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In this paper, a general result on the long time 7V-Wg, type propagation of chaos (PoC), one type of the PoC
with regularization effect, is derived for mean field interacting particle system driven by Lévy noise, where TV is
the total variation distance and Wy, is the L!-Wasserstein distance. By using the method of coupling, the general
result is applied to mean field interacting particle system driven by Brownian motion and a(a > 1)-stable noise
respectively, where the non-interacting drift is assumed to be dissipative in long distance.
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1. Introduction

Let (E, p) be a Polish space and & (E) be the set of all probability measures on E equipped with the
weak topology. Let Z; be an n-dimensional Lévy process on some complete filtration probability space
(Q,.7, (ZF1)r>0,P), the characteristic function of which has the form

. 1 ,
Ee'(£:%0) = exp {i(n,f}t - §<a§’§>t+t/ el 1 - i<Zv§>1{|z|s1}V(dZ)}’ §eR”,
R

"—{0}

where n € R, a is an n X n non-negative definite symmetric matrix and v is the Lévy measure with
/Rn(l Alz|?)v(dz) < oo,

Let N > 1 be an integer and (Zﬁ)lsig N be i.i.d. copies of Z;. Consider the mean field interacting
particle system

dXN = b, (xPN, aNyde + oy (XN)dZE, 1<i <N, (1.1)

where b : [0,00) x R? x Z(R4) - R4, 0 : [0,00) xRY — Rd ® R" are measurable and bounded on
bounded sets, ,&f’ stands for the empirical distribution of (X;’N)lsiSN, ie. ﬁf\’ = % Zj.vzl 0 yj.N, and
t

the initial distribution of (1.1) is exchangeable. We also consider the non-interacting particle system
dX! = b, (X!, & ;)dz+(rz(x;'_)dz", 1<i<N, (1.2)

where 2. is the distribution of X; and the initial values (Xé)lsis n are i.i.d.. Note that (1.2) consists
of N independent SDEs behaving as

dXt :bt(Xt,jxr)dt‘FO't(Xt_)dZt, (13)

which is called McKean-Vlasov SDE and was first introduced in McKean (1966).
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The PoC means that the joint distribution of any k particles of (1.1) at time 7 > 0 converges weakly
to that of (1.2) (i.e. (X;’N )1<i<N<oo €xhibits Kac’s chaotic property at ¢ > 0), provided it does so at
time 0. The PoC can be used to describe the dynamical evolution of Kac’s chaotic property (also known
as Boltzmann’s property), which was introduced by Kac (1954—-1955) in his derivation of the spatially
homogeneous Boltzmann equation by taking limit on the master equation for Poisson-like processes.
One can also refer to Sznitman (1991) for more details on PoC.

Recently, numerous results have been established on quantitative PoC in various settings, particularly
for systems driven by Brownian motion. We begin by reviewing several key results relevant to our
current study. The first two types of results pertain to systems with Brownian motion noise, while the
third type extends to systems driven by Lévy noise.

1.1. Entropy-entropy and 7'V-entropy type PoC

When n =d, o = 1344, the entropy method was developed in Bresch, Jabin and Wang (2023), Jabin and
Wang (2018, 2016) to derive the entropy-entropy type PoC:

k ck
Ent((Py ) g 1P po)®) < Bnt(ug lug™) + 7, 1€ [0.T] 1< k<N (1.4)

for some constant ¢ > 0 depending on 7 > 0, here P;puq is the distribution of the solution to (1.3)
with initial distribution o € 2 (R9), (P,k] N)*

exchangeable distribution )’ € Z2((R?)N), u®* denotes the k independent product of 1o, and the
relative entropy of two probability measures is defined as

uév is the distribution of (Xti’N )1<i<k With initial

v(log(§%)), v < p;
Ent = du
nt(v|u) { 00, otherwise.

Recently, Lacker (2023) applies the BBGKY argument to estimate Ent((P, Lk, N)*M(I)V |(P; 10)®%)

directly and then derives the sharp rate % for entropy-entropy type PoC in the case of Lipschitzian
or bounded interaction. Combining the BBGKY argument in Lacker (2023) and the uniform in time
log-Sobolev inequality for fo , Lacker and Flem (2023) shows that the sharp long time entropy-entropy

type PoC, which together with the Pinsker inequality ||u — vllTv < 2Ent(v|u) for the total variation
distance

ly =7llzv = sup |y(f)=7(Nl,
If o<1

implies the sharp uniform in time 7V-entropy type PoC, i.e.

. ck
NP ) = (Piu0) iy < 2En(ud o (o)~ ugh) + 5 1201 <k <N (1)

where for any 1 < k < N, 7y is the projection from (R4)Y to (R9)¥ defined by

2..-

mr(x) = (a2 xR, x=hat x ) e RN,

Quite recently, combining Wang’s Harnack inequality with power, Monmarché, Ren and Wang (2024)
presents explicit conditions for the uniform in time log-Sobolev inequality for .2 in the non-convex
settings, which, together with Lacker and Flem (2023), implies the long time entropty-entropy type PoC
with the sharp rate 11\‘1—22
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1.2. Entropy-W% and TV-W, type PoC

For kinetic mean field interacting particle system, the authors in (Chen et al., 2024, Theorem 2.3)
adopt the synchronous coupling technique to derive W,-W5 type PoC. They then apply the log-Harnack
inequality due to the coupling by change of measure to obtain the entropy—Wg type PoC, i.e. for
s+1>t>5>0,

K1,N . Cik NTN s . k
Ent((Py M) g 1P 0 ™) < =3 W (P M) g (Pia) )P+ 5o 1<k <N

for some constant C; > 0 and a constant C, depending on ¢, s and the variance of Pjuo, where the
L>-Wasserstein distance is defined by

Walu,v)=  inf / Ix = yPr(dx, dy)
7eC(p,v) \ J(Re)kx (R )k

for C(u,v) being the set of all couplings of u and v. The Pinsker inequality implies the TV-W; type
PoC,ie. fors+1>t>s5>0,

VCEF (P Yyl (PLuo)®™) [k
1 2(( s ) ﬂ()3 ( sﬂ()) ) +4/—=Cr, 1 <k <N.
VN(t - )2 N

Both the entropy—W% type PoC and TV-W; type PoC reflect the regularization effect of the stochastic

kLN

(PN Y 1 — (PEpg)®* |7y <

noise which allows the initial distribution ,ug’N to be singular with respect to ;1(1)\’ .

1.3. Wpu-Wp type PoC

In Brownian motion noise case, when there exists a partially dissipative non-interacting drift, the authors
in Durmus et al. (2020) adopt the asymptotic reflection coupling to derive the long time W, -W¢, type
PoC:

[k],Ny+ N * Qk k N  ®N k
We, ((P , (P <e(t)=W R —, t20,1<k<N 1.6
f’l(( t ) Ho (P;10)®") < &( )N & (/10 Ko )+c\/]v (1.6)

for some constant ¢ > 0 and lim,_,«, £(¢) = 0, here the L'-Wasserstein distance Wy, is given by

We, (u,v)= inf ( / pe, (6, y)r(dx,dy) |, w,ve 21 (RHF),
(Rd)kx(Rd)k

neC(u,v)
where
k . .
P ()C,y) :Z |xl _yl|’ X = (xl’xz" o ,xk),y = (yl’yz"" ,yk) € (Rd)k’
i=1
and

Py(RD) = {ye@((Rd)kr i pel(x,0>y<dx><oo}.
(Rcl)k

The asymptotic reflection coupling was introduced in Wang (2015) to study the ergodicity of nonlinear
monotone SPDEs. One can also refer to (Liu, Wu and Zhang, 2021, Theorem 2.11(b)) for PoC in Wy,
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if /J(I)V = ,uffN . The asymptotic reflection coupling can be also applied to study the long-time behavior of
one-dimensional McKean-Vlasov SDEs with common noise in Bao and Wang (2025). In general Lévy
noise case, Liang, Majka and Wang (2021) derives the long time W, -W¢, type PoC (1.6) for interacting
particle system by using the asymptotic refined basic coupling.

However, the initial conditions required for the entropy-entropy type PoC and entropy-Wi type PoC
in the case of Brownian motion noise appear somewhat restrictive. To illustrate this, consider the initial
condition X,V =XV = = X"V with P(X[N =x+VN) = 1-P(X[" =x) = L, and X} =x,i > L.
In this case, we observe that Ent(u(l)V |,u§’N) = oo and %Wg (u(l)v, ﬂg’N)z = 1. This prevents Kac’s chaotic

property at t > 0. However, it holds %ng ( ;1(’)\’ , ,u?N ) = —L. This encourages us to weaken the initial

R

conditions and present a new type PoC: TV-W,, type PoC, see for instance (1.14) below.
Furthermore, fewer results are available for the PoC in the total variation distance in Lévy noise case.

We will extend the TV-W,, type PoC to the case of Lévy noise. The main tool we employ in the proof

is the Duhamel formula in the literature (McKean and Singer, 1967, (3a)):
t
Pif-Pif= / [PHL" - L2}PE_ f1ds, (1.7)
0

where Pt1 and Pt2 are two Markov semigroups with generators .#’! and .%? respectively.

1.4. The main contribution in Brownian motion noise case

Since Brownian motion noise case has been more extensively studied in the literature, we present our
main contributions in this setting for clarity and accessibility. The general Lévy noise case will be
discussed in Section 2.

Let {W!};>1 and {B!};> be independent d-dimensional Brownian motions and n-dimensional
Brownian motions, where {W};>; is independent of {Bi};>;. Let 8 >0, b : RY — R4, p(1) :
R4 x R4 — RY and o : R — RY ® R" be measurable and bounded on bounded sets. Consider

N
. . 1 . ) . .
dxN = p O (xN)dr + N Z b (xEN XN dr + \JBAW! + o (XN )dB! (1.8)

m=1

for 1 <i < N and the independent McKean-Vlasov SDEs:
dx! =b<°>(x;')dt+/ bWV (X!, ). ;-(dy)dt+\/EdW,i+0(Xf)dBi, 1<i<N. (1.9
R4

To derive the long time TV-W,, type PoC, we make the following assumptions.

(A) There exists a constant K, > 0 such that
1 2 2 d
§||a'(x1) —o(x2) s < Kolxr —x21%, x1,x2 € R, (1.10)

b is continuous and there exist R > 0, K 1 > 0and K, > K such that

(1 = 22,6 (x1) = 5O (x2)) < y(|x1 = x2]) s —x2] (1.11)
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with
Kir, r<R;
_ Ki1+K» .
y(r)= {—T(r—R) +K1}r, R <r<2R;
—-Ksr, r>2R.

Moreover, there exists K; > 0 such that
16D (x,y) = bV (£,9)] < Kp(lx = %[ + [y - 3]), x.%y,5eR. (1.12)
1
Forany p > 1,let Z,(RY) = {ue ZRY) : ||ullp := (u(] - IP)) 7 < o0},

Theorem 1.1. Assume (A). Let uy € Pi.s(R?) for some 6 € (0,1) and ,u(l)v e 21 ((RHN) be ex-
changeable. Let

D::/mseﬁfox{ﬂ")’flfzrv}dvds.
0

If
2 2
Ky<— 2P (1.13)
(K2 — K)D?
then there exists a positive constant ¢ independent of k and N such that
k],N\x* *
ICPEI™) ) = () iy
We, () u§™)
< kce"”% +efl+lollies  AN"T5, 1<k<N,t>1, (1.14)
with
K> —Ky)D 2%
A= ( 2 0') ﬁ R —Kp|.
B (K2 —Ko)D

Typically in the quantitative PoC, the distance at time # is controlled by the same one at time O plus
an additional term that vanishes as the number of particles N tends to infinity. However, in (1.14), we
use a weaker distance to control a stronger one. We now analyze our findings and compare them with
the aforementioned results.

(1) PoC: Compared to existing results on 7V-entropy and 7V-W; type PoC, we establish quantitative
Kac’s chaos in total variation distance under a weaker initial condition. Specifically, our results
show that even when

Ent N, ®N WZ N’ QN2
lim M>0 and  lim M

>0,
N—>oo N N—co N

o We, (1 ™) . . . , .
the condition limy . ——x——— = 0 is sufficient to guarantee quantitative Kac’s chaos in total

variation distance at r > 1.

(i1) “Generation of chaos” introduced in Lukkarinen (2023) is a relatively new concept that is
gaining popularity, see Rosenzweig and Serfaty (2025) for the entropic generation of chaos of
overdamped mean field Langevin dynamics with singular interactions and references therein for
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various generation of chaos. The term refers to the phenomenon where a mean field interacting
system evolves over time toward a Kac’s chaotic state, even if the initial distribution does not
exhibit the Kac’s chaotic property. Our work contributes to the generation of chaos by:
a) Exponential decay estimate: Demonstrating convergence to chaos with an explicit rate e .
b) Weaker initial conditions: By employing the W, distance, our results accommodate initial
distributions that deviate significantly from chaoticity, broadening the scope of applicability.
(iii) Advantages of Wy, over W;: Compared to the W, distance, the weaker W, distance offers
a key advantage: it relaxes assumptions on the coefficients. Notably, it eliminates the need for
strong convexity in the drift, thereby broadening the applicability of our results to a wider class
of interacting particle systems.

The paper is organized in the following: In Section 2, we give a general result on the long time TV-W,,
type PoC for mean field interacting particle system driven by general Lévy noise. We prove Theorem
1.1 in Section 3. The a-stable noise case is investigated in Section 4. Finally, some auxiliary lemmas
which are used in the proof of the main results are postponed and carried out in a supplementary paper
Huang, Yang and Yuan (2026).

2. A general result on long time TV-W,, type PoC

Let 5@ : R4 - R4, p(1) . Rd xRY - RY and o : R? > R4 @ R" be measurable and bounded on
bounded set. Recall that (Z;);> are i.i.d. n-dimensional Lévy processes. Consider the mean field
interacting particle system

N
. , 1 . . .
dxN = p O (xN)dr + N Z bW (xEN xmNydr 4 o (XN)dZE, 1<i<N, 2.1)

m=1

and the non-interacting particle system
dxi =p@ (xH)dr + / bV (XL, y) Lyi (dy)dr + o (XI_)dZE, 1<i<N. (2.2)
R4 t

We assume that SDEs (2.1) and (2.2) are well-posed. As in Section 1, let P ug = .,S,”Xti with .Z, i = Ho €

2 (R%), which is independent of i. For simplicity, we denote y, = P} uo. For any exchangeable u™ €
P(RHYN), 1 <k <N, (Pt[k]’N)*yN denotes the distribution of (X;’N)] <i<k With initial distribution
N

u.
To derive the long time TV-W¢, type PoC, for any s > 0, consider the decoupled SDE

dx[H7 = p O (XD dr + /Rd bW (XDH2 3 (dy)dr + o (XDH)AZE, 12 s (2.3)

st
with X{%% = 7 e RY, Let

PYl () =BfOGET), feBpRY),zeRiz1,0<s<t.
We also assume that (2.3) is well-posed so that P;"; does not depend on i and we denote

P, =PGK, iz 1. 2.4)

S, =
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Moreover, for any x = (xl,xz, e ,xk) € (Rd)k,F S %’b((Rd)k), and (s1,52,-+,5%) € [0, t]k define
Lu,x! 2, 0,x2 ko, x*
Py ®@PL @ ®@PL F(x):=EF(X " XS, X0, (2.5)

In particular, we denote
(PY)®*F(x) = (P, ® Pk, @ ® P )F(x), 0<s<t. (2.6)

For simplicity, we write Pf = sz' For any F € Cl((Rd)k), 1<i<k,x= (xl,xz, e ,xk) € (Rd)k, let
V;F(x) denote the gradient with respect to x'. We now state the general result.

Theorem 2.1. Let ,uév € Z1((RYHN) be exchangeable and p € Z, (RY) for some p > 1. Assume that
the following conditions hold.

(i) Forany1 <k <N, F € C}((R?)%) with ||| < 1, 1> 0, it holds

/ FO{(PIFINY 1N} (o) - / (PMY*FY 0 (Y o 1) (dv)
(Rd)k (Rd)k

t k
- [ (B e A e e @)
i=1

with
4 1 Y 4 .
By = >, bVl - / b (e y)ps(dy), x= (a2, xN) e RN,
N =l R4
(ii) There exists a measurable function ¢ : (0,00) — (0, 00) with fOT p(s)ds < 00, T > 0 such that

VP Fl<o((t=r) ADIfllcos f€Bp(RY),0<r<t<T. (2.8)

(iii) There exist an increasing function g : (0,00) — (0,00) and a decreasing A : (0, c0) — (0, c0)
with limpy e A(N) =0 such that

/(R 181 (o) (PN ) 1Ny ()

<8(S){ We, (1§ ,MON)+A(N){1+|Iuo|Ip}} 29)

(iv) There exist functions & : (0, 00) — (0, 00) with lim; e &(t) =0 and A : (0, 00) — (0, c0) with
limpy 0o A(N) = 0 such that for any t > 0,

We, (PN 1l (P po)®N) < e(t)We, (il . u@N) + {1+ llmollp INA(N).  (2.10)
Moreover, there exists a constant co > 0 such that

Sur())(Pfﬂo)(l'lp)<Co(1+,u0(|'|p))- (2.11)
t=
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Then there exists a constant ¢ > 0 independent of t and N such that

We, (ud, u&N)
IPEI™) g = (Pro)* iz < cke(r - 1) ———00 =
+c{1+|lpollp }k(A(N) +A(N)), 1<k<N,t>1. (2.12)

Remark 2.2. (1) Different from the classical Duhamel formula (1.7), the left hand side of (2.7) only
contains (P[k )* while the right hand side involves in (P [N]’N)* due to the interaction. In Section 3
and Section 4 below, explicit conditions on the coefficients will be presented to ensure that (2.7) holds.

(2) In the study of entropy-entropy type PoC in Bresch, Jabin and Wang (2023), Jabin and Wang

(2018, 2016) or W, -W,, type PoC (1.6), due to the tensor property of relative entropy or the property
K]LN |« N1, "
meﬂiwwaW%<‘M«ﬂ M) g (P, (2.13)

one can derive the estimate of Ent((P!™1-V)* 1) |(Pf o) ®N) or We, ((pIN1- N)*yN (P} 110)®N) for N
particles first and then obtain the local PoC for k particles with £ < N. However, (2 13) does not hold
if Wy, is replaced by T'V. This is the reason why we directly consider k particles with k < N instead of
N particles in (2.7).

(3) As a hot topic related to the long time PoC, the ergodicity for McKean-Vlasov SDEs attracts much
attention, see for instance Liang, Majka and Wang (2021), Song (2020), Wang (2023) and references
therein for more details.

Proof. Firstly, for any v,y € Z(R"), since Ci(R"), the functions from R” to R having bounded and
continuous up to second order derivatives, is dense in %, (R™) under L' (y +7), we have

ly = ¥llrv = sup ly(f) =7, v.7€ ZRY). (2.14)
I fllo<1,feCE(RM)

Let F e CI%((Rd)k) with || F||e < 1. For any (x!,x2, -+, x"= 1 x™*1 ... xk) e (R?)*~1 define

1 i+l

1.2 i— k
[ R )

i-1 i+1

Xi+1,;1,x

2
SER(XI xR i e " Lxkrtyerd 0<s <t

s,t s,t

This together with (2.6) and (2.8) implies that

1,2 .. i-1 i+l . Lk .
Vi (PY )R FI (! a2, xR = [V{PE [ T R ()
<p((t-s)A1), 1<i<k,0<s<t. (2.15)

Then, using (2.7), (2.15), and the fact that {(P£N]’N) Ho N1 is exchangeable, we have
L PPNy e = [ (e ox e

1 [NLNy«, N _
sAkAMJ&uMGS Yl ()@ ((1 - 5) A 1)ds.
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This combined with (2.9) implies that forany s > 0and 1 < k < N,

]/ F(x ){(Pk]N)/JéV}(dX)—/ {(Pﬁ‘)®’<F}(x><u§on,;l><dx)‘
(R4)k

/O o(s A 1)dsg(r>{ We, () i) + kAN {1+ ||ﬂo||p}} (2.16)
Next, foranyneC(yo om, ,yok) we conclude

’ [ AR ox o - [ v{(Pﬁ‘)®kF}(X)/vtffk(dx)‘
(Re)k (Re)K

S/ H(PEYEEFY (x) = {(P1)®F F} ()| (dx, dy).
(Rd)kX(Rd)k
This together with (2.15) and Wy, (;10 om, ,;10 ®ky < k ~ Ve, (,u0 ,yON) implies that

’[Rd)k{(Pf)®kF}(x)(ﬂo oﬂkl)(dx) / {(Pﬂ)®kF}(x),u§’k(dx)‘

<t AW () omi ud*) <t A )— Wa(uo,u M.

Finally, it follows from (2.16) as well as the triangle inequality that

1PNy (P?#o)®kllrvs(/0 <p(s/\1)ng(t)+90(t/\1)) %Wﬁ(/‘o H5")

+ /0 o(s A Ddsg(DKAN) {1 + [uol ). @.17)

By the definition of (Pt[k]’N)*, it is not difficult to see that
(PPN N = (PN Ny o (r) 7!, 1<k < N. (2.18)
Combining (2.18) with the definition of P} yields
[k * _
PEINY ) = (I i y o mct = { PNy (PPN iy o !

k],
= (PN (PININ Yo Ny
Piouo=PiPiug, 1<k<N,s>0,1>0.

Then for any ¢ > 1, we derive from (2.17) for ¢ = 1 that

PN Y 1N = (P o) Iy = 1PNy ((PININ Y 1y — (P P2 o) Ny

1
< ( /0 o(s)dsg(1) +¢<1)) ~We, (PN U (PF p0)®N)

1
+ / o(5)dsg (KA {1+ 1% oll).
0

This, combined with (2.10) and (2.11), gives (2.12). O
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3. Proof of Theorem 1.1

Before giving the proof of Theorem 1.1, we first provide two remarks related to Theorem 1.1.

Remark 3.1. Under (A), (1.8) and (1.9) are well-posed. By (1.11), b is dissipative at long distance
and (1.11) is equivalent to that there exist C; > 0, C, > 0 and r¢ > 0 such that for any x, y € R4,

x=3,6D ) =D () < Crlx =y {xmyi<ro) = Colx = Y Loy 5r)- 3.1)

Remark 3.2. (1) The condition (1.13) requires that the Lipschitz constant of b is sufficiently small,
which is crucial to ensure 2 > 0. A similar condition is imposed in (Durmus et al., 2020, (H2(ii)).
In fact, such a smallness condition of the interaction is essential when one investigates the long-time
behavior of McKean-Vlasov SDEs. A classical example is

dX; =-X,dr + EE(Xt)dt +dW,,

where € = 1, it admits infinitely many invariant probability measures, i.e. a phase transition occurs.
When g =1, K, =0, by (Durmus et al., 2020, Theorem 2, Remark 4), the W, -W¢, type PoC is derived
under the assumption that the Lipschitz constant K; of b s sufficiently small and there exists a
continuous function « : [0, c0) — R with liminf, _, k(r) > 0 such that

(1 = 22,60 (x1) = 5O (x2)) < —k(|xes —x2])x1 — x2/?. (3.2)

Note that liminf, _,« x(r) > 0 implies that there exist constants ry > 0 and C; > 0 to ensure «(r) > C;
for any r > ro, while the continuity of « yields sup,.c[q, |k(r)| < C; for some constant C; > 0. These
observations show that (3.2) is equivalent to (3.1) and hence equivalent to (1.11) as explained in Remark
3.1. Hence, the conditions in Theorem 1.1 are consistent with those in (Durmus et al., 2020, Theorem
2, Remark 4).

(2) When o =0, 5@ p() e !, pO =vV, + YV, b(D (x,y) =V, W(x,y), Vi is p-strongly convex
and the coefficients satisfy

8 [V2lloo + 2[[Wlloo
[Valloo + 1Wlleo + [IVxWlleo < 00, B> ;“VXW”ooeXp {2— ;

B

the density ug of po with respect to the invariant probability measure of % satisfies logug = it + i for
t

bounded i and Lipschitz continuous i, and the initial distribution ug and u(l)v have finite moments of all
orders, (Monmarché, Ren and Wang, 2024, Corollary 3.8) derives the sharp long time entropy-entropy

1’\‘,—22, which implies the sharp long time TV-entropy type PoC (1.5) with rate %

In Theorem 1.1 above, b(1) is allowed to be unbounded, and uy € Z1,5(R%) for some 6 € (0, 1),
/,l(l)v € 21 ((R?)N) and pg can be singular with the invariant probability measure of Zx;’- So, Theorem
1.1 is not covered in (Monmarché, Ren and Wang, 2024, Corollary 3.8).

(3) From the comparison above, one of the advantages of coupling method is to allow weaker
conditions on initial distribution, i.e. #(z)v can be singular with ,u(?N and the coefficients to be more
general, whereas the cost is to reduce the rate of PoC since we need to estimate

type PoC with rate

N
1 ; )
— E M xi xmy M (xi ;

m=1

s

which is provided in Lemma S2 of supplementary document Huang, Yang and Yuan (2026), and the
central limit theorem indicates that the sharp rate is N > when .Z, i has finite second moment.
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We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. It follows from (2.14) that for any " — y and " — ¢ weakly in Z2((R%)¥)

as n — oo,

y=char=  sp  D-LNI= s lim )=
|fI<1, feCh((RE)K) If1<1, feCp((RA)F)
<liminf|[y" = {"|lvar- (3.3)
n—sco

Combining (3.3) with Lemma S1 in Huang, Yang and Yuan (2026), we may and do assume that there
exists a constant Ky > 0 such that

6@ (x1) = b (x2)| < Kolx1 —x2l, x1,x2 €RY. (3.4)

Following that, we intend to verify the conditions (i)-(iv) in Theorem 2.1 one by one.
(1) Take .%p-measurable random variables (X(’)’N)l <i<n and (X{)1<i<n such that

; =N . _ ,®N
z(x('j'N)lgigN “Ho - g(X(l))lsisN =Ho -

Fix r > 0. Recall that Pf’t and (Pf,t)g’k are defined in (2.4) and (2.6) respectively. By (3.4), (1.10),
(1.12) and the fact that 8 # 0, the backward Kolmogorov equation

dpg, f
ds

=—ZUPE . FeCERY), I flle < 1,5 €[0,1] (3.5)
holds with
L=, V) + < / b“>(~,y>us<dy>,V> + ST (Blaxa + 00",
Rd

Recall that for any F € C_l((Rd)k), 1 <i<kandx=(x"x% - x5 e (RY)X, V;F(x) represents the
gradient with respect to x'. Simply denote V% =V;V;.
Next, we fix F € C3((R?)¥) with ||F||e < 1. Define

(LEYF(x) = (b0 (x1), V;F(x)) + < / b<‘><x",y)us<dy>,viF(x>>
Rd
+ %Tr[(ﬂldxd + (o) (X)VIF)], x=(ha? - x5 e ROk 1<i<k,

and
k .
(LERF(x) = Y (L F ), x= (0% xF) e RDE,
i=1
We now claim that

d(PL )k F

PR —(LIPK(PE )RR, se0,1]. (3.6)
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In fact, for any (s, 52, ,5%) € [0, t]k and x = (x1 x2, .- xk) € (Rd)k define

Wr (51,52, ,56,%) = (P§ ,®PL , ®---® P{ )F(x),

51,1 52,1

and
i l l+

([ e iy )

i-1 i+1

_ Luxt 2,u,x% i—1,u,x i+1,,x k Jxk .
SEF (XL 2 L x T it ket erd 1 <i <k,
where (P, ® P, , ®---® P{, ) is given in (2.5). Then it follows from Fubini’s theorem that
) i 1 i+1 .
‘I’F(SI,SZ,“',Sk,x):Pgi’t{[zx X e ]F}(x) 1<i<k.

Combining this with (3.5), the definition of (.Z/)" and Fubini’s theorem, we conclude that

P .
—Wr(s1,50,,58,%) = —(L) (P ,®PL ,®---®@ P, )F, 1<i<k,

S1,t 52,1 Skt
BS, 1 2, k>

which together with (Pé"t)®kF(x) =Wr(s,s, - ,s,x) and the definition of (.Z})®¥ yields (3.6).
Now, we now prove condition (i) in Theorem 2.1. Recall that

N
‘ 1 ‘ )
By = 2, b () - /]R bV s (dy), x= (o) € (RN
m=1
Combining (3.6) with It6’s formula, for any s € [0, ¢], we have

d[(PE RPN XN - X0

= [_("ZYM)®k(PI;I)®kF] (XSLN9X32’N"" 9X_§’N)ds

+Z<b<°)<x‘ M)Vl (PRI (XEN XEN o X EN))ds
=1

k
Z< Zb(”(x’ XN VPP FN N XN ,Xf’N>>ds

=1

+

—_—

k
52 t[(Blaxa + (o) (XM VI )T F (XN XEN o X5 ]ds + My

b”ﬂw

<Bl(X]N 2N,___’X;V,N)’[Vi(P t)®kF](X1N 2N --,Xf’N)>ds+dMS

I
—_

i

for some martingale Mj. Integrating with respect to s from O to ¢ and taking expectation, we arrive at

/ F{PN y 1V y () - / ((PMY®*FY ) (e o 7))
(Rd) dk

.k
- [0 (B e A e s e
i=1

So, the condition (i) in Theorem 2.1 follows.
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(2) By (1.10)-(1.12) and (Wang, 2018, Theorem 4.1 (1)) for x(¢) = 0, there exists a constant c¢g > 0
independent of Ky such that

€0

TR A 0<r<tfeBp®R). (3.8)

VP fl <

One can refer to (Priola and Wang, 2006, Corollary 3.5) for (3.8) in the time homogeneous case and
(Wang, 2011, Theorem 1.1 (1)) for log-Harnack inequality. Hence, condition (ii) in Theorem 2.1 holds.
(3) Firstly, (1.11) implies that

(x1 = 22,00 (x1) =@ (x2)) < Kilx1 = x2*, x1,x0 €RY. (3.9)
Then, it is standard to derive from (1.10), (1.12) and (3.9) that
E((1+1X 1)) < couo(1+]-'*9), 120 (3.10)

for some increasing function ¢ : [0, 00) — [0, c0). Let Zti’N = th - Xti N By the It6-Tanaka formula,
or equivalently using . (x) = Vx2 + & to approximate |x| as € — 0, (1.10), (1.12) and (3.9), we derive

N
. . . ) 1
d1ZEN) < K| Z0N |de+ Ky | 20N |+ K o | 25N | de + N Z Kp|Z™N |dt

m=1
1 N
_ M) (xi xm _/ M xi
+ Nm§=1b (X:, X" Rdb (Xt y)pe (dy)|dr

Zi,N
i i,N i t
+<[0‘(Xr)—‘f<Xr )]dBf’ZTI\ql{ZZ’N¢0}>’
t

where we used the fact

N i,N
/ b(l)(X[’)’)#z(d))) - l Z b(l)(Xt[’N,Xtm’N), Z;-—Nl{‘zi,zvlqto}
Rd N ooy |Z;’ | t

N N
1 1 i,N N 1 1 i
<l 2 bV N ) - = 3 b XM
m=1 m=1
N
1 ) )
= bV xm - [ bW (X y)pe(dy)
Nm:1 R4

N
i 1
< Kp|ZPN |+ ¥ Z KplZN |+

m=1

N
1 : :
NZw(x;,x,m)_/Rdbﬁkx;,y)ut(dy)
m=1

Moreover, Lemma S2 in Huang, Yang and Yuan (2026) and (3.10) imply that we can find an increasing
function ¢ : [0, c0) — [0, 00) such that

_s
E <c@f{I+lluolli+s}N"T+5. (.11

N

1 . R

¥ b = [0y y)
m=1
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Applying Gronwall’s inequality and (3.11), we get
N N
ZE|Z;,N| S e(K1+2Kb+Ko—)S Z ElZ(l),Nl
i=1 i=1
+ KKK 50 () (14 |t 16 NN 5. (3.12)

Since {X;N}f\:’ | are exchangeable, we derive from (3.12) and (3.11) that

N
N1, 1 i
/ [BLOHPIV Iy Han) = D B[BL AN, XN x|
(RA)N N ~
1

El—
N

Mz =

=z -

PO XN = [ 0N ()

-~
Il

M= iV

E' b(l)(XlN mN) /Rdb(l)(xé’N»)’),us(dy)
N . .

- (ﬁ 2, b —Adb(])(xé,y)ﬂs(dy))'
m=1

1 . .
WAL RO /R bW (X1, y) s (dy)

m=

Z|~
NG
Z|~

3
X

—_

2

1N
ZE

i=1

—_

N

. . 7i
Z B Xy = X{|+ () {1+ [lpoll1+6 N1+
i=1

N
1 )
(K1 +2Kp+K o) i,N
< 3Kpe K2 Kl = § E|Z\N|

+ (3Kpe KI¥2KoKa)s s (5) 4 ()} {1+ ol s )N T55.

Letting g(s) = max{3Kbe(K1+2Kb+K‘f)‘ 3KpeK1+2Kp+Ka)s o0 (5) + ¢(s)}, and taking infimum with
respect to (X 0)1<1<N with XXL N =;1(I)V,$(Xé)lgl_SN ZMSQN, we get

/( |BLOO| LRIV Y il y ()

<g(s){ We, () u§™N) + {1+ llpoll e IN~ ‘*5} (3.13)

Therefore, the condition (iii) in Theorem 2.1 is verified.
(4) To verify condition (iv) in Theorem 2.1 under (A), we adopt the technique of asymptotic reflection

coupling. For any & € (0,1], let 7 € [0,1] and 7¢ be two Lipschitz continuous function on [0, co)
satisfying

n;;(x)z{(l) 25 eyl (3.14)
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Let {W!};>1 be independent Brownian motions and independent of {W!, Bi};. Construct

A% = O (X)dr + / bW (KL, y) e (dy)de
Rd
+\Brg(1ZyN AW, +Brs (1ZN W] + o (%)) dB],

and
. . 1 X .
XN =p O (X Myde+ - > W EN K di
m=1

+VBrRUZEN ) Haxa - 207N @ 07N )aw]

+\BrE(1ZEN AW + o (XN )dBE,

N
SiN _ gi gi.N N _ 2
where Z," =X} - X", U, \Z’Nl {IZINI#)}

the Itd6-Tanaka formula, (1.10), (1.11) and (1.12), we have

_,N _,®N
and.ﬂxlw ) andf(Xé)lsisN—y(‘? .By

. . L ZbN .
diziN| < <b0(x;) - bO(XN) f.—l{lzt,»,N#O}> dr + Kp|ZPN |de

1z
1 ; . 1 1 N
+ EHO'(X;N) _O-(th)”%{SWI{IZf’NI#O}dt*— N Z Kb|Ztm’N|dt
t m=1

N
1 L .
L (D) (i my _ () (g
N E b (X, Xi") /Rdb (X7, y)u: (dy)|dr

Zl N
i,N .
<[0'(X ) - O'(X )]dBt’ lZ, N| l{|Ztl"\’|;e0}>

l N

+2\/_ﬂR(|ZlNI)<|

i
| {lZI N#O}’th>

N
i i i 1 ~
<y(1ZMNdr + Kp | Z5N |de + K | Z0N |de + N D Kp|Z N dr

m=1

+ dr

Z| -

N
D OELEN - [ 0 Ry ey)

m=1

ZLN
i,N
<[cT(X)—fT(X )1dB;, — Tl {IZf’N|¢0}>

i,N

Z, .
N
+2‘/_”R(|Zl |)<|Z | {|21N¢0},dW;>9
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where we used

ZlN
(D) _ (1) N m,N t
</R bV (X, )i (dy) Zb (XN, x; )’|~1N| {|Z‘N¢o}>

N
1 I ~
¥ Z b (XE XM - /Rd b (Xi,y)u(dy)|.

m=1

N
o 1 ~
<KplZiN)+ DT KpIZN |+
=1

Let y(v) =y(v) + K5v,v > 0, and define
r u - o s -
f(r) =/ 6_%/0 Y(V)dv/ Se%/‘) Y(V)dvdsdu, r>0.
0 u

Then one can see that

1 v 1 s o
, — —m/ y(v)dv foo ﬁ/ y(v)dv
f”(r) e ! ~0 / fr se2B Jo ds >0, (3.15)
P = =57 /() = 7.
Moreover, noting that y(v) > —K,v, we derive
o0 s ©  _(Ky-Ko)s?
/ seijo {7(‘))+K"V}dvds 2/ se 24ﬁ ds = i
0 0 K, -Ks
Combining this with (1.13), we have
K, - K
Kp < —2 (3.16)
2
Recall that
Kir, r<R;
y() = (-BEF2 (= R) +Ki}r, R<r <2R;
-Ksr, r>2R
for K» > K, + K due to (3.16). Letting £y = {1 + II?;II({‘; }R, it is not difficult to see that
y(r) =0,r€[0,6]; 7(r)<0,r € (£, ).
By (3.15), we derive
f(r) <0, rel0,6]. (3.17)

In view of the definition of y and ¥, we conclude that % is decreasing in (£, o). This combined
with the integration by parts formula gives

/mseﬁfos)?(v)dvds:/ 2Bs ( Bl y(v)dv)d < 2pr e#/o'i(v)dv’ r>l,
r ro Y(s) y(r)

which together with (3.15) yields f”/(r) <0, r € (£y,0). This as well as (3.17) means that f” <0 so
that f(r) < f’(0)r and @ is decreasing on (0, o). As a result, we derive from (3.15) that

1 S o
oosemfo y(v)dvds 2
nf G lim AU lim f'(r) = lim J s -
r>0 r r—oo r r—0co r—0oo e@fo y(v)dv K> -Ks




1448 X. Huang, F.-F. Yang and C. Yuan
So, we conclude that

%r <f(r) < F (O, r>0. (3.18)

By It6’s formula and f”” < 0, we have
dr(1ZPND < £FAZENDF(ZEN Dde+ 2817 (1 ZEN e (120N 1)2dr

dr

+ (120N )

N

1 . o

¥ 2B EEE = [ 0 ey)
m=1

1 5LL,N i,N ZlN
* FOZND o () = (BB Pt o (3.19)
lN

_ i
7] {|Z;"N|¢0}’th>

+f (IZ’NI)ZInR(|z’N|)<
. . ) 1 N
P UZEN DK ZPN e+ £ (20N D < D KlZ N dr
m=
It follows from the second equation of (3.15) and || f/|| = f’(0) that
FOZENDTAZ N D) + 2817 (127 M DR (120N )?

< (£aZNDFAZEN D+ 2877 (ZPN D) 7R (170N )P+ Ilf’Iloo{ sup_y*(s) +K{rs}

s€[0,&]

<2177 1+ 28177 (1= AR UZEND2) 1 e { sup 7' (s) +Kas}
se(0, e

S—2,8|Zti’N|+2,85+f’(0){ sup y+(s)+ng}.

s€l0,&e]

This combined with (3.18) and (3.19) gives

S 5i,N B (K> - Ko) N N
d;f(IZt D=<- {f’(O) _f(O)TK”};fUZt )ds

+22ﬂedt+f(0)2{ sup vy (s)+Kga}dt

i—1 \s€[0,¢]
N N
s osiN | ] () wi om (1) (i
+;f(|2, |>NmZ:lb Fp X = [ 00 Ry ()| de

N 50N
oy . o VA
’ i,N i,N t .
+ § (s |)<[O'(X;)_O'(Xz )1dB;, |Zi,N|1{Z,"N¢0}>
t

i=1
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zN

+Zf<|ZlN|>2«fnR<|Z‘N|) 3 ’N| L2 0y AW

o L[5 3
Let 1= 20 — f"(0) 52K k), Then (1.13) and the fact that f”(0) = f; se o OV ¢ imply
A > 0. Hence, it follows that

N N
DEFIZEN) <exp (- ) EFIZGND
=t i=1

+N/texp{—/l(t— 5)} {2,6’s+f'(0){ sup y*(s) +K(,-s}}ds (3.20)
0

s€[0,&]

+/texp{—/l(t—s)}f'(O)NE ds.
0

N
1 . .
TOIAICS R IRIE SN
m=1

Next, we prove that there exists a constant cg > 0 such that
E|X! " < co(1+E[X(|'*°), 120. (3.21)

It follows from It6’s formula that

d(1+|X{1) =2(X{, b (X;'>>dt+2<??;} /R db“)()?:‘,y)m(dy>>dr
+pddt + || (X)) |13, 5dt +dM;, t >0

for some martingale M,. By (A), we can find a constant Cy > 0 such that

2060 +2{x [ 69 @) +8+ 10 0By

< (2K +2K2)|x1*1{|x)<2r) — (2K2 = 2K o) |x* +2(x, 60 (0)) + Bd
+2v2K o[ (0) | s x| + |07 (0) 125 + 20 K (Jx] + e (| - ) + 21x] 161 (0,0)]

< (2K +2K2)4R* + Bd + |0 (0) |3, — (2K — 2K — 4K}p) x|

£ 20 (16 (0)] + V2K [l (0) 1125 + 15 (0,0)]) = 2Kp e[ +2(1 + |x[2) 2 Kpppar (| - )
< Co— (K2~ Ko — 2Kp) (1 + |x[2) = 2K, (14 [x|?) + 2(1 + |12 2 Kppar (| - 1)

=Co - (K2 — Ko = 2Kp,) (1 +|x]?)

+ (14 1) 2 (2K (1+ D) F 421+ 1xP) Ko (1 1))

<Co— (K2 - Ko —2Kp) (1 + |x]?)

#(P) 22Ky T |- ) F (1412, xere
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This together with the Itd formula gives

1+6

. 1+6 oo Lk
d(1+ %) < Cyde - %(K2 — Ko —2Kp)(1+|X112) Fdr
+Kp {4 IKID) T+ (45| +adty, 12 0.
Combining this with (3.16) yields (3.21). Then, applying Lemma S2 from Huang, Yang and Yuan
(2026) implies

__6_
<éo{l+luolli+s N~ ™5, 520 (3.22)

N
1 Y .
Bl 2L - [ 60 (R y)us(ay
m=1 R
for some constant ¢o > 0. Note that different from (3.11), &g in (3.22) is independent of s. Substituting

(3.22) into (3.20) and applying (3.18), we can find some constant ¢; > 0 such that

N N

.. _ i _5
D EIZEN < ere™ Y BIZGN +eiN{1+ lluoll s IN T
i=1 i=1

+c1{2,88+f'(0){ sup y+(s)+K(rs}}.

s€[0,&]
Letting € — 0, we derive

N

N],N * - S0, &

We, (PPN Y il (P pag)®N) < cre™ Y BIZEN |+ i N{1 + [lollis}N 155
i=1

. . SN iy . , _,N _ _,®N
Taking infimum with respect to (X", Xj)1<i<ny With ‘Z(X(’;N)lggzv = K ,,,S,”(Xé)lsisN =Hy  » we get

N]|,N\x* % — __o_
W, (PN Y 1N (P pg)®N) < e Wo, (), 1) + e N1+ [l 145 YN T55.

Therefore, condition (iv) in Theorem 2.1 holds. Finally, applying Theorem 2.1, we complete the proof.
|

4. a-stable noise case

Recall that a d-dimensional rotationally invariant a-stable process has Lévy measure v*(dz) = ljl‘f;fa dz

for some constant ¢4 o > 0 and the generator —(—A) 7 is defined by
—(—A>%f(x)=/Rd o VD = F0) = (V@ D 2y 7 (00), [ € GED, oo < 1.

Let b, p(D) and {Zf}izl be introduced in Section 2 with n = d and o = I4x4. The equations (2.1)
and (2.2) reduce to

N
) . 1 . )
dXt”sz(O)(X,”N)dt+N > bW N, XN yde +dz, 1<i <N,
m=1
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dx? =b<°>(x;‘)dt+/ bV (X, y).Z i(dy)dr +dzj, 1<i<N,
R4
respectively. We make the following assumptions.
(B1) The generator of Z! is —(=A) 7 for some a € (1,2).
(B2) 5 is continuous. There exist £y > 0, K| > 0, K> > 0 and K}, > 0 such that
(x =y, x) - (y)) <Kylx - P xmyi<to) = K2l = Y121 {xey >0} » 4.1)
and
b1 (x,y) = bV (& )| < Kp(Ix =% + |y = 3]), x.%,y,5 R
Recall that for two measures &, on R, ¢ Al =¢ — (¢ - O)*. Let
JUs)= inf (YA (Sx xv))(RY), 5>0, (4.2)
x€R4,|x|<s
here
Oy xv¥(dz)=v*(d —x)—ﬁd x R4
X )= < - |z — x|d+e % ’
and hence
Cd,a d
VEA (S, *xvY))(dz) = ——————dz, x€R?.
( (0x *v?))(dz) 121V [z = x)&a
By (Luo and Wang, 2019, Example 1.2), there exist constants « > 0 and ¢4, > 0 such that
JU(s) = Cq.a5” %, s€(0,k]. 4.3)

In fact, for any r > O and x € R4 with |x] = r, it holds

Cd,a

dz > ——de 4
rd (|z] V |z —x[)d+e 21t (|2l V]z = x])dre

VA Gy v )R = [ e g /
|

2d+a

—-d-a ~ -
> Ccd.al / dz=Cgq.qr™ “.
n , ,
3t l21<5
So, we have

JY(s)= inf inf (VYA By v))RY) > inf Cyar ¥ =Cgas”® s>0
0<r<s xeRd,|x|=r O<sr<s 7 ’

Moreover, let 7 € (0, 1) and take

Ca,a(K A (260))*

— n
oy(r) = I r € [0,26].

4.4)
Then o, € C([0,26]) NC 2((0,2¢p]) and it is a nondecreasing and concave function. Note that

Ca,alk A (20))° _
2(250)1“]

Ed’a(K A 7)2_0
T ref0,260] 2r1+7
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This, together with (4.3) and (4.4) implies that
1
oy (r) < EJQ(K Ar)(k AT)2, re0,26)]. 4.5)

Let

K 1
gn(r) = (1+—‘) / ds, re[0,26)], ¢ = e 2K28n(200) (4.6)
Ky Jo op(s)

Theorem 4.1. Assume (BI) (BZ) Let pig € P14+5(RD) for some 6 € (0, — 1) and u(l)v e Z1(RHN)

be exchangeable. If K, < then there exist positive constants ¢ and A such that

(1+ )2’

k], %
PPNy 1N — (P 1a0) ¥ |7y
We, (b, u®N)
< kce—ﬁf% +efl+lollies N"T5, 1<k <N,t> 1. @.7)

Remark 4.2. (1) The condition ]E|Zf|2 < oo in (Liang, Majka and Wang, 2021, Theorem 1.2) is no
longer required in Theorem 4.1, which is attributed to Lemma S2 in Huang, Yang and Yuan (2026).

(2) One may try to adopt the entropy method in Bresch, Jabin and Wang (2023), Jabin and Wang
(2018, 2016) to derive the PoC in relative entropy in a-stable noise case. However, there exist essential
difficulties. Let us illustrate it in detail. Let n = d, b : R — R9,i = 1,2 be measurable. Denote by P!
the associated semigroup to the generator

L= V) - (-NZ, i=1,2.

By formal calculation and the Kolmogorov forward equation for Ptl and the Kolmogorov backward
equation for P2, for a smooth and positive f, it holds that

dPllog(P?
P! log(f) — log(P2f) = /(#)ds

= /0 Z[Pi{(Pf-sf)”(bl - b*, VP2 f)}]ds (4.8)

t
/
0

When a =2, (4.8), together with the chain rule
Alog(f)y==f?IVfP+ f'Af (4.9)

and the Cauchy-Schwartz inequality, yields that

. (—A)%P?—Sf
—P{(-A) 2 {log(P7_,f)} + Py {P?—fH "

1 t
Pllog f —log(P?f) < 5/0 PL(|b" - b?)ds.

This inequality coincides with the estimate derived by the Girsanov transform. One can also refer to Ren
and Wang (2025) for the entropy estimates of two diffusion processes with different drifts and diffusion
coefficients.
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Unfortunately, when a € (0,2), (-=A) g {log(f)}is not so explicit as (4.9). Hence, it seems challenging
to derive an entropy estimate for two semigroups with different drifts in the a-stable noise case. To our
best knowledge, the PoC in relative entropy in the Lévy noise case, even in the case of a-stable noise,
remains an open problem.

Proof of Theorem 4.1. Similar to the proof of Theorem 1.1, by the Yosida approximation in (Wang
and Wang, 2014, part (c) of proof of Theorem 2.1) and (3.3), it is sufficient to prove (4.7) for Lipschitz
continuous b(?). So, in the following, we assume that b(%) is Lipschitz continuous and we will verify
conditions (i)-(iv) in Theorem 2.1 one by one. We should remark that the proof of conditions (i)-(iii) is
similar to that of Theorem 1.1.

(1) Take (X(‘)’N)IS,SN and (X(i))lsisN such that X(Xé’N)lsisN Yi<isn = ,ug’N. Fix
t > 0. Recall that Pf’ , and (Pg’ t)®k are defined in (2.4) and (2.6) respectively. Since 5© and b1 are
Lipschitz continuous, the backward Kolmogorov equation

drg, f
ds

= p) and .,S,”(Xé

=-ZLFP! f. FeCIRY), I fllo <1 (4.10)
holds with
2= (604 [ bV (@, 7) - (8%,
Rd

For any F € C3((RY)¥) with ||Fllo < 1,1 <i <k, x=(x',--- . x*) € (RY)*, denote

—(—A[)%F(X)Z/Rd{F(Xl,"' ’xi+z"" ’xk) —F(X) - <ViF(X)’Z>1{|Z|£1}}Va(dz)’

and define

k
(LI F(x) =) { <b<°> () + / b<1>(x",y)us<dy>,viF<x>> : (—A»‘f’F(x)}.
i=1 R4

Repeating the argument to derive (3.6) from (3.5), it follows from (4.10) that
d(P! )®kF
—— = (L) PL)F. F e CUEDN)IIFlls < Ls e [0.1].

This together with the procedure to derive (3.7) from (3.6) implies (i) in Theorem 2.1.
(2) By (Wang and Wang, 2014, Corollary 2.2(2)), there exists a constant ¢g > 0 independent of the
Lipschitz constant of 5(°) such that

IVPY, £l < co Iflleos O<r <1, f€BpRY).

(t-rlaeal

This means that (ii) in Theorem 2.1 holds.
(3) Note that (4.1) implies that

(1 =x2,60 (x1) = bV (x2)) < Ky x1 = x|, 4.11)
It is standard to derive from (4.11) and (B1)-(B2) that

E((1+]X'2)5°) < cot)po(1+]-1'*9), >0 (4.12)
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for some increasing function cg : [0, 00) — [0, ). Let Zf’N = Xti - X;’N. It follows from It6’s formula
and (B2) that

N
: ] i 1
diZy™ < KilZPN e+ Kol 2PN e D KolZ) N 1
m=1

N

1 ; i
(1) (yi ymy _ (1) (i
+ N E b (X, XM '/]Rd b (X{, y) e (dy)

m=1

dr.

Applying Gronwall’s inequality, Lemma S2 in Huang, Yang and Yuan (2026) and (4.12), we get

N N

j 1 __6_
DUEIZEN| < K2R N TR Z6N |t () {1+ |moll 146 NN TS
i=1 i=1

for some increasing function c : [0, 00) — [0, ). By the same argument to derive (3.13) from (3.12),
(iii) in Theorem 2.1 holds.

(4) By Lemma S4 in Huang, Yang and Yuan (2026), we derive the condition (iv) in Theorem 2.1 and
the proof is completed. O
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Supplementary Material

Supplement to “Long time TV-W,, type propagation of chaos for mean field interacting particle
system” (DOI: 10.3150/25-BEJ1913SUPP; .pdf). Some lemmas for the proofs of main results are
postponed and carried out in a supplementary paper.
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