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1 Introduction and organization of the paper

In the ongoing quest to deepen our understanding of the strongly coupled dynamics of QFTs,
particularly those that exhibit features akin to real-world QCD4, the gauge/gravity duality
has proven to be one of the most powerful theoretical tools since its introduction by Maldacena
in [2]. The duality provides a means of studying non-perturbative aspects of gauge theories
through a classical gravitational description, enabling the investigation of phenomena such as
confinement and phase structure, chiral symmetry breaking, the computation of form factors,
and the spectra of mesons, hadrons, and glueballs, among many others. The gravitational
systems that holographically capture these features arise as extensions of the original duality
between type II string theory on AdS5 × S5 and N = 4 SYM on R1,3 [3–6].

Over the years, a substantial body of work has been devoted to extending and generalizing
the original duality, thereby broadening our understanding of strongly coupled gauge dynamics
reminiscent of those encountered in QCD4. One class of such developments involves solutions
with branes wrapped on internal cycles [7–10], while another considers D-brane configurations
at the tip of deformed Calabi-Yau singularities [3, 6, 11]. These constructions have been
remarkably successful in reproducing several desirable features, including the ability to
describe a broad range of N = 1, 2 four-dimensional quiver gauge theories with bifundamental
matter, as well as systems with reduced or broken supersymmetry [6, 7, 12–15].

Nevertheless, the conventional approaches to constructing backgrounds dual to confining
QFTs often face challenges related to their UV behaviour. In the dual field theories of
these models, the number of degrees of freedom tends to grow without bound as one
approaches the UV, corresponding to an infinite sequence of Seiberg dualities [6]. This
behaviour complicates the application of holographic renormalization techniques developed
in subsequent works [16–18], making it technically demanding to extract precise information
about operators and their correlation functions. Recently, this issue has been addressed
in [19], where the introduction of orientifold planes was shown to regulate the UV dynamics,
leading to the emergence of a fixed point that effectively terminates the duality cascade
with a finite number of degrees of freedom.

An alternative approach to constructing confining holographic backgrounds is provided by
the so-called AdS soliton, obtained via a double Wick rotation of gravity solutions such as the
Schwarzschild-AdS black hole. This setup has been extensively used to model systems dual
to pure QCD3 with additional massive Kaluza-Klein excitations [20, 21]. The AdS soliton
constitutes a smooth solution of the supergravity equations of motion, characterized by a
cigar-like geometry in the infrared, ds2 ∼ dr2 + r2dϕ2 (ϕ ∼ ϕ+ Lϕ), that caps off smoothly
at a finite value of the radial coordinate r = r⋆ for an appropriate choice of Lϕ. A defining
feature of such geometries is that the spacetime ending at r = r⋆ > 0 introduces a mass
gap in the dual field theory, which corresponds to N = 4 SYM compactified on R1,2 × S1

ϕ.
Depending on the boundary conditions imposed on the fermions, globally well-defined spinors
can be periodic or antiperiodic along S1

ϕ, with the latter case breaking supersymmetry.
To preserve a fraction of supersymmetry, one may employ a topological twist, achieved by

mixing a global symmetry with a spacetime symmetry. Concretely, this amounts to modifying
the covariant derivative so that the antiperiodic contribution of the spin connection is cancelled,
allowing spinors to remain periodic and form supersymmetric multiplets in three dimensions.
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In practice, this is realized by introducing a Wilson line in the geometry — equivalently, a
constant background gauge field A = Aϕdϕ with nonzero holonomy (see [22, 23] for a clear
review of the mechanism). In a recent advance, Anabalon and Ross [24] constructed a new
AdS soliton solution derived from a charged black hole background that is 1/2 BPS. This
solution implements the twisted compactification described above and has proven to be an
excellent seed for generating higher-dimensional uplifts yielding gapped and confining systems
with AdS5 factors in type II string theory and M-theory [25–32]. More recently, another
supersymmetric AdS soliton was presented in [33], generalizing the construction of [24] by
including a non-trivial scalar profile, an additional gauge field, and an extra free parameter.
This broader solution has been interpreted as describing Coulomb branch deformations of
N = 4 SYM, in the sense of [34, 35].

The present work complements and extends the results of [1], where new infinite families
of string-theory backgrounds were constructed by uplifting the AdS soliton of [33] to type II
supergravity and M-theory. These geometries provide holographic duals to Coulomb branch
deformations of various SCFT4s compactified on a circle, which flow in the IR to three-
dimensional gapped QFTs preserving four real supercharges. The resulting solutions include
a type IIB background (already discussed in [33]), an infinite family of M-theory backgrounds,
and a corresponding family of type IIA backgrounds. Despite originating from distinct CFTs
in the UV, these systems exhibit strikingly similar non-perturbative dynamics in the IR,
reflecting universal features of supersymmetric confinement and dimensional reduction. The
present paper provides a more detailed analysis of these systems, including new computations
that elucidate the properties of the dual field theories. In particular, additionally to the
content of [1], we start by providing a more thorough presentation of the construction of
the backgrounds, using the five-dimensional gauged supergravity solution. We then further
probe the confining features of the IR effective dual theories by considering more involved F1
embeddings for the Wilson loop, as well as studying the behaviour of ’t Hooft loops and the
entanglement entropy on a strip. We also included a study of a D7-brane embedding and of
the Penrose limit of the solution, providing alternative probes of the confining properties.
Moreover, we include a boundary analysis for the type IIB uplift that matches our previous
analysis for the VEVs dual to the operators turned on by the deformation. Finally, as stated
in [1], we perform a stability analysis on the fluctuations of the Wilson loop configuration
used in the type IIB calculation (what in this work is dubbed “embedding I”) in section 4.1.

The paper is organized as follows: sections 2 and 3 review the supergravity solutions
of [1], with the latter also including a discussion of Page charge quantization. Section 4
contains detailed computations of various field-theory observables exhibiting universality.
A discussion on the embedding of a D7-brane probe in the deformed AdS5 × S5 solution
of [24], is also presented. In section 5, we perform a boundary analysis and apply holographic
renormalization to identify the vacuum expectation values (VEVs) of the operators responsible
for deforming the UV CFTs. Finally, sections 6 and 7 are devoted to the stability analysis
of the Wilson loop configurations in the type IIB background and to a study of Penrose
limits in the deformed AdS5 × S5 solution of [24].

– 3 –



J
H
E
P
0
4
(
2
0
2
6
)
1
8
4

2 5d gauged supergravity

In this section we study the 5d soliton solution which will act as the “seed solution” for our
string backgrounds. We will be uplifting it to get solutions in Type IIA, Type IIB and M-
theory (11d supergravity). We first present the solution and its bosonic action, and then study
important features like smoothness, which will be carried-up to the higher dimensional uplifts.

2.1 The supersymmetric AdS soliton

We start by presenting the five-dimensional gauged supergravity soliton solution found in [33],
which one can obtain in a truncation of the compactification of type-IIB supergravity on the
five-sphere. This is a generalization of the solution found in [24], which contains an extra
charge parameter as well as a scalar profile.

The bosonic sector of the 5d theory, containing a metric, three abelian gauge fields Ai
and two scalars Φ1,Φ2, can be written in the following way:

S = 1
2κ

∫
d5x

√
−g
[
R− 1

2(∂Φ1)2 − 1
2(∂Φ2)2 − 1

4

3∑
i=1

X−2
i F iµνF

i µν

+ 1
4ϵ

µνρσλA1
µF

2
νρF

3
σλ +

4
L2

3∑
i=1

X−1
i

]
,

F i = dAi, Xi = e−
1
2 a⃗i·Φ⃗, Φ⃗ = (Φ1,Φ2),

a⃗1 =
( 2√

6
,
√
2
)
, a⃗2 =

( 2√
6
,−

√
2
)
, a⃗3 =

(
− 4√

6
, 0
)
.

(2.1)

Here κ is related to Newton’s constant in 5d as κ2 = 8πG5 and the coupling of the gauged
supergravity has been set to g = L−1. The equations of motion for this theory are the Bianchi
identities and Maxwell equations for the field strengths, Einstein’s equations for the metric
as well as the equations of motion for the two scalar fields. They read:

d
(√

−gX−2
i F i

)
= 0, d ⋆

(√
−gX−2

i F i
)
= 0, (2.2)

Gµν = 1
2T

Φ
µν +

3∑
i=1

1
2X2

i

T iµν , T iµν = F iµρF
i ρ
ν − 1

4gµνF
i
ρσF

i ρσ ,

TΦ
µν = ∂µΦ1∂νΦ1 + ∂µΦ2∂νΦ2 − gµν

[
1
2(∂Φ1)2 + 1

2(∂Φ2)2 − 4
L2

3∑
i=1

X−1
i

]
,

(2.3)

✷Φ1 =
3∑
i=1

[
−1
2X

−3
i

(
∂Xi

∂Φ1

)
F iµνF

i µν + 4
L2X

−2
i

(
∂Xi

∂Φ1

)]
,

✷Φ2 =
3∑
i=1

[
−1
2X

−3
i

(
∂Xi

∂Φ2

)
F iµνF

i µν + 4
L2X

−2
i

(
∂Xi

∂Φ2

)]
.

(2.4)

Where we defined ✷Φ = 1√
−g∂µ (

√
−g∂µΦ). We now consider a consistent truncation of (2.1),

in the sense that the solution we present below can be embedded in the above system:

ds2
5 = r2λ2(r)

L2

(
−dt2 + dz2 + dw2 + L2F (r)dϕ2

)
+ dr2

r2λ4(r)F (r) ,

Φ1 ≡ Φ =
√

2
3lnλ

−6(r), Φ2 = 0,
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A1 = A2 = q1
[
λ6(r)− λ6(r⋆)

]
L dϕ, A3 = q2

[ 1
λ6(r) −

1
λ6(r⋆)

]
L dϕ, (2.5)

F (r) = 1
L2 − εℓ2L2

r4

(
q2

1 − q2
2

λ6(r)

)
, λ6(r) = r2 + εℓ2

r2 .

The warp function F (r) has a largest root which we denote as r⋆ and is responsible
for ending the space at the finite point r = r⋆, ℓ is a parameter, while according to [33]
ε = ±1 distinguishes between two non-diffeomorphic branches of the supergravity solution.
The truncated action from (2.1) reads:

S = 1
2κ

∫
d5x

√
−g

[
R− 1

2(∂Φ)
2 + 4

L2

( 2
X

+X2
)
− 1

2X2F
1
µνF

1µν − 1
4X

4F 3
µνF

3µν
]
,

X = e−Φ/
√

6.

(2.6)

Let us also note that this metric asymptotes to that of AdS5 as r → ∞, since F (r) → L−2

and λ(r) → 1. One can think of the above solution as a double analytic continuation of
electrically charged black hole solutions in U(1)3 truncated 5d supergravity found in [36].
One can also make use of the ansatz presented in the same work and uplift (2.5) to a solution
of the equations of motion of type IIB supergravity, that is Ricci flat.1 This solution was
also included in [33] and we study it in section 3.1.

2.2 Singularity study

Before continuing to embeddings of this solution in other supergravities and string backgrounds,
let us study more closely the singularity structure in 5d. The contents of this subsection will
hold for all the uplifted solutions that we will present in section 3. From here onwards, we
will only consider the supersymmetric case for which we set2 |q1| = |q2| = Q and four real
supercharges are preserved. This is a choice, as the various expressions will be valid even for
q1, q2 not satisfying this condition, and the limit Q→ 0 corresponds to q1 → 0, q2 → 0. We
also choose to work with the dimensionless variable ξ = r

r⋆
≥ 1 and the parameter ν̂ = ε ℓ

2

r2
⋆
,

in terms of which the gauge fields and functions take the form:

A1 = A2 = Qν̂L

(
1− 1

ξ2

)
dϕ, A3 = Qν̂L(ξ2 − 1)

(1 + ν̂)(ξ2 + ν̂)dϕ,

λ6(ξ) = ξ2 + ν̂

ξ2 , F (ξ) = (ξ2 − 1)
[
ξ4 + (1 + ν̂)ξ2 + 1 + ν̂

]
L2ξ4(ν̂ + ξ2) ,

(2.7)

where the condition F (r⋆) = 0 was used to eliminate Q from the last expression.3 First we
fix the periodicity of the cigar-like coordinate ϕ in order to avoid conical singularities. The

1The dilaton of this solution is zero and therefore its equation of motion yields R = 0.
2According to the Killing spinor analysis performed in [33], in the 5d solution the supersymmetric point

happens when q1 = −q2, while when the solution is uplifted to the 10d string background of section 3.1 the
relation q1 = q2 also provides supersymmetric preservation. We abuse this detail by writing Q = |q1| = |q2| in
the 5d solution as well.

3F can be brought to the following form in the r variable, isolating the root r⋆ from the fourth order
polynomial:

F (r) = (r2 − r2
⋆)
[
r4 + (r2

⋆ + εℓ2)r2 + r2
⋆(r2

⋆ + εℓ2)
L2r4(r2 + εℓ2)

]
.
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expansions of the various quantities near the end of the space ξ = 1 yield:4

λ(ξ) ≈ (1 + ν̂)1/6 +O(ξ − 1), F (ξ) ≈ 2(2ν̂ + 3)(ξ − 1)
L2(1 + ν̂) +O((ξ − 1)2),

A1ϕ ≈ 2Qν̂(ξ − 1) +O((ξ − 1)2), A3ϕ ≈ (6 + 4ν̂)
(1 + ν̂)2 (ξ − 1) +O((ξ − 1)2).

(2.8)

Then the metric of the subspace spanned by the angle ϕ and the radial coordinate takes
the form:

ds2
r,ϕ ≈ L2

(4ν̂ + 6)(ξ − 1)dξ
2 + r2

⋆(ξ − 1)(4ν̂ + 6)
L2(1 + ν̂) dϕ2 = dρ2 + r2

⋆(4ν̂ + 6)2

4L4(1 + ν̂) ρ
2 dϕ2, (2.9)

where in the last step we defined the coordinate ρ = 2L
√

ξ−1
4ν̂+6 . If we now redefine the

angle to be

ϕ = 2L2√1 + ν̂

r⋆(4ν̂ + 6) ϕ̂, (2.10)

the metric is free of conical singularities, as it describes a flat space in cylindrical coordinates
(ρ, ϕ̂) with ρ ≥ 0, ϕ̂ ∈ [0, 2π). The latter range of values forces the original cigar coordinate
to range as:

ϕ ∈ [0, Lϕ), with Lϕ = 4πL2√1 + ν̂

r⋆(4ν̂ + 6) . (2.11)

We comment that even though requiring a singularity-free metric is not a feature directly
related the confining properties of the dual field theory, it can be the case that a conical
singularity in the IR may spoil confinement. This is because even if a singular background
does lead to an area law for the Wilson loop, small perturbations of the coordinates will
not be necessarily well behaved, as their masses are weighted by components of Rµνρσ [37]
which can be divergent. Overall, it is preferred to have a smooth IR geometry in order
to gain a better control over the string corrections, as having a singularity would lead to
ambiguous descriptions of the dual QFT.

Let us now focus on studying the root structure of the sixth order polynomial F responsible
for capping off the space, which can be rewritten as:

F (ξ) = (ξ2 − 1)
(
ξ2 − ξ2

+
) (
ξ2 − ξ2

−
)

L2ξ4(ν̂ + ξ2) with ξ2
± = −(1 + ν̂)±

√
(ν̂ + 1)(ν̂ − 3)
2 . (2.12)

We should first determine the range of possible values for the parameter ν̂ to figure
if real values for the roots ξ± can occur. For this, we can directly solve for the equation
F (r⋆) = 0 with the form of F appearing in (2.5) to acquire an expression in terms of the
charge Q and the parameters:

r⋆ =
1√
6

√√√√22/3ℓ4/3Λ + 2ℓ2ε
(
−1 + 21/3ℓ2/3ε

Λ

)
,

Λ :=
[
−2εℓ2 + 3Q

(
9L4Q+ L2

√
81L4Q2 − 12ℓ2ε

)]1/3
.

(2.13)

4Here we denote as Aiϕ the components of each 1-form Ai.
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(a) Contraction of the Ricci tensor with itself as
a function of the dimensionless radial coordinate
ξ, for various values of ν̂ ≈ −1.
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(b) Contraction of the Riemann tensor with itself
as a function of the dimensionless radial coordi-
nate ξ, for various values of ν̂ ≈ −1.

Figure 1. Invariants of the 5d geometry (2.5) for values of the parameter ν̂ close to −1. Approximately
below the value −0.95 they start growing rapidly.

We notice by taking the limit Q→ 0 in (2.13) we get r⋆ → 0 for ε = +1 and r⋆ → ℓ for
ε→ −1. In fact, substituting (2.13) in the definition of ν̂ reveals that in the ε = +1 branch
ν̂ is manifestly positive, while in the branch where ε = −1 it is bounded from below by the
value ν̂ = −1 for all values of ℓ, L and Q. Using all of the above we deduce the following:

For ν̂ > −1 there are no real values for ξ± and therefore the only root of F is ξ = 1,
or r = r⋆, where the space terminates smoothly.

However when ν̂ = −1, which can only be reached when Q = 0, in which case ε = −1
and r⋆ = ℓ, we have ξ+ = ξ− = 0 and therefore F takes the constant value L−2. Moreover,
the scalar field Φ diverges at this point, since λ(r) → 0, while the metric component along
ϕ vanishes.

We make the claim that at the later value of the parameter ν̂ = −1 and at the point ξ = 1,
the solution is singular (in both Einstein and string frames). To safely deduce this, we plot
two invariants of the geometry (RabRab and RabcdRabcd). These are depicted in figure 1. What
we find is that indeed, their expressions diverge when ν̂ = −1 & ξ = 1 which is a confirmation
of the metric being singular at this point. Notice however that if we restrict ourselves to
study solutions with ν̂ > −1, but still explore the values close to ν̂ = −1, the invariants
grow extremely large as ν̂ → −1+ but the metric is smooth. When the soliton is uplifted to
Type IIB — see section 3.1, the point ν̂ = −1 can be thought of as the Coulomb branch
singularity in the 10d solution of [34]. In fact, many of the gravity systems participating in the
holographic modelling of confinement include such naked singularities, see [4, 38, 39], which
often have 5d origins. The presence of such singularities makes the analysis of observables
not trustable. We wish to emphasize that in our case, we have a smooth geometry but there
is still a region of very large curvatures for specific value of the parameters (ν̂ ≈ −1+), at
which the supergravity approximation is afflicted by higher curvature corrections that are as
important as the leading term. For our purposes, this means that there are some states in
the IR spectrum of the dual QFT that are not captured by the supergravity approximation.

– 7 –
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3 New deformed supergravity backgrounds

Having made many of our arguments in the 5d gauged supergravity system, we now present
the three types of uplifts of (2.5) to string theory and eleven dimensional supergravity, in
order to apply holography. The first is the solution in type IIB presented in [33], while
the rest are new infinite families of solutions of 11d supergravity and type IIA supergravity
respectively, introduced in [1].

3.1 Type IIB background

In this section we review the ten-dimensional supergravity background constructed in section 5
of [33]. This is an uplift to type IIB of the 5d solution we presented earlier, which amounts to
further deforming the background of a distribution of D3 branes found in [34] (in particular
the cases of n = 2 (ε = +1) and n = 4 (ε = −1) found in table 1 of section 2 of [34]). These
geometries describe a Coulomb branch deformation of N = 4 SYM by a nonzero VEV of an
operator of dimension ∆ = 2 proportional to εℓ2/L2 (already presented in [34]) as well as a
VEV of an operator of dimension ∆ = 3. The metric takes the form:

ds2 = ζ(r, θ)
L2

[
r2(−dt2 + dw2 + dz2 + L2F (r)dϕ2) + L2dr2

F (r)r2λ6(r) + L4dθ2
]

+ L2

ζ(r, θ)
[
cos2 θdψ2 + cos2 θ sin2 ψDϕ2

1 + cos2 θ cos2 ψDϕ2
2 + λ6(r) sin2 θDϕ2

3

]
,

(3.1)

where Dϕi = dϕi + Ai

L , the function ζ is defined to be:

ζ(r, θ) =

√
1 + ε

ℓ2

r2 cos2 θ, (3.2)

while λ and F are defined in (2.5). The range of values for the angles parametrizing the
deformed S5 are: θ, ψ ∈ [0, π2 ], ϕi ∈ [0, 2π). The solution also contains an self-dual RR
five-form:

F5 = (1 + ⋆)G5 , (3.3)
where

G5 = 2r3

L4
(
1 + ζ2)dt ∧ dw ∧ dz ∧ dϕ ∧ dr − εℓ2r2F

L2 sin(2θ)dt ∧ dw ∧ dz ∧ dϕ ∧ dθ

−
r3A′

1ϕ
2L cos2 θ sin(2ψ)dt ∧ dw ∧ dz ∧ d(ϕ1 − ϕ2) ∧ dψ

− r3

2L sin(2θ)dt ∧ dw ∧ dz ∧ dθ ∧
(
A′

1ϕ
(
sin2 ψ dϕ1 + cos2 ψ dϕ2

)
− λ12A′

3ϕ dϕ3 +
1
L

(
A1ϕA

′
1ϕ − λ12A3ϕA

′
3ϕ
)
dϕ
)
.

(3.4)

– 8 –



J
H
E
P
0
4
(
2
0
2
6
)
1
8
4

Equivalently, we can express things in terms of a frame, in the mostly plus metric convention:

e0 =
√
ζ

L
r dt , e1 =

√
ζ

L
r dw , e2 =

√
ζ

L
r dz , e3 =

√
ζ F r dϕ ,

e4 =
√
ζ

F

dr
λ3r

, e5 = L
√
ζ dθ , e6 = L

cos θ√
ζ

dψ ,

e7 = L
cos θ sinψ√

ζ

(
dϕ1 +

A1
L

)
, e8 = L

cos θ cosψ√
ζ

(
dϕ2 +

A2
L

)
,

e9 = L
λ3 sin θ√

ζ

(
dϕ3 +

A3
L

)
,

(3.5)
in which case:

G5 = 2λ3(1 + ζ2)
Lζ5/2 e01234 − εℓ2

√
F sin(2θ)
r2ζ5/2 e01235 −

sin θ sinψA′
1ϕ

ζ3/2 e01257

−
sin θ cosψA′

1ϕ
ζ3/2 e01258 +

cosψA′
1ϕ√

ζ
e01267 −

sinψA′
1ϕ√

ζ
e01268 +

cos θA′
3ϕλ

9

ζ3/2 e01259,

(3.6)

where we abbreviate eabcdf = ea ∧ eb ∧ ec ∧ ed ∧ ef . We denote with a prime the derivative
with respect to the r-coordinate.

Alternatively, the five-form G5 can be expressed in terms of a four-form potential C4
as G5 = dC4, where

C4 =
[
r4ζ2

L4 − ℓ4

2

(
q2

1
r2
⋆

− q2
L

A3ϕ
r2 − r2

⋆

λ6

λ6 − 1

)
cos(2θ)

]
dt ∧ dw ∧ dz ∧ dϕ

− ℓ2ε

2 cos(2θ)dt ∧ dw ∧ dz ∧
(
q1
(
sin2 ψ dϕ1 + cos2 ψ dϕ2

)
− q2 dϕ3

)
+ q1ℓ

2ε

2 cos2 ψ dt ∧ dw ∧ dz ∧ d(ϕ1 − ϕ2) .

(3.7)

The Hodge dual of G5 can also be written in terms of a four-form C̃4 (see (C.1)) as ⋆G5 = dC̃4.
The self-dual five-form can then be expressed in terms of C4 and C̃4 as F5 = d

(
C4 + C̃4

)
.

Notice that λ⋆ and ζ⋆ refer to the values of the functions λ(r) and ζ(r, θ) at r = r⋆.
Lastly, we wish to comment that in this IIB background, the singular locus we described

in section 2.2 is located, after setting ν̂ = −1, along the curve:

ξ2 − cos2 θ =
(
r

r⋆

)2
− cos2 θ = 0, (3.8)

as when this equation is satisfied the geometric invariants diverge. Therefore the singularity
appears when r = r⋆ = ℓ in the direction θ = 0. Contrast this with the 5d gauged
supergravity where there is no such angle.

Since the soliton we used for the uplift is a consistent truncation of 10d type IIB
compactified on S5, the Killing spinors of the 5d gauged supergravity will uniquelly correspond
to Killing spinors of the uplifted solution. The study of preserved supersymmetries was
done in detail in [33], where two antiperiodic in ϕ complex Killing spinors were identified.
Regarding the preserved R symmetry, it is a diagonal subgroup SO(2)3

R ⊂ SO(6)R.
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3.2 Embedding in Romans’ SU(2) × U(1) 5d gauged supergravity

We will now present an embedding of (2.5) in another five-dimensional gauged supergravity
introduced by Romans’ in [40]. The general content of the bosonic sector of this theory consists
of a metric, one scalar field X, an abelian gauge field B, an SU(2) gauge field Ai (i = 1, 2, 3)
and a complex two-form C charged under B. The field strengths for these gauge potentials are:

G = dB,

F i = dAi − 1√
2
mϵijkAj ∧ Ak,

F = dC + imB ∧ C,

(3.9)

where the parameter m, called the Romans’ mass, is related to the SU(2) coupling. The equa-
tions of motion for the theory can be derived from the following five-form Lagrangian density:

L =R ⋆ 1− 3X−2 ⋆ dX ∧ dX − 1
2 ⋆ G ∧G− 1

2X
−2(⋆F i ∧ F i + ⋆C ∧ C̄)

− i

2mC ∧ F̄ − 1
2F

i ∧ F i ∧B + 4m2(X2 + 2X−1) ⋆ 1,
(3.10)

and they read:

d(X−1 ⋆ dX) = 1
3X

4 ⋆ G ∧G− 1
6X

−2
(
⋆F i ∧ F i + ⋆C ∧ C̄

)
− 4

3m
2(X2 −X−1) ⋆ 1,

d(X4 ⋆ G) =− 1
2F

i ∧ F i − 1
2 C̄ ∧ C , D(X−2 ⋆ F i) = −F i ∧G , X2 ⋆ F = imC,

(3.11)

Rµν =3X−2∂µX∂νX − 4
3m

2(X2 + 2X−1)gµν

+ 1
2X

4(GρµGνρ −
1
6gµνGρσG

ρσ + 1
2X

−2
(
F i ρ
µ F i

νρ −
1
6gµνF

i
ρσF i ρσ

)
+ 1

2X
−2
[
Cρ(µC̄ν)ρ −

1
6CρσC̄

ρσ
]
,

(3.12)

where we defined the covariant derivative D(X−2 ⋆ F i) := d(X−2 ⋆ F i) +
√
2mϵijkAk ∧

(X−2 ⋆ F j).
We can embed the solution (2.5) in this theory by defining the fields in the following way:

X = e
− 1√

6
Φ = λ2(r), B = A3, A3 =

√
2A1 A1 = A2 = 0, C = 0. (3.13)

After identifying m2 = L−2, the equations of motion for the configuration (3.13) are satisfied,
which coincide with the ones presented in the previous section (2.2)–(2.4).

3.3 Eleven dimensional supergravity backgrounds

In the following, we will present new embeddings of the solution (3.13) of Romans’ 5d gauged
supergravity in the 11 dimensional background of Lin, Lunin and Maldacena [41]. These are
1/2-BPS solutions in M-theory preserving 16 supercharges, that are dual to 4 dimensional
SCFTs with N = 2 supersymmetry. One key feature of these backgrounds, as well as their
type IIA reductions we present in 3.4, that differentiates them from the one of section 3.1
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is that they come with either M5 or D-branes describing flavour degrees of freedom. This
means that their dual QFTs contain fundamental matter.

We follow the uplift formula of Gauntlett and Varela, see [42] as well as [43] to translate
between the notation. The resulting 11d deformed geometries take the form:5

ds2
11

κ2/3 = e2λ̂Z
{

4
X

ds2
5 +

y2e−6λ̂

Z3 DµiDµi + 4X3

Z3
Dχ2

1− y∂yD0
− ∂yD0

y
dy2 − ∂ye

D0

y
(dv2

1 + dv2
2)
}

(3.14)

where ds2
5 stands for the metric in (2.5) and we define the following quantities:

Z =
[
1 + y2e−6λ̂(X3 − 1)

]1/3
, X(r) = λ2(r),

Dχ = dχ+ a1 +B, a1 = 1
2(∂v2D0dv1 − ∂v1D0dv2),

B = A3 = q2Lεℓ
2(r2 − r2

⋆)
(r2
⋆ + εℓ2)(r2 + εℓ2) dϕ, A(3) =

√
2A1 =

√
2q1Lεℓ

2
( 1
r2 − 1

r2
⋆

)
dϕ,

Dµi = (dµ1 +
√
2µ2A(3))δi1 + (dµ2 −

√
2µ1A(3))δi2 + dµ3δi3,

µ1 = sin θ cosφ, µ2 = sin θ sinφ, µ3 = cos θ ,

(3.15)

with the µis spanning a two-sphere. The functions λ̂ and D0 both have support on (v1, v2, y),
are related by:

e−6λ̂ = − ∂yD0
y(1− y∂yD0)

, (3.16)

and D0, which determines the solution, satisfies the three dimensional Toda equation:

(∂2
v1 + ∂2

v2)D0 + ∂2
ye
D0 = 0. (3.17)

The 4-form is given by:6

G4 = G̃4 +G ∧ β2 + F (3) ∧ β(3)
2 + ⋆5F (3) ∧ β(3)

1 , (3.18)

where:

G̃4 =− κ

4volS̃
2 ∧

{
8d
[

y(1− y2e−6λ̂)
1 + y2e−6λ̂(X3 − 1)

− y

]
∧Dχ− 4∂yeD0dv1 ∧ dv2

+8 y(1− y2e−6λ̂)
1 + y2e−6λ̂(X3 − 1)

da1

}
,

(3.19)

β2 =− 2κ X3y3e−6λ̂

1 + y2e−6λ̂(X3 − 1)
volS̃2 , β

(3)
1 = −κ

√
8

X2 d(yµ3) ,

β
(3)
2 =

√
8κ
{[
µ3dy + y(1− y2e−6λ̂)

1 + y2e−6λ̂(X3 − 1)
Dµ3

]
∧Dχ+ 1

2µ
3∂ye

D0dv1 ∧ dv2

}
.

(3.20)

5Where κ = π
2 l

3
p. We will also set m = 1 for simplicity from here onwards.

6With G = dB = dA3, F (3) = dA3 =
√

2dA1, volS̃2 = 1
2εijkµ

iDµjDµk.
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According to [42], the equations of motion for this background, which we have verified
to be satisfied, are equivalent to the five-dimensional equations of Romans’ gauged super-
gravity (3.11) and (3.12). These are the Bianchi identity and Maxwell equation for the flux
G4 as well as the eleven dimensional Einstein equations:

dG4 = 0, d ⋆11 G4 = −1
2G4 ∧G4,

RAB = 1
12G4AC1C2C3G

C1C2C3
4B − 1

144gABG4C1C2C3C4G
C1C2C3C4
4 .

(3.21)

In these families of deformed backgrounds we have two types of extended objects: colour
M5 branes sourcing the AdS geometry, which wrap the Riemann surface Σ2 extending in
(v1, v2) and extend in the Minkowski directions, as well as flavour M5 branes extending in the
holographic direction, the Minkowski subspace and the circle parametrised by χ. One can
derive the quantization conditions for their charges by integrating the flux G4 on appropriate
four-cycles. There are two options available to construct such cycles given in [41], which
are both isomorphic to four-spheres:

M4 ∈ {S4
colour, S4

flavour} (3.22)

For the case of colour M5 branes, we can take an interval [0, N ] in the y coordinate and use
the circle S1[χ] and the two-sphere S2[θ, φ]. We take y = N to be a point at which S1[χ]
shrinks smoothly,7 while we also have that S2[θ, φ] shrinks to zero at y = 0. For 0 < y < N

both S1[χ] and S2[θ, φ] have finite size. We can therefore fiber the product S1[χ]× S2[θ, φ]
over the interval to construct a total space that is a compact cycle isomorphic to a four-sphere:
S4

colour
∼= S1[χ] × S2[θ, φ] × [0, N ].

For the flavour M5s we focus on the y = 0 slice of the (y, v1, v2) subspace and take
a closed curve Γ in Σ2[v1, v2] enclosing a two-surface that is isomorphic to a disc D2 and
sits slightly above y = 0. We can choose this curve such that S1[χ] collapses smoothly on
∂D2 = Γ. At any point p ∈ int(D2) we can then fiber the S2[θ, φ] which has a finite size.
Due to our choice of curve8 the boundary of this four-manifold vanishes and therefore we
have a compact cycle that is also isomorphic to a four-sphere: S4

flavour
∼= S2[θ, φ]×D2.

Let us perform the calculation for colour branes. In order to do so, we take the limit
of the geometry to the boundary r → ∞, which makes ds2

5 → ds2
AdS5

and X(r) → 1. At
the boundary the deformed sphere S̃2[θ, φ] can be recast as a round sphere S2[θ, φ], as the
fibration in this limit is just a constant which can be absorbed in the definition of the
coordinates. The same is true for the fibration in S1[χ]. We then have:∫

S4
G4 = −2κ

∫
S2
volS2

∫ 2π

0
dχ
∫ N

0
d
[
−y2e−6λ̂

]
= (4π)2κN, (3.23)

where we used that near y ∼ N eD0 ∼ (N − y) and e3λ̂ = N , which expresses that S1[χ]
shrinks in a non-singular fashion. This yields the following condition:

1
16π2κ

∫
S4
G4 = N ∈ N, (3.24)

7smoothness holds if eD0 ∼ N − y near y = N .
8If one does not make the choice that S1[χ] vanishes at the boundary of the “cup” D2, the total space will

have a non trivial boundary isomorphic to S2 × S1 and will not be compact.
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which agrees with the quantization condition in [44] using their convention which sets κ = π
2 l

3
p

where lp denotes the Planck length.
The flavour M5s correspond to punctures on the Riemann surface spanned by (v1, v2). If

one considers Ki such punctures at different positions (vi1, vi2), then the integral of G4 over
S4

flavour surrounding each puncture will yield Ki. As S4
flavour is difficult to parametrize in the

coordinates of the solution (3.14), the quantized flux can be more easily calculated by focusing
near each puncture, where an additional rotational symmetry in (v1, v2) is assumed [44]. We
will explore the solution with this additional symmetry, which gives rise to an electrostatic
description, in the following subsection.

3.4 Type IIA backgrounds

We will now present a reduction of the former 11d theory on the M-theory circle, which yields
new infinite families of deformed type IIA backgrounds of Gaiotto Maldacena type. These are
geometries dual to linear quiver SCFTs enjoying N = 2 supersymmetry in four dimensions. We
start by rewriting the Riemann surface coordinates as v1 = ρ cosβ, v1 = −ρ sin β. To make
the reduction work, we need to have rotational symmetry in the [v1, v2] subspace, meaning
that ∂β generates9 a U(1) isometry and D0 = D0(ρ, y). We can now make the following
change of coordinates first presented in [44], where we map the coordinates (ρ, y) 7→ (σ, η)
and the Toda function D0(ρ, y) 7→ V (σ, η), where:

V̇ = σ∂σV, V ′ = ∂ηV,

ρ2eD0 = σ2, y = V̇ , log ρ = V ′,
(3.25)

and the new function V satisfies the three dimensional cylindrically symmetric Laplace
equation:

V̈ + σ2V ′′ = 0, (3.26)

supplemented with appropriate boundary conditions dictated by regularity of the metric.
With these changes made, the 11d metric (3.14) takes the form:

ds2
11 = f̃1

[
4f̃ds2

5 + f̃2DµiDµi + f̃3(dχ+B)2 + f̃4(dσ2 + dη2) + f̃5(dβ + f̃6dχ+ f̃6B)2
]
,

(3.27)
where we define the various functions to be

f̃1 = κ2/3
(
V̇ ∆̃
2V ′′

)1/3

, f̃ = X−1Z, f̃2 = 2V̇ V ′′

Z2∆̃
,

f̃3 = 4X3σ2V ′′

2X3V̇ − V̈
Z, f̃4 = 2V ′′

V̇
Z, f̃5 = 2(2X3V̇ − V̈ )

Z2V̇ ∆̃
, f̃6 = 2X3V̇ V̇ ′

2X3V̇ − V̈

∆̃ = (V̇ ′)2 + V ′′(2V̇ − V̈ ), Z =
[
(V̇ ′)2 + V ′′(2X3V̇ − V̈ )
(V̇ ′)2 + V ′′(2V̇ − V̈ )

]1/3

.

(3.28)

Notice that in the absence of a scalar profile, namely X = 1, we have Z = 1 and we recover the
deformed background presented in [27] (see equation (5.20) in that paper), while further taking

9The reason for choosing this coordinate and not another available U(1) being the preservation of N = 2
supersymmetry.
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r → ∞ recovers the original Gaiotto-Maldacena background.10 After defining the function:

g(η, σ) = V̇ ′

V̈ V ′′ − (V̇ ′)2 , (3.29)

the expressions entering the flux take the following form

G̃4 = 2volS̃2 ∧
[
df̃7 ∧ (dχ+B − gdβ) + f̃8dg ∧ dβ + f̃9

(
σV ′′dη + V̇ ′dσ

)
∧ dβ

]
,

β
(3)
1 =− κ

√
8

X2 d(µ3V̇ ) , β2 = 2 f̃7 volS̃2,

β
(3)
2 =

√
8
{(

f̃8Dµ3 + κµ3dV̇
)
∧ (dχ+B − gdβ) + µ3f̃9

(
σV ′′dη + V̇ ′dσ

)
∧ dβ

}
,

(3.30)

where

f̃7 = 2κX3V̇ 2V ′′

∆̃ + 2V ′′V̇ (X3 − 1)
, f̃8 =

κV̇
[
(V̇ ′)2 − V ′′V̈

]
∆̃ + 2V ′′V̇ (X3 − 1)

, f̃9 = κσV ′′

(V̇ ′)2 − V ′′V̈
, (3.31)

From here, we can apply the reduction following [44], as well as [45] for a detailed derivation.
The ansatz reads:

ds2
11 = e−

2
3 Φds2

10 + e
4
3 Φ(dβ + C1)2 with A3 = C3 +B2 ∧ dβ and dA3 = G4 (3.32)

where:

ds2
10 = f̃

3
2

1 f̃
1
2

5

[
4f̃ds2

5 + f̃2DµiDµi + f̃3(dχ+B)2 + f̃4(dσ2 + dη2)
]

e
4
3 Φ = f̃1f̃5, C1 = f̃6(dχ+B),

H3 = dB2 = 2volS̃2 ∧
[
− g df̃7 + f̃8dg + f̃9(σV ′′dη + V̇ ′dσ)

]
+

√
8F (3) ∧

[
µ3f̃9(σV ′′dη + V̇ ′dσ)− g

(
f̃8dµ3 + κµ3dV̇

)]
,

F4 = dC3 −H3 ∧ C1 = −2f̃7volS̃2 ∧G− κ
√
8

X2 ⋆5 F (3) ∧ d(µ3V̇ )

+ 2volS̃2 ∧
[ (

1 + g f̃6
)
df̃7 − f̃6f̃8dg − f̃6f̃9(σV ′′dη + V̇ ′dσ)

]
∧ (dχ+B)

+
√
8F (3) ∧

[
− µ3f̃6f̃9(σV ′′dη + V̇ ′dσ) + (1 + gf̃6)

(
f̃8dµ3 + κµ3dV̇

) ]
∧ (dχ+B).

(3.33)
We have checked that this configuration solves the type IIA supergravity equations of motion,
in units where the AdS radius is equal to one. Note that this geometry, still contains an
S̃2[θ, φ] (expressing the SU(2)R symmetry), as well as the S1[χ]. Notably, we can rewrite
the NS three-form in terms of total derivatives:

κ−1H3 = dK ∧ dΩ +
√
8F (3) ∧ dΩ̃, K = 4 cos θA1ϕ(r)dϕ− 2 cos θdφ

Ω = η − σ2V̇ V̇ ′

V̈ 2 − 2V̇ V̈ λ6(r) + σ2(V̇ ′)2 , Ω̃ = µ3(η − Ω),
(3.34)

10The AdS5 part of the background is recovered when r → ∞, where we find λ(r) → 1, F (r) → L−2 and
ds2

5 → ds2
AdS5 .
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which we can integrate on appropriate cycles to get local expressions for the NS potential
B2. The four possible expressions read as follows:

B
(I)
2 = 4A1 ∧ d(µ3(η − Ω)) + 2Ω(volS2 + 2µ3dA1),

B
(II)
2 = 4µ3η dA1 + 2ΩvolS2 ,

B
(III)
2 = 4A1 ∧ d(µ3(η − Ω)) + 2µ3(2A1 − dφ) ∧ dΩ,

B
(IV)
2 = 4µ3(η − Ω)dA1 + 2µ3(2A1 − dφ) ∧ dΩ,

(3.35)

all of which satisfy dB2 = κ−1H3 and are related by a gauge transformation:

B
(II)
2 = B

(I)
2 + dΛ, B

(IV)
2 = B

(III)
2 + dΛ with Λ = 4µ3(η − Ω)A1. (3.36)

This will be important for the quantization of Page charges associated with D4 branes, as
well as some computations for the observables.

Let us briefly comment on the connection to the dual quiver theory. The new compact
coordinate η together with σ ∈ [0,∞) constitute a strip on which the function V is supported.
Our approach in presenting this will be to consider a fixed superconformal linear quiver on
the boundary, depicted in figure 2, whose data is encoded in the boundary conditions of
V (σ, η). After fixing the boundary theory, the geometry will then yield the appropriately
quantized Page charges. If we let η ∈ [0, P ], where P is the total length of the linear quiver,
the boundary conditions for (3.26) read [44]:

V̇
∣∣∣
η=0,P

= 0, V̇
∣∣∣
σ=0

= R(η), V
∣∣∣
σ→∞

= 0, (3.37)

where R is a piecewise linear and convex function with finitely many discontinuities in its
derivative, R′(η), at integer values of η which satisfies R(0) = R(P ) = 0. This is called
the rank function for the quiver and one choice for it which yields linear quivers with P − 1
nodes containing gauge groups SU(Ni) is the following [45]:

R(η) =


N1η , η ∈ [0, 1]
Nl + (Nl+1 −Nl)(η − l) , η ∈ [l, l + 1] , l = 1, . . . , P − 2
NP−1(P − η) , η ∈ [P − 1, P ],

. (3.38)

The second derivative of the rank function contains information about the ranks of the
flavour groups (we take N0 = 0 = NP ):

R′′(η) =
P−1∑
j=1

(2Nj −Nj−1 −Nj+1)δ(η − j) =
P−1∑
j=1

Fjδ(η − j), (3.39)

where Fj = 2Nj − Nj−1 − Nj+1. We can think of the system (3.26) with boundary con-
ditions (3.37), (3.38) as a two-dimensional electrostatic problem of a charge density R(η)
located at σ = 0 and two conducting planes at η = 0 and η = P with zero potential. One
can then proceed using separation of variables to obtain the following solution [46]:

V (σ, η) = −
∞∑
k=1

Rk sin
(
kπη

P

)
K0

(
kπσ

P

)
, R(η) =

∞∑
k=1

Rk sin
(
kπη

P

)
,

Rk =
2
P

∫ P

0
R(η) sin

(
kπη

P

)
dη = 2P

(kπ)2

P∑
j=1

Fj sin
(
kπj

P

)
,

(3.40)

where K0 is the modified Bessel function of the second kind.
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Figure 2. Quiver diagram for the linear quiver described by the rank function (3.38) with (P − 1)
gauge nodes. The balancing conditions enforce that Fk = 2Nk −Nk−1 −Nk+1 for each node.

x0 x1 x2 x3 y1 y2 y3 y4 y5 y6

D4 ———— · · · · · —
NS5 ———— · · · —— ·
D6 ———— ——— · · ·

Table 1. Brane configuration for the Gaiotto-Maldacena solution when GN → 0 in flat space. A line
signifies extension of the brane in the corresponding coordinate while a dot that the brane is localized
there.

Page charges. In this subsection we will present the quantization of the Page charges.
Unlike Maxwell fluxes, Page fluxes provide the correct quantization conditions which express
the counting of branes at each stack. These are defined in terms of the RR polyform F

as (setting α′ = 1 = gs):

F̂ = e−B2 ∧ F, F =
5∑

n=1
F2n, QDp = 1

(2π)7−p

∫
Σ8−p

F̂8−p (3.41)

and for our purposes this gives F̂2 = F2 and F̂4 = F4 −B2 ∧F2, as we have vanishing Romans
mass F0 = 0. We will follow closely [45], where the reader can find more details. The system
described above contains the following extended objects at the following spacetime locations:

• A stack of NS5 branes located at σ → ∞ extending in the coordinates of ds2
5 and χ,

• A stack of flavour D6 branes located at σ = 0 and at η = k (the kinks of the rank
function) and extending on ds2

5 and S2,

• A stack of colour D4 branes extending on R1,2 × S1
ϕ × Rη.

Let us comment that from the brane configuration explained above, only the D6 flavour
branes are made explicit in the solution (3.33), as they appear as localized sources, dF̂2 ∝∑
k δ(η − k). The rest of the branes have been replaced with units of F̂4 and H3 fluxes.

One can consider a flat space R1,9 spanned by coordinates (x0, . . . , x3, y1, . . . , y6), in
which we have the brane setup depicted in table 1.

This system can be though of as the Hanany-Witten brane set-up at zero Newton
constant. As one starts increasing GN , the branes start backreacting, sourcing a curved
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geometry. There is a nonlinear transformation involving a near horizon limit which then
maps the coordinates (xi, yj) to the ones appearing in the solution (3.33), with y6 giving
rise to η. The precise transformation is not known. The SU(2) × U(1) ∼= SO(3) × SO(2)
R-symmetry preserved by the QFT dual of (3.33) is initially described by isometries of the
(y1, y2, y3) and (y4, y5) subspaces.

We take again the limit r → ∞ to calculate the fluxes, in which case we have ds2
5 → ds2

AdS5

as well as:

X → 1, f̃ → κ2/3, f̃2 → 2V̇ V ′′

∆̃
, f̃3 → 4σ2V ′′

2V̇ − V̈
,

f̃4 → 2V ′′

V̇
, f̃5 → 2(2V̇ − V̈ )

∆̃
, f̃6 → 2V̇ V̇ ′

2V̇ − V̈
,

f̃7 → 2κV̇ 2V ′′

∆̃
, f̃8 →

κV̇
[
(V̇ ′)2 − V ′′V̈

]
∆̃

, f̃9 → κσV ′′

(V̇ ′)2 − V̈ V ′′ .

(3.42)

Let us begin with the NS5 branes. In the limit where σ → ∞ we can write the approximate
form of the Laplace potential from (3.40) using the asymptotic behaviour of the Bessel
function at infinity K0(x) ≈

√
π
2xe

−x + O(e−xx−3/2):

V (σ, η) ≈ −

√
P

2σ

∞∑
k=1

Rk√
k
sin
(
kπ

P
η

)
e−

kπσ
P ≈ −

√
P

2σR1 sin
(
πη

P

)
e−

πσ
P + . . . , (3.43)

where we keep only the leading term. Using this expression for V the metric takes the form:

ds2
10 → κ

{
4σ(ds2

AdS5 + dχ2) + 2P
π

sin2
(
πη

P

)
ds2

S2 +
2π
P

(dσ2 + dη2)

− 8LPq1ℓ
2ε sin2 θ

πr2
⋆

sin2
(
πη

P

)
dϕdφ+ 8Lq2ℓ

2εσ

r2
⋆ + ℓ2ε

dϕdχ
}
,

(3.44)

The asymptotic expressions for H3 and the dilaton take the form:

κ−1H3 = 4 sin2
(
πη

P

)
dη ∧ volS2 + P

2πσ sin
(2πη
P

)
dσ ∧ volS2

− 8Lq1ℓ
2ε

r2
⋆

sin2
(
πη

P

)
sin θ dη ∧ dθ ∧ dϕ− LPq1ℓ

2ε

πσr2
⋆

sin
(2πη
P

)
sin θ dσ ∧ dθ ∧ dϕ,

(3.45)

e−Φ → π3/2R1e
−πσ

P

2P
√
σ

, (3.46)

while C1 → 0 at leading order. The suitable cycle to integrate H3, see [44], is a round unit
radius three-sphere which we can construct as S3 = {( πP η, S2) | η ∈ [0, P ] } leading to the
following quantization11 condition:

QNS5 = 1
(4π)2

∫
S3
H3 = 1

2π

∫
S2
volS2

∫ P

0
dη sin2

(
πη

P

)
= P. (3.47)

11We remind the reader that we fix κ = π/2 (in units where ℓp = 1) in order for the fluxes to be properly
quantized.
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Moving to the stacks of D6, we will use the following coordinates for the (σ, η) subspace:

η = k − ρ cosα, σ = ρ sinα, (3.48)

and take ρ → 0, corresponding to the limit σ → 0 and η = k ∈ (0, P ). By focusing on a
specific k we have the relations:

V̇ = Nk, V ′′ = Fk
2ρ , V̇ ′ = Fk

2 (1 + cosα) +Nk+1 −Nk. (3.49)

The metric in this limit takes the following form:

ds2
10 → 2κ

√
Nk

[√
ρ

Fk
(4ds2

AdS5 + ds2
S2) +

√
Fk
ρ
(dρ2 + ρ2ds2

S′2)
]
, (3.50)

where there is second two-sphere spanned by (α, χ): ds2
S′2 = dα2 + sin2 α dχ2. This is indeed,

up to a constant factor, the near horizon metric for a stack of D6 branes extending in AdS5
and S2. The RR potential and the two-form flux take the following form:

C1 →
[
Fk
2 (1 + cosα) +Nk+1 −Nk

]
dχ+ Lq2ℓ

2ε [(1 + cosα)Fk − 2Nk + 2Nk+1]
2(r2

⋆ + ℓ2ε) dϕ,

F2 = dC1 → −Fk2 volS′2 −
Lq2ℓ

2εFk sinα dα ∧ dϕ
2(r2

⋆ + ℓ2ε)

+ Lq2ℓ
2εFk sin2(2α) [Fk(1 + cosα)− 2Nk + 2Nk+1]

32(r2
⋆ + ℓ2ε)Nk

dρ ∧ dϕ

+ Fk sin2(2α) [Fk(1 + cosα)− 2Nk + 2Nk+1]
32Nk

dρ ∧ dχ,

(3.51)

which gives us the quantization condition:

QkD6 = − 1
2π

∫
S′2
F2 = Fk = 2Nk −Nk+1 −Nk−1, k = 1, 2, . . . , P − 1, (3.52)

with the total D6 charge being:

QD6 =
P−1∑
k=1

QkD6 = NP−1 +N1 =
∫ P

0
dηR′′(η). (3.53)

For the D4 Page charges, we construct the flux F̂4 = F4 −B2 ∧ F2 using the expressions
for B2 in (3.35), where we verify that the last two give a zero Page charge, while the first
two yield asymptotically:

F̂4 = κkFk sinα sin θ dα ∧ dθ ∧ dφ ∧ dχ = κkFk volS2 ∧ volS′2 . (3.54)

This leads to the following expression for the D4 charge in a cell [k, k + 1]:

QkD4 = 1
(2π)3

∫
S2×S′2

F̂4 = kFk, (3.55)

while the total Page charge of the D4 branes is given by:

QD4 =
P−1∑
k=1

QkD4 =
P−1∑
k=1

kFk = PNP−1. (3.56)
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As pointed out in [45], the calculation of the above quantity includes the induced charges
of the D4s on the other stacks of branes. The “true” colour charge of the D4 branes is
given by the formula [47]:

Qtotal
D4 =

∫ P

0
dηR(η). (3.57)

Let us comment that the integral (3.55) does not yield the rank of the gauge group
between η = k and η = k + 1, namely Nk, as opposed to (3.52) which gives off the rank of
the flavour group Fk. This can be explained in two different ways. For once, the groups
SU(Fk) represent physical symmetries of the dual theory, while the gauge groups SU(Nk) do
not correspond to any physical symmetry and thus it is not necessarily the case that one
can extract the various gauge group ranks from quantized charges. Another reason is that in
the case of the D6s, one can clearly tell their location in the η coordinate (corresponding to
a singularity in the metric), which is not the case for D4s, as they are replaced with fluxes.
Finally, one might notice that the Page charges have similar expressions as in the undeformed
Gaiotto-Maldacena background. This is due to the quantized charges being invariant under
bulk deformations which respect the boundary geometry.

4 Observables of the dual field theories

In the present section we will calculate various observables in the dual field theories of the
backgrounds presented in section 3. These include: the expectation value of the Wilson and
’t Hooft loop operators, entanglement entropy, flow central charge, holographic complexity as
well as the study of D7 brane embeddings in the case of the deformed type IIB background of
Anabalon and Ross [24]. We will present the holographic calculation of said observables while
emphasizing two key features. The first feature is universality. The resulting expressions are
factorized into two parts, one depending on the radial direction which contains the dynamics
of each object in gravity, while the other numerical factor containing details of the internal
space and expressing information about the UV SCFTs. We attribute this phenomenon to
the theorem of Gauntlett and Varela presented as a conjecture in [48] and later proved in [49]
using G-structure techniques. The theorem states that any SUSY solution of supergravity in
dimensions D=10 or D=11, which can be written as a warped product AdSd+1 ×w MD−d−1
consistently truncates on12 MD−d−1 resulting in a gauged supergravity in (d+1)-dimensions.
The field content of the gauged lower dimensional theory is dual to the superconformal current
multiplet of the SCFTd dual. The fields belonging to this multiplet are the ones responsible
for the dynamical/radially dependent part of the observables. In this sense, the behaviour of
these observables, even in the case where they do involve the internal space in their calculation
(like the flow central charge and entanglement entropy), depends only on the underlying
5d gauged supergravity. The second feature concerns the singularity study we presented
in section 2.2. We notice that even in the case of the solutions being smooth (ν̂ ≈ −1 but
never −1), the Wilson loop observable is affected by the high curvature in the supergravity,
signalling that the theory is not a trustable approximation in this region of parameter space.
This presents itself as a first order phase transition near this region of parameter space, which

12MD−d−1 is required to be Riemannian.
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we argue is not physically relevant. Additionally, appendices A and B are dedicated to the
study of Polyakov loops and the effective gauge coupling constant of each QFT.

4.1 Wilson loop

Let us first review the calculation of the Wilson loop in the context of holography [50].
Starting from a gauge theory perspective, one can define the Wilson loop as the following
non local operator:

W (C) = 1
N

trP exp
(
i

∮
C
A

)
, (4.1)

where N is the rank of the gauge group and C is any closed loop, conveniently taken to be
a rectangular contour in time and one spatial coordinate. Then the vacuum expectation
value of this operator provides a way of investigating the potential between a pair of non
dynamical, infinitely massive, quark and anti-quark in the fundamental representation:

⟨W (C)⟩ ∝ e−T E(LQQ), (4.2)

where T is the temporal length of C and LQQ the distance between the pair. From here
one can deduce if the theory is confining or if it presents screening. This calculation is
implemented in the dual string theory (in the large N limit, with g2

YMN fixed) by embedding
a probe F1 string with its endpoints fixed on the path C at the boundary of the spacetime
(r = ∞), representing the quark and anti-quark, while the rest of the string enters the bulk
in a U shaped fashion. In this regime, the string theory is approximated by supergravity and
we can use the Nambu-Goto action of classical string embeddings whose worldsheets, with
a fixed boundary C, are minimal surfaces: ⟨W (C)⟩ ∼ e−SNG , where:13

SNG = 1
2π

∫
d2σ̂

√
−det(gind), (4.3)

with gind being the induced metric on the string.
In this section we consider, aside from the usual Wilson loop that was also presented in [1],

other configurations that wrap or rotate in S1[ϕ]. We will however restrict to embeddings that
are not extended along the internal space, resulting in the universal behaviour highlighted
earlier in the text. Here are the three types of configurations of interest:

• Embedding I. The first case we will study is the simple embedding in which we give
the string a profile in r and its worldsheet coordinates are parametrized as:

τ = t, σ̂ = w, r = r(σ̂), (4.4)

while the rest of the spacetime coordinates take constant values. In the case of the type
IIB background, the consistency of the embedding demands the coordinate θ0 to be
either 0 or π

2 .
13We make the choice to set α′ = 1. We also denote all worldvolume coordinates as σ̂ instead of σ to avoid

confusion with the Gaiotto-Maldacena coordinate σ in the type IIA backgrounds.
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• Embedding II. In this embedding we consider a string with the same profile, which
now is spinning along S1[ϕ] with constant angular velocity ω:

τ = t, σ̂ = w, r = r(σ̂), ϕ(τ) = ωτ. (4.5)

• Embedding III. For the final embedding we will use, we place a string that wraps
the S1[ϕ], while still having a profile in the radial coordinate:

τ = t, σ̂ = w, r = r(σ̂), ϕ = ϕ(σ̂), (4.6)

and in the case of the type IIB background the embedding is consistent for θ0 = 0 and
ψ0 = π

4 .

In all the above cases, the action of the string reduces to following form:

SNG ∝
∫ LQQ/2

−LQQ/2
dw
√
F2 + G2r′2, (4.7)

with F and G being case specific functions of r. One can then derive expressions for the length
and energy of the quark-anti-quark pair in terms of F and G using the formulas in [51, 52].
Below r0 denotes the turning point of the probe:

Veff(r; r0) =
F(r)

√
F2(r)−F2(r0)
F(r0)G(r)

, LQQ(r0) = 2
∫ ∞

r0

dr
Veff(r; r0)

,

EQQ(r0) = F(r0)LQQ(r0) + 2
∫ ∞

r0
dr G(r)

F(r)

√
F2(r)−F2(r0)− 2

∫ ∞

r⋆

drG(r).
(4.8)

These integrals are not analytically solvable, therefore we employ numerical techniques to plot
them. However, one can write analytic approximate expressions for the length, developed
in [52], and the energy14 of the pair:

Lapp(r0) =
πG(r)
F ′(r)

∣∣∣∣
r=r0

, Eapp(r0) =
∫ r0

dsF(s)dLapp(s)
ds , (4.9)

which serve as a nice way of quickly determining the behaviour of the dynamics of the
quark-anti-quark system. Let us now proceed to studying the Wilson loops15 in each case
and highlight the effects of the different embeddings.

4.1.1 Wilson loop for the Type IIB background

Embedding I. For the simple embedding of case I, we have checked that it is consistent
in this background if one chooses the value of the angular coordinate θ to be θ0 = 0 or
θ0 = π/2. In each case, have the following induced metric:

ds2
ind = −r

2ζ(r, θ0)
L2 dt2 +

[
r2ζ(r, θ0)

L2 + ζ(r, θ0)r′2
r2F (r)λ6(r)

]
dw2, (4.10)

14This expression was first introduced in the context of entanglement entropy calculations in [53, 54].
15For the remainder of the paper we will use the SUSY condition |q1| = |q2| = Q.
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which yields the following action (where T =
∫
dt):

SF1 = T
2π

∫ LQQ/2

−LQQ/2
dw
√
F2

I + G2
I r

′2 with F2
I = r4ζ2(r, θ0)

L4 , G2
I = ζ2(r, θ0)

L2λ6(r)F (r) . (4.11)

From these functions we can derive the various expressions of interest. It is convenient to
use the dimensionless quantity µ̂ =

( r⋆
L

)4 together with ν̂ and ξ for the various expressions,
in terms of which the functions in (4.11) take the following form:

F2
I = µ̂ξ2(ξ2 + ν̂ cos2 θ0), G2

I = ξ4(ξ2 + ν̂ cos2 θ0)
ξ6 + ν̂ξ4 − (1 + ν̂) . (4.12)

Using numerical integration, we plot the length LQQ as a function of the turning point
as well as a parametric plot of the potential energy EQQ between the quark and anti-quark
with respect to the length of separation. The results for the embedding with θ0 = 0 are
depicted in figure 3. What we discover is that as ν̂ takes different values away from −1
the background displays confining behaviour, that is, EQQ starts with a Coulombic law
for small separations (dictated by conformality in the ultraviolet) while at large LQQ it is
linear, signalling confinement in the infrared. However, when ν̂ takes values very close to
−1 and smaller than ν̂ ≈ −0.95, where the geometry becomes highly curved, the length
starts becoming double-valued and there seems to be a first order phase transition appearing
in the energy. We claim that what is observed in figure 3(d) is a manifestation of the
supergravity approximation being not trustable in this region in parameter space and for
this embedding,16 in other words, this is not a trustworthy result. Finally, we comment
that the approximate expressions (4.9) capture very nicely the qualitative behaviour of the
system, which can be seen in the plots of figure 4.

Embedding II. The idea of the spinning string embedding is that we might be able to
lift the effects observed in figure 3(d) even for the value ν̂ = −0.99 by introducing the new
parameter ω which can affect the dynamics. More specifically, the angular momentum of
the probe F1 introduces restoring effects on the U shaped embedding, much like in the case
of a centrifugal force. If we consider for a moment both type the IIA and type IIB metrics
by writing ds2

10 = −Gttdt2 + Gwwdw2 + Gϕϕdϕ2 + Grrdr2 + . . . , the Nambu-Goto action
for embedding (4.5) has the form:

LNG =
√
(Gtt − ω2Gϕϕ)(Gww +Grrr′2), (4.13)

from which stems the following bound for the Lagrangian to be real:

ω2Gϕϕ ≤ Gtt. (4.14)

The range of values for the radial coordinate r ∈ [r⋆,∞) is restricted accordingly such that
the above requirement holds, which in turn is interpreted as a “restoring force” preventing
the string from reaching values arbitrarily close to r⋆.

16This behaviour does not appear for θ0 = π/2, see figure 4(b) and (d).
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ν = -0.99

ν = -0.8

ν = -0.5

ν = 0.5

ν = 2
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ξ00.0
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2.5

3.0

LQQ

(a) Plot of the quark-anti-quark separation
for various values of ν̂.

ν = -0.99

ν = -0.98

ν = -0.97

ν = -0.96

ν = -0.95

1.05 1.10 1.15
ξ0

0.8

0.9

1.0

1.1

1.2

LQQ

(b) Closer look at the plot of the separation
length as ν̂ approaches −1.

ν = -0.99
ν = -0.8
ν = -0.5
ν = 0.5
ν = 2

1 2 3 4
LQQ

-6

-4

-2

2

4

6

EQQ

(c) Plot of the potential energy of the quark-
anti-quark pair with respect to their separa-
tion for various values of ν̂.

ν = -0.99
ν = -0.98
ν = -0.97
ν = -0.96
ν = -0.95

0.8 0.9 1.0 1.1 1.2
LQQ

-0.10

-0.05

0.05

0.10

0.15

0.20

EQQ

(d) Closer look at the plot of the energy as ν̂
approaches −1.

Figure 3. Resulting plots using numerical integration regarding the WL embedding I for different
values of ν̂. We notice the length gradually becoming double-valued as ν̂ → −1. We have set θ0 = 0.

In the case of the type IIB solution, we have the induced metric:

ds2
ind = 1

ζ(r, θ0)

{
ζ2(r, θ0)r2 [L2ω2F (r)− 1

]
L2 + ω2 cos2 θ0A

2
1 + ω2 sin2 θ0λ

6(r)A2
3

}
dt2

+ ζ(r, θ0)
r2

[
r4

L2 + r′2

F (r)λ6(r)

]
dw2 .

(4.15)

The Nambu-Goto action then yields:

SF1 = T
2π

∫ LQQ/2

−LQQ/2
dw
√
F2

II + G2
IIr

′2, (4.16)
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ν = -0.99
ν = -0.98
ν = -0.97
ν = -0.96
ν = -0.95
ν = -0.94
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(a) Plot of the approximate length function
for various values of ν̂ and θ0 = 0.
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(b) Plot of the approximate length function
for various values of ν̂ and θ0 = π

2 .
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(c) Plot of the approximate potential energy
as a function of the approximate length for
various values of ν̂ and θ0 = 0.
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(d) Plot of the approximate potential energy as
a function of the approximate length for various
values of ν̂ and θ0 = π

2 .

Figure 4. Wilson loop plots for embedding I using the approximate length and energy expressions (4.9)
for various values of ν̂ and the two options θ0 ∈ {0, π/2}.

where now,

F2
II =

r4ζ2(r, θ0)
L4 − r2ω2

L2

[
cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3 + r2F (r)ζ2(r, θ0)

]
,

G2
II =

ζ2(r, θ0)
L2F (r)λ6(r) −

ω2

r2F (r)λ6(r)
[
cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3 + r2F (r)ζ2(r, θ0)

]
.

(4.17)

or, in terms of the dimensionless quantities:

F2
II = µ̂ξ2(ν̂ cos2 θ0 + ξ2)− µ̂(ξ2 − 1)ω2

2(1 + ν̂)
[
4 + 5ν̂ + 2ν̂2 + 2(ν̂ + 1)ξ2 + ν̂(3 + 2ν̂) cos(2θ0)

]
,

G2
II =

ξ4 (ξ2 + ν̂ cos2 θ0
)

ξ6 + ν̂ξ4 − (1 + ν̂) −
ξ2ω2

2(1 + ν̂)

[
4 + 5ν̂ + 2ν̂2 + 2(ν̂ + 1)ξ2 + ν̂(3 + 2ν̂) cos(2θ0)

]
ξ4 + ξ2(1 + ν̂) + 1 + ν̂

.

(4.18)
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ω = 0.1

ω = 0.5
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(a) Plot of the length of separation (4.19) for ν̂ = −0.99,
θ0 = 0 and various values of ω.
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(b) Plot of the energy of the pair with respect
to the length of separation for ν̂ = −0.99,
θ0 = 0 and various values of ω.

Figure 5. We notice that for values of ω close to 0.99 we get a single valued length and no phase
transition, even when ν̂ = −0.99 and θ0 = 0.

In the above expressions we can recognise the same functions as in the previous em-
bedding (4.12) in the first terms, while the second terms are controlled by the new ω ≠ 0
parameter we introduced. The length and energy integral expressions read:17

L
(II)
QQ(ξ0) = 2r⋆

√
µ̂

∫ ∞

ξ0
dξξ

√
ξ2

0(ν̂ + ξ2
0)− (ξ2

0 − 1)
[
2(1 + ν̂) + ξ2

0
]
ω2

(ξ2 − ξ2
0) [ξ6 + ν̂ξ4 − (1 + ν̂)]

[
ν̂ + ξ2 + ξ2

0 −(1+ 2ν̂ + ξ2 + ξ2
0)ω2]
(4.19)

and

E
(II)
QQ(ξ0) =

√
µ̂
√
ξ2

0(ν̂ + ξ2
0)− (ξ2

0 − 1)
[
2(1 + ν̂) + ξ2

0
]
ω2L

(II)
QQ(ξ0)

+ 2r⋆
∫ ∞

ξ0
dξξ

√
(ξ2 − ξ2

0)
[
ν̂ + ξ2 + ξ2

0 − (1 + 2ν̂ + ξ2 + ξ2
0)ω2]

ξ2 + ν̂ξ4 − (1 + ν̂)

− 2r⋆
∫ ∞

1
dξξ

√
ξ2(ν̂ + ξ2)− (ξ2 − 1) [2(1 + ν̂) + ξ2]ω2

ξ6 + ν̂ξ4 − (1 + ν̂) .

(4.20)

We observe in figure 5 that there is indeed a range of values for the newly introduced
parameter, which is roughly 0.94 ≲ ω ≲ 0.99, that lifts the phase transition of embedding I
in the case when ν̂ = −0.99 and θ0 = 0. One can think of this phenomenon as the spinning
motion introducing a “restoring force” effect on the string embedding.

17We specialize to the case where θ0 = 0 for convenience in writing the expressions explicitly.
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Embedding III. Finally, for the embedding that wraps around the cigar direction ϕ we
have the following induced metric, where the embedding is constrained by (4.6):

ds2
ind = −r

2ζ(r, 0)
L2 dt2 +

{
r2ζ(r, 0)
L2 + ζ(r, 0)r′2

r2F (r)λ6(r) + ϕ′2
[
r2F (r)ζ(r, 0) + A2

1
ζ(r, 0)

]}
dw2,

(4.21)
with:

SF1 = T
2π

∫ LQQ/2

−LQQ/2
dw
√
A2 + B2r′2 + C2ϕ′2,

A2 = r4ζ2(r, 0)
L4 , B2 = ζ2(r, 0)

L2F (r)λ6(r) , C2 = r2

L2

[
A2

1 + r2F (r)ζ2(r, 0)
]
.

(4.22)

We can use the equation of motion for ϕ(w) to integrate it out, as the corresponding
Hamiltonian is conserved:

d
dw

δLF1
δϕ′

= d
dw

[
C2ϕ′√

A2 + B2r′2 + C2ϕ′2

]
= 0, (4.23)

and calling the constant in the last expression cϕ, we get:

ϕ′2(w) =
c2
ϕ(A2 + B2r′2)
C2(C2 − c2

ϕ)
. (4.24)

Plugging this back into the action, one arrives at the following expressions:

SF1 = T
2π

∫ LQQ/2

−LQQ/2
dw
√
F2

III + G2
IIIr

′2,

F2
III =

r6ζ2(r, 0)
[
A2

1 + r2F (r)ζ2(r, 0)
]

L4
[
r2A2

1 + r4F (r)ζ2(r, 0)− c2
ϕL

2
] ,

G2
III =

r2ζ2(r, 0)
[
A2

1 + r2F (r)ζ2(r, 0)
]

L2F (r)
[
r2A2

1 + r4F (r)ζ2(r, 0)− c2
ϕL

2
]
λ6(r)

,

(4.25)

or, in terms of the dimensionless quantities:

F2
III =

µ̂2ξ2(ξ2 − 1)(ξ2 + ν̂)
[
ξ2 + 2(1 + ν̂)

]
µ̂(ξ2 − 1) [ξ2 + 2(1 + ν̂)]− c2

ϕ

,

G2
III =

µ̂ξ4(ξ2 + ν̂)
[
ξ2 + 2(1 + ν̂)

]
[ξ4 + ξ2(1 + ν̂) + 1 + ν̂]

[
µ̂(ξ2 − 1) (ξ2 + 2(1 + ν̂))− c2

ϕ

] , (4.26)

which agree with (4.12) when cϕ = 0 and θ0 = 0 (the later imposed by the consistency of
the embedding). Similarly to the previous embedding of a spinning string, non zero values
of the integration constant cϕ allow the length to become single valued and therefore there
is no phase transition in the energy of the configuration, see figure 6(a). The effect of cϕ
is clear when one observes the behaviour of the string profiles: in figure 6(b) we see that
as the string approaches the end of space (ξ0 monotonically approaching 1), its U shaped
embedding “opens” and then “closes” again, in other words the profiles are not ordered with
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(a) Plot of the length of separation as a func-
tion of the turning point for various values of
cϕ and ν̂ = −0.99.
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(b) Plot of the string profiles in the (r, w)
plane for embedding I (cϕ = 0), for different
turning points and ν̂ = −0.99.
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(c) String profiles for embedding III and vari-
ous values of ξ0, ν̂ = −0.99 and cϕ = 0.1.
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(d) String profiles for both embeddings (I and
III), the same turning point ξ0 = 2, ν̂ = −0.99
and cϕ = 2.

Figure 6. We notice that for values of the parameter cϕ ⪆ 0.3 the length becomes a single valued
function of the turning point when ν̂ = −0.99.

the monotonically decreasing ξ0, in contrast with the embedding III profiles seen in 6(c). This
signals the lift of the double-valuedness of LQQ(ξ0). The final plot 6(d) shows the profiles
for a specific ξ0 in both embeddings, given the value cϕ = 2 for embedding III. We note
that for the same ξ0 embedding III gives a smaller length of separation than embedding I,
or conversely cϕ has the effect of obstructing the string from reaching values closer to the
end of space compared to embedding I (for the same fixed length).

4.1.2 Wilson loop for the 11d backgrounds

In order to study the dynamics of a Wilson loop-like object in the M-theory back-
ground (3.14)–(3.15), the first step we take is making the change of coordinates to write
the Riemann surface in polar coordinates:

dv2
1 + dv2

2 = dρ2 + ρ2dβ2, (4.27)

without making any extra assumptions about a symmetry in β. We can then use a probe
M2 brane whose worldvolume coordinates σ̂ extend in the submanifold Σ3[t, w, β], while it
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also has a w-dependent profile in the radial direction: r = r(w). The rest of the coordinates
are kept constant, however one should choose a suitable location for the M2 brane in y such
that y ∂yD0(y, ρ, β) approaches infinity. This allows us to compute the y and D0 dependent
prefactor that enter in the action of the brane and get an answer in terms of r. The induced
metric on the brane can be compactly written as:

ds2
M2 = Gttdt2 + (Gww +Grrr

′2)dw2 +Gββdβ2,

Gtt = −e2λ̂Z 4
X

r2λ2(r)
L2 , Grr = e2λ̂Z 4

X

1
r2λ4(r)F (r) , (4.28)

Gββ = −e2λ̂Z ∂ye
D0

y
ρ2, Gww = −Gtt.

We can use a specific solution for D0(y, ρ, β) in order to illustrate the calculation.
Consider the simple solution presented in [44]:

eD0 = 4 N
2 − y2

(1− ρ2)2 , y ∂yD0(y, ρ) =
2y2

y2 −N2 , (4.29)

suggesting we place the probe M2 at y = N . We then have18

−det gind,M2 = −16ρ2e6λ̂Z3

X2(r)
∂ye

D0(y,ρ0)

y

[
r4λ4(r)
L4 + r′2

L2λ2(r)F (r)

]
,

with − 16ρ2
0e

6λ̂Z3

X2(r)
∂ye

D0(y,ρ0)

y
= 128N2ρ2

0
(1− ρ2

0)2X(r)
[
r4λ4(r)
L4 + r′2

λ2(r)L2F (r)

]
(4.30)

and substituting X(r) = λ2(r), the action reads:

SM2 ∝ TM2

∫
Σ3

d3σ̂
√
−detgind,M2 ∝ 2πT TM2

∫ LQQ/2

−LQQ/2
dw
√
F2 + G2r′2,

F2 = r4λ6(r)
L4 , G2 = 1

L2F (r) .
(4.31)

We notice that the functions appearing in the dynamical part of the expression are indeed
the same as (4.11) for θ0 = 0, therefore the analysis of the previous subsection yields the
same results in this case. We conclude that the dynamics of the effective string described
by the M2 in these backgrounds is the same as the F1 string of the Type IIB solution and
it captures confinement.

4.1.3 Wilson loop for the Type IIA backgrounds

We now wish to apply the same analysis for the family of backgrounds presented in (3.33).
This calculation proves to be more subtle, however it too contains the same dynamical part
as the previous two cases. The complication with this backgrounds enters because of the
various functions f̃i which after our deformation have acquired a non-trivial dependence on r.
To circumvent this and extract the r-dependent part out of the expression, which holds the

18We place the brane at ρ0.
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information of the dynamics, we choose to localise the probe in the (σ, η) subspace by taking
η = η⋆ to be an integer in (0, P ) and σ → 0. The later will offer us a clearer interpretation of
the dual quiver data, as we have V̇ (σ, η)

∣∣∣
σ=0

= R(η), where R contains information about the
location of each gauge group on the quiver. To calculate the various expressions involving the
f̃is we can first expand the Laplace potential19 V and its derivatives in Fourier-Bessel series as:

V (σ, η) = −
∞∑
k=1

(
P

kπ

)
ak sin

(
kπ

P
η

)
K0

(
kπ

P
σ

)
,

V̇ (σ, η) = σ
∞∑
k=1

ak sin
(
kπ

P
η

)
K1

(
kπ

P
σ

)
,

V ′′(σ, η) =
∞∑
k=1

(
kπ

P

)
ak sin

(
kπ

P
η

)
K0

(
kπ

P
σ

)
,

V̈ (σ, η) = −σ2
∞∑
k=1

(
kπ

P

)
ak sin

(
kπ

P
η

)
K0

(
kπ

P
σ

)
,

V̇ ′(σ, η) = σ
∞∑
k=1

(
kπ

P

)
ak cos

(
kπ

P
η

)
K1

(
kπ

P
σ

)
,

(4.32)

and use the known asymptotic behaviour of the modified Bessel functions:

As x→ 0 : xK1(x) → 1, K0(x) ≈ −γEM + log 2
x
+O(x2). (4.33)

One can notice that all of the above expressions are finite as σ → 0, except V ′′. Let us
write σ = ϵ with ϵ → 0, which then gives the following asymptotic behaviour:

lim
ϵ→0

V̇ (ϵ, η) = R(η), lim
ϵ→0

V̇ ′(ϵ, η) = R′(η),

lim
ϵ→0

V̈ (ϵ, η) = 0, V ′′(ϵ, η) ≈ M̂(ϵ),
(4.34)

where we denoted as M̂(ϵ) the limiting expression of V ′′ which diverges as log ϵ−1. This
in turn, allows us to write:

As σ → 0 : ∆̃ ≈ 2M̂(ϵ)R(η), Z3 → X3, f̃1 → R2/3(η)

f̃ → 1, f̃3
1 f̃5 ≈ 2XR(η)M̂−1(ϵ) → 0, f̃2 → X−2, f̃3 → 0,

(4.35)

which we will make use of in our calculations.
In the following we introduce probe fundamental strings and consider all the different

embeddings that were studied in subsection 4.1.1.

Embedding I. Let us start by the simplest F1 embedding with a profile r = r(w), t = τ

and w = σ̂. We find the induced metric to be:

ds2
ind = 4f̃3/2

1 f̃
1/2
5 f̃

r2λ2(r)
L2

{
−dt2 +

[
1 + L2r′2

r4F (r)λ6(r)

]
dw2

}
, (4.36)

19With boundary conditions in the η direction: V̇ (σ, η)
∣∣∣
η=0

= 0 = V̇ (σ, η)
∣∣∣
η=P

. The connection with (3.40)

can be made by setting Rk = P ak
kπ

.
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and the Nambu-Goto action:20

SF1 = T
2π

∫ LQQ/2

−LQQ/2
dw
√
F̂2

I + Ĝ2
I r

′2 with F̂2
I = 16f̃3

1 f̃5f̃
2 r

4λ4(r)
L4 , Ĝ2

I = 16f̃3
1 f̃5f̃

2

L2F (r)λ2(r) .

(4.37)
By employing (4.35) we get as σ = ϵ → 0:

F̂2
I ≈ 32R(η⋆)

M̂(ϵ)
X(r)r

4λ4(r)
L4 , Ĝ2

I ≈ 32R(η⋆)
M̂(ϵ)

X(r)
L2F (r)λ2(r) . (4.38)

We notice again the radial part of the expressions being the same as the one found in
the 11d and type IIB backgrounds and therefore the behaviour of the Wilson loops in this
case is also described by figure 3. Moreover, The numerical factor describing the conformal
quiver in the UV, contains the rank of the gauge group in which we choose to compute
the Wilson loop, N⋆ = R(η⋆).

Embedding II. Here we repeat the study of the spinning string embedding in this background
by taking:

t = τ, σ̂ = w, ϕ = ωτ, r = r(w), z = z0,

θ = θ0, φ = φ0, χ = χ0, σ = ϵ→ 0, η = η⋆ .
(4.39)

Then the induced metric on the string is:

ds2
ind = (f̃3

1 f̃5)1/2
[
−4f̃ r

2λ2(r)
L2 + ω2

(
f̃3A

2
3 + 2f̃2 sin2 θ0A

2
1 + 4L2f̃F (r)r

2λ2(r)
L2

)]
dt2

+ 4(f̃3
2 f̃5)1/2f̃

[
r2λ2(r)
L2 + r′2

r2F (r)λ4(r)

]
dw2,

(4.40)
and the Nambu-Goto action reads:

SF1 = 1
2π

∫
dtdw

√
−detgind = T

2π

∫ LQQ/2

−LQQ/2
dw
√
F̂2

II + Ĝ2
IIr

′2, (4.41)

where:
F̂2

II = 4f̃3
1 f̃5f̃

r2λ2

L2

[
4f̃ r

2λ2

L2 − ω2
(
f̃3A

2
3 + 2f̃2 sin2 θ0A

2
1 + 4f̃F r2λ2

)]
,

Ĝ2
II = 4f̃3

1 f̃5f̃

[
4f̃

L2λ2F
− ω2 f̃3A

2
3 + 2f̃2 sin2 θ0A

2
1 + 4F f̃r2λ2

r2λ4F

]
.

(4.42)

We can now take the limit ϵ → 0 using (4.35) to obtain the following expressions:

F̂2
II ≈

32R(η⋆)
M̂(ϵ)

[
X(r)r

4λ4

L4 − ω2 r
2λ2X(r)
4L2

(
2X−2(r) sin2 θ0A

2
1 + 4F (r)r2λ2(r)

)]
,

Ĝ2
II ≈

32R(η⋆)
M̂(ϵ)

[
X(r)

L2λ2(r)F (r) −
ω2

2
sin2 θ0A

2
1 + 2F (r)X2(r)r2λ2(r)
r2X(r)λ4(r)F (r)

]
.

(4.43)

20We use the shorthand notation f̃i ≡ f̃i(σ, η⋆, r).
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We first notice that when ω = 0 the above agree with the case of embedding I (4.38),
which in turn agrees with the type IIB results of embedding I (4.11). The expressions
appearing in the ω2 terms also match the ones in (4.17) when one imposes θ0 = 0 for the
IIB case and θ0 = π/2 for the IIA (notice that the angle θ0 is not the same coordinate for
the two backgrounds). Consequently, one gets the same behaviour as the one depicted in
the figure 5 for the case of the type IIB version of this embedding.

Embedding III. We will now study the third and final embedding for the type IIA back-
grounds, that is a string wrapping the shrinking circle. In this case (4.6) gives the following
induced metric on the string:

ds2
ind = f̃

3/2
1 f̃

1/2
5 4f̃ r

2λ2(r)
L2

×
{
−dt2 +

[
1 + L2r′2

r4λ6(r)F (r) +
(
F (r) + f̃2L

2 cos2 θ0(A(3))2

2f̃ r2λ2(r)

)
ϕ′2
]
dw2

}
. (4.44)

After taking limits of the various functions as σ = ϵ→ 0 we obtain the Nambu-Goto action:

SF1 = 1
2π

∫
dtdw

√
−detgind ≈ T

2π

√
32R(η⋆)
M̂(ϵ)

∫ LQQ/2

−LQQ/2
dw
√
Â2 + B̂2r′2 + Ĉ2ϕ′2, (4.45)

with

Â2 = r4λ6(r)
L4 , B̂2 = X(r)

λ2(r)F (r)L2 , Ĉ2 = r4λ4(r)
L4 X(r)

[
F (r) + L2 cos2 θ0A

2
1

X2(r)r2λ2(r)

]
. (4.46)

Once again, these functions are the same as the ones found in the corresponding embedding
in the type IIB case (4.22) when we set θ0 = 0. One can then follow the same procedure of
using the conserved momentum of ϕ to integrate it out and introduce the new parameter
cϕ to the problem. The results are the same as in the type IIB case, modulo the divergent
prefactor in the action, and can be seen in figure 6.

Let us summarize our findings regarding the Wilson loop observable. Our previous study
in section 2.2 revealed that the supergravity background in the case where ε = −1 has a
singularity when ν̂ = −1 at r = r⋆. We deduced that this happens when q1 = q2 = 0, in
which case the gauge fields A1, A2 and A3 are set to zero and there is no fibration. We
therefore decided to accept the smooth supergravity solutions in the regime ν̂ > −1 with
nonzero gauge fields.

There is however the following interesting phenomenon: for values of ν̂ very close to
−1 Wilson loop embeddings start “feeling” the need for higher curvature corrections in the
action, which results in a first order phase transition making its appearance, much like the
one in the singular background of [39]. This happens for the case of embedding I in the
type IIB background in a specific direction θ = 0.

Our analysis however, shows that the backgrounds are dual to confining field theories,21

since the energy as a function of the length of separation for a probe quark-anti-quark pair
21As long as one does not allow the string embedding to explore the η direction, where there are localized

sources describing fundamental degrees of freedom. In this case the Wilson loop will probably undergo
screening, as was shown in a different system in [55].
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interpolates from a Coulombic behaviour in the UV, due to the solutions being asymptotically
AdS, to a linear one in the IR. This holds for all values of the parameters of the theory
as well as all values of ν̂ > −1. The later is supported by the study of different types of
embeddings, which introduce new parameters allowing us to reveal the confining behaviour
and lift the apparent phase transition for ν̂ ≈ −1.

4.2 ’t Hooft loop

In this section we will study the ’t Hooft loop, which is the non local operator associated
with magnetic charges, in analogy with its electric equivalent, the Wilson loop. The idea is
to probe the background with some suitable brane22 that effectively looks like a magnetic
string in the submanifold spanned by the field theory coordinates R1,2[t, w, ϕ], which in turn
captures the dynamics of monopole-anti-monopole pairs. One can then deduce if screening
takes place, that is, if the pair moves freely at no energy cost, or equivalently, the tension
of the “chromomagnetic string” is zero. In the gravity picture this amounts to the system
energetically preferring a disconnected embedding of the probe, unlike a U shaped one, which
can happen when two different values of the parameter r0 correspond to the same value
for the length of separation LMM(r0).

The action for the ’t Hooft loop will have a similar form as the one for the Wilson loop
in the effective two dimensional worldsheet part:

SDp = TDp

∫
Σp+1

dp+1σ̂
√
−e−2Φdet(gind) ∝

∫ LMM/2

−LMM/2
dw
√
F2
t + G2

t r
′2, (4.47)

where one can relate the value of the function Ft at the end of space with the tension
of the string:

Teff ∝ Ft(r0). (4.48)

The inclusion of the shrinking coordinate in the induced metric will typically contribute a
multiplicative factor of the warping function F (r) in Ft, which vanishes smoothly as r → r⋆.
This is the case when a theory is in the confining phase, where the potential for Wilson loop
obeys the area law, while the one for the ’t Hooft loop the perimeter law [56].

In the following, we study the dynamics of the effective string using various type IIB
brane embeddings. Up to constant prefactors, we find that all the different probes give
the same ’t Hooft loop observable.

4.2.1 ’t Hooft loop for the Type IIB background

D3 probe. First, we look at a D3 probe extended in Σ4 = [t, w, ϕ, ϕ3] with the following
embedding ansatz:

r = r(w), θ = θ0 = π

2 , ϕ1 = ϕ2 = constant, z = z0, ψ = ψ0. (4.49)

The equations of motion are satisfied and the embedding is consistent as long as θ0 = π
2 .

22One usually aims to wrap the shrinking circle S1[ϕ] which plays an important role in the IR dynamics, as
well as some closed submanifold of the internal space.
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We have the induced metric

ds2
ind,D3 = ζ(r, θ0)

L2

[
−r2dt2 + F (r)r2L2dϕ2 + dw2

(
r2 + L2r′2

F (r)λ(r)6r2

)]

+ L2

ζ(r, θ0)
λ6(r)

(
dϕ3 +

A3
L

)2
.

(4.50)

Here we have ζ(r, θ0 = π
2 ) = 1, and the dilaton is trivial. The Dirac-Born-Infeld action

for the D3 yields the following:

SD3 = TD3

∫
Σ4

d4σ̂
√
−e−2Φdet(gind,D3) = N̂D3

∫ LMM

−LMM
dw

√
F2
t + G2

t r
′2, (4.51)

where we once again notice the universal nature of the observable. The functions appearing
in the dynamical part are:

F2
t = r6λ(r)6F (r), G2

t = L2r2 (4.52)

and the constant UV prefactor reads:

N̂D3 = TD3
L

∫
dt dϕ dϕ3 = T TD3

L
2πLϕ, (4.53)

where T is the extent of the time coordinate. In terms of the dimensionless parameters we have:

F2
t = r6

⋆

L2

[
ξ4(ν̂ + ξ2)− (1 + ν̂)

]
, G2

t = L2r2
⋆ξ

2, (4.54)

from which we can form the length and energy integrals using the same equations as in
the case of the Wilson loop (4.8), (4.9). The resulting expressions are listed in appendix C,
in equations (C.2), (C.3) and (C.4).

The resulting plots of both the approximate and exact expressions are depicted in figure 7,
where we once more notice how well the approximate expressions capture the dynamics of the
system. The double-valuedness of the length for any value of ν̂ leads to a phase transition
and monopole screening taking place. The system prefers energetically the disconnected
embedding in which the monopole-anti-monopole pair moves freely. This phase transition
in the ’t Hooft loop (that can be interpreted as the screening of non-dynamical monopoles)
further supports our claims for quark confinement in the dual field theory [56].

D5 probe. Next we consider a D5 brane extended in the submanifold Σ6 = [t, w, ϕ, ϕ1, ϕ2, ϕ3],
with:23

r = r(w), z = z0, θ = θ0 = 1
2 arccos

(1
3

)
, ψ0 = π

4 . (4.55)

The induced metric on the brane is:

ds2
ind = ζ(r, θ0)r2

L2

(
−dt2 + F (r)L2dϕ2

)
+ L2

ζ(r, θ0)
cos2 θ0 sin2 ψ0

(
dϕ1 +

A1
L

dϕ
)2

+ L2

ζ(r, θ0)
cos2 θ0 cos2 ψ0

(
dϕ2 +

A2
L

dϕ
)2

+ L2λ6(r)
ζ(r, θ0)

sin2 θ0

(
dϕ3 +

A3
L

dϕ
)2

+
[
r2ζ(r, θ0)

L2 + ζ(r, θ0)r′2
r2F (r)λ6(r)

]
dw2,

(4.56)

23The full equations of motion enforce cos(2ψ0) = 0 and −1 + 3 cos(2θ0) = 0, in order for the embedding to
be consistent.
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(a) Plot of the approximate length of sepa-
ration of a monopole-anti-monopole pair as
a function of the turning point for different
values of ν̂.
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(b) Plot of the approximate energy of the pair
as a function of the approximate length for
different values of ν̂.
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(c) Plot of the length as a function of the
turning point for different values of ν̂.
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(d) Plot of the energy with respect to the lenth
of separation for different values of ν̂.

Figure 7. Resulting plots for the ’t Hooft loop length and energy expressions, given in (C.2)–(C.4).

and its action gives the following expression:

SD5 = TD5

∫
Σ6

d6σ̂
√
−e−2Φdet(gind,D5) = N̂D5

∫ LMM/2

−LMM/2
dw
√
F2
t + G2

t r
′2,

Ft = r3λ3(r)
√
F (r), Gt = Lr, N̂D5 = 8π3

3
√
3
LT TD5Lϕ.

(4.57)

We see that the dynamical part, comprising of the w-integral, is the same as the one in
the previous embedding as we find the same functions as in (4.52), and therefore the same
plots of figure 7 apply here.
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D7 probe. Let us consider a D7 that extends in the following coordinates Σ8 =
[t, w, ϕ, θ, ψ, ϕ1, ϕ2, ϕ3] with r = r(w) and z = z0 kept fixed. The embedding is consis-
tent and the equations of motion are satisfied. The induced metric on the D7 is:

ds2
ind,D7 = ζ(r, θ)

L2

[
−r2dt2 + F (r)L2r2dϕ2 + dw2

(
r2 + L2r′2

F (r)λ(r)6r2

)
+ L4dθ2

]

+ L2

ζ(r, θ)

[
cos2 θdψ2 + cos2 θ sin2 ψ

(
dϕ1 +

A1
L

)2
+ cos2 θ cos2 ψ

(
dϕ2 +

A2
L

)2

+λ(r)6 sin2 θ

(
dϕ3 +

A3
L

)2
]
,

(4.58)
while the DBI yields:

SD7 = TD7

∫
Σ8

d8σ̂
√
−e−2Φdet(gind,D7) = N̂D7

∫ LMM

−LMM
dw

√
F2
t + G2

t r
′2,

Ft = r3λ3(r)
√
F (r), Gt = Lr, N̂D7 = 4

3π
3L3T TD7Lϕ.

(4.59)

Once again, we obtain the same dynamics and therefore this probe captures the same
effects of the ’t Hooft loop as the previous ones.

4.2.2 ’t Hooft loop for the Type IIA backgrounds

Here, we study a probe in the Type IIA family of backgrounds that can be associated with
the ’t Hooft loop and displays screening of the monopole-anti-monopole pair. The dynamics
as we argue is analogous to the one in the Type IIB system.

D2 probe. We will first use a D2 probe brane extended in Σ3[t, w, ϕ] with the direction
r = r(w) and the rest of the coordinates being fixed to constant values:

z = z0, θ = θ0, φ = φ0, χ = χ0, η = η⋆, σ = ϵ→ 0, (4.60)

with 0 < η⋆ < P . This is the simplest choice one can have for describing the ’t Hooft loop,
as the pullback of the NS potential B2 on Σ3 is zero and therefore the DBI action is easy
to handle. The induced metric on the brane reads:

ds2
ind =− 4f̃3/2

1 f̃
1/2
5 f̃

r2λ2

L2 dt2 + 4f̃3/2
1 f̃

1/2
5 f̃

(
r2λ2

L2 + r′2

r2Fλ4

)
dw2

+ f̃
3/2
1 f̃

1/2
5

[
f̃3A

2
3ϕ + 2

(
f̃2 sin2 θ0A

2
1ϕ + 2F f̃r2λ2

)]
dϕ2.

(4.61)

where in the above expression all the functions are to be taken at the values of the ansatz (4.60):
f̃i ≡ f̃i(r, η⋆, σ0), etc. We can now choose the value for θ0 = 0 and take σ0 → 0. Using
coordinates σ̂ ∈ {t, w, ϕ} where t ∈ [0, T ] on the worldvolume Σ3, we have:

SD2 = TD2

∫
Σ3

d3σ̂
√
−e−2Φdet(gind,D2)

= 8LTD2LϕT lim
ϵ→0

f̃
3/2
1 (ϵ, η⋆)f̃(ϵ, η⋆)

∫ LMM

−LMM
dw
√
F
r4λ4

L4

(
r2λ2

L2 + r′2

r2Fλ4

)
= N̂D2

∫ LMM

−LMM
dw
√
F2
t + G2

t r
′2, N̂D2 = 8TD2LϕT R(η⋆)

L2

(4.62)
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where the functions Ft and Gt are the same as the ones found in the Type IIB background (4.52).
Consequently, the plots are similar to figure 7, indicating the screening of monopole-anti-
monopole pairs in this background as well.

One could also study the ’t Hooft loops obtained by suitably probing the geometry with
D4 and D6 branes. In these cases, the non-zero pull back of the NS two form makes the
calculation more cumbersome. We do not discuss these further in this paper. Instead, we
focus on another relevant observable.

4.3 Entanglement entropy

In this section, we study the entanglement entropy of the QFTs dual to our backgrounds.
We consider codimension two submanifolds which explore the bulk, while their boundary
at r = ∞ divides the dual theory in two entangled regions. Following the proposal of
Ryu and Takayanagi [57], the action for the minimization of the hypersurface for the 10d
theories is given by

SEE = 1
4GN

∫
Σ8

d8σ̂
√
e−4Φdet(gΣ8), (4.63)

where GN is the ten dimensional Newton constant and Φ the dilaton of the theory. In 11d
we propose the following formula24

SEE = 1
4G(11)

N

∫
Σ9

d9σ̂
√
det(gΣ9), (4.64)

where G(11)
N denotes the eleven dimensional Newton constant and Σ9 a codimension two

manifold in eleven dimensions. The above reduces to (4.63) in the case of a U(1) isometry in
the M-theory solution. In that case, using (3.32) one can indeed verify that25

√
det(gΣ9) =

√
e−4Φdet(gΣ8). (4.65)

In the absence of a U(1) isometry we expect that (4.64) will yield a similar dynamical
integral as (4.63), which if we consider giving the RT surface a profile in the radial coordinate
will have the same form as the integral found in the previous observables (4.7), with the
constant of proportionality in this case being related to the central charge.

In the following, we study this observable in the three different backgrounds presented
in this work.

4.3.1 Entanglement entropy for the Type IIB background

For the case of the type IIB background, we choose an eight-manifold Σ8 that extends in the
directions [w, z, ϕ, θ, ψ, ϕ1, ϕ2, ϕ3] with the profile of the radial coordinate being r = r(w). At
r = ∞ we take this manifold to have a boundary which splits the field theory in two regions:
one being a strip of length LEE, and the other the rest of the space.

24To the best of our knowledge this definition for 11d geometries has not been written down explicitly.
25One can choose to write the expression of the metric in type II theories either in the string or Einstein

frame, the difference being ds2
E = e−Φ/2ds2

S .
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The induced metric on Σ8 is then

ds2
ind = ζ(r, θ)r2

L2

[
dz2 + L2F (r)dϕ2 +

(
1 + L2r′2

F (r)λ6(r)r4

)
dw2

]

+ L2
[
ζ(r, θ)dθ2 + cos2 θ

ζ(r, θ)dψ
2 + cos2 θ sin2 ψ

ζ(r, θ)

(
dϕ1 +

A1
L

)2

+cos2 θ cos2 ψ

ζ(r, θ)

(
dϕ2 +

A2
L

)2
+ λ6(r) sin2 θ

ζ(r, θ)

(
dϕ3 +

A3
L

)2
]
,

(4.66)

and the determinant of this yields

det(gΣ8) = L6r6F (r)λ6(r) cos6 θ cos2 ψ sin2 θ sin2 ψ

[
1 + L2r′2

λ6(r)F (r)r4

]
. (4.67)

Given that the dilaton for this background is trivial, we arrive at the following expression
for the entanglement entropy action

SEE = N̂EE
IIB

∫ LEE/2

−LEE/2
dw
√
F2

EE + G2
EEr

′2,

F2
EE = r6F (r)λ6(r), G2

EE = L2r2, N̂EE
IIB = L3LϕLzπ

3

4GN
.

(4.68)

We find the same functions as the ones appearing in the integrand on the ’t Hooft loop
observable in (4.52). From this it follows that the entanglement entropy undergoes a phase
transition as well, since the plots for the length of the strip LEE and the corresponding energy
are identical to the ones presented in figure 7, where a phase transition in the energy E(LEE)
is apparent. There is a critical length after which the system prefers to have zero entanglement
entropy, corresponding to two disconnected Ryu-Takayanagi surfaces that are attached at
w = ±LEE/2 at the boundary (r = ∞) and extend deep in the bulk, reaching the end of space.
This behaviour of the entanglement entropy further supports the confinement-deconfinement
phase transition [52, 58, 59].

4.3.2 Entanglement entropy for the Type IIA background

For this background, we will choose an eight manifold Σ8 extended in the coordinates
[w, z, ϕ, θ, φ, χ, σ, η] with r = r(w). The induced metric on this manifold is

ds2
Σ8 = f̃

3/2
1 f̃

1/2
5

[
4f̃ r

2λ(r)2

L2 (dz2 + L2Fdϕ2 + 4f̃ f̃3/2
1 f̃

1/2
5

(
r′2

r2λ4F
+ r2λ(r)2

L2

)
dw2

+ f̃2DµiDµi + f̃3(dχ+B)2 + f̃4(dσ2 + dη2)
]
.

(4.69)

Taking the determinant of the above metric, we arrive at

det(gΣ8) = 43F (r)r
6λ(r)6

L4 sin2 θf̃12
1 f̃2

2 f̃3f̃
2
4 f̃

4
5 f̃

3
[
1 + L2r′2

r4F (r)λ6(r)

]
, (4.70)
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which in turn yields the following action for the surface (setting κ = 1):

SEE = N̂EE
IIA

∫ LEE/2

−LEE/2
dw
√
F2

EE + G2
EEr

′2,

F2
EE = r6F (r)λ6(r), G2

EE = L2r2, N̂EE
IIA = 64π2κ3LϕLz

L2GN

∫ ∞

0
dσ
∫ P

0
dη σV̇ V ′′,

(4.71)

Once again we arrive at the same dynamical part as in the type IIB background and the ’t
Hooft loops, hence this systems also exhibits a phase transition in the entanglement entropy.
In addition to the constant numerical prefactor, we also obtain an integral in the subspace
spanned by σ and η, which makes its appearance in many of these systems when one calculates
the entanglement entropy or other observables that encode the degrees of freedom of the
dual field theory, like the c-function [26, 45, 60]. We further comment on this in the next
section where we calculate the flow central charge.

4.3.3 Entanglement entropy in 11d supergravity

To calculate the entanglement entropy directly in the 11d system (3.27), we take the codimen-
sion 2 manifold Σ9 with t constant and r = r(w). The induced metric on this subspace is then

ds2
9 = e2λ

{
4Z
X3

[
r2λ(r)2

L2

(
dz2 + L2F (r)dϕ2

)
+
(
r2λ(r)2

L2 + r′2

r2λ(r)4F (r)

)
dw2

]

+y
2e−6λ

Z2 (Dµi)2 + 4X3

Z2
(Dχ2)

1− y∂yD0
− Z

y
∂yD0dy2 − Z2

y
∂ye

D0(dv2
1 + dv2

2)
}
.

(4.72)

where we have again set κ = 1 = m. The determinant of this metric is

det gΣ9 = 256L2e2D0y2(∂yD0)2 sin2 θ

[
F (r)r

6λ(r)6

L6 + r2r′2

L2

]
(4.73)

and the action is written as

SEE = N̂EE
LLM

∫ LEE/2

−LEE/2
dw

√
F2

EE + G2
EEr

′2, (4.74)

F2
EE = r6F (r)λ6(r), G2

EE = r2L2, N̂EE
LLM = 32π2LzLϕ

G
(11)
N

∫
dydv1dv2 y∂ye

D0 . (4.75)

Once again, the observable factorizes itself in a universal manner and the r-dependent factor
is the same as in the previous cases. An interesting comment here is that the integral
in the subspace spanned by y, v1 and v2 appearing in the UV factor above, is the 11d
version of the integral found in the electrostatic case (4.71). To see this in detail, we
make use of the change of coordinates (3.25) to translate this subspace to the “electrostatic
variables”: (y, v1, v2) 7→ (σ, η, β). Writting the (v1, v2) plane in polar coordinates (ρ, β) and
differentiating these relations, we find:

dy = V̇ ′dη − σV ′′dσ, dv1 ∧ dv2 = −ρ dρ ∧ dβ and e
D0
2 dρ = σV ′′dη + V̇ ′dσ, (4.76)

and then we write the integrand as:

y∂ye
D0 = 2V ′′V̇ σ2

ρ2
[
V̈ V ′′ − (V̇ ′)2

] . (4.77)
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This maps the integral in (y, v1, v2) to the following:∫
dy dv1 dv2 y∂ye

D0 = −2
∫

dβ dη dσ V̇ V ′′σ, with V = V (β, η, σ), (4.78)

which is indeed proportional to the integral in (4.68) in the electrostatic case, that is when
the extra SO(2) symmetry in the v1, v2 plane renders V independent of β. The same integral
appears also in flow central charge calculation, carried out below.

4.4 Flow central charge

We now study an observable called flow central charge. The calculation details are included
in [1, 27, 60, 61]. This is a monotonic quantity related to the number of degrees of freedom
of the flow and asymptotes to the UV central charge value. It provides an effective number
of degrees of freedom for every value of the holographic coordinate along the flow from the
CFT4 to the strongly coupled 3d systems in the IR.

Interestingly, notice that this quantity is monotonic for the backgrounds here studied,
in which Lorentz invariance SO(1, 3) is broken to SO(1, 2)× SO(2) under the RG flow. In
summary, we write a quantity that detects the four dimensional fixed point, the gapped
character of the three-dimensional QFT (giving a vanishing result) and is monotonic along
the flow.

Consider a dilaton and metric of the form

ds2 = −a0dt20 +
d∑
i=1

aidx2
i +

d∏
i=1

(ai)
1
d b̃(r)dr2 + hab(dya −Aa)(dyb −Ab), Φ(y⃗, r). (4.79)

To calculate the holographic flow central charge we use [60–62]

GijdXidXj =
d∑
i=1

aidx2
i + hab(dya −Aa)(dyb −Ab) (4.80)

Ĥ =
(∫ 8∏

a=1
dXa

√
e−4Φ det (Gij)

)2

, cflow = Vold dd
b̃(r) d

2 Ĥ
2d+1

2

G
(10)
N

(
Ĥ ′
)d . (4.81)

For Gij the 8-dimensional internal space and field theory directions and Vold the volume
of the field theory subspace spanned by {xi}.

4.4.1 Flow central charge in Type IIB Background

Calculating the flow central charge in the IIB background, we find with d = 3,

b̃(r) = L
4
3

F (r) 4
3λ(r)6r4

. (4.82)

The 8-dimensional space is

Gijdxidxj =
ζ(r, θ)r2

L2

[
dw2 + dz2 + L2F (r)dϕ2

]
+ L2

ζ(r, θ)
[
ζ(r, θ)2dθ2 + cos2 θdψ2 + cos2 θ sin2 ψDϕ2

1 + cos2 θ cos2 ψDϕ2
2

+ λ6(r) sin2 θDϕ2
3

]
.
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Figure 8. Plot of the normalised flow central charge in eq. (4.85) as a function of ξ for different
values of ν̂ and L = 1. The cflow goes to the UV central charge cUV = N̂ c

IIB for large values of ξ. This
plot is the same for all of the three backgrounds.

Taking the determinant we find:

detGij = r6L6F (r)λ(r)6 sin2 θ cos6 θ cos2 ψ sin2 ψ,∫
d8x

√
e−4Φ detGij = π3L3r3λ(r)3

√
F (r)LwLzLϕ = Ĥ1/2, (4.83)

and the flow central charge takes the form

cflow = 33 b̃(r) 3
2 Ĥ

7
2LϕLzLw

G
(10)
N (Ĥ ′)3

. (4.84)

We write the radially dependent part in terms of dimensionless variables ξ, ν̂ defined in (2.2)
and the final expression takes the universal form:

cflow = 27N̂ c
IIB

ξ6
(
1 + ν̂

ξ2

)2 ( ξ6−1+ν̂(ξ4−1)
ξ4(ν̂+ξ2)

) 3
2

(2ν̂ + 3ξ2)3 with N̂ c
IIB = π3L8LwLzLϕ

8G(10)
N

. (4.85)

In figure 8 we observe that the point r = r⋆ corresponds to an energy scale in the dual
field theory below which there are no dynamical degrees of freedom. This indicates that the
system has a gapped spectrum and r⋆ is associated with the gap scale.

Moreover, we notice that the non-universal part N̂ c
IIB of the observable which equals

the central charge of the UV theory, is also contained in the UV factor of the entanglement
entropy calculation (4.68). The two are related as:

N̂ c
IIB = cUV = L2L2

wLzLϕ
2 N̂EE

IIB . (4.86)

Similar relations hold for the rest of the backgrounds under study. The interested reader can
consult [63] for more on the relation between c-functions and entanglement entropy.
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4.4.2 Flow central charge for Type IIA background

In the same way as above, we calculate the flow central charge for the 11d and IIA backgrounds.
We have the same b̃(r) as in eq. (4.82). The 8-manifold metric reads

Gijdxidxj = f̃
3/2
1 f̃

1/2
5

[4f̃ r2λ(r)2

L2 (dw2 + dz2 + L2F (r)dϕ2)

+ f̃2DµiDµi + f̃3(dχ+B)2 + f̃4(dσ2 + dη2)
]
, (4.87)

and we find

e−4Φdet(Gij) = 64f̃9
1 f̃

2
2 f̃3f̃

2
4 f̃5f̃

3 r
6λ(r)6

L4 F (r) (4.88)

Setting κ = 1 and utilising

f̃9
1 f̃

2
2 f̃3f̃

2
4 f̃5f̃

3 = 16V̇ 2V ′′ 2σ2, (4.89)

we get:

Ĥ
1
2 = 265π2Lϕ

L2

∫
dσdη V̇ V ′′σ r3λ(r)3

√
F (r). (4.90)

This yields the result:

cflow = N̂ c
IIA 27

ξ6
(
1 + ν̂

ξ2

)2 ( ξ6−1+ν̂(ξ4−1)
ξ4(ν̂+ξ2)

) 3
2

(2ν̂ + 3ξ2)3 , N̂ c
IIA =

32π2L2
ϕL

2
zL

2
wL

2

GN

∫ ∞

0
dσ
∫ P

0
dηV̇ V ′′σ,

(4.91)
where the flow factor matches that of the type IIB calculation above. The normalized
flow central charge for this solution will also be depicted by figure 8. Again, one observes
that the expression

∫
dσdη V̇ σ makes its appearance in the corresponding constant in the

entanglement entropy calculation. More specifically,

cUV = N̂ c
IIA = L4LϕLwLz

2 N̂EE
IIA . (4.92)

4.4.3 Flow central charge in 11d supergravity

For the calculation in 11d, we compute a 9-volume and there is no dilaton. Here we find:

Ĥ
1
2 = 256π2Lϕ

L2

∫
dy dv1dv2 y∂ye

D0 r3λ(r)3
√
F (r), (4.93)

and therefore

cflow = N̂ c
LLM 27

ξ6
(
1 + ν̂

ξ2

)2 ( ξ6−1+ν̂(ξ4−1)
ξ4(ν̂+ξ2)

) 3
2

(2ν̂ + 3ξ2)3 , N̂ c
IIA =

32π2L2
wL

2
zL

2
ϕ

G
(11)
N

∫
dy dv1dv2y∂ye

D0 ,

(4.94)
in which case we have the connection with the entanglement entropy UV factor:

cUV = N̂ c
LLM = LzLϕL

2
wN̂EE

LLM. (4.95)
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4.5 D7 brane embeddings in the Anabalon-Ross deformed AdS5 × S5 solution

The main objective of this subsection is to study the properties of a D7-brane probe embedded
in a confined background. To facilitate the analysis we will focus on the type IIB confined
solution and set to zero the Coulomb branch parameter ℓ. In this way we essentially analyze
the addition of D7-brane probes to the Anabalon-Ross deformed AdS5 × S5 background [24].
The background in this case is

ds2
10 = r2

L2

[
dx2

1,2 + f(r)L2 dϕ2 + L2 dr2

r4 f(r)

]
+ L2

{
dθ2 + sin2 θ

(
dϕ3 +

A3
L

)2

+cos2 θ

[
dψ2 + sin2 ψ

(
dϕ1 +

A1
L

)2
+ cos2 ψ

(
dϕ2 +

A2
L

)2
]}

, (4.96)

with26

f(r) = 1
L2 − L2Q2

r6 and A1 = A2 = A3 = −Q
1/3

L1/3 dϕ+ LQ

r2 dϕ, (4.97)

where we have explicitly used the expression for r⋆ = L2/3Q1/3 coming from the condition
F (r⋆) = 0. A consistent ansatz for a D7-brane probe with the following worldvolume
coordinates

ζα = (t, y, z, ϕ, r, ψ, ϕ1, ϕ2) is θ = θ(r) and ϕ3 = L2/3Q1/3

L2 ϕ . (4.98)

Notice that in the limit of Q→ 0, in which case we obtain the familiar AdS5×S5 solution, the
ansatz for the embedding function ϕ3 becomes zero, and we obtain the D7-brane embedding
of [64]. To simplify the study of the embeddings, it is convenient to introduce an isotropic
system of coordinates, along the lines of [65, 66]. To identify these coordinates, we have
to isolate the (r, θ) part of the induced metric

dr2

r2 f(r) + L2dθ2 = L2
[

dr2

r2 L2 f(r) + dθ2
]

(4.99)

and exchange the radial coordinate r with a new radial coordinate ρ, such that such the
first term inside the brackets becomes dρ2/ρ2. This means

dr

r
√
1− L4 Q2

r6

= dρ
ρ

⇒ r = L
2
3 Q

1
3

2 1
3 ρ

(
1 + ρ6

) 1
3 with ρ ∈ [1,∞) . (4.100)

Describing the embedding in terms of the function χ(ρ) = sin θ(ρ) simplifies the analysis,
and the Euclidean D7-brane action becomes

I

N
=
∫ dρ
ρ5

(
1 + ρ6

) 1
3
√
(1− ρ6)2 + 4 ρ6 χ2

(
1− χ2

)√
1− χ2 + ρ2 χ′2 (4.101)

with

N = π2L
8
3Q

4
3

3√2
TD7 (4.102)

26The metric in (4.96) is the ℓ→ 0 limit of (6.3). Due to the redefinition of equation (6.1), the parameter
Q has dimensions of length.
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Figure 9. In the left panel, plots of the D7-brane embeddings for different values of the constant R0.
The black region indicates the end of space which is an inaccessible region of the geometry. In the
right panel, qualitative plot of the parameter c versus the parameter m, as they are read off from the
boundary behaviour of the solution.

The equation of motion for χ(ρ) can be obtained from the Euclidean D7-brane action and
implies that the behaviour of the field at infinity is

χ = m

ρ
+ c

ρ3 + · · · (4.103)

where the dimensionless constants m and c are related to the quark mass and condensate.
Let us now introduce a system of Cartesian-like coordinates (u,R), defined as follows

R = ρχ and u = ρ
√
1− χ2 . (4.104)

The Euclidean D7-brane action becomes

I

N ′ =
∫

du
u3
[
1 +

(
u2 +R2)3] 1

3

(u2 +R2)4

√
4R2 (u2 +R2)2 +

[
1− (u2 +R2)3

]2√
1 +R′2 (4.105)

where the embedding of the D7-brane is given by R = R(u). For large values of u we have

R(u) = m+ c

u2 + · · · . (4.106)

Even if there are two free parameters in solving the equation of motion for the embedding
function R(u), the dynamics in the IR of the theory allows that for a given value of m a
finite number of values for c exist, in order to have solutions that are well behaved. In the
current case, there is only one value of c for every m. To solve numerically the equation of
motion for R(u) from (4.105), we integrate from the IR with boundary conditions R(0) = R0
and R′(0) = 0. In the left panel of figure 9, some of these solutions are presented for different
values of the constant R0. The values of the parameters m and c are read off at the boundary
and are presented in the right panel of figure 9.
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In other confining backgrounds (see e.g. [67]), the interior singularity triggers repulsion,
causing the D7-branes to avoid the central region. We observe similar avoidance behavior
for the probe brane in our case (see the left panel of figure 9), even without an interior
singularity. Moreover, the plot of the condensate with respect to the quark mass (in the
right panel of figure 9), shows an interesting non monotonic behaviour. The condensate
flows to zero both when the quark mass is large (something that is expected since away from
the singularity the embeddings are flat), but also for very small quark masses. And all this
without “jumping” from Minkowski to Black hole embeddings, as it happens in the presence of
the temperature [65]. Notice here that in the embeddings that are studied in [67], in a Gubser
dilaton flow geometry [68] that is not supersymmetric, the condensate is finite for zero quark
mass indicating spontaneous chiral symmetry. In our case, there is a finite value of the quark
mass that the condensate obtains a maximal value. This behaviour has to be investigated
further. First we have to determine the exact relation between the parameters m, c with the
quark mass and the condensate. This should be followed by a holographic renormalization,
in order to calculate the “on-shell” action, and by the computation of the meson spectrum.

5 Holographic renormalization

5.1 Anabalon-Ross solution

In this section we will study the holographic renormalization of the solution presented by
Anabalon and Ross in [24], using the methods developed by Skenderis et al. in [16–18, 69]. The
configuration we wish to study is a solution of five-dimensional gauged N = 2 supergravity
with the following action:

S = 1
16πG

∫
d5x

√
−g

(
R+ 12

L2 − 3
4FµνF

µν
)
+ 1

16πG

∫ √
−gF ∧ F ∧A, (5.1)

with a gauge field

A = Q

( 1
r2 − 1

r2
⋆

)
dϕ, F = dA. (5.2)

The equations of motion for the gauge field and the metric read:

d ⋆5 F + F ∧ F = 0, Gµν = T̃µν(A) with T̃µν(A) = 3
2

(
FµρFρ

ν − 1
6gµνFρσF

ρσ
)
+ 6
L2 gµν .

(5.3)
The metric is given by

ds2 = r2

L2

(
− dt2 + dx2

1 + dx2
2 + f(r)dϕ2

)
+ L2dr2

r2f(r) with f(r) = 1− µ l2

r4 − Q2L2

r6 .

(5.4)
The configuration preserves four real supercharges when µ = 0, or equivalently when r⋆ =
(QL)1/3. Following the steps leading to holographic renormalization [16–18], we first transform
our coordinate system to Fefferman-Graham coordinates:

ds2
5 = L2

ρ2

(
dρ2 + gij(x, ρ)dxidxj

)
, (5.5)
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where the variable ρ is defined such that the boundary is now at ρ = 0. To achieve this we
will treat the coordinate change asymptotically near the boundary. First we use r 7→ z−1

and expand around z = 0. The radial part of the metric then becomes (notice that we have
to go up to fifth order for the parameter Q to appear):

Ldr
r
√
f(r)

≈ −
(
L

z
+ L3µ

2 z3 + L3Q2

2 z5 +O(z7)
)
dz = Ldρ

ρ
, (5.6)

which we can integrate to find ρ(z) asymptotically:

⇒ ρ = exp
{
1
L

∫
dz
(
L

z
+ L3µ

2 z3 + L3Q2

2 z5 +O(z7)
)}

⇒ ρ ≈ z + L2µ

8 z5 + L2Q2

12 z7 +O(z9),
(5.7)

and inverting this we get the relation for z(ρ):

z ≈ ρ− L2µ

8 ρ5 − L2Q2

12 ρ7 +O(ρ9). (5.8)

We can now expand the expressions of the boundary metric gij around ρ = 0:

|gtt| = gx1x1 = gx2x2 ≈ 1
L2 + µ

4 ρ
4 + Q2

6 ρ6 +O(ρ8) , gϕϕ ≈ 1
L2 − 3µ

4 ρ
4 − 5Q2

6 ρ6 +O(ρ8).
(5.9)

One can then use the following formula to calculate the vacuum expectation value of the
stress energy momentum tensor in the four-dimensional boundary field theory [16]:

⟨Tij⟩ =
4L3

16πGN
g(4)ij , (5.10)

where g(4)ij denotes the coefficient of the fourth order in ρ term in the expansion. The
result reads:

−⟨Ttt⟩ = ⟨Tx1x1⟩ = ⟨Tx2x2⟩ = − L3µ

16πGN
, ⟨Tϕϕ⟩ =

3L3µ

16πGN
. (5.11)

As expected, the SUSY point µ = 0 has vanishing vev for the energy momentum tensor.
As for the gauge field, its near boundary expansion in these variables is:

A ≈
(
−Q

r2
⋆

+Qρ2 − L2Qµ

4 ρ6 +O(ρ8)
)
dϕ, (5.12)

yielding the vev for the current:

⟨Jϕ⟩ = Q, (5.13)

which couples to a global current expressing the R-symmetry of the dual theory. We comment
that the preserved R symmetry is still realized by internal cycles inside the deformed S5,
namely the U(1)3 ∼= S1 × S1 × S1 ⊂ S5.
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5.2 Anabalon-Nastase-Oyarzo

The same procedure can be carried for the solution of [33]. In this case the change of
variables bringing the metric of (2.5) asymptotically to the Fefferman-Graham form (5.5),
as well as its inverse, read:27

ρ ≈ z − ℓ2ε

6 z3 + 9L4(q2
1 − q2

2)ℓ2ε+ 5ℓ4
72 z5 +O(z7),

z ≈ ρ+ ℓ2ε

6 ρ3 − 9L4(q2
1 − q2

2)− 5ℓ4
72 ρ5 +O(ρ7).

(5.14)

Let us now look at the expansions of the 4d metric coefficients near the boundary. We have:

|gtt| = gww = gzz =
r2λ2(r)
L2 ≈ 1

L2 +
[
−L

4ℓ2ε(q2
1 − q2

2)
4L2 − ℓ4

18L2

]
ρ4

+
[
−L

2ℓ4(q2
1 − q2

2)
8 + 13ℓ6ε

648L2

]
ρ6 +O(ρ8),

gϕϕ = r2λ2(r)F (r) ≈ 1
L2 +

[
−3L4ℓ2(q2

1 − q2
2)ε

4L2 − ℓ4

18L2

]
ρ4

+ −27L4ℓ4(19q2
1 + 5q2

2) + 13ℓ6ε
648L2 ρ6 +O(ρ8).

(5.15)

We notice that the boundary expansions contain constant isotropic terms, highlighted in
blue. In order to ensure that the VEV of the stress-energy-momentum tensor vanishes, as
it should for a SUSY theory, we can remove these terms by adding the following boundary
expression to the supergravity action:

Sc.t. =
1

8πGN

(
Lℓ4

9

)∫
R1,3

d4x
√
γ, (5.16)

where γ is the induced metric on the boundary of AdS5. Such a term respects all the
symmetries of the theory, is covariant and does not interfere with the equations of motion. It
only results in a shifting of the VEV of Tij . The final expression reads:

⟨Tij⟩ =
4L3

16πGN

(
g(4)ij + ηij

ℓ4

18L2

)
= L3µ

16πGN
diag(−1, 1, 1,−3), (5.17)

where µ = −ηL4(q2
1 − q2

2), g(4)ij refers to the fourth order coefficients in (5.15) and the second
term is the effect of (5.16). Clearly, in the supersymmetric case where q1 = q2 we get ⟨Tij⟩ = 0.
Let us note that counterterms of this form were first introduced in [70] for the purpose of
removing divergences from physical observables like the AdS mass density. As noted in [70] as
well as [16], it is often necessary to fix such terms, expressing ambiguities, in order to match

27Again, after letting r = z−1 to bring the boundary at z = 0.
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the ground state energy. As for the scalar and gauge fields, their near boundary behaviour is:

Φ(r) =
√

2
3 ln λ−6(r) ≈ −

√
2
3ℓ

2ερ4 + ℓ4

3
√
6
ρ6 +O(ρ8),

A1
ϕ = A2

ϕ ≈ Lℓ2εq1
r2
⋆

− Lℓ2εq1ρ
2 − Lℓ4q1

3 ρ4 + Lℓ4q1
36

[
9L4(q2

1 − q2
2)− 2ℓ2ε

]
ρ6 +O(ρ8),

A3
ϕ ≈ Lℓ2εq2

r2
⋆ + ℓ2ε

− Lℓ2εq2ρ
2 + 2Lℓ4q2

3 ρ4 − Lq2
36

[
−9L4(q2

1 − q2
2)ℓ4 + 14ℓ6ε

]
ρ6 +O(ρ8).

(5.18)
From these we can read the VEV of the dimension two28 operator dual to the scalar field:29

⟨O2⟩ = 2×
(
−
√

2
3ℓ

2ε

)
= 2

√
2L2

√
3

η, (5.19)

as well as the VEVs of the currents contained in the O(ρ2) coefficients of the gauge fields:

⟨J1⟩ = −Lℓ2εq1, ⟨J3⟩ = −Lℓ2εq2, (5.20)

which are equal at the SUSY point where q1 = q2 = q. We see that one can recover the
results of the previous subsection by setting Q = ℓ2Lq and taking the limit ℓ → 0 which
maps the Anabalon-Nastase-Oyarzo solution to the Anabalon-Ross one as explained in [1].

6 The stability analysis of the classical solution for the Wilson loops

In this subsection we will examine the stability of some of the Wilson loop configurations that
were calculated in [1]. The analysis will be for Wilson loops in the Type IIB case, however we
expect that the conclusions of the subsequent analysis will be valid also for the other cases.

6.1 The classical solution

We consider the ten-dimensional supergravity background constructed in section 5 of [33],
presented here in 3.1 (we are especially interested in the supersymmetric case, in which the
parameters q1 and q2 are equal) and we perform the following redefinition (see also [1])

q1 = q2 = Q

ℓ2
, (6.1)

where Q has dimensions of length. In this way the background functions and the gauge
fields become30

ζ(r, θ)2 = 1− ℓ2

r2 cos2 θ , λ(r)6 = 1− ℓ2

r2 , F (r) = 1
L2

[
1− L4Q2

r4(r2 − ℓ2)

]

A1 = A2 = −LQ
r2 − r2

⋆

r2
⋆ r

2 dϕ , A3 = −LQ
r2 − r2

⋆

(r2
⋆ − ℓ2) (r2 − ℓ2) dϕ . (6.2)

28The prefactor of 2 in the VEV expression enters because in this special case where ∆ = 2 we have
(2∆ − d) = 0, as explained in [16].

29We remind the reader that η = −εℓ2/L2.
30For simplicity we have chosen ε = −1. Notice that we can reverse this choice at any time by ℓ→ i ℓ.
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The background metric is given by (3.1), see [1, 33], which we repeat here for convenience

ds2 = r2

L2 ζ(r, θ)
[
dx2

1,2 + L2F (r)dϕ2 + L2dr2

F (r) r4 λ3(r)

]
+ L2 ζ(r, θ) dθ2

+ L2

ζ(r, θ)

{
cos2 θ

[
dψ2 + sin2 ψ

(
dϕ1 +

A1
L

)2
+ cos2 ψ

(
dϕ2 +

A2
L

)2
]

(6.3)

+λ6(r) sin2 θ

(
dϕ3 +

A3
L

)}
.

with C4 given in (3.7) which does not participate in the calculation of the Wilson loops
and their stability analysis.

To obtain generic expressions for the string configuration and for the equations of the
fluctuation modes, we consider the following general form for the metric

ds2 = Gttdt2 +Gwwdw2 +Gzzdz2 +Gϕϕdϕ2 +Grrdr2 +Gθθdθ2 + . . . (6.4)

Notice that in the cases we will consider Gtt will be negative and y denotes the spatial side
of the Wilson loop along which the Wilson loop extends. To write down the expression for
the string trajectory in a compact form, we introduce the following functions

g(r, θ) = −GttGrr , fy(r, θ) = −GttGyy . (6.5)

The Nambu-Goto action for a string that propagates in the gravity background becomes

S = − 1
2π

∫
dτdσ

√
− det gαβ with gαβ = Gµν∂αx

µ∂βx
ν . (6.6)

To fix reparametrization invariance, we make the choice: t = τ and r = σ, and the ansatz for
the string embedding corresponds to that of embedding I (with ϕ0 = 0) studied in section 4.1.1

y = y(σ) , ϕ = 0 , θ = θ0 =
{
0 or π2

}
and rest = constant . (6.7)

Notice here that the two values for the angle θ came from the substitution of the ansatz (6.7)
into the equations of motion, that are derived from (6.6). The equation that the embedding
obeys becomes

fy y
′
cl√

g + fy y′2cl

= ±
(
f0
y

)1/2
⇒ y′cl = ±

√
f0
y F

fy
with F = g fy

fy − f0
y

. (6.8)

All the functions are calculated at θ = θ0 and r0 is the value of the holographic coordinate
at the turning point. Moreover, f0

y ≡ fy(r0, θ0), ycl is the classical solution and y′cl is the
derivative of the classical solution with respect to σ at θ = θ0. The two signs denote the
two symmetric branches of the string trajectory around the turning point. Integrating (6.8)
we obtain the expression for the separation length and inserting the solution for y′cl into the
Nambu-Goto action (and properly subtracting the contribution from two straight strings
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extending until the end of the geometry), we obtain the expression for the energy. This is the
same procedure we followed to obtain equations (4.8) and in this context they read

L = 2
√
f0
y

∫ ∞

r0
dr

√
F

fy
. and E = 1

π

∫ ∞

r0
dr

√
F − 1

π

∫ ∞

r⋆

dr√g . (6.9)

In principle, we would like to analytically evaluate the preceding integrals, express the
parameter r0 as a function of the separation length L and then insert that expression into
the expression for the energy. In that way, we would obtain an expression of the energy
in terms of the separation length, E(L). In practice this can be done only for a limited
amount of “cases” (i.e. backgrounds), and the confined background is not one of those cases.
Alternatively, we consider the expressions of (6.9) as parametric equations of the length
and of the energy with parameter r0.

In figure 3 (c) and (d) we have plotted the energy of the Wilson loop as a function of
the separation length for different values of ν̂, or equivalently, different values of Q (the
case ν̂ = −1 corresponding to Q = 0). For large values of the separation length, which is
equivalent to small values of the parameter r0 (i.e. the turning point of the string approaches
the confinement scale Q), the energy has a confining behaviour. This means that it increases
linearly with the separation length. In this section we are going to investigate the perturbative
stability of the string configuration, paying special attention to the region of small r0. We
are going to analyze the case with θ0 = 0, but the main conclusion will be also valid for the
other cases. Notice that in the θ0 = 0 case and for very small values of Q (or ν̂ ≈ −1+),
there is a region in the E(L) plot (figure 3 (d)) in which a “swallow tail” is observed. In [1]
we have plotted the quantities RabRab and RabcdR

abcd for different values of θ0 and Q and
we have observed that when both θ0 and Q approach zero, those quantities become very
large, almost infinite. As a result, background corrections are needed since the supergravity
approximation is not valid. It is in this regime that the “swallow tail” appears, and for this
reason we argue that the phase transition that is seen in the behaviour of the Wilson loop
does not correspond to an actual physical situation. Based on these arguments we are not
considering this region of the parametric space for Q in the following analysis.

6.2 Expansion of the action and equations of motion for the fluctuations

To investigate the stability of the string configuration that is described in (6.8), we consider
small fluctuations about the classical solution. We are going to fluctuate all the coordinates,
either transverse or longitudinal to the quark-antiquark axis. We perturb the embedding
ansatz as follows

z = z0 + δz(τ, σ) , y = ycl(σ) + δy(τ, σ) , θ = θ0 + δθ(τ, σ) , ϕ = δϕ(τ, σ)

φ1 = δφ1(τ, σ) , φ2 = δφ2(τ, σ) , φ3 = δφ3(τ, σ) , ψ = δψ(τ, σ) . (6.10)

Notice that we keep the expansion ansatz for the angle θ general. In this way we will obtain
a system of equations for the fluctuations that could be potentially applied for both values of
θ0. The next step is to substitute the ansatz (6.10) into the Nambu-Goto action and expand
in powers of the fluctuations. In this way we obtain an expression of the form

S = S0 + S1 + S2 + . . . (6.11)
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where the zeroth order term is the classical action and the first order contribution is

S1 = − 1
2π

∫
dτdσ

{√
f0
y δy

′ +
[

1
2F 1/2∂θg +

f0
y F

1/2

2f2
y

∂θfy

]
δθ

}
(6.12)

where ∂θg and ∂θfy denote derivatives of the functions g and fy with respect to θ evaluated at
the value θ = θ0, while δy′ denotes derivative with respect to σ. In the cases that we consider
the derivatives of the functions g and fy vanish and the first term is a surface contribution
that will not affect the equations of motion. The second order contribution can split to a
sum of terms. Some of them contain contribution from just one fluctuation

Sδz2 = fz
2F 1/2 δz

′2 − h fz F
1/2

2 g fy
δż2 & Sδy2 = gfy

2F 3/2 δy
′2 − h

2F 1/2 δẏ
2

Sδθ2 = fθ
2F 1/2 δθ

′2 − h fθ F
1/2

2 g fy
δθ̇2 +

(
1

4F 1/2∂
2
θg +

f0
y F

1/2

4 f2
y

∂2
θfy

)
δθ2

Sδψ2 = fψ
2F 1/2 δψ

′2 − h fψ F
1/2

2 g fy
δψ̇2 & Sδϕ2 = fϕ

2F 1/2 δϕ
′2 − h fϕ F

1/2

2 g fy
δϕ̇2

Sδφi
2 = fφi

2F 1/2 δφ
′2
i − h fφi F

1/2

2 g fy
δφ̇i

2 with i = 1, 2, 3 (6.13)

and there are three more that contribute to the coupling between the modes δϕ and δφi,
for i = 1, 2, 3

Sδϕ δφi
2 = f12

[
fφi

F 1/2 δϕ
′ δφ′

i −
h fφi F

1/2

g fy
δϕ̇ δφ̇i

]
for i = 1, 2 with f12 = −Q

r2 − r2
⋆

r2
⋆ r

2

Sδϕ δφ3
2 = f3

[
fφ3

F 1/2 δϕ
′ δφ′

3 −
h fφ3 F

1/2

g fy
δϕ̇ δφ̇3

]
with f3 = −Q

r2 − r2
⋆

(r2
⋆ − ℓ2) (r2 − ℓ2) . (6.14)

The definitions of the functions fz, fθ, fϕ, fψ, h and fφi with i = 1, 2, 3, are listed in (C.5).
The equations for the fluctuations δz, δψ, δy and δθ are decoupled, while the equations
for δϕ, δφ12 and δφ3 are coupled. After introducing a time dependence of the form e−iω τ

(see (C.6)), they take the form that is listed in (C.7), (C.8) and (C.9). Therefore, we have
reduced the problem of examining the stability of the string trajectory to an eigenvalue
problem for the differential operators that refer to the different types of fluctuation modes.
The differential equations are of the general Sturm-Liouville type{

− d
dσ

[
p(σ) d

dσ

]
− r(σ)

}
Φ(σ) = ω2 q(σ)Φ(σ) with σmin ≤ σ <∞ (6.15)

where the functions p(σ), q(σ) and r(σ) are read off from the corresponding fluctuation
equation and depend on r0 and the confinement parameter Q. Summarizing, the task is to
solve the Sturm-Liouville problem and determine the range of values of r0 and Q, for which
ω2 is negative. For this range of values the classical solution will be perturbatively unstable.

6.3 Transformation to a Schrödinger potential

To perform the stability analysis it is often more convenient to transform the problem to a
Schrödinger one. For this reason we perform the following change of variable and change
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Figure 10. Plots of the Schrödinger potentials from (C.10) as a function of x from (6.19) for Q = 0
and r0 = 1.2. The red, green, magenta and blue solid lines correspond to Vδz, Vδy, Vδθ and Vδψ.

of function

x = ±
∫ σ

r0
dσ′
√
q

p
with Φ = (pq)−1/4Ψ (6.16)

where the two different signs for the new variable x, correspond to the two different branches
of the U-shaped string embedding. Now equation (6.15) becomes[

− d2

dx2 + V (x)
]
Ψ(x) = ω2Ψ(x) (6.17)

and the expression for the potential is

V = −r
q
+ p1/4

q3/4
d
dσ

[(
p

q

)1/2 d
dσ (pq)

1/4
]
= −r

q
+ (pq)−1/4 d2

dx2 (pq)
1/4 . (6.18)

In the first part of the above relation the potential is a function of the “old” variable σ, while
in the second part the potential depends on the ‘new” variable x.

Toy model — Q = 0 case — reproducing the results of [71]. To set-up the conventions
and compare with existing results in the literature, we begin the analysis with the Q = 0
case and consider θ0 = 0. The expressions for the Schrödinger potentials in each fluctuation
mode are presented in (C.10). Notice that the analysis of the δψ mode was absent in [71].
For all the cases that we consider, the change of variables (6.16) in this case becomes31

x(σ, r0) = ±
∫ σ

r0

dξ√(
ξ2 − r2

0
) (
ξ2 + r2

0 − 1
) . (6.19)

To decide about the stability of the solution against perturbations, in figure 10, we are
plotting the expressions of the different potentials from (C.10) as a function of x from (6.19).

31Notice that in the following analysis we have set ℓ = 1. This means that all the values of r that we
consider are with respect to ℓ: i.e. r0 = 1.2 for ℓ = 1, transforms to r0 = 1.2 ℓ for generic ℓ.
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We have chosen to plot for r0 = 1.2, but the conclusions we draw are valid for any value
of r0 > 1. Notice that the Q = 0 case corresponds to the Coulomb branch (i.e. without
confinement) and there is a singularity at r = 1. Since Vδz and Vδθ are positive for every
value of r0, the solution is stable under fluctuations along z and θ. Contrary to the above
behaviour, Vδy and Vδψ are positive for large values of x and turn negative as x approaches
zero. Because of those negative values for the potential, a numerical computation of the
spectrum is needed, in order to decide whether tachyonic modes are produced or not. As
we will see from the analysis of the next subsection, the small negative part of the potential
Vδψ is not sufficient to produce tachyons for that mode, however we will identify tachyons,
below a critical value of r0, for the mode δy.

Finite Q — confining geometry. For finite Q, as can be seen from equations (C.8)
and (C.9), two of the modes (namely δϕ and δφ12 for θ = 0) are coupled and all the rest
are decoupled.

The expressions for the potentials of the decoupled modes are complicated and in (C.11)
we are presenting their expansions for small value of Q. The change of variables for finite
Q becomes

x(σ, r0, Q) = ±
∫ σ

r0

ξ2√ξ2 − 1 dξ√
(ξ6 − ξ4 −Q2)

(
ξ2 − r2

0
) (
ξ2 + r2

0 − 1
) . (6.20)

Notice that this expression holds both for the coupled and the decoupled modes and in the
limit of Q→ 0, it reduces to (6.19). In figure 11 we are plotting the decoupled potentials for
small values of Q. From this plot it is clear that the presence of the confinement contributes
to the stability of the system, since increasing the value of Q is decreasing the region within
which some of the potentials have negative values. Moreover the potentials that were positive
for Q = 0 remain positive for finite Q. In the next subsection we will solve numerically
the fluctuation equations for δy and δψ (that have regions of x with negative values or the
corresponding potentials) to confirm the absence of tachyonic modes for finite Q.

The coupled system of δϕ and δφ12 can be brought into a Schrödinger form with the
following transformation (

δϕ

δφ12

)
=
(
Ω1 Ω2
Ω3 Ω4

)
.

(
∆1
∆2

)
(6.21)

together with the change of variables of (6.20). The differential equations to determine the
functions Ωi, with i = 1, · · · , 4 are coupled and cannot be solved analytically. Alternatively,
one can expand in powers of Q and solve the coupled system order by order in Q. Until the
linear in Q term, the expressions of the functions Ωi, with i = 1, · · · , 4 are listed in (C.12).
The coupled system becomes

∂2
x

(
∆1
∆2

)
+
(
ω2 1̂− V

)
.

(
∆1
∆2

)
= 0 with V =

(
V11 V12
V21 V22

)
(6.22)

where the expressions for V11, V12, V21 and V22 are listed in (C.13). For normalizable solutions
of (6.22) that vanish at infinity, ω2 is positive if the matrix potential V is positively definite.
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Figure 11. Plots of the decoupled Schrödinger potentials for finite values of Q as a function of x
from (6.20). In the left panel Q = 1/2 and in the right panel Q = 1. The value of the parameter r0 is
fixed to r0 = 1.3, for all the plots. The red, green, magenta and blue solid lines correspond to Vδz,
Vδy, Vδθ and Vδψ. Notice that increasing Q, decreases the region of potential instability. If we keep
increasing the value of Q, all the potentials will become positive for any value of x. To produce the
plots of this figure, we have the used the full expression for each potential and not the perturbative
expansions of (C.11).

This means that TrV > 0 and detV > 0. In figure 12 we have plotted the determinant and
the trace of the potential V , including terms of order Q4. While the trace is positive even
for Q = 0, the negative values of the determinant, in the left panel of figure 12, reduce and
eventually disappear when the value of Q increases. As a result it is plausible to expect
that the spectrum is tachyon free. Solving numerically the coupled system of equations for
δϕ and δφ12, we will verify this expectation.

6.4 Solving for the fluctuations

The final step in the investigation of the stability of the Wilson loop configuration is to
solve numerically the equations of motion for the fluctuations. We will focus to fluctuation
modes for which the corresponding Schrödinger potential had regions of potential instability,
i.e. regions of negative values.

Toy model — Q = 0 case — reproducing the results of [71]. To describe the steps
we have to follow in order to solve numerically the fluctuation equations, we start the analysis
from the simpler Q = 0 case. In this way we will reproduce the results of the analysis of [71].

Solving from (C.7) the equation of motion for δψ approximately around σ = r0 reveals
two classes of solutions, namely

δψ = A+B
√
σ − r0 . (6.23)

In a parallel approach, it is possible to solve perturbatively the Schrödinger equation for
δψ with the potential Vδψ from (C.10) around x = 0 (as it is defined in (6.19)). From this
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Figure 12. Plots of the determinant (left panel) and of the trace (right panel) of the matrix potential
V for two values of the parameter Q. The red and green solid lines correspond to Q = 0 and Q = 1/2.
While the trace is always positive, the determinant is initially negative (i.e. for small values of Q),
but as the value of Q increases the region that could potentially lead to an instability is shrinking.
To produce the plots of this figure, we have used a perturbative expansion for the trace and the
determinant that includes more terms than those that appear in (C.13). In particular we have included
terms of order Q4.

analysis two types of modes arise, namely even and odd ones [72, 73]. Inverting (6.19) to
express σ as a function of x when σ approaches r0, we can relate the even and the odd types
of modes with the two classes of solutions of (6.23). From this identification, we have

A ̸= 0 and B = 0 ⇒ Ψ′(0) = 0 and Ψ(0) ̸= 0 ⇒ even modes
A = 0 and B ̸= 0 ⇒ Ψ′(0) ̸= 0 and Ψ(0) = 0 ⇒ odd modes . (6.24)

Solving numerically the equation of motion for δψ, and imposing either odd or even boundary
conditions, we find a spectrum that is free of instabilities for any value of r0. This happens
even if the Schrödinger potential for δψ, as can be seen in figure 10, becomes negative for a
range of values of r0. For r0 = 1.1 the first several excited states are,

ωeven = 0.928, 3.440, 5.774, 8.084, 10.390, . . .
ωodd = 2.442, 4.650, 6.936, 9.238, 11.544, . . . (6.25)

From the analysis of the previous subsection we know that the other mode that could
potentially lead to an instability is δy. Analysing the behaviour of δy around σ = r0, we
obtain the following behaviour

δy = A+ B√
σ − r0

(6.26)

and performing a similar analysis as before, we identify odd and even modes in the fol-
lowing fashion

A = 0 and B ̸= 0 ⇒ Ψ′(0) = 0 and Ψ(0) ̸= 0 ⇒ even modes
A ̸= 0 and B = 0 ⇒ Ψ′(0) ̸= 0 and Ψ(0) = 0 ⇒ odd modes . (6.27)
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Computation of the spectrum reveals a critical value for the parameter r0, namely rcrit
0 = 1.125,

below which the spectrum is tachyonic. This is in agreement with the findings from [71].
Notice that exactly for this critical value of r0, the spectrum has a zero mode

ωcrit
even = 0.000, 4.391, 6.881, 9.299, 11.692, . . .
ωcrit

odd = 3.154, 5.665, 8.096, 10.497, 12.885, . . . (6.28)

Finite Q — confining geometry. Now we move to the case that we are interested in,
namely of finite Q, and start solving numerically from the mode δψ. Similarly to the
Q = 0 case, we find no sign of instability and the first several excited states for Q = 1 and
r0 = rmin

0 (Q = 1) + 0.1 = 1.31 are,

ωeven = 1.192, 4.014, 6.678, 9.346, 12.015, . . .
ωodd = 2.704, 5.340, 8.011, 10.680, 13.350 . . . (6.29)

For the δy modes, one has to separate the analysis is two cases. When Q < 0.22, in
agreement with the analysis of the Q = 0 case, there is always a critical value of r0 (that
depends on Q) where a tachyon appears and for this value there is a zero mode. However,
as we extensively discussed in [1], these WL trajectories are pathological since the string is
“touching” the Coulomb branch singularity. The reason is that the values of the Coulomb
scale and of the confining scale are close to each other. Remarkably when Q > 0.22 the
tachyons disappear from the spectrum for any value above the rmin

0 (Q). For Q = 1 and
r0 = rmin

0 (Q = 1) + 0.1 = 1.31 the first several excited states that we find are,

ωeven = 2.388, 5.163, 7.851, 10.521, 13.183, . . .
ωodd = 3.727, 6.505, 9.188, 11.853, 14.511 . . . (6.30)

Finally we solve numerically the coupled system of equations (C.8) and the first of (C.9) (this
is the one that survives when θ = 0). As previously the modes are either even or odd depending
on the boundary conditions and it turns out that even/odd modes of δϕ couple to even/odd
modes of δφ12, respectively. From the numerical solution, no presence of tachyon appears
and the first several excited states that we find, for Q = 1, r0 = rmin

0 (Q = 1)+ 0.1 = 1.31, are

ωeven−even = 1.177, 2.687, 4.002, 5.146 , 6.652, . . .
ωodd−odd = 2.680, 3.780, 5.278, 6.270, 7.814 . . . (6.31)

7 Penrose limits of the Anabalon-Ross deformed AdS5 × S5 solution

Here we review the uplift of the supersymmetric Anabalon-Ross solution [24] in type-IIB
supergravity, following the notation of [27]. This consists of a 10D metric and a self-dual
RR 5-form. As mentioned in [1] this solution can be reached by taking the limit ℓ→ 0 with
ℓ2Q fixed in the solution of section 3.1 (considering the SUSY case where Q = |q1| = |q2|).
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For the metric we have32

L−2ds2 = r2(− dt2 + dx2
1 + dx2

2
)
+ dr2

r2f(r) + r2f(r)dϕ2

+ dθ2 + sin2 θdφ2 + sin2 θ sin2 φ

(
dφ1 +

1
L
A
)2

+ sin2 θ cos2 φ

(
dφ2 +

1
L
A
)2

+ cos2 θ

(
dφ3 +

1
L
A
)2
,

(7.1)

where

f(r) = 1−
(
Q

r

)6
, A = LQ

(
1−

(
Q

r

)2
)
dϕ = LA(r)dϕ . (7.2)

The periodicities of the various angular coordinates are

0 ≤ θ ≤ π

2 , 0 ≤ φ ≤ π

2 , 0 ≤ φi ≤ 2π (i = 1, 2, 3) . (7.3)

The RR 5-form is given by the formula below

F5 = (1 + ⋆)G5 , G5 = 4L4 vol5 − L3
3∑
i=1

µidµi ∧
(
dφi +

1
L
A
)
∧ ⋆5dA . (7.4)

In the above expression, the operator ⋆5 stands for Hodge duality in the 5D space with
line element given by the first line in (7.1). Also, with vol5 we refer to the volume form
of the aforementioned 5D space. Therefore

vol5 = r3 dt ∧ dx1 ∧ dx2 ∧ dr ∧ dϕ , ⋆5dA = 2LQ3 dt ∧ dx1 ∧ dx2 . (7.5)

Moreover, µi (i = 1, 2, 3) are the embedding coordinates in R3 of a unit two-sphere
parametrised by (θ, φ). In particular

µ1 = sin θ sinφ , µ2 = sin θ cosφ , µ3 = cos θ . (7.6)

Given the ranges of the coordinates (θ, φ) in (7.3), the embedding coordinates µi (i = 1, 2, 3)
cover only the 1

8 of the sphere surface.
Notice that we factor out the scale L2 in the line element (7.1). This is done by redefining

the radial coordinate r of [27] as r → L2r and the parameter Q as Q → LQ. The reason
behind this redefinition is that we will use the scale L later to compute Penrose limits in
the geometry (7.1).

Besides the time-like Killing vector, the 10D geometry (7.1) admits four more Killing
vectors representing the symmetry under shifts in the directions ϕ and φi (i = 1, 2, 3). In this
section, we will consider the Penrose limits that correspond to null geodesics that are associated
with the motion of a point particle in t and the Killing directions ϕ and φi (i = 1, 2, 3).

32Notice that the internal coordinates (θ, φ, φi) here correspond to (θ − π
2 , ψ, ϕi) in section 3.1.
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7.1 Motion along (t, ϕ, φ1)

Let us start with the case where a particle moves in the spacetime (7.1) with fixed
x1, x2, r, θ, φ. In particular, if we take θ = φ = π

2 then the particle does not “feel” the
presence of φ2 and φ3. The geodesic equations of motion, except that for r, require

t = Eu , ϕ =
(
J + r2

0
Q2 − r2

0
J1

)
u , φ1 = QJ1u , (7.7)

where r0 is the fixed value of the r direction and E , J , J1 are integration constants. The
geodesic equation for the r direction provides an algebraic constraint for the constants E , J
and J1, which is

E2 =
(
1 + 2Q

4

r4
0

)
J 2 + 2

r4
0

Q6 +Q4r2
0 + r6

0
Q2 − r2

0
JJ1 +

2Q6 + r6
0(

Q2 − r2
0
)2 J 2

1
r2

0
. (7.8)

Moreover, the null condition implies that J and J1 are related as

J = − Q2

Q2 − r2
0
J1 or J = − 3Q2r2

0
4Q4 − 5Q2r2

0 + r4
0
J1 . (7.9)

The above values for J correspond to

E2 = J 2
1 and E2 = 8Q6 + r6

0(
4Q2 − r2

0
)2 J 2

1
r2

0
(7.10)

respectively.
For the Penrose limit we will adopt the rescalings

x1 → x1
L
, x2 → x2

L
, r → r0 +

ρ

L
, θ → π

2 + y1
L
, φ→ π

2 + y2
L

(7.11)

together with

t→ Eu , ϕ→
(
J + r2

0
Q2 − r2

0
J1

)
u+ w

L
, φ1 → QJ1u+ c

w

L
+ v

L2 . (7.12)

Here c is a constant which will be specified later, while E and J take the values (7.9)
and (7.10). Therefore, we have the following two cases33

Case A: E2 = J 2
1 , J = − Q2

Q2 − r2
0
J1 ,

Case B: E2 = 8Q6 + r6
0(

4Q2 − r2
0
)2 J 2

1
r2

0
, J = − 3Q2r2

0
4Q4 − 5Q2r2

0 + r4
0
J1 .

(7.13)

Let us examine each case separately.

33Of course one can also consider the case where J + r2
0

Q2−r2
0
J1 = 0, which amounts to rescaling ϕ as ϕ→ ϕ

L
.

This would just correspond to motion along t and φ1 only.
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Case A. In order for the Penrose limit to be valid the constant c must take the value34

c = r4
0 −Q4

Q3 . (7.14)

Sending L to infinity, one derives a pp-wave geometry, which can be cast in Brinkman form
after the following sequence of transformations

i Rescalings

x1 → x1
r0
, x2 → x2

r0
, w → Q3

r0
√
r6

0 −Q6
w ,

ρ→

√
r6

0 −Q6

r2
0

ρ , v → ω1 v + ω2 ρw ,

(7.15)

with
ω1 = r2

0
Q3J1

, ω2 = 2 . (7.16)

ii Rotation w
ρ

→

 cos
(
ω2
ω1
u
)

sin
(
ω2
ω1
u
)

− sin
(
ω2
ω1
u
)
cos

(
ω2
ω1
u
)
 ·

w
ρ

 . (7.17)

iii Shifts
φ2 → φ2 +QJ1

(
1− Q2

r2
0

)
u , φ3 → φ3 +QJ1

(
1− Q2

r2
0

)
u . (7.18)

As a result one finds

ds2 = 2dudv + dx2
1 + dx2

2 + dy2
1 + y2

1 dφ2
3 + dy2

2 + y2
2 dφ2

2 + dw2 + dρ2

− Q6J 2
1

r4
0

(
y2

1 + y2
2 + 4w2 + 4ρ2)du2 .

(7.19)

Notice that each of the pairs (y1, φ3) and (y2, φ2) parametrise an R2.
The above transformations, when applied to the self-dual five-form give

F5 = 2Q3J1
r2

0

(
2 du ∧ dx1 ∧ dx2 ∧ dρ ∧ dw + y1 du ∧ dy1 ∧ dφ3 ∧ dρ ∧ dw

+ y2 du ∧ dy2 ∧ dφ2 ∧ dρ ∧ dw − y1 du ∧ dx1 ∧ dx2 ∧ dy1 ∧ dφ3

− y2 du ∧ dx1 ∧ dx2 ∧ dy2 ∧ dφ2 − 2 y1y2 du ∧ dy1 ∧ dy2 ∧ dφ2 ∧ dφ3
)
.

(7.20)

Case B. Now the Penrose limit makes sense when

c = −Q+ 4Q3

3r2
0
− r4

0
3Q3 . (7.21)

The associated pp-wave geometry can be expressed in Brinkman coordinates after the
following operations

34This value ensures the vanishing of the term that is proportional to L in the expansion of the line element
for large L.
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i Rescalings

x1 → x1
r0
, x2 → x2

r0
, w → 3Q3r2

0√
r12

0 + 7Q6r6
0 − 8Q12

w ,

ρ→

√
r6

0 −Q6

r2
0

ρ , v → ω1 v + ω2ρw ,

(7.22)

where

ω1 = 4Q2 − r2
0

3Q3J1
, ω2 = − 2

3r3
0

√
r12

0 + 7Q6r6
0 − 8Q12

r6
0 −Q6 . (7.23)

ii Rotation in the (ρ, w)-plane as in (7.17), where now the parameters ω1 and ω2 are
given in (7.23).

iii Shifts
φ2 → φ2 +QJ1

Q2 − r2
0

4Q2 − r2
0
u , φ3 → φ3 +QJ1

Q2 − r2
0

4Q2 − r2
0
u . (7.24)

The outcome of this is

ds2 = 2dudv + dx2
1 + dx2

2 + dy2
1 + y2

1 dφ2
3 + dy2

2 + y2
2 dφ2

2 + dw2 + dρ2

− Q6J 2
1

r6
0
(
r2

0 − 4Q2)2 (9r6
0
(
y2

1 + y2
2
)
+ 4

(
4Q6 + 5r6

0
)(
w2 + ρ2)

+16
(
Q6 − r6

0
)(
w̃2 − ρ̃2)) du2 ,

(7.25)

where
w̃ = sin

(
ω2
ω1
u

)
ρ+ cos

(
ω2
ω1
u

)
w , ρ̃ = cos

(
ω2
ω1
u

)
ρ− sin

(
ω2
ω1
u

)
w . (7.26)

Like in the previous case, each of the pairs (y1, φ3) and (y2, φ2) parametrise a Euclidean plane.
For the self-dual five-form we find

F5 = 8
3

√
r6

0 + 8Q6

r3
0ω1ω2

(
du ∧ dx1 ∧ dx2 ∧ dρ ∧ dw −

√
r6

0 + 8Q6

6r3
0

y1du ∧ dy1 ∧ dφ3 ∧ dρ ∧ dw

−

√
r6

0 + 8Q6

6r3
0

y2du ∧ dy2 ∧ dφ2 ∧ dρ ∧ dw − ω2
4 y1du ∧ dx1 ∧ dx2 ∧ dy1 ∧ dφ3

− ω2
4 y2du ∧ dx1 ∧ dx2 ∧ dy2 ∧ dφ2 −

3r3
0ω2

2
√
r6

0 + 8Q6
y1y2du ∧ dy1 ∧ dy2 ∧ dφ2 ∧ dφ3

)
.

(7.27)
Notice that when Q = 0, both pp-wave backgrounds that we discussed above reduce

to flat spaces with vanishing RR fields.

7.2 Motion along (t, ϕ, φ2)

We will now consider the case where the motion of the particle is realised in the t, ϕ and φ2
directions. Therefore, we will take x1, x2, r, θ, φ to be fixed and θ = π

2 , φ = 0. One can
easily see from (7.1), that for this values of θ and φ, the terms of the line element involving
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dφ1 and dφ3 vanish. Therefore, the particle does not “feel” the presence of φ2 and φ3. From
the geodesic equations of motion we find that

t = Eu , ϕ =
(
J + r2

0
Q2 − r2

0
J2

)
u , φ2 = QJ2u , (7.28)

where r0 is the fixed value of the r direction and E , J , J2 are integration constants. On top
of that, the equation for the radial direction r reduces into the algebraic constraint

E2 =
(
1 + 2Q

4

r4
0

)
J 2 + 2

r4
0

Q6 +Q4r2
0 + r6

0
Q2 − r2

0
JJ2 +

2Q6 + r6
0(

Q2 − r2
0
)2 J 2

2
r2

0
. (7.29)

The null condition relates J with J2 and it turns out that one has to consider the following
two cases35

Case A: E2 = J 2
2 , J = − Q2

Q2 − r2
0
J2 ,

Case B: E2 = 8Q6 + r6
0(

4Q2 − r2
0
)2 J 2

2
r2

0
, J = − 3Q2r2

0
4Q4 − 5Q2r2

0 + r4
0
J2 .

(7.30)

Like in the previous example, in order to take the Penrose limit we will adopt the rescalings

x1 → x1
L
, x2 → x2

L
, r → r0 +

ρ

L
, θ → π

2 + y1
L
, φ→ y2

L
(7.31)

together with

t→ Eu , ϕ→
(
J + r2

0
Q2 − r2

0
J2

)
u+ w

L
, φ2 → QJ2u+ c

w

L
+ v

L2 . (7.32)

Here again c is a constant which must be fixed to the value (7.14) (case A) or (7.21) (case
B), so that the Penrose limit makes sense.36

It turns out that if we compute the limit in the case A, one derives the pp-wave
background (7.19) and (7.20) with φ2 → φ1 and J1 → J2. Similarly, in the case B one
finds (7.25), (7.26) and (7.27), where again φ2 → φ1 and J1 → J2.

7.3 Motion along (t, ϕ, φ3)

In the last example, we will consider the case where the particle moves in the t, ϕ and φ3
directions. For this reason, we will fix x1, x2, r , θ and set θ = 0 while keeping φ arbitrary. As
it can be confirmed from (7.1), the terms involving dφ1 and dφ2 shrink to zero, and therefore
the particle does not “feel” these directions. The geodesic equations of motion now imply

t = Eu , ϕ =
(
J + r2

0
Q2 − r2

0
J3

)
u , φ3 = QJ3u , (7.33)

35Again, one can also consider the case where J + r2
0

Q2−r2
0
J2 = 0, which corresponds to particle motion only

along t and φ2.
36These values ensure the vanishing of the term that is proportional to L in the expansion of the line element

for large L.
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with r0 being the fixed value of the r direction and E , J , J3 are integration constants. Like
in the previous two examples, the equation of motion for the radial direction r is equivalent
to an algebraic constraint, where now

E2 =
(
1 + 2Q

4

r4
0

)
J 2 + 2

r4
0

Q6 +Q4r2
0 + r6

0
Q2 − r2

0
JJ3 +

2Q6 + r6
0(

Q2 − r2
0
)2 J 2

3
r2

0
. (7.34)

On top of that, we need to take into account the null condition of the geodesic which provides
a relation between J and J3, namely

J = − Q2

Q2 − r2
0
J3 or J = − 3Q2r2

0
4Q4 − 5Q2r2

0 + r4
0
J3 . (7.35)

This suggests that we need to consider the following two cases

Case A: E2 = J 2
3 , J = − Q2

Q2 − r2
0
J3 ,

Case B: E2 = 8Q6 + r6
0(

4Q2 − r2
0
)2 J 2

3
r2

0
, J = − 3Q2r2

0
4Q4 − 5Q2r2

0 + r4
0
J3 .

(7.36)

For the Penrose limit we will adopt the rescalings

x1 → x1
L
, x2 → x2

L
, r → r0 +

ρ

L
, θ → y

L
(7.37)

together with37

t→ Eu , ϕ→
(
J + r2

0
Q2 − r2

0
J3

)
u+ w

L
, φ3 → QJ3u+ c

w

L
+ v

L2 . (7.38)

Like in the previous two examples, c is a constant which must be fixed to the value (7.14)
(case A) or (7.21) (case B), to ensure the vanishing of the term that is linear in L when
taking the Penrose limit.

At the end of the day, one obtains a pp-wave background for each of the two cases A and B.
However, it turns out that both pp-wave backgrounds are equivalent to the ones found in the
previous two examples. In particular, if we want to match the two solutions with the ones that
correspond to motion along φ1 all we have to do is to apply the following change of coordinates

y →
√
y2

1 + y2
2 , φ→ tan−1 y1

y2
φ1 → φ3 , (7.39)

together with J3 → J1.
We can make the following comment: as we are fibering the three U(1) isometries φi

inside the S5 in an identical way, these directions are indistinguishable from each other
which explains the same behaviour found for the three geodesic motions studied above
(cases A and B respectively). Even though the embedding coordinates µi are different with
respect to each other, one can chose any one of the expressions to correspond to µ1 etc.
In other words, there is a freedom to exchange µis among themselves. We conclude that
the pp-wave analysis showcases an isotropy between the three U(1) coordinates, encoded
in the coordinate change (7.39).

37Like before, one can also consider the case where J + r2
0

Q2−r2
0
J3 = 0, which corresponds to particle motion

only along t and φ3.
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8 Conclusions and discussion

In this work, we studied in detail the solutions presented in [1] which describe supersymmetric
RG flows between various UV SCFTs in 4d and (2 + 1) dimensional SQFTs in the IR. The
construction of these systems was done by implementing SUSY preserving Coulomb branch
deformations, realized as a twisted compactification in the dual supergravity backgrounds.
More specifically,

• We have constructed smooth supersymmetric asymptotically AdS solutions in type II and
eleven-dimensional supergravity, realizing holographic RG flows from four-dimensional
SCFTs to three-dimensional SQFTs which have a mass gap and in some cases, confine
external quarks. We extend and complement the results of [1], showing that distinct
UV fixed points exhibit universal IR behaviour.

• For the uplifts we used the five-dimensional gauged supergravity soliton of [33] to
construct new infinite families of solutions in type IIA, type IIB, and M-theory. In
all cases, the geometries are smooth and free of conical singularities for appropriate
parameter ranges, ensuring physical regularity of the dual theories.

• We computed a variety of holographic observables not included in [1], namely new
embeddings for the Wilson loops, ’t Hooft loops and entanglement entropy. These
quantities display a universal factorization property: the dependence on the internal
space is separated from the dynamics along the holographic radial direction. This
universality points towards a deeper geometric structure underlying the supersymmetric
confinement mechanism. The new results showcasing phase transitions in the ’t Hooft
loops and entanglement entropy, complementing the Wilson loop calculation performed
in [1], further hint towards a confining behaviour for the dual. That confining behaviour
is also reflected in the form of the D7-brane embeddings that avoid the central region
of the geometry. The plot of the condensate with respect to the quark mass shows an
interesting non monotonic behaviour, where the condensate flows to zero both for large
and small quark mass.

• The holographic renormalization of the type IIB background revealed the operator VEVs
driving the flow, offering a clear dictionary between the bulk deformation parameters
and boundary field-theory operators. The boundary analysis confirmed the consistency
of the UV and IR asymptotics and provided finite counterterms for the renormalized
action.

• We investigated in detail the stability of the Wilson loop embedding used to study
the type IIB background, under linear fluctuations of the coordinates. We found that
the configuration is stable, however, when ν̂ ≈ −1+ (or Q ≪ 1) we see tachyonic
modes appearing, further supporting our claims about this parametric region being
untrustworthy, as discussed in [1].

• The study of Penrose limits for the Anabalon-Ross deformed AdS5 × S5 solution offers
insight into the spectrum of excitations and possible integrable subsectors in the dual
theory, paving the way for future studies of string dynamics on these backgrounds.
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From a broader perspective, our results provide a unified and systematic framework
for studying supersymmetric compactifications of SCFT4s on a circle that flow to confining
three-dimensional theories. Is is important to emphasize that the dual QFTs described by
these systems are all strongly coupled. Our deformation procedure should be applicable to
any four-dimensional superconformal theory with a known holographic dual, as long as the
later admits a consistent truncation to five-dimensional gauged supergravity. The interplay
between topological twisting, smooth IR geometries, and holographic universality could shed
light on nonperturbative dynamics beyond the present models.

This work opens many interesting research directions for future exploration, some of
which include:

• Extension of the holographic renormalization analysis to the 11d and type IIA uplifts,
to extract the corresponding VEVs and compare the operator maps across dimensions.

• Investigation of the stability of the (non-SUSY) soliton configurations under per-
turbations and exploration of possible phase transitions associated with varying the
compactification radius or the holonomy parameters.

• Study the supersymmetric defect and domain-wall configurations supported by these
geometries, which could model interfaces between different confining phases.

• Analysis of the Penrose limits and pp-wave sectors in more detail to identify potential
integrable subsectors and compute semiclassical string spectra.

• We should explore the inclusion of flavour branes and their impact on the universal
structure of observables, particularly in the 11d embeddings with M5 flavour branes.

• It would be interesting if more elaborated solitons than the ones studied in [33] could
cure the singularities of the flavoured backgrounds in [74], along the lines discussed
in [30].

Finally, we wish to examine the effects of higher-curvature corrections near the large-
curvature region (ν̂ ≈ −1) to assess their impact on the holographic predictions for IR
observables. This will potentially provide information about the light modes appearing
near the Coulomb branch VEV, which were not accounted for in the supergravity solutions
presented here. There are two possible corrections one can include: corrections to the metric
and corrections to the observable itself (in the case of the Wilson loop, which is able to detect
the high curvature effects). We believe that if the needed corrections in next-to-leading order
in α′ are found and included in the calculation, the Wilson loop phase transition observed near
the region where ν̂ = −1 will potentially disappear. This will be a fascinating phenomenon
to observe. We hope to address these interesting points and many others in future work.
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A Polyakov loop embedding

Here we explore two cases of embeddings of D1 branes in the type IIB solution of section 3.1,
which will not give the same dynamics as the ’t Hooft loop. The reason being that they are
not extended enough to include time, a profile in r(w), as well as the shrinking circle ϕ. The
inclusion of the later in the various probes is responsible for the vanishing of the tension of
the effective string at r = r⋆, as it conspires to the appearance of a multiplicative factor of√
F (r) in Ft through the determinant. This suggests to us that the minimal probe brane

which is capable of capturing the ’t Hooft loop in this background is a D3.

Case I. We first consider a D1 on Σ2 = [t, w] with r = r(w) and all the other coordinates
set to constant values. We have the induced metric on the D1:

ds2
ind,D1 = ζ(r, θ)

L2

[
−r2dt2 + dw2

(
r2 + L2r′2

F (r)λ(r)6r2

)]
, (A.1)

and its action which reads:

SD1 = TD1

∫
Σ2

d2σ
√
−e−2Φdet(gind,D1) = TD1T

∫
dw

√
F2

D1 + G2
D1r

′2,

FD1 = ζ(r, θ0)r2

L2 , GD1 = ζ(r, θ0)
L
√
F (r)λ3(r)

.

(A.2)

We notice that one does not get the same functions as is the case for the rest of the
probes, furthermore, the function ζ(r, θ0) is strictly nonzero for all values of r and θ0 from
which it follows that the object we are calculating does not have a vanishing tension at
the end of the space.

Case II. Another interesting embedding one can calculate is that of a Eucledian D1 that
extends on Σ2 = [w, ϕ], is localized in time and the rest of the coordinates are constant.
The induced metric in this case is:

ds2
ind,ED1 = 1

ζ(r, θ0)
[
cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3 + r2F (r)ζ2(r, θ0)

]
dϕ2

+ ζ(r, θ0)
[
r2

L2 + r′2

r2F (r)λ6(r)

]
dw2,

(A.3)
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and its action is given by:

SED1 = TED1

∫
Σ2

d2σ
√
e−2Φdet(gind,ED1) = TED1Lϕ

∫
dw
√
F2

ED1 + G2
ED1r

′2,

F2
ED1 = r2

L2

[
cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3 + r2F (r)ζ2(r, θ0)

]
,

G2
ED1 = cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3 + r2F (r)ζ2(r, θ0)

r2F (r)λ6(r) .

(A.4)

Again, the functions appearing in the dynamical part of this observable disagree with
the ones in the ’t Hooft loop.

B Gauge coupling

We calculate the gauge coupling for the effective (2+1)-dimensional theories dual to the type
IIB and IIA backgrounds. The procedure is as written in [27, 75]. We begin by writing the
DBI action for a probe Dp-brane and perform an expansion of the field strength

SDp,DBI = TDp

∫
Σp+1

dp+1σ̂
√
−e2Φdet(gind + F ). (B.1)

From the following we can read off the gauge coupling,

SDp,DBI = TDp

∫
Σp+1

dp+1σ
√
−e−2Φ det(gind)

(
1 + 1

4FµνF
µν +O

(
F 4
))

. (B.2)

Gauge coupling for the Type IIB background. We consider a probe D3 that extends
in [t, w, z, ϕ], with the shrinking circle ϕ being wrapped. The worldvolume field strength
is turned on which we take without loss of generality to have only the Ftw component be
non-zero. The rest of the coordinates are kept fixed. The induced metric on the D3 is

ds2
ind = r2ζ(r, θ0)

L2 (−dt2 + dw2 + dz2)

+
{
r2F (r)ζ(r, θ0) +

1
ζ(r, θ0)

[
cos2 θ0A

2
1 + sin2 θ0λ

6(r)A2
3

]}
dϕ2.

(B.3)

We will now compute the DBI action for the D3 over the manifold Σ4 spanned by
[t, w, z, ϕ], which takes the form38

SD3 = TD3

∫
Σ4

d4σ̂
√
−e2Φdet(gind + F ) = TD3

∫
Σ4

d4σ̂
√
α− βF 2

tw, (B.4)

with the expressions:

α := r4ζ2(r, θ0)
[
cos2 θ0A

2
1 + r2F (r)ζ2(r, θ0) + sin2 θλ6(r)A2

3

]
,

β := L4
[
cos2 θ0A

2
1 + r2F (r)ζ2(r, θ) + sin2 θ0λ

6(r)A2
3

]
.

(B.5)

We can now expand for small values of the field strength (|Ftw| ≪ 1) up to O(F 2) to get

SD3 ≈ TD3

∫
Σ4

d4σ
2r4ζ2(r, θ)− L4F 2

tw

2L3rζ(r, θ)

√
cos2 θ0A2

1 + r2F (r)ζ2(r, θ0) + sin2 θ0λ6(r)A2
3, (B.6)

38Notice that the dilaton factor in this case is trivial.
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(a) Plot of the square of the inverse gauge
coupling for θ0 = 0.

ν = -0.99

ν = -0.8

ν = -0.5

ν = 0.5

ν = 1

ν = 2

2 4 6 8 10 12 14
ξ

2

4

6

8

10

1

gYM
2

(b) Plot of the square of the inverse gauge
coupling for θ0 = π/2.

Figure 13. Plots of the gauge coupling constant of the dual QFT with respect to the radial coordinate
for the type IIB background.

By expanding the DBI action to quadratic order in Ftw and extracting the prefactor
of the kinetic term, one obtains an expression for the gauge coupling. Its dependence on
the radial coordinate r reflects how the effective coupling evolves across energy scales in the
dual QFT. Hence we can study the gauge coupling’s behaviour in strongly coupled regimes
that are otherwise difficult to access.

1
g2

YM
= TD3LLϕ
rζ(r, θ0)

√
cos2 θ0A2

1 + r2F (r)ζ2(r, θ0) + sin2 θ0λ6(r)A2
3

= 2TD3LLϕ

ξ
√
ν + 2ξ2 + ν cos(2θ0)

√
(ξ2 − 1) [4 + 5ν + 2ν2 + 2(1 + ν)ξ2 + ν(3 + 2ν) cos(2θ0)]

1 + ν
,

(B.7)
where in the last line we expressed everything in terms of the dimensionless variable ξ = r/r⋆
for the case where q1 = q2 = q.

We can plot the above function for given values of θ0. The result can be seen in figure 13.
We see that as r → r⋆ the gauge coupling constant diverges, reflecting the fact that the dual
QFTs are strongly coupled in the deep IR. In the UV the coupling constant takes a fixed
value, which is a consequence of the conformal symmetry that is present as r → ∞.

Gauge coupling for Gaiotto-Maldacena background. We consider a probe D4 extending
along Σ5 = [t, w, z, ϕ, η] between ηi, ηi+1 and has a field strength which we take to have only
the Ftz component being non-zero. The other coordinates are kept fixed.

The induced metric is

ds2
ind = (f̃3

1 f̃5)
1
2

{
4f̃
[
r2λ(r)2

L2

(
−dt2 + dw2 + dz2 + L2F (r)dϕ2

)]
+ f̃4dη2

}
. (B.8)

We utilise the formula as given in [27, 75],

SD4 = TD4

∫
Σ5

d5σ̂
√
−e−2Φ det(gind + F ). (B.9)
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The expansion gives√
−e−2Φ det(gind + F ) = 32f̃3

1 f̃
1
2

4 f̃
1
2

5 f̃
2 r

4λ(r)4√F (r)
L3

[
1− L4F 2

tz

32f̃2f̃3
1 f̃5 r4λ(r)4

]
. (B.10)

Hence we have

SD4 = 32 TD4Lϕ

∫ ηi+1

ηi

dη
∫

dtdwdzf̃3
1 f̃

1
2

4 f̃
1
2

5 f̃
2 r

4λ(r)4√F (r)
L3

[
1− L4F 2

tz

32f̃2f̃3
1 f̃5 r4λ(r)4

]
.

(B.11)
We find the gauge coupling as

1
4g2

YM
= TD4LϕL

√
F (r)

∫ ηi+1

ηi

dη f̃−
1
2

5 f̃
1
2

4 . (B.12)

C Details of the computations

In this appendix, we have gathered lengthy expressions and useful details of the calculations
that are discussed in the main text.

The Hodge dual of G5 can also be written in terms of a four-form C̃4 as ⋆G5 = dC̃4, where

C̃4 = L4q1
2
(
λ6 − 1

)
sin(2θ) dθ ∧ dϕ ∧

(
sin2 ψ dϕ1 + cos2 ψ dϕ2

)
∧ dϕ3

+ L4q2
2

(
λ6 − 1

)
ζ2
⋆

λ6
⋆ζ

2 cos4 θ sin(2ψ) dϕ ∧ dϕ1 ∧ dϕ2 ∧ dψ

+ L4q1
8

(
λ6 − 1

)
ζ2
⋆

ζ2 sin2(2θ) sin(2ψ) dϕ ∧ d(ϕ1 − ϕ2) ∧ dϕ3 ∧ dψ

− L4

8
ζ2 − 1
ζ2 sin2(2θ) sin(2ψ) dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dψ

− L4q2
λ6
⋆

(
ζ2
⋆ − 1

)
sin(2θ) cos2 ψ dθ ∧ dϕ ∧ dϕ1 ∧ dϕ2

+ L4q1
(
ζ2
⋆ − 1

)
sin(2θ) cos2 ψ dθ ∧ dϕ ∧ d(ϕ1 − ϕ2) ∧ dϕ3

− L4 sin(2θ) cos2 θ cos2 ψ dθ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 .

(C.1)

The expressions for the length and the energy in the case of the ’t Hooft loops read:

LMM(ξ0) =
√
2L2

r⋆

√
−(1 + ν̂) + ξ4

0(ξ2
0 + ν̂)

×
∫ ∞

ξ0
dξ
√

ξ

[−(1 + ν̂) + ξ4(ξ2 + ν̂)]
[
ξ6 − ξ6

0 + ν̂(ξ4 − ξ4
0)
] , (C.2)

EMM(ξ0) =
r3
⋆

L

√
−(1 + ν̂) + ξ4

0(ξ2
0 + ν̂)LMM(ξ0)

+ 2Lr2
⋆

∫ ∞

ξ0

dξ ξ
√[
ξ6 − ξ6

0 + ν̂(ξ4 − ξ4
0)
]√

−(1 + ν̂) + ξ4
0(ξ2

0 + ν̂)
− 2Lr2

⋆

∫ ∞

1
dξ ξ,

(C.3)

LMM,app(ξ0) =
L2π

√
−(1 + ν̂) + ξ4

0(ξ2
0 + ν̂)

r2
⋆ξ

2(2ν̂ + 3ξ0)
,

EMM,app(ξ0) = Lr⋆π

∫ ξ0
ds 3ν̂(1 + ν̂) + 12(1 + ν̂)s2 − 4ν̂s6 − 3s8

s3(2ν̂ + 3s3)2 ,

(C.4)
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Now moving to the calculations for the stability analysis of the Wilson loop, to write the
equations of the fluctuations in a compact form, we introduce the following functions

fz(r, θ) = −GttGzz , fθ(r, θ) = −GttGθθ , fϕ(r, θ) = −GttGϕϕ

fφ1(r, θ, ψ) = −GttGφ1φ1 , fφ2(r, θ, ψ) = −GttGφ2φ2 (C.5)
fψ(r, θ) = −GttGψψ , fφ3(r, θ) = −GttGφ3φ3 , h(r, θ) = GrrGyy .

Introducing a time dependence in the fluctuations of the form e−iω τ , we have

δz(τ, σ) = δz(σ) e−iω τ , δy(τ, σ) = δy(σ) e−iω τ , δθ(τ, σ) = δθ(σ) e−iω τ

δϕ(τ, σ) = δϕ(σ) e−iω τ , δφ1(τ, σ) = δφ2(τ, σ) = δφ12(σ) e−iω τ (C.6)
δφ3(τ, σ) = δφ3(σ) e−iω τ , δψ(τ, σ) = δψ(σ) e−iω τ .

Notice that we have used the same function for the σ dependence of the modes of δφ1 and δφ2,
something that is consistent with the equations of motion for the corresponding fluctuations.

The equations for the fluctuations δz, δψ, δy and δθ are[
d
dσ

(
fz
F 1/2

d
dσ

)
+ ω2 h fz F

1/2

g fy

]
δz = 0 (C.7)

[
d
dσ

(
fψ
F 1/2

d
dσ

)
+ ω2 hfψ F

1/2

g fy

]
δψ = 0 ,

[
d
dσ

(
g fy
F 3/2

d
dσ

)
+ ω2 h

F 1/2

]
δy = 0

[
d
du

(
fθ
F 1/2

d
dσ

)
+ ω2 hfθF

1/2

g fy
− 1

2F 1/2 ∂
2
θg −

f0
y F

1/2

2 f2
y

∂2
θfy

]
δθ = 0

while the equations for the modes δϕ, δφ12 and δφ3 are
d
dσ

[
fϕ
F 1/2 δϕ

′ + f12
fφ1 + fφ2

F 1/2 δφ′
12 + f3

fφ3

F 1/2 δφ
′
3

]

+ω2 hF
1/2

g fy

[
fϕ δϕ+ f12 (fφ1 + fφ2) δφ12 + f3 fφ3 δφ3

]
= 0 (C.8)

d
dσ

[
fφ1 + fφ2

F 1/2
(
δφ′

12 + f12 δϕ
′)]+ ω2 hF

1/2

g fy
(fφ1 + fφ2)

[
δφ12 + f12 δϕ

]
= 0

d
dσ

[
fφ3

F 1/2
(
δφ′

3 + f3 δϕ
′)]+ ω2 hF

1/2

g fy
fφ3

[
δφ3 + f3 δϕ

]
= 0 . (C.9)

The expressions for the Schrödinger potentials in each fluctuation mode, in the Q = 0 case, are

Vδz(σ, r0) = Vδϕ(σ, r0) =
[
2r2

0
(
r2

0 − 1
)
− 1

]
σ2 + r2

0
(
r2

0 − 1
)
+ 8σ8 − 18σ6 + 11σ4

4σ2 (σ2 − 1)2

Vδy(σ, r0) = −
[
8r2

0
(
r2

0 − 1
)
− 11

]
σ4 +

[
6r2

0
(
r2

0 − 1
)
− 1

]
σ2 − 3r2

0
(
r2

0 − 1
)
+ 8σ8 − 18σ6

4σ2 (σ2 − 1)2

Vδθ(σ, r0) =
[
6r2

0
(
r2

0 − 1
)
− 1

]
σ2 − 3r2

0
(
r2

0 − 1
)
+ 2σ6 − σ4

4σ2 (σ2 − 1)2

Vδψ(σ, r0) = Vδφ12(σ, r0) =
−
[(
r2

0 − 1
)
r2

0 + 1
]
σ2 + r2

0
(
r2

0 − 1
)
+ 2σ6 − σ4

4σ2 (σ2 − 1)2 . (C.10)
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The expressions for the Schrödinger potentials of the decoupled modes in the case of finite
Q, when expanded around the Q = 0 value, are

Vδz = V Q=0
δz + r4

0
(
−12σ4 + 12σ2 − 5

)
+ r2

0
(
12σ4 − 12σ2 + 5

)
+ 4σ8 − 8σ6 + 7σ4 − 3σ2

4σ6 (σ2 − 1)3 Q2

+O(Q4)

Vδy = V Q=0
δy + r4

0
(
20σ4 − 20σ2 + 7

)
+ r2

0
(
−20σ4 + 20σ2 − 7

)
+ 4σ8 − 8σ6 + 7σ4 − 3σ2

4σ6 (σ2 − 1)3 Q2

+O(Q4)

Vδθ = V Q=0
δθ +

(
−12r4

0 + 12r2
0 + 5

)
σ2 + 7r2

0
(
r2

0 − 1
)
+ 8σ6 − 13σ4

4σ6 (σ2 − 1)3 Q2 +O(Q4)

Vδψ = V Q=0
δψ + 3

(
4r4

0 − 4r2
0 − 1

)
σ2 − 5r2

0
(
r2

0 − 1
)
− 8σ6 + 11σ4

4σ6 (σ2 − 1)3 Q2 +O(Q4) . (C.11)

From the transformation of the coupled system of δϕ and δφ12 to a Schrödinger form, the
expressions of the functions Ωi, with i = 1, · · · , 4 are

Ω1 =
1

√
σ 4√σ2−1

+O(Q2) , Ω3 = Q

2σ5/2 4√σ2−1

[√
σ2−1 + σ2 arctan

(√
σ2−1

) ]
+O(Q3)

Ω3 =Q
4√σ2 − 1
2σ5/2

[√
σ2 − 1− σ2 arctan

(√
σ2−1

) ]
+O(Q3) , Ω4 =

4√σ2−1√
σ

+O(Q2) .

(C.12)

while the insertions of the matrix potential V from (6.22) are

V11 = V Q=0
δz ,

V12 = V21 = Q

2

{(2r4
0 − 2r2

0 + 2σ6 − 5σ4 + 3σ2) arctan (√σ2 − 1
)

(σ2 − 1)2

+ r4
0
(
4− 6σ2)+ r2

0
(
6σ2 − 4

)
+ (σ − 1)σ2(σ + 1)

(
2σ4 + σ2 − 2

)
σ4 (σ2 − 1)3/2

}
,

V22 = V Q=0
δψ . (C.13)
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