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1 Introduction

Strongly coupled gauge theories are notoriously difficult to analyze from first principles. The
AdS/CFT correspondence [1, 2] circumvents this difficulty by recasting questions in the gauge
theory in terms of a tractable dual supergravity description. If the geometry is everywhere
regular, it means that the large- IV, strongly coupled behavior of the QFT is fully captured
by the supergravity theory. However, for example, the standard holographic description of
the Coulomb branch of gauge theories is singular in the infrared [3-5].

It was recently found that, by compactifying the gauge theory on an S' and giving
a VEV to the R-symmetry current, the infrared geometry can end smoothly, yielding a
supersymmetric ground state [6] of the AdS-soliton type [7]. These solutions describe the
confining regime of the field theory, and the validity of the supergravity approximation has
been explored in a large number of papers [8-26].

The existence of two solutions, singular in the infrared and exhibiting qualitatively
different behavior while sharing the same boundary conditions, was noticed in the early
holographic explorations of the Coulomb branch [5]. In [27], IR-regular geometries with
a single supergravity scalar were constructed, and it was shown that the phase boundary
between the different Coulomb branch behaviors corresponds to the point at which the scalar
VEV vanishes. Imposing UV boundary conditions fixes the asymptotic data, but regularity
in the IR further constrains the solutions, determining the VEVs as functions of the sources
and the energy scale. This structure naturally gives rise to a moduli space at each energy,
consisting of all solutions compatible with a given set of sources. The locus where the scalar
VEV vanishes signals a phase transition in the theory, a phenomenon recently shown to
take place for supergravity black holes as well [28, 29]. In particular, the requirement of IR



regularity dynamically selects admissible vacua, thereby promoting what would naively be
arbitrary integration constants into physically meaningful order parameters of the dual theory.

In this paper we begin by constructing a soliton solution in the STU model of type IIB
supergravity compactified on the S°, with two independent scalars and three Abelian vectors.
The solution has nontrivial supergravity scalars and vectors. It generalizes all previous con-
structions of AdS solitons within this model. This construction provides the first fully regular
SUSY multi-charge solitonic completion of the Coulomb branch within the STU truncation,
offering a controlled holographic laboratory to study confinement, symmetry breaking, and
vacuum selection in strongly coupled gauge theories.! The solution is found by means of
double Wick rotation (together with a non-trivial diffeomorphism) and a reparametrization
of the black holes of [31], in such a way that they admit a massless limit. The massless
sector contains the supersymmetric solutions we are interested in. Unlike the previously
known single-scalar constructions, our solution allows for the simultaneous backreaction of
multiple scalar fields and independent “charge” densities, leading to a qualitatively richer
phase structure and a non-trivial multi-parameter moduli space of supersymmetric vacua.

The uplift to ten-dimensional type IIB supergravity warps the five dimensional spacetime,
and squashes and twists the S°. This allows an interpretation in the dual N' = 4 SYM
and its S! reduction to 2+1 dimensions, in terms of deformations by scalars in the Oy
multiplet and Q-ball charge densities.

The outline of this paper is as follows. In section 2 we describe the five-dimensional
solution. We present the Lagrangian and its associated solutions. Then we compute the VEVs
and sources by means of an asymptotic analysis. We characterize the solution space and show
that there are at most five solutions for each choice of boundary conditions. We then describe
how to recover the previously known solutions. Finally we compute the moduli space of
supersymmetric solutions for our new general soliton and we carry out the calculation of the
Killing spinors. In section 3 we uplift the solution to ten dimensional type IIB supergravity.
In section 4 we interpret our new solution from the dual viewpoint of four-dimensional
N =4 SYM and its S' twisted compactification to 241 dimensions. In section 5 we present
conclusions and future directions.

2 Five-dimensional perspective

In this section, we present a new family of solutions to the gauged STU model, which
we subsequently uplift to type IIB supergravity. In both the five-dimensional and ten-
dimensional descriptions, we have explicitly verified that all equations of motion are satisfied.
We perform a detailed asymptotic analysis of the five-dimensional solutions and establish
their interpretation as deformations of N' =4 SYM, regarded as the UV fixed point of the
theory. We systematically explore the space of solutions, placing particular emphasis on the
supersymmetry-preserving sector, for which we derive the explicit form of the preserved Killing
spinors. For specific regions of parameter space, we demonstrate how our new solutions
interpolate to previously known backgrounds.

'Tn this paper, we do not show the confining character of the new solutions. For the special cases of [6, 27]
solid arguments for the confining character of the dual field theory were given. We carefully discuss this in [30].



2.1 The model

We shall study a truncation of type IIB supergravity compactified over a deformed S°
with action
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This is the gauged STU model in D = 5. Let us present the new family of solutions.

2.2 New AdS solitons

We study a new family of solutions, depending on the parameters (q1,q2,q3, M,q). We
activate the two scalars (®1, ®2) and the three gauge fields A’, exciting all possible fields
in the STU model.

2.2.1 Three charge solutions

We find the following solution of the gauged STU model in D = 5. The metric tensor
is given by are

f(r) 2 H(T)l/?’ 2 H(’")l/g 2 2 2 2
ds? = d d —dt? +d dy?). 2.
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The scalars and the vectors are
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The metric function and the harmonic functions are
r2 M q qi2
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This configuration is a solution of the equations of motion provided
Qf = —Mg; +q (2.6)

Compared to [32], one novelty of this set of coordinates is that q+#0, which has the
property that the massless limit, M = 0, yields a metric that might smoothly close at the
origin, provided there is a ro where f(rg) = 0. This limit yields Q% = Q3 = Q3.

The regularity of the gauge fields at » = ry, where by definition f(rg) = 0, fixes the
constant p; in (2.4) to be

Qi
M ) &1)
When an 7y exists, the configuration is regular everywhere. The solution allows for a good
M — 0 limit, which yields new supersymmetric configurations, as we show further below.
Now, let us focus on the asymptotic behavior of the family of backgrounds and relate this
via holographic renormalisation [33, 34] to deformations of N' =4 SYM.



2.3 The asymptotic analysis

To put the solution in standard asymptotically AdS form, we require that, at least,

1/3 r’ 92 -3
The fall-off is fixed to gauge away all the possible contributions to the energy momentum
tensor from the three-dimensional Minkowski part of the metric. We find that the asymptotic

change of coordinate that implements this is
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and for the gauge fields
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We plug this asymptotic expansion in the scalar fields. We get
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These scalar fields saturate the Breitenlohner-Freedman bound, and therefore the source

Of)

+0(p™. (2.14)

term is associated with the logarithmic mode, that is absent here.

2.4 Holographic renormalization

The analysis of the precise form of the VEVs, sources and the dual energy momentum tensor
can be found in [27], which closely follow the standard references [33, 35, 36]. Here we
provide the formulae for further reference and facilitate the verification of our results. The
action plus counterterms is
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where Sy is the bulk action, g,,, = h;, +N,N,, and N, is the outward pointing normal to the
boundary and K, = %V“Nl, + %VVN 1 is the extrinsic curvature. The boundary geometry
is that of a three dimensional Minkowski spacetime times a circle,

ds? = ypdada® = —dt? + dy? + da® + dy? (2.16)



which is the background spacetime for the quantum field theory. The scalar fields have
the general asymptotic expansion
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with the on-shell variation
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The finite scalar source is related to the gravity one by the relation Jg, = L4J£fmte. Therefore,
we obtain the following VEVs, which are order N? in the QFT
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The vacuum expectation value of the energy momentum tensor of the dual field theory is
-2 65
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The scalars contribute to the dual energy-momentum tensor in a conformal invariant
form and the results of [37] apply. The dual energy-momentum tensor is

M M 3M
Tapme el = 0wl =g el = o

Let us now carefully study the space of solutions, parameterizing different quantities

(T) = (2.22)

in terms of the boundary values of fields.

2.5 The solution space

From the gravity point of view, to construct the space of solutions is equivalent to parameterize
the observables in terms of the boundary conditions. The main observable here is the energy,
which is controlled by the parameter M in the metric, see eq. (2.22). On the other hand,
the boundary conditions are the asymptotic values of the gauge fields p; and A, the period
of the coordinate ¢ € [0, A]. This period is defined by the regularity condition (the space
closes smoothly at r = ry where f(rg) = 0)

4 H (10)'/?
A= ——r 2.23
7(ro)] 223)
The absolute value in eq. (2.23) is important. Indeed,
2
/ — _ 2
f (710) = T%Lz (h2h3 + hihs + hiho — ML ) , (2.24)



where we define
hi = Hi(?”o)’l”g . (225)

The quantities h; have the advantage of being well defined at rg = 0 and h; € R". Therefore,
f'(ro) can, in principle, be negative when M is large enough (although we shall see this is
not the case). Hence, we use the definition

47I‘H(T‘0)1/2

A=v fl(ro) 7

(2.26)

with v = +1 to ensure that A > 0.

From the QFT perspective, we would like to express the vacuum expectation values
(VEVs) in terms of the sources, since this allows in principle for the calculation of higher
n-point functions by derivation of the one-point function at nonzero source. To proceed with
this program, we note that the regularity condition on the gauge fields implies that

Qi = hipi - (2.27)
The existence of a region where f(r9) = 0 implies that
hihahs
q=—-Mri + T3 (2.28)
The mass parameter can be found replacing eq. (2.28) into eq. (2.26), using eq. (2.24). In fact,
hohs + hihs + hih vV hihsh
M= e ]1;23+ 12—27w$. (2.29)

The remaining equations are Q? -q+M qi2 = 0 (which are equivalent to the Einstein
equations). These read
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We readily see that h; > 0 implies that v = 1 and A < co. The equations (2.30), (2.31),
(2.32) can be decoupled to obtain h; = h;(u1, p2, ps, A). These yield two linear equations for
(let us choose h; and hg) and a quintic equation P(Z) = 0 for the variable

A2

Z = 747r2L4h3'

The quintic equation for Z reads
P(2)=42°+ (893 -5+ 8¢f — 49} ) 2"+ (14933 — 203+ — 6933 + 50 +5¢ — 6430
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— 230} — 205 +u3 i+ TS U T+ TUR T 20 2013 ) 22+t (124
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where we redefined

2nL

B = 2 (2.34)

This completely determines the space of soliton solutions. Indeed, the polynomial equation
P(Z) =0, yields Z = Z(v;), which can be used to find (7). The insight that we can obtain
from this analysis is that there can be several different solutions for a given value of the
sources. Each solution corresponds to a different positive root of P(Z) = 0.

Each of these solutions correspond to a branch of moduli space, or a certain quantum
phase, and will be dual to a corresponding branch of solutions in the gravity dual.

With this general formalism, it is satisfactory to recover known solutions. Let us do this.

2.5.1 Recovering previously known solutions

By choosing different values of 1;, we find previously known solutions.

Einstein-Maxwell-AdS. When hy = ho = hg the scalar fields vanish everywhere and
the solution is the Einstein-Maxwell-AdS-Soliton of [6]. When ¢y = 2 = 13 = 1 the
quintic polynomial yields

P(Z) = (=14 2)(Z +*)* (—=Z + 4Z% + AZ* + 4*) | (2.35)

which has two non-trivial solutions that exist provided ¢? < 8~ '. The root at Z = 1 is
unphysical as yields 1?2 < 1 when replaced in eqs. (2.30), (2.31), (2.32).

Truncation to one scalar. If hj = hg, then ®3 = 0 and we recover the solution of [27].
The quintic polynomial is now

P(Z) = (Z+4Y1)? (2527 +AZ° =221 +8 2P} —p1 +4 201 —2Z0p5 —AZ> Y5 —AZpips+ 2y ).

(2.36)
To reproduce the cubic polynomial of equation (3.26) of [27] it is necessary to find the equation
satisfied by the combination X = Z—;, in the case ¥y = ;. We find

0= p2x% + (49! — 4wfud — o +0f —0f) X2 — 3 (4w —1-203) X +0f,  (237)
which is indeed in full agreement with [27].

Einstein-AdS. The Horowitz-Myers solution has energy density

w43

By= -2
0 2kA4

(2.38)
In our variables it corresponds to having no sources for the vectors, p; = 0. From egs. (2.30),
(2.31), (2.32), this implies that h;h; = ML? for i#j. This, substituted in eq. (2.29), yields
M = %, and we find that (Ty) = Ep.

It is algebraically hard to find other generic solutions. This is ameliorated if we consider

the massless limit M = 0.



2.5.2 The general massless solution

Dealing with the full quintic polynomial P(Z) is very involved. We focus on the massless
solutions of P(Z) = 0. As we show in the next section, these are supersymmetric backgrounds.
In this case, the zero energy condition (7),,) = 0 implies that M = 0 in eq. (2.29). We
find that on this restricted moduli space

[l [ 5l -

It then follows from eqs. (2.30), (2.31), (2.32) that

2nL

] + 2] + lpsl = == - (2.40)

The IR variables h; in terms of the sources pu; are then given by

hy = L?|pops| ho = L?|pps) hy = L?|p o] - (2.41)

The scalar VEVs are proportional to the following combinations of the same sources,

@ — a5 = h1— hy = L*|us|(|p2| — ), (2.42)
G+ @5 — 263 = by + hy — 2hg = L*(|paps| + [p1ps] — 2|papsal). (2.43)

Expressing u; = (2nL/A)Y;, we find that
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which are the strongly coupled, large-N, Yang-Mills VEVs in terms of the dimensionless
variables 1; (which are independent of the number of colors N, it only appears through
the overall factor % = N?). This vacuum state is characterized by the VEVS of the
scalar as shown in figure 1.

The diagram of figure 1 can be interpreted as the moduli space of supersymmetric
solutions parameterized by the sources (|1)1],|¢2]). The lines and curves partition the space
into regions characterized by different relative signs of the operator expectation values.
Crossing a boundary does not lift the degeneracy of the vacuum but instead corresponds to
a continuous change in the sign of a given VEV. All points in the diagram thus represent
distinct supersymmetric vacua with identical vanishing energy at zero temperature and
zero chemical potential.

This suggests another interpretation, as a phase diagram for quantum phases, with the blue
and green lines (representing (O2) = 0 and (O1) = 0, respectively) separating qualitatively
different quantum phases (defined by quantum fluctuations, not thermal fluctuations). The
intersection is then a quantum critical point. Let us now study the Killing spinors preserved
by these solutions with M = 0.
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Figure 1. Moduli Space. Supersymmetric solutions exist below the orange line. Above the green line
(O71) < 0 and below the green line (O1) > 0, (O1) = 0 on the green line. The solutions that lie on the

blue line have (O3) = 0 and are the supersymmetric solitons of [27]. Above the blue line (O3) > 0

and below the blue line (O2) < 0. The point of intersection between the green and blue lines happens

(O
at |1h1] = [12] = 3| = §, which is the supersymmetric soliton of [6].

2.6 Supersymmetry

Let us label the scalar by &5 = (®1, ®2). The Killing spinor equations for gauged STU model
can be written in terms of the complex spinor € defined in terms of the symplectic Majorana
spinor € as follows € = &' + i¢€2. The pair of spin 1/2 and the spin 3/2 variations are

=0, (2.46)

Ms:zg:asxil x (#' +idX:) + 57

X, Al . (2.47)
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1
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and ¢, stands for the contraction operator. In what follows, we choose the vielbein basis

o_T" 1/6 1_ " 1/6 2 _ " 1/6
e LH(T') dt, e LH(r) dz, e LH(r) dy,

)1/6 - (2.49)
5= ;I(<r))1/2 dr, e'= H({)(l/)‘g de.

For the background (2.3)—(2.4), the vanishing of the determinants of the spin 1/2 matrices
in (2.46) requires that M = 0. In this limit, the configuration is regular and there exist an rg
such that f(rp) = 0 when q > 0, hence the configuration is still regular. The equations (2.46)
for s = 1,2 coincide and is given by

[L\/§734 + i’I“QLf(T)I/z’y?) + ir3H(r)1/2]e =0. (2.50)

This can be written as a projector equation

%(1 +x(r)y3 +y(r)yvHe=0, (2.51)
with
r H(r)l/2 i
0= L Y0 = g 2

satisfying x2 + y2 = 1, for any 7.
Regarding the spin 3/2 equation, in the coordinate basis, the component r reads

; 1/2
Ore + f(r) /2 Z H:(r) (13‘7?74 + H(gz f’) e=0. (2.53)

By using the projector equation (2.51), it can be recast in the form
ore = [a(r) + b(r)> e, (2.54)
with
1 1 H(r)'/? 1
a(r) 3r Z Hi(r)’ (r) 2L f(r)}/2 <= Hy(r)

7

(2.55)

Following [38], the sufficient condition to find a common solution of (2.51) and (2.54) is that
X' (r) + 2b(r)y(r)* =0, (2.56)
which is satisfied in our case. Then, the spinor that satisfies (2.51) and (2.54) is given by

f(r)t4

T 2H ()6 (as(r) = ac (") (1 = )t 2, 9) (2.57)
rH(r)Y/
o) =1+ LIJ{((T))ll/j : (2.58)

,10,



Given the projector equation (2.51), it is straightforward to show that the spin 3/2 equations
along t, v, x,y reduce to

815)(:0,
i,/q
dpX + %me =0, (2.59)
3xX=0,
Oyx = 0.

Therefore, the general solution to the Killing spinor equations is

i 1/4
dnw%:%p< ¢“ﬁ§j ) )lm(waw—a4m¢0u—v%m,

where € is a constant complex spinor with four independent components. The projector in the
solution reduces these to two, so the 5D background with M = 0 preserves four supercharges.

Now that we have established that the solutions with M = 0 preserve a fraction of the
SUSY, we lift the solution to type IIB supergravity.

3 Uplift to type IIB supergravity

The uplift to type IIB supergravity of the gauged STU model in D = 5 was constructed
in [32] as a compactification on a deformed S°. The 10-dimensional metric and five-form
field strength are given by?

dsfy = A%ds? + L2A WZX

1 2
= G5 + *G5 s

2 Z ()(vZQZ/Z2 — AXl) *x5 1+ gZXi_l *5 dX; A d(V?)—l—
] [

G5:E .

1
+ L? ZX;QVidVi VAN <d¢l + LAl) N *x5F .
7

The Hodge dual in 10-dimension is denoted by *, while the Hodge dual in five-dimensions
with respect to metric ds? is x5. We have defined

A=Y Xa?, Y= (3.1)
[

i
Focusing on the metric, we define f(r) = I;j—; f(r), so the ten-dimensional metric reads

_qe? gy (F0) g e LY dr?
ds%o = Al 2L2H(7")1 3 (H(r)d¢2+ o f( ]

+L2 I/QZX

1 2
dv? + v} (dgbi + LA¢> ] : (3.2)

2We find the second term sign in G5 is opposite respect to [32]. Our convention for the Hodge dual of a
p_f()rm F = ﬁFulmupde’ul A AdzPP is *Fp — (Dfi;)g!p!F‘ulmy‘pEu1»-»l»tpl/1.“l/D,pd-Tyl Ao A dxl/D—p7 for a
D-dimensional manifold with metric g,, and determinant g and €12...p = +1. We have checked the equations

of motion for this type IIB configuration.

— 11 —



Explicitly, the functions X; read

5 Ha(r)Hs(r) Hy(r)Hs(r)

X3 = L Xs =" X3 = (3.3)
' Hi(r) ? H3(r) H3(r)
We consider the following parameterization for v; as
vy = cosf cos, vy = cosf sin, v3 =sinf . (3.4)
With this, the metric reads
2 3 4 3,2
2 _ T R1/2 1/3 fr) o L7 dr 2
= —SAY*H = — = .
dsip I (r) (H(T)dcp + o G +dxiy | + (3.5)
2 1092 27,2 27 1 ?
. A B 2 2t (dey + = A; .
+A1/2{ d6* 4 B2 dy” + Cd9dw+;Xi<d¢ +7 > }
Here we have defined
2 in? 29 sin®¢  cos? e
A2 — sin? @ cos“ 1 sin“ cos B2  cos? 8 .
sin ( X, + X, + X, cos X, + X, )’ (3.6)
1 1 ~
C = cosf sinf cos sin (X - X) . A =cos? (X cos? ) + Xosin? 1)) + X3zsin? 6.
1 2

These expressions simplify in the limit ¢; = go, for which X; = X5, and A is a function of 0
and r. The Type IIB background is useful to explore the non-perturbative dynamics of N' = 4
SYM deformed by VEVs and flowing to a gapped QFT in (2 + 1) dimensions. We briefly
elaborate on the deformation in the next section. One can also calculate interesting observables
in the non-perturbative QFT, for example, Wilson and ’t Hooft loops, entanglement entropy,
masses of glueballs, etc. We leave this for future work [30].

4 Field theory interpretation of the supersymmetric branch

In this section we interpret the massless (M = 0) soliton solutions constructed above from
the viewpoint of the dual field theory.

We consider 4D N = 4 Super Yang-Mills theory on R'Z x S!, where the circle is
parameterized by the coordinate ¢ appearing in the boundary metric eq. (2.16). The
compactification scale is set by the period A in eq. (2.23). In what follows, we also consider
supersymmetry breaking spin-structure on the circle, that is, anti-periodic boundary conditions
for the fermions. To restore 4D A = 1 worth of supersymmetry, in addition to the geometric
compactification, we turn on background flat connections for the Cartan subgroup U(l)3 C
SO(6)g, thus breaking the global R-symmetry to® U(1)g x U(1)z. In the bulk these correspond
to the boundary values of the gauge fields,

Ai — pide. (4.2)

3Since we restore 4D A = 1 SUSY, it is convenient to work in such conventions. In 4D N = 1 language,
only the U(1)rxSU(3)r C SU(4) = SO(6) subgroup of the R-symmetry is manifest. Our U(1)* background
gauge fields are linear combinations of the U(1)r and U(1)% C SU(3)r symmetries, specifically

2
AR:A1+A2+A3, Ar = Ay —AQ, Apr = g(A1+A2—2A3). (41)
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From the dual field theory point of view, a priori there is no constraint relating the u;
(besides (2.40)). On the other hand, the supergravity solution imposes an extra condition,
due to eq. (2.6) and the regularity condition in eq. (2.7). This is to be contrasted with the
supergravity solutions describing codimension-2 defects on the 4D AN = 4 theory, see for
example [39], where the three gauge fields of the 5D supergravity can be independently tuned to
zero, leading to enhancement of supersymmetry. It would be interesting to understand whether
there is a further generalization of the solution presented here that allows for such tuning.

The parameters u; are sources for the (conserved) R-symmetry currents J. However,
we note first that these are not quite normal sources, which would have been of the type
A; o< dt (the sources for Noether currents would normally have electric-type charge), but
these are of a new, different kind, similar to the case of a current in a neutral conducting
wire: with overall current, but no overall charge. We will come back to this fact later. The
dimension of the R-current in this four-dimensional theory is A; = 3, as in the standard
case, and as dual to any (massless) gauge field in the bulk.

Since the theory is compactified on S!, a (perhaps better) interpretation would be given
in the reduced 241 dimensional field theory. In particular, the dimension of a Noether
current in (2+1) dimensions is two. Yet, now, this is of a new kind, since we obtain (J%) =0
for a = 0,1,2 (in all the field theory directions), and only (J¥)=0, which is a “current
component in an internal direction”.

Twisted compactification and supersymmetry. Compactification of N'=4 SYM on a
circle generically breaks supersymmetry (in our case, with periodic boundary conditions for
bosons and anti-periodic for fermions, SUSY is broken). However, the presence of background
R-symmetry Wilson lines implements a twisted compactification. The fermions pick up
phases determined by their U(1)g x U(1)% charges when transported around the circle. For
special values of the Wilson lines, these phases compensate the SUSY-breaking effect of
the compactification [16].

On the gravity side, the SUSY solutions arise precisely in the massless branch M = 0.
As shown in section 2.5.2, supersymmetry requires the relation

2rL
|| + 2] + [us] = =~ (4.3)

This condition ensures the existence of Killing spinors in the bulk, selecting a supersym-
metric vacuum of the compactified theory. Since the five-dimensional STU model has eight
supercharges, the projector found in section 2.6 reduces this by one half, leaving four pre-
served supercharges. The dual infrared theory therefore preserves N' = 2 supersymmetry
in three dimensions.

At energies I much less than %, the Kaluza-Klein modes along the circle decouple, and
the theory flows to an effectively (2 + 1)-dimensional supersymmetric theory characterized
by the parameters ;.

Scalar operators and vacuum structure. The asymptotic analysis of section 2.3 shows
that the bulk scalars ®; and ®; are dual to operators of dimension Ap, = 2 in the four-
dimensional theory, and as such the only difference between sources and VEVs in the
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asymptotic expansion (A = 2 = d — A = 2) is the presence or not of a log. But from
egs. (2.14) we see that the scalars admit only normalizable fall-offs: the logarithmic modes
associated with sources are absent. Therefore, the dual operators acquire vacuum expectation
values but are not explicitly sourced.

These operators belong to (are restrictions of) the 20’ operator Tr {X IxJ — %(5 17X 2} of
SO(6)r and can be written in terms of the three complex scalars charged under the three
U(1) R-symmetries (conversely under U(1)gx U(1)Z ), namely

Z = X1 +1iXs, W = X3 +iXy, V = X5+ 1iXs. (4.4)

The operators in the QFT have VEVs proportional to ¢} + ¢3 — 2¢3 and ¢ — ¢3, implying
a similar structure for the combination of scalars in O; and O, while the charges of the
gauge fields A® in the supersymmetric, M = 0, gravity solution are Q? = q. This implies
that the operator VEVs should only respect a diagonal U(1) symmetry (namely U(1)g).
These operators Op, Oy are

O =Tr(Z2+ W2 =2V?), O =Tr(2—W?). (4.5)

These operators are BPS protected. Their dimension is A = 2 for all values of the coupling.
In particular, at large N and strong coupling, this can be seen from the near-AdS expansion
in eq. (2.14), see also eq. (2.20). Their non-zero expectation values characterize different
vacua of the compactified theory. The compactification together with the Wilson lines breaks
the global symmetry

SO(6)z — U(1)?, (4.6)

in agreement with the presence of three independent bulk gauge fields.

Importantly, since the scalars are not sourced, the deformation of the theory is entirely
due to the compactification and the background R-symmetry holonomies. The scalar VEVs
arise dynamically and are fixed by the requirement of regularity in the bulk. In particular,
on the supersymmetric branch M = 0, the vacuum energy vanishes, (7},,) = 0, and the
VEVs satisfy the relations derived in section 2.5.2.

Thus, the quintic structure uncovered in section 2.4 encodes the space of allowed vacua
compatible with a given choice of Wilson lines v,

(4.7)

Different positive roots correspond to distinct branches of the moduli space.

From the point of view of the reduced 241 dimensional field theory, the same story
of scalars not being sourced is true: the dimension of the 20’ scalar operator is now 1 (it
contains two scalars of dimension 1/2). As was found for holographic superconductors [40, 41],
the case of d = 3, A = 1 has no source, but rather its pair in the asymptotic expansion,
with dimension d — A = 2, just gives another kind of VEV (we have two VEVs instead
of one VEV and one source).

— 14 —



Heuristic effective infrared description. It is natural to attempt to describe the low-
energy dynamics in terms of the composite operators O and Os, in the spirit of effective
descriptions proposed in related holographic contexts [5, 27]. The gravity analysis indicates
that the vacuum structure is non-trivial and admits multiple branches, suggesting that the
effective potential for these operators possesses several extrema.

While a derivation of the precise three-dimensional effective action lies beyond the scope
of this work, the holographic results strongly constrain its structure. The only explicit
deformation parameters are the Wilson lines ;. The scalar operators are not sourced but
acquire VEVs determined dynamically. SUSY on the M = 0 branch enforces the linear
relation among the ;

1] + [tha] + |9p3] = 1. (4.8)

These features indicate that the infrared theory should be viewed as a supersymmetric
(2 + 1)-dimensional theory with background R-charge densities determined by v;, and with
vacuum expectation values for scalar bilinears in the 20’.

To gain a first insight into the structure of the low-energy (Wilsonian) effective action, we
are inspired by [5], who also analyzed holographic Coulomb branch deformations (although
their gravity solutions were singular, due to the absence of the gauge fields). These authors
argued that the lowest dimension terms in the effective action were the canonical kinetic
term, the classical scalar potential V = Tr [Z 1, SIxt x7 ]2] and, in the generic case of a

deformation by an operator corresponding to Oyg = Tr {X IxJ — %6 17X 2}, the deformation
in the effective potential V.¢ was by

1 2
Oy +...= ('I&" [XIXJ - 65UX2D +... (4.9)

(plus higher orders).

Applying this to our case, we would have a deformation by 0101 + 050,. However, we
also know that the effective potential must have a minimum for nonzero VEVs (O1)=0, (O2)=#0
in the case of nonzero ¢;,;, and that the minimum must be at zero potential, because of
supersymmetry.

That means that the effective potential must contain the following lowest order terms

in @iOi,
2 2 2 2 ! ) 2 / 2 2
Ver = m3|O1]+m3|0s] = M| 0101 — [%2]0205+ Xy (O101) "+ 25 (020) "+, (4.10)

where A1, A2, A}, \;, must be related to the dual deformation parameters ¢;, ;. The terms with
Ai, Ai are needed in order to have a minimum at a nonzero VEV for O;, and the terms with
mz2 are needed in order for the minimum to be at Vg = 0. For the relation between A;, \; and
i, Vi, we can find the VEVs at the minimum, and then use (2.43) and (2.45) to express them in
terms of parameters. If m;#0, we obtain a cubic equation, but if m; = 0, the relation becomes

simply (|A1]/(2IN([)Y2 = [awbs] + [19h3] — 2wrebe| and (|A2|/(2[N5])Y2 = |obs|(|vha| — [¢h1]).

We note that the above also respects the diagonal U(1) symmetry, as necessary.
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Interpretation in terms of Q-ball charge densities. At this point we remember that
from the point of view of a 241 dimensional field theory, J¥ was not a normal kind of current:
its 0,1,2 components vanish, and only the internal ¢ component is nonzero. This is not a
Noether current, and by the same token is also not a topological current. It could, however,
be a current density for a non-topological solution, which is not so constrained.

In [27] it was proposed that the explanation for this current is in terms of Q-ball charge
densities. Indeed, consider a Q-ball solution ansatz for the scalars that combines the fact
that there is a ¢ extra direction with the standard Q-ball ansatz of Coleman [42],

Z(p =uwt, &) = ezik“"Z(f) = e@jtZ(:f)
V(e = wst, &) = *39V (Z) = 3V (2). (4.11)
where ©; = k;w;, and consider the Q-ball current densities
IE =i ((0,2)Z = 0,2Z), [0, W)W = 0,WW],[(9,V)V = 9,VV]) . (412)

which are nonzero. Of course, on the solutions, we could also have Ji07é0. But we could
arrange for the total electric charge [ J? of a distribution to be zero, yet the Q-ball densities
to be nonzero. This is similar to the case of a neutral current wire, when we can have a
zero total charge, but nonzero current through the wire, by averaging over the positive static
charges of the nuclei, and the negative moving charges of the electrons. Here, though, we
have a new situation: both the overall charge and the overall current vanish, even though
an individual Q-ball can have both, but only the “charge in the internal direction”, i.e,
Q-ball charge, is nonzero, by averaging over Q-balls of positive and negative electric charges,
but same Q-ball charge.

Incidentally, this answers the question: how come the Q-ball ansatz is time-dependent,
but the gravity solution is not? The point is that one Q-ball gives a relation between
coordinates, ¢ = wt, just like one pointlike electron moving gives z = vt. When averaging
over a continuum of solutions that dependence goes away.

Then, in order for the ansatz to generate actual Q-balls solutions, as Coleman showed [42],4
we need the condition that w; < m; (for stability against decay), which means a nonzero
mass term, and that the potential divided by the modulus squared of the scalar fields,
Veir /| Z|%, Vet /W2, Veit/ |V |?, starts off at a nonzero value at zero fields (since the scalar
masses need to be nonzero), and then has an absolute minimum at some nonzero value of the
scalar VEVs. The simplest way to achieve this is to have a nonzero mass term, then the next
power of the fields to have a negative coefficient, and the following power to have a positive
coeflicient. Of course, in terms of independent Q-ball charges, one should consider as fields not
Z, W,V but rather O1, Oy, in which case the conditions are on Veg/|O1], Vesr/|O2] instead.

But these are exactly the two conditions that we imposed on the effective potential in
order to have a nonzero VEV and supersymmetry, leading to (4.10)! So we are guaranteed
to have the Q-ball solutions, and thus the currents J, as we wanted.

“Note that a nonabelian version of Q-balls is possible [43], though it is not needed here.
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5 Conclusions and outlook

In this work we constructed a new family of AdS soliton solutions of the five-dimensional
STU model with two independent scalar fields and three Abelian gauge fields, and uplifted
them to full ten-dimensional type IIB supergravity. These backgrounds provide a holographic
description of N = 4 super Yang-Mills theory compactified on S! in the presence of three inde-
pendent U(1)? C SO(6)r Wilson lines and with vacuum expectation values for scalar bilinears
in the 20’ representation. The resulting geometries are asymptotically AdSs and terminate
smoothly in the infrared, realizing a confining and gapped phase of the compactified theory.

A central result of this paper is the explicit characterization of the space of regular solutions.
By imposing regularity in the interior together with fixed boundary data for the Wilson
lines and the compactification radius, we showed that the bulk equations reduce to a quintic
polynomial governing the allowed solutions. Different positive roots correspond to distinct
branches of vacua of the dual field theory. In this way the gravitational analysis provides a
direct holographic realization of vacuum selection: integration constants that would naively
appear arbitrary are dynamically fixed once the requirement of infrared regularity is imposed.

A particularly important sector arises in the massless limit M = 0. We demonstrated that
these solutions preserve supersymmetry and admit a transparent field theory interpretation.
The supersymmetric branch is characterized by a simple linear relation among the Wilson lines,

bt ] + [ + s = 1, (5.1)

which selects a moduli space of vacua with vanishing energy density. From the dual point
of view, the compactification and R-symmetry twists induce vacuum expectation values for
scalar operators while no explicit sources for these operators are present. The resulting moduli
space admits a natural interpretation in terms of different quantum phases separated by
lines where the expectation values of composite operators change sign. At the intersection of
these loci the system exhibits a quantum critical point, which in the gravitational description
corresponds to a special regular soliton solution.

The ten-dimensional uplift further clarifies the geometric origin of these deformations.
The Wilson lines in the gauge theory correspond to twists along the angular directions of
the internal S°, while the scalar VEVs appear as squashing modes of the compact space.
This ten-dimensional perspective provides a controlled framework to study non-perturbative
phenomena in the strongly coupled theory, including confinement and symmetry breaking
in the compactified N' = 4 system.

Our results open several interesting directions for future investigation.

e First, the geometries constructed here provide a natural laboratory to compute non-
perturbative observables in the confining phase of the compactified theory. It would
be particularly interesting to analyze Wilson and ’t Hooft loops, glueball spectra, and
entanglement entropy in these backgrounds. Such observables should encode detailed
information about the vacuum structure and could help distinguish the different branches
of solutions identified in the gravitational analysis. We do this in [30].

e Second, the quintic structure governing the solution space suggests the existence of a
rich phase diagram in the dual field theory. A systematic study of the thermodynamics
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of these solutions, including finite temperature generalizations and possible black hole
counterparts, could reveal phase transitions between different branches of vacua and
clarify the role of the supersymmetric locus as a critical boundary in parameter space.

e Third, it would be interesting to understand the effective infrared description of the
compactified theory more directly from the field theory side. Our holographic results
strongly constrain the structure of the low-energy effective potential for the scalar
bilinears in the 20’ multiplet. Deriving such an effective description explicitly would
provide a valuable bridge between the gravitational picture and the microscopic dynamics
of N =4 SYM.

e Fourth: finding a nonlinear embedding of the five-dimensional solutions into eleven
dimensions, suggests a broader geometric framework in which these backgrounds may
arise. Exploring the M-theory interpretation of these configurations, and understanding
their relation to brane constructions and higher-dimensional compactifications, could
shed light on the origin of the moduli space structure uncovered here.

In summary, the new class of multi-charge AdS solitons constructed in this paper provides a
concrete holographic realization of vacuum structure and quantum phases in compactified
N = 4 super Yang-Mills theory. We expect that further exploration of these geometries will
yield new insights into the interplay between supersymmetry, confinement, and holography
in strongly coupled gauge theories.
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