,x,v) = byAy; + byAy:. (2.29)

We denote Ay - v = (A;v), etc. The two coefficients b ,
can be computed by contour integration,4

~ w((A)2(1 = 12y) + (A1A))((A1A;) 4 12(A1Ay)y* 4 4(nv)y(1 + y(5 — 6y))))

6(Aw)(1 —y)y

n 27((A142)* = (A1v)* + 2(A1A) (nv) (1 — y))y In(y)

(A)(1—-y)?

bzz—

27((A145) +12(A145)y* + 4(nv)y(1 + y(5 = 6))) _ 87((A1A;) + 2(nv)(1 — y))y* In(y)

: (2.31)

3(Av)

Analogously to our discussion toward the end of
Sec. IT A, we can visualize the ORF for astrometry working
in synergy with PTA experiments. They are controlled by
the combinations KoK/ and K; K. We denote the vectors
KD

1

= K| more compactly.

We call ¢, the angle between the star and pulsar
directions, cos {;, = n - x. We represent a simple example
in the upper left panel of Fig. 3 with n pointing toward
(1,b) = (0,0); the roots of the function KoK are at {;, =
0,7 and {,, =~ 86.14°, while its local maxima are located at
{sp~37.13°and {;, ~ 132.195°, and are represented in the
left panel of Fig. 4. The lower panel of Fig. 3 shows two
scenarios for the general expression for the function K, K7
(see also Appendix B), which depends on the angle
between the star and pulsar and the angle between the
velocity and pulsars given by vx = v - Xx; on the left, we
choose n at (1, b) = (0, 0), and on the right, n is at position
(I, b) = (270.21°,—75.45°) (a direction chosen randomly).
The sensitivity patterns are complex. However, in the
specific case of the star direction n pointing toward the
direction —v, we obtain a simple formula, depending only
on the angle between the star and pulsar. This last case is
shown on the right upper panel of Fig. 3, where the bluest,
less sensitive regions show the positions of objects at
relative angles ¢, = 0, 7 and 39.82°, 101.37°, correspond-
ing to minimal sensitivity to the dipole. The red region
shows the positions of the pulsars where the function
K, K7 reaches its maximum at {,, ~ 142.29°. There are
also local maxima at {,, ~ 17.97°,71.88°, which are more
apparent on the right panel of Fig. 4. Notice that the
quantities K ; corresponding to the synergetic ORF vanish
in the coincident limit of the star aligned with the pulsar

Ao)(1 ) (2:32)

direction. One may understand this as follows—the star
deflection always lies in the plane perpendicular to the line
of sight. On the contrary, the pulsar timing residual arises
from the change in length along the line of sight. Thus, for a
pulsar and star in the same direction, the two effects are
perpendicular to each other.

II1. FISHER FORECASTS

Armed with the covariant, analytical expressions we
derived for the ORF of astrometry and PTA systems—
including the effects of kinematic anisotropies—in this
section, we investigate the prospects of future experiments
to characterize the SGWB. We are interested in measuring
the SGWB amplitude and its spectral tilt, as well as the
magnitude of a possible dipolar anisotropy characterizing
the SGWB. We quantify how the results depend on the
number of astronomical objects we measure, as well as on
the precision of their measurement.

In this section, we use the Fisher matrix approach to
forecast the sensitivity of astrometry, individually and
jointly with PTA, to the SGWB properties, such as the

*The expression (2.29) is valid for all values of angles among
the vectors involved, apart from when n - v = 0. Then, the vector
A,, as well as the product A - v, vanishes. The limitn - v — 0 is
hence delicate. For this specific case of velocity vector v parallel
to the star direction n, the expression for the dipole response
function reduces to

2z(ni(1 - 2y) —x;)

(1) _
K ==y

(v =1)(6y +1) = 6yIn(y)).

(2.30)
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FIG. 3. Response of the quantities KoK/ and KK to star and pulsar positions. The dipole direction v (red star) is chosen in the
direction (I, b) = (264°,48°) in galactic coordinates. Each panel shows a different choice of n, while the pulsar positions x scan over
each pixel of the map. Upper left panel: n toward (1, b) = (0,0). Upper right panel: n toward —v. Lower left panel: n at (1, b) = (0,0).
Lower right panel: n toward (/,b) = (270.21°, =75.45°).
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FIG. 4. Overlap function response in terms of the angle between the stars and pulsars. Left panel: angular dependence for KoK/ Right
panel: quantities K; KT when choosing n = —v.

amplitude, spectral index, and dipole anisotropy. In appro-
priate limits and special cases, the Fisher matrix obeys
interesting scaling relations which make our analysis
particularly simple. In general though, numerical work is
needed to evaluate to what extent the synergy between
astrometry and PTA improve the sensitivity to SGWB

A. Astrometry only

We start by discussing the case of astrometry only. We
expand the deflection correlation of Eq. (2.9) in a basis with
coefficients p,,,5

properties. We carry out such an analysis in Secs. IIT A,
M1 B, and III B 3, making use of the weak-signal approxi-
mation for astrometry to simplify the numerical calcula-
tions for a large number of stars.

°In principle, these basis coefficients can also be spherical
harmonics coefficients or individual pixels used to discretize the
SGWB intensity map. Our analysis represents a special case
where we only expand the SGWB intensity up to the dipole term,
assuming a known dipole direction.

083558-8
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—&— monopole
—o— dipole

10° 5

Tr[H H)

10'1,

100 200 500
]Vstar
FIG. 5. Components of the Fisher matrix (3.13) evaluated
numerically as a function of the number of stars, with the
stars uniformly distributed across the sky. The dashed lines have
slope N2, and pass through the numerically evaluated result

for Ny, = 500. This plot numerically confirms Egs. (3.14)
and (3.15).

(6nion]) = Zp,, abn T NY. o (3.0)

n=0,1

The indices a, b identify the two stars, and i, j are the three-
dimensional vector components. The index n runs over 0,1,
indicating monopolar and dipolar contributions to the
signal. We include the effects of noise through the noise
matrix N/, . The quantities p, and H,,, are controlled by
the properties of the SGWB, as well as the astrometry ORF.
See Eq. (2.9) and the discussion that follows for the
definitions. The angle brackets on the lhs denote the
expectation value of the correlation of the ith deflection
of star a with the jth deflection of star b. To keep our
notation compact, we now use bold symbols to represent
the signal covariance as well as the noise matrix, i.e.,

iz]b:C an abn ab_zan +N.

n=0,1 n=0,1

(3.2)

Thus, in the following, the trace of the product of two bold
quantities represents a sum over the i, j and a, b indices, i.e.,

> AlB

ij.ab

Tr[AB] = (3.3)

At this stage, we do not need to specify whether we work in
time or in frequency domains.

Our aim is to determine how well we can measure the
quantities p,; and extract from this information about the
properties of the SGWB: its monopole amplitude Qg
as well as the value of the parameter f controlling
kinematic anisotropies, using a Fisher matrix approach.6

®We also discuss the optimal estimators for the SGWB
monopole and dipole in Sec. C.

However, before proceeding to build the Fisher matrix for
the monopole and dipole amplitudes, we note that the
matrix C cannot directly be used as a covariance matrix
since it is singular. This stems from the fact that the three
Cartesian deflection components are not independent since
observations get projected onto the two-dimensional
celestial sphere. Hence, the star deflections can be entirely
described in terms of two angles, 66 and d¢ [28]. Let P be
the matrix that converts the deflections from 3D Cartesian
to 2D polar coordinates, i.e.,

ox

< 60 ) s
o9 0z

(3.4)

The matrix P is used to convert the original correlation
matrix for the Cartesian deflections to a correlation matrix
in terms of angular deflections. For a single star, it is given
by [28]

(3.5)

- x2+y2 x2+y2

For the full system of N stars, the projection matrix R can
be written in block diagonal form [28],

P, 0O ... 0
0 P, .. 0

R=|_ . .| (3.6)
0 0 .. P,

This can be used to obtain the angular deflection covariance
matrix from the Cartesian one
C¥ =R-C¥-R, (3.7)
which is the actual covariance matrix that will be used for
the calculations that follow. For zero mean, Gaussian-
distributed astrometric deflections, the likelihood L takes
the form
—2In L = éni[C")Y 6n) + IndetC +nin2z.  (3.8)

How well we can determine the parameters that describe
our signal is controlled by the Fisher matrix, defined as [99]

olnL
T = <_ae,»aej>’

given in terms of the expectation value of second deriv-
atives of In £. The Fisher matrix sets a lower bound on the

(3.9)
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FIG. 6. Forecasts for the magnitude of the SGWB energy density and dipolar anisotropy, as measured with astrometry. See the
discussion after Eq. (3.15). Left panel: error AQgy ( associated with the monopole estimator p,. Right panel: Qg 4 associated with the
dipole estimator p;. We define Qgw 4 = (4 — 1g)Qcw - The dashed lines correspond to AQgw o = 8.05 x 1079, which is the value of
the energy density with the NG15 results [100], and AQqw 45~ 3.3 x 107!,

precision with which these parameters can be measured,

AO; min = /[F ;. For the likelihood in (3.8), the Fisher
matrix reads [99]

1
Fy==Tr[c'Cc,c7'c ), (3.10)

i =5
where C; denotes the derivative of C with respect to the

parameter ;. Using the definition of the covariance (3.1),
we see that

op,
C,= Z %, H,. (3.11)

n

Specializing to the case where our signal parameters 6;
correspond to the monopole and dipole amplitude p, and
p as in Eq. (3.1), the Fisher matrix reads

1
fijIETr[C_lHiC_lHj], (312)
where i, j run from O to 1. In the noise-dominated limit with
a diagonal noise covariance matrix N, = 6%6,,6", we
obtain the Fisher matrix F for p,, p; as

Tr[HH,

1 <Tr[H0HO]
Tr[H H,]

20, \ Tr{H,H| ) e
Hence, in the noise-dominated regime, the Fisher matrix
depends only on the ORF of the monopole and dipole of the
SGWB, discussed in Sec. II.

The entries of the Fisher matrix (3.13) simplify under
certain hypotheses. For example, we find the following scaling
relations which hold in the limit of large N, > 100 stars
distributed uniformly across the sky (see Fig. 5):

Fo=Tr[HoHy) ~3 x N2, (3.14)

F,=Tr[H,H,] ~0.65 x NZ,. (3.15)

In the same limit, the cross terms depending on Tr[H H ]
vanish in Eq. (3.13). In practice, to perform Fisher forecasts by
means of Eq. (3.13), we focus on the frequency domain,
performing a frequency binning with Af = 1/T, with
Tops = 15 years, and summing over the Fisher matrices at
each frequency bin. We relate the value of the GW energy
density Qg to the intensity through Eq. (2.7). We assume for
the latter a power-law ansatz I(f) = I(f/f.)* and report
our results in Fig. 6 for different values of spectral slope, also
showing the detection threshold indicated by the IPTA joint
analysis [9].

The noise in the frequency domain is given by
6% (f) = 26°T,q, Where we have assumed a white noise
component only. We take different values of ¢ as shown in
Fig. 6 and the observational cadence T4 = year/15, cor-
responding approximately to the observational cadence of
Gaia [36]; i.e., T4 represents the time interval (in seconds)
between successive observations of a particular star.

Assuming noise-dominated covariance, the uncertainties
for the intensity monopole amplitude /, and the dipole
amplitude Iy = (1-n 1Bl take the following form:

o Tobs Tr HOHO]

Fro, = ZG?VW;(J[/JCJZ"’AJC’ (3.16)
T Tr\H H
Fipy = 2;;5%)21]%:@#*)2%]’, (3.17)

with n; = 2 — y. To obtain a scaling relation, we replace the
discrete sum by an integral,

2n; ~ 1/
SO fmAf /f !

Tcad
(
f / Tobs

flf)Pmaf. (3.18)

"Note the relation ng = n; + 3 arising from (2.7).
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Given that n; = -7/3 < 0,° the integral is dominated by
the lower frequencies and can be approximated (for
n, #—1/2) by

|:/1/Tcad (f/f )Z"Idf] N |:_ S min ( min>2n1:| (3 19)
FUTa Tl a1\ L S

[F~1]49, we obtain

Since, for a given parameter 6, A9 =

Al = 2 dnoy ((Top \" (3.20)
7 \/312n, 4 1| Ny \I year) '
2 4763 T \
Al = | N(_Zebs ) 3.21
b 0.6512n; + 1| Ny <1 year (3:21)

where we wused the fact that f.;,, =1/T,, and
f+ = 1/year. Using the relation between the intensity
and energy density (2.7) allows us to convert these
expressions to uncertainties in Qgyw. We find

20, +1]( & \?
4/3 \0.01

% Tcad 106 Tobs i
year/15 ) \ Ny, / \15 year

We emphasize that these relations hold only in the noise-
dominated (weak-signal) limit and for sufficiently red-tilted
SGWB, assuming that this tilt is known and not itself being
inferred from the data.

Under the assumptions leading to Eqgs. (3.14) and (3.15),
we find that astrometric surveys with 0.01 milli-arcsecond
(mas) precision which monitor N > 10° stars may be
competitive with PTA experiments, in terms of sensitivity
to the SGWB. The detection of the kinematic dipole, whose
amplitude is suppressed by a factor f relative to the
monopole, will accordingly require about 10° times more
stars. We should note, though, that for the green and blue
lines shown in Fig. 6, the weak-signal approximation likely
breaks down as we go toward a higher and higher number
of stars (N, > 10%). The noise level ¢ =0.01 mas
roughly corresponds to the expected astrometric accuracy
that will be achieved by Gaia DRS5 for the brightest objects
in the survey.9 Thus, the forecast sensitivity with this value
of the noise is very unlikely to be achieved in real Gaia DR5
data but may be possible with future missions like
Theia [48-50].

AQGW,O(ﬂ) = 16(34) X 10_8

(3.22)

¥The fiducial value n; = —7/3 adopted here corresponds to the
theoretical expectation for supermassive black hole binaries in
circular orbits [101].

9https://www.cosmos.esa.int/web/gaia/science-performance.

B. Forecasts: Astrometry in synergy with PTA

We now turn our attention to estimators and forecasts for
astrometry in synergy with PTA. In this section, we
consider only the isotropic part of the background, focusing
on the amplitude and spectral tilt of the SGWB. The effect
of the kinematic dipole is investigated in Sec. III B 3.

Let 6t,,a = 1,2,...N, and 80, b = 1,2, ...M/2 be the
Fourier transforms of timing residuals and angular deflec-
tions of N pulsars and M /2 stars, respectively.lo We work
under the assumption of a Gaussian-distributed SGWB
with zero mean. The joint covariance matrix at a given
frequency can be written in block form as

AN><N BNxM :| (3 23)

C y =
(N+M)x(N+M) [ BT v D

and the joint likelihood can be written as

—2InL = (61,80) - C~' - (5t,80))T +1n det C
(M +N)

> In27x.

+ (3.24)

As explained previously, we split the total frequency
interval we analyze into frequency bins.

The individual submatrices A, B, D denote the pulsar-
pulsar, pulsar-star, and star-star covariance matrices,
respectively. Notice that they have very different dimen-
sionalities since we expect to monitor many more stars than
pulsars (more on this later). They read

_ el 1626

rq — (4”f)2 rP=rq’ (325)
K,
B, =2t 3.26
= 520
H,
D,, = 4;’ I;+ 8,00 (3.27)

The tensor y ), corresponds to the HD interpulsar correla-
tion between pulsar time delays,11 while K, , and H,,
denote the pulsar-star and star-star correlations studied in
Sec. II. In general, the covariance matrices depend explic-
itly on the SGWB intensity /, evaluated at the frequency
bin under examination. (We use the same notation as
[102,103].)

The Fisher matrix for the joint forecast is given by the
usual formula [104]

"“The factor of 2 arises for the stars because they are each
characterized by two angular deflections in the sky, while pulsars
are only characterized by a single time delay.

"For the HD correlations, we adopt the normalization con-
vention of [84] where y,, = 4/3.
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FIG. 7. Fisher forecast for Case 1 (left) and Case 2 (right) in Sec. III B 1.

Fop = %Tr[C‘ICaC‘lCﬂ], (3.28)
where C, denotes the derivative with respect to the
parameter a. We wish to investigate how the addition of
the astrometric datasets can help to improve upon the
constraints on the SGWB amplitude and spectral tilt, with
respect to an analysis based only on PTA data.

We first calculate the inverse of our covariance matrix.
When the matrices A and D are both invertible, as is the
present case, the inverse is given by [105,106]

{(A — BD~'BT)"! 0 ]
Cc!=
0 (D—-BTA™'B)"!
1 -BD™!
x { N ] (3.29)
-BTA™! Ty
while the derivative C, reads
o [Aa B(,} (3.30)
“ Bl D,| '

1. Some concrete examples

To demonstrate how the cross-correlation of astrometric
and PTA data can be useful to characterize the SGWB
signal—even when the astrometric data alone are not very
constraining—we start with a simple toy example.

Case 1: We parametrize the SGWB intensity as

Abw

)™
2fref fref '

using the quantities Agw and y to make comparison with PTA
analyses simpler,12 with f.; = 1/year. We choose PTA

1(f) = (3.31)

>We follow the conventions outlined in [102] to relate

these quantities, where h.(f) = \/2f1(f) = Agw (f/ [fret)®, With
y=3-2a.

parameters so as to recover the level of constraints set by
the IPTA joint analysis [9] with 15 years of observation time,
roughly corresponding to log;gAgw = —14.6 £0.16,y =
13/3 +£0.45 at 95% C.L. For the astrometric analysis, we
take 1000 stars with identical noise level 63 = 2[A0p)* T ead
with A6, = 0.0002 mas and T4 = year/52, i.e., with
each star observed once per week.

Although these numbers are not representative of typical
astrometric datasets, which have a larger number of stars
and at the same time larger noise levels, this toy example
suffices to make our point and is computationally feasible
without making any approximations for the Fisher matrix.
Both the pulsar and the star configuration should be
distributed uniformly across the sky.

In the left panel of Fig. 7, we plot the Fisher forecast for
the parameters log Agw and y within this setup. We learn
that the joint PTA 4 Astrometric dataset provides an
improvement over the PTA-only constraints, even when
the astrometric data alone are not too informative.

Case 2: We proceed by presenting one more example,
plotted in the right panel of Fig. 7, keeping the same noise
properties for the astrometry set but with the PTA system in
the strong-signal (noiseless) regime. We see that the
improvement in constraints with the addition of astrometry
can be sizable if the PTA datasets are not in the strong
signal regime; however, it is much smaller if that is indeed
the case.

2. Method for handling large Fisher matrices

In the examples discussed above, we are able to perform
the necessary computations involving Fisher matrices and
their inversion, given the relatively small size of astrometric
covariance matrix involved. However, for realistic datasets
which may contain over 10° stars, inverting matrices of
such dimensionality can become demanding. To handle
forecasts for such datasets, we develop a simple method to
perform the Fisher forecasts in weak astrometric signal
limits without needing to resort to the full numerical
calculations. The weak-signal limit is justified since current
astrometric datasets are very much in the noise-dominated
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regime, and this is likely to be the case in the future
as well."” Thus, we can approximate the matrix D of
Eq. (3.27) as

~ 2 -1 _ -2
Dl‘jN(sijai, [D Lj—5,-j0'i .

(3.32)

We further assume all stars have the same measurement
noise 67 = 0%, as well as identical noise for each pulsar 6.
In the noise-dominated approximation for the astromet-

ric covariance, we write

o1 {(A - BGEZHMBT)_l 0
0 (631) — BTA7'B)~!
HN _BUEZHM
X {—BTA_I 1, (3.33)

Note that we do not assume a weak-signal limit for the
pulsar covariance: In fact, we work with the full PTA
covariance matrix. We focus on the relevant regime for
PTA experiments since current measurements already
suggest PTA measurements to lie in the intermediate signal
regime—especially for the lower end of the frequency
range. To evaluate the trace, we compute
B [Aan BQQZ} { Ty —Bo-gZﬂM]

¢ BiQy D0, |-BTA™! Ty
- [Aan — B,0,B"A”! —anganB+BaQ2}

B0\ = D,0:B"A™ —05BLQ B+ D0, ]

(3.34)

where
0, = (A= Bog*1BT)™!, (3.35)
0, = 052(1y —05°BTA7!B) 7. (3.36)

To proceed, we first note some useful relations involving
the inverse of matrices

1 -1 A~'BBT
<A—B—’¥BT) z[ﬂN+ = +O(1/0‘S‘)}A_],

Og S
(3.37)
1 BTA-'B
(D-B"A7'B)' x—= {HM +—>—+ (’)(1/0‘;)} .
Os Os
(3.38)

BTo be precise, this requires MI(f) < 4zc>(f), where o>

denotes the frequency domain noise power spectral density. This
condition ensures that the effect of the off-diagonal terms in the
covariance is suppressed compared to the diagonal terms.

Then, we define C,C~! = M,,. For computing the trace in
the expressions above, we need the diagonal elements of
MMy = CaC‘ICﬂC‘l,

1
faﬁ = ETI‘[M,,M#]

1
=5 {Tr[Ma.nMﬂJﬂ + Tr[ My 12 M 1]

o(1) O(1/03)

+ Tr[M g1 Mg 1o] + Tr[Ma.zzMﬂ,zﬂ} (3.39)

O(1/03)

O(1/5%)

In the above equation, the term in the right-hand side of
the first line denotes the upper left N x N block of
MMy, and the term in the second line denotes the
lower right M x M block (with N and M controlling,
respectively, the pulsar and star numbers). We explicitly
indicate the order of the expansion in the small 1/6%
parameter.

In fact, working in a noise-dominated, large og regime

for astrometry, we write—up to first order in 652,

My = MY + 652 MP, (3.40)
with
AATT 0

MO = { “ ] 3.41
BIA™l 0 (3.41)

a {AHA‘IBBTA‘I -B,B"A"'! B,-A,A"'B ]

“ |BTA-'BBTA' —=D,BTA"' D,—BTA"'B]
(3.42)

Explicitly, an expansion of the Fisher matrix up to order
1/6% gives the formula

1 0) (0 1 0, 0 ), ,0
Fap =5 TiMO M) + r‘%Tr[M,g M+ MY M

(3.43)

1 1
= ETr[AaA"AﬁA‘l} + ﬁTr[AaA"AﬂA‘IBBTA"
S

— A,A7'ByBTA™! — A, A7'BBIA™"

1
+ FTT[A(IA_IBBTA_IA/}A_I - B(IBTA_IAﬁA_l

O

1
— BIAT'A;A7'B) + 27gTr[BgA—lB,, + B,BjA7"].
(3.44)
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Fisher forecast for the amplitude and slope of the SGWB for a fiducial value log;y Agw = —14.6,y = 13/3. Red indicates the

PTA-only case with the number of pulsars and noise parameters chosen to match the sensitivity of the combined IPTA dataset [9]. Blue
shows the forecasts for the addition of PTA-astrometry cross-correlations with 10° stars. Left panel: astrometry noise ¢ = 0.001 mas.

Right panel: astrometry noise ¢ = 0.01 mas.

At zeroth order in 1 /og, we recover the PTA-
only Fisher matrix—first line of Eq. (3.44). At order
O(1/06%), we obtain the first corrections to the PTA-only
forecasts, associated with synergies with astrometry.
Since the relevant terms always include the matrix B,
such corrections include the pulsar-star correlations.
Notice that this perturbative expansion of the Fisher
matrix greatly simplifies the numerical calculations in
the astrometric noise-dominated regime since we only
have to deal with matrices of size N x N and N x M but
not M x M where M can be of the order 103 or larger.
(Recall that N is the number of pulsars, and M is twice
the number of stars which are monitored.) On the other
hand, for typical pulsar datasets, currently and in the
near future, we have to handle matrices of size
N ~ O(100), which is manageable with standard com-
puting resources.

We now use this approach to compute the full
Fisher matrix, combining the individual per-frequency
Fisher matrices. In Fig. 8, we present our results
for a PTA setup with 75 pulsars and an astrometric
setup with 10 stars. The astrometric setup has Af,,, =
0.01,0.001 mas and T4 = year/15, i.e., roughly cor-
responding to the observational cadence of Gaia. Our
results indicate that, for the case with ¢ = 0.001
mas, we obtain a roughly O(10%) improvement over
the PTA-only constraints, while for ¢ > 0.01 mas, the
improvement will be negligible.'* See Table I for the
exact numbers.

“We note that for the & = 0.001 mas case, the weak-signal
limit does not hold for the first few frequency bins where the
signal and noise are comparable in magnitude. However, we have
checked (with a lower number of stars) that for similar noise vs
signal strengths, the results from the series expansion match fairly
well with the full numerical results.

3. Case of dipolar anisotropy

We conclude our analysis with a discussion of the
prospects to detect a possible SGWB dipolar
anisotropy through the synergy of astrometry and
PTA. We aim to quantify the minimal level of
anisotropy detectable by perspective PTA-only data
and with the joint system astrometry-PTA using the
same configurations as in the previous section.
Although our analysis is tailored to the kinematic
dipole [see Eq. (2.8)], we expect that similar consid-
erations hold for the case of dipolar statistical anisot-
ropies, of which the kinematic dipole is just a specific
case. Given the crucial role that anisotropies may play
in distinguishing astrophysical versus cosmological
sources of SGWB, such a question is important to
address. Notice that current upper limits on the
magnitude of SGWB anisotropies lie at the 10% level
relative to the monopole [66,102].

We carry out the analysis with the same approach
developed in Sec. III B. The components A, B, D entering
in the covariance matrix (3.23) now read

0 1
_ (a1l

Apg = (4nf)? + U%‘S

(3.45)

pa’

TABLE L. Fiducial parameter values and marginalized 1o limits
from the Fisher forecast. We focus on synergy measurements of
the SGWB monopole as discussed in Sec. IIIB 2.

log Agw 4
PTA only -14.6 £0.079 13/3+0.24
PTA + Astrometry, 6 = 0.001 mas —-14.6+0.072 13/3+£0.19
PTA + Astrometry, 6 = 0.0l mas  —14.6 £0.079 13/3 £0.24
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FIG. 9. Fisher forecast for the SGWB parameters, with the addition of the dipole.

0 1
B _ (K + Ky,

pa @7 f (3.46)

0 1
(Hyp + Hap)

D, =
ab 4z

Besides the monopole, we now include the contributions to
the dipole ORF: y() for PTA [71], KV for the cross-
correlation and astrometry-only H() (see Sec. II). The
analysis proceeds in the same manner as the previous
section, and the results are plotted in Fig. 9. The fiducial
parameter means and the marginalized 1o Fisher errors are
collected in Table II.

We choose the same fiducial Agw and y as in Sec. III B 1.
We select a level of dipole anisotropy # = 5 x 1072, finding
this value to be the minimum level of kinematic dipole that
will detectable with our PTA + Astrometry setup. Thus,
astrometry can again help to tighten the constraints on the
dipole anisotropy, which can be useful in determining
the origin of the SGWB. Given that the sensitivity to the
SGWSB is likely to be dominated by PTA datasets even in
the near future, one would likely require futuristic PTA
experiments combined with futuristic astrometric surveys
to reach the CMB kinematic dipole level. Reaching the
CMB kinematic dipole level (8 = 1.23 x 1073) with PTA
alone requires a substantial increase in the number of
pulsars (N > 1000) [88,102] which may only be achievable
with SKA. It would also be interesting to explore how

TABLE II.

cross-correlations with astrometric datasets could work to
improve SGWB sensitivity in the SKA era.

IV. CONCLUSIONS

In the next few years, evidence for the SGWB in the nHz
range is likely to grow as PTA experiments collect more
and more data. We can expect an increased statistical
significance for the Hellings-Downs correlation, as well as
tighter constraints on the amplitude and frequency spec-
trum of the SGWB. The next generation of radio tele-
scopes, SKA, is expected to begin operations in the early
2030s and is projected to observe a large number of pulsars
with unprecedented timing precision [15], possibly leading
to a precise determination of the SGWB parameters. A
complementary probe of the nHz SGWB is provided by
astrometry—corresponding to the precise monitoring of the
positions of a large number of stars. Data from astrometric
surveys such as Gaia have already been used to constrain
SGWSB in the frequency range f < 10~ Hz [40—43]. In this
work, we have considered how astrometry data in the nHz
band will complement PTA observations and how it can be
used to characterize the properties of SGWB beyond what
can be obtained from PTA-only data.

In Sec. II, we first reviewed the theory behind the
astrometric detection of SGWB and derived, for the first
time, fully covariant, analytical expressions for the kin-
ematic dipole ORFs of the autocorrelation of the astro-
metric deflections, as well as their cross-correlation with
pulsar timing residuals. Our expressions allowed us to

Fiducial parameter values and marginalized 1o limits from the Fisher forecast. In this table, we report

limits on the size of the dipolar anisotropy, as discussed in Sec. III B 3.

log Agw 4 B
PTA only —14.6 = 0.079 13/3+£0.24 0.05 +0.081
PTA + Astrometry, ¢ = 0.001 mas —14.6 £ 0.072 13/3+0.18 0.05 £ 0.048
PTA + Astrometry, ¢ = 0.01 mas —14.6 = 0.079 13/3 £0.24 0.05 £ 0.080
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manifestly visualize the sensitivity of the astrometric and
PTA setups to the SGWB properties, as a function of the
locations of monitored objects.

In Sec. III, we studied the sensitivity of the astrometric
and PTA setups to the SGWB, focusing on the mea-
surement of the SGWB amplitude, the spectral tilt, and
the magnitude of the kinematic dipole anisotropy. In
Appendix C, we derived optimal estimators for SGWB
monopole and dipole measurements in this context, built in
terms of quadratic combinations of the astrometric deflec-
tions. We used these formulas to forecast the sensitivity of
astrometry to the SGWB monopole and dipole, assuming a
large number of stars uniformly distributed across the sky.
In Sec. III B, we analyzed the joint PTA-astrometry setup
and showed that cross-correlating PTA and astrometry
data could tighten the constraints on SGWB obtained from
PTA data alone. We used Fisher forecasts to calculate
the sensitivity to the SGWB amplitude, spectral shape, and
dipole, finding that an astrometric survey with 0.01 mas
astrometric precision and the typical number of sources and
cadence of Gaia could lead to noticeable improvements
over current PTA-only SGWB constraints. Improvements
on the PTA constraints can be quite useful since tighter
constraints on the SGWB parameters can be used to rule
out models and potentially distinguish between astrophysi-
cal and cosmological signals. Reaching the level of
sensitivity required to detect the CMB level kinematic
dipole anisotropy in the SGWB is likely to require both
futuristic PTA experiments such as SKA and futuristic
astrometric surveys.

The flood of upcoming data from PTA and astrometry
experiments present both challenges and opportunities. The
possibility of a joint PTA-astrometry data analysis holds
exciting potential since cross-correlations between timing
residuals and astrometric deflections could be leveraged to
deliver tighter SGWB constraints compared to either of the

|

1

C T
ElmBl'm f(f_i_ 1)

where

1
ﬁEB = vlvz [S]lenuHS_])]

Here, V, and V), are normal 3D derivatives with respect to z and z’ withn = z/|z

/ dzgndzgn/ Y?,n(n) erm/(n’)ﬂ(4 — l’lg)ﬁEB,

experiments alone. Thus, developing efficient implemen-
tations of joint PTA-astrometry analysis will be crucial for
harnessing the power of these cross-correlations. It would
also be interesting to further explore such synergies in the
context of general SGWB anisotropies and study their
detectability. We leave such pursuits to future work.
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APPENDIX A: SPECTRUM OF ANGULAR
DEFLECTION FLUCTUATIONS

In this appendix, we make use of our analytical,
covariant expressions for the ORF to show that dipolar
anisotropies induce correlations between electric and mag-
netic components of star deflections. We use the notation of
[25], to which we refer the reader for more details on the
nomenclature.

The EB correlation will be given by

(A1)

(A2)

,q = 7'/|2'|. Now, we only need to focus

on the parts of H fj]) [see (2.17)] that are not invariant under n — —n and q — —q, as these give a zero contribution [25].

Thus, we only have the following contribution:

B = ViV, lai€japna (e niq,[(n - q)q’ — '] + ¢"nyq,[(n - q)n' = q'])]

= V.V, [a,T"],

where

(A3)
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T =(q"—(m-q)n")(¢'+n')((n-q) = 1) = (n'q" = (n - q)5")((n - q)> = 1), (A4)
and a; is defined in (2. 19). Thus, we need V;X,V,X,V,V,X, where X =a;,T”. We can use the relations
V,-nj = (3” —n; ], V qj qiqj’ quj = V:nl = Vl-vj = v:’l)] = 0, as well as

Vin-q) =g —m-q)n;,  Vj(n-q)=n,—(n-q)g. (AS)

Using these, we find

ViV ()T = = etoymq [ < -3 +I;l (n-q—1)—2n- q) (n-q)2n-q- 1)} (A6a)
V(@)1 =~ g F (1 n @)1+ (n-qP(n-a(n g ~7) 1) (A60)
Vi) = ~E e oma( £ n a0 P2 ne @) (Fanca 0= (nea)) (a6
(a))V,V, (TP = gel«fkv,njquz[l -n-q2+n-q4+n-q3n-q-10)])], (A6d)

where we defined

(=1 +4y —14y? + 11y* = 3y?(2y + 1) In(y))

F = , (A7)
l (=)
2
F,— (1 -4 -7) (A8)
’ -y
to simplify notation, and F, , = dF/dy. Combining and simplifying these, we get for (A3)
BEE = - (0 x q)G(). (A9)
where
2
G(y) = T [(y = 1)(=1+ 6y — 42y? + 170y — 481y* + 800y> — 684y° + 208y” + 96y*)
y-oy-
—3y2(=1 —y + 13y* = 77y* + 198y* — 236y° + 128y°) In(y)], (A10)

where y is defined in Eq. (2.14). Note that #£2 depends on the angles that v makes with n and q, as well as on (.

APPENDIX B: ANGULAR DEPENDENCE OF OVERLAP REDUCTION FUNCTIONS

In this appendix, we report explicit formulas for the traces of matrix combinations used in Sec. II for representing the
sensitivity of the PTA and astrometry system to the properties of SGWB. From Egs. (2.15) and (2.26), we find

R (cos?() + 1)
9(cos(¢) + 1)?

K KI — 1—6;72 (‘:”’> ( 3001 = cos(Zyy)) + cos(Zs)) (3 In <s1n (‘:"’» _ 2) “og ln(8)>2, (B2)

where { is the angle between the stars at directions n and q, while {, is the angle between a star in direction n and a pulsar
at direction X.

Tr[H\H,| = <—7cos2(C) —2co0s(¢) + 6(cos({) = 1)?1n (sin2 (g)) + 5)2; (B1)
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With Egs. (2.17) and (2.29), we get

647 (g (Av)> /T = yy* + 464 (y — 1)y*

Bu —ruV/1 —)’)),

T = ((ngP = (1= )7 | .
K KT — 47* (nx? = 1)((nx ; (1’1); (:i,(lii(((—A(zgv_)‘*gl—v)irgf) + 12y In(15)) ’ (B4)
where
ay = —(y = 1)*(ng®y*(2y + 1)> + 2nq(1 — 4y)> + y*(2y + 1)?) + 6(y — 1)y*(2(ng* + 1)y* + nq(nq +8)y
—2ng +y)In(y) = 9(ng + 1)?y*In(y). (B5)
Bu = (ng) () - 1>\/ A () = Dy = () T3 40 =D = D= (Ao, (B6)
i = (nv)*((nq)* =2y + 1) + (ng)*(-y) + . (B7)
6y =1+y—=2y>+3ylny, (B8)
and
x = =1+ (nv)? + (nx)? = 2nv(nx)(vx) + (vx)?, (B9)
B = no(d + nx(=7 + 2nx)) + (4 + 3(=2 + nx)nx)ox, (B10)
vk = (=14 nx)*(1 + nx)((A;v)*(=5 + 6nx) + (nv + vx)axpPy)
+3(=1 + nx)*(=(A,0)* + (nv + vx)%ag) In <1 _2'”). (B11)

When the vector n is parallel to v, then Av = 0, and Eq. (B3) is simpler. For this case, K; K is calculated with (2.30).

More specifically, when n = —v, we get
—1V2(coc2
il = <§)<1¢)> (f(iS)z@) 1) (cos2(¢) —cos() ~ In(8) cos(¢) + 3(cos() — 1) In(1 — cos(£)) ~2 + In(8) 2.
(B12)
r_1, < Ssp -2 Ssp :
K,K{ = o7 tan’ 5 2cos({y,) —3cos(24,,) — 12(cos(L,,) — 1) In { sin > ) )t 5. (B13)
Similar expressions are obtained for the case n = v. (6n, 5n 7 ;fb = Z poH ahn N (Cl1)

APPENDIX C: OPTIMAL ESTIMATORS

In this appendix, we briefly discuss how to build optimal
estimators for the coefficients p, formally appearing in the
sum (3.1), later specializing to the monopole and dipole
cases with p, and p;. The determination of these coef-
ficients allows us to infer the properties of the SGWB. First,
we recall here that we can expand the astrometric deflection
correlation in terms of these basis coefficients p,, as

in terms of the response H and the noise N. Now, following
the approach previously developed for the CMB [108], a
quadratic estimator for p, can be formally expressed as

= on), i g

ab, nén{J - bn’ (C2)

in terms of a symmetric matrix E,;,, and a vector b,,.
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We wish to determine the corresponding values of
these quantities which render the estimator unbiased,
ie., (p,) = p,, and minimize its variance. Taking the
expectation value of the estimator, we find

<pAn> = ann’pn’ + TI‘[EnN] - bnv with

Wnn’ = Tr[Hn’En]' (C3)
Thus, the quantity b, should be chosen as b, = Tr[E,N]
to ensure that the estimator is unbiased. The covari-
ance of the matrix of the estimators Cov(p,, p,) =
((Pn = (Pu))(Pw — (Pw))), assuming that the astro-
metric deflections obey a Gaussian distribution, can be
written as

Cov(py. pu) = [CLyChe + CECHIEY, X

ab,n™cdn’

(C4)

— 2Tr[CE, CE,]. (C5)

The solution for the matrix E, which minimizes this
variance under the normalization constraint W,, =1 is
given by [108]

_ C'H,C!
" Tr[C-'H,C'H,)’

E (C6)

so that

Tr[C"'H,C'H )]

W = . Cc7
" Tr[CT'H,C'H,)] (€7)
The variance of the individual p,, is thus
var(p,) ; (cs)
ar = .
Pr) = TricH,CH,]

This estimator is optimal in the sense that it is unbiased and
that its variance is equal to what we obtained using the
Fisher matrix approach in Sec. III A, making it the minimal
variance estimator that saturates the Cramer-Rao bound
(see [99,108] for a detailed discussion).

The expressions obtained here are completely general
and valid for arbitrary distributions of stars with arbitrary
noise properties which are encoded in the noise matrix N.
Further simplifications can be made in the noise-dominated
limit with the diagonal noise where the solution reduces to

H, Tr[H H,|

E,=—" = :
"~ TrH,H,] "~ Tr(H,H,)]

(C9)
Finally, in the special case where one only wishes to
estimate a single p,,, e.g., the monopole, from the data, the
estimators become trivial,
i i J
_ ongH,, ,om, B

ﬁn _m bn' (CIO)
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