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In this paper, a general result on the long time 𝑇𝑉-𝕎ℓ1 type propagation of chaos (PoC), one type of the PoC
with regularization effect, is derived for mean field interacting particle system driven by Lévy noise, where 𝑇𝑉 is
the total variation distance and 𝕎ℓ1 is the 𝐿1-Wasserstein distance. By using the method of coupling, the general
result is applied to mean field interacting particle system driven by Brownian motion and 𝛼(𝛼 > 1)-stable noise
respectively, where the non-interacting drift is assumed to be dissipative in long distance.
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1. Introduction
Let (𝐸, 𝜌) be a Polish space and P (𝐸) be the set of all probability measures on 𝐸 equipped with the
weak topology. Let 𝑍𝑡 be an 𝑛-dimensional Lévy process on some complete filtration probability space
(Ω,F , (F𝑡 )𝑡≥0,ℙ), the characteristic function of which has the form

𝔼e𝑖⟨ 𝜉 ,𝑍𝑡 ⟩ = exp
{︃
𝑖⟨𝜂, 𝜉⟩𝑡 − 1

2
⟨𝑎𝜉, 𝜉⟩𝑡 + 𝑡

∫
ℝ𝑛−{0}

e𝑖⟨𝑧, 𝜉 ⟩ − 1 − 𝑖⟨𝑧, 𝜉⟩1{ |𝑧 | ≤1}𝜈(d𝑧)
}︃
, 𝜉 ∈ ℝ

𝑛,

where 𝜂 ∈ ℝ
𝑛, 𝑎 is an 𝑛 × 𝑛 non-negative definite symmetric matrix and 𝜈 is the Lévy measure with∫

ℝ𝑛
(1 ∧ |𝑧 |2)𝜈(d𝑧) <∞.

Let 𝑁 ≥ 1 be an integer and (𝑍 𝑖𝑡 )1≤𝑖≤𝑁 be i.i.d. copies of 𝑍𝑡 . Consider the mean field interacting
particle system

d𝑋 𝑖,𝑁
𝑡 = 𝑏𝑡 (𝑋 𝑖,𝑁

𝑡 , 𝜇̂𝑁𝑡 )d𝑡 + 𝜎𝑡 (𝑋 𝑖,𝑁
𝑡− )d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁, (1.1)

where 𝑏 : [0,∞) × ℝ
𝑑 × P (ℝ𝑑) → ℝ

𝑑 , 𝜎 : [0,∞) × ℝ
𝑑 → ℝ

𝑑 ⊗ ℝ
𝑛 are measurable and bounded on

bounded sets, 𝜇̂𝑁𝑡 stands for the empirical distribution of (𝑋 𝑖,𝑁
𝑡 )1≤𝑖≤𝑁 , i.e. 𝜇̂𝑁𝑡 = 1

𝑁

∑︁𝑁
𝑗=1 𝛿𝑋 𝑗,𝑁𝑡

, and
the initial distribution of (1.1) is exchangeable. We also consider the non-interacting particle system

d𝑋 𝑖
𝑡 = 𝑏𝑡 (𝑋 𝑖

𝑡 ,L𝑋𝑖𝑡
)d𝑡 + 𝜎𝑡 (𝑋 𝑖

𝑡−)d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁, (1.2)

where L𝑋𝑖𝑡
is the distribution of 𝑋 𝑖

𝑡 and the initial values (𝑋 𝑖
0)1≤𝑖≤𝑁 are i.i.d.. Note that (1.2) consists

of 𝑁 independent SDEs behaving as

d𝑋𝑡 = 𝑏𝑡 (𝑋𝑡 ,L𝑋𝑡 )d𝑡 + 𝜎𝑡 (𝑋𝑡−)d𝑍𝑡 , (1.3)

which is called McKean-Vlasov SDE and was first introduced in McKean (1966).
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The PoC means that the joint distribution of any 𝑘 particles of (1.1) at time 𝑡 > 0 converges weakly
to that of (1.2) (i.e. (𝑋 𝑖,𝑁

𝑡 )1≤𝑖≤𝑁<∞ exhibits Kac’s chaotic property at 𝑡 > 0), provided it does so at
time 0. The PoC can be used to describe the dynamical evolution of Kac’s chaotic property (also known
as Boltzmann’s property), which was introduced by Kac (1954–1955) in his derivation of the spatially
homogeneous Boltzmann equation by taking limit on the master equation for Poisson-like processes.
One can also refer to Sznitman (1991) for more details on PoC.

Recently, numerous results have been established on quantitative PoC in various settings, particularly
for systems driven by Brownian motion. We begin by reviewing several key results relevant to our
current study. The first two types of results pertain to systems with Brownian motion noise, while the
third type extends to systems driven by Lévy noise.

1.1. Entropy-entropy and 𝑻𝑽-entropy type PoC

When 𝑛 = 𝑑, 𝜎 = 𝐼𝑑×𝑑 , the entropy method was developed in Bresch, Jabin and Wang (2023), Jabin and
Wang (2018, 2016) to derive the entropy-entropy type PoC:

Ent((𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 | (𝑃∗

𝑡 𝜇0)⊗𝑘) ≤
𝑘

𝑁
Ent(𝜇𝑁0 |𝜇⊗𝑁

0 ) + 𝑐𝑘

𝑁
, 𝑡 ∈ [0,𝑇],1 ≤ 𝑘 ≤ 𝑁 (1.4)

for some constant 𝑐 > 0 depending on 𝑇 > 0, here 𝑃∗
𝑡 𝜇0 is the distribution of the solution to (1.3)

with initial distribution 𝜇0 ∈ P (ℝ𝑑), (𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 is the distribution of (𝑋 𝑖,𝑁

𝑡 )1≤𝑖≤𝑘 with initial
exchangeable distribution 𝜇𝑁0 ∈ P ((ℝ𝑑)𝑁 ), 𝜇⊗𝑘

0 denotes the 𝑘 independent product of 𝜇0, and the
relative entropy of two probability measures is defined as

Ent(𝜈 |𝜇) =
{︃
𝜈(log( d𝜈

d𝜇 )), 𝜈 ≪ 𝜇;
∞, otherwise.

Recently, Lacker (2023) applies the BBGKY argument to estimate Ent((𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 | (𝑃∗

𝑡 𝜇0)⊗𝑘)
directly and then derives the sharp rate 𝑘2

𝑁2 for entropy-entropy type PoC in the case of Lipschitzian
or bounded interaction. Combining the BBGKY argument in Lacker (2023) and the uniform in time
log-Sobolev inequality for L𝑋𝑖𝑡

, Lacker and Flem (2023) shows that the sharp long time entropy-entropy
type PoC, which together with the Pinsker inequality ∥𝜇 − 𝜈∥2

𝑇𝑉 ≤ 2Ent(𝜈 |𝜇) for the total variation
distance

∥𝛾 − 𝛾̃∥𝑇𝑉 = sup
∥ 𝑓 ∥∞≤1

|𝛾( 𝑓 ) − 𝛾̃( 𝑓 ) |,

implies the sharp uniform in time 𝑇𝑉-entropy type PoC, i.e.

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉 ≤
√︂

2Ent(𝜇𝑁0 ◦ (𝜋𝑘)−1 |𝜇⊗𝑘
0 ) + 𝑐𝑘

𝑁
, 𝑡 ≥ 0,1 ≤ 𝑘 ≤ 𝑁, (1.5)

where for any 1 ≤ 𝑘 ≤ 𝑁 , 𝜋𝑘 is the projection from (ℝ𝑑)𝑁 to (ℝ𝑑)𝑘 defined by

𝜋𝑘 (𝑥) = (𝑥1, 𝑥2, · · · , 𝑥𝑘), 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑁 ) ∈ (ℝ𝑑)𝑁 .

Quite recently, combining Wang’s Harnack inequality with power, Monmarché, Ren and Wang (2024)
presents explicit conditions for the uniform in time log-Sobolev inequality for L𝑋𝑖𝑡

in the non-convex
settings, which, together with Lacker and Flem (2023), implies the long time entropy-entropy type PoC
with the sharp rate 𝑘2

𝑁2 .
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1.2. Entropy-𝕎2
2 and 𝑻𝑽-𝕎2 type PoC

For kinetic mean field interacting particle system, the authors in (Chen et al., 2024, Theorem 2.3)
adopt the synchronous coupling technique to derive 𝕎2-𝕎2 type PoC. They then apply the log-Harnack
inequality due to the coupling by change of measure to obtain the entropy-𝕎2

2 type PoC, i.e. for
𝑠 + 1 ≥ 𝑡 > 𝑠 ≥ 0,

Ent((𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 | (𝑃∗

𝑡 𝜇0)⊗𝑘) ≤
𝐶1𝑘

𝑁 (𝑡 − 𝑠)3𝕎2 ((𝑃[𝑁 ],𝑁
𝑠 )∗𝜇𝑁0 , (𝑃∗

𝑠𝜇0)⊗𝑁 )2 + 𝑘

𝑁
𝐶2, 1 ≤ 𝑘 ≤ 𝑁

for some constant 𝐶1 > 0 and a constant 𝐶2 depending on 𝑡, 𝑠 and the variance of 𝑃∗
𝑠𝜇0, where the

𝐿2-Wasserstein distance is defined by

𝕎2 (𝜇, 𝜈) = inf
𝜋∈C(𝜇,𝜈)

(︃ ∫
(ℝ𝑑 )𝑘×(ℝ𝑑 )𝑘

|𝑥 − 𝑦 |2𝜋(d𝑥,d𝑦)
)︃ 1

2

for C(𝜇, 𝜈) being the set of all couplings of 𝜇 and 𝜈. The Pinsker inequality implies the 𝑇𝑉-𝕎2 type
PoC, i.e. for 𝑠 + 1 ≥ 𝑡 > 𝑠 ≥ 0,

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉 ≤
√
𝐶1𝑘𝕎2 ((𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 , (𝑃∗
𝑠𝜇0)⊗𝑁 )

√
𝑁 (𝑡 − 𝑠) 3

2
+
√︃

𝑘

𝑁
𝐶2, 1 ≤ 𝑘 ≤ 𝑁.

Both the entropy-𝕎2
2 type PoC and 𝑇𝑉-𝕎2 type PoC reflect the regularization effect of the stochastic

noise which allows the initial distribution 𝜇⊗𝑁
0 to be singular with respect to 𝜇𝑁0 .

1.3. 𝕎ℓ1-𝕎ℓ1 type PoC

In Brownian motion noise case, when there exists a partially dissipative non-interacting drift, the authors
in Durmus et al. (2020) adopt the asymptotic reflection coupling to derive the long time 𝕎ℓ1 -𝕎ℓ1 type
PoC:

𝕎ℓ1 ((𝑃
[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑘) ≤ 𝜀(𝑡) 𝑘
𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 ) + 𝑐
𝑘

√
𝑁
, 𝑡 ≥ 0,1 ≤ 𝑘 ≤ 𝑁 (1.6)

for some constant 𝑐 > 0 and lim𝑡→∞ 𝜀(𝑡) = 0, here the 𝐿1-Wasserstein distance 𝕎ℓ1 is given by

𝕎ℓ1 (𝜇, 𝜈) = inf
𝜋∈C(𝜇,𝜈)

(︃ ∫
(ℝ𝑑 )𝑘×(ℝ𝑑 )𝑘

𝜌ℓ1 (𝑥, 𝑦)𝜋(d𝑥,d𝑦)
)︃
, 𝜇, 𝜈 ∈ P1 ((ℝ𝑑)𝑘),

where

𝜌ℓ1 (𝑥, 𝑦) =
𝑘∑︂
𝑖=1

|𝑥𝑖 − 𝑦𝑖 |, 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘), 𝑦 = (𝑦1, 𝑦2, · · · , 𝑦𝑘) ∈ (ℝ𝑑)𝑘 ,

and

P1 ((ℝ𝑑)𝑘) :=
{︃
𝜇 ∈ P ((ℝ𝑑)𝑘) :

∫
(ℝ𝑑 )𝑘

𝜌ℓ1 (𝑥,0)𝜇(d𝑥) <∞
}︃
.

The asymptotic reflection coupling was introduced in Wang (2015) to study the ergodicity of nonlinear
monotone SPDEs. One can also refer to (Liu, Wu and Zhang, 2021, Theorem 2.11(b)) for PoC in 𝕎ℓ1
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if 𝜇𝑁0 = 𝜇⊗𝑁
0 . The asymptotic reflection coupling can be also applied to study the long-time behavior of

one-dimensional McKean-Vlasov SDEs with common noise in Bao and Wang (2025). In general Lévy
noise case, Liang, Majka and Wang (2021) derives the long time 𝕎ℓ1 -𝕎ℓ1 type PoC (1.6) for interacting
particle system by using the asymptotic refined basic coupling.

However, the initial conditions required for the entropy-entropy type PoC and entropy-𝕎2
2 type PoC

in the case of Brownian motion noise appear somewhat restrictive. To illustrate this, consider the initial
condition 𝑋1,𝑁

0 = 𝑋2,𝑁
0 = · · · = 𝑋𝑁,𝑁

0 with ℙ(𝑋 𝑖,𝑁
0 = 𝑥 +

√
𝑁) = 1−ℙ(𝑋 𝑖,𝑁

0 = 𝑥) = 1
𝑁 , and 𝑋 𝑖

0 = 𝑥, 𝑖 ≥ 1.
In this case, we observe that Ent(𝜇𝑁0 |𝜇⊗𝑁

0 ) =∞ and 1
𝑁𝕎2 (𝜇𝑁0 , 𝜇⊗𝑁

0 )2 = 1. This prevents Kac’s chaotic
property at 𝑡 > 0. However, it holds 1

𝑁𝕎ℓ1 (𝜇𝑁0 , 𝜇⊗𝑁
0 ) = 1√

𝑁
. This encourages us to weaken the initial

conditions and present a new type PoC: 𝑇𝑉-𝕎ℓ1 type PoC, see for instance (1.14) below.
Furthermore, fewer results are available for the PoC in the total variation distance in Lévy noise case.

We will extend the 𝑇𝑉-𝕎ℓ1 type PoC to the case of Lévy noise. The main tool we employ in the proof
is the Duhamel formula in the literature (McKean and Singer, 1967, (3a)):

𝑃1
𝑡 𝑓 − 𝑃2

𝑡 𝑓 =
∫ 𝑡

0
[𝑃1

𝑠{L 1 −L 2}𝑃2
𝑡−𝑠 𝑓 ]d𝑠, (1.7)

where 𝑃1
𝑡 and 𝑃2

𝑡 are two Markov semigroups with generators L 1 and L 2 respectively.

1.4. The main contribution in Brownian motion noise case

Since Brownian motion noise case has been more extensively studied in the literature, we present our
main contributions in this setting for clarity and accessibility. The general Lévy noise case will be
discussed in Section 2.

Let {𝑊 𝑖
𝑡 }𝑖≥1 and {𝐵𝑖𝑡 }𝑖≥1 be independent 𝑑-dimensional Brownian motions and 𝑛-dimensional

Brownian motions, where {𝑊 𝑖
𝑡 }𝑖≥1 is independent of {𝐵𝑖𝑡 }𝑖≥1. Let 𝛽 > 0, 𝑏 (0) : ℝ𝑑 → ℝ

𝑑 , 𝑏 (1) :
ℝ
𝑑 ×ℝ

𝑑 → ℝ
𝑑 and 𝜎 : ℝ𝑑 → ℝ

𝑑 ⊗ ℝ
𝑛 be measurable and bounded on bounded sets. Consider

d𝑋 𝑖,𝑁
𝑡 = 𝑏 (0) (𝑋 𝑖,𝑁

𝑡 )d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑡 , 𝑋𝑚,𝑁

𝑡 )d𝑡 +
√︁
𝛽d𝑊 𝑖

𝑡 + 𝜎(𝑋 𝑖,𝑁
𝑡 )d𝐵𝑖𝑡 (1.8)

for 1 ≤ 𝑖 ≤ 𝑁 and the independent McKean-Vlasov SDEs:

d𝑋 𝑖
𝑡 = 𝑏 (0) (𝑋 𝑖

𝑡 )d𝑡 +
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)L𝑋𝑖𝑡

(d𝑦)d𝑡 +
√︁
𝛽d𝑊 𝑖

𝑡 + 𝜎(𝑋 𝑖
𝑡 )d𝐵𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁. (1.9)

To derive the long time 𝑇𝑉-𝕎ℓ1 type PoC, we make the following assumptions.

(A) There exists a constant 𝐾𝜎 > 0 such that

1
2
∥𝜎(𝑥1) − 𝜎(𝑥2)∥2

𝐻𝑆 ≤ 𝐾𝜎 |𝑥1 − 𝑥2 |2, 𝑥1, 𝑥2 ∈ ℝ
𝑑 . (1.10)

𝑏 (0) is continuous and there exist 𝑅 > 0, 𝐾1 ≥ 0 and 𝐾2 > 𝐾𝜎 such that

⟨𝑥1 − 𝑥2, 𝑏
(0) (𝑥1) − 𝑏 (0) (𝑥2)⟩ ≤ 𝛾(|𝑥1 − 𝑥2 |) |𝑥1 − 𝑥2 | (1.11)
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with

𝛾(𝑟) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝐾1𝑟, 𝑟 ≤ 𝑅;{︂
−𝐾1+𝐾2

𝑅 (𝑟 − 𝑅) + 𝐾1
}︂
𝑟, 𝑅 ≤ 𝑟 ≤ 2𝑅;

−𝐾2𝑟, 𝑟 > 2𝑅.

Moreover, there exists 𝐾𝑏 ≥ 0 such that

|𝑏 (1) (𝑥, 𝑦) − 𝑏 (1) (𝑥, 𝑦̃) | ≤ 𝐾𝑏 (|𝑥 − 𝑥 | + |𝑦 − 𝑦̃ |), 𝑥, 𝑥, 𝑦, 𝑦̃ ∈ ℝ
𝑑 . (1.12)

For any 𝑝 > 1, let P𝑝 (ℝ𝑑) = {𝜇 ∈ P (ℝ𝑑) : ∥𝜇∥𝑝 := (𝜇(| · |𝑝))
1
𝑝 <∞}.

Theorem 1.1. Assume (A). Let 𝜇0 ∈ P1+𝛿 (ℝ𝑑) for some 𝛿 ∈ (0,1) and 𝜇𝑁0 ∈ P1 ((ℝ𝑑)𝑁 ) be ex-
changeable. Let

𝐷 :=
∫ ∞

0
𝑠e

1
2𝛽

∫ 𝑠
0 {𝛾 (𝑣)+𝐾𝜎𝑣}d𝑣d𝑠.

If

𝐾𝑏 <
2𝛽2

(𝐾2 − 𝐾𝜎)𝐷2 , (1.13)

then there exists a positive constant 𝑐 independent of 𝑘 and 𝑁 such that

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉

≤ 𝑘𝑐e−𝜆𝑡
𝕎ℓ1 (𝜇𝑁0 , 𝜇⊗𝑁

0 )
𝑁

+ 𝑐{1 + ∥𝜇0∥1+𝛿}𝑘𝑁− 𝛿
1+𝛿 , 1 ≤ 𝑘 ≤ 𝑁, 𝑡 ≥ 1, (1.14)

with

𝜆 =
(𝐾2 − 𝐾𝜎)𝐷

𝛽

(︃
2𝛽2

(𝐾2 − 𝐾𝜎)𝐷2 − 𝐾𝑏

)︃
.

Typically in the quantitative PoC, the distance at time 𝑡 is controlled by the same one at time 0 plus
an additional term that vanishes as the number of particles 𝑁 tends to infinity. However, in (1.14), we
use a weaker distance to control a stronger one. We now analyze our findings and compare them with
the aforementioned results.

(i) PoC: Compared to existing results on 𝑇𝑉-entropy and 𝑇𝑉-𝕎2 type PoC, we establish quantitative
Kac’s chaos in total variation distance under a weaker initial condition. Specifically, our results
show that even when

lim
𝑁→∞

Ent(𝜇𝑁0 |𝜇⊗𝑁
0 )

𝑁
> 0 and lim

𝑁→∞

𝕎2 (𝜇𝑁0 , 𝜇⊗𝑁
0 )2

𝑁
> 0,

the condition lim𝑁→∞
𝕎ℓ1 (𝜇

𝑁
0 ,𝜇⊗𝑁

0 )
𝑁 = 0 is sufficient to guarantee quantitative Kac’s chaos in total

variation distance at 𝑡 ≥ 1.
(ii) “Generation of chaos” introduced in Lukkarinen (2023) is a relatively new concept that is

gaining popularity, see Rosenzweig and Serfaty (2025) for the entropic generation of chaos of
overdamped mean field Langevin dynamics with singular interactions and references therein for
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various generation of chaos. The term refers to the phenomenon where a mean field interacting
system evolves over time toward a Kac’s chaotic state, even if the initial distribution does not
exhibit the Kac’s chaotic property. Our work contributes to the generation of chaos by:
a) Exponential decay estimate: Demonstrating convergence to chaos with an explicit rate e−𝜆𝑡 .
b) Weaker initial conditions: By employing the 𝕎ℓ1 distance, our results accommodate initial

distributions that deviate significantly from chaoticity, broadening the scope of applicability.
(iii) Advantages of 𝕎ℓ1 over 𝕎2: Compared to the 𝕎2 distance, the weaker 𝕎ℓ1 distance offers

a key advantage: it relaxes assumptions on the coefficients. Notably, it eliminates the need for
strong convexity in the drift, thereby broadening the applicability of our results to a wider class
of interacting particle systems.

The paper is organized in the following: In Section 2, we give a general result on the long time𝑇𝑉-𝕎ℓ1
type PoC for mean field interacting particle system driven by general Lévy noise. We prove Theorem
1.1 in Section 3. The 𝛼-stable noise case is investigated in Section 4. Finally, some auxiliary lemmas
which are used in the proof of the main results are postponed and carried out in a supplementary paper
Huang, Yang and Yuan (2026).

2. A general result on long time 𝑻𝑽-𝕎ℓ1 type PoC

Let 𝑏 (0) : ℝ𝑑 → ℝ
𝑑 , 𝑏 (1) : ℝ𝑑 × ℝ

𝑑 → ℝ
𝑑 and 𝜎 : ℝ𝑑 → ℝ

𝑑 ⊗ ℝ
𝑛 be measurable and bounded on

bounded set. Recall that (𝑍 𝑖𝑡 )𝑖≥1 are i.i.d. 𝑛-dimensional Lévy processes. Consider the mean field
interacting particle system

d𝑋 𝑖,𝑁
𝑡 = 𝑏 (0) (𝑋 𝑖,𝑁

𝑡 )d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑡 , 𝑋𝑚,𝑁

𝑡 )d𝑡 + 𝜎(𝑋 𝑖,𝑁
𝑡− )d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁, (2.1)

and the non-interacting particle system

d𝑋 𝑖
𝑡 = 𝑏 (0) (𝑋 𝑖

𝑡 )d𝑡 +
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)L𝑋𝑖𝑡

(d𝑦)d𝑡 + 𝜎(𝑋 𝑖
𝑡−)d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁. (2.2)

We assume that SDEs (2.1) and (2.2) are well-posed. As in Section 1, let 𝑃∗
𝑡 𝜇0 = L𝑋𝑖𝑡

with L𝑋𝑖0
= 𝜇0 ∈

P (ℝ𝑑), which is independent of 𝑖. For simplicity, we denote 𝜇𝑡 = 𝑃∗
𝑡 𝜇0. For any exchangeable 𝜇𝑁 ∈

P ((ℝ𝑑)𝑁 ), 1 ≤ 𝑘 ≤ 𝑁 , (𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁 denotes the distribution of (𝑋 𝑖,𝑁

𝑡 )1≤𝑖≤𝑘 with initial distribution
𝜇𝑁 .

To derive the long time 𝑇𝑉-𝕎ℓ1 type PoC, for any 𝑠 ≥ 0, consider the decoupled SDE

d𝑋 𝑖,𝜇,𝑧
𝑠,𝑡 = 𝑏 (0) (𝑋 𝑖,𝜇,𝑧

𝑠,𝑡 )d𝑡 +
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖,𝜇,𝑧
𝑠,𝑡 , 𝑦)𝜇𝑡 (d𝑦)d𝑡 + 𝜎(𝑋 𝑖,𝜇,𝑧

𝑠,𝑡− )d𝑍 𝑖𝑡 , 𝑡 ≥ 𝑠 (2.3)

with 𝑋
𝑖,𝜇,𝑧
𝑠,𝑠 = 𝑧 ∈ ℝ

𝑑 . Let

𝑃
𝑖,𝜇
𝑠,𝑡 𝑓 (𝑧) := 𝔼 𝑓 (𝑋 𝑖,𝜇,𝑧

𝑠,𝑡 ), 𝑓 ∈ B𝑏 (ℝ𝑑), 𝑧 ∈ ℝ
𝑑 , 𝑖 ≥ 1,0 ≤ 𝑠 ≤ 𝑡.

We also assume that (2.3) is well-posed so that 𝑃𝑖,𝜇𝑠,𝑡 does not depend on 𝑖 and we denote

𝑃
𝜇
𝑠,𝑡 = 𝑃

𝑖,𝜇
𝑠,𝑡 , 𝑖 ≥ 1. (2.4)
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Moreover, for any 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 , 𝐹 ∈ B𝑏 ((ℝ𝑑)𝑘), and (𝑠1, 𝑠2, · · · , 𝑠𝑘) ∈ [0, 𝑡]𝑘 define

(𝑃𝜇
𝑠1 ,𝑡

⊗ 𝑃
𝜇
𝑠2 ,𝑡

⊗ · · · ⊗ 𝑃
𝜇
𝑠𝑘 ,𝑡

)𝐹 (𝑥) := 𝔼𝐹 (𝑋1,𝜇,𝑥1

𝑠1 ,𝑡
, 𝑋

2,𝜇,𝑥2

𝑠2 ,𝑡
, · · · , 𝑋𝑘,𝜇,𝑥𝑘

𝑠𝑘 ,𝑡
). (2.5)

In particular, we denote

(𝑃𝜇
𝑠,𝑡 )

⊗𝑘𝐹 (𝑥) := (𝑃𝜇
𝑠,𝑡 ⊗ 𝑃

𝜇
𝑠,𝑡 ⊗ · · · ⊗ 𝑃

𝜇
𝑠,𝑡 )𝐹 (𝑥), 0 ≤ 𝑠 ≤ 𝑡. (2.6)

For simplicity, we write 𝑃
𝜇
𝑡 = 𝑃

𝜇
0,𝑡 . For any 𝐹 ∈ 𝐶1 ((ℝ𝑑)𝑘), 1 ≤ 𝑖 ≤ 𝑘 , 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 , let

∇𝑖𝐹 (𝑥) denote the gradient with respect to 𝑥𝑖 . We now state the general result.

Theorem 2.1. Let 𝜇𝑁0 ∈ P1 ((ℝ𝑑)𝑁 ) be exchangeable and 𝜇0 ∈ P𝑝 (ℝ𝑑) for some 𝑝 ≥ 1. Assume that
the following conditions hold.

(i) For any 1 ≤ 𝑘 ≤ 𝑁 , 𝐹 ∈ 𝐶2
𝑏 ((ℝ

𝑑)𝑘) with ∥𝐹∥∞ ≤ 1, 𝑡 ≥ 0, it holds∫
(ℝ𝑑 )𝑘

𝐹 (𝑥){(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 }(d𝑥) −

∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1
𝑘 )(d𝑥)

=
∫ 𝑡

0

𝑘∑︂
𝑖=1

∫
(ℝ𝑑 )𝑁

⟨︃
𝐵𝑖𝑠 (𝑥), [∇𝑖 (𝑃

𝜇
𝑠,𝑡 )

⊗𝑘𝐹] (𝜋𝑘 (𝑥))
⟩︃
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥)d𝑠 (2.7)

with

𝐵𝑖𝑠 (𝑥) =
1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑥𝑖 , 𝑥𝑚) −
∫
ℝ𝑑

𝑏 (1) (𝑥𝑖 , 𝑦)𝜇𝑠 (d𝑦), 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑁 ) ∈ (ℝ𝑑)𝑁 .

(ii) There exists a measurable function 𝜑 : (0,∞) → (0,∞) with
∫ 𝑇

0 𝜑(𝑠)d𝑠 <∞,𝑇 > 0 such that

|∇𝑃
𝜇
𝑟,𝑡 𝑓 | ≤ 𝜑((𝑡 − 𝑟) ∧ 1)∥ 𝑓 ∥∞, 𝑓 ∈ B𝑏 (ℝ𝑑),0 ≤ 𝑟 < 𝑡 < 𝑇. (2.8)

(iii) There exist an increasing function 𝑔 : (0,∞) → (0,∞) and a decreasing Δ : (0,∞) → (0,∞)
with lim𝑁→∞Δ(𝑁) = 0 such that∫

(ℝ𝑑 )𝑁

⃓⃓
𝐵1
𝑠 (𝑥)

⃓⃓
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥)

≤ 𝑔(𝑠)
{︃

1
𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 ) + Δ(𝑁){1 + ∥𝜇0∥𝑝}
}︃
. (2.9)

(iv) There exist functions 𝜀 : (0,∞) → (0,∞) with lim𝑡→∞ 𝜀(𝑡) = 0 and Δ̃ : (0,∞) → (0,∞) with
lim𝑁→∞ Δ̃(𝑁) = 0 such that for any 𝑡 ≥ 0,

𝕎ℓ1 ((𝑃
[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑁 ) ≤ 𝜀(𝑡)𝕎ℓ1 (𝜇
𝑁
0 , 𝜇⊗𝑁

0 ) + {1 + ∥𝜇0∥𝑝}𝑁Δ̃(𝑁). (2.10)

Moreover, there exists a constant 𝑐0 > 0 such that

sup
𝑡≥0

(𝑃∗
𝑡 𝜇0)(| · |𝑝) < 𝑐0 (1 + 𝜇0 (| · |𝑝)). (2.11)
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Then there exists a constant 𝑐 > 0 independent of 𝑡 and 𝑁 such that

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉 ≤ 𝑐𝑘𝜀(𝑡 − 1)
𝕎ℓ1 (𝜇𝑁0 , 𝜇⊗𝑁

0 )
𝑁

+ 𝑐{1 + ∥𝜇0∥𝑝}𝑘 (Δ(𝑁) + Δ̃(𝑁)), 1 ≤ 𝑘 ≤ 𝑁, 𝑡 ≥ 1. (2.12)

Remark 2.2. (1) Different from the classical Duhamel formula (1.7), the left hand side of (2.7) only
contains (𝑃[𝑘 ],𝑁

𝑡 )∗ while the right hand side involves in (𝑃[𝑁 ],𝑁
𝑡 )∗ due to the interaction. In Section 3

and Section 4 below, explicit conditions on the coefficients will be presented to ensure that (2.7) holds.
(2) In the study of entropy-entropy type PoC in Bresch, Jabin and Wang (2023), Jabin and Wang

(2018, 2016) or 𝕎ℓ1 -𝕎ℓ1 type PoC (1.6), due to the tensor property of relative entropy or the property

𝕎ℓ1 ((𝑃
[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑘) ≤
𝑘

𝑁
𝕎ℓ1 ((𝑃

[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑁 ), (2.13)

one can derive the estimate of Ent((𝑃[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 | (𝑃∗

𝑡 𝜇0)⊗𝑁 ) or 𝕎ℓ1 ((𝑃
[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑁 ) for 𝑁
particles first and then obtain the local PoC for 𝑘 particles with 𝑘 ≤ 𝑁 . However, (2.13) does not hold
if 𝕎ℓ1 is replaced by 𝑇𝑉 . This is the reason why we directly consider 𝑘 particles with 𝑘 ≤ 𝑁 instead of
𝑁 particles in (2.7).

(3) As a hot topic related to the long time PoC, the ergodicity for McKean-Vlasov SDEs attracts much
attention, see for instance Liang, Majka and Wang (2021), Song (2020), Wang (2023) and references
therein for more details.

Proof. Firstly, for any 𝛾, 𝛾̃ ∈ P (ℝ𝑛), since 𝐶2
𝑏 (ℝ

𝑛), the functions from ℝ
𝑛 to ℝ having bounded and

continuous up to second order derivatives, is dense in B𝑏 (ℝ𝑛) under 𝐿1(𝛾 + 𝛾̃), we have

∥𝛾 − 𝛾̃∥𝑇𝑉 = sup
∥ 𝑓 ∥∞≤1, 𝑓 ∈𝐶2

𝑏
(ℝ𝑛 )

|𝛾( 𝑓 ) − 𝛾̃( 𝑓 ) |, 𝛾, 𝛾̃ ∈ P (ℝ𝑛). (2.14)

Let 𝐹 ∈ 𝐶2
𝑏 ((ℝ

𝑑)𝑘) with ∥𝐹∥∞ ≤ 1. For any (𝑥1, 𝑥2, · · · , 𝑥𝑖−1, 𝑥𝑖+1, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘−1, define

[T 𝑥1 ,𝑥2 , · · · ,𝑥𝑖−1 ,𝑥𝑖+1 , · · · ,𝑥𝑘
𝑠,𝑡 ]𝐹 (𝑧)

= 𝔼𝐹 (𝑋1,𝜇,𝑥1

𝑠,𝑡 , 𝑋
2,𝜇,𝑥2

𝑠,𝑡 , · · · , 𝑋 𝑖−1,𝜇,𝑥𝑖−1

𝑠,𝑡 , 𝑧, 𝑋
𝑖+1,𝜇,𝑥𝑖+1

𝑠,𝑡 · · · , 𝑋𝑘,𝜇,𝑥𝑘

𝑠,𝑡 ), 𝑧 ∈ ℝ
𝑑 , 0 ≤ 𝑠 ≤ 𝑡.

This together with (2.6) and (2.8) implies that

|∇𝑖 (𝑃𝜇
𝑠,𝑡 )

⊗𝑘𝐹 | (𝑥1, 𝑥2, · · · , 𝑥𝑘) = |∇{𝑃𝜇
𝑠,𝑡 [T

𝑥1 ,𝑥2 , · · · ,𝑥𝑖−1 ,𝑥𝑖+1 , · · · ,𝑥𝑘
𝑠,𝑡 ]𝐹}|(𝑥𝑖)

≤ 𝜑((𝑡 − 𝑠) ∧ 1), 1 ≤ 𝑖 ≤ 𝑘,0 ≤ 𝑠 < 𝑡. (2.15)

Then, using (2.7), (2.15), and the fact that {(𝑃[𝑁 ],𝑁
𝑠 )∗𝜇𝑁0 } is exchangeable, we have⃓⃓⃓

⃓∫
(ℝ𝑑 )𝑘

𝐹 (𝑥){(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 }(d𝑥) −

∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1
𝑘 )(d𝑥)

⃓⃓⃓
⃓

≤
∫ 𝑡

0
𝑘

∫
(ℝ𝑑 )𝑁

⃓⃓
𝐵1
𝑠 (𝑥)

⃓⃓
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥)𝜑((𝑡 − 𝑠) ∧ 1)d𝑠.
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This combined with (2.9) implies that for any 𝑡 ≥ 0 and 1 ≤ 𝑘 ≤ 𝑁 ,⃓⃓⃓
⃓∫

(ℝ𝑑 )𝑘
𝐹 (𝑥){(𝑃[𝑘 ],𝑁

𝑡 )∗𝜇𝑁0 }(d𝑥) −
∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1
𝑘 )(d𝑥)

⃓⃓⃓
⃓

≤
∫ 𝑡

0
𝜑(𝑠 ∧ 1)d𝑠𝑔(𝑡)

{︃
𝑘

𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 ) + 𝑘Δ(𝑁){1 + ∥𝜇0∥𝑝}
}︃
. (2.16)

Next, for any 𝜋̃ ∈ C(𝜇𝑁0 ◦ 𝜋−1
𝑘 , 𝜇⊗𝑘

0 ), we conclude⃓⃓⃓
⃓∫

(ℝ𝑑 )𝑘
{(𝑃𝜇

𝑡 )
⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1

𝑘 )(d𝑥) −
∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)𝜇⊗𝑘
0 (d𝑥)

⃓⃓⃓
⃓

≤
∫
(ℝ𝑑 )𝑘×(ℝ𝑑 )𝑘

|{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥) − {(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑦) |𝜋̃(d𝑥,d𝑦).

This together with (2.15) and 𝕎ℓ1 (𝜇𝑁0 ◦ 𝜋−1
𝑘 , 𝜇⊗𝑘

0 ) ≤ 𝑘
𝑁𝕎ℓ1 (𝜇𝑁0 , 𝜇⊗𝑁

0 ) implies that⃓⃓⃓
⃓∫

(ℝ𝑑 )𝑘
{(𝑃𝜇

𝑡 )
⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1

𝑘 )(d𝑥) −
∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)𝜇⊗𝑘
0 (d𝑥)

⃓⃓⃓
⃓

≤ 𝜑(𝑡 ∧ 1)𝕎ℓ1 (𝜇
𝑁
0 ◦ 𝜋−1

𝑘 , 𝜇⊗𝑘
0 ) ≤ 𝜑(𝑡 ∧ 1) 𝑘

𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 ).

Finally, it follows from (2.16) as well as the triangle inequality that

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉 ≤
(︃∫ 𝑡

0
𝜑(𝑠 ∧ 1)d𝑠𝑔(𝑡) + 𝜑(𝑡 ∧ 1)

)︃
𝑘

𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 )

+
∫ 𝑡

0
𝜑(𝑠 ∧ 1)d𝑠𝑔(𝑡)𝑘Δ(𝑁){1 + ∥𝜇0∥𝑝}. (2.17)

By the definition of (𝑃[𝑘 ],𝑁
𝑡 )∗, it is not difficult to see that

(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁 = {(𝑃[𝑁 ],𝑁

𝑡 )∗𝜇𝑁 } ◦ (𝜋𝑘)−1, 1 ≤ 𝑘 ≤ 𝑁. (2.18)

Combining (2.18) with the definition of 𝑃∗
𝑡 yields

(𝑃[𝑘 ],𝑁
𝑡+𝑠 )∗𝜇𝑁0 = {(𝑃[𝑁 ],𝑁

𝑡+𝑠 )∗𝜇𝑁0 } ◦ 𝜋−1
𝑘 =

{︂
(𝑃[𝑁 ],𝑁

𝑠 )∗{(𝑃[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 }

}︂
◦ 𝜋−1

𝑘

= (𝑃[𝑘 ],𝑁
𝑠 )∗{(𝑃[𝑁 ],𝑁

𝑡 )∗𝜇𝑁0 },

𝑃∗
𝑡+𝑠𝜇0 = 𝑃∗

𝑠𝑃
∗
𝑡 𝜇0, 1 ≤ 𝑘 ≤ 𝑁, 𝑠 ≥ 0, 𝑡 ≥ 0.

Then for any 𝑡 ≥ 1, we derive from (2.17) for 𝑡 = 1 that

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉 = ∥(𝑃[𝑘 ],𝑁
1 )∗{(𝑃[𝑁 ],𝑁

𝑡−1 )∗𝜇𝑁0 } − (𝑃∗
1𝑃

∗
𝑡−1𝜇0)⊗𝑘 ∥𝑇𝑉

≤
(︃∫ 1

0
𝜑(𝑠)d𝑠𝑔(1) + 𝜑(1)

)︃
𝑘

𝑁
𝕎ℓ1 ((𝑃

[𝑁 ],𝑁
𝑡−1 )∗𝜇𝑁0 , (𝑃∗

𝑡−1𝜇0)⊗𝑁 )

+
∫ 1

0
𝜑(𝑠)d𝑠𝑔(1)𝑘Δ(𝑁){1 + ∥𝑃∗

𝑡−1𝜇0∥𝑝}.

This, combined with (2.10) and (2.11), gives (2.12).
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3. Proof of Theorem 1.1
Before giving the proof of Theorem 1.1, we first provide two remarks related to Theorem 1.1.

Remark 3.1. Under (A), (1.8) and (1.9) are well-posed. By (1.11), 𝑏 (0) is dissipative at long distance
and (1.11) is equivalent to that there exist 𝐶1 ≥ 0,𝐶2 > 0 and 𝑟0 > 0 such that for any 𝑥, 𝑦 ∈ ℝ

𝑑 ,

⟨𝑥 − 𝑦, 𝑏 (0) (𝑥) − 𝑏 (0) (𝑦)⟩ ≤ 𝐶1 |𝑥 − 𝑦 |21{ |𝑥−𝑦 | ≤𝑟0} −𝐶2 |𝑥 − 𝑦 |21{ |𝑥−𝑦 |>𝑟0 } . (3.1)

Remark 3.2. (1) The condition (1.13) requires that the Lipschitz constant of 𝑏 (1) is sufficiently small,
which is crucial to ensure 𝜆 > 0. A similar condition is imposed in (Durmus et al., 2020, (H2(ii)).
In fact, such a smallness condition of the interaction is essential when one investigates the long-time
behavior of McKean-Vlasov SDEs. A classical example is

d𝑋𝑡 = −𝑋𝑡d𝑡 + 𝜖𝔼(𝑋𝑡 )d𝑡 + d𝑊𝑡 ,

where 𝜖 = 1, it admits infinitely many invariant probability measures, i.e. a phase transition occurs.
When 𝛽 = 1, 𝐾𝜎 = 0, by (Durmus et al., 2020, Theorem 2, Remark 4), the 𝕎ℓ1 -𝕎ℓ1 type PoC is derived
under the assumption that the Lipschitz constant 𝐾𝑏 of 𝑏 (1) is sufficiently small and there exists a
continuous function 𝜅 : [0,∞) → ℝ with lim inf𝑟→∞ 𝜅(𝑟) > 0 such that

⟨𝑥1 − 𝑥2, 𝑏
(0) (𝑥1) − 𝑏 (0) (𝑥2)⟩ ≤ −𝜅(|𝑥1 − 𝑥2 |) |𝑥1 − 𝑥2 |2. (3.2)

Note that lim inf𝑟→∞ 𝜅(𝑟) > 0 implies that there exist constants 𝑟0 > 0 and 𝐶2 > 0 to ensure 𝜅(𝑟) ≥ 𝐶2
for any 𝑟 > 𝑟0, while the continuity of 𝜅 yields sup𝑟∈[0,𝑟0 ] |𝜅(𝑟) | ≤ 𝐶1 for some constant 𝐶1 > 0. These
observations show that (3.2) is equivalent to (3.1) and hence equivalent to (1.11) as explained in Remark
3.1. Hence, the conditions in Theorem 1.1 are consistent with those in (Durmus et al., 2020, Theorem
2, Remark 4).

(2) When 𝜎 = 0, 𝑏 (0) , 𝑏 (1) ∈ 𝐶1, 𝑏 (0) = ∇𝑉1 + ∇𝑉2, 𝑏 (1) (𝑥, 𝑦) = ∇𝑥𝑊 (𝑥, 𝑦), 𝑉1 is 𝜌-strongly convex
and the coefficients satisfy

∥𝑉2∥∞ + ∥𝑊 ∥∞ + ∥∇𝑥𝑊 ∥∞ <∞, 𝛽 >
8
𝜌
∥∇𝑥𝑊 ∥∞ exp

{︃
2
∥𝑉2∥∞ + 2∥𝑊 ∥∞

𝛽

}︃
,

the density 𝑢0 of 𝜇0 with respect to the invariant probability measure of L𝑋𝑖𝑡
satisfies log𝑢0 = 𝑢̄ + 𝑢̃ for

bounded 𝑢̄ and Lipschitz continuous 𝑢̃, and the initial distribution 𝜇0 and 𝜇𝑁0 have finite moments of all
orders, (Monmarché, Ren and Wang, 2024, Corollary 3.8) derives the sharp long time entropy-entropy
type PoC with rate 𝑘2

𝑁2 , which implies the sharp long time 𝑇𝑉-entropy type PoC (1.5) with rate 𝑘
𝑁 .

In Theorem 1.1 above, 𝑏 (1) is allowed to be unbounded, and 𝜇0 ∈ P1+𝛿 (ℝ𝑑) for some 𝛿 ∈ (0,1),
𝜇𝑁0 ∈ P1 ((ℝ𝑑)𝑁 ) and 𝜇0 can be singular with the invariant probability measure of L𝑋𝑖𝑡

. So, Theorem
1.1 is not covered in (Monmarché, Ren and Wang, 2024, Corollary 3.8).

(3) From the comparison above, one of the advantages of coupling method is to allow weaker
conditions on initial distribution, i.e. 𝜇𝑁0 can be singular with 𝜇⊗𝑁

0 and the coefficients to be more
general, whereas the cost is to reduce the rate of PoC since we need to estimate

𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑋

𝑚
𝑠 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑦)L𝑋𝑖𝑠

(d𝑦)

⃓⃓⃓
⃓⃓ ,

which is provided in Lemma S2 of supplementary document Huang, Yang and Yuan (2026), and the
central limit theorem indicates that the sharp rate is 𝑁

1
2 when L𝑋𝑖𝑠

has finite second moment.
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We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. It follows from (2.14) that for any 𝛾𝑛 → 𝛾 and 𝜁𝑛 → 𝜁 weakly in P ((ℝ𝑑)𝑘)
as 𝑛→∞,

∥𝛾 − 𝜁 ∥𝑣𝑎𝑟 = sup
| 𝑓 | ≤1, 𝑓 ∈𝐶𝑏 ( (ℝ𝑑 )𝑘 )

|𝛾( 𝑓 ) − 𝜁 ( 𝑓 ) | = sup
| 𝑓 | ≤1, 𝑓 ∈𝐶𝑏 ( (ℝ𝑑 )𝑘 )

lim
𝑛→∞

|𝛾𝑛 ( 𝑓 ) − 𝜁𝑛 ( 𝑓 ) |

≤ lim inf
𝑛→∞

∥𝛾𝑛 − 𝜁𝑛∥𝑣𝑎𝑟 . (3.3)

Combining (3.3) with Lemma S1 in Huang, Yang and Yuan (2026), we may and do assume that there
exists a constant 𝐾0 > 0 such that

|𝑏 (0) (𝑥1) − 𝑏 (0) (𝑥2) | ≤ 𝐾0 |𝑥1 − 𝑥2 |, 𝑥1, 𝑥2 ∈ ℝ
𝑑 . (3.4)

Following that, we intend to verify the conditions (i)-(iv) in Theorem 2.1 one by one.
(1) Take F0-measurable random variables (𝑋 𝑖,𝑁

0 )1≤𝑖≤𝑁 and (𝑋 𝑖
0)1≤𝑖≤𝑁 such that

L(𝑋𝑖,𝑁0 )1≤𝑖≤𝑁
= 𝜇𝑁0 , L(𝑋𝑖0 )1≤𝑖≤𝑁

= 𝜇⊗𝑁
0 .

Fix 𝑡 > 0. Recall that 𝑃
𝜇
𝑠,𝑡 and (𝑃𝜇

𝑠,𝑡 )⊗𝑘 are defined in (2.4) and (2.6) respectively. By (3.4), (1.10),
(1.12) and the fact that 𝛽 ≠ 0, the backward Kolmogorov equation

d𝑃𝜇
𝑠,𝑡 𝑓

d𝑠
= −L 𝜇

𝑠 𝑃
𝜇
𝑠,𝑡 𝑓 , 𝑓 ∈ 𝐶2

𝑏 (ℝ
𝑑), ∥ 𝑓 ∥∞ ≤ 1, 𝑠 ∈ [0, 𝑡] (3.5)

holds with

L 𝜇
𝑠 = ⟨𝑏 (0) ,∇⟩ +

⟨︃∫
ℝ𝑑

𝑏 (1) (·, 𝑦)𝜇𝑠 (d𝑦),∇
⟩︃
+ 1

2
Tr[(𝛽𝐼𝑑×𝑑 + 𝜎𝜎∗)∇2] .

Recall that for any 𝐹 ∈ 𝐶1((ℝ𝑑)𝑘), 1 ≤ 𝑖 ≤ 𝑘 and 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 , ∇𝑖𝐹 (𝑥) represents the
gradient with respect to 𝑥𝑖 . Simply denote ∇2

𝑖 = ∇𝑖∇𝑖 .
Next, we fix 𝐹 ∈ 𝐶2

𝑏 ((ℝ
𝑑)𝑘) with ∥𝐹∥∞ ≤ 1. Define

(L 𝜇
𝑠 )𝑖𝐹 (𝑥) = ⟨𝑏 (0) (𝑥𝑖),∇𝑖𝐹 (𝑥)⟩ +

⟨︃∫
ℝ𝑑

𝑏 (1) (𝑥𝑖 , 𝑦)𝜇𝑠 (d𝑦),∇𝑖𝐹 (𝑥)
⟩︃

+ 1
2

Tr[(𝛽𝐼𝑑×𝑑 + (𝜎𝜎∗)(𝑥𝑖))∇2
𝑖 𝐹 (𝑥)], 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 ,1 ≤ 𝑖 ≤ 𝑘,

and

(L 𝜇
𝑠 )⊗𝑘𝐹 (𝑥) =

𝑘∑︂
𝑖=1

(L 𝜇
𝑠 )𝑖𝐹 (𝑥), 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 .

We now claim that

d(𝑃𝜇
𝑠,𝑡 )⊗𝑘𝐹
d𝑠

= −(L 𝜇
𝑠 )⊗𝑘 (𝑃𝜇

𝑠,𝑡 )
⊗𝑘𝐹, 𝑠 ∈ [0, 𝑡] . (3.6)
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In fact, for any (𝑠1, 𝑠2, · · · , 𝑠𝑘) ∈ [0, 𝑡]𝑘 and 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 , define

Ψ𝐹 (𝑠1, 𝑠2, · · · , 𝑠𝑘 , 𝑥) = (𝑃𝜇
𝑠1 ,𝑡

⊗ 𝑃
𝜇
𝑠2,𝑡

⊗ · · · ⊗ 𝑃
𝜇
𝑠𝑘 ,𝑡

)𝐹 (𝑥),

and

{[T 𝑥1 ,𝑥2 , · · · ,𝑥𝑖−1 ,𝑥𝑖+1 , · · · ,𝑥𝑘
𝑠1 ,𝑠2, · · · ,𝑠𝑖−1,𝑠𝑖+1 , · · · ,𝑠𝑘 ,𝑡 ]𝐹}(𝑧)

= 𝔼𝐹 (𝑋1,𝜇,𝑥1

𝑠1 ,𝑡
, 𝑋

2,𝜇,𝑥2

𝑠2 ,𝑡
, · · · , 𝑋 𝑖−1,𝜇,𝑥𝑖−1

𝑠𝑖−1 ,𝑡
, 𝑧, 𝑋

𝑖+1,𝜇,𝑥𝑖+1

𝑠𝑖+1 ,𝑡
· · · , 𝑋𝑘,𝜇,𝑥𝑘

𝑠𝑘 ,𝑡
), 𝑧 ∈ ℝ

𝑑 ,1 ≤ 𝑖 ≤ 𝑘,

where (𝑃𝜇
𝑠1 ,𝑡

⊗ 𝑃
𝜇
𝑠2 ,𝑡

⊗ · · · ⊗ 𝑃
𝜇
𝑠𝑘 ,𝑡

) is given in (2.5). Then it follows from Fubini’s theorem that

Ψ𝐹 (𝑠1, 𝑠2, · · · , 𝑠𝑘 , 𝑥) = 𝑃
𝜇
𝑠𝑖 ,𝑡

{[T 𝑥1 ,𝑥2 , · · · ,𝑥𝑖−1 ,𝑥𝑖+1 , · · · ,𝑥𝑘
𝑠1 ,𝑠2, · · · ,𝑠𝑖−1,𝑠𝑖+1 , · · · ,𝑠𝑘 ,𝑡 ]𝐹}(𝑥𝑖), 1 ≤ 𝑖 ≤ 𝑘.

Combining this with (3.5), the definition of (L 𝜇
𝑠𝑖 )𝑖 and Fubini’s theorem, we conclude that

𝜕

𝜕𝑠𝑖
Ψ𝐹 (𝑠1, 𝑠2, · · · , 𝑠𝑘 , 𝑥) = −(L 𝜇

𝑠𝑖 )
𝑖 (𝑃𝜇

𝑠1 ,𝑡
⊗ 𝑃

𝜇
𝑠2 ,𝑡

⊗ · · · ⊗ 𝑃
𝜇
𝑠𝑘 ,𝑡

)𝐹, 1 ≤ 𝑖 ≤ 𝑘,

which together with (𝑃𝜇
𝑠,𝑡 )⊗𝑘𝐹 (𝑥) = Ψ𝐹 (𝑠, 𝑠, · · · , 𝑠, 𝑥) and the definition of (L 𝜇

𝑠 )⊗𝑘 yields (3.6).
Now, we now prove condition (i) in Theorem 2.1. Recall that

𝐵𝑖𝑠 (𝑥) =
1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑥𝑖 , 𝑥𝑚) −
∫
ℝ𝑑

𝑏 (1) (𝑥𝑖 , 𝑦)𝜇𝑠 (d𝑦), 𝑥 = (𝑥1, 𝑥2, · · · , 𝑥𝑁 ) ∈ (ℝ𝑑)𝑁 .

Combining (3.6) with Itô’s formula, for any 𝑠 ∈ [0, 𝑡], we have

d[(𝑃𝜇
𝑠,𝑡 )

⊗𝑘𝐹] (𝑋1,𝑁
𝑠 , 𝑋2,𝑁

𝑠 , · · · , 𝑋𝑘,𝑁
𝑠 )

=
[︁
−(L 𝜇

𝑠 )⊗𝑘 (𝑃𝜇
𝑠,𝑡 )

⊗𝑘𝐹
]︁
(𝑋1,𝑁

𝑠 , 𝑋2,𝑁
𝑠 , · · · , 𝑋𝑘,𝑁

𝑠 )d𝑠

+
𝑘∑︂
𝑖=1

⟨𝑏 (0) (𝑋 𝑖,𝑁
𝑠 ),∇𝑖 [(𝑃𝜇

𝑠,𝑡 )
⊗𝑘𝐹] (𝑋1,𝑁

𝑠 , 𝑋2,𝑁
𝑠 , · · · , 𝑋𝑘,𝑁

𝑠 )⟩d𝑠

+
𝑘∑︂
𝑖=1

⟨︄
1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑠 , 𝑋𝑚,𝑁

𝑠 ),∇𝑖 [(𝑃𝜇
𝑠,𝑡 )

⊗𝑘𝐹] (𝑋1,𝑁
𝑠 , 𝑋2,𝑁

𝑠 , · · · , 𝑋𝑘,𝑁
𝑠 )

⟩︄
d𝑠

+ 1
2

𝑘∑︂
𝑖=1

Tr[(𝛽𝐼𝑑×𝑑 + (𝜎𝜎∗)(𝑋 𝑖,𝑁
𝑠 ))∇2

𝑖 [(𝑃
𝜇
𝑠,𝑡 )

⊗𝑘𝐹] (𝑋1,𝑁
𝑠 , 𝑋2,𝑁

𝑠 , · · · , 𝑋𝑘,𝑁
𝑠 )]d𝑠 + d𝑀𝑠

=
𝑘∑︂
𝑖=1

⟨︂
𝐵𝑖𝑠 (𝑋

1,𝑁
𝑠 , 𝑋2,𝑁

𝑠 , · · · , 𝑋𝑁,𝑁
𝑠 ), [∇𝑖 (𝑃𝜇

𝑠,𝑡 )
⊗𝑘𝐹] (𝑋1,𝑁

𝑠 , 𝑋2,𝑁
𝑠 , · · · , 𝑋𝑘,𝑁

𝑠 )
⟩︂

d𝑠 + d𝑀𝑠

for some martingale 𝑀𝑠. Integrating with respect to 𝑠 from 0 to 𝑡 and taking expectation, we arrive at∫
(ℝ𝑑 )𝑘

𝐹 (𝑥){(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 }(d𝑥) −

∫
(ℝ𝑑 )𝑘

{(𝑃𝜇
𝑡 )

⊗𝑘𝐹}(𝑥)(𝜇𝑁0 ◦ 𝜋−1
𝑘 )(d𝑥)

=
∫ 𝑡

0

𝑘∑︂
𝑖=1

∫
(ℝ𝑑 )𝑁

⟨︃
𝐵𝑖𝑠 (𝑥), [∇𝑖 (𝑃

𝜇
𝑠,𝑡 )

⊗𝑘𝐹] (𝜋𝑘 (𝑥))
⟩︃
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥)d𝑠. (3.7)

So, the condition (i) in Theorem 2.1 follows.
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(2) By (1.10)-(1.12) and (Wang, 2018, Theorem 4.1 (1)) for 𝜅2(𝑡) = 0, there exists a constant 𝑐0 > 0
independent of 𝐾0 such that

|∇𝑃
𝜇
𝑟,𝑡 𝑓 | ≤

𝑐0

(𝑡 − 𝑟)1/2 ∧ 1
∥ 𝑓 ∥∞, 0 ≤ 𝑟 < 𝑡, 𝑓 ∈ B𝑏 (ℝ𝑑). (3.8)

One can refer to (Priola and Wang, 2006, Corollary 3.5) for (3.8) in the time homogeneous case and
(Wang, 2011, Theorem 1.1 (1)) for log-Harnack inequality. Hence, condition (ii) in Theorem 2.1 holds.

(3) Firstly, (1.11) implies that

⟨𝑥1 − 𝑥2, 𝑏
(0) (𝑥1) − 𝑏 (0) (𝑥2)⟩ ≤ 𝐾1 |𝑥1 − 𝑥2 |2, 𝑥1, 𝑥2 ∈ ℝ

𝑑 . (3.9)

Then, it is standard to derive from (1.10), (1.12) and (3.9) that

𝔼((1 + |𝑋1
𝑡 |2)

1+𝛿
2 ) ≤ 𝑐0(𝑡)𝜇0 (1 + | · |1+𝛿), 𝑡 ≥ 0 (3.10)

for some increasing function 𝑐0 : [0,∞) → [0,∞). Let 𝑍 𝑖,𝑁𝑡 = 𝑋 𝑖
𝑡 − 𝑋 𝑖,𝑁

𝑡 . By the Itô-Tanaka formula,
or equivalently using 𝜓𝜀 (𝑥) =

√
𝑥2 + 𝜀 to approximate |𝑥 | as 𝜀 → 0, (1.10), (1.12) and (3.9), we derive

d|𝑍 𝑖,𝑁𝑡 | ≤ 𝐾1 |𝑍 𝑖,𝑁𝑡 |d𝑡 + 𝐾𝑏 |𝑍 𝑖,𝑁𝑡 |d𝑡 + 𝐾𝜎 |𝑍 𝑖,𝑁𝑡 |d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍𝑚,𝑁𝑡 |d𝑡

+

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡

+
⟨︄
[𝜎(𝑋 𝑖

𝑡 ) − 𝜎(𝑋 𝑖,𝑁
𝑡 )]d𝐵𝑖𝑡 ,

𝑍 𝑖,𝑁𝑡

|𝑍 𝑖,𝑁𝑡 |
1{ |𝑍 𝑖,𝑁𝑡 |≠0}

⟩︄
,

where we used the fact⟨︄∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦) −

1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑡 , 𝑋𝑚,𝑁

𝑡 ),
𝑍 𝑖,𝑁𝑡

|𝑍 𝑖,𝑁𝑡 |
1{ |𝑍 𝑖,𝑁𝑡 |≠0}

⟩︄

≤

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑡 , 𝑋𝑚,𝑁

𝑡 ) − 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 )

⃓⃓⃓
⃓⃓

+

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓

≤ 𝐾𝑏 |𝑍 𝑖,𝑁𝑡 | + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍𝑚,𝑁𝑡 | +

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓ .

Moreover, Lemma S2 in Huang, Yang and Yuan (2026) and (3.10) imply that we can find an increasing
function 𝑐 : [0,∞) → [0,∞) such that

𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓ ≤ 𝑐(𝑡){1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿

1+𝛿 . (3.11)
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Applying Gronwall’s inequality and (3.11), we get

𝑁∑︂
𝑖=1

𝔼|𝑍 𝑖,𝑁𝑠 | ≤ e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠
𝑁∑︂
𝑖=1

𝔼|𝑍 𝑖,𝑁0 |

+ e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠𝑠𝑐(𝑠){1 + ∥𝜇0∥1+𝛿}𝑁𝑁− 𝛿
1+𝛿 . (3.12)

Since {𝑋 𝑖,𝑁
𝑠 }𝑁𝑖=1 are exchangeable, we derive from (3.12) and (3.11) that∫

(ℝ𝑑 )𝑁

⃓⃓
𝐵1
𝑠 (𝑥)

⃓⃓
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥) = 1
𝑁

𝑁∑︂
𝑖=1

𝔼

⃓⃓⃓
𝐵𝑖𝑠 (𝑋

1,𝑁
𝑠 , 𝑋2,𝑁

𝑠 , · · · , 𝑋𝑁,𝑁
𝑠 )

⃓⃓⃓

=
1
𝑁

𝑁∑︂
𝑖=1

𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑠 , 𝑋𝑚,𝑁

𝑠 ) −
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖,𝑁
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

⃓⃓⃓
⃓⃓

≤ 1
𝑁

𝑁∑︂
𝑖=1

𝔼

⃓⃓⃓
⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑠 , 𝑋𝑚,𝑁

𝑠 ) −
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖,𝑁
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

−
(︃

1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑋

𝑚
𝑠 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

)︃ ⃓⃓⃓⃓
+ 1

𝑁

𝑁∑︂
𝑖=1

𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑋

𝑚
𝑠 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

⃓⃓⃓
⃓⃓

≤ 3𝐾𝑏
1
𝑁

𝑁∑︂
𝑖=1

𝔼|𝑋 𝑖,𝑁
𝑠 − 𝑋 𝑖

𝑠 | + 𝑐(𝑠){1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿

≤ 3𝐾𝑏e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠 1
𝑁

𝑁∑︂
𝑖=1

𝔼|𝑍 𝑖,𝑁0 |

+ {3𝐾𝑏e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠𝑠𝑐(𝑠) + 𝑐(𝑠)}{1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿 .

Letting 𝑔(𝑠) = max{3𝐾𝑏e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠 ,3𝐾𝑏e(𝐾1+2𝐾𝑏+𝐾𝜎 )𝑠𝑠𝑐(𝑠) + 𝑐(𝑠)}, and taking infimum with
respect to (𝑋 𝑖,𝑁

0 , 𝑋 𝑖
0)1≤𝑖≤𝑁 with L(𝑋𝑖,𝑁0 )1≤𝑖≤𝑁

= 𝜇𝑁0 ,L(𝑋𝑖0 )1≤𝑖≤𝑁
= 𝜇⊗𝑁

0 , we get∫
(ℝ𝑑 )𝑁

⃓⃓
𝐵1
𝑠 (𝑥)

⃓⃓
{(𝑃[𝑁 ],𝑁

𝑠 )∗𝜇𝑁0 }(d𝑥)

≤ 𝑔(𝑠)
{︃

1
𝑁
𝕎ℓ1 (𝜇

𝑁
0 , 𝜇⊗𝑁

0 ) + {1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿

}︃
. (3.13)

Therefore, the condition (iii) in Theorem 2.1 is verified.
(4) To verify condition (iv) in Theorem 2.1 under (A), we adopt the technique of asymptotic reflection

coupling. For any 𝜀 ∈ (0,1], let 𝜋𝜀𝑅 ∈ [0,1] and 𝜋𝜀𝑆 be two Lipschitz continuous function on [0,∞)
satisfying

𝜋𝜀𝑅 (𝑥) =
{︃

1, 𝑥 ≥ 𝜀;
0, 𝑥 ≤ 𝜀

2
, (𝜋𝜀𝑅)

2 + (𝜋𝜀𝑆 )
2 = 1. (3.14)
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Let {𝑊̃ 𝑖
𝑡 }𝑖≥1 be independent Brownian motions and independent of {𝑊 𝑖

𝑡 , 𝐵
𝑖
𝑡 }𝑖≥1. Construct

d𝑋̃ 𝑖
𝑡 = 𝑏 (0) ( 𝑋̃ 𝑖

𝑡 )d𝑡 +
∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)d𝑡

+
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)d𝑊 𝑖

𝑡 +
√︁
𝛽𝜋𝜀𝑆 (|𝑍̃

𝑖,𝑁
𝑡 |)d𝑊̃ 𝑖

𝑡 + 𝜎( 𝑋̃ 𝑖
𝑡 )d𝐵𝑖𝑡 ,

and

d𝑋̃ 𝑖,𝑁
𝑡 = 𝑏 (0) ( 𝑋̃ 𝑖,𝑁

𝑡 )d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖,𝑁
𝑡 , 𝑋̃𝑚,𝑁

𝑡 )d𝑡

+
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |) (𝐼𝑑×𝑑 − 2𝑈̃𝑖,𝑁

𝑡 ⊗ 𝑈̃𝑖,𝑁
𝑡 )d𝑊 𝑖

𝑡

+
√︁
𝛽𝜋𝜀𝑆 (|𝑍̃

𝑖,𝑁
𝑡 |)d𝑊̃ 𝑖

𝑡 + 𝜎( 𝑋̃ 𝑖,𝑁
𝑡 )d𝐵𝑖𝑡 ,

where 𝑍̃ 𝑖,𝑁𝑡 = 𝑋̃ 𝑖
𝑡 − 𝑋̃ 𝑖,𝑁

𝑡 , 𝑈̃𝑖,𝑁
𝑡 =

𝑍̃ 𝑖,𝑁𝑡
| 𝑍̃ 𝑖,𝑁𝑡 |

1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0} and L(𝑋̃𝑖,𝑁0 )1≤𝑖≤𝑁
= 𝜇𝑁0 and L(𝑋̃𝑖0 )1≤𝑖≤𝑁

= 𝜇⊗𝑁
0 . By

the Itô-Tanaka formula, (1.10), (1.11) and (1.12), we have

d|𝑍̃ 𝑖,𝑁𝑡 | ≤
⟨︄
𝑏0 ( 𝑋̃ 𝑖

𝑡 ) − 𝑏0 ( 𝑋̃ 𝑖,𝑁
𝑡 ),

𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄
d𝑡 + 𝐾𝑏 |𝑍̃ 𝑖,𝑁𝑡 |d𝑡

+ 1
2
∥𝜎( 𝑋̃ 𝑖,𝑁

𝑡 ) − 𝜎( 𝑋̃ 𝑖
𝑡 )∥2

𝐻𝑆

1
|𝑍̃ 𝑖,𝑁𝑡 |

1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍̃𝑚,𝑁𝑡 |d𝑡

+

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑋̃

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡

+
⟨︄
[𝜎( 𝑋̃ 𝑖

𝑡 ) − 𝜎( 𝑋̃ 𝑖,𝑁
𝑡 )]d𝐵𝑖𝑡 ,

𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄

+ 2
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)

⟨︄
𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0} ,d𝑊

𝑖
𝑡

⟩︄

≤ 𝛾(|𝑍̃ 𝑖,𝑁𝑡 |)d𝑡 + 𝐾𝑏 |𝑍̃ 𝑖,𝑁𝑡 |d𝑡 + 𝐾𝜎 |𝑍̃ 𝑖,𝑁𝑡 |d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍̃𝑚,𝑁𝑡 |d𝑡

+

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑋̃

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡

+
⟨︄
[𝜎( 𝑋̃ 𝑖

𝑡 ) − 𝜎( 𝑋̃ 𝑖,𝑁
𝑡 )]d𝐵𝑖𝑡 ,

𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄

+ 2
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)

⟨︄
𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0} ,d𝑊

𝑖
𝑡

⟩︄
,
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where we used⟨︄∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦) −

1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖,𝑁
𝑡 , 𝑋̃𝑚,𝑁

𝑡 ),
𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄

≤ 𝐾𝑏 |𝑍̃ 𝑖,𝑁𝑡 | + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍̃𝑚,𝑁𝑡 | +

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑋̃

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓ .

Let 𝛾̃(𝑣) = 𝛾(𝑣) + 𝐾𝜎𝑣, 𝑣 ≥ 0, and define

𝑓 (𝑟) =
∫ 𝑟

0
e−

1
2𝛽

∫ 𝑢
0 𝛾̃ (𝑣)d𝑣

∫ ∞

𝑢
𝑠e

1
2𝛽

∫ 𝑠
0 𝛾̃ (𝑣)d𝑣d𝑠d𝑢, 𝑟 ≥ 0.

Then one can see that {︄
𝑓 ′ (𝑟) = e−

1
2𝛽

∫ 𝑟
0 𝛾̃ (𝑣)d𝑣 ∫ ∞

𝑟
𝑠e

1
2𝛽

∫ 𝑠
0 𝛾̃ (𝑣)d𝑣d𝑠 > 0,

𝑓 ′′ (𝑟) = − 1
2𝛽 𝛾̃(𝑟) 𝑓

′ (𝑟) − 𝑟.
(3.15)

Moreover, noting that 𝛾(𝑣) ≥ −𝐾2𝑣, we derive∫ ∞

0
𝑠e

1
2𝛽

∫ 𝑠
0 {𝛾 (𝑣)+𝐾𝜎𝑣}d𝑣d𝑠 ≥

∫ ∞

0
𝑠e

−(𝐾2−𝐾𝜎 )𝑠2
4𝛽 d𝑠 =

2𝛽
𝐾2 − 𝐾𝜎

.

Combining this with (1.13), we have

𝐾𝑏 <
𝐾2 − 𝐾𝜎

2
. (3.16)

Recall that

𝛾(𝑟) =
⎧⎪⎪⎨⎪⎪⎩
𝐾1𝑟, 𝑟 ≤ 𝑅;
{−𝐾1+𝐾2

𝑅 (𝑟 − 𝑅) + 𝐾1}𝑟, 𝑅 ≤ 𝑟 ≤ 2𝑅;
−𝐾2𝑟, 𝑟 > 2𝑅

for 𝐾2 > 𝐾𝑏 + 𝐾𝜎 due to (3.16). Letting ℓ0 = {1 + 𝐾1+𝐾𝜎
𝐾1+𝐾2

}𝑅, it is not difficult to see that

𝛾̃(𝑟) ≥ 0, 𝑟 ∈ [0, ℓ0]; 𝛾̃(𝑟) < 0, 𝑟 ∈ (ℓ0,∞).

By (3.15), we derive

𝑓 ′′ (𝑟) ≤ 0, 𝑟 ∈ [0, ℓ0] . (3.17)

In view of the definition of 𝛾 and 𝛾̃, we conclude that 𝑟
−𝛾̃ (𝑟 ) is decreasing in (ℓ0,∞). This combined

with the integration by parts formula gives∫ ∞

𝑟
𝑠e

1
2𝛽

∫ 𝑠
0 𝛾̃ (𝑣)d𝑣d𝑠 =

∫ ∞

𝑟

2𝛽𝑠
𝛾̃(𝑠)

(︃
d
d𝑠

e
1

2𝛽
∫ 𝑠

0 𝛾̃ (𝑣)d𝑣
)︃

d𝑠 ≤ − 2𝛽𝑟
𝛾̃(𝑟) e

1
2𝛽

∫ 𝑟
0 𝛾̃ (𝑣)d𝑣

, 𝑟 > ℓ0,

which together with (3.15) yields 𝑓 ′′ (𝑟) ≤ 0, 𝑟 ∈ (ℓ0,∞). This as well as (3.17) means that 𝑓 ′′ ≤ 0 so
that 𝑓 (𝑟) ≤ 𝑓 ′ (0)𝑟 and 𝑓 (𝑟 )

𝑟 is decreasing on (0,∞). As a result, we derive from (3.15) that

inf
𝑟>0

𝑓 (𝑟)
𝑟

= lim
𝑟→∞

𝑓 (𝑟)
𝑟

= lim
𝑟→∞

𝑓 ′ (𝑟) = lim
𝑟→∞

∫ ∞
𝑟

𝑠e
1

2𝛽
∫ 𝑠

0 𝛾̃ (𝑣)d𝑣d𝑠

e
1

2𝛽
∫ 𝑟

0 𝛾̃ (𝑣)d𝑣
=

2𝛽
𝐾2 − 𝐾𝜎

.
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So, we conclude that

2𝛽
𝐾2 − 𝐾𝜎

𝑟 ≤ 𝑓 (𝑟) ≤ 𝑓 ′ (0)𝑟, 𝑟 ≥ 0. (3.18)

By Itô’s formula and 𝑓 ′′ ≤ 0, we have

d 𝑓 (|𝑍̃ 𝑖,𝑁𝑡 |) ≤ 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝛾̃(|𝑍̃ 𝑖,𝑁𝑡 |)d𝑡 + 2𝛽 𝑓 ′′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝜋𝜀𝑅 (|𝑍̃
𝑖,𝑁
𝑡 |)2d𝑡

+ 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑋̃

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡

+ 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)
⟨︄
[𝜎( 𝑋̃ 𝑖

𝑡 ) − 𝜎( 𝑋̃ 𝑖,𝑁
𝑡 )]d𝐵𝑖𝑡 ,

𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄
(3.19)

+ 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)2
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)

⟨︄
𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0} ,d𝑊

𝑖
𝑡

⟩︄

+ 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝐾𝑏 |𝑍̃ 𝑖,𝑁𝑡 |d𝑡 + 𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |) 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍̃𝑚,𝑁𝑡 |d𝑡.

It follows from the second equation of (3.15) and ∥ 𝑓 ′ ∥∞ = 𝑓 ′ (0) that

𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝛾̃(|𝑍̃ 𝑖,𝑁𝑡 |) + 2𝛽 𝑓 ′′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝜋𝜀𝑅 (|𝑍̃
𝑖,𝑁
𝑡 |)2

≤
(︂
𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)𝛾̃(|𝑍̃ 𝑖,𝑁𝑡 |) + 2𝛽 𝑓 ′′ ( |𝑍̃ 𝑖,𝑁𝑡 |)

)︂
𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)2 + ∥ 𝑓 ′ ∥∞

{︄
sup

𝑠∈[0, 𝜀 ]
𝛾+(𝑠) + 𝐾𝜎𝜀

}︄

≤ −2𝛽 |𝑍̃ 𝑖,𝑁𝑡 | + 2𝛽 |𝑍̃ 𝑖,𝑁𝑡 |
(︂
1 − 𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)2

)︂
+ ∥ 𝑓 ′ ∥∞

{︄
sup

𝑠∈[0, 𝜀 ]
𝛾+(𝑠) + 𝐾𝜎𝜀

}︄

≤ −2𝛽 |𝑍̃ 𝑖,𝑁𝑡 | + 2𝛽𝜀 + 𝑓 ′ (0)
{︄

sup
𝑠∈[0, 𝜀 ]

𝛾+(𝑠) + 𝐾𝜎𝜀

}︄
.

This combined with (3.18) and (3.19) gives

d
𝑁∑︂
𝑖=1

𝑓 (|𝑍̃ 𝑖,𝑁𝑡 |) ≤ −
{︃

2𝛽
𝑓 ′ (0) − 𝑓 ′ (0) (𝐾2 − 𝐾𝜎)

𝛽
𝐾𝑏

}︃ 𝑁∑︂
𝑖=1

𝑓 (|𝑍̃ 𝑖,𝑁𝑡 |)d𝑡

+ 2
𝑁∑︂
𝑖=1

𝛽𝜀d𝑡 + 𝑓 ′ (0)
𝑁∑︂
𝑖=1

{︄
sup

𝑠∈[0, 𝜀 ]
𝛾+(𝑠) + 𝐾𝜎𝜀

}︄
d𝑡

+
𝑁∑︂
𝑖=1

𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑋̃

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡

+
𝑁∑︂
𝑖=1

𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)
⟨︄
[𝜎( 𝑋̃ 𝑖

𝑡 ) − 𝜎( 𝑋̃ 𝑖,𝑁
𝑡 )]d𝐵𝑖𝑡 ,

𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0}

⟩︄
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+
𝑁∑︂
𝑖=1

𝑓 ′ ( |𝑍̃ 𝑖,𝑁𝑡 |)2
√︁
𝛽𝜋𝜀𝑅 (|𝑍̃

𝑖,𝑁
𝑡 |)

⟨︄
𝑍̃ 𝑖,𝑁𝑡

|𝑍̃ 𝑖,𝑁𝑡 |
1{ | 𝑍̃ 𝑖,𝑁𝑡 |≠0} ,d𝑊

𝑖
𝑡

⟩︄
.

Let 𝜆 = 2𝛽
𝑓 ′ (0) − 𝑓 ′ (0) (𝐾2−𝐾𝜎 )

𝛽 𝐾𝑏. Then (1.13) and the fact that 𝑓 ′ (0) =
∫ ∞

0 𝑠e
1

2𝛽
∫ 𝑠

0 𝛾̃ (𝑣)d𝑣d𝑠 imply
𝜆 > 0. Hence, it follows that

𝑁∑︂
𝑖=1

𝔼 𝑓 (|𝑍̃ 𝑖,𝑁𝑡 |) ≤ exp {−𝜆𝑡}
𝑁∑︂
𝑖=1

𝔼 𝑓 (|𝑍̃ 𝑖,𝑁0 |)

+ 𝑁

∫ 𝑡

0
exp {−𝜆(𝑡 − 𝑠)}

{︄
2𝛽𝜀 + 𝑓 ′ (0)

{︄
sup

𝑠∈[0, 𝜀 ]
𝛾+(𝑠) + 𝐾𝜎𝜀

}︄}︄
d𝑠 (3.20)

+
∫ 𝑡

0
exp {−𝜆(𝑡 − 𝑠)} 𝑓 ′ (0)𝑁𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑠 , 𝑋̃

𝑚
𝑠 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

⃓⃓⃓
⃓⃓d𝑠.

Next, we prove that there exists a constant 𝑐0 > 0 such that

𝔼| 𝑋̃ 𝑖
𝑡 |1+𝛿 ≤ 𝑐0(1 + 𝔼| 𝑋̃ 𝑖

0 |
1+𝛿), 𝑡 ≥ 0. (3.21)

It follows from Itô’s formula that

d(1 + | 𝑋̃ 𝑖
𝑡 |2) = 2⟨𝑋̃ 𝑖

𝑡 , 𝑏
(0) ( 𝑋̃ 𝑖

𝑡 )⟩d𝑡 + 2
⟨︃
𝑋̃ 𝑖
𝑡 ,

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⟩︃
d𝑡

+ 𝛽𝑑d𝑡 + ∥𝜎( 𝑋̃ 𝑖
𝑡 )∥2

𝐻𝑆d𝑡 + d𝑀̃𝑡 , 𝑡 ≥ 0

for some martingale 𝑀̃𝑡 . By (A), we can find a constant 𝐶0 > 0 such that

2⟨𝑥, 𝑏 (0) (𝑥)⟩ + 2
⟨︃
𝑥,

∫
ℝ𝑑

𝑏 (1) (𝑥, 𝑦)𝜇𝑡 (d𝑦)
⟩︃
+ 𝛽𝑑 + ∥𝜎(𝑥)∥2

𝐻𝑆

≤ (2𝐾1 + 2𝐾2) |𝑥 |21{ |𝑥 | ≤2𝑅} − (2𝐾2 − 2𝐾𝜎) |𝑥 |2 + 2⟨𝑥, 𝑏 (0) (0)⟩ + 𝛽𝑑

+ 2
√︁

2𝐾𝜎 ∥𝜎(0)∥𝐻𝑆 |𝑥 | + ∥𝜎(0)∥2
𝐻𝑆 + 2|𝑥 |𝐾𝑏 (|𝑥 | + 𝜇𝑡 (| · |)) + 2|𝑥 | |𝑏 (1) (0,0) |

≤ (2𝐾1 + 2𝐾2)4𝑅2 + 𝛽𝑑 + ∥𝜎(0)∥2
𝐻𝑆 − (2𝐾2 − 2𝐾𝜎 − 4𝐾𝑏) |𝑥 |2

+ 2|𝑥 | ( |𝑏 (0) (0) | +
√︁

2𝐾𝜎 ∥𝜎(0)∥𝐻𝑆 + |𝑏 (1) (0,0) |) − 2𝐾𝑏 |𝑥 |2 + 2(1 + |𝑥 |2)
1
2 𝐾𝑏𝜇𝑡 (| · |)

≤ 𝐶0 − (𝐾2 − 𝐾𝜎 − 2𝐾𝑏)(1 + |𝑥 |2) − 2𝐾𝑏 (1 + |𝑥 |2) + 2(1 + |𝑥 |2)
1
2 𝐾𝑏𝜇𝑡 (| · |)

=𝐶0 − (𝐾2 − 𝐾𝜎 − 2𝐾𝑏)(1 + |𝑥 |2)

+ (1 + |𝑥 |2)
1−𝛿

2 {−2𝐾𝑏 (1 + |𝑥 |2)
1+𝛿

2 + 2(1 + |𝑥 |2)
𝛿
2 𝐾𝑏𝜇𝑡 (| · |)}

≤ 𝐶0 − (𝐾2 − 𝐾𝜎 − 2𝐾𝑏)(1 + |𝑥 |2)

+ (1 + |𝑥 |2)
1−𝛿

2 2𝐾𝑏
1

1 + 𝛿

{︂
−(1 + |𝑥 |2)

1+𝛿
2 + 𝜇𝑡 ((1 + | · |2)

1+𝛿
2 )

}︂
, 𝑥 ∈ ℝ

𝑑 .
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This together with the Itô formula gives

d(1 + | 𝑋̃ 𝑖
𝑡 |2)

1+𝛿
2 ≤ 𝐶1d𝑡 − 1 + 𝛿

2
(𝐾2 − 𝐾𝜎 − 2𝐾𝑏)(1 + | 𝑋̃ 𝑖

𝑡 |2)
1+𝛿

2 d𝑡

+ 𝐾𝑏

{︂
−(1 + | 𝑋̃ 𝑖

𝑡 |2)
1+𝛿

2 + 𝜇𝑡 ((1 + | · |2)
1+𝛿

2 )
}︂
+ d𝑀̄𝑡 , 𝑡 ≥ 0.

Combining this with (3.16) yields (3.21). Then, applying Lemma S2 from Huang, Yang and Yuan
(2026) implies

𝔼

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) ( 𝑋̃ 𝑖
𝑠 , 𝑋̃

𝑚
𝑠 ) −

∫
ℝ𝑑

𝑏 (1) ( 𝑋̃ 𝑖
𝑠 , 𝑦)𝜇𝑠 (d𝑦)

⃓⃓⃓
⃓⃓ ≤ 𝑐0{1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿

1+𝛿 , 𝑠 ≥ 0 (3.22)

for some constant 𝑐0 > 0. Note that different from (3.11), 𝑐0 in (3.22) is independent of 𝑠. Substituting
(3.22) into (3.20) and applying (3.18), we can find some constant 𝑐1 > 0 such that

𝑁∑︂
𝑖=1

𝔼|𝑍̃ 𝑖,𝑁𝑡 | ≤ 𝑐1e−𝜆𝑡
𝑁∑︂
𝑖=1

𝔼|𝑍̃ 𝑖,𝑁0 | + 𝑐1𝑁{1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿

+ 𝑐1

{︄
2𝛽𝜀 + 𝑓 ′ (0)

{︄
sup

𝑠∈[0, 𝜀 ]
𝛾+(𝑠) + 𝐾𝜎𝜀

}︄}︄
.

Letting 𝜀 → 0, we derive

𝕎ℓ1 ((𝑃
[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑁 ) ≤ 𝑐1e−𝜆𝑡
𝑁∑︂
𝑖=1

𝔼|𝑍̃ 𝑖,𝑁0 | + 𝑐1𝑁{1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿 .

Taking infimum with respect to ( 𝑋̃ 𝑖,𝑁
0 , 𝑋̃ 𝑖

0)1≤𝑖≤𝑁 with L(𝑋̃𝑖,𝑁0 )1≤𝑖≤𝑁
= 𝜇𝑁0 ,L(𝑋̃𝑖0 )1≤𝑖≤𝑁

= 𝜇⊗𝑁
0 , we get

𝕎ℓ1 ((𝑃
[𝑁 ],𝑁
𝑡 )∗𝜇𝑁0 , (𝑃∗

𝑡 𝜇0)⊗𝑁 ) ≤ 𝑐1e−𝜆𝑡𝕎ℓ1 (𝜇
𝑁
0 , 𝜇⊗𝑁

0 ) + 𝑐1𝑁{1 + ∥𝜇0∥1+𝛿}𝑁− 𝛿
1+𝛿 .

Therefore, condition (iv) in Theorem 2.1 holds. Finally, applying Theorem 2.1, we complete the proof.

4. 𝜶-stable noise case
Recall that a 𝑑-dimensional rotationally invariant 𝛼-stable process has Lévy measure 𝜈𝛼 (d𝑧) = 𝑐𝑑,𝛼

|𝑧 |𝑑+𝛼 d𝑧
for some constant 𝑐𝑑,𝛼 > 0 and the generator −(−Δ) 𝛼2 is defined by

−(−Δ)
𝛼
2 𝑓 (𝑥) =

∫
ℝ𝑑−{0}

{ 𝑓 (𝑥 + 𝑧) − 𝑓 (𝑥) − ⟨∇ 𝑓 (𝑥), 𝑧⟩1{ |𝑧 | ≤1} }𝜈𝛼 (d𝑧), 𝑓 ∈ 𝐶2
𝑏 (ℝ

𝑑), ∥ 𝑓 ∥∞ ≤ 1.

Let 𝑏 (0) , 𝑏 (1) and {𝑍 𝑖𝑡 }𝑖≥1 be introduced in Section 2 with 𝑛 = 𝑑 and 𝜎 = 𝐼𝑑×𝑑 . The equations (2.1)
and (2.2) reduce to

d𝑋 𝑖,𝑁
𝑡 = 𝑏 (0) (𝑋 𝑖,𝑁

𝑡 )d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖,𝑁
𝑡 , 𝑋𝑚,𝑁

𝑡 )d𝑡 + d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁,
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d𝑋 𝑖
𝑡 = 𝑏 (0) (𝑋 𝑖

𝑡 )d𝑡 +
∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)L𝑋𝑖𝑡

(d𝑦)d𝑡 + d𝑍 𝑖𝑡 , 1 ≤ 𝑖 ≤ 𝑁,

respectively. We make the following assumptions.

(B1) The generator of 𝑍 𝑖𝑡 is −(−Δ) 𝛼2 for some 𝛼 ∈ (1,2).
(B2) 𝑏 (0) is continuous. There exist ℓ0 > 0, 𝐾1 ≥ 0, 𝐾2 > 0 and 𝐾𝑏 ≥ 0 such that

⟨𝑥 − 𝑦, 𝑏 (0) (𝑥) − 𝑏 (0) (𝑦)⟩ ≤ 𝐾1 |𝑥 − 𝑦 |21{ |𝑥−𝑦 | ≤ℓ0 } − 𝐾2 |𝑥 − 𝑦 |21{ |𝑥−𝑦 |>ℓ0 } , (4.1)

and

|𝑏 (1) (𝑥, 𝑦) − 𝑏 (1) (𝑥, 𝑦̃) | ≤ 𝐾𝑏 (|𝑥 − 𝑥 | + |𝑦 − 𝑦̃ |), 𝑥, 𝑥, 𝑦, 𝑦̃ ∈ ℝ
𝑑 .

Recall that for two measures 𝜁, 𝜁 on ℝ
𝑑 , 𝜁 ∧ 𝜁 = 𝜁 − (𝜁 − 𝜁)+. Let

𝐽𝛼 (𝑠) = inf
𝑥∈ℝ𝑑 , |𝑥 | ≤𝑠

(𝜈𝛼 ∧ (𝛿𝑥 ∗ 𝜈𝛼))(ℝ𝑑), 𝑠 ≥ 0, (4.2)

here

𝛿𝑥 ∗ 𝜈𝛼 (d𝑧) = 𝜈𝛼 (d𝑧 − 𝑥) =
𝑐𝑑,𝛼

|𝑧 − 𝑥 |𝑑+𝛼
d𝑧, 𝑥 ∈ ℝ

𝑑 ,

and hence

(𝜈𝛼 ∧ (𝛿𝑥 ∗ 𝜈𝛼))(d𝑧) =
𝑐𝑑,𝛼

(|𝑧 | ∨ |𝑧 − 𝑥 |)𝑑+𝛼
d𝑧, 𝑥 ∈ ℝ

𝑑 .

By (Luo and Wang, 2019, Example 1.2), there exist constants 𝜅 > 0 and 𝑐𝑑,𝛼 > 0 such that

𝐽𝛼 (𝑠) ≥ 𝑐𝑑,𝛼𝑠
−𝛼, 𝑠 ∈ (0, 𝜅] . (4.3)

In fact, for any 𝑟 > 0 and 𝑥 ∈ ℝ
𝑑 with |𝑥 | = 𝑟 , it holds

(𝜈𝛼 ∧ (𝛿𝑥 ∗ 𝜈𝛼))(ℝ𝑑) =
∫
ℝ𝑑

𝑐𝑑,𝛼

(|𝑧 | ∨ |𝑧 − 𝑥 |)𝑑+𝛼
d𝑧 ≥

∫
|𝑧 | ≤ 𝑟2

𝑐𝑑,𝛼

(|𝑧 | ∨ |𝑧 − 𝑥 |)𝑑+𝛼
d𝑧

≥ 2𝑑+𝛼

3𝑑+𝛼
𝑐𝑑,𝛼𝑟

−𝑑−𝛼
∫
|𝑧 | ≤ 𝑟2

d𝑧 = 𝑐𝑑,𝛼𝑟
−𝛼 .

So, we have

𝐽𝛼 (𝑠) = inf
0≤𝑟≤𝑠

inf
𝑥∈ℝ𝑑 , |𝑥 |=𝑟

(𝜈𝛼 ∧ (𝛿𝑥 ∗ 𝜈𝛼))(ℝ𝑑) ≥ inf
0≤𝑟≤𝑠

𝑐𝑑,𝛼𝑟
−𝛼 = 𝑐𝑑,𝛼𝑠

−𝛼, 𝑠 > 0.

Moreover, let 𝜂 ∈ (0,1) and take

𝜎𝜂 (𝑟) =
𝑐𝑑,𝛼 (𝜅 ∧ (2ℓ0))2−𝛼

2(2ℓ0)1+𝜂 𝑟𝜂 , 𝑟 ∈ [0,2ℓ0] . (4.4)

Then 𝜎𝜂 ∈ 𝐶 ([0,2ℓ0]) ∩𝐶2((0,2ℓ0]) and it is a nondecreasing and concave function. Note that

𝑐𝑑,𝛼 (𝜅 ∧ (2ℓ0))2−𝛼

2(2ℓ0)1+𝜂 = inf
𝑟∈[0,2ℓ0 ]

𝑐𝑑,𝛼 (𝜅 ∧ 𝑟)2−𝛼

2𝑟1+𝜂 .
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This, together with (4.3) and (4.4) implies that

𝜎𝜂 (𝑟) ≤
1
2𝑟

𝐽𝛼 (𝜅 ∧ 𝑟)(𝜅 ∧ 𝑟)2, 𝑟 ∈ [0,2ℓ0] . (4.5)

Let

𝑔𝜂 (𝑟) =
(︃
1 + 𝐾1

𝐾2

)︃ ∫ 𝑟

0

1
𝜎𝜂 (𝑠)

d𝑠, 𝑟 ∈ [0,2ℓ0], 𝑐1 = e−2𝐾2𝑔𝜂 (2ℓ0 ) . (4.6)

Theorem 4.1. Assume (B1)-(B2). Let 𝜇0 ∈ P1+𝛿 (ℝ𝑑) for some 𝛿 ∈ (0, 𝛼 − 1) and 𝜇𝑁0 ∈ P1 ((ℝ𝑑)𝑁 )

be exchangeable. If 𝐾𝑏 <
2𝑐2

1𝐾2
(1+𝑐1 )2 , then there exist positive constants 𝑐 and 𝜆 such that

∥(𝑃[𝑘 ],𝑁
𝑡 )∗𝜇𝑁0 − (𝑃∗

𝑡 𝜇0)⊗𝑘 ∥𝑇𝑉

≤ 𝑘𝑐e−𝜆𝑡
𝕎ℓ1 (𝜇𝑁0 , 𝜇⊗𝑁

0 )
𝑁

+ 𝑐{1 + ∥𝜇0∥1+𝛿}𝑘𝑁− 𝛿
1+𝛿 , 1 ≤ 𝑘 ≤ 𝑁, 𝑡 ≥ 1. (4.7)

Remark 4.2. (1) The condition 𝔼|𝑍 𝑖𝑡 |2 < ∞ in (Liang, Majka and Wang, 2021, Theorem 1.2) is no
longer required in Theorem 4.1, which is attributed to Lemma S2 in Huang, Yang and Yuan (2026).

(2) One may try to adopt the entropy method in Bresch, Jabin and Wang (2023), Jabin and Wang
(2018, 2016) to derive the PoC in relative entropy in 𝛼-stable noise case. However, there exist essential
difficulties. Let us illustrate it in detail. Let 𝑛 = 𝑑, 𝑏𝑖 : ℝ𝑑 → ℝ

𝑑 , 𝑖 = 1,2 be measurable. Denote by 𝑃𝑖𝑡
the associated semigroup to the generator

L 𝑖 = ⟨𝑏𝑖 ,∇⟩ − (−Δ)
𝛼
2 , 𝑖 = 1,2.

By formal calculation and the Kolmogorov forward equation for 𝑃1
𝑡 and the Kolmogorov backward

equation for 𝑃2
𝑡 , for a smooth and positive 𝑓 , it holds that

𝑃1
𝑡 log( 𝑓 ) − log(𝑃2

𝑡 𝑓 ) =
∫ 𝑡

0

(︄
d𝑃1

𝑠 log(𝑃2
𝑡−𝑠 𝑓 )

d𝑠

)︄
d𝑠

=
∫ 𝑡

0
[𝑃1

𝑠{(𝑃2
𝑡−𝑠 𝑓 )−1⟨𝑏1 − 𝑏2,∇𝑃2

𝑡−𝑠 𝑓 ⟩}]d𝑠 (4.8)

+
∫ 𝑡

0

[︄
−𝑃1

𝑠 (−Δ)
𝛼
2 {log(𝑃2

𝑡−𝑠 𝑓 )} + 𝑃1
𝑠

{︄
(−Δ) 𝛼2 𝑃2

𝑡−𝑠 𝑓

𝑃2
𝑡−𝑠 𝑓

}︄]︄
d𝑠.

When 𝛼 = 2, (4.8), together with the chain rule

Δ{log( 𝑓 )} = − 𝑓 −2 |∇ 𝑓 |2 + 𝑓 −1Δ 𝑓 (4.9)

and the Cauchy-Schwartz inequality, yields that

𝑃1
𝑡 log 𝑓 − log(𝑃2

𝑡 𝑓 ) ≤
1
2

∫ 𝑡

0
𝑃1
𝑠 (|𝑏1 − 𝑏2 |2)d𝑠.

This inequality coincides with the estimate derived by the Girsanov transform. One can also refer to Ren
and Wang (2025) for the entropy estimates of two diffusion processes with different drifts and diffusion
coefficients.



Long time 𝑇𝑉-𝕎ℓ1 type PoC 1453

Unfortunately, when 𝛼 ∈ (0,2), (−Δ) 𝛼2 {log( 𝑓 )} is not so explicit as (4.9). Hence, it seems challenging
to derive an entropy estimate for two semigroups with different drifts in the 𝛼-stable noise case. To our
best knowledge, the PoC in relative entropy in the Lévy noise case, even in the case of 𝛼-stable noise,
remains an open problem.

Proof of Theorem 4.1. Similar to the proof of Theorem 1.1, by the Yosida approximation in (Wang
and Wang, 2014, part (c) of proof of Theorem 2.1) and (3.3), it is sufficient to prove (4.7) for Lipschitz
continuous 𝑏 (0) . So, in the following, we assume that 𝑏 (0) is Lipschitz continuous and we will verify
conditions (i)-(iv) in Theorem 2.1 one by one. We should remark that the proof of conditions (i)-(iii) is
similar to that of Theorem 1.1.

(1) Take (𝑋 𝑖,𝑁
0 )1≤𝑖≤𝑁 and (𝑋 𝑖

0)1≤𝑖≤𝑁 such that L(𝑋𝑖,𝑁0 )1≤𝑖≤𝑁
= 𝜇𝑁0 and L(𝑋𝑖0 )1≤𝑖≤𝑁

= 𝜇⊗𝑁
0 . Fix

𝑡 > 0. Recall that 𝑃𝜇
𝑠,𝑡 and (𝑃𝜇

𝑠,𝑡 )⊗𝑘 are defined in (2.4) and (2.6) respectively. Since 𝑏 (0) and 𝑏 (1) are
Lipschitz continuous, the backward Kolmogorov equation

d𝑃𝜇
𝑠,𝑡 𝑓

d𝑠
= −L 𝜇

𝑠 𝑃
𝜇
𝑠,𝑡 𝑓 , 𝑓 ∈ 𝐶2

𝑏 (ℝ
𝑑), ∥ 𝑓 ∥∞ ≤ 1 (4.10)

holds with

L 𝜇
𝑠 =

⟨︂
𝑏 (0) +

∫
ℝ𝑑

𝑏 (1) (·, 𝑦)𝜇𝑠 (d𝑦),∇
⟩︂
− (−Δ)

𝛼
2 .

For any 𝐹 ∈ 𝐶2
𝑏 ((ℝ

𝑑)𝑘) with ∥𝐹∥∞ ≤ 1, 1 ≤ 𝑖 ≤ 𝑘 , 𝑥 = (𝑥1, · · · , 𝑥𝑘) ∈ (ℝ𝑑)𝑘 , denote

−(−Δ𝑖)
𝛼
2 𝐹 (𝑥) =

∫
ℝ𝑑

{𝐹 (𝑥1, · · · , 𝑥𝑖 + 𝑧, · · · , 𝑥𝑘) − 𝐹 (𝑥) − ⟨∇𝑖𝐹 (𝑥), 𝑧⟩1{ |𝑧 | ≤1} }𝜈𝛼 (d𝑧),

and define

(L 𝜇
𝑠 )⊗𝑘𝐹 (𝑥) =

𝑘∑︂
𝑖=1

{︃ ⟨︃
𝑏 (0) (𝑥𝑖) +

∫
ℝ𝑑

𝑏 (1) (𝑥𝑖 , 𝑦)𝜇𝑠 (d𝑦),∇𝑖𝐹 (𝑥)
⟩︃
− (−Δ𝑖)

𝛼
2 𝐹 (𝑥)

}︃
.

Repeating the argument to derive (3.6) from (3.5), it follows from (4.10) that

d(𝑃𝜇
𝑠,𝑡 )⊗𝑘𝐹
d𝑠

= −(L 𝜇
𝑠 )⊗𝑘 (𝑃𝜇

𝑠,𝑡 )
⊗𝑘𝐹, 𝐹 ∈ 𝐶2

𝑏 ((ℝ
𝑑)𝑘), ∥𝐹∥∞ ≤ 1, 𝑠 ∈ [0, 𝑡] .

This together with the procedure to derive (3.7) from (3.6) implies (i) in Theorem 2.1.
(2) By (Wang and Wang, 2014, Corollary 2.2(2)), there exists a constant 𝑐0 > 0 independent of the

Lipschitz constant of 𝑏 (0) such that

|∇𝑃
𝜇
𝑟,𝑡 𝑓 | ≤ 𝑐0

1
(𝑡 − 𝑟)1/𝛼 ∧ 1

∥ 𝑓 ∥∞, 0 ≤ 𝑟 < 𝑡, 𝑓 ∈ B𝑏 (ℝ𝑑).

This means that (ii) in Theorem 2.1 holds.
(3) Note that (4.1) implies that

⟨𝑥1 − 𝑥2, 𝑏
(0) (𝑥1) − 𝑏 (0) (𝑥2)⟩ ≤ 𝐾1 |𝑥1 − 𝑥2 |2. (4.11)

It is standard to derive from (4.11) and (B1)-(B2) that

𝔼((1 + |𝑋1
𝑡 |2)

1+𝛿
2 ) ≤ 𝑐0(𝑡)𝜇0 (1 + | · |1+𝛿), 𝑡 ≥ 0 (4.12)
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for some increasing function 𝑐0 : [0,∞) → [0,∞). Let 𝑍 𝑖,𝑁𝑡 = 𝑋 𝑖
𝑡 − 𝑋 𝑖,𝑁

𝑡 . It follows from Itô’s formula
and (B2) that

d|𝑍 𝑖,𝑁𝑡 | ≤ 𝐾1 |𝑍 𝑖,𝑁𝑡 |d𝑡 + 𝐾𝑏 |𝑍 𝑖,𝑁𝑡 |d𝑡 + 1
𝑁

𝑁∑︂
𝑚=1

𝐾𝑏 |𝑍𝑚,𝑁𝑡 |d𝑡

+

⃓⃓⃓
⃓⃓ 1
𝑁

𝑁∑︂
𝑚=1

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑋

𝑚
𝑡 ) −

∫
ℝ𝑑

𝑏 (1) (𝑋 𝑖
𝑡 , 𝑦)𝜇𝑡 (d𝑦)

⃓⃓⃓
⃓⃓d𝑡.

Applying Gronwall’s inequality, Lemma S2 in Huang, Yang and Yuan (2026) and (4.12), we get

𝑁∑︂
𝑖=1

𝔼|𝑍 𝑖,𝑁𝑠 | ≤ e(𝐾1+2𝐾𝑏 )𝑠
𝑁∑︂
𝑖=1

𝔼|𝑍 𝑖,𝑁0 | + 𝑐(𝑠){1 + ∥𝜇0∥1+𝛿}𝑁𝑁− 𝛿
1+𝛿

for some increasing function 𝑐 : [0,∞) → [0,∞). By the same argument to derive (3.13) from (3.12),
(iii) in Theorem 2.1 holds.

(4) By Lemma S4 in Huang, Yang and Yuan (2026), we derive the condition (iv) in Theorem 2.1 and
the proof is completed.
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Supplementary Material

Supplement to “Long time 𝑇𝑉-𝕎ℓ1 type propagation of chaos for mean field interacting particle
system” (DOI: 10.3150/25-BEJ1913SUPP; .pdf). Some lemmas for the proofs of main results are
postponed and carried out in a supplementary paper.
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