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ABSTRACT

The formal verification of railway control systems can ensure the safety of complex scheme plans through techniques such as
induction-based model checking. While inductive verification performs well in complex settings, it often produces false positives
due to its consideration of transitions from unreachable safe states to unsafe states. Invariants that reduce the state space to an

over-approximation of reachable states, excluding transitions from safe to unsafe states, can help remove these false positives. How-

ever, such invariants are difficult to deduce automatically. In previous work, we have demonstrated that reinforcement learning

(RL) and descriptive statistics can be used to generate candidate invariants, trivially within small programs, and can be realisti-
cally scaled to industrial settings using hardware-accelerated implementations. This paper extends our hybrid approach that uses
General Purpose Graphics Processing Units (GPGPUs) to overcome these challenges while scaling effortlessly horizontally and
in a distributed manner. We detail the implementation of a three-kernel pipeline responsible for consuming streamed data and

computing correlation coefficients. Finally, we present a breadth of time samples that highlight the performance and scalability

of this approach.

1 | Introduction

Formal verification of railway control systems is a field with sub-
stantial academic attention [1-12]. Research within the domain
has focused on developing techniques that verify the safety of
large interlocking systems controlling railways and their signal-
ing systems. Successful approaches for scaling have included
abstraction techniques [8], decomposition techniques [9, 10] and
undertaking induction-based model checking [3, 4, 7]. It is often
the case that approaches involving inductive verification (IV),
providing good performance when successful [3, 7], can exhibit
so-called false positive counterexamples when attempting to
verify a given safety property.

Within such settings, a transition from a safe state to an unsafe
state is a safety violation and often highlighted as a counterex-
ample to a safety property that one would like to show holds for
the system under consideration. However, the source state can
sometimes be unreachable (due to over-approximation), mean-
ing this becomes a false positive counterexample [3]. Invariants
are properties that reduce the state space to exclude such prob-
lematic transitions. However, automatically deducing invariants
for a given state space remains non-trivial and computationally
expensive [13].

Previously, it has been shown that it is possible to use
reinforcement learning (RL) and simple measures of correlation
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FIGURE1 | Overview of parallelized invariant mining framework. Ladder logic programs are modeled as reinforcement learning environments

where unique state observations are aggregated to form a state matrix. Throughout exploration, snapshots of the produced state matrix are reduced and

clustered using unsupervised learning to reveal latent patterns between program variables composing the reachable state space. Variables within these
clusters are sampled and passed to the GPU, where massively parallel correlation analysis is performed. Resultant coefficients are then translated into
candidate invariants and incorporated in the verification process to help prove safety conditions. The grayed area denotes the processes discussed in

this paper.

to generate candidate invariants for reducing state spaces when
performing inductive verification [14, 15]. Figure 1 provides an
overview of the framework we have designed and continue to
refine for such an approach. First, the control systems under
verification, composed of Ladder Logic programs, undergo a for-
mal mapping of program-based state spaces to a reinforcement
learning environment. Thereafter, reinforcement learning agents
can be incentivized to explore large regions of state spaces, before
using agent observations to analyze correlations across states that
emerge throughout the exploration. Due to memory constraints,
it is unlikely that the complete set of reachable states can be
observed for large, complex systems. Consequently, candidate
invariants are generated from a subset of reachable states and
must be verified using a theorem prover before being considered
“true” invariants. Once an invariant has been proposed and
verified, it can be incorporated into the safety property we are
trying to prove.

Recently, we demonstrated how specialized hardware can accel-
erate correlation coefficient calculations during the invariant
generation phase [16]. This paper extends that work by illus-
trating how phases of the proposed framework support parallel
execution and enable scalability, predominantly bounded by
available hardware resources. This revised approach represents a
novel framework facilitating a multi-phase pipeline with several
stages, lending itself to parallelism and concurrent operation
to produce large datasets of invariants for a given ladder logic
program.

Due to the seemingly disparate fields composing this framework,
each major section of this paper introduces the relevant back-
ground before presenting the contributions. Note, the greyed

section of Figure 1 highlights the primary phases of our invariant
mining framework discussed in this paper, as the systematic prov-
ing of generated invariants and their use in proving safety prop-
erties in the railway domain are beyond the scope of this work.

Section 2 provides an overview of Ladder Logic formal veri-
fication, related work, and the invariant finding problem for
inductive verification. Section 3 introduces reinforcement learn-
ing and explains how state-of-the-art model-free algorithms
enable Ladder Logic programs to be modeled as RL environ-
ments, supporting parallel exploration and training within a
unified framework. Section 4 revisits our previously proposed
method for invariant generation [16], and extends it with new
heuristics to improve invariant expressiveness and address the
combinatorial complexity of computing statistical relationships
in large observation matrices. Section 5 presents our use of
dimensionality reduction and unsupervised learning to structure
program state spaces in a way that allows for statistical parti-
tioning of the data sent to the GPU for correlation computation.
Finally, Section 6 describes the implementation of scalable,
GPU-based correlation computation in detail.

2 | Formal Verification and Invariants

The failure of critical systems can have catastrophic conse-
quences. It is imperative that these systems undergo rigorous
efforts to check their correctness according to formal specifica-
tions, before their deployment, to ensure they adhere to strict
safety criteria. Conventionally, verification processes involve
modeling the different states a system can assume during its
operation and systematically checking if formally encoded safety
properties are respected by all reachable system states.
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2.1 | Modeling Ladder Logic

Many industrial critical systems, PLCs [17] in particular, are pro-
grammed using Ladder Logic, a Boolean language stemming
from the control of electrical relays. These programs, or Ladders,
are constructed using Boolean variables and logical connectives.
Figure 2 illustrates a rudimentary example, henceforth referred to
as P;, consisting of four variables, or latches: x, y, c and d. A latch
represents a Boolean contact, denoted by a pair of vertical bars, or
a coil, denoted by parentheses. Contacts are marked as “normally
closed” by a diagonal line, or “normally open” where the line is
omitted, representing negated and non-negated Booleans, respec-
tively. Logical connectives between contacts form expressions, or
rungs, which are evaluated and assigned to coils. Horizontal and
vertical connections between contacts represent logical conjunc-
tion and disjunction, respectively. Thus, P, comprises three hor-
izontal connections and no vertical connections. While P, does
not capture the complexity of industrial Ladder Logic, it does pos-
sess the requisite properties to illustrate how such programs can
be systematically modeled and used to derive useful invariants to
help inductive verification.

Both Kanso et al. [3] and James et al. [4, 6, 8], demonstrated
the systematic translation of Ladder Logic to propositional for-
mulae, representing Ladder Logic program verification as a SAT
problem. Figure 3 provides a high-level illustration of how this
can be applied to a railway interlocking. A Ladder Logic program
is translated into a model comprising initial configurations and
a mathematical transition function. Formally, the model in this
case is a Labeled Transition System (LTS) composed of a set of
states and connecting transitions. States in this context describe
unique configurations a system may assume during its operation,
while transitions describe how changes occur during operation.
Concurrently, a generic safety specification is translated into a
concrete propositional safety condition. This property is bespoke
for a given railway plan and forms the basis for the verification of
safety.

1 1
e

(
\

FIGURE2 | Rudimentary Ladder Logic program for controlling P,.
Ladders represent Boolean programs composed of rungs, contacts, and
coils. Ladders are executed from top to bottom, with the right-most entity
representing the output, and the remaining entities representing latches
used to compute the output.

Following definitions of a Ladder Logic formula, as outlined by
James et al. we construct a propositional representation of P, in
terms of conjunct equivalence relations between coils and rungs,
denoted yp :

(X = (xAY) AY <) Ad <0)

Following definitions outlined in Reference [6], we model wp as
a Ladder Logic Labeled Transition System, LT S(yp,). This pro-
duces a set of states composed of unique valuations over program
coils, denoted Val. = {x, y,d}, and inputs, denoted Val; = {c}.
Transitions between these states are determined by the semantics
of the underlying program P,. Figure 4 illustrates the complete
state space of LT S(yp ) as a directed graph. Here, nodes rep-
resent states and edges represent transitions from one state to
another. Nodes are enumerated s, ..., s, and edges are anno-
tated with elements of Val,, that is, the value of a program input
used to induce state transitions. We differentiate between coils
and program inputs within state nodes by highlighting the latter
in boldface. Note that the set of initial states Val, should form part
of a system’s functional specification. For our example, valid ini-
tial states are those where x A yholds. Thus, Val, = {s;, 55, 55, 5,}.
These nodes are identified in Figure 4 by a dashed outline. The
grey region sectioning the state space represents the subset of
states satisfying a safety property, @ , introduced in Section 2.2.

2.2 | Invariant Finding

James et al. [6] explored two differing approaches to model check-
ing: Bounded model checking (BMC) and inductive verification
(IV). The former unrolls the transition function from initial states
up to a given k-bound [18]. Every unrolled state is then checked
to see if it upholds the given safety property. This results in one of
two outcomes. A positive result indicates the property is true for
all system states up to the given bound. Conversely, a counterex-
ample trace highlights a run of the system from an initial state
up to a state where the property is violated. The issue with this
approach is that the bound needed to ensure that all reachable
states are evaluated is unknown. Additionally, the resources
needed to explore up to that bound grow exponentially as the
bound increases, making a complete check often infeasible for
complex systems. Inductive verification leverages two checks, a
base-case and a step-case, to ensure the safety property is satisfied
by initial states and subsequent states following a set of transi-
tions, respectively. This approach has been shown to be relatively
cheap in terms of resources needed, by reasoning about a system
algebraically, to show that certain properties hold [19]. However,
this abstraction may introduce states that produce false-positive
counterexamples. These indicate a safety condition is violated by
some state, but fail to consider whether the states involved are
indeed reachable from the initial states of the system.

These problematic states can be eliminated by introducing suf-
ficiently strong invariants [13] that exclude unreachable states
from consideration, that is, properties which hold for at least
all reachable system states. Derivation of such invariants can
require extensive manual analysis of the software under ver-
ification by an experienced engineer. Automatic synthesis of
invariants is a known problem in both academia and industry,
with considerable diversity in proposed solutions and application
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FIGURE3 | Pipeline for formally verifying interlockings against a set of safety criteria.

®p1 holds

c=1

FIGURE4 | Depiction of the Ladder Logic Labeled Transition System LT'S(yp, ). The gray region indicates the states where the safety property ®p,
holds (See Section 4.2). Nodes with a dashed outline represent the initial states from Val,. The red-highlighted states are problematic for induction-based
verification as they are unreachable safe states that transition to unsafe states.

domains [20, 21]. However, for complex programs, this becomes
computationally expensive.

Given invariants are properties that persist across system states;
one reasonable approach is to explicitly compute and observe
as many unique reachable states as possible to analyze how the
system configurations change. One could apply traditional sys-
tematic graph traversal algorithms to achieve state space cover-
age, but such approaches are known to perform sub-optimally
when confronted with the combinatorial explosion of large state
spaces [22].

For Py, we treat ®p = x V y as an example safety condition that
must be satisfied by our model and to be checked through induc-
tive verification. Figure 4 depicts two disjoint sets of states for
LT S(yp,). First, any initial states must satisfy ®,. The grey
region indicates a subset of states, sy, ..., s;;, where @, holds.
Applying a base check to the initial states, s;, 55, 55, 57, and a step
case to the remaining reachable states, s, s,. 54, 5¢, demonstrates
they satisfy @, . However, this approach also considers states
sg, ...,87; under the step-case, which transition to s,,, ..., s;s,
violating @ and producing false positive counterexamples.

Generating sufficiently strong invariants for the step-case can
help avoid such transitions being checked during inductive ver-
ification, and avoid producing false positive counterexamples.
Through subsequent sections of this work, we demonstrate how
this problem can be automated by translating LT S(yp, ) to an
alternative model where reinforcement learning can be applied
to help generate data necessary to propose candidate invariants.

3 | Reinforcement Learning and Exploration
Reinforcement learning (RL) is a machine learning paradigm

designed to optimize sequential decision-making problems.
Given a learning environment, RL algorithms use simulated

experiences to build empirical models or software agents. These
agents learn to map observations of their environment to the opti-
mal sequence of actions over time, according to some reward
scheme. In the following section, we introduce the general RL
framework and how its components are adapted for invariant
finding.

3.1 | Background

Formally, an RL environment is represented as a Markov Deci-
sion Process (MDP) [23]. A finite discounted MDP M is a
five-tuple (S, A4, P,(s,s"), R,(s,s"),y). Here, S is a finite set of
states, known as the state space or observation space. It models
environment configurations at discrete time steps ¢ and provides
context for agent decision-making. The action space A describes
a set of actions an agent may perform from a given state s, at a
particular time step. Transition probabilities P,(s,s") = P(s,,; =
s'|s,,a,) describe the likelihood of observing state s,,; given
action g, is taken from state s,. Note, this probability allows MDPs
to model both stochastic [24] and deterministic systems [25], the
latter applying to models of Ladder Logic programs. Reinforc-
ing negative and positive associations between state-action pairs
is the reward function, R,(s, s"). This function informs an agent
via a scalar signal r, where action a was taken from state s and
produced state s’. Designing a reward function conducive to opti-
mal decision-making is both task-dependent and non-trivial [26].
We discuss our approach to reward shaping for invariant find-
ing in Section 3.2. Finally, y € [0, 1) is a discount scalar applied
to successive rewards considered over future time steps. Expe-
riences are accumulated according to one of two simulation
paradigms: Episodic or continuous. The distinction between the
two approaches can be clarified in terms of an environment’s
reset logic. Episodic schemes, which this work adopts, train
agents over a finite sequence of T),,, episodes, beginning from
an initial state s, to some terminal state s;. An agent’s trajectory
summarizes its experience accumulated over a finite number of
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time steps, denoted 7 = (51, ay, ry, S5, dys Fas -« -5 Spy A, 1y). Here,
h denotes the horizon; a time step beyond which rewards no
longer influence an agent’s prediction. Rewards observed from
some time step ¢ up to a terminal time step 7 are denoted G, =
ZL,VH r; and referred to as the return. RL training algorithms
aim to leverage this return and experiences from an agent’s pre-
vious trajectories to enable prediction within, and control over,
the environment.

The first challenge of training RL agents entails approximating
a value function that attributes a value to arbitrary environ-
ment states, indicating the quantitative benefit of occupying
that state according to its reward potential. State values and
state-action values, denoted v(s) and ¢(s, a) respectively, provide
this estimate. Values are updated based on an empirical average,
known as the expectation taken over observed returns, defined
E[G,|S, = s, A, = a]. The second training objective of control
refers to optimizing a behavior policy, z(a|s), mapping states to
the actions most likely to maximize cumulative rewards. Opti-
mal value functions and optimal policies are reciprocal in that
converging to one will converge to the other [27]. Optimization
of both functions requires agent trajectories to accumulate expe-
rience of states, actions, and their ensuing rewards. In complex
environments, these functions are approximated using deep neu-
ral networks [28] and gradient-based optimization [29]. So-called
actor-critic [30] methods also approximate a parametric, typ-
ically state value, function (s, ), learning action selection
and value estimates independently. In this work, we employ a
principle actor-critic algorithm, Proximal Policy Optimization
(PPO) [31].

3.2 | Ladder Logic Exploration

Representing the invariant finding problem as a reinforcement
learning task necessitates certain considerations. First, proposed
invariants should be inferred from a large proportion of reachable
system states. Second, these invariants must have a correct and
formal representation when used by verification tools. Existing
mappings from a Ladder Logic LTS to an MDP [14] provide
the foundation for this work. Given LT S(wp), the observation
space of the corresponding Ladder Logic MDP, M (yxpl), has the
form S = Val. U Val,. Here, a unique valuation over the union
of coils and inputs constitutes a distinct state, or observation, of
M(yp ). The action space A = Val, consists of program inputs,
given that these values are determined externally and induce
state transitions. For each state, P,(s,s’) = P(sq = s'|s;.q,),
assigns probability 1 for transitions dictated by the semantics of
the underlying Ladder Logic program P, and 0 for transitions
that are not. As agents explore M (yp ), the environment unfolds
as a set of reachable states .S, that reflect those of LTS (wp)- The
principal difference in this context is that states are computed
explicitly, ensuring state observations do not include the prob-
lematic states described in Section 2.2. Such a framework allows
us to progressively optimize state space coverage, record unique
state observations from agent trajectories, and suggest candidate
invariants using simple measures of binary correlation [32]. Aim-
ing to maximize state space coverage, we implement a reward
scheme that positively rewards novel observations over distinct
episodes, deterring loop traversal with episode termination and
negative reward signals. Additionally, we adopt count-based

exploration reward strategies [33] and initial state sampling
using the least-visited states from past experience [34].

3.21 | Environment Considerations

Given our objective of maximizing novel state discovery,
deep reinforcement learning (DRL) is unnecessary for small
state-action spaces such as M (yp, ), where dynamic graph traver-
sal [35] suffices. However, for larger Ladder Logic MDPs, the
combinatorial explosion of states renders exhaustive search infea-
sible (see Section 3.2.2). In such settings, approximate learning
methods can offer more effective exploration heuristics [36]. Can-
didate invariants discovered during exploration can then be ver-
ified through inductive checks. To that end, we focus on three
core aspects: Novel state discovery, invariant synthesis, and veri-
fication via theorem proving.

Our simulation framework adopts an episodic RL paradigm with
a novelty-driven reward scheme. If the agent revisits a previously
seen state, the episode is terminated with a small negative reward
and reset. This discourages loops while enabling reward-based
performance differentiation across episodes. Inspired by prior
work on count-based exploration [33], we incorporate an ini-
tial state sampling strategy [34], where states visited in previous
episodes become candidates for new episode initializations, pri-
oritizing less frequently visited states.

While value functions and policies drive agent behavior, the pri-
mary mechanism remains reward maximization. Thus, reward
design must align with the problem domain and learning objec-
tive. In our case, this objective is the maximization of unique state
observations. A simple reward function issuing positive signals
for new states and negative ones for repeats is effective, though
its success depends heavily on the structure of the environment.
As state-action mappings become more complex, approximat-
ing the optimal policy becomes increasingly difficult, reinforcing
the importance of well-shaped rewards and efficient exploration
strategies.

3.2.2 | Industrial Ladder Logic

Our approach to state discovery has been validated on both syn-
thetic Ladder Logic programs with known reachable state counts,
for example, in P, and industrial ladder logic where such met-
rics are unknown. In the largest synthetic environment, agents
achieved full coverage of up to 4.3 million states, despite a theo-
retical upper bound of 2°°.

In terms of industrial Ladder Logic programs, we consider four
examples, denoted IL-A, IL-B, IL-C, and IL-D, each imple-
menting part of a railway interlocking system. The complexity
of each system is characterized by the number of binary vari-
ables in its observation and action spaces. IL-A comprises an
observation space of 3565 binary variables and an action space
of 1250 binary variables. This configuration reflects a moderately
sized interlocking system. IL-B increases in complexity, with an
observation space of 6452 and an action space of 2222 binary vari-
ables. The growth in dimensionality corresponds to a broader
set of monitored components and control mechanisms. IL-C
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expands further to 8944 observation variables and 2983 action
variables. IL-D represents the most complex system, featuring
15,150 binary observations and 5008 binary actions.

Although industrial programs have even larger theoretical state
spaces, practical limits such as memory and training time con-
strain exploration. Nevertheless, our approach reached 45 million
unique states in an industrial setting, with no indication of stag-
nation. These results demonstrate the utility of heuristic guid-
ance [37] and reward design [38] in avoiding redundant behavior
and promoting continued exploration under uncertainty.

3.3 | Parallel Exploration

Training RL agents within this framework introduces two com-
plementary requirements. Firstly, invariant mining critically
depends on accumulating a sufficiently representative set of dis-
tinct state observations to ensure comprehensive exploration of
the underlying state space [39]. Secondly, effective policy opti-
mization via RL algorithms necessitates the collection of diverse
experiences linked to cumulative rewards, ensuring statistically
informative and stable policy updates [31, 40].

However, deploying a single agent within a solitary environment
instance frequently fails to meet these requirements. Such a
configuration results in slow exploration, sparse encounters with
rare states, and high variance in policy gradient estimates, all of
which impede convergence and generalization [30]. A practical
solution to these limitations is parallelization, whereby multiple
environment instances and separate workers sharing a policy are
spawned by a parent process to perform rollouts independently
and periodically synchronizing to aggregate collected experi-
ences [41, 42]. Note that the RL framework’s parent process is
also capable of communicating with utility processes throughout
the agent.

Parallelization involves running M identical environment
instances concurrently, each generating trajectory segments of
length T'. At each synchronization interval, trajectories are aggre-
gated, producing a collective batch of MT transitions for policy
updates. Such a parallel architecture results in two primary
benefits, each of which is explored in the following sections.

3.31 | Improved State Coverage

Independent rollouts initiated with distinct random seeds can
expedite the exploration process across diverse regions of the
state space. Formally, defining the state trajectory for worker m €
1,...,M as

T = (s, s\, ..,,s(Tm)}, sf:"i ~ P(|s™, a™ (1)

where P refers to the environment’s transition function. After k
synchronization steps, the set of unique states encountered across
all workers can be defined as:

M T-1

v=Urn. )

m=11=0

where state coverage is quantified by C, = |U,|. Assuming that
eachrolloutisindependent, the expected number of unique states
grows approximately as

E[C ] ~ |S](1 -1 = pp)M), 3

where p; is the probability that a particular state is visited in a
single rollout of length T, and | S| is the size of the state space.
This growth is quasi-linear with the number of workers M. This
rapid state accumulation is crucial for robust statistical analy-
ses throughout training. Practically, given our state space com-
prises binary vectors, bit packing and hashing each statea : .S —
1, ..., L maintains computational tractability.

3.3.2 | Learning Efficiency via Parallel On-Policy
Rollouts

Parallel rollouts also improve the stability and efficiency of policy
updates. In PPO, policy parameters 6 are updated by maximiz-
ing a surrogate objective function that constrains the deviation
between successive policies:

- 1 ‘ . )

Loy = 5= Z min (ry(s, a) A, clip(ry(s.a),1 — €,1+ €) A),
(s,a,A)EB

O]

where the following probability ratio quantifies how much the
updated policy deviates from the previous policy:

my(als)

7y, (als)

(5

ro(s,a) =

and A defines the estimate of the advantage function. The esti-
mated gradient of this objective function, g(#), necessary for
updating policy network parameters, is estimated from a batch B
of experiences, in this case collected by multiple parallel workers,
and can be expressed as:

1 _
gs(0) =~ Z V,log my(als) A(s, a). (6)
(s,a,A)€B

Here, A(s, a) represents the clipped advantage function, guiding
policy updates by quantifying the benefit of taking an action a
from a state s. Crucially, when trajectories generated by parallel
workers are independent, the variance of this gradient estimator
diminishes proportionally to the size of the batch:

Varlgs(0)] ~ — =0, @
where ¢? denotes the intrinsic variance of the gradient estimate
from a single trajectory. This reduction in variance is particu-
larly valuable, as lower gradient variance yields more stable and
informative updates, directly enhancing the rate and reliability of
convergence.

However, employing parallel rollouts necessitates careful consid-
eration of several practical aspects. Notably, the synchronization
interval, the length of trajectory segments each worker collects
before updating the policy, must be carefully balanced. If it is too
small, frequent communication incurs substantial overhead; if
too large, policy updates risk becoming outdated. Empirically,
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choosing synchronization intervals in the range [1024, 2048] has
been shown to strike an effective balance between communica-
tion overhead and gradient updates. Additionally, overlapping
rollout collection with the learning updates helps to maximize
computational throughput, ensuring efficient utilization of
resources and minimizing idle time.

3.4 | State Matrix Representation and Sampling
The outcome of the reinforcement learning process is a growing
state matrix Mg € {0,1}"™, where each column represents
a unique state observed during exploration, and each row
corresponds to one of the n Boolean variables defined by the
underlying Ladder Logic program. The height n of the matrix
is fixed, determined by the program’s variable set, [Val, U Val;]|,
while the width 7 increases as new environment states are
discovered and aggregated across parallel agents.

This matrix is continuously updated as the agents explore, with
each new column s € {0,1}" appended to Mg when a novel
state is encountered. Because the matrix grows monotonically in
width, subsequent phases of the framework, such as embedding,
clustering, and correlation computation, can operate on snap-
shots of My, taken at regular intervals 7,,#,, ... communicated
by the RL framework’s parent process. These snapshots enable
invariant mining to proceed concurrently with exploration,
facilitating a pipelined architecture in which state discovery
and structural analysis are decoupled but synchronized through
periodic sampling.

4 | Candidate Invariant Generation

Invariants, and more broadly propositions, define a relationship,
or dependency, between their constituent variables. Although
methods exist to measure the mathematical relationships across
a variety of observed data, the reliability of these statistics often
hinges on the quantity and diversity of those observations. By
accumulating a diverse dataset during the exploration of an
RL environment, we can gather sufficient state observations to
compute associations between program variables. We describe
the process by which our data and the goal of constructing
new candidate invariants guide the determination of these
associations.

4.1 | Variable Correlation

Statistical measures of association can uncover complex rela-
tionships between data, offering a distinct advantage over
simple observation. For instance, correlation coefficients and
covariance are fundamental statistics used to measure rela-
tionships between two variables. Each measure has specific
applications and assumptions for different types of data.
The motivation for selecting a particular statistic for invari-
ant finding lies in its ease of interpretation, especially when
translating numerical values into propositional formulae.
Additionally, the chosen statistic should be reliable and effi-
cient, minimizing errors in approximation and computational
overhead.

Covariance indicates the direction of a linear relationship
between two random variables, but does not normalize the mag-
nitude of this association. In contrast, ¢)-correlation coefficients,
an adaptation of Pearson’s correlation for dichotomous data [32],
are tailored for binary pairs, making them favorable for Boolean
values. Moreover, ¢-coefficients can be computed using counts
of empirical observations, without relying on weighted probabili-
ties to calculate, thus reducing the need for approximation. As we
will explore in the following section, ¢-coefficients also support
the construction of multi-variate properties with little additional
computational cost.

4.2 | Correlation Coefficients
We introduce the use of ¢-correlation coefficients as a basic statis-
tical measure of association between binary variables. Let a and
b be two arbitrary Boolean variables. We compute a correlation
coefficient:

b= Rap Mpgnb = Manb Mnab (8)

Nae Mpge Nep Menp
where n,, refers to the count of observations (a A b), n,,,, the
count of (ma A =b), n,,, the count of (-a A b) and n,,, the count
of (a A —b). Variables forming the radicand refer to total counts,
where n,, is the sum of counts where « holds, n,,, is the sum of
counts where —a holds, n,, is the sum of counts where b holds,
and n,,, is the sum of counts where -6 holds. Conventionally,
these values are represented via contingency tables [43]. Note, for
propositional logic, these coefficients rely on truth values and,
thus, can be computed for arbitrary atoms, as with a and b, or
propositions composed of arbitrary atoms, such as (-a = b) and
(¢ A—a = d). The truth values for each respective multi-variate
expression can easily be determined with the existing valuations
over their constituent atoms. The limit on generating complex
propositions then relies on the resources required to determine
their truth value.

Coefficients between two binary pairs, therefore, depend on their
observed variability with respect to one another. Such values are
normalized, falling within the closed interval [-1, 1]. Binary pairs
resulting in a coefficient of 1 share a complete positive corre-
lation, that is, they are synchronously true or false. Conversely,
coefficients of —1 represent a complete inverse relation between
the binary pair, indicating they always represent the negation of
each other. Extrema of ¢ thus present us with a systematic means
of inferring invariance between arbitrary variable pairs.

To increase the likelihood of proposing useful invariants,
we extend the computation of ¢-coefficients to include not
only the atoms composing P;, that is, x,y,d and c, but their
negation, —x, conjunction, x A y, and disjunction x Vv y. Deter-
mining ¢ for all unique combinations of binary pairs produces
w values, where N represents the number of variables
or propositions composing those binary pairs. The complete
expansion process is explained in greater detail in Section 4.3.
Table 1 shows a subset of the coefficients calculated from
observations of M (yp ), concerning variables x and y. Rows
and columns failing to contain ¢ extrema have also been
excluded, leaving propositions worth considering for invariant
generation.
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TABLE1 | Partial correlation matrix computed from M (wp)- Dupli-
cate coefficients and coefficients describing self-correlation have been set
to 0.

X XAy XV -y yAX XV -oy
X -1.0 1.0 1.0 -1.0 -1.0
X 0.0 -1.0 -1.0 1.0 1.0
XAy 0.0 0.0 1.0 -1.0 -1.0
YATX 0.0 0.0 0.0 0.0 1.0
XV -y 0.0 0.0 0.0 -1.0 -1.0

Consider the complete inverse relation between —x and x v -y
in Table 1. As a proposition, this can be expressed as the nega-
tion of their conjunction, that is, =(-x A (x V 71y)), given they
never share the same truth value. Note that expressions of this
form can be further simplified using De Morgan’s Law and logical
identities, making the aforementioned invariant equivalent to x v
(=x A y). Complete positive correlations, as exhibited between y A
—-x and —x V 71y, can be expressed as equivalence relations, that s,
(¥ A x) © (0x V 1y) given they will always share the same truth
value. Both this expression and its simplified form of y serve as a
sufficiently robust invariant to exclude states sg ... s;s when ver-
ifying the safety property ®, we introduced in Section 2.2.

Estimates of ¢ are computed based on the variability of any two
variables across the reachable state space, meaning all states
must be observed to compute the true correlation. Consequently,
¢ converges over time, warranting a distinction between three
types of invariants as described by coefficients. Extrema of —1 or
1in the event of complete state space coverage may be considered
“true invariants”. We define “candidate invariants” as those gen-
erated from ¢ extrema, irrespective of state coverage, but have
yet to be verified via an inductive check. “Possible invariants”
concern ¢ values produced by undefined operations. This occurs
when one of the total counts sums to 0, causing a division-by-zero
error and producing a NaN. In such cases, the binary pair may
indeed lead to a candidate invariant, but not without further
state space exploration. These invariants allow for the iterative
generation of properties as exploration yields more state obser-
vations. This does, however, present a number of computational
challenges as the number of variables, propositions, and obser-
vations increases. As indicated in Reference [16], we turn to
specialist hardware and optimization to scale this approach.

4.3 | Expansion of State Observations

As previously noted, invariants derived from single atomic propo-
sitions, that is, those involving only a single pair of Boolean vari-
ables, are typically insufficient to constrain the model to a degree
that eliminates spurious counterexamples during inductive veri-
fication. To increase the expressive capacity of candidate invari-
ants, the set of base state observations is expanded using logi-
cal connectives to construct more complex, multivariate proposi-
tions. While this expansion increases the likelihood of discover-
ing robust invariants, it also substantially enlarges the hypothesis
space, thereby increasing the number of features N over
which statistical correlations must be computed. This, in turn,
imposes additional computational and memory requirements.

Specifically, the number of ¢-correlation coefficients produced
grows quadratically with N, which is lower-bounded by the
number of Boolean variables comprising each environment state.

Let My € {0,1}"™" denote the initial Boolean matrix represent-
ing m observed environment states over n Boolean variables. The
expansion procedure comprises two stages, both of which pre-
serve the width »n of the matrix while increasing its height. In
the first expansion stage, M is vertically duplicated by appending
the element-wise logical negation of each row, yielding a matrix

M, € {0,1}*™". Formally, if Mg = [r,; ...;r,], then
M; =[F1 gy o Py F1s Py oy Pl

where 7; denotes the bitwise negation of row ;.

In the second expansion stage, all unique unordered pairs of
rows in M’ are used to generate new rows via logical conjunc-
tion (AND) and disjunction (OR). Since M’ contains 2m rows, the
total number of unique unordered pairs is given by the binomial
coefficient:

<2m) _ 2m(2m—1)

) 5 ©

Each such pair produces two new rows, one for the conjunction
and one for the disjunction, resulting in an additional 2 - < 22’" ) =
2m(2m — 1) rows.

The total number of rows in the final matrix M g is thus:
2m 4+ 2mQ2m — 1) = 2mQ2m — 1 + 1) = 4m? (10)

Hence, the full expansion transforms the original matrix My €
{0,1}™" into an augmented matrix MY € {0, 1}4m*xn that
includes all original rows, their negations, and all pairwise log-
ical conjunctions and disjunctions. This expansion increases the
potential for expressing complex invariants, but incurs a corre-
sponding computational cost due to the enlarged feature set, both
in terms of retaining the expanded data and the ensuing impact
on ¢ calculations, as demonstrated by Figure 5.

In the next section, we introduce a number of optimization strate-
gies to mitigate these costs, including the application of dimen-
sionality reduction techniques, clustering of semantically similar
rows, and a streaming architecture that incrementally processes
sub-matrices on the GPU. These approaches collectively reduce
memory footprint and computational overhead while preserving
the statistical fidelity required for invariant discovery.

5 | DataReduction, Clustering and Window
Construction

In this section, we outline a pipeline for identifying structurally
related subsets of variables within high-dimensional Ladder
Logic program state spaces. The goal is to reduce the compu-
tational burden of pairwise correlation analysis by embedding
variables into a lower-dimensional space, where clustering can
be used to guide selective ¢-coefficient computation. We begin
by introducing the embedding process, followed by visualizations
of the clustered structures and a discussion of how these clusters
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Growth of Program Metrics (Log Scale)

Num. Input Variables
Num. Variables

Base ¢-Count
Expanded Height

i

Complete ¢-Count

Ladder Logic Program

117

10* 10° 108

1012 1014 1016 1018

Vector Length (log scale)

FIGURE5 | Matrix rows required to represent state data before invariant generation can take place. “Num. Input Variables” refers to the number of
values our RL agents can influence to trigger a state change. “Num. Variables” refer to the number of boolean values composing a single environment
state. Expanded height describes the number of rows produced during the expansion phase we introduced in Section 4.3. The “Base” ¢-count represents
the number of correlation coefficients needed for a base state matrix without expansion. The “Complete” ¢-count refers to the number of correlation

coefficients needed to describe all unique row pairs within the expanded state matrix.

are subsequently used to define input windows for GPU-based
processing.

5.1 | Generating State Embeddings

Given the prohibitive cost of exhaustively computing
¢-correlation coefficients over the fully expanded state matrix,
we seek efficient strategies for prioritizing variable pairs likely
to exhibit statistical dependency. As discussed in Section 4.2, the
total number of pairwise comparisons grows quadratically with
the number of features N, many of which may be unrelated.
Rather than allocating computational effort uniformly across
the coefficient space, we aim to identify structured subsets of
variables whose internal relationships justify more focused
correlation analysis.

To this end, we employ dimensionality reduction as a precursor to
unsupervised clustering, allowing us to project high-dimensional
Boolean feature vectors into a low-dimensional space where
local similarity between rows can be visually and algorithmically
assessed. Among the many available techniques, t-distributed
Stochastic Neighbor Embedding (t-SNE) [44] offers a compelling
approach for this application. t-SNE preserves local structure
in the data by mapping features such that pairwise similarities
in high-dimensional space are approximated by corresponding
similarities in a lower-dimensional embedding. This property
makes t-SNE particularly suitable for identifying latent group-
ings among variables, even when their separability is not linearly
defined.

Figures 6 and 7 show the result of applying t-SNE to two state
matrices generated across separate exploration phases of the
IL-C Ladder Logic program. State space samples were gener-
ated from a training run using PPO and a unique random seed.

t-SNE State Grouping
(240,000 states)

Component 2

|
LS
5]

-40

-60

-80

Component 1

FIGURE 6 | t-SNE projection of 240,000 states observed from Ladder
Logic program IL-C, grouped using agglomerative clustering.

Each cluster defines a candidate subset for focused ¢-coefficient
computation.

The groupings are colored based on applying hierarchical
agglomerative clustering [45] to the learned embeddings. While
the clustering outcome here is not used for downstream modeling
or point classification, it enables us to partition variables into sub-
sets on which ¢-correlation computation can be concentrated,
where local neighborhoods have been preserved. By leveraging
this form of clustering on t-SNE embeddings, we can reduce the
search space for pairwise correlation significantly, without rely-
ing on arbitrary sampling or manual feature selection. It is worth
noting that t-SNE tends to distort global structure for the sake
of visualization, thus inter-cluster distances should not be inter-
preted literally.
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FIGURE 7 | t-SNE projection of 8,000,000 states observed from Lad-
der Logic program IL-C, grouped using agglomerative clustering.

5.2 | Window Generating for GPU Streaming
Once the state space embeddings have been generated and
partitioned, the resultant variable clusters serve as a guide for
structuring the proposal of invariants. Specifically, these clusters
define candidate subsets of variables over which ¢-correlation
coefficients will be computed using GPU-accelerated matrix
operations. Moreover, each data point within clusters represents
a disjoint state observation vector, implying that each cluster
can, in principle, be processed independently, enabling parallel
processing across multiple GPUs.

The fundamental challenge at this stage is to construct
observation windows that are sufficiently expressive and respect
the limited global memory of the GPU. While the base state
matrix may grow indefinitely in width due to ongoing reinforce-
ment learning exploration, the GPU kernels must operate on
bounded subsets, or slices, of this data (See Section 6.3). The
cluster-derived variable groups thus form the starting point for
constructing manageable sub-matrices to be expanded, as shown
in Section 4.3, and streamed to the GPU for processing in discrete
windows.

Each observation window is defined over a rectangular
sub-matrix W € {0,1} ™. The window height A is not fixed
a priori but is dynamically determined based on the size of
the input cluster and the available GPU memory. The pri-
mary constraint on window construction is the number of
¢-coefficients to be computed given the input data, which in
this case scales quadratically with the number of rows in the
expanded sub-matrix:

h) _ h(h—1) an

|q)|=(z 2

We begin with the smallest cluster obtained from the state space
embedding, selecting the subset of variables it defines. Window
construction proceeds in stages, beginning with the set of vari-
ables assigned to a given embedding cluster. Once a cluster is
selected, the constituent points serve as a base data matrix of
seed rows for the expansion phase. The window width w can be

determined thereafter, representing how many state observations
will be carried over to the GPU for each window’s payload.

Before proceeding with full expansion, a feasibility check is
performed to determine whether a complete application of the
expansion algorithm, comprising negation, conjunction, and dis-
junction steps, would exceed the maximum window height per-
mitted by the GPU’s available global memory. If the full expansion
is feasible, the entire process is carried out, producing a matrix of
height A = 4m?, as previously described in Section 4.3.

If, however, the cluster size renders a full expansion infeasible by
exceeding the memory threshold, a truncated expansion is per-
formed. In this case, the negation step is applied in full, doubling
the seed rows to 2m. The remaining allocated row space per-
mits r additional rows calculated as the difference between the
maximum allowable height and the post-negation height, then g
conjunction and g disjunction rows are generated from randomly
sampled or priority-ranked row pairs.

This adaptive approach ensures that expansion remains within
memory limits while functioning as a heuristic designed to
increase the representational capacity of the matrix. By system-
atically generating compound features, we capture latent rela-
tionships across variables. It also maintains the ability to process
larger clusters partially, without discarding valuable structural
information entirely.

By grounding window construction in the clustered structure of
the data, identified through unsupervised learning, we priori-
tize variables with shared statistical behavior, thereby focusing
computational effort on regions of the state space more likely to
produce meaningful invariant structures. In the next section, we
provide implementation-level details on how these windows are
processed on the GPU to facilitate scalable ¢ computation.

6 | GPU Acceleration of Coefficient Calculation

Modern graphics processors expose specialized hardware for
use in the acceleration of mathematically intensive tasks. We
present one more contribution to the ever-growing list of
non-graphics applications of GPUs, and specifically the accelera-
tion of ¢-correlation coefficient calculation. The work presented
in this section is an improved form of our earlier work [16] that
utilizes streaming to a GPU, as part of a heterogeneous system.

6.1 | Background

Graphics processors came to exist from the need for performing
more complex graphics calculations at greater speeds [46]. In
recent years, Graphics Processing Units (GPUs) have success-
fully been used in applications stretching far beyond the domain
of graphics [47-52]. Some tasks, particularly those tangen-
tial to common graphics routines, naturally lend themselves
to acceleration using GPUs regardless of which domain they
fall under. This, in turn, shapes the evolution of GPUs into
versatile co-processors that now include features that are less
graphics-oriented and geared towards general computation. It
must nevertheless be remembered that these devices are not
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general-purpose processors [46] and are currently not suitable
for all tasks. Generally, the aim being satisfied by using GPUs
for a given task is performance. The specialized nature of these
processors, combined with their high arithmetic throughput
in certain operations, makes GPU acceleration lucrative for
applications where timely completion is important.

The application case being presented in this, and our earlier
work [16], is an example of an embarrassingly parallelisable task
that features heavy reliance on arithmetic operations over large
data sets and must be completed in a timely manner. Before
exploring the intricacies of our use case, however, we must
briefly cover some fundamental background on the model of
computation employed by modern GPUs and some details of
the hardware. For this work, we are focusing on NVIDIA GPUs
and specifically those of the Ampere microarchitecture [53],
although the approach applies to a range of GPU architectures.

GPUs are massively parallel processors, typically comprising
thousands of cores and capable of managing billions of threads.
Threads are treated as the smallest unit of execution and incur no
context-switching penalties during execution. Computation in
GPUs is encoded in the form of a kernel that contains code that
each thread must execute. Code is written in high-level languages
such as CUDA-C++ and is supported by CUDA libraries and
toolkit. The conversion from high-level CUDA code to binary
(SASS) code involves an intermediate translation of the high-level
code into assembly (PTX) code. PTX instructions are well docu-
mented [54] and their direct use through the high-level code is
facilitated, with special importance for low-level optimization.
To the contrary, the conversion from PTX to SASS, the SASS
ISA, and the performance of machine instructions on different
architectures are not documented officially [55], yet the plethora
of detailed literature contributions offer a remedy [56-60].

Threads are grouped into blocks, which are logical structures that
can be mono-, bi-, or tri-dimensional and can comprise up to 1024
threads. Blocks themselves are in turn grouped into a grid which
can also be mono-, bi-, or tri-dimensional and is far less limited
in size. The geometry of the grid and block structures is relevant
to tasks that exhibit spatial locality; however, tasks without such
spatial properties are unaffected. Threads can differentiate them-
selves and the data they each operate on using their coordinates
in their surrounding block and the coordinates of that block
in the surrounding grid. Each block gets further partitioned
into groups of 32 threads called warps. Threads in a warp are
expected to operate in unison with one another, ideally executing
all their instructions in lockstep. Where divergence occurs in the
execution paths of threads within the same warp, this generally
results in a performance penalty until threads re-converge.

GPU processors consist of tens of identical Streaming Multi-
processors (SMs). Each SM typically houses different types of
processing units, such as 32-bit integer processing units. SMs
are themselves partitioned into four identical partitions, each
of which has its own processing units, warp scheduler, and
register file. During execution, blocks from the grid are assigned
to an SM where the warp schedulers manage execution time
allocation between the pool of warps assigned to them, in con-
junction with the available resources in their SM partition. The
over-subscription of SM resources by multiple warps facilitates

latency hiding, whereby a warp may be stalled awaiting for
some operation to complete, while others continue to execute
unaffected.

In terms of memory, there are several memory types on the GPU,
each with its own visibility, access cost, and special considera-
tions. Of most importance to this work are global memory, shared
memory, and caches. Global memory is the largest memory type
that resides off-chip and is the backbone for communication of
data between the GPU (device) and host system. Access to global
memory can be made from all threads, but incurs a substan-
tial cost that is noted in literature [57] to be in the region of
290 clock cycles for the Ampere microarchitecture. On-chip L2
cache is available, which is accessible by all SMs, with global
memory requests passing through it by default. L1 cache resides
within each SM and only applies to global memory interactions
performed by threads of blocks that reside in the SM. L1 and
shared memory share the same physical memory space in each
SM, with the carveout between them being configurable globally,
prior to a kernel launch. Shared memory is inexpensive to access
w.r.t. global memory, and is accessible by all threads of a block
in an SM. Cross-block thread collaboration can be achieved by
exchanging data through shared memory, yet it is also common
for each thread to use shared memory as transient storage, inde-
pendent of other threads.

When threads within a warp perform a global memory operation
simultaneously, a set of memory transactions is performed.
Global memory transactions are 32-, 64-, or 128-byte windows of
memory contents in transit. The pattern in which threads access
global memory, along with the size of the data and distance
between them, dictates how many memory transactions are
required. The fewer memory transactions required, the lower
the latency of the interaction. A warp of threads accessing con-
tiguous memory locations will trigger the most optimal set of
memory transactions, which may mean that all data fits into
a single memory transaction. A good access pattern typically
results in better cache utilization and, by extension, hit rate.
Beyond memory transaction minimization, threads within the
same warp benefit from additional features, such as the ability
to exchange register contents directly, that further aid their
collaboration.

This cursory overview of GPU fundamentals serves as an illustra-
tion of the complexity of these systems. With carefully designed
and optimized solutions, the capabilities of this hardware can be
exploited to deliver great speedups.

6.2 | Single-Shot Phi Coefficient Calculation

In our earlier work [16], we presented an optimized, single-shot
kernel for the computation of ¢-coefficients between every dis-
tinct pair of columns of an input matrix storing unique state
observations. To aid memory coalescing, the input matrix was ini-
tially rotated by 90°, turning columns into rows and vice-versa,
before being packed. The packing step condensed the bytes of
each row, each of which represents a truth value, into bit-packed
words, effectively using each bit as a truth value instead. In
our revised approach, the data structure responsible for stor-
ing aggregated state observations houses variables across rows
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and appends new states as columns, removing the need for
unpacking, transposition, and repacking.

Each thread in the kernel selected a distinct, relative to other
threads, pair of rows from the transposed matrix and carried out
the process of computing the ¢ correlation coefficient between
them. The initial data transformation steps were undertaken to
permit the threads of each warp to access chunks of their assigned
rows in as few memory transactions as possible and in a coalesced
manner, whilst also allowing each thread to process, in the man-
ner described in Section 6.3.3, the 32 truth values in the same
number of clock cycles as processing a single truth value.

This single-shot kernel is effective at performing this compu-
tation, but suffers from a number of limitations. More specifi-
cally, for the kernel to operate on the rows, the matrix has to fit
entirely in GPU memory, limiting the maximum dimensions of
the matrix. Additionally, the computation of ¢-coefficients is nec-
essarily performed by an individual thread, whilst the rest of its
block remains resident but idle. Both limitations are addressed by
our streaming approach, described in subsequent sections.

6.3 | Streaming Phi Coefficient Calculation

As described earlier, new columns are introduced to the matrix as
new observations are made. To overcome the matrix size limita-
tions imposed by the GPU’s memory size in our earlier work, we
employ a streaming approach whereby the matrix is streamed, in
slices, to the GPU for the correlation coefficients to be computed.
Aslice, in this instance, is a sub-matrix that has the same height
as the original matrix and a variable width. As new observations
are added to the matrix, they are also being passed to the GPU
side, in slices, for consideration in the ¢-coefficient calculation.

The GPU computation is supervised by a process responsi-
ble for communicating with the RL framework. This process
also manages the state of the GPU, on-device memory allo-
cations, and kernel execution flow. In terms of kernels, three
kernels are involved in the computation: The State Update, Phi
Computation, and Post-Processing kernels.

6.3.1 | Supervisory Process Design

We designed the ¢-coefficient calculation system as part of a dis-
crete supervisory process that communicates with the RL frame-
work via TCP. This design choice is predominantly motivated by
scalability, as detailed in Section 6.4.

The supervisory process is responsible for initializing resources
and memory allocations on the GPU(s) involved in ¢ computa-
tion, maintaining state persistence for these devices, and finally
de-initializing the devices once the computation is finished. This
process is also tasked with workload distribution since new slices
of the state matrix may arrive at any point and must be consumed
and handled as they arrive.

When a state matrix slice is sent to the supervisory process, which
is diagrammatically depicted in Figure 8, the process allocates
and initializes sufficient memory on the device before streaming

received data into it. Following the arrival and transfer of the full
slice, a State Update kernel is launched by this process to con-
sume the received slice, updating the internal GPU state in the
process, and discarding the slice thereafter. The process transi-
tions onto a mid-stream state in which the height of subsequent
slices is expected to match that of the first slice that was received,
which will be treated as a continuation of the stream. In this state,
new slices can continue to arrive until a termination request is
received.

Once a termination request is received, the process transi-
tions into a conclusion state in which a two-kernel pipeline is
launched. The first kernel converts the on-device accumulated
data into per-row-pair ¢-coefficients, and is followed by the sec-
ond kernel, which post-processes the data on the device to be in
a format suitable for transmission. Subsequently, the computed
¢-coefficients are returned via the TCP connection, and the pro-
cess transitions back to its initial state. Return to the initial state
involves the release of all device handles, memory allocations,
and stored state in both device and host.

In anticipation of large matrix slices and/or memory-constrained
GPU host systems, we opted to pipe received data from the net-
work stack directly to the device, and vice versa, without fully
staging them in a host-side buffer first. In practice, this is done
using a small! intermediary transfer buffer on the host system,
where data is read into before being transferred to the GPU or net-
work connection, respectively. Despite repeated transfers to and
from the GPU resulting in accumulated transfer overhead costs,
we observed that the TCP transfer rate, even on local connec-
tions, was sufficient to hide these latencies. We probe no further
into network and PCI-bus latencies as we are not in a position
to adequately control factors affecting them, such as networking
hardware. We do, however, anticipate their effect to be insignifi-
cant w.r.t. the computation at hand in the general case.

6.3.2 | Memory Management

As described in Section 6.3.1, state data is preserved in both host
and device memory throughout the processing of streamed state
matrix slices and until the eventual conclusion of the computa-
tion. State data held by the host is relatively small in size and
not a priority in terms of resource management. To the contrary,
on-device memory space is limited and a determining factor for
the streamed data size limits.

All kernels involved in this computation interact primarily with
global memory. During processing of the slices in the stream, the
slice being processed, as well as the per-row-pair bit counts, need
to co-exist in global memory. To that effect, when the first slice
of height 4 and width w is being sent on the stream, the supervi-
sory process allocates a contiguous block of 4 X 8 x @ bytes
to house four 64-bit counters, and a region to house the incoming
slice. For reasons outlined in Section 6.3.3, the byte length of each
row in device memory must be divisible by 4. We therefore com-
pute w' = [%] X 4 before computing the byte size of the mem-
ory block needed as (' + p(w')) X h. Here, a block of memory is
being allocated with the intention of storing data treated and tra-
versed as a two-dimensional structure. To facilitate coalesced row
access by the threads, additional padding is added on each row.
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FIGURE 8 | Block diagram of interactions between the Supervisory Process and the GPU on command from the RL Process.

In the aforementioned size calculation, the function p : N - N
maps the length of a row to a device-dependent constant padding
amount. It is worth noting that the data found in any padding
added is explicitly disregarded by the relevant kernels.

Both device memory allocations remain active throughout the
processing of all state matrix slices in the stream. Since slices in
the stream are only bounded in height, some may be wider/nar-
rower than their predecessor. The memory block holding the slice
is re-allocated only if the slice being received is greater in size
than its predecessor. Naturally, the per-row padding applicable
will vary based on the width of incoming slices and is computed
dynamically on each occasion. To facilitate the padding of rows,
itisnecessary to hold a small intermediary buffer in host memory
that is sufficiently large to accommodate a single row of a slice.
Rows are implicitly padded during transfer from the host buffer to
a specific offset in device memory, which includes padding w.r.t.
the previously transferred row.

When processing of slices is concluded and the correlation coeffi-
cients are requested, the memory structure is altered by releasing
the allocation of the slice buffer and replacing it with an alloca-
tion of a memory block of size 8 x w, which is used to house
the per-row-pair correlation coefficients. This is a transient buffer
until post-processing takes place and the data is returned.

6.3.3 | State Update Kernel

The State Update kernel is responsible for consuming a slice of
the state matrix and updating the device state accordingly. This
kernel is launched once a slice is fully received into device mem-
ory by the supervisory process.

In this kernel, blocks of threads act as units that are each respon-
sible for summarizing a distinct, w.r.t. other blocks, pair of rows
(r,.rp). The rows corresponding to each block are determined by

the index b of the block within the one-dimensional grid. More
specifically, in a state matrix with 4 rows, the index i, of row r, is
calculated using Equation (12) followed by index i, of row r, that
is calculated using Equation (13).

—-1- —1)2 —
ia:{th 1-V@2xh-1) beJ .

2

i+ 1
ib=b—<iaxh—%)+ia+1 (13)

Conceptually, row index pairs are derived by traversing a triangu-
lar integer array consisting of & rows, where the " row is com-
prised of the integers [7 + 1,7+ 2, ..., h]. Pairing every element
of this structure with its corresponding row index results in a set
of distinct integer pairs that each act as an index for a row from
the state matrix.

Once all s threads of a block have determined which row pair
(r,, rp) their block is responsible for, they begin summarizing the
rows collaboratively as a sliding window of width s over the row
pair. For rows of width w, each thread performs [(w + 32) + s]
steps. On each step, each thread reads two corresponding
32-bit words b, and b, from rows r, and r, respectively, and
computes the bitwise expressions e, = b,&b,, e, = b,&~b,,
e, =~b, &by, and e ~b,&~b,. As each word houses 32
truth values (i.e., bits) from each row, the aforementioned bitwise
expressions effectively perform the respective logic operation
between each pair of corresponding truth values in the word.
For each of the resulting words e, €., €, and e, the
thread counts the number of set bits and accumulates them in
the thread-local counters c,, ¢,,;, ¢4 and c,,,, respectively.
It is worth noting that GPU registers are naturally 32-bit wide
and bitwise and bit-count operations between 32-bit words are
inexpensive [57, 58]. This motivated our choice to represent rows
as bit vectors that are subsequently processed in units of 32 bits.

nanb —
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Padding bits added to rows to permit reading in 32-bit words
must be discarded by threads so as not to form part of their
respective counts. More specifically, for 0 < p < 32 many padding
bits, each thread in the block computes a bit mask m =
OxFFFFFFFF << ((i + 1) X 32 — min((i + 1) X 32, w — p)) as it
is about to process the i 32-bit word. m # 0xF FFFF F F F will
only ever hold if i = | “=2 | and p > 0. In other words, the value
of m has all bits set for all threads, except the thread processing the
last 32-bit word that has been padded, in which case, the p least
significant bits will be unset. Threads perform a bitwise AND
between m and each of e, e, €,., and e,,,, before counting
the set bits in each and updating the respective counts.

In terms of implementation, computing each word e, e,
e, and e, ., in the aforementioned manner is simplified using
hardware support for three-input per-bit logical operations in
the form of the 1op3 .b32 PTX instruction. For instance, given
a mask m and two 32-bit words b, and b, from rows r, and
r, respectively, e,,, is computed using lop3.b32 e,,, b,,
b,, m, 0 X 20;.Here, 0 X 20, or in binary 000100000,
encodes the results column of the truth table of the expression
a& ~ b&c where the single set bit corresponds to the case where
operands a = ¢ = 1 and b = 0. This instruction results in a 32-bit
word in which each bit is constructed by computing the afore-
mentioned logic expression between the corresponding bits of
the three input operands b,, b,, and m. Beyond simplicity, the
lop instruction is computationally inexpensive [57], on occasion
cheaper than computing the encoded logic formula expressly
using discrete bitwise operations.

Naturally, handling of padding bits is only relevant to thread
t,_, of each block, as it will be the thread that operates on
the final, potentially padded, word of each row. Thread diver-
gence, when using a more intuitive conditional expression to
compute the mask m, would therefore be of little significance.
However, while examining the impact of such an expression,
we observed the compiler flattening this branch using a pair of
setp and selp PTX instructions. Based on data from litera-
ture [57, 58], the cost of this computation? is perhaps costlier than
our non-divergent computation, which drove our choice of the
non-divergent variant.

This kernel as a whole is designed in a manner to avoid branch-
ing during the row summarization steps of each thread. Threads
in each warp compute in lockstep until they have exhausted their
respective portions of the row pair. It is worth noting that, in cases
where < is not divisible by s, some threads may not participate
in the last step of the computation. Threads that exit the com-
putation sooner than their counterparts remain idle until they
re-converge. We saw no benefit in addressing this divergence as
its overall impact is minimal, even in the most degenerate case of
only one thread participating in the final step (i.e., % mod s = 1).

On the thread level, each thread jumps s words forward in
each processing step (i.e., coalesced access). This access pattern,
though perhaps less intuitive, is chosen for minimizing the num-
ber of memory transactions required to fetch the respective words
on each step. The 32 threads of each warp access a total of 128
bytes from each row, which are successive and in an appropri-
ately aligned memory address to facilitate the minimum number
of memory transactions possible.?

Once all threads in each warp have computed their respective
counts in lockstep, they accumulate a warp-level sum of each
of their four counts using a parallel reduction operation. These
operations are natively supported among threads in the same
warp and involve direct register exchange as opposed to mem-
ory interactions. As such, following the reduction operation, the
first thread of each warp stores each of the sums in a correspond-
ing, to the warp, section of shared memory. Once all warps have
completed this operation, the first warp in the block performs a
further reduction to accumulate a block-level sum of each of the
four counts. Finally, the first four threads of the first warp each
sum into successive memory locations in global memory, one of
the four block-level counts before the block exits.

Whilst it is expected that no individual slice will be wider than
the maximum value of a 32-bit unsigned integer to risk overflow-
ing a counter in the kernel, the kernel itself is expected to be
invoked numerous times in the processing of slices in the stream;
hence, the per-block (i.e., per-row-pair) counts in global mem-
ory are stored as 64-bit values. This is a further benefit of our
streaming approach, since processing each slice is done using
exclusively 32-bit operations, while the final accumulation of col-
lective counts is the only instance where costlier 64-bit operations
are used.

6.3.4 | ¢-Coefficient Computation Kernel

When the end of the stream is reached, the per-row-pair counts
stored in device memory must be used to complete the compu-
tation of ¢-coefficients as detailed in Section 4.2. To this end,
a kernel is launched that maps every tuple of four counts into
the result of the calculation. Threads in the kernel each corre-
spond to a tuple of counts, which are the basis for computing the
correlation coefficient between the rows. Threads read their cor-
responding counts e, e,,;, €,4, and e,,,, from global memory
and proceed to calculate the result of Equation (14).

€ap X Cnanb ~ €nab X €anp

\/(eab + enab) X (eanb + enab) X (eab + enab) X (enab + emml(7) )
14

Once all threads have completed their computation, they each
write the result to the corresponding location in the results buffer.
Whilst this operation is coalesced and completable with two
memory transactions per warp, the same is not true of the initial
read of tuples from global memory. Each thread reads four 64-bit
values from global memory. It is therefore expected that the 1024
bytes of data fetched by each warp will, in current architectures,
require several memory transactions. Moreover, global memory
data movement instructions currently support a maximum of 16
bytes, which requires each thread to perform two memory fetches
to receive their entire tuple. Despite tuples being coalesced in
memory, the 16-byte constraint results in non-coalesced memory
access. Fortunately, memory transactions triggered by the read of
the initial 16 bytes from each thread return portions of memory,
including the subsequently accessed 16 bytes of each thread. The
excess data is cached in the SM-local L1 cache, which means that,
in all likelihood, the subsequently accessed 16 bytes will result
in a cache hit and no additional transaction will be triggered. In
our tests of this kernel, this appears to be the case as the kernel
achieves a near-optimal 46% L1 cache hit rate. It is worth noting
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that the cache configuration used for this kernel is set to favor
L1 cache space over shared memory, which is not utilized by this
kernel.

In terms of compute utilization, the calculation at hand is heavy
on double-precision operations, which cost significantly more
than their single-precision counterparts. To put this into perspec-
tive, on devices of Compute Capability 8 . 6 and 8 . 9, even simple
operations between double precision operands, such as addition,
have a throughput of 2 operations per clock cycle per SM [61]
while their single-precision counterparts have a throughput of
128 per clock cycle per SM [61]. Devices of different Compute
Capability versions feature different throughputs for single and
double precision operations; however, throughput for the latter
is consistently lower than the former.

In this instance, the combined effect of costly compute opera-
tions and high initial memory demand works favorably, as it is
sufficient to hide the other, resulting in an even utilization of
resources that approaches the theoretical limits of the devices
profiled. As detailed in Section 6.3.7, with the optimizations
already made, the wall-clock time impact of this kernel relative to
the overarching computation is minimal, hence no further opti-
mization efforts are required.

Finally, no data is transferred between this kernel and the host.
Instead, the results buffer remains resident on device mem-
ory until the post-processing step is performed, as detailed in
Section 6.3.5.

6.3.5 | Post-Processing Kernel

Following the computation of ¢-coefficients by the kernel pre-
sented in Section 6.3.4, global memory on the device houses the
per-row-pair counts alongside the per-row-pair ¢-coefficients.
The purpose of the post-processing kernel is to structure
¢-coefficients in a manner that is suitable for transmission back
to the RL framework.

There are as many threads in this kernel as row-pairs. As such,
each thread corresponds to a ¢-coefficient. Each thread identi-
fies the indices i, and i, of the rows row, and row, that were
involved in calculating the ¢-coefficient to which it corresponds,
in the manner described in Section 6.3.3.

Finally, threads write their corresponding tuple (i, i, ¢) in global
memory in a contiguous manner. The per-row-pair count buffer,
which is still allocated at this point, is reused to house these
tuples. Data in this buffer is no longer relevant and can thus be
overwritten.

Like the ¢-coefficient Computation kernel, this kernel is bal-
anced in terms of compute and memory throughput. The run-
time of this kernel is insignificant and its scope is limited, as it
encodes a supplementary action to the ¢-coefficient Computa-
tion. Despite this, we chose to keep the two kernels separate in
an effort to reduce global memory operations whilst maintaining
minimal global memory requirements.

Upon completion of this kernel, the global memory buffer
previously used to house per-row-pair counts will contain the

aforementioned tuples, ready for return to the RL framework via
the host-side GPU supervisory process. Whilst the kernel and
supervisory process do not currently filter data in any way, the
decision to include row indexes in tuples was motivated in part
by the option of implementing some form of filter in the future.

6.3.6 | Kernel Optimizations

Numerous opportunities for optimization presented themselves
during the implementation of the kernel pipeline outlined in
previous sections. From a design perspective, the three-kernel
approach was driven by work-balancing and cache use fac-
tors. We believe that the level of decomposition of work is bal-
anced and offers good performance without work degeneration.
The nature of the task at hand is embarrassingly parallelisable,
which reduces the need for thread-level decision making, that is,
branching. Where a decision had to be made in the State Update
kernel, we chose to manually flatten the branching code after
observing a sub-optimal expression in the resulting PTX assem-
bly, which carried over to the SASS code.

Beyond branching, analysis of emitted PTX showed an oppor-
tunity for fused multiply-and-add instructions on some occa-
sions. For instance, in the ¢-coefficient Computation kernel, the
NUMETator e, X €, — Cnap X Cany COMpiled* into the PTX code
shown in Listing 1, where $£d1, $fde, $£d5, $£d2 are reg-
ister variables corresponding to e,,, €,,.s> €., and e,,, respec-
tively. We observed that the instructions of this PTX code trans-
lated to their SASS equivalents without further optimization. We
altered this part of the code, resulting in the PTX code shown
in Listing 2, where a fused multiply-and-add instruction replaces
the instructions for the multiplication of e, with e,,,, and sub-
sequent subtraction of e, , X e,,,. In the PTX code shown, a
neg. £64 instruction is used to arithmetically negate the result of
€,ap X €4,- IN SASS, however, this negation forms part of the fused
multiply-and-add instruction itself. Despite the absence in offi-
cial documentation, arithmetic negation can form part of individ-
ual arithmetic instructions, as documented in literature [56, 57].

1| mul. f64 %fd16 , %fdl, %fd6;

2| mul. f64 %fd17 , %fd5, %fd2;

3| sub.f64 %fd18 , %fdl6, %fd1l7;
Listing1 | Original PTX code for of e, * €,,,, — €,a * €4np-

1| mul. f64 %fd16 , %fd5, %fd2;

2| neg.f64 %fd17 , %fd16;

3| fma.rn.f64 %fd18 , %fdl, %fd6, %fd17;

Listing2 | Optimized equivalent of Listing 1.
6.3.7 | Performance of Kernels

In our earlier work [16], we demonstrated the applicability of our
approach to a range of GPUs. For the evolution of that approach
that is presented in this work, we focus on one GPU, the NVIDIA
A100, and present a breadth of time samples gathered from a
broad range of inputs. The NVIDIA A100 is an enterprise-level
processor designed for compute tasks and was selected primarily
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for its memory capacity, enabling us to collect time samples for
larger inputs.

Time samples were gathered on a shared GPU compute cluster
using one NVIDIA A100. To avoid potential influence by other
jobs in the cluster, timing tasks held exclusive access to their
assigned cluster nodes. Each job involved a simulation of a stream
of ten equally wide matrix slices being sent to the supervisory
process, followed by a request for the resulting ¢-coefficients.
The execution time of the state update kernel was measured
for each matrix slice and averaged to produce a single measure-
ment, while the ¢-coefficient Computation and Post-Processing
kernels, which execute in immediate succession, were timed as
a unit.

To construct test inputs, a set of widths W = 1000, 4096, 8500,
131,072, 200,000, 262,144, 350,000, 524,288, 700,000, 1,048,576,
1,200,000, 1,600,000, 2,097,152, 2,500,000 and a set of heights H
= 5000, 10,000, 15,000, 20,000, 25,000, 30,000 were chosen, to
produce a set of width-height pairs T = W x H. For each pair, a
matrix slice was constructed and sent over the stream ten times,
simulating a stream of ten equally sized matrix slices being pro-
cessed and, consequently, triggering ten executions of the State
Update kernel for each test. The matrix slices consisted of all true
truth values; however, neither the composition of each slice nor
the repetition of the same slice in the stream impacts kernel exe-
cution time.

Figure 9 presents a normalized surface plot of the average pro-
cessing time per slice, in relation to its width and height. For
scale, the highest execution time recorded was 109.2 s, for the
width-height pair (30000, 2500000), while the lowest was 0.016 s
for the input pair (1000, 5000). From the results shown, we
observe that the height of the input slices has the greatest impact
on time, which is in line with expectation due to the quadratic

increase in row pairs. This can be more easily seen in Figure 10,
where the time samples collected for different heights with a fixed
width of 15,000 are plotted.

The change in width has a less notable impact on execution time
as it primarily affects the residency duration of blocks. Changes
in width lead to a linear increase in time as expected, which can
be seen in Figure 11. Notably, the time difference observed when
varying the width of the slice while keeping the height fixed is
amplified by the number of row pairs being processed, which
is in turn directly related to the height. This can be observed
in Figure 9 in the form of a step between bars in the same
height group. The step is steeper for larger heights than for the
smaller ones.

While the utilization of compute and memory resources by the
State Update kernel depends on the input, with smaller inputs

Average Update Time vs. Matrix Height
(Width = 529288)
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FIGURE 10 | State Update kernel time versus height when width is
fixed to 529, 288.
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Average Update Time vs. Matrix Width
(Height = 15000)
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FIGURE11 | State Update kernel time versus width when height is
fixed to 15, 000.
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FIGURE 12 | Time needed for the computation of ¢-coefficients and
post-processing relative to state matrix height when width is fixed to
529, 288.

benefiting greatly from caching, the overall utilization of the
two metrics remains balanced without notable spikes in execu-
tion time observed. The kernel’s execution time offers further
insight into the average per-row-pair processing time. In the case
of the largest input, 449,985,000 row pairs were processed, of
which each row comprised 312,500 bytes of data, in an aver-
age of ~ 0.0242 ms per-row-pair. We speculate that the use of
multiple GPUs in the manner described in Section 7.1.1 will,
beyond increasing the maximum slice height that can be pro-
cessed, reduce the per-row-pair processing time further.

Besides the State Update kernel, the ¢-coefficient Computation
and Post-Processing kernels were also profiled. Since both ker-
nels are dispatched in succession, they were profiled as a unit.
The two kernels form an insignificant portion of the computation
and required between 1.12 and 28.41 ms to complete. As is to be
expected, the total computation time of these kernels is quadratic
w.r.t. the height of the slices that have been processed, as can be
seen in Figure 12. The width of slices previously consumed does
not impact the runtime of these kernels.

Overall, the results presented highlight the power of this
approach in computing large numbers of correlation coefficients

in a timely manner. Since our earlier work [16] required no
device in-memory state to be updated and instead computed
¢-coefficients following the summarization of each row pair,
direct comparison to this work is difficult to perform accurately.
Nevertheless, the runtime performance of this approach is equiv-
alent if not better than our earlier work, and comes with no
limitation® on the width of the matrix being processed. More-
over, the decoupling of ¢-coefficient calculations and row-pair
summarization results in the additional benefit of non-divergent
execution of each kernel and thus better utilization of available
resources.

To contextualize the time measurements presented here, we refer
to the results of our earlier work [16], which include time mea-
surements of our earlier approach on the CPU, obtained from a
single-threaded implementation and a multi-threaded one that
splits work evenly between 32 threads. While this and our pre-
vious approach are not directly comparable, their respective
CPU-side implementations are. We elected not to simulate the
streaming approach on the CPU, as this would incur further over-
heads, artificially slowing the CPU-side implementation further.

For a state matrix of (width, height) of (1000000, 6452), the
single-threaded CPU implementation took 798.91 s (resp. 51.6
for the multi-threaded version). Processing a slice of equal size
with streaming implementation, and measuring the time as
described earlier on an A100, takes 1.993 s, while computing the
¢-coefficients at the end of the stream takes 0.00136 s, giving a
combined time of 1.99436 s. This yields a speedup of ~ 400X rel-
ative to the single-threaded (resp. ~ 26x to the multi-threaded)
implementation. We observe similar speed-ups compared to the
(2000000, 6452) input, where the single- and multi-threaded
implementations took 1519.56 and 103.79 s, respectively, while
the streaming approach took 3.98908 s to process the slice and
0.00140 s to compute ¢-coefficients, totaling 3.99047 s. In turn,
this shows a speedup of ~ 381x and =~ 26X relative to the single-
and multi-threaded CPU implementations, respectively.

We highlight that an objective CPU-GPU comparison would
require an intricate multi-modal analysis of implementations and
the architecture of each device, which stretches beyond the scope
of this work. We provide this comparison as a crude point of ref-
erence for the reader’s understanding.

6.4 | Reflections on Scalability

The GPU-based ¢-coefficient computation assistant described in
previous sections is designed as an independent system that oper-
ates in tandem with the presented RL framework. Communica-
tion between the two is established via a network connection that
permits the two systems to execute on different machines. Our
main motivation behind this design is the ability to execute the
GPU assistant in a GPU-compute environment, whilst simulta-
neously running the memory- and CPU-intensive RL exploration
in a different environment tailored to their needs. This decen-
tralized design permits effortless horizontal scaling of the GPU
assistant, as multiple independent instances may execute in dif-
ferent environments while being controlled by the RL framework.
Given that a single GPU can, in theory, consume an arbitrary
number of windows extracted from a single embedding cluster,
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scaling horizontally to a multi-instance framework means sepa-
rate clusters can be streamed in parallel.

Vertical scaling of this approach would permit processing larger
slices, importantly in relation to their height. Due to the nature of
the application, and particularly for the State Update kernel, this
type of scaling presents some difficulties. Rows of an incoming
state matrix slice are each paired and processed with every subse-
quent row, and therefore, partitioning into smaller sub-partitions
requires duplication of some of the data. The increase in sup-
ported slice dimensions, particularly in terms of height, achieved
by using the memory capacity of multiple devices, is a benefit to
this application. We are actively exploring an approach to achieve
this, described in Section 7.1.1.

7 | Conclusions and Future Work

This paper has presented a scalable, learning-driven approach to
candidate invariant inference for Ladder Logic programs, moti-
vated by the challenges posed by inductive verification over large,
safety-critical industrial systems. We began by outlining the for-
mal verification problem and the role of invariants in reducing
the state space during induction-based model checking. Rein-
forcement learning was introduced as a viable strategy for explor-
ing Ladder Logic program state spaces, in particular, enabling
parallel exploration and policy training in large state spaces.

Building on prior work, we extended our invariant mining frame-
work with new heuristics to increase the expressiveness of can-
didate invariants while addressing the computational cost of
¢-coefficient analysis. To mitigate this cost, we introduced a clus-
tering pipeline grounded on dimensionality reduction, allowing
structured subsets of variables to be processed efficiently. The
final component of our system implemented a GPU-based cor-
relation engine that streams expanded observation windows to
device memory in a scalable and incremental manner. In addi-
tion, we revised our previous approach to support distributed
work, enabling each key component of the invariant mining
framework to communicate with the previous and ensuing seg-
ments of the pipeline. This resulted in an efficient and incremen-
tal approach to exploring Boolean-based state spaces and synthe-
sizing invariants to assist with automated theorem proving.

7.1 | Future Directions

In addition to the contributions presented in previous sections,
we continue to improve the scalability and robustness of our
invariant mining framework in terms of state space exploration,
learned variable embeddings, and the number of row-pairs con-
sidered during ¢-coefficient computation. In this section, we
briefly outline the future directions of this work.

7.1.1 | Multi-GPU Streaming

In earlier sections, we describe the design of the GPU
¢-coefficient calculator, which is currently focused on using
only one GPU per instance of the supervisory process. The State
Update kernel currently constrains us, as its threads explore

all unique row pairings and hence require the full slice to be
available on device memory. As we expand this component of
the RL framework, we intend to explore the feasibility of using
four or six GPUs for processing matrix slices, whilst keeping all
aggregated state resident on the memory of those devices.

To achieve multi-GPU utilization when processing a state matrix
slice S' = (ry, ..., r,_;) comprising k rows ry, ..., r,_;, we begin
by constructing six partitions, P, , of S, as per Equation (15). The
computation currently performed by the State Update kernel on
a single GPU could be performed across four or six GPUs using
these partitions, in such a way that no GPU ever has more than g
rows resident in its memory.

ek Lk
2 4

P =(rg, ... sFp_1) P, =(r,, ..., 1)

P; = (rg, .‘.,rq_l) P, = (rq, e Tll)

P =(r,, ...,rm+471) P, = (rm+q, s FilD) (15)

More specifically, in the case of four GPUs, a kernel performing
the procedure described in Section 6.3.3 would be launched on
GPUs 1 and 2, which operate on partitions P, and P,, respectively.
GPUs 3 and 4 would initially be supplied with the pairs of parti-
tions (P5, Ps) and (P,, Ps) respectively and perform an exhaustive
summarization operation between all rows of one partition and
the other, in the same manner as a Cartesian product. Subse-
quently, GPUs 3 and 4 would be supplied with the pairs of parti-
tions (P5, Py) and (P,, P;), respectively, and repeat this operation.
The pairings of rows each GPU makes in each aforementioned
step can be visualized using the small example in Figure 13.
Where six GPUs are used, the process remains identical except
for the final step, which would instead be performed by GPUs 5
and 6. Specifically, GPUs 5 and 6 are tasked with performing the
exhaustive summarization of (P;, Py) and (P,, P,), respectively.

Part of our focus in this investigation is to establish the circum-
stances under which a six-GPU approach offers a benefit in com-
putation time over four GPUSs. This is because, despite permitting
all operations to be performed in parallel, a six-GPU approach
requires further duplication of data from the host, since partitions
P; and P, must be transferred to GPUs 3, 5, and 4, 6, respectively.

The remaining kernels are mostly unaffected by this change since
all bit counts accumulated from successive executions of the State
Update kernel would reference specific input rows wholly to
permit the computation of ¢-coefficients and, subsequently, the
direct mapping of those ¢-coefficient values to their respective
row index pairs.

7.1.2 | Random State Discovery and Reinforcement
Learning

In the reinforcement learning process, the framework could
be enhanced by adopting a hybrid exploration strategy that
dynamically switches between random action selection and
policy-driven learning. Specifically, the agents would begin with
a purely random policy, maximizing the rate of state discovery
by avoiding the initial bias introduced by early-stage policy
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FIGURE 13 | Pairings of rows in each of four GPUs when consuming a matrix slice comprising k = 8 rows. Here, the partitions P, = (ry, ...,r3),
P, =(ry, ...,1r7), Py =(rg,1ry), Py = (ry,13), Ps = (ry,15),and Py = (rg, ;) are used. Each line color illustrates a fixed left-hand side for all unique pairings

with the remaining right-hand side rows.

gradients and their computational overheads. During this phase,
we monitor a moving window over the number of unique states
discovered per a fixed number of environment steps. Once this
discovery rate falls below a threshold, indicating diminishing
returns from uninformed exploration, the system transitions to
a policy optimization phase using PPO. This transition can be
formalized by introducing a convergence criterion on the novelty
function N,, defined as the number of unique states discovered
in the past ¢ steps. When VN, ~ 0 over several intervals, policy
training is enabled, and the reward function is reshaped to pri-
oritize exploration in harder-to-reach regions of the state space.
This segmentation allows the agent to exploit gradient-based
optimization where it is most effective—namely, in structured
regions where random exploration fails to reach informative
states, and where exploration-exploitation trade-offs become
more nuanced. Such a staged control mechanism could be
implemented as a meta-controller or scheduler embedded in the
training loop, selecting between exploration strategies based on
online statistics of novelty and episode return.

7.1.3 | State Embeddings From Variational
Autoencoders

In the embedding and clustering pipeline, replacing
non-parametric methods such as t-SNE and UMAP with a para-
metric, generative deep learning model, specifically a variational
autoencoder (VAE), offers a principled way to address scalability
and structural fidelity in state space embeddings. Unlike t-SNE
and UMAP, VAEs learn a continuous, low-dimensional latent
representation through optimization of a reconstruction loss,
forcing the model to preserve global patterns. This enables the
model to generalize across unseen data and embed new states
without retraining the entire mapping.

This property is particularly advantageous in reinforcement
learning settings, where the number of observed environment
states can grow into the millions. A trained VAE can continuously
embed incoming state observations into a fixed-dimensional
latent space, allowing clustering and statistical inference to
be performed on a compressed and semantically meaningful

representation. Crucially, VAEs preserve both global and local
structure in the data manifold, mitigating the spatial distortions
introduced by t-SNE and UMAP, which prioritize local neigh-
borhood preservation at the expense of inter-cluster geometry.

As aresult, variable groupings produced by clustering in the VAE
latent space are expected to be more faithful to the underlying
distribution of the state space. This improves the accuracy of
downstream correlation analysis by aligning cluster boundaries
with actual structural dependencies between variables. More-
over, because VAEs provide a generative model of the state
space, latent representations may allow us to predict underex-
plored regions and synthesize representative inputs for invariant
mining.

Conflicts of Interest

The authors declare no conflicts of interest.

Data Availability Statement

Data sharing is not applicable to this article as no datasets were generated
or analyzed during the current study.

Endnotes

L'With respect to incoming data, typically the size of a matrix row multi-
plied by a constant factor.

2 Specifically considering the machine instructions produced for this PTX
code in context.

3 Where 128-byte transaction windows are possible, a single transaction
will be sufficient to fulfil the request of all threads in the warp.

4 Using NVCC 12.5 with flags -code sm_80-arch compute 80 set.

5 Beyond 64-bit type limitations imposed primarily by the State Update
kernel’s counters.
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