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Abstract

For o > 0 and o > 0, we consider the following probability distribution on aNpy: 7a, =
exp (— %) > % (%)néan, where d, denotes the Dirac measure with mass at y. For oo = 1,
1, is the Poisson distribution with parameter o. Furthermore, the centered probability
distribution 7, , = exp (— &) > % (%)néan_g/a weakly converges to u, as « — 0. Here
e is the Gaussian distribution with mean zero and variance o. Let (¢,)5, be the monic
polynomial sequence that is orthogonal with respect to the measure p, . In particular, for
a =1, ()02, is a sequence of Charlier polynomials. Let F,(C) denote the Bargmann space
of all entire functions f(z) = 2 fnz"™ with f, € C satisfying > >° |ful>nlo™ < co. The
generalized Segal-Bargmann transform associated with the measure 7, , is a unitary operator
S : L*(aNg, Ta,0) — Fy(C) that satisfies (Scp,)(2) = 2" for n € Ng. We present some new
results related to the operator S. In particular, we observe how the study of S naturally

leads to the normal ordering in the Weyl algebra.
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1 Introduction

The concept of the Segal-Bargmann transform was developed by 1. E. Segal [22-24]
and V. Bargmann [3-5]. In its simplest form, in the one-dimensional case, the Segal-
Bargmann transform is the unitary operator S between the complex L2-space of the
standard Gaussian distribution p on R and the Bargmann space F(C) of entire functions
on C.

Let us recall that F(C) is a Hilbert space that consists of all entire functions f(z) =
oo o [z with f, € C satisfying Y o~ | fo]*n! < oo, and the inner product of f(z) =
Yoo fnz™and g(2) = > 07 gn2™ in F(C) is given by (f, g)rc) = D opoo faGnn!. The



Bargmann space F(C) is a proper subspace of the complex L?-space L*(C,v), where
v(dz) = 7 exp(—|z|*) dA(z) and dA(z) = dz dy (z = x +1y) is the Lebesgue measure
on C. The Bargmann space F(C) provides a realization of the Fock space over C.

Let (h,)22, be the the sequence of monic Hermite polynomials that are orthogonal
with respect to the measure p. The Segal-Bargmann transform S : L*(R, u) — F(C)
satisfies (Shy,)(z) = 2" for n € Ny. The S is an integral operator with the integral
kernel E(z,2) = Y07 2t hy(x) = exp(—2%/2 — 2z). For each z € C, the function
E(-,2) is called a coherent state. It is an eigenfunction for the annihilation operator
a~ belonging to eigenvalue z. Here the operator a~ satisfies a”h,, = nh,_1 (n € Np).
Under the Segal-Bargmann transform S, the operator a~ goes over to the operator
of differentiation in F(C). The adjoint of the annihilation operator a~ is the creation
operator a*, satisfying a™h,, = h,1 (n € Np). Then Sa*S™! is the operator of multi-
plication by the variable z in F(C). For each function fe Lz(R u) the restriction of
the entire function Sf to R can be written as (Sf)(z) = [, f(z + 2)u(dz) (z € R).

The Segal-Bargmann transform has been snmlarly defined and studled in the mul-
tivariate case. In fact, in his original papers [22-24], Segal was already interested in
the infinite dimensional case. However, when defining a counterpart of the Bargmann
space, Segal used a sequence of Gaussian measures on C" with n € N increasing to oc.

A study of the Segal-Bargmann transform associated with a Gaussian measure
on a (complex) infinite dimensional space was carried out by Y. M. Berezansky and
Y. G. Kondratiev in their monograph [6, Chapter 2], see also the earlier work [14]. Es-
sentially at the same time, the Segal-Bargmann transform in the infinite dimensional
setting was discussed within white noise analysis under the name of S-transform. See
e.g. the monographs [10,19] and the references therein. In fact, in the infinite dimen-
sional setting, it was natural to study the Segal-Bargmann transform of spaces of test
and generalized functions.

It is well known that the Poisson distribution and the Poisson point process pos-
sess quite a few properties that are similar to properties of Gaussian measures. For
example, both the Poisson process and a Gaussian measure provide a natural unitary
isomorphism between their L2-spaces and the Fock space, see e.g. [25].

A counterpart of the Segal-Bargmann transform for the Poisson distribution was
developed by N. Asai, I. Kubo, and H.-H. Kuo [2]. In fact, even earlier, Y.-J. Lee and
H.-H. Shih [16] developed a generalized Segal-Bargmann transform for Lévy processes,
which of course include the Poisson process.

The present paper deals with a family of discrete probability distributions m, .
(a >0, 0 > 0) defined by

oo

o 1/0\"
Ta,oc = €XP ( - E) Z m(?) 5oma (1)

=0

where 0,y denotes the Dirac measure with mass at y. In particular, fora = 1, 7y , = 7, is
the Poisson distribution with parameter o. Note that the measure 7, , is concentrated



on the set aNy. Furthermore, the centered probability distributions

N c\e=1/0c\"
Ta,c = €XP ( - ?) Z E (?) 5cm7cr/a (2)

n=0

weakly converge to i, as a — 0. Here p, is the Gaussian distribution with mean zero
and variance o. From the viewpoint of quantum physics, the interpolating parameter «
provides a connection between the particle density of an infinite free Bose gas at zero
temperature and a free Bose field, see Remark 7 below for detail.

Let (¢,)22, be the monic polynomial sequence that is orthogonal with respect to the
measure f,,. In particular, for a = 1, (¢,)52, is a sequence of Charlier polynomials.
The (exponential) generating function of the sequence (c,)3, has the form

= 1" z ot
~oen(z) = = log(1 +ta) — ). 3
> e exp (2 tog(1 1) - 7 3)
In particular, (c,)22, is a Sheffer sequence.

Let F,(C) denote the Bargmann space of all entire functions f(z) = > f,2" with
fn € C satisfying > |fn\2n!0" < oo and the inner product of f(z) = > >, f,2"
and g(z) = >~ gn2" in F(C) is given by (f, )k, () = Y pep foGnn! o™ (Thus, the
above defined Bargmann space F(C) corresponds to the choice of the parameter o = 1
in F,(C).) We define a generalized Segal-Bargmann transform associated with the
measure 7, , as a unitary operator S : L?*(aNy, 7, ,) — F,(C) that satisfies (Sc,,)(z) =
2" for n € Ny. In the case o = 1, this is the operator studied in [2]. In this paper, we
will discuss some new (together with some old) results related to the operator S.

The paper is organized as follows. In Section 2, we will recall several key results of
the umbral calculus, which is the theory of Sheffer polynomial sequences and Sheffer
operators, e.g. [15,20,21]. We also discuss S. Grabiner’s result [9] on an extension of a
Sheffer operator (acting on polynomials) to a self-homeomorphism of the space L. (C)
of entire functions of order at most 1 and minimal type.

For the reader’s convenience, in Section 3, we will recall some well-known facts
about the classical Segal-Bargmann transform (for a Gaussian measure) in the one-
dimensional case. We will recall, in particular, how the Segal-Bargmann transform can
be interpreted as (an extension of) a Sheffer operator.

In Section 4, we will define and study the generalized Segal-Bargmann transform S
for the probability measure 7, ,. For a = 1, part of the results in this section are due
to Asai et al. [2]. Nevertheless, some results of this section are new even in the Poisson
case. For example, we prove that, for 2 € R, z > —o/a, (Sf)(z) can be written as
(S8F)(z) = [ fdmapta.- We also show that the operator S, restricted to polynomials,
can written as S = E,/,7,. Here E,/, is the operator of shift by o/a, and 7, is the
Sheffer operator associated with a sequence of Touchard polynomials.



Our studies in Section 4 will naturally lead us to a pair of operators, &/ and V
that act on polynomials and satisfy the commutation relation [V,U] = «a, hence they
are generators of a Weyl algebra. The main connection with the operator § is that,
under the action of S, the operator of multiplication by the variable goes over to the
operator UV. As a consequence of the normal ordering in the Weyl algebra [12], we
derive explicit formulas for the polynomials ¢,, as well as an explicit representation of
a monomial though the polynomials c,.

Finally, in Section 5, we use Grabiner’s result [9] to treat the operator S as a
self-homeomorphisim of £}, (C). We also study the operators U = S~'US and V =
S VS, acting in &L, (C). We prove that these operators act as follows: (Uf)(z) =
2f(z —a), (VI)() = f(z+a).

We note that, in our recent paper [13], we dealt with the generalized Segal-
Bargmann transform for the remaining Sheffer sequences of orthogonal polynomials
in the classification of Meixner [18].

An extension of the results of this paper to an infinite dimensional setting will be
a topic of our future research.

2 Elements of umbral calculus

2.1 Sheffer sequences

This subsection is based on [21] and Chapter IV, Sections 3 and 4 of [15].

Let C[z] denote vector space of polynomials over C. We denote by £(C[z]) the
vector space of linear operators acting in Cl[z].

For h € C, we define E;, € L£(C|z]) as the operator of shift by h: (Exp)(2) = p(z+h)
for p € Clz]. Boole’s formula states that E), = e"? = >">° /22 D" where D € L(C[z])
is the operator of differentiation. An operator @@ € £(C[z]) is called shift-invariant if
QE, = E,Q for each h € C. An operator @ € L(C|z]) is called a delta operator if @
is shift-invariant and @z = 1.

Let (pn)32, be a monic polynomial sequence, i.e., p, € C[z] (n € N), the degree of
pn is n, and the coefficient by 2" is 1. For (p,)5°,, its lowering operator @ € L(C|[z])
is defined by Qp,, = np,,_1 for n € Nj.

A monic polynomial sequence (p,)32 is said to be of binomial type if p,(z + () =

> i (D pr(2)pa—i(C) for all n € N and z,¢ € C.

Theorem 1. Let (p,)5, be a monic polynomial sequence, and let Q) be its lowering
operator. The following statements are equivalent:

(BT1) The sequence (p,)22, is of binomial type.

(BT2) The operator Q is a delta operator.

(BT3) The operator Q is of the form Q = C(D) = >.°7, ¢, D", where C(t) =

n=1
Yoo ent™ is a formal power series over C with ¢ = 1.



(BT4) The polynomial sequence (p,)3>, has the (exponential) generating function
of the form

S pu(a) o = exp(=B(1)), (@

where B(t) =Y 0" byt™ is a formal power series over C with by =1, and formula (4)
15 understood as an equality of formal power series in t.
Furthermore, the formal power series B(t) and C(t) above are inverse of each other,

i.e., B(C(t)) = C(B(t)) = t.

By Theorem 1, for each delta operator (), there exits a unique binomial sequence
(Pn)o2 for which @ is its lowering operator. Then (p,)52, is called a basic sequence

for Q.
The falling factorials are defined by (z)p = 1 and

(2)pn=2(2—1)---(z—n+1), neN.

This is a polynomial sequence of binomial type with generating function of the form (4)
in which B(t) = log(1 +t).
Note that Stirling numbers of the first kind, s(n, k), are the coefficient of the ex-

pansion
n

(=) =) s(n, k)2, ()

k=1

while Stirling numbers of the second kind, S(n, k), are the coefficient of the expansion

2" =Y S(n, k) (2) (6)

One defines the monic polynomial sequence of Touchard (or exponential) polyno-
mials by

Tu(2) =) S(n k)" (7)

This is a polynomial sequence of binomial type with generating function of the form
f:T (Z)ﬁ = exp (2(e' — 1)) (8)
‘ ") '

Let @ be a delta operator. A monic polynomial sequence (s,), is called a Sheffer
sequence for @ if @ is the lowering operator for (s,)%.



Theorem 2. Let Q = C(D) be a delta operator with basic sequence (p,)se, that
has generating function (4). Let (s,)5%, be a monic polynomial sequence. Then the
following statements are equivalent:

(SS1) The polynomial sequence (s,)5% is a Sheffer sequence for Q).

(SS2) There exists a (unique, invertible) shift-invariant operator T that satisfies
sn(2) = (T'py)(2) for all n € Ny.

(SS83) The polynomial sequence ($,)2, has the (exponential) generating function of
the form

> sn(2) — = exp(2B(1) A1), (9)
n=0 ’
where B(t) is as in (4) and A(t) = Y >°  ant" is a formal power series over C with
ag = 1.
Furthermore, T = 7(D) = Y oo D", where the formal power series 7(t) =
S ooe o Tet® satisfies T(t) = A(C(t)), where C(t) is the compositional inverse of B(t).

A monic polynomial sequence (s,)2, is called an Appell sequence if it is a Sheffer
sequence for the differential operator D. By Theorem 2, a monic polynomial sequence
()22, is an Appell sequence if and only if its generating function is of the form (9)
with B(t) = t.

2.2 Sheffer operators

This section is based on [20, Chapter 3|, [9] and [7].

Let (s,)%, be a (monic) Sheffer sequence. One defines the Sheffer operator associ-
ated with the sequence (s,)%, as the operator S € £(C[z]) that satisfies Sz™ = s,(2)
for all n € Ny. In the case where (s,,)5%, is an Appell sequence, the associated operator
S is called an Appell operator. In the case where (s,)7", = (pn)s2, is a polynomial
sequence of binomial type, the associated operator P € L(C|z]) is called an umbral
operator. We denote by &, 2, and B the sets of all Sheffer operators, Appell operators,
and umbral operators, respectively.

Theorem 3. The & is a group for the product (composition) of linear operators in
Clz]. The A is an abelian normal subgroup of &, B is a subgroup of &, and & is the
semidirect product of A and B, i.e., G =2A x B.

Theorem 3 implies that, if S is a Sheffer operator and (r,)5°, is a Sheffer sequence,
then the monic polynomial sequence (S7,)5%, is also a Sheffer sequence. A similar
statement holds for Appell operators and Appell sequences, as well as umbral operators
and sequences of binomial type.

We will now consider an extension of a class of Sheffer operators to a space of entire
functions.



Let f : C — C be an entire function. One says that f is of order at most 1 and
minimal type (when the order is equal to 1) if f satisfies the estimate

| f|l» =sup|f(z)| exp(—|z|/n) < oo for all n € N. (10)
zeC

One denotes by &L, (C) the vector space of all such functions. For each n € N, |[|-||,, is
anorm on &}, (C). Let B,(C) denote the Banach space obtained as the completion of
EL. (C) in this norm, i.e., B,(C) is the space of all entire functions f whose norm || f||,
is finite. For any n; > ng, we have B, (C) C B,,(C), and the embedding of B,,(C)
into B,,(C) is continuous. Note that, as a set, &r..(C) = (72, B,(C). Hence, one

defines the projective limit topology on EL. (C) given by the norms |-||,, (n € N). In
particular, £L. (C) is a Fréchet space.

Let us now discuss an equivalent description of the Fréchet space L. (C). For each
[ € N, denote by E;(C) the Hilbert space of all entire functions f(z) = > o f,2" that

satisfy

o0

1/2
M) = (L IfPab2) <o,
n=0

and the norm of f € Ej(C) is Ni(f). Then, as a set, &1, (C) = N2, Ei(C), and the
topology on EL. (C) coincides with the projective limit of the E;(C) spaces.
Theorem 4 (Grabiner). Let (s,)7, be a Sheffer sequence with generating function (9)
such that A(t) and B(t) are holomorphic functions in a neighborhood of zero. Then the
Sheffer operator S € L(C[z]) defined by Sz™ = s,(z) (n € Ny) extends by continuity
to a linear self-homeomorphism of the space EL, (C). In particular, each function
[ € &L (C) admits a unique representation

F2) =3 Fasal2). (11)

where the series on the right-hand side of formula (11) converges in EL

min

(©).

Corollary 5. Let (s,)22, be a Sheffer sequence satisfying the condition of Theorem 4.
For each 1 € N, denote by H;(C) the Hilbert space of all entire functions f(z) =

ZZOZO fnsn(2) that satisfy

00 1/2
A1, = (Z |fn|<n!>22"’) <o,
n=0

and the norm of f € H|(C) is ||f|l,- Then, as a set, Ex, (C) = (2, Hi(C), and the
topology on &}

- in(C) coincides with the projective limit of the H;(C) spaces.



3 Segal-Bargmann transform in the one-dimensional
case

In this section, we follow [3] and [6, Chapter 2, Section 5.2] (in a slightly generalized
form).
Let 0 > 0. Let v, be the Gaussian measure on C given by

(Recall that dA(z) = dxdy for z = z +dy.) It holds that

(2™, 2") L2 (Cowy) :/zmz_”ya(dz) =0mnnlc”, m,n e Ny,
C

where 9,, ,, is the Kronecker delta.

Recall the Bargmann spce F,(C) that was defined in the Introduction. Note that,
for f,g € F,(C), we have (f, g)r, ) = (f,9)r2c,p,)- Thus, F(C) is a proper subspace
of the Hilbert space L?(C,v,). The F,(C) is called a Bargmann space.

Let m € R, and let p,,, denote the Gaussian measure on R with mean m and
variance 0. For m = 0, we denote p, = poo. Let (hy,)52, be the sequence of monic
Hermite polynomials that are orthogonal with respect to the measure pu, . The Hermite
polynomials (h,,)>°, satisfy the recurrence relation

zhn(2) = hypi1(2) + onh,—1(2), n € Np. (12)

The (exponential) generating function of (h,)%, has the form

. 1,
nZ:O o} hn(z) = exp <zt - 50’15 ) (13)

In particular, (h,)5%, is an Appell sequence. It follows from (12) that ||h,[7- Bop) =
nlo”.
For each z € C, the corresponding coherent state is defined by

o0 Zn

E(z,z) = ; ——ha(@), wER. (14)
Thus, for each z € C, we have E(+, 2) € L*(R, 1,), and for each z € R, E(z,-) € F,(C).
By (13) and (14),

22— 21z

]E(:L',Z)zexp(— 5 ), reR, zeC. (15)
o

8



The Segal-Bargmann transform is the unitary operator S : L*(R, u,) — F,(C)
satisfying (Sh,)(z) = 2™. Thus, for f € L*(R, u,) and ¢ € F,(C),

/f (x,2) po(dz), =z €C, (16)
(S™'p)(z) = /<c (2)E(x, 2) vy(dz), z€R.

By (15) and (16),

(1)) = f(x)exp(—22_2m> 1 eXp(—x—z)d:c

Hence,

/fa:—l—z o (dx) = /f )iz o(dr), zeR. (18)

Note that, for p € C[z] C L*(R, p,), formula (18) implies

(Sp)(2) = / p(e +2) po(dz), z€C. (19)

It will be useful for us below to give another interpretation of formula (17). For
each z € C\ R, we define the complex-valued measure y, ,(dz) on R by

1 (x — 2)2)
exp| — dx.
V2o P ( 20
This measure f1,, can be thought of as a complex-valued Gaussian measure on R.
Then, by (17), for each f € L*(R, p,), we get

Mz o (dx) =

~ [finr e
R

Note that p, ,(R) =S1 = 1.

Since both the Hermite sequence (h,,)?, and the sequence of monomials ()%,
are Appell systems, Theorem 3 implies that the restriction of S to C[z] is the Appell
operator associated with the Appell sequence (h,),, where h,(z) = Sz". It follows

from (19), the explicit form of the moments of the measure pu,, and the explicit form
of the Hermite polynomials h,, that

Fo(2) = /R (ot ) o) = 3 <Z> ok /R o 1y (d)

k=0

9



3] 5] m
n -2 2 -2 g
: +mz::1(2m>z /Rx Holde) = 2 +nZz 2m(n — 2m)!'m!

m=1

m

=" ((—iz)" +n! Z(—z’z)"ﬂm(—l)m 2 (n —02m)! m!) =i"h,(—iz).  (20)

By (13) and (20),

A 1
— hy(2) = t+ =at? ).
nZ:O”! (2) = exp (z +30 )

Denote by a' and a~ the raising and lowering operators for the monic polynomial
sequence (h,)% ), i.e., a™,a” € L(C[z]) and

(aThp)(2) = hpy1(2), (@ hy)(2) = nh,_1(2), n € Np. (21)

(These operators are often called the creation and annihilation operators, respectively.)

Let Z € L(C[z]) denote the operator of multiplication by the variable z. By (12)
and (21), Z = a™ +oa~. The operator Z is essentially self-adjoint in L*(R, y,) and its
closure is the operator of multiplication by the variable in L*(R, j,).

Next, it is easy to see that the operator a~ is closable in L*(R, u,) and we keep
the notation a~ for its closure. Then, for each z € C, the coherent state E(-, z) is an
eigenvector of the operator ca™ belonging to the eigenvalue z.

Obviously,

SatSt=2Z Sa S!'=

so that
SZS™' = Z +oD.

The operator Z + oD € L(C[z]) is essentially self-adjoint in F,(C).

4 A generalized Segal-Bargmann transform for 7, ,

For a > 0 and ¢ > 0, let the probability measure 7, , on aNy be defined by (1). Let
(€n)22, denote the monic polynomial sequence that is orthogonal with respect to 7, 4.
The (c,)22, is a Sheffer sequence having the generating function

1" z ot
— = — log(1 +ta) — — ). 22
> e = o (g1 1)~ 7 (22)
The sequence (c,,)>, satisfies the recurrence formula
280(2) = cpy1(2) + (an + o /@)y (2) + one,—1(z), n € Ny. (23)

n

It follows from (23) that ||c,||3. =nlo™.

(aN077rcx,o')

10



Remark 6. Let 7, , be the centered measure 7, ,, see (2). The Fourier transform of
T 18

aNg «
Hence,

lim "™ 7o o (dy) = exp ( — %gf) = / e g (dy). (24)
R

a—0 aNo
Thus, 7, converges weakly to i, as a — 0.

Remark 7. Formula (24) admits the following interpretation from the viewpoint of
quantum physics. Denote by Z the (unbounded) operator of multiplication by the
variable in L?(aNy, 7.,): (Zf)(2) = zf(2) for f(z) from the domain of Z. Con-
sider the complex space ¢s with its standard orthonormal basis (e,)nen,. Here e, =
(0,...,0,1,0,0,...), where 1 is at the nth place. Define a unitary operator
I : L*(aNy, o) — €y satisfying Ic, = (nlo™)Y2e, (n € Ny). Next, define a self-
adjoint (unbounded) linear operator p,, = [ZI~! in {5. Formula (23) implies

Pacen=+vVon+1)e, 41+ (an+o/a)e, ++one,_1, n e N. (25)

Consider a creation operator a* and an annihilation operator a™ in ¢, satisfying a™e, =
vVn+1le,.1 and a"e, = +/ne, (n € Ny). The operators a™ and a~ are adjoint of each
other and satisfy the commutation relation [a—,a*] = 1. By (25),

Po,oc = a(a+ + \/E/a)(a_ + \/(_T/O‘)

Note that the operators AY , = a* +\/o/a and A7, = a~ + /o /a are also adjoint
of each other and satisfy the commutation relation [A] ,, AL ] = 1. It follows from [1]

,0)

(see also [8]) that the operators Al , A7, form a representation of the canonical
commutation relations (CCR) describing an infinite free Bose gas at zero temperature.
Hence, the operator AT A~ is the particle density of this gas with average density

a0 oo

o/a?. We observe that

Pa,o — g - Oé(A(—)t,O'A;,U - i)

a a?
=Vola"+a )+aata — Volat+a") asa—0.

The limiting operator o(a™ 4 a~) describes a free Bose field.

We define a generalized Segal-Bargmann transform S : L?(aNy, 7,,) — F,(C) as
a unitary operator that satisfies (Sc¢,)(z) = 2" for n € Ny.
For each z € C, the corresponding coherent state is given by

o0 n

E(x,z) = Z # cn(z), xe€aNy, ze€C. (26)

n=0

11



For each z € C, we have £(+, 2) € L*(aNy, 7, ), and for each x € aNy, £(z,-) € F,(C).
By (22) and (26),

az\n z
E(an, z) = <1 + ?> exp <_E> , neNy, zeC. (27)
Thus, for f € L?*(aNy, 7,,) and ¢ € F,(C),
/ f(x)€(x, 2) moo(dx), =z € C, (28)

(S ') (z) = /cc (2)E(z, 2) v, (dz), x € aNy.

For o > 0 and z € C, we define a complex-valued measure 7, , on aNj by
B z 1/ z\" 5
Ta,z = €XP — ? ZO E ? an-

Thus, for z > 0, 7, is the probability distribution defined in (1). Note that, for
z € (—00,0), T, is a signed (real-valued) measure.

Theorem 8. For each f € L*(aNy, 7a), we have

- / fdapias 2€C. (20)
aNg

In particular, for z > —2%, the integration (summation) in (29) is with respect to

the probability distribution Ty oya.. The complex-valued series on the right-hand side
of (29) converges absolutely and uniformly on compact sets in C.

Remark 9. For o = 1, formula (29) was mentioned (without proof) in [13].

Proof of Theotrem 8. By (27) and (28), for f € L*(aNy, ma0),
- az\"™ z o\ 1 o\
S0 =3 flom) (14 Z) e (= ew (-35) 13 (G2)
— exp (—“ Zfz) > flom) - (“ - ‘”) / f s

Next, by the Cauchy inequality,

Z|f (o)

cr—l—oaz

<3 f(an) %(04—&]2@2’)

n=0

12
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Hence, the complex-valued series on the right-hand side of (29) converges absolutely
and uniformly on compact sets in C. O

Define the monic polynomial sequence (7,,)%, by

ZSnk: Ja" Tk = T, (i), n €N, (30)
«

where (7},)52, is the sequence of Touchard polynomials, see (7). By (8), (Tun)pey is a
polynomial sequence of binomial type with generating function

oo

tn ta_l
g — Ton(z —exp(z6 )
= n' o

Let 7, denote the umbral operator associated with the binomial sequence (T4, )5,
ie., Toz" =Tyn(z) (n € Np).

Let ((- \ a),), denote the sequence of generalized factorials with increment o,
ie., for 2 € C, (2 | a)g =1 and

zla)y=z2(z—a)(z—2a)---(z—(n—1)a), neN. (31)

In particular, (z | 1), = (2), is a falling factorial. The ((- | @)n)s, is a binomial

sequence with generating function

Z f:, (z| @), =exp (2 log(1 + at)) )

By (5) and (31),

(z|a) =) s(n k)" neN (32)
k=1

Let F, denote the umbral operator associated with ((- | &),)52,, i.e.,

Fot = (2| a),, neN,.

13



Using formulas (5), (6), (30) and (32), one can easily show that F, is the inverse of
the operator T, i.e., F, = T .

Note that the restriction of S to C[z] is a bijective operator in C[z], for which we
keep the notation S,

Proposition 10. We have the following equalities of linear operators in Clz]:
S= Ea/any S_l = ‘FocEfd/Ol'
Here E), denotes the operator of shift by h.

Proof. We use ideas similar to those in [13, Section 4]. We define linear operator U
and V in C[z] by
U=7+Z, V=aD+1. (33)
a
As easily seen, the operators U, V satisfy the commutation relation [V, U] = «. Hence,
they are generators of a Weyl algebra, see e.g. [17, Section 5.6].

Let o
p=UV=7+alD+ —+0D.
Q@

Hence,
p" = 2" 4 <om + E) 2"+ onz" L (34)
!

By (23) and (34), we have the following equality of linear operators in C[z]:

p=8Z8". (35)
Therefore,
Sz2" = (p"1)(2). (36)
By Katriel’s theorem [12],
Pt = (UV)" =Y S(n,k)a"FUFVE. (37)
k=1

For each k € N, .
UV (2) = UF)(2) = (z + 5) . (38)

By (30) and (36)—(38), we get

n k
S = Z S(n, k)a™ " <z + g) =Ton (z + g) : (39)
k=1

which implies § = E, /T, Since F, = T ', we obtain S7! = F,E_; /4. O
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Corollary 11. We have, for each n € N,

2" = Tou(o/) +Z(Z( ) wn—k(c/a)S (k:,i)ak_i)ci(z), (40)

and

Proof. We have, for n € N,
cn(2) =812 = FoE_5/a2"

SO m S @ (-8 e

which implies (41). Formula (42) follows from (32) and (41).
Since (Tnn)22, is a polynomial sequence of binomial type, formulas (30) and (39)
imply, for n € N,

5= 32 () n-slofa) T2

k=0
k

=Ton(o/a)+ ) (Z) Ton-r(c/a) ) S(k, i)t

i=1
n

= Ton(o/a) +Z (Z( ) wnk(0/a)8 (k,z')o/f—i)zi. (43)

k=t
Applying the operator S~ to (43) gives (40). O
Remark 12. In the case a = 1, the explicit form of the Charlier polynomials is well
known. The reader is advised to compare formula (40) in the case @ = 1 with an
expansion of ( ) in the Charlier polynomials discussed in Example 1 on page 479

of [11]. Corollary 11 can also be derived from [13, Theorem 4.6] by taking the limit
B — 0.

Denote by 07 and 0~ the raising and lowering operators for the monic polynomial
sequence (c,)>, i.e., 07,0~ € L(C[z]) and

(07 cn)(2) = cny1(2), (07 cn)(2) = nen_1(2), n € Np.

The following proposition can be easily shown.

15



Proposition 13. The operator 0~ is closable in L*(aNy, 7, ,), and let us keep the
notation 0~ for its closure. Then, for each z € C, the coherent state E(-, z) is eigen-
function of the operator 0~ belonging to the eigenvalue z.

5 The images of the operators ¢/ and V under S—!

Recall that a function f : aNg — C belongs to L?(aNy, 7, ) if and only if it can be
uniquely represented in the form f(ak) = Y > fu.cn(ak), where &k € N and f, € C
('€ No) satishy || [2aqapgy v,y = Souceo lfulPnl 07 < 0.

By (22), the Sheffer sequence (c,)22, satisfies the condition of Theorem 4. Hence,
the statement of Corollary 5 holds for s, (z) = ¢,(2) (n € Ny).

For each [ € N, there exists C' > 0 such that, for each f(z) = > 7 fuca(z) €
Erin(C), we have || f||L2(angma.) < ClIfNl;- Hence, for each f € &L (C), the restriction
of f to aNy determines a function from L?(aNy, 7, ,), and furthermore, if the restriction
of f to aNj is identically equal to zero, then the function f is identically equal to zero
on C. Thus, we obtain an embedding of £}, (C) into L?*(aNy, T4, ) and this embedding
is continuous.

Theorem 4 implies
Proposition 14. The Fréchet space £},
(in the above explained sense). Furthermore, the operator S restricted to EL.
self-homeomorphism of EL. (C).

(C) is continuously embedded into L*(aNo, Ta. o)
(C) is a

in

Recall the linear operators U and V acting in C[z], see (33). Define linear operators

UV e L(Clz]) by U=8"'US and V = S'VS. Thus,
U=8++g, V =ad +1.
Since p = UV, formula (35) implies
Z=UV. (44)

It is easy to see that the operators U, V, Z and Ej for h € C admit (unique)
extensions to continuous linear operators in £, (C), for which we preserve their original
notation. In particular, formula (44) can be understood as an equality of continuous
linear operators in &}, (C).

Proposition 15. We have the following two equalities of continuous linear operators

U=ZE.,, V=E,.

16



Proof. By Theorems 1, 2 and formula (22),
o~ = (D), (45)

where C(t) is the compositional inverse of B(t) = < log(1 + ta). Hence,

C(t) = é(eat —1). (46)

1 1
0 =—(e"P —1)=—(E* -1
L 1) = S -
Hence,
V=a0 +1=FE"
By (44), Z = UE®, which implies U = ZE~°. O
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