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Abstract

This thesis applies methods from algebraic geometry and topology to two distinct

problems: one in optimal control and one in the theory of spline functions.

On the optimal control side, we use algebraic tools to develop a computational

method for the synthesis of time-optimal feedback control laws for nilpotent systems.

In particular, we study the polynomial systems derived from nilpotent linear systems,

and use Newton’s method and the Hermite quadratic form to solve them. We create a

synthetic dataset with the solutions to these equations which we use to train a binary

classifier neural network to solve nilpotent systems. To demonstrate the applicability

of this tool, we solve chain of integrator systems of increasing dimension, focusing

on the robustness of the method in the presence of perturbations.

On the splines side, we derive a formula for the dimensions of vector spaces

of splines with boundary conditions over simplicial complexes embedded in R2 for

high enough polynomial degree. We use tools from algebraic topology to reframe

some classic results from spline theory to account for the boundary conditions. We

demonstrate the use of the formula by finding the dimensions of vector spaces of

splines with boundary conditions over various example simplicial complexes.
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2.2.2 Gröbner Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 The Hermite Quadratic Form . . . . . . . . . . . . . . . . . . . . . . 26

3 Time-Optimal Neural Feedback Control 31

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Time-Optimal Control of Nilpotent Systems . . . . . . . . . . . . . . 34

3.3 A deflated Newton’s Method . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 The Hermite Quadratic Form . . . . . . . . . . . . . . . . . . . . . . 39

ix



CONTENTS x

3.5 Construction of an open-loop solver and an algebraic black-box . . . . 43

3.6 Constructing a neural feedback law as a binary classifier . . . . . . . 46

3.6.1 Feedforward Neural Network Classifier . . . . . . . . . . . . . 46

3.6.2 Synthetic Data Generation . . . . . . . . . . . . . . . . . . . . 47

3.6.3 Training of the Model . . . . . . . . . . . . . . . . . . . . . . 48

3.7 Numerical Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.7.1 The double integrator . . . . . . . . . . . . . . . . . . . . . . 49

3.7.2 Triple integrator . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.7.3 4th-order tests . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.7.4 5th-order integrator . . . . . . . . . . . . . . . . . . . . . . . . 56

3.8 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Algebraic Splines with Boundary Conditions 59

4.1 Simplicial Complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2 Splines with Boundary Conditions on Simplicial Complexes . . . . . . 63

4.3 Chain Complexes and Simplicial Homology . . . . . . . . . . . . . . . 75

4.3.1 Exact Sequences . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.4 The Dimension of the Space of Splines with Boundary Conditions . . 79

4.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.6 Subcomplexes and Splines with Partial Boundary Conditions . . . . . 91

4.7 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5 Conclusions and and Future Work 99

Appendices 100

A 101



Chapter 1

Introduction

This work represents an application of algebraic geometry to optimal control and

approximation theory.

Optimal control theory is a culmination of myriad tools from across mathematics

to form a theory for dynamical optimisation. It concerns the designing of optimal

forcing (control) signals in order to modify the trajectory of a given dynamical sys-

tem to pursue a desired goal. While the state of the art in optimal control is always

expanding, some of the most influential early advancements are still in use today. An

exposition to the theory of optimal control can be found in the book [65]. Contained is

the maximum principle, an important result in mathematical optimal control which

states necessary optimality conditions. The pioneering work of Feldbaum [39, 40]

presented the result ubiquitously known as the Bang-Bang principle, which states

that for linear optimal control functions in which the optimisation criterion is min-

imising the total time, the input function must take only extremal values in order to

yield the optimal solution, and also that it can only change values a finite number

of times that is bounded by the dimension of the system. The Bang-Bang principle

reduces linear time-optimal control problems to polynomial systems. This transition

heralded the use of polynomial elimination methods for time-optimal control, and

created a link between optimal control and algebra.

Linear control systems are ubiquitous in control system designs, and arise in

robotics [3], vibration control [35], and data-driven control [25], to name a few. The

problem of determining the optimal actuator shape is a specific, and contemporary

instance of optimal control. The design of actuators can be found in [36, 47].

As a consequence of the bang-bang theorem, many authors have been led to

1



CHAPTER 1. INTRODUCTION 2

observe a way to express the solutions to linear time-optimal control problems in

terms of solutions to systems of polynomial equations. While not being the first to

observe this, the process by which nilpotent linear time-optimal control problems

could be reframed as questions about the roots of systems of polynomial equations

has been made clear in [66]. Gröbner bases, a tool from computational algebraic

geometry, have been used in [44, 61–63, 82] to compute optimal controls and to

determine the structure of switching surfaces. A comprehensive review of the use of

Gröbner bases in control theory can be found in [60]. The computation of Gröbner

bases is known to be highly sensitive to the number of variables and the degrees of

the input polynomials. An analysis of this degree of polynomials in a Gröbner basis

in [34] shows that a basis for a set of polynomials of degree at most d in n variables is

a set of polynomials of degree at most 2
(
d2

2
+ d
)2n−1

. This intrinsic complexity poses

significant challenges for practical computations, particularly in systems with many

variables or high-degree generators, and motivates the development of specialized

algorithms that combine numerical and algebraic methods.

With a combination of numerical and algebraic techniques, one can easily con-

struct a non-feedback control scheme, known as an open-loop control scheme, which

determines the optimal trajectory given any initial condition. In real-world appli-

cations however, model uncertainties and disturbances will lead to deviations from

the optimal trajectory, requiring a re-computation of the optimal action. Such a

computationally intensive task limits the applicability of such a synthesis procedure

for real-time control. These issues are well understood in the control literature, par-

ticularly in the context of stabilising control, and are typically mitigated by adopting

a feedback control approach, which is inherently more robust. Time-optimal feed-

back controls are static maps that depend solely on the current state of the system

and are evaluated as the system evolves. This adaptability allows them to correct

deviations from the optimal trajectory, improving their robustness to uncertainties

and disturbances.

Focusing on nilpotent linear time-optimal control problems, we set out to create

a black-box for the computation of the optimal trajectory and implement this into a

real-time feedback control. Our original motivation was to explore the scalability of

the approach originally developed in [82], where Gröbner bases and real algebraic ge-

ometry techniques were proposed to solve polynomial systems arising in time-optimal

control. In this respect, the best of our experience, purely algebraic techniques rely-

ing on Gröbner bases are either too difficult to scale to higher dimensions, or difficult
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to implement in a real-time system due to their complexity. This makes them inap-

plicable for real-time feedback control in at least the cases we considered. Inspired

by a need to overcome this computational complexity of purely algebraic feedback

control schemes, we propose a hybrid approach to the feedback control of nilpotent

linear time-optimal control problems. This is not to say, however, that pure algebraic

methods for feedback control are not plausible or even applicable, as off-line precom-

putation may be used to offload expensive calculations so that algebraic methods

can be effectively implemented in real-time. We propose an algebraic method using

the algebraic tools used in the hybrid approach, an alternative to Gröbner bases in

an aim to provide an algebraic method with no polynomial solving required.

Spline functions are piecewise polynomial functions defined on partitions of real

domains, subject to smoothness properties on the borders between subregions. The

first mathematical reference to these constructions as splines is due to Schoenberg in

[69, 70]. The Bernstein-Bézier method, which has been extensively used in approxi-

mation theory to study spline functions on triangulations, is discussed in [74]; see also

[72] and the references therein. Splines, especially those with boundary conditions,

are fundamental for the finite element method, a method for numerically solving

systems of differential equations by first subdividing the domain, and then approx-

imating the solution curve (surface, or hypersurface depending on the dimension)

by polynomials in each region, satisfying smoothness conditions on the boundaries

between regions, and the boundary conditions of the differential equations. The de-

velopment of the finite element method traces back to at least as early as the work

of Courant [27], and since then it has been independently developed in the struc-

tural engineering community, and later reformulated mathematically [77]. In [75, 76],

Strang conjectured that the dimension of the vector space of spline functions defined

on a triangulation embedded in R2 with maximum polynomial degree d and con-

tinuous derivatives up to order r = 1, is determined by combinatorial data. While

splines started out as a part of the numerical analysts toolbox, the work of Billera in

[11] was foundational and opened brand new avenues for the study of splines using

homological algebra. Billera proved Strang’s conjecture true for generic triangula-

tions in [11] using these homological techniques. Such an approach was developed

further in [67, 68], and its use as a method for determining the dimensions of vector

spaces of splines is widely represented in much of the modern research of splines,

being the primary algebraic tool, known primarily as the Billera-Schenck-Stillman

chain complex.

The algebraic treatment of splines with boundary conditions by McDonald in
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[57] showed a link between the Hilbert polynomials of the module of splines with

boundary conditions and the module of splines without boundary conditions. There

is a chain complex that appears in the study of splines with boundary conditions

that is analogous to the Billera-Schenck-Stillman chain complex, and has much the

same properties, and it is these properties that allow for the study of the dimensions

of spaces of splines with boundary conditions.

Recently, in [55], the authors developed an algebraic framework for studying

spline functions defined on collections of patches instead of fixed embeddings of

polyhedral complexes. These splines, known as geometrically continuous splines,

received considerable attention for their uses in solving partial differential equations

using isogeometric analysis, see [24] and the references therein.

We set out to find a formula for the dimension of spaces of splines with boundary

conditions. In the process, we explored the algebraic and topological techniques

levelled on splines in previous works, and explored how they could be modified, or

whether they could naturally extend to provide similar or extended results that dealt

with splines with boundary conditions. We found that the coning construction of

Billera in [11], as well as the Billera-Schenck-Stillman chain complex [11, 67, 68]

could naturally be extended to prove results about splines with boundary conditions

analogously to how they prove results about splines without boundary conditions.

Our original inspiration to consider splines of this nature was to answer the question

of whether there was a way to determine for a given smoothness, the degrees for

which there existed a spline with boundary conditions that was equal to the same

polynomial everywhere on the triangulation.

Set against our aims, the contributions of this thesis are as follows. Proposition

3.2.1, a formula for the polynomials that must be satisfied by the times where an

optimal solution to a nilpotent linear time-optimal control problem changes value.

This makes explicit the polynomial system, and allows for methods to be more simply

implemented in higher dimensions as we no longer rely on symbolic integration to

determine the polynomial system. We design a neural feedback law for the closed-

loop control of nilpotent linear time-optimal control functions which we describe

in Section 3.6. This neural network is the black-box that we set out to find. We

compare its accuracy to open-loop solving, showing that without perturbation the

feedback law yields near time-optimal control, and in the presence of perturbation

yields a near-time optimal solution when the open-loop solver does not.

In Chapter 4, we reformulate a number of theorems from algebraic spline geometry
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to account for boundary conditions, namely Propositions 4.2.1, 4.2.2, 4.2.3 and 4.3.3.

We then use these and other results to state and prove Theorem 4.4.4, a formula for

the dimension of the space of splines with boundary conditions of degree at most d.

Specifically, this formula gives the dimension of the space of r-smooth splines with

boundary conditions with degree at most a given d for all d, and we then prove that

elements of this formula vanish for d sufficiently large, leaving us with a calculable

formula that matches the dimension for d sufficiently large. We compare the value

for the dimension predicted by this calculable formula and the actual dimension, and

state for what values of d they are equal in a number of examples. We then define

the space of splines with boundary conditions on a subset of the boundary edges.

We then prove Proposition 4.6.1 which provides a lower bound on the dimension of

spline spaces on planar triangulations in terms of the dimension of spline subspaces.

1.1 Layout of the thesis

The rest of the thesis is laid out as follows:

Chapter 2: This chapter is a collection of preliminary results including an exposi-

tion of the basic results about nilpotent time-optimal control problems. We introduce

Newton’s method, a numerical solving method for finding the roots of polynomial

equations. We modify it with the deflation process, which allows us to use it to

find all possible roots of a polynomial system. Inspired by the need to improve the

efficiency and accuracy of the deflated Newton’s method, we introduce the Hermite

quadratic form.

Chapter 3: The material in this chapter is based on [9], which is an article de-

veloped in collaboration with Sara Bicego, Dante Kalise, and Nelly Villamizar. We

transform nilpotent time-optimal control problems into polynomial systems, in the

process proving Proposition 3.2.1, and solve them using Newton’s method and the

Hermite quadratic form. We use the solutions to generate a synthetic data set on

which we train a binary classifier via supervised learning that can solve nilpotent

time-optimal control problems in real-time. We then assess the performance and

robustness of the proposed approach on chains of integrators up to dimension 5,

comparing the efficacy and efficiency of the method to open-loop solutions. We con-

clude the section with some remarks and future research directions to signal the end
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of the first part of the thesis. In this thesis we expand beyond the scope of the paper

[9], we suggest an approach to purely algebraic feedback control based on properties

of the Hermite quadratic form of an ideal that warrants further research.

Chapter 4: This chapter features an application of algebraic geometry and topol-

ogy to determine the dimension vector spaces of splines with boundary conditions

defined over simplicial complexes embedded in R2. We modify some important re-

sults from the theory of splines to account for the imposition of boundary conditions,

namely Propositions 4.2.1, 4.2.2, 4.2.3 and 4.3.3. We derive and prove Theorem 4.4.4,

a formula for the dimension of vector spaces of splines with boundary conditions for

high enough polynomial degree, and demonstrate it in action with a number of ex-

amples to show the applicability and highlight some interesting special cases. After

defining splines on simplicial complexes satisfying partial boundary conditions, we

construct an embedding of the direct sum of the spaces of splines over two complexes

into the space of splines of the complex formed by gluing them along a set of common

edges in Proposition 4.6.1.



Chapter 2

Preliminaries

2.1 Linear Time-Optimal Control Problems

Linear time-optimal control problems take the form of a minimisation problem with

constraints given by a system of coupled differential equations. This section will

serve as an introduction to linear time-optimal control problems in theory, as well as

an exposition of results such as the maximum principle, the bang-bang theorem, and

existence and uniqueness theorems that will be important in Chapter 3. For a more

detailed introduction to optimal control theory, we refer the reader to [1]. Consider

real numbers aij for 1 ≤ i, j ≤ n. Linear systems of coupled differential equations,

such as

ẋ1(t) = a11x1(t) + a12x2(t) + · · ·+ a1nxn(t),

ẋ2(t) = a21x1(t) + a22x2(t) + · · ·+ a2nxn(t),

...

ẋn(t) = an1x1(t) + an2x2(t) + · · ·+ annxn(t),

(2.1.1)

for differentiable real functions xi in t, are ubiquitous in control theory, since the

dynamics of many real world systems are subject to coupled differential equations.

Physical systems operating under Newtonian mechanics are simple canonical exam-

ples such as rocket acceleration or damped harmonic oscillations in one dimension.

7
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By letting x(t) = (x1(t), . . . , xn(t))
⊤, we can write (2.1.1) as a matrix equation

ẋ(t) =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

x(t). (2.1.2)

We write A for the matrix in (2.1.2), and thus have the equation ẋ(t) = Ax(t).

Solving a linear system of coupled differential equations is computationally fairly

simple using linear algebra based methods. The system is homogeneous as the rate

of change of the vector x depends only on the current value of x, not the time t. A

linear control problem is a modification of this system, by adding an inhomogeneous

function of t. We do not specify the exact function, but will allow it to be any

function within a certain set of what is referred to as admissible functions. By adding

this unknown function, we turn what is a dynamical system which, given an initial

condition x(0) = x0, the trajectory x(t) is predetermined, into a dynamical system

where the trajectory is a path in the phase space (here Rn) that is determined by the

choice of unknown function. In such a sense, we can say that this unknown function

controls the trajectory, and is thusly referred to as a control function. Traditionally,

in the case of linear optimal control this control function is in the form of a vector

function, often written as vector of linear combinations of real-valued functions in

terms of t, and the number of real-valued functions depends on the nature of the

system being modelled, and which parts of the system are being controlled. Instead

of having arbitrarily many real-valued functions constituting the control term such

as in [65], we limit our case to the use of a single real-valued control function, giving

a control term that is given exclusively by the output of a single function multiplied

by a vector in Rn. The control term can be thought of, in this case, as a sort of

“push” to the system in the physical sense. The direction of the trajectory x(t) is

given by ẋ(t), and adding a non-zero vector to (2.1.2) at a given time amounts to

pushing the trajectory in the direction of the vector. Consequently, the choice of the

vector that we add can affect the trajectory more than others.

The control is, almost ubiquitously, referred to with the symbol u(t), and intro-

ducing the control to (2.1.2) by multiplying it with a vector b in Rn gives us the

system

ẋ(t) = Ax(t) + bu(t).

Evidently, if we decide to set u(t) = 0, then we recover the original dynamical system,

so if no control is added, the trajectories remain the same as expected. The question
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that we should ask, as it seems, is that since we can use the control u(t) to affect

the trajectories of the dynamical system, is there a way to affect the trajectories in

such a way that a specific (or any) desired output is achieved? Formally, we can say

that if we have an initial condition x0, is there a control function u(t) for which the

trajectory x(t) with x(0) = x0 eventually intercepts a target point say xF (F for

final)? Another question then would be, if the previous question can be answered

in the affirmative, then is there a control function u(t) that gives a trajectory of x0

that intercepts with xF in the shortest possible time? We will see from Proposition

2.1.2, that both of these questions can be answered in the affirmative, assuming some

conditions on A and b, as well as the possible values that a control function u(t) can

take. Like with many other authors, such as [61] but also in many other papers, we

will be choosing hereafter our target to be the origin xF = 0 for simplicity.

In control theory in general, the control functions are typically not allowed to

be unbounded in their values. For this reason, the values that a control function

can take is typically restricted to a convex, closed, and bounded region of R, which
corresponds to a closed and bounded interval. Convex refers to not having disjoint

subsets of R being part of the same set of acceptable values. Closed ensures that the

endpoints of the interval are included. Not including the endpoints can also lead to

the non-existence of optimal controls. Let U ⊆ R be such a closed bounded interval

in R. We want control functions to only take values within U for the aforementioned

reasons, so we define the set of admissible controls :

U = L∞ ([0,+∞);U) ,

the set of essentially bounded functions on [0,+∞) taking values in U. We call a

control u is admissible if it is in the set U . The notation L∞ is a special case of the

definition of L∞ presented in [15, Section 4.2], but this book is certainly not the first

instance of this construction.

The question of finding an admissible control that produces a trajectory starting

at the initial condition, and intercepting with the target point in the shortest possible

time is, mathematically, the process of finding an admissible control that solves the

following minimisation problem:

min
u∈U

T ≥ 0 subject to


ẋ(t) = Ax(t) + bu(t),

x(0) = x0,

x(T ) = 0,

(2.1.3)
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where A is an n× n real matrix, b ∈ Rn, and x0 ∈ Rn a given initial condition. To

determine such a control, the goal is to find some conditions that an optimal control

must have, and use these to determine first whether an optimal solution exists, as

well as then to restrict the search space to allow the optimal control to be found.

We now give a primer on the properties that an optimal control must have. We

start with a fundamental result in the field of optimal control known as the maximum

principle. In the following we recall some results from [65] that we will use in Chapter

3.

Proposition 2.1.1 ([65, Theorem 1]). Consider the control problem (2.1.3). Let

u∗(t) be a time-optimal control function that solves it. Let x∗(t) be the corresponding

trajectory, and T ∗ be the value for which x∗(T ∗) = 0. For any admissible control u(t)

with corresponding trajectory x(t) and time T , define the following function, referred

to as the Hamiltonian,

hu(p,x(t)) = p · (Ax+ bu).

Then, there exists a real continuous vector-function

p(t) : [0, T ]→ Rn \ {0},

such that the following conditions hold for almost all t ∈ [0, T ]:

ṗ(t) = −∂hu
∗

∂x
(p(t),x∗(t)),

hu∗(t)(p(t),x
∗(t)) = max

u∈U
hu(p(t),x

∗(t)),

hu∗(t)(p(t),x
∗(t)) ≥ 0.

(2.1.4)

The formulation of the maximum principle that we present in Proposition 2.1.1 is

a specialisation of the more general theorem to time-optimal controls. The statement

“for almost all t ∈ [0, T ]” in Proposition 2.1.1 is saying that the properties (2.1.4)

hold true for all except a finite or countably infinite set of values of t in [0, T ].

Most of these results from [65] proved using the maximum principle are under some

slightly restricted assumptions about the matrix A and vector b known as Kalman’s

controllability criterion. It is a form of “genericity” condition on A, b. We say that

Kalman’s controllability criterion is satisfied for the pair (A, b) if

b, Ab, . . . , An−1b,

are linearly independent vectors in Rn, that is, if there exist coefficients c0, . . . , cn−1

so that

c0b+ c1Ab+ · · ·+ cn−1A
n−1b = 0,
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then c0 = c1 = · · · = cn−1 = 0. In [48], Kalman showed that this is necessary and

sufficient for a solution to (2.1.3) to exist. Under this criterion, Pontryagin et. al.

used the maximum principle to show a further implied condition on this solution.

Proposition 2.1.2 ([65, Theorem 9]). If Kalman’s controllability criterion holds for

the pair (A, b), then there is an optimal solution u(t) to (2.1.3). In addition, u(t) is

piecewise constant, and it takes only extreme values in U.

This result is known as the bang-bang principle as stated in [52], and earlier in

[18]. It is a result that implies that the only values of U which we need to consider

are the boundary values. This is why we required U to be closed. An extension of

this result gives a further restriction on the shape of optimal controls:

Proposition 2.1.3 ([65, Theorem 10]). Suppose Kalman’s controllability criterion

holds for the pair (A, b), and suppose all eigenvalues of A are real. Then, there is an

optimal solution u(t) to (2.1.3). In addition, u(t) is piecewise constant, takes only

extreme values in U, and does not have more than n − 1 switchings (i.e., not more

that n intervals on which u(t) is constant).

In particular, Proposition 2.1.3 motivates a parametrisation of the total time

T = t1 + · · · + tn for non-negative ti’s, which determine the switching times of the

control signal. The time domain Ω = [0, T ] is the union of subintervals Ωi = [Ti−1, Ti),

with T0 = 0, and Ti =
∑i

j=1 tj, for every 1 ≤ i ≤ n − 1, and Ωn = [Tn−1, Tn]. This

induces a further parametrisation of the optimal control signal u(t) as a piecewise-

constant function in time. We may be concerned that, even if a control is optimal,

that it is not unique, as Proposition 2.1.3 only posits that there is a bang-bang

control that is optimal.

Proposition 2.1.4 ([65, Theorem 12]). Let u1(t) and u2(t) be admissible solutions

for (2.1.3) that are piecewise constant, taking only extremal values in U, and do not

have more than n−1 switchings each on the intervals [0, T ] and [0, S] respectively for

T, S ≥ 0. Then, these controls coincide, in the sense that T = S, and u1(t) = u2(t),

almost everywhere on [0, T ].

What this tells us is that not only is there an optimal bang-bang control if the

hypotheses of Proposition 2.1.3 are satisfied, but also that it is unique up to a measure

0 set of points in [0, T ]. As a result, the above parametrisation is uniquely determined

by A, b, and x0. Given the optimal solution to (2.1.3), we can determine the optimal

trajectory x(t) from x0 to 0.
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Proposition 2.1.5. Consider the linear control problem (2.1.3). Let u(t) be any

admissible control defined on the interval [0, T ] such that the system of differential

equations in (2.1.3) has a solution in [0, T ]. The corresponding solution to the system

of differential equations, x(t), is

x(t) = etAx0 + etA
∫ t

0

e−τAbu(τ)dτ. (2.1.5)

Proof of Proposition 2.1.5. Using the integrating factor e−tA, we modify the differ-

ential equation ẋ = Ax+ bu into

e−tAẋ− e−tAAx = e−tAbu.

The matrix exponential

e−tA =
∞∑
r=0

(−t)rAr

r!
,

is a well-defined, absolutely convergent series, and A commutes with itself, so A and

e−tA commute, we see that

d

dt

(
e−tAx

)
= e−tAẋ− Ae−tAx = e−tAbu.

Then, integrating from 0 to t gives

e−tAx(t)− x(0) =

∫ t

0

e−τbu(τ)dτ,

and rearranging yields the result.

The minimisation problem of (2.1.3) can be written as the system (2.1.5), the

integral in this equation is dependent on u, a piecewise constant function. We want to

find a non-integral formula for (2.1.5) that takes into account the terminal condition

x(T ) = 0. Since an optimal control functions are known to be piecewise constant, we

should expect their integrals to be piecewise polynomial. In the following example,

we show how to use Propositions 2.1.3, 2.1.2, 2.1.4, and 2.1.5 to find an optimal

control that solves a nilpotent control problem.

Example 2.1.1. Let x(t) and v(t) be the displacement and velocity respectively

of a rocket propelled car moving in one dimension. Suppose we can control the

acceleration of the rocket car with a control function u(t), and suppose starting at

a displacement of −1m with an initial velocity of −1ms−1, we wish to power the
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rockets in such a way so as to steer the rocket car to 0m displacement with a velocity

of 0ms−1 in time-optimal way. The mechanics of the situation are thus as follows:

min
u∈U

T subject to



ẋ(t) = v(t),

v̇(t) = u(t),

(x(0), v(0)) = (−1,−1),

(x(T ), v(T )) = (0, 0).

(2.1.6)

Here, we will limit acceleration to being bounded with U = [−1, 1], so the set of

admissible controls is then U = L∞([0,+∞); [−1, 1]). In the notation of (2.1.3), we

have

A =

(
0 1

0 0

)
, b =

(
0

1

)
, x0 =

(
−1
−1

)
.

We can see that Kalman’s controllability criterion holds here, since

b =

(
0

1

)
, Ab =

(
1

0

)
,

are clearly linearly independent. This is a very common example for demonstrating

the synthesis of an optimal control, for example it is represented in [65, Example 1],

as well as many series of lecture notes [1, 37]. Here we will use the parametrisation

of the total time T that is due to Proposition 2.1.3. Since n = 2 in this case, we

can write T = t1 + t2, and Ω = [0, t1 + t2] as the union of subintervals Ω1 = [0, t1)

and Ω2 = [t1, t1 + t2]. An optimal control u(t) that solves (2.1.6) is then a piecewise

constant function that is constant on Ω1 and Ω2 taking values 1 or −1. Suppose

u(t) = 1 in Ω1, then solving the differential equations (2.1.6) using Proposition 2.1.5,

and letting t = T gives(
0

0

)
=

(
1 T

0 1

)(
−1
−1

)
+

(
1 T

0 1

)∫ T

0

(
1 −τ
0 1

)(
0

1

)
u(τ)dτ

=

(
−1− T
v0

)
+

(
1 T

0 1

)∫ T

0

(
−τ
1

)
u(t)dτ.

Since u(t) =

1 t ∈ Ω1,

−1 t ∈ Ω2,
and recalling T = t1 + t2, we see that

v(T ) = t1 − t2 − 1, and x(T ) =
t21
2
+ t1t2 −

t22
2
− t1 − t2 − 1.
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Then, solving these equations for t1 and t2 gives

t1 = ±
√

3

2
+ 1, t2 = ±

√
3

2
.

Since t1 and t2 must be positive, and Kalman’s controllability criterion holds and so

a control function steering x0 to 0 exists by Proposition 2.1.2:

u(t) =

1 t ∈
[
0,
√

3
2
+ 1
)
,

−1 t ∈
[√

3
2
+ 1, 2

√
3
2
+ 1
]
.

The control is unique by Proposition 2.1.4, and the trajectory of the particle is then

seen in Figure 2.1. ⋄

-1.5 -1 -0.5 0

x

-1

-0.5

0

0.5

1

v

Figure 2.1: The trajectory of the a particle from Example 2.1.1 starting with initial

displacement of −1m and initial velocity −1m/s steered to a displacement of 0m

and velocity 0m/s with control function u(t). The blue curve is the trajectory x(t)

while u(t) = 1, and the red curve is the trajectory of x(t) while u(t) = −1.

Of course, we can choose any interval in general but for simplicity we herein

assume U = [−1, 1], so that u(0) = ±1 in Ω1, and (−1)i−1u(0) in the interval Ωi.

2.1.1 Nilpotent Systems

We have thus far introduced linear time-optimal control problems in general. In

this section, we focus our attention at a special class of linear time-optimal control
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problems known as nilpotent control problems. Nilpotent control problems refer

to the minimisation problem (2.1.3) under the assumption that the matrix A is

nilpotent. We say a matrix A is nilpotent if there is some power of A, say k, for

which Ak = 0. The smallest such positive number k is called the index of A, and is

an integer that is at most n, the dimension of the matrix A. We will be considering

the case where A has index of nilpotency n. This is the maximum possible index for

a nilpotent matrix, and it is evident that it is necessary for Kalman’s controllability

criterion to hold for any pair (A, b) in the nilpotent case, as if An−1 = 0, then

b, Ab, . . . , An−1b = 0 would not be linearly independent. It can be seen from the

following result that not only is this necessary (as we already know), but we can also

determine additional required conditions on b.

Lemma 2.1.6 ([80, Proposition 10.12]). Let 0 ̸= v ∈ Rn, and let m be the least

positive integer such that Amv = 0. Then, the vectors

Am−1v, Am−2v, . . . , Av,v,

are linearly independent.

If A has index n, then the only way for (A, b) to satisfy Kalman’s controllability

criterion is if b is not in ker(An−1). Herein, we assume this is the case.

Since A is nilpotent, an important observation is that the only eigenvalue of A is

0, so any pair (A, b) where A is nilpotent of index n and b /∈ ker(An−1) satisfies the

condition that A has only real eigenvalues, and so satisfies Kalman’s controllability

criterion by Proposition 2.1.6. We can, in fact, make a significant simplification when

A is nilpotent as well. The following is a specialisation of a result of linear algebra,

a proof of the more general result can be found in the cited text [80], but for clarity,

we present a proof of the specific specialisation that we will use. This result will

allow us to transition from arbitrary nilpotent matrices to those of a much simpler

form known as Jordan canonical (or normal) form.

Proposition 2.1.7 ([80, Theorem 10.18]). Let A be an n× n nilpotent matrix with

index n. Then, there is an invertible matrix P such that

A = PJP−1,

where J = (δi,j−1)i,j is the index n nilpotent n× n Jordan block.

Proof. Let v ∈ Rn be a vector for which An−1v ̸= 0. Such a vector exists because

An−1 ̸= 0. Then, consider the matrix

P =
(
An−1v An−2v · · · Av v

)
.
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Then, since A(An−1v) = Anb = 0:

AP =
(

0 An−1v · · · A2v Av
)
= PJ.

We then need only to show that P is invertible. We can see this by Proposition 2.1.6

as n is the least integer such that Anv = 0, and so the columns of P are linearly

independent, it is therefore invertible [80, Theorem 6.21].

We say that if such an invertible matrix P exists, then A is similar to J, and we

see from this Proposition 2.1.7, that every nilpotent matrix A of index n is similar

to J. With the following observation, we can then restrict A as well as b.

Proposition 2.1.8. Let A be an n × n nilpotent matrix with index n, and b ∈ Rn.

Let P be an invertible matrix such that A = PJP−1 where J is the n × n nilpotent

Jordan block with index n (P exists by Proposition 2.1.7). If Kalman’s controllability

criterion holds for the pair (A, b), then Kalman’s controllability criterion holds for

the pair (J, P−1b).

Proof. Kalman’s controllability criterion holds for (A, b). So the Aib’s for 0 ≤ i ≤
n−1 are linearly independent. Since P is invertible, multiplying each of these vectors

on the left by P−1 gives another set of linearly independent vectors, so

P−1Aib = P−1PJiP−1b = Ji(P−1b),

for 0 ≤ i ≤ n−1 are linearly independent, so Kalman’s controllability criterion holds

for (J, P−1b) as clearly J has all real eigenvalues (only 0).

This result shows that, without loss of generality, we may assume that A = J.

Then, due to [20, Theorem 1] we must have bn ̸= 0 for Kalman’s controllability

criterion to hold, where bn is the nth coordinate of b. This is not too hard to see as

well by inspection in our case. Kalman’s criterion here ensures that the bang-bang

theorem applies, giving us the parametrisation of T into switching times t1, . . . , tn

as before. This parametrisation can then be used to in turn determine the switching

times of the optimal control function. We will see in Chapter 3 the Proposition 3.2.1,

which shows that if x0 = (x1, . . . , xn)
⊤ and b = (b1, . . . , bn)

⊤ with bn ̸= 0, then the

switching times satisfy the following polynomial equations (see equation (3.2.1) in

Chapter 3)

0 = −u(0)
n−i+1∑
k=1

bk+i−1

∑
α1,...,αn≥0
α1+···+αn=k

(−1)max{j : αj ̸=0} t
α1
1 · · · tαn

n

α1! · · ·αn!
+

n∑
k=i

T k−i

(k − i)!
xk.
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As the switching times are non-negative, our aim is to find a non-negative solution of

this system of equations, and by the existence and uniqueness results of Proposition

2.1.3 and Proposition 2.1.4, we find that any non-negative solution to this system

of equations will give the switching times for the optimal control. Suppose there

was some physical system modelled by the differential equations in (2.1.3), and we

were aiming to actually steer x0 to the origin optimally. If we solved the system of

equations and determine the optimal control, we could then implement this control

in some way to the physical system and then we would obtain the desired trajectory.

This would be referred to as an open-loop control scheme [59], as the output is

determined only by the initial input. However, if at any time there is a perturbation,

such as is common in real-world systems, if we keep using the same control function

determined for this original initial condition, then the trajectory may no longer

intercept the origin. In the presence of perturbations, open-loop control schemes

do not have a mechanism for correction of errors. Additionally, we need to know

precisely the switching times ti in order to accurately steer the initial condition to

the origin, and any imprecision in these values may lead to a failure of the trajectory

to reach the origin. For this, we consider feedback control. The design of a feedback

(or closed-loop) control scheme will begin not by finding the optimal control that

steers the initial condition to the origin as normal, but by determining the initial

value of the optimal control and letting the system evolve for a short amount of time

under the assumption that the optimal control has the same value as its initial value

over sufficiently short time scales. Then, when perturbations occur, or simply at

regular intervals, the current position on the trajectory is taken to be a new initial

condition, and then the initial value of the optimal control for that initial condition

is computed, and the system then evolves according to this control function. In this

way, even if perturbations occur, we will always be able to find our way to the origin.

In reality, we can only sample the position and optimal control at discrete time

intervals ∆t > 0 which we will choose to be orders of magnitude smaller than 1. If

we discretise the system of differential equations in (2.1.3), then we can express it as

a difference equation 
x(t+∆t)−x(t)

∆t
= Ax(t) + bu(t),

x(0) = x0,

x(T ) = 0,
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for some small time-step ∆t. Rearranging the difference equation gives
x(t+∆t) = x(t) + (Ax(t) + bu(t))∆t,

x(0) = x0,

x(T ) = 0.

By setting t = 0 in the difference equation, we see that

x(∆t) = x0 + (Ax0 + bu(0))∆t.

From one point in time, this allows us to approximately determine where we will be

after one time step, where the approximation gets better with smaller time-steps ∆t.

If perturbations occur, then the actual location of the point will be different from the

expected location, and so we should modify the control function to compensate. By

determining the initial value of the optimal control at every time-step, we eliminate

the need to know what the switching times are, a problem that we noticed with

open-loop controls, as we can detect switchings by a change in the initial value of

the optimal control. This observation tells us that while we are searching for non-

negative solutions to (3.2.1), we only care about their existence, and not the specific

data of each solution.

Starting from x0, we then generate a sequence of points x1, . . . ,xN for some N ,

where xN is sufficiently close to 0. Suppose we have a black-box that can, given

an initial condition x0, determine the initial value of the optimal control function

steering x0 to the origin. We refer to this unknown black-box as BlackBox. Then,

we can express the real-time feedback control in terms of this black-box as Algorithm

1. The most notable method that has been implemented to determine the existence

of a non-negative solution to the systems of equations found from nilpotent linear

time-optimal control problems is Gröbner bases in [61–63, 82]. The methods we

choose to perform this task of finding a non-negative solution are Newton’s method

and the Hermite’s quadratic form, a numerical solving technique and a construction

that can be used to design a root counting technique respectively.

2.1.2 Newton’s Method

In order to determine the existence of a system of polynomial equations, we will

use a method based on Newton’s method. Newton’s method is originally a method

for finding sufficiently accurate approximations of the roots of univariate real valued
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Algorithm 1: Feedback Control

Data: Dimension n, initial condition x0 ∈ Rn, time-step ∆t, convergence

tolerance ε≪ 1

i = 0, sequence← {}; initialising

diff = ∥x0∥; initial condition

while diff > ε do
i+ = 1;

u(t)← BlackBox(xi−1); determine optimal control

xi ← xi−1 + (Axi−1 + bu(0))∆t; compute next point

sequence← sequence ∪ {xi}; store next point

diff = ∥xi∥;
Result: list sequence containing the points along the trajectory

functions. An exposition to Newton’s method in the univariate case can be found in,

for example, [79].

Definition 2.1.1 ([79, Definition 1.6]). Let a0 ∈ R be a real number such that

f ′(a0) ̸= 0. The nth Newton iterate is the real number an defined recursively as

an = an−1 −
f(an−1)

f ′(an−1)
,

for n ≥ 1. The nth newton iterate is only defined, of course, if f ′(an−1) ̸= 0.

Depending on the choice of a0, the Newton iterate will converge to a root of the

equation f(x) = 0. This is a process that generalises readily to finding solutions of

equations in multiple variables.

2.1.3 Multivariate Newton’s Method

Our main aim is to find the roots of multivariate systems of polynomial equations.

There is an analogue of Newton’s method for multivariate functions which we expose

here. Let F : Rn → Rn be a multivariable function. Where Newton’s method is used

to determine the roots of univariate equations, the multivariate form can be used to

find the roots of multivariate equations

F(t) = 0, (2.1.7)

where t = (t1, . . . , tn) is a tuple of n variables. A Newton’s method for multivariate

functions necessitates an analogue of both the derivative of a multivariate function,
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and also the inverse of said derivative, as well as a meaningful way to multiply this

inverse with the function. We begin with the analogue of the derivative.

Definition 2.1.2 ([79, Definition 4.3]). Let F = (f1(t), . . . , fn(t)) : Rn → Rn be a

multivariable function that is defined and continuous in some open set of Rn contain-

ing a point a ∈ Rn. Suppose further that the partial derivatives ∂fi
∂tj

for j = 1, . . . n

of fi exist at a for i = 1, . . . , n. The Jacobian matrix F ′(a) of F at a is the n × n
matrix with elements

F ′(a)i,j =
∂fi
∂tj

(a), i = 1, . . . , n.

Given this choice of derivative analogue, it then becomes clear that in order to

determine the inverse, we should simply take the inverse matrix F ′(a)−1 assuming

it exists. Then, we can easily see the multivariate analogue of Newton’s method.

Definition 2.1.3. Let F : Rn → Rn be a multivariate function, and let a0 ∈ Rn

be a point with the property that F ′(a) is invertible. Then, the kth (multivariate)

Newton iterate ak is defined as

ak = ak−1 −F ′(an−1)
−1F(an),

assuming F ′ is invertible at each Newton iterate.

With this, [79, Theorem 4.4] gives sufficient conditions for the sequence of Newton

iterates to converge (quadratically) to a solution of (2.1.7) for a multivariate function

F . When roots of higher multiplicity are present, then the convergence may be linear,

or the sequence of Newton iterates may fail to converge. The sequence of Newton

iterates may also not converge if the initial guess is not sufficiently close to any roots.

To remedy these issues, we can randomly choose a new initial guess if the Newton

iterates fail to converge within a certain maximum number of iterations, or to within

a specified tolerance of a root. We choose these maximum number of iterations and

tolerances on a problem-by-problem basis.

2.1.4 Deflation

Given a multivariate function F : Rn → Rn, we may use Newton’s method to de-

termine a real root of the equation (2.1.7). Given an initial point t0, suppose the

sequence of Newton iterates converge to a root of F . To find another root, we may

choose to start from a different starting point. However, doing so does not guar-

antee that we will find a different root. To overcome the issue of having multiple
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starting guesses converging to the same root, we will introduce here the concept of

deflation. This is a process by which we can eliminate the roots of a multivariate

equation (2.1.7) in such a way that we can then use Newton’s method to find every

real root. Deflation originally referred to a process on univariate polynomials, such

as discussed in [84]. The idea, so it is described, is that if f : R→ R is a univariate

polynomial (therefore f ∈ R[t]), and there is a root, say r ∈ R, of f(t) = 0, then

there is a polynomial g ∈ R[t] such that f(t) = (t − r)g(t). This is the well known

Factor Theorem. We can think of g(t) as being the “quotient” f(t)/(t− r), and it is

referred to as a deflation of f(t) by the root r. This can be extended to a definition

for the deflation of any univariate function by a root r:

Definition 2.1.4. Let f : R → R be a univariate function. Let r ∈ R be so that

f(r) = 0. Then, the function g : R→ R defined by

g(t) = lim
t→r

f(t)

t− r
, (2.1.8)

is the deflation of f(t) by r.

In 1971, Brown and Gearhart [16] extended the concept of deflation to multivari-

ate functions by replacing the quotient in (2.1.8) with a deflation matrix.

Definition 2.1.5 ([16]). Let r ∈ Rn, and let M(t, r) be an n × n matrix. We say

that M(t, r) is a deflation matrix if for any differentiable F : Rn → Rn such that

F(r) = 0 and F ′(r) is invertible, we have

lim inf
i→∞

∥M(ti, r)F(ti)∥2 > 0,

for any sequence ti → r, where for τ = (τ1, . . . , τn) ∈ Rn, we have ∥τ∥2 =
√∑n

i=1 τ
2
i .

Suppose we have a deflation matrix M(t, r) for every r. Given a system of

polynomial equations F , we may use Newton’s method to determine a root of F ,
say r1. Then we modify the system of polynomial equations to be M(t, r)F , and
perform Newton’s method on this modified system to find a root r2. Repeating this,

we can find every root of F . However, a-priori there is no way of knowing when every

root has been found. The stopping condition of this deflation method is determined

by the number of roots it is expected to find. To this end, we are urged to find a

way to count the number of roots of a polynomial system.
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2.2 Root Counting

This section is dedicated to counting the roots of a system of polynomial equations.

The construction that we are building towards is the Hermite quadratic form. We

start with some an introduction to polynomial algebra, and then define Gröbner

bases, a common tool from computation algebraic geometry. We give a full definition

of the Hermite quadratic form here, as well as how to compute its signature.

2.2.1 Polynomial Algebra

We begin by introducing some results from the world of algebraic geometry. We

start by introducing some basic notions of algebra, a more complete exposition can be

found in [4, Chapter 1], and we will be using the definitions from this book, expanded

slightly for clarity. We will be working over the fields R and C, and will state

clearly in which field we are operating when it is unclear from context. Consider the

polynomial ring R[t1, . . . , tn] in variables t1, . . . , tn. A system of polynomial equations

over R[t1, . . . , tn] is a set of equations

{f1 = 0, f2 = 0, . . . , fk = 0},

where f1, . . . , fk ∈ R[t1, . . . , tn] are polynomials. A solution to this system of polyno-

mial equations in C is a tuple (z1, . . . , zn) ∈ Cn with the property that fi(z1, . . . , zn) =

0 for each i = 1, . . . , k. The set of every solution to this system of polynomial equa-

tions, also known more commonly as the variety, is the set denoted

VC(f1, . . . , fk) = {(z1, . . . , zn) ∈ Cn | fi(z1, . . . , zn) = 0 for i = 1, . . . , k}.

We then define the set of real solutions of the system of equations to be the set

denoted

VR(f1, . . . , fk) = VC(f1, . . . , fk) ∩ Rn.

For optimal control, we seek non-negative real roots corresponding to physically

meaningful switching times, and so we are interested mainly in the set of non-negative

real solutions of the system of equations VR(f1, . . . , fn) ∩ Rn
≥0. Recall an ideal of

R[t1, . . . , tn] is a subset I of R[t1, . . . , tn] that is closed under addition and subtraction,

and closed under multiplication by polynomials. We denote by ⟨f1, . . . , fk⟩ the ideal

generated by the fi’s, defined as

⟨f1, . . . , fn⟩ =

{
k∑
i=1

gifi | gi ∈ R[t1, . . . , tn]

}
.
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and say that the fi’s form a generating set of ⟨f1, . . . , fn⟩.

Recall the quotient of a polynomial ring R[t1, . . . , tn] by an ideal I ⊆ R[t1, . . . , tn]
is the set of classes

R[t1, . . . , tn]/I = {f + I | f ∈ R[t1, . . . , tn]},

where

f + I = {f + g | g ∈ I}.

The solutions of a polynomial system is the same as the solutions of the ideal they

generate, so if I is the ideal defined by a polynomial system {fi = 0 | i = 1, . . . , n},
then we write VC(I) = VC(f1, . . . , fn) and VR(I) = VR(f1, . . . , fn). This allows

us to switch from considering systems of polynomial equations over R[t1, . . . , tn],
to ideals in R[t1, . . . , tn]. Of course, a given system of polynomial equations may

have finite, or infinitely many solutions. Systems of polynomial equations that have

finitely many solutions are the types that we would like to consider, since we wish

to use Newton’s method to exhaust every real solution. An ideal corresponding to

a system of polynomial equations is said to be zero-dimensional if the system of

equations has finitely many solutions. Zero-dimensional ideals are critical because

they guarantee finitely many solutions, enabling numerical methods like Newton’s

method. An important result is that if I ⊆ R is a zero-dimensional ideal, then in

fact the quotient ring R[t1, . . . , tn]/I is a finite dimensional R-vector space, which is

to say that there is a finite set of elements p1 + I, . . . , pk + I ∈ R[t1, . . . , tn]/I that

are linearly independent and spanning.

The quotient ring R[t1, . . . , tn]/I is the key to counting the roots of a polynomial

system. The Eigenvalue theorem (so called by Cox in [28]) which can be found

in [6, Theorem 4.96] is that if I is a zero-dimensional ideal, for a polynomial q ∈
R[t1, . . . , tn] the eigenvalues of the linear map

Lq : R[t1, . . . , tn]/I → R[t1, . . . , tn]/I

g + I 7→ qg + I,

is {q(z) | z ∈ VC(I)}. The Eigenvalue theorem immediately implies that the trace of

L1 is equal to the number of complex roots of I. This result shows a clear link between

the roots of a system of polynomial equations, and the quotient ring, specifically the

multiplication maps.

Recall the problem of finding the switching times of an optimal control for the

system (2.1.3). As we have shown, this involves finding non-negative solutions of the
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system of polynomial equations (3.2.4). We can write the solution set of the system of

polynomial equations as the variety of an ideal, and then the relevant solutions will be

found in the intersection of the variety with the 1st orthant Rn
≥0 = {(x1, . . . , xn) ∈

Rn | xi ≥ 0∀i = 1, . . . , n}. Suppose we are given an initial condition x0 ∈ R in

(2.1.3), and suppose we choose a value for u(0) = ±1. We set fk(t1, . . . , tn) to be the

polynomial in R[t1, . . . , tn] that is the kth row of the vector (3.2.4) when u0 = ±1. We

write I = ⟨f1, . . . , fn⟩ to be the ideal defined by the system of polynomial equations

(3.2.4), and then VC(I) and VR(I) to be the corresponding complex and real varieties.

Since we care only for non-negative real solutions, we wish to find the set

VR(I) ∩ Rn
≥0.

For this purpose we will introduce the Hermite quadratic form. To do so, we give a

brief exposition of Gröbner bases.

2.2.2 Gröbner Bases

A Gröbner basis for an ideal I in a polynomial ring R[t1, . . . , tn] is a generating set for
I with some additional useful properties. Practically, finding a Gröbner basis of an

ideal I mirrors the Gaussian elimination algorithm for linear polynomial equations.

Gröbner bases were developed by Buchberger in his 1965 thesis [17] as a practical way

to generate a basis for the quotient ring R[t1, . . . , tn]/I when I is a zero-dimensional

ideal of R[t1, . . . , tn] (recall that R[t1, . . . , tn]/I is a finite dimensional R-vector space
when I is zero-dimensional). A detailed introduction to theory of Gröbner bases can

be found in [29]. Before we can define a Gröbner basis, we must choose before any

computation a total ordering on the monomials in the polynomial ring R[t1, . . . , tn],
where by monomial we mean a polynomial in R[t1, . . . , tn] that can be written as

tα1
1 · · · tαn

n where α1, . . . , αn ∈ Z≥0.

Definition 2.2.1. We represent a monomial tα1
1 · · · tαn

n using the n-tuple (α1, . . . , αn).

Amonomial order “⪰” is a total order on the set of monomials satisfying the property

that if α ⪰ β for monomials α and β, then for any other monomial γ, we have

αγ ⪰ βγ.

With this, we can speak about the concept of a “largest” monomial of a given

selection α1, . . . , αm as the monomial α so that α = αi for some i = 1, . . . ,m and

αi ⪰ αj or αi = αj for any j = 1, . . . , n.
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Definition 2.2.2. The initial element of a polynomial f is the monomial In(f) in

the monomial support of f that is largest with respect to ⪰. That is, it is the

monomial α such that for any other monomial β in the monomial support of f (the

set of monomials for which the polynomial f has a non-zero coefficient), we have

β ⪰ α. Given an ideal I, the initial elements of I is the set In(I) = {In(f) | f ∈ I},
and the initial ideal is ⟨In(I)⟩.

With this, we can define Gröbner bases.

Definition 2.2.3. Let I be an ideal in R[t1, . . . , tn] and ⪰ a monomial ordering. A

Gröbner basis of I is a set of polyomials G = {g1, . . . , gn} ⊆ I with the property

that G is a generating set for I, and In(G) = {In(g1), . . . , In(gn)} is a generating set

for ⟨In(I)⟩.

A Gröbner basis computed for an ideal is not unique, and varies based on the

choice of monomial ordering. Different choices of monomial orderings are useful in

different contexts. A good exposition of the most common orderings can be found

in [29, Page 8], but we focus on the graded reverse lexicographic ordering. We will

refer to this ordering with the symbol ⪰GRevLex. This ordering is defined as, for

different monomals α = (α1, . . . , αn) and β = (β1, . . . , βn) in R[t1, . . . , tn], we say

that α ⪰GRevLex β if
∑n

i=1 αi >
∑n

i=1 βi, or if
∑n

i=1 αi =
∑n

i=1 βi and the rightmost

non-zero entry of α− β is negative.

Many computer algebra softwares that compute Gröbner bases such as Macaulay2

[45] use this monomial order as standard. Another common monomial ordering is

the lexicographic ordering, written ⪰lex, defined so that if α and β are different

monomials in R[t1, . . . , tn], then α ⪰lex β if and only if the leftmost non-zero entry

in α− β is positive.

The reasons for the use of Gröbner bases as tools for solving polynomial equations,

is that using lexicographic ordering, the Gröbner basis of an ideal is what is referred

to in [51] as a shape basis. If ti ≻ tj whenever i < j, and I is zero-dimensional,

then the shape basis consists of polynomials of the form ti − gi(tn), where gi is a

univariate polynomial in tn for i = 1, . . . , n. This then allows the solutions of the

system of polynomial equations to be easily solved for. The reason for the use of

Gröbner basis for root counting however, is that they can be used to provide a basis

of the quotient ring R[t1, . . . , tn]/I. Recalling the Eigenvalue theorem now makes it

clear the importance of Gröbner bases. Gröbner bases not only help solve systems

of polynomial equations, but also construct the quotient ring basis [17] needed for
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the Hermite quadratic form introduced in Section 2.3, and we present the method

for finding this basis:

Proposition 2.2.1. Let ⪰ be a monomial ordering on R[t1, . . . , tn], and I a zero-

dimensional ideal in R[t1, . . . , tn]. Let G be a Gröbner basis of I with respect to the

ordering ⪰. Then the set of monic monomials that are not multiples of any In(g) for

g ∈ G, restricted to R[t1, . . . , tn]/I form a basis of R[t1, . . . , tn]/I.

To demonstrate this method of using a Gröbner basis of an ideal to find a basis

of the quotient, we will consider a small example in the ring R[t1, t2] using the zero-

dimensional ideal

I =

〈
t1 − t2 + 1,

t21
2
+ t1t2 −

t22
2
+ 1 + t1 + t2

〉
.

A Gröbner basis of I, computed using the graded reverse lexicographic order, is

G = {t1 − t2 + 1, 2t22 + 1}.

The set of initial elements of G are t1 and t22, and so the monic monomials that are

not multiples of either of these are 1 and t2, which form a basis for R[t1, t2]/I. Armed

with a basis of R[t1, . . . , tn]/I for a zero-dimensional ideal I, we now have everything

we need to define the Hermite quadratic form of an ideal.

2.3 The Hermite Quadratic Form

The Hermite quadratic form is a quadratic form on the quotient ring R[t1, . . . , tn]/I.
The applications of quadratic forms in root counting has been explored from as

early as 1853 by Sylvester in [78]. To define the generalised Hermite quadratic form

as presented in [6], we begin by choosing a polynomial q ∈ R[t1, . . . , tn]. Recall

the Eigenvalue theorem stated that the roots of a polynomial system evaluated at

a polynomial q could be found as the eigenvalues of the matrix Lq. The Hermite

quadratic form is a development on this concept [28] that will allow us to compute

the number of real solutions as well as the number of complex solutions. Let F be

a system of polynomial equations in R[t1, . . . , tn] defining an ideal I that is zero-

dimensional. Let B = {β1, . . . , βr} be a basis of R[t1, . . . , tn]/I. Recall the linear

map Lβiβjq(I) to be the map on R[t1, . . . , tn]/I defined by

f + I 7→ βiβjqf + I.
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Definition 2.3.1. The Hermite quadratic form of (I, q) is the map on R[t1, . . . , tn]/I
defined by the matrix (H(I, q))ij = trace(Lij(I, q)) where Lij(I, q) is the matrix of

the linear map Lβiβjq(I).

To find the basis B of R[t1, . . . , tn]/I, we can use Gröbner bases as explained in

section 2.2.2. Recall that the rank of the matrix H(I, q), denoted Rank(H(I, q)),
is equal to the number of non-zero eigenvalues of H(I, p) counted with multiplicity,

and the signature, denoted Sign(H(I, q)), is the difference between the number of its

positive an negative eigenvalues. The following result establishes the link between

the Hermite quadratic form H(I, q) and the number of roots of F .

Proposition 2.3.1 ([6, Theorem 4.100]). Suppose the system of polynomial equations

F in R[t1, . . . , tn] has finitely many solutions and q ∈ R[t1, . . . , tn]. Let I the zero-

dimensional ideal defined by this system of equations, and H(I, q) be the Hermite

quadratic form of (I, q). Then,

Rank(H(I, q)) = |VC(I) ∩ {τ ∈ C | q(τ ) ̸= 0}|,

Sign(H(I, q)) = |VR(I) ∩ {τ ∈ R | q(τ ) > 0}| − |VR(I) ∩ {τ ∈ R | q(τ ) < 0}|.

Immediately, we can see that the number of real roots of I can be determined

from the signature of the Hermite quadratic form H(I, 1). If q = 1, then we abuse

notation and write H(I) = H(I, 1). Finding the rank and signature of H(I, q)
involves counting the positive and negative eigenvalues of H(I). This consists of

finding the roots of the characteristic polynomial

det(H(I, q)− λI) = 0, (2.3.1)

a polynomial in R[λ], where I is the r × r identity matrix. In order to compute the

signature of H(I, q), we would need to compute the number of positive roots and the

number of negative roots of (2.3.1). There are many ways we could perform this, the

most salient one considering the content so far would be by using a deflated Newton’s

method in one variable. While this will produce every real root, it is in many ways

more work than is needed. There is, however, a simple method that merely involves

observing the coefficients of (2.3.1). This method is implemented in the RealRoots

[42, 43] package in Macaulay2, and we shall, for completeness, give an overview. The

way that the signature is computed is using a result known as Descartes’ rule of

signs. As explained by De Gua in [31], this result was first stated but not proved

by Descartes, and is related to the variations in the signs of the coefficients of a

polynomial.



CHAPTER 2. PRELIMINARIES 28

Definition 2.3.2. Let f(λ) = a0+a1λ+· · ·+ad−1λ
d−1+adλ

d ∈ R[λ] be a polynomial.

Suppose none of a0, a1, . . . , ad−1, ad are zero. The variations of the coefficients of f

is

Var(f) = Var(a0, a1, . . . , ad−1, ad) = |{i = 0, . . . , d− 1 | Sign(ai) ̸= Sign(ai+1)}|.

If any coefficients are 0, then the variations of the coefficients of f is defined to be

the variations of the same sequence with zeros removed.

Effectively, this is the number of times the sign flips when we read through the

coefficients of f . We demonstrate its computation with a few simple examples.

Example 2.3.1. Consider the polynomial

f(λ) = 3− λ+ 4λ2 + λ3 − 5λ4 + 9λ5.

The variations of the sequence of coefficients of f is then

Var(f) = Var(3,−1, 4, 1,−5, 9) = |{0, 1, 3, 4}| = 4.

Consider then the polynomial

g(λ) = 1 + 6λ− λ2 − 8λ3 + 3λ5.

The variations of the sequence of coefficients of g is then

Var(g) = Var(1, 6,−1,−8, 0, 3) = Var(1, 6,−1,−8, 3) = |{1, 3}| = 2.

⋄

The variations in the sequence of coefficients of a polynomial can be used to count

the number of roots of a polynomial.

Proposition 2.3.2 ([31, Theorem VI]). Let f(λ) = a0+a1λ+· · ·+ad−1λ
d−1+adλ

d ∈
R[λ] be polynomial with only real roots. Then

Var(a0, a1, . . . , ad−1, ad),

is equal to the number of positive roots of f(λ) = 0 counted with multiplicity.

This result is far simpler to compute as opposed to finding all roots using a

reduced Newton method. We demonstrate this by some examples
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Example 2.3.2. Consider the polynomial

f(λ) = 2− 7λ+ λ2 + 8λ3 − 2λ4.

The variations of the sequence of coefficients of f is then

Var(f) = Var(2,−7, 1, 8,−2) = |{0, 1, 3}| = 3.

That this polynomial only has real roots we will just take as given. Thus, by Propo-

sition 2.3.2, this polynomial has 3 positive real roots and hence 1 negative real root.

⋄

In order to be able to use the rule of signs to determine the signature of the

Hermite quadratic form of (I, q), we must first be able to prove that the characteristic

polynomial has exclusively real roots. In other words, we need H(I, q) to have only

real eigenvalues.

Proposition 2.3.3. Let A be a real symmetric matrix. Then A has exclusively real

eigenvalues.

Proof. See for example [80, Proposition 9.8].

By definition, the Hermite quadratic form H(I, q) is a real symmetric matrix, and

so it only has real eigenvalues. We then compute the signature of H(I, q). Suppose

χ(λ) = det(H(I, q)− λI),

is the characteristic polynomial of H(I, q). If 0 is an eigenvalue of H(I, q), then
we write χ(λ) = λpχ∗(λ) where p > 0 is an integer and χ∗(0) ̸= 0. Since H(I, q)
has only real eigenvalues, the polynomial χ(λ), and also χ∗(λ) have only real roots.

The rule of signs then states that there are as many positive roots as the number

of variations in the sequence of coefficients of χ∗(λ). We set r+ and r− to denote

the number of positive and negative real roots of χ∗ with multiplicity. We have

that r+ + p + r− = deg(χ), and we know r+ = Var(χ∗) by Proposition 2.3.2. So,

r− = deg(χ)− p− Var(χ∗), and deg(χ)− p = deg(χ∗) so

Sign(H(I, q)) = 2Var(χ∗)− deg(χ∗).

As multiplying χ∗ by λp does not change the sequence of coefficients (except for

adding zeros to the start), it also does not change the variations, so Var(χ∗) = Var(χ).
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Since deg(χ∗) is the total number of non-zero eigenvalues of the matrix H(I, q), we
can see that deg(χ∗) = Rank(H(I, q)). This allows us to compute the signature and

rank of the Hermite quadratic form H(I, q) in an efficient way:

Sign(H(I, q)) = 2Var(χ)− deg(χ) + p,

Rank(H(I, q)) = deg(χ)− p.
(2.3.2)

With this, it is simple and efficient to compute the number of real roots of a system

of polynomial equations.



Chapter 3

Time-Optimal Neural Feedback

Control

This chapter is based on the paper ‘Time-Optimal Neural Feedback Control of Nilpo-

tent Systems as a Binary Classification Problem’ which can be found at [9]. Section

3.5 has been added to further extend on the content of [9].

3.1 Introduction

A computational method for the synthesis of time-optimal feedback control laws

for linear nilpotent systems is proposed. The method is based on the use of the

bang-bang theorem, which leads to a characterisation of the time-optimal trajectory

as a parameter-dependent polynomial system for the control switching sequence.

A deflated Newton’s method is then applied to exhaust all the real roots of the

polynomial system. The root-finding procedure is informed by the Hermite quadratic

form, which provides a sharp estimate on the number of real roots to be found. In

the second part of the chapter, the polynomial systems are sampled and solved

to generate a synthetic dataset for the construction of a time-optimal deep neural

network, interpreted as a binary classifier, via supervised learning. Numerical tests

with nilpotent systems of increasing dimension assess the accuracy, robustness, and

real-time-control capabilities of the approximate control law. Time-optimal control

problems have a prominent place in control theory due to their many applications

in robotics, aerospace, and trajectory planning [14, 81, 83]. Recall the Bang-Bang

theorem, here listed as Proposition 2.1.3. This classical result dating back to the

31
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early days of optimal control states that, for finite-dimensional, linear time-optimal

processes where the control variable is constrained to a convex, closed, and bounded

polyhedron, the optimal control signal is piecewise constant, taking all its values at

the vertices of the polyhedron (see the different formulations in e.g. [7, 52, 65]).

Moreover, under Kalmans controllability criterion, an upper bound on the number

of switches of the piecewise-constant control can be determined as being 1 less than

the dimension. From a state space perspective, such a result transforms the time-

optimal control synthesis into a geometric problem, that is, the identification of a

switching surfaces splitting the state space into regions where different vertices of the

control polyhedron are selected as the instantaneous optimal control action. Hence,

while the original bang-bang theorem follows from first-order optimality conditions

for a given initial state, it also provides a characterisation of the optimal feedback

control law as a piecewise constant map with a finite number of output values. With

no loss of generality, in this chapter we restrict our presentation to scalar control

signals taking values in [−1, 1], for which the optimal feedback law corresponds to a

binary classifier to {−1, 1}. We study the construction of such a binary classifier via

supervised learning with synthetic data obtained from sampling optimal trajectories,

which are parametrised in terms of the switching structure of the optimal control

signal.

In the first part of this chapter, we follow a similar approach as in [82]. Here we

cast a time-optimal control problem, for which a parametrisation of the switching

control sequence and time integration of the dynamics leads to a polynomial system

of equations for the switching times. Since there is a unique solution to the time-

optimal control problem, we only need to determine the existence of a non-negative

solution of the polynomial system given a choice of the initial term of the switching

control sequence, -1 or 1. This solvability problem is studied using Gröbner bases,

Sturm sequences, and Macaulay2 as an effective computer algebra system for related

calculations. Our contribution is to propose a methodology that circumvents the

computational complexity and scalability issues of the use of Gröbner bases:

• Instead of analyzing the existence of non-negative solutions to the polynomial

system, we apply a variant of Newton’s method which can effectively exhaust

all possible roots. We follow a deflated Newton approach as originally proposed

in [16] for polynomial systems and later extended to a wider class of problems

and applications [10, 19, 38, 53].

• The stopping of the deflation method is determined by the number of roots
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it is expected to find. We apply Hermite’s quadratic form as a mechanism

to establish the number of roots of the polynomial systems under study. The

idea of using Hermite quadratic forms to solve polynomial systems with real

parameters is discussed in [64] and its use for sign determination in [6, 8, 23]. A

recent application of the above to semi-algebraic systems with real parameters

can be found in [41].

• A real-time feedback control is built using supervised learning. Recall the

black-box which determines the initial value of the optimal control steering

a given initial condition to the origin. We can replace solving the optimal

control problem (2.1.3) with finding the solution of the polynomial system

associated to this control problem. The black-box receives as an input an

initial condition, which enters as a parameter in the polynomial system, and

outputs the first control value of the optimal switching sequence, which leads to

the construction of a binary classifier mapping the nth dimensional state space

to {−1, 1}. Inspired by recent work on supervised learning for optimal feedback

control [2, 5, 22, 33, 49, 58] we train a deep neural network to approximate the

state-to-control feedback map using synthetic data. This approach bypasses

the need for iterative recomputation of optimal trajectories, which is replaced

by real-time model evaluation.

The rest of the chapter is organised as follows. In Section 3.2, we introduce

nilpotent linear time-invariant systems with a chain of integrators as a prototypical

case, and we provide a characterisation of the time-optimal control problem as a

polynomial system for the switching times of the control sequence. In Section 3.3,

we present the deflated Newton’s method we apply to find all possible roots of the

polynomial system. In Section 3.4, we introduce the Hermite quadratic form and its

use to determine the existence of non-negative real roots of a system of polynomial

equations. We present the methodology by which we count the number of real

roots of systems of polynomial equations and construct the black-box. We then in

Section 3.5 present an open-loop solver for the optimal control problem that uses

the deflated Newton’s method informed by the Hermite quadratic form, as well as

describing a black-box for computing the number of strictly non-negative roots of a

polynomial system using the Hermite quadratic form. In Section 3.6, we discuss the

approximation of a binary classifier via supervised learning with deep neural networks

and synthetic data generated from sampling polynomial systems for different initial

conditions. In Section 3.7, we assess the performance and robustness of the proposed
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approach on chains of integrators up to dimension 5. Section 3.8 presents concluding

remarks and future research directions.

3.2 Time-Optimal Control of Nilpotent Systems

We study the linear time-optimal control problem (see (2.1.3))

min
u∈U

T subject to


ẋ(t) = Ax(t) + bu(t),

x(0) = x0,

x(T ) = 0,

where U ≡ L∞([0,+∞); [−1, 1]
)
, A is an n × n real matrix, b ∈ Rn, and x0 ∈ Rn

a given initial condition. We begin by recalling a well-known characterisation of the

solution to time-optimal control problem (2.1.3) Proposition 2.1.3.

Recall that this result gives us a parametrisation of the total time T = t1+· · ·+tn
for non-negative ti’s, and recall the time domain Ω is the union of subintervals Ωi =

[Ti−1, Ti), with T0 = 0, and Ti =
∑i

j=1 tj, for every 1 ≤ i ≤ n−1, and Ωn = [Tn−1, Tn].

This induces a further parametrisation of the optimal control signal u as a piecewise-

constant function in time, taking the value u(0) = ±1 in Ω1, and (−1)i−1u(0) in the

interval Ωi. As we are studying the case where the matrix A is a nilpotent matrix

with nilpotency index n, and A = (Aij)i,j is similar to an n×n nilpotent Jordan block

of index n by Proposition 2.1.7, it is no loss of generality to assume that Aij = δi,j−1,

for i, j = 1, . . . , n, where δ is the Kronecker delta due to Proposition 2.1.8. This

covers a class of relevant problems, such as nth order chain of integrators and allows

the following characterisation of the optimal control signal.

Proposition 3.2.1 ([9, Proposition 2.2]). Let A be an n× n nilpotent Jordan block

and b ∈ Rn satisfying the assumptions in Theorem 2.1.3. Given an initial condition

x0, the non-negative increments {ti}ni=1 such that T = t1 + · · ·+ tn, associated to the

time-optimal control signal u(t) = ui, ∀t ∈ Ωi, with ui = ±1, satisfy the polynomial

system

0 = −u(0)
n−i+1∑
k=1

bk+i−1

∑
α1,...,αn≥0
α1+···+αn=k

(−1)max{j : αj ̸=0} t
α1
1 · · · tαn

n

α1! · · ·αn!
+

n∑
k=i

T k−i

(k − i)!
xk, (3.2.1)

for i = 1, . . . , n, where bj, xj denote the coordinates of b and x0, respectively.
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Proof. First, recall that for a given control signal, the trajectory associated to the

linear system in (2.1.3) is given in Proposition 2.1.5 by

x(t) = etAx(0) + etA
∫ t

0

e−τAbu(τ) dτ.

Evaluating at T = t1 + · · ·+ tn, and imposing that y(T ) = 0 implies

0 = eTAx0 + eTA
∫ T

0

e−τAbu(τ) dτ,

and integration by parts yields

0 = eATx0 + eTA
n∑
k=1

(
Ak−1 e−TAbUk(T )− Ak−1bUk(0)

)
= eTAx0 +

n∑
k=1

Ak−1 bUk(T ),

(3.2.2)

where

Uk(t) =

∫ t

0

Uk−1(τ) dτ, for i ≥ 1, with U1(t) =

∫ t

0

u(τ)dτ.

Since u is piecewise constant on the partition of Ω determined by the ti’s,

U1(T ) = u(0)
n∑
i=1

∫ Ti

Ti−1

(−1)i−1dτ = u(0)(t1 − t2 + . . . (−1)n−1tn),

where, as above, Ti = t1 + · · ·+ ti. For any 1 ≤ k ≤ n− 1, we have

Uk(T ) =

∫ T

0

Uk−1(τ)dτ =
n∑
i=1

∫ Ti

Ti−1

Uk−1(τ)dτ = u(0)
n∑
i=1

∫ Ti

Ti−1

(−1)i−1 τ k−1

(k − 1)!
dτ

= u(0)
n∑
i=1

(−1)i−1

[
(ti + Ti−1)

k

k!
− (Ti−1)

k

k!

]
= u(0)

n∑
i=1

k∑
j=1

(−1)i−1

(k − j)!j!
tjiT

k−j
i−1 .

Since

(t1 + · · ·+ ti−1)
k−j =

∑
α1+···+αi−1=k−j
α1,...,αi−1≥0

(k − j)!
α1!α2! · · ·αi−1!

tα1
1 · · · t

αi−1

i−1 ,

then

Uk(T ) = u(0)
n∑
i=1

∑
α1+···+αi=k

αi,...,αi−1≥0, αi>0

(−1)i−1

α1! · · ·αi!
tα1
1 · · · t

αi
i

= −u(0)
∑

α1+···+αn=k
α1,...,αn≥0

(−1)max{i : αi ̸=0}

α1! · · ·αn!
tα1
1 · · · tαn

n . (3.2.3)
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On the other hand, since A is we have Aij = δi,j−1, for i, j = 1, . . . , n. Then, for 1 ≤
k ≤ n we have (Ak−1)i,j = δi,i+k−1. Thus,

(
Ak−1b

)
i
= bk+i−1 for i = 1, . . . , n− k + 1,

and
(
Ak−1b

)
i
= 0 otherwise.

Finally, replacing (3.2.3) in (3.2.2), and noting that the ith component of eTAx0

is given by

(eTAx0)i =
n∑
k=1

(eTA)i,kxk =
n∑
k=i

T k−i

(k − i)!
xk,

we obtain the equality (3.2.1), as required.

Example 3.2.1. In R3, consider the vector b = (0, 0, 1)⊤. A solution of (2.1.3) leads

to the system of polynomial equations:

0 = u(0)(t1 − t2 + t3) + x3,

0 = u(0)

(
t21
2
+ t1t2 + t1t3 −

t22
2
− t2t3 +

t23
2

)
+ x2 + (t1 + t2 + t3)x3,

0 = u(0)

(
t33
6
+
t21t2
2

+
t21t3
2

+
t1t

2
2

2
+ t1t2t3 +

t1t
2
3

2
− t32

6
− t22t3

2
− t2t

2
3

2
+
t33
6

)
+ x1 + (t1 + t2 + t3)x2 +

(t1 + t2 + t3)
2

2
x3,

and u(0) = ±1. ⋄

With no loss of generality since we know that for scalar control systems in Jordan

form, controllability is equivalent to requiring bn ̸= 0 (See also [20] for another proof),

we will henceforth assume b = (0, . . . , 0, 1)⊤, leading to a simplified version of (3.2.1)

0 = −u(0)
∑

α1,...,αn≥0
α1+···+αn=n−i+1

(−1)max{j : αj ̸=0} t
α1
1 · · · tαn

n

α1! · · ·αn!
+

n∑
k=i

(t1 + · · ·+ tn)
k−i

(k − i)!
xk,

(3.2.4)

for i = 1, . . . , n. This system characterises the optimal control signal in the following

way. For every initial condition x0, there exists a unique optimal control signal,

which is determined by the choice of the initial control u(0) = ±1, and the existence

of a set of non-negative ti’s related to that choice. In other words, if a non-negative

sequence of ti’s is found for a given x and u(0), then the switching sequence is the

time-optimal solution to the problem. Otherwise, we are guaranteed a unique non-

negative solution to (3.2.4) by taking −u(0) as the starting element of the sequence

and computing the associated switching times. In the following section, we turn our

attention onto Newton’s method to find roots of the polynomial system.
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3.3 A deflated Newton’s Method

In this section, we present a numerical technique that combines Newton’s method

with a deflation routine to determine all possible solutions of the polynomial system

(3.2.4).

We denote by f1, . . . , fn the polynomials in t = (t1, . . . , tn) from (3.2.4), which

reads

F(t) =
(
f1(t), . . . , fn(t)

)⊤
= 0.

Given an initial guess t0, recall that the multivariate Newton’s method 2.1.3 generates

a sequence

tn+1 = tn −F ′(tn)
−1F(tn) (3.3.1)

where F ′ denotes the Jacobian of F . Assuming that this iteration converges to a

root of (3.2.4), we have no guarantees that it will converge to a non-negative solution

and, unless all solutions have been found, this cannot be interpreted as non-existence

of non-negative solutions. Hence, we resort to a deflated Newton method to find all

possible roots, which we describe in the following.

When using an iterative algorithm to find the roots of a function F(t), one can

search for new, distinct roots of F(t) by applying the same iterative algorithm to a

new deflated function G(t) whose zeros coincide with the roots of F(t), except for

those already found. Specifically, if F(r) = 0, for some r ∈ Rn, we define

G(t) =M(t, r)F(t),

whereM(t, r) is the deflation matrix defined in 2.1.5, which is invertible for all t ∈
Rn \ {r}, andM(t, r)F(t) = 0 if and only if F(t) = 0. This involves systematically

altering the residual of the polynomial system to eliminate solutions that have already

been identified. In this work, we consider

G(t) =
(
I

1

η(t)
+ Iξ

)
F(t) , for η(t) = ∥t− r∥p2 , (3.3.2)

where I ∈ Rn×n is the identity matrix, the deflation power p is a positive integer, and

the deflated residual ξ is a non-negative real number. The deflating term η(t)−1

ensures that G(r) ̸= 0, while the shift ξ ≥ 0 forces the deflated residual to not vanish

artificially as ∥t− r∥2 →∞.

The use of Newton’s method requires the computation of the derivative of G(t).
This can be done efficiently both in memory and computational cost by leveraging
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the information about the previous deflation iterates. If r0, . . . , rm−1 are roots of F ,
at the mth iteration, the deflation term reads

ηm = ηm−1(t)τ(t) , with ηm−1(t) =
m−1∏
i=0

∥t− ri∥p2 ,

for a temporal variable τ(t) = ∥t − rm∥p2. The derivative of the polynomial system

after m deflations is given by

G ′ = F
′

ηm
+ ξF ′ − F

η2m
⊗
(
η′m−1 τ + ηm−1 τ

′) . (3.3.3)

For the time-optimal polynomial system (3.2.4), the partial derivative of the ith

component fi of F with respect to the switching time tq is given by the polynomial

∂tqfi = −u(0)
∑

α1,...,αn≥0, αq ̸=0
α1+···+αn=n−i+1

(−1)max{j : αj ̸=0} tα1
1 · · · t

αq−1
q · · · tαn

n

α1! · · · (αq − 1)! · · ·αn!

+
n∑

k=i+1

T k−i−1

(k − i− 1)!
xk.

A pseudocode for this routine is provided in Algorithm 2. A crucial consideration for

the deflation algorithm is the selection of suitable stopping criteria, as once all roots

have been found, the algorithm will naturally fail to converge. However, numerical

instability can also prevent convergence as the number of roots in the deflation op-

erator increases. If we choose the upper bound given to us by Masser and Wüstholz

as a generalisation of Bézout’s theorem (see [56, Theorem II]), which is that the

number of real roots of a system of polynomial equations with degrees d1, . . . , dk is

at most the product
∏k

i=1 di. In (3.2.4), this corresponds to having at most n! real

roots. This, as it turns out, is drastically larger than the exact number in most

situations. Therefore, establishing a tighter bound on the number of real solutions

in our polynomial system is fundamental. The next section explores this bound by

drawing from real algebraic geometry and utilising the Hermite quadratic form.
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Algorithm 2: Deflated Newton

Data: Function F and its derivative F ′, initial guess, expected number of

roots nroots, deflation parameters p, ξ, convergence tolerance ε≪ 1

max iteration = 103, solutions← {}; initialising

η0(∗)← 1, η′0(∗)← 0, τ(∗)← 1, τ ′(∗)← 0 ; deflation operators

m← 0 ; count of identified roots

while m < nroots do

t← guess ; initial guess

update≫ 1, iteration← 0; reset convergence flags

while update > ε and iteration < max iteration do
iteration+ = 1;

f ← F(t), df ← F ′(t);

G ← (3.3.2), G ′ ← (3.3.3); compute deflated system

tnew ← t− pinv(G ′) · G; update root candidate

update← ∥tnew − t∥;
t← tnew;

if iteration = max iteration then
break

else

solutions← solutions ∪ {t} ; store solution

m+ = 1

τ(∗)← ∥ ∗ −t∥p ; Update deflation operators

τ ′(∗)← p · ∥ ∗ −t∥p−2 · (∗ − t);

ηm(∗) = ηm−1(∗)τ(∗);
Result: list solutions, containing the roots of F

3.4 The Hermite Quadratic Form

We present the Hermite quadratic form method, as introduced in [6], as a tool to

determine the number of roots in the polynomial system (3.2.4). We denote by

R = R[t1, . . . , tn] the ring of polynomials in t with real coefficients, hence for every

fi in the system F , fi ∈ R. Let

I = ⟨fi : i = 1, . . . , n⟩ =
{ n∑
i=1

gifi : gi ∈ R
}
⊆ R, (3.4.1)

be the ideal generated by F .

To apply the Hermite quadratic form method, it is necessary to ensure that R/I
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is a finite-dimensional vector space, which is equivalent to I being zero-dimensional.

This property can be verified using a monomial ordering, which can be used either

to establish certain properties of the monomials which are powers of the variables ti

or to compute a Gröbner basis for the ideal I. Alternatively, if we can verify that

the polynomial system F defining J has only a finite number of solutions in C this

also implies that J is zero-dimensional. For further details on these methods, see,

for example, [30, §3, Chapter 5]. Recall the definition of the Hermite quadratic form

of the pair (I, 1), denoted H(I). We show an example computation of the Hermite

quadratic form of an ideal.

Example 3.4.1. Taking n = 2 and u(0) = 1 in (3.2.4) leads to

f1 = t1 − t2 + x2, (3.4.2)

f2 =
t21
2
+ t1t2 −

t22
2
+ x1 + (t1 + t2)x2. (3.4.3)

These are polynomials in R = R[t1, t2], and we take J = ⟨f1, f2⟩. This system has a

finite number of solutions because if t2 = t1 + x2 by (3.4.2), then (3.4.3) leads to a

quadratic equation in t1, which has at most two solutions. We see that B = {1, t2} is
a basis for the vector space R/J . Taking β1 = 1, and β2 = t2, then the map L12(I)

is given by 1 + J 7→ t2 + I, and t2 + J 7→ t22 + I = −x1 + 1
2
x22 + I. Thus,

L12(I) =

(
0 −x1 + 1

2
x22

1 0

)
,

and so trace(L12(I)) = 0. Similarly, we compute Lij(I) for i, j = 1, 2, and we get the

Hermite quadratic form of J , which is given by the matrix H(I) =

(
2 0

0 x22 − 2x1

)
.

⋄

In practice, for a given value of x, we use Macaulay2 to compute the dimension

of the ideal I and verify if it is zero. The Hermite quadratic form for parametric

systems of polynomial equations has been studied in [64]. Here, it is shown that for

a given parameter, it is possible to obtain the Hermite quadratic of the associated

polynomial system, as long as the denominator of the parameter-augmented Hermite

quadratic form does not vanish.

If the ideal I of the polynomial system F is zero-dimensional, the Hermite

quadratic form H(I) can be used to count the number of real roots of F by Proposi-

tion 2.3.1. We present the special case of this result when q = 1 here for completeness.
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Proposition 3.4.1 ([6, Theorem 4.100]). Suppose the system of polynomial equation

F ⊆ R has finitely many solutions. Let I = ⟨fi : i = 1, . . . , n⟩, and H(I) be the

Hermite quadratic form of I. Then,

Rank(H(I)) = |VC(I)|, and Sign(H(I)) = |VR(I)|.

Remark 3.4.1. By Proposition 3.4.1, the number of real roots of a polynomial system

can be computed by counting the positive and negative real roots of the characteristic

polynomial of the matrix H(I).

Example 3.4.2. In Example 3.4.1, the signature of H(I) is determined by the sign

of the eigenvalue x22 − 2x1. If x22 − 2x1 > 0, then both eigenvalues of H(I) are

positive, meaning that the system of polynomial equations has two real solutions.

If x22 − 2x1 = 0, then the system has only one real solution. If x22 − 2x1 < 0,

then Sign(H(I)) = 0, and the system has no real solutions. These three cases are

illustrated in Figure 3.1 ⋄
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Figure 3.1: Graph of the two dimensional polynomial system from Example 3.4.1.

The number of real solutions of the system depend on the sign of the diagonal

elements in the matrix H(I). We have three cases: x22 − 2x1 > 0 (left), x22 − 2x1 = 0

(middle), and x22 − 2x1 < 0 (right).

The Hermite quadratic form feeds into Algorithm 2 by providing nroots, the ex-

pected of number of real roots. We set nroots = Sign(H(I)). This quantity is valid
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for fixed x and u(0), and once nroots has been reached without finding a non-negative

solution, we are guaranteed the existence of a non-negative solution by taking −u(0).

All of our computations are completed in Macaulay2 using the RealRoots pack-

age [42]. The command “traceCount(I)” returns the signature of Hermite quadratic

form of I. Within this computation, a Gröbner basis of J is computed when finding

a basis of R/I. As shown in [34], the algorithms to compute the Gröbner basis of the

ideal J will generate polynomials with total degree bounded above by 2(n2/2+n)2
n−1

.

As a result, as we increase the number of variables n, the Gröbner basis computation

will increase double-exponentially. In Section 6, we report results where the Her-

mite quadratic form has been computed for polynomial systems up to dimension 5,

although computations have been successfully performed up to dimension 7.

Recall that if we set u(0) = ±1 in (3.2.4), then the existence of a non-negative

real solution corresponds to the existence of an optimal control with initial value ±1.
Suppose we choose a value for u(0), and let F be the polynomial system in (3.2.4),

and J the corresponding ideal in R[t1, . . . , tn]. We can use the Hermite quadratic

form of J to create a purely algebraic black-box.

Proposition 3.4.2. The polynomial system F has a non-negative real root if and

only if the following inequation holds∑
0≤αi≤1
1≤i≤n

Sign(H(J, tα1
1 · · · tαn

n )) > 0.

Proof. We need only to show that τ = (τ1, . . . , τn) ∈ Rn is a root of F that is not in

Rn
≥0 if and only if ∑

0≤αi≤1
1≤i≤n

Sign(τα1
1 · · · ταn

n ) = 0.

We will say here as convention that 00 = 1, because we consider it to be the value of

polynomial τ 0i = 1 at τi = 0 for any i. Suppose τ is not in Rn
≥0, and without loss of
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generality that τ1 < 0. We have∑
0≤αi≤1
1≤i≤n

Sign(τα1
1 · · · ταn

n ) =
∑

0≤αi≤1
1≤i≤n

Sign(τα1
1 )Sign(τα2

2 · · · ταn
n )

=
1∑

α1=0

Sign(τα1
1 )

∑
0≤αi≤1
2≤i≤n

Sign(τα2
2 · · · ταn

n )

=
1∑

α1=0

(−1)α1

∑
0≤αi≤1
2≤i≤n

Sign(τα2
2 · · · ταn

n )

= 0.

Then suppose τ is a root of F as before, but is in Rn
≥0. Then suppose without loss

of generality that τi = 0 for i = 0, . . . , k for some k ≤ n, and τi > 0 for k < i ≤ n.

Then,∑
0≤αi≤1
1≤i≤n

Sign(τα1
1 · · · ταn

n ) =
∑

0≤αi≤1
1≤i≤k

Sign(τα1
1 · · · τ

αk
k )

∑
0≤αi≤1
k+1≤i≤n

Sign(τ
αk+1

k+1 · · · τ
αn
n )

=
∑
αi=0
1≤i≤k

Sign(τα1
1 · · · τ

αk
k )

∑
0≤αi≤1
k+1≤i≤n

Sign(τ
αk+1

k+1 · · · τ
αn
n ).

The, since τ 01 · · · τ 0k = 1 by convention, and Sign(τ
αk+1

k+1 · · · ταn
n ) = 1 for each αi for

i = k + 1, . . . , n, we are done.

We should note that the value of∑
0≤α1,...,αn≤1

Sign(H(J, tα1
1 · · · tαn

n )),

is not the total number of non-negative real roots of F . It is, in most cases, larger,

but what makes it useful is that it vanishes if and only if there are no non-negative

real roots of F , and so it can be used as an indicator for their existence, and hence

it can be used as the black-box.

3.5 Construction of an open-loop solver and an

algebraic black-box

In this section we show how to use Newton’s method and Hermite’s quadratic form to

create an open-loop solver for the polynomials (3.2.4). We name it OpenLoopSolver.



CHAPTER 3. TIME-OPTIMAL NEURAL FEEDBACK CONTROL 44

Algorithm 3: OpenLoopSolver

Data: Initial condition x0 = (x1, . . . , xn)
⊤, an initial control value u(0).

Initial guess, deflation parameters p, ξ, convergence tolerance ε≪ 1

for i = 1, . . . , n do

fi ← −u(0)
∑

α1,...,αn≥0
α1+···+αn=n−i+1

(−1)max{j : αj ̸=0} t
α1
1 ···tαn

n

α1!···αn!
+
∑n

k=i
(t1+···+tn)k−i

(k−i)! xk;

F ← (f1, . . . , fn)
⊤;

I ← ⟨f1, . . . , fn⟩;
nroots ← Sign(H(I));
solutions← Deflated Newton(F ,F ′, guess, nroots, p, ξ, ε);

for (t1, . . . , tn) ∈ solutions do

if t1, . . . , tn ≥ 0 then
SwitchingTimes← (t1, . . . , tn);

u(0)← 1;

else
OpenLoopSolver(x0,−u(0), guess, p, ξ, ε);

Result: u(0), the initial value of the optimal control. (t1, . . . , tn), the

switching times of the optimal control.

It is a combination of the deflated Newton’s method with the Hermite quadratic

form and is constructed in Algorithm 3. In Section 3.6, we will use this algorithm to

generate a synthetic dataset for the training of a binary classifier neural network.

As discussed at the end of Section 3.4, there is a way to use the Hermite quadratic

form to create a black-box. It is a purely algebraic method that was not discussed

in [9]. We name it BlackBoxHermite and describe the procedure in Algorithm 4.

Notice that in BlackBoxHermite, we presuppose that u(0) = 1 when defining

the polynomial system. As discussed, if a non-negative solution to (3.2.4) is found

with u(0) = 1, then the optimal control starts with 1, and if there is no non-negative

solution we must have u(0) = −1. We note that implementing BlackBoxHermite

as a real-time way to determine the optimal control will be difficult. Mainly for the

reasons that Gröbner bases have been found to be unfeasible. Since at every time-

step in Algorithm 1 we are required to compute Hermite quadratic forms, we must

be aware that this procedure is purely algebraic, and thus no consideration has been

taken for efficiency. Luckily, for each of the 2n quadratic forms whose signatures

we must calculate, each one is defined over the same basis, and so there is only one

Gröbner basis calculation per time-step.
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Algorithm 4: BlackBoxHermite

Data: Initial condition x0 = (x1, . . . , xn)
⊤.

for i = 1, . . . , n do

fi ← −
∑

α1,...,αn≥0
α1+···+αn=n−i+1

(−1)max{j : αj ̸=0} t
α1
1 ···tαn

n

α1!···αn!
+
∑n

k=i
(t1+···+tn)k−i

(k−i)! xk;

I ← ⟨f1, . . . , fn⟩;
rootCounter←

∑
0≤α1,...,αn≤1 Sign(H(I, t

α1
1 · · · tαn

n ));

if rootCounter > 0 then
u0 ← 1;

else
u0 ← −1;

Result: u(0) = u0, the initial value of the optimal control.

A potential way to overcome this is via the work in [64], which proves that the

roots of parametric polynomial systems can be found in the same way using Hermite

quadratic forms. They consider polynomials over function fields such asQ(x1, . . . , xn)

instead of R, and show that Hermite matrices over Q(x1, . . . , xn), when values are

chosen for the parameters x1, . . . , xn, then the corresponding matrix is the Hermite

matrix of the original polynomial system when the values for the parameters are

substituted in. If we parametrise (3.2.4) in terms of x1, . . . , xn, the initial condition,

then it may be possible to precompute

H(I, tα1
1 · · · tαn

n ),

off-line for each monomial tα1
1 · · · tαn

n . Compared to the computation of the Hermite

quadratic form itself, the signature is a fast computation, and so the only on-line

computations needed will be substitutions into polynomials, computations of sig-

natures of matrices, addition of 2n such signatures, and verifying inequalities. Of

course, working over function fields such as Q(x1, . . . , xn) introduces the possibility

of denominators that may vanish when certain values are chosen for the parame-

ters. To the best of our knowledge there is no explicit way to know in general which

parameter values will cause the denominators that appear to vanish, and so this

precomputation step is not fully justified in the absence of further investigation.
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3.6 Constructing a neural feedback law as a bi-

nary classifier

The Deflation algorithm 2 generates open-loop controls, which are effective in an

ideal setting where both system dynamics and initial conditions are exactly known,

but not in real-world applications where perturbations lead to deviations from the

optimal trajectory. This necessitates the development of a feedback control, and

the construction of a black-box based on the open-loop solver. In deterministic

optimal control, the construction of an optimal feedback law is obtained via dynamic

programming, leading to a static, first-order Hamilton-Jacobi-Bellman PDE for the

value function of the control problem. The optimal feedback law is obtained as a

by-product. However, this method requires an accurate tracking of the discontinuous

switching law, which can only be achieved using local, grid-based numerical methods,

and hence it is limited to low-dimensional problems. In this section, we present an

alternative synthesis method that circumvents the solution of the Hamilton-Jacobi-

Bellman PDE by resorting to supervised learning. Here, we train a neural network

using synthetic data from sampling open-loop, optimal trajectories obtained with

the methodology presented in previous sections.

3.6.1 Feedforward Neural Network Classifier

Given the bang-bang (binary) nature of the control in the problem under considera-

tion, we frame the feedback approximation as a classification task rather than relying

on regression. This means that the output of our model will be of discrete nature in

{−1, 1}.

We consider a class of models within the family of feedforward neural networks

(NN), characterised by a sequential composition of nonlinear activation functions

applied component-wise to affine transformations of the inputs. If we define the mth

layer as lm(zm) = σm (Amzm + bm), the parametric model reads

uθ(z) = lM ◦ . . . ◦ l2 ◦ l1(z) ,

where uθ is the estimated probability that u(z) = 1, with trainable parameters

{Am, bm}M−1
m=1 , Am ∈ Rnm−1×nm and bm ∈ Rnm being the weight matrix and bias

vector of the mth layer respectively, which has nm neurons. Here, the σms, m =

1, · · · ,M − 1, are nonlinear activation functions, applied component-wise to the
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layer input variable zm ∈ Rnm−1 , and outputting values to the next layer. We fix the

final layer to be sigmoid

lM(zM) =
1

1 + e−zM
,

where, as before, the function is applied component-wise to the entries of the layer

input zM . This function maps any real-valued input into the range (0, 1), making it

particularly suitable for binary classification tasks, as the output can be interpreted

as a probability:

P
[
u(z) = 1

]
= uθ(z), and P

[
u(z) = −1

]
= 1− uθ(z). (3.6.1)

By denoting the approximation of the feedback control as ũ(z) ≈ u(z), we define it

as the most likely event under the probability uθ:

ũ(z) =

1 if uθ(z) ≥ 0.5,

−1 otherwise.

This formulation not only provides a classification decision but also quantifies the

confidence of the model in the forecast. In Section 3.7, we will state in each case the

non-linear activation functions as these are problem specific choices.

3.6.2 Synthetic Data Generation

For the generation of the training and testing datasets, we utilise the deflated New-

ton’s method discussed in Section 3.3 in the form of Algorithm 2, and solve the

polynomial system in (3.2.4). We begin by generating Ns sample points in the state

space, denoted by
{
x
(i)
0

}Ns

i=1
. For each initial condition, we evaluate the solvability

of the polynomial system under the two possible initial control values, u0 = 1 and

u0 = −1.

To ensure the accurate detection of switching surfaces, we further store the state

and control information for a sequence of 100 points along the resulting optimal

trajectory generated from each initial condition. This process results in a dataset

consisting of N = 100Ns entries:

T =
{
x
(i)
0 , u

(i)
0

}
i
∪
{
x(i)(τk), u

(i)(τk)
}
i,k
, for i = 1, . . . , Ns, and k = 1, . . . , 100,

where x(i)(t) is the optimal trajectory departing from x
(i)
0 and τk’s are uniformly

spaced discrete times in (0, T ]. For convenience, we will denote the input uθ(·) as z,
and rearrange the training set as

T =
{
z(j), u(j)

}N
j=1

,
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where N = 100Ns.

3.6.3 Training of the Model

The network is trained to minimise a cross-entropy loss function (3.6.2) on data,

ensuring the output probabilities align with the provided labels. The training is per-

formed using the Adam optimiser [50]. The dataset is split into two subsets: 90% for

training, 10% for testing. The number of layers and neurons is selected to balance

model complexity and computational efficiency, and hyperparameters such as learn-

ing rate and batch size are tuned using a grid search and aiming at maximising the

approximation performance. These choices are problem-specific and will be clarified

for each numerical test in Section 3.7.

In this case, the binary cross-entropy loss function measures how well the neural

network’s predicted probabilities align with the true binary labels (u(z) ∈ {−1, 1}).
The binary cross-entropy loss for a single data point z is given by:

L(z, u(z)) = −
[
λ log

(
uθ(z)

)
+ (1− λ) log

(
1− uθ(z)

)]
,

where:

• λ ∈ {0, 1} is the true label, with λ = 0 corresponding to u(z) = −1 and λ = 1

corresponding to u(z) = 1,

• uθ(z) is the network’s predicted likelihood that u(z) = 1, as in (3.6.1).

For a dataset of N samples, the total binary cross-entropy loss is:

L =
1

N

N∑
j=1

[
−λj log

(
uθ
(
z(j)
))
− (1− λj) log

(
1− uθ

(
z(j)
))]

. (3.6.2)

This loss function encourages the network to predict probabilities uθ(z
(j)) close to

1 when λj = 1 and close to 0 when λj = 0, effectively learning the mapping from

states z(j) to control labels u(j).

The model’s performance is assessed by measuring the proportion of correctly

predicted labels out of the total number of samples

Accuracy =
1

N

N∑
j=1

1(
ũ(z(j))=u(j)

),
where 1 denotes the indicator function.
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3.7 Numerical Tests

In this section, we evaluate the proposed methodology on an nth order nilpotent

systems, where n ranges from 2 to 5. The discussion includes the process of data

generation, the architecture of the model, and the choice of hyperparameters. We

compare the trajectories controlled by the trained model against the optimal trajec-

tories obtained using Algorithm 3 to solve (3.2.4). Across the numerical examples,

we demonstrate that interpreting uθ as a binary classifier with confidence information

improve its approximation performance. We evaluate the robustness of the feedback

approximation under noisy trajectories and highlight the computational advantages

of using Hermite quadratic forms to determine a bound for the number of roots to

be identified through deflation.

3.7.1 The double integrator

We consider the time-optimal control problem

min
u(t)

T ≥ 0 s.t. ẋ =

(
0 1

0 0

)
x+

(
0

1

)
u, x(0) = x0, x(T ) = 0,

whose solution is given by a piecewise constant control, starting from an initial

control u0 ∈ {−1, 1} and a switching sequence t = (t1, t2)
⊤, computed by solving the

associated polynomial system (3.2.4), which for n = 2 reads:t1 − t2 + x2 = 0,

t21
2
+ t1t2 −

t22
2
+ x1 + x2(t1 + t2) = 0,

for (u0 = 1),

t1 − t2 − x2 = 0,

t21
2
+ t1t2 −

t22
2
− x1 − x2(t1 + t2) = 0,

for (u0 = −1).

(3.7.1)

Admissible solutions of (3.7.1) specify the optimal trajectory, starting from x0 =

(x1, x2)
⊤ with control u0 and switching sequence1 t. We generate a dataset by sam-

pling Ns = 50 uniformly distributed initial conditions
{
x
(i)
0

}Ns

i=1
in the numerical

domain [−1, 1]2, generating couples of optimal state-actions
{
x(i)(τk), u

(i)(τk)
}

for

0 = τ0 < · · · τk < · · · τ100 = T using deflation with an initial guess of (t1, t2) =

1For the sake of clarity, we recall that this switching sequence is to be interpreted in the following

way: there is an initial control value u0 in [0, t1), which then switches to −u0 in [t1, t1 + t2], being

the minimum time T = t1 + t2.
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Figure 3.2: The trained classifier identifies the switching surface as a low-confidence

region.

(0.1, 0.1), a tolerance of 1 × 10−10, and a maximum number of iterations of 1 × 103

per initial guess. When the deflated Newton’s method converged, it required an av-

erage of 19.6721 iterations to converge. The average number of iterations required

for convergence after each successive deflation can be seen in Appendix A.

We rely on the N = 100 ·Ns generated data pairs

T = {z(j), uj}Nj=1,

to train a NN classifier mapping states z into the associated feedback uθ(z). After

a grid search over a number of possible feedforward architectures, we select uθ(·) to
have a single hidden layer of width n2 = 100 neurons and σ2 = tanh(·) as activation
function. We train the model to minimise the loss function (3.6.2) over the training

set using the Adam optimiser [50].

After training, the model achieves a test set accuracy of 99.38% with a corre-

sponding loss L = 0.0156. In Figure 3.2, we show how the trained classifier labels

points in [−0.25, 0.25]2. The model assigns controls with high probability to points

on either side of the switching surface, while points lying directly on the surface are

associated with lower confidence, as indicated by the lighter colors in the figure.

All optimal trajectories eventually intersect the switching hyperplane and travel

along it until reaching the origin. Therefore, the model’s accuracy on the switching

surface is crucial for achieving a reliable feedback approximation. At this point, we
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have two options:

• we rely on the classification provided by the neural network uθ, disregarding

its low confidence,

• or we define a confidence threshold, and if the confidence falls below this thresh-

old, we invoke the open-loop solver, Algorithm 3 to determine the feedback

control at the low-confidence point.

We compare these two procedures in Figure 3.3. The trajectory controlled through

the neural feedback approximation is integrated via explicit Euler, with time-step

5−4. The enhanced approximation, which is based on the polynomial system solution

when the classifier confidence is below ε = 0.01, is triggered on 1% of the trajectory

points and doesn’t improve significantly the approximated optimal horizon TNN . We

conclude that, in this first example, even low-confidence points are classified correctly

via uθ.

Figure 3.3: Comparison of the optimal trajectory computed via deflation with the one

controlled with the classifier uθ. On the left, the NN feedback is solely determined via

uθ, whilst on the right we rely on the identification of the solution of the polynomial

system (3.7.1) to identify the feedback at low-confidence points. T denotes the exact

minimum time.
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3.7.2 Triple integrator

Similarly as in the first test, we consider the time-optimal control problem subject

to

ẋ =

0 1 0

0 0 1

0 0 0

x+

0

0

1

u,

with boundary conditions x(0) = x0 = (x1, x2, x3)
⊤, x(T ) = 0. The polynomial

system (3.2.4) features 3 equations for the unknown switching sequence t = (t1, t2, t3).

We sample state and controls along the optimal trajectories departing from Ns =

5000 uniformly distributed initial conditions in [−1, 1]3 using deflation with an initial

guess of (t1, t2, t3) = (0.1, 0.1, 0.1), a tolerance of 1×10−15, and a maximum number of

iterations of 1×103 per initial guess. When the deflated Newton’s method converged,

it required an average of 54.2912 iterations to converge. The average number of

iterations required for convergence after each successive deflation can be seen in

Appendix A. The resulting dataset is used to train a model uθ characterised by

a single hidden layer with width n2 = 80 and σ2 = tanh(·) activation function.

After training, the model reaches 99.12% accuracy in the test set, associated with

a loss L = 0.0334. In this example, the enhanced feedback approximation, calling

the polynomial solver for identifying the control at points with confidence below

ε = 0.005, occurs on 4.08% of the trajectory points, and improves the approximated

horizon when compared to the trajectory controlled solely via uθ. We show the results

in Figure 3.4, where the NN-controlled trajectory is computed via a forward Euler

scheme with time-step size ∆t = 10−3, whilst the optimal trajectory is computed

through exact integration.

We motivated the introduction of the feedback NN approximation as way to

achieve robustness against noise. To evaluate this, we introduce white noise into

the last component of the system. Specifically, at every discrete integration time t

we add
(
0, 0, η(t)

)
, where η(t) ∼ N (0, σ2), with σ2 = 0.02. Starting from the same

initial condition, we perform a Monte Carlo simulation for both the open-loop and

the approximated feedback control approaches. Figure 3.5 illustrates the mean and

variance obtained from 1000 noisy controlled trajectories. As expected, while the

open-loop solution diverges on average from the target final state, the approximated

feedback law successfully drives the system towards the origin.
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Figure 3.4: Comparison of the optimal trajectory with the uθ-controlled (left) and

with the confidence-enhanced approximation (right). Relying on the polynomial

solver for low-confidence points improves the approximation, as the time TNN needed

to reach the origin decreases.

3.7.3 4th-order tests

We consider the time-optimal control problem subject to the fourth-order integrator

for state variable x(t) and boundary conditions x(0) = x0 = (x1, . . . , x4)
⊤, x(T ) = 0.

In this higher-dimensional example, we examine the upper bound on the number of

solutions of the associated system (3.2.4) for the switching sequence t1, . . . , t4. The

theoretical bound on the total number of real and complex solutions is 4! = 24.

However, as discussed in Section 3.4, the use of Hermite quadratic forms allows us

to refine this bound by identifying the number of real solutions more precisely.

We sample initial conditions x(i) ∈
(
[−1, 1]∩Q

)4
, for i = 1, . . . , Ns = 104, and for

each x(i) we compute the number of real roots of the polynomial system associated

with u0 = 1 and u0 = −1, denoted by I+ and I− respectively. The number of real

roots of I+ and I− is computed by finding the signatures of the Hermite quadratic

forms, denoted by H(I+) and H(I−), respectively. Note that the transition from

R to Q, which we do as computation of the Hermite quadratic form over the reals

is computationally unreliable, if not impossible. This preliminary step reduces the

computational cost of data generation, as the bound for the deflation algorithm 2 is

tightened relative to the theoretical one. The range of real roots given by the Hermite

quadratic form varies from 0 to 8, depending on the initial condition. For x(i)’s with

0 real solutions for I+ or I−, this directly determines the sign of the initial control
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Figure 3.5: Mean and variance of a Monte Carlo simulation with 1000 trajectories

perturbed by Gaussian noise. The robustness of the approximated feedback law

ensures that the controlled system reaches the target destination, while the open-

loop solution, obtained as the solution of the polynomial system (3.2.4), diverges

from it.

u0. We then use deflation to determine the roots of I+ and I− with with an initial

guess of (t1, t2, t3, t4) = (1, 1, 1, 1), a tolerance of 1× 10−5, and a maximum number

of iterations of 1 × 104 per initial guess, and with a bound on the number of roots

given by the traces of the Hermite quadratic forms of I+ and I−. These new bounds

reduce the CPU time for data generation from 107 to 49 minutes when compared to

the theoretical bound. When the deflated Newton’s method converged, it required

an average of 879.9081 iterations to converge. The average number of iterations

required for convergence after each successive deflation can be seen in Appendix A.

We train a model uθ characterised by 2 hidden layers, with width n2 = n3 = 100

and σ2 = σ3 = tanh(·) activation functions. After training, we evaluate the model

in the test set, obtaining the accuracy of 96.76% and the loss L = 0.0882. In Figure

3.6, we analyze the controlled trajectories comparing the optimal solution against

its approximation along the dimensions x2, x3, x4. We consider a low-confidence

threshold ε = 0.005, under which we rely on the deflation routine to determine the

control. Low-confidence classification triggers in 1.3% of the trajectory. Even more
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Figure 3.6: Monte Carlo simulation of 1000 controlled noisy trajectories via open

loop control signal vs. approximated feedback control (top). Comparison of the op-

timal trajectory with the one controlled via the approximated feedback law (left).

Calling the polynomial solver for the low-confidence points improves the approxima-

tion performance in terms of time horizon TNN (right).

prominently than in the lower order examples, the enhanced approximate feedback

improves the performance of the control law. As in the previous example, we also

test the robustness of the feedback approximation by injecting additive noise of the

form
(
0, 0, 0, η(t)

)
, with η(t) ∼ N (0, σ2), where σ = 2−2. A Monte Carlo simulation

of 1000 controlled noisy trajectories shows how the approximated feedback control

successfully steers the system towards the origin, while the open-loop solution di-

verges.
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3.7.4 5th-order integrator

Finally, we consider the 5th order integrator for state x(t) with boundary conditions

x(0) = x0 = (x1, . . . , x5)
⊤ and x(T ) = 0. The theoretical upper bound for the num-

ber of solutions (t1, . . . , t5) of the associated polynomial system is 5! = 120. However,

excessively deflating a polynomial system can lead to instability. Heuristically, as the

number of identified and deflated roots increases, the root-finding procedure may di-

verge, failing to locate additional existing solutions. This pathological behaviour

naturally worsens as the upper bound increases. While still feasible, the CPU time

associated to the computation of the Hermite quadratic form can be used instead to

sample different initial conditions with the un-informed deflation algorithm.

We sample Ns = 50, 000 points x
(i)
0 ∈ [−1, 1]5, for i = 1, . . . , Ns, and include

in the dataset T only the optimal trajectories corresponding to initial conditions

for which the deflation algorithm successfully identifies an admissible solution with

an initial guess of (1, 1, 1, 1, 1), a tolerance of 1 × 10−8, and a maximum number of

iterations of 1×104 per initial guess. When the deflated Newton’s method converged,

it required an average of 7465.5006 iterations to converge. The average number

of iterations required for convergence after each successive deflation can be seen

in Appendix A. This selection process excludes approximately 20% of the initial

conditions. We consider a model uθ with 2 hidden layers having width n2 = n3 = 80

and σ2 = σ3 = tanh(·) activation functions. The trained classifier achieves accuracy

99.61% in the test set, associated with loss L = 0.0141. In Figure 3.7, we test

the performance of the NN feedback controller against the optimal trajectory. The

performance of the approximation is significantly improved by selectively intervening

with the polynomial system solver whenever the classifier confidence drops below

ε = 0.1. This occurs only at 5 low-confidence points, all located at the intersection

of switching surfaces.
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Figure 3.7: Comparison of the optimal trajectory with the trajectory controlled using

the approximated feedback law (left). Leveraging the polynomial solver for low-

confidence points enhances the approximation’s performance in terms of the time

horizon TNN (right).

3.8 Concluding remarks

In this chapter, we have revisited a classical time-optimal control problem from a

perspective combining polynomial systems, numerical analysis, and statistical ma-

chine learning. Our original motivation was to explore the scalability of the approach

originally developed in [82], where the use of Gröbner bases and techniques from real

algebraic geometry were proposed to solve polynomial systems arising in time-optimal

control. In this respect, we have reached a negative result: to the best of our ex-

perience, the computational cost and complexity of such tools become prohibitively

expensive as the dimension of the state space increases beyond 3, rendering them

inapplicable for constructing real-time feedback controllers. Hence, we have resorted

to the numerical solution of polynomial systems using Newton’s method on a de-

flated variant, which can effectively exhaust all possible roots. Here, the Hermite

quadratic form is proposed as a tool to establish a bound on the number of roots of

the polynomial system, increasing the efficiency of the deflation algorithm. Overall,

this constitutes a consistent computational workflow for the solution of time-optimal

trajectories for nilpotent linear systems.

In the second part of the chapter, we adopt a statistical machine learning approach

to interpret the time-optimal feedback controller as a binary classifier over the state
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space. This allows us to construct a control law via supervised learning, yielding

a bang-bang control with a confidence indicator. This is particularly relevant to

develop a robust, chattering-free control in the vicinity of the switching surface. Our

numerical tests show that, enhancing the feedback law with an open-loop solver

whenever the confidence of the classifier is low, leads to a fair trade-off between

accuracy of the approximate optimal trajectory, robustness, and computational cost.

This work suggests different avenues for future research. The use of the Hermite

quadratic form to determine the number of roots of time-optimal polynomial systems

is promising, and merits a deeper consideration. We suggest a purely algebraic

method for feedback control of nilpotent systems using Hermite quadratic forms for

sign determination. The proposed method is, while possible, currently unfeasible as a

real-time method due to the complexity involved in computing the Hermite quadratic

form on-line. We do, however, acknowledge that the work of Phuoc Le and Safey

El Din in [64] is a way to precompute the Hermite quadratic form by parametrising

the polynomial system associated to a nilpotent linear time-optimal control problem.

We propose this as a further avenue of research that may lead to a purely algebraic

feedback control for nilpotent linear systems, as well as for other linear time-optimal

control problems.

The interpolation of the bang-bang feedback law as a binary classifier enables the

application of machine learning methods for a class of control problems that remains

elusive to other type of global approximation techniques due to the non-smoothness

of the optimal control field. Finally, the proposed methodology can be applied to

other time-optimal and sparse control problems with bang-bang or bang-zero-bang

structures.



Chapter 4

Algebraic Splines with Boundary

Conditions

Another application of algebraic techniques is given here, where we consider splines

with boundary conditions. A spline is a piecewise function defined on a partition of

Rn such that on each part of the partition, the function is given by a polynomial,

and the function is r times continuously differentiable everywhere for some r ≥ 0.

Splines are a ubiquitous tool in numerical analysis as finite elements, as well as in

computer-aided design, and data fitting, see for instance [26, 73].

Splines with boundary conditions are spline functions defined on a real domain

that satisfy smoothness conditions not only across the interior faces of the partition

but also along the boundary. Their use in the finite element method for solving

partial differential equations can be found, for instance, in [77]. For their use in

this and many other contexts, often a basis is needed for the space of splines with

boundary conditions of a given degree. In this chapter, we demonstrate how algebraic

methods can be used to complete a slightly more basic task that aids construction

of a basis, which is computing the dimension of the space of splines with boundary

conditions of a given degree defined over a fixed partition of R2. This is done for

splines without boundary conditions in [32].

In this chapter we focus on splines with boundary conditions over simplicial com-

plexes embedded in R2. The main result of this chapter is Theorem 4.4.4, which

computes the dimension of the space of splines with boundary conditions with suffi-

ciently large degrees. The proof makes use of powerful homological algebra techniques

developed by Billera, Schenck, and Stillman in [11, 67, 68], generalised to account

59
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for boundary conditions, as well as results by McDonald in [57].

This chapter is organised as follows. In Section 4.1 we set up the notation of

simplicial complexes. In Section 4.2 we formally define splines with boundary condi-

tions over simplicial complexes embedded in R2 and reformulate a result of Billera [11]

to account for boundary conditions. We then use it to demonstrate the construc-

tion of splines with boundary conditions over some example simplicial complexes.

We also recall the definition of the cone of a simplicial complex and homogeneous

splines, modifying a proof of Billera and Rose [12] to connect splines and homoge-

neous splines with boundary conditions. In Section 4.3 we recall some basic notions

from algebraic topology and use them to construct a chain complex that writes the

dimension of the space of splines with boundary conditions as a homology group like

the chain complex constructed in [11, 67, 68]. In Section 4.4 we prove Theorem 4.4.4.

Section 4.5 is then devoted to illustrating the use of the formula that we proved in

the prior section in some examples. In Section 4.6 we prove Proposition 4.6.1 that

connects the dimension of the space of splines with partial boundary conditions on

a simplicial complex with the splines defined on its subcomplexes, and Section 4.7

contains concluding remarks.

4.1 Simplicial Complexes

A simplicial complex ∆ is a set of simplices satisfying two properties:

• Every face of a simplex in ∆ is a simplex in ∆.

• If the intersection of two simplices in ∆ is non-empty, then the intersection is

a face of both simplices.

An exposition to simplicial complexes can be found in many textbooks, including [46].

We consider simplicial complexes embedded in R2 so that the maximal dimension

simplex in any simplicial complex is 2. Given a simplicial complex ∆, we define the

sets ∆0,∆1,∆2 as the set of 0, 1, and 2 dimensional simplices in ∆ respectively. The

set ∂∆ is the subset of all edges and vertices that are contained within the boundary

of the embedding of ∆. A simplex is called maximal if it is not part of the boundary

of any higher dimensional simplex. Let ∆ be a simplicial complex embedded in R2.

We say ∆ is pure if every maximal simplex is of dimension 2. The simplicial complex

is hereditary if for every two maximal simplices σ, σ′ ∈ ∆2 intersecting at at a vertex
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γ = σ ∩ σ′, there exists a sequence σ = σ1, . . . , σm = σ′ ∈ ∆2 of maximal faces

satisfying that γ ∈ σi for all i = 1, . . . ,m− 1, and σi∩σi+1 ∈ ∆1 for i = 1, . . . ,m− 1

[85]. See Figure 4.1 for an example of a simplicial complex that is not pure, a region

of R2 that is not a simplicial complex, and a simplicial complex that is not hereditary.

For simplicity, we define the following notation:

Figure 4.1: (Left) A simplicial complex that is not pure, it has a 1-dimensional

maximal simplex. (Center) Not a simplicial complex. The intersection of the two

maximal simplices is neither empty nor a face of either simplex. (Right) A simplicial

complex that is not hereditary, the intersection of the two maximal simplices is a

0-simplex and there is no way to connect the two 2-simplices with other 2-simplices

containing the 0-simplex.

Definition 4.1.1. We refer to the set of boundary i-simplices as the set ∆i∩∂∆ for

i = 0, 1. Since a 2-simplex cannot be on the boundary, we define the set of boundary

2-simplices is the set ∆∂
2 = {σ ∈ ∆2 : σ contains a boundary edge}. Additionally, for

0 ≤ i ≤ 2, we denote the set of interior i-faces to be ∆◦
i = ∆i \∆∂

i .

For a demonstration of these sets, see Figure 4.2 for an example simplicial complex

embedded in R2 that is pure and hereditary. We can define the 1-simplices and 2-

simplices of a simplicial complex by writing them in terms of the vertices (0-simplices)

that constitute the endpoints or corners respectively. This notation for the simplices

in a simplicial complex is used in [46], but has been used elsewhere, and we introduce

it here for clarity.

Definition 4.1.2. Let ∆ be a simplicial complex embedded in R2 which we asso-

ciate with its embedding. Label the 0-simplices (vertices) of ∆ as γ1, . . . , γn where

n = |∆0|, and suppose that these vertices are embedded at points v1, . . . , vn ∈ R2

respectively. A 2-simplex σ in R2 with vertices γi, γj, γk with i < j < k is then writen

σ = [vi, vj, vk]. If we embed a 1-simplex τ in R2 with vertices γi, γj for i < j, then

we write τ = [vi, vj], and of course a 0 simplex γi is represented by γi = [vi].

Notice that by definition this imposes some sort of ordering on the vertices. This

order suggests an orientation of the edges. We know that the boundary of a 2-simplex
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σ1

σ4

σ2

σ3

σ5

τ1

τ2

τ3

τ4

τ5

τ6

τ7
τ8

τ9

τ10

γ1
γ2

γ3

γ4

γ5

γ6

Figure 4.2: A simplicial complex ∆ embedded in R2. We have ∆∂
0 =

{γ1, γ3, γ4, γ5, γ6}, ∆◦
0 = {γ2}, ∆∂

1 = {τ6, τ7, τ8, τ9, τ10}, ∆◦
1 = {τ1, τ2, τ3, τ4, τ5},

∆∂
2 = {σ2, σ3, σ4, σ5} and ∆◦

2 = {σ1}

σ, denoted ∂2(σ), is made up of a collection of 1-simplices, and so a natural way to

express this boundary is as a formal sum of the edges. The orientation of the edges

therefore can be used to impose signs on this formal sum. The orientation of the

edges should be chosen so that if two 2-simplices σ and σ′ share an edge τ on their

boundary, then the sign associated to τ in the boundary of σ should be opposite

to the sign associated to τ in σ′. In this way we do not see τ on the boundary of

σ + σ′ (represented by the region σ ∪ σ′ of R2), as we would expect. In terms of

defining the boundary of a 1-simplex, we see that it must be a signed formal sum

of 0-simplices, with the signs determined by the orientation, and by convention, we

define the boundary of a 0-simplex to be 0.

We define here formally the boundary of σ in the way described by Billera in

[11]: Order all vertices of ∆ as γ1, γ2, . . . , γn where n = |∆0| and γi is embedded at

vi ∈ R2. Then, if σ = [vi0 , vi1 , vi2 ], i0 < i1 < i2, and τ = σ \{vij}, then the coefficient

of τ in ∂2(σ) is (−1)jSign (det(vi1 − vi0 , vi2 − vi0)), associating the vertices of ∆ with

the vectors in R2 that they are mapped to in the embedding of ∆. This defines an

orientation on ∆ that is unique up to sign. We choose one orientation, which can be

represented by putting a direction on each edge, and then determine the boundary
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of an edge τ = [vi0 , vi1 ], denoted ∂1(τ), as follows. The sign of vij in τ is 1 if the

direction on τ points towards vij , and −1 otherwise.

Example 4.1.1. Consider the simplicial complex shown in Figure 4.3. Call this

simplicial complex ∆, and order the vertices of ∆ as shown in the diagram. We have

that σ = [v0, v1, v2], and τ0 = [v1, v2], τ1 = [v0, v2], τ2 = [v0, v1]. The coefficients of

τ0, τ1, τ2 in ∂2(σ) are:

(−1)0Sign det

(
1 −1
−1 −1

)
= −1,

(−1)1Sign det

(
1 −1
−1 −1

)
= 1,

(−1)2Sign det

(
1 −1
−1 −1

)
= −1,

respectively. So, ∂2(σ) = −τ0 + τ1 − τ2. We choose directions on the edges of σ to

point from vertices with lower indices to higher indices, so that

∂1(τ0) = γ2 − γ1,

∂1(τ1) = γ2 − γ0,

∂1(τ2) = γ1 − γ0.

⋄

σ

τ0

τ1 τ2

γ0 = (0, 1)⊤

γ1 = (1, 0)⊤(−1, 0)⊤ = γ2

Figure 4.3: Simplicial complex ∆ for Example 4.1.1.

4.2 Splines with Boundary Conditions on Simpli-

cial Complexes

Suppose ∆ is a pure and hereditary simplicial complex embedded in R2. Let r ≥ 0 be

an integer, we take Sr(∆) to be the set of piecewise polynomial functions on ∆ whose
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first r derivatives are continuous on ∆ and vanish up to order r on the boundary ∂∆

of ∆. More precisely,

Sr(∆, ∂∆) =

{
f ∈ Cr(∆):

f |σ ∈ R[x, y] for every face σ ∈ ∆2

f vanishes to order r on every boundary edge τ ∈ ∆∂
1

}
,

where Cr(∆) is the set of functions f : ∆ → R that are continuously r times dif-

ferentiable. An element of Sr(∆, ∂∆) is called a spline with boundary conditions.

Throughout this thesis we will occasionally refer to elements of Sr(∆, ∂∆) as simply

splines, where it is assumed implicitly that they satisfy the boundary conditions.

Where we mean splines that do not satisfy the boundary conditions, we refer to it

as a spline without boundary conditions.

Given an integer d ≥ 0, we define the set

Srd(∆, ∂∆) = {f ∈ Sr(∆, ∂∆): deg(f |σ) ≤ d for every face σ ∈ ∆2} ,

to be the set of splines with boundary conditions whose restriction to each maximal

face is a polynomial of degree at most d. If f is a spline in Sr(∆, ∂∆) and the largest

degree of any f |σ for a maximal face σ is d, then we say f has degree d. Notice that

Sr(∆, ∂∆) =
⋃
d≥0 S

r
d(∆, ∂∆) and, in fact, we have the following structural result, a

proof of which for splines without boundary conditions can be found in [54].

Proposition 4.2.1. Let d ≥ 0 be given. The space Srd(∆, ∂∆) is a real vector space.

Proof. Let f, g ∈ Srd(∆, ∂∆) are splines with boundary conditions, and c ∈ R is a

scalar. We first show that (cf + g)|σ ∈ R[x, y] for each maximal face σ ∈ ∆2. Then,

we show that deg((cf + g)|σ) ≤ d. For a maximal face σ ∈ ∆2, we have

(cf + g)|σ = cf |σ + g|σ ∈ R[x, y].

Then,

deg((cf + g)|σ) = deg(cf |σ + g|σ) ≤ max{deg(cf |σ, g|σ)} = d.

Let 0 ≤ k ≤ r, and let a+ b = k. For a boundary edge τ ∈ ∆1 ∩ ∂∆, we have(
∂k

∂xa∂yb
(cf + g)

)
|τ = c

(
∂k

∂xa∂yb
f

)
|τ +

(
∂k

∂xa∂yb
g

)
|τ = 0,

by the linearity of the derivative, and that f and g are splines with boundary condi-

tions. Finally, we must show that cf + g ∈ Cr(∆). We already know that on every

maximal simplex σ, cf + g ∈ R[x, y], and all polynomials are infinitely continuously
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differentiable, so we simply must show that cf + g is r times continuously differ-

entiable on the boundaries between maximal simplices. Let σ and σ′ be maximal

simplices meeting at an edge τ ∈ ∆1. We know that

(cf + g)|τ = cf |τ + g|τ ,

and so cf +g is r-times continuously differentiable on the edges of ∆ by the linearity

of the derivative.

Each τ ∈ ∆1 is embedded in R2 on a line, that is there is a linear polynomial

vanishing on τ that is unique up to a scalar multiple. For τ ∈ ∆1, let ℓτ ∈ R[x, y]
be a choice of linear polynomial vanishing on τ . As of now, we have an analytical

definition of splines with boundary conditions, where the smoothness conditions are

expressed as conditions on the derivatives of the polynomials defining the spline. The

following result is an algebraic criterion that gives an equivalent definition, expressing

the smoothness conditions algebraically. A proof of this for splines without boundary

conditions can be found in [12, Proposition 1.2 & Corollary 1.3], the idea for the proof

of which can be found in [21], and yet another proof can be found in [11, Lemma

2.2]. For completeness, we give a full proof here for splines with boundary conditions.

We will use the fact that if a polynomial f vanishes on τ , then f is divisible as a

polynomial by ℓτ , a proof of which can be found in [11, Lemma 2.1].

Proposition 4.2.2. A function f : ∆→ R on ∆ is in Sr(∆, ∂∆) if and only if

• The restriction of f to any maximal face σ ∈ ∆2 is a polynomial, f |σ ∈ R[x, y].

• If a pair of maximal faces σ, σ′ ∈ ∆2 share an edge σ ∩ σ′ = τ ∈ ∆1, then

f |σ − f |σ′ ∈ ⟨ℓr+1
τ ⟩.

• For each boundary face σ ∈ ∆∂
2 with boundary edges τ1, . . . , τm, we have f |σ ∈⋂m

i=1⟨ℓr+1
τi
⟩. Here, of course, m must be 1, 2 or 3 as a boundary face σ is a

2-simplex and so has at most 3 edges on the boundary.

Proof. Let f ∈ Sr(∆, ∂∆) be a spline on ∆ with boundary conditions. By definition,

the restriction of f to any maximal face of ∆2 is polynomial. Given a pair of maximal

faces σ and σ′ sharing an edge τ , we know that

∂rf |σ
∂xa∂yb

∣∣∣∣
τ

=
∂rf |σ′

∂xa∂yb

∣∣∣∣
τ

,
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for all integers a, b with a + b = r. We write ℓτ = αx + βy + γ with α, β, γ ∈ R to

be a non-zero linear polynomial vanishing on τ , so at least one of α or β is non-zero.

We know that (f |σ − f |σ′)|τ = 0, so f |σ − f |σ′ = g0ℓτ for some g0 ∈ R[x, y], wherein
f |σ − f |σ′ ∈ ⟨ℓτ ⟩. Then, notice that

∂f |σ
∂x
− ∂f |σ′

∂x
=
∂g0
∂x

ℓτ + g0
∂ℓτ
∂x

=
∂g0
∂x

ℓτ + αg0 ∈ ⟨ℓτ ⟩,

∂f |σ
∂y
− ∂f |σ′

∂y
=
∂g0
∂y

ℓτ + g0
∂ℓτ
∂y

=
∂g0
∂y

ℓτ + βg0 ∈ ⟨ℓτ ⟩,

We get that αg0, βg0 ∈ ⟨ℓτ ⟩, and since at least one of α and β is non-zero in R, we get
that g0 ∈ ⟨ℓτ ⟩. Notice that for integers a, b with a + b = k for some 1 ≤ k ≤ s ≤ r,

then
∂k

∂xa∂yb
ℓsτ = k!αaβbℓs−kτ .

We can obtain this using the product rule and induction on k. If f |σ − f |σ′ = gsℓ
s
τ

for 1 ≤ s ≤ r where gk ∈ R[x, y], then

∂s

∂xa∂yb
(f |σ − f |σ′) =

∂s

∂xa∂yb
(gsℓ

s
τ ) = hℓτ + gss!α

aβb ∈ ⟨ℓτ ⟩.

We may choose a and b to be so that s!αaβb is non-zero, and thus giving gs ∈ ⟨ℓτ ⟩.
Thus, f |σ − f |σ′ ∈ ⟨ℓr+1

τ ⟩. A similar proof shows that if τ is a boundary edge and

σ is a 2-simplex with τ in its boundary, then f |σ′ ∈ ⟨ℓr+1
τ ⟩, and the third condition

follows by considering all boundary edges of σ.

Remark 4.2.1. For each edge τ , the choice of polynomial ℓτ is unique up to real

multiples. We know that if there is some other linear polynomial ℓ′τ that vanishes on

the edge τ , then by [11, Lemma 2.1], the polynomial ℓ′τ divides ℓτ and vice versa. So

there are polynomials g and g′ for which ℓτ = g′ℓ′τ and ℓ′τ = gℓτ . Thus, ℓτ = gg′ℓτ ,

so gg′ = 1. The product of two polynomials is 1 if and only if they are inverses

in R[x, y], which corresponds only to if g and g′ are real numbers, so the choice of

polynomial ℓτ is unique up to real multiples.

We refer to Proposition 4.2.2 as the algebraic spline criterion. Since ∆ is heredi-

tary, by Proposition 4.2.2, we can view Sr(∆, ∂∆) as the kernel of a matrix [12]. Let

f ∈ Sr(∆, ∂∆) be a spline on ∆. Let ∆2 = {σ1, . . . , σt} and ∆1 = {τ1, . . . , τs}. If two
2-faces σi and σj meet at an edge τk, then by the algebraic spline criterion, we have

f |σi − f |σj ∈ ⟨ℓr+1
τk
⟩ where ℓτk is a choice of linear form vanishing on τk. This can be

written as f |σi−f |σj = gτkℓ
r+1
τk

where gτk ∈ R[x, y] is a polynomial. If τk is an exterior

edge of a 2-simplex σi, then the relationship is f |σi = gτkℓ
r+1
τk

where gτk ∈ R[x, y] is
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a polynomial. So, for each edge τ ∈ ∆1, there is a polynomial relation that is linear

in the variables f |σ1 , . . . , f |σt , g|τ1 , . . . , g|τs . Let f = (f |σ1 , . . . , f |σt , g|τ1 , . . . , g|τs)⊤,
then these linear relations can be summarised in a matrix equation. In [12], it is

shown that this matrix equation has the form(
M Lr+1

)
f = 0,

where M is an s × t matrix defined by (M)i,j taking the value of the coefficient of

τi in the boundary of σj, and L is the s × s diagonal matrix with (L)i,i = ℓτi for

i = 1, . . . , s. We want to determine f |σ1 , . . . , f |σt , so the first t entries of a solution

to this matrix equation corresponds to a spline on ∆. It is therefore clear that

splines are the first t entries of elements in the kernel of
(
M Lr+1

)
. We write

A(∆, ∂∆, r) to denote this matrix, determined by the simplicial complex ∆ and the

smoothness r. Finding the kernel of A(∆, ∂∆, r) is equivalent to finding the syzygies

of the columns, and we demonstrate how this can be used to find splines defined on

some simple simplicial complexes.

Example 4.2.1. Consider the following simplicial complex ∆ shown in Figure 4.4.

Notice that without any boundary conditions, then the ring of splines is simply

σ

τ1

τ2 τ3

γ1

γ2γ3

Figure 4.4: Simplicial complex ∆ for Example 4.2.1

equal to the the ring of polynomials, because there is only one 2-simplex with no

edge conditions. To find the splines with boundary conditions, we need to find which

polynomials vanish on every edge, wherein these polynomials will account for every

spline. For each edge 1 ≤ i ≤ 3, we write ℓτi to be a linear polynomial in R[x, y]
vanishing on τi. If we require smoothness at the edges τ1, τ2, τ3, then we need a

spline to be a polynomial whose derivative vanishes up to order r on each edge. By

the algebraic spline criterion (Proposition 4.2.2, this is equivalent to requiring the

polynomial to vanish with multiplicity r+1 on each τi. Combining these conditions,
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we can see that a spline on ∆ is a polynomial that is a multiple of ℓr+1
τ1

, ℓr+1
τ2

, and

ℓr+1
τ3

simultaneously. We can confirm this by computing the matrix

A(∆, ∂∆, r) =

 1 ℓr+1
τ1

0 0

1 0 ℓr+1
τ2

0

1 0 0 ℓr+1
τ3

 .

A spline, therefore, can be represented by a solution of the matrix equation

A(∆, ∂∆, r)


f |σ
g1

g2

g3

 = 0,

recalling here that f |σ refers to the restriction of a spline f to the simplex σ. As

such, splines are represented by elements of the kernel of the matrix A(∆, ∂∆, r). We

can compute this kernel, for example using Macaulay2, and we find that the kernel

is given by the span of the vector
ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

−ℓr+1
τ2

ℓr+1
τ3

−ℓr+1
τ1

ℓr+1
τ3

−ℓr+1
τ1

ℓr+1
τ2

 . (4.2.1)

Therefore, every spline in Sr(∆, ∂∆) is a polynomial multiple of the polynomial

ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

. Restricting our view to only splines of degree at most d, we see that if

d < 3(r + 1), we have no splines at all, except for the zero spline. If d ≥ 3(r + 1),

then we can form a basis for Srd(∆, ∂∆) by multiplying ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

by monomials of

degree d− 3(r + 1). For example, the splines of degree d = 3r + 5 have a basis

x2ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

, xyℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

, y2ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3

.

Assuming the embedding of ∆ in R2 is a non-degenerate triangle, then we see that

Sr(∆) = ⟨ℓr+1
τ1

ℓr+1
τ2

ℓr+1
τ3
⟩ as the three edges are non-colinear. It is well known that the

dth graded piece of an ideal in R[x, y] generated by a single polynomial of degree k

has dimension

(
d− k + 2

2

)
where for integers A and B, we have

(
A

B

)
=

 A!
B!(A−B)!

A ≥ B ≥ 0,

0 otherwise.
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With this, we arrive at a formula for the dimension of Srd(∆, ∂∆):

dimSrd(∆, ∂∆) =

(
d− 3r − 1

2

)
=

1
2
d2 − 6r+3

2
d+ 9r2+9r+2

2
d ≥ 3(r + 1),

0 d < 3(r + 1).

⋄

Since every non-degenerate embedding of a pure 2-dimensional simplicial complex

in R2 has at least one boundary face, we see that a spline must have at least degree

r + 1 unless it is the 0 spline. If the boundary face meets 2 boundary edges then

splines must have degree at least 2(r+1), and degree at least 3(r+1) like in the above

example if there is a boundary face with all edges on the boundary of ∆. Herein,

we will always be assuming that d ≥ r + 1. We demonstrate the method for finding

splines using the matrix A(∆, ∂∆, r) with another example.

Example 4.2.2. Consider the following simplicial complex ∆ as shown in as shown

γ0

γ1

γ2 γ3

γ4

τ1

τ2 τ3

τ4

τ5

τ6

τ7

τ8

σ1

σ2

σ3

σ4

Figure 4.5: Simplicial complex ∆ in Example 4.2.2.

in Figure 4.5. We write out each edge condition as described above using the algebraic

spline criterion:

f |σ1 − f |σ2 = g1ℓ
r+1
τ1

, f |σ1 = g5ℓ
r+1
τ5

,

f |σ2 − f |σ3 = g2ℓ
r+1
τ2

, f |σ2 = g6ℓ
r+1
τ6

,

f |σ3 − f |σ4 = g3ℓ
r+1
τ3

, f |σ3 = g7ℓ
r+1
τ7

,

f |σ4 − f |σ1 = g4ℓ
r+1
τ4

, f |σ4 = g8ℓ
r+1
τ8

.

(4.2.2)

We then write the matrix A(∆, r) using these linear relations as per the definition.

Using Macaulay2, we can compute the kernel of this matrix for various values of r.
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To show what splines look like, we choose an embedding for ∆. We embed ∆ in R2

so that

ℓτ1 = y + 2x, ℓτ5 = y − 2,

ℓτ2 = y − 2x, ℓτ6 = x+ 1,

ℓτ3 = y + 2x, ℓτ7 = y + 2,

ℓτ4 = y − 2x, ℓτ8 = x− 1.

(4.2.3)

For r = 0, we can easily construct splines following Courant’s construction of hat

functions [27]. We take the polynomial supported on σi to be the linear polynomial

that is 1 at γ0 = (0, 0)⊤, and vanishes on τi+4, then f = (f |σi)4i=1 is a spline of

smoothness 0 and degree 1.

Then, for d = 1, we have a single generator for the basis:(
1− y

2
, 1 + x, 1 +

y

2
, 1− x

)
.

Since we have only one generator of degree 1, the dimension of S0
1(∆, ∂∆) is 1 as an

R-vector space. In degree 2, a basis for the splines of S0
2(∆) is given by both x and y

multiplied by the generator of S0
1(∆, ∂∆), as well as 2 additional degree 2 generators:

(2xy − y2 − 4x+ 2y, 4xy + 4y, 2xy + y2 + 4x+ 2y, 0)

(−2xy + y2 + 4x− 2y, 4x2 − 2xy + 4x− 2y, 0, 0).

Thus, the dimension of S0
2(∆) is 5. Finally, for d = 3, the generators of S0

3(∆, ∂∆)

are every monomial multiple of the prior generators, as well as 1 more spline of degree

3:

(4x2y − y3 − 8x2 + 2y2, 0, 0, 0),

giving dimS0
3(∆, ∂∆) = 13. Herein, for d ≥ 3, the generators are given by monomial

multiples of the generators of S0
3(∆, ∂∆), one of degree 1, two of degree 2, and one

of degree 3. The number of smoothness 0 degree d splines, therefore is:

dimS0
d(∆, ∂∆) =

(
d+ 1

2

)
+ 2

(
d

2

)
+

(
d− 1

2

)
=

2d2 − 2d+ 1 d ≥ 1,

0 d = 0.

⋄

Repeating the above procedure in Example 4.2.2 will also produce dimSrd(∆, ∂∆)

for any pure and hereditary simplicial complex ∆ embedded in R2, and for every d

and r, but doing so becomes prohibitively difficult as r, and the number of edges
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and faces in ∆ increases, and this methodology is not a practical way to compute

the dimension of Srd(∆, ∂∆) in general. One main issue is that this process cannot

be easily scaled, as any change to ∆ or to r will necessitate completely recomputing

A(∆, ∂∆, r). Another problem is that A(∆, ∂∆, r) is based entirely on the choice of

embedding of ∆ in R2. If the vertices of ∆ were to be slightly moved, we should

accept no change to occur to the number of splines on ∆ (assuming that the vertices

started in generic positions). Unfortunately, this property is not at all clear from

this method. We require an improved method if we wish to overcome the pitfalls of

this procedure, which ought take into account not just the geometry of the particular

embedding of ∆, but the topology as well.

As a primer, consider the generating function for the dimension of Srd(∆, ∂∆):

∞∑
d=0

dimSrd(∆, ∂∆)td,

in the ring of formal power series over Z. Readers familiar with commutative algebra

will recognise this as having a similar structure to that of the Hilbert polynomial of

a graded module (see for example [4]). This is the observation that Billera and Rose

made in [12], and we shall give a brief overview of how they created this connection

with the dimension of Srd(∆, ∂∆) and the Hilbert polynomial of a graded module.

First, we recall the concept of a graded ring and module:

Definition 4.2.1 ([4]). We say the ring R = R[x, y, z] is graded if there is a family

(Rd)d≥0 of additive subgroups of R such that

R ∼=
∞⊕
d=0

Rd,

and RmRn ⊆ Rm+n for all m,n ≥ 0. In the case of the polynomial ring R, we let

the Rd’s be the groups of polynomials of degree equal to d. Recall an R-module is

an abelian group M with the properties

f(x+ y) = fx+ fy, (f + g)x = fx+ gx, (fg)x = f(gx), 1x = x,

for all f, g ∈ R and x, y ∈M (Note that f(x+y) is the product of f and x+y here).

An R-module is graded if there is a family (Md)d≥0 of subgroups of M such that

M ∼=
∞⊕
d=0

Md,

and RmMn ⊆Mm+n for all m,n ≥ 0.
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With these properties, we can already see that Sr(∆, ∂∆) is an R[x, y]-module. To

obtain a grading, we can perform a process known as homogenisation on the splines

defined on ∆. For a polynomial, say in p ∈ R[x, y], the process involves introducing

a new variable z, and constructing the polynomial p̂ = zdeg(p)p
(
x
z
, y
z

)
in R[x, y, z]. In

the process, we obtain a homogeneous polynomial, and when setting z = 1, we restore

our original polynomial p. This operation acts much the same way for splines, as we

can perform this operation componentwise. However, by performing this operation,

we are creating a spline in 3 variables, that naturally should be a spline defined

over a simplical complex embedded in R3. To reconcile this, Billera and Rose [12]

introduce the coning construction, a way to create a simplicial complex in R3 which,

when restricted to the plane {z = 1} recovers the original simplicial complex. We

give an overview of the construction here:

Let ∆ be a simplicial complex embedded in R2. First, embed ∆ in the plane

{z = 1} in R3 using the map ϕ : R2 → R3 defined by ϕ(x, y) = (x, y, 1). For each

simplex σ in ∆, define the cone over σ to be σ̂ which is the simplex in R3 formed

as the convex hull of ϕ(σ) and the origin in R3. The cone over ∆, denoted ∆̂, is

then the simplicial complex in R3 consisting of the simplices {α̂ : α ∈ ∆} along with

the origin in R3. An example of the coning construction can be seen in Figure 4.6.

As all simplices in ∆̂ pass through the origin, the linear forms vanishing on them

(0, 0, 0)

Figure 4.6: Left: A simplicial complex ∆. Right: The cone ∆̂ of ∆. Note that

for splines without boundary conditions, since the interior edges of ∆ already pass

through the origin in R2, the linear forms are already homogeneous. However, for

splines with boundary conditions, the exterior edges do not pass through the origin

unless we construct the cone over ∆.

are necessarily homogeneous. This prompts the definition of a special kind of spline

known as a homogeneous spline, which is only defined when each codimension 1

simplex passes through the origin.
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Definition 4.2.2. A degree d homogeneous spline with boundary conditions on a

simplicial complex ∆ (embedded in R2 or R3) is a spline f with boundary conditions

of degree d on ∆ such that for every maximal degree simplex σ, the polynomial

f |σ is a degree d homogeneous polynomial. The space of homogeneous splines with

boundary conditions on ∆ of degree d is denoted H r
d (∆, ∂∆).

Under this, we see that any spline on ∆̂ must be homogeneous, and we now have

a natural grading of the space of splines with boundary conditions defined over ∆̂.

Sr(∆̂, ∂∆̂) ∼=
∞⊕
i=0

H r
i (∆̂, ∂∆̂), and Srd(∆̂, ∂∆̂) ∼=

d⊕
i=0

H r
i (∆̂, ∂∆̂),

where these are R-vector space isomorphisms. It is not hard to show that Sr(∆̂, ∂∆̂)

is then a graded R[x, y, z]-module with piecewise addition and multiplication, and

that
(
Sr(∆̂, ∂∆̂)

)
d
= H r

d (∆̂, ∂∆̂).

Given a spline on ∆, we can form a homogeneous spline defined over ∆̂ by ho-

mogenising each polynomial component. More specifically, if f ∈ Srd(∆, ∂∆), and

σ ∈ ∆ is a maximal simplex, then define a spline f̂ ∈ H r
d (∆̂, ∂∆̂) by taking f̂ |σ̂ =

zdf |σ
(
x
z
, y
z

)
. This gives a canonical injective map from ψ : Srd(∆, ∂∆)→H r

d (∆̂, ∂∆̂).

We will see that this is, in fact, an isomorphism as R-vector spaces. Billera and Rose

proved an analagous result for splines without boundary conditions in [12, Theorem

2.6], and for completeness we prove this result for splines with boundary conditions.

Proposition 4.2.3. The canonical injective map ψ : Srd(∆, ∂∆) → H r
d (∆̂, ∂∆̂) is

an isomorphism of R-vector spaces.

Proof. We must show that ψ is well defined, and an isomorphism of R-vector spaces.
Let σ, σ′ be maximal simplices in ∆, and τ = σ ∩ σ′. Then let f ∈ Srd(∆, ∂∆), we

know that f |σ − f |σ′ = gℓr+1
τ for some g ∈ R[x, y]. We also have that the r + 1st

power of the linear form vanishing on τ̂ is ℓr+1
τ̂ = zr+1ℓτ

(
x
z
, y
z

)r+1
. Then, since

deg(g) + r + 1 = deg(f |σ − f |σ′) ≤ d,

ψ(f)|σ̂ − ψ(f)|σ̂′ = zdf |σ
(x
z
,
y

z

)
− zdf |σ′

(x
z
,
y

z

)
= zdg

(x
z
,
y

z

)
ℓr+1
τ

(x
z
,
y

z

)
= zaĝℓr+1

τ̂ ∈ ⟨ℓr+1
τ̂ ⟩,

where a = d − (r + 1) − deg(g) ≥ 0. Then, suppose σ is a boundary face with

boundary edge τ . Then f |σ = hℓr+1
τ for some h ∈ R[x, y], and since deg(h)+ r+1 =
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deg(f |σ) ≤ d, we have

ψ(f)|σ̂ = zdf |σ
(x
z
,
y

z

)
= zdh

(x
z
,
y

z

)
ℓτ

(x
z
,
y

z

)
= zaĥℓr+1

τ̂ ∈ ⟨ℓr+1
τ̂ ⟩,

where a = d− (r + 1)− deg(h) ≥ 0. So, ψ(f) ∈H r
d (∆̂, ∂∆̂) by the algebraic spline

criterion, and thus ψ is well-defined.

• Injectivity: If ψ(f) = 0, then zdf |σ
(
x
z
, y
z

)
= 0 for each σ ∈ ∆2. But then when

z = 1, we have f |σ(x, y) = 0, so ψ is injective.

• Surjectivity: If g ∈H r
d (∆̂, ∂∆̂), then g|σ̂(x, y, 1) is a polynomial defined on σ,

and zdg|σ̂
(
x
z
, y
z
, 1
)
= g|σ̂(x, y, z) so we define f : ∆ → R as f |σ = g|σ̂(x, y, 1),

and we see that ψ(f) = g as long as f ∈ Srd(∆, ∂∆). We know f |σ is a

polynomial with degree at most d, and if σ, σ′ share an edge τ , then σ̂, σ̂′ share

a face τ̂ , and

g|σ̂ − g|σ̂′ = hℓr+1
τ̂ ,

for some h ∈ R[x, y, z]. Then, setting z = 1 gives

f |σ − f |σ′ = g|σ̂(x, y, 1)− g|σ̂′(x, y, 1)

= h(x, y, 1)ℓr+1
τ̂ (x, y, 1)

= h(x, y, 1)ℓr+1
τ ∈ ⟨ℓr+1

τ ⟩.

If σ is a boundary face and τ a boundary edge of ∆, an exactly analogous proof

finishes the process of showing that f satisfies the algebraic spline criterion, and

so f ∈ Srd(∆, ∂∆), showing ψ is surjective.

It is clear from this result that the generating function of Srd(∆, ∂∆) is equal

to the Hilbert series of H r
d (∆̂, ∂∆̂). By making use of the grading by degree that

we have on H r(∆̂, ∂∆̂), we introduce the homological methods required to find a

formula for the dimension of H r
d (∆̂, ∂∆̂). During this process, as a result of the

equivalence of Srd(∆, ∂∆) and H r
d (∆̂, ∂∆̂), we will display simplicial complexes ∆ as

being embedded in R2, but implicitly we be working with their cones ∆̂ in R3.
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4.3 Chain Complexes and Simplicial Homology

In this section, we will recall some basic results about algebraic structures known

as chain complexes. Let R = R[x, y, z] be the ring of polynomials in x, y, z over R.
Recall that splines defined on the cone of a simplicial complex embedded in R2 are

piecewise homogeneous polynomials in R. It is pertinent therefore to consider the

grading of R by degree, H r
d (∆̂, ∂∆̂). The use of homological methods to study this

graded module was first explored by Billera in [11], and expanded upon by Billera

and Rose in [12, 13]. The homological approach to splines was then formalised

into a well known chain complex by Schenck and Stillman in [67, 68]. For a more

thorough introduction to chain complexes and their link to simplicial complexes,

see for example [46]. Throughout this section, we will assume that all R-modules

are graded. A chain complex C of modules over a ring R is a set of R-modules

C0, C1, C2, . . . and R-module homomorphisms ∂i : Ci → Ci−1 for i ≥ 1, and ∂0 : C0 → 0

satsifying that for each i ≥ 1, Im(∂i) ⊆ ker(∂i−1). Notice that this condition implies

that for each i ≥ 1, ∂i−1 ◦ ∂i : Ci → Ci−2 is the zero homomorphism. Typically, we

represent a chain complex via a diagram

C : · · · ∂n+1−−−→ Cn
∂n−→ · · · ∂3−→ C2

∂2−→ C1
∂1−→ C0

∂0−→ 0.

A chain complex need not be infinite in length, in the sense that a finite length chain

complex will have Ci = 0 for all sufficiently large i. For a general chain complex C,
the ith homology group of C is the quotient

Hi(C) =
ker(∂i)

Im(∂i+1)
,

for each i ≥ 0. Since the Ci’s are R-modules, then the Hi(C)’s are also R-modules.

Notice that since the Ci’s are graded R-modules, the homology groups are also graded

R-modules, and the dimensions of the graded pieces (Ci)d are related to the graded

pieces (Hi(C))d of the homology groups by the graded Euler-Poincaré characteristic

[46], denoted χ(C, d) which is defined as

χ(C, d) =
n∑
i=0

(−1)n−i dim(Ci)d.

The exact relation is:

Proposition 4.3.1. Let C be a finite chain complex of graded R-modules C0, . . . , Cn,
that is

C : 0→ Cn → · · · → C1 → C0 → 0.
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Let d ≥ 0 be an integer. Then, the Euler-Poincaré characteristic of degree d of C
satisfies

χ(C, d) =
n∑
i=0

(−1)n−i dim(Hi(C))d.

We omit the proof here, but it follows from the Rank-Nullity theorem. A concise

proof of the case for non-graded modules can be found in [46, Theorem 2.44], and

the case for graded modules follows by taking graded pieces.

4.3.1 Exact Sequences

Any chain complex C with boundary maps ∂i for i ≥ 0 has the property that Im(∂i) ⊆
ker(∂i−1) for i ≥ 1, but a chain complex with the further property that Im(∂i) =

ker(∂i−1) for each i ≥ 1 are called exact (or an exact sequence). The sequence is

called short exact if Ci = 0 for each i > 2, and long exact otherwise. Exact sequences

have the property that their homology groups are all 0, and thus every graded Euler-

Poincaré characteristic must also vanish. If we have a triple of chain complexes A, B
and C, with boundary maps ∂Ai , ∂

B
i , and ∂

C
i respectively, then we say that they form

a short exact sequence of chain complexes

0→ A→ B → C → 0, (4.3.1)

if there are maps ϕi : Ai → Bi and ψi : Bi → Ci for i ≥ 0 so that ψi ◦ ϕi = 0 and the

diagram in Figure 4.7 is commutative, where we say a diagram commutes if any two

compositions of maps starting at one point in the diagram and ending at another are

equal.

A short exact sequence of chain complexes induces a long exact sequence in the

homology groups of each chain complex. For chain complexes A, B, and C as in

(4.3.1), Figure 4.8 depicts this long exact sequence. This result connects a short exact

sequence of chain complexes with their homology groups. The exactness allows one

to determine large amounts of information about the homology groups, especially if

one or more of the involved chain complexes A,B or C has known homology groups.

This result is also the basis for many topological constructions, such as the Mayer-

Vietoris long exact sequence (if it is not taken to be an axiom) which we state now,

but make full use of later.

Proposition 4.3.2 ([46, Section 2.2]). Let ∆ be a simplicial complex, and Λ1,Λ2 ⊆ ∆

subcomplexes so that ∆ = Λ1 ∪ Λ2. Then, the following Figure 4.9 is a long exact

sequence known as the Mayer-Vietoris long exact sequence for Λ1,Λ2:
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0 0 0

0 A0 B0 C0 0

0 A1 B1 C1 0

0 A2 B2 C2 0

...
...

...

ϕ0

∂A0

ψ0

∂B0 ∂C0

ϕ1

∂A1

ψ1

∂B1 ∂C1

ϕ2

∂A2

ψ2

∂B2 ∂C2

∂A3 ∂B3 ∂C3

Figure 4.7: The commutative diagram corresponding to the short exact sequence of

chain complexes (4.3.1)

· · · H2(A) H2(B) H2(C)

H1(A) H1(B) H1(C)

H0(A) H0(B) H0(C) 0

Figure 4.8: The long exact sequence of homology groups from the short exact se-

quence of chain complexes (4.3.1)

We can construct a chain complex associated to a spline space as follows. Recall

the definition of the simplicial boundary map ∂i for i = 0, 1, 2 defined by mapping

formal sums of i-simplices to formal sums of i− 1-simplices. We note that by defini-

tion, the simplicial boundary maps satisfy ∂i−1 ◦ ∂i = 0 for i = 1, 2. We notice that

a formal sum of i-simplices can be represented as a direct sum of copies of R since

the coefficients in the formal sum can be any polynomial in R. We associate to each

i-simplex a copy of R representing the polynomial associated with σ, and so ∂i is a

map from R|∆i| to R|∆i−1| where i = 1, 2, and ∂0 is a map from R|∆0| to 0, since the

boundary of any 0-simplex is 0 by convention. It then follows that we have a chain

complex

R : 0→ R|∆2| ∂2−→ R|∆1| ∂1−→ R|∆0| ∂0−→ 0. (4.3.2)

The homology groups of this chain complex are known to provide information about

the topological structure of the simplicial complex ∆, but not about the specific

embedding of ∆. We then proceed to define a subchain complex of R in the following
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· · · H2(Λ1 ∩ Λ2) H2(Λ1)⊕H2(Λ2) H2(∆)

H1(Λ1 ∩ Λ2) H1(Λ1)⊕H1(Λ2) H1(∆)

H0(Λ1 ∩ Λ2) H0(Λ1)⊕H0(Λ2) H0(∆) 0

Figure 4.9: The Mayer-Vietoris long exact sequence for Λ1 and Λ2.

way. The following construction is due to Schenck and Stillman in [68]:

• For each face σ ∈ ∆2, we associate the ideal J(σ) = 0.

• For each edge τ ∈ ∆1, we associate the ideal J(τ) = ⟨ℓr+1
τ ⟩, where ℓτ is a linear

polynomial vanishing on τ .

• For each vertex γ ∈ ∆0, we associate the ideal J(γ) = ⟨ℓr+1
τ : γ ∈ τ for τ ∈ ∆1⟩.

We can then construct a subchain complex of R by simply restricting R|∆i| to⊕
α∈∆i

J(α):

J : 0→ 0→
⊕
τ∈∆1

J(τ)
∂1−→
⊕
γ∈∆0

J(γ)
∂0−→ 0. (4.3.3)

By forming the quotient of each element in R with each element in J , we create the
quotient chain complex R/J :

R/J : 0→
⊕
σ∈∆2

R→
⊕
τ∈∆1

R

J(τ)
→
⊕
γ∈∆0

R

J(γ)
→ 0. (4.3.4)

There is a simple inclusion map from the chain complex J to R that is injective on

each element of the chain complex. The first isomorphism theorem then implies that

the image of the map is isomorphic to J . There is also the canonical map from R
to R/J that is the quotient map, taking ri ∈ R|∆i| to ri +

⊕
α∈∆i

J(α). The kernel

of this map is exactly J , meaning there is a short exact sequence of chain complexes

0→ J → R→ R/J → 0, (4.3.5)

connecting J , R, and R/J . Therefore, there is a long exact sequences in the

homology groups of J ,R andR/J by replacingA,B, C with J ,R,R/J respectively

in Figure 4.8.

For splines with no boundary conditions, the equivalent chain complex forR/J is

commonly referred to in the literature as the Billera-Schenck-Stillman chain complex,
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after the authors who first investigated it in [11, 67, 68]. The homology groups of the

Billera-Schenck-Stillman chain complex gives much information about the splines on

∆, and we will show that the chain complex (4.3.4) contains the same information

about the splines with boundary conditions over ∆. As shown in [13, Proposition

5.1], the ring of splines of smoothness r is isomorphic to the second homology group

of the Billera-Schenck-Stillman chain complex, albeit in a slightly different way than

we use here. We will show the equivalent result for the chain complex (4.3.4).

Proposition 4.3.3. Let ∆ be a pure, hereditary, simplicial complex. Then,

Sr(∆, ∂∆) ∼= H2(R/J ).

Proof. We first embed Sr(∆, ∂∆) in
⊕

σ∈∆2
R into the chain complex (4.3.4) in the

natural way. Then for a spline f ∈ Sr(∆, ∂∆), if τ = σi ∩ σj for some σi, σj ∈ ∆2,

then we have f |σi − f |σj ∈ J(τ) by the algebraic spline criterion, Proposition 4.2.2.

Thus, f must map to 0 under the boundary map ∂
R/J
2 . Since a tuple (f1, . . . , fn)

satisfying the algebraic spline criterion is necessary and sufficient to say that it is a

spline, we have Sr(∆, ∂∆) = ker
(
∂
R/J
2

)
= H2(R/J ).

We will use Proposition 4.3.3 to compute the dimension of the space of splines

with boundary conditions, Srd(∆, ∂∆).

4.4 The Dimension of the Space of Splines with

Boundary Conditions

This section is dedicated to computing the dimension of Srd(∆, ∂∆) for sufficiently

large d.

Theorem 4.4.1. Let ∆ be a pure, hereditary simplicial complex embedded in R2.

Then, the following holds:

dimSrd(∆, ∂∆) =
∑
τ∈∆1

dim J(τ)d −
∑
γ∈∆0

dim J(γ)d

+ dimH0(R)d − dimH1(R)d + dimH2(R)d
+ dimH1(R/J )d − dimH0(R/J )d.

(4.4.1)
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Proof. Applying the dth graded Euler-Poincaré characteristic on the long exact se-

quence in homology of the short exact sequence (4.3.5) gives

0 =dimH2(J )d − dimH2(R)d + dimH2(R/J )d
− dimH1(J )d + dimH1(R)d − dimH1(R/J )d
+ dimH0(J )d − dimH0(R)d + dimH0(R/J )d

By applying the dth graded Euler-Poincaré characteristic on the chain complex

(4.3.3) gives

dimH0(J )d − dimH1(J )d = dim
⊕
γ∈∆0

J(γ)d − dim
⊕
τ∈∆1

J(τ)d.

We also know that H2(J )d = 0, and that dimH2(R/J )d = dimSrd(∆, ∂∆) by Propo-

sition 4.3.3. Combining each result proves the theorem.

We talk about each part of this dimension formula separately. We begin with

some homological results about the chain complex R. Knowing the homology groups

of the chain complex R allows us to write the homology group H2(R/J ) in terms

of the homology groups of the chain complex J , H1(R/J ), and H0(R/J ). It is

of great import to determine the dimension of the graded pieces of these homology

groups. We cannot explicitly compute the dimensions of their graded pieces for

general configurations, but we will make use of a result proved by McDonald in [57],

the proof of which is based on one of a similar result of Schenck and Stillman in [68]

Lemma 4.4.2 ([57],Corollary 3.2, Proposition 3.5). Let ∆ be a pure, hereditary

simplicial complex. Then, dimH1(R/J )d = dimH0(R/J )d = 0 for d≫ 0.

We say that a property is true for d≫ 0 if and only if there is some D > 0 such

that the property is true for d ≥ D, and say that the property is true for d sufficiently

large. We move our attention to the dimensions H0(R), H1(R), and H2(R). As these
appear with alternating signs in (4.4.1), we can rewrite their contribution in terms of

the dth graded Euler-Poincaré characteristic of the chain complex R by Proposition

4.3.1 in terms of Rd, the set of polynomials of degree d in R[x, y, z]:

χ(R, d) = dimH0(R)d − dimH1(R)d + dimH2(R)d
= dimR

|∆0|
d − dimR

|∆1|
d + dimR

|∆2|
d

= (|∆0| − |∆1|+ |∆2|) dimRd.

(4.4.2)

The remaining contributions to the dimension of Srd(∆, ∂∆) arises from the dimen-

sions of J(τ) for edges τ ∈ ∆1, and from J(γ) for vertices γ ∈ ∆0. We begin with
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the dimension of J(τ), as we will see that it is the same, regardless of the edge we

choose [68]. The final contributions are from the dimensions of the ideals J(γ) for

vertices γ ∈ ∆0. The dimension of J(γ)d can be found very easily in the case where

the vertex γ has only two incident edges, but in practice, most vertices have at least

3 incident edges. The number of incident edges, however, is not exactly what we

want to be considering, more the number of distinct slopes of incident edges. To

start with, if the three incident edges involve a pair of colinear edges, such as shown

below in Figure 4.10 then

J(γ) = J(τ1) + J(τ2) + J(τ3) = ⟨ℓr+1
τ1
⟩+ ⟨ℓr+1

τ2
⟩+ ⟨ℓr+1

τ3
⟩ = ⟨ℓr+1

τ1
⟩+ ⟨ℓr+1

τ3
⟩,

and the dimension can be computed by inclusion exclusion. If we change the slope

τ1 τ2

τ3

γ

Figure 4.10: A diagram displaying a vertex γ with three incident edges τ1, τ2, τ3, but

only two distinct slopes of incident edges.

of either τ1 or τ2 in Figure 4.10 minutely, then the dimension of J(γ)d will change,

but as it stands, the dimension of J(γ)d is indistinguishable from the dimension of

J(γ′)d of any vertex γ′ that has only two incident edges.

In [67, Theorem 3.1], Schenck and Stillman found a free resolution of
⊕

γ∈∆0
R/J(γ)d,

which can be used to compute dim J(γ)d for each vertex γ. We will recall this result

here, and use it to compute the dimension of J(γ)d for vertices γ with any number

of distinct slopes of edges incident to γ.

Lemma 4.4.3 ([67]). Let r ≥ 0 be an integer. Let γ be a vertex in ∆0, and let nγ be

the number of edges incident to γ with distinct gradients, and tγ = min{nγ, r + 2}.
We define the following values qγ = ⌊ tγ(r+1)

tγ−1
⌋, aγ = tγ(r + 1) − (tγ − 1)qγ, and

bγ = tγ − 1− aγ. Then

dim J(γ)d = tγ

(
d− r + 1

2

)
− aγ

(
d− qγ + 1

2

)
− bγ

(
d− qγ + 2

2

)
,

for all d.
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The dimension of J(γ)d depends on more than the topology of the simplicial

complex. The particular embedding of a simplicial complex impacts the dimension

of the spline space Srd(∆, ∂∆) as seen in this formula. With this result, we can finally

combine everything into our main result.

Theorem 4.4.4. Let ∆ be a pure, hereditary simplicial complex, and let r, d ≥ 0 be

integers. Let

Q(∆, r, d) = |∆1|

(
d− r + 1

2

)
+ (|∆0| − |∆1|+ |∆2|)

(
d+ 2

2

)

−
∑
γ∈∆0

(
tγ

(
d− r + 1

2

)
− aγ

(
d− qγ + 1

2

)
− bγ

(
d− qγ + 2

2

))
. (4.4.3)

Then, dimSrd(∆, ∂∆) = Q(∆, r, d)+dimH1(R/J )d−dimH0(R/J )d for all d, r ≥ 0,

and dimSrd(∆, ∂∆) = Q(∆, r, d) for d≫ 0.

Proof. Recall equation (4.4.1) from Theorem 4.4.1. We know that

∑
τ∈∆1

J(τ) =
∑
τ∈∆1

(
d− r + 1

2

)
= |∆1|

(
d− r + 1

2

)
.

By equation (4.4.2),

dimH0(R)d − dimH1(R)d + dimH2(R)d = (|∆0| − |∆1|+ |∆2|)

(
d+ 2

2

)
.

By Lemma 4.4.3,

∑
γ∈∆0

dim J(γ)d =
∑
γ∈∆0

(
tγ

(
d− r + 1

2

)
− aγ

(
d− qγ + 1

2

)
− bγ

(
d− qγ + 2

2

))
,

and combining these values in (4.4.1) yields the first part of the theorem. Then

Lemma 4.4.2 verifies that dimSrd(∆, ∂∆) = Q(∆, r, d) for d≫ 0.

We know that R is the simplicial chain complex of ∆, and we can quite easily

determine its homology groups. If we associate the simplicial complex ∆ with its

embedding in R2, then the homology groups of ∆ can be determined from the number

of holes and the number of connected components, and we can thus identify the effect

of creating a hole in a simplicial complex.
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Proposition 4.4.5. Let ∆ be a pure and hereditary simplicial complex embedded

in R2 with c connected components and h holes in the embedding of R2. Then the

homology groups are

Hi(R) ∼=


Rc i = 0,

Rh i = 1,

0 i ≥ 2.

Proof. Note that the homology of ∆ is the direct sum of the homologies of its con-

nected components, so we consider ∆ to have a single connected component without

loss of generality. We will use, in this proof, knowledge of the homology groups

of a point, and of a circle, see [46, Proposition 2.8] and [46, Example 2.2] respec-

tively. Suppose first that ∆ has no holes, and so is homeomorphic to a point, then

H0(R) ∼= R, H1(R) ∼= 0, and Hi(R) ∼= 0 for i ≥ 2. Then, suppose if ∆ has h holes,

that H0(R) ∼= R, H1(R) ∼= Rh, and Hi(R) ∼= 0 for i ≥ 2. Then, suppose ∆ has

h+1 holes, and so is homeomorphic to h+1 circles connected together. Split ∆ into

Λ1 ∪ Λ2 where Λ1 has h holes and Λ2 has 1 hole, and their intersection Λ1 ∩ Λ2 is

homeomorphic to a point. Then, the Mayer-Vietoris long exact sequence states that

the following are exact:

0→ Hi(R)→ 0 for i ≥ 2, (4.4.4)

0
ϕ5−→ Rh ⊕R ϕ4−→ H1(R)

ϕ3−→ R
ϕ2−→ R⊕R ϕ1−→ H0(R)

ϕ0−→ 0. (4.4.5)

The sequence (4.4.4) implies that Hi(R) ∼= 0 for i ≥ 2, and [46, Proposition 2.7]

shows that H0(∆) ∼= R since ∆ has a single connected component. So, we now just

consider (4.4.5). Using the first isomorphism theorem and exactness, we have

Rh+1

kerϕ4

∼= Imϕ4,
H1(R)
kerϕ3

∼= Imϕ3,
R

kerϕ2

∼= Imϕ2,
R2

kerϕ1

∼= Imϕ1,
R

kerϕ0

∼= Imϕ0.

Additionally, Imϕ5 = 0 and Imϕ0 = 0, we can then logically determine H1(R)
following the steps, noting that all groups here are isomorphic to powers of R (and

thus have no torsion).

1. Imϕ0
∼= 0 =⇒ kerϕ0 = Imϕ1

∼= R,

2. Imϕ1
∼= R =⇒ kerϕ1 = Imϕ2

∼= R,

3. Imϕ2
∼= R =⇒ kerϕ2 = Imϕ3

∼= 0,

4. Imϕ3
∼= 0 =⇒ kerϕ3 = Imϕ4

∼= H1(R),
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5. kerϕ4 = Imϕ5 = 0,

6. kerϕ4
∼= 0 and Imϕ4

∼= H1(R) =⇒ Rh+1 ∼= H1(R).

This completes the proof.

By Proposition 4.3.1 we can can see that

(|∆0| − |∆1|+ |∆2|)

(
d+ 2

2

)
= χ(R, d) = (c− h)

(
d+ 2

2

)
,

where χ(R, d) is the dth graded Euler-Poincaré characteristic of the chain complex

R, c is the number of connected components of ∆, and h is the number of holes of

∆.

4.5 Examples

In this section we demonstrate a number of examples of the formula in Theorem

4.4.4 for dimSrd(∆, ∂∆) for sufficiently large d. We will reconsider the two previously

explored simplicial complexes first, and then consider some modifications and special

cases that lead to interesting behavoiur.

Example 4.5.1. Consider once again the following simplicial complex ∆ in Figure

4.4. We found a basis for Srd(∆, ∂∆) before using A(∆, ∂∆, r). We may obtain the

value of d2−(6r+3)d+9r2+9r+2
2

for the dimension of Srd(∆, ∂∆) in a different way using

the formula (4.4.3) in Theorem 4.4.4. For each edge τi, ℓτi is the linear form vanishing

on τi, and J(τi) = ⟨ℓr+1
τi
⟩. We have |∆0| = |∆1| = 3 and |∆2| = 1, so we now only

consider the sum over the vertices. Each vertex is essentially indistinguishable from

the other, so consider any vertex γ. This vertex has exactly 2 incident edges, each

with distinct slopes, and so tγ = 2. Then, we can easily find

qγ =

⌊
2(r + 1)

2− 1

⌋
= 2r + 2, aγ = 0, bγ = 1.

Combining this, we have that

Q(∆, r, d) = 3

(
d− r + 1

2

)
+

(
d+ 2

2

)
− 3

(
2

(
d− r + 1

2

)
−

(
d− 2r

2

))
.

Expanding each term and simplifying we find that

dimSrd(∆, ∂∆) =
1

2
d2 − 6r + 3

2
d+

9r2 + 9r + 2

2
,
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for d ≫ 0. However, we see that this is the exact value for dimSrd(∆, ∂∆) for all

d ≥ 1 by the computation in Example 4.2.1, which can be verified using Macaulay2.

⋄

The following two examples will demonstrate the case of having two different em-

beddings of the same simplicial complex, first by reconsidering the crossed rectangle

of example 4.2.2.

Example 4.5.2. We consider the case of the rectangle with a central vertex shown

in Figure 4.5. In this example, the central vertex has four incident edges, but only

two unique slopes incident. Each exterior vertex has three incident edges with three

unique slopes, and so we will have to consider their contributions to the dimension

of Srd(∆, ∂∆) individually. Let γ = γ0. Since there are only two incident slopes, we

have seen the dimension of J(γ0)d already as

dim J(γ0)d = 2

(
d− r + 1

2

)
−

(
d− 2r

2

)
.

Now, since all external edges are indistinguishable from each other, let γ be any of

γ1, . . . , γ4. In Proposition 4.4.3, we have

tγ = 3, qγ =

⌊
3(r + 1)

2

⌋
.

Now, the values of qγ, aγ and bγ depend on the value of r + 1 modulo 2, as this will

dictate when 3(r+1)
2

is an integer, and thus whether aγ = 0 or not. We can see

tγ = 3, qγ =

3r+3
2

r + 1 ≡ 0 mod 2,

3r+2
2

r + 1 ≡ 1 mod 2,

aγ =

0 r + 1 ≡ 0 mod 2,

1 r + 1 ≡ 1 mod 2,
bγ =

2 r + 1 ≡ 0 mod 2,

1 r + 1 ≡ 1 mod 2.

We can then split dim J(γ)d into two classes based on the value of r + 1 mod 2:

dim J(γ)d =


3

d− r + 1,

2

− 2

d− 3r+3
2

+ 2,

2

 r + 1 ≡ 0 mod 2,

3

d− r + 1

2

−
d− 3r+2

2
+ 1

2

−
d− 3r+2

2
+ 2

2

 r + 1 ≡ 1 mod 2,
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for d sufficiently large. Expanding these gives

dim J(γ)d =

1
2
d2 + 3

2
d− 3r2+6r−1

4
r + 1 ≡ 0 mod 2,

1
2
d2 + 3

2
d− 3r2+6r

4
r + 1 ≡ 1 mod 2,

Combining this, we get

dimSrd(∆, ∂∆) = 8

(
d− r + 1

2

)
+

(
d+ 2

2

)
−2

(
d− r + 1

2

)
+

(
d− 2r

2

)
−4 dim J(γ)d,

wherein we can expand this and find

dimSrd(∆, ∂∆) =

2d2 − (8r + 2)d+ 8r2 + 4r r + 1 ≡ 0 mod 2,

2d2 − (8r + 2)d+ 8r2 + 4r + 1 r + 1 ≡ 1 mod 2,

for sufficiently large d. In fact, recalling Example 4.2.2, setting r = 0 here recovers

the formula dimSrd(∆, ∂∆) = 2d2 − 2d + 1 which we see from Example 4.2.2 gave

the exact dimension for all d ≥ 1. Computations in Macaulay2 also confirm that

dimSrd(∆, ∂∆) matches Q(∆, r, d) for d ≥ r + 1 for r ≤ 2. ⋄

In Example 4.5.2 the vertex γ0 is not in generic position, which is to say that if we

were to move γ0 slightly, then every edge incident to γ0 would have different slopes.

This dramatically changes the calculation of dimSrd(∆, ∂∆) if we do perturb the

vertex, and Example 4.5.3 will demonstrate the difference between having vertices

in generic versus non-generic positions.

Example 4.5.3. We consider the case of the rectangle with a central vertex shown

in Figure 4.11, but now in generic position so that each incident edge has a unique

slope. Each exterior vertex has three incident edges with three unique slopes, and

we have already calculated their contributions to dimSrd(∆, ∂∆) in Example 4.5.2.

We know already that

dim J(γi)d =

1
2
d2 + 3

2
d− 3r2+6r−1

4
r + 1 ≡ 0 mod 2,

1
2
d2 + 3

2
d− 3r2+6r

4
r + 1 ≡ 1 mod 2,

for i = 1, . . . , 4,

and so we focus our attention now on γ0. The central vertex has four unique incident

slopes, and so we have

tγ0 = 4, qγ0 =

⌊
4(r + 1)

3

⌋
.



CHAPTER 4. ALGEBRAIC SPLINES WITH BOUNDARY CONDITIONS 87

γ0

γ1

γ2 γ3

γ4

τ1

τ2 τ3

τ4

τ5

τ6

τ7

τ8

σ1

σ2

σ3

σ4

Figure 4.11: Rectangular simplicial complex with a central vertex ∆ in generic posi-

tion.

Now, the values of qγ0 , aγ0 and bγ0 depend on the value of r + 1 modulo 3, as this

will dictate when 4(r+1)
3

is an integer, and thus whether aγ0 = 0 or not. We can see

tγ0 = 4, qγ0 =


4r+4
3

r + 1 ≡ 0 mod 3,

4r+3
3

r + 1 ≡ 1 mod 3,

4r+2
3

r + 1 ≡ 2 mod 3,

aγ0 =


0 r + 1 ≡ 0 mod 3,

1 r + 1 ≡ 1 mod 3,

2 r + 1 ≡ 2 mod 3,

bγ0 =


3 r + 1 ≡ 0 mod 3,

2 r + 1 ≡ 1 mod 3,

1 r + 1 ≡ 2 mod 3.

We can then split dim J(γ0)d into two classes based on the value of r + 1 mod 3:

dim J(γ0)d =



4

d− r + 1

2

− 3

d− 4r+4
3

+ 2

2

 r + 1 ≡ 0 mod 3,

4

d− r + 1

2

−
d− 4r+3

3
+ 1

2

− 2

d− 4r+3
3

+ 2

2

 r + 1 ≡ 1 mod 3,

4

d− r + 1

2

− 2

d− 4r+2
3

+ 1

2

−
d− 4r+2

3
+ 2

2

 r + 1 ≡ 2 mod 3,

for d sufficiently large. Expanding these gives

dim J(γ0)d =


1
2
d2 + 3

2
d− 2r2+4r−1

3
r + 1 ≡ 0 mod 3,

1
2
d2 + 3

2
d− 2r2+4r

3
r + 1 ≡ 1 mod 3,

1
2
d2 + 3

2
d− 2r2+4r

3
r + 1 ≡ 2 mod 3.
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While we know the values of J(γ0)d in terms of the value of r+1 module 3, we know

the values of J(γi)d for i = 1, . . . , 4 in terms of the value of r + 1 modulo 2. When

combining these into an equation for dimSrd(∆, ∂∆), we therefore need to consider

all possible values of r + 1 modulo 6. Doing so, we see that

∑
γ∈∆0

dim J(γ)d =



5
2
d2 + 15

2
d− 11r2+22r−4

3
r + 1 ≡ 0 mod 6,

5
2
d2 + 15

2
d− 11r2+22r

3
r + 1 ≡ 1 mod 6,

5
2
d2 + 15

2
d− 11r2+22r−3

3
r + 1 ≡ 2 mod 6,

5
2
d2 + 15

2
d− 11r2+22r−1

3
r + 1 ≡ 3 mod 6,

5
2
d2 + 15

2
d− 11r2+22r−3

3
r + 1 ≡ 4 mod 6,

5
2
d2 + 15

2
d− 11r2+22r

3
r + 1 ≡ 5 mod 6.

Combining this, we get

dimSrd(∆, ∂∆) = 8

(
d− r + 1

2

)
+

(
d+ 2

2

)
−
∑
γ∈∆0

dim J(γ)d,

wherein we can expand this and find

dimSrd(∆, ∂∆) =



2d2 − (8r + 2)d+ 23r2+10r−1
3

r + 1 ≡ 0 mod 6,

2d2 − (8r + 2)d+ 23r2+10r+3
3

r + 1 ≡ 1 mod 6,

2d2 − (8r + 2)d+ 23r2+10r
3

r + 1 ≡ 2 mod 6,

2d2 − (8r + 2)d+ 23r2+10r+2
3

r + 1 ≡ 3 mod 6,

2d2 − (8r + 2)d+ 23r2+10r
3

r + 1 ≡ 4 mod 6,

2d2 − (8r + 2)d+ 23r2+10r+3
3

r + 1 ≡ 5 mod 6.

for sufficiently large d. We may note here that the only difference between the di-

mension of Srd(∆, ∂∆) in this example, and the corresponding dimension in Example

4.5.2, is the coefficient of d0. If we call ∆ to be the simplicial complex in Figure 4.11,

and ∆′ to be the simplicial complex in Figure 4.5, then the difference between the

case of having generic vertex positions and non-generic vertex positions manifests

itself as

dimSrd(∆
′, ∂∆′)− dimSrd(∆, ∂∆) =


r2+2r+1

3
r + 1 ≡ 0 mod 3,

r2+2r
3

r + 1 ≡ 1 mod 3,

r2+2r
3

r + 1 ≡ 2 mod 3.

This difference highlights the effect of having generic vertex positions compared to

non-generic vertex positions. ⋄
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In Examples 4.5.2 and 4.5.3, we computed the spline spaces of two distinct em-

beddings of the same simplicial complex. That the dimensions of their spline spaces

for sufficiently large d are not equal was remarked by Strang in [75], and showed

that the dimension of the spline space of a simplicial complex is cannot in general be

solely determined by topological data, such as the number of vertices, edges, faces

in the simplicial complex.

Example 4.5.4. We will be considering the following simplicial complex in Figure

4.12. All vertices of this simplicial complex are indistinguishable, as they all have four

σ1

σ2

σ3

σ4

σ5

σ6τ1

τ2 τ3

τ4τ5

τ6

τ7 τ8

τ9

τ10τ11

τ12

Figure 4.12: Simplicial complex ∆ that has a single hole. The grey shaded triangle

is not a face of ∆, it is the hole.

distinct edges incident, each with unique slopes. We have computed the dimension

of the ideals of vertices with this property in Example 4.5.3, and so we simply recall

that for each vertex γ in ∆0, we have

dim J(γ)d =


1
2
d2 + 3

2
d− 2r2+4r−1

3
r + 1 ≡ 0 mod 3,

1
2
d2 + 3

2
d− 2r2+4r

3
r + 1 ≡ 1 mod 3,

1
2
d2 + 3

2
d− 2r2+4r

3
r + 1 ≡ 2 mod 3.

For this example, we have

|∆0| = 6, |∆1| = 12, |∆2| = 6,
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wherein we find the dimension is

dimSrd(∆, ∂∆) = 12

(
d− r + 1

2

)
− 6 dim J(γ)d

=


3d2 − (12r + 3)d+ 10r2 + 2r − 2 r + 1 ≡ 0 mod 3,

3d2 − (12r + 3)d+ 10r2 + 2r r + 1 ≡ 1 mod 3,

3d2 − (12r + 3)d+ 10r2 + 2r r + 1 ≡ 2 mod 3.

If we fill the hole to form a new simplicial complex ∆′ shown in Figure 4.13. We

σ′
0

σ′
1

σ′
2

σ′
3

σ′
4

σ′
5

σ′
6τ ′1

τ ′2 τ ′3

τ ′4τ ′5

τ ′6

τ ′7 τ ′8

τ ′9

τ ′10τ ′11

τ ′12

Figure 4.13: Simplicial complex ∆′ that is ∆ with no hole.

can compute the dimension of the spline space in a similar way, but notice that ∆′

differs from ∆ by adding a single face, and so we can see that

Q(∆′, r, d) = Q(∆, r, d) +

(
d+ 2

2

)
,

and we can notice this by recalling that |∆0| − |∆1| + |∆2| = c − h by the Euler-

Poincaré characteristic in Proposition 4.3.1, the number of connected components

minus the number of holes of ∆. Thus, reducing the number of holes by 1 (by filling

it with a single simplex) will increase the number of splines of degree d by

(
d+ 2

2

)
.

⋄
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4.6 Subcomplexes and Splines with Partial Bound-

ary Conditions

In this section we describe a method of gluing simplicial complexes. We begin by

defining the notation for the space of splines that satisfy boundary conditions on some

(but not necessarily all) of its boundary edges. Then, we create an injective map from

the space of splines over two subcomplexes of a simplicial complex satisfying partial

boundary conditions, and the space of splines of the simplicial complex that glues the

two subcomplexes together along the edges that satisfy boundary conditions. Given

a pure, hereditary simplicial complex ∆ embedded in R2, let B ⊆ ∂∆ be (possibly

proper) collection of boundary edges of ∆ and their vertices. We denote the edges

in B by τ1, . . . , τs if B ̸= ∅. We write

Sr(∆, B) =

{
f ∈ Cr(∆):

f |σ ∈ R[x, y] for every face σ ∈ ∆2

f vanishes to order r on every boundary edge τ ∈ B

}
,

to be the set of splines defined on ∆ satisfying boundary conditions at B. We can

clearly see the following

• If B = ∂∆, then Sr(∆, B) is consistent with the definition of Sr(∆, ∂∆).

• The set Sr(∆, ∅) is the set of splines defined on ∆ satisfying no boundary

conditions, and this is equal to the space usually written Sr(∆), the set of

splines defined on ∆.

Recall the algebraic spline criterion, Proposition 4.2.2. If we impose boundary con-

ditions on B instead of ∂∆, then we can see that a function f : ∆→ R is in Sr(∆, B)

if and only if the first two conditions of Proposition 4.2.2 hold, and if for each bound-

ary face σ with boundary edges τi1 , . . . , τim ∈ B, we have f |σ ∈
⋂m
a=1⟨ℓr+1

τia
⟩, where of

course m must be 1, 2, or 3 as before. As a result, we can define a matrix A(∆, B, r)

as follows: Order all edges of ∆ to be τ1, . . . , τs for some s ≥ 3 such that the final b

edges are the boundary edges not in B. Then, define A(∆, B, r) to be the submatrix

of A(∆, ∂∆, r) given by removing the final b rows and columns of A(∆, ∂∆, r). The

ith row of A(∆, ∂∆, r) refers to the algebraic condition satisfied by a spline across the

edge τi, and thus by removing the rows and columns corresponding to the boundary

edges not in B, we see that if we label the maximal simplices σ1, . . . , σt, then the

first t entries of elements in the kernel of A(∆, B, r) correspond to the splines in

Sr(∆, B, r).
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Example 4.6.1. Consider the simplicial complex shown in Figure 4.4 in Example

4.2.1. Suppose we impose boundary conditions only on a single edge τ1. As such, we

set B = {τ1} and we see that

A(∆, B, r) =
(

1 ℓr+1
τ1

)
.

The kernel of A(∆, B, r) has a basis given by(
ℓr+1
τ1

−1

)
,

and so a spline on ∆ satisfying boundary conditions on τ1 is a polynomial multiple

of ℓr+1
τ1

. Thus,

dimSrd(∆, B) =

(
d− r + 1

2

)
=

1
2
d2 − (r − 1

2
)d+ r2

2
− r

2
d ≥ r + 1,

0 d ≤ r.

⋄

Splines with partial boundary conditions are a useful class of splines. We can

observe this by considering a pair of simplicial complexes, say Λ and Λ′ shown below

in Figure 4.14, embedded so that they share a common edge (shown in orange):

Let r ≥ 0 be an integer. Then, suppose ℓτ = x. We can see that any spline f on

σ σ′τ

Figure 4.14: Two simplicial complexes Λ and Λ′ with maximal simplices σ and σ′

respectively, with a shared edge τ .

Λ that satisfies boundary conditions on τ is a multiple of xr+1 for smoothness r.

Additionally, any spline g on Λ′ that satisfies boundary conditions on τ is a multiple

of xr+1 as well. So, we can see that if we define a spline h on the union of Λ and

Λ′ by h|σ = f and h|σ′ = g, then automatically h|σ − h|σ′ is a multiple of xr+1, and

so h satisfies the algebraic spline criterion. This suggests that splines on simplicial

complexes can be built up using splines on subcomplexes. Note that this is similar



CHAPTER 4. ALGEBRAIC SPLINES WITH BOUNDARY CONDITIONS 93

to the process of gluing spaces of splines together, and the concept of geometric

continuity for splines [55].

We state this observation formally in Proposition 4.6.1. If two simplicial com-

plexes embedded in R2 share some part of their boundaries, then we can consider

them as subcomplexes of their union. Alternatively, we can describe this by first

defining a simplicial complex ∆, and then writing it as the union of two subcom-

plexes Λ and Λ′ that intersect only along their boundaries. We can do so by creating

a subset of the maximal simplices of ∆ and declaring them to be the maximal sim-

plices of Λ, and then the remaining maximal simplices of ∆ are declared to be the

maximal simplices of Λ′. We then make the definition of Λ and Λ′ complete by taking

all edges and vertices of each maximal simplex of Λ or Λ′ to be a part of Λ or Λ′

respectively. In order to construct splines on Λ and Λ′ however, we should insist that

they are pure and hereditary, which limits which maximal simplices we can choose

to be part of Λ or Λ′. By their construction, Λ ∩ Λ′ is then a subcomplex of ∆ of

dimension at most 1. This is dimension exactly 1 when both Λ and Λ′ are non-empty.

Additionally, if we want splines on Λ and Λ′ to combine to create a spline on ∆, then

any boundary conditions that spines must satisfy on ∆ must also be satisfied by the

splines on Λ and Λ′.

Proposition 4.6.1. Let ∆ be a pure, hereditary, 2-dimensional simplicial complex.

Let F ⊆ ∆2 be a (possibly proper) collection of 2-simplices in ∆. Let Λ be the

simplicial complex embedded in R2 with simplices in F as well as their edges and

vertices. Let Λ′ be the simplicial complex embedded in R2 with simplices in ∆2 \ F
as well as their edges and vertices. Let B ⊆ ∂∆ be a (possibly proper) collection of

boundary edges of ∆ and their vertices. Let F ⊆ ∆2 be such that Λ and Λ′ are, pure,

hereditary, and 2-dimensional. Let

BΛ = ∂Λ ∩ (∂Λ′ ∪B) and BΛ′ = ∂Λ′ ∩ (∂Λ ∪B).

There is a graded R-algebra homomorphism

ι : Sr(Λ, BΛ)⊕ Sr(Λ′, BΛ′)→ Sr(∆, B),

defined by ι(f, g)|σ = f |σ when σ ∈ Λ, and ι(f, g)|σ′ = g|σ′ when σ′ ∈ Λ′ that is

well-defined and injective.

Proof. Suppose we are given (f, g) ∈ Sr(Λ, BΛ)⊕Sr(Λ′, BΛ′). Let σ ∈ Λ be a maximal

simplex, then ι(f, g)|σ = f |σ ∈ R[x, y]. Then for two maximal simplices σi, σj ∈ Λ
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intersecting along a non-empty edge τ = σi ∩ σj ∈ Λ, we have, since f ∈ Sr(Λ, BΛ),

that f |σi and f |σj join along τ with smoothness r. Now, suppose σ ∈ Λ and σ′ ∈ Λ′

intersect along an edge τ ∈ ∂Λ ∩ ∂Λ′. We know that f |σ ∈ J(τ), g|σ′ ∈ J(τ), and
so f |σ − g|σ′ ∈ J(τ). Thus, for any maximal simplices σi, σj in ∆ intersecting at a

non-empty edge τ = σi∩σj, then ι(f, g)|σi and ι(f, g)|σj join along τ with smoothness

r. Let τ ∈ B∩∂Λ, and σ the maximal simplex with this edge on its boundary. Then

f |σ ∈ J(τ) and so ι(f, g)|σ ∈ J(τ). Replacing every instance of Λ with Λ′ and vice

versa in the above argument then completes the proof that ι(f, g) ∈ Sr(∆, B).

That the map ι is a graded R-algebra homomorphism is then clear from its

definition.

It remains only to show that ι is injective. To see this, suppose ι(f, g) = 0. Then,

f |σ = 0 and g|σ′ = 0 for all maximal simplices σ, σ′ ∈ Λ,Λ′. Thus, (f, g) = (0, 0),

and ι is injective.

Notice that BΛ and BΛ′ are the boundary edges where boundary conditions are

satisfied by splines on ∆ that are also in the boundary of Λ (resp. Λ′) as well as

every edge along the shared boundary of Λ and Λ′. Insisting on boundary conditions

here ensures that when the two splines are combined, they meet along the shared

boundary with smoothness r, and they also satisfy the required boundary conditions

on ∆ as needed.

Since ι is injective, there is a subspace of Sr(∆, B) isomorphic to Sr(Λ, BΛ) ⊕
Sr(Λ′, BΛ′), and since ι is a graded map,

dimSrd(Λ, BΛ) + dimSrd(Λ
′, BΛ′) ≤ dimSrd(∆, B),

for each d ≥ 0.

Remark 4.6.1. Notice for each pure, hereditary simplicial complex ∆ embedded in

R2, and integers r, d ≥ 0, the quantity Q(∆, r, d) is a polynomial in d of degree 2.

The coefficient of d2 is then given by

|∆1|
2

+
|∆0| − |∆1|+ |∆2|

2
−
∑
γ∈∆0

(
tγ
2
− aγ

2
− bγ

2

)
=
|∆2|
2
,

since aγ + bγ = tγ − 1. If we let B = ∂∆ , and choose some F ⊆ ∆2 such that Λ and

Λ′ are such as in Proposition 4.6.1, then BΛ = ∂Λ, BΛ′ = ∂Λ′, and the coefficient of

d2 in Q(Λ, r, d) + Q(Λ′, r, d) is given by |Λ2|
2

+
|Λ′

2|
2

= |∆2|
2
. Therefore, the difference

between dimSrd(∆, ∂∆) and dim (Srd(Λ, ∂Λ)⊕ Srd(Λ′, ∂Λ′)) is a polynomial of degree

1 in d for sufficiently large d.
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We now demonstrate the use of Proposition 4.6.1 in some examples. Throughout,

let a smoothness r ≥ 0 be given.

Example 4.6.2. Recall the simplicial complex ∆ in Figure 4.14. The edge τ is

associated to the ideal J(τ) = ⟨xr+1⟩. In the notation of Proposition 4.6.1, we define

F = {σ1}, so that Λ is the simplicial complex with 2-simplex σ1 and its edges and

vertices. Then Λ′ is the simplicial complex with 2-simplex σ2 and its edges and

vertices. Then, suppose B = ∅, and thus BΛ = B′
Λ = {τ}. We can compute the

dimension of Srd(Λ, BΛ) and of Srd(Λ
′, BΛ′) as shown in Example 4.6.1 to get

dimSrd(Λ, BΛ) = dimSrd(Λ
′, BΛ′) =

(
d− r + 1

2

)
,

for d ≥ 0. The injectivity of the map ι shows that

dimSrd(∆, ∅) ≥

d2 − (2r − 1)d+ r2 − r d ≥ r + 1,

0 d ≤ r.

Using Macaulay2, we compute the dimension Srd(∆, ∅) as

dimSrd(∆, ∅) =

d2 − (r − 2)d+ r2

2
− r

2
+ 1 d ≥ r + 1,

1
2
d2 + 3

2
d+ 1 d ≤ r.

We can see that splines on Λ and Λ′ satisfying boundary conditions on τ are multiples

of xr+1, and thus by Proposition 4.6.1, we see that for every polynomials f, g ∈
R[x, y], the function h defined on ∆ satisfying h|σ1 = xr+1f and h|σ2 = xr+1g is a

spline over ∆ satisfying no boundary conditions. ⋄

Example 4.6.3. Consider the simplicial complex ∆′ in Example 4.5.4, shown in

Figure 4.13. Suppose we choose F = {σ′
1, σ

′
2, σ

′
3, σ

′
4, σ

′
5, σ

′
6} in the notation of Propo-

sition 4.6.1. Then, Λ is the simplicial complex with 2-simplices σ′
1, σ

′
2, σ

′
3, σ

′
4, σ

′
5, σ

′
6,

as well as their edges and vertices and Λ′ is the simplicial complex with single 2-

simplex σ′
0, as well as its edges and vertices. We know that both Λ and Λ′ are pure,

hereditary and 2-dimensional, and we notice, in fact, that Λ is the simplicial complex

∆ shown in Figure 4.12. Suppose we apply boundary conditions on all edges of ∆′,

so B = ∂∆′. Then, we have BΛ = ∂Λ and BΛ′ = ∂Λ′. We know from Theorem 4.4.4,

Example 4.2.1, and the formulae in Example 4.5.4, that

dimSrd(Λ, ∂Λ) = Q(Λ, r, d), dimSrd(Λ
′, ∂Λ′) =

(
d− 3r − 1

2

)
,
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for d≫ 0. We then see that

dimSrd(∆
′, ∂∆′) ≥ Q(Λ, r, d) +

(
d− 3r − 1

2

)
,

by Proposition 4.6.1. We also know from Example 4.5.4 that

dimSrd(∆
′, ∂∆′) = Q(Λ, r, d) +

(
d+ 2

2

)
,

for d ≫ 0, and that the difference between the dimensions of Srd(∆
′, ∂∆′) and

Srd(Λ, ∂Λ)⊕ Srd(Λ′, ∂Λ′) is then

Q(Λ, r, d) +

(
d+ 2

2

)
−Q(Λ, r, d)−

(
d− 3r − 1

2

)
= (3r + 3)d− 9

2
r2 − 9

2
r,

for d≫ 0, a degree 1 polynomial in d as expected. ⋄

4.7 Concluding remarks

Splines with boundary conditions are ubiquitous. They appear in fundamental nu-

merical analysis techniques for solving partial differential equations, and ways to

construct bases for the spaces of these splines are fundamentally important. Even in

the study of splines, the application of algebraic methods to splines with boundary

conditions is minimal, suggesting there is still much that can still be done in future re-

search. Within this chapter we adapted homological techniques from the wider study

of splines to find a formula for the dimension of the space of splines with boundary

conditions for sufficiently large d embedded in R2. The scope of the work means

that the question of what happens when increasing the dimension of the simplicial

complexes is still open. We also leave open the question of what happens when the

conditions of pure and hereditary are potentially weakened. The existence of strict

boundary conditions may allow for these assumptions to be relaxed somewhat, but

we leave this as a potential area of future research.

We explored the question of what is the dimension of the space of splines of degree

d with boundary conditions over pure and hereditary simplicial complexes embedded

in R2. We have answered this question by giving an exact value for dimSrd(∆, ∂∆)

for sufficiently large degrees using tools from algebraic topology, adapting the chain

complex of Billera, Schenck and Stillman. We have employed combinatorial results
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about the dimensions of the graded pieces of ideals in R[x, y, z], and have been able

to demonstrate the efficacy of the formula for some example simplicial complexes.

This work suggests different areas future research. What we have presented is

a formula that is exact for d ≫ 0, but the natural question can be asked of what

values of d does this formula hold for. For example, in [71], Schumaker proves the

lower bound for the dimension of the space of splines of degree d without boundary

conditions over a certain class of triangulations of a rectangle matches the exact

dimension for all d > r if r = 0, 1, 2, as well as proving a similar formula for a

partitions known as cross-cut partitions of a subset of R2 that holds for d ≥ 2r + 1.

A similar question could be asked here, for what values of d do dimSrd(∆, ∂∆) and

Q(∆, r, d) coincide? Also, it is not known when if ever Q(∆, r, d) is an upper or lower

bound, and the question one could as is for which values of d is this the case? Both

of these questions could be answered by obtaining an exact value for dimH0(R/J )d,
for dimH1(R/J ), or both, as if we know the first, we obtain the values of d for

which Q(∆, r, d) is an upper bound, and knowing the other gives the values of d for

which Q(∆, r, d) is a lower bound. Knowing both would give us the exact values of

d where both vanish, and thus would give us the degrees where Q(∆, r, d) is equal to

dimSrd(∆, ∂∆).

A slight modification to the definition of Srd(∆, ∂∆) is to impose the condition

that splines are “flat” on the boundary, in the sense that the splines do not vanish on

the boundary, but it’s derivative does, instead of imposing the condition that splines

vanish on the boundary. Many systems of partial differential equations impose “flat”

boundary conditions, and splines with flat boundary conditions may be a way to

approximate the solutions to these partial differential equations.

We could also attempt to analyse the case where we have splines with higher

smoothness on interior edges, with the condition that splines only vanish on the

boundary with smoothness < r. This gives a, what is known as, supersmoothness

condition on the interior of the simplicial complex. The proposed methodology maps

readily into such a framework, but the computation of the dimension is likely to be

a more involved task.

We extended the definition of splines with boundary conditions to splines with

partial boundary conditions. By partitioning a simplicial complex ∆ into two sub-

complexes, we proved a bound for the dimension of the space of splines of ∆ from

below given by the sum of the dimensions of the spaces of splines over the subcom-

plexes satisfying boundary conditions along the border between them.
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In Remark 4.6.1, we noted that if ∆,Λ,Λ′ are as in Proposition 4.6.1, then for

d ≫ 0 the difference between the dimension of Srd(∆, ∂∆) and the dimension of

Sr(Λ, ∂Λ)d ⊕ Sr(Λ′, ∂Λ′)d is a polynomial of degree 1 in d. We may consider the

question of quantifying this difference further, for instance can we find a space that

is isomorphic to Sr(∆, ∂∆) that can be written as a direct sum of spline spaces and

ideals in R[x, y]. Such an isomorphism could then be used to compute the dimension

and bases of spline spaces over pure, hereditary, 2-dimensional simplicial complexes

iteratively, possibly providing a divide-and-conquer style algorithm for finding a basis

for the space of splines over a pure, hereditary, 2-dimensional simplicial complex.



Chapter 5

Conclusions and and Future Work

In this thesis, we have applied methods from algebraic geometry and topology to

the fields of control theory and splines. In Chapter 3 we focused our efforts on

nilpotent control problems, where we derived the system of polynomial equations

(3.2.4). We created a neural network method for binary classification, taking as

input an initial condition of the control problem, and outputting the value of the

optimal control at time t = 0. With this, we obtained a feedback control that was

robust to perturbations. The method is demonstrated for chain of integrator systems

in dimensions up to 5; to improve the stability of the algorithm in higher dimensions

we may look to use a different root finding algorithm as we know that Newton’s

method can sometimes fail to find the roots of a system of equations.

We may look to expand the usage of the method of neural networks to other

control problems where the switching times can be derived from the roots of a system

of polynomial equations. Examples of such systems can be found in [61] and [62].

In Chapter 4 we derived the formula (4.4.3) for the dimension of Srd(∆, ∂∆) for

a pure, hereditary simplicial complex ∆ embedded in R2, with d, r ≥ 0 integers, the

splines of degree at most d and smoothness r satisfying boundary conditions (van-

ishing with smoothness r on ∂∆). Future research might look to find formulae for

the dimensions of spaces of splines satisfying partial boundary conditions. Addition-

ally, one could consider splines that match the value of a fixed polynomial on the

boundary of ∆, instead of merely vanishing.

We suggest a future area to look into is the construction of a basis of Srd(∆, ∂∆).

Furthermore, one could aim to compute the dimension of Srd(∆, ∂∆) for small degrees

d.
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Appendix A

In this appendix, we display the total number of iterations for Algorithm 2, Newton’s

method with deflation, to converge when finding the solutions of the polynomial

systems in sections 3.7.1, 3.7.2, 3.7.3, and 3.7.4. For each dataset, we run Newton’s

method with deflation on each data point, and log the number of iterations taken

for the algorithm to converge if the algorithm successfuly converged. The “All” row

lists the average number of iterations required for convergence for n = 2, . . . , 5. We

additionally log the average number of iterations required for convergence after each

successive deflation in the subsequent rows. We show only rows for which we have

data. All entries are written to 4 decimal places.
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Deflation Number n = 2 n = 3 n = 4 n = 5

All 19.6721 54.2912 879.9081 7465.5006

0 6.4542 37.6695 121.0836 216.5999

1 33.4720 98.9743 352.9485 394.2635

2 498.2727 235.0756 579.9901

3 252.0000 603.6256 756.8997

4 523.2417 487.5127

5 525.2022 535.2663

6 570.8972 599.4868

7 848.3295 793.9409

8 881.2142 1184.8344

9 843.9108 1969.8031

10 842.8357 3366.0184

11 1021.3409 5590.6281

12 1101.9209 8963.4740

13 1196.9325 13221.7239

14 1276.5889 18850.0609

15 1418.9785 25957.1046

16 1609.5288 33437.6267

17 1781.5641 40411.1383

18 2121.1343 47206.3865

19 2506.8267 53473.1065

20 2910.4040 58572.4845

21 3412.8474 62772.8934

22 4009.0160 65096.2746

23 4824.6132 67796.8419

24 71359.1224

25 74815.6432

26 76897.9555

27 77955.5455

28 76364.6364

29 76667.6667

30 75001.0000

31 80001.0000
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