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A B S T R A C T

Achieving low-frequency MEMS resonators while maintaining the compact size of MEMS sensors has long been a 
challenge in MEMS design and fabrication. This study focuses on the super-harmonic resonance regions and 
associated bifurcation points of a curved microbeam sandwiched between two piezoelectric layers and subjected 
to fringing-field electrostatic actuation. The nonlinear equations of motion are derived, and the dependence of 
the electrostatic force on displacement is analysed using a finite element approach. The microbeam is excited by 
a combination of DC and AC electrostatic actuation, along with a tuning DC piezoelectric voltage. The influence 
of the piezoelectric voltage on the variation of the natural frequency under a given DC electrostatic excitation is 
examined. The frequency response curves are obtained over a broad excitation range, extending from below the 
primary resonance, through the super-harmonic regime, and beyond the primary resonance region. Bifurcation 
points are identified using Floquet multipliers. The results indicate that strong quadratic and cubic nonlinearities 
lead to the emergence of super-harmonic resonance zones of orders 1/2 and 1/3 in the frequency response, 
enabling the development of low-frequency resonators while retaining the advantages of MEMS-scale sensors. 
This effect is particularly significant in the design of MEMS energy harvesters, facilitating energy extraction from 
low-frequency mechanical noise. The simultaneous presence of nonlinearities of orders 1/2 and 1/3 and even 
higher orders generates multiple resonance zones within the super-harmonic regime, enabling the design of 
broadband low-frequency energy harvesters and MEMS wide-bandpass filters.

1. Introduction

Microelectromechanical systems (MEMS) have been exploited for 
various applications due to their many advantages, including easy 
fabrication, low power consumption, low cost, and high accuracy and 
efficiency. Applications of microelectromechanical systems include 
resonators, various types of sensors and actuators, switches, non-volatile 
mechanical memories, and band-pass filters (Mestrom et al., 2008; 
Bogue, 2013; Bell et al., 2005; Rebeiz and Muldavin, 2001; Shim et al., 
2012). Electrostatically actuated resonant microbeams constitute the 
main structures of MEMS. In these structures, the microbeam is excited 
by a combination of dc and ac voltages. There are various methods for 
exciting microelectromechanical systems at resonances. The excitation 
frequency can be set near the natural frequency, in other words, the 
system is under primary resonant excitation (Younis and Nayfeh, 2003; 
Kacem et al., 2011; Bouchaala et al.; Caruntu and Luo, 2014; Ghayesh 
et al., 2013/10; Ruzziconi et al., 2013; Tajaddodianfar et al., 2017). In 

this regard, Younis and Nayfeh (2003) investigated the nonlinear 
response of a resonant straight microbeam under parallel-plate elec
trostatic actuation. By adopting the multiple time-scales perturbation 
method, they presented frequency response curves in the vicinity of the 
primary resonance and showed that the DC electrostatic load affects the 
quantitative and qualitative nature of the frequency response curves. In 
another study, Kacem et al. (2011) evaluated the nonlinear vibrations of 
MEMS resonant sensors around the primary resonance. The solution 
method is based on the Galerkin decomposition method and the aver
aging method. They reported changes in the sensitivity of the resonant 
sensor to electrostatic loading. In addition to primary resonance, 
microelectromechanical systems may be subject to secondary resonance 
excitation of super-harmonic and sub-harmonic types due to their 
nonlinear nature (Nayfeh and Younis, 2005; Younesian et al., 2014; 
Najar et al., 2010; Azizi et al., 2016; Eihab and Ali, 2003). Nayfeh and 
Younis (2005) studied the nonlinear dynamics of MEMS resonators 
under sub-harmonic and super-harmonic excitations. They showed the 
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effect of various parameters, including DC voltage, damping, and AC 
excitation amplitude, on the frequency response curve in the vicinity of 
super-harmonic resonance. Esmailzadeh et al. (Younesian et al., 2014) 
analysed the primary and secondary resonances of double-clamped 
microbeams. They considered higher-order nonlinear terms in the 
equation of motion and studied all resonant states using the multiple 
time-scales perturbation method. Parametric resonance and internal 
resonance are other resonances that may be activated in a micro
electromechanical system under certain conditions (Caruntu and Mar
tinez, 2014; Ruzziconi et al., 2021).

In recent years, initially curved microbeams have gained a special 
place in MEMS due to their rich and unique nonlinear dynamic behavior. 
Bistability, snap-through motion, large amplitude displacements, and 
high sensitivity are among the advantages of initially curved micro
beams (Rashidi et al., 2024). The phenomena present in arch micro
beams are used in a wide variety of MEMS applications such as 
actuators, sensors (Najar et al., 2020), band-pass filters (Ouakad, 2013), 
non-volatile mechanical memories (Charlot et al., 2008), and in many 
other applications such as switches (Younis et al., 2010) that require two 
distinct stable states. The snap-through phenomenon in micro
electromechanical switches enables switching without adhesion of the 
structure to the substrate, which significantly limits the performance of 
pull-in-based switches. Due to such advantages and applications, 
studying the resonant behavior of these structures is of great interest 
(Najar et al., 2020; Younis et al., 2010; Ouakad and Younis, 2010; 
Ramini et al., 2016; Ghayesh and Farokhi, 2017; Tajaddodianfar et al., 
2015; Ghayesh et al., 2015; Nikpourian et al., 2019a). Ouakad and 
Younis (2010) investigated the dynamic behavior of MEMS arch reso
nators in the vicinity of the primary resonance. They used the multiple 
time-scales perturbation method to obtain the forced vibration response 
of the arch. The results show locally a softening type behavior for the 
resonant frequency for all DC and AC loadings as well as the initial 
elevation of the arch. Theoretical and experimental investigation of the 
nonlinear dynamic behavior of MEMS arches under electrostatic actu
ation is another research that has been conducted by Ramini et al. 
(2016). They showed that when the excitation is close to the first reso
nant frequency, softening behavior is observed due to the quadratic 
nonlinear effect caused by the arch geometry and the electrostatic force. 
Limited studies have addressed the nonlinear dynamics of initially 
curved microbeams in the vicinity of secondary resonance (Younis et al., 
2010; Nikpourian et al., 2019a). Younis et al. (2010) investigated the 
secondary resonance of MEMS arches under electrostatic excitation. The 
results have shown a variety of interesting nonlinear phenomena such as 
hysteresis, softening behavior, dynamic snap-through, and dynamic 
pull-in. The results also demonstrate the potential for using MEMS 
arches as band-pass filters and low-power switches. One of the most 
important concerns regarding parallel-plate electrostatic actuation is the 
pull-in instability, which results in adhesion leading to collapse of the 
device. Unlike parallel-plate electrostatic actuation, where the electrode 
is placed below the microbeam, in the fringing-field electrostatic actu
ation arrangement (Michel et al., 2004) the electrodes are placed on 
either side of the microbeam. In such an excitation method, due to the 
non-contact operation, the pull-in instabilities are avoided and the 
large-amplitudes are not limited by pull-in instabilities and squeeze film 
damping. Therefore, this actuation arrangement leads to an increase in 
the life of the device with a large displacement. Very limited research 
has investigated the resonant behavior of initially curved microbeams 
under fringing-field electrostatic actuation (Rashidi et al., 2023a, 2024; 
Tausiff et al., 2019). Tausiff et al. (2019) investigated the primary 
resonance of MEMS arches under the fringing-field electrostatic actua
tion using the multiple time-scales method. Since the multiple 
time-scales method has been used, their results are only valid for small 
deformations. Rashidi et al. (2024) studied the chaotic dynamics of 
curved microbeam resonators under simultaneous piezoelectric and 
fringing-field electrostatic actuation. However, a review of previous 
studies shows that the secondary resonance analysis of this structure has 

not been performed so far.
To harvest maximum energy from ambient vibration, the resonant 

frequency of the energy harvester must match the frequency of the 
ambient vibration. Any deviation between these two frequencies will 
cause a significant reduction in the harvested power (Jaber et al., 2016; 
Liu et al., 2011; Williams and Yates, 1996). In fact, the frequencies of 
environmental vibration sources are relatively low (Liu et al., 2011; 
Roundy et al., 2003), while the resonant frequencies in the MEMS are 
large (on the order of kHz) due to the small size of the MEMS structure. 
As a result, designing a low frequency MEMS resonator for energy har
vesting applications is both critical and challenging. Also, the wide band 
operating frequency range of the resonator is crucial for high efficiency 
of energy harvesters and band-pass filters. Liu et al. (2011) proposed a 
piezoelectric energy harvester that can achieve a low resonant frequency 
and also has a wide band operating frequency range. Nisanth et al. 
(2021) designed and optimized a low frequency MEMS piezoelectric 
energy harvester. They investigated the effects of geometric parameters 
on the device performance and optimized these parameters to achieve a 
lower resonant frequency and higher output power. Also, in references 
(Nguyen et al., 2010; Pasharavesh and Ahmadian, 2017; Han et al., 
2014; Miller et al., 2011; Gu, 2011), various strategies for designing low 
frequency wide band MEMS resonators have been presented.

In this paper, the super-harmonic secondary resonance of an initially 
curved microbeam under simultaneous piezoelectric and fringing-field 
electrostatic actuation is comprehensively investigated. Piezoelectric 
actuation is used to adjust the resonant frequency and control the dy
namic behavior of the system. The governing equation of motion, 
including nonlinearities due to mid-plane stretching, initial curvature, 
and fringing-field electrostatic actuation, is presented and discretized 
into a reduced-order model using the Galerkin method. The frequency 
response curves near the super-harmonic resonance are obtained by a 
combination of shooting (Nayfeh and Balachandran, 2008; Younis, 
2011) and continuation (Dhooge et al., 2003) methods. The focus of the 
study has been on the lower frequency resonance regions which are 
important particularly in the design of energy harvesters and low fre
quency band pass filters. The existence of various orders of nonlinearity 
(mainly quadratic and cubic) has enabled the appearance of 
super-harmonic resonance regions of orders 1/2 and 1/3 and in some 
cases their collision which ends up with wide-band-low-frequency 
resonance zones. Bifurcation analysis has been carried out and the 
types of the bifurcation points are determined based on the loci of the 
Floquet multipliers with respect to the unit circle on the complex plane. 
It has been illustrated that the studied model, which incorporates two 
lateral electrodes, can undergo large deflections without triggering 
pull-in instability. This behaviour highlights the effect of nonlinear 
terms and, consequently, enables the emergence of low-frequency 
resonance zones.

2. Problem formulation

The schematic of a double-clamped initially curved microbeam is 
shown in Fig. 1. L, a and h are the length, width and thickness of the 
initially curved microbeam, respectively. w0 denotes the initial curva
ture of the microbeam and is introduced by the function w0(x) = b0(1 −

cos(2πx /L))/2, where b0 is the initial rise of the midpoint of the 
microbeam. The microbeam is made of Silicon with Eb, υb and ρb as the 
Young’s modulus, Poisson’s ratio and density respectively. Since a > 5h, 
the effective modulus of elasticity is expressed as Ẽb = Eb /

(
1 − υb

2) , 
where for convenience, the sign of ∼ on the effective modulus of elas
ticity is omitted. The initially curved microbeam is subjected to simul
taneous piezoelectric and fringing-field electrostatic actuation. Two thin 
PZT layers with thickness hp are deposited on the upper and lower 
surfaces of the microbeam. Ep, υp and ρp are the Young’s modulus, 
Poisson’s ratio, and density of the piezoelectric layers, respectively. 
Moreover, for electrostatic actuation, two fixed electrodes are 
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symmetrically placed on both sides of the microbeam. The fixed elec
trodes are of length Le and their width and thickness are the same as the 
width and thickness of the microbeam. The gap between the edge of the 
microbeam and each electrode is denoted by g.

For piezoelectric actuation, a dc voltage Vp is applied to the PZT 
layers. The resultant axial force applied to the microbeam in the longi
tudinal direction and is obtained as (Rashidi et al., 2023b) 

Fp = − 2e31Vpa (1) 

where e31 shows the piezoelectric voltage constant. Moreover, by 
applying a potential difference V between the fixed electrodes and the 
microbeam, the transverse electrostatic force resulting from the electric 
fringing-fields is applied to the microbeam in the direction of the z-axis. 
The dependence of this fringing-field electrostatic force per unit length 
on the beam’s transverse displacement was evaluated using finite- 
element simulations in COMSOL. A mesh-refinement convergence 
analysis was carried out to ensure the accuracy and stability of the 
computed forces, and the resulting data were then used to derive the 
force expression employed in the present model (Rashidi et al., 2023b) 

fe = −
rsinh(q(w0 + w)) × V2

coshs
(q(w0 + w))

H
(

x −
L − Le

2

)

H
(

Le +
L − Le

2
− x
)

(2) 

where r, q and s are the fitting parameters. The applied voltage is a 
combination of dc and ac voltages as V = [VDC + VAC cos(Ωt)]. Also, H(x)
is the Heaviside step function.

Assuming the Euler-Bernoulli theory for a shallow microbeam and 
using Hamilton’s principle, the nonlinear transverse vibration equation 
governing the system can be derived as (Rashidi et al., 2023b) 

(EI)eq
∂4w
∂x4 +(ρA)eq

∂2w
∂t2 +Cd

∂w
∂t

=

[

Fp +
(EA)eq

2L

∫ L

0

((
∂w
∂x

)2

+2
∂w
∂x

dw0

dx

)

dx
][

∂2w
∂x2 +

d2w0

dx2

]

+ fe

(3) 

where  

In Eq. (3), Cd is the viscous damping coefficient. Also, the associated 
boundary conditions are given as 

w(0, t)= 0,w(L, t) = 0,
∂w(0, t)

∂x
= 0,

∂w(L, t)
∂x

= 0 (5) 

To write the equation of motion and the corresponding boundary 
conditions in non-dimensional form, the dimensionless parameters are 
considered as follows 

ŵ =
w
h
, ŵ0 =

w0

h
, x̂ =

x
L
, L̂e =

Le

L
, t̂ =

t
t̃
, Ω̃ = Ωt̃ (6) 

where, ̃t =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(ρA)eqL4/(EI)eq

√
. Accordingly, the dimensionless equation 

of motion is obtained as  

For simplicity, the over hat (̂) has been omitted. Also, the non- 
dimensional parameters are 

C=
CdL4

t̃(EI)eq
, P =

FpL2

(EI)eq
,α1 =

h2(EA)eq

2(EI)eq
,α2 =

rL4V2

(EI)eqh
(8) 

In Eq. (8), the dimensionless parameter C is taken as C = 2ξω, where ξ 

Fig. 1. Schematic of an initially curved microbeam resonator under piezoelectric and fringing-field electrostatic actuation.

(EI)eq =EbIb + EpIp = Eb
ah3

12
+Epa

(

hph
(

h
2
+ hp

)

+
2hp

3

3

)

(ρA)eq = ρbAb + ρpAp = ρbah+2ρpahp (EA)eq =EbAb + EpAp =Ebah + 2Epahp (4) 

∂4w
∂x4 +

∂2w
∂t2 + C

∂w
∂t

=

[

P + α1

∫ 1

0

((
∂w
∂x

)2

+ 2
∂w
∂x

dw0

dx

)

dx
][

∂2w
∂x2 +

d2w0

dx2

]

− α2
sinh(q(w0 + w))

coshs
(q(w0 + w))

H
(

x −
1 − Le

2

)

H
(

Le +
1 − Le

2
− x
) (7) 
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and ω are the damping ratio and natural frequency, respectively. The 
associated dimensionless boundary conditions are also obtained as 

w(0, t)=0,w(1, t) = 0,
∂w(0, t)

∂x
= 0,

∂w(1, t)
∂x

= 0 (9) 

The reduced order model (ROM) can be derived using the Galerkin 
decomposition method. Accordingly, the deflection of the microbeam is 
considered as follows 

w(x, t)=
∑M

i=1
ui(t)φi(x) (10) 

In Eq. (10), φi(x) and ui(t) are the normalized mode shapes (Appendix A) 
and unknown generalized coordinates, respectively. By substituting Eq. 
(10) into Eq. (7), multiplying both sides of the equation by φi(x), and 
integrating over the interval x = [0, 1], the order reduction model is 
given as  

where n = 1,2,3,…,M.
The nonlinear equations of motion have been numerically integrated 

over time using the fourth-order Runge-Kutta (RK4) method to capture 
the time response in a given time. To analyse the steady-state periodic 
response, the frequency response curves were obtained using a combi
nation of the shooting method and a continuation technique (Appendix 
B).

3. Results and discussion

The mechanical and geometrical properties of the studied model are 
given in Table 1.

The fitting parameters associated with the electrostatic force, 

determined by minimizing the least squares error, are presented in 
Table 2.

To validate the results obtained using the Shooting method 
(Nikpourian et al., 2019a, 2019b), we compared them with those 
derived from the Matcont Toolbox MATLAB. As shown in Table 3, the 
comparison demonstrates a strong agreement between the two results.

Fig. 2 illustrates the effect of the variation of VDC on the dimensional 
fundamental natural frequency of the microbeam. The results have been 
shown for three different piezoelectric voltages with different polarities.

As illustrated, the effect of applied VDC depends on the region we are 
in, leading to either softening or hardening. As VDC increases from zero, 

the natural frequency decreases, which implies that its effect on the 
natural frequency is softening. This behavior continues up to a critical 
voltage at which the system undergoes the most electrostatic softening, 
resulting in the lowest natural frequency. This point depends on the 
polarity of the piezoelectric voltage, and for positive polarity, it reaches 
its greatest value. This is because the positive polarity of the piezo
electric voltage imposes a tensile axial force on the beam, which in
creases the bending stiffness and, consequently, the natural frequency. 
Once this point is surpassed, the electrostatic excitation shifts to have a 
hardening effect on the natural frequency.

Fig. 3 illustrates the wideband frequency response curve, starting 
from well below the natural frequency (0), passing through the natural 
frequency (85.78), and continuing up to (220).

We have divided the frequency domain into three distinct zones (1, 
2, and 3). Zone 1 is associated with the super-harmonic region, where 

Table 1 
Geometrical and material properties of the studied model.

Parameter Symbol Value (unit)

Microbeam length L 800 (μm)

Microbeam width a 12 (μm)

Microbeam thickness h 2 (μm)

Initial elevation of the midpoint b0 4 (μm)

Microbeam density ρb 2320
(
Kg /m3)

Microbeam Young’s modulus Eb 160 (Gpa)
Microbeam Poisson’s ratio υb 0.22
Length of the electrodes Le 0.3L
Distance to electrode g 2 (μm)

PZT layer thickness hp 0.01 (μm)

PZT layer density ρp 7500
(
Kg /m3)

PZT layer Young’s modulus Ep 76.6 (Gpa)
PZT layer Poisson’s ratio υp 0.3
Piezoelectric voltage constant e31 − 9.29

(
Coulomb /m2)

Table 2 
Fitting parameters of the electrostatic force.

Fitting parameters r q s

Value 2.65× 10− 6 0.97 1.33

Table 3 
Comparison between the Shooting vs. Matcont for Vp = 0V, VDC = 120V, VAC =

30V, ξ = 0.06

Ω wmax(μm)

Shooting Method
wmax(μm)

Matcont

5 3.5556 3.5551
8 3.6239 3.6230
11 3.7795 3.7794
14 3.9231 3.9225
17 4.2558 4.2554
20 4.2654 4.2652
23 4.8166 4.8149
26 4.5184 4.5180
29 4.3664 4.3663
32 4.4382 4.4379
35 4.6525 4.6522

ün +Cu̇n +
∑M

i=1
ui(t)

∫ 1

0
φi

(iv)φndx − P

(
∑M

i=1
ui(t)

∫ 1

0
φi

ʹ́ φndx+
∫ 1

0
w0

ʹ́ φndx

)

− α1

⎛

⎜
⎜
⎜
⎜
⎜
⎝

∑M

i=1

∑M

j=1

∑M

k=1
uiujuk

∫ 1

0
φi

ʹφj
ʹdx
∫ 1

0
φk

ʹ́ φndx +
∑M

i=1

∑M

j=1
uiuj

∫ 1

0
φi

ʹφj
ʹdx
∫ 1

0
w0

ʹ́ φndx

+2
∑M

i=1

∑M

j=1
uiuj

∫ 1

0
φi

ʹw0
ʹdx
∫ 1

0
φj

ʹ́ φndx + 2
∑M

i=1
ui

∫ 1

0
φi

ʹw0
ʹdx
∫ 1

0
w0

ʹ́ φndx

⎞

⎟
⎟
⎟
⎟
⎟
⎠

= − α2

∫ 1

0

sinh
(

q
(

w0 +
∑M

i=1
uiφi

))

φn(x)

coshs
(

q
(

w0 +
∑M

i=1
uiφi

)) H
(

x −
1 − Le

2

)

H
(

Le +
1 − Le

2
− x
)

dx

(11) 
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the excitation frequency is well below the primary resonance. This zone 
is significant because it allows for resonance at a fraction of the primary 
resonance, below the natural frequency. Zone 2 represents the primary 
resonance zone, while Zone 3 corresponds to the sub-harmonic reso
nance region, where resonance occurs at a multiple of the primary 
resonance. In Zone 3, although the resonance is secondary, the ampli
tude magnification is notably higher than at primary resonance, leading 
to a significant signal-to-noise ratio.

The types of bifurcation points are determined based on the loci of 
the Floquet multipliers with respect to the unit circle on the complex 
plane and illustrated in Fig. 3. Stable periodic orbits are represented by 
solid lines, while dashed lines indicate unstable periodic solutions. The 
label ’CF’ denotes a cyclic fold bifurcation, where the Floquet multi
pliers exit the unit circle through +1. At the cyclic fold bifurcation, the 
stable and unstable manifolds approach each other as the bifurcation 
parameter (Ω) varies. When these manifolds intersect, they annihilate 
each other, and both solutions cease to exist beyond the bifurcation 
point. The label ‘PD’ stands for period doubling bifurcation which is 
normally associated with the sub-harmonic resonance of order 2. One of 
the advantages of this bifurcation is the improved signal-to-noise ratio, 
which has been a key point of interest in previous studies. At the period 
doubling bifurcation, the Floquet multipliers exit the unit circle through 
− 1. When a period doubling bifurcation occurs, the stable periodic 

solution branch becomes an unstable periodic solution branch, and new 
periodic solutions with a period twice the period before the bifurcation 
point are born. In the remainder of this study, we focus on the response 
in Zone 1, as reducing the resonance frequency of MEMS structures 
particularly for low-frequency energy harvesters and band-pass filters 
has long been a significant challenge.

For convergence analysis, the frequency response curve for the Zone 
1 is shown in Fig. 4. The analysis has been examined using both one and 
two mode expansions in the Galerkin decomposition method. As shown 
in Fig. 4, there is reasonable convergence for one mode. Therefore, it is 
sufficient to truncate the expansion series beyond the first mode.

Fig. 5, illustrate the frequency response curves for the Zone 1, with 
four different levels of VDC.

As depicted in Fig. 5, when VDC = 50V, the response exhibits several 
peaks in the super-harmonic regime. The dominant peak corresponds to 
the super-harmonic of order 1/2, while the preceding peak is associated 
with the super-harmonic of order 1/3. As VDC increases from 50 V to 90 
V, the softening effect induced by the applied electrostatic voltage leads 
to an increase in the amplification factor, which is the ratio of the peak 
dynamic displacement to the static deflection. Consequently, the two 
super-harmonic peaks merge, resulting in a broader super-harmonic 
resonance zone that combines the effects of the 1/2 and 1/3 order 
super-harmonics.

Fig. 6 illustrates similar results as Fig. 5 but with different AC voltage 
VAC = 100V.

Comparing Fig. (6) with the relevant results in Fig. (5) reveals that 
the resonance zone is mainly affected by the value of the DC voltage 
rather than the AC voltage and the fact that the DC voltage whether 
lowers or higher the natural frequency depends on where we are on 
Fig. 2. However it can be concluded that increasing the level of the AC 
voltage dominates the nonlinearity and it activates the higher order 
super-harmonic resonances of orders 1/4, 1/5 and so on; this can be 
concluded from Fig. 6(d) as the higher orders of the super-harmonics 
have been closely located on the frequency response curve and as a 
result they have been collided and generated a wide band of resonance 
region. This is important particularly in case of wide band low frequency 
energy harvesters and also wide band MEMs band pass filters.

As illustrated in Fig. 7(a), when the system is excited at a frequency 
of Ω ≈ 1

2ω0 = 25.5 , the frequency spectrum of the response not only 
contains the excitation frequency (X), but also its integer multiples, 
namely 2X, 3X, and 4X. The presence of these higher harmonics facili
tates the activation of super-harmonic resonances, which indirectly 
excite the system’s primary resonance. In general, when the excitation 

Fig. 4. Frequency response curve near super-harmonic resonance for Vp = 0V, 
VDC = 40V, VAC = 30V, ξ = 0.06

Fig. 2. Variation of the dimensional fundamental natural frequency versus the 
electrostatic voltage.

Fig. 3. Frequency response curve for Vp = 0V, VDC = 180V, VAC = 60V, ξ =

0.06
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frequency satisfies ≈ 1
nω0 , the resulting frequency multiplication gen

erates integer multiples of 1nω0. Among these, the nth harmonic can fall 
within the primary resonance range, thereby indirectly triggering the 
primary resonance. This mechanism is significant because it enables 
resonance to occur even under low-frequency excitation, which is 
particularly advantageous for low-frequency energy harvesters, where 
ambient mechanical vibrations are typically confined to lower frequency 
bands. The influence of the AC voltage amplitude on the system response 
has been investigated. Fig. 8 presents the frequency response curves in 
the super-harmonic regime for VDC = 50V, corresponding to two distinct 
amplitudes of the AC voltage.

As illustrated, for a given DC voltage, as the AC voltage increases, the 
amplitude of the steady state response does also increase. The increase of 
the amplitude on the frequency response curves, leads in the appearance 
of further bifurcations including cyclic fold (CF) and Period doubling 
bifurcation points (PD). Although the amplitude of the current model is 
not constrained by the physical gap between the electrodes as is typi
cally the case in parallel-plate capacitors (Ghavami et al., 2018, 2022) 
and thus the system is not subject to the conventional pull-in instability, 
the response becomes unstable at higher AC voltages. This instability is 
indicated by the dashed lines in Fig. 8, which represent mathematically 
unstable solution branches emerging from bifurcation points.

Fig. 9 illustrates the time response and the associated phase plane for 
VDC = 50V, VAC = 50V, Ω = 25, which falls within the period doubled 
regio in Fig. 8 (a).

The effect of the variation of the damping ratio on the frequency 
response curves has been investigated in Fig. 10.

As the damping ratio decreases, the amplitude of the response in
creases, thereby amplifying the influence of nonlinear terms. This leads 

to the emergence of additional bifurcation points and the activation of 
higher-order super-harmonic resonances.

The effect of exciting piezoelectric layers with DC excitation, with 
different polarities has been investigated in Fig. 11.

By applying Vp = + 0.3V, a tensile axial force is applied to the 
microbeam in the longitudinal direction, leading to an increase in the 
linear stiffness and natural frequency of the system. Therefore, the fre
quency response curve shifts to the right in the frequency domain. As 
illustrated, applying Vp = + 0.3V, not only shifts the frequency 
response curve rightward in the frequency domain but also reduces the 
amplitude of the steady-state response, indicating the dominance of 
linear terms. In contrast, By applying Vp = − 0.3V, a compressive axial 
force is applied to the microbeam in the longitudinal direction, leading 
to a decrease in the linear stiffness and natural frequency of the system. 
Therefore, the frequency response curve shifts to the left in the fre
quency domain. Also, applying Vp = − 0.3V increases the response 
amplitude, thereby enhancing the influence of nonlinear terms and 
leading to the excitation of higher-order super-harmonics. This implies 
that piezoelectric excitation can serve not only as a resonance frequency 
tuning mechanism (Azizi et al., 2014), but also as a bandwidth tuning 
tool an interesting and promising characteristic, given that bandwidth 
tunability is of critical importance in the design of MEMS sensors and 
actuators.

Fig. 12 illustrates the force response curves for Vp = 0V,VDC = 50V, 
and two different excitation frequencies, Ω = 20 and Ω = 25. The pri
mary resonance frequency, ω0, corresponding to the applied DC voltage, 
is (Azizi et al., 2014). This results in the super-harmonic resonance of 
order 1/2, occurring approximately at [25.5] and accordingly the sys
tem exhibits higher amplitudes in Fig. 12(a), in the vicinity of the 
super-harmonic resonance of order 1/2. These higher amplitudes are 

Fig. 5. Frequency response curve near super-harmonic secondary resonance for Vp = 0V, VAC = 30V, ξ = 0.06 (a): VDC = 50V, (b): VDC = 90V, (c): VDC = 120V, 
(d): VDC = 180V
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associated with two period-doubling bifurcations in Fig. 12(b). The 
presence of these bifurcations suggests that the system has the potential 
to exhibit even more complex dynamics, potentially transitioning to 
chaotic behavior through a cascade of period-doubling bifurcations.

4. Conclusion

The nonlinear dynamics of an initially curved microbeam, sand
wiched between two piezoelectric layers and subjected to fringing-field 
electrostatic actuation, were investigated. The displacement-dependent 
nature of the electrostatic force was analysed using a finite element- 
based approach implemented in COMSOL. The equation of motion 
was derived and reduced to a finite-degree-of-freedom model using the 
Galerkin-based method. The effects of both DC and AC electrostatic 
voltages on the system’s response were studied. It was found that, unlike 
traditional parallel-plate capacitors where electrostatic excitation typi
cally introduces a softening effect and limits amplitude due to pull-in 
instability, the fringing-field electrostatic excitation does not impose 
such limitations. Instead, it can either increase or decrease the natural 
frequency, depending on the applied level of DC voltage. Additionally, 
increasing the AC voltage for a given DC level enhances the influence of 
nonlinear terms, thereby activating higher-order super-harmonic reso
nances. Super-harmonics of order 1/2 and 1/3 were observed even at 
relatively low AC voltages, while higher orders (e.g., 1/4 and 1/5) were 
activated as the AC voltage increased. The absence of pull-in instability 
allows the microbeam to undergo large-amplitude vibrations, enabling 
the generation of multiple, closely spaced super-harmonic resonances. 
These overlapping resonances result in the formation of a wide-band 
super-harmonic resonance zone. This behaviour is particularly 

valuable for the development of low-frequency, wide-band MEMS en
ergy harvesters, as ambient mechanical vibrations typically occur in the 
lower frequency ranges. Similarly, it holds promise for the design of 
wide-band MEMS band-pass filters an area where achieving a broad 
bandwidth remains a significant challenge. The effect of the DC voltage 
on the piezoelectric layers was also examined. It was observed that 
piezoelectric excitation can function not only as a mechanism for tuning 
resonance frequency but also as a tool for adjusting bandwidth an 
intriguing and promising feature, given that bandwidth tunability is 
crucial in the design of MEMS sensors and actuators. Furthermore, 
increasing the AC voltage was found to generate additional bifurcation 
points in the frequency response curves, including cyclic fold and 
period-doubling bifurcations. The findings of this study are promising 
for the future design and fabrication of MEMS wide-band energy har
vesters and band-pass filters.
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Fig. 6. Frequency response curve near super-harmonic resonance for Vp = 0V, VAC = 100V, ξ = 0.06 (a): VDC = 50V, (b): VDC = 90V, (c): VDC = 120V, (d): VDC =

180V
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Fig. 7. Frequency spectrum for Ω ≈ 1
2ω0, Vp = 0V, VAC = 30V, ξ = 0.06 (a): VDC = 50V, Ω = 25.5, (b): VDC = 90V, Ω = 20, (c): VDC = 120V, Ω = 24, (d): VDC =

180V, Ω = 43

Fig. 8. Frequency response curve near super-harmonic resonance for Vp = 0V, VDC = 50V, ξ = 0.06 (a): VAC = 50V, (b): VAC = 80V
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Fig. 9. Response for Vp = 0V, VDC = 50V, VAC = 50V, Ω = 25 (a): Time response, (b): Phase plane.

Fig. 10. Frequency response curve near super-harmonic resonance for Vp = 0V, VDC = 50V, VAC = 30V, (a): ξ = 0.04, (b): ξ = 0.02

Fig. 11. Frequency response curve near super-harmonic resonance for VDC = 50V, VAC = 30V, ξ = 0.06, (a): Vp = +0.3V, (b): Vp = − 0.3V
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Appendix A 

In this section, the normalized mode shapes of the straight microbeam (φi(x)), which can be used as the admissible functions in the Galerkin 
method, are presented. The equation governing the normalized mode shapes of the double-clamped straight microbeam, taking into account the effect 
of the axial force due to piezoelectric excitation, can be expressed as follows 

φi
(iv) =Pφi

ʹ́ + ωi
2φiφi(0) = 0,φi(1) = 0,φi

ʹ(0) = 0,φi
ʹ(1) = 0 (A1) 

where, ωi is the i-th natural frequency of the microbeam. By solving the above equation, the normalized mode shapes are determined as follows 

φi(x)=A

⎡

⎢
⎣sin s1x −

s1

s2
sinh s2x −

sin s1 −
s1
s2

sinh s2

cos s1 − cosh s2
(cos s1x − cosh s2x)

⎤

⎥
⎦ (A2) 

where 

s1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
P2 + 4ωi

2
√

− P
2

√

i s2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
P2 + 4ωi

2
√

+ P
2

√

(A3) 

Also, the value of A is obtained using the following orthogonality condition 
∫ 1

0
(φi)

2dx= 1 (A4) 

Appendix B 

This section provides information about shooting and continuation methods and stability analysis of periodic solutions.
The equations take the general form ün + F(un, u̇n, t) = 0 and the shooting method ensures periodicity by satisfying un(0) = un(T) and u̇n(0) =

u̇n(T), where T is the period. In fact, in this method, initial guesses are considered for the initial conditions. Then the initial guesses are corrected. 
Convergence is achieved when the difference between the new and previous corrected initial guesses is reduced to a very small value. The most 
important advantage of the shooting method is that integration is performed only over a single period. Therefore, the shooting method is a fast method 
for finding periodic solutions. The shooting method is a numerical method for obtaining both stable and unstable periodic solutions. However, 
depending on the studied model, finding unstable periodic solutions may require a lot of iterations or multiple initial guesses.

Continuation was applied to trace the response as the excitation frequency varied. Matcont is used as a continuation toolbox for ODEs. In general, 
numerical continuation methods are used to compute solution curves of the nonlinear equations of the form 

F(x)=0 (B1) 

where, F : Rn+1→Rn is a smooth function. Numerical continuation is a method for calculating successive sequences of points that approximate the 
desired branch. Most continuation algorithms implement a predictor-corrector scheme. The idea of this scheme is to generate a sequence of points xi,

i = 1, 2,3,… along the curve that satisfy the tolerance criterion 

‖F(xi)‖ ≤ ϵ, ϵ>0 (B2) 

Starting from an initial point on the continuation path, the goal is to trace the rest of the path in steps. At each step, the algorithm first predicts the 
next point on the continuation path along the tangent direction and then corrects the predicted point towards the solution curve. Matcont uses the so 
called Moore-Penrose corrections; this amounts to using a variant of Newton’s method for the corrector step.

Fig. 12. Force response curves corresponding to (a): Ω = 20, (b): Ω = 25 w ith Vp = 0V,VDC = 50V, ξ = 0.06
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More details regarding the shooting and continuation methods have been provided in Refs. (Younis, 2011; Govaerts et al., 2019).
The stability analysis of periodic solutions can be performed by obtaining the eigenvalues of the monodromy matrix, so called Floquet multipliers. 

If the absolute value of all the eigenvalues is less than one, then the periodic solution will be stable. However, if at least one of the eigenvalues has a 
magnitude greater than one, the periodic solution will be unstable.

Data availability

No data was used for the research described in the article.
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